Algebraic ¢ Geometric

Topology

Volume 24 (2024)

A reduction of the string bracket to the loop product

KATSUHIKO KURIBAYASHI
TAKAHITO NAITO
SHUN WAKATSUKI

TOSHIHIRO YAMAGUCHI

:'msp



Algebraic & Geometric Topology 24:5 (2024) 2619-2654
:'msp DOI: 10.2140/agt.2024.24.2619
Published: 19 August 2024

A reduction of the string bracket to the loop product

KATSUHIKO KURIBAYASHI
TAKAHITO NAITO
SHUN WAKATSUKI

TOSHIHIRO YAMAGUCHI

The negative cyclic homology for a differential graded algebra over the rational field has a quotient of
the Hochschild homology as a direct summand if the S—action is trivial. With this fact, we show that
the string bracket in the sense of Chas and Sullivan is reduced to the loop product followed by the BV
operator on the loop homology provided the given manifold is BV-exact. The reduction is indeed derived
from the equivalence between the BV-exactness and the triviality of the S—action. Moreover, it is proved
that a Lie bracket on the loop cohomology of the classifying space of a connected compact Lie group
possesses the same reduction. By using these results, we consider the nontriviality of string brackets.
We also show that a simply connected space with positive weights is BV-exact. Furthermore, the higher
BV-exactness is discussed featuring the cobar-type Eilenberg—Moore spectral sequence.
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1 Introduction

Let LM be the free loop space, namely, the space of continuous maps from the circle S! to a space M
with compact-open topology. The rotation on the domain space S of LM induces an S'—action on LM .
Then we have the S !—equivariant homology Hf : (LM)= H(ES'xg1 LM) for aspace M. The string
bracket is a Lie bracket on the S!—equivariant homology of the free loop space LM of an orientable
closed manifold M, which is introduced by Chas and Sullivan in [8]. The bracket is defined by using the
loop product on the loop homology Hy (LM ) and maps in the Gysin exact sequence of the S'—principal
bundle

(1.1) S' > ES'XLM - ES'xg1 LM.

In particular, the Batalin—Vilkovisky (BV) identity of the BV operator on the loop homology induces the
Jacobi identity for the string bracket; see the proof of [8, Theorem 6.1].

As for computations of the string brackets, Basu [2] and Félix, Thomas and Vigué-Poirrier [19] have
determined explicitly the rational string bracket of the product of spheres. For a simply connected
closed manifold M whose rational cohomology is generated by a single element, the rational string
bracket is trivial though the rational loop product of M is highly nontrivial; see [2, Theorem 3.4] and
[19, Section 5.2, Example 1]. On the other hand, a result due to Tabing [43] shows that the integral string
bracket of the sphere is nontrivial.

The loop homology of the classifying space BG of a connected compact Lie group G in the sense of
Chataur and Menichi [9] admits the BV algebra structure; see also [27, Theorem C.1]. Therefore, the
same argument as that about manifolds allows us to deduce that the string cohomology of BG is endowed
with a graded Lie algebra structure; see Proposition 2.3 and Chen, Eshmatov and Liu [11, Theorem 1.1].

The aim of this article is to investigate general methods for computing the rational string brackets for a
manifold and the classifying space of a connected compact Lie group. The key strategy is to use Jones’
isomorphisms

H*(LM:Q) = HH«(4pL(M)) and Hg,(LM:;Q) = HC, (4pL(M)),

where App (M) is the polynomial de Rham algebra over Q of a simply connected space M and the
right-hand sides of the isomorphisms denote the Hochschild homology and the negative cyclic homology
of the complex, respectively; see Section 3 for more details. Furthermore, the decomposition theorem
of the negative cyclic homology and the cyclic homology (additive K—theory in the sense of Feigin and
Tsygan [20]) in Vigué-Poirrier [46] and Kuribayashi and Yamaguchi [29] is applied in the computation;
see Theorem 2.15. It turns out that for a simply connected closed manifold M, the rational string bracket
for M is reduced to the loop product of M followed by the BV operator provided the manifold possesses
the exactness of the operator; see Definition 2.9.
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Assertion 1.2 Let M be a simply connected closed manifold. Suppose turther that M is BV-exact.
Then the string bracket in the string homology H*S ' (LM ;Q) is regarded as the loop bracket in the
loop homology H«(L M ;Q) up to isomorphism, and hence the string bracket is determined by the
Gerstenhaber bracket in the Hochschild cohomology of the polynomial de Rham algebra App, (M) of M .

The detail is described in Corollary 2.16. In particular, the nilpotency of the string bracket is equivalent to
that of the Gerstenhaber bracket. We stress that the Gerstenhaber algebra in Assertion 1.2 is considered
with the Lie model for M without using the loop product; see Félix, Menichi and Thomas [16]. It is worth
mentioning that the BV-exactness, which is introduced to consider the reduction of the string brackets, is
a new homotopy invariant deeply related to other traditional rational homotopy invariants for spaces. We
discuss and summarize this topic in Assertion 1.3 below and several paragraphs before the assertion.

Félix, Thomas and Vigué-Poirrier [19] have given an explicit description of the rational string bracket
of M with its Sullivan model. On the other hand, our method for computing the string bracket is
formulated with the loop product and the BV operator on the loop homology. Moreover, the BV-exactness
is also described in terms of the loop homology. Therefore, it is possible to make a computation of the
dual to the string bracket on the equivariant homology Hf ' (LM ; Q) by considering only behavior of the
BV operator on the loop homology Hx (LM ; Q); see Remark 2.14 for more details. This is an advantage
of our result.

In the case of the classifying space, the same strategy as above is applicable in the computation of
the string bracket. In fact, for the classifying space BG of every compact connected Lie group G, the
rational string bracket for BG is described as the BV operator followed by the dual loop coproduct;
see Theorems 2.7(i) and 2.8(i). As for general properties of the string brackets, the theorems allow
us to deduce that the Lie bracket on the string cohomology H ;1 (LBG; Q) is highly nontrivial even
if rank G = 1; see Proposition 5.2. Moreover, Propositions 5.3 and 5.4 assert that the loop homology
endowed with the string bracket of a simply connected Lie group G is nilpotent if and only if rank G = 1.

The notion of a Gorenstein space due to Félix, Halperin and Thomas [14] enables us to deal with a
manifold and the classifying space of a Lie group simultaneously. As a consequence, with the influence
of string topology on Gorenstein spaces (see Félix and Thomas [18]), we have Theorems 2.7, 2.8 and 2.15
mentioned above.

We moreover propose a method for computing the string bracket of a non-BV-exact space M. To this
end, we introduce a bracket on the cobar-type Eilenberg—Moore spectral sequence (EMSS) converging to
H ;1 (LM ; Q) which is compatible with the string bracket of the target; see Theorem 7.7. Moreover, the
EMSS carries a decomposition compatible with the Hodge decomposition of the target; see Remark 7.3.
While there is no computational example obtained by applying the spectral sequence, in future work, it is
expected that the EMSS is applicable in computing the string bracket explicitly; see Section 1.1 problems.

As described above, the BV-exactness is a key to computing string brackets on Gorenstein spaces.
Moreover, it is worthwhile mentioning that the BV-exactness for a space M is equivalent to the triviality

Algebraic € Geometric Topology, Volume 24 (2024)



2622 Katsuhiko Kuribayashi, Takahito Naito, Shun Wakatsuki and Toshihiro Yamaguchi

of the S—action in Connes’ exact sequence; see Theorem 2.11. In fact, the new invariant is only described
in terms of the Hochschild homology while the S—action is defined on the negative cyclic homology.
A deep consideration due to Vigué-Poirrier in [45; 46] shows that the S—action on the negative cyclic
homology is trivial if M is formal. Thus we see that the class of BV-exact spaces contains that of formal
spaces; see Corollary 2.13.

With historical perspectives, we comment on relationships among notions of p—universality in Mimura,
O’Neill and Toda [36], positive weights in Body and Douglas [4], the BV-exactness and its variants; see
Definition 2.20 for positive weights.

By definition, simply connected spaces X and Y are said to be p—equivalent if thereisamap f: X — Y
which induces H*(X;Z/p) =~ H*(Y;Z/ p), where p is a prime or zero and Z/0 = Q. In [41], Serre
raised the so-called symmetry question whether the existence of a p—equivalence X — Y implies the
existence of a p—equivalence in the reverse direction ¥ — X . However, in general, the p—equivalence
does not satisfy the symmetricity.

Mimura, O’Neil and Toda [36] defined the notion of a p—universal space and proved that in the full
subcategory of p—universal spaces of the category of simply connected spaces whose homotopy types are
those of finite CW complexes, the p—equivalence is indeed an equivalence relation. We observe that the
p-universality does not depend on p or 0; see [36, Proposition 2.9]. Afterward, Body and Douglas [4]
defined the concept of positive weights for Sullivan minimal models. Scheerer’s result [40, Theorem 2],
in turn, yields that the two notions of p—universality and positive weights are equivalent.

By using the EMSS mentioned above, we also introduce the notion of r—BV-exactness; see Definition 7.11.
The r—BV-exactness for a simply connected space M is equivalent to the collapsing at the E, 4 —term of
the EMSS for M'; see Corollary 7.5. The decomposition of the EMSS allows us to deduce that the notion
of BV-exactness is indeed equivalent to that of 1-BV-exactness; see Theorem 7.10. Thus r—BV-exactness
is regarded as a higher version of BV-exactness. We summarize important relationships among invariants
mentioned above.

Assertion 1.3 The following implications concerning rational homotopy invariants hold for a simply

connected space X :

: [24, Section 3] : » _ [40] : .
X is formal {X admits positive weights }<:>{( ) X is p—umversal]
*

Theorem 2.21

[X is (1-)BV-exact X is 2—BV—€XEIC'[}‘ {X is r—BV—exaCt]:>

Theorem 2.1 lﬂ Theorem 7.10ﬂC0rollary 7.5

.
The S—action on The r times S—action on
~ — e -
HZ(LX;Q) is trivial H$1(LX;Q) is trivial
J
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Here the reduced cohomology ﬁ§1 (LX;Q) is the cokernel of the map Hg1(x; Q) — H1(LX;Q)
induced by the trivial map, and the S—action on H $1(LX; Q) is defined by the multiplication of the
generator of H *(BS'; Q) with the map induced by the projection g of the fibration

LX - ES'xg1 LX % BS!.

Observe that the equivalence () holds if X has the homotopy type of a finite CW complex.

As mentioned above, a simply connected space admitting positive weights is BV-exact. Proposition 6.1
gives an example of a nonformal BV-exact manifold. Moreover, we obtain an elliptic and non-BV-exact
space in Appendix A.

This manuscript is organized as follows. In Section 2, our results are stated in detail. In Section 3,
we recall the Hochschild homology, the cyclic homology and Connes’ exact sequences. Moreover, the
Gorenstein space in the sense of Félix, Halperin and Thomas [14] is also recalled. Section 4 provides the
proofs of our results described in Section 2. Section 5 discusses the nilpotency of the string homology of
a Lie group and the classifying space of a Lie group. In Section 6, the BV-exactness for a nonformal
manifold of dimension 11 is considered. Thanks to the reduction for computing the bracket described in
Section 2, we determine explicitly the dual string bracket for the manifold; see Theorem 6.6. We believe
that the result gives the first example which computes the string bracket of a non formal space. Section 7
considers the cobar-type Eilenberg—Moore spectral sequence (EMSS) for computing string brackets of
non-BV-exact manifolds.

In Appendix A, we obtain an example of an elliptic and non-BV-exact space. Appendix B describes the
Gysin exact sequence associated with the principal bundle S — ES!' x LM £ ES! x s1 LM for
a simply connected space M in terms of Sullivan models; see Whitehead [52, (5.12) Theorem] for the
exact sequence.

Finally, on page 2651 there is a list of symbols used repeatedly in this article.

1.1 Problems

We propose questions and problems on topics in this article.

(P1) If a space is BV-exact, then does it admit positive weights?
(P2) For each r > 1, is there an r—BV-exact space which is not (r—1)-BV-exact?
(P3) Is a space r—BV-exact for some r < 00?

(P4) By making use of the EMSS in Section 7, compute explicitly the string brackets of a non-BV-exact
manifold.
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2 String brackets described in terms of the Hochschild homology

While the underlying field in Proposition 2.3 below is of arbitrary characteristic, other results described
in this section hold for a field of characteristic zero.

Let K be a field and denote the singular homology and cohomology with coefficients in K by Hy(—)
and H*(—), respectively. For an orientable closed manifold M of dimension d, the Chas and Sullivan
loop product ¢ on the shifted homology Hy(LM) := H,4(LM) is unital, associative and graded
commutative; see [8]. Consider the principal bundle S! — ES' x LM £5 ES! x s1 LM . The bundle
gives rise to the homology Gysin sequence

s Hy g (LMY 25 HS' (LMY S HS (LMY S5 Hy gy (LM) — -

The string bracket [ , ] on HS' (LM) is defined by
@.1) [a.b]:= (=1)/9=4 p, (M(a) s M(b)) for a,b e HS' (LM).
The bracket is of degree 2 — d and gives a Lie algebra structure to the equivariant homology of LM .

Let G be a connected compact Lie group of dimension d. We write H*(LBG) := H*t¢(L BG) and
#H*(LBG):=H ;I"d"'l (L BG). With this notation, the cohomology Gysin sequence associated with the
principal bundle S! — ES!' x LBG -5 ES! x s1 LBG induces an exact sequence of the form

S HT2(LBG) S 9 (LBG) 2 WA (LBG) B e (LBG) > - |

Chataur and Menichi [9] have proved that there exists an associative and graded commutative multi-
plication ® on H*(L BG) which is induced by the dual loop coproduct with an appropriate sign; see
[27, Corollary B.3] and also Section 3. Then the dual string cobracket | , ] on #* (L BG) is defined by

(2.2) [x,y]:= (=)™¥IB(x(x) ©7(y)) for x,y € %*(LBG).

Here the notation ||x|| means the degree of x as an element in the shifted cohomology.

Proposition 2.3 Let G be a connected compact Lie group of dimension d and K a field of arbitrary
characteristic. Then the dual string cobracket gives #* (L BG) a graded Lie algebra structure.

Remark 2.4 Proposition 2.3 is a particular case of [9, Theorem 65] and [11, Theorem 1.1]. The result
[9, Theorem 65] shows the Lie algebra structure on a homological conformal field theory. The result
[11, Theorem 1.1] describes a gravity algebra structure on the negative cyclic homology of a mixed
complex; see [21] for a gravity algebra. We give an elementary proof of this proposition by taking care of
sign convention in Section 4.

We relate the string brackets (ie the string bracket (2.1) and the dual string cobracket (2.2)) above to
the Hochschild homology and the cyclic homology. Let €2 be a connected differential graded algebra
(DGA) over a field K of arbitrary characteristic. A DGA €2 is called a cochain algebra if the differential
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is of degree +1. If the differential of a DGA 2 decreases degree by one, we call the DGA Q a chain
algebra. Let Q be a chain algebra, which is nonpositive; that is, & = @; -, 2;. We recall Connes’ exact
sequences [30, Theorem 2.2.1 and Proposition 5.1.5] for the Hochschild homology, cyclic homology and
the negative cyclic homology of €2, which are of the form

I s/ B
v+ = HHy41(Q) = HCpy1(R) = HCy—y () —> HH4(Q) — -+,

S=
(2.5) .= HC,, ,(Q) =5 HC, (R) 2> HHA(Q) LY HC,, (Q) = -+,

T B
.- > HC,, ,(Q) =5 HCP (@) 5 HC,—; () =5 HC, (Q) — --- .

nt1
Here S denotes the S—action and the maps Byy, 8 and Byc are induced by Connes’ B—map B; see
Section 3.1 for more details. The reduced versions of the Hochschild homology and the negative cyclic
homology of 2 are denoted by HH. (2) and I’{\é; (R2), respectively; see Section 3.1.

Remark 2.6 Following Jones [26], we define the Hochschild homology and the cyclic homology for
a chain algebra but not a cochain algebra. For a cochain algebra €2, we define a chain algebra €2y by
(Ry)—i = Q! for i. Thus, for a nonnegative cochain algebra .Il, we have a nonpositive chain algebra My.
The Hochschild homology and the negative cyclic homology of Jit are defined by HHx (Mly) and HC (My),
respectively. By abuse of notation, we may write HHy (/) and HC, (M) for HH(My) and HC, (),
respectively.

The constructions of the string brackets above are generalized with Gorenstein spaces. An orientable
manifold and the classifying space of a connected Lie group are typical examples of Gorenstein spaces;
see Section 3 for the definition and fundamental properties of a Gorenstein space. For a Gorenstein
space M of dimension d, we define a comultiplication ¥ and a multiplication ® on the cohomology
H*(LM;K), which are called the dual loop product and the dual loop coproduct, respectively; see
Section 3. Therefore, by using the formulae (2.1) and (2.2) above, we have the string bracket and the dual
string cobracket for a Gorenstein space M with e := (¢¥)Y and ©, respectively; see Theorems 2.7 and
2.8 below for more details. We do not know the string brackets satisfy the Jacobi identity for general
Gorenstein spaces. However, as seen in Theorem 2.8, these constructions indeed give generalizations of

brackets (2.1) on manifolds and (2.2) on classifying spaces.

The following theorem asserts that the dual to the string bracket in the sense of Chas and Sullivan for a
manifold is the dual loop product followed by the BV operator. Moreover, we see that the string bracket
in Proposition 2.3 is described as the BV operator followed by the dual loop coproduct.

In the rest of this section, we further assume that K is a field of characteristic zero and a DGA €2 is locally
finite; that is the homology H;(€2) is finite-dimensional for each i < 0.
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Theorem 2.7 Let M be a simply connected Gorenstein space and 2 the chain algebra Ap..(M )y ®q K.
Suppose that the S—action on the reduced negative cyclic homology If{\é: (R2) is trivial. Then:

(i) There is a commutative diagram

-
EQE

(HH.(Q)/Im A) & K[u])®2 ——= HC, (Q)®?

~

A®A] n@n |
HH., (Q)®? HH, (Q)®?
o] o]
HH.(Q2) HH,(Q2)
Cokemell ﬂl

]

(HH4(Q)/Im A) & K[u] ———— HC; (Q)

Il

Here A = Byy o I: HH4(2) — HH.(R2) is the “BV operator”, ® is the product described in
Section 3.3, Cokernel is defined by (projection on the cokernel, 0), and the horizontal isomor-
phism E is defined by the composite

o0 I ~ Buc ~—
(HH.()/Im A) ® K[u] — HC4(2) ® K[u] —> HC, (Q) & K[u] — HC; (),
with the map sp in Remark 3.1 below.

(i1) There is a commutative diagram

(HHL(Q)/Im A) @ K[u)®? —o=s HC, ()92
Cokernel ® CokernelT BRB T
HH, (Q)®2 HH, (Q)®?
HH..(2) HH, (2)

AT JTT

(HH4(R)/Im A) & K[u] ——— HC ().

[

1R

Here A = Bygol is the BV operator of the BV algebra HH (2), and the horizontal isomorphism E
is the one defined in (1).

We call the right-hand vertical composites in Theorem 2.7(i) and (ii) the dual string cobracket and the
dual string bracket, respectively.

Note that the condition on the S—action can be replaced with BV-exactness; see Definition 2.9 and
Remark 2.14 for details. It is also worth mentioning that the composite Byy o / is nothing but the
cohomological Batalin—Vilkovisky (BV) operator A on the Hochschild homology of a DGA Q if Q is
the polynomial de Rham algebra of a manifold or the classifying space of a connected Lie group. By
abuse of terminology, we may call Byy o I the BV operator in general.
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As mentioned above, under the isomorphisms ®; and ®, due to Jones [26, Theorem A], the loop coho-
mology H*(L M) and the string cohomology H ;1 (L M) are identified with the Hochschild homology
and the negative cyclic homology of Apr (M), respectively. Thus, we have:

Theorem 2.8 (i) The dual string cobracket for BG described in Proposition 2.3 coincides with that in
Theorem 2.7(i) up to isomorphisms ®1 and ©,.

(ii)) Let M be a simply connected closed manifold of dimension d. Then the dual [ , ]V to the
string bracket in the sense of Chas and Sullivan on M coincides with the dual string bracket in
Theorem 2.7(ii) up to isomorphisms ® and ©,.

In view of [27, Theorem 4.1], Theorem 2.7(i) and Theorem 2.8(i) allow us to compute the dual string
cobracket on H ;1 (L BG;K) explicitly if K is a field of characteristic zero; see Section 5. We observe
that the classifying space BG is formal and then the S—action is trivial; see Corollary 2.13 below.

Moreover, by dualizing Theorem 2.7(ii) and Theorem 2.8(ii), we have Theorem 2.15, described below,
for computing the string bracket of a manifold. It turns out that, in the rational case, the original string
bracket can be formulated as the loop product followed by the BV operator on the loop homology. Before
describing our main result concerning a manifold, we need a notion of the Batalin—Vilkovisky exactness.

Definition 2.9 A DGA Q is Batalin-Vilkovisky exact (BV-exact) if Im B = Ker B, where the reduced
operator B:HH, (R)— HH. (R2), is arestriction of Connes’ B—operator B := o ff: HH,(2) — HH4 ().
We say that a simply connected space M is BV-exact if the polynomial de Rham algebra App (M) of M is.

Remark 2.10 Let M be a simply connected closed manifold. The result [17, Proposition 2] implies
that the dual of the BV operator A’: Hy(LM) — H,,1(LM) is identified with the operator B in
Definition 2.9 under the isomorphism ®; mentioned above. Then, it follows that a manifold M is
BV-exact if and only if Im A’ = Ker A’ for the reduced BV operator A': Hy(LM) — Hy\1(LM).

Theorem 2.11 A simply connected DGA 2 is BV-exact if and only if the reduced S—action on I,{\é; ()
is trivial.

We refer the reader to Theorem 7.10 for a generalization of the result. An important example with trivial
reduced S—action is given by the following proposition due to Vigué-Poirrier.

Proposition 2.12 [46, Proposition 5] If a simply connected DGA €2 is formal, then the reduced
S—action on HC,, () is trivial.

By combining Theorem 2.11 and Proposition 2.12, we have:

Corollary 2.13 If a simply connected DGA (2 is formal, then it is BV-exact. As a consequence, a simply
connected manifold whose rational cohomology is generated by a single element and the classifying space
of a compact connected Lie group are B V-exact.
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We also have a generalization of the corollary; see Theorem 2.21.

Remark 2.14 It follows from Theorem 2.11 that the condition on the S—action in Theorems 2.7 and 2.8
may be replaced with the BV-exactness. This implies that the string brackets are determined exactly with
the loop (co)products and the BV operator on the Hochschild homology of a DGA 2 without dealing
with the cyclic homology of €2 itself provided €2 is BV-exact. There is an isomorphism

A:HH.(R)/Im A = HH,(Q2)/Ker A => Im A = Ker A.
Dualizing Theorems 2.7(ii) and 2.8(ii), we have:

Theorem 2.15 Let M be a simply connected closed manifold and K a field of characteristic zero.
Assume further that M is BV-exact. Then there exists a commutative diagram

PRP inc®0

HS' (LM;K)® — 222 (Ker A @ K[u])®? Hy(LM:;K)®?
[, ]J]the string bracket the loop productlo
S P ~ A
HS (LM :K) ° (Ker A’ @ K[u]) Ho(LM;K)

Here A': H, (LM ;K)— fl*+1 (LM ;K) denotes the reduced BV operator on the homology, and ® is
the dual of the composite of the isomorphisms ®, and & described in Theorem 2.7.

The shifted homology Hy (L M) := Hy44(L M) for an orientable closed manifold M of dimension d
admits a BV algebra structure with the loop product e and the BV operator A’; see [8]. It turns out that
the homology is endowed with a Gerstenhaber algebra structure whose Lie bracket (loop bracket) { , } is
given by

{a,by = (DA (aeb)— (Na)eb—(—1)%ge (A'D)) for a,b e Hyo(LM).

If @ and b are in the kernel of A, then {a, b} = (—1)14/ A’(a ¢ b). Therefore, by virtue of Theorem 2.15,
we have:

Corollary 2.16 Under the same assumption and notations as in Theorem 2.15, the rational string bracket
of the loop space L M is regarded as a restriction of the loop bracket up to the isomorphism .

Remark 2.17 (i) Proposition 2.12 implies that Theorems 2.7, 2.8 and 2.15 are applicable to a formal
simply connected closed manifold.

(i1) It follows from [10, Theorem 8.5] that the loop homology of an orientable closed manifold admits a
gravity algebra structure extending the Lie algebra structure on the string homology. Theorem 2.15
may enable us to determine a gravity algebra structure on the string homology of a BV-exact
manifold M ; see Example 5.6.
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Remark 2.18 In general, the cyclic homology (additive K—theory [20]) for a DGA does not appear as
the singular homology of any topological space because the homology is of Z—grading. We stress that,
however, the cyclic homology is used to investigate the string brackets for a manifold and the classifying
space of a Lie group. In fact, the horizontal isomorphism & in Theorem 2.7 factors through the cyclic
homology of App (M )y.

Remark 2.19 By using the description of the dual loop product Dlp in [28, Theorem 2.3] and Theorem 2.7,
we may relate the dual of the string bracket to the cup product on H*(L M ;K) for a manifold M. In
fact, the isomorphism E in Theorem 2.7 is a morphism of algebras if the S—action is trivial; see
[29, Theorem 2.5]. We observe that the additive K—theory K () := HCy_; () for a chain algebra
is a graded algebra with the Loday—Quillen *—product in [31]; see [29, Proposition 1.1].

We relate the BV-exactness to a more familiar rational homotopy invariant.

Definition 2.20 A simply connected space X admits positive weights if the Sullivan minimal model
(AV,d) for X has a direct sum decomposition V' = ;. o V{;) satisfying d(V{;)) C (AV)(). A nonzero
element in V{;) is said to have weight i, and the weight on V' is extended in a multiplicative way to AV
For x € (AV)(;), its weight is written by wt(x) =1.

Many spaces admit positive weights.

(1) The Sullivan minimal model M (X') of a formal space X is given by the bigraded model (AV, d) of
its cohomology algebra H*(X; Q) [24, Section 3], whose lower degree is given by d V), C (AV),—4
for p > 0 and dVy = 0. Then the space X admits positive weights defined by wt(v) := |v| 4 p for
vev,.

(2) If a space X has a two stage Sullivan minimal model JM(X) = (A(Vo @ V1), d) with dVy = 0 and

dVy C AV, then X admits positive weights defined by wt(v) := |v| +i for v € V;. For example, a
homogeneous space is such a space even if it is not formal; see also Section 6 for such a manifold.

(3) It is known that smooth complex algebraic varieties admit positive weights coming from its mixed
Hodge structure [38]. In the paper, the Sullivan minimal models are discussed over C, but admitting
positive weights is reduced to that over Q; see [5, Theorem 2.7].

Theorem 2.21 A simply connected space X admitting positive weights is B V-exact.

A simply connected space does not necessarily admit positive weights. In fact, there exist a four cell
complex [37, Section 4] and elliptic spaces [1, Section 5] not admitting positive weights; see also
Appendix A. It is worth mentioning that every finite group is realized as the group of self-homotopy
equivalences of a rationalized elliptic space which does not admit positive weights; see [13].
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3 Preliminaries

In this section, we recall the Hochschild homology and the cyclic homology together with relationships
between them and the loop homology.

3.1 Hochschild and cyclic homology

In this section we recall the definitions of the Hochschild chain complex and the cyclic bar complex in [22]
and [23]. Let €2 be a connected commutative DGA over a field K of arbitrary characteristic endowed
with a differential d of degree —1. We call a DGA Q nonpositive if Q = @; -, ;. In what follows, it is
assumed that a DGA is nonpositively graded algebra with the properties above unless otherwise stated.
The degree of a homogeneous element x of a graded algebra is denoted by |x|.

First we recall the Hochschild chain complex together with the Connes’ B—operator. Write Q = Q /K
and C(Q) =D 12,2 ® Q®k We define K-linear maps b, B: C(2) — C(2) of degrees —1 and 1 by

b(wg, ..., wg) =

k
—Z(—l)ei*l (wo, e, Wi—q, dwi, Wit1s.--» wk)
i=0

k—1
- Z(—l)éi (W0, + + s Wi 1, WiWi 1, Wi, - - ., wg) + (=) IHITDe=1 (g wg ),
i=0

k
B(wg, ..., wg) = Z(—l)(ei—lﬂ)(e"_e"—l)(l, Wisenos Wi, Wy vy Wi—1).
i=0
Here deg(wo, ..., wg) = |wo| + -+ |wg | + k for (wy, ..., wg) € C(Q), €; = |wo|+---+ |w;|—i and
|u| = —2. Note that the formulae B + Bb = 0 and b> = B? = 0 hold. The chain complex (C(2), b) is
called the Hochschild chain complex. The Hochschild homology HH, (2) and the reduced Hochschild
homology HH. (R2) are the homologies of the complexes (C(£2), ) and (C(2)/K, b), respectively.

The cyclic bar complex is the complex (C(2)[u~!], b + uB), where b and B are regarded as K[u~!]-
linear maps extending b and B on C(2). Its homology is denoted by HC,(£2) and called the cyclic
homology. The negative cyclic homology HC, (2), the reduced negative cyclic homology I-Té; (2) and
the periodic cyclic homology HC5' () of a DGA Q are defined as the homologies of the complexes
(C(Q)[u].b +uB), (C(R)/K)[u], b+ uB) and (C()[u, u"'],b + uB), respectively. Since a DGA
in our case has negative degree, the power series algebra C(£2)[u] coincides with the polynomial algebra

C(Q)[u); similarly, (C(R)/K)[u] = (C(R)/K)[u] and C(Q)[u, u™'] = C()[u,u™"].

We recall Connes’ exact sequences (2.5). The projection of the cyclic complex onto itself gives rise
to the map S’. More precisely, we have S"(} ;5 xiu™") = Y ;5 Xi+1u~". Observe that the cyclic
homology HC(€2) and the negative cyclic homology HC, (€2) are K[u]-modules, where |u| = —2. The

multiplication § = xu: HC, , ,(€2) — HC, (£2) is called the S—action on the negative cyclic homology.
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For the connecting homomorphism S in Connes’ exact sequence (2.5), we see that S([ag]) = [B(ao)]-
Moreover, we have By ([ (350 Xit™")]) = [B(x0)] and Buc([(X;50 xiu™")]) = [B(x0)].

Remark 3.1 Under the same notation as above, the unit and augmentation of €2 yield a split exact
sequence of K[u]-modules of the form 0 — C(K)[u] = C(2)[u] = (C(2)/K)[u] — 0. Then the splitting
map s’ : Itl\é;(Q) — HC, (£2) gives rise to an isomorphism sp: If{\é: (Q)®K[u] =>HC, (2). We observe
that C(K)[u] = K[u] = HC, (K).

3.2 Sullivan minimal models

Let M(Z) = (AV, d) be the Sullivan minimal model of a nilpotent CW complex Z of finite type [15].
It is a free Q—commutative DGA with a Q—graded vector space V = @, Vi, where dim V! < oo,
and a decomposable differential in the sense that d(V?) C (ATV -ATV)*landd od = 0. Here ATV
denotes the ideal of AV generated by elements of positive degree. Observe that Al(Z) determines the
rational homotopy type of Z; that is, the spatial realization ||.Il(Z)]| is homotopy equivalent to Z, the
rationalization of Z. In particular, we see that

V" >~ Hom(n,(Z),Q) and H*(AV,d) =~ H*(Z:Q),

the second isomorphism being of graded algebras. A space X is said to be formal if there exists a
quasi-isomorphism p: M(X) — (H*(X;Q), 0) of DGA’s. We refer the reader to [15] for more details.

In what follows, let K be a field of characteristic zero unless otherwise specifically mentioned. Let Jil be a
free DGA (AV,d) with V =P, Vi over K. We denote by (£, 8, s) the double complex defined in [7].
Namely, £ = A(V @ V), s is the unique derivation of degree —1 defined by s(v) = v, s(v) = 0 and § is
the unique derivation of degree 41 which satisfies § |= d and 8s + 58§ = 0. Here V is the suspension
of V; that is, V" = V**1. By [7, Theorem 2.4(i)], we see that the map ®: C(M) — & defined by
Oag,ay,...,ap) =(1/pYaps(ay)---s(ap) is a chain map between the double complexes (C (M), b, B)
and (&£, 6, s). Moreover, it follows from [7, Theorem 2.4(ii)—(iii)] that the map ® induces isomorphisms
H(®): HHy (M) = Hyx(C(M),b) = Hyx(£,6) and H(® ® 1): HC, (M) = Hy(C(M)[u],b + uB) =
Hy(L[u),§ +u-s).

Remark 3.2 As mentioned in Section 3.1, the connecting homomorphism 8 in Connes’ exact sequence
(2.5) is given by B([ag]) = [B(ay)]. It follows that S([ag]) = [s(ao)] up to the isomorphism H(®); see
again [7, Theorem 2.4(i)].

Let X be a simply connected space of finite type and L X the free loop space of X. Then the Sullivan
minimal model of LX over K, M (LX), is given by (£, §) (see [48]), and the Sullivan minimal model of the
orbit space ES! x g1 LX, M(ES! x g1 LX), is given by (€, D) := (¥[u], § +u-s) (see [47, Theorem Al).
Thus we have isomorphisms HH, (M(X)) = H™*(LX;K) and HC, (M(X)) = H *(ES' xg1 LX;K)
by composing ®; and ®, with H(®) and H(® ® 1), respectively.
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3.3 Loop product and coproduct on Gorenstein spaces

In order to introduce uniformly the loop product due to Chas and Sullivan and the dual loop coproduct
due to Chataur and Menichi, we recall the notion of a Gorenstein DGA introduced by Félix, Halperin and
Thomas in [14].

Let A be an augmented DGA over K. We call A a Gorenstein algebra of dimension d if
0 if x#d,
1 ifx=d.

Here Ext is defined by using semifree resolutions; see [14, Appendix] for details. A path-connected

dim Ext’ (K, 4) = {

space M is called a Gorenstein space of dimension d if the polynomial de Rham algebra Apy (M) is a
Gorenstein algebra of dimension d.

The result [14, Theorem 3.1] implies that a simply connected Poincaré duality space, for example a
simply connected closed orientable manifold of dimension d, is a Gorenstein space of dimension d. It
follows from [14, Proposition 3.2] that the classifying space BG of a connected compact Lie group G is
also a Gorenstein space of dimension —dim G. The following result due to Félix and Thomas is a key to
defining the loop product and the loop coproduct on the loop homology of a Gorenstein space.

Theorem 3.3 [20, Theorem 12] Let M be a simply connected Gorenstein space of dimension d whose
cohomology with coefficients in Q is of finite type. Then, for any integer k,

Exty agm (ApL(M), ApL(M™)) = H¥==D4 (M Q),

where Apy (M) is considered an App (M"™)-module via the diagonal map Diag: M — M™".

For a Gorenstein space M as in Theorem 3.3, let D(Mod—Apr (M ™)) be the derived category of right
ApL(M™)-modules. In the category, we define Diag! by the map which corresponds to a generator of the

one-dimensional vector space H°(M ; Q) under the isomorphism Extg';(lj)\jn)(ApL (M), ApL(M™)) =~

H°(M). Moreover, for a homotopy fiber square

E—2 L E

ol
Diag
M — M"

(n—1)d

A ( E)(ApL(E "), ApL(E)) which fits into the commutative diagram in

there exists a unique map ¢' in Ext
D(Mod-ApL(M™")) ,
Ay (E) —— x4 )

(p’)*T Tp*

Diag' _
Af (M) — 43D (g

The result follows from the same proof as that of [18, Theorems 1 and 2].
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We recall the definition of the loop product on a simply connected Gorenstein space M. Consider the
diagram
Comp q
LM +—— LM xpp LM —— LM <X LM

(3.4) l l@vo,evo)
Diag

M———MxM

where the right-hand square is the pull-back of the evaluation map (evg, evg) defined by evo(y) = y(0)
along the diagonal map Diag, and Comp denotes the concatenation of loops. By definition, the composite

q' o (Comp)*: ApL(LM) — ApL(LM xpg LM) — Ap (LM x LM)
induces Dlp, the dual to the loop product on H* (LM ; Q); see [18, Introduction].
We define a product ® on Hy (L M) := H,1 4(LM), which is called the loop product, by
ash = (-1)*+D(DIp)V)(a @ b)
for @ and b € H. (L M); see [12, Proposition 4] and [44, Definition 3.2].
In order to recall the loop coproduct for a Gorenstein space M, we consider the commutative diagram

q Comp
IMXIM «—— LM xXp LM —— LM

|, b

M—— M xM
where /: LM — M x M is a map defined by /(y) = (y (0), y(%)) By definition, the composite
Comp' og™: ApL.(LM x LM) — Ap,. (LM xpr LM) — Ap.(LM)

induces the dual to the loop coproduct Dlcop on H*(LM). We define a product ® on the shifted
cohomology H*(LM) = H*~4(LM), called the dual loop coproduct, by

a®b= (1% Dicop(a® b) for a®be H*(LM)® H*(LM).

Remark 3.5 The product ® on H(LM) is associative and graded commutative if M is a simply
connected Poincaré duality space; see [28, Proposition 2.7]. So is the product ©® on H*(LM) if M is
the classifying space BG of a connected Lie group G; see [9] and [27, Theorem B.1]. Moreover, so are
both of e and © if M is a Gorenstein space with dim(@n Ta(M)® Q) < 00; see [39, Theorem 1.1] and
[50, Theorem 1.5].

Remark 3.6 By the same fashion as above, a Gorenstein space is defined on an arbitrary field K. Then
Theorem 3.3 remains true after replacing App (X)) with the singular cochain algebra of X with coefficients
in K. That is the original assertion in [18]. Moreover, the constructions of the loop product and the loop
coproduct are applicable to the Gorenstein space M ; that is, those products are defined on the singular
cohomology of LM with coefficient in K; see [18]. However, we only use such an algebra defined on a
field of characteristic zero for our purpose.
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We conclude this section with the definition of a BV algebra. In the next section, the notion plays an

important role in defining the dual string cobracket of the classifying space of a Lie group.

Definition 3.7 A graded algebra (H™*, ®) equipped with an operator A on H* of degree —1 is a

BV algebra if A o A =0 and the Batalin-Vilkovisky identity holds; that is, for any elements ¢, b and ¢

in H*,

ANa©boc)=Aa0b)oc+ (-DIlao AB o)+ (—nlllal+ltly o Aw o o)
—Aa)oboc—(=Dao AB) o c—(=DIFIla 0 b 0 Ae),

where |||| stands for the degree of an element « in H™*.

4 Proofs of assertions

The strategy of the proof of Proposition 2.3 is exactly that of [8, Theorem 6.2]. In order to make the sign
computation more clear in our setting, we give the proof.

Proof of Proposition 2.3 It is readily seen that the dual string cobracket satisfies skew-symmetry since
the multiplication m is commutative. Indeed, we have

.2 = OPIB@ () © 7)) = (~D)HIPIEDH B () © 7(p) = — (=D T[x )

Let A: H*(LBG) — H* (L BG) be the cohomological BV operator stated in [27, Appendix E].
Observe that A coincides with the composite 8. It follows from [27, Corollary C.3] that the triple
(H*(LBG), ®, A) is a BV algebra; hence the bracket

{a.by = (=Dl MA@ o b) = (=DIAW@ O b—ao AD)
satisfies the Poisson identity
A.1) {a,boct=1a,b}oc+ (—)Nel=DIbly o ¢q 1.

In the case where a = w(x), b = (y) and ¢ = 7 (z), applying S to (4.1) we see that B{m(x), 7 (y)Ox(2)}
coincides with

B(im(x). m(»)} © w(z) + () IFDI=DI=Wl 7 () © {7 (x), 7 (2)}).
Since Awr = 0 and BA = 0, it follows that
{n(x). 7(»)} = (HITA@(x) @ 7(p) = —n[x. y],
Bin(x). 7(») © 7(2)} = (=D B (x) 0 7y, z]) = —(=IFIF [y [y, =),
Therefore, by combining the formulae, we see that
_(_1)||x||+||y|| [x,[v.z]] = —B(x[x, Y] © 7(z)) — (_1)(||n(x)||—1)||7r(y)||'3(n(y) o 7[x, z])

— _(_1)||x||+||y||[[x’ ], z]— (_1)(|Iﬂ(X)||—1)||ﬂ(y)||+||y||[y’ [x, z]]
_ (_1)||x||+I|y|I+(||X||+||y||)||2||[Z, [x, ]|+ (_1)IIx||(||y||+||ZII)+|IXI|+||y||[y, [z, x]).
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Multiplying the both sides of the above equality by (—1)I*I+I¥I+1+lxllzl " e have

(=)l 1y, 2] = = (=D, p]) = (DI, [z, X

which is indeed the Jacobi identity. This completes the proof. a

Proof of Theorem 2.7 We will first prove (i). Recall the homomorphisms Byc: HC,,—;(2) — HC,, (2)
and Bug: HC,—;1(2) — HH,(2) in Connes’ exact sequence in Section 3, which are defined by
BHC(Zizo xiu_i) = Bx( and BHH(Zizo xiu_i) = Bxg. The result [29, Theorem 2.5(i)] implies
that B is an isomorphism. By assumption, the S—action is trivial. Then, by [29, Theorems 2.5(ii)—(iii)],
the map 7 is an isomorphism. By a direct calculation, we see that 7 o E = By o I and E o Cokernel = 8.
The same consideration as above enables us to obtain the result (ii). O

Proof of Theorem 2.8 The assertions (i) and (ii) follow from [26, Theorem A]; see also [10, Theorem 8.3].
In fact, the dual of the homology Gysin exact sequence for the fibration S! — ES!xLM — ES!'x stLM
is identified with the Connes exact sequence under isomorphisms ®; and ®, mentioned in the sentence
before Theorem 2.8; see [6, Theorem B] and Appendix B for a description of the Gysin sequence in terms
of rational models. With those isomorphisms, we compare the dual to string bracket for a manifold and
the dual string cobracket for BG with the dual string bracket and the dual string cobracket in Theorem 2.7,
respectively.

To this end, we recall that a simply connected closed manifold M of dimension d is a Gorenstein
space of dimension d. Moreover, the classifying space BG of a connected compact Lie group G is a
Gorenstein space of dimension d = —dim G'; see [14]. Thus the result [18, Theorem A] and observations in
[18, pages 419-420] yield that the dual loop product ¢ for the manifold M and the dual loop coproduct ©®
for the classifying space B G are nothing but the dual to the loop product and the dual to the loop coproduct,
respectively. It turns out that the bracket on Hy (LM ; K) for the manifold M and the dual string cobracket
on H*(L BG;K) coincide with the original string brackets (2.1) and (2.2), respectively. Thus, we have
the results. d

Proof of Theorem 2.15 Let Q2 be the DGA Q = Ap (M )y ®q K for M. We observe that the dual
of the BV operator A’: Hy (LM ;K) — H.(LM ;K) on the homology is regarded as the BV operator
A:HHy(2) - HH«(2) in Theorem 2.7; see Remark 2.10.

Let HH, denote the reduced Hochschild homology HH. (€2). Dualizing the reduced BV operator
A: Hy(LM) — H.(LM), we have an exact sequence ():

—~ A/v

HH, 2 HH, -~ HH*/Im AN = 0.

Observe that A’Y = Bygo I = A. By considering the dual exact sequence of (x), we see that & gives
rise to the isomorphism 7V : Ker A’ = Ker(AY) = (HH,/Im A)V. Theorem 2.8(ii) yields the result. O
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In the rest of the section, we prove Theorems 2.11 and 2.21. First we prove the “if”” part of Theorem 2.11.

Proof of the “if”’ part of Theorem 2.11 Let 2 be a simply connected DGA such that the reduced
S-action on If{\é; (2) is trivial. Consider the reduced version of Connes’ exact sequence

~ S= ~ —~ ~
S G, @) 2 A, (@) 5 AHL@) B A, (@) = -
which splits into a short exact sequence
0 — AC, (@) % AH,(2) > AC,, ,(2) — 0.

By definition, there is a decomposition B=mo B: HH, (Q)— ﬁﬁ*(Q) and hence the above short exact
sequence implies Ker B = Ker B =Imm =Im B. |

In order to prove the “only if” part of Theorem 2.11, we recall the notion of the proper exactness of a
sequence of complexes defined in [42].

Definition 4.2 Let M; — M, — M3 be a sequence of complexes and chain maps (of arbitrary degrees).

(i) The sequence is H—exact at M, if the sequence of cohomology H(M{) — H(M;) — H(M3) is
exact.

(i) The sequence is Z—exact at M, if the sequence of modules of cycles Z(M) — Z(M,) — Z(M3)
is exact.

(iii) The sequence is proper exact (at M>) if the sequence is exact (as a sequence of underlying graded

modules), H—exact and Z—exact [42].

(iv) The sequence is weakly proper exact at M5 if the sequence is exact and H—exact.

The following lemma is useful to prove the proper exactness from the weak proper exactness of a given
sequence.

Lemma 4.3 Let M Jo, m 1 Ji, M, LN M; FEN My, be a sequence of complexes which is proper
exact at M, and weakly proper exact at M, and M. Then it is proper exact also at M.

Proof For simplicity, we assume that the degrees of the chain maps are zero. We show that Ker Z( f3) C
Im Z( f5). For any x5 in Ker Z( f3), there exists an element y, € M, such that f>(),) = x3 by the
exactness at M3. By the proper exactness at M5, we see that dy, = fi(y1) for some y; € Z(M).
Since H( f1)[y1] = [dy,] = 0, it follows from the H—exactness at M that y; — foyo = dz for some
[yo]l € H(Mj) and z € M. Itis readily seen that f5(y, — f12) = foy, = x3 and d(y, — f1z) = 0. We
have the result. O

It is proved that the weak proper exactness for a long sequence yields the proper exactness.
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Proposition 4.4 A weakly proper exact sequence 0 — Mo — M| — M, — - - - starting from 0 is always
proper exact.

Proof Since the sequence 0 — 0 — 0 —> My — M, is weakly proper exact at M and proper exact
at 0, it follows from Lemma 4.3 that the sequence is proper exact at M. Similarly, the sequence
0—0— My — M, — M, gives proper exactness at M. By repeating this argument, we can prove the
proper exactness at M), for all n. |

Remark 4.5 By the same argument as in the proof above, we can also prove the dual of Proposition 4.4,
which asserts that a weakly proper exact sequence ending with 0 is always proper exact.

Next we give a key lemma for proving Theorem 2.11.

Lemma 4.6 Let My — M, L M, £> M35 be a proper exact sequence. Then one has

Imd NKer f, = d(Ker f3).

Proof The Z-exactness at M, and the H—exactness at M, give the result. The details are left to the
reader. O

Note that the consequence in Lemma 4.6 is equivalent to the exactness of the sequence of modules of
coboundaries.

Now we begin the proof of the “only if” part of Theorem 2.11. Let (AV, d) be a Sullivan model of the
DGA  with V = V=2, Define (£,8) = (AT (V @ V), 8) and (€, D) = (Au ® %, D); see Section 3.
Then (§~£ ,6) and (%, D) are chain models for the reduced Hochschild homology and the reduced negative
cyclic homology of €2, respectively. Let 5 % — & be the derivation defined by 5(v) =v and 5(v) =0
for v € V. Now we have a direct sum decomposition (i, §) =, (SAE(”),S) of complexes, where
FM = PN (AV ® A"V). Then 5 decomposes into a sequence 0 — FO (), P@) ... of
complexes.

Lemma 4.7 The sequence 0 — PO () 5 P2 5 ... s exact; that is, Kers = Im ¥ in .

Proof Take a basis {v) }, of V. Then we have (£,s) = @), (A(vy,y).s) and hence H(Z,s) = Q,
which is equivalent to H (§~£, 5) = 0. |

Remark 4.8 The operator B: HH, () — HH, (2) is nothing but the homomorphism H (5) up to the
isomorphism H(®). This follows from the definition of the map B in Section 3 and Remark 3.2.

Now we recall a result of Vigué-Poirrier which gives a description of the cyclic homology in terms of %.
Here we give a proof for the convenience of the reader.
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Lemma 4.9 [45, Lemma 2] The canonical inclusion ®: (Kers,d) — (%, D) is a quasi-isomorphism.

Proof Define bounded double complexes {KP?*9} and {€79} by K?-° = (Ker5)? and K?*7 = 0 for
g#0,and €79 = Ny ® $P=4_ Then their total chain complexes are (Ker3, §) and (€, D), respectively,
and the inclusion ® gives rise to a morphism of double complexes. Now consider the filtration with
respect to p. By Lemma 4.7, we have Ef”OK = Ef”o% = (Ker§)? and EP1K = EP9€ = 0 for g # 0.
Hence E;® is an isomorphism and so is H® by the convergence of the spectral sequences. |

Now we describe the S-action S =ux(—): H (%) —-H (%) in terms of Kers. By Lemma 4.7, we have an
exact sequence 0 — Ker's — %25 Ker5— 0, and its connecting homomorphism ¢ : H(Kers) — H (Ker¥)
is given by ¢([Sa]) = [§a]. Note that any element in H (Ker3) can be written as [Sa] for some o € £ with
d5a = 0, since Kers = Im's by Lemma 4.7. By a straightforward computation, we have:

Lemma 4.10 The map c coincides with S through H® up to sign,ie Soc H® = —H®oc.
We are ready to prove the “only if” part of Theorem 2.11.

Proof of the “only if”’ part of Theorem 2.11 By Lemmas 4.9 and 4.10, in order to prove the assertion it
suffices to show that the connecting homomorphism c is trivial. To this end, we show that [6c] = 0 in
H (Ker) for any « € & with 850 = 0; see the argument before Lemma 4.10. Remark 4.8 yields that the
BV-exactness of the DGA (2 is equivalent to the condition that the sequence (),

0530 50 5@ ...

is weakly proper exact. Thus, by Proposition 4.4, we see that the sequence () is proper exact. Moreover,
Lemma 4.6 implies that Ker5 N Im § = §(Kers). Therefore, it follows that o € Kers NIm § = 6(Ker¥s)
for any o € & with 85 = 0. We have the result. |

We conclude this section proving Theorem 2.21. The proof is given by slightly modifying the proof of
[46, Proposition 5].

Proof of Theorem 2.21 Recall that (EE ,8) = (AT (V@ V), 8) is amodel of the Hochschild complex. For a
derivation 6: AV — AV of degree 0 with Od = d6f and 8(V) C ATV, define derivations Lg, eg: P>
by Lg(v) = Ov, Ly(v) = 56v, eg(v) = 0 and eg(v) = Ov. Then, as derivations on &, we have
[Lg,5]=[Lg,8]=]eq,8] =0 and [ey,5] = Lg. Hence Ly induces H(Ly): H(Kers) — H(Kers) and
it follows that H(Lg)oc = 0: H(Kers) — H(Ker¥s) by a straightforward computation from the above
equations.

Now we let 6 be the derivation defined by 6(x) = wt(x)x for weight-homogeneous elements x € AV.
Then for any weight-homogeneous element « € H(Kers), we have 0 = H(Lg) o c(a) = wt(a)c(®),
where the weight on % is defined as an extension of that on AV with wt(v) = wt(v) for v € V. By the
positivity of the weight, we have ¢(«) = 0 and hence ¢ = 0. Therefore, Lemmas 4.9 and 4.10 imply the
triviality of the reduced S—action, which is equivalent to the BV-exactness by Theorem 2.11. O
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5 The string brackets for formal spaces

In this section, we consider string brackets for formal spaces as an application of Theorem 2.7.

5.1 Dual string cobrackets for classifying spaces

We begin by considering the string bracket for the classifying space of a connected Lie group of rank one.

Example 5.1 The result [27, Theorem 4.1] enables us to compute the dual loop coproduct on the loop
cohomology H* (L BG'; Q) for every compact connected Lie group G. Thus, in particular, by Theorem 2.7,
we determine explicitly the Lie algebra structure of #*(L BSU(2)) := H ;fr3 T1(LBSU(2); Q) endowed
with the dual string cobracket. In fact, we see that
% := 9*(L BSU(2)) 2 (HH.(Q)/Im A)_y_3_5 & (Qu)—x—3-1
~ Qx,x2, ... X" e QL uu?, . uk

as vector spaces, where 2 denotes the Sullivan minimal model for SU(2). Observe that |x"| =4n—5
and |1| = —4 for x" and 1 € #*(L BSU(2)). The formula in [27, Theorem 4.1] for the loop product ®
yields that A(x") © 1 =nx""1, A(x") © A(x™) = £nmA(x)x" =2 and A(1) = 0 in H*(L BSU(2)).
Therefore, we see that [1,1] = 0, [x", x™] = 0 for m,n > 1, [u},a] = 0 for every « € %*, [ > 1 and
[x", 1] = —nx""! forn > 1.

Next we consider the dual string cobracket for the classifying space of G with arbitrary rank.

Proposition 5.2 For each n, the n—fold dual string cobracket [¥,[#, ...,[#, ¥]---]] is nontrivial on
w* = HyF O (LBG:K).

Proof For the case rank G = 1, Example 5.1 implies the result. Assume that N :=rank G > 2. Recall
the result [27, Theorem 4.3], which asserts that the loop cohomology H*(L BG) := H*t4mC (L BG) is
isomorphic to the tensor product of algebra

H*(BG)® H-(G) = K[y1.... . yN]® A x¥)

equipped with the BV operator A given by A(xl.vx]\.’) = A(yiyj) = A(x;") = A(yi) =0 and

0 ifi#j
A(yixY) = ’
i) {1 ifi=].
Thus, an induction argument with the BV identity enables us to deduce that
A(yllyNle\ixl\f)z E (_l)d]kijyll...yijj yNle\;xl\j/xl\g’

1<j=<s

where = denotes omission and dj = |xl\i |+---+ |xl\]/ » |. Therefore, it follows that
A(y2xyx){)© A(y{xlvx;/) =x;/ 0 ly{_lx;/ = ly{_lx;/x;/.
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Moreover, we see that A(yl 'xYxY) # 0 for / > 2. Then the element yi= !x)xy is notin Im A. Observe
that A% = 0. We consider an n—fold bracket of the form

@ = [yaxy XY, axyxY, .. axy xY, yixYxy]---]) for I >n.

It turns out that

a=1(l—1)-(—@n-1)yI™xYxy #0
in the codomain (ﬁﬁ* (2)/Im Z) @ K{u] of the dual string cobracket. Theorem 2.7(i) allows us to obtain
the result. |

5.2 String brackets for manifolds

As an application of Theorem 2.8 (or Theorem 2.15), we give another proof of the first half of the result
[2, Theorem 3.4] due to Basu and [19, Example 5.2] due to Félix, Thomas and Vigué-Poirrier.

Proposition 5.3 For a simply connected closed manifold M such that H* (M ; Q) is generated by a
single element, the string bracket is trivial.

Proof The result [17, Theorem 1] implies that the loop homology of M is isomorphic to the Hochschild
cohomology of App (M) endowed with the BV algebra structure due to Menichi [33]. We observe that M is
formal. Therefore, Theorem 2.15 and explicit computations in [34, Theorem 16] and [53, Main Theorem]
yield the result. In fact, for elements 1 and a5 in Im A =Ker Z, we have A(ajeay) =0; see Theorem 2.11
and Remark 2.10. In particular, we observe the case where H*(M) =~ H*(S") with n odd. Then the
generator a_, of the loop homology Hy (L M) := Hy4,(L M) with odd degree is in Hy(L M ). Then
the generator a_j is not in Ker A; see Theorem 2.15. |

The result [35, Theorem 39] due to Menichi gives an explicit form of the BV operator on the rational
loop homology of a connected compact Lie group. We can also apply the result in our computation. In
particular, the behavior of the string bracket as seen in Proposition 5.3 changes drastically in case of a
Lie group with rank greater than one.

Proposition 5.4 (cf [19, Example 5.2]) Let G be a simply connected Lie group with rank greater than
one. The Lie algebra ¥, = H; s!  dim G +2(LG Q) endowed with the string bracket is nonnilpotent. More
precisely, for any n, the n—fold bracket [#, [#, . .., [¥#, ¥]- - -]] is nontrivial.

Proof We first observe that a simply connected Lie group is formal. Indecomposable elements x1, ..., Xy
in H4(G) are in the reduced homology Hyx(LG) because N := rank G > 1. Thus, it follows from
[35, Theorem 39] and [25, Theorem 1] that x; and (s_lxj-)k are in Ker A. Moreover, there exists a
nontrivial n—fold string bracket. For example, for k > n, we see that on #x,

Doy Do I (57 )] D = ke (k = 1)+ (k= (= 1)) 7 x)* " # 0.
This follows from the explicit formula of the BV operator in [35, Theorem 39] and Theorem 2.15. Observe
that x; is in Ker A if rank G > 1. We have the result. O
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5.3 Gravity algebras

The gravity algebra with higher Lie brackets was introduced by Getzler [21]. We consider a gravity
algebra structure which appears on the string homology of a manifold and the classifying space of a Lie
group; see, for example, [10, Definition 8.1] for the definition of the gravity algebra.

Example 5.5 The result [11, Theorem 1.1] due to Chen, Eshmatov and Liu shows that the negative
cyclic homology of a DGA 2 admits a gravity algebra structure if the Hochschild homology of 2 has a
BV algebra structure. The higher Lie bracket [ , ..., ]: (HC, ())®" — HC, () is defined for n > 2 by

1] = ()T EEDbRE B (g (1) © 7 (42) ©-- © (),
where © denotes the dual loop coproduct on the Hochschild homology.

Let G be a connected Lie group. We see that all higher Lie brackets are nontrivial for the classifying
space BG. For the case where rank G > 2, it follows from Theorem 2.7 that

ix), ... yix; yaxy x| ,y{xi/x;/] +10- 010 A(xyx)) O A(y{xvx;/) = lyl lx}/x;/ #0
with the same notation as in the proof of Proposition 5.2. Suppose that rank G = 1. Then, with the same

notation as in Example 5.1, we see that [x2, ..., x?] = £Coker(A(x?) ®--- O A(X?) O A(x?) O 1) =
+Coker(A(x2) ©---© A(x?) © 2x) = £2"1x"~1 £ 0 for the higher Lie bracket of rank 7.

Example 5.6 In [10], Chen has proved that the string homology of an orientable closed manifolds admits
a gravity algebra structure extending the Lie algebra structure; see [10, Theorem 8.5] for more details.
Let G be a simply connected Lie group. We see that all higher Lie brackets in the string homology of G
are nontrivial if and only if rank G > 1. In fact, in case of rank G > 1, by applying Theorem 2.15 to
the higher Lie bracket of G, we have [x;, s x;, ..., s 1x;] = £k(s7'x;)* ' in Hfl (LG; Q) with the
same notation as in Proposition 5.4. If rank G = 1, the only generator x; of odd degree is not in Ker A
and then all higher Lie brackets are trivial; see the computation in the proof of Proposition 5.4.

6 Computation of the string bracket for a nonformal space
In this section, we consider the string bracket of a nonformal and BV-exact manifold. We begin recalling
a nonformal manifold in [19, 6.4 Example].

Let UTS® — S° be the unit tangent bundle over S°. Then, we have a simply connected 11—dimensional
manifold M which fits in the pullback diagram

M ——UTS®

| L

S3x 83— §6
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where f: S3 x S — S° is a smooth map homotopic to the map defined by collapsing the 3—skeleton
into a point. Since the Euler class of the unit tangent bundle mentioned above is nontrivial, it follows
that the minimal model of M has the form M = (A(x, y, z),d), where d(x) =0 =d(y), d(z) = xy,
|x| = |y] =3 and |z| = 5. Tt is readily seen that M is nonformal since the Massey product (x, x, y) does
not vanish; see [24, page 277]. Moreover, we have:

Proposition 6.1 The 11-dimensional manifold M is BV-exact.

Proposition 6.1 is proved by computing the Hochschild homology explicitly. To this end, we recall the
minimal model M for M mentioned above. The Hochschild homology of /M is the homology of the
Sullivan algebra ¥ = (A(x, y,z,X, ¥,Zz),d), where d(X) =0 =d(y), d(z) = =Xy + xJ; see Section 3.
To compute H(¥), we define its subcomplex &’ by A(x, y, X, y,Z). By a simple calculation, we have
the following lemma.

Lemma 6.2 The set {x?y9,xx?y4, yy?,xyz" | p,q,r > 0} forms a basis of H(¥').
Next we compute H (&) by comparing with H(¥’) and £/&'.
Proposition 6.3 The following set forms a basis of the Hochschild homology H (f):
(P59, xxPye, yye xyz' T xzxP 3, pz i xpzEt, ox P — xxP ez, 29T - Ty,
where p, q and r run over all nonnegative integers.

Proof Since there is an isomorphism of complexes (£/¥’, d) = (Q{z},0) ® (¥', d), Lemma 6.2 implies
that the set {zx?y?, xzx?y?, yzy?,xyzz" | p,q,r > 0} forms a basis of H(¥/<%’). Consider the long
exact sequence associated with the short exact sequence 0 - ¥ — £ — £/&¥" — 0. The connecting
homomorphism H(£/¥') — H(Z) sends z to xy and the other basis elements to zero. Hence each basis
element of H(¥') or H(%/<') corresponds to a basis element of H (&), except for z and xy. By lifting
basis elements of H(£/<') to cocycles in £, we get the above basis. |

Proof of Proposition 6.1 Let & be the reduced complex /\+(x y,2, X, )7 Z). Recall that the reduced
operatlon B in Definition 2.9 is modeled by the map Hs: H (35) - H (££) induced by the derivation
5:%2—> %, vi>vforv=x, ¥, z; see Remark 3.2.

By using the basis given in Proposition 6.3, we see that

H3(xxPy?) =xPT159  H3(yy?) =yt H5(xzxPy?) = zxPT1y9 — xxPyiz,
r+2 —r+1
PER R
This proves Ker Hs = Im H5. m|

H3(yz39) = 239t = y392,  H5(xpz7) =1

Remark 6.4 A program [51] on a personal computer for computing the homology of a DGA helps us in
proving Proposition 6.3. In fact, the computer calculation shows the basis in the proposition, while our
proof is by hand.
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Remark 6.5 In the minimal model [, we define weights of x, y and z by 1, 1 and 2, respectively. Then,
it is readily seen that the model M for the manifold M admits positive weights. Therefore, Theorem 2.21
enables us to conclude that M is BV-exact. However, the explicit generators of the Hochschild homology
of J represented in Proposition 6.3 are used in the computation below of the string bracket of M. We
adhere to the proof of Proposition 6.1.

The negative cyclic homology of Jt is isomorphic to the homology of € = (A(u) ® A(x, ¥, z,X, ¥, Z), D);
see Section 3. Here, the differential D is given by

D(x)=ux, D(y)=uy, D(E)=xy+uz, DX)=D(y)=0, DEZ)=-Xy+xy.
Then the morphism 8 in Theorem 2.7 is induced by the derivation s: £ — €.
It follows from the BV-exactness of the manifold M that HC, (M) decomposes into a direct sum
Q[u] @ Im B, where 8 is a morphism induced by the map 5 % — € on the reduced complexes. Hence,

by applying B to the basis except for 1 in Proposition 6.3, we see that Im E is spanned by the homology
classes

— p— pa— _1_ —_— .
p!q!(le’yq —xxP7'y9z) if p #0, rtl

r

0]’ =

| —
$pa =5 ,xpyq, Np.g-= xyz',
p-q: %(qu_y)_/l—lz) if p=0,

for p, g =0, r > 1 with (p,q) # (0,0). We also put o o = 1 for convenience. Denote by Dsb the dual
string bracket [ , ]V over Q stated in Theorem 2.8.

Theorem 6.6 For the dual string bracket Dsb over QQ of the 11-dimensional manifold M , one has

p+1g+1
Dsb(pg) =Y D i+ 1) = j(p+D}Cij ®Npt1-ig+1—j —Np+1—ig+1—j ® i j),
=0 j=0
Y p+1g+1
Dsb(1p.q) = 02 @ 8p.g —Cpg ® 02— Z Z{i(q + D= Jj(p+ Dinij @np+i-ig+1-j
i=0 j=0
DSb(Qr) = O.

Proof We first compute the dual loop product Dlp by the rational model described in [19]. Let Ml = AV
be the minimal model for M, ® = (AV)®2 ® AV the Sullivan model for the free path space stated
in [15, Section 15] and ep: @ — AV the (AV)®2—semifree resolution of AV which is given by the
multiplication of AV and the canonical augmentation of AV .

By virtue of [19, Lemma 1], we see that a DGA morphism # — P Q@ P defined by v; Qv > 11 1 Qv5,
Y 1Y +X®L i~ 1®y+7y®1L, 2> 1®Z+Z®1-1X®@y+17®@X forv € V is
a Sullivan representative for the composition of free paths. This induces a Sullivan representative
Mcomp: £ — £ @Ay £ for Comp in (3.4) which has formulae

«/‘/LComp(v) =, MComp()_C) =1®x+x®1,

Mcomp(P) =1@F+7® 1, Mcomp(Z) =1QZ+Z®1-IX® T+ 17 ®X,

N —
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where v € V. Recall the morphism ¢ ® 1: P @ (rp)®2 B2 5 AV Q(Ar)®2 $®2 appeared in the model
for DIp. A section o of the morphism g5 ® 1 is given by

o) =vR1l, ox@N=10(*®1), oc(1®X)=10(1®X), c(RN=100®1),
0(l®)y)=19(1RYy), ocZ®])=192Z®I1), c(1®2)=10(1®2)-Xx®(1R®))+ry®(1®X).
Define a (AV)®?—morphism Diag!: P — (AV)®? of degree 11 by

Diag () = (~x® 1+ 1®x)(~y® 1 +1®y)(—z® 1+ 1®2z), Diag'|, +7 =0,

which gives a representative of a nonzero element in Ext( AV)®2 (AV, AV); see [49, Section 5] for the

detail about a construction of the shriek map Dlag Then, the result [19, Theorem A] yields that the
composite

gm)g@/\Vg >~ AV ®(/\V)®2 §£®2 L@@(Ay)tgﬂ e.(£®2 M).§E®2

induces the dual loop product DIp on homology. This rational model and a straightforward computation
enable us to compute Dlp explicitly. In fact, we have

Dlp(x?y?) =xyz@x?y1+xPy1®@xyz

(D)) P g it

F=07=0 —xzX P @yxP T I 4 yz¥ 3 @xxP T A7),

Dlp(zx? 79 —xxP71592) = xpz@(zX? 74 —xxP 1 392) + (zx? y1—xxP 1 392)@x yz
+xyz2@xXP 1 14 xXP 139 QxyzZ4+xyz@xzx P 5 —xzx P M @x yZ
P 4
- Z(f ) (;’ ) (ezX 5 @yzxP 797 25 5 @xzx P 9,
i=0j=0
Dlp(z7? =y '2) = —xyz@ (1 —y 3?7 D)= (7 =y VT D@xyz+xyzZ@y T 4y T @xy2Z
q
v 591 =q—1 = q =i =q—J =i =q—J
+xyZ@yzy = yzy ®xy2—2( J-)(xzy ®yzy? ™ —yzyl @xz317),
j=0

r
Dip(xyz’) = Z(: ) (—xyzZ' @xyZ T +xyZ @xyzz ).
i=0

It follows from Theorem 2.8(ii) that

Dsb(Zp.q) = p q, ——(BRB) (XF), Dsb(np.q) = 3 q, ——(B® )Y (zXPy! —xxP37),
— —g—1—= r+1
Dsb(110.4) = a(ﬂ ® )+ 7! —yy*'D).  Dsb(fy) = ——(B®p) " (xyZ").
Therefore, by these formulae and the computations of Dlp above, we have the result. O
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7 The cobar-type EMSS and r-BV-exactness

Let X be a simply connected space. We define a cobracket on the cobar-type Eilenberg—Moore spectral
sequence converging to the rational equivariant cohomology of the free loop space L X, which is compatible
with the dual to the string bracket in the sense of Chas and Sullivan [8] if X is a simply connected closed
manifold.

We begin by recalling the spectral sequence associated with a filtered complex (4, F, d). Consider the
submodules Z7*? and BY*? defined by

(7.1) Zf’q = FP gPta md—l(Fp—rAP+t1+1) and B;D’q = FP gPta md(Fp—rAP+q—1).

With the submodules of A, we have a spectral sequence {E,, d,} whose E,—term is defined by E/? :=
Zf’q/(Z;D_—i_ll’q_1 + Bffll); see [32, Proof of Theorem 2.6].

We use the same notation as that in Section 2. In particular, for a cochain algebra A, we define a chain
algebra Ay by (Ay)—; = A’ for i. The converse is also considered; that is, for a chain algebra Q, we have
a cochain algebra Q* defined by ((Q)#)’ = Q_; for i; see Remark 2.6.

Let (AV, d) be a Sullivan model of a simply connected commutative cochain algebra 4. Define (¥, ) =
(A(V @ V),8) and (€, D) = (Au ® £, D); see Section 3. Then complexes (£, 8) and (€, D) compute
the Hochschild homology and the negative cyclic homology of Ay, respectively. Thus we have the cobar-
type Eilenberg—Moore spectral sequence (the EMSS for short) {E,°*, d,} converging to HC, (A4) :=
(HC, (Aﬁ))‘i as an algebra with

E;" ~ Cotori’(";)(HH*(A), Q)

as a bigraded algebra, where |f| = 1 and the A(f)—comodule structure on the Hochschild homology
HH.(A4) := (HHx (Aﬁ))ﬁ is induced by the derivation s in the cyclic complex (€, D). In fact, the
A(t)—comodule structure V: £ — £ ® A(f) on (£,6) is given by V() = y(o) ® t + a ® 1, where
y(@) = (—=1)!%s(a). A map assigning the element au” in the cyclic complex € to an element aft] - - - |¢]
in the n'™ cobar complex gives rise to an isomorphism of complexes. As a consequence, we have
isomorphisms

Cotor’, ) (£, Q) = H(¢, D) = HC; (4y)*.

Remark 7.2 The isomorphisms above allow us to work in the category of A(f)—comodule in order to
investigate the negative cyclic homology of a DGA.

We observe that, by construction, there is an isomorphism £ ?’* =~ HH«(A). In particular, when we
choose the polynomial de Rham algebra Apy, (M) for a simply connected space M as the DGA A4, the
spectral sequence converges to the S !—equivariant cohomology HC;, (4) =~ H ;1 (LM ;Q), with

E3™ = Cotory 1.0, (H* (LM Q). Q).
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One has a direct sum decomposition (gf, 8) =6, (53(”), ) of complexes, where Fm =Fn (AVRA"Y)
with £ = & Q. Then the reduced derivation 5 decomposes (:?i, 4) into a sequence 0 — FO PO
F@ ... of complexes. Thus it follows that the EMSS {E"*, d,} is decomposed as

(EF* dry = @A Er*. dr} @ {Q[ul. 0},
NeZ
where bideg u = (1, 1), each spectral sequence {(y)E »*.d,} for N > 0 is constructed by the double
complex
(N)%i 0— PW) _, p(N+1) ® Q{u} — F(N+2) ®Q{u2} .

and for N < 0, the spectral sequence {(x)E +*.d,} is obtained by the double complex
wNH:0—>0— s> 0> PO ®Q{u_N} N7 0)) ®Q{u_N+l}_> cen

Here, the double complex (n)J{ is regarded as a filtered complex associated with the horizontal degrees.
Thus, in the spectral sequence {(y) E}*,d,) for N <0, we have (V) E* =0fori < —N. We observe
that each spectral sequence {(n)E . d,} converges to the target as an algebra.

Remark 7.3 The direct sum of the targets of the spectral sequences {(n)E . d,} is nothing but the
Hodge decomposition of HC, (A); that is, we have Iﬂ{\é; (4) = B n>o H(K(n)): see [6, Section 2]. If 4
is the polynomial de Rham algebra Apy (X') for a simply connected space X, then the direct summands in
the Hodge decomposition are identified with the eigenspaces of the Adams operation on H ;1 (LX;Q);
see [6, Theorem 3.2] for the identification. We refer the reader to [30, 4.5.4] for the operation. The result
[3, Theorem 1.1] shows that the string bracket respects the Hodge decomposition in some sense. Thus,
we are also interested in computations of string brackets, as described in Section 1.1, together with the
consideration of the Hodge decomposition.

Proposition 7.4 If the spectral sequence {(o)E,, d,} collapses at E,—term, then so does {(nx)E . d,} for
each integer N, and then Tot E, =~ H ;1 (LX) as a vector space.

Thus, it is readily seen that the collapsing of the EMSS is governed by that of the zeroth spectral sequence.

Corollary 7.5 The spectral sequence {(oyE,.d;} collapses at the E,—term if and only if so does
{EF" dy}.

Lemma 7.6 For!>r—1and N € Z, we have (0)E£+N’*+N ~ (N)Ei’*.
Proof For N < 0, the multiplication u~N x: o E R wE ; NN gives an isomorphism. Assume
that N > 0. By definition, we see that

[4+1,%— l,
WEL =W Z (nZ 5 + o By,

I+N,x+N _ [4+N,x+N I+N+1,%x+N-1 [+N,*+N
o ET =02, /(©Z,1 + @B, ),
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where () Z and () B denote the subcomplexes of () Ji defined in (7.1) for the filtered complex 4 = (n) K.
Moreover, we have (N)Zi’* ~ (0)Z£+N’*+N and (N)Zif}’*_l ~ (O)ZifiVH’*JFN_]. Since l > r —1,
it follows that () BL*| = () B N-*+N_ Then the multiplication uN x: () EL* = (o) EFN*TN igan

isomorphism. |

Proof of Proposition 7.4 Lemma 4.7 yields that the spectral sequence {(o) £ +*, d,} converges to 0, the
trivial module. The assumption and Lemma 7.6 imply that (y Ef* =0for/>r—1and N. a

Theorem 7.7 Let M be a simply connected closed manifold, and A the polynomial de Rham algebra
Apr(M) of M. Then the map [, 1Y : EP’* — (E}* ® E;*)P*+4=2 defined by [, ]Y = 0 for p > 0 and
for p = 0, the composite

j82 A®A

E%* =Kerd,_, N HH,.(A) — HH, (4 E%* @ EO*

gives rise to a cobracket on the spectral sequence, where i denotes the inclusion. That is, it is compatible
with the differentials and H([,]) =[]/,
to the string bracket on HS ' (L M) at the E so—term in the sense that the composite
jo2 A®A

Moreover, the cobracket [ , |3 is compatible with the dual

HE (LM) 5 E%* 5 HH.(4) > HH, (4 E%* @ E%*

coincides with the dual to the string bracket modulo F'H ; (LM). Here & is the projection and
(F'H ;1 (LM)};>¢ is the decreasing filtration associated with the spectral sequence.

Proof By dimensional reasons, it is readily seen that (d, ® 1 £1®d,)o[,]) =0=[, ]/ od, for
p > 0. Moreover, we see that every element in the image of A in £ ? "* is a permanent cocycle. In fact, for
w €Im A, we have Dw = (§ + us)w = 0. Then, it follows that (d, ® 1 £1®d,)o[,]) =0=[,]/ od,

in E ? **. By the definition of the cobrackets, we have H([, V)= In fact, the left-hand side is the

]/ in the nontrivial case.

[ ]r—H
restriction of [ ,

Consider the compatibility of the cobracket at the Eo—term. We have a commutative diagram

HCS (A4) ud HH,.(4) —— HH, (4)®2 —®?_, 1o (4)®2

% lpr

HC; (A)/F'®@ FY/F2@-.-@ F* PP s (4)) F1®2

! , ;

oV ARQA
D iger ELT L EQY = Kerdyyy —— HHy(4) ——— HH,(4)®2 222, £9" @ EQ

where {F! }1>0 denotes the decreasing filtration of HC, (4) = H ;1 (L M) associated with the spectral
sequence. In fact, the commutativity of the left-hand side square and the right-hand side triangle follows
from the construction of the spectral sequence; see for example [32, Proof of Theorem 2.6]. Theorem 2.8(ii)
implies the upper sequence is the dual of the string bracket. We have the result. O
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Proposition 7.8 For each N, the S—action ux on (€, D) gives rise to a map
SHAWE* dr} > {n_nE;S T dy )

on the spectral sequence which is compatible with the S—action on the negative cyclic homology HC, (A).

Proof The S—action on (€, D) gives rise to a map ()X — (y—1)X which increases the filtration
degree by +1 and is compatible with the differential. Then the map induces the action .S on the spectral

sequence. |

Lemma 7.9 Suppose that the E,—term (o) EP%in {0 E’*.d,} is trivial for any (p, q). Then the (r —1)
times S—-action S"~': HC, (4) — HC,, (A) is trivial.

Proof Let x be an element in HC, (4). Then x is in ffé;’m

represented by an element « in () EL for some ¢ > 0. Thus the element S”'x is represented by
Eé;_(r_l)a*

(A) for some n > 0 and then it is
S lae (n—(r—1)) . By assumption, it follows from Lemma 7.6 that (x Ef* =0for/>r—1
and N € Z. This implies that S”~'a = 0 in the Eso—term and that there is no extension problem; that is,
S Ix=8""la=0in HC;’(n_(r_l))(A) C HC, (A). This completes the proof. ad

Moreover, we have:

Theorem 7.10 The E,—term (O)Ef’q in {(o) E°*,d,} is trivial for any (p, q) if and only if the (r — 1)
times S—action S”~! on HC, (A) is.

Proof The “only if” part follows from Lemma 7.9. To prove the “if” part, we assume that S~ is
trivial on I—Té;(A). Take any element x = X, @ uf +x,11 ® ubtl ... ¢ (O)Zf’*, where x; € @ is
zero for sufficiently large i. By the definition of (g) Z P*  the total differential increases the filtration
degree of x by r, ie we have dx, = 0 and 5x; + dx;41 = 0 for p <i < p +r —2. Now we have
an element [Sx,4,_1] € H(Ker5) and the above equation implies that [dx, ] = S’_l[sxp+,_1] =
0 € H(Kers) by Lemma 4.10 and the assumption of triviality of S”~!. By Lemma 4.7, we see that
Kers = Im5s. Thus, there is an element v, € FP) with dsvpy = dxp41. By using these elements,
we define y = (Xp41 —5vp) @ uPT! + X, @uPT? + xp 3 QuPt3 410 € (O)ijll’*. Then we
can show x — y = x, ® u? +5v, @ uPt! € (0) Bf;*l by the same argument as above. It follows that
x=y+((x—-y)e (O)ijll’* + (O)Brpfl and hence [x]=0¢€ (O)Z;D’*/(O)ijll’* + (O)Brpfl = (O)Ef”*.
Since x is an arbitrary element of () Z P* this proves the “if” part. |

The BV-exactness of a space is equivalent to the condition that the E,—term of the spectral sequence
{oE +*,d,} is trivial. Then Theorem 7.10 gives another proof of Theorem 2.11. This consideration
allows us to propose a higher version of the BV-exactness.

Definition 7.11 A simply connected space X is r—BV-exact if the E, j—term (o) E f jfl in the spectral
sequence {(g) £ %, d,} associated with X is trivial for any (p, q).
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Indeed, there exists a non-BV-exact space in the class of rational elliptic spaces; see Appendix A below.
While we are interested in the hierarchy of rational spaces defined by the r—BV-exactness as seen in
Section 1.1, we do not pursue the topic in this manuscript.

Appendix A A non-BV-exact space

We describe an example of a non-BV-exact space. Let (AV, d) be the minimal model

(A(x1,X2, 21, V2, 3,2).d)

of an elliptic space X of dimension 228, given in [1, Example 5.2]. The degrees are given by |x;| = 10,
|x2| =12, |y1]| =41, |y2| = 43, |y3| = 45 and |z| = 119. The differential is as follows:

3
dyl =x]x2’

2

dxy =0, B 2 g _ . 12 10
dy, = x7x5, dz=xa(y1x2—x1y2)(y2x2—X1y3) + X"+ x, .

dX2 =0,
dys = xlxg,
Note that X does not admit positive weights. Indeed, let wt(x) =i and wt(x,) = j. Then wt(y1) =3i+/,
wt(y,) = 2i +2j and wt(y3) =i + 3j. By dz, we have the equations 5i + 6j = 12i = 10/ induced
from wt(xp(y1x2 —X112)(Vax2 —X1)3)) = wt(xllz) = wt(xéo). Thus we obtain i = j = 0.

Letw = x114 Vo y3— xll 3x2y1 V3 + xllzxg y1)2 be the representing cocycle of the fundamental class of the

manifold, which is considered as an element of ATV = %$(® c %. Then [w] & Im(H (5):0—>H (£~£(0))) =0.
On the other hand, we have [w] € Ker(H (3): H($©) — H(ZW)), since 5(w) = §(«) for the element «
defined by

a = —1380x11x$ 73 — 5290x ] 1x3 y3555 — 114x10y po s + 114x1%y y3 37
—114x]x2 010271 + ZXTy203T + X1 02273 — X1 y327 + 114x1X] 23 73
— B x1x2p1137 — x1X2p1273 — 114x1x2022 77 + 11531 X2 p32 77 + 113x1 y1 y3253
+ 572x1 23251 + 115x3Z — 114x5 y1 p3 773 + 114x3 y2 3 72 + 1150x5 253
+ %x%ylyzi—i— 115x§ylzy_2 — 115x§y22y_1 —340xy1y22X3 —229x, 1 ¥32X].
Hence we have Im H (5) € Ker H(5), ie (AV, d) is not BV-exact. Note that we have found the element o

by using the program [51] mentioned in Remark 6.4, while the equality is also checked by hand.

Finally we consider the differentials in the spectral sequence {() £, d, } defined in Section 7. Since
di[w] = H(5)[w] = 0, the cocycle w defines an element [w] € (o) E2, where () E5 is considered as a
subquotient of (o) E1 = H (3/:’, 8). Then the equality 5(w) = 6(«) enables us to compute ds[w] = [Sa] #
0 € () £2, where the nontriviality is proved by using the program [51]. Thus this Sullivan algebra gives an
example such that d> # 0 on () E>. Note that it is currently unknown whether () E3 = 0 (ie 2-BV-exact)
or not.
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Appendix B Connes’ B-map in the Gysin exact sequence
In this section, by giving precisely a rational model for the integration over the fiber B: H*T1(LX; Q) —
H ;1 (LX;Q), we describe the Gysin exact sequence of the S '—principal bundle

S' S ES'xLX B ES'xg1 LX

in terms of Sullivan models for LX and ES! xg1 LX. As a consequence, the Gysin sequence is
identified with Connes’ exact sequence under the isomorphisms HH, (M(X)) =~ H *(LX;Q) and
HC, (M(X)) = H*(ES! xg1 LX; Q) described in Section 3.

The cohomology Gysin sequence associated with the bundle has the form
S *
s A S ahan D e b mriax >

in which S is defined by the cup product with the Euler class ¢* (u), where u is the generator of H>(BS1).
The S'—principal bundle above fits in the pullback diagram

ol

LX —— ES'xg1 LY —— BS!
in which the lower sequence is the fiber bundle associated with the universal bundle ES! — BS'.

We recall the Sullivan models &£ and € defined in Section 3. In the model € for ES! x g1 LX, we write
u for the Euler class ¢* (). Thus the map S in the Gysin sequence is regarded as the multiplication by u
in the models, namely the S—action in Connes’ exact sequence. In order to obtain rational models for p
and 8, we here consider the relative Sullivan algebra £ := (€ ® A(e), g) with base €, where g(e) =u
and |e| = 1.

Lemma B.1 The canonical projection p: ¥ — & is a homotopy equivalence.

Proof We define a DGA morphism ¢: £ — $” by t(a) = o + (=1)|%s(a)e for & € ¥, where s is
the derivation on & stated in Section 3. Then, we have p ot = 1 by definition. Moreover, a homotopy
PN — PN @ A(t, dt) defined by e > et, u > ut —edt and o — o + (—1)1®ls(@)e(1 — 1) for o € €
implies that ¢ o p is homotopic to 1. This completes the proof. |

Proposition B.2 The derivation s: ¥ — € is a rational model for §.

Algebraic € Geometric Topology, Volume 24 (2024)



A reduction of the string bracket to the loop product 2651
Proof From Lemma B.1, the inclusion € < £ is a rational model for the principal bundle
prES'X LM — ES' xg1 LM.

Since B is the fiber integration associated with the principal bundle, it is modeled by a map |, LI =€
defined by f (@0 +are) =ay for o; € €. Therefore, the result follows since the composite f . L coincides

with the derivation s. |
List of symbols
symbol meaning page
¢ the loop product 2633
® the dual loop coproduct 2633
[,] the string bracket, dual string cobracket 2624
A the BV operator on the Hochschild homology of a differential graded algebra 2626
A’ the BV operator on the homology of LM 2627
HH..(2) the Hochschild homology of a DGA 2630
HH. (2) the reduced Hochschild homology, HH4 (2) = HH, QK 2630
HC, (©2) the negative cyclic homology of a DGA 2 2630
ﬁé; (€2) the reduced negative cyclic homology, HC, (2) = I’{\é; (2) & K[u] 2630
S the S—action on the negative cyclic homology 2630
&, (£,6) the Sullivan minimal model for the free loop space LM (and the Hochschild 2631
homology)

€, (¢, D) the Sullivan minimal model for the Borel construction ES! x g1 LM (and the 2631
negative cyclic homology)

(:?Z, 8) the reduced version of (£, §) 2637
(™ §) a direct summand of (%, §) = D, (F™ §) 2637
s a derivation on ¥, which is a chain model of A 2631
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