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Dehn twists and the Nielsen realization problem for spin 4-manifolds

HokuTo KONNO

We prove that for a closed oriented smooth spin 4-manifold X with nonzero signature, the Dehn twist
about a (4+2)- or (—2)—sphere in X is not homotopic to any finite-order diffeomorphism. In particular,
we negatively answer the Nielsen realization problem for each group generated by the mapping class of a
Dehn twist. We also show that there is a discrepancy between the Nielsen realization problems in the
topological category and smooth category for connected sums of copies of K3 and S? x S2. The main
ingredients of the proofs are Y Kato’s 10/8-type inequality for involutions and a refinement of it.

57817

1 Main results

Given a smooth manifold X, let Diff(X') denote the group of diffeomorphisms. The Nielsen realization
problem asks whether a given finite subgroup G of the mapping class group 7o (Diff(X)) can be realized
as a subgroup of Diff(X), ie whether there exists a (group-theoretic) section s: G — Diff(X) of the
natural map Diff(X) — o (Diff(X)) over G. If there is a section, we say that G is realizable in Diff(X).
When X is of dim = 2 and oriented closed, which is the classical case of the Nielsen realization problem,
Kerckhoff [18] proved that every G is realizable.

In contrast, Raymond and Scott [30] showed that, in every dimension > 3, there are nilmanifolds for
which the Nielsen realization fails essentially using their nontrivial fundamental groups. Focusing on
dimension 4 and simply connected manifolds, it was recently proven by Baraglia and the author [4] and
Farb and Looijenga [9] that the Nielsen realization fails for K3, the underlying smooth 4-manifold of a
K3 surface. However, to the best of the author’s knowledge, the nilmanifolds in [30] and K3 are the
only examples of 4—manifolds X that are shown to admit finite subgroups of o (Diff(X")) that are not
realizable in Diff(X). The purpose of this paper is to expand the list of such 4—manifolds considerably. In
particular, we give infinitely many examples of simply connected 4-manifolds with distinct intersection
forms for which the Nielsen realization fails.

For a general 4-manifold, it is not obvious to find a potential example of nonrealizable finite subgroups
of the mapping class group. Following Farb and Looijenga [9], we consider Dehn twists, which are
sources of interesting examples. Given a (42)— or (—2)—sphere S embedded in a 4-manifold X, one has
a diffeomorphism Ts: X — X called the Dehn twist, whose mapping class [Ts] generates an order-2
subgroup of 7y (Diff(X)) (see Section 5.1). Our first main result is:
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1740 Hokuto Konno

Theorem 1.1 Let X be a closed oriented smooth spin 4—manifold with nonzero signature and S be
a smoothly embedded 2—sphere in X with [S]*> = 2 or [S]> = —2. Then the Dehn twist Ts: X — X
about S is not homotopic to any finite-order diffeomorphism of X . In particular, the order-2 subgroup of
1o (Diff(X')) generated by the mapping class [T’s] is not realizable in Diff(X).

Theorem 1.1 generalizes the case when X = K3 due to Farb and Looijenga [9, Corollary 1.10] (see
Remark 5.2 for the comparison), and Theorem 1.1 immediately implies that the Nielsen realization fails
for quite many 4—manifolds, such as #,, K3#, S? x S? with m > 0 and also infinitely many examples of
irreducible 4—manifolds. See Example 5.3 for details.

Theorem 1.1 makes a striking contrast to a recent result by Lee [21, Corollary 1.5, Remark 1.7], which
implies that the Dehn twist about every (42)—sphere in CP? # n(—CP?) with n < 8 is topologically
isotopic (hence homotopic) to a smooth involution. This means that an analogous statement to Theorem 1.1
does not hold for nonspin 4-manifolds.

Another result of this paper concerns a comparison between the Nielsen realization problems in the
topological category and the smooth category. Let Homeo(XX') denote the group of homeomorphisms of a
manifold X. As well as the smooth Nielsen realization, we say that a subgroup G of 7y(Homeo(X)) is
realizable in Homeo(X) if there is a section s: G — Homeo(X) of the natural map

Homeo(X) — mo(Homeo(X))

over G. In [4, Theorem 1.2], Baraglia and the author showed that some order-2 subgroup of ¢ (Diff( K 3))
is not realizable in Diff(K3), even when the corresponding subgroup in 7o (Homeo(K3)) is realizable in
Homeo(K 3). We generalize this result to connected sums of copies of K3 and S? x S?:

Theorem 1.2 Form >0 and n > 0, set X = mK3#nS? x S2. Then there exists an order-2 subgroup
G of my(Diff(X')) with the following properties:

e The group G is not realizable in Diff(X). Moreover, a representative of the generator of G is not
homotopic to any finite-order diffeomorphism of X .

e The subgroup G’ C mo(Homeo(X)) defined as the image o G under the natural map
o (Diff(X)) — mo(Homeo(X))
is a nontrivial group, and G’ is realizable in Homeo(X).
In other words, a representative g € Diff(.X') of the generator of G in Theorem 1.2 is not homotopic to any
finite-order diffeomorphism, although g2 is smoothly isotopic to the identity and g is topologically isotopic
to some topological involution with nontrivial mapping class. Theorem 1.2 gives also an alternative proof

of a result by Baraglia [2, Proposition 1.2] about the realization problem along Diff(X) — Aut(H,(X; Z))
(see Section 7).

Theorems 1.1 and 1.2 shall be derived from the following constraint on the induced actions of finite-
order diffeomorphisms on homology. Let o (X') denote the signature of an oriented closed 4-manifold
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X and b4 (X) denote the maximal-dimension of positive-definite subspaces of H,(X;R). For an
involution ¢ on the intersection lattice, we denote by bﬁ (X) (resp. b (X)) the maximal-dimension
of positive-definite (resp. negative-definite) subspaces of the g—invariant part H,(X; R)?, and we set
o?(X) = bﬁ(X) —b?(X).

Theorem 1.3 Let X be a closed oriented smooth 4—manifold with (X)) <0, and let s be a spin structure
on X. Let g: X — X be a finite-order diffeomorphism that preserves orientation of X and s, and let
@: Hy(X;7Z)/Tor — H,(X;Z)/Tor denote the action on homology induced from g. Suppose that ¢ is
of order 2 and that 6%(X) # o(X)/2. Then

) ~160(X) < b(X) =% (X).
Moreover, if b (X) —b% (X) > 0, then
—eo(X)+1<bi(X)—bY(X).

The main ingredients of the proof of Theorem 1.3 are Y Kato’s 10/8-type inequality for involutions [17]
(Theorem 2.2) coming from Seiberg—Witten theory and a refinement of it (Theorem 3.1). This refinement
is necessary to show the “moreover” part of Theorem 1.3, which shall be used to obtain the results on
Dehn twists (Theorem 1.1) for both (42)— and (—2)—spheres.

Here is an outline of the contents of this paper. In Section 2, we recall Kato’s 10/8—type inequality for a
smooth involution on a spin 4—-manifold. In Section 3, we give a refinement of Kato’s inequality by proving
a new Borsuk—Ulam-type theorem using equivariant K—theory. In Section 4, we prove Theorem 1.3
based on Kato’s inequality and the refinement of it in Section 3. Sections 5 and 6 are devoted to prove
Theorems 1.1 and 1.2 respectively. We conclude by giving remarks on another kind of Dehn twist and
other variants of the Nielsen realization problem in Section 7.

2 Kato’s 10/8-type inequality for involutions

Henceforth, for an oriented closed 4-manifold X, we identify H,(X) with H2(X) via Poincaré duality.
For an involution ¢ on X, we set b, (X) = b‘j_‘ (X), and similarly define b* (X') and 6*(X'). Note that, if
X has nonvanishing signature, all diffeomorphisms of X are orientation-preserving, namely, we have
Diff(X) = Diff* (X)), the group of orientation-preserving diffeomorphisms.

First, we recall the notion of even and odd involutions following [1; 6]. Let X be an oriented closed smooth
4-manifold and s be a spin structure on X. Let t: X — X be an orientation-preserving diffeomorphism
of order 2, and suppose that ¢ preserves (the isomorphism class of) s. Then there are exactly two lifts of ¢
to s as automorphisms of the spin structure. We have either both lifts are of order 2 or both are of order 4.
We say that the involution ¢ is of even type if the lifts are of order 2, and say that ¢ is of odd type if the lifts
are of order 4. When the fixed-point set X* is nonempty, the codimension of all components of X* are the
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same, which is either 4 or 2, and the parity of ¢ determines which of them arises: X* is of codimension-4
if ¢ is of even type, and X" is of codimension-2 if ¢ is of odd type [1, Proposition 8.46]; see also [31].

Lemma 2.1 Let X be an oriented closed smooth 4—manifold and s be a spin structure on X. Let
t: X — X be an orientation-preserving diffeomorphism of order 2, and suppose that ¢ preserves (the
isomorphism class of) s and is of even type. Then 0'(X) = o(X)/2.

Proof By Hirzebruch’s signature theorem (see for example [16, equation (12), page 177]), o*(X) can be
obtained by adding o (X')/2 to contributions from fixed surfaces of ¢. (Note that, for a general involution,
the contribution from isolated fixed points is zero.) However, X* does not contain surfaces since ¢ is
even. |

An important ingredient of this paper is the following 10/8—type constraint on odd smooth involutions,
proven by Y Kato [17] using Seiberg—Witten theory and Z /4—equivariant K—theory:

Theorem 2.2 (Kato [17, Theorem 2.3]) Let (X, s) be a smooth closed oriented spin 4—manifold. Let
t: X — X be a smooth orientation-preserving involution, and suppose that ( preserves s and is of odd
type. Then

2) 160 (X) < b1 (X) = b (X).

Remark 2.3 In [17], the result corresponding to Theorem 2.2 is stated using a quantity bi (X), where [
acts on H?(X;R) as I = —t*. By Poincaré duality, it inmediately follows that bi (X)=b4(X)=b! (X).

3 A refinement of Kato’s inequality

To deal with Dehn twists about both (42)— and (—2)-spheres in Theorem 1.1, we shall need the following
refinement of Kato’s inequality (Theorem 2.2), which we call the refined Kato’s inequality:

Theorem 3.1 Let (X,s) be a smooth closed oriented spin 4—manifold. Let(: X — X be a smooth
orientation-preserving involution, and suppose that ¢ preserves s and is of odd type. Suppose that
b4+ (X)—b' (X) > 0. Then

—10(X)+ 1 <by(X) =D (X).

This shall be proven in Section 3.2 using a Borsuk—Ulam-type theorem (Theorem 3.3), which we first
give in Section 3.1.

3.1 Z/4-equivariant K —theory

To show Theorem 3.1, we prove a new Borsuk—Ulam-type theorem using Z /4—equivariant K—theory.
As in Kato’s argument [17], the following approach is modeled on Bryan’s argument [6] for Pin(2)—
equivariant K-theory. A difference from Kato’s argument is that we shall use the structure of the whole
representation ring R(Z/4).
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Set G =Z/4 and let j denote a generator; G = {1, j,—1,—j}. (The symbol j stands for a unit quaternion
j € Pin(2) C H, which is a symmetry that the Seiberg—Witten equations admit.) Let C, C4+ and C_ be
complex 1-dimensional representations of G determined by

r;C=1, tr;jCy=i, trjC_=—i,

where tr; denotes the trace of the action of j and i = V—1. Namely, C is the trivial 1-dimensional
representation, and C 1 are representations given as i—multiplication of the fixed generator of G. Let R
denote a real 1-dimensional representation of G defined through the surjective homomorphism G — Z /2
and multiplication of Z /2 = {#£1}. Set C =R ®g C. Recall that the complex representation ring R(G)
is given by

(3) R(G) = Z[t)/(t* ~ 1),
where t = C..

Here we recall a general fact, which holds for any compact Lie group G, called tom Dieck’s formula by
Bryan [6]. Let V and W be finite-dimensional unitary representations of G. Let V' denote the one-point
compactification of V, naturally acted by G. We regard the point at infinity as the base point of V' *. Let
f: VTt — W be a pointed G—continuous map. By the equivariant K—theoretic Thom isomorphism,
we have that K, ¢(VT) and Eg(WJr) are free IZG (S°%) = R(G)-modules generated by the equivariant
K—theoretic Thom classes ‘L’é( (V) and rg (W) respectively, and thus one may define the equivariant
K—theoretic mapping degree oy € R(G) of f characterized by

I & wy =arlE ).

For an element g € G, let V& and W ¢ denote the fixed-point set for g, and let (V&)L and (W)L denote
the orthogonal complement of V& and W€ in V and W respectively. Let d( f§) € Z denote the mapping
degree, defined using just the ordinary cohomology, of the fixed-point set map f&: (V&)™ — (W¥&)T.
For B € R(G), define A_1 8 € R(G) to be Zizo(—l)iAiﬂ. Then tom Dieck’s formula is:

Proposition 3.2 ([7, Proposition 9.7.2], see also [6, Theorem 3.3]) In the above setup, we have
trg(ay) = d (/) trg A1 (WE) = (VE)).
Now we are ready to prove the Borsuk—Ulam-type theorem we need:

Theorem 3.3 Let G = Z /4. For natural numbers mg, my, ng,ny > 0 with my < my, suppose that there
exists a G—equivariant pointed continuous map

(4) f1(C™ @ (Cy®C)")T - (C™ @ (CrdC)y)t
with f(0) = 0. Then
&) no—ni+ 1 <m; —my.
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Remark 3.4 This Borsuk—Ulam-type theorem, Theorem 3.3, may be of independent interest. Especially,
it is worth noting that Theorem 3.3 allows us to give a proof of Furuta’s celebrated 10/8—inequality [11]
using only the Z /4—symmetry of the Seiberg—Witten equations, while the original proof used a bigger
symmetry, Pin(2). See Remark 3.5 for further comments on this.

Also, Theorem 3.3 generalizes a result by Pfister and Stolz [28, Theorem, page 286], where they proved
Theorem 3.3 for the case that my = 0 and n; = 0. The argument of Pfister and Stolz is also based on
K—theory, but in a slightly different way than ours.

Proof of Theorem 3.3 Let o = oy € R(G) denote the equivariant K—theoretic mapping degree of /.
We shall obtain constraints on « from the actions of —1 and j. First, note that the (—1)—fixed point set
map for f is given by f~1: (@m0)+ — (@m1)+’ and thus the assumption mq < m; implies d(f~1) = 0.
Hence it follows from Proposition 3.2 that tr_; («) = 0. Thanks to the ring structure (3) of R(G), « can
be expressed in the form

3
(6) o=Y ik,
k=0
where a;, € Z. Since tr—q(¢) = —1, it follows that tr_; (o) = a9 —ay + ap —as. Thus,
(7) ao—a1+a2—a3:0.

Next, let us consider the j—action on «. First, note that /7 is just the identity map on S° = {0} U {oo},
and hence d(f/) = 1. In general, for complex rank 1 (virtual) representations L, ..., Ly € R(G), one
has A_; (Zl]\il L) = ]_[l]\;l A—1L;. Thus, again using Proposition 3.2,
(8) trj (@) = trj (—y (C™ 70 @ (C4 @ C_)"1 ™))

= trj (A—1 ((m1 —mo)t* + (ng —no)t + (ny —no)t*))

= trj ((1 — %)™Mo (] — )"0 (] — )™ 710)

= (1 4+ D)™M="o(1 —i)"t="0(] 4 ¢)"1="0

— 2m1—m0+n1—n0

On the other hand, from the expression (6) of o, we have trj («) = ag —as + (a1 —asz)i. Since trj (@) € R
by (8), we have a1 — a3 = 0, and this combined with (7) implies that

9) trj (o) = ap —az = 2(ay — az).

Since a; — a, € Z, the desired inequality (5) follows from (8) and (9). O
Note that the divisibility by 2 over Z of the right-hand side of (9) contributes to the “+1” term in the
inequality (5), which is the source of the refined Kato’s inequality.
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3.2 Proof of Theorem 3.1
Now we are ready to prove the refined Kato’s inequality:

Proof of Theorem 3.1 Set G = Z /4. Kato proved in [17] that the odd involution ¢ gives rise to an
involutive symmetry / on the Seiberg—Witten equations on (X, s), and the complexification of a finite-
dimensional approximation of the /—invariant part of the Seiberg—Witten equations is a G—equivariant
pointed continuous map f of the form (4) with f(0) = 0, where the natural numbers mg, my, ng and n,
in (4) satisty

my—mo=by(X)—-b\(X), no—ny= —%O’(X).

By the assumption b4 (X) —b!, (X) > 0, we may apply Theorem 3.3 to this f". O

Remark 3.5 Furuta’s 10/8—inequality [11] was proved using the Pin(2)-symmetry of the Seiberg—Witten
equations for a closed spin 4-manifold X. Using our Borsuk—Ulam-type theorem, Theorem 3.3, we
may recover Furuta’s 10/8-inequality using only the Z /4—symmetry of the Seiberg—Witten equations
as follows. Note that G = Z /4 = () is a subgroup of Pin(2) = S' U jS! C H. Restricting the Pin(2)—
symmetry to the Z/4-symmetry in Furuta’s construction [11], we have that the complexification of a
finite-dimensional approximation of the Seiberg—Witten equations is a G—equivariant pointed continuous
map f of the form (4) with f(0) = 0 for natural numbers mg, m, ng and n; with

my—mo=>by(X), no—ny;=—30(X).
Applying Theorem 3.3 to f, we obtain
—Le(X)+1=hy(X)

provided that b4 (X) > 0. This inequality is equivalent to the 10/8—inequality [11, Theorem 1].

4 Proof of Theorem 1.3

Proof of Theorem 1.3 First, we reduce the problem to involutions following [9, Proof of Corollary 1.10].
Since the subgroup of Diff(X) generated by g has a surjective homomorphism onto (¢) 2 Z /2, the order
of g is even. Let 2m be the order of g; then g” is a smooth involution. Set ¢t = g”". Since g« = ¢ is of
order 2, either 14+ = ¢ or tx = id. By the condition that g*s = s, ¢ also preserves s.

If tx = @, we have ¢'(X) # o(X)/2 from the assumption that 0% (X) # o (X)/2. If 1 = id, we have
0'(X) # 0(X)/2 since we supposed 6 (X) # 0. Thus, in any of these cases, 6*(X) # o (X)/2, and hence
it follows from Lemma 2.1 that ¢ is of odd type. It then follows from Kato’s inequality, Theorem 2.2, that

(10 —120(X) S by (X) = b (X) < by (X)—b%(X).

To see the “moreover” part of the theorem, suppose that b4 (X)) — b (X) > 0. Then we can replace the
left-hand side of (10) with —o(X)/16 + 1 by the refined Kato’s inequality, Theorem 3.1. O
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5 Proof of Theorem 1.1

5.1 Dehn twists about (+2)-spheres

First, we recall 4—dimensional Dehn twists associated with (£2)—spheres. We refer readers to a lecture
note by Seidel [32, Section 2] for details. While the construction of the Dehn twist in [32] is described for
a Lagrangian sphere in a symplectic 4-manifold, which is always a (—2)—sphere, the construction works
for any (—2)—sphere in a general 4—manifold without any change, and it is easy to obtain an analogous
diffeomorphism for a (42)—sphere, described below.

Given a (—2)-sphere S in an oriented 4-manifold X, namely a smoothly embedded 2—dimensional sphere
S with [S]?> = —2, one may construct a diffeomorphism 7's: X — X called the Dehn twist about S, which
is supported in a tubular neighborhood of S in X, as follows. First, note that a tubular neighborhood
of S is diffeomorphic to 7*S? since S is a (—2)—sphere, and fix an embedding 7*S? < X. The
Dehn twist Tg is the extension by the identity of some compactly supported diffeomorphism ¢ of 7*S?
called the model Dehn twist, which is given as the monodromy around the nodal singular fiber of the
family C* — C, (21,22, 23) b z} + z3 + z3 over the origin of C. The model Dehn twist T acts on
the zero-section S? as the antipodal map and 72 is smoothly isotopic to the identity through compactly
supported diffeomorphisms of 7*S? [32, Proposition 2.1]. Hence the induced action of T's on homology
is nontrivial, more precisely, (T's)«: Hy(X;Z) — H,(X;Z) is given as

(Ts)+(x) = x + (x - [SDIS].

and T 5% is smoothly isotopic to the identity. Thus the mapping class [7’s] is nontrivial and it generates an
order-2 subgroup of mq(Diff(X)).

Next, consider the situation that a (42)-sphere S in an oriented 4—manifold X is given. Then a tubular
neighborhood of S is diffeomorphic to 7.S2. Via an isomorphism between 7.S? and 7*S? obtained by
fixing a metric on S2, we may implant the model Dehn twist into X as well as the (—2)-sphere case
above. We denote by Ts: X — X also this diffeomorphism, and call T'g the Dehn twist as well. This
Dehn twist also generates an order-2 subgroup of 7o (Diff(X)), since the corresponding statement for a
(—2)—sphere follows just from a property of the model Dehn twist, and the action on H,(X') is given by

(Ts)x(x) = x = (x-[SD[S].

We note that every Dehn twist preserves every spin structure:

Lemma 5.1 Let X be a closed oriented smooth 4—manifold, and suppose that X admits a spin structure s.
Let S be a (+2)— or (—2)—sphere in X. Then the Dehn twist T's preserves s.

Proof Recall that T’ is just the identity map on the complement of a tubular neighborhood of S in X,
which is diffeomorphic to the disk cotangent bundle D (7 *S?). Thus it suffices to show that, given a
spin structure t on dD(T*S?) = S(T*S?), an extension of t to D(T*S?) is unique. By the relative

Algebraic € Geometric Topology, Volume 24 (2024)



Dehn twists and the Nielsen realization problem for spin 4—manifolds 1747

obstruction theory for a natural fibration B(Z/2) — B Spin(4) — BSO(4), it follows that the extensions
of t are classified by H'(D(T*S?), S(T*S?);7Z/2), which is the trivial group by the mod 2 Thom
isomorphism for 7*S? — S2, o

5.2 Proof of Theorem 1.1
Now we are ready to prove our main result on Dehn twists:

Proof of Theorem 1.1 By reversing the orientation, we may suppose that o(X) < 0. Note that a
(£2)—sphere turns into a (F2)-sphere if we reverse the orientation of X. First we consider the case
that a (—2)—sphere is given in X with o (X) < 0. Let S be a (—2)—sphere, and let ¢ denote the induced
automorphism of H,(X;Z) from the Dehn twist T's. Let us calculate b_‘i, b? and 0. As described
above, ¢ is given by ¢(x) = x + (x-[S])[S], namely, ¢ acts on H,(X) as the reflection with respect to the
orthogonal complement of the subspace generated by [S]. Here the orthogonal complement is with respect
to the intersection form, and hence the complement contains a maximal-dimensional positive-definite
subspace. Thus,

PP (X)=by(X), bE(X)=b_(X)—1, o®(X)=0(X)+1.

From this we have that 6?(X) # o(X)/2, since we supposed that o (X)) < 0 and hence |o(X)| > 8 since
H,(X;7Z) is an even lattice. Moreover, we also have —a (X)/16 > b+ (X) — b_‘i(X), again by o (X) < 0.
Now the claim of Theorem 1.1 for (—2)—spheres in X with o (X) < 0 follows from Theorem 1.3 combined
with Lemma 5.1.

Next, we consider the case that a (42)-sphere S in X with o (X) < 0 is given. Note that, as in the
(—2)—sphere case above, ¢ = (Ts)« is the reflection with respect to the orthogonal complement of the
subspace generated by [S], but now [S] has positive self-intersection. Thus,

bE(X)=by(X)—1, b2(X)=b_(X), o®X)=0(X)—1.
Again because |0 (X )| > 8, it follows that % (X) # o(X)/2. Moreover,
bi(X)=bl(X)=1<—0(X)+1.

Now the desired claim follows from the “moreover” part of Theorem 1.3 combined with Lemma 5.1. O

Note that the “moreover” part of Theorem 1.3, which was derived from the refined Kato’s inequality
(Theorem 3.1), was effectively used to deal with (42)-spheres in X with o (X)) < 0 in the above proof of
Theorem 1.1.

Remark 5.2 For X = K3, the above proof of Theorem 1.1 gives an alternative proof of [9, Corollary 1.10]
by Farb and Looijenga. They gave two different proofs of [9, Corollary 1.10], and one of them is based
on Seiberg—Witten theory. We also used Seiberg—Witten theory, but in a slightly different manner: our
proof uses Kato’s result [17], rather than a result due to Bryan [6] used by Farb and Looijenga.

Algebraic € Geometric Topology, Volume 24 (2024)



1748 Hokuto Konno

Kato’s inequality (2) is useful to obtain a result for general spin 4—manifolds as in Theorem 1.1, not
only K3. This is essentially because b is replaced with b — bY,_ in Kato’s inequality (2).

Example 5.3 Theorem 1.1 tells us that quite many spin 4-manifolds X have (many) nonrealizable
order-2 subgroups of 7 (Diff(X)). Indeed, there are many spin 4—manifolds that admit (+2)—spheres.
For example, S? x S? admits both (4-2)— and (—2)—spheres. A K3 surface, more generally, a spin
complete intersection surface M admits a (—2)—sphere. Except for M = S2 x S? we have o(M) < 0 for
such M, and thus we may apply Theorem 1.1 to M and obtain a nonrealizable subgroup, and, of course,
we may apply Theorem 1.1 also to the connected sum of M with any spin 4-manifold with o < 0. (For
the fact that M contains a (—2)—sphere, see the proof of Theorem 1.5 in [32, page 255]. In fact, one may
find a Lagrangian sphere in M, whose self-intersection is always —2. See also [15, pages 23-24] for the
topology of M, including when a complete intersection is spin.)

6 Proof of Theorem 1.2

Given an oriented closed simply connected smooth 4—manifold X, let Aut(H,(X; Z)) denote the automor-
phism group of H,(X; Z) equipped with the intersection form. Since the space of maximal-dimensional
positive-definite subspaces of H?(X;R) is known to be contractible, it makes sense whether a given
¢ € Aut(H,(X;Z)) preserves a given orientation of the positive part of H%(X;R). Let us recall the
following classical fact:

Theorem 6.1 [5;8;23] Let '(K3) C Aut(H,(K3;Z)) denote the image of the natural map
o (Diff(K3)) — Aut(H,(K3;Z)).

Then I"(K?3) is the index-2 subgroup of Aut(H,(K3; 7)) which consists of automorphisms that preserve
a given orientation of H™ (K 3).

We shall also use:

Theorem 6.2 [4, Theorem 1.1] There exists a (group-theoretic) section s: I'(K3) — mo(Diff(K3)) of
the natural map o (Diff(K3)) — Aut(H,(K3;Z)).

Proof of Theorem 1.2 First, we recall a construction of a topological involution fx on K3 (ie order-2
element of Homeo(K3)) in [4, Section 3]. Let — E'g denote the negative-definite Eg—manifold, namely,
simply connected closed oriented topological 4—manifold whose intersection form is the negative-definite
Eg—lattice. Let fg: S? x S2 — S? x S? be the diffeomorphism defined by (x, y) — (,x). Since
fs has nonempty fixed-point set, which is of codimension-2, we can form an equivariant connected
sum of three copies of (S2 x S2, fs). Take a point xq of 352 x S? outside the fixed-point set of #3 f,
and attach two copies of —Eg with 352 x S? at x¢ and (#3 f5)(xo). Now we have got a topological
involution f: 352 x S2#2(—Eg) — 3S2 x S2#2(—Eg). Let h: K3 — 352 x S2#2(—Ej3) be a
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homeomorphism obtained from Freedman theory [10], and define fx: K3 — K3 by fx =h"lo f oh,
which is a topological involution on K3.

Define a topological involution f: X — X by an equivariant connected sum [ = #,, fx #, fs on
X =mK3#nS? x S? along fixed points, which acts on homology as follows. Recall that H T (S? x S?)
is generated by [S2 x pt]+ [pt x S?] and H~(S? x S?) is generated by [S? x pt] —[pt x S2]. Hence f; acts
trivially on H1(S? x §?), and acts on H~(S? x S?) by (—1)-multiplication. Thus, b_{s (S?x8?) =1
and b/S (S2 x S2) = 0, and hence

(11) bI¥(K3) =3, bIK(K3) =8, ofk(K3)=—
(12) bl (X)=3m+n,  bL(X)=8m, o (X)=—5m+n.

It follows from (11) that ( fx )« preserves an orientation of 41 (K3), and hence ( fx )« lies in I'(K3)
by Theorem 6.1. Using the section s: I'(K3) — mo(Diff(K3)) given in Theorem 6.2, set ® = s(( fx)«).
Then @ is a nontrivial element of 7o (Diff(K3)) of order 2, and hence a representative gg : K3 — K3 of
® is a diffeomorphism whose square g%( is smoothly isotopic to the identity. By smooth isotopy, we may
take g such that gg pointwise fixes a 4—disk in K3. Similarly, we may obtain a diffeomorphism gg
of S? x §2 which is smoothly isotopic to fs and which fixes a 4-disk pointwise. Fixing disjoint disks

D4

4 . 4 . .
Lreeeo Dm+n in §%, form a diffeomorphism

g =Hmgk#ngs: X > X

by attaching gx’s and gg’s with (S4, idg4) along the fixed disks of the g ’s and g g’s and D%, .. D:1+n'
It is clear that g is supported outside Sg =S4\ |_|;"_+1” D4

We claim that g2 is smoothly isotopic to the identity. First, for a simply connected closed oriented
4—manifold M, let Diff(M, D*) denote the group of diffeomorphisms fixing pointwise an embedded
4—disk D* in M. It follows from [12, Proposition 3.1] that we have an exact sequence

1 — ker p — mo(Diff(M, D*)) £ 7o(Diff(M)) — 1,

where p is an obvious homomorphism and ker p is isomorphic to either Z/2 or 0, which is generated
by the mapping class of the Dehn twist tas along the 3—sphere parallel to the boundary. Set tx = tx3
and Tg = 742, g2. Note that the relative mapping class [tx |3 is nontrivial in 7o (Diff(K 3, D*)) by [19,
Proposition 1.2], while [rg]y is trivial since tg can be absorbed into the S!—action on S? x S? given by
the rotation of one S?—component. Thus we obtain from [gx]*> = 1 and [gg]*> = 1 that [gK]s =[]y # 1
and [gs]g = 1. Hence [g]? is the product of the Dehn twists along necks between m—copies of K3 and S, 6‘ .

On the other hand, let t s S4 — S4 be the diffeomorphism defined as the simultaneous Dehn twists near
all 8D4 It follows from Lemma 6.3 below that t s4 is smoothly isotopic to the identity relative to 9.5 4.
Thus, [g]2 [(z s3 #idy\ S4) o g?]. Note that Tsa restrlcted to the neck between each K3 and S 4 cancels
the Dehn twist tg, but T s ylelds the Dehn twist on each of the necks between the S? x S2’s and So- 4 As
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a result, [g]? is the product of the Dehn twists along the necks between all of the S? x S? and S(‘)1 . But
each of these Dehn twists can be absorbed into the rotation of S2 x S? as above. Thus we get [g]® = 1.

Let G be the subgroup of o (Diff(X)) generated by the mapping class [g]. We claim that this group
G is the desired one. First, by construction, g« = fix on Hy(X;Z). By a theorem of Quinn [29] and
Perron [27], this implies that g and f are topologically isotopic to each other. Thus the image G’ of
G under the map o (Diff(X)) — mo(Homeo(X)) lifts to the order-2 subgroup of Homeo(X') generated
by f. Since G’ is a nontrivial group as g acts homology nontrivially, this proves the statement on G’ in
the theorem.

What remains to prove is that g is not homotopic to any finite-order diffeomorphism of X. However,
using g« = f%, (12), and m > 0, it is straightforward to see that ¢ = g, violates the inequality (1) and
that 0% (X) # o(X)/2. Thus the desired assertion follows from Theorem 1.3. d

The following lemma and how to use it in the proof of Theorem 1.2 were suggested to the author by
David Baraglia:

Lemma 6.3 Let N > 0 and Sg be an N —punctured 4—sphere, S(‘)1 =S5*\ |_|1N=1 D;‘. Let Tga' S(‘)1 — Sg
be the diffeomorphism defined as the simultaneous Dehn twists near all 8D;‘ . Then T4 is smoothly
isotopic to the identity relative to asg .

Proof Regard S* as the unit sphere of R’ = R2 @ R3, and let S! act on S* by the standard rotation
of the R?—component. The fixed-point set ¥ of the S!-action is given by S(0 @ R3) = S2. We may
assume that le‘ are embedded disks in S* whose centers p; are on X. Then the normal tangent space
Ny, of = at p; in S* is acted on by S as the standard rotation.

Pick a disk 1’5;‘ in S* that contains le‘ such that 1314 \ le‘ is diffeomorphic to the annulus S3 x [0, 1]. Set
§g =s\Y, D#. The S'—action on S* gives rise to an isotopy {¢r}sef0.1] C Diff(S‘(‘)‘) from idg4 to
itself such that {¢|, 514} ; gives the homotopically nontrivial loop in SO(4) C Diff(S3) = Diff(Ble1 ).

On the other hand, recall that the Dehn twist T on S* x [0, 1] is defined by 7(y, ) = (g(¢) - y.t), where
g:[0,1] — SO(4) is the homotopically nontrivial loop in SO(4). By definition, 7 is isotopic to idg3 o, 1]
by an isotopy

¥, € DIff(S> x [0, 1], S3 x {1}),

through the diffeomorphism group fixing S3 x {1} pointwise, such that {y;| g3 (o3)+ gives the homotopi-
cally nontrivial loop in Difft (S3).
Let w; be copies of y;, regarded as isotopies on 1314 \ D;‘. By gluing ¢; with w; along |_|l]\;1 85?, we

obtain an isotopy from Tge to id S8 relative to BSg . a

Remark 6.4 For X = K3, the above proof of Theorem 1.2 gives a slight alternative proof of [4,
Theorem 1.2], which used the adjunction inequality rather than Kato’s result [17].
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7 Additional remarks

7.1 Another kind of Dehn twist

A kind of Dehn twist different from that in Theorem 1.1 is the Dehn twist along an embedded annulus
S3 %[0, 1] in a 4-manifold, defined using the generator of 77; (SO(4)) = Z /2, as described in the previous
section. The square of the Dehn twist of this kind is smoothly isotopic to the identity. Recently, Kronheimer
and Mrowka [19] proved that the Dehn twist T along the neck of K3 # K3 is not smoothly isotopic to the
identity, and J Lin [22] showed that the extension of 7 to K3# K3#.S? x S? by the identity of S? x S2
is also not smoothly isotopic to the identity. Hence it turns out that these Dehn twists generate order-2
subgroups of the mapping class groups. We remark that these subgroups also give counterexamples to the
Nielsen realization problem:

Proposition 7.1 (i) Let © be the Dehn twist along the neck of K3 # K3. Then the order-2 subgroup
of o (Diff(K3# K3)) generated by the mapping class of t is not realized in Diff(K3 # K3).

(ii) Let t’ be the extension of t by the identity to K3 # K3 # S% x S2. Then the order-2 sub-
group of mo(Diff(K3# K3# S? x S?)) generated by the mapping class of t’ is not realized in
Diff(K3# K3#S2 x §?).

Proof By a result of Matumoto [24] and Ruberman [31], a simply connected closed spin 4—manifold
with nonzero signature does not admit a homologically trivial locally linear involution. Since the Dehn
twist 7 is homologically trivial, the claim of the proposition immediately follows. a

7.2 Other variants of the realization problem

Given a manifold X of any dimension, one may also consider the realization problem for infinite
subgroups of 7 (Diff(X)) along Diff(X) — 7o (Diff(X)) (or along Difft (X)) — mo(Diff" (X)) when
Diff(X) # Difft(X)). To answer this problem negatively, several authors developed cohomological
obstructions, which can be thought of as descendants of an argument started by Morita [25] for surfaces.
In dimension 4, concrete results on the nonrealization were obtained in [14; 33] in this direction (see
also [13]). Concretely, Giansiracusa, Kupers and Tshishiku [14] studied X = K3, and Tshishiku [33]
considered manifolds of any dimension, but especially the result [33, Theorem 9.1] treated 4-manifolds
whose fundamental groups are isomorphic to nontrivial lattices, which does not have overlap with
4-manifolds that we considered in this paper.

Another variant of the realization problem is about the realization along the natural map
Difft (X)) — 7o (Homeo™ (X))

for a subgroup of the image of this map. If X is a simply connected 4-manifold, the natural map
mwo(Homeo™ (X)) — Aut(H,(X; Z)) is isomorphic [27; 29], and hence this version of realization problem
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is equivalent to the realization along the map Diff™ (X)) — Aut(H,(X; Z)), which has been extensively
studied by Nakamura [26], Baraglia [2; 3], and Lee [20; 21]. As noted in Section 1, Theorem 1.2 gives
an alternative proof of [2, Proposition 1.2] about the realization of an involution of H,(X;Z).
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Baraglia for pointing out a mistake in the proof of Theorem 1.2 in an earlier draft and suggesting a remedy
for it based on Lemma 6.3. The author also wishes to thank Seraphina Eun Bi Lee for explaining her
work [20; 21]. The author was partially supported by JSPS KAKENHI grants 17H06461, 19K23412, and
21K13785.

References

[1] MF Atiyah, R Bott, A Lefschetz fixed point formula for elliptic complexes, I1: Applications, Ann. of Math.
88 (1968) 451-491 MR Zbl

[2] D Baraglia, Obstructions to smooth group actions on 4—manifolds from families Seiberg—Witten theory,
Adv. Math. 354 (2019) art.id. 106730 MR Zbl

[3] D Baraglia, Constraints on families of smooth 4—manifolds from Bauer—Furuta invariants, Algebr. Geom.
Topol. 21 (2021) 317-349 MR Zbl

[4] D Baraglia, H Konno, A note on the Nielsen realization problem for K3 surfaces, Proc. Amer. Math. Soc.
151 (2023) 4079-4087 MR Zbl

[5] C Borcea, Diffeomorphisms of a K3 surface, Math. Ann. 275 (1986) 1-4 MR Zbl

[6] J Bryan, Seiberg—Witten theory and 7./2% actions on spin 4—manifolds, Math. Res. Lett. 5 (1998) 165-183
MR Zbl

[71 T tom Dieck, Transformation groups and representation theory, Lecture Notes in Math. 766, Springer
(1979) MR Zbl

[81 S K Donaldson, Polynomial invariants for smooth four-manifolds, Topology 29 (1990) 257-315 MR Zbl

[91 B Farb, E Looijenga, The Nielsen realization problem for K3 surfaces, J. Differential Geom. 127 (2024)
505-549 MR

[10] MH Freedman, The topology of four-dimensional manifolds, J. Differential Geom. 17 (1982) 357-453
MR Zbl

[11] M Furuta, Monopole equation and the %—conjecture, Math. Res. Lett. 8 (2001) 279-291 MR Zbl

[12] J Giansiracusa, The stable mapping class group of simply connected 4—manifolds, J. Reine Angew. Math.
617 (2008) 215-235 MR Zbl

[13] J Giansiracusa, The diffeomorphism group of a K3 surface and Nielsen realization, J. Lond. Math. Soc. 79
(2009) 701-718 MR Zbl

[14] J Giansiracusa, A Kupers, B Tshishiku, Characteristic classes of bundles of K3 manifolds and the Nielsen
realization problem, Tunis. J. Math. 3 (2021) 75-92 MR Zbl

Algebraic € Geometric Topology, Volume 24 (2024)


http://dx.doi.org/10.2307/1970721
http://msp.org/idx/mr/232406
http://msp.org/idx/zbl/0167.21703
http://dx.doi.org/10.1016/j.aim.2019.106730
http://msp.org/idx/mr/3981995
http://msp.org/idx/zbl/1428.57014
http://dx.doi.org/10.2140/agt.2021.21.317
http://msp.org/idx/mr/4224743
http://msp.org/idx/zbl/1489.57024
http://dx.doi.org/10.1090/proc/15544
http://msp.org/idx/mr/4607650
http://msp.org/idx/zbl/1520.57035
http://dx.doi.org/10.1007/BF01458579
http://msp.org/idx/mr/849050
http://msp.org/idx/zbl/0596.32036
http://dx.doi.org/10.4310/MRL.1998.v5.n2.a3
http://msp.org/idx/mr/1617929
http://msp.org/idx/zbl/1002.57065
http://dx.doi.org/10.1007/BFb0085965
http://msp.org/idx/mr/551743
http://msp.org/idx/zbl/0445.57023
http://dx.doi.org/10.1016/0040-9383(90)90001-Z
http://msp.org/idx/mr/1066174
http://msp.org/idx/zbl/0715.57007
http://dx.doi.org/10.4310/jdg/1717772420
http://msp.org/idx/mr/4756088
http://projecteuclid.org/euclid.jdg/1214437136
http://msp.org/idx/mr/679066
http://msp.org/idx/zbl/0528.57011
http://dx.doi.org/10.4310/MRL.2001.v8.n3.a5
http://msp.org/idx/mr/1839478
http://msp.org/idx/zbl/0984.57011
http://dx.doi.org/10.1515/CRELLE.2008.031
http://msp.org/idx/mr/2400996
http://msp.org/idx/zbl/1162.57012
http://dx.doi.org/10.1112/jlms/jdp002
http://msp.org/idx/mr/2506694
http://msp.org/idx/zbl/1171.57033
http://dx.doi.org/10.2140/tunis.2021.3.75
http://dx.doi.org/10.2140/tunis.2021.3.75
http://msp.org/idx/mr/4103767
http://msp.org/idx/zbl/1442.19013

Dehn twists and the Nielsen realization problem for spin 4—manifolds 1753

[15]

(16]

(17]

(18]
(19]

(20]

(21]

(22]

(23]

[24]

[25]

[26]

(27]

(28]
[29]
(30]

(31]
(32]

(33]

RE Gompf, A I Stipsicz, 4—manifolds and Kirby calculus, Graduate Studies in Math. 20, Amer. Math. Soc.,
Providence, RI (1999) MR Zbl

F Hirzebruch, D Zagier, The Atiyah—Singer theorem and elementary number theory, Math. Lect. Ser. 3,
Publish or Perish, Boston, MA (1974) MR Zbl

Y Kato, Nonsmoothable actions of Z, x Z, on spin four-manifolds, Topology Appl. 307 (2022)
art.id. 107868 MR Zbl

S P Kerckhoff, The Nielsen realization problem, Ann. of Math. 117 (1983) 235-265 MR Zbl

P B Kronheimer, TS Mrowka, The Dehn twist on a sum of two K3 surfaces, Math. Res. Lett. 27 (2020)
1767-1783 MR Zbl

SEB Lee, The Nielsen realization problem for high degree del Pezzo surfaces, preprint (2021) arXiv
2112.13500

S E B Lee, Isotopy classes of involutions of del Pezzo surfaces, Adv. Math. 426 (2023) art. id. 109086 MR
Zbl

J Lin, Isotopy of the Dehn twist on K3# K3 after a single stabilization, Geom. Topol. 27 (2023) 1987-2012
MR Zbl

T Matumoto, On diffeomorphisms of a K3 surface, from “Algebraic and topological theories” (M Nagata,
S Araki, A Hattori, editors), Kinokuniya, Tokyo (1986) 616-621 MR Zbl

T Matumoto, Homologically trivial smooth involutions on K3 surfaces, from “Aspects of low-dimensional
manifolds” (Y Matsumoto, S Morita, editors), Adv. Stud. Pure Math. 20, Kinokuniya, Tokyo (1992) 365-376
MR Zbl

S Morita, Characteristic classes of surface bundles, Invent. Math. 90 (1987) 551-577 MR Zbl

N Nakamura, Smoothability of 7 xZ—actions on 4—manifolds, Proc. Amer. Math. Soc. 138 (2010) 2973—
2978 MR Zbl

B Perron, Pseudo-isotopies et isotopies en dimension quatre dans la catégorie topologique, Topology 25
(1986) 381-397 MR Zbl

A Pfister, S Stolz, On the level of projective spaces, Comment. Math. Helv. 62 (1987) 286-291 MR Zbl
F Quinn, Isotopy of 4—manifolds, J. Differential Geom. 24 (1986) 343-372 MR Zbl

F Raymond, L L Scott, Failure of Nielsen’s theorem in higher dimensions, Arch. Math. (Basel) 29 (1977)
643-654 MR Zbl

D Ruberman, Involutions on spin 4—manifolds, Proc. Amer. Math. Soc. 123 (1995) 593-596 MR Zbl

P Seidel, Lectures on four-dimensional Dehn twists, from “Symplectic 4—manifolds and algebraic surfaces’
(F Catanese, G Tian, editors), Lecture Notes in Math. 1938, Springer (2008) 231-267 MR Zbl

B Tshishiku, Cohomological obstructions to Nielsen realization, J. Topol. 8 (2015) 352-376 MR Zbl

s

Graduate School of Mathematical Sciences, The University of Tokyo
Tokyo, Japan

konno@ms.u-tokyo.ac. jp

Received: 27 July 2022 Revised: 24 December 2022

Geometry & Topology Publications, an imprint of mathematical sciences publishers :.msp


http://dx.doi.org/10.1090/gsm/020
http://msp.org/idx/mr/1707327
http://msp.org/idx/zbl/0933.57020
https://hirzebruch.mpim-bonn.mpg.de/id/eprint/115/
http://msp.org/idx/mr/650832
http://msp.org/idx/zbl/0288.10001
http://dx.doi.org/10.1016/j.topol.2021.107868
http://msp.org/idx/mr/4365044
http://msp.org/idx/zbl/1495.57021
http://dx.doi.org/10.2307/2007076
http://msp.org/idx/mr/690845
http://msp.org/idx/zbl/0528.57008
http://dx.doi.org/10.4310/MRL.2020.v27.n6.a8
http://msp.org/idx/mr/4216604
http://msp.org/idx/zbl/1460.57022
http://msp.org/idx/arx/2112.13500
http://msp.org/idx/arx/2112.13500
http://dx.doi.org/10.1016/j.aim.2023.109086
http://msp.org/idx/mr/4592264
http://msp.org/idx/zbl/07691781
http://dx.doi.org/10.2140/gt.2023.27.1987
http://msp.org/idx/mr/4621924
http://msp.org/idx/zbl/1523.57022
http://msp.org/idx/mr/1102278
http://msp.org/idx/zbl/0800.57003
http://dx.doi.org/10.2969/aspm/02010365
http://msp.org/idx/mr/1208316
http://msp.org/idx/zbl/0808.57013
http://dx.doi.org/10.1007/BF01389178
http://msp.org/idx/mr/914849
http://msp.org/idx/zbl/0608.57020
http://dx.doi.org/10.1090/S0002-9939-10-10413-4
http://msp.org/idx/mr/2644908
http://msp.org/idx/zbl/1205.57020
http://dx.doi.org/10.1016/0040-9383(86)90018-2
http://msp.org/idx/mr/862426
http://msp.org/idx/zbl/0631.57013
http://dx.doi.org/10.1007/BF02564448
http://msp.org/idx/mr/896098
http://msp.org/idx/zbl/0634.10020
http://projecteuclid.org/euclid.jdg/1214440552
http://msp.org/idx/mr/868975
http://msp.org/idx/zbl/0617.57007
http://dx.doi.org/10.1007/BF01220468
http://msp.org/idx/mr/467773
http://msp.org/idx/zbl/0387.57017
http://dx.doi.org/10.2307/2160919
http://msp.org/idx/mr/1231042
http://msp.org/idx/zbl/0838.57027
http://dx.doi.org/10.1007/978-3-540-78279-7_4
http://msp.org/idx/mr/2441414
http://msp.org/idx/zbl/1152.53069
http://dx.doi.org/10.1112/jtopol/jtu028
http://msp.org/idx/mr/3356765
http://msp.org/idx/zbl/1320.57032
mailto:konno@ms.u-tokyo.ac.jp
http://msp.org
http://msp.org

ALGEBRAIC & GEOMETRIC TOPOLOGY
msp.org/agt

EDITORS

PRINCIPAL ACADEMIC EDITORS

John Etnyre
etnyre @math.gatech.edu
Georgia Institute of Technology

Kathryn Hess
kathryn.hess @epfl.ch
Ecole Polytechnique Fédérale de Lausanne

BOARD OF EDITORS

Julie Bergner

Steven Boyer

Tara E Brendle

Indira Chatterji
Alexander Dranishnikov
Tobias Ekholm

Mario Eudave-Mufioz
David Futer

John Greenlees

Tan Hambleton
Matthew Hedden
Hans-Werner Henn
Daniel Isaksen
Thomas Koberda

Christine Lescop

University of Virginia
jeb2md@eservices.virginia.edu
Université du Québec a Montréal
cohf @math.rochester.edu
University of Glasgow
tara.brendle @ glasgow.ac.uk
CNRS & Univ. Cote d’ Azur (Nice)
indira.chatterji @math.cnrs.fr
University of Florida
dranish@math.ufl.edu

Uppsala University, Sweden
tobias.ekholm @math.uu.se
Univ. Nacional Auténoma de México
mario @matem.unam.mx

Temple University

dfuter @temple.edu

University of Warwick
john.greenlees @warwick.ac.uk
McMaster University
ian@math.mcmaster.ca
Michigan State University
mhedden @math.msu.edu
Université Louis Pasteur
henn@math.u-strasbg.fr

Wayne State University

isaksen @math.wayne.edu
University of Virginia
thomas.koberda@virginia.edu
Université Joseph Fourier

lescop @ujf-grenoble.fr

Robert Lipshitz
Norihiko Minami
Andrés Navas
Thomas Nikolaus
Robert Oliver
Jessica S Purcell
Birgit Richter
Jéréme Scherer
Vesna Stojanoska
Zoltan Szabo
Maggy Tomova
Nathalie Wahl
Chris Wendl

Daniel T Wise

University of Oregon
lipshitz@uoregon.edu

Yamato University
minami.norihiko @yamato-u.ac.jp
Universidad de Santiago de Chile
andres.navas @usach.cl
University of Miinster

nikolaus @uni-muenster.de
Université Paris 13

bobol @math.univ-paris13.fr
Monash University
jessica.purcell@monash.edu
Universitit Hamburg
birgit.richter @uni-hamburg.de
Ecole Polytech. Féd. de Lausanne
jerome.scherer@epfl.ch

Univ. of Illinois at Urbana-Champaign
vesna@illinois.edu

Princeton University

szabo @math.princeton.edu
University of Towa
maggy-tomova@uiowa.edu
University of Copenhagen
wahl@math.ku.dk
Humboldt-Universitit zu Berlin
wendl@math.hu-berlin.de
McGill University, Canada
daniel.wise @mcgill.ca

See inside back cover or msp.org/agt for submission instructions.

The subscription price for 2024 is US $705/year for the electronic version, and $1040/year (4-$70, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Algebraic & Geometric Topology is
indexed by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Algebraic & Geometric Topology (ISSN 1472-2747 printed, 1472-2739 electronic) is published 9 times per year and continuously online, by
Mathematical Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.
Periodical rate postage paid at Oakland, CA 94615-9651, and additional mailing offices. POSTMASTER: send address changes to Mathematical
Sciences Publishers, c¢/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.

AGT peer review and production are managed by EditFlow® from MSP.
PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing

https://msp.org/
© 2024 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/agt
mailto:etnyre@math.gatech.edu
mailto:kathryn.hess@epfl.ch
mailto:jeb2md@eservices.virginia.edu
mailto:cohf@math.rochester.edu
mailto:tara.brendle@glasgow.ac.uk
mailto:indira.chatterji@math.cnrs.fr
mailto:dranish@math.ufl.edu
mailto:tobias.ekholm@math.uu.se
mailto:mario@matem.unam.mx
mailto:dfuter@temple.edu
mailto:john.greenlees@warwick.ac.uk
mailto:ian@math.mcmaster.ca
mailto:mhedden@math.msu.edu
mailto:henn@math.u-strasbg.fr
mailto:isaksen@math.wayne.edu
mailto:thomas.koberda@virginia.edu
mailto:lescop@ujf-grenoble.fr
mailto:lipshitz@uoregon.edu
mailto:minami.norihiko@yamato-u.ac.jp
mailto:andres.navas@usach.cl
mailto:nikolaus@uni-muenster.de
mailto:bobol@math.univ-paris13.fr
mailto:jessica.purcell@monash.edu
mailto:birgit.richter@uni-hamburg.de
mailto:jerome.scherer@epfl.ch
mailto:vesna@illinois.edu
mailto:szabo@math.princeton.edu
mailto:maggy-tomova@uiowa.edu
mailto:wahl@math.ku.dk
mailto:wendl@math.hu-berlin.de
mailto:daniel.wise@mcgill.ca
http://dx.doi.org/10.2140/agt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
https://msp.org/
https://msp.org/

ALGEBRAIC & G

Volume 24 Issue 3 (page

Models of G-spectra as presheaves of spectra
BERTRAND J GUILLOU and J PETER MAY
Milnor invariants of braids and welded braids up to homotopy
JACQUES DARNE
Morse—Bott cohomology from homological perturbation theory
ZHENGYI ZHOU
The localization spectral sequence in the motivic setting
CLEMENT DUPONT and DANIEL JUTEAU
Complex hypersurfaces in direct products of Riemann surfaces
CLAUDIO LLOSA ISENRICH
The K (7, 1) conjecture and acylindrical hyperbolicity for relatively extra-lar
KATHERINE M GOLDMAN
The localization of orthogonal calculus with respect to homology
NIALL TAGGART
Bounded subgroups of relatively finitely presented groups
EDUARD SCHESLER
A topological construction of families of Galois covers of the line
ALESSANDRO GHIGI and CAROLINA TAMBORINI
Braided Thompson groups with and without quasimorphisms
FRANCESCO FOURNIER-FACIO, YASH LODHA and MATTHEW C B Z2
Oriented and unitary equivariant bordism of surfaces
ANDRES ANGEL, ERIC SAMPERTON, CARLOS SEGOVIA and BERNAR
A spectral sequence for spaces of maps between operads
FLORIAN GOPPL and MICHAEL WEISS
Classical homological stability from the point of view of cells
OSCAR RANDAL-WILLIAMS
Manifolds with small topological complexity
PETAR PAVESIC
Steenrod problem and some graded Stanley—Reisner rings
MASAHIRO TAKEDA
Dehn twists and the Nielsen realization problem for spin 4—manifolds
HOKUTO KONNO
Sequential parametrized topological complexity and related invariants
MICHAEL FARBER and JOHN OPREA
The multiplicative structures on motivic homotopy groups
DANIEL DUGGER, BI@RN IAN DUNDAS, DANIEL C ISAKSEN and PAU
Coxeter systems with 2—dimensional Davis complexes, growth rates and Pei

NAOMI BREDON and TOMOSHIGE Y UKITA



http://dx.doi.org/10.2140/agt.2024.24.1225
http://dx.doi.org/10.2140/agt.2024.24.1277
http://dx.doi.org/10.2140/agt.2024.24.1321
http://dx.doi.org/10.2140/agt.2024.24.1431
http://dx.doi.org/10.2140/agt.2024.24.1467
http://dx.doi.org/10.2140/agt.2024.24.1487
http://dx.doi.org/10.2140/agt.2024.24.1505
http://dx.doi.org/10.2140/agt.2024.24.1551
http://dx.doi.org/10.2140/agt.2024.24.1569
http://dx.doi.org/10.2140/agt.2024.24.1601
http://dx.doi.org/10.2140/agt.2024.24.1623
http://dx.doi.org/10.2140/agt.2024.24.1655
http://dx.doi.org/10.2140/agt.2024.24.1691
http://dx.doi.org/10.2140/agt.2024.24.1713
http://dx.doi.org/10.2140/agt.2024.24.1725
http://dx.doi.org/10.2140/agt.2024.24.1739
http://dx.doi.org/10.2140/agt.2024.24.1755
http://dx.doi.org/10.2140/agt.2024.24.1781
http://dx.doi.org/10.2140/agt.2024.24.1787

	1. Main results
	2. Kato's 10/8–type inequality for involutions
	3. A refinement of Kato's inequality
	3.1. Z/4–equivariant K–theory
	3.2. Proof of 3.1

	4. Proof of 1.3
	5. Proof of 1.1
	5.1. Dehn twists about (2)–spheres
	5.2. Proof of 1.1

	6. Proof of Theorem 1.2
	7. Additional remarks
	7.1. Another kind of Dehn twist
	7.2. Other variants of the realization problem

	References
	
	

