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Natural symmetries of secondary Hochschild homology
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We identify the group of framed diffeomorphisms of the torus as a semidirect product of the torus with the
braid group on three strands; we also identify the topological monoid of framed local diffeomorphisms of
the torus in similar terms. It follows that the framed mapping class group is this braid group. We show
that the group of framed diffeomorphisms of the torus acts on twice-iterated Hochschild homology, and
explain how this recovers a host of familiar symmetries. In the case of cartesian monoidal structures, we
show that this action extends to the monoid of framed local diffeomorphisms of the torus. Based on this,
we propose a definition of an unstable secondary cyclotomic structure, and show that iterated Hochschild
homology possesses such in the cartesian monoidal setting.
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Introduction

Here are our five main results, all of which are motivated by the study of factorization homology as
developed in [Ayala and Francis 2015]. We direct a reader to the body of the paper for definitions of
terms and notation, in particular of the highlighted terms, as well as precise statements and proofs.

Regard the 2–torus T2 as a framed 2–manifold via a translation-invariant framing.

Theorem X(2)(a) There is an equivalence between continuous groups

T2 Ì Braid3
'�! Difffr.T2/:

This homomorphism is given as follows:

� Translation in the group T2 defines a continuous homomorphism T2! Difffr.T2/.
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1954 David Ayala, John Francis and Adam Howard

� Sheering in each coordinate supplies two extensions from semidirect products,

T2 ÌU1
Z! Difffr.T2/ T2 ÌU2

Z;

where U1 D
�

1
0

1
1

�
and U2 D

�
1
�1

0
1

�
, thereby resulting in a single extension

(0-0-1) T2 Ì hU1;U2i ! Difffr.T2/;

involving the free group on the two abstract generators U1 and U2.

� As there is an equality of matrices U1U2U1 D
�

0
1
�1

0

�
D U2U1U2, the restrictions of (0-0-1) along the

two abstractly isomorphic subgroups T2 Ì hU1U2U1i Š T2 Ì ZŠ T2 Ì hU2U1U2i can be identified,
thereby supplying a morphism from the coequalizer among continuous groups

(0-0-2) T2 Ì Braid3 ' T2 Ì hU1;U2 j U1U2U2 D U2U1U2i ! Difffr.T2/;

involving a standard presentation of the braid group on three strands.

Theorem X(2)(b) There is an equivalence between continuous monoids

T2 Ì zEC2 .Z/ '�! Immfr.T2/;

involving a central extension among monoids

Z! zEC2 .Z/! EC
2
.Z/ WD fA 2Mat2�2.Z/ j det.A/ > 0g:

Proposition 0.3.4 Let X be an1–category. Then the morphism zEC2 .Z/! EC
2
.Z/! EndGroups.T2/

determines an action by zEC2 .Z/ on the 1–category Xg:finT 2
of finite-genuine T2–modules in X. A

finite-genuine T2–module in X that is coherently invariant with respect to this zEC2 .Z/–action is simply an
Immfr.T2/op–module in X (see Remark 0.3.5):

ModImmfr.T2/op.X/' .X
g:finT 2

/
zEC2 .Z/:

In particular , there is a forgetful functor

ModImmfr.T2/op.X/! Xg:finT 2
:

We define an unstable secondary cyclotomic structure to be an zEC2 .Z/–invariant finite-genuine T2–module.
(See Remark 0.3.2.)

Theorem Y.1 Let V be a symmetric monoidal 1–category that is˝–presentable. Let A be a 2–algebra
in V. Via factorization homology, there is a canonical action

T2 Ì Braid3 ' Difffr.T2/Õ HH.2/.A/

on the twice-iterated Hochschild homology of A.

This action is given as follows:

� The action T2 Õ HH.2/.A/ is Connes’ cyclic operators.

� For i D 1; 2, the extension T2 ÌUi
Z Õ HH.2/.A/ is a canonical sheering action of the Connes

cyclic operators.
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� There is an identification between the actions Z Õ
U1U2U1

HH.2/.A/ and Z Õ
U2U1U2

HH.2/.A/, thereby
giving the action T2 Ì Braid3 Õ HH.2/.A/.

Theorem Y.2 Let X be a presentable1–category in which products distribute over colimits. Regard X

as a symmetric monoidal 1–category via its cartesian monoidal structure. Let A be a 2–algebra in X.
Via factorization homology, the twice-iterated Hochschild homology of A is canonically endowed with
an unstable secondary cyclotomic structure:�

.T2 Ì zEC2 .Z//
op
' Immfr.T2/op Õ HH.2/.A/

�
2 .Xg:finT 2

/
zEC2 .Z/:

In other words, HH.2/.A/ canonically has the structure of an zEC2 .Z/–invariant finite-genuine T2–module.

The remainder of this introduction contextualizes then restates these results.

Conventions � We work in the1–category Spaces of spaces, or1–groupoids, an object in which is a
space. This1–category can be presented as the1–categorical localization of the ordinary category of
compactly generated Hausdorff topological spaces that are homotopy equivalent with a CW complex,
localized on the weak homotopy equivalences. So we present some objects in Spaces by naming a
topological space.

� By a pullback square among spaces we mean a pullback square in the1–category Spaces. Should the
square be presented by a homotopy-commutative square among topological spaces, then the canonical
map from the initial term in the square to the homotopy pullback is a weak homotopy equivalence.

� By a continuous group (resp. continuous monoid) we mean a group-object (resp. monoid-object) in
Spaces. A continuous monoid N determines a pointed .1; 1/–category BN , which can be presented
by the Segal space �op Bar�.N /�����! Spaces, which is the bar construction of N . For X 2 X an object in an
1–category, and for N a continuous monoid, an action of N on X , denoted by N Õ X , is an extension
hX iW �!BN hNÕX i

�����! X. The1–category of (left) N –modules in X is

ModN .X/ WD Fun.BN;X/:

Every continuous group can be strictified to a topological group (ie a group-object in the ordinary category
of topological spaces), but maps among such are more flexible (corresponding to maps of loop spaces),
as not all topological groups are cofibrant with respect to the usual model structure.

� For G Õ X an action of a continuous group on a space, the space of coinvariants is the colimit

X=G WD colim.BG hGÕX i
�����! Spaces/ 2 Spaces:

Should the action G Õ X be presented by a continuous action of a topological group on a topological
space, then this space of coinvariants can be presented by the homotopy coinvariants.

� We work with1–operads, as developed in [Lurie 2017]. As such, they are implicitly symmetric. Some
1–operads are presented as discrete operads, such as Assoc, while some are presented as topological
operads, such as the little 2–disks operad E2.

Algebraic & Geometric Topology, Volume 24 (2024)
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0.1 Moduli and isogeny of framed tori

Here we restate our first result, which identifies the entire symmetries of a framed torus.

The braid group on three strands can be presented as

(0-1-1) Braid3 Š h�1; �2 j �1�2�1 D �2�1�2i:

Through this presentation, there is a standard representation

(0-1-2) ˆ W Braid3
h�1 7!U1;�2 7!U2i
�����������! GL2.Z/ where U1 WD

�
1 1

0 1

�
and U2 WD

�
1 0

�1 1

�
:

The homomorphism ˆ defines an action Braid3
ˆ�! GL2.Z/Õ T2 as a topological group. This action

defines a topological group:
T2 Ì Braid3:

The following result, which is essentially due to Milnor, is our starting point.

Proposition 0.1.1 [Milnor 1971, Section 10] The image of ˆ is the subgroup SL2.Z/; the kernel of
ˆ is central , and is freely generated by the element .�1�2/

6 2 Braid3. Equivalently, ˆ fits into a central
extension among groups:

(0-1-3) 1! Z
h.�1�2/

6i
������! Braid3

ˆ�! SL2.Z/! 1:

Furthermore , this central extension (0-1-3) is classified by the element

ŒBSL2.Z/
B.R˝Z/

������!BSL2.R/' B2Z� 2 H2.SL2.Z/IZ/:

That is , there is a canonical top horizontal homomorphism defining a pullback among groups:

Braid3
//

ˆ
��

�SL2.R/

universal cover
��

SL2.Z/ standard

R˝Z
// SL2.R/

Consider the subgroup GLC
2
.R/�GL2.R/ consisting of those 2�2 matrices with positive determinant —

it is the connected component of the identity matrix. Consider the submonoid

R˝Z W EC2 .Z/� GLC
2
.R/

consisting of those 2� 2 matrices with positive determinant whose entries are integers. Consider the
pullback1 among monoids

(0-1-4)

zEC2 .Z/

‰
��

// �GL
C

2 .R/

universal cover
��

EC2 .Z/
R˝Z

// GLC
2
.R/

1See Remark B.2.4 for an explicit description of the monoid zEC2 .Z/.
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This morphism ‰ supplies a canonical action zEC2 .Z/
‰
�!EC2 .Z/Õ T2 as a topological group. This action

defines a topological monoid
T2 Ì zEC2 .Z/ :

Convention By way of Section B.1, in particular Corollary B.1.2, we regard all actions of Braid3 and
zEC2 .Z/ as left-actions.

For ' W �T2 Š �2
T2 a framing of the torus, we introduce as Definition 1.3.8 the continuous group of framed

diffeomorphisms, and the continuous monoid of framed local diffeomorphisms of the torus,

Difffr.T2; '/ and Immfr.T2; '/:

For '0 the standard framing of T2, which is invariant with respect to translation in the torus, we
simply write

Difffr.T2/ WD Difffr.T2; '0/ and Immfr.T2/ WD Immfr.T2; '0/:

Theorem X (1) The map from the set of homotopy classes of framings of T2 to the set of framed-
diffeomorphism-types of tori ,

�0 Fr.T2/! �0M
fr
1 ;

is canonically equivalent to the map

Z2
�Z=2Z! Z�0 given by

��
u

v

�
; �

�
7! gcd.u; v/:

Furthermore , a framing ' 2 Fr.T2/ is homotopic to one that is translation invariant if and only if it
is carried to the 0–component of Mfr

1 .

(2) Let ' W �T2 Š �T2 be a framing of the torus.

(a) There is a canonical identification of the continuous group of framed diffeomorphisms of
.T2; '/:

Difffr.T2; '/'

�
T2 Ì Braid3 if ' is homotopic to a translation-invariant framing;
(T2 Ì Z/�Z if ' is not homotopic to a translation-invariant framing:

(b) There is a canonical identification of the continuous monoid of framed local diffeomorphisms
of .T2; '/:

Immfr.T2; '/'

�
T2 Ì zEC2 .Z/ if ' is homotopic to a translation-invariant framing;
(T2 Ì.ZÌN�//�Z if ' is not homotopic to a translation-invariant framing:

(See Notation 1.4.1 for a description of lower semidirect products.)

Taking path-components, Theorem X(2)(a) has the following immediate consequence:

Corollary 0.1.2 Let ' be a framing of the torus. There is a canonical identification of the framed
mapping class group of .T2; '/ as a subgroup of the braid group on three strands:

MCGfr.T2; '/� Braid3:
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If ' is homotopic with a translation-invariant framing , this subgroup is entire. If ' is not homotopic with
a translation-invariant framing , this subgroup is conjugate with a standard subgroup ,

MCGfr.T2; '/
conjugate
Š h�1; .�1�2/

6
i Š Z�Z;

which is abstractly isomorphic with Z�Z.

Remark 0.1.3 Consider the moduli space Mfr
1 of framed tori. Theorem X(1) and (2)(a) can be phrased as

the assertion that Mfr
1 has Z�0–many path-components, with the 0–path-component the space of homotopy

coinvariants .CP1/2=Braid3
with respect to the action Braid3

ˆ�! GL2.Z/ Õ B2Z2 ' .CP1/�2, and
each other path-component the space .CP1/2=Z �BZ in which the coinvariants are with respect to
the action Z hU1i

���! GL2.Z/Õ B2Z2 ' .CP1/�2. A neat result of Milnor [1971, Section 10] gives an
isomorphism between groups:

Braid3 Š �1.S
3
XTrefoil/:

Using that S3 XTrefoil is a path-connected 1–type, this isomorphism reveals that the 0–path-component
.Mfr

1/0 �Mfr
1 fits into a fiber sequence of spaces:

.CP1/2! .Mfr
1/0! .S3

XTrefoil/:

Dehn [1938, Section 6] identified the oriented mapping class group of a punctured torus with parametrized
boundary as the braid group on three strands, as it is equipped with a homomorphism to the oriented
mapping class group of the torus. Through Corollary 0.1.2, this results in an identification between
these mapping class groups. The next result lifts this identification to continuous groups; it is proved
in Section 1.4.

Corollary 0.1.4 Fix a smooth framed embedding from the closed 2–disk D2 ,! T2 extending the
inclusion f0g ,! T2 of the identity element. There are canonical identifications2 among continuous
groups over Diff.T2/:

Difffr.T2 rel 0/' Braid3 ' Diff.T2 rel D2/:

In particular , there are canonical isomorphisms among groups over MCG.T2/:

MCGfr.T2/Š Braid3 ŠMCG.T2
XB2 rel @/;

where B2 �D2 is the open 2–ball.

Using Theorem X(2)(a), the presentation (0-1-1) of the braid group Braid3 lends to a simple (fully
homotopy coherent) description of an action by Difffr.T2/. We articulate this description as the following
result, which is proved at the end of Section 1.5, and requires a bit of setup to state.

2This composite equivalence of continuous groups can be witnessed by a span among continuous groups, Difffr.T2 rel 0/ ' �

Difffr.T2 rel D2/! Diff.T2 rel D2/, in which the leftward map is an equivalence via routine methods. The more novel aspect
of this result can then be rephrased as the rightward map being an equivalence. A quick explanation of this fact is that the space
of framings of T2, fixed at 0 2 T2, has contractible path-components; see Theorem X(1).
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Natural symmetries of secondary Hochschild homology 1959

Setup Let X be an1–category. Let G be a continuous group. Consider the1–category ModG.X/ of
G–modules in X. Let T be an automorphism of the continuous group G. Via pullback, T determines
an automorphism T � W .G Õ X / 7! .G T

�! G Õ X / of ModG.X/. Denote the 1–category of T –
invariant G–modules by ModG.X/

hT i, an object in which is a G–module .G Õ X / in X together with
an identification .G T

�! G Õ X / ' .G Õ X / between G–modules in X. Similarly, for S and T

automorphisms of G, the1–category of G–modules that are both S– and T –invariant is ModG.X/
hS;T i,

an object in which is a G–module .G Õ X / in X together with identifications .G S
�!G Õ X /


S

' .G Õ X /

and .G T
�!G Õ X /


T

' .G Õ X / between G–modules in X.

Now, via the standard homomorphism GL2.Z/! AutGroups.T2/, regard the matrices

U1 D

�
1 1

0 1

�
; U2 D

�
1 0

�1 1

�
and RD

�
0 1

�1 0

�
as automorphisms of the continuous group T2.

Corollary 0.1.5 Let X be an1–category. There is a pullback diagram among1–categories

ModDifffr.T2/.X/
//

��

ModT2.X/hU1;U2i

��

ModT2.X/hRi // ModT2.X/hR;Ri

In particular , for X 2 X an object , an action Difffr.T2/Õ X is

(1) an action T2 Õ
˛

X ,

(2) an identification ˛ ıR

R

' ˛ of this action ˛ with the action T2 R
�! T2 Õ

˛
X ,

(3) for i D 1; 2, extensions of 
R to identifications ˛ ıUi


Ui

' ˛.

A generalization of Smale’s conjecture to Haken manifolds, proved by Hatcher [1976; 1983], gives that
the standard inclusion is an equivalence between continuous groups:

Aff W T3 Ì GL3.Z/
'�! Diff.T3/:

In particular, there is an identification of the mapping class group: MCG.T3/Š GL3.Z/. Using these
identifications, we expect our methods could be used to prove the following:

Conjecture 1 Consider the 3–torus , T3 ŠR3
=Z3 , as it is equipped with its standard framing. There is a

canonical identification between continuous groups

Difffr.T3/' .T3 Ì�.SL3.R/=SL3.Z///� .�
2S3
��3S3/3 ��4S3;

in which the semidirect product is with respect to the action �.SL3.R/=SL3.Z//
Puppe
���! SL3.Z/Õ T3. In

particular , there is a central extension among groups:

1! Z3
� .Z=2Z/

2
!MCGfr.T3/! SL3.Z/! 1:
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0.2 Natural symmetries of secondary Hochschild homology

0.2.1 Hochschild homology

Notation 0.2.1 In Section 0.2.1 we fix W to be an ˝–presentable symmetric monoidal1–category.

We briefly recall a definition of the Hochschild homology and record its natural symmetries. (See
[Loday 1992] for a complete account.) Let B 2 AlgAssoc.W/ be an associative algebra. Via left and right
translation, regard the underlying object B 2W as a .B;B/–bimodule. For M a .B;B/–bimodule for B,
the Hochschild homology (of B with coefficients in M ) is

HH.B;M / WD B˝Bop˝B M ' colim.�op B˝�˝M
������!W/;

which can be constructed as the colimit of a simplicial object in W naturally associated to the pair .B;M /.

Remark For 0< i < p, the i th face map of this simplicial object is

B˝f1;:::;pg˝M ' B˝f1;:::;ig˝B˝fi;iC1g
˝B˝fiC2;:::;pg

˝M

id˝�˝id˝id
��������! B˝f1;:::;ig˝B˝B˝fiC2;:::;pg

˝M;

where � is the binary multiplication of A. The 0th face map is

B˝f1;:::;pg˝M ' Bf1g˝B˝f2;:::;pg˝M ' B˝f2;:::;pg˝M ˝Bf1g id˝r:act
�����! B˝f2;:::;pg˝M;

where r:act is the right action of B on M . The pth face map is

B˝f1;:::;pg˝M ' B˝f1;:::;p�1g
˝Bfpg˝M id˝l:act

�����! B˝f1;:::;p�1g
˝M;

where l:act is the left action of B on M .

This is functorial in the .B;B/–bimodule

BiMod.B;B/
HH.B;�/
������!W:

The Hochschild homology (of B) is the instance in which M D B as a .B;B/–bimodule:

HH.B/ WD B˝Bop˝B B DW HH.B;B/' jBarcyc
� .B/j;

which can be constructed as a geometric realization of the cyclic bar complex of B, as recalled in
Section 2.1. Also recalled in Section 2.1 is a canonical action T ' BZ Õ HH.B/,

T
hTÕHH.B/i
��������! AutW.HH.B//;

which is Connes’ cyclic operator [1983], and this is canonically functorial in the argument B:

(0-2-1) AlgAssoc.W/!ModT .W/; B 7! .T Õ HH.B//:

0.2.2 Secondary Hochschild homology

Notation 0.2.2 In Section 0.2.2 we fix V to be an ˝–presentable symmetric monoidal1–category.
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Apply Section 0.2.1 to the case W WD AlgAssoc.V/. For this situation, define the1–category

Alg2.V/ WD AlgAssoc.W/D AlgAssoc.AlgAssoc.V//;

an object in which is a 2–algebra3 (in V), which is simply an associative algebra in associative algebras
in V. Using that Hochschild homology is symmetric monoidal, the Hochschild homology of the underlying
associative algebra of a 2–algebra retains the structure of an associative algebra. For A a 2–algebra in V,
the secondary Hochschild homology (of A) is the value

(0-2-2) HH.2/.A/ WD HH.HH.A//:

This is evidently functorial in the 2–algebra, as it is equipped with the two Connes cyclic operators:

HH.2/ W Alg2.V/ WD AlgAssoc.AlgAssoc.V//

AlgAssoc.HH/
��������!ModT .AlgAssoc.V//

HH��!ModT .ModT .V//'ModT2.V/:

Remark 0.2.3 In Section 2.5, we show that our definition (0-2-2) of secondary Hochschild homology
(see Definition 2.2.8) agrees with factorization homology over a torus: HH.2/.A/'

R
T2A. As such, our

definition of secondary Hochschild homology is fit to receive a secondary trace map, which is related to
a secondary Chern character map, from secondary K–theory. (See [Toën and Vezzosi 2009; Hoyois et al.
2017] and Section 0.4.)

Warning 0.2.4 Our definition of secondary Hochschild homology does not appear to agree with the
definition introduced by Staic [2016], and further studied in [Laubacher 2017], where its cohomological
version parametrizes certain algebraic deformations. Indeed, their definitions are more akin to factorization
homology of a pair

R
S1�D2.B!A/— see [Corrigan-Salter and Staic 2016], where this is established in

the commutative context, in the language of higher-order Hochschild homology introduced by Pirashvili
[2000] — which is more similar to factorization homology

R
S2B over the 2–sphere.

Theorem X(2)(a) has the following consequence, proved in Section 2.5 using factorization homology:

Theorem Y.1 Let A 2Alg2.V/ be a 2–algebra in an˝–presentable symmetric monoidal 1–category V.
There is a canonical action of the continuous group T2 Ì Braid3 on secondary Hochschild homology:

(0-2-3) T2 Ì Braid3 Õ HH.2/.A/:

We now explain how Theorem Y.1 extends familiar, or at least expected, symmetries of HH.2/.A/, and
how the action can be phrased in terms of these expected symmetries.

Let W be an ˝–presentable symmetric monoidal1–category. Let B be an associative algebra in W.
Each endomorphism B �

�! B of the associative algebra B determines a .B;B/–bimodule structure
B� on the underlying object B, which is characterized by B id

�! B being equivariant with respect to

3Dunn’s additivity (see Theorem 0.2.7) supplies a host of examples of 2–algebras. In particular, a commutative algebra
canonically determines a 2–algebra.
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.B;B/
.id;�/
���! .B;B/. This assignment � 7! B� canonically assembles as a functor from the space of

endomorphisms of B to the1–category of .B;B/–bimodules:

EndAlg.W/.B/! BiMod.B;B/; � 7! B� :

This results in a composite functor

EndAlg.W/.B/
� 7!B�
�����! BiMod.B;B/

HH.B;�/
������!W given by � 7! HH.B;B� /:

This functor restricts to automorphisms of id 7!HH.B;Bid/DHH.B/ as a morphism between continuous
groups:

(0-2-4) �id AutAlg.W/.B/D�id EndAlg.W/.B/! AutW.HH.B//:

Now take W D Alg.V/ to be the1–category of associative algebras in an ˝–presentable symmetric
monoidal1–category V, and BDHH.A/ to be the Hochschild homology of a 2–algebra A2Alg2.V/ WD

Alg.Alg.V//. The above discussion yields the sheer symmetry

(0-2-5) Sheer1 W Z'�0T
�hTÕHH.A/i
����������!�id AutAlg.V/.HH.A// (0-2-4)

����! AutV.HH.2/.A//:

The functoriality of Connes’ cyclic operators yields a T2–action on secondary Hochschild homology of A:

(0-2-6) Connes’ W T2 hT
2ÕHH.2/.A/i

�����������! AutV.HH.2/.A//:

Corollary 2.3.3 states that the swapped iteration of Hochschild homology results in the same secondary
Hochschild homology. This yields yet another sheer symmetry

(0-2-7) Sheer2 W Z'�0T
�hTÕHH.A/i
����������!�id AutAlg.V/.HH.A// (0-2-4)

����! AutV.HH.2/.A//:

Using Theorem Y.1, the presentation (0-1-1) of the braid group Braid3 lends to the following result, which
is proved in Section 2.5.

Corollary 0.2.5 Let A be a 2–algebra in V. The sheer actions (0-2-5) and (0-2-7) and Connes’ cyclic
operators (0-2-6) generate the action

T2 Ì Braid3 Õ
(0-2-3)

HH.2/.A/

of Theorem Y.1. More specifically , the sheer actions and Connes’ cyclic operators satisfy the following
three relations , thereafter drawing the final conclusion.

(1) Consider the action4 defined by the symmetries Sheer1 and Sheer�1
2 ,

(0-2-8) Sheers W ZqZ Õ HH.2/.A/:

Defining the generators h�1; �2i D ZqZ, consider the two natural actions

Z
h�1�2�1i
�����!
h�2�1�2i
�����! ZqZ Õ

(0-2-8)
HH.2/.A/:

4The pushout appearing here is in the category of groups, where it is often referred to as a free product.
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These two symmetries are coequalized :5

Braid3

(0-1-1)
Š h�1; �2 j �1�2�1 D �2�1�2iÕ HH.2/.A/:

(2) The actions Z Õ
Sheer1

HH.2/.A/ and T2 Õ
Connes’

HH.2/.A/ intertwine as an action

T2 ÌU1
Z Õ HH.2/.A/;

where this semidirect product is defined by Z
hU1i
���! GL2.Z/' AutGroups.T2/ (see (0-1-2)).

(3) The actions Z Õ
Sheer2

HH.2/.A/ and T2 Õ
Connes’

HH.2/.A/ intertwine as an action

T2 ÌU2
Z

idÌ.�1/

Š
�����! T2 ÌU�1

2
Z Õ HH.2/.A/;

where this semidirect product is defined by Z
hU2i
���! GL2.Z/' AutGroups.T2/ (see (0-1-2)).

Defining R WD U1U2U2 D
�

0
�1

1
0

�
D U2U1U2 2 GL2.Z/' AutGroups.T2/, the above three points imply

the two actions
T2 ÌR Z

idÌh�1�2�1i
��������!
idÌh�2�1�2i
��������! T2 ÌU1;U2

.ZqZ/ Õ
(0-2-8)

HH.2/.A/

are coequalized under T2, thus generating the action

T2 Ì Braid3

idÌ(0-1-1)
Š T ÌU1;U2

h�1; �2 j �1�2�1 D �2�1�2iÕ HH.2/.A/:

Next, the short exact sequence (0-1-3) of Proposition 0.1.1 implies an identification between moduli
spaces

fextensions of Braid3 Õ HH.2/.A/ along ˆ to an action SL2.Z/Õ HH.2/.A/g

' ftrivializations of ZŠ Ker.ˆ/Õ HH.2/.A/g:

Remark 0.2.6 The action ZŠKer.ˆ/Õ HH.2/.A/ is simply an automorphism �2AutV.HH.2/.A//. So
an extension of Braid3 ÕHH.2/.A/ alongˆ to SL2.Z/ÕHH.2/.A/ exists if and only if there is an equality
in the set of path-components of the space of endomorphisms: ŒidHH.2/.A/�D Œ�� 2 �0.EndV.HH.2/.A///.
In the case that the ambient1–category of V is stable, this set of path-components has the canonical
structure of a ring6 (in which Œ�� is a unit), and so the difference Œ��� ŒidHH.2/.A/� 2 �0.EndV.HH.2/.A///
obstructs such an extension to an SL2.Z/–action.

So we are interested in identifying the action Ker.ˆ/Õ HH.2/.A/ in familiar, or at least expected, terms.
Corollary 0.2.10 does just this, in terms of the familiar/expected symmetry of secondary Hochschild

5Phrased more plainly, there is an identification between automorphisms of HH.2/.A/, namely Sheer1 ıSheer�1
2
ıSheer1 '

Sheer�1
2
ıSheer1 ıSheer�1

2
.

6For example, let k be a commutative ring and take VD .Modk;˝/, where˝ is taken over k. Then HH.2/.A/ may be presented
as a projective chain complex over k; the ring �0.EndV.HH.2/.A///D H0.Endk.HH.2/.A/// is the 0th homology of the chain
complex over k of self-maps of a such a presentation of HH.2/.A/.
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homology given by braiding-conjugation, as we now explain. A starting point for this symmetry is
given from the following result, which was essentially due to Dunn. Recall the topological operad E2 of
little 2–disks.

Theorem 0.2.7 [Dunn 1988; Lurie 2017, Theorem 5.1.2.2] There is a canonical equivalence from the
1–category of E2–algebras in V to that of 2–algebras in V:

AlgE2
.V/ '�! Alg2.V/:

After Theorem 0.2.7, the standard continuous action O.2/Õ E2 on the topological operad immediately
implies the following:

Corollary 0.2.8 There is a canonical action of the continuous group O.2/Õ Alg2.V/. In particular , for
each 2–algebra A in V, the orbit map with respect to this action lends to a canonical symmetry of A:

ˇA W Z'�1 SO.2/ '�!�1O.2/ �OrbitA
�����! AutAlg2.V/

.A/:

Remark 0.2.9 This symmetry ˇA on each 2–algebra A is braiding-conjugation. For instance, this
symmetry ˇA is the identity on the underlying object (so ˇA.1/D idA), and for � 2 E2.2/ it supplies the
commutativity of the diagram in V,

A˝A
id˝id

//

�A

��

A˝A

�A

��

given by the point;

A
id

// A ˇA.2/ W �
h1i
��! Z'��E2.2/!��A

HomV.A˝A;A/:

The next result directly follows from Observation 1.3.10 and inspection of the action Braid3 Õ HH.2/.A/
of Theorem Y.1, proved in Section 2.5.

Corollary 0.2.10 Let A be a 2–algebra in V. Through the action of Theorem Y.1, the kernel of ˆ acts
on HH.2/.A/ as ˇA. Specifically, there is a canonically commutative diagram among continuous groups:

Z

Šh.�1�2/
6i

��

ˇA
// AutAlg2.V/

.A/

HH.2/
��

Ker.ˆ/ // Braid3
Theorem Y.1

// AutV.HH.2/.A//

In particular, there is the following immediate consequence of Proposition 0.1.1.

Corollary 0.2.11 Let A be a 2–algebra in V. An SO.2/–invariant-structure on A 2 Alg2.V/ determines
a trivialization of the action Ker.ˆ/ Õ HH.2/.A/, and thereafter an extension along ˆ of the actions
Braid3! T2 Ì Braid3 Õ HH.2/.A/ to actions

SL2.Z/! T2 Ì SL2.Z/Õ HH.2/.A/:

Algebraic & Geometric Topology, Volume 24 (2024)



Natural symmetries of secondary Hochschild homology 1965

Example 0.2.12 The action Braid3 Õ HH.2/.A/ does not generally extend along ˆ as an action
SL2.Z/Õ HH.2/.A/. As a tautologous case, take AD Diskfr

2=R2 , regarded as a 2–algebra in Cat1=Diskfr
2
.

The unstraightening of the functor Diskfr
2=T2

forget
���! Diskfr

2
A�! Cat1=Diskfr

2
is the cocartesian fibration

Ar.Diskfr
2=T2/

evt
��!Diskfr

2=T2 , as it is equipped with the functor Ar.Diskfr
2=T2/

evs
��!Diskfr

2=T2 . This functor
evs is a localization on the evt –cocartesian morphisms. Using that a colimit of a diagram in Cat1 is the
localization on the cocartesian morphisms of its unstraightening, there is an equivalence in Cat1=Diskfr

2
,Z

T2

Diskfr
2=R2 WD colim.Diskfr

2=T2

forget
���! Diskfr

2
A�! Cat1=Diskfr

2
/ '�! Diskfr

2=T2 ;

which is evidently Difffr.T2/–equivariant. We therefore wish to show the action Ker.ˆ/Õ Diskfr
2=T2 in

Cat1=Diskfr
2

is not trivializable. Consider the composite functor

Cat1=Diskfr
2

Mor
��! Spaces=Mor.Diskfr

2
/

fiber over 2!1
���������! Spaces=S1 ;

where Mor is given by taking spaces of morphisms, and the last functor is given by taking fibers along
Diskfr

2
�0
�! Fin over the morphism 2D f1; 2g !

�! �D 1 in Fin, recognizing that Mor.Diskfr
2/j.2!1/ ' S1

is the space of 2–ary operations of the1–operad E2. Note that this composite functor carries the object
of interest Diskfr

2=T2 2 Cat1=Diskfr
2

to the object in Spaces=S1 ,

pr W T2
�S1

' Sfib.TT2/'Mor.Diskfr
2=T2/j.2!1/!Mor.Diskfr

2/j.2!1/ ' S1;

involving the unit tangent bundle of T2 and its standard framing, which is simply the projection through
this identification; the Difffr.T2/–action is the canonical one on the unit tangent bundle Sfib.TT2/ as
it maps to S1. In particular, the restricted .ZŠKer.ˆ//–action is generated by the automorphism of
.T2 �S1 pr

�! S1/ 2 Spaces=S1 that is the diagram

T2 �S1 id
//

pr &&

T2 �S1

prxx
S1

in which the homotopy witnessing commutativity is the image of 1 2 Z via the map between spaces

Z'�id Map.S1;S1/ T2��
����!�pr Map.T2

�S1;S1/:

It is routine to verify that this map is a monomorphism. In particular, this action ZÕ .T2�S1/2Spaces=S1

is not trivializable. Therefore, the action by ZŠ Ker.ˆ/ on
R

T2Diskfr
2=R2 2 Cat=Diskfr

2
is not trivializable.

0.3 Isogenic symmetries of secondary Hochschild homology

Let X be an 1–category. The action zEC2 .Z/! E2.Z/ Õ T2 as a topological group determines, via
precomposition, an action

(0-3-1) zEC2 .Z/
.�/T

' zEC2 .Z/
op Õ ModT2.X/;

where
.�/T

' is from Observation B.1.1. We propose the following. (See [Ayala et al. 2019, Appendix A]
for a definition of left-lax invariance.)
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Definition 0.3.1 The1–category of unstable secondary cyclotomic objects in an1–category X is that
of T2–modules in X that are left-laxly invariant with respect to the action (0-3-1):

Cycun.2/.X/ WDModT2.X/l:lax zEC2 .Z/:

Remark 0.3.2 Informally, an unstable secondary cyclotomic object in X consists of

� a T2–module .T2 Õ
˛

X / in X,

� for each zA 2 zEC2 .Z/, a morphism between T2–modules in X

. zAT /�.T2 Õ
˛

X / WD .T2 ‰. zAT /
�����! T2 Õ

˛
X /

c zA
��! .T2 Õ

˛
X /;

� for each pair zA; zB 2 zEC2 .Z/, a commutative square among T2–modules in X

. zAT /�. zBT /�.T2 Õ
˛

X /
. zAT /�c zB

//

'

��

. zAT /�.T2 Õ
˛

X /

c zA
��

.. zA zB/T /�.T2 Õ
˛

X /
c zA zB

// .T2 Õ
˛

X /

� for each triple zA; zB; zC 2 zEC2 .Z/, a similar commutative cube among T2–modules in X whose faces
are (possibly pulled back from) the above commutative squares,

� et cetera.

After Corollary A.0.6, which is proved in Appendix A, Theorem X(2)(b) implies the following:

Corollary 0.3.3 For each 1–category X there are canonical equivalences among1–categories over X

Cycun.2/.X/'Mod
.T2ÌzEC2 .Z//op.X/'ModImmfr.T2/op.X/;

where the equivalences are given by Corollary A.0.6 and Theorem X(2)(b ), respectively.

For X an1–category, the1–category of finite-genuine T2–modules in X is

Xg:finT2

WD Fun..Orbitfin
T2/

op;X/;

the1–category of functors from the opposite of the1–category Orbitfin
T2 of transitive T2–topological

spaces with finite isotropy and spaces of T2–equivariant maps between them. The action zEC2 .Z/!
EC2 .Z/Õ T2 as a topological group supplies an action via the equivalence of Observation B.1.1,

zEC2 .Z/' zE
C
2 .Z/

op Õ Orbitfin
T2 ; A �T2

=C WD T2
=A�1.C /

:

Precomposition by this action in turn supplies an action

(0-3-2) zEC2 .Z/' zE
C
2 .Z/

op Õ Xg:finT 2
:

After Theorem X(2)(b), we have the following immediate consequence of Proposition B.4.1.
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Proposition 0.3.4 For each 1–category X, the1–category of finite-genuine T2–modules in X invariant
with respect to (0-3-2) is equivalent (via Corollary 0.3.3) with unstable secondary cyclotomic objects in
X:

ModImmfr.T2/op.X/' Cycun.2/.X/ '�! .Xg:finT 2
/
zEC2 .Z/:

In particular , there is a forgetful functor:

ModImmfr.T2/op.X/' Cycun.2/.X/! Xg:finT 2
:

Remark 0.3.5 Proposition 0.3.4 asserts a significant cancellation of homotopy coherence data.

� A finite-genuine T2–module V in X is a specification of its C –fixed-points V C 2ModT2=C .X/

for each finite subgroup C � T2 together with coherent compatibility.

� For V a finite-genuine T2–module in X, the structure of V being invariant with respect to the action

zEC2 .Z/ Õ
(0-3-2)

Xg:finT 2

is an identification V C ' V A�1.C / for each finite subgroup C �T2 and each element A 2 zEC2 .Z/,
coherently compatibly.

So to name an object in .Xg:finT 2
/
zEC2 .Z/ a priori requires an overwhelming wrangling of coherence data.

From this perspective, Proposition 0.3.4 is notable: an object in .Xg:finT 2
/
zEC2 .Z/ is simply a T2 Ì zEC2 .Z/–

module in X— in particular, no “genuine” structure is present. Theorem Y.2 is an application of this:
via the theory of factorization homology, for A a 2–algebra in X, its secondary Hochschild homology
HH.2/.A/ easily carries the structure of an Immfr.T2/op–module. Through Proposition 0.3.4, HH.2/.A/
then has the structure of a finite-genuine T2–module that is zEC2 .Z/–invariant.

Corollary 0.3.3 lends to our last main result, which is proved as Section 2.6.

Theorem Y.2 Let X be a presentable 1–category in which finite products distribute over colimits
separately in each variable.7 Regard X as a symmetric monoidal 1–category via the cartesian symmetric
monoidal structure. For each 2–algebra A 2 Alg2.X/, the action (0-2-3) of Theorem Y.1 canonically
extends as an unstable secondary cyclotomic structure:

(0-3-3)
�
.T2 Ì zEC2 .Z//

op Õ HH.2/.A/
�
2 Cycun.2/.X/:

Remark 0.3.6 We explain a relationship between an unstable secondary cyclotomic structure and an
iterated unstable cyclotomic structure. As in the discussion preceding Proposition B.3.1, one can construct
a morphism between monoids

(0-3-4) N� �N� Bdiagonals
�����! zEC2 .Z/;

7Examples include the1–categories Spaces, Cat.1;n/, X and1–topos.
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lifting the inclusion N� �N�
diagonals
� EC2 .Z/ as diagonal matrices. With respect to (0-3-4), the product

isomorphism T �T ��! T2 is equivariant. For X an1–category, this results in a forgetful functor from
unstable secondary cyclotomic objects to iterated unstable cyclotomic objects:

(0-3-5) Cycun.2/.X/! Cycun.Cycun.X//:

This functor is generally not an equivalence.8

0.4 Remarks on secondary cyclotomic trace

We see the role of Corollary 0.3.3 as informing an approach to secondary cyclotomic traces.

Let k be a commutative ring spectrum. Let A 2 Alg2.Modk/. Recall the k–linear Dennis trace map
K.A/ tr

�! HH.A/; see, for instance, [Bökstedt et al. 1993]. The cyclic trace map is a canonical factoriza-
tion of this Dennis trace map through negative cyclic homology K.A/ trT

��! HH�.A/ WD HH.A/T ; see
[Goodwillie 1986]. Iterating this cyclic trace map results in a map between spectra K.K.A// trT .trT /

�����!

HH�.HH�.A//. Work of Toën and Vezzosi [2009], followed up by the work of Hoyois, Scherotzke and
Sibilla [Hoyois et al. 2017, Theorem 1.2], suggests (from the commutative context) that this map can be
refined as a secondary Chern character map between spectra

K.2/.A/ // HH.2/.A/T
2

K.K.A//

OO

trT .trT /
// HH�.HH�.A//

OO

from secondary K–theory to the T2–invariants of secondary Hochschild homology. We expect the work
of Mazel-Gee and Stern [2021] (in particular Theorem C (see Section 0.4.4)) on universal properties of
secondary K–theory to yield a solution both to this, and the following.

Conjecture 2 For each 2–algebra A over k, there is a canonical filler in the diagram among spectra

K.2/.A/ // HH.2/.A/T
2ÌBraid3 // HH.2/.A/T

2

K.K.A//

OO

trT .trT /
// HH�.HH�.A//

OO

For the case in which kD S is the sphere spectrum, where standard notation is THH WD HH and referred
to as topological Hochschild homology, the cyclic trace map factors further as the cyclotomic trace map,

(0-4-1) K.A/ trCyc
��! TC.A/ WD THH.A/Cyc;

8Suppose X is an ordinary category. Then the forgetful functor ModT2.X/
'
�! X is an equivalence. Using Proposition B.3.1,

which identifies the group-completion of the monoid zEC2 .Z/, the functor (0-3-5) can then be identified as restriction
Mod �GL

C

2 .Q/
.X/!Mod.Q�

>0
/2.X/ along the inclusion .Q�

>0
/2 ,! �GL

C

2 .Q/ between groups.
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through the topological cyclotomic homology which is the cyclotomic invariants with respect to a canonical
cyclotomic structure on topological Hochschild homology. The fantastic culminating result of [Dundas
et al. 2013] articulates a sense in which this cyclotomic trace map (0-4-1) is locally constant (in the algebra
A). Iterating this cyclotomic trace map results in a map between spectra K.K.A// trCyc.trCyc/

������! TC.TC.A//,
which is not locally constant (in the 2–argument A). As above, we expect that this iterated cyclotomic
trace map can be refined as a map between spectra:

K.2/.A/ // THH.2/.A/Cyc�Cyc

K.K.A//

OO

trCyc.trCyc/
// TC.TC.A//

OO

Following the developments in [Ayala et al. 2017c], we expect Definition 0.3.1 of an unstable cyclotomic
object to lend to a definition of a (stable) secondary cyclotomic object, and that Theorem Y.2 lends a
secondary cyclotomic structure on secondary topological Hochschild homology. For secondary topological
cyclotomic homology to be the invariants with respect to this structure, TC.2/.A/ WD THH.2/.A/Cyc.2/ ,
we again expect the work of Mazel-Gee and Stern [2021] (in particular Theorem C (see Section 0.4.4)) on
secondary K–theory to further lend a secondary cyclotomic trace map, which we state as the following:

Problem 1 Define (stable) secondary cyclotomic structure, and then show that secondary topological
Hochschild homology canonically possesses such. Show that the iterated cyclotomic trace map factors
through the secondary topological cyclotomic homology, compatibly with the factorization of Conjecture 2:

K.2/.A/

Conjecture 2

  

trCyc.2/

&&

K.K.A//oo

trCyc.trCyc/

((

TC.2/.A/ //

��

THH.2/.A/Cyc�Cyc

��

TC.TC.A//oo

��

THH.2/.A/T
2ÌBraid3 // THH.2/.A/T

2

THH�.THH�.A//oo

Remark 0.4.1 One might be encouraged by Remark 0.3.6 to expect that the secondary cyclotomic trace
map trCyc.2/ of Conjecture 2 is locally constant (in the 2–algebra A), thereby correcting the failure of the
iterated cyclotomic trace map trCyc.trCyc/ to be locally constant. However, we do not expect this to be so.
Namely, the local constancy of the cyclotomic trace map K.A/ trCyc

��! TC.A/ relies in an essential way on
calculations of Hesselholt [1994] which identify the fiber of the canonical map TC.V Ì A/! TC.A/
associated to a square-zero extension of A. These calculations in turn rely on the fact that, for each
i � 0, the canonical action T ' Difffr.T /Õ Confi.T /†i

on unordered configuration space canonically
factors as a T=Ci

–torsor. Because the canonical action T2 Ì Braid3 ' Difffr.T2/Õ Confi.T2/†i
does

not apparently have any such property, we do not expect the secondary cyclotomic trace map of Problem 1
to be locally constant.
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1 Moduli and isogeny of framed tori

1.1 Moduli and isogeny of tori

Vector addition, as well as the standard vector norm, gives R2 the structure of a topological abelian
group. Consider its closed subgroup Z2 �R2. The torus is the quotient in the short exact sequence of
topological abelian groups

0! Z2 inclusion
�����!R2 quot

��! T2
! 0:

Because R2 is connected, and because Z2 acts cocompactly by translations on R2, the torus T2 is
connected and compact. The quotient map R2 quot

��!T2 endows the torus with the structure of a Lie group,
and in particular a smooth manifold. Consider the submonoid

E2.Z/ WD fZ
2 A
�! Z2

j det.A/¤ 0g � EndGroups.Z
2/;

consisting of the cofinite endomorphisms of the group Z2. Using that the smooth map R2 quot
��! T2 is a

covering space and T2 is connected, there is a canonical continuous action on the topological group:

(1-1-1) E2.Z/Õ T2; Aq WD quot.A Qq/ for any Qq 2 quot�1.q/:

This action9 defines a semidirect product topological monoid

T2 Ì E2.Z/ :

Consider the topological monoid of smooth local diffeomorphisms of the torus,

Imm.T2/�Map.T2;T2/;

which is endowed with the subspace topology of the C1–topology on the set of smooth self-maps of the
torus. Notice the morphism between topological monoids

(1-1-2) Aff W T2 Ì E2.Z/! Imm.T2/ given by .p;A/ 7! .q 7!AqCp/:

Observation 1.1.1 (1) The standard inclusion GL2.Z/ ,! E2.Z/ witnesses the maximal subgroup. It
follows that the standard inclusion T2 Ì GL2.Z/ ,! T2 Ì E2.Z/ witnesses the maximal subgroup,
both as topological monoids and as continuous monoids.

(2) The standard monomorphism Diff.T2/ ,! Imm.T2/ witnesses the maximal subgroup, both as
topological monoids and as continuous monoids.

9Note that (1-1-1) indeed does not depend on Qq 2 quot�1.q/.
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We record the following classical result.

Lemma 1.1.2 The morphism (1-1-2) restricts to maximal subgroups as a homotopy equivalence

Aff W T2 Ì GL2.Z/
'�! Difffr.T2/ given by .p;A/ 7! .q 7!AqCp/:

Proof Let G be a locally path-connected topological group, which we regard as a continuous group.
Denote by G1 �G the path-component containing the identity element in G. This subspace G1 �G is a
normal subgroup, and the sequence of continuous homomorphisms

1!G1
inclusion
�����!G

quotient
�����! �0.G/! 1

is a fiber sequence among continuous groups. This fiber sequence is evidently functorial in the argument G.
In particular, there is a commutative diagram among topological groups

1 // T2 D .T2 Ì GL2.Z//1

Aff1

��

inc
// T2 Ì GL2.Z/

Aff
��

quot
// �0.T

2 Ì GL2.Z//D GL2.Z/

�0.Aff/
��

// 1

1 // Diff.T2/1
inc

// Diff.T2/
quot

// �0.Diff.T2// // 1

in which the horizontal sequences are fiber sequences. By the five lemma applied to homotopy groups,
we are reduced to showing the vertical homomorphisms Aff1 and �0.Aff/ are homotopy equivalences.

Theorem 2.D.4 of [Rolfsen 1976], along with Theorem B of [Hatcher 2013], implies �0.Aff/ is an
isomorphism. So it remains to show Aff1 is a homotopy equivalence.10 With respect to the canonical
continuous action Diff.T2/1 Õ T2, the orbit of the identity element 0 2 T2 is the evaluation map

ev0 W Diff.T2/1! T2:

Note that the composition
id W T2 Aff1

��! Diff.T2/1
ev0
��! T2

is the identity map. So it remains to show that the homotopy fiber of ev0 is weakly contractible. The
isotopy-extension theorem implies ev0 is a Serre fibration. So it is sufficient to show the fiber of ev0,
which is the stabilizer Stab0.Diff.T2/1/, is weakly contractible. Finally, Theorem 1b of [Earle and Eells
1967] states that this stabilizer is contractible.

Remark 1.1.3 By the classification of compact surfaces, the moduli space M1 of smooth tori is path-
connected, and as so is

M1 ' BDiff.T2/' B.T2 Ì GL2.Z//' .CP1/2=GL2.Z/;

in which the equivalence is by Lemma 1.1.2 and the quotient is with respect to the standard action
GL2.Z/Õ B2Z2 ' .CP1/2. In particular, this path-connected moduli space fits into a fiber sequence

.CP1/2!M1! BGL2.Z/:

10See [Gramain 1973]. We include a proof for the convenience of the reader.
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Consider the set L.2/ WD fƒ
cofin
� Z2g of cofinite subgroups of Z2.

Observation 1.1.4 � The orbit-stabilizer theorem immediately implies the composite map T2ÌE2.Z/
pr
�!

E2.Z/
Image
���!L.2/ witnesses the quotient:

.T2 Ì E2.Z//=T2ÌGL2.Z/
Š�! E2.Z/=GL2.Z/

Š�!L.2/:

� Since each finite-sheeted cover over T2 is diffeomorphic with T2, the classification of covering spaces
implies the map given by taking the image of homology Imm.T2/

Image.H1/
������!L.2/ witnesses the quotient

Imm.T2/=Diff.T2/
Š�!L.2/:

� The following diagram commutes:

T2 Ì E2.Z/
Aff
//

pr
��

Imm.T2/

Image.H1/
��

H1

ww

E2.Z/
Image

// L.2/

Corollary 1.1.5 The morphism (1-1-2) between topological monoids is a homotopy equivalence:

Aff W T2 Ì E2.Z/ '�! Imm.T2/:

Proof Consider the morphism between fiber sequences in the1–category Spaces:

T2 Ì E2.Z/
quotient

//

Aff
��

.T2 Ì E2.Z//T2ÌGL2.Z/
//

AffAff
��

B.T2 Ì GL2.Z//

BAff
��

Imm.T2/
quotient

// Imm.T2/=Diff.T2/
// BDiff.T2/

Lemma 1.1.2 implies the right vertical map is an equivalence. Observation 1.1.4 implies the middle
vertical map is an equivalence. It follows that the left vertical map is an equivalence, as desired.

1.2 Framings

A framing of the torus is a trivialization of its tangent bundle: ' W �T2 Š �2
T2 . Consider the topological

space of framings of the torus,

Fr.T2/ WD IsoBdlT2
.�T2 ; �2

T2/�Map.TT2;T2
�R2/;

which is endowed with the subspace topology of the C1–topology on the set of smooth maps between
total spaces. The quotient map R2 quot

��! T2 endows the smooth manifold T2 with a standard framing '0:
for

trans W T2
�T2 .p;q/ 7!transp.q/WDpCq

����������������! T2;

the abelian multiplication rule of the Lie group T2 is

.'0/
�1
W �2

T2
Š�! �T2 given by T2

�R2
3 .p; v/ 7! .p;D0.transp ı quot/.v// 2 TT2;

where D0 is differentiation at zero.
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The next sequence of observations culminates in an identification of this space of framings.

Observation 1.2.1 (1) Postcomposition gives the topological space Fr.T2/ the structure of a torsor
for the topological group IsoBdlT2

.�2
T2 ; �

2
T2/. In particular, the orbit map of a framing ' 2 Fr.T2/ is a

homeomorphism

(1-2-1) IsoBdlT2
.�2

T2 ; �
2
T2/

Š�! Fr.T2/ given by ˛ 7! ˛ ı':

(2) Consider the topological space Map.T2;GL2.R// of smooth maps from the torus to the standard
smooth structure on GL2.R/, which is endowed with the C1–topology. The map

(1-2-2) Map.T2;GL2.R//
Š�! IsoBdlT2

.�2
T2 ; �

2
T2/ given by a 7! .T2

�R2 .p;v/7!.p;ap.v//
�����������!T2

�R2/

is a homeomorphism.

(3) The map to the product,

(1-2-3) Map.T2;GL2.R//
Š�!Map

�
.0 2 T2/; .1 2 GL2.R//

�
�GL2.R/; a 7! .a.0/�1a; a.0//;

is a homeomorphism.

(4) Because both of the spaces T2 and GL2.R/ are 1–types with the former path-connected, the map,

�1 WMap
�
.0 2 T2/; .1 2 GL2.R//

�
'�! Hom

�
�1.0 2 T2/; �1.1 2 GL2.R//

�
;

is a homotopy equivalence.

(5) Evaluation on the standard basis for �1.0 2 T2/ Š�! �1.0 2 T /2 Š Z2 defines a homeomorphism

(1-2-4) Hom
�
�1.0 2 T2/; �1.1 2 GL2.R//

�
Š�! �1.1 2 GL2.R/

2/Š Z2:

Observation 1.2.1, together with the Gram–Schmidt homotopy equivalence GS W O.2/ '�! GL2.R/, yields
the following.

Corollary 1.2.2 A framing ' 2 Fr.T2/ determines a composite homotopy equivalence

Fr.T2/
(1-2-2)ı(1-2-1)

'
 ���������Map.T2;GL2.R//

(1-2-3)
'
����!Map

�
.0 2 T2/; .1 2 GL2.R//

�
�GL2.R/

�1�id
'
����! Hom

�
�1.0 2 T2/; �1.1 2 GL2.R//

�
�GL2.R/

(1-2-4)�id
'

������! Z2
�GL2.R/

id�GS
'
 ���� Z2

�O.2/:

Notation 1.2.3 We denote the values of the homotopy equivalence of Corollary 1.2.2 applied to the
standard framing '0 2 Fr.T2/ by

Fr.T2/ '�! Z2
�GL2.R/ given by ' 7! . E';B'/:

1.3 Moduli of framed tori

Consider the map

Act W Fr.T2/� Imm.T2/! Fr.T2/ given by .'; f / 7! .�T2
Df
Š
��! f ��T2

f �'

Š
���! f ��2

T2 D �
2
T2/:

Lemma 1.3.1 The map Act is a continuous right-action of the topological monoid Imm.T2/ on the
topological space Fr.T2/. In particular , there is a continuous action of the topological group Diff.T2/ on
the topological space Fr.T2/.
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Proof Consider the topological subspace of the topological space of smooth maps between total spaces
of tangent bundles, which is endowed with the C1–topology,

Bdlfw:iso.�T2 ; �T2/�Map.TT2;TT2/;

consisting of the smooth maps between tangent bundles that are fiberwise isomorphisms. The factorization

Act W Fr.T2/� Imm.T2/ id�D
���! Fr.T2/�Bdlfw:iso.�T2 ; �T2/ ı�! Fr.T2/

first takes the derivative, then composes bundle morphisms. The definition of the C1–topology is such
that the first map in this factorization is continuous. The second map in this factorization is continuous
because composition is continuous with respect to C1–topologies. We conclude that Act is continuous.

We now show that Act is an action. Clearly, for each ' 2 Fr.T2/, there is an equality Act.'; id/ D '.
Next, let g; f 2 Imm.T2/, and let ' 2 Fr.T2/. The chain rule, together with universal properties for
pullbacks, gives that the diagram among smooth vector bundles

�T2

D.gıf /

((

Dg
// g��T2

g�Df
// f �g��T2

f �g�'

��

Š
// .g ıf /��T2

.gıf /�'

��

�2
T2 g��2

T2

Š
oo f �g��2

T2

Š
oo .g ıf /��2

T2

Š
oo

Š

ii

commutes. Inspecting the definition of Act, the commutativity of this diagram implies the equality
Act.Act.';g/; f /D Act.';g ıf /, as desired.

Definition 1.3.2 The moduli space of framed tori11 is the space of homotopy coinvariants with respect
to this conjugation action Act:

Mfr
1 WD Fr.T2/=Diff.T2/:

Observation 1.3.3 Through Corollary 1.2.2 applied to the standard framing '0 2 Fr.T2/, the action Act
is compatible with familiar actions. Specifically, Act fits into a commutative diagram among topological
spaces:

Fr.T2/�Imm.T2/
Act

// Fr.T2/

Map.T2;GL2.R//�.T
2ÌE2.Z//

Corollary 1.2.2�Aff '

OO

id�pr
//

Corollary 1.2.2�id '
��

Map.T2;GL2.R//�E2.Z/
valuewise

multiply
//

Corollary 1.2.2�id '
��

Map.T2;GL2.R//

Corollary 1.2.2 '
��

Corollary 1.2.2 Š

OO

.Z2�GL2.R//�.T
2ÌE2.Z//

id�pr
// .Z2�GL2.R//�E2.Z/

.Ev;BIA/7!.AT Ev;BA/
// Z2�GL2.R/

11This definition is a particular case of a general definition of a moduli space of framed manifolds; see, for instance, [Ayala and
Francis 2015].
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We record the following basic application of group theory.

Observation 1.3.4 For Ev D
�

p
q

�
2 Z2, consider the subset TEv WD fP j P Ev D gcd.p; q/Ee1g � GL2.Z/.

(1) In the case that p � 0 and q D 0, the set TEv is identical with the stabilizer subgroup,

TEv D StabGL2
.Z/.gcd.p; q/ � Ee1/D

8̂<̂
:

GL2.Z/ if p D 0;("
1 b

0 d

#)
D

*"
1 0

0 �1

#
;

"
1 1

0 1

#+
Š O.1/Ë Z if p > 0;

in which the semidirect product is with respect to the standard action O.1/ Š�! Aut.Z/.

(2) The set TEv is not empty. Left multiplication defines a free transitive action of this stabilizer:

GL2.Z/Õ TEv for Ev D E0 and O.1/Ë Z Õ TEv for Ev ¤ E0:

(3) An element P 2 TEv determines an isomorphism between groups:

StabGL2.Z/.Ev/D P�1 StabGL2.Z/.gcd.p; q/ � Ee1/P

D

8̂<̂
:

GL2.Z/ if Ev D E0;*
P�1

"
1 0

0 �1

#
P;P�1

"
1 1

0 1

#
P

+
Š O.1/Ë Z if Ev ¤ E0:

(4) An element P D
�
w
y

x
z

�
2 TEv \SL2.Z/ determines an identification:

StabSL2.Z/.Ev/D

8̂<̂
:

SL2.Z/ if Ev D E0;*"
1Cyz z2

�y2 1�yz

#+
D hP�1U1P i Š Z if Ev ¤ E0:

The next result is phrased in terms of spaces fitting into the diagram in which each of the two squares,
and therefore their concatenated larger square, is a pullback:

(1-3-1)

.CP1/2=Z �BZ //

��

.CP1/2=Braid3

//

��

.CP1/2=GL2.Z/

��

BZ�BZ
h�1;.�1�2/

6i
//

pr
��

BBraid3
ˆ

// BSL2.Z/ // BGL2.Z/

BZ
hU1i

22

Proposition 1.3.5 (1) The standard framing '0 2 Fr.T2/ determines an identification between spaces ,

Mfr
1
'�! ..CP1/2=Braid3

/q ..CP1/2=Z �BZ/qN ;

through which '0 selects the distinguished path-component.
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(2) Furthermore , the resulting map �0 Fr.T2/! �0M
fr
1
Š�! f0gqN D Z�0 factors as a composition

�0 Fr.T2/! Z2 gcd
��! Z�0

in which the second map takes the greatest common divisor , and the first map is

Œ'� 7! ŒT _T D sk1.T
2/

'ı'�1
0 j sk1.T

2/
����������! GL2.R/� 2 �1.1 2 GL2.R//

2
Š Z2:

Proof The result follows from the following sequence of identifications in the1–category Spaces:

Mfr
1 ' .Z

2
�GL2.R//=T2ÌGL2.Z/

.by Observation 1.3.3/

' ..Z2
�GL2.R//=T2/=GL2.Z/ .iterate quotient/(1-3-2)

' .Z2
�BT 2

�GL2.R//=GL2.Z/ .trivial T 2–action/(1-3-3)

'Z2
=GL2.Z/�BGL2.Z/..CP1/2�GL2.R//=GL2.Z/ .groupoids are effective/(1-3-4)

' .BGL2.Z/qB.ZÌO.1//qN/�BGL2.Z/..CP1/2�GL2.R//=GL2.Z/ .explicit quotient/(1-3-5)

' .BGL2.Z/�BGL2.Z/..CP1/2�GL2.R//=GL2.Z//(1-3-6)

q.B.ZÌO.1//�BGL2.Z/..CP1/2�GL2.R//=GL2.Z//
qN .distribute � overq/

' ..CP1/2�GL2.R/=GL2.Z//q..CP1/2�GL2.R/=ZÌO.1//
qN .base change/(1-3-7)

' ..CP1/2=�.GL2.R/=GL2.Z/
//q..CP1/2=�.GL2.R/=ZÌO.1//

/qN .by Lemma A.0.2/(1-3-8)

' ..CP1/2=Braid3
/q..CP1/2=Z�BZ/qN : .explicit identifications/(1-3-9)

The bottom horizontal map in Observation 1.3.3 reveals that the action Z2 �GL2.R/Ô T2 Ì GL2.Z/

can be identified as the diagonal action of the action

(1-3-10) .T2 Ì GL2.Z//
op pr
�! GL2.Z/

op .�/T
���! GL2.Z/ Õ

standard
Z2

together with the action

.T2 Ì GL2.Z//
op pr
�! GL2.Z/

op include
����! GL2.R/

op Õ
right mult

GL2.R/:

The equivalence (1-3-2) identifies the T2ÌGL2.Z/–quotient as the T2–quotient followed by the GL2.Z/–
quotient. The equivalence (1-3-3) is a consequence of the T2–action being trivial on both factors. The
equivalence (1-3-4) is an instance of the general base-change identity .X �Y /=G ' .X=G/�BG .Y=G/.
The equivalence (1-3-5) is the orbit-stabilizer theorem, as we explain. By Observation 1.3.4, two
elements

�
u
v

�
;
�

s
t

�
2Z2 are in the same (1-3-10)–orbit if and only if their greatest common divisors agree:

gcd.u; v/D gcd.s; t/ 2 Z�0. In particular, there is a bijection between the set of (1-3-10)–orbits and the
subset

Z�0 Š

��
g

0

��
� Z2:
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Furthermore, the stabilizer of
�

g
0

�
2 Z2 with respect to the action GL2.Z/

op .�/T
���! GL2.Z/Õ Z2 is

StabGL2.Z/op

��
g

0

��
D

8̂<̂
:

GL2.Z/
op if g D 0;("

1 0

c d

#)op

Š .Z Ì O.1//op if g ¤ 0:

Therefore,

Z2
=GL2.Z/ '

a
g2Z�0

B StabGL2.Z/op

��
g

0

��
' BGL2.Z/qB.Z Ì O.1//qN :

The equivalence (1-3-6) is the distribution of � over q. The equivalence (1-3-7) is an instance of the
general base-change identity X=H ' BH �BG X=G . The equivalence (1-3-9) is a direct application of
Proposition 0.1.1 for the 0–cofactor, and for each other cofactor it is an application of Proposition 0.1.1,
then a consequence of the diagram (1-3-1) of pullbacks among spaces.

For ' 2 Fr.T2/ a framing of the torus, consider the orbit map of ' for this continuous action of
Lemma 1.3.1:

Orbit' W Imm.T2/
.constant' ;id/
��������! Fr.T2/� Imm.T2/ Act

��! Fr.T2/; f 7! Act.'; f /:

Recall Notation 1.2.3.

Observation 1.3.6 After Observation 1.3.3, for each framing ' 2 Fr.T2/, the orbit map for ' fits into a
solid diagram among topological spaces:

Diff.T2/ //

H1

&&

Imm.T2/
Orbit'

//

H1

%%

Fr.T2/

Corollary 1.2.2'

��

GL2.Z/ // E2.Z/
A7!.AT E';B'A/

// Z2 �GL2.R/

T2 Ì GL2.Z/

Aff

OO

//

pr

88

T2 Ì E2.Z/

Aff

OO

pr

99

The existence of the fillers follows from Observation 1.1.4.

Remark 1.3.7 The point–set fiber of Orbit' over ', which is the point–set stabilizer of the action
Fr.T2/Ô Imm.T2/ of Lemma 1.3.1, consists of those local diffeomorphisms f for which the diagram
among vector bundles

�T2

'
//

Df
��

�2
T2

f ��T2

f �'
// f ��2

T2
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commutes. For a generic framing ', a local diffeomorphism f satisfies this rigid condition if and
only if f D idT2 is the identity diffeomorphism. In the special case of the standard framing '0, a local
diffeomorphism f satisfies this rigid condition if and only if f D transf .0/ıquot is translation in the group
T2 after a group-theoretic quotient T2 quotient

����! T2. In particular, the point–set fiber of .Orbit'0
/jDiff.T2/

over '0 is T2, and the homomorphism T2 ,!Diff.T2/ witnesses the inclusion of those diffeomorphisms
that strictly fix '0.

On the other hand, the homotopy fiber of Orbit'0
over '0 is more flexible. It consists of pairs .f; 
 / in

which f is a local diffeomorphism and 
 is a homotopy

'0


� Act.'0; f /:

As we will see, every orientation-preserving local diffeomorphism f admits a lift to this homotopy fiber.
In particular, small perturbations of such f , such as multiplication by bump functions in neighborhoods
of T2, can be lifted to this homotopy fiber.

Definition 1.3.8 Let ' 2 Fr.T2/ be a framing of the torus. The space of framed local diffeomorphisms,
and the space of framed diffeomorphisms, of the framed smooth manifold .T2; '/ are respectively the
pullbacks in the1–category Spaces

Immfr.T2; '/ //

��

Imm.T2/

Orbit'
��

�
h'i

// Fr.T2/

and

Difffr.T2; '/ //

��

Diff.T2/

Orbit'
��

�
h'i

// Fr.T2/

In the case that the framing ' D '0 is the standard framing, we simply define

Immfr.T2/ WD Immfr.T2; '0/ and Difffr.T2/ WD Difffr.T2; '0/:

The next result follows directly from Lemma A.0.1 and Proposition 1.3.5(1).

Corollary 1.3.9 Let ' 2 Fr.T2/ be a framing. The space Difffr.T2; '/ is canonically endowed with
the structure of a continuous group over Diff.T2/. With respect to this structure , there is a canonical
identification given by Proposition 1.3.5(1) between continuous groups:

Difffr.T2; '/'�Œ'�M
fr
1 '

�
�..CP1/2=Braid3

/' T2 Ì Braid3 if E' D E0;
�..CP1/2=Z �BZ/' .T2 Ì Z/�Z if E' ¤ E0:

Observation 1.3.10 The kernel of ˆ acts by rotating the framing, which is to say there is a canonically
commutative diagram among continuous groups

Z

Šh.�1�2/
6i

��

'
// �1 GL2.R/

�.A7!A�'0/
// �'0

Fr.T2/

��

Ker.ˆ/ // Braid3
Afffr

// Difffr.T2/
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Here Afffr is defined in Lemma 1.4.3. Indeed, there is a canonically commutative diagram among spaces,
in which each row is an �–Puppe sequence,

Ker.ˆ/ //

��

Braid3
ˆ

//

Afffr

��

GL2.Z/
R˝Z

//

Aff
��

GL2.R/

rotate the framing '0

��

�'0
Fr.T2/ // Difffr.T2/ // Diff.T2/

Orbit'0
// Fr.T2/

1.4 Proof of Theorem X and Corollary 0.1.4

Theorem X consists of three statements. Theorem X(1) is implied by Proposition 1.3.5. Theorem X(2)(a)
is implied by Corollary 1.3.9. Theorem X(2)(b), as well as Theorem X(2)(a), is implied by Lemma 1.4.3.

Notation 1.4.1 Let Ev D
�

p
q

�
2 Z2 and r 2 Z. Define the matrices

UEv WD

�
1Cyz z2

�u2 1�yz

�T

and DEv;r WD

�
1C .r � 1/xy �.r � 1/xz

.r � 1/wy 1C .r � 1/wz

�T

for some w; z;y; z 2 Z that solve

(1-4-1) wpCxq D gcd.p; q/� 0; ypC zq D 0 and wz�xy D 1:

Denote the semidirect continuous group and continuous monoid by

T2 ÌUEv
Z and T2 ÌDEv;UEv

.N� Ë Z/;

given through the actions on the continuous group T2

Z
b 7!U b

Ev
����! SL2.Z/Õ T2 and Z Ì N�

.b;d/7!U b
Ev

DEv;d
�����������! E2.Z/Õ T2:

Remark 1.4.2 Observation 1.3.4 ensures the existence of a solution to (1-4-1). Observation 1.3.4 also
implies, for U 0

Ev
and D0

Ev;r
defined by another choice of solution to (1-4-1), that U 0

Ev
and D0

Ev;r
are respectively

canonically conjugate with UEv and DEv;r , and therefore the continuous groups and continuous monoids
are respectively canonically identified:

T2 ÌUEv
Z' T2 ÌU 0

Ev
Z and T2 ÌUEv;DEv

.Z Ì N�/' T2 ÌU 0
Ev
;D0
Ev
.Z Ì N�/:

The next result extends Corollary 1.3.9 from an assertion about Difffr.T2; '/ to one about Immfr.T2; '/.
Recall Notation 1.2.3.

Lemma 1.4.3 Let ' 2 Fr.T2/ be a framing of the torus.

(1) If E' D E0, then there are canonical equivalences in the diagrams among continuous monoids

(1-4-2)

T2 Ì zEC2 .Z/
'

Afffr
//

idÌ‰
��

Immfr.T2; '/

forget
��

T2 Ì E2.Z/
'

Aff
// Imm.T2/

and

T2 Ì Braid3
'

Afffr
//

idÌˆ
��

Difffr.T2; '/

forget
��

T2 Ì GL2.Z/
'

Aff
// Diff.T2/
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(2) If E' ¤ E0, then there are canonical equivalences in the diagrams among continuous monoids

.T 2 ÌUE' ;DE'
.Z Ì N�//�Z

'

Afffr
//

idÌ..b;d;k/7!U b
E'

DE';d /

��

Immfr.T 2; '/

forget

��

T 2 Ì E2.Z/
'

Aff
// Imm.T 2/

and

.T 2 ÌUE'
Z/�Z

'

Afffr
//

idÌ..b;k/7!U b
E'
/

��

Difffr.T 2; '/

forget

��

T 2 Ì GL2.Z/
'

Aff
// Diff.T 2/

Proof Using Observation 1.1.1, the canonical equivalences in the commutative diagrams on the right
follow from those on the left.

Consider the diagrams in the1–category Spaces, which make use of Notation 1.2.3:

(1) For E' D E0,

T2 Ì zEC2 .Z/

idÌ‰
��

pr
// zEC2 .Z/

‰

��

!
// �

h. E';B'/i

��

T2 Ì E2.Z/

Aff '
��

pr
// E2.Z/

A7!.A E';B'A/

// Z2 �GL2.R/

Corollary 1.2.2'

��

Imm.T2/
Orbit'

// Fr.T2/

(2) For E' ¤ E0,

.T2 ÌUE' ;DE'
.Z Ì N�//�Z

pr
��

pr
// .Z Ì N�/�Z

pr

��

!
// �

h.�;B'/i

��

T2 ÌUE' ;DE'
.Z Ì N�/

idÌ..b;d/7!U b
E'

DE';d /

��

pr
// Z Ì N�

.b;d/ 7!U b
E'

DE';d

��

.b;d/ 7!B'U b
E'

DE';d
// ��GL2.R/B'

h E'i�inc
��

T2 Ì E2.Z/

Aff '
��

pr
// E2.Z/

A7!.AT E';B'A/

// Z2 �GL2.R/

Corollary 1.2.2'

��

Imm.T2/
Orbit'

// Fr.T2/

where GL2.R/B' � GL2.R/ is the path-component containing B' 2 GL2.R/.

By Observation 1.3.6, each bottom rectangle canonically commutes. Lemma 1.1.2 and Corollary 1.2.2
together imply each of these bottom rectangles witnesses a pullback. Each of the top left squares, as well
as the middle left square in the lower diagram, is clearly a pullback. Corollary B.2.2 states that the top
right square in the upper diagram is a pullback. Provided the top right and middle right squares in the
lower diagram are pullbacks, we would then conclude that each of the outer squares witnesses a pullback.
The result would then follow by Definition 1.3.8 of Immfr.T2; '/.
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So it remains to show that the top right and middle right squares in the lower diagram are pullbacks. The
paths of matrices

Œ0; 1� 3 t 7!

�
1C tcd tz2

�ty2 1� tyz

�T

;

�
1C t.r � 1/xy �t.r � 1/xz

t.r � 1/wy 1C t.r � 1/wz

�T

2 GL2.R/;

determine an identification of the named map Z Ì N�!GL2.R/ with the constant map at B' . Together
with the standard identification Z ' �B' GL2.R/, this shows that the top right square in the lower
diagram is a pullback. The middle right square of the lower diagram is a pullback because the map

Z Ì .ZX f0g/! StabE2.Z/
op. E'/ given by .b; d/ 7!

��
w x

y z

��1 �
1 b

0 d

� �
w x

y z

��T

D U b
E'
D E';d

is an isomorphism between monoids, where w;x;y; z 2 Z are as in Notation 1.4.1.

By applying the product-preserving functor Spaces �0
�! Sets, Lemma 1.4.3 implies the following:

Corollary 1.4.4 There is a canonical isomorphism in the diagram of groups

Braid3
Š
//

ˆ

��

MCGfr.T2/

forget
��

GL2.Z/
Š
// MCG.T2/

Remark 1.4.5 Proposition 0.1.1 and Corollary 1.4.4 grant a central extension among groups:

1! Z!MCGfr.T2/!MCGor.T2/! 1:

Proof of Corollary 0.1.4 By construction, the diagram among spaces

T2 Ì E2.Z/
'

Corollary 1.1.5
//

pr
%%

Imm.T2/

ev0
zz

T2

canonically commutes, in which the left diagonal map is projection, and the right diagonal map evaluates
at the origin 0 2 T2. Therefore, upon taking fibers over 0 2 T2, the (left) commutative diagram (1-4-2)
among continuous monoids determines the commutative diagram among commutative monoids

zEC2 .Z/
'

//

��

Immfr.T2 rel 0/

��

E2.Z/
'

Corollary 1.1.5
//

R˝Z %%

Imm.T2 rel 0/

D0ww

GL2.R/
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in which the map R˝Z is the standard inclusion, and D0 takes the derivative at the origin 0 2 T2. To
finish, Corollary B.2.2 supplies the left pullback square in the following diagram among continuous
groups, while the right pullback square is definitional:

Braid3
//

��

�

��

Diff.T2 XB2 rel @/oo

��

GL2.Z/
R˝Z

// GL2.R/ Diff.T2 rel 0/
D0

oo

1.5 Comparison with sheering

We use Theorem X(2) to show that Difffr.T2/ is generated by sheering. We quickly tour through some
notions and results, which are routine after the above material.

Notation 1.5.1 It will be convenient to define the projection T2 pri��! T to be projection off of the i th

coordinate. So for T2 3 p D .xp;yp/, we have pr1.p/D yp and pr2.p/D xp.

Let i 2 f1; 2g. Consider the topological subgroup and topological submonoid

Diff.T2 pri��! T /� Diff.T2/ and Imm.T2 pri��! T /� Imm.T2/;

consisting of those (local) diffeomorphisms T2 f
�!T2 that lie over some (local) diffeomorphism T

Nf
�!T :

(1-5-1)
T2 f

//

pri

��

T2

pri

��

T
Nf
// T

The topological space of framings of T2 pri��! T is the subspace

Fr.T2 pri��! T /� Fr.T2/

consisting of those framings �T2
'
�! �2

T2 that lie over a framing �T
N'
�! �1

T :

(1-5-2)

�T2

'

Š
//

Dpri

��

�2
T2

pri�pri

��

�T
N'

Š
// �1

T

Because pri is surjective, for a given ' there is a unique N' as in (1-5-2), if any. Better, ' 7! N' defines a
continuous map

(1-5-3) Fr.T2 pri��! T /! Fr.T / given by ' 7! N':

Notice that the continuous right-action Act of Lemma 1.3.1 evidently restricts as a continuous right-action

Fr.T2 pri��! T /Ô Imm.T2 pri��! T /:

Algebraic & Geometric Topology, Volume 24 (2024)



Natural symmetries of secondary Hochschild homology 1983

Furthermore, (1-5-3) is evidently equivariant with respect to the morphism between topological monoids
Imm.T2 pri��! T /

forget
���! Imm.T /:

.Fr.T2 pri��! T /Ô Imm.T2 pri��! T //
forget
���! .Fr.T /Ô Imm.T //; ' 7! N':

Now let ' 2 Fr.T2 pri��! T / be a framing of the projection. The orbit of ' by this action is the map

Orbit' W Imm.T2 pri��! T /! Fr.T2 pri��! T / given by f 7! Act.'; f /:

The space of framed local diffeomorphisms, and the space of framed diffeomorphisms, of .T2 pri��! T ; '/

are respectively the homotopy pullbacks among spaces

Immfr.T2 pri��! T ; '/ //

��

Imm.T2 pri��! T /

Orbit'
��

�
h'i

// Fr.T2 pri��! T /

and

Difffr.T2 pri��! T ; '/ //

��

Diff.T2 pri��! T /

Orbit'
��

�
h'i

// Fr.T2 pri��! T /

As in Observation 1.2.1, the topological space Fr.T2 pri��! T / is a torsor for the topological group
Map.T2;GLfig�2.R// of smooth maps from T2 to the subgroup

GLfig�2.R/ WD fA jAEei 2 SpanfEeigg � GL2.R/

consisting of those 2� 2 matrices that carry the i th–coordinate line to itself. For each i D 1; 2, define the
intersections in GL2.R/

SL2.Z/ //

��

GL2.Z/

��

EC2 .Z/ // E2.Z/

�\GLfig�2.R/
7���������!

SLfig�2.Z/ //

��

GLfig�2.Z/

��

EC
fig�2

.Z/ // Efig�2.Z/

Lemma 1.5.2 For each iD1; 2, the homotopy equivalences between continuous monoids of Lemma 1.1.2
and Corollary 1.1.5 restrict as homotopy equivalences between continuous monoids:

T2 Ì GLfig�2.Z/

inclusion
��

Affi

'
// Diff.T2 pri��! T /

inclusion
��

T2 Ì GL.Z/ Aff
'

// Diff.T2/

and

T2 Ì Efig�2.Z/

inclusion
��

Affi

'
// Imm.T2 pri��! T /

inclusion
��

T2 Ì E2.Z/
Aff
'

// Imm.T2/

Proof Via the involution †2 Õ T2 that swaps coordinates, the case in which i D 1 implies the case in
which i D 2. So we only consider the case in which i D 1.

The left homotopy equivalence is obtained from the right homotopy equivalence by restricting to maximal
continuous subgroups. So we are reduced to establishing the right homotopy equivalence. Direct inspection
reveals the indicated factorization Aff1 of the restriction of Aff to T2 Ì Ef1g�2.Z/� T2 Ì E2.Z/. So we
are left to show that Aff1 is a homotopy equivalence.
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Projection to the .1; 1/–entry defines a morphism between monoids, with kernel K WD
˚�

1
0

b
d

�
2Ef1g�2.Z/

	
,

which fits into a split short exact sequence of monoids:

1 // K // Ef1g�2.Z/
.1;1/–entry

// .ZX f0g/� //

�
a
0

0
1

�
7!a

ss
1

Now, because pr1 is surjective, for a given f 2 Imm.T2 pri��! T / there is a unique Nf 2 Imm.T / as in
(1-5-1). Better, Imm.T2 pri��! T / 3 f 7! Nf 2 Imm.T / defines a forgetful morphism between topological
monoids, whose kernel can be identified as the topological monoid of smooth maps from T to Imm.T /
with valuewise monoid-structure. This is to say there is a bottom short exact sequence of topological
monoids which splits as indicated:

(1-5-4)
1 // T Ì K

��

.id;h0i/Ìinclusion
// T2 Ì Ef1g�2.Z/

Aff1

��

pr1Ì.1;1/�entry
// T Ì .ZX f0g/�

��

//

�
.0;z/;

�
a
0

0
1

��
7!.z;a/

rr
1

1 // Map.T ; Imm.T // // Imm.T2 pr1��! T /
f 7! Nf

// Imm.T / //

idT�f 7!f

rr
1

Direct inspection of the definition of Aff reveals the downward factorizations making the commutative
diagram (1-5-4) among topological monoids. By the isotopy-extension theorem, the bottom short exact
sequence among topological monoids forgets as a short exact sequence among continuous monoids. Using
Lemma A.0.4, the proof is complete upon showing that the left and right downward maps are equivalences
between spaces. It is routine to verify that the map Imm.T / .ev0;H1.�//

��������! T Ì .ZX f0g/� is a homotopy
inverse to the right downward map in (1-5-4).

Now observe that the left downward morphism in (1-5-4) fits into a diagram between short exact sequences
of continuous monoids:

1 // Z

��

b 7!h0iÌ
�

1
0

b
1

�
// T Ì K

��

idÌ.2;2/�entry
// T Ì .ZX f0g/�

��

//

�
z;
�

1
0

0
d

��
7!.z;d/

rr

1

1 // Map..0 2 T /; .id 2 Imm.T ///
forget

// Map.T ; Imm.T // ev0

// Imm.T / //

constantf 7!f

rr

1

The right downward map here is a homotopy equivalence, in the same way the right downward map
in (1-5-4) is a homotopy equivalence. Through this right downward identification of Imm.T /, the left
downward map is a homotopy equivalence, with inverse given by taking �1. Using Lemma A.0.4, we
conclude that the middle downward map is a homotopy equivalence, as desired.

The Gram–Schmidt algorithm witnesses a deformation-retraction onto the inclusion from the intersection
in GL2.R/:

O.1/2 D O.1/�O.1/D O.2/\GLfig�2.R/
',�! GLfig�2.R/:
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Observation 1.5.3 For each i D 1; 2, the sequence of homotopy equivalences among topological spaces
of Corollary 1.2.2, determined by a framing ' 2 Fr.T2 pri��! T / restricts as a sequence of homotopy
equivalences among topological spaces:

Fr.T2 pri��! T / Š �Map.T2;GLfig�2.R//
'
�!Map..0 2 T2/; .1 2 GLfig�2.R///�GLfig�2.R/

' �Map
�
.0 2 T2/; .C1 2 O.1//2

�
�O.1/2 ' O.1/2:

Observation 1.5.4 For each i D 1; 2, and each framing ' 2 Fr.T2 pri��!T /, the following diagram among
topological spaces commutes:

T2 Ì Efig�2.Z/
Affi

//

.sign of .1;1/–entry;sign of .2;2/–entry/ıproj
��

Imm.T2 pri��! T /

Orbit'
��

O.1/2 Fr.T2 pri��! T /
Observation 1.5.3
oo

For each i D 1; 2, the action Z
hUi i
���! Efig�2.Z/ Õ T2 as a topological group defines the topological

submonoid
T2 ÌUi

Z� T2 Ì Efig�2.Z/:

After Lemma 1.5.2 and Observation 1.5.3, Observation 1.5.4 implies the following:

Corollary 1.5.5 For each iD1; 2, and each framing ' 2Fr.T2 pri��!T /, there are canonical identifications
among continuous monoids over the identification Affi ,

T2 ÌUi
Z

'

Afffr
i
//

idÌh�i i

��

Difffr.T2 pri��! T ; '/

forget
��

T2 Ì Braid3
'

Lemma 1.4.3
// Difffr.T2; '/

and

T2 Ì Efig�2.Z/ '

Afffr
i
//

idÌhAinclusioni
��

Immfr.T2 pri��! T ; '/

forget
��

T2 Ì zEC2 .Z/
'

Lemma 1.4.3
// Immfr.T2; '/

We now explain how the presentation (0-1-1) of Braid3 gives a presentation of the continuous group
Difffr.T2/. Observe the canonically commutative diagram among continuous groups

T2 //

��

Difffr.T2 pr1��! T /

��

Difffr.T2 pr2��! T / // Difffr.T2/

which results in a morphism from the pushout,

Difffr.T2 pr1��! T /qT2 Difffr.T2 pr2��! T /! Difffr.T2/:

Recall the element R 2 GL2.Z/ from (B-2-1). The two homomorphisms Z
h�1�2�1i
�����!
h�2�1�2i
�����! ZqZ determine

two morphisms among continuous groups under T2:

(1-5-5) T2ÌRZ
idÌh�1�2�1i
��������!
idÌh�2�1�2i
��������!T2ÌU1;U2

.ZqZ/ '�!Difffr.T2 pr1��!T /qT2Difffr.T2 pr2��!T /!Difffr.T2/:
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Corollary 1.5.6 The diagram (1-5-5) among continuous groups under T2 witnesses a coequalizer.

Proof The presentation (0-1-1) of Braid3 gives a coequalizer diagram among groups:

Z
h�1�2�1i
�����!
h�2�1�2i
�����! ZqZ

h�1 and �2i
�������! Braid3:

Taking semidirect products with respect to the action Braid3
ˆ�! GL2.Z/Õ T2 results in a coequalizer

diagram among continuous groups:

T2 ÌR Z
idÌh�1�2�1i
��������!
idÌh�2�1�2i
��������! T2 ÌU1;U2

.ZqZ/
idÌh�1 and �2i
���������! T2 Ì Braid3:

The result then follows from Corollary 1.5.5.

Proof of Corollary 0.1.5 Consider the diagram among1–categories

ModDifffr.T2/.X/
oo

ModDifffr.T2/.X/

��

oo

ModT2ÌU1
Z.X/�Mod

T2 .X/
ModT2ÌU2

Z.X/
.idÌh�1�2�1i/

��.idÌh�2�1�2i/
�

oo

ModT2.X/hU1;U2i oo

' Proposition A.0.5

OO

ModT2.X/hRi

' Proposition A.0.5

��

ModT2ÌRZ.X/

diagonal

��

ModT2ÌRZ.X/�Mod
T2 .X/

ModT2ÌRZ.X/

ModT2.X/hR;Ri

' Proposition A.0.5

OO

Corollary 1.5.6 implies the middle square is a pullback. Via Proposition A.0.5, which identifies modules
for a semidirect product in terms of invariants, the top and bottom squares are pullbacks. Therefore, the
outer square is a pullback, as desired.

2 Natural symmetries of secondary Hochschild homology

Conventions (1) We fix a symmetric monoidal 1–category V, and assume it is ˝–presentable
(meaning the underlying1–category V is presentable, and ˝ distributes over colimits separately
in each variable).

(2) In this section, we apply the results from above only to the case of the standard framing '0 of the
2–torus T2. So we suppress the framing '0 from all notation, while regarding T2 as a framed
2–manifold.

Example 2.0.1 For k a commutative ring, take

.V;˝/D .ChkŒfquasi-isosg�1�;˝L
k/

to be the1–categorical localization of chain complexes over k on quasi-isomorphisms, with derived
tensor product over k presenting the symmetric monoidal structure. More generally, for R a commutative
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ring spectrum, take .V;˝/ WD .ModR;^R/ to be the1–category of R–module spectra and smash product
over R as the symmetric monoidal structure.

2.1 Hochschild homology of an associative algebra

Let A be an associative algebra in V.

Recall the paracyclic category �	, introduced by Getzler and Jones. An object is a linearly ordered set I

with finite intervals, equipped with an order-preserving action Z Õ I with the property that i < 1 � i for
each i 2 I ; a morphism is a Z–equivariant map between linearly ordered sets. Here are some standard
facts about the paracyclic category; see, for instance, [Lurie 2015, Section 4.2].

(1) There is a canonical equivalence

Homsurj
LinOrd.�; Œ1�/ W�	

op '�!�	;

whose value on .Z Õ I/ is the set of surjective maps between linearly ordered sets from I to Œ1�, equipped
with inherited linear order and residual Z–action.

(2) The Z–action on each object in �	, and the Z–equivariance of each morphism in �	, assemble as
an action

BZ Õ �	 :

(3) There is a standard functor �
Œp� 7!Œp�?Z

�������!�	, whose value on a nonempty finite linearly ordered set
is its Z–fold join, as it is equipped with the Z–action given by translating joinands. The resulting functor

�op
!�	

op
'�	

is final.

Recall from [Loday 1992] Connes’ cyclic category ƒ in which an object is a cyclically ordered nonempty
finite set, and a morphism is a cyclic order-preserving map. For .Z Õ I/ 2 �	 an object, the Z–
coinvariants of the underlying set I=Z canonically retain a cyclic order; this association assembles as
a functor

�	!ƒ given by .Z Õ I/ 7! I=Z:

This functor witnesses the BZ–coinvariants:

�	=BZ
'�!ƒ:

Recall from [Boardman and Vogt 1973] an explicit description of the symmetric monoidal envelope
Env˝.Assoc/ of the associative operad.12 There is a canonical functor

�	! Env˝.Assoc/

12Specifically, an object is a finite set; a morphisms from I to J is a map between finite sets I
f
�! J together with a linear

order on f �1.j / for each j 2 J ; composition is composition of maps between finite sets together with joins of finite sets; the
symmetric monoidal structure is given by disjoint unions of finite sets.
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whose value on an object .Z Õ I/ 2 �	 is the quotient set I=ZZ , and whose value on a morphism
.Z Õ I/

f
�! .Z Õ J / in �	 is the induced map between quotient sets I=Z

f=Z
��! J=Z together with the

linear order on f �1
=Z .Œj �/ inherited through the canonical bijection I � f �1.j /

bijection
�����! f �1

=Z .Œj �/ for
some (any) choice of j 2 Œj � 2 J=Z. Evidently, this functor is canonically BZ invariant, thus canonically
factoring through the BZ–coinvariants:

�	=BZ 'ƒ! Env˝.Assoc/:

In particular, each associative algebra A in V determines a composite functor

Barcyc
� .A/ W�

op
!�	!ƒ! Env˝.Assoc/ A�! V;

which is the cyclic bar construction (of A). The Hochschild homology (of A) (in V) is the geometric
realization of this simplicial object:

HH.A/ WD HHV.A/ WDA˝Aop˝A A' jBarcyc
� .A/j 2 V:

This construction is evidently functorial in the argument A:

AlgAssoc.V/
HH��! V:

Using finality of �op!�	, the action T ' BZ Õ �	 determines an action T Õ HH.A/, which is
Connes’ cyclic operator [1983]. This action is evidently functorial in the argument A:

(2-1-1)

ModT .V/

forget
��

AlgAssoc.V/
HH

//

HH
77

V

When working over the sphere spectrum (which is to say VD .Spectra;^/) so that HHSpectra.A/DTHH.A/
is topological Hochschild homology, Bökstedt, Hsiang and Madsen [Bökstedt et al. 1993] extend this
T–action as a cyclotomic structure on THH.A/. In [Ayala et al. 2017c] it is demonstrated how this
cyclotomic structure on THH.A/ is derived from an action of the continuous monoid T Ì N� on the
unstable version HHSpaces.A/.

Below, we prove Theorem Y.1, which constructs a canonical .T2ÌBraid3/–action on HH.2/.A/, which
is functorial in the 2–algebra A. We then prove Theorem Y.2, which, in the case that VD .Spaces;�/,
extends this action to one by the continuous monoid T2 Ì zEC2 .Z/.

2.2 Secondary Hochschild homology of 2–algebras

In order for the Hochschild homology construction to be twice-iterated, we endow the entity A 2 V with
an algebra structure among algebras.

Definition 2.2.1 The1–category of 2–algebras (in V) is

Alg2.V/ WD AlgAssoc.AlgAssoc.V//:
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Example 2.2.2 A commutative algebra AD .A; �/ in V determines the 2–algebra .A; �; �/ in V. This
association assembles as a functor

CAlg.V/! Alg2.V/;

thus supplying a host of examples of 2–algebras.

Observation 2.2.3 Using that the tensor product of operads is defined by a “hom-tensor” adjunction,
there is a canonical equivalence between1–categories

AlgAssoc˝Assoc.V/' Alg2.V/:

In particular, swapping the two tensor-factors supplies an involution

†2 Õ Alg2.V/:

Remark 2.2.4 After Observation 2.2.3, a 2–algebra in V is an object A2V together with two associative
algebra structures �1 and �2 on A, and compatibility between them which can be stated as either of the
two equivalent structures

� a lift of the morphism A˝A
�2
��!A in V to a morphism .A; �1/˝.A; �1/

�2
��! .A; �1/ in AlgAssoc.V/,

� a lift of the morphism A˝A
�1
��!A in V to a morphism .A; �2/˝.A; �2/

�1
��! .A; �2/ in AlgAssoc.V/.

Example 2.2.5 Consider the operad E2 of little 2–disks. There is a standard morphism between operads
Assoc˝Assoc! E2; see [Dunn 1988]. Through Observation 2.2.3, restriction along this morphism
defines a functor between1–categories

(2-2-1) AlgE2
.V/! Alg2.V/;

thus supplying some rich examples of 2–algebras. For instance, for k a commutative ring, a braided-
monoidal k–linear category R is a 2–algebra in the .2; 1/–category of k–linear categories. Specifically,
for G a simply connected reductive algebraic group over C, a choice of Killing form on its Lie algebra g

determines the quantum group Uqg, and thereafter the braided-monoidal category Repq.G/ (for generic q).
(See [Chari and Pressley 1994], for instance.)

Theorem 2.2.6 (Dunn’s additivity [1988]; see also [Lurie 2017, Theorem 5.1.2.2]) The functor (2-2-1)
is an equivalence between1–categories.

Remark 2.2.7 The action O.2/Õ Alg2.V/ of Corollary 0.2.8, afforded by Theorem 2.2.6, extends the
evident .†2oO.1//–action which swaps the two associative algebra structures (as the †2–factor) and
takes opposites of the two associative algebra structures (as the two O.1/–factors).

Definition 2.2.8 Secondary Hochschild homology is the composite functor, given by twice-iterating
Hochschild homology,

HH.2/ W Alg2.V/ WD AlgAssoc.AlgAssoc.V//
HH��! AlgAssoc.V/

HH��! V;

.A; �1; �1/ 7! .HH.A; �1/;HH.�2// 7! HH.HH.A; �1/;HH.�2//:
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The canonical lift (2-1-1) supplies, for each 2–algebra A in V, two commuting actions T Õ HH.2/.A/,
functorially in the argument A:

(2-2-2)

ModT2.V/

��

Alg2.V/
HH.2/

//

HH.2/
88

V

2.3 Comparison with factorization homology

Let n � 0. Recall from [Ayala and Francis 2015] the symmetric monoidal1–category Mfldfr
n whose

objects are (finitary) framed n–manifolds, whose spaces of morphisms are spaces of framed embeddings
between them, and whose symmetric monoidal structure is given by disjoint union. Let M be a framed
n–manifold. Consider the full1–subcategories

Diskfr
n

�,!Mfldfr
n  - BDifffr.M /;

respectively consisting of those framed n–manifolds each of whose connected components is equivalent
with Rn, and of those framed n–manifolds that are equivalent with M . The left full1–subcategory is
closed with respect to the symmetric monoidal structure. Restriction along these full1–subcategories
determines the solid diagram among1–categories

(2-3-1)
AlgEn

.V/ ' � Fun˝.Diskfr
n ;V/

R
((

Fun˝.Mfldfr
n ;V/

restrict
//

restrict
oo Fun.BDifffr.M /;V/'ModDifffr.M /.V/:

Factorization homology is defined as the left adjoint to the leftward restriction functor, indicated by the
dashed arrow; factorization homology over the torus, as it is endowed with a canonical Difffr.M /–action,
is the rightward composite functor

(2-3-2)
Z

M

W AlgEn
.V/!ModDifffr.M /.V/:

Proposition 2.3.1 There is a canonical equivalence

HH'
Z

T
in Fun.AlgAssoc.V/;ModT .V//:

Proof Recall from [Ayala and Francis 2015] the functor between1–categories Diskfr
1=S1

forget
���! Diskfr

1 .
Both of these a priori1–categories are ordinary categories. Through [Lurie 2017, Example 5.1.0.7], taking
path-components defines an equivalence between1–operads E1! Assoc. Proposition 2.12 of [Ayala
et al. 2017b] states an identification between symmetric monoidal1–categories Env˝.E1/

'�! Diskfr
1 .

Consequently, taking path-components of disjoint unions of Euclidean spaces defines an equivalence
between symmetric monoidal1–categories:

�0 W Diskfr
1 ' Env˝.E1/

'�! Env˝.Assoc/:
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Similarly, taking path-components of disjoint unions of Euclidean spaces while remembering cyclic
orders from S1 defines a .T'BZ/–equivariant equivalence between1–categories filling the diagram
among1–categories

Diskfr
1=S1

'�0
��

forget
// Diskfr

1

'�0

��

�op final
// �	

inclusion
// �	

G // Env˝.Assoc/

In particular, there is a commutative diagram among1–categories

(2-3-3)

.�	/=T //

''

.�	
G/=T

��

.Diskfr
1=S1/=T

'
oo

vv

Env˝.Assoc/

We now explain the diagram among1–categories
Fun.Diskfr

1=S1 ;V/
T

colim

''
AlgAssoc.V/' Fun˝.Env˝.Assoc/;V/ // Fun.Env˝.Assoc/;V/ //

55

))

Fun.�	G;V/T

��

'

OO

colim
// VT

'

��

Fun.�	;V/T
colim

77

ModT .V/

The rightward functor on the left is the forgetful functor from symmetric monoidal functors to functors
between underlying1–categories. The equivalence on the left is the universal property of symmetric
monoidal envelopes. Restriction along the diagram (2-3-3) defines the two triangles involving unlabeled
functors, where the superscript denotes the T–invariants with respect to the action on the domain-argument
of each functor1–category. The functors labeled by colim are given by taking colimits. The right vertical
equivalence is definitional, using that the T–action on V is understood as trivial. The upper right triangle
commutes because the functor Diskfr

1=S1
'�!�	

G is an equivalence, and in particular final. Finality of
�op!�	, together with the fact that � has a final object, implies the1–groupoid-completion of �	 is
contractible. This implies the functor �	 ,!�	

G is final, which proves that the lower triangle commutes.

To finish, the definition of
R

T is the upper composite functor, while the definition of HH is the lower
composite functor.

Corollary 2.3.2 There is a canonical equivalence

HH.2/ '
Z

T2

in Fun.Alg2.V/;ModT2.V//:

Proof The sought equivalence is a concatenation of the sequence of equivalences in the1–category
Fun.Alg2.V/;ModT2.V//,

HH.2/.�/' HH.HH.�//'
Z

T

�Z
T
.�/

�
'

Z
T2

.�/;
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which we now explain. The first equivalence is the definition of secondary Hochschild homology. The
second equivalence is two applications of Proposition 2.3.1. The third equivalence is a consequence of
the pushforward formula [Ayala and Francis 2015, Proposition 3.23].

Swapping the order of pushforward immediately implies the following:

Corollary 2.3.3 For A D .A; �1; �2/ a 2–algebra in V, the two iterations of Hochschild homology
canonically agree:

HH.HH.A; �1/;HH.�2//' HH.HH.A; �2/;HH.�1//:

2.4 Comparing sheers

Here we show the sheer symmetries of HH.2/ agree.

Consider the composite morphism between continuous groups

h�1iW Z ,! T2 ÌU1
Z

Aff1
��! Difffr.pr1/! Difffr.T2/:

Note that the composition Difffr.T2/! Diff.T2/ ' � T2 Ì GL2.Z/ carries �1 to the sheering matrix
U1 D

�
1
0

1
1

�
2 GL2.Z/.

Proposition 2.4.1 The diagram among1–categories

Alg2.V/

Z Õ
Sheer1

HH.2/

��

AlgE2
.V/

fgt1
oo

fgt2
//

R
T2

��

Alg2.V/

Z Õ

Sheer�1
2

HH.2/

��

ModZ.V/ ModDifffr.T2/.V/
h�2i
�

//
h�1i
�

oo ModZ.V/

canonically commutes. In other words , for each E2–algebra A in V, there are canonical identifications
between the two symmetries of HH.2/.A/,

(2-4-1) h�1i ' Sheer1 and h�2i ' Sheer�1
2 ;

functorially in A 2 AlgE2
.V/.

Proof By swapping the two coordinates of T2, commutativity of the left square implies commutativity
of the right square. So we only establish commutativity of the left square.

Notice that this diagram is functorial in the presentably symmetric monoidal1–category V. Therefore,
commutativity of this diagram for any presentably symmetric monoidal1–category V is implied by an
identification (2-4-1) in the case that the pair .A;V/ is initial among presentably symmetric monoidal
1–categories equipped with an E2–algebra.
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We first identify the initial presentably symmetric monoidal1–category equipped with an E2–algebra. Day
convolution supplies a symmetric monoidal structure on the1–category PShv.Diskfr

2/. By construction,
this symmetric monoidal 1–category is ˝–presentable. Also, the Yoneda embedding Diskfr

2
Yoneda
����!

PShv.Diskfr
2/ is canonically symmetric monoidal. Via the equivalence AlgE2

.V/ ' � Fun˝.Diskfr
2 ;V/, the

Yoneda functor is an E2–algebra in PShv.Diskfr
2/. Furthermore, it is initial among presentably symmetric

monoidal1–categories equipped with an E2–algebra. Indeed, for A 2 AlgE2
.V/ ' � Fun˝.Diskfr

2 ;V/

an E2–algebra in V, left Kan extension of A along the Yoneda functor is the unique colimit-preserving
symmetric monoidal filler:

Diskfr
2

Yoneda

yy

A

  

PShv.Diskfr
2/

LKE
// V

Recall the fully faithful symmetric monoidal functor Diskfr
2
��! Mfldfr

2 . The restricted Yoneda functor
associated to � is

Mfldfr
2

restricted Yoneda
����������! PShv.Diskfr

2/ given by M 7! HomMfldfr
2
.�;M /;

which is canonically symmetric monoidal. The definition of factorization homology is such that there is a
canonical morphism in Fun˝.Mfldfr

2 ;PShv.Diskfr
2//,

(2-4-2)
Z
�

Yoneda '�! HomMfldfr
2
.�;�/:

This morphism is an equivalence. Indeed, unpacking definitions and identifying presheaves with right
fibrations via the (un)straightening equivalence, the unstraightening of this morphism is a functor between
right fibrations over Diskfr

n : Z
�

Diskfr
n=Rn ! Diskfr

n=�:

As explained in Example 0.2.12, this functor is an equivalence. In particular, we have a canonical
composite equivalence

(2-4-3) HH.2/.Yoneda/'
Z

T2

Yoneda' HomMfldfr
2
.�;T2/ in PShv.Diskfr

2/;

given by Corollary 2.3.2 and (2-4-2), respectively. Also, the symmetric monoidal functor

HomMfldfr
2
.�;T ��/ W Diskfr

1
T�����!Mfldfr

2
restricted Yoneda
����������! PShv.Diskfr

2/

is the Hochschild homology of the 2–algebra in PShv.Diskfr
2/ underlying the E2–algebra �, as it is equipped

with its residual associative algebra structure:

(2-4-4) HH.Yoneda/'
Z

T�Rt�
Yoneda' HomMfldfr

2
.�;T �Rt�/ in AlgAssoc.PShv.Diskfr

2//:
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Now, taking mapping tori defines a map between pointed spaces Difffr.T /! BDifffr.T2/. Based loops
of this map is the morphism between continuous groups

h�1iW Z
'�!�T '�!�Difffr.T / �.mapping torus)

�����������! Difffr.T2/:

By construction of the morphism (0-2-4), this fills the diagram among continuous groups

Z

'

��

// Z

ww

Sheer1

{{

�Difffr.T /

�.mapping torus)
��

// �AutPShv.Diskfr
2
/.HomMfldfr

2
.�;T �R//

'

(2-4-4)
// �AutPShv.Diskfr

2
/.HH.�//

(0-2-4)
��

Difffr.T2/ // AutPShv.Diskfr
2
/.HomMfldfr

2
.�;T2//

'

(2-4-3)
// AutPShv.Diskfr

2
/.HH.2/.�//

Commutativity of the outer diagram is the sought identification (2-4-1) in the universal case.

2.5 Proof of Theorem Y.1 and Corollaries 0.2.5 and 0.2.10

We first explain the following diagram among1–categories:

(2-5-1)

Alg2.V/

Z Õ
Sheer1

HH.2/

��

AlgE2
.V/

'

fgt1oo
fgt2
'

//

R
T2

��

R
pr2

''

R
pr1

ww

Alg2.V/

Z Õ

Sheer�1
2

HH.2/

��

ModZ.V/

f
��

ModDifffr.pr1/
.V/

foo

f
''

ModDifffr.T2/.V/

f
��

f //foo ModDifffr.pr2/
.V/

f //

f
ww

ModZ.V/

f
��

V ModT2.V/
f //foo V

� The functors labeled “f” are restriction along the canonically commutative diagram among continuous
groups

Z
h�1i
// Difffr.pr1/

// Difffr.T2/ Difffr.pr2/
oo Z

h�2i
oo

�

OO

T2

OOff 88

oo // �

OO

in which, for each i D 1; 2, the morphism h�ii is the composite Z ,! T2 ÌUi
Z

Affi
��! Difffr.pri/. In

particular, each of the lower triangles canonically commutes.

� The functor
R

T2 is (2-3-2).

� For i D 1; 2, the functor
R

pri
is factorization homology over the circle T of the pushforward along

the projection T2 pri��! T off of the i th coordinate, as it is endowed with its canonical Difffr.pri/–action.
The pushforward formula

R
pri
'
R

T

R
T [Ayala and Francis 2015, Proposition 3.23], which is manifestly

Difffr.pri/–equivariant, supplies commutativity of the upper triangles.
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� The functor AlgE2
.V/

fgt1��! Alg2.V/ is restriction along the standard morphism between operads
Assoc˝Assoc standard

�����!E2. The functor AlgE2
.V/

fgt2��!Alg2.V/ is restriction along the morphism between
operads Assoc˝Assoc swap

���!Assoc˝Assoc standard
�����! E2. Theorem 2.2.6 implies that all of these functors

are equivalences.

� For i D 1; 2, the outer vertical functors are HH.2/, as it is endowed with its canonical action
Z Õ

Sheeri

HH.2/.A/ of (0-2-5) and (0-2-7) from Section 0.2, which is evidently functorial in A 2 Alg2.V/.

� Commutativity of the upper tilted squares is Proposition 2.4.1.

In particular, for each 2–algebra A 2 Alg2.V/, there is a canonical action Difffr.T2/ Õ HH.2/.A/.
Through Theorem X(2)(a), this is an action T2 Ì Braid3 Õ HH.2/.A/, which establishes the statement of
Theorem Y.1.

After Theorem Y.1, the standard presentation (0-1-1) of the braid group Braid3 immediately implies
Corollary 0.2.5(1). Via the identification

T2 ÌUi
Z '�! Difffr.pri/

of Corollary 1.5.5, commutativity of the outer squares in (2-5-1) directly implies Corollary 0.2.5(2)(3).

Next, consider the .O.2/'GL2.R//–action on Mfldfr
2 given by change-of-framing. Observe that this

action restricts to one along the full1–subcategory Diskfr
2 �Mfldfr

2 . This implies the left adjoint
R

is
O.2/–equivariant. Therefore, for each A 2 Alg2.V/ and each .†; '/ 2Mfldfr

2 , taking O.2/–orbits of both
A and .†; '/ defines a canonically commuting diagram among1–categories

O.2/
OrbitA

//

Orbit.†;'/
��

Alg2.V/R
.†;'/

��

Mfldfr
2

R
A

// V

Through Observation 1.3.10, restricting along BZ' B�1O.2/! O.2/ gives the commutative diagram
asserted in Corollary 0.2.10.

2.6 Proof of Theorem Y.2

After Corollary 0.3.3, to prove Theorem Y.2 we are left to extend the action

Difffr.T2/op .�/
�1

' Difffr.T2/ Afffr

'
 �� T2 Ì Braid3 Õ HH.2/.A/

to an action Immfr.T2/op Õ HH.2/.A/. We do this by extending factorization homology via the develop-
ments of [Ayala et al. 2018]. Namely, recall from [loc. cit.] the1–category Mfdsfr

2 of solidly 2–framed
stratified spaces. Consider the full1–subcategory Msfr

D2 �Mfdsfr
2 consisting of those solidly 2–framed

stratified spaces each of whose strata is 2–dimensional.
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Observation 2.6.1 Inspection of the definition of Mfdsfr
2 reveals the following.

(1) The moduli space of objects

Obj.Msfr
D2/'

a
Œ†;'�

BDifffr.†; '/

is that of a framed 2–manifold. That is, there is a canonical bijection between framed-diffeomorphism-
types of framed 2–manifolds and equivalence-classes of objects in Msfr

D2, and for .†; '/ a framed
2–manifold, there is a canonical identification between continuous groups:

Difffr.†; '/' AutMsfr
D2
.†; '/:

(2) Let .†; '/ and .†0; '0/ be framed 2–manifolds. The space of morphisms from .†; '/ to .†0; '0/
in Msfr

D2,
HomMsfr

D2
..†; '/; .†0; '0//'

a
Œz†
��!†�

Embfr..z†;��'/; .†0; '0//
=Diff=†.z†/

;

is the moduli space of finite-sheeted covers over † together with a framed-embedding from its total space
to .†0; '0/.

(3) Composition in Msfr
D2 is given by base change of framed embeddings along finite-sheeted covers,

followed by composition of framed-embeddings:

HomMsfr
D2
..†; '/; .†0; '0//�HomMsfr

D2
..†0; '0/; .†00; '00// ı�! HomMsfr

D2
..†; '/; .†00; '00//;�

.†; '/ �
 � .z†;��'/ f�! .†0; '0/; .†0; '0/ � 0

 � .z†0; � 0
�
'0/

g
�! .†00; '00/

�
7!
�
.†; '/

�ıpr1 ���� .z†�†0 z†
0; .pr1 ı�/

�'/
gıpr2���! .†00; '00/

�
:

(4) Evidently, framed embeddings form the left factor in a factorization system on Msfr
D2, whose right

factor is (the opposite of) framed finite-sheeted covers.

(5) Finite products exist in Msfr
D2, and are implemented by disjoint unions of framed 2–manifolds.

(6) For each framing ' of the 2–torus T2, there is a canonical identification between continuous monoids:

Immfr.T2; '/op
' EndMsfr

D2
.T2; '/:

Define the full1–subcategory
� WDsfr

D2 �Msfr
D2;

consisting of those framed 2–manifolds that are equivalent with a finite disjoint union of framed Euclidean
spaces. Regard both Dsfr

D2 and Msfr
D2 as symmetric monoidal1–categories, via their cartesian monoidal

structures.13 Notice the evident monomorphisms of symmetric monoidal1–categories

� W Diskfr
2 ,!Dsfr

D2 and � WMfldfr
2 ,!Msfr

D2;

13Indeed, notice that the full1–subcategory Dsfr
D2 �Msfr

D2 is closed under finite products.
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each of whose images consists of all objects, yet only those morphisms ..†; '/ �
 � .z†;��'/ f�! .†0; '0//

in which � is a diffeomorphism.14

Let X be a presentable 1–category in which products distribute over colimits. Consider the full 1–
subcategory

Fun�.Dsfr
2 ;X/� Fun.Dsfr

2 ;X/

consisting of those functors that preserve finite products.

Proposition 2.6.2 [Ayala et al. 2017a] Let X be a presentable1–category in which products distribute
over colimits. Restriction along � defines an equivalence between1–categories

�� W Fun�.Dsfr
2 ;X/

'�! Fun˝.Diskfr
2 ;X/' AlgE2

.X/:

The inverse of restriction along � followed by left Kan extension along � defines a composite functor
z
Z
W AlgE2

.X/' Fun˝.Diskfr
2 ;X/

.��/�1

����! Fun�.Dsfr
D2;X/

�!
�! Fun�.Msfr

D2;X/:

Proposition 2.6.3 Let X be a presentable1–category in which products distribute over colimits. The
following diagram among1–categories canonically commutes:

AlgE2
.X/

Q
R

//

R
��

Fun�.Msfr
D2;X/

restriction
// Fun.BAutMsfr

D2
.T2; '0/;X/

' Observation 2.6.1.1/
��

Fun˝.Mfldfr
2 ;X/

restriction
// Fun.BAutMfldfr

2
.T2; '0/;X/

'
// ModDifffr.T2;'0/

.X/

Proof Let A 2AlgE2
.X/' Fun˝.Diskfr

2 ;X/. Using Proposition 2.6.2, the monomorphism � determines
a canonical morphism between colimits in X:

(2-6-1)
Z

T2

A' colim.Diskfr
2=.T2;'0/

WD Diskfr
2 �Mfldfr

2
Mfldfr

2=.T2;'0/

pr
�! Diskfr

2
A
�! X/

�
�! colim.Dsfr

D2=.T2;'0/
WDDsfr

D2 �Msfr
D2

Msfr
D2=.T2;'0/

pr
�!Dsfr

D2
��
�1
.A/

������! X/'
z
Z

T2

A:

This morphism is manifestly Difffr.T2/–equivariant and functorial in A 2 AlgE2
.X/ as so. So the

proposition is proved upon showing this morphism (2-6-1) is an equivalence. The morphism (2-6-1) is an
equivalence provided the canonical functor

(2-6-2) Diskfr
2=.T2;'0/

!Dsfr
D2=.T2;'0/

is final. But the factorization system of Observation 2.6.1(4) reveals that this functor (2-6-2) is a right
adjoint. Its left adjoint is given by projecting to the right factor of the factorization system:

Dsfr
D2=.T2;'0/

! Diskfr
2=.T2;'0/

; .D �
 � zD f

�! .T2; '0// 7! . zD f
�! .T2; '0//:

The sought finality of the functor (2-6-2) follows.

14In other words, � is the inclusion of the left factor in the factorization system of Observation 2.6.1(4).
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Proposition 2.6.3, together with Observation 2.6.1(6), immediately supplies a filler in the commutative
diagram among1–categories

Fun.BEndMsfr
D2
.T 2; '0/;X/

'

Observation 2.6.1.6/
// ModImmfr.T2/op.X/

forget
��

'

Corollary 0.3.3
// Mod

.T2ÌzEC2 .Z//
op.X/

forget
��

AlgE2
.X/

hDifffr.T2/Õ
R
T2i

(2-3-1)
//

hImmfr.T2/opÕz
R

T2i

OO

ModDifffr.T2/.X/
'

Theorem X(2)(a)
// ModT2ÌBraid3

.X/

Theorem Y.2 follows from this commutative diagram, after the commutative diagram (2-5-1).

Appendix A Some facts about continuous monoids

We record some simple formal results concerning continuous monoids.

Lemma A.0.1 Let G Õ X be an action of a continuous group on a space. Let � hxi��! X be a point in
this space. Consider the stabilizer of x, which is the fiber of the orbit map of x:

(A-0-1)

StabG.x/ //

��

�

hxi
��

G 'G ��
id�hxi

//

Orbitx
��

G �X
act

// X

There is a canonical identification in Spaces between this stabilizer and the based loops at

Œx� W �
hxi
��!X

quotient
����!X=G

of the G–coinvariants ,
StabG.x/'�Œx�.X=G/;

through which the resulting composite morphism �Œx�.X=G/' StabG.x/!G canonically lifts to one
between continuous groups.

Proof By definition of a G–action, the orbit map G
Orbitx
����! X is canonically G–equivariant. Taking

G–coinvariants supplies an extension of the commutative diagram (A-0-1) in Spaces:

StabG.x/ //

��

G

Orbitx
��

quotient
// G=G ' �

.Orbitx/=G

��

�
hxi

// X
quotient

// X=G

Through the identification G=G ' �, the right vertical map is identified as � hŒx�i���! X=G . Using that
groupoids in Spaces are effective, the right square is a pullback. Because the left square is defined as a
pullback, it follows that the outer square is a pullback. The identification StabG.x/'�Œx�.X=G/ follows.
In particular, the space StabG.x/ has the canonical structure of a continuous group.

Now, this continuous group StabG.x/ is evidently functorial in the argument G Õ X 3 x. In particular,
the unique G–equivariant morphism X !

�! � determines a morphism between continuous groups:

Stabx.X /! Stab�.�/'G:
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Lemma A.0.2 Let H !G be a morphism between continuous groups. Let H Õ X be an action on a
space. There is a canonical map between spaces over G=H ,

X=�.G=H /! .X �G/=H ;

from the coinvariants with respect to the action �.G=H /
�–Puppe
�����!H Õ X . Furthermore , if the induced

map �0.H /! �0.G/ between sets of path-components is surjective , then this map is an equivalence.

Proof The construction of the �–Puppe sequence is such that the morphism �.G=H /!H witnesses
the stabilizer of � unit

��!G with respect to the action H !G Õ
left trans

G:

�.G=H / //

��

H

��

�
unit

// G

In particular, there is a canonical �.G=H /–equivariant map

X 'X �� id�unit
����!X �G:

Taking coinvariants lends to a canonically commutative diagram among spaces:

(A-0-2)

X�.G=H /

��

// .X �G/=H //

��

X=H

��

B�.G=H / // G=H // BH

This proves the first assertion.

We now prove the second assertion. Because groupoid-objects are effective in the1–category Spaces,
the H–coinvariants functor

Fun.BH; Spaces/! Spaces=BH given by .H Õ X / 7! .X=H ! BH /

is an equivalence between1–categories. In particular, it preserves products. It follows that the right square
in (A-0-2) witnesses a pullback. By definition of coinvariants of the restricted action �.G=H /!H Õ X ,
the outer square is a pullback. The connectivity assumption on the morphism H ! G implies the left
bottom horizontal map is an equivalence. So the left top horizontal map is also an equivalence, as desired.

Let BN
hNÕM i
������!Monoids be an action of a continuous monoid on a continuous monoid. This action

can be codified as unstraightening of the composite functor BN !Monoids B
�! Cat�=

.1;1/
. We denote15

this unstraightening by
.BM /=l:laxN !BN:

It is a cocartesian fibration equipped with a section. Because the .1; 1/–category BN is equipped with
a functor � !BN , the given section supplies the .1; 1/–category .BM /=l:laxN with a distinguished

15The notation here is intended to evoke a left-lax quotient. Indeed, for K F�!Cat.1;1/ a functor from an1–category, its left-lax
colimit is the .1; 1/–category defined as the domain of the unstraightening of F : .coliml:lax.F / coliml:lax.!/

�������! coliml:lax.�// WD

.Un.F /!K/. See [Ayala et al. 2019, Appendix A] for a treatment of lax .1; 1/–category theory.
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point, and so we regard .BM /=l:laxN as a pointed .1; 1/–category. The semidirect product (of N by M )
is the continuous monoid

M Ì N WD End.BM /=l:laxN
.�/;

which is endomorphisms of the point.

Remark The underlying space of this continuous monoid is canonically identified as M �N ; the 2–ary
monoidal structure �MÌN is canonically identified as the composite map between spaces

�MÌN W .M�N /�.M�N /DM�.N�M /�M
idM�swap�idN
����������!M�.M�N /�N

idM�.projM;action/�idN
���������������!M�.M�N /�N D .M�M /�.N�N /

�M��N
������!M�N:

Note the canonical morphism between monoids M Ì N !N whose kernel is M .

Dually, let BN op hMÔN i
������!Monoids be a right action. Consider the unstraightening of the composite

functor BN op ! Monoids B
�! Cat�=

.1;1/
as a pointed cartesian fibration .BM /=r:laxN op ! BN . The

semidirect product (of N by M ) is the continuous monoid

N Ë M WD End.BM /=r:laxN op .�/;

which is endomorphisms of the point. Note the canonical morphism between monoids M Ì N ! N

whose kernel is M .

Observation A.0.3 Let N Õ M be an action of a continuous monoid on a continuous monoid. There is
a canonical identification between continuous monoids under M op and over N op:

.M Ì N /op
' .N op Ë M op/:

The next result is a characterization of semidirect products.

Lemma A.0.4 Let A
i �

r�!
N be a retraction between continuous monoids (so r ı i ' idN ).

� If the canonical map between spaces

(A-0-3) Ker.r/�N inclusion�i
�������!A�A

�A
��!A

is an equivalence ,16 then there is a canonical action17 N Õ
�

Ker.r/ for which there is a canonical
equivalence between monoids

Ker.r/Ì�N 'A:

� If the canonical map between spaces

N �Ker.r/ ��inclusion
�������!A�A

�A
��!A

is an equivalence ,18 then there is a canonical action Ker.r/ Ô
�

N for which there is a canonical
equivalence between monoids

Ker.r/Ì� N 'A:

16Note that this condition is always satisfied if N is a continuous group.
17The action map associated to � can be written as N �Ker.r/ i�inclusion

�������!A�A
�A
��!A (A-0-3)

'
 ����Ker.r/�N

proj
��! Ker.r/:

18Note that this condition is always satisfied if N is a continuous group.
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Proof By way of Observation A.0.3, the two assertions imply one another by taking cartesian/cocartesian
duals of cocartesian/cartesian fibrations. So we are reduced to proving the first assertion.

Consider the retraction BA
Bi ��
Br
��!BN among pointed1–categories. Note that Bi is essentially surjective,

and that Ker.r/ is the fiber of Br over �!BN .

Let c1
hni
��!BN be a morphism. Consider the commutative diagram among1–categories

c0

h�i
//

s

��

BA

Br

��

c1

hni
//

hi.n/i

77

BN

The assumption on the retraction implies the diagonal filler is initial among all such fillers. This is to say
that the morphism i.n/ in BA is cocartesian over Br . Because Bi is essentially surjective, this shows
that Br is a cocartesian fibration. The result now follows from the definition of the semidirect product
Ker.r/Ì�N .

Proposition A.0.5 Let X be an1–category. Let BN
hNÕM i
������!Monoids be an action of a continuous

monoid N on a continuous monoid M . Consider the precomposition action

BN op hNÕM iop
�������!Monoidsop Mod�.X/

������! Cat.1;1/ :

There is a canonical identification over ModM op.X/ from the1–category of .M Ì N /op–modules in
X to that of M op–modules in X with the structure of being left-laxly invariant with respect to this
precomposition N op–action:

Mod.MÌN /op.X/'ModM op.X/l:lax N op
:

In particular , there is a canonical fully faithful functor from the (strict) N –invariants ,

ModM op.X/N ,!Mod.MÌN /op.X/;

which is an equivalence if the continuous monoid N is a continuous group.

Proof The second assertion follows immediately from the first, which is proved upon justifying the
following sequence of equivalences among1–categories, each of which is evidently over ModM .X/:

Mod.MÌN /op.X/
(a)
' Fun.B.M Ì N /op;X/

(b)
' Fun.B.N op Ë M op/;X/

(c)
' Fun=BN op.BN op;Funrel

BN op.B.N
op Ë M op/;X�BN op//

(d)
' Fun=BN op.BN op;Funrel

BN op..BM op/=r:laxN ;X�BN op//

(e)
' Fun=BN op.BN op;Fun.BM op;X/=l:laxN op/

(f)
' Fun=BN op.BN op;ModM op.X/=l:laxN op/

(g)
'ModM op.X/l:lax N op

:
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The identifications (a) and (f) are both the definition of1–categories of modules for continuous monoids
in X. The identification (b) is Observation A.0.3. By definition of semidirect product monoids, the cartesian
unstraightening of the composite functor BN

hNÕM opi
�������!Monoids B

�! Cat.1;1/ is the cartesian fibration

B.N op Ë M op/!BN op:

Being a cartesian fibration ensures the existence of the relative functor 1–category; see [Ayala and
Francis 2020]. The identification (c) comes directly from the definition of relative functor1–categories.
Further, there is a definitional identification of the right-lax coinvariants B.N op ËM op/' .BM op/=r:laxN

over BN op (see [Ayala et al. 2019, Appendix A]), which determines (d). The identification (e) follows
from the codification of the N op–action on Fun.BM op;X/ in the statement of the proposition. The
identification (g) is the definition of left-lax invariants; see [Ayala et al. 2019, Appendix A].

The commutativity of the topological group T2 determines a canonical identification T2 Š .T2/op

between topological groups, and therefore between continuous groups. Together with Observation B.1.1,
we have the following consequence of Proposition A.0.5.

Corollary A.0.6 For X an1–category , there is a canonical identification between1–categories over
ModT2.X/:

Mod
.T2ÌzEC2 .Z//op.X/'ModT2.X/l:lax zEC2 .Z/:

Appendix B Some facts about the braid group and braid monoid

Here we collect some facts about the braid group on three strands, and the braid monoid on three strands.

B.1 Ambidexterity of zEC

2 .Z/

Observation B.1.1 Taking transposes of matrices identifies the nested sequence among monoids with
the nested sequence of their opposites:

.SL2.Z/� EC2 .Z/� GLC
2
.R//

.�/T

Š .SL2.Z/
op
� EC2 .Z/

op
� GLC

2
.R/op/:

By covering space theory, these identifications canonically lift as identifications between nested sequences
among monoids and their opposites:

.Braid3 �
zEC2 .Z/� �GL

C

2 .R//
.�/T

Š .Braidop
3
� zEC2 .Z/

op
� �GL

C

2 .R/
op/:

Corollary B.1.2 For each1–category X, there are canonical identifications

ModBraid3
.X/'ModBraidop

3
.X/ and ModzEC2 .Z/

.X/'ModzEC2 .Z/
op.X/

between1–categories of (left) modules in X and those of right-modules in X.
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Remark B.1.3 The composite isomorphism Braid3
.�/T

Š
���! Braidop

3

.�/�1

Š
����! Braid3 is the involution of

Braid3 given in terms of the presentation (0-1-1) by exchanging �1 and �2. Similarly, the involution
SL2.Z/

.�/T

Š
���! SL2.Z/

op .�/
�1

Š
����! SL2.Z/ exchanges U1 and U2.

B.2 Comments about Braid3 and zEC

2 .Z/

Observation B.2.1 In Braid3 (recall the presentation of (0-1-1)), there is an identity of the generator
of Ker.ˆ/:

.�1�2�1/
4
D .�1�2/

6
D .�2�1�2/

4
2 Ker.ˆ/:

For that matter, since the matrix

(B-2-1) R WD U1U2U1 D

�
0 1

�1 0

�
D U2U1U2 2 GL2.Z/

implements rotation by �1
2
� , we have that R4 D 1 in GL2.Z/.

The following result is an immediate consequence of how zEC2 .Z/ is defined in (0-1-4), using that the
continuous group GLC

2
.R/ is a path-connected 1–type.

Corollary B.2.2 There are pullbacks among continuous monoids

Braid3
//

ˆ

��

zEC2 .Z/

‰
��

// �

h1i

��

GL2.Z/ // E2.Z/
R˝Z

// GL2.R/

In particular , there is a canonical identification between continuous groups over GL2.Z/

Braid3 '�.GL2.R/=GL2.Z//:

Observation B.2.3 The inclusion SL2.Z/ � EC2 .Z/ between submonoids of GLC
2
.R/ determines an

inclusion between topological monoids:

(B-2-2) T2 Ì Braid3! T2 Ì zEC2 .Z/ :

After Observation 1.1.1, this inclusion witnesses the maximal subgroup, both as topological monoids and
as monoid-objects in the1–category Spaces.

Remark B.2.4 We give an explicit description of zEC2 .Z/. Rawnsley [2012] gives an explicit descrip-
tion for the universal cover of SP2.R/ D SL2.R/ (and goes on to establish the pullback square of
Proposition 0.1.1). Following those methods, consider the maps

� W GL2.R/! S1 given by A 7!
.aC d/C i.b� c/

j.aC d/C i.b� c/j
;
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where AD
�

a
c

b
d

�
. As in [Rawnsley 2012], consider a map � W GL2.R/�GL2.R/!R for which

ei�.A;B/
D

1�˛A˛B�1

j1�˛A˛B�1 j
; where ˛A D

a2C c2� b2� d2� 2i.ad C bc/

.aC d/2C .b� c/2
:

In these terms, the monoid zEC2 .Z/ can be identified as the subset

zEC2 .Z/ WDf.A; s/ j�.A/D eis
g�EC2 .Z/�R with monoid-law .A; s/�.B; t/ WD .AB; sCtC�.A;B//:

B.3 Group-completion of zEC

2 .Z/

The continuous group GLC
2
.R/ is path-connected with �1.GLC

2
.R/; 1/Š Z. Consequently, there is a

central extension

(B-3-1) 1! Z! �GL
C

2 .R/
universal cover
��������! GLC

2
.R/! 1:

Consider the inclusion as scalars R�
>0

scalars,���! GLC
2
.R/. Contractibility of the topological group R�

>0

implies base change of this central extension (B-3-1) along this inclusion as scalars splits. In particular, for

R˝Q W GLC
2
.Q/� GLC

2
.R/

the subgroup with rational coefficients, there are lifts among continuous monoids, in which the squares
are pullbacks,

N� //

scalars
++

))

Q�
>0

//

++

escalars
**

R�
>0

++

++

zEC2 .Z/

��

eQ˝Z

// �GL
C

2 .Q/

��

eR˝Q

// �GL
C

2 .R/

universal cover
��

EC2 .Z/ Q˝Z

// GLC
2
.Q/

R˝Q

// GLC
2
.R/

Proposition B.3.1 Each of the diagrams among continuous monoids

N�
scalars

//

inclusion
��

E2.Z/

Q˝Z
��

Q�
>0

scalars
// GL2.Q/

and

N�
escalars

//

inclusion
��

zEC2 .Z/

eQ˝Z
��

Q�
>0

escalars
// �GL
C

2 .Q/

witnesses a pushout. In particular , because N� inclusion
�����!Q�

>0
witnesses group-completion among contin-

uous monoids , each of the right downward morphisms witnesses group-completion among continuous
monoids.

Proof We explain the following commutative diagram among spaces:

E2.Z/
R˝Z

//

(a) (( ,,

GL2.Q/
(b)

rr

colimNdiv E2.Z/ (c)
// E2.Z/Œ.N�/�1�

R˝Z

66
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The top arrow is the standard inclusion. Here, scalar matrices embed the multiplicative monoid of natural
numbers N�

scalars
� E2.Z/. The bottom right term, equipped with the diagonal arrow to it, is the indicated

localization (among continuous monoids). The up-rightward arrow is the unique morphism between
continuous monoids under E2.Z/, which exists because the continuous monoid GL2.Q/ is a continuous
group. The solid diagram of spaces is thus forgotten from a diagram among continuous monoids.

Next, the poset Ndiv is the natural numbers with partial order given by divisibility: r � s means r divides s.
Consider the functor

FE2.Z/ WN
div
! Sets ,! Spaces given by r 7! E2.Z/ and .r � s/ 7! .E2.Z/

.s=r/��
�����! E2.Z//:

The colimit term in the above diagram is colim.FE2.Z//, which can be identified as the classifying space
of the poset

Un.FE2.Z//DN �E2.Z/ with partial order .r;A/� .s;B/ meaning r � s in Ndiv and s

r
�AD B:

� The dashed arrow .a/ is the canonical map from the 1–cofactor of the colimit.

� The dashed arrow .b/ is implemented by the map z.b/ WGL2.Q/
A 7!.rA;rA�A/
���������!N�E2.Z/, where rA 2N

is the smallest natural number for which the matrix rA �A 2 E2.Z/ has integer coefficients. The triangle
with sides .a/ and .b/ evidently commutes.

� The dashed arrow .c/ is implemented by the map z.c/ W Un.FE2.Z//
.r;A/7!r�1A
���������! E2.Z/Œ.N�/�1�. The

triangle with sides .a/ and .c/ evidently commutes. We now argue that .c/ is an equivalence between spaces.

Observe the identification between continuous monoidsM
p prime

.Z�0;C/
Š�!N� given by .fp primeg ��! Z�0/ 7!

Y
p prime

p�.p/;

as a direct sum, indexed by the set of prime numbers, of free monoids each on a single generator.
For S a set of prime numbers, denote by hSi� � N� the submonoid generated by S . For S a set of
primes and for p 2 S , the above identification as a direct sum of monoids restricts as an identification
.Z�0;C/� hS X fpgi

� Š hfpgi� � hS X fpgi� Š hSi�.

Next, observe an identification of the poset Ndiv' .BN�/�= as the undercategory of the deloop. Through
this identification, the above identification supplies an identification between posets from the direct sum
(based at initial objects) indexed by the set of prime numbers:M

p prime

.Z�0;�/
Š�!Ndiv; .fp primeg ��! Z�0/ 7!

Y
p prime

p�.p/:

For S a set of prime numbers, denote by hSidiv � Ndiv the full subposet generated by S . For S a set
of primes and for p 2 S , the above identification as a direct sum of posets restricts as an identification
.Z�0;�/� hS X fpgi

div Š hfpgidiv � hS X fpgidiv Š hSidiv. In particular, the standard linear order on
the set of prime natural numbers determines the sequence of functors

(B-3-2) Ndiv loc2
��! hp > 2idiv loc3

��! hp > 3idiv loc5
��! hp > 5idiv loc7

��! � � � ;
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each of which is isomorphic with projection off of .Z�0;�/. In particular, each projection is a cocartesian
fibration, so left Kan extension along each functor is computed as a sequential colimit. Because N�

scalars
�

E2.Z/ is (strictly) central, so too is .Z�0;C/ Š hfpgi
� � E2.Z/. The next claim follows from these

observations, using induction on the standardly ordered set of primes.

Claim For each prime q, left Kan extension of FE2.Z/ along the composite functor Ndiv locq
��! hp > qidiv

is the functor
FE2.Z/Œ.hp0�qi�/�1� W hp > qidiv .locq/!.E2.Z//

���������! Spaces;

given by

r 7! E2.Z/Œ.hp
0
� qi�/�1� and .r � s/ 7! .E2.Z/Œ.hp

0
� qi�/�1�

.s=r/��
�����! E2.Z/Œ.hp

0
� qi�/�1�/;

that evaluates on each r as the localization E2.Z/Œ.hp0 � qi�/�1�, and on each relation r � s in Ndiv as
scaling by s=r .

Next, the colimit of this sequence (B-3-2) is
T

q primehp > qidiv ' � terminal. Consequently, there is a
canonical identification

colim.FE2.Z//' colim
q2f2<3<5<��� g

..locq/!.FE2.Z///' colim
q2f2<3<5<��� g

.FE2.Z/Œ.hp0�qi�/�1�/

' E2.Z/

�� [
q2f2<3<5<��� g

hp0 � qi�
��1�

D E2.Z/Œ.N
�/�1�:

� By inspection, the resulting self-map of GL2.Q/ is the identity. Indeed, the natural transformation

Un.FE2.Z//

id

''

z(c)
��

* Un.FE2.Z//

E2.Z/Œ.N�/�1�
R˝Z

// GL2.Q/

z(b)

OO

given by, for each .s;B/ 2 Un.FE2.Z//, the relation .rs�1�B; rs�1�B � .s
�1 �B// � .s;B/, witnesses an

identification of the resulting self-map of colimNdiv E2.Z/ with the identity.

We conclude that the map E2.Z/Œ.N�/�1�
R˝Z
���!GL2.Q/ is an equivalence. It follows that the left square

in the statement of the proposition is a pushout because the morphism N� inclusion
�����! Q�

>0
witnesses a

group-completion (among continuous monoids).

The same argument also implies the square

N�
scalars

//

inclusion
��

EC2 .Z/

Q˝Z
��

Q�
>0

scalars
// GLC

2
.Q/
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witnesses a pushout among continuous monoids. Base change along the central extension (B-3-1) among
continuous groups reveals that the right square is also a pushout among continuous groups.

B.4 Relationship with the finite orbit category of T 2

Recall the1–category Orbitfin
T2 of transitive T2–spaces with finite isotropy, and T2–equivariant maps

between them. Recall that the action zEC2 .Z/! E2.Z/ Õ T2 on the topological group determines an
action via Observation B.1.1:

(B-4-1) zEC2 .Z/' zE
C
2 .Z/

op Õ Orbitfin
T2 :

Proposition B.4.1 There is a canonical identification of the1–category of coinvariants with respect to
the action (B-4-1):

.Orbitfin
T2/= zEC2 .Z/

'�!B.T2 Ì zEC2 .Z//:

Proof Recall that zEC2 .Z/ � �GL
C

2 .R/ is defined as a submonoid of a group. As a result, the left-
multiplication action by its maximal subgroup, �GL

C

2 .Z/Õ zEC2 .Z/, is free. Consequently, the space of
objects Obj..B zEC2 .Z//

�=/' zEC2 .Z/= �GL
C

2 .Z/
Š�! EC2 .Z/=GLC

2
.Z/ is simply the quotient set of zEC2 .Z/ by

its maximal subgroup acting via left-multiplication, which is bijective with the quotient of EC2 .Z/ by
its maximal subgroup via the canonical projection zEC2 .Z/! EC2 .Z/. The space of morphisms between
objects represented by A;B 2 EC2 .Z/,

Hom
.B zEC2 .Z//�=

.ŒA�; ŒB�/' fX 2 EC2 .Z/ jXAD Bg � EC2 .Z/;

is simply the set of factorizations in EC2 .Z/ of B by A. In particular, the1–category .B zEC2 .Z//
�= is a

poset. We now identify this poset essentially through Pontryagin duality.

Consider the poset Pfin
T2 of finite subgroups of T2 ordered by inclusion. We now construct mutually

inverse functors between posets

(B-4-2) .B zEC2 .Z//
�= ŒA�7!Ker.T2 A

�!T2/
�������������! Pfin

T2 and Pfin
T2

C 7!ŒZ2
AC
��!Z2�

�����������! .B zEC2 .Z//
�=:

The first functor assigns to ŒA� the kernel of the endomorphism of T2 induced by a representative
A 2 EC2 .Z/Õ T2. The second functor assigns to C the endomorphism .Z2 AC

��! Z2/ 2 EC2 .Z/ defined
as follows. The preimage Z2 � quot�1.C / � R2 quot

��! R2
=Z2 DW T

2 by the quotient is a lattice in R2

that contains the standard lattice cofinitely. There is a unique pair of nonnegative-quadrant vectors
.u1;u2/ 2 .R�0/

2 � .R�0/
2 that generate this lattice quot�1.C / and agree with the standard orientation

of R2. Then AC 2 EC2 .Z/ is the unique matrix for which AC Eui D Eei for i D 1; 2. It is straightforward to
verify that the two assignments in (B-4-2) indeed respect partial orders, and are mutually inverse to one
another. Observe that the action (B-4-1) descends as an action zEC2 .Z/

op Õ Pfin
T2 , with respect to which

the equivalences (B-4-2) are zEC2 .Z/
op

–equivariant.
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Next, reporting the stabilizer of a transitive T2–space defines a functor Orbitfin
T2

.T2ÕT / 7!StabT2 .t/
��������������! Pfin

T2 .
Evidently, this functor is conservative. Notice also that this functor is a left fibration; its straightening is
the composite functor

(B-4-3) Pfin
T2

C 7!T=C
������! Groups B

�! Spaces:

The result follows upon constructing a canonical filler in the diagram among1–categories witnessing a
pullback

Orbitfin
T2

//

��

Ar.B.T2 Ì zEC2 .Z///

Ar.Bproj/
��

Pfin
T2

'

(B-4-2)
// .B zEC2 .Z//

�=
forget

// Ar.B zEC2 .Z//

By definition of semidirect products, the canonical functor B.T2 Ì zEC2 .Z//
Bproj
���! B zEC2 .Z/ is a

cocartesian fibration. Because the1–category BT2DBT2 is an1–groupoid, this cocartesian fibration
is conservative, and therefore a left fibration. Consequently, the functor

Ar.B.T2 Ì zEC2 .Z///! Ar.B zEC2 .Z//

is also a left fibration. So the base change of this left fibration along .B zEC2 .Z//
�= forget
���! Ar.B zEC2 .Z//

is again a left fibration,

(B-4-4) Ar.B.T2 Ì zEC2 .Z///
jBT2

! .B zEC2 .Z//
�=
' Pfin

T2 ;

where the equivalence is by (B-4-2). Direct inspection identifies the straightening of this left fibration
(B-4-4) as (B-4-3).
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