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A topological construction of families of Galois covers of the line

ALESSANDRO GHIGI
CAROLINA TAMBORINI

We describe a new construction of families of Galois coverings of the line using basic properties of config-
uration spaces, covering theory, and the Grauert—-Remmert extension theorem. Our construction provides
an alternative to a previous construction due to Gonzélez-Diez and Harvey (which uses Teichmiiller theory
and Fuchsian groups) and, in the case the Galois group is nonabelian, corrects an inaccuracy therein. In
the opposite case where the Galois group has trivial center, we recover some results due to Fried and
Volklein.

20F36, 32G15, 32J25, 57K20

1 Introduction

The object of this note are families of Galois coverings of the line.

Let G be a finite group and let C and C’ be smooth projective curves over the complex numbers endowed
with a G—action. We say that C and C’ are topologically equivalent or have the same (unmarked)
topological type if there is an n € Aut G and an orientation-preserving homeomorphism f: C — C’ such
that f(g-x) =n(g)- f(x) forx € C’ and g € G. We say that C and C’ are (unmarkedly) G—isomorphic
if moreover f is a biholomorphism.

Given a G—covering C — P, it has been proved by Gonzilez-Diez and Harvey [1992] that there exists
an algebraic family of curves with a G—action

T:6—B
such that
(1) every curve C’ in the family is topologically equivalent to C,
(2) every curve with an action of the given topological type is G—isomorphic to some fiber of the

family and to at most a finite number of fibers.
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This result has been subsequently used in several papers, eg [Conti et al. 2022; Frediani et al. 2015;
Frediani and Neumann 2003; Penegini 2015; Perroni 2022], just to mention a few.

The construction in [Gonzélez-Diez and Harvey 1992] uses Teichmiiller theory. Other approaches to this
construction include [Fried and Volklein 1991; Li 2018; Volklein 1994]. In this paper we describe an
alternative, explicit and mostly topological construction of such families. We expect this to be useful to
make explicit computations on the family. For example, we expect this to allow a better understanding of
the monodromy and the generic Hodge group for the natural variation of Hodge structure associated with
the family, generalizing the results of [Rohde 2009] carried out in the cyclic case. Our motivation comes
from the fact that these families and their variation of the Hodge structure are important in the study of
Shimura subvarieties of the moduli space Ag (of principally polarized abelian varieties of dimension g)
in relation with the Coleman—Oort conjecture; see eg [Moonen 2010; Moonen and Oort 2013; Frediani
et al. 2015; Tamborini 2022]. The results presented here are, nevertheless, of independent interest.

1.1 We give a quick glance at our construction. For n > 3 let Mg , denote the set of n—tuples
X =(x1,....xp) € (PH"
such that x; # x; fori # j, x,—2 =0, x,—1 = 1 and x,, = oo. Consider the group

Lo={1....vnlyi-yn=1).

Let G be a finite group and let 6: I}, — G be an epimorphism. Fix X € Mg ,. After choosing a base

point xg € P! — X and an isomorphism x: T}, 2 71 (P! — X, x0), Riemann’s existence theorem yields a

1

G—covering Cxy — P! with monodromy # o y~! and branch locus X . Nevertheless this covering depends

on the choices. Our goal is to make this construction for all X € Mg ; together, in order to get a family of
curves parametrized by My _,. Consider the map

P:Mont+1 = Mon, p(xo,X1,....Xn) = (X1,...,Xn).

We have p~1(X) = P! — X. Hence p can be thought as the universal family of genus 0 curves with
marked points. The basic idea of our construction is that the total space of our family should be a suitable
G—covering of Mg_, 4+ 1. For the construction of this covering, choose

(i) anelement x = (xg, X) € Mo n+1;

(ii) an isomorphism y: [}, — (P! — X, xp).
The following sequence is exact and splits:
1 — 7 (P! =X, x0) = 711 (Mo nt1.x) = 711 (Mo, X) — 1.
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Set for simplicity Ny := m1(P'— X, xo), Hy := 71(Mon, X) and f = )(_1 o 0. Assume that we can
find an extension f :

1 —— (P! —X,x0) — m1(Mo,n41,X) s Hy s 1

\i~
G

From f we get a topological G—covering €* — Mg ,+1. By the Grauert—-Remmert extension theorem
(see Theorem 7.4 below) this compactifies to a branched covering € — P! x Mg, of quasiprojective
varieties. Composing with the projection to Mg , we get a holomorphic family 7 : € — Mg, satisfying
properties (1) and (2).

1.2 Thus, if one is able to find the extension f , one can construct the families using only basic properties of
configuration spaces, covering theory and the Grauert—-Remmert extension theorem, avoiding Teichmiiller
theory and Fuchsian groups. In fact this strategy is not new, as it has already been used in exactly the
same context in various papers by Michael D Fried and Helmut Vélklein; see eg [Fried 1977; Fried and
Volklein 1991; Volklein 1994].

If G is abelian, one is always able to find the extension ]; ; see Section 10. In general however the
extension f does not exist, contrary to what is claimed in [Gonzdlez-Diez and Harvey 1992]. One can at
least show that there are always finite-index subgroups H, C Hy such that f extends to a morphism
fa: Nx X H; — G. Geometrically passing from Hy to the subgroup H, means that one builds a family
satisfying (1) and (2) over a base which is no longer Mg ,, but some finite cover Y, of it. The pair
(Hg, fa) is far from unique, there are many of them and different choices yield families differing by finite
étale pullback (see Section 7 for precise definitions.) So another problem arises: how is one supposed to
choose the pair (Hg, f;) in order to determine the family in a canonical way?

For a special class of groups, namely for groups G with trivial center, there is a canonical choice of
(Hg, fa), which allows to construct a canonical family of coverings. This case corresponds to the one
studied in [Fried and Volklein 1991; Volklein 1994; 1996] where the condition that G be centerless plays
a crucial role.

It is odd that for this problem the two special cases occur in opposite directions, namely for abelian and

for centerless groups.

For general G one is not able to pick out a distinguished choice in a canonical way. This problem was
already considered long ago in [Fried 1977, pages 57-58] where a cohomological interpretation of this
difficulty is given.

Our approach instead is the following. Since we are stuck with a whole collection of pairs (Hg, f;), each
one giving rise to a family of coverings with base the cover Y, of Mg 5, we decide to consider the whole
collection instead of the single families. This collection comes naturally with the structure of a directed
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set coming from the pullbacks among families. We are able to show that this collection with this structure

is well defined and depends only on the topological data.

Summing up, our construction, which builds heavily on previous approaches, corrects an inaccuracy
in [Gonzalez-Diez and Harvey 1992], where it is erroneously claimed that one has always Y, = Mg 5,
confirms that Y, = My, if G is abelian (Theorem 10.1), and allows to recover at least part of the results in
the papers of Fried and Volklein quoted above, while generalizing them to arbitrary groups with nontrivial
center.

1.3 The paper is organized as follows. In Section 2 we recall basic facts about the configuration spaces
of P1. Section 3 deals with parallel transport for fiber bundles. This material is for sure known to the
experts, but rather hard to locate in the literature. Since these arguments are quite useful and we like their
geometric flavor, we prefer to expound them concisely. In Section 4 we recall some classical concepts of
surface topology. After these preliminaries, in Section 5 we study the set 7" (G) of topological types
of G-actions; the main result is Theorem 5.6, which gives a combinatorial description of the set of
topological types. The proof of this well-known fact presents our ideas in a simple context. Section 6 is
dedicated to the description of some technical tools for the construction of the families. In Section 7 we
construct the collection of families {6, — Y}, as sketched above. In Section 8 we study the dependence
of the collection on the choices (i) and (ii), and on the epimorphism 6: I}, — G. Also this point becomes
quite neat using our approach. Section 9 is dedicated to the case where G has trivial center and Section 10
to case where G is abelian. Summing up our main theorem is the following:

Theorem 1.4 (1) The topological types of G—curves C with g(C) =g, g(C/G) = 0 and n branch
points are in bijection with the set (9" (G)/Aut G)/Out* T, (see Corollary 5.7, Definitions 4.8
and 5.2, and (4-1) for notation).

(2) For any topological type there is a nonempty ordered set ($,>) and for any a € $ there is an
algebraic family n,: €, — Y, of genus g curves with a G—action. The following properties hold:
(a) Every curve C in the family has the given topological type.

(b) Foranya € $ and for any G—curve C withC /G =P 1 there is at least one fiber of w4 : 64 — Yq
which is G—isomorphic to C, and there are only finitely many such fibers.

(c) Each Y, is a finite étale cover of Mg ;

(d) (%,>)isadirected set: foranya,b € $ thereis ac withc > a andc > b.

(e) If a > b, there is an algebraic étale covering v: Y, — Y, such that 6, = v*€y.
(f) All the families have the same moduli image.

(g) If Z(G) = {1}, then ($,>) has a minimum; hence in this case we can associate to any

topological type a single family instead of the whole collection.

(h) If G is abelian, then there exists a € $ such that Y, = Mo .
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The precise statement can be found in Theorems 7.8 and 8.2. Roughly speaking one can say that for any
topological type there is a “universal” family of G—curves with that topological type. Such a family is
not unique, but only unique up to the equivalence relation generated by finite étale pullbacks.

1.5 The existence problem that we address in this paper can of course be generalized: instead of
considering just Galois covers, one can ask for the construction of families satisfying (1) and (2) for all
the coverings with a fixed Galois closure (equivalently with fixed monodromy). These kinds of problems
have been studied a lot and they are extremely important also because of their relevance for the inverse
Galois problem; see [Fried 1977; 2010; Fried and Jarden 1986; Fried and Volklein 1991; 1992; Voélklein
1996]. In these cases it often happens that the “universal” family has more than one component. We
stress that in this paper we restrict only to the Galois case and that in this case all families are connected.
In fact, the base of each family is a (connected) cover of Mg .

Another variant of the problem studied in this paper is obtained by letting G* be a group such that
InnG C G* C AutG and considering two data equivalent if and only if they belong to the same
G* x Out™ T',—orbit. This also has attracted a lot of attention in the literature. Our case corresponds to the
choice G* = Aut G. In this paper we restrict to this case since we are interested in the topological types.

Acknowledgements The authors would like to thank Michael D Fried, Gabino Gonzalez-Diez and Fabio
Perroni for useful discussions/emails related to the subject of this paper. We are very grateful to the referee
for several interesting questions, in particular for pushing us to study the case of a centerless group; see
Section 9. We also thank Federico Fallucca for pointing out an inaccuracy in an earlier draft. The authors
were partially supported by MIUR PRIN 2017 Moduli spaces and Lie theory by MIUR, Programma
Dipartimenti di Eccellenza (2018-2022) — Dipartimento di Matematica “F Casorati”, Universita degli
Studi di Pavia and by INAAM (GNSAGA). Tamborini was partially supported by the Dutch Research
Council (NWO grant BM.000230.1).

2 Configuration spaces

2.1 If M is a manifold, its configuration space is
FonM :={(x1,...,x,) € M" | x; # xj fori # j}.

We use the following notation: X = (x1, ..., Xx,) is apoint of Fo, M and x = (xo, X) = (x0, X1,...,Xp)
isapointof Fo,+1 M. Weset M — X := M —{x1,...,xn}. The group m1(Fo,, M) is called the pure
braid group with n strings of the manifold M.

2.2 If n > 3, then the group PGL(2, C) acts freely and holomorphically on Fo, P'. The quotient

Fo,P!/PGL(2,C) is the moduli space of smooth curves of genus 0 with n marked points. Setting
C** .= C —{0, 1}, the map

*k 1
FO,n—3(C _)FO,nP ’ (217”’7Zn—3)'_>(Zl’~-~’Zn—3sOslsoo)a
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is a section for the action of PGL(2, C), ie its image intersects each orbit in exactly one point and it
induces a biholomorphism of Fy ,—3 C** onto the moduli space F(),nIP’1 /PGL(2, C). We define My, as
the image of the section, ie we set

Mo,n := Fo,n—3 C** x {(0,1,00)} ={X = (x1,...,xn) € FO,n]P>1 | Xn—2 =0, x4—1 =1, x,, = 00}.

Points of Mg , will be denoted by X = (x1, ..., x,) with the understanding that x,_» =0, x,—1 =1
and x, = oo. Similarly we set

Mont1:={x = (X0, ..., Xn+1) € Font1 P! | xn—2 =0, x,—1 = 1, x, = 00}.

It is often useful to compare the configuration space of P! with that of the plane. Denote by T(2, C) the
subset of elements of PGL(2, C) fixing co. The group T(2, C) acts on Fo ,—1 C and the map

(2-D Mo, = Fon-1C, X (x1,...,x,-3,0,1),

is a section for this action; hence Mg , x T(2, C) = Fo,,—1 C. In particular, 71(Mo, ) C 71(Fo,n—1 C).
Thus, when dealing with 71 (M, ), we can work with the more classical braid group of the plane. The
map

(2-2) P:Mont1 — Mo, p(xo. X):=X

is a fiber bundle. In fact it is the restriction of the bundle Fo, C — Fo,—1 C; see [Birman 1974]. The
fiber over X is P! — X = C** —{x1,..., x,_3}. Hence (2-2) is the universal family of genus 0 curves
with n ordered marked points.

2.3 Fix x = (x9, X) € Mg 41 and let X = (xo, )?) € Fo,n C be the corresponding point via (2-1). We
have a commutative diagram

1 — Hl(PI—X,X()) —_— JT1(|V|0’,H_1,X) —_— ﬂl(MO,n,X) — 1
@3) H [ [
1l —— 71’1(@—)?,)60) — 11 (FonC,X) —— ﬂl(Fn_1C,f) — 1

The rows are the split exact sequence of the fibrations p and Fo, C — Fo -1 C; see eg [Birman 1974,
Corollary 1.8.1; Fadell 1962, Theorem 3.1]. A geometric way to exhibit the splitting is to produce a cross

section as follows: given x = (x1,...,x,) € Mg, we set
f(x):= %min{l, [x1],. .., |xn—3]}.
Then s(x) := (f(x),x1,...,Xp) is a section of p: Mg ,+1 — Mo_,. (A similar idea is used in [Fadell

1962, Theorem 3.1].) The morphism s« : 71(Mo », X) — 71 (Mo n+1, X) is a splitting. Setting
- e: 71 (Mo,n. X) — Aut(m (P! — X, x0)),
(2-4) _ :
(@) ([y]) = s«la] - [y]-s«[a] ' = [soaxy xso0i()],
we get

nl(MO,n_H,x) = Jrl(]P)l —X, XO)) Ag JTl(Mo,n,X).
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3 Parallel transport

In this section we recall a notion of parallel transport up to homotopy on any fiber bundle. In the sequel,
we will use it for the bundle p: Mg ,+1 — Mg, to study the dependence of the construction of Section 7
from the choices made.

3.1 Given by, b1 € B let Q(B, bg, b1) denote the set of all paths & in B with «(0) = bg and (1) = b;.
We write o ~ B if o >~ B rel {0, 1}. Let IT;(B) denote the fundamental groupoid of B; this is the small
category whose objects are the points of B and with morphisms from bg to by equal to Q(B, by, b1)/~,
composition being given by [«] - [B] = [« * B].

3.2 Let p: E — B be a fiber bundle (in the sense of [Spanier 1966, page 90], ie a locally trivial bundle).
Assume that the base B is Hausdorff and paracompact. Then p is a fibration [Spanier 1966, Corollary 14,
page 96], ie it has the homotopy lifting property for every topological space Z: if H: Z x [0,1] — B is
any map and f: Z — E lifts H(-,0), then there is a lift 4 of H with H(-,0) = f; see eg [Spanier
1966, page 66]. For any fiber bundle p: E — B one can define a sort of parallel transport up to homotopy,
which is a contravariant functor 7" from I (B) to the homotopy category of topological spaces, denoted
by h—TOP. For b € B set T(b) := Ep = p~1(b). Given [«] € T1{(B)(bg,b1) consider the map
H: Ep, x[0,1] — B defined by H(e,t) := a(t). The inclusion i : Ep, < E is a lift of H(-,0). By
the homotopy lifting property there is H: Ep, x[0,1] — E with pH = H and H(-,0) = i. Moreover
the homotopy class of H~(- , 1) is well defined. We call T'([a]) = [FI( -, D] € [Ep,, Ep,] the homotopy
parallel transport along «; see eg [Spanier 1966, page 100f; May 1999, page 54].

3.3 If p: E — B is a differentiable fiber bundle one can say more. Recall the following basic fact
from differential topology. Let M and N be smooth manifolds. An isotopy of M in N is a smooth map
f:M x[0,1] = N such that f(-,¢) is an embedding for any ¢. If M = N, f(-,t) is a diffeomorphism
of M for any ¢t and f(-,0) = idys; we say that f is an ambient isotopy.

Theorem 3.4 If M is a compact submanifold of N, any isotopy f: M x [0, 1] — N such that f(-,0) is
the inclusion M — N extends to an ambient isotopy.

For a proof, see eg [Hirsch 1976, Theorem 1.3, page 180].

Lemma 3.5 Assume that p: E — B is a differentiable bundle. Let « be a path in B from bg to b;. Let
o be a path in E with po = o and set xo = 0(0) € Ep, and x;, = o(1) € Ep,. Then there is a map
H: Ep, x [0, 1] — E such that

(1) H(-,0) is the inclusion Ep, <> E;
2) H (-, 1) is a diffeomorphism of Ep, onto Eq;);
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(3) H(xo.1) =0(t).

In particular, the map f® := H(-,1) is a diffeomorphism of Ep, onto Ep, such that f*(x¢) = x{, and
T ([e]) = [f¥]. Moreover if G is a finite group acting fiberwise on E and the fiber is compact, then f%
can be chosen to be G—equivariant.

Proof If the fiber of E is compact, the argument is the usual proof of the Ehresmann theorem: pullback
E to [0, 1], choose a lift to E of the vector field d /dt and integrate it; see eg [Voisin 2002]. A G—invariant
lift gives the last statement. But we also need the case of noncompact fibers. This can be treated as
follows. Denote by &: a*E — E the bundle map covering «. Since [0, 1] is contractible, there is a
(smooth) trivialization ¥ : Ep, x [0, 1] = a* E such that ¥ (x, 0) = x; see [Steenrod 1951, Corollary 11.6,
page 53]. Given any such v the composition & o ¥ : Ep, x [0, 1] = E is a possible choice for the map H
in 3.2. We now modify ¥ so that it matches conditions (1)—~(3). First notice that if {/1;};¢[o,1] is any path
in Diff(Ep,) starting at the identity, then v/; := ¥;h; is a new trivialization of «* E. Next observe that
t = ;7Y (o(t)) is a path in Ejp, from xq to wl_l (xg), ie an isotopy of {xo} in Ep,. By Theorem 3.4 there
is {h;} that extends this isotopy. Then v/; := V¥ h; is a trivialization and H :=ao vy’ satisfies (1)~(3). O

We now use this construction for the fiber bundle Mg 41 — Mo, and give a geometric interpretation of
the morphism (2-4) in terms of parallel transport.

Proposition 3.6 Let x,x’ € Mg ,41. Let 8: [0, 1] = My, be a path such that f(0) = X and (1) = X'.
LetH, 7# and T ([B]) be as in Lemma 3.5. Assume that f# (xo) = Xg- Set,g(t) = ﬁ(l, xo). Then for
[v] € 71 (P! = X, x0) we have £ (Iy]) = Bu((y).
Proof Take [y] € 1 (P! — X, x¢). Consider the map

F:[0,1]x[0,1] > Mons1. F(t,s) = H(y(s).1).
Then F(0,5) = A (y(5).0) = y(s), F(0,1) = A(y(5).1) = /P oy(s) and

F(t,0) = F(t,1) = H(xo,1) = B(2).

It follows that i(B) xy *,3 ~ fBoyrel {0, 1}. Hence f*ﬂ (IyD = E#([y]) for any [y] e m; (P! — X, x¢). O

Proposition 3.7 Let [o] € 71(Mo,n, X) and let H, f® and T(a]) be as in Lemma 3.5. Assume that
o(t):= H(t,xo) = soa. Thene([a]) = f&.

Proof By Proposition 3.6, we get f&[y] =ox([y]) = [0 *y *i(0)] for any [y] € w1 (P! — X, x). Hence
f% satisfies fo[y] =[soaxy xsoi(a)] = e([a])([y]) for every [y] € m (P! — X, xq). a
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4 Dehn-Nielsen theorems and consequences

We dedicate this section to fixing some notation and recalling some classical concepts of surface topology.

4.1 Let X be an oriented surface and set X* := X —{y} for some y € X. Given by, b1 € X let (X, bg, b1)
denote the set of all paths « in X with @(0) = b and «(1) = b;. Fix xg € T*. Let & € Q(X, x¢, y) be
such that @(¢) = y only for £ = 1 and let D be a small disk around y. Let « be the loop that starts at x,
travels along & till it reaches dD, then makes a complete tour of dD counterclockwise and finally goes
back to x¢ again along &. An important observation is that the conjugacy class of [«] in 71 (Z*, x¢) is
well defined. Indeed the choice of the disk does not change [«], while if a different path 5 € Q(X, xo,y)
is chosen, then [] and [«] are conjugate by the class of a loop in X* that starts at x travels along & up
to dD, then along a piece of dD and finally goes back along ,5 .

4.2 Fix a point (xo, X) € Fon S 2. Consider a smooth regular arc &; joining xo to Xo; (for some
permutation o). Assume that the paths &; intersect only at xo and that the tangent vectors at xo are
all distinct and follow each other in counterclockwise order (we orient S?2 by the outer normal). Now
consider the loops «; constructed as in 4.1 and assume that the circles are pairwise disjoint and that the
intersection of the interior of the i circle with X reduces to Xg; -

Definition 4.3 Let x = (x9, X) € Fon+1 S2. We call a set of generators B = {[a1],..., [o,]} obtained
i=1
to x if it respects the order of the points in X, that is ¢; turns around x;, ie the permutation o = id.

as above a geometric basis of w1(S? — X, xo). We say that a geometric basis B = {[o;]}"_, is adapted

Notice that, thanks to the permutation, the definition of geometric basis depends only on the set
{X1,...,Xxn}, not on the ordering of the points. On the other hand the classes {[«;]} have a fixed
order.

4.4 Forn>3,setl; = ()/1, v T2y v = 1). From a geometric basis B = {[o;]}}'_, we get an
isomorphism
x: L — nl(Sz—X,xo)

such that y(y;) = [o;]. Assume that B = {[o;]}}_, and P = {la;]}7_, are two geometric bases for
71(S? — X, x¢). It follows from 4.1 that every [o;] is conjugate to some [@;]. If we denote by

X 10y —>n1(S2—X,x0)

the isomorphisms corresponding to the two bases, then p := jo y~' € Autm{(S? — X, xg) has the
following properties:

(1) foreveryi =1,...,n, u([e;]) is conjugate to [o;] for some j;

(2) the induced homomorphism on H?2(1(S? — X, x¢), Z) is the identity.

Algebraic € Geometric Topology, Volume 24 (2024)
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Definition 4.5 We denote by Aut* 1(S? — X, x¢) the subgroup of elements of Auty(S? — X, x¢)
satisfying properties (1) and (2) above. By 4.4 this definition does not depend on the choice of the
geometric basis %.

4.6 Now assume that % and B are adapted to X. In this case, for every i = 1,...,n, [o;] is conjugate
to [@;]. As a consequence, the automorphism g := j o y~! of 71(S? — X, xo) belongs to the subgroup
Aut** 71(S? — X, xo) defined as follows.

Definition 4.7 We denote by Aut** 1 (52 — X, x¢) the subgroup of Aut* 71(S% — X, xo) of elements
that map [;] to a conjugate of [¢;] for every i = 1,...,n. This definition does not depend on the choice

of the geometric basis % adapted to x.

Definition 4.8 Similarly, we denote by Aut* I';, C Aut I}, the subgroup of automorphisms v satisfying:

(1) Fori =1,...,n the element v(y;) is conjugate to y; for some j.

(2) The automorphism of H?(T},, Z) induced by v is the identity.
We denote by Aut** T}, C Aut* T, the subgroup of automorphisms v such that:

(1Y Fori =1,...,n the element v(y;) is conjugate to y;.

If y: I, = m1(S? — X, xp) is induced from a geometric basis (not necessarily adapted to x), then
v € Aut* I, (resp. Aut** T},) if and only if yvy~! € Aut* 71 (S? — X, xo) (resp. Aut™ (52 — X, x¢)).

4.9 If G isagroupanda € G, then inn,: G — G denotes conjugation by a, ie inn, (x) = axa~!. Notice
thatif f: G — H is a morphism, then f oinn, = inny,) o f. The group of inner automorphisms of G is
denoted Inn G. It is a normal subgroup of Aut G. We set Out G := Aut G/ Inn G. For (x9, X) € Fon+1 S2,
we observe that Inn(7r1 (S? — X, X)) C Out™ (71(S? — X, x¢)) and Inn T}, C Aut** T},, and we define

Aut* 71 (S% — X, x0)
Inn 71(S2 - X, xo)
Aut™ 71(5? — X, xo)

Out* 771 (82— X, x¢) :=

4-1) Out™ 71(S%? - X, xo) := ,
i 0) Inn 71(S% — X, x0)

Aut*T

Out* Ty 1= o -

Inn I}

Using a geometric basis we immediately get Out* I', = Out™ 1 (S2 — X, xo).

4.10 If S , is a topological surface of genus g with n punctures, the mapping class group of Sg
is denoted by Mod(Sg ), while PMod(Sg ») denotes the pure mapping class group of Sg ,, which is
defined to be the subgroup of Mod(Sg ) of elements that fix each puncture individually.
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4.11 In the sequel we will need the following variants of the Dehn—Nielsen—Baer theorem, for which
see [Farb and Margalit 2012, Theorem 8.8, page 234; Ivanov 2002, Section 2.9; Zieschang et al. 1980,
Theorem 5.7.1, page 197, and Theorem 5.13.1, page 214].

Theorem 4.12 (Dehn—Nielsen-Baer) Let x = (xo, X) € Font+1 S 2. Then @ € Aut* 1 (S 2_ X, xo) if
and only if there exists o € Inn 1 (S? — X, x¢) and an orientation-preserving homeomorphism

h:S*—X — S*-X
such that h(xg) = xo and ¢ = o o hy. In other words, Mod(S? — X) 2 Out™ (71 (S? — X, xo)).

Corollary 4.13 Let x,y € Font+1S? and ¢: 71(S? — X, x0) — 71(S? =Y, yo) be a homomorphism
that sends geometric bases to geometric bases. Then there exists o € Inn(r{(S? — Y, y)) and an
orientation-preserving homeomorphism h: S* — X — S? —Y such that h(xg) = yo and ¢ = 0 0 h.

Proof Fix an orientation-preserving homeomorphism f: 2 —Y — §2 — X such that f(yo) = xo and
apply the Dehn—Nielsen—Baer theorem to fi o ¢. a

Corollary 4.14 Let x = (xo, X) € Fon+1S2. Then ¢ € Aut** 1(S? — X, x¢) if and only if there
exists 0 € Inn(r1(S? — X, xo)) and an orientation-preserving self-homeomorphism h of S? such that
h(x;) = x; for 0 <i <n and ¢ = 0 o hy. In other words, PMod(S? — X) = Out™* 71(S? — X, xo).

Proof Applying the Dehn—Nielsen-Baer theorem we get the homeomorphism /4 of S?2 — X and o. It is
elementary that & extends to a homeomorphism of S2. Next assume /(x1) = x; and fix a geometric basis
B = {[o;]} adapted to x. Here «; is a loop at x¢ that makes a counterclockwise turn around x; as in 4.1.
Hence [ho] is a loop making a turn around s (x1) = x;. But [ho] is conjugate to oh«([a1]) = ¢([1])
which is conjugate to [a1] since ¢ € Aut** 71 (52 — X, xo). Since oy makes a turn around x; it follows
that 1(x1) = x; = x1. Similarly 2(x;) = x; for any i. |

4.15 We conclude this section by interpreting some classical constructions in the theory of braid groups
using parallel transport. We consider the (pure version of the) generalized Birman exact sequence
associated with C** = P! — {0, 1, oo} (see [Farb and Margalit 2012, Theorem 9.1, page 245])

(4-2) 1= 711 (Mo, X) 2505 PMod(P! — X) 2224 PMod(C**) — 1.

The map Forget is the natural homeomorphism obtained by filling in the punctures, ie it is the map
induced by the inclusion P! — X < C**. The map Push is defined as follows; see [Farb and Margalit
2012, Section 4.2.1]. Let @ = (@1, ..., ay): [0, 1] = Mg , be a pure braid in P!, with &(0) = a(1) = X.
Thinking of « as an isotopy from X to X (sending each x; to x;) we get by Theorem 3.4 that it can be
extended to an isotopy of the whole P!. Denoting by ®, the homeomorphism of P! obtained at the end
of the isotopy, we have that @4 (x;) = «; (1) = x;, and thus &, can be regarded as an homeomorphism of
P! — X. Taking its isotopy class we get Push(e) = [®] € PMod(P! — X). This map is well defined, ie it
does not depend on the choice of o within its homotopy class nor on the choice of the isotopy extension.
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4.16 It is useful to reinterpret the morphism ¢ defined in (2-4) in this setting. In particular we note that
Ime C Aut™ (1 (P! — X, x¢)). Fix [a] € 71 (Mo 5, X).

Arguing as in Proposition 3.7 note that £ extends to a homeomorphism f%: P! — P! that fixes every
x; individually. Hence [ f*] € PMod(P! — X). Since &([er]) = f.%, we have &([a]) € Aut** (1 (P! — X)).

Let &: w1 (Mon, X) = Out™ (71 (C** — X, x9)) denote the composition of ¢ with the natural projection
Aut™ — Out™. Also, denote by F: PMod(C** — X) — Out** (71 (C** — X, x¢)) the isomorphism
F : [h] + [hs] coming from Corollary 4.14 of the Dehn—Nielsen—Baer theorem. The following proposition
is the analogue of [Birman 1974, Theorem 1.10] for configurations of points in C** (instead of C).

Proposition 4.17 For [«] € m1(Mo,4, X), let f* be the parallel transport as in Lemma 3.5. Then
Push([a]) = [ f%]. Moreover, the following diagram commutes:

PMod(P! — X)
Push

m1(Mo,n, X) : lF
T

Out™ (m (P! — X, x¢))

Proof Leta:[0,1] — Mg, be a pure braid in P!, with (0) = a(1) = X, that we think as an isotopy
from X to X. Let H: (P! — X) x [0,1] —> Mo,n+1 and f¢ be as in Lemma 3.5. Define a map
v: P x[0,1] > P! by ¥(u,t) := H(u,r) for u ¢ X and ¥ (x;,1) := o;(t). So ¥ is an ambient
isotopy of P! extending the isotopy . This proves the result, since by Proposition 3.7 e([a]) = £, so
&([a]) = f& mod Inn (P! — X, x¢), while Push([a]) = [ f%]. |

Remark 4.18 Considering configurations of points in C instead of C**, Proposition 4.17 corresponds
to [Birman 1974, Theorem 1.10].

Proposition 4.19 Let x = (x9, X) € Mg +1 and let v € Aut*™ 71 (P! — X, x¢). Then there is an
[@] € w1 (Mo, X), a lift & of o with &(0) = &(1) = xo, a parallel transport f such that f(xo) = a(t)
andz € m; (P! — X, Xo) such that v = innz o f.%.

Proof Since PMod(C**) is trivial — see [Farb and Margalit 2012, Proposition 2.3] —it follows from
(4-2) that Push (and thus £) is an isomorphism. In particular, for every v € Aut**(r; (P! — X, xo)), there
exists [or] € 71(Mo,,, X) and o € Inn(rr1 (P! — X, x¢)) such that £ = e([a]) = voo. Thus v =inn; o £,
for some z € 1 (P! — X, x). a
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S5 Topological types of actions

Definition 5.1 Let G be a finite group and let ¥; and 3, be oriented topological surfaces both endowed
with an action of G. We say that the two actions are topologically equivalent if there is an n € Aut G and
an orientation-preserving homeomorphism f: ¥ = ¥, such that f(g-x) =n(g)- f(x) for any x € X
and any g € G; see [Gonzélez-Diez and Harvey 1992]. An equivalence class is called a topological type
of G—action (sometimes this is called unmarked topological type).

Definition 5.2 Fix on S? the orientation by the outer normal. We let 7 (G) denote the set of topological
types of G—actions on a topological surface ¥ such that £/G = S? (as oriented surfaces) and the
projection 77 : ¥ — X /G has n branch points.

Definition 5.3 If G is a finite group an n—datum is an epimorphism 6: I}, — G is such that 6(y;) # 1
fori =1,...,n. Welet 2" (G) denote the set of all n—data associated with the group G.

5.4 Fix a point x = (xo, X) € Fon+1S? and a geometric basis % = i ]}?—, of 71(S? — X, xo).
Denote by y: I}, = m1(S? — X, xo) the corresponding isomorphism. If §: I}, — G is a n—datum, the
epimorphism 6 o y~! gives rise to a topological G—covering p: Eg — S? — X. By the topological part
of the Riemann existence theorem, this can be completed to a branched G—cover p: £ — S2. By taking
the equivalence class of ¢ we get a topological type of G—action. We get a map

Fra: D(G) —> T(G), (0:T, - G)—[29].

5.5 We now introduce an action on the set of data that will be very important for the rest of the paper. By
the Dehn—Nielsen—Baer theorem, Out* T, 2 Out* (771 (S% — X, x0)) = Mod(S? — X). The latter group

has a presentation with generators o1, ..., 0,—1 and relations
oj0; =0jo; for |i—j|>2, (o1--0n—1)" =1,
(5-1
2
0i+10i0j+1 = 0;0; +10j, 01++"0p—20,_10p—2-+-01 = L.

See [Birman 1974, Theorem 4.5, page 164]. Consider the short exact sequence
1 —InnT}, — Aut* T}, > Out* T}, — 1.
Let ;i : I — I be the automorphism defined by the rule
6i (¥i) = Vi+1. i (Vi41) = Vi ViVi+1, 6i(yj)=vy; for j#ii+1.

These automorphisms belong to Aut* ', and satisfy the relations (5-1) up to inner automorphisms.
Moreover, 7(6;) = o;. The group Aut G x Aut* I, acts on the set 9" (G) by the rule

(n,v)-0:=nofov L
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where (1, v) € AutG x Aut* I, and 6 € 9" (G) is a datum. We can view this action as an iterated action:
first Aut G acts on 9" (G), then Aut* I}, acts on the quotient 9" (G)/Aut G. Observe also that for any
a€ly,

6o (inny) ! = inng(gy-106.

So inner automorphisms of [}, can be absorbed in the action of Aut G. Since the automorphisms 6; above
satisfy the relations (5-1) up to inner automorphisms, it follows that they do satisfy them exactly when
acting on 9" (G)/Aut G. In this way one gets an action of Out™ I}, on " (G)/Aut G. Finally we claim
that the actions of Aut™ I}, and Out* T}, on %" (G)/Aut G have the same orbits; hence

9" /(Aut G x Aut* Ty) = (9" /Aut G)/Aut* T}, = (2" /Aut G)/Out™ T,.

The reason is the same as before: inner automorphisms of I}, can be absorbed in the action of AutG.

Theorem 5.6 Let G be a finite group. Choose

(1) anelement x = (x9, X) € Fon+1 S2:

(2) a geometric basis B = {[a;]}7_, of 71(S% =X, xo).

Then the map %y g induces a bijection between 2" (G)/(Aut G x Aut* T',) and the set 7" (G) of topo-
logical types of G-actions. The bijection does not depend on the choices of the point x € Fo n+1 S? and
of the geometric basis RB.

From the discussion in 5.5 we immediately get the following.

Corollary 5.7 The topological types of G—actions on curves of genus g are in bijection with

(@™ /Aut G)/Out* T'y,.
The proof of Theorem 5.6 is based on the following two propositions.
Proposition 5.8 The map Fy g is constant on the orbits of the action of Aut G x Aut* I[',.

Proof Let 0: T, — G be a datum and (5,v) € AutG x Aut*T',. Let &/ = nofov~!. We want to

1

show that £¢ and £ have the same topological type of G—action. Set v = yovo y . Observe
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that ¥ € Aut*(1(S? — X, x¢)) since v € Aut* T',,. By the Dehn—Nielsen—Baer Theorem 4.12, there is
o €Inn(1 (52 — X, x¢)) and an orientation-preserving diffeomorphism /: (S? — X, xo) — (SZ— X, x¢)
such that i(xg) = x¢ and o0 o h, = . Let p and p’ denote the projections

0 o
z:0 20

lr g
(S2— X, x0) —— (%=X, x0)
Choose X € Eg and fc{) € Eg/ both over xo. We have that
ha(pa (1 (2§, %0))) = (0 Lo ) (ker(Bo y 1)) =0 ker(Bo y Lo ) =ker(@o yLovh),
where the last equality holds because o is an inner automorphism. Moreover, since n € Aut G,
ker(@oy Lov ) =ker(nofoy tov™h.

Thus hx(p«(1(Z8, %)) = ker(no 6 o x "L ov™!) = (p')x(w1(2Y)). By the lifting theorem we get
an oriented homeomorphism h: Eg — Eg/ such that the diagram commutes and which extends to the
compactifications. Hence the G-actions on »? and ¢ have the same topological type. |

Proposition 5.9 If 6 € 9" (G), then Fy g(0) does not depend on the choices of the point x € Fo n+1 S>
and of the geometric basis R.

Proof First fix x and consider two geometric bases % and B. Let y, y: I}, — 71 (52 — X, xo) denote the
corresponding isomorphisms. Then v:= y~loj € Aut* I},. For a datum #, we have oy~ ! =fov~loy~L
So F, 7(0) =Fxn(0 ov~1). By Proposition 5.8, Fx (0 ov™1) = Fy 4(0). Hence Fr3(0) =Fxa(0),
as desired. Now suppose that x, y € Fo n+1 S2. Let y: T}, = m1(S?— X, x0) and j: T}, — m1(S2—Y, yo)

be the isomorphisms associated with two geometric bases % and %. Then
vi=joyx limi(S? =X, xo) > m(S* =Y. yo)

sends a geometric basis to a geometric basis. Hence, by Corollary 4.13, there is o € Inn(7r1(S? — Y, yo))
and an orientation-preserving homeomorphism /: (S? — X, xo) — (S% — Y, yo) such that i(xo) = yo
and o o h, = v. Given a datum 6, h, maps the kernel of # o y ! to the kernel of § o 7. By the lifting
theorem there is an oriented diffeomorphism h that extends to the compactifications. Hence the G—actions

on Ez and Eg have the same topological type. a

We recall two basic facts about monodromy maps. Let p: E — B be a topological G—covering. For b € B
and e € p~1(b), we denote by e the monodromy map jip: 71(B,b) — G such that g = up [e]
maps e to e (1), where «, is the lift of o with initial point e.

Lemma 5.10 Let p: E — B be a topological G—covering. Fix by, by € B and e; € p~!(b;). Let§ be a
path fromeg to ey andy = pod. Then jip e, = [ip,e, © V4. In particular, if by = by then [Lp ¢, and ip e,
differ by an inner automorphism of 1 (B, bg) or— equivalently—of G.
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Lemma5.11 Letp: E — B and p': E' — B’ be G—coverings. Leth: E — E' be a G—equivariant homeo-

morphism and denote by h: B — B’ the induced homeomorphism. Fix eg € E. Then [Lp ¢, = [ Nx.

p'.h(eo)®
Proof of Theorem 5.6 By Proposition 5.8, ¥ g induces a map between 9" (G)/ (Aut G x Aut* T',)
and 9" (G). To prove the statement we have to check that

(1) if two epimorphisms 6, 0’: I, — G give rise to the same topological type of G—action, then 6 and
6’ are in the same orbit for the action of Aut G x Aut* T'y;

(2) every topological type of G—action with n branch points can be constructed from a datum in %" (G).

To prove (1), consider the branched covers p: ¥ — S? and p’: ¥’ — S? associated with § o y~!

and 0’ o y~! and suppose that there exists 7 € Aut G and an orientation-preserving homeomorphism
h: ¥ — ¥’ such that };(g -e) = n(g)l;(e). We get an induced homeomorphism /: /G — ¥’/G and an
isomorphism A : 71(S% — X, x9) — 71 (52— X, h(xp)). Fix eg € p~!(x0). From Lemma 5.11 it follows
that ptp e, = no My i) © h+«. Now fix e € (p)"'(x0) and a path in ¥’ from ﬁ(eo) to e;,. Finally let

y = p’oé. By Lemma 5.10 we get that

P h(eo) = Hpeq O Vi Thus

(5-2) Ip,eo =10 [y ep © Vit © .

Observe that, since / preserves the orientation, so does /; hence yzohy: m1(S2—X, x9) = m1(S2—X, x0)

lies in Aut* (1 (S% — X, x0)). Let v:= y 1o (ygohs)o y € Aut* T, be the corresponding automorphism

in Aut* I',. (Again we are using that y comes from a geometric basis.) Also, observe that o y~!

coincides with (1, ¢, up to an inner automorphism of G, and the same holds for 6’ o 1!

We get that there exists 71 € Aut G such that (5-2) becomes

and for Kp el

1 1

oy~ =;700/0)(_10()/#011*)=r;00/o1)_10)(_ .

Thus (n,v).0" = 0; that is, they are in the same orbit for the action of Aut G x Aut* I',. To prove (2)
assume that G acts effectively on a surface ¥ in such a way that /G = §2. Up to diffeomorphism we
can assume that the set of critical values of p: £ — S? coincides with X. Fix a point Xg € p~!(xp).
Let 6 := up 5,0 x: I — G be the monodromy of the unramified cover. Since Eg is connected 6 is
surjective, and 6(y;) # 1 since all the points of X are branch points. So it is an n—datum. By construction
the associated cover coincides with X. Finally, it follows from Proposition 5.9 that the bijection induced
by % g does not depend on x and . O

6 Tools for the construction

This section is dedicated to some tools that we will need in the following section for the construction
of the families. We start with some considerations from group theory, that will be at the basis of the
construction of the ordered set (¥, >) of Theorem 1.4.
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Consider an exact sequence of groups
(%) 1- NS K2 H-1

and an epimorphism
f:N—>G
onto a finite group G.

Definition 6.1 An extension a of (x, f) is a pair a = (Hg, f;), whose first element is a subgroup H, of
H of finite index, and whose second element is a morphism f,: p~!(H,) — G such that f,i = f. We
denote by $(x, f) the set of all extensions.

If a = (Hg, f4) is an extension, we set

a:=p~ (Ha).
K, is a subgroup of K and f, is defined on K.

On the set $(*, f) we introduce the order relation
a>b < H, C Hpand f, = fplk,.
Proposition 6.2 ($(x, f), >) is a directed set.

Proof Givena,b e $(x, f),set H. :={h€ H, N Hy | fo(h) = fp(h)}. Then H, has finite index in H
since G is finite. Set f. := f4|H,. Then ¢ := (He, fc) € $(*, f),and ¢ > a and ¢ > b. |

In the following lemmas we describe two natural bijections between the sets $(*, f), when f and (x)
change under some specific rule.

Lemma 6.3 Given f: N — G andn € Aut G, set f :=no f. Then
(6-1) @:9(x, f) = I(x. f), ®(Ha, fa) := (Ha. 110 fa)-

is an order-preserving bijection.
The proof is immediate.

Lemma 6.4 Consider a commutative diagram of groups

(%) 1 sy N Kk L H > 1
| le
(*) 1 sy N K2y H s 1

with exact rows and «, B and y isomorphisms. In other words, (x) and () are isomorphic short exact
sequences. Given f_: N — G, set = f_oa: N — G. Then the map

(6_2) o '-q)(*s f) g ‘9(%’ f)v CI)(HG’ fa) = (ﬂ(Ha)7 fa O)/_1|y(Ka))7

is an order-preserving bijection.
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Proof If a = (H,, f,), set K, = p~1(H,) as above. Set H; := B(H,). Then

Ka:=p"'(B(Ha) = (7' p)™ (Ha) = (py™) ™ (Ha) = y(Ka).

Setalso f3:= fyoy~! |I?a‘ Then it is immediate to check that @ := (H 3, f3) = ®(a) belongs to $ (%, f)
and that ® is an order-preserving bijection. O

Lemma 6.5 Let N, H and G be groups and lete: H — Aut N, h — ¢}, be a morphism. Let f: N — G
and ¢: H — G be morphisms. There is a morphism f': N x H — G extending both f and ¢ (when N
and H are included in N %, H in the obvious way) if and only if for any h € H

(6-3) inn(p(h) Of = f o&y.
The proof is elementary.

Lemma 6.6 Let N, H,G,e: H— AutN and f be as above. Assume that f is surjective, that N is
finitely generated and that G is finite. Then

(@) H":={he H |ep(kerf) =Xker0} is a finite-index subgroup of H;

(b) there is a morphism &: H"” — Aut G such that the diagram

N 25 N
7] 1%
G- G
commutes forh € H”;
(¢c) H':=Kkeré is a finite-index subgroup of H ;
(d) there is a unique morphism f': N xo H' — G that extends f and such that f'|g = 1.

Proof The subgroup ker f has index d := |G| < oo in N. Since N is finitely generated, there are a finite
number of index d subgroups of N; see eg [Hall 1950, page 128; Kurosh 1960, page 56]. The natural
action of Aut N on the subgroups of N preserves the index. Therefore the orbit of Aut N through ker f
is finite. Hence (Aut N )y, 7 has finite index in Aut N. Since H/H" injects in Aut N/(Aut N )y 7, H”
also has finite index in H. The existence of &; follows immediately from the inclusion ey (ker ) C ker f
for h € H”. Since Aut G is finite, H' has finite index in H” and in H. By construction, for any & € H’
we have f = &0 f = f ogp, ie (6-3) holds with ¢: H' — G the trivial morphism. |

Theorem 6.7 If the sequence (x) splits, then $(x, [) # &.

Proof By Lemma 6.4 we can assume that the split exact sequence () is a semidirect product. The result
then follows from Lemma 6.6. |

6.8 We dedicate the second part of this section to some considerations on coverings and fiber bundles,
which will be fundamental tools for our construction.
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In the following we assume that all the spaces considered are semilocally 1-connected. Let X be
a connected space and let x € X. For every subgroup H C m1(X, x) there is a pointed covering
p: (E,e) — (X, x) such that Im px. = H. Moreover p is unique up to pointed isomorphism. If
B € Q(X,x,x") and By: m1(X, x) = m1(X, x’) is the induced isomorphism, then the pointed coverings
of X associated with H C 71 (X, x) and with Bz H C 71 (X, x’) are isomorphic. Indeed if B, denotes the
lift with B, (0) = e and e’ = B.(1), then p.m1(E,e’) = Bs+H, so E is associated with both subgroups. If
X is a complex manifold, any covering has a unique complex structure such that p is holomorphic and
the coverings associated to H C w1 (X, x) and with B4 H C 71(X, x’) are biholomorphic.

Lemma 6.9 Let E, B and B be connected and locally arcwise connected topological spaces. Let
p: E — B be afiber bundle and g: B — B be a covering. Let E := g* E be the pullback bundle. Then in
the diagram

(E.e) —1 (E.é)
(6-4) v| 1

(B.b) —— (B.b)
g: E — E is also a covering. Moreover, if the fiber of p is arcwise connected, then
Gemi(E.€) = py " (qum1(B.D)).

Proof Fixée E,seth = p(¢) and let V C B be an evenly covered open subset of B, ie ¢~ (V) = L Ui
and g|y; is a homeomorphism of U; onto V. We claim that p~1(V) is an evenly covered neighborhood
of e. Indeed g~ (p~1(V)) = | ¥~ 1 (U;). Moreover ¥~} (U;) = (¢|y,)* E is mapped homeomorphically
on p~1(V) by g since q|u; is a homeomorphism onto V. This proves the first assertion. Next choose
e € g~1() and set b = ¥ (e). Obviously ¢(b) = b. Set F := p~—1(b) and F := ¢! (b). The diagram
(6-4) induces a morphism of the homotopy exact sequences of the bundles:

— 5 m(B) —— m(F.e) — mi(E.e) —2 m1(B.b) —— mo(F) =1

l’e lg ié* lq* lg

—— 15(B) —— m(F, &) — m(E,e) 2 n1(B,b) — mo(F) =1

Set H := g4y (B,b) C m1(B.b), and K := p; (H) C 71 (E, ). In the lower row we can substitute
m1(B,b) with H and 1 (E, e) with K and the row remains exact. Clearly g, maps into K since the
diagram commutes. So we get the diagram

— 5 m(B) —— mi(F.e) — mi(E.e) —Z m(B.b) —— mo(F) =1

—— m(B) —— m(F,é) s K ~—— H s 1o(F) =1

Now g4« is an isomorphism. Applying the short five lemma [Eilenberg and Steenrod 1952, page 16], we
get that K = Im g, as desired. O
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The following lemma is a sort of converse which will be needed later.

Lemma 6.10 Let A, E, E, B and B be connected and locally arcwise connected topological spaces.
Consider the diagram

(A.a) —L (E.&)

(6-5) q)l l”

(B,b) —1— (B, b)

Assume that ¢: A — B and p: E — B are fiber bundles with arcwise connected fibers, that ¢ and §
are finite degree coverings, and that Gx«m1(A,a) = p; ' (q+«m1(B,b)). Then A is isomorphic to g*E as a
fiber bundle over B.

Proof Apply Lemma 6.9. Using the same notation as in (6-4),
Gsm1(E, e) = py ' (qum1(B, b)) = Gum1 (A, a).

Moreover ¢ is also a covering. So there is w: (4,a) — (E, e) such that g o w = ¢. It remains to show
that ¥ o w = ¢. Combining (6-5) with (6-4) we get the commutative diagram

q

TN

(A,a) —2— (E,e) —1 (E. &)

N
¢ (B.b) —X— (B.b)

From gow =g we get pogow = pog; hence goyow =¢qo¢. So ¥ ow and ¢ lift the same map with
respect to the covering g. Since ¥ o w(a) = ¢(a), we conclude that 1 o w = ¢ and the result follows. O

7 Construction of the families of G—-curves

7.1 Fix an element x = (xo, X) € Mg 41 and set

(7-1) Ny :=m1(P' = X,x0), Kx:=m1(Moy+t1,%), Hx :=m1(Moy, X).
Consider the split exact sequence in the top row of (2-3), namely

(*x) 1 - Ny 25 K 25 Hy — 1.

Here i: P! — X <> Mg 541 is the map i (x) := (x/,x1,..., %) and p: Mg 41 — Mo, is the fibration.
Now let G be a finite group and let 6: I}, — G be a datum. Choose a geometric basis B = {[o;]}7_,
of Nx. Asin 4.4, let y: I;, — N, be the isomorphism induced from the basis &B. We apply the group
theoretical considerations of Section 6 to the exact sequence (*) with f := 8o y~': Ny — G. We get
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a directed set $(*y, f), which is nonempty since () splits. To stress the dependence from the choices

made, we will set
$(x,B,0) = F(xx,00 y ).

Indeed y contains the same information as the basis %.

Definition 7.2 A collection of families is an indexed set {€, — Y4 }qseg Where
(1) (%,>) is adirected set;
(2) (Ya,Yq) is a pointed smooth complex quasiprojective variety;
(3) €, — Y, is a family of curves;
(4) ifa,b €9 and a > b, then there is an étale cover of finite degree v,p: (Ya, ya) = (Yp, ¥p) such
that €, =~ v;"bcéb.

In this section we construct a collection of families indexed by $(x, %, 0).

7.3 Fix a = (Hg, fa) € $(x,B,0). Let g4: (Ya,Ya) = (Mo,n, X) be the pointed covering with
qaxt1(Ya,xq) = H,. Endow Y, with the unique structure of a complex manifold making g, an
unramified analytic cover. Consider the diagram

da
(Eqa :=qzMon+1,€a) —— (Mo n+1,X)

(7-2) lwa lp

(Ya, J’a) # (MO,n: X)

with e, := (Y4, x). Notice that p: Mg _,+1 — Mo, is the universal family of lines with »n holes and hence
Ya: Eq — Y4 is also a holomorphic family of curves (lines with holes).

By Lemma 6.9 applied to the diagram (7-2), the map g,: E4 — Mo 41 is the covering such that
Gaxm1(Eq,eq) = K, 1= p;l(Ha). Hence f,: K, — G gives a morphism 71 (E,4, ¢5) — G and thus a
pointed G—covering U, : (6%,24) — (Eg, e4) such that Im ugs = (Gax) ! (ker f;). In other words, u, is
the covering such that

(7-3) Imugs = G, (ker fz).
Composing with ¥, we finally get a holomorphic family of noncompact Riemann surfaces
g =VYg0ug: 6, = Yg.

The following diagram describes the whole situation:

((62»20) L) (Ea.eq) L (MO,n—H,x)

m la/fa |7

Y. Ya) —2 5 (Mo, X)
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It might help to compare this diagram with the corresponding diagram of groups:

ker f —— K, © > Kx

Ha‘%HX

Summing up: p is the universal family of lines with n holes, g, is a covering used as a base change,
¥, is the pullback family of lines with n holes, u, is a Galois cover and 7, is a family of noncompact
Riemann surfaces. Each fiber of 7, covers the corresponding fiber of ¥,. More precisely, if y € Y, and
X =qa4(y) € My, looking at the fibers over y we have the unramified G—covering

(7-4) €, — Eay=P'—X.

The last step in the construction is the fiberwise compactification, which is an application of the Grauert—
Remmert extension theorem; see [Grothendieck 1971, Chapter XII, Theorem 5.4, page 340].

Theorem 7.4 (Grauert—-Remmert extension theorem) Let Y be a connected complex manifold and
Z C Y aclosed analytic subset such that Y° :=Y — Z isdense in Y. Let f°: X° — Y° be a finite
unramified cover. Then up to isomorphism there exists a unique normal analytic space X and a unique
analytic covering f: X — Y such that X° C X and f° = f'|xo.

Corollary 7.5 In the hypotheses above, if Z is a smooth divisor, then X is smooth.

Proof Let D be the unit disc. Using a local chart U = D" of Y suchthat U N Z = D" N{z; =0} we
get a finite cover of D* x D"~!. By the topological classification of coverings disc, it is of the form
(z1,....zn) = (21", 22, ..., zy) for some m > 1, hence extends to an analytic cover D" — D". So, by
uniqueness, £~ 1(U) = D". In particular, f~1(U) is smooth. |

Lemma 7.6 The unramified covering u,: 6}, — E, extends uniquely to an algebraic ramified cover
ug: 6, — Pl xY,, with €, and Y, smooth and quasiprojective.

Proof Consider P! x Mo,». Let xo € Pland X = (x1,...,X,) € Mo,». Recall that this means that
Xn—2 =0, xp—1 = 1, x, = 0o and (x1,...,Xy—3) € Fon—3 C**. Let Z; C P! x My, be the smooth
divisor Z; :={xo = x;} fori = 1,...,n. The divisors Z1, ..., Z, are pairwise disjoint, so their union,

which we denote by Z, is a smooth divisor of Pl x Mo,». The map g, in (7-2) obviously extends to a map
Ga: Pl x Y, =Pl xMg,.

Then g} Z is a smooth divisor of P! x Y,. Since Mg n+1 = (P! xMo,)—Z, E, = (P! xY,) -G Z.
So we can apply the Grauert—Remmert extension theorem to the topological covering u,: €} — Eg,
which can be thus completed to a ramified cover u,: €, — P! xY,, with €, smooth. To prove the
quasiprojectivity one uses a similar argument. An étale analytic cover of a quasiprojective variety is
quasiprojective and the covering map is algebraic; see eg [Grothendieck 1971, Chapter XII, Theorem 5.1,
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page 333]. Since My, and Mg 41 are quasiprojective, and g, and g, are étale, we get that Y, and E, are
quasiprojective and ¢, and g, are algebraic morphisms. Let Y, be a projective manifold containing Y,
as an open subset. Then E, is a Zariski open subset of P! x Y, and we can apply the Grauert-Remmert
extension theorem to u,: €} — E,4, this time viewing E, as an open subset of P! xY,. We obtain a
ramified cover iig: €, — P! x Y,. Since P! x Yy, is projective, €, is also projective. By uniqueness,

a= L_ta_l (P! xY,), so it is quasiprojective. O
7.7 Notice that the projection P! xY, — Y, extends Y4 in (7-2), while the composition

Cu 2 PlxY, =Y,
extends ;. We denote the extensions by the same symbol. We claim that
TTa:6q =Yg

is a submersion. Indeed, let U 2 D" be a local chart in P! x Y, such that

UNn*Z=UNn*"Z; ={xg—x; =0}

for somei =1,...,n (with x,—» =0, x,—1 = 1 and x,, = 00). Denoting w = x¢ — x;, we get that
W, X1, ..., X, are local coordinates on U and 7’| ,—1(gy: 7'~1(U) — U is of the form

(W, X1,..., X)) = (W™, x1,...,Xn)
for some m > 2. We conclude that locally n,(w, x1,...,X) = (X1,...,X,). Thus m, is a submersion

onto a smooth base and its fibers are smooth curves.

If y € Y, the fiber 64,, — P! of 7, over y is the unique smooth compactification of the unramified
cover (7-4), ie the one given by Riemann’s existence theorem.

We call
%]

Bq s Plxy,

Ya

the family of G—coverings associated with the datum 6 € %" (G), the point x = (x¢, X) € Mg 41, the
geometric basis B of w1 (P! — X, x¢) and the extension a € $(x, B, 6).

Theorem 7.8 If x € Mg 41, B is a basis of Ny and 0 is an n—datum, then

(7-5) R(x, B, 0) :=1{6; — Ya}aef(x,%,e)

is a collection of families in the sense of Definition 7.2.

Proof It remains only to prove property (4). We start with an observation. If p;: (E;,e;) — (B, b) are
coverings and Im p14 C Im ps4, the unique continuous map f: (E1, e1) — (E3, e2) such that pro f = p;

is a covering map. Indeed let f: (X, x) — (E>, e2) be the covering with Im f,. = pz_*l (Im p1). Then
p2o f is a covering isomorphic to py, sO we can assume p; = ppo f.
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Now, given a = (Hy, fq) and b = (Hp, fp), a > b means that H, C Hp C w1(Mo,,, X); hence
Ko = pyY(Hy) C Kp = py'(Hp) and f,: K, — G is the restriction of f;,. We have coverings
qi: (Yi,yi) > (Mo,n, X) with H; =Img;« fori = a, b. By the observation at the beginning there is a
unique covering map v: (Yq, ¥4) = (Yp, ¥p) such that g ov = g, and Im vy = q;*l (Hy). For the same
reason, since Im §;« = K; fori = a, b, there is a covering v: (Eq4, eq) — (Ep, ep) such that g, o v = g,.
We claim that

(7-6) Vpv = vig.

Indeed, gp¥pv = pqpv = pGa = GaVVa = qpv V4. Hence Y v and v, lift the same map with respect
to the covering ¢p. Since V¥,V (eq) = yp = V¥4 (e,) wWe conclude that ¥, v = v, as claimed.

Finally we have the coverings u; : 67 — E; such that Im u; = cj_l (ker fi); see (7-3). Since vy = cjlj*l OGgx

and ker f, C ker fj, we have (g, (ker f;)) = 7% (ker f,) C qb* (ker f3). This means that
7-7) Im(Vouy)s = 17*(@;* (ker f2)) C Imupy.
So we can apply once more the observation at the beginning and we get a covering : 6} — %Z such that
(7-8) upd = g, Imoy =uy,} (Im(Doug)s).
Composing with ¥, and v and using (7-6) we get a commutative diagram
er —2 e
(7-9) nal l’”’
Yo —25 Y,
with 7, and 7 bundles, and v and ¥ coverings. We claim that
(7-10) Im iy = 7, (Im vy).
Indeed starting from (7-7) we compute

Im(3 oug)x = Gy, (ker fo) = G, (Ka Nker f3) = G;,} (Ka) NGy, (ker f),
qb* (ker fb) =Im Upx,
Ko =p, I(Ha)
Gpe (Ka) = Qe P (Ha) = (Pdpe)y  (Ha) = (@paVix) " (Ha) = ¥} (@ (Ha)) = ¥, (Im vy,
Im(voug)s = wb_*l (Imvs) NImup,.
So from (7-8) we get
Imv, = Upy (Im(v OUg)x) = up 1(wb 1(Im Vi) NImup,) = Upy (wb* (Imvy)) = er*l (Imvy).

This proves (7-10). Applying Lemma 6.10 to the diagram (7-9) we get that v: €; — v*6} is an

isomorphism of bundles over Y,. The map ¥ is an isomorphism of the coverings €} — E, and
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v*6, — E,. By the uniqueness statement in the Grauert-Remmert extension theorem, it extends to an
isomorphism of the coverings €, — P! x Y, and v*€; — P! x Y,. This extension is an isomorphism
of the families of curves, €, = v*%6,. |

8 Independence from the choices

In this section, we conclude the proof of our Theorem 1.4. We present two main arguments. The first one
is Theorem 8.2, whose proof will take up most of the section. It states the independence of the collection
R(x,B,0) on x € Mg 541, on the geometric basis %, and on the Aut G x Aut* I',—orbit of 6. Secondly,
we show (Theorem 8.6) that every curve in a family of the collection r,: €, — Y, has the topological
type associated with 6, and that, conversely, for any G—curve C with topological type [6], there is at least
one fiber of €, — Y, which is (unmarkedly) G—isomorphic to C (and there are only finitely many such
fibers).

Definition 8.1 We say that two collections of families {6, — Y4 }aes and {€z — Y3} aeg are equivalent
if there is an order-preserving bijection a > @ of $ onto $ and for every a € $ a biholomorphism
Wq: Yqg — Y such that:

(1) 6q=w'e;.

(2) Ifa,b e $ and a > b, the following diagram commutes:

Ya &)Va

vabl l‘_’m’;

Yy i)?l;

In the following we conclude the independence of our collection from the choices made; different choices
yield equivalent collections.

Theorem 8.2 Up to equivalence, the collection of tamilies R(x, %, ) is independent of the choices of x
and 9B and only depends on the Aut G x Aut* T';,—orbit of 6. In particular, the collection £(x,%, 6) only
depends on the topological type [0].

The proof of Theorem 8.2 is organized as follows: We start by showing that the action of Aut G on 6 does
not change the collection (Lemma 8.3); and then we prove that changing x and % by parallel transport
leads to equivalent collections (Lemma 8.4). The combination of these two results implies that, up to
equivalence, the collection of families K(x, %, 6) does not change under the action Aut G x Aut** T},
on 6 (Lemma 8.5). Finally, we combine these results and complete the proof of Theorem 8.2.

Lemma 8.3 Let 6 € %"(G) andn € AutG. Set 0 :=no#@. Let $(x, B, 0) — $(x,B, 0), a — a, be the
bijection of Lemma 6.3. Then Yz = Y4 and €5 = €,. So &(x,®B,0) = K(x,B, ). In particular, for
z € Ny, B(x,%B,0) = R(x, B, 6 oinn,).
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1

Proof Let y: I}, — Ny be the isomorphism induced from the basis %B. Set f := 6o y~* and

fi=00yx =10
By Lemma 6.3 we get a bijective correspondence I(x, B, 8) — I(x, %, 8) which sends a = (Hy, f4) to

a:=(Hg, f3), where H; = Hg, and f;z = no f,. It follows that K; = K, and ker f;z =ker f,. Therefore
Ya=Ya.Eqg = Eq, 6} =% and €; = 6,. For the last statement, observe that § oinn; = inng() 0. O

Lemma 8.4 Let 0 € 9"(G) and x,x" € Mg ,+1. Let the notation be as in Proposition 3.7: f is a path
in My, from X to X', P represents the parallel transport along B, 1 (x¢) = xq and B(t) = H (1, xo).
Then the collections K(x, %, 0) and K(x’, f*'B (%), 8) are equivalent.

Proof Let y: I;, — Ny be the isomorphism induced from the basis B. Set f := 6 o y~! and

f = fo (f*ﬂ)_l. We show that if a € $(x,%B,0) and a = P(a), where ® is the map in (6-2),
then the families €, — Y, and €; — Y are canonically isomorphic. Consider the diagram

(*x) 1 sy Ny — Ky —25 Hy —— 1
| 1 Iz Iz
(*x7) 1 > Ny Ty Ky LA Hyr —— 1

Assume a = (Hg, f;) and @ = (Hg, f3). By the definition of ® we have H; = Bx(H,), Kz = B#(Ka),
fa= fao (/fg#)_1 and ker f7 = E#(ker fa). It follows from 6.8 that there are canonical isomorphisms
Ya =Yg, Ezg = E; and 6 = 6. By compactifying we get that the families €, — Y, and 65 — Y are

isomorphic. O

Lemma 8.5 Let (1, v) € Aut G x Aut** T},. Then the collections R(x, B, 0) and R(x, B, nohov~1) are
equivalent.

Proof We have v := yovoy ! € Aut** Ny. Set § :=nofov™!, f:=0oy ': Ny - G and
fi=0o0yx"' =nofov~!. By Proposition 4.19, there is an [a] € 71(Mo,n, X), a lift & of & with
@(0) = @(1) = xo, and a parallel transport f;* such that f;*(xo) = &(¢) and z € 71 (P! — X, xo) such
that b = inn, o f%. Note that, in particular, f%(xg) = xo. We get f = no f o (f¥)™! oinn,—1. The
statement follows from the previous two lemmas. a

Proof of Theorem 8.2 Since changing geometric bases of Ny adapted to X corresponds to acting with
Aut** T}, by the previous lemma it follows that if the point x is fixed, changing the adapted basis does
not matter. Next fix x, x € Mg »41. Choose a path ,3 in Mo, +1 joining x to x. Set B := p 0,3 and let
f# be a parallel transport such that f#(xg) = Xo. Let B be an adapted basis at x. Then f*ﬂ 9B is an
adapted basis at x. By Lemma 8.4 we get that R(x, %, ) and R(x, f*ﬂ 9%, 0) are equivalent. In other
words we have independence from x and % as long as 9B is adapted to x. We also have that 6 only
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matters through its Aut G x Aut** I,—orbit by Lemma 8.5. It remains to show independence from the
Aut™ T;,—orbit. It follows from the definitions in 4.4 that this is equivalent to showing that if x € Mg 541,
B is a basis adapted to x and B is an arbitrary basis of 71 (P! — X, x¢), then the collections &(x, B, 6)
and R(x, B, 0) are equivalent. Let us prove this statement. There is a permutation o € S,, such that 3 is

adapted to (xo, Xg,, - . -, Xg, ). Define
I:MOJI—)MO,H7 T(xl,,xn) = ('x(flv’-~7x0'n)7
T:Mont1 = Mont1, T(Xo,X1,...,Xn) = (X0, X0y, ...+ Xq,)-

Set X = 7(x) and X = t(X). By the previous results we know that £(x, 3, 6) and £(x, %, 0) are
equivalent. It remains to check that also £(X, %, 6) and £(x, B, #) are equivalent. Consider the diagram

(*x) 1 > Ny —— Ky 25 Hy —— 1

l lid[vx lf* l/f*

(+2) I —— N — Kz 2 Hy —— 1

To check commutativity observe that T sends the fiber over X to the fiber over X = (Xgys---sXay,), i€

T(P'—X)x{X} = (P! —X) x{X} and on the first factor it is the identity map. We use this diagram
with f = f =fo X_l. We get the usual correspondence a — a, $(x, R, 0) — $(x, B, ), with

(8-1) Hz = t«(Ha), Ka=7x(Ka), ker fz = Tu(ker fa).

Consider the diagram

o (63.22) — — (Ez.ea) > Mot
Da Ba__> 7
* d Ua d | da /
(63.24) —————— (Eqg.eq) > Mo,n+1 p
l‘ﬁa
p da _
Va (Ya, ya) “— (Mo,n, X)
- T
///wa /
(Yar Ya) ————— (Mo, X)

By a repeated use of the lifting theorem and using (8-1) we can show the existence of homeomorphisms
Wq, W and W, making the diagram commute. Indeed (Im(7 0 ¢4)«) = T«(Hy) = Im g4 by the first
equation in (8-1). So w, is the isomorphism between the pointed coverings t o g, and ¢g;. By the same
argument, using the second equation in (8-1), we get the isomorphism w,. Consider the cube on the right
in the diagram. All its faces (except the left one) commute. But then

qa¥aWa = pdaWa = pTda = TPda = Tq9aVa = qaWaVa.

So Yz, and wg ¥, lift the same map with respect to g;. Since YzW,(eq) = ya = WaWg(eq) we
conclude that Yz, = waV¥y,.

Algebraic € Geometric Topology, Volume 24 (2024)



1596 Alessandro Ghigi and Carolina Tamborini

Finally consider the horizontal square on the left of the diagram. We want to show that
Im(Wg oug)x =Imugs.
We compose with the injective morphism gz« and compute
Gax(AM(Wg 0 Ug)x) = TaGasx(IMugs) = To(ker fp).

By the third equation in (8-1) this equals ker fz = gz« (Imugzx). Thus gz« (Im(Wg 0ug)«) = Gax(IMuz4)
and Im(W, o ug)sx = Imugy. So the lifting theorem again yields existence of an isomorphism 1, making
everything commutative. The homeomorphisms w,, W, and W, are in fact biholomorphisms as observed
in 6.8. It follows that 7z, = w,7,. By the uniqueness statement in the Grauert—-Remmert extension
theorem, W, extends to a biholomorphism between €, and €;. Thus €, = w}€;.

Property (2) in Definition 8.1 follows again by the lifting theorem:

Wa

Ya

da
% 4a q;

> MO,n

We have Gj;0;;Wa = qaWa = Tda = TqpVab = qj;WhVab» SO VgpWa and Wagp lift the same map. More-
over, U;3Wa(Va) = Vap(Ya) = ¥ = wp(¥p) = Wpvap(Va), so the two maps coincide; UgpWa = WaVgp-
This proves (2). O

Theorem 8.6 Let G be a finite group and 6 € 9" (G ). Choose a point x € Mg ,+1 and a geometric basis
B of Nx. Let my: €4 — Y4 be any family in the collection K(x, %, 0). Then every curve in the family
has the topological type given by [0] € 9" (G)/Aut G x Aut* T',. Conversely, every algebraic curve with
a G —action of the topological type given by [0] is (unmarkedly) G —isomorphic to some fiber. Moreover,
there are only finitely many such fibers.

Proof Consider 7,:%6, — Y, and let y, y' € Y,. Let 8 be a path in Y, from y to y’, and let f B represent
the parallel transport along 8. By Lemma 3.5, we get a G—equivariant diffeomorphism €, , — €6, .
Hence the G—actions on 6,4, and €, - have the same topological type. This proves the first statement.
Now let C be an algebraic curve such that G acts effectively on C in such a way that C/G =~ P!,
We get the ramified covering 7: C — P!. By acting via PGL(2, C), one can move any three branch
points of 77 to 0, 1 and co. We can thus assume that the set of critical values of 7: C — P! coincides
with Y € Mg,. Set C* := J'r_l(IP’1 —Y). Fix a point yq € P! — Y and consider the monodromy
fim (P =Y, yo) = G associated with |c+: C* — P! — Y. Finally fix a basis B’ of 71 (P! —Y, yg)
toY. Let y: I, = w1 (P! =Y, yo) denote the associated isomorphism. Denote by 8’ = f o y: I}, = G the
datum associated with C. We get a collection £(y, %', 8). Assume that C has the same topological type
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of G-action as [#], namely that [0] = [0'] € 9" (G)/Aut** T}, x Aut G. By Theorem 8.2 the collections
R(x,B,0) and R(y, B, 0") are equivalent. Thus there exist a € $(y,B’, 0’) and a biholomorphism
Wa: Yq — Yz as in Definition 8.1. In particular, €, = w;@a. It follows that C, which is the central
fiber for 5z : €z — Yg, is G—isomorphic to some fiber of 7, : €, — Y. To check that only finitely many
fibers can be G—isomorphic to C we argue as follows. For any o € S,, there is a unique g, € AutP!
such that g5(¥s,_5) =0, g6 (Vo,_;) =1 and g5(yg,) = 00. If f: C — €,y is a G-isomorphism for
some y € Y, then f descends to an isomorphism f_ € AutP! that maps branch points to branch points.
So if X := ga(y), we have f({y1,...,¥n}) = {X1....,xn}. Then there is a permutation o such that
f_(yol.) =x; foranyi =1,...,n. S0 f = gg and X = (g5 (¥1). ..., 8o (yn)). This shows that there is
a finite number of possibilities for X, so a finite number of possibilities for y since ¢, is finite. a

9 The centerless case

If the group G has trivial center, the whole discussion in Sections 6, 7 and 8 is greatly simplified.

Indeed, let us go back to the setting at the beginning of Section 6 and let us consider again the sequence ().

Theorem 9.1 If the sequence (*) on page 1585 splits and Z(G) = {1}, then there exists a minimum
Amin € $(*, f) and it is unique.

Proof With the notation of Lemma 6.6, set H"” :={h € H" | £, € InnG}. Note that H' Cc H"” c H"
and that H'” has finite index in H” and in H. By assumption the map G — Inn G is bijective. So
for every h € H'”, there is a unique element of G, denoted by ¢(h), such that &, = inn,). We get
amap ¢: H"” — G. Since ¢ is a morphism, we have inng,z) = inng ),y and, since Z(G) = {1},
this implies that ¢ is a morphism. Also, by construction, ¢ satisfies inng,4) o f = f o &p,. Therefore,
by Lemma 6.5, there exists a morphism FfiNx.H" > G extending f such that fla» = ¢. Thus
(H", f) € $(x, f). Moreover, since ¢ is unique, so is 7. Now let a = (Hy, f4) € $(*, f) and observe
that, by Lemma 6.5, every h € Hy satisfies (6-3). It follows that H, C H" and ¢, = ¢|g, and thus we
conclude that @ = (Hg, f,) > (H", f). Uniqueness of the minimum in obvious in any ordered set. O

Next let Ny, Kx and Hy be as in (7-1) and consider the splitting exact sequence (). As usual, choose
a geometric basis B = {[a;]}7_; of Ny, let y: I}, — Ny be the isomorphism induced from the basis %,
and, for a datum 6: Ny — G, set f := 0o y~!: Ny — G. Theorem 9.1 applied to (*y) reads as follows:

Theorem 9.2 If G has trivial center, then there exists a minimum dami, € $(x, %, 0) and it is unique.

Thus in this case by choosing the minimum we have a canonical choice of a family. Thus, if the center of

G is trivial, the choice of a point x € Mg 41, a geometric basis B = {[;]}"_;, and a datum 6: Ny — G

i=1
yields a well-defined minimum family

T(x,3,0) " 6(x,3,60) = Y(x,3,0)
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and we can forget about the whole collection. Moreover by Theorem 8.2 changing x or & or 6 inside its
Aut G x Aut™ T',—orbit amounts to passing from a collection to an equivalent one. Since equivalence is
order-preserving, it naturally maps the minimum to the minimum. This yields the following.

Theorem 9.3 If G has trivial center, then up to isomorphism the family 1w (x 3 9): €(x,3,0) = Y (x,3,0) 18
independent of the choices of x and % and only depends on the Aut G x Aut* I'y,—orbit of 0. In particular,
the family 1 (x 5 6): €(x,3,6) — Y (x,3,0) only depends on the topological type [0].

10 The abelian case

We conclude looking at the special case where the group G is abelian, the opposite of G being centerless.
Theorem 10.1 If G is abelian, then there exists a € $(x, R, 0) such that Y, = Mo .

Proof Let Ny, K, and Hy be as in (7-1) and consider the splitting exact sequence (), ie the top row
of (2-3). Let y: I}, — Ny be the isomorphism induced from the basis B. Set f := 6o y~!: Ny — G.
Now let ¢ : Hy — G be any morphism. Let

e: 11 (Mo,n) — Aut(m (P! — X, xp))

denote the morphism giving the semidirect product in (xy). By the considerations in 2.3, € is just the
restriction to w1 (Mg ,) of the morphism & giving the splitting of the exact sequence in the second row
of (2-3). In [Birman 1974, Corollary 1.8.3] it is explicitly described the image via & of the generators of
the pure braid group of n — 1 strings of the plane. To be more precise, the notation in [Birman 1974]
corresponds to identify

Mo,n >~ {(xl, .. Xp—1) € Fo,n—1 C | x1=0,x = 1}

instead of (2-1). By this description one sees that, for a generator /1 of 71(Mo ), &5 sends a generator y;
of w1 (P! — X, x¢) to a conjugate of it. In the setting of Lemma 6.5 we have f og(y;) = f(y;) since G
is abelian. Similarly inng ) is the identity since G is abelian. It follows immediately that there exists
fa: Kx — G extending both f and ¢. Thus (Hy, fz) € $(x, %, 6). |

10.2 The proof of Theorem 10.1 shows that, when G is abelian, for every morphism ¢: Hy — G we can
build f,: Kx — G extending both f and ¢. We point out that this is the opposite of the uniqueness result
in Theorem 9.2. Of course, (Hy, fy) € $(x, R, 0) is a minimal element for ($(x, B, 0), >) since Hy is
as big as possible, ie if b € $(x, B, 0) and (Hy, fp) > b, then Hy = Hp, so b = (Hyx, f,). But different
choices of ¢ yield elements in $(x, %, 6) that are not comparable with respect to the order relation >.

10.3 An important point to stress is that, in the general case, H, & Hy and Y, # My, for every
a € $(x,RB,0). We now show this via an easy example. As in the proof of Theorem 10.1, we use
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the description in [Birman 1974] of image via & of the generators of the pure braid group of the plane
and we show that, in general, there may not exist any morphism f :m(P' =X, x0) x Hy - G
extending f. Thus, in this case H, & Hy for any a € $. Let 6: [y — S3 be given by 0(y1) = (12),
0(y2) = (23), O(y3) = (23) and 0(y4) = (12). With the notation in [Birman 1974], 71 (My,4) is free on
the generators A1, and A13. We have 0(e(A12)y1) = (23), 0(e(A12)y2) = (13), 0(e(A12)y3) = (23)
and 0(e(A12)y4) = (12). Now note that, on one side, y1y2y3y4 = 1 and thus y1y2y3y4 € ker 6, but on
the other side 6(e(A12)(Y1y2v3Y4)) = (23)(13) = (123) # 1. With the notation of Lemma 6.6 it follows
that A;» ¢ H”, so H” # Hy. It follows from Lemma 6.5 that for any a € $ we have H, C H”. Thus
in particular, H, C H” # Hx. Thus there is no morphism f: m1(P' — X, xo) x Hy — G extending f.
Geometrically, one can interpret this fact as follows. On Mg 4 = C** there is the universal family of elliptic
curves € — My 4. We denote by E the fiber of € — Mg 4 over A € C**. The family corresponding to 0
shows that every elliptic curve has an effective action of S3, which is built as follows: S3 =7Z/3x7Z/2,
where Z /2 is the multiplication by —1 on E and Z/3 is a subgroup of the translations (£, +). So to
build such an action one has to choose a line inside £ [3]. If an extension f :m1(Mo,5) — S3 exists,
then there is a family of lines [}, C E[3] = H1(E).,Z/3) defined over Mg 4. Equivalently, fixing a base
point Ag € Mg 4, there is a line [, C E}, which is stable under the action of the monodromy of the
family €. But the image of this monodromy is I>, the congruence subgroup of level 2, which fixes no
line in H{(E),,Z/3).

10.4 It follows from the previous remarks that, in the general case, Y, cannot be My, itself, but is
necessarily a finite cover of it. As pointed out in the introduction, this corrects an inaccuracy in [Gonzélez-
Diez and Harvey 1992]. There it is claimed that Y = My, always. As Mg, is birational to projective
space, the authors concluded that the image of the family in Mg is always a unirational variety. By
Theorem 10.1 their proof works for abelian covers, hence the moduli image of a family of abelian covers
is always unirational. In the general case this argument fails and in fact the result is false. Indeed, Michael
D Fried informed us that he recently found examples of families for which the moduli image is not
unirational. In his work in progress [Fried > 2024], Fried considers the moduli space of Galois covers of
the line with fixed datum and fixed Nielsen class. When a component of this moduli space is of general
type (ie a multiple of its canonical class gives an embedding), then the component is not unirational.
When the datum is for covers with 4 branch points, and the equivalences include reduction by the action
of Mobius transformations, there is an explicit formula for the genus of the components — see [Bailey
and Fried 2002] — which in this case are one-dimensional and covers of the j-line. When that genus
exceeds 1, these spaces have general type. For the group A,, n = 1 mod 4, and the branching type of the
covers having all four conjugacy classes (n41)/2—cycles, Fried has computed the components and their
genuses. For n large, the genus is a nonconstant multiple of 7%. When the equivalence comes from the
degree n permutation representation of A, the base Y, of any family in the collection {€; — Y4 }qeq
associated with the datum, has a natural map to one of these components. Thus its moduli image cannot
be unirational.
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