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We introduce a new definition of weighted Grassmann orbifolds. We study their several invariant g—CW
complex structures and the orbifold singularities on the g—cells of these g—CW complexes. We discuss
when the integral cohomology of a weighted Grassmann orbifold has no p—torsion. We compute the
equivariant K—theory ring of weighted Grassmann orbifolds with rational coefficients. We introduce
divisive weighted Grassmann orbifolds and show that they have invariant CW complex structures. We
calculate the equivariant cohomology ring, equivariant K—theory ring and equivariant cobordism ring of a
divisive weighted Grassmann orbifold with integer coefficients. We discuss how to compute the weighted
structure constants for the integral equivariant cohomology ring of a divisive weighted Grassmann orbifold.
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1 Introduction

We consider the n—dimensional complex vector space C” and a positive integer d satisfying 1 <d <n.
Then the set of all d—dimensional vector subspaces of C” is called a (complex) Grassmann manifold and
denoted by Gr(d, n). In particular, the space Gr(1, n) is called the (n—1)—dimensional complex projective
space. The space Gr(d, n) has a manifold structure of dimension d (n — d); see Mukherjee [24, Chapter 1].
This is a projective variety via the Pliicker embedding. The natural (C*)”—action on C” induces a
(C*)"—action on Gr(d,n). Grassmann manifolds are central objects of study in algebraic geometry,
algebraic topology and differential geometry. Several interesting topological and geometrical properties
of Grassmann manifolds can be found in Laksov [21], Knutson and Tao [20] and Jiao and Peng [18].
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2210 Koushik Brahma and Soumen Sarkar

The orbifold version of a complex projective space was introduced in Kawasaki [19] and was called a
twisted projective space. Orbifolds, a generalization of manifolds, were introduced by Satake [27; 28]
with the name V' —-manifolds. Later, Thurston [31] used the terminology orbifolds instead. In the past two
decades, several developments have appeared to study orbifolds arising in algebraic geometry, differential
geometry and string topology. Some cohomology theories, such as de Rham cohomology (see Adem,
Leida and Ruan [2, Chapter 2]), singular cohomology (see Hatcher [16]), Dolbeault cohomology (see
Baily [5]), the Chen—Ruan cohomology ring [6] and orbifold K—theory [2, Chapter 3] for a class of
orbifolds were studied either with rational, real or complex coefficients. One can construct a CW complex
structure on an effective orbifold following Goresky [11]. However, in general, the computation of the
singular integral cohomology of an orbifold is considerably difficult.

Let G be a topological group and X a G—space. Then the equivariant map X — {pt} induces a graded
€, ({pt})—algebra structure on € (X). The readers are referred to May [22] for the definitions and several
results on the G—equivariant generalized cohomology theory €. If €7, = Hj, then it is known as the
equivariant cohomology theory defined by

HE(X) := H*(EG xg X).

The ring H(X) is called the Borel equivariant cohomology of X. If €, = K, then it is known as
the equivariant K—theory. If X is compact, then K g (X) is the equivalence classes of G—equivariant
complex vector bundles on X; see Segal [29]. If X is a point with trivial action, then K ({pt}) is
isomorphic to R(G)[z,z™!], where R(G) is complex representation ring of G and z is the Bott element
of cohomological dimension —2. The G—equivariant ring MU (X) is known as the equivariant complex
cobordism ring; see tom Dieck [9]. Sinha [30] and Hanke [13] have shown several developments on MU*G
However, many interesting questions on MU (X') remain undetermined. For example, MU, ({pt}) is not
completely known for nontrivial groups G.

Corti and Reid [7] introduced the weighted projective analogs of a class of Grassmann manifolds and called
them weighted Grassmannians. Then Abe and Matsumura [1] defined weighted Grassmannians explicitly
and studied their equivariant cohomology ring of weighted Grassmannians with rational coefficients.
The weighted Grassmannians are projective varieties with orbifold singularities. The simplest weighted
Grassmannians are the weighted projective spaces. Kawasaki [19] proved that the integral cohomology of
weighted projective spaces has no torsion and is concentrated in even degrees. The equivariant cohomology
ring of a weighted projective space has been studied in Bahri, Franz and Ray [3] in terms of piecewise
polynomials. The equivariant K-theory and equivariant cobordism rings of divisive weighted projective
spaces have been discussed in Harada, Holm, Ray and Williams [15] in terms of piecewise Laurent
polynomials and piecewise cobordism forms, respectively.

Inspired by the above works, we introduce a different definition of weighted Grassmann orbifolds and study
their several topological properties such as torsion in the integral cohomology, equivariant cohomology
ring, equivariant K—theory ring and equivariant cobordism ring with integer coefficients. We note that
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Cohomologies of weighted Grassmann orbifolds 2211

Abe and Matsumura [1] and Corti and Reid [7] used the name “weighted Grassmannians”. However,
keeping other names in mind like Milnor manifolds and Seifert manifolds, we prefer to use Grassmann
manifolds and weighted Grassmann orbifolds.

The paper is organized as follows. In Section 2, analogously to the definition of Grassmann manifold
discussed in Mukherjee [24], we introduce another definition of a weighted Grassmann orbifold WGr(d, n)
ford <n,a € Z>1 and a “weight vector” W := (wq,...,wy,) € (Z>0)". Interestingly, this definition
is equivalent to the previous one that appeared in Abe and Matsumura [1]. We recall the definition of
Schubert symbols for d < n and discuss how to get a total ordering on the Schubert symbols. Using
this total order we show that there is an equivariant embedding from a weighted Grassmann orbifold to
a weighted projective space; see Lemma 2.5. We describe a g—CW complex structure of WGr(d, ) in
Proposition 2.7. Then we discuss a (C*)"—invariant filtration

{pt} = Xo C X1 C X2 C-+- C Xpn = WGr(d, n)

of WGr(d, n) using the g—CW complex structure, where m := (Z) — 1. Here, we consider g—CW complex
structure in the sense of Poddar and Sarkar [25, Section 4]. We note that one may get different g—CW
complex structures depending on the choice of the total orderings on the set of all Schubert symbols for
d < n. Accordingly, one may obtain different (C*)"—invariant filtrations of WGr(d, n).

In Section 3, first we recall that there is an equivariant homeomorphism from WP (rco, rcy,...,7cm) to
WP(co,c1,...,cm) for any 1 <r € N. Using this technique, we show how the orbifold singularity on a
g—cell of some subcomplexes of WGr(d, n) can be reduced; see Lemma 3.3. Consequently, we get a new
q—CW complex structure of these subcomplexes, including WGr(d, n), possibly with less singularity
on each g—cell; see Theorem 3.4. We show in Theorem 3.5 that two weighted Grassmann orbifolds are
weakly equivariantly homeomorphic if their weight vectors differ by a permutation o € S;,. We define
“admissible permutation” o € S, for a prime p and WGr(d, n); see Definition 3.8. The following result
says when H*(WGr(d, n); Z) has no p—torsion.

Theorem A (Theorem 3.10) If there exists an admissible permutation o € S, for a prime p and
WGr(d, n), then H*Y(WGr(d, n); Zp) is trivial and H*(WGr(d, n); Z) has no p—torsion.

We introduce “divisive” weighted Grassmann orbifolds. We note that this definition coincides with the
concept of divisive weighted projective space of Harada, Holm, Ray and Williams [15] when 1 =d < n.
We prove the following.

Theorem B (Theorem 3.19) If WGr(d, n) is a divisive weighted Grassmann orbifold, then it has a
(C*)"—invariant CW complex structure. Moreover, the (C*)"-action on each cell of this CW complex
can be described explicitly.

This result implies that the integral cohomology of a divisive weighted Grassmann orbifold has no torsion
and is concentrated in even degrees. We discuss a class of nontrivial examples of divisive weighted
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2212 Koushik Brahma and Soumen Sarkar

Grassmann orbifolds. We remark that the weighted Grassmann orbifold in Example 3.12 is not divisive.

However, its integral cohomology has no torsion.
In Section 4, we show that the (C*)"—invariant stratification
{pt} =Xo C X1 C--- C X,y = WGr(d,n)

has the following property. The quotient X; /X;_; is homeomorphic to the Thom space of an orbifold
(C*)"—bundle '
§:CH/Gi — {pyy

for some £(A') € Z>1 and finite groups G; fori = 1,...,m; see Proposition 4.1. Then considering
T" := (S1H)" C (C*)", we compute the equivariant K—theory ring of any weighted Grassmann orbifolds
with rational coefficients; see Theorem 4.4. If WGr(d, n) is divisive then G; is trivial fori = 1,...,m.
The following result describes the integral equivariant cohomology of certain weighted Grassmann
orbifolds.

Theorem C (Theorem 4.7) Let WGr(d, n) be a divisive weighted Grassmann orbifold for d < n. Then
the generalized T" —equivariant cohomology with integer coefficients €., (WGr(d, n); Z) can be given by

m
%(f,-) e P € (pty: Z) | ern (V) divides f — f; for j <i and |\ NAT| =d — 1
i=0

for €%, = H},, K}, and MU7,,.

The computation of ez» (§7) is discussed in (4-4). We compute the equivariant cohomology ring of some
weighted Grassmann orbifold with integer coefficients which are not divisive; see Theorem 4.10. For
m > 2, corresponding to each pair of positive integers (n,d) suchthatd <nandm + 1 = (Z) we have
a T"-action on WP (cg,c1,...,cm). For each pair (n,d), we discuss the generalized T"—equivariant
cohomology of a divisive WP(cg, c1, . .., ) With integer coefficients; see Theorem 4.11.

In Section 5, we show that there exist equivariant Schubert classes { wS 2i yito which form a basis for
the integral T"—equivariant cohomology of a divisive weighted Grassmann orbifold; see Proposition 5.3.
We study some properties of weighted structure constants; see Lemma 5.5. Then we show the following

multiplication rule.

Proposition D (weighted Pieri rule, Proposition 5.7)

~ ~ ~ ~ c ~
wSwSy; = WSy )wSy + Z C—(?U)S)Li.
Aispd

Moreover, we deduce a recurrence relation which helps to compute the weighted structure constants

m

{wclkj} corresponding to this Schubert basis {w§ 2i it with integral coefficients.
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Proposition E (Proposition 5.8) For any three Schubert symbols A\, A/ and A, we have the recurrence

~ ~ ,k C() k CO
(wSpIAk—wSMIM)wcij:( Z —weg; — Z —wcfj).

wioai PESYRL

relation

2 Weighted Grassmann orbifolds and their invariant g—CW complexes

In this section, we introduce another definition of weighted Grassmann orbifold WGr(d, n), where d < n.
We recall the definition of a Schubert symbol for d < n and discuss some (total) ordering on the set of
Schubert symbols. We show that there is an equivariant embedding from a weighted Grassmann orbifold
to a weighted projective space. We show that our definition of weighted Grassmann orbifold is equivalent
to the previous one, which appeared in [1]. We study the orbifold and g—CW complex structures of
weighted Grassmann orbifolds generalizing the Grassmann manifolds counterpart discussed in [23].

Let M;(n, d) be the set of all complex n x d matrices of rank d, and GL(d, C) the set of all nonsingular
complex matrices of order d. We denote a matrix A € My (n,d) by

ai a2 -+ digd ai
A= |91 22 = d2d | _ |42 | yhere q; € C fori=1,...,n.
dpl An2 *** Qpqd an
Definition 2.1 Let W := (w1, w2, ..., wy) € (Z>0)" and a € Z>. Define an equivalence relation ~,
on My(n,d) by
ai twlal
ar t*2a;
. ~w .
an tYra,

for T € GL(d,C) and ¢ € C* such that t* = det(T') € C*. We denote the identification space by

WGr(d,n):=Myzn,d)/~y.

The quotient map

(2-1) Tw:Mygn,d) — WGr(d,n)

is defined by 7y, (A) = [A]~,. The topology on WGr(d, n) is given by the quotient topology via the
map 7y, .

Remark 2.2 If W = (0,0,...,0) and a = 1, then WGr(d, n) is the Grassmann manifold Gr(d,n). We
denote the corresponding quotient map by

(2-2) m:Mygn,d)— Gr(d,n).
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2214 Koushik Brahma and Soumen Sarkar

The space Gr(d, n) is a d (n—d )—dimensional smooth manifold and represents the set of all d—dimensional
vector subspaces in C”. Several basic properties, such as the manifold and CW complex structure of
Gr(d, n), can be found in [23]. In this paper, by dimension we mean complex dimension unless specified
explicitly.

Remark 2.3 Ifd =1, then M;(n,d) = My(n,1) = C"\ {0} and GL(1,C) = C*. The corresponding
~qw 18 given by
(21. 20 ..o 2Zp) ~p (19T Wz 19T W2, (9 Wn g ),

The quotient space M1(n, 1)/~ is called the weighted projective space with weights
(a+wi,a+wy,...,a+wy),

and is denoted by WP (co, c1,...,cn—1), where c; =a+w; 4 fori €{0,1,...,n—1}. For the weighted
projective space, we denote ~y, by ~, when ¢ = (¢, ¢1,...,cn—1). This identification ~ is called a
weighted C*-action on C" \ {0} with weights (co, ¢1,...,cn—1). In addition, if W = (0,0, ...,0) and
a=1,thencyo=1=c; =---=cy—1 and WP(co,C1,...,Cn—1) 18 cprl = Gr(1,n).

A Schubert symbol A for d < n is a sequence of d integers (A1,As,...,Az) suchthat 1 <Ay <A, <
.-+ <Az <n. The length £(A) of a Schubert symbol A := (A1, A3,...,Ay) is defined by
A=A =D+ @A2=2)+--+ (g —d).

There are (Z,) many Schubert symbols for d < n. One can define a partial order < on the Schubert
symbols for d < n by

(2-3) A=<u if A;<p; foralli=12,...,d.

Then the set of all Schubert symbols for d < n form a poset with respect to this partial order <.

Definition 2.4 Let A = (A1,42,...,44) and = (w1, 42, ..., itg) be two Schubert symbols for d < n.
We say that A < p if £(A) < £(u), otherwise we use the dictionary order if £(1) = £(u).

This gives a total order on the set of all Schubert symbols. Note that the total order < in Definition 2.4
preserves the partial order < in (2-3). That is, for two Schubert symbols A and p, if A < u then A < pu,
but the converse may not be true in general. Observe that there may exist several other total orders on the
set of all Schubert symbols which preserve the partial order <. For example, the dictionary order also
gives a total order on the Schubert symbols. By a total order on the set of all Schubert symbols for d < n,
we mean one of these total orders on it. For m = (2) —1, let

(2-4) WAl <2 <o A
be a total order on the Schubert symbols for d < n.

Algebraic € Geometric Topology, Volume 24 (2024)



Cohomologies of weighted Grassmann orbifolds 2215

For W = (w1, w2, ..., wp) € (Z>0)",a € Z>1andi €{0,1,...,m}, let
d

(2-5) Ci :=a+ZwM,

j=1
where A! = ()ki , )Lé, ... ,/\ii) is the i ™ Schubert symbol given in (2-4). Then ¢; > 1 forany i € {0, ..., m}.
Therefore, one can define the weighted projective space WP (co, c1, ..., Cm) from Remark 2.3. We denote
the associated orbit map C™+1\ {0} — WP(co,c1,...,cm) by 7., which can be written as
(2-6) (20,215 -y Zm) = (201215 1 Zm] oy -
Note that when ¢p = ¢; = --- = ¢ = 1, the corresponding orbit map is denoted by

a': C™ T\ {0y — CP™.
Let (t1,t2,...,1y) € (C*)" and A = (ay,az,...,ay)" € My(n,d). Then (C*)" acts on My(n,d) by
(2-7) (t1,...,tn)(al,az,...,an)tr:: (tlal,tzaz,...,tnan)tr.

This induces a natural (C*)"-action on WGr(d,n) such that the orbit map m,, of (2-1) is (C*)"—

equivariant.

The standard ordered basis {ej,ea2,...,e,} of C" induces an ordered basis {e;0,e,1,...,eym} of
A (C™), where e; = ey, A+--Ae, , for the Schubert symbol A = (A1, A2, ..., Ay) for d < n. Therefore,
we can identify A4 (C") with C"*1(= C{ejo,e;1,...,eym}). The standard action of (C*)" on C"

induces an action of (C*)” on C™*1\ {0}, which is defined by

m m
(2-8) (tl,tz,...,t,,)(Za,-eM):Zaitx,-exf,
i=0 i=0

where 1} =1, -+, , for the Schubert symbol A = (A1, A2,...,A4). This induces a (C*)"-action on the

weighted projective space WP (co, c1, . .., cm) such that the orbit map 7/ in (2-6) is (C*)"—equivariant.
For each Schubert symbol A = (A1, A2, ...,44), let A, be the matrix with row vectors a . a,,.....a,,,.
Define amap P: My(n,d) — C™T1\ {0} by

m
(2-9) P(A)=viAvp A Avg =Y det(Ai)ey.

i=0

where v1,v2,...,v5 € C" are the columns of A. Observe that P(A) # 0 as A € My(n,d) has rank d.

From (2-9) we have
m m
P(DAT) = " det(DAT);i)e; = » 1 det(Ayi)ey,
i=0 i=0
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2216 Koushik Brahma and Soumen Sarkar
where T € GL(d, C), D =diag(¢t™!, %2, ...,t"") is the diagonal matrix for € C* such that 4 = det(T),
and ¢; is defined in (2-5) fori =0, 1,2, ..., m. Therefore, the map P in (2-9) induces a map

(2-10) Ply : WGr(d,n) = WP(co,C1,¢2,...,Cm)

defined by Pl ([A]~,,) = [det(A o) :det(Ay1) :---:det(Aym)]~..

The map Pl,, satisfies the following commutative diagram:

My(n,d) —LE—5 cmt1y\ {0

I~ I

WGr(d, n) BLLTIN WP(co,C1s...,Cm)

Thus the map Ply, is continuous, since 7y, and 7/ are quotient maps.
Lemma 2.5 The map Ply, : WGr(d,n) - WP(co,c1,C2,...,Cnm) is an embedding.

Proof Consider [A]~,, € WGr(d, n) for some A € M;(n,d). There exists a Schubert symbol A’ such
that det(A4 ;) # 0. Without loss of generality, we can assume that A,; =1I;, where I; is the identity matrix
of order d. If A;; # I then one can calculate s € C* such that s¢/ = 1/det(A4,:). Now we consider
the matrices D = diag(s¥!, s¥2,...,s¥n)and T = (D,i A;:)~!. Then det(T) = s¢ and (DAT) ;i =14.
Note that [DAT]~,, = [A]~, € WGr(d,n).

We prove that Pl is injective. Let [A]~,, . [B]~, € WGr(d, n) be such that Pl,,([4]~,,) = Ply ([B]~,)
for some A, B € M;j(n,d). Now

(2-1 1) le ([A]"‘w) = le ([B]"’w) = det(AA/) = tcj det(BA./)

for some ¢ € C* and for all j € {0,1,...,m}. Since A € M;(n,d) there exists a Schubert symbol A’ =
A, )LZ) such that det(A4 ;) # 0. Then using (2-11), det(B,;) 7# 0. So we can assume A_Ai =B, = .Id'
Then ¢ = 1. Consider the matrices D = diag(t*!,¢t%2,...,t%") and T = diag(t~"*1,...,t"%4).

Thus, we have By; = (DAT);;.

For k ¢ (AL,... ,/\ii) and 1 <[ <d, let ag; and by; be the (k,!) entries of the matrices A and B,
respectively. For a fixed /, let A/ be the Schubert symbol obtained by replacing )&5 by k in A’ and then
ordering the latter set. Then det(A4, ;) = ax; and det(B; ;) = bg;. Thus using (2-11), we get

Wi —W,i

by =tYay; = by =t9"“lay; = by =t ’\lak].

The above condition holds for all 1 <k <n and 1 <[ < d. This gives B = DAT. Then we have

[A]~,, = [B]~, . Hence, Pl is an injective map.
Observe that, if W = (0,0, ...,0) and a = 1, then the map Pl,, is the usual Pliicker map
Pl: Gr(d,n) — CP™.
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It is well known that Pl is an embedding. Moreover, we have the following commutative diagrams:

WGr(d, n) LTI WP(co,C1s...,Cm)

an ”éT
(2-12) My(n,d)y —E—5 cmt1\ {0}
! b

Gr(d,n) — " s cpm

Let U be an open subset of WGr(d, n). Then L(U) is an open subset of M4 (n, d). Since the map 7 in
(2-2) is an orbit map, 7 (7,1 (U)) is an open subset of Gr(d, n). Thus Pl(r (7,1 (U))) = /(P (7,1 (U)))
is an open subset of PI(Gr(d,n)). Then P(n;l(U)) is an open subset of P(M;(n,d)). Therefore,
Ply, (U) = 7. (P(7;,1(U))) is an open subset of Pl,,(WGr(d, n)). Thus Ply, is an embedding. |

We call the embedding Ply, the weighted Pliicker embedding. Note that the actions of (C*)" on WGr(d, n)
and WP(co,c1,...,cm) imply that the weighted Pliicker embedding Pl,, is (C*)"—equivariant, and
Pl, (WGr(d, n)) is a (C*)"—invariant subset of WP (cg, c1,...,cm). Thus all the maps in the diagram
(2-12) are (C*)"—equivariant.

Now we show that Definition 2.1 is equivalent to the definition of a weighted Grassmannian studied in [1].
The algebraic torus (C*)"*1 acts on A4(C") by

m m
(1. t2n . lna 1) Y agiezi = Y 1-Lziazieyi,
i=0 i=0

where 1) =1, +-1;, for A = (A1,...,A4). Consider the subgroup WD of (C*)"*1 defined by
WD = {(™"", V2, ...tV t%) |t € C*}.

Then the restricted action of WD on A4 (C™)\ {0} is given by
m m
@102, )Y agieni =Y 1%ajie.
i=0 i=0

Observe that this action of WD is same as the weighted C*-action in Remark 2.3. Then we have
A4 (C™)\ {0}/WD = WP(co, ...,cm) and by the commutativity of the diagram (2-12) we have
P(Mg(n,d))

WD ’
Therefore the topologies on WGr(d,n) and P(M;(n,d))/WD are equivalent. Abe and Matsumura [1]

called the quotient P(M;(n,d))/WD a weighted Grassmannian and showed that it has an orbifold
structure. We call WGr(d, n) a weighted Grassmann orbifold associated to the pair (W, a).

Pl, (WGr(d, n)) =

Algebraic € Geometric Topology, Volume 24 (2024)



2218 Koushik Brahma and Soumen Sarkar
Next, we recall the Schubert cell decomposition of Gr(d, n) following [23]. For k < n, we identify
Ck ={(z1.22,...,2,0,...,0) € C"}.
For the Schubert symbol A = (A1, A2, ...,44), the Schubert cell E(1) is defined by
E(A) :={X €Gr(d,n) | dim(X NC*) = j, dim(X NCY» 1) = j —1 forallj € [d]},

where [d] :={1,2,...,d}. We have the following homeomorphism from [23, Chapter 6]:

EXEd
10

0 * - *
O* *

(2-13) EQ)2={|0 1 - 0||*eC ande; is the A" row for j € [d]

00 .--- x
00 -+ %
001
00--0
_(')(')... (')_

Note that the j column in the matrices in (2-13) has A}h entry 1 and all subsequent entries of this column
are zero for j € [d]. Then E(A) is an open cell of dimension £(1) = (A1 —1)+ (A2 —=2)+---+ (X5 —d).

We recall some basic properties of g—cell and finite g—CW complex from [25; 4]. Let D" be the open unit
disc in R” and G a finite group acting on D" such that D" is invariant. Then D" /G is called a g—cell
of real dimension n. Let Y be a space and ¢: D" /G — Y a continuous map. Then the mapping cone

nh

X = (Yu%n)/{vaqﬁ(x)forxe 9D

is obtained from Y by attaching the g—cell D" /G. As a set, we can write X = Y U (D" /G) whenever
the attaching map is clear. If a space X is obtained from a finite set by attaching finitely many g—cells,

then X is called a finite g—CW complex.
Let k be a positive integer and G(k) the group of k™ roots of unity defined by

G(k):={teC*|t* =1}

Then we have the following.
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Lemma 2.6 Let S be a C*—space, and suppose that C* acts on S x C* byt - (x, &) = (¢~ x, t*a). Then
SxC* S
Cc* = Gk’

where G (k) acts on S by restriction of the C*-action.

Proof The inclusion map S — S x C* defined by x — (x, 1) induces a map
SxC*
c*

Note that every element in the codomain of f_ can be written as [(u, 1)], where u € S. To verify this,

j?:S—>

consider an element [(x, 7)] in the codomain of f, where x € S and ¢ € C*. Consider s € C* such that
sk =1/t. Then s- (x,t) = (s-x, 1). Hence [(x, )] = [(u, 1)], where u = s- x. Thus u € S is the preimage
of [u, 1] € codomain( f) and the map f becomes onto.

Now G (k) is a finite subgroup of C* acts on S as a restriction of the C*- action. For any ¢ € G(k),

f@u)=[@u, D] = [(u. )] = [, D] = f).
Thus f induces an onto map f: S/G(k) — S x C*/C* such that the following diagram commutes:
SxC*

f
S o
(2-14) N \
O /f

G (k)

To check that f is one-to-one, if [(x,1)] = [(y,1)] then (y,1) = - (x,1) = (¢-x,¢¥). This implies
y =t-x for some t € G(k). Thus [x] = [y] in S/G (k). Therefore,
§xCc* S
c* ~ Gk

The next result gives a g—CW complex structure on WGr(d, n).
Proposition 2.7 WGr(d, n) is a finite g—CW complex for 0 < d < n.

Proof Consider a total order on the Schubert symbols for d < n as in (2-4), which satisfies the partial
order in (2-3). For each i € {0, 1,...,m}, define E(A") := n~1(E(A)), where the map 7 is defined
in (2-2). The Schubert cell decomposition of Gr(d, n) gives that Gr(d,n) = | |/, E (A%). This implies
m
(2-15) My(n.d)=| | EQD,
i=0
since the map = is surjective. Note that
EM)Y={AeMy(n.d)|det(4;:) #0.det(4,,) =0 for j >i}.
Let A€ E(A') and A ~y, B for a matrix B € My(n,d). Then B € E(A}).
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Therefore, we have the decomposition of WGr(d, n)
WGr(d,n) = np(EA®) U (EAY)) U--- Uy (E(A™)).
By the commutativity of the diagram (2-12), we get
Ply (mu (E(A))) = nl(P(E(A))) and  P(E(X)) = (=)~ (PI(E(L))).
The map 7’ is a principal C*—bundle, and E(A’) is contractible. So there is a bundle isomorphism
$i: P(E(A)) > E(AT) x C*.
Indeed, this map can be defined by ¢; (P(A)) = (w(A),det(4,;)). The inverse map is defined by
(7(A), 5) = (s(det(4;:)) "' P(A)).
Let n(A) € Gr(d, n) for some A = (ay,az,...,a,)" € My(n,d) and t € C*. There is an action of C*
on Gr(d, n) defined by
(2-16) t-m(A)=t-n((ay,az,....ay)") :=n1((tay, t"2a,, ..., t""a,)").

If 1(A) = w(B), then A = BT if and only if DA = DBT for a diagonal matrix D and T € GL(d, C).
Thus ¢t-7(A) = t- 7 (B). Then ¢; becomes C*—equivariant with the following weighted C*—action on
E(A') x C* given by
t-(w(A),s) = (t-w(A), 1),
where t- (A) is defined in (2-16) and ¢; is defined in (2-5). Thus
P(E(A)) . EQhHxc*  EQ)
weighted C*—action ~ weighted C*—action ~ G(c;)’

m(P(E(A))) =
where the last identification follows from Lemma 2.6.

Now E(A)/G(c;) is a g—cell of dimension £(A’) as E(A’) is an open cell of dimension £(A’) and
|G(ci)| < oo.

LetC(i):={[zo:2z1:---:zi—1:1:0:---:0] € WP(co,C1,...,Cm)}.

Consider i1
S2i_1: (207217“'721-_1’0’”.’0)E(Cm+1‘Z|Zj|2:1}
Jj=0

and the G(c;)—action on §2i—1 by g(zo,...,2i-1,0,...,0) — (g%zp,..., g% 12;_1,0,...,0). The

orbit space is called an orbifold Lens space and denoted by L(c;;c’), where ¢/ = (cg,...,ci—1). Then

C(i) = C'/G(c;) is homeomorphic to the cone C(L(c;;c’)) on L(c;;c’). The space WP(co, ..., ci—1)

can be obtained by the weighted S !—action on S2'~! with the weight vector ¢’. Thus there is a map
2i—1 S2i—1

= L(ci;c)— ,
G(c) (ci:e) weighted S1-action

¢i
which plays the role of the attaching map for the g—cell C(7); see [19].
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Note that the set E(A’) = {[zg:---:1zi—1:1:0:---:0] € PI(Gr(d,n))} C CP™. Then E(A!) = ct@n
can be considered as a G(c; )—invariant subset of C’ as £(A’) <i. So SZ~1 N E(A!) is a G(c; )—invariant
sphere of real dimension 2£(A’) — 1. Thus, we have
(E(/\’)) " §2=1n EAY) o E(AY) o C!
G(ci) G(ci) G(ci)  Gla)
Therefore, the attaching map for the g—cell E(A)/G(c;) is the restriction on S(E(A')/G(c;)) and the
following diagram commutes:

= C(i).

S(E(Ai)) e [zt 2i1 02 0)] € Ply (WGr(d, n))}
G(ci)

s l

L(ci.c") i s WP(co,C1.....Ci1)

Therefore, a ¢—CW complex structure on WGr(d, n) is given by
EQA% EQY E@X? E@Q™
(0 EGH EGY) EGM

PloWGHd. M) = G o) ¥ Glen) " Glea) Glem)’ .
Foreach k € {0,1,2,...,m}, let
kEWQ
X = i|:(|) G C WGr(d, n).

Here X, is built inductively by attaching the g—cells E(1%)/G(co). . .., E(A¥)/G(cy) so that X} remains
a subset of WGr(d, n). Then each X is a (C*)"—invariant and we have the following filtration of
WGr(d, n):

2-17) p}=XoC X1 C Xy C--- C Xy =WGr(d, n).

We note that the paper [1] discussed a g—CW complex structure of WGr(d, n). However, our approach is
different and helps to study torsions in the integral cohomology of WGr(d, n).

3 Integral cohomology of certain weighted Grassmann orbifolds

In this section, we study several g—CW complex structures on a weighted Grassmann orbifold. We show
how a permutation on the weight vector affects the weighted Grassmann orbifold. We define admissible
permutation o € S, for a prime p and WGr(d, n). Then we discuss when H*(WGr(d,n); Z) has no
p—-torsion. We introduce the concept of divisive weighted Grassmann orbifolds, which incorporates the
divisive weighted projective spaces of [15]. We show that a divisive weighted Grassmann orbifold has a
(C*)"—invariant CW complex structure. We describe this action on each cell explicitly. As a consequence,
we get that the integral cohomology of a divisive weighted Grassmann orbifold has no torsion and is
concentrated in even degrees.
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The following lemma is well known, but for our purpose we may need its proof.

Lemma 3.1 The map r.: C"*! — {0} — WP(co,c1,...,Cm) induces an equivariant homeomorphism
WP(rco,rcy,...,rem) = WP(co,c1,...,cm) for any positive integer r.

Proof The weighted C*—action on C"+1\ {0} for WP (rcg,rcy, ..., rcm) is given by
1(20, 215  Zm) = (1720, 1"z, ..., 17 zp,).
We denote the equivalence class by [zo 1 z1 -+ Zm]~, ..
One can define a map f: WP(rco,rcy,...,rcm) = WP(co,...,cm) by
f(zo:zi i izml~ ) =201 210 Zm]~,

and amap g: WP(co,C1,...,cm) = WP(rco,rcy,...,rcm) by

gzo:z1 i i zZml~) =1[20: 211 Zml~ye-

Thus the following diagram commutes:

Cm-i—l \{0} I—d> (cm—i-l \{0}

”;‘Cl J{”é
g

WP(rco,...,rem) S—— WP(co,...,Cm)
f

Observe that, we have f o g = Idwp(c,....c,,) a0d g © f =Idwp(rco....,rc,y)- Thus f is a bijective map
with the inverse map g.

Let U be an open subset of WP (co, ...,cm) Then (z,)"1(U) = (z}.)" o f~1(U). Since . is a
quotient map then (x.)~!(U) is an open subset of C™*1\ {0}. Thus f~!(U) is an open subset of
WP(rco,...,rcm) as .. is a quotient map. Thus f is continuous. By similar arguments, we can
show that g is continuous. Hence f is a homeomorphism and also it is equivariant with respect to the
(C*)"—action on WP(cg,...,cm) and WP (rco, ..., rcy) defined after (2-8). a

Lemma 3.2 Let B be a subset of C™ 1\ {0}. Let B, := n.(B) and B, := n|.(B). Then the map
flg,: By. — B is a homeomorphism.

Proof Consider the commutative diagram

ln;c l/ﬂ'é
flst,

B, B,

The map f is well defined and one-to-one. It follows that f'|p/  is also well defined and one-to-one.

Note that f|p; is defined by f|p;_(7;.(b)) = 7 (b). Therefore, rr;.(b) € By, is the inverse image

of an element 7. (b) € B... So f|p/_ is bijective. Also (f|p;.)~' = glp;. To conclude that f|p; isa

homomorphism, recall that the restriction of a continuous map is also continuous. O
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We apply the previous result onto some subsets of P(My(n,d)) € C" 1\ {0} form +1 = (Z), where
P is defined in (2-9). For all k € {0,1,...,m}, consider X; C My (n,d) defined by

Xi:={AeMy(n.,d)|det(A,;,;) =0 for j > k}.
Then X = | |*_y E(A') € My(n.d), where E(A') = x~'(E(\') and

k
P(Xp) = || P(EQ)) S P(My(n,d)).
i=0

Note that P(Xj) € CK+1\ {0} c C™+1\ {0} fork € {0, 1,...,m).

One can calculate ¢; foralli € {0, 1,...,m} from (2-5) for a weighted Grassmann orbifold WGr(d, n).
Let ry := ged{co,c1,...,cx} forall k € {1,2,...m} and G(ry) be the group of r}ch roots of unity. Since
G(c;i) is cyclic, let G(c; /ry) be the unique cyclic subgroup of G(c;) of order ¢; /ry fori €{0,1,2,...,k}.
Also G(ry) is a subgroup of G(c;) and G(c;)/G(ry) is isomorphic to G(c;/ry) fori € {0,1,2,...,k}.
Now G(cg) acts on E(A¥) as a restriction of the weighted C*—action. Then we have a restricted
G(cg/r)-action on E(AK).

Lemma 3.3 The space né(P(fk)) is homeomorphic to né/rk (P(fk)). Moreover, E(AK)/G(cy) is
homeomorphic to E(A%)/G (ck /).

Proof The diagram

P(Xp) L > P(Xp)
ln(l? lﬂc/‘/rk
’ > Flapcp@en , >
7l (P(Xp)) 7!, (P(X0))

is commutative. By Lemma 3.2, the lower horizontal map is a homeomorphism. The second statement of
the lemma follows by similar arguments with P (X) is replaced by P (E (A¥)). |

Theorem 3.4 The collection {E()Li)/G(ci/rk)}fzo gives a g—CW complex structure of né/rk (P(Xp))
fork =1,2,...,m. Moreover, {E()U')/G(c,-/r,-)}l'."=0 gives a g—CW complex structure of WGr(d, n),
where ro = cg.

Proof Note that the sets P (E (A))and P(My(n,d)) = LI, P (E (A%)) are invariant under the weighted
C*-action defined in Remark 2.3 for alli =0, 1,...,m. Then we have the commutative diagram

P(Xy) C Ck+1\ {0}

/7
lﬂ:é‘/rk lﬂc/rk

~ co €1 Ck
" (P(X WP —, —,...,—
Tepn (PR © (Vk Tk rk)
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Thus the first part follows from
k k

P(E(\T)) EAY)
L= =L

i—0 ~c/ri i—0 G(ci/rk).

k k
w (PR =7, ( | P(E'()u'))) = ||, (PEG) =
i=0 i=0

The second part follows from WGr(d, n) = né(P(f m)) and by applying Lemma 3.3 successively for
every k € {1,2,...,m}. |

We show that two weighted Grassmann orbifolds are weakly equivariantly homeomorphic if the associated
weight vectors differ by a permutation o € S;,. Let X and Y be two G—spaces. Amap f: X — Y is
called a weakly equivariant homeomorphism if f is a homeomorphism and f(gx) = n(g) f(x) for some
n € Aut(G) and for all (g, x) € G x X. If n is the identity, then f is called an equivariant homeomorphism.
Let W = (w1, w2,...,wp) € (Z>0)", 0 <a € Z and oW := (Wg,, Wqs,, - . ., Ws,) for some o € S,.
Consider two weighted Grassmann orbifolds WGr(d, n) and WGr'(d, n) associated to (W, a) and (c W, a),
respectively. The group (C*)" acts on WGr(d, n) described in (2-7). Also, there exists a (C*)"—action
on WGr'(d, n) defined by

(3—1) (tl, ey tn)[(al,az, “e. ,an)tr] = [(lgldl,l‘02a2, ey to-”an)tr].

Theorem 3.5 There exists a weakly equivariantly homeomorphism between WGr(d, n) and WGr'(d, n).
Moreover, this may induce different g—CW complex structures on WGr(d, n) for different o.

Proof The matrix A = (a;;) € My(n,d) if and only if 04 = (a4, ;) € Mz(n,d). Thus the natural
weakly equivariant homeomorphism fi: My (n,d) — My(n,d) defined by f,(A) = 04 induces the
commutative diagram _
My(n.d) —2 My(n.d)

(3-2) lnw lnaw

WGr(d,n) —2% WGr'(d, n)

Here my, is the quotient map defined in Definition 2.1. Thus, (3-2) induces a weakly equivariant
homeomorphism f; : WGr(d, n) — WGr'(d, n), where (C*)"—action on WGr(d, n) is defined in (2-7)
and the (C*)"—action on WGr'(d, n) is defined in (3-1). Note that f5([4]~w) = [0A]~ow-

We discuss the effects of the permutation o on the g—CW complex structure on WGr(d, n). Consider
Cl ={(x1.x2,...,%x,) €C" | xj =0for j >i}. For o € Sy, define

oC" :={(xg,, Xgp,---,Xg,)} and oC!:= {(Xg1. X3+ -+ Xg,) €0C" | xg; =0 for o >1i}.
Let A = (A1,...,A4) be a Schubert symbol for d < n. Then
ocE(A)={cY |Y € E(A)}
={X €Gr(d,n) | dim(X NoC*) =i and dim(X NoC*~ 1) =i—1fori € [d]},
where [d] ={1,2,...,d}. Then E(A) = oE(X) and dim(cE(1)) = £(A).
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So the permutation of the coordinates in C" determines another CW complex structure for Gr(d, n)
given by Gr(d,n) =0 Gr(d,n) = [/, 0E (A%). This induces the following decomposition of My (1, d),
similar to (2-15):

Myn.dy=| |6EQ) and P(My@n.d))=| | P@EM)).

i=0 i=0
Recall that A' = ()Li e ,AZ) is a Schubert symbol and ¢; is defined in (2-5) fori =0, ..., m. Then
oAl = (o(kfl), .. .,U(/\;:d)), where iq,...,ig €{l,...,d} and o(kfl) < 0()&?2) << O’(/\;:d). Let
d
(3-3) ocii=at ) Wogiy.
j=1 !

Now from the commutativity of the diagram (2-12), we have

P(c E(AD)

T (U(E(Ai))) = Ply (7w (UE(Ai))) - weighted C*—action’

There exists a homeomorphism
P(cEM\)~cEM)xC*

defined by P(0A) — (nw(0A),det(A,;:)). This is a C*—equivariant homomorphism, where the weighted
C*—action on the left side is same as the weighted C *—action on C 1\ {0}, and the weighted C *—action
on the right side is defined by

t-(w(0A),s) = (t-w(cA), 1t%is),

where ¢- w(0A) is defined in (2-16). Then using Lemma 2.6, we have

PW@EM))  _oEQY)
weighted C*—action ~ G(oc;)’

Then we get a g—CW complex structure of the weighted Grassmann orbifold WGr(d, n) given by
oE(\%) U cE(AY) el oE(A™)
G(oco) G(ocy) G(oem)

WGr(d,n) = |
Remark 3.6 Applying the permutation o on the rows of the matrices in E (1), we get the matrices of
oE(A). That is,

U1 Vg

21 cEQ) < |2 | coEW).

v'n Uc‘rn
Proposition 3.7 [4, Theorem 1.1] Let X be a g—CW complex with no odd-dimensional g—cells, and
p a prime number. Let {pt} = Xo € X; C--- C Xy = X be a filtration of X such that X; is obtained by
attaching the g—cell R2Ki /G; to X;_; forall i €{1,2,...,s}. If gcd{p.|G;|}=1forall i €{1,2,...,s},
then H*(X;Z) has no p—torsion and H°%(X; Zp) is trivial.

Algebraic € Geometric Topology, Volume 24 (2024)



2226 Koushik Brahma and Soumen Sarkar

Recall o¢; as defined in (3-3) for WGr(d, n) associated to weight vector W = (w1, ..., wy,) € (Z>0)"
and 1 <aeZ.

Definition 3.8 A permutation o € S, is called admissible for a prime p and WGr(d, n) if
al, oci |
C s — (¢ — L,
gedy p 4

where oc¢; is defined in (3-3) and d; = gcd{ocp,0c¢1,...,0c;} fori € {1,2,...,m}.
Some examples of admissible permutations are discussed in Example 3.12.

Remark 3.9 There may not always exist an admissible permutation o € Sy, for a prime p and WGr(d, n).
However if d = 1, then m = n — 1 and there always exists an admissible permutation o € S, for every
prime p. The admissible permutation o € S; may not be unique.

The following result says when the integral cohomology of WGr(d, n) has no p—torsion.

Theorem 3.10 If there exists an admissible permutation o € S, for a prime p and WGr(d, n), then
H*(WGr(d, n); Z) has no p—torsion and H°Y(WGr(d, n); Z,) is trivial.

Proof Suppose o € S, be an admissible permutation for p and WGr(d, n). Then
oCj
cdd p,—:7 =1
s {p di }
by Definition 3.8, where d; = gcd{oco,0c1,...,0¢;}foralli € {1,2,...,m}. By Theorem 3.5, we have

the q—C W Complex structure
O E A,O E A, 1 O E /\m

WGr(d, n) = ,
M= Gloco)  Gloen G(ocm)
where 0E(A1) = E(A) = CYA) Let
k .
cE(A)
X; = CWGr(d,n) for k=0,1,...,m.
o X i|:(|) Gl < r(d,n) for m

Then 0X} is a subcomplex of WGr(d,n) for k =0,1,...,m and 0X,, = WGr(d,n). This gives a
filtration
{pt} =0Xo CoX; C---CoX;y = WGr(d,n)

such that 0X; \ 0X;_; is homeomorphic to 0 E(A))/G(o¢;).
Using Lemma 3.3, ) .

oE(')  oE(A")

G(oci) — Gloci/di)
That is, 6X; \ 0X;—1 is homeomorphic to (Ce(’v)/G(ac,-/di) foralli = 1,2,...,m. Therefore, by
Proposition 3.7, H*(WGr(d,n); Z) has no p—torsion and the group H°Y(WGr(d,n); Z,) is trivial. This
completes the proof. O
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Corollary 3.11 [19] H*(WP(co,c1,...,Ccm); Z) has no torsion.
Proof This follows from Theorem 3.10 and Remarks 2.3 and 3.9. O

Example 3.12 Consider the weighted Grassmann orbifold WGr(2, 4) for weight vector W = (1,1, 3, 4)

and a = 2. Here
n=4, d=2, (})=6 m=(})-1=5

So, in this case, we have six Schubert symbols, which are
MN=01,2)<A'=1,3)<A2=(1,49)<2>=2.3) <A*=(2,4) < 1> =(3,4),
ordered as in Definition 2.4. For the prime p = 3, consider the permutation o € S4 defined by
o1=3, o,=4, o3=1, o04=2.

Then
oco=9, o0c1=6, 0ca =6, ocz=7, oc4=7, o0c5=4,

using (3-3). This o is admissible for p = 3 and WGr(2, 4). Thus H*(WGr(2, 4); Z) has no 3—torsion by
Theorem 3.10.

For the prime p = 7, consider the permutation o € S4 defined by
0’1=4, O'2=2, O'3=1, O’4=3.

Then
oco="7, oc1=7, 0cy =9, ocz3z=4, o0c4=6, o0c5=06,

using (3-3). This o is admissible for p = 7 and WGr(2, 4). Thus H*(WGr(2, 4); Z) has no 7—torsion by
Theorem 3.10.

To compute that it has no 2—torsion, we need to consider a different total order on the Schubert symbols,
given by

MW=01,2)<A=1.3))<A?2=2.3) <3 =149 <1 =2,9)<A>=(3.4),
which preserves the partial order in (2-3). In this case, using (2-5),
co=4, ¢c1=6, =6, c3=7, c4=7, c¢5=09.

The identity permutation in S4 is admissible for p = 2 and this WGr(2, 4). Then H*(WGr(2, 4); Z) has
no 2—torsion by Theorem 3.10.

The only primes which divide the orders of the orbifold singularities of this WGr(2, 4) are 2,3 and 7.
Hence the integral cohomology of WGr(2, 4) of this example has no torsion. O

Remark 3.13 Considering the total order given in Definition 2.4 on the Schubert symbols, there may not
exist an admissible permutation o for a prime. However, one can take another total order on the Schubert
symbols for which one can find o satisfying the hypothesis in Theorem 3.10 for this prime.
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The g—CW complex structure in Theorem 3.4 leads us to introduce the following definition, which

generalizes the concept of divisive weighted projective spaces of [15].

Definition 3.14 A weighted Grassmann orbifold WGr(d, n) is called divisive if there exists o € S;, such
that o¢; divides ocj—q fori =1,2,...,m, where oc; is defined in (3-3).

Example 3.15 Consider the weighted Grassmann orbifold WGr(2, 4) for weight vector W = (1,6, 1, 1)
and a = 3. We have the ordering on the six Schubert symbols given by

MW=01,2)<A'=(1,3)<22=(1,49)<2>=2.3) <A*=(2,4) < 1> = (3,4).

Consider the permutation o € S4 defined by

Then
oco=10, o0c1 =10, o0cy; =10, o0c3=5, o0c4=5, o0c5=25,

using (3-3). Thus oc¢; divides ocj—; fori =1,2,...,5. So WGr(2, 4) of this example is divisive. ]

Example 3.16 Let« and y be any two nonnegative integers and 8 be any positive integer such that § > do.
Let WGr(d, n) be the corresponding weighted Grassmann orbifold for W = (¢ +yB.«, ..., o) € (Z>0)"
and a = B — da > 0. Consider the total order {A°, A1, ..., 1™} on the Schubert symbols induced by the

dictionary order. Then . n—1
_(y+DB ifi=01,....(57) -1

B ifti =(4"1).....m.
Then ¢; divides ¢;—; foralli =1,2,...,m. Therefore this WGr(d, n) is a divisive weighted Grassmann
orbifold. O

Definition 3.17 Let A be a Schubert symbol for d < n. Then a reversal of A is a pair (k, k’) such that
kel k' ¢ Aand k' < k. We denote the set of all reversals of A by rev(A). If (k,k’) € rev()) then
(k,k")A is the Schubert symbol obtained by replacing k by k" in A and ordering the later set.

Remark 3.18 If (k,k’) € rev()) then (k,k")A < A and £()) is the cardinality of the set rev(A) where
£(1) is the length of A. Knutson and Tao [20] and Abe and Matsumura [1] defined an inversion of a
Schubert symbol A as a pair (k, k") such that k € A, k' ¢ A and k < k’. In some sense, our definition of
reversal is dual to the definition of inversion. If inv(A) is the set of all inversions of A and /(1) is the
cardinality of the set inv(4), then £(A) +£'(A) = d(n —d). Also, if (k, k") € rev(L) and (k,k")A = pu,
then (k’, k) € inv(u) and (k' k) = A.

Next, we discuss (C*)"—action on some CW complex structure of a divisive weighted Grassmann orbifold.
Recall the (C*)"—action on WGr(d, n) which is induced from (2-7). We retain the notation from Section 2.
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Theorem 3.19 If WGr(d, n) is a divisive weighted Grassmann orbifold, then it has a (C*)" —invariant
CW complex structure with cells {C**) | i =0,1,...,m}.

Proof Let WGr(d,n) be a divisive weighted Grassmann orbifold corresponding to weight vector

W = (wi,...,wy) € (Z>0)" and 1 < a € Z. Then there exists o € S, such that o¢; divides oc;—; for
alli =1,2,...,m. Let us assume that 0 = Id (the identity permutation in S,). Then ¢; divides c¢;—; for
alli =1,2,...,m. Then gcd{cp,c1,...,ci} =c; foralli € {1,2,...,m}. Thus,
~ i EQ E ;
Tw(EAY)) = @) _EG) ~ FE(\') forall i =1,2,...,m,

G(ci) ~ G(ci/ci)

by Lemma 3.3. Thus, each element of my, (E (A%)) can be represented uniquely by the equivalence class
of an n x d matrix defined in (2-13).

Let A = (A1,...,A4) be a Schubert symbol for d < n and let z € CYA)  Since
(A=A =D+ A2—=2)++ (kg —d),
we can write z = (21,22, ...,24), Where

1l [ [ ) [
Zl:(21’22""’Z)n""’Z)tz’“"Z)L;_]""’Z/lz—l) for [ =1,...,d.

For (t1....,t,) € (C*)", we define s € C* such that s/ =1, ---1,,. Define T € GL(d, C) by
L t)“ tkz t)Ld
T—dlag((swh),(waz),...,(swld .

Define g, : Ct) 5 my, (E(1)) by

Then det(T') = s4.

71 74 2]
1 > d

ZA]—I Zl]—l Zkl—l
1 0 0
2 d

0 zy 41 " Zhy41
2. d

0 le—l Zkz—l
gi(@):=1] o 1 -+ 0
d

0 0 Zkz-‘r—l
: K

0 0 23 -1
0 0 1
0 0 0

0 0o .- 0
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Then g, is a homeomorphism. Now we have

1z 123
1 2
Ba=123 -1 =15,
I 0
2
0 tkl"l‘lzll_'_l
2
0 IA2_IZA2—1
(t1, 12, ..., 1y)gi (2) = 0 s
0 0
0 0
0 0
0 0
L 0 0
Then
B Wiy Wi,
J Z‘IZ1 1122
1 1
tkl tlz
w) w)
S 1 1 s A2 2
_t)tl Ml—lle—l —% lM—lZ,xl_l
sPh
0 Al 0
1 SwAz ,
0 I, ul'HZM-H
wAz
0 = thy—175 _
1) 2 Ar—1
(t1. 12, ..., 1n)gi(2) = 2wy,
0 t
t)tz A2
0 0
0 0
0 0
0 0
u 0 0
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h1z]
tll—lzfl—l
t/\1+12311+1
tlz—lzfz—l
1/12+12f2+1

d
tkd_lzkd—l

d xT.
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Thus, (t1.122,...,t2)g,i(z) is equal to

B s 021 52 422 Switlzd T
fy,swr 1 fy,swr 1 1,8 1
w) w) w)

s 1 o8z 2 _ s d
swll”tx]%_lzkl_l swh*ltleh_lle_l swllf‘md%_lzh_l
1 0 0
wy wi

s 2 2 s 7d d
0 Sw,\1+1u2tll+1le+1 Sw)"l—HtAd t/\1+1Z)L1+1
w) W)
s 2 _ s d
D x 0 sWra=lgy ho=1Zj51 - sl =121 | T =DMT,
0 1 0
wy
s *d d
0 0 SOy, PatiZia
wi
s hd d
0 0 Sw"\d_ll)td txd_lzkd—l
0 0 1
0 0 0
B 0 0 0 |
where D =diag(s™!, ..., s%")is a diagonal matrix. So by the equivalence relation ~, as in Definition 2.1,

(t1.t2. ... . tn)g;:1(z) = M € my(E(AY)) C WGr(d, n).

Let ay; be the coefficient of Z]lC in the matrix M for 1 <l <d, 1 <k <Aj—1,k# A1, 2,..., ;1.

Then s¥

katkz ’
Now for 1 <k <X;—1 with k # A1, As, ..., A;—; we have (47, k) erev(A)). Let A/ = (1;,k)A’. Note
that A/ < A%, Recall ¢; from (2-5). So

ag] =

wy . . .
—tks ! — tA‘_]Sw)tl —Wk — ZA‘_jscl‘_cj — tk_jt}(’fl_c‘/)/cl = t)‘j (tAi)_cj/ci,
i

sPkty, 1)i Iyi %)
since s =1 --+fy, =ty and ty; = £y, Ly, by, et Since WGr(d, n) is divisive and
A/ < A, we have that ¢; divides cj.

Define a (C*)"—action on ctah by
(11t tn)(2g) = (135 (13) "€ 23)

forl<l<d,1<k<A;—1,k#A1,Aa,...,A;_1. With this action of (C*)" on ng)’ the map g,
becomes (C*)"—equivariant.
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If o # 1d, consider the cell
oE(AY) N oE(A)

~ ~oE\) foralli=1,2,....m,
Gloc) = Gloerjocy = CEX) foralld &

7w (0 E(A)) =

by Lemma 3.3. Hence, we get the map 0g;;: cta Ty (GE()&i)) defined by z — 0g,:(z). Then by
similar arguments, we get the (C*)"—action on C**") defined by

(3-4) (1,12, tn)(2h) = (55 (1520) O OC0 2L ). |

Corollary 3.20 If WGr(d, n) is divisive, then H*(WGr(d,n); Z) has no torsion and is concentrated in
even degrees.

We remark that Corollary 3.20 also follows from the proof of Theorem 3.10 and Definition 3.14. However,
Theorem 3.19 describes the representation of the (C*)"-action on each invariant cell explicitly. We also
get that a divisive weighted Grassmann orbifold is integrally equivariantly formal.

4 Equivariant cohomology, cobordism and K -theory of weighted
Grassmann orbifolds

In this section, first we compute the equivariant K—theory ring of any weighted Grassmann orbifold
with rational coefficients. Then we compute the equivariant cohomology ring, equivariant K—theory
ring and equivariant cobordism ring of a divisive weighted Grassmann orbifold with integer coefficients.
We discuss the computation of the equivariant Euler classes for some line bundles on a point. We also
compute the integral equivariant cohomology ring of some nondivisive weighted Grassmann orbifolds.

We retain the notation of previous sections.

We recall the (C*)"-action on WGr(d, n) which is induced by (2-7). Consider the standard torus
T" = (S')" C (C*)". So we have the restricted 7" —action on WGr(d, n). For each Schubert symbol
A= (A1.A2,...,A4), consider C(X) € My (n,d) with column vectors given by e, ,,e,,, ..., e, ,, where
{e1,ea,...,eu} is the standard basis for C”. Therefore [C(1)] € WGr(d, n), and it is a fixed point of the
T"—action on WGr(d, n).

Proposition 4.1 Let WGr(d, n) be a weighted Grassmann orbifold corresponding to weight vector
W = (wy,wa,...,wy) € (Z>o)" and a > 1. Then there is a (C*)"—invariant stratification
{pt}=XoC X1 CXpC---C Xy, =WGr(d,n)

such that fori = 1,...,m, the quotient X;/X;_1 is homeomorphic to the Thom space Th(£') of an
orbifold (C*)"—vector bundle

(4-1) §:CHH/Glep) > [COD,
where G(c;) is the cyclic group of the cl.th roots of unity.
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Proof Recall the (C*)"—invariant stratification
{pt} =Xo C X1 CX2C+- C X = WGr(d,n)

from (2-17), which is obtained from the g—CW complex structure of WGr(d, n) as in Proposition 2.7.
Note that X;/X;_1 is the one-point compactification of E(A")/G(c;), which is the Thom space of the
orbifold (C*)"—vector bundle

E(A) .
= [CA)],
G(ci)
where [C(A7)] is the (C*)"—fixed point corresponding to the Schubert symbol Mfori=1,....,m. It
remains to note that E(A’) is (C*)"—equivariantly homeomorphic to CtA; see (2-13). a

Now corresponding to rev(A?), one can define a subset of Schubert symbols
(4-2) RO := A | A = (k, kA for (k, k') € rev(A})}.
Then the cardinality of the set R(A?) is £(A") for every i € {0, 1,...,m}. Note that the bundle in (4-1) is
also an orbifold 7"—bundle.
Proposition 4.2 The orbifold T" —bundle in (4-1) has a decomposition
L(AD)

G(ci)

g —[c)= P (gif-&e[c(x")])-

J1AJ €R(A) Gley)
Proof Observe that EQ) C L)

XX =Gy = 6@

Since T" is abelian, the 7" action on E(A') = C¢AD determines the decomposition
EQHh= P ¢Cy
jiAd eR(AD)
for some irreducible representation C;; of T". By [10, Proposition 2.8] there exists a finite covering
map ¢: T™ — T" such that the projection map ¢: E(A') — E(A))/G(c;) is equivariant via the map g,
ie ¢(tx) = q(t)¢p(x). Therefore,

EMY) Cij
@ )G(cl-j)

G(ci) jiAJ €R(A

for some positive integers ¢;; which divide ¢;. Hence the proof follows. |
Remark 4.3 (1) The attaching map 7;: S(§') — X;_ for the g—CW complex structure in (2-17)
satisfies 7;[g(giiy = fij © £ where fij: [C(A1)] = [C(A/)] is the constant map.

(2) The equivariant Euler classes {e7# (§7) | j < i} are nonzero divisors. They are pairwise prime by
[14, Lemma 5.2] and the T"—action on E(A?) discussed in the proof of Theorem 3.19.
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Theorem 4.4 Let WGr(d, n) be a weighted Grassmann orbifold for d < n, corresponding to weight
vector W = (w1, w2, ..., Wy) € (Z>0)" and a > 1. Then the generalized T" —equivariant cohomology
€70 (WGr(d, n); Q) can be given by

{(f,-) e P €5 (pt}: Q) | ern () divides f; — f; for j <i and [\ NA'|=d — 1
i=0

for €%, = K7.,, H},, where eTn (€7 represents the equivariant Euler class of £/,
Proof This follows from [26, Proposition 2.3] using Propositions 4.1 and 4.2, and Remark 4.3. O

We note that equivariant cohomology ring of WGr(d, n) with rational coefficients is discussed in [1].
In the rest, we give a description of the equivariant cohomology ring, equivariant K—theory ring and
equivariant cobordism ring of a divisive weighted Grassmann orbifold with integer coefficients.

Proposition 4.5 Let WGr(d, n) be a divisive weighted Grassmann orbifold for d < n corresponding to
W = (w1, wz,...,wy) € (Z>0)" anda > 1. Then there is a T" —invariant stratification
{pt}=Xo C X1 C---C X, = WGr(d,n)

such that for i = 1,...,m, the quotient X; /X;_1 is homeomorphic to the Thom space Th(¢') of the

T —vector bundle . _ _
£ Ct) S cah).

Proof Since WGr(d, n) is divisive, there exists o € S, such that o¢; divides ocj—; fori =1,2,...,m.
Then ged{ocg,o0c1,...,0¢;} = oc; for all i. By Theorem 3.5, one can write
m )
ocE(AY)
WGr(d,n) = .
d,m) l,lz(l) G(oci)

By Lemma 3.3, the g—cell 0E(A')/G(oc;) is homeomorphic to 0E(A)/G(oc;/oc;) = CtA) for
i=1,....,m. Let X = |_|f~c=0 oE(A)/G(oc;) fori =0,1,...,m. The rest follows from the proof of
Proposition 4.1. |

Remark 4.6 For a divisive weighted Grassmann orbifold, Proposition 4.2 and Remark 4.3 hold with
cij = 1forevery j <i.

Theorem 4.7 Let WGr(d, n) be a divisive weighted Grassmann orbifold for d < n. Then the generalized
T"—equivariant cohomology €%.,(WGr(d, n); Z) can be given by

m
{(f,-) e P €5 (pth: Z) | ern (V) divides f; — f; for j <i and |\ NA'|=d — 1
i=0

for €3, = H},, K}, and MU,
Proof This follows from Proposition 4.5, Remark 4.6 and [14, Theorem 2.3]. O
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Remark 4.8 Let A’ and A/ be two Schubert symbols with j < i. If WGr(d, n) is a divisive weighted
Grassmann orbifold then there exists a permutation o € S, such that o¢; divides oc;. We write

ocj

Gdij = e’Z.

oc;

Next we discuss how to compute e7» (/). We recall that
Hra({pt}: Z) = H*(BT"; Z) = Z[y1. Y2, . ... ¥nl.
where y1,y2,...,yn be the standard basis of H2(BT";Z). Using (3-4) the character of the one-
dimensional representation for the bundle £ is given by
4-3) (t1.t2s o tn) = g5 (1550) 01060
Also,
Kfa({pt}) = R(T™)[z,271],

where R(T") is the complex representation ring of 7" and z is the Bott element in K ~2({pt}). Note
that the ring R(7") is isomorphic to the ring of Laurent polynomials with n variables, ie R(T") =
Zloy, . ... 0n)(a;a,)> Where o; is the irreducible representation corresponding to the projection on the
i™h factor; see [17]. Therefore, using (4-3), one has, for j <i and A/ NA|=d —1,
—od;; .
L—agyja 7 in K. ({pt}: Z),
ijy —od;; .
(4-4) ern(§V) = ern(agpsa_ ) in MU%, ({pt}: Z),
Yori —0dijYesi  in HZ,({pth Z),
where Y 1= Zflzl v, and oy =y, -~y for a Schubert symbol A = (A1,...,44).

We remark that the structure of MU, ({pt}) is unknown; however, it is referred to in [15] as the ring of

T"—cobordism forms.

Example 4.9 Consider the weighted Grassmann orbifold WGr(2, 4) for W = (12,2,2,2) and a = 6.
We have the ordering on the six Schubert symbols given by

MW=01,2)<A'=(1,3)<22=(1,49) <23 =2.3) <A*=(2,4) < 1> =(3,4).

Then cog = 20,c1 = 20,cp = 20,c3 = 10,¢c4 = 10,c5 = 10 from (2-5). Here ¢; divides c¢;—1 for all
i =1,2,3,4,5. Thus, WGr(2, 4) is divisive for the identity permutation in S4. Then d;; = ¢;/c; in

Remark 4.8 gives
|1 if j <i and both i, j € {0, 1,2} or {3,4,5},

Y712 ifjef0,1,2}and i € {3,4,5).

Then one can calculate the equivariant Euler class e7» (£/) from (4-4). The generalized integral equivariant
cohomology ring €7, (WGr(2, 4): Z) of this divisive weighted Grassmann orbifold WGr(2, 4) can be
described by Theorem 4.7. O
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The fixed points of the 7"—action on WGr(d, n) are V := {[C (A’ )N} - Two fixed points [C (AH)] and
[C(A/)] are connected by a T"—invariant WP (c;, ¢j) C WGr(d, n) if and only if A = (k,k")A! for some
(k, k"), where (k,k")A! is described in Definition 3.17. In that case it is said that there is an edge e; g
between [C(A')] and [C(L/)]. Let E := {e;; | A/ = (k,k’)A" for some (k,k’)}. Then I' = (V, E) is
a d(n —d) valent graph with (m + 1)—vertices. Consider the connection 8 on I" defined similarly as
the GKM—graph of the Grassmann manifold in [12, Theorem 1.11.4, equation (1.34)]. Note that the
T"—action on WP (c;,c;) is given by (t1,...,t,)[z; : zj] = [tyiz;i : 1, z;]. This action induces a map

a:E— H*(BT";Q)=Q[y1...., yul

defined by a(e) := (¢; Y —c;Y;i)/ci if e is the oriented edge from [C(A1)] to [C(A/)] with |A/ N AF| =
d — 1. Note that if e is the edge with the opposite orientation on e then «(e) = (¢; Y —c¢; Y, )/c;. Let
re = ¢; and rgz = ¢j. Then

(4-5) rea(e) = —rza(2) € H*(BT"; 7).

Let e and ¢’ be two edges with the same initial vertex. Let e’ be the oriented edge from [C(A?)] to [C(A)].
Then we have
cjcr(a(fe(e’)) —a(e’)) =0 mod rea(e).

The map « is called the axial function on I'. Therefore, (T, o, 6) satisfies the definition of orbifold
GKM-—graph [8, Definition 2.2]. Hence, (I, &, ) is the orbifold GKM-graph for the weighted Grassmann
orbifold.

The following result gives equivariant cohomology ring of some nondivisive weighted Grassmann orbifolds
with integer coefficients.

Theorem 4.10 Suppose that WGr(d, n) is a weighted Grassmann orbifold corresponding to the order
A% <... <A™ such that r = ged{co,c1} and c;j|cy for k <i withi > 2. Then the integral equivariant
cohomology ring of WGr(d, n) is given by

H7,(WGr(d,n);Z)

m
= {(fi) e@Z[yl,yz,...,yn] (Y, —di;Yyi) divides (f; — f;) if j <i, A NA | =d —1,
=0
’ (i, /) # (0, 1) and ¢1 Y30 — coYy1 divides r(fi — fo)} .

Proof By the given condition gcd{cg,c1,...,c;} = ¢; fori > 2. So, by Lemma 3.3, E(A))/G(c;)
is homeomorphic to E(A")/G(ci/c;) = C¢@) fori = 1,...,m. Wheni = 1, we have that Xy is
equivariantly homeomorphic to WP(cg, c1). Therefore, WGr(d,n) has a T"—invariant CW complex
structure. For the edge e = eg1, the minimum of r, that satisfies (4-5) is r. Thus, by [8, Definition 2.3
and Theorem 2.9], we get the result. O
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Next, we discuss the equivariant cohomology ring of the weighted projective space WP (bo, by ..., bn),
where (bg, by ...,by) € (Zzl)mﬂ, for several torus actions. By Remark 2.3, WP (bg,b; ...,by) =
WGr(1, m + 1), where the latter is associated to the weight vector W = (bg—1,...,by, — 1) and a = 1.
The Schubert symbols for 1 < m + 1 are {1},...,{m} and {m + 1}. Assume that WGr(1,m + 1) is
divisive corresponding to this order, ie b; divides b;—y fori =1,2,...,m. Then

EG+1) = {[(uo,u1,...,ui—1,1,0,...,0)] € WP(bo.b1...,bym)} =C" fori=0,1,....,m.

Let (n,d) be such that d < n and (Z,) = m + 1. Then (2-8) gives a T"-action on WP (bg, b1 ..., bn).
Recall t; from (2-8) for the Schubert symbols A%, A1, ... 1™ corresponding to d < n. We have

(Zl,lz,...,Zn)[(uO,Ml,...,ui_l, 1,0,...,0)]
= [(l‘lolfto,lklul,...,fAi—IMi_l,lAi,O,...,O)]

= [((Z‘Ai)_b()/bitkouo, (Z)Li)_bl/bil‘;tlul, e (l‘li)_bifl/bil‘xi—l ui—1,1,0,...,0)].
Then E(i + 1) is T"—invariant as well as 7™+ !—invariant. Let

Xi = [(uo,ul,...,ui,O,...,O)] S WP(b(),bl ,bm)}
Then X; gives a filtration
(4-6) pt}=XoCX1C---C Xpy = WP(bo,b1,...,bm).
Note that the filtration in (4-6) satisfies Proposition 4.5 and Remark 4.6. Thus in this case

i
£ E(+1) - [eir1] = @EY :Cij — leiv1])
=0
for some irreducible representation C;;. Using the proof of [15, Theorem 2.3] one can get the following
result.
Theorem 4.11 If WP (by, ..., by,) is divisive, then the generalized T" —equivariant cohomology
Ern(WP(bo....,bm);Z)

= H*

for €% 7n» K7, and MU7.,, can be given by

Tﬂ

g(fi) e @@€5 (pth: Z) | ern () divides f; — f; forall j <iy.

=0

We note that there are several pairs (n, d) such that d < n and (Z,) =m + 1 > 2. Now we discuss how
to calculate the equivariant Euler class ez» (£€/) in Theorem 4.11. The corresponding one-dimensional
representation on the bundle £/ for j < i is determined by the character

(t1.. . tn) = (130) "2 Pty
Thus, similar to (4-4), one can calculate the equivariant Euler class ez (§%/) of the bundle £/ for j <.
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Example 4.12 For m = 2, we have (}) = (3) = 3. Thus, corresponding to two different pairs (3, 1)

and (3,2), we have two different 73 actions on WP (bg, b1,b3). The map f: T3 — T3 defined by
(t1,12,13) = (t112, 1113, t213) is not an automorphism. So these actions are not equivalent. However, using
Theorem 4.11, one can calculate the equivariant cohomology of WP (bg, b1, b2) for both the actions if b;
divides b; 1 fori =1, 2. O

5 Equivariant Schubert calculus for divisive weighted Grassmann orbifolds

In this section, we show that there exist equivariant Schubert classes which form a basis for the equivariant
cohomology ring of a divisive weighted Grassmann orbifold with integer coefficients. We show some
properties of the weighted structure constants. Moreover, we discuss some relations that help to compute
the weighted structure constants corresponding to this equivariant Schubert basis with integer coefficients.

For x € H7,(WGr(d,n): Z), the support of x, denoted by supp(x), is the set of all Schubert symbols Al
such that x|;; # 0. Recall the partial order < on the Schubert symbols defined in (2-3). We follow this
partial order < and we say that an element x € H,(WGr(d,n); Z) is supported above by ALif AT < Ak
for all A¥ € supp(x).

Let WGr(d, n) be a divisive weighted Grassmann orbifold. Then there exists o € S;, such that
(5-1) oc; dividesocj—1 fori=1,2,...,m.

Using Theorem 3.5, it is sufficient to consider o = Id, the identity permutation on S,. For 0 = Id,
(5-1) transforms to
ci divides ¢cj—1 fori=1,2,...,m.

Recall the definition of R(A!) from (4-2). We introduce the following definition.

Definition 5.1 An element x € H7,,(WGr(d,n); Z) is said to be an equivariant Schubert class corre-
sponding to a Schubert symbol A’ if the following conditions are satisfied:

(1) x| # 0 implies A’ < Ak (We say that x is supported above A’.)
2 x[pi =TTaserpiy¥ai —(¢j/ci)¥;i).

(3) x|k is a homogeneous polynomial in y1, y2,..., y, of degree £(A').

Proposition 5.2 (uniqueness) For each Schubert symbol A’, there is at most one equivariant Schubert
class x corresponding to A .

Proof Suppose that there were two distinct equivariant Schubert classes x and x’ corresponding to A’.
Let A/ be the minimal Schubert symbol such that (x —x)|,,; # 0. By Definition 5.1(1)~(2), we get
Al < A/, Then from the condition in the expression of the equivariant cohomology ring in Theorem 4.7,
we get that (x —x')|[,, is a multiple of [Taker@iy(Yax — (ck/cj)Y)s), which is of degree £(A7). This
contradicts the fact that x —x’ is homogeneous of degree £(A') < £(A7). O
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Let us denote the equivariant Schubert class corresponding to the Schubert symbol A’ by wS i for
1=0,1,...,m. Weremark that the existence of wS i follows from [14, Proposition 4.3] and Theorem 4.7.
Geometrically, wS ,i 1s the equivariant cohomology class corresponding to the closure of the cell
orE (or)ti), where o € S, is the permutation defined by

(1 2 3 - n—1n
T F\nn-1n-2- 2 1)
Using the arguments in the proof of [20, Proposition 1], one gets the following.

Proposition 5.3 The equivariant Schubert classes {w§ i} form a basis for Hy,,(WGr(d, n); Z) as
a module over Hy, ({pt}; Z). MoreovEr, any x € Hr, (WQr(d, n),7) can bg written uniquely as an
H7, ({pt}; Z)-linear combination of wS); using only those A" such that A/ < A' for some A/ € supp(x).

Proof To check that the set {w§ 2}t is linearly independent, let > aiwS 1i = 0 for coefficients

a; € Hy,({pt}; Z) that are not identically zero. Let
k=min{i €{0,1,...,m}|a; # 0}.
We also have that wS;:|x = 0 for i > k. Thus the restriction (Y7o a;wSyi)| 1k = arwSx |k # 0,
which is a contradiction.
Now, to prove that {w§ i + spans, consider an element x € H7.,,(WGr(d,n); Z). Let
j:=min{i €{0,1,...,m}| A" € supp(x)}.

Then x|, =B, wS}j | using Theorem 4.7 and (4-4) for some B; € Z[y1, ..., yn]. Subtracting f8; w:S'V)L_;,
we can inductively reduce support of x upwards until it is empty. This uses only those A’ such that
A/ < Al for some A/ € supp(x). m|

Example 5.4 In Figure 1, we compute the equivariant Schubert class wS, 23 €H ; +(WGr(2,4); 7),
where WGr(2, 4) is a divisive weighted Grassmann orbifold for some W = (a + yB, o, @, &) € (Z>0)*
and a =  — 2« € Z~o. Figure 1, left, is the lattice of the Schubert symbols for 2 < 4. Figure 1, right,
gives the equivariant Schubert class corresponding to the Schubert symbol (2, 3). O

In the rest of this section, we compute the weighted structure constants for the equivariant cohomology
of a divisive weighted Grassmann orbifold. Since the set {wS 2ife, form a H7, ({pt}: Z)-basis for
H;,, (WGr(d, n); Z), for any two Al and A/, one has that

(5-2) wg,vt ngj =chlkj U)Svkk,
21k
where A¥ € {10, A1, ... A™}. The constant wclkj € H7,({pt}: Z) in the formula is called a weighted

structure constant.
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(3, 4) Ya,9— @+ DYe,4)Yas — ¥+ DYza)

14—+ DYoun)Ya2— @+ DYo4)

(1,4) (2,3) 0 Ya,3n— @+ DYe3)Ya2— @ +1DY0o3)

(1.2)
Figure 1
Lemma 5.5 The weighted structure constants wclkj have the following properties.
: k j j k
(1) The weighted structure constant wc;; has degree LAY +L(AT) —L(A%).
(2) The constant wclkj is 0 unless L(AK) < £(AT) +£(A/) and AF = AT A7
(3) Wheni =k, we have u)cl’.'j = w8, |5

Proof (1) The degree of wS i is £(A7). So the degree of the weighted structure constant wc{‘j is

given by
deg(wclkj) = deg(wgﬂ) + deg(wS};) — deg(ws;kk) =LA+ L) — E(/\k).
(2) The weighted structure constant wclkj =0 if L(AT) 4+ £(A)) — £(AK) < 0. Also,
WSy wS s #0 = A5 = AL A7,
Thus, by Proposition 5.3, wclkj £ 0 implies A¥ > A7 A/
(3) Comparing the (A’)™ component of the both sides in (5-2), we get

U)S:Aihi wgk_;ui = wcll:j w§;u|,1i + chlkj ws;,{khi.

k#i
We have that wclkj = 0 unless Ak = A7, but ngk |, =0 for Ak =i and Ak #* A, Thus all the terms in
the summation vanish. So the claim follows, since wS;;|;: # 0. O

Now we introduce the equivariant Schubert divisor class. Note that £(A') = 0 if and only if i = 0, and
€(A') = 1if and only if i = 1. The equivariant Schubert class corresponding to the Schubert symbol A1
is called the equivariant Schubert divisor class.

Lemma 5.6 The equivariant Schubert divisor class wS a1 € H7,,(WGr(d,n): Z) is given by

~ CO
wSy1li =Y0——Y;i.
Ci
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Proof Consider an element x € P/~ Hy, ({pt}; Z) defined by x|;; = Y0 —(co/ci)Y;i. Let A and A/
be two Schubert symbols such that A/ < A’. Then
Co Cj
i —xl =2 (v -2y ).
X|pi =X Cj ( W= )

Thus x € H7.,,(WGr(d,n); Z) from Theorem 4.7 and (4-4). Note that x|,0 = 0. If x|« # O then AL <Ak,
Now R(A!) = {A°} and

Co Cj
X|p1 = Yio— =Yy = Yy — LY ).
=to=2r= I (-2ra)
AJeR(AD)

Also, x|« is a homogeneous polynomial of degree 1 = £(A!). Thus x satisfies all the conditions of
Definition 5.1 for i = 1. Therefore, by the uniqueness of the equivariant Schubert classes, we have
X = w:S'V;Ll . O

For any two Schubert symbols A' and A/, we write A’ — A/ if £(A)) = £(A/) + 1 and A/ < ',

Proposition 5.7 (weighted Pieri rule)  wS,1 wS,, = wS;1],,) wS,, + Z C—(.)wg,v.
Aispi

Proof Using the fact that deg(wS 21) = 1, we have

wS wS,,; = (wc{j) wS,,; + Z (wc’ij) w8

Al—>AJ
From Lemma 5.5, we get wc{ ;= wS 3115 Fix A such that A’ — A/ and compare the (/)™ component
of both sides; we get
~ ~ i = . ~
w8 wSyi | = (wey))wSyi [ + (wey))wSyilyi
= (we)wSpiln = WSyl —wSi [ )wSy 5
. ~ co Ci ~
= (wey)wSyily = —_(ij ——J.YAi)wSAjUi.
CJ Cl

Thus wcij =co/cj if Al — A/, |

By applying Proposition 5.7 repeatedly, we can compute the following product, as well as the higher
products:
~ ~ ~ ~ ~ C ~
WS w8y = wSi (WS WSy + Y ZwS)
Al—Ad €

= (wgklu_/)zwg,xj + Z (W§AI|A-/)
Al—>AJ

o =~ Co ~ ~
—U)SAi+ Z —(wSklhi)U)SAi
Cj h . Cj
A=A/ Co Co
Ak spi s !
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Proposition 5.8 For any three Schubert symbols A’, A/ and A¥ | we have the recurrence relation

P~ I~ ' k _ co k Cco
(WSl —wSpl)we; = Z - —Weg; — Z ch]
AS—Al Akt
Proof We use the associativity of the multiplication in H,,(WGr(d, n): Z) and weighted Pieri rule to
expand wS 21 wS 2 wS s in two different ways:
~ ~ ~ ~ ~ CO ~ ~
(5-3) (WSywS;HwsS;; = ((wSy1];)wS;: + Z —wSHs)wS; 7,

1

AS— Al
—(wS;klIM)ch w8, + Z ch w85,
PEEOYRLSY
S (T T g 1.3 1@ g o3
5-4) wSHuwSwsS,)=wS chiijN = chij ((wS,UIAz)wS;L/ + Z awSAr).
M M Ar Al
Comparing the coefficient of wS 2k 1n (5-3) and (5-4) we get
co
(WS |A,)wclj + Z ;= wcu(wSll [1x) + Z —wcfj. O
Ci Ct
AS—s i Akt
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