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We define a turning of a rank-2k vector bundle £ — B to be a homotopy of bundle automorphisms v,
from 1g, the identity of E, to —1g, minus the identity, and call a pair (£, ¥;) a turned bundle. We
investigate when vector bundles admit turnings and develop the theory of turnings and their obstructions.
In particular, we determine which rank-2k bundles over the 2k—sphere are turnable.

If a bundle is turnable, then it is orientable. In the other direction, complex bundles are turned bundles
and for bundles over finite CW—complexes with rank in the stable range, Bott’s proof of his periodicity
theorem shows that a turning of E defines a homotopy class of complex structure on E. On the other
hand, we give examples of rank-2k bundles over 2k—dimensional spaces, including the tangent bundles
of some 2k—manifolds, which are turnable but do not admit a complex structure. Hence turned bundles
can be viewed as generalisations of complex bundles.

We also generalise the definition of turning to other settings, including other paths of automorphisms,
and we relate the generalised turnability of vector bundles to the topology of their gauge groups and the
computation of certain Samelson products.

57R22; 55R15, 55R25

1 Introduction

Let w: £ — B be a real Euclidean vector bundle over a base space B, which for simplicity we assume is
connected. The bundle E has two canonical automorphisms: 1, the identity, and —1 g, the automorphism
which takes a vector to its negative. A turning of E is a continuous path ¥; of bundle automorphisms
from 15 to —1f: if a turning of E exists, we call E turnable and the pair (E, V) a turned vector bundle.
The turning problem for E is to determine whether E is turnable.

While the turning problem is a natural topological problem amenable to classical methods in algebraic
topology, to the best of our knowledge it has not been explicitly discussed in the literature. Our primary
interest in turnings stems from the fact that they generalise complex structures. As we explain in Section 5,
Bott’s original proof of his periodicity theorem shows for bundles over finite CW—complexes that stable
turnings are equivalent to stable complex structures. On the other hand, we discovered that there are
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unstable bundles which are turnable but do not admit a complex structure; eg see the discussion following
Theorem 1.3. Hence there is a sequence of strict inclusions

{complex bundles} < {turned bundles} < {stably complex bundles}.

The turning problem and its generalisations also arise naturally in the study of gauge groups. Turnings are
closely related to the group of components and the fundamental group of the gauge group associated to E,
and by studying turnings we can gain information about the low-dimensional topology of gauge groups;
see eg Theorem 1.9. The generalised turning problem for loops in the structure group is also related to
certain Samelson products and our results on turnings lead to new computations of Samelson products,
which have implications for the high-dimensional topology of certain gauge groups; see Proposition 3.31.

1.1 Turnability of vector bundles

We begin with some elementary remarks on the turning problem. Given b € B, let E := 7~ 1(b) be
the fibre over b, which is a Euclidean vector space. Since a turning of E restricts to a path from 1g,
to —1g,, if E is turnable, then the rank of £ must be even. Moreover, a turning of E can be used to
continuously orient each fibre E. Hence if E is turnable, then E is orientable; see the discussion prior
to Lemma 2.4. On the other hand, if E admits a complex structure then the map ¢ — ¢! 1 defines a
turning of E and so complex bundles are turned bundles. Since oriented rank-2 bundles are equivalent to
complex line bundles, they are turnable and so we assume k£ > 1, unless stated otherwise.

We next discuss the turning problem stably. Suppose that the base space B is (homotopy equivalent to) a
finite CW—complex, let R/ denote the trivial rank- j bundle over B and let E @ R/ denote the Whitney
sum of E and R/. We say that E is stably turnable if E @ R/ is turnable for some j > 0 and similarly
we say that £ admits a stable complex structure if £ @ R/ admits a complex structure for some j > 0.
Then we have the following result; see Theorem 5.10 for a more refined statement.

Theorem 1.1 Let E — B be a vector bundle over a finite-dimensional CW-complex. Then E is stably
turnable if and only if E admits a stable complex structure.

The question of whether £ admits a stable complex structure, while in general difficult, can be characterised
entirely using the ring structure in real K—theory; see Proposition 5.11. We therefore turn our attention
to the turning problem for bundles outside the stable range and in this paper we pay close attention to
rank-2k bundles over 2k—dimensional CW—complexes. Such bundles are just outside the stable range
and provide a large class of interesting examples, including the tangent bundles 7’M of orientable smooth
2k-manifolds M and rank-2k bundles over S2X. Starting with T'S 2k we recall that Kirchoff [12] proved
that if 7S%* admits a complex structure then T'S2K+1 is trivial. Shortly afterwards Borel and Serre [3]
showed that 7'S* admits a complex structure if and only if £ = 0,1 or 3 and a little later Bott and
Milnor [6] showed that 7.S2K+1 is trivial if and only if k = 0, 1 or 3. An important first result on the
turning problem is the following strengthening of Kirchoff’s theorem; see Theorem 4.3.
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Theorem 1.2 If T.S?¥ is turnable then T'S2**1 is trivial.

Combined with the results of Borel and Serre and Bott and Milnor, Theorem 1.2 shows that 7S 2k g
turnable if and only if it admits a complex structure. However, such a statement does not hold generally,
even for rank-2k bundles E over S Zk, as Theorem 1.3 below shows.

We next consider the turnability of all oriented rank-2k bundles over S2K. Stable vector bundles over S 2k
are classified by the real K—theory groups f(B(S 2k which are, respectively, isomorphic to Z, Z /2 and 0
for k respectively even, congruent to 1 mod 4 or congruent to 3 mod 4. Given an oriented rank-2k
vector bundle E — S2K we let & € fé(S 2k denote the reduced real K—theory class defined by E.
When k = 2, oriented vector bundles over S* admit unique homotopy classes of spin structures. By
Kervaire [10], the spin characteristic class p = p; /2 defines an isomorphism p: KO(S*) — H*(S*; Z)
and by Wall [17], p2(p(Eg)) = p2(e(E)) for all oriented rank-4 bundles £ — S*, where p; denotes
reduction mod d and for any base space B, e(E) € H2K(B;Z) denotes the Euler class of an oriented
rank-2k bundle £ — B. As a corollary of Theorem 4.1 we obtain:

Theorem 1.3 For k > 1, let E — S2k be an oriented rank-2k bundle. Then E is turnable if and only if
one of the following holds:

(@) k=2andp4(e(E) + p(EE)) = 0 or pa(e(E) — p(§E)) = 0.

(b) k=3.

(¢) k>2iseven, ps(e(E)) =0and po(Eg) =0.

(d) k> 3isoddand ps(e(E))=0.

Theorem 1.3 gives many examples of bundles which are turnable but do not admit a complex structure.
For example, for m > 2 let t,, € m,,,—1(SOy,) denote the homotopy class of the clutching function of 7'.S™
and for n € Z let nT'S™ denote the bundle corresponding to nty, € m,,,—1(SOs;). Then for m = 4;,
nTS* is turnable if and only if n is even, whereas by a theorem of Thomas [16, Theorem 1.7], nT'S 4j
admits a complex structure if and only if n = 0.

Theorem 1.3 leads to a general result on the turnability of rank-2k bundles over general finite 2k—
dimensional CW—complexes. If J is a complex structure on E @ R?/ for some j > 0, denote by
cx(J) € H**)(B; Z) the k™ Chern class of J. We define the subgroup 2% (B) € H*(B:7Z/4) by

12%(8) = ((x2) 0Sq? 0 p2)(H**=2(B: 7)) if k is 0dd,
0 if k is even,

where Sq? is the second Steenrod square and x2 is the natural map induced by the inclusion of coefficients
x2:7/2 — 7/4.

The following result is a simple consequence of Theorems 6.1 and 6.2.
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Theorem 1.4 Let E — B be an oriented rank-2k vector bundle over a finite CW—-complex of dimension
at most 2k, and if k is even, assume that H** (B;7Z) contains no 2—torsion. Then E is turnable if and
only if there is a j > 0 and a complex structure J on E @ R?/ such that

[pa(ck ()] = £lpa(e(E))] € H**(B; Z/4)/ 1% (B).

Remark 1.5 When k is even and H2X(B; Z) contains 2—torsion, the condition in Theorem 1.4 remains
necessary but is no longer sufficient; see Theorem 6.1 and Example 6.3.

Theorem 1.4 shows that there are many examples of manifolds whose tangent bundles are turnable but
do not admit a complex structure. For example, if M; = fi;(S* x S*) is the /—fold connected sum
of $* x S* with itself, then for any j > 0, the bundle 7M; & R?/ admits two homotopy classes of
complex structures J, each with ¢4(J) = 0. But e(TM;) = +2(/ + 1) by the Poincaré—Hopf theorem:;
see [8, page 113]. It follows that 7'M; does not admit a complex structure and that 7'M is turnable if and
only if / is odd; eg T(S* x §*) is turnable but does not admit a complex structure. For a more general
statement about when 7'M is turnable but does not admit a complex structure, see Corollary 6.4.

1.2 The turning obstruction for bundles over suspensions

In order to study the turning problem and obtain most of our results above, we define a complete obstruction
to the existence of turnings for bundles over suspensions. For this we need to refine our definition of turning
by specifying the homotopy class of the turning in a fibre. If ¥/ is a turning of an oriented rank-2k bundle
E — B, then by restricting ¥, to a fibre £, we obtain a path of isometries from 1g, to —1g,. When
E}, is identified with R2* via an orientation-preserving isomorphism, this path is identified with a path in
SO,y from 1 to —1, which is well defined up to path homotopy. Given a path y in SO, from 1 to —1, we
shall call a turning a y—turning if its restriction to each fibre is path homotopic to y. When k > 1, as we
generally assume, 71 (SO, ) = Z/2, so there are precisely two path homotopy classes of possible paths.

Suppose that the base space B = SX is a suspension, ie it is the union of two copies of the cone on X.
The restriction of E to each cone admits a y—turning, which is unique up to homotopy and £ admits a
y—turning if and only if the y—turnings over the cones agree over X up to homotopy. We can then define
the y—turning obstruction of E by measuring the difference of the y—turnings over the cones and there
are several equivalent ways to do this, which we present in Section 3.1. Here we discuss what we later
call the adjointed y—turning obstruction. Recall that the set of isomorphism classes of oriented rank-2k
bundles over SX form a group, which is naturally isomorphic to [X, SO,j] via the map which sends the
isomorphism class of E to the homotopy class of its clutching function g: X — SO,;. We define the
adjointed y—turning obstruction

(1-1) TOy : [X,S02] = [SX. SO, [g]r [[x. 1] g(x)y (g ()],

where [x,¢] € SX is the point defined by (x,7) € X x I. The following result, which follows from
Proposition 3.2 and Lemma 3.6, justifies calling TO,, the y—turning obstruction.
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Proposition 1.6 Let £ — SX be an oriented rank-2k vector bundle with clutching function g: X — SOy.
Then E is y—turnable if and only if TO, ([g]) = 0. Moreover, if X is itself a suspension, then TO,, is a
homomorphism of abelian groups.

Proposition 1.6 states that the y—turning obstruction is additive for bundles over double suspensions.
This is an essential input to the Theorem 4.1, which largely computes TO,, for rank-2k bundles over
the 2k—sphere and both homotopy classes of paths y. Theorem 1.3 above is an immediate corollary of
Theorem 4.1.

The final element in the proof of Theorem 4.1 involves generalising the turning problem. The definition
of the y—turning obstruction naturally leads us to consider the turning obstruction for an essential loop
n: I — SO, with n(0) = n(1) = 1. If we replace y(¢) by n(¢) in (1-1) above, we obtain the function

TOy: [X,SO%] = [SX,SOx].  [g]+ [[x. 1] = g(x)n(0)g(x)"'].

If E — SX is a bundle with clutching function g: X — SOy, then TO,([g]) is a complete obstruction
to finding a loop ¥; of bundle automorphisms of E based at the identity such that the restriction of 1,
to a fibre E} is an essential loop of isometries of Ep. Moreover, if y is a path in SO, from 1 to —1,
then the concatenation of paths 71 * y represents the other path homotopy class of such paths. Hence
a bundle £ — SX with clutching function g is turnable if and only if one of TO, ([g]) or TOyxy ([g])
vanishes. The following result relates TO, and TO,, and states that TO,, is in general 4—torsion; see also
Theorem 3.23.

Theorem 1.7 Let E be an oriented rank-2k vector bundle with clutching function g: X — SQO,.. Then:

(@) 2TOy(g) =0.

(b) TOyxy ([g]) = TO,([g]) + TOy ([g)).

(c) If k is even, then 2TO, ([g]) = 0.

(d) If k is odd. then 2TO, (g]) = TO([g)) and 4TO, ([g]) = 0.

Remark 1.8 Notwithstanding Theorem 1.7(d), we know of no example of a bundle £ — S X with clutch-
ing function g, where 2 TO,, ([g]) # 0. In particular, by Theorem 4.1, 2 TO,, (4% +2) = TO,([t4x+2]) =0
for all k > 1. The proof we give of this result is computational and somewhat surprising to us. It would
be interesting to know if there is a space X and a clutching function g: X — SO, with 2 TO, ([g]) # 0.

1.3 General turnings, the topology of gauge groups and Samelson products

Let Fr(E) denote the frame bundle of an oriented vector bundle £ — B, which is a principal SO,z —bundle
over B. The group of automorphisms of E is canonically homeomorphic to the gauge group of Fr(E),
and so the turning problem can be viewed as a problem in the topology of gauge groups: we are asking
when a topological feature of the structure group extends to the whole gauge group.
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To describe general turning problems, we let G be a path-connected topological group, for example a
connected Lie group, and P — B be a principal G—bundle with gauge group 4p: if G = SO, and
P =Fr(E), then we shall write 9 in place of 9 (g). If Z(G) denotes the centre of G, then multiplication
by z € Z(G) defines an element zp € §p. Given a path y: I — G between elements of Z(G), the
y—turning problem for P is to determine whether there is a path ¥; in §p with ¥ (0) = y(0)p and
¥ (1) = y(1) p and whose restriction to a fibre is path-homotopic to y.

When B = SX is a suspension, then principal G—bundles P — SX are determined up to isomorphism
by their clutching functions g: X — G and the definition and properties of the y—turning obstruction for

vector bundles generalise in the obvious way. The (adjointed) y—turning obstruction is the map
TOy: [X,G] = [SX,G], gl [[x.1] g(x)y()g(x)7"],

and P is y—turnable if and only if TO, ([g]) = 0; see Remark 3.22. If we allow y to vary among all paths
between central elements of G, the path homotopy classes of the possible paths y form a groupoid, which
is a full subcategory of the fundamental groupoid of G. We call this groupoid the central groupoid of G
and denote it by 7 (G). If we fix [g] € [X, G], then we can regard TO, ([g]) as a function of y. The

resulting map
74(G) - [SX,G]

is a morphism of groupoids (where the group [SX, G] is regarded as a groupoid on one object) and this
general point of view allows us to prove Theorem 1.7.

Returning to vector bundles E and the topology of their gauge groups 9 g, the n—turning problem has the
most direct implications (see Theorem 2.26):

Theorem 1.9 If B = SX is a suspension and ngy = |[SX, SO,]| is finite, then for any rank-2k vector
bundle E — SX, R
undgle & = nsx if E is n—turnable,

Imo(Sp )l = {%HSX if E is not n—turnable.

Theorem 1.9 shows that when [SX, SO, ] is finite, for example when SX = S 2k then the n—turnability
of a vector bundle E is a homotopy invariant of its gauge group 4g. While the turnability of E is not
a priori a homotopy invariant of G, recent work of Kishimoto, Membrillo-Solis and Theriault [13] on
the homotopy classification of the gauge groups of rank-4 bundles £ — S*, when combined with our
results in Theorem 4.1, does show that the turnability of these bundles is a homotopy invariant of their
gauge groups; see Proposition 4.8 for a more detailed statement.

We compute TO,, for all rank-2k bundles over S 2k in Theorem 4.1. In fact in this case TO,([g]) = ([g]. n)
is the Samelson product of [g] € 75 —1(SO5x) and 1 € 71 (SO, ); see Lemma 3.24. On the other hand,
Samelson products are in general delicate to calculate and so the computations of TO,([g]) in Theorem 4.1,
which are carried out using the point of view of the turning obstruction, may be of independent interest.
For example (see Proposition 3.29), for ng;j—1: S 4/ — §4/~1 an essential map, we have:
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Corollary 1.10 The Samelson product (tyx, 1) is given by (t4j42,1) = 0 and (14, 1) = t4jn4j—1 # 0.

Corollary 1.10 also has implications for the high-dimensional homotopy groups of certain gauge groups;
see Proposition 3.31 in Section 3.3.

Organisation The rest of this paper is organised as follows. In Section 2 we set up the necessary
preliminaries to discuss the turning problem. We define turnings and y—turnings, universal bundles which
classify turnings and relate the turning problem to the topology of the gauge group. In Section 3 we define
the y—turning obstruction for bundles over suspensions and develop the theory of the y—turning obstruction,
regarded as a map from the central groupoid of a path-connected topological group G. We also show that the
n—turning obstruction is given by certain Samelson products. In Section 4, we consider rank-2k vector bun-
dles over the 2k —sphere and compute their turning obstructions in detail, proving Theorem 1.3. In Section 5,
we consider the turning problem for bundles in the stable range and prove Theorem 1.1. Finally, in Section 6
we combine the results of Sections 4 and 5 on rank-2k vector bundles over the 2k—sphere and stable
vector bundles to prove Theorem 1.4 on rank-2k vector bundles over 2k—dimensional CW—complexes.

Background information This paper is based on the MSc thesis of Sims, also entitled “Turning vector
bundles”, which was submitted to the University of Melbourne in May 2020 under the supervision of
Crowley and Nagy.

Acknowledgements Crowley and Yang acknowledge the sponsorship of the China Scholarship Council
for the 2018 visit of Yang to the University of Melbourne. Yang was sponsored by the Natural Science Foun-
dation of Henan (#242300421380). Nagy was supported by EPSRC New Investigator grant EP/T028335/1.

2 Turnings and gauge groups

In this section we set up the necessary definitions and notation for the turning problem and establish some
basic results. In Section 2.1 we define turnings and y—turnings and introduce the terminology to describe
the relationship between turnings and orientations of a vector bundle. A more general notion of turning,
for principal G-bundles, is defined in Section 2.4. In Section 2.2 we define the associated turning bundle
of a vector bundle and construct a universal turned bundle. We also establish some equivalent conditions
to turnability in terms of the associated turning bundle and the universal turned bundle. In Sections 2.3
and 2.5 we study the connection between the turnability of a vector bundle and the low-dimensional
homotopy groups of its gauge group.

2.1 Turnings

All vector spaces V' in this paper are real and Euclidean. The connected component of the group of
isometries of V' is denoted by SO(V'), 1 € SO(V) is the identity and —1: V' — V is defined by —1(v) = —v
for all v € V. We use R/ to denote j—dimensional Euclidean space with its standard metric and as usual
we set SO; 1= SO(RY).
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All vector bundles 7w : E — B are real and Euclidean and for simplicity we assume that the base space B
is connected. We denote the trivial bundle R/ x B — B by R/; the base space will either be specified
or clear from the context. We shall use the symbol E to ambiguously denote both the total space of the
bundle and the bundle itself. For b € B, Ej, := m~!(b) is the fibre of E over b, which is a vector space.
Let I :=0, 1] be the unit interval.

Definition 2.1 Let V' be an even-dimensional real vector space, so that —1 € SO(V'). A turning of V' is
apath y: I — SO(V) from 1 to —1.

In particular, a turning of R2* s a path in SO, from 1 to —1 and we write £24+1SO,; for the mapping
space Map(([, ({0}, {1})), (SO4, ({1}, {—1}))) consisting of all turnings of R2¥, with the compact—open
topology. Note that 2SO, the space of loops based at 1, acts freely and transitively on 24150, by
pointwise multiplication. Hence choosing y € €2.4+1S0,; defines a homeomorphism from €241SO, to
QS0 and we will use this homeomorphism to compute the homotopy groups of €24+1SO,.

Definition 2.2 (standard turning of R%%) Let R?¥ = Ck define the standard complex structure on R2k
and let U, € SO, be the unitary subgroup. The standard turning of R2k is the path

. int
* 2k> = .
B:1—S0y;, t>e'™1eU, CSOy

If 2k > 2, then 7o(2+1S05%) = 71 (SO4x) = Z/2, so there are two turnings of R2* up to homotopy.
Indeed, if ,E is a representative of the other homotopy class and

n: (I’ {07 1}) g (SOZk’ 1)

is a loop representing the generator of 71 (SO, ), then [B] = [ * B], where * denotes concatenation of
paths and [y] denotes the path homotopy class of a path y. If we pointwise conjugate § with a fixed
element of O, \ SOy, then we obtain a path in [E], equivalently, an orientation-reversing isomorphism
R2k — R2¥ pulls back B to a turning that is path homotopic to B . Note that the turning defined by the
formula 7 — e~ 1 is path homotopic to 8 if k is even and to B if k is odd.

Let V be a vector space of dimension 2k equipped with a turning and an orientation. If 2k > 2, then
we say that the turning and the orientation are compatible if the turning is homotopic to 8 under an
orientation-preserving identification V =~ R2X. If 2k = 2, then they are compatible if the turning is
homotopic to the path # — e”***1 for some positive (odd) » under an orientation-preserving identification
V = R2. In both cases there is a unique orientation of ¥ which is compatible with a given turning, hence
we obtain a well-defined map from the homotopy classes of turnings of V to its orientations. This map is
a bijection if 2k > 2 and surjective if 2k = 2.

Definition 2.3 (turning, turnable and turned) Let w: E — B be a rank-2k vector bundle. A turning
of E is a path ¥ in the space of automorphisms of £ from 1g to —1g. If a turning exists, we say that
E is turnable, and a turned vector bundle is a pair (£, ), where V¥, is a turning of E.

Algebraic € Geometric Topology, Volume 24 (2024)



Turning vector bundles 2815

Clearly any trivial bundle is turnable and since bundle automorphisms can be pulled back along continuous
maps, the pullback of a turnable bundle is turnable. Furthermore, every complex bundle E is turnable via
the path ¢ > /™' 1.

A turning of a bundle restricts to a turning of each fibre, so by our earlier observations it determines an
orientation on each fibre. Therefore we have:

Lemma 2.4 Every turnable bundle is orientable. i
If a rank-2 bundle is orientable, then it admits a complex structure, so we have:

Proposition 2.5 A rank-2 bundle is turnable if and only if it is orientable. |

From now on we will focus on oriented bundles 7 : £ — B of rank 2k and we assume that 2k > 2 unless
otherwise stated. Since we are assuming that B is connected, it follows that an orientable bundle has
precisely two possible orientations and we let E denote the same bundle with opposite orientation.

Definition 2.6 For a path y € 241505, let £2,SO,; C 24150, denote the connected component
of y.

Definition 2.7 (y—turnable, positive/negative turnable) Let E be a rank-2k bundle and y € 211SO,.
We say that E is y—turnable if it has a turning whose restriction to each fibre Ej, lies in £2,,SO, under
an orientation-preserving identification Ej =~ R2k.

We also say that E is positive/negative turnable if it has a turning which determines the positive/negative
orientation on E.

Obviously, if ¥ is homotopic to y’, then y—turnability is equivalent to y’—turnability. By definition
positive turnability is equivalent to S—turnability, and negative turnability is equivalent to ,g—turnability. A
bundle is turnable if and only if it is positive turnable or negative turnable. Finally, a bundle £ is positive
turnable if and only if E is negative turnable. For the next definition, recall that E is called chiral if E is
not isomorphic to E.

Definition 2.8 (bi-turnable, strongly chiral) If E is both positive and negative turnable, we call it
bi-turnable. If E is turnable but not bi-turnable, we say that E is strongly chiral.

If E =~ E, then E cannot be strongly chiral. This shows that strong chirality implies chirality.

Definition 2.9 (turning type) The turning type of an orientable rank-2% bundle is the property of being
either bi-turnable, strongly chiral or not turnable.

2.2 The associated turning bundle

We can also think of a turning of a bundle as a continuous choice of turning in each fibre. To make this
precise we define the associated turning bundle below, in analogy with the associated automorphism
bundle.
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Every oriented rank-2k vector bundle 7 : E — B has an associated principal SO,;—bundle, namely the
frame bundle Fr(E), whose fibres consist of oriented, orthonormal frames of the fibres of E. We will
view such frames as linear isomorphisms ¢ : R2*¥ — E,. Then SO, acts on the right on the total space
of Fr(E) via precomposition.

Definition 2.10 (the associated automorphism bundle and the associated turning bundle) For an oriented,
rank-2k vector bundle £ — B we define, via the Borel construction,
(a) the associated automorphism bundle
Aut(E) :=Fr(E) Xs0,, SOk — B,
where SO,y acts on itself by conjugation, and

(b) the associated turning bundle
Turn(E) := Fr(E) xs0,, 2+1S0,; — B,
where SO,y acts on 24150, by pointwise conjugation.
Remark 2.11 The fibre of Aut(E) over b € B can be identified with SO(E}), with the equivalence class

(5, A] € Fr(E) Xs0,, SO corresponding to ¢p 0 A o ¢b—1 : Ep — E}p. Similarly, the fibre of Turn(E)
over b consists of the turnings of Ep, with [¢p, y] corresponding to the path ¢ — ¢p 0 y(f) 0 ¢b_1.

A turning of a bundle FE restricts to a turning of each fibre and so determines a section of Turn(E). In
this way we obtain a homeomorphism between the space of turnings of E and the space of sections of
Turn(E). In particular, we have:

Lemma 2.12 A vector bundle E is turnable if and only if Turn(E) — B has a section. a

Definition 2.13 Fix a model BSO,;, for the classifying space of oriented rank-2k vector bundles and
let VSO,; — BSO,; denote the universal rank-2k bundle. We define BT, := Turn(V SO,z ) to be the
total space of the associated turning bundle, and let w5y : BT5; — BSO,j be its projection.

Remark 2.14 The symbol BT, should be read as a single unit. Defining a topological monoid 75
whose classifying space is the associated turning bundle of the universal bundle VSO, — BSO,j is an
interesting question, but we will not address it in this paper.

Below we explain how BT5j acts as a classifying space for turned vector bundles.

Proposition 2.15 A rank-2k bundle E over a CW-complex X is turnable if and only if its classifying
map f: X — BSO,y can be lifted over myj: BT — BSOy.
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Proof Since E =~ f*(VSO,), we have Turn(E) == f™*(Turn(V SO, )); ie there is a pullback diagram
Turn(E) —— BT,

|,

X — 5 BSOy

It follows from the universal property of pullbacks that f can be lifted to BT, if and only if Turn(E)
has a section, which is equivalent to the turnability of E. O

We now show how BT classifies rank-2k turned vector bundles.
Definition 2.16 Let V Ty := 73, (VSOy) — BTy.

Note that V' T, has a canonical turning, which we denote by ;. Since V Ty is defined as a pullback
of VSO, its fibre over x € BT5j can be identified with (V' SO,y )y, the fibre of VSO, over y = mpi (x).
By Remark 2.11, x itself can be regarded as a turning of (V' SO; ), and hence of (V Tk )x. That is, each
fibre (V Thx)x of V T,y comes equipped with a turning (which varies continuously with x), showing that
Turn(V T,y ) has a canonical section.

The turned bundle (V T — BTy, ¥y) is universal in the two senses explained in Theorem 2.18 below.

Definition 2.17 For a space X, let TB, (X)) be the set of isomorphism classes of rank-2k turned bundles
over X: it consists of equivalence classes of turned bundles over X, where two turned bundles are
equivalent if there is an isomorphism between them under which their turnings are homotopic.

Theorem 2.18 ((V Tk, ¥y) is a universal rank-2k turned bundle)

(a) If a rank-2k bundle E over a CW—complex X is equipped with a turning ;, then there is a
homotopically unique map X — BT,y which induces (E, ;) from (V T, ¥5).

(b) For every CW—complex X there is a bijection TB,; (X) = [X, BTx].

Proof (a) A stronger statement holds: the space of pairs (g, g), where g: X — BT, is a continuous
map and g: E — g*(V Tyy) is an isomorphism respecting the given turnings, is contractible. To such a
pair (g, ) we assign a pair (£, /), where /1 X — BSO,y is a continuous map and f: E — f*(VSO,)
is an isomorphism, by letting f = 7,4 0 g and f = g (using that f*(VSOy) = ¥ (3, (VSOg)) =
g*(VTsy)). Each pair (f, f) determines a pullback diagram as in the proof of Proposition 2.15. It
follows from the pullback property that f has a unique lift g: X — BT5j corresponding to the given
turning of E (section of Turn(£)) and if we regard f as an isomorphism g: E — g*(V T,y), then this g
respects the turnings. This shows that the assignment (g, g) — (f, f) is a homeomorphism. And since
VSO, is a universal bundle, the space of pairs ( f, f_ ) is contractible.
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(b) Toamap g: X — BT, we assign g*(V T,) with its induced turning. This way we obtain a
well-defined map [X, BT,;] — TB,x (X), because a homotopy of g induces a bundle over X x [ with a
turning and after identifying this bundle with g*(V Tz ) x [ its turning determines a homotopy between
the turnings over X x {0} and X x {1}. It follows from (a) that this map is surjective.

Suppose that two maps g1, g2: X — BT, determine the same element in TB,;(X). This means
that, after identifying g (V Ty;) with E := g5 (V Ty ) via some isomorphism, the induced turnings
on E are homotopic, ie there is a homotopy between the corresponding sections of Turn(E). This
homotopy then determines a homotopy (via lifts of 5z 0 g1: X — BSO,j ) between g; and another lift
g} : X — BT such that under the isomorphism g5 (V Toi) = E = g7 (VToi) = (25 081)* (VSO ) =
(m21081)* (VSO2x) = (g7)* (V Ty ) the same turning is induced on g5 (V T ) and (g)* (V Tz ). By (a),
this implies that g/1 is homotopic to g,. Therefore the map [X, BT,;] — TB,; (X) is also injective, hence
it is a bijection. a

Remark 2.19 In the constructions of this section, instead of €211 SO, we could use one of its connected
components, £2,SO,x for a y € Q41S0,,. Then the turning bundle Turn(E) would be replaced with
its subbundle Turn” (E) and BT,j with its connected component BT 2yk = Turn? (SO, ). A bundle
E over a CW—complex X is y—turnable if and only if Turn” (E) has a section and if and only if its
classifying map f: X — BSO,; can be lifted to Bszk' Moreover, VT;;C = VTl BT, is universal

among bundles equipped with a y—turning.

2.3 The gauge group

For an oriented rank-2k vector bundle 7: E — B, recall that Fr(E) denotes the frame bundle of E,
which is a principal SO,;-bundle over B. As an elementary exercise in linear algebra shows, the space
of automorphisms of a vector bundle £ — B is canonically homeomorphic to the gauge group of Fr(E),
as defined in [9, Chapter 7] and we will use these topological groups interchangeably, denoting them
by 9. In this section we relate the existence of turnings on E to the topology of Y.

The automorphisms 1 g and —1 g define elements of G g . Specifically, since —1 lies in Z(SO,y ), the centre
of SO,, we obtain the global map —1 g € g given by p — p(—1). Considering [1g],[—1E] € mo(%E),
we see from Definition 2.3 that E is turnable if and only if [-1g] = [1g] € 7¢(%YE). Indeed, somewhat
more is true, as we now explain.

Fixing a frame p € Fr(E) over b = n(p) and restricting to the fibre of Fr(£) — B over b, we obtain
a continuous homomorphism of topological groups r,: 9g — SO, . Replacing SO, by the mapping
cylinder of 7, we regard r, as an inclusion and consider the pair (SOyx, 9g). A path y € Q41SOy defines
an element [y ]g € 1 (SO2, 9E), by identifying 1 g, —1g € g withrp,(1g) =1,7rp(—=1g) =—1€ S0y
respectively, and viewing y as a path in SO, connecting 1g and —1fg. Since rp: 9 — SOy is a
homomorphism of topological groups, 1 (SO, G g) inherits a group structure from the group structures
on 9g and SO,; and we denote the unit by e. Then we have:
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Lemma 2.20 A bundle E is y—turnable if and only if [y]¢ = e € 71 (SO, 9YE)- a

Given the above, it is natural to consider the final segment of the homotopy long exact sequence of the
pair (SO, G E), which runs as follows:

2-1) oo 1 () 5 7, (SOa) = 71(SOos, G) — o(Gx) — 0.

Now [Blg = [Bls + [1], where + denotes the natural action of 71 (SO,%) on 71(SOax, %E) and [1] in
71(SO,y) is the generator. We see that [B]g = [B] if and only if (rp)+: 1 (YE) — m1(SOyx) is onto.
For example, in Section 4.2 we shall see that there are rank-4 bundles £ — S* which are S—turnable but
not B—turnable. Applying Lemma 2.20 we see that for these bundles [B]q # [Blg € 71(SO2k. %) and
hence the map (rp)«: 71 (9g) — 71 (SOyg) is zero. In fact, the homomorphism 71 (9g) — 1 (SOy) is
closely related to the “turning obstruction for the essential loop in SO,;”, and we next discuss turnings
in a more general setting.

2.4 The central groupoid and general turnings

In this subsection we generalise the definition of a turning. Let G be a path-connected topological group
with centre Z(G). For the computations in this paper the groups SO, their double covers Spin,; and
their quotients PSO, := SO,y /{£1} will be relevant, and we will consider these groups in more detail
at the end of this subsection.

Let m: P — B be a principal G—bundle over a path-connected space B. The gauge group of P, denoted
by %p, is the group of G—equivariant fibrewise automorphisms of P. Given z € Z(G), fibrewise
multiplication by z defines a central element zp € Z(4p), where for all p € P,

zp(p):=p-z.

We note that if Z(G) is discrete, then the map Z(G) — Z(%p), z — zp, is an isomorphism. We shall be
interested in paths y: I — G which start and end at elements of the centre Z(G), and whether they can be
lifted to paths in 9p which start and end at y(0) p and y (1) p. Hence we make the following definition:

Definition 2.21 (central groupoid) The central groupoid of G is the restriction of the fundamental
groupoid of G to paths which start and end in the centre of G. We will use < (G) to ambiguously denote
the central groupoid of G or the set of its morphisms.

Remark 2.22 Pointwise multiplication gives 7 (G), the set of morphisms of the central groupoid,
a group structure, and there is short exact sequence
1 - 11(G,e) > 74 (G) = Z(G) x Z(G) — 1,

where 7Z (G) — Z(G) x Z(G) is defined by [y] — (y(0), (1)) and e € G is the identity. While we do
not use this group structure in what follows, it may be helpful for understanding 7 < (G); eg it shows that
7% (SO,) has eight morphisms.
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For a point p € P,letb = n(p) and Pp := p-G be the fibre of P — B over b. Define the restriction map
rp:%p =G
by restricting elements of the gauge group to the fibre over b and using the equation

¢(p) = p-1p(9)

for all ¢ € Gp. If we vary p € Pp, then rp.g(¢) = g_lrp(qb)g for all ¢ € 4p and g € G. Recalling

that G and B are path-connected, we see for any path ¢;: I — §p with ¢9 = zp and ¢; = z},, that
[rp(¢r)] € 7% (G) is independent of the choice of p.

Definition 2.23 Let ¢;: I — %p be a path such that ¢g = zp and ¢ = 2, for some z,z" € Z(G). We
define r(¢;) € 7% (G) to be [rp(¢ps)] for any p € P.

Definition 2.24 (y—turning and y—turnable) Let [y] € 7% (G) be represented by a path y: I — G.
A y—turning of a principal G-bundle P is a path ¢;: I — 4p with ¢¢g = y(0)p,¢(1) = y(1)p and
r(¢:) =[y] € 7% (G). If P admits a y—turning then P is called y—turnable.

We end this subsection by considering the groups SOy, Spin,; and PSO,;. When 2k > 2, we have
PSO,x = SOy / Z(SO5x) = Spin, / Z(Spin,; ) and we list the centres and fundamental groups of these
groups in the following tables (where j > 1), which follow from Lemma 2.25 below:

G Z(G) 71(G) G Z(G) m(G)
Sping; | Z/2®Z/2 {e} Sping;j 4, 7/4 {e}
SOy 7]2 Z]2 SOy4j 42 Z/2 Z]2
PSOy; {e} Z/2®Z]2 PSOy4j 4> {e} Z]4

The next lemma is well known but we include its proof to further illustrate the structure of the central
groupoid of SO,.

Lemma 2.25 If k > 2, then Z(PSOy) = {e}, Z(Spin,;) = 71 (PSO,x) and

Z]2@7Z/2 if k is even,

PSO,;) =
71 (PSO2) {Z/4 if k is odd.

Proof To see that the centre of PSO,, is trivial, let x € SO, lie in the preimage of Z(PSO,). Then
the commutator [x, - | defines a map SO,; — Z (SO, ). Since Z(SOyy) is discrete and [x, 1] = 1, this is
the constant 1 map. Hence x € Z(SO,;) and thus Z(PSO,;) = {e}.

If ¢ : Spiny;, — SO,y denotes the nontrivial double covering, we see that Z(Spiny,) = ¢~ (Z(SOy)).
Now Z(SO,x) = {£1}, the covering ¢’: Spin,; — PSO, is the universal covering of PSO, and it is
the composition of ¢ and SO, — PSO,. It follows that Z(Spiny) = (¢) 1 ([1]) = 71 (PSO2x).
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To compute 771 (PSO,y ) we first consider the central groupoid 7% (SO, ). It is generated by the morphisms
[8].[8]: 1 — —1, subject to the relation ([8]~! o [B])? = Id1; ie [B]~! o [B] = [n] is the generator of
71(SO,%) = Z /2. The following diagram shows the named morphisms in 7 < (SOy):
(8]
-1 1 ) m
(8]
The projection SO,; — PSSO, induces a surjective map of groupoids 7% (SOyx) — 71 (PSO,y), which
sends two morphisms [y], [y'] € 7Z (SO, ) into the same element of 771 (PSOyy ) if and only if [y'] = [—y],
where —y denotes the path y multiplied pointwise by —1. Since
[B]7! if k is even,
=pl= {[B]—l if k is odd,
the computation of 1 (PSO, ) follows. O

2.5 p-turnings and the path components of g

Recall that 1 denotes the generator of 1 (SO, ) and that by definition a rank-2k vector bundle £ — B
is n—turnable if and only if the restriction induces a surjective map 71 (9g) — 71(SO,x). We return to
our discussion of the exact sequence (2-1) from Section 2.3 and first identify it with an isomorphic exact
sequence. Assuming that b € B is nondegenerate, the homomorphism r,: 9 — SOy is onto and there
is a short exact sequence of topological groups

(2-2) GE .0 — g 2> SOy,

where, by definition, 9 o := Ker(r,) C 9. Regarding (2-2) as a principal £ o—bundle, it is classified
by a map SO, — B%E o such that

(2-3) G > SOy — BYE o

is a fibration sequence. The homotopy long exact sequence of (2-1) maps isomorphically to the homotopy
long exact sequences of (2-3) and (2-2) as follows:

(r )*
71(GE) —— 71(SO2) — 71(SO2%, ) — wo(YE) —— 0

| . ] | |

(2-4) m1(9g) —— m1(SOgk) —— m1(BYEg,0) —— mo(Yg) —— 0

| | |

71(Yg) —— m1(SOzx) ——— m9(YE,0) —— mo(Yg) —— 0

Now we fix the base space B and suppose that B = SX is a suspension. For any rank-2k vector
bundle £ — SX, there is a homotopy equivalence Y o >~ Map((SX, ), (SO2x, 1)) and in particular
the homotopy type of §g o does not depend on the vector bundle E. If |mo(%Eg 0)| = |[SX,SOyx]| is
finite then the exact sequences above in (2-4) show that |7o(9g)| depends on the n—turnability of E.
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Specifically, we have the following:

Theorem 2.26 If B = SX is a suspension and ngy := |[SX, SO,]| is finite, then for any rank-2k

vector bundle E — SX,
nsx if E is n—turnable,
1

o)) = |
SNSX
In particular, the n—turnability of rank-2k vector bundles over SX with ngx finite is 2a homotopy invariant

if E is not n—turnable.

of the gauge groups of these bundles. a

Remark 2.27 As one might expect, if a rank-2k vector bundle £ admits a spin structure, then the
n—turnability of E is equivalent to the y;,—turnability of the associated principal Spin,;—bundle for a
certain path y;, in Spin,. Let e € Spin,; be the identity and define zy € Z(Spin,; ) \ {e} to be the unique
element mapping to 1 € SO,. Since Spin,; is simply connected, there is a unique path homotopy class
of paths from e to z¢, and we denote this path by y,,. Given a principal Spin,;—bundle P — B, we can
consider the y,,—turning problem for P. As Spin,; acts on R2¥ via the double covering Spin,;, — SO,
and the standard action of SO, there is a rank-2k vector bundle Ep := P x Spinyy, R2* associated to P
and it is not hard to see that the following statements are equivalent:

(1) The principal Spin,;—bundle P — B is y,,—turnable.
(2) The vector bundle E p associated to P is n—turnable.
(3) The map (rp)«: m1(9E,) — m1(SOy) is onto.

3 The turning obstruction

In this section we define the turning obstruction for bundles over suspensions.

First we consider rank-2k oriented vector bundles. Over a suspension SX such a bundle corresponds to
an element of [X, SO, ]. Given a path y € Q1505 we first define a map

toy 1 [X, SO2x] — [X, 2, SO4]

(where ©2,,SO;; C 24150, denotes the connected component of y, see Definition 2.6) and prove that
it is a complete obstruction to the y—turnability of a bundle. We also introduce variants

0, [X.S0s] — [X, Q¢SO0s] and TO,,TO,:[X,SOs] — [SX,SOx]

and show that they are equivalent to to,. Finally we prove that these maps are homomorphisms if X is a

suspension.

In Section 3.2 we consider bundles with a path-connected structure group G. Given a path y between
elements of the centre Z(G), we define a generalised turning obstruction map to,, : [X, G] — [X, 2, G].
If we fix an element [g] € [X, G], then we can regard to,, ([g]) as a function of y and we show that it is
compatible with concatenation of paths. We also consider a normalised version of the turning obstruction,
to, : [X, G] — [X, Q¢G]. This allows us to compare turning obstructions for different paths and we find
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that to,, = togy, for any a € Z(G) (where (ay)(t) = ay(t)). When Z(G) is discrete, we introduce the
quotient PG = G/Z(G) and use these observations to show that the turning obstructions are determined
by amap fo. (-): 7;(PG) x [X, G] = [X, Qo G], which is a homomorphism in the first variable (and
also in the second one, if X is a suspension). As an application we prove Theorem 1.7.

3.1 The turning obstruction for vector bundles

Let X be a CW—complex and Cy X and Cy X two copies of the cone on X, so that SX = Co X Uy C1 X.
By [9, Chapter 8, Theorem 8.2], the set of isomorphism classes of oriented rank-2k bundles over SX is in
bijection with [ X, SO,], the set of homotopy classes of maps from X to SO,. A bundle E corresponds
to its clutching function g: X — SO,y between two local trivialisations ¢; : C; X X R2* > E | Cix defined

by ¢y o @1l (x.v) = (x, g(x)v).

Definition 3.1 (the y—turning obstruction) Let y € Q24+1SO5.
(a) We define the map py : SOyx — Q25,8024 by py (A) = (t = Ay(1)A71).
(b) For any CW—complex X the y—turning obstruction map is toy, := (py )« :[X, SO2x] = [X, €2, SO5x].

Let 0 € [X, ©2,,SO,x] denote the homotopy class of the constant map. Definition 3.1 is justified by the
following:

Proposition 3.2 Let E be an oriented rank-2k bundle over SX with clutching function g: X — SO,y.
Then E is y—turnable if and only if to, ([g]) = 0 € [X, 25, SOy].

Proof Recall that y—turnings of E can be identified with sections of the associated y—turning bundle
Turn” (E) = Fr(E) Xs0,, 25 SO0,k; see Lemma 2.12 and Remark 2.19. The local trivialisations ¢; of E
induce local trivialisations @;: C; X' x Q,, SOy — Turn? (E)] X of Turn” (E). By construction, the
clutching function g: X — SO,y is also the clutching function of Turn? (E) — recall that SO, acts on
£2,,SO, by pointwise conjugation.

Since C; X is contractible and €2, SO, is connected, each restriction Turn” (E )|C,- y has a unique section
si: C;X — Turn? (E)| cix Up to homotopy, given by s;(y) = @;(y,y). Hence a global section of
Turn” (E) exists if and only if so|, and 51|, are homotopic sections. For x € X we have

s0(x) =Fo(x.y) and 51(x) =F1(x.¥) =Fo 0Py 0@ (x.¥) = Po(x. ¥¥™) = Folx. py (g(1))).
where 8 ) denotes the action of g(x) €SOy on y € 25, SO, . These sections are homotopic if and only

if py og: X — 2,50, is homotopic to the constant map with value y, ie if and only if to, ([g]) = 0. O

The turning obstruction is a map of pointed sets, but [X, SO,] is a group and we will show that
[X. €2, SO;x] can also be equipped with a group structure and that to,, and related maps are often group
homomorphisms; see Lemma 3.6.
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Let 2SO, C 250, denote the component of contractible loops and define the homeomorphism
PyiQ2yS0s = QSOsk., S (L >80y (1)),
as well as the commutator map p, := py 0 py,

Dy 1SS0y — Q20S05k, A (1> Ay()A 'y @)™).

Definition 3.3 (normalised y—turning obstruction) Let y € 24150, . For any CW—complex X, the
normalised y—turning obstruction map is to, := (py )« [X, SOzx] = [X, Q0SO2x].

Since p, is a homeomorphism, the induced map (py)«: [X, 2, SOsx] = [X, Q0SO2], [1] = [py 0 A,
is a bijection which preserves 0, and hence an oriented rank-2k bundle £ — SX with clutching function
g: X — SOy is y—turnable if and only if to,, ([¢]) = 0. For computing to, and to, it is useful to consider
their adjointed versions, which we will define below.

Definition 3.4 (forgetful adjoints) Let /i: X — ©,,SOy; and /': X — Q¢SO,; be continuous maps.
By taking their adjoints
ad(h): SX — SOy, [x,t]— h(x)(2), and ad(h'): SX — SOy, [x,t]+— I (x)(1),

we define the forgetful adjoint maps ad:[X, 2, SO,x] — [SX, SOyx] and ad: [X, 2¢SOx] = [SX, SOy«].
(We call these maps “forgetful” because [ad(/)] and [ad(/)] are regarded as elements of [SX, SO, ] rather

than of the more restricted sets of homotopy classes on which the inverse adjoint maps [ad(/)] — [/4] and
[ad(")] > [A'] are naturally defined.)

If X is connected, then the forgetful adjoint maps are bijections and they preserve 0, the homotopy class
of the constant map.

Definition 3.5 (adjointed y—turning obstructions) Define TO,, := ad otoy, : [X, SOyx] — [SX, SO]
and TO, := ad ooy : [X, SO2x] — [SX, SOx].

Lemma 3.6 (a) Let X be a CW-complex. Then TO, = T_Oy: [X,SO5x] — [SX,SO].

(b) If X is a suspension, then to,, to,,, TO,, and ﬁy are each homomorphisms of abelian groups.

Proof (a) We show that the diagram
[X. Q,50,] 4 [SX, SOx]

toy
[X, SOx] (Py)«

toy

[X, Q0S05] —<— [SX, SOy]
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commutes. The left-hand triangle commutes be definition. For the right-hand square, consider the path of
paths s — yg, where y;: I — SO, is defined by y5(¢) = y(st) for s,¢ € I. Then the map

H:SX x1— SOy, (x,7,5) > gx)y@gx) ™ ys() ™",
is a homotopy from ad(p, o g) to ad(py o g), which proves that the square commutes.

(b) First note that 29SO, is a topological group (via pointwise multiplication of loops), so we can
use the homeomorphism p,, to get a topological group structure on £2,SO,x. Hence for H = SOy,
Q0SO, or 2SO, and any space Y the set [Y, H] inherits a group structure from /H (and with these
group structures (py ) is automatically an isomorphism).

If Y is pointed, then the set [Y, H]« of homotopy classes of basepoint-preserving maps is also a group
and the forgetful map [Y, H]« — [Y, H] is an isomorphism. If Y is a suspension, then for any space Z
the set [Y, Z]« has a group structure coming from the co-H-space structure on Y and on the sets [Y, H]«
the two group structures coincide and they are abelian. Since the group structure on [Y, Z], is natural
in Z, it follows that if X is a suspension, then the maps to,, and to, (which are induced by maps of
spaces) are homomorphisms (and all groups involved are abelian).

Finally, loop concatenation gives 2¢3SO,; an H-space structure and the induced group structure on
[X, 2¢S0,] coincides with the previously defined one. By comparing this with the group structure on
[SX, SO,x] coming from the suspension SX, we obtain that the forgetful adjoint maps and hence TO,,
and TO,, are also homomorphisms. O

Remark 3.7 By Lemma 3.6(b), if X = SY is a suspension, then the set of isomorphism classes of
y—turnable bundles over SX = S?Y can be identified with a subgroup of [ X, SO,x].

Question 3.8  (a) The sets [X, SO,x] and [SX, SO, ] have natural group structures even when X is
not a suspension (or co-H-space). Is TO,, a group homomorphism for an arbitrary X?

(b) Tsomorphism classes of rank-2k oriented bundles over a space B are in bijection with [B, BSO5],
so when B is a suspension, TO,, can be regarded as a map [B, BSOyx] — [B, SOyx]. Is there a
similar y—turning obstruction map for bundles over an arbitrary space B?

We next briefly discuss the behaviour of the turning obstruction under stabilisation: we will return to
this topic in greater detail in Section 5. Let i : SOy — SOj 4, denote the standard inclusion and let
S =ix:[X,SOz;] = [X, SOy +2] denote the stabilisation map induced by i. Given a path y € 241505,
taking the orthogonal sum with y defines a map iy, : 2, SOz — £25,6y,SO24 2. It is clear from the
definitions that the turning obstructions satisfy to, gy, ([i © g]) = iy, (to, ([g])) and indeed we have:

Lemma 3.9 Let X be a CW—-complex and g: X — SO,; a map. Then the adjointed y—turning
obstruction satisfies TOy, gy, ([i 0 g]) = S(TOy ([g])). In particular, TOg([i o g]) = TOB([i og]).
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Proof Write A @ B € SO,y 4, for the block sum of matrices A € SO, and B € SO, and consider the
path of paths s — (yg)s, where (yo)s: I — SO is defined by (yg)s(¢) = yo(st) for s,¢ € I. Then

H:SX x1— SO+, ([x,1].5) = g(x)y(0)g(x) ™ & () 1-5) (1),

is a homotopy from ad(py gy, o (i ©g)) to i oad(p, (g)), which proves the first statement of the lemma. In
particular, TO, g, ([i o g]) is independent of the choice of yp € 241S0,. Since for any y € Q41S0%
the map 7p(24+1S07) — 7o (2+£1S0,%+2) given by [yo] = [y @ o] is surjective, the second statement
follows. O

We conclude this subsection with a remark on a related point of view on the turning obstruction.

Remark 3.10 Consider the associated y—turning bundle of the universal bundle V' SO, (see Definition
2.13 and Remark 2.19) and the Puppe sequence

-+ —> QBT), — QBSOy; — 2550y — BT), — BSOy,

where @ denotes the based loops functor. After applying the functor [X, —]« to this sequence and
the adjunction [X, QY ]« = [2X, Y]«, where £ X denotes the reduced suspension, we obtain an exact
sequence

- > [EX, BT} Jx — [SX, BSOx ]« - [X, 2, S054)s — [X, BTJ ]« — [X, BSOx]s.

The arguments in the proof of Proposition 3.2 also show that the y—turning obstruction can be identified
with the boundary map 9 (note that [XX, BSOyx )+ = [X, SOxx ]« = [X,SOs] and [X, 2, SOsz ]+ =
[X, €2, SO,]). So by using the exactness of the sequence we obtain an alternative proof of Proposition 2.15
for bundles over suspensions.

3.2 General turning obstructions

In this subsection we define the turning obstruction for the general turnings of principal bundles, as in
Section 2.4. This will help us establish some basic properties of the turning obstruction for vector bundles.

Definition 3.11 Let G be a path-connected topological group, «, b € G arbitrary elements and y: I — G
a path in G. We introduce the following notation:

¢ QG denotes the space of loops in G based at the identity element.

e QoG C QG is the space of nullhomotopic loops, ie the connected component of the constant loop.
e Q4G is the space of paths in G from a to b.

* QG is the space of paths homotopic (rel d7) to y, ie the connected component of y in (¢, (1)G -

e QG = Ua,beZ(G) Q,G, where Z(G) denotes the centre of G.
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Definition 3.12 (parametrised central groupoid of G) Let G be a path-connected topological group.
The parametrised central groupoid of G has objects the elements of Z(G). The set of all morphisms
is [G, 2 zG]. The set of morphisms from a to b is [G, 2, G]. Given objects a, b, ¢ € Z(G) and maps
J1:G — Q4G and fr: G — Qp G, the composition [ f>]o[ f1] is represented by f1 * f: G — Q4,cG,
defined by (/1 * f2)(x) = f1(x) * f2(x), where * denotes concatenation of paths.

Let G be a path-connected topological group and recall that for a CW—-complex X, isomorphism classes
of principal G-bundles over SX with structure group G are in bijection with [X, G].

Definition 3.13 (general y—turning obstruction) Lety € QzG.

(a) We define the map py,: G — Q2,G by py(x) = (1 — xy(H)x~1).
(b) For any CW—complex X the y—turning obstruction map is to, := (py)«: [X, G] = [X, Q) G].

Note that the image of p, is contained in 2, (¢),(1)G, because y(0), (1) € Z(G), and in particular
in the component £2,, G, because G is path-connected and p, sends the identity element to y. We let
0 € [X, 2, G] denote the homotopy class of the constant map. The proof of the following proposition is
entirely analogous to the proof of Proposition 3.2.

Proposition 3.14 Suppose that P is a G-bundle over SX with clutching function g: X — G. Then P is
y—turnable if and only if to, ([g]) = 0 € [X, 2, G]. |

Definition 3.15 Let tog: 72 (G) — [G, Q z G] be defined by tog ([y]) = [oy]-

This map is well defined, because a path homotopy between y and y’ determines a homotopy between the
maps p,, and p,. Since composition is defined in terms of concatenation both in 74 (G) and [G, Q2 G],
it is a map of groupoids (with the identity map on the objects). With this notation,

to, =tog([¥]D«:[X.G] = [X,Q,G] C[X,QzG].

Definition 3.16 Let PG = G/Z(G). Let pg: 7% (G) — m1(PG) denote the map of groupoids induced
by the projection G — PG (where 1 (PG) is regarded as a groupoid on one object).

Every y € QzG determines a homeomorphism p;,: Q,G — QoG which sends a path § to the loop
t—=8(t)y()~ . If [y] = [y'], so that Q,G = Q,/ G, then these homeomorphisms are homotopic; hence
they induce a well-defined map pfy]: [G. 2, G] — [G, 2¢G]. On the other hand, if [y] # [y’], then 2, G
and ©,/G (and hence [G, Q) G] and [G, 2,/ G)) are disjoint, so py; below is well defined:

Definition 3.17 Let pg;: [G, Q2G| — [G, oG] be the union of the maps pfy]: G, Q2,G] =[G, Q0G].
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Since G is an H-space, [G, Q0G] is a group, ie a groupoid on one object. For every pair y,y’ of
composable paths in 2 7 G, the diagram

Q2,6 x QG — QyuyG
p;,ng,,l lp;*y,
QoG x QG ——— QoG

commutes. Hence p/G is a map of groupoids.

Proposition 3.18 Suppose that G is a path-connected topological group and Z(G) is discrete. Then tog
descends to a homomorphism tog : 71 (PG) — [G, Q¢G] of abelian groups, ie there is a commutative
diagram of groupoids:

7Z(G) —25 (G, Q2 G]

pcl lp’G

tog

T (PG) E— [G, QoG]

Proof First we define fog. Since Z(G) is discrete, the projection G — PG is a covering, so a loop
y € QPG can be lifted to a path ¥ € QG and we define tog ([y]) = Pg otog([P]). If ¥ is another lift
of y, then ' = ay for a = %' (0)7(0)~! € Z(G). Then

(Pl 0 o3 (N0 = X7 (Ox ™7 (1) = xaF (x ' F(O) " a™" = xFOxT'F ()" = (P 0 p5 () (1),

and so pg; otog ([7']) = pg; o tog ([¥]). Therefore tog ([¥]) does not depend on the choice of the lift 7.
A homotopy of y can be lifted to a homotopy of ¥, so tog([y]) is also independent of the choice of
the representative y of the homotopy class [y]. Therefore fog is well defined. By its construction, the
diagram commutes. Finally, a lift of the concatenation of two loops in 2 PG is the concatenation of lifts
of the loops, so fog is a map of groupoids, ie a group homomorphism. |

In light of the above, it is useful define the normalised turning obstruction map in the general setting:

Definition 3.19 Suppose that G is a path-connected topological group and y € Q zG.

(a) Let py: G — QoG be defined by py, (x) = (1 — xy()x~ly)™.

(b) For any CW—complex X, let to, = (py)«: [X, G] > [X, QoG]
That is, py = p), o py and hence to, = (p;,)« 0toy : [X, G] — [X, QoG]. Since p), is a homeomorphism,
(p))«: [X,QyG] — [X,Q0G] is a bijection, so computing to, is equivalent to computing to,. In
particular, to, and to,, vanish for the same bundles. From our earlier arguments we have:
Proposition 3.20 Suppose that G is a path-connected topological group and g: X — G is a map.

(a) Ify,y’ € QzG are composable paths, then t0yx,([g]) = to, ([g]) + to,/([g])-

(b) Forany y € QzG and a € Z(G), we have togy ([g]) = to, ([g]). |
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If Z(G) is discrete, then we can use Proposition 3.18 to describe to,, ([g]), regarded as a two-variable
function in y and [g], in terms of a simpler function. Hence we define

t0.(-): 71 (PG) x[X,G] = [X, RG], top((g)) = tog([y] o [g].
Equivalently, tor,1(g]) = g*(tog ([¥]) = oG ([¥])+(g))-

Proposition 3.21 Suppose that G is a path-connected topological group and Z(G) is discrete. For every
CW-complex X, the maps to. (-) and fo. () satisfy:

(@) ©0y(g]) = ©p, 1y () for every y € 272G and [g] € [X. G
(b) fo.(g]): m1(PG) — [X, QoG] is a homomorphism of abelian groups for every [g] € [X, G].
(c) If X is a suspension, then the map fE)[y] 1 [X, G] = [X, QoG] is a homomorphism of abelian groups
for every [y] € 1 (PG).
Proof Part (a) follows from the commutativity of the diagram in Proposition 3.18.

Part (b) holds, because fog is a homomorphism and the induced map g*: [G, QoG] — [X, QoG] is a
homomorphism for every [g] € [X, G], because QG is an H-space.

Part (c) holds, because t’(\)[y] is induced by a map of spaces. |

Remark 3.22 Just as with the turning obstruction for vector bundles, we can take the forgetful adjoints
of to,, and to, and define

TO, :=adotoy: [X,G] - [SX,G] and TO, :=adoto,:[X,G]—[SX,G].

We leave the reader to formulate and verify the obvious generalisation of Lemma 3.6. Then by
Proposition 3.14, a principal G-bundle P — SX with clutching function g: X — G is y—turnable
if and only if TO,,([g]) = 0, equivalently if T_Oy (gD =0.

We now deduce some consequences of Proposition 3.21. Recall that [5] € 71 (SO, ) is the generator.

Theorem 3.23 Let y € 24150y, let X be a CW—complex and E — SX arank-2k vector bundle with
clutching function g: X — SO,. Then:

(a) 20((g]) =0.

(b) t0y+y ([g]) = t05([g]) + toy (g

(c) If k is even, then 2to, ([g]) = 0.

(d) If k is odd, then 2to, ([g]) = to,([g]) and hence 4 to, ([g]) = 0.

Proof Parts (a) and (b) are direct applications of Proposition 3.20 a).

Parts (c) and (d) follow from Proposition 3.21(a), Proposition 3.21(b) and the fact that 1 (PSO,j) =~
(Z/2)? when k is even and 71 (PSO,y) = Z/4 when k > 1 is odd; see Lemma 2.25.

O
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3.3 Samelson products and turning obstructions

In this subsection we relate turning obstructions to Samelson products. The Samelson product is a classical
operation in algebraic topology [15], and Samelson products can be delicate to compute. First, we show
that taking the Samelson product with some loop [y] € 71(G) coincides with the normalised turning
obstruction map ﬁy (after suitable identifications); see Lemma 3.24. Second, we show that turning
obstructions in G are determined by Samelson products in PG; see Corollary 3.27. As an application we
determine some Samelson products based on our calculations of turning obstructions in Section 4.3; see
Proposition 3.29. Finally, we show that our results on the n—turning obstruction have consequences for
the high-dimensional topology of related gauge groups.

We start by recalling the definition of the Samelson product, in the special case when one of the operands
is a loop. Assume that X is connected with xo € X a basepoint and let g: (X, xo) — (G, e¢) be a based
map. Let y: (S!,1) — (G, e) be a map representing [y] € 71 (G, e). Then there is a well-defined map

commg,y,: X A S'=%SX > G, [x.f]~g@)y@Ogx)"1y@) ™.
This construction gives rise to the Samelson product
[X. Glx x71(G.e) > [EX,Glx,  ([g].[y]D = ([g]. [¥]) := [commyg, ].

We can identify the set [ X, G« with [SX, G] via the forgetful map [ X, G]« — [Z X, G] and the map
[XX,G] — [SX, G] induced by the collapse map SX — XX (which are both isomorphisms). The
following lemma is a direct consequence of the definitions, where ﬁy is defined in Remark 3.22.

Lemma 3.24 For any [y] € n1(G,e) and g: (X, x9) — (G, e¢), we have

TO, ([g]) = (Ig]. [¥]) € [SX. GI. O

Lemma 3.24 implies that certain Samelson products can be computed as a special case of turning
obstructions. On the other hand, we next show that turning obstructions can be computed from certain
Samelson products.

Definition 3.25 Let G be a path-connected topological group. Define the map spg: 71 (G) — [G, Q2 G]
by spg([¥]) = [x = (¢ = xy ()x"y(0)™H].

The map spg is a homomorphism, because the group structure of [G, 2¢G] can be defined via con-
catenation in ¢G. This homomorphism encodes the Samelson product (similarly to how tog encodes
the turning obstruction): if [y] € m1(G) and g: X — G, then ([g],[y]) € [EX, G]« is the adjoint of

spg([y]) olg] € [X, Q¢G]x.

Let m: G — PG denote the projection.
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Proposition 3.26 Suppose that G is a path-connected topological group and Z(G) is discrete. Then
there is a commutative diagram of groups

1 (PG) —2% G, QG

SpPGl I(Qoﬂ)*

[PG,Q0PG] =[G, Q0 PG]

where (2o7)« is an isomorphism.

Proof Let y € QPG. Since Z(G) is discrete, the projection 7: G — PG is a covering, so y can be
lifted to a path ¥ € Q zG. By definition we have tog ([y]) = [x — (¢ = x¥()x "' (¢)~)]. Its image
in [G, Qo PG]is

[x = (1 = 2 (T OXT'F@O TN =[x = (= 7)Y O ()™ y ()7,

using that 7 o ¥ = y. The image of spg([¥]) = [y = (t = yy @)y~ y()™H]in [G, R PG] is also
[x — (t — 7w (x)y (@) (x)" 'y ()~ )], therefore the diagram commutes.

Since w: G — PG is a covering, every nullhomotopic loop in PG can be lifted to a nullhomotopic loop
in G, hence Q¢7m: Q20G — Q2o PG is a homeomorphism. Moreover, this homeomorphism respects the
H-space structures, and therefore (Q2¢7)«: [G, QoG] — [G, Qo PG] is an isomorphism. |

Recall that by Proposition 3.21, the turning obstruction map to, can be computed from tog; namely
to, ([g]) = tog (pg(y]))olgl €[ X, QoG] forevery y e R zG and g: X — G. By Proposition 3.26, we have
06 (p6 (YD) = [(Ro7)~osppg (pa ([¥]) olx], hence toy ([g]) = [(Ro7) ' Tosppa(pa([y]) o[ o gl.
This shows that to, is determined by sppg (pG([y])); ie turning obstructions in G are determined by
Samelson products in PG. We can also express this in terms of the adjointed versions:

Corollary 3.27 Suppose that G is a path-connected topological group and that Z(G) is discrete. Let
yeQzGandg: X — G. Then

TOy ((g)) = () ™' ([w o g], p6([¥D)) € [SX, G,
where (m4)~! is the inverse of the isomorphism 1, : [SX, G] — [SX, PG]. |

Remark 3.28 If X is simply connected, then 7, : [ X, G] — [ X, PG]is also an isomorphism, which allows
us to take the reverse point of view and compute Samelson products in PG from turning obstructions
in G: suppose that y € 71 (PG) and g: X — PG, then ([g],[y]) = n*(ﬁ)y((n*)_l (Ig))) € [SX, PG],
where ¥ € Q7 G is a lift of y.

In the next section we will compute various turning obstructions; see Theorem 4.1. By Lemma 3.24 those
results give a variety of information about Samelson products {[g], ) for € 71 (SO,j) the generator, for
example we get the following proposition. Recall that 755 € m55_1(SO5z) is the homotopy class of a
clutching function of the tangent bundle of S 2k and for m > 2 let Nm: S™T1 — §™ be essential.
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Proposition 3.29 The Samelson product (15, n) € 75, (SO, ) is given as follows:
(@ Ifk=2j+11isodd, (t4j42,1) = 0.
(b) If k =2j iseven, (‘L’4J',T])=‘L'4j174j_1750. O

Remark 3.30 Proposition 3.29 can be viewed as an extension of an odd-primary theorem of Hamanaka
and Kono [7, Theorem A] to the prime 2.

As another application of Lemma 3.24, we consider the situation where 7 is not the turning datum in
a turning problem, but instead the clutching function of a bundle. Let E %k — S2 be a fixed nontrivial
oriented rank-2k bundle over S2. Then Fr(FE) is a nontrivial principal SO,x—bundle over S2, we write
‘5,271‘ for the gauge group of Fr(E %k ) and consider the fibration sequence (2-2) for %2k which we write
as ‘Q%{‘O — Cgflk — SO,. As discussed in Section 2.5, %2]‘ >~ Map((S?, *), (SO,x.1d)). Hence there
is a natural isomorphism 7; (%’12 0) 7;+2(SO5) and by a theorem of Wockel [19, Theorem 2.3] the
boundary map
02K 71 (SOgk) — mi—y (Cg,zfo) = 7i+1(SO2%)

in the associated long exact sequence is given by

2% ([g) = —(lgl. n)

for all [g] € 7; (SO, ). Combining Lemma 3.24 and Theorem 4.1 therefore gives information about the
map B%k . In particular, for 754 and n4;_1 as in Proposition 3.29 we have:

Proposition 3.31 The boundary map 8,27]‘ tai—1(SOqk) — 724 (SO, ) satisfies

0y (taj) = tajniaj—1 #0 and 9772 (t4j12) =0. .

Remark 3.32 If we let E7° denote the stabilisation of the E ,zlk, then its frame bundle Fr(E7°) is a
nontrivial principal SO-bundle over S? and we let CQ‘,;" denote the gauge group of E ?,o Since the stable
group SO is a homotopy abelian H—space, it follows that there is a weak homotopy equivalence

4° ~ Map(S?, SO) = Map, (5>, S0O) x SO.
By comparing the homotopy long exact sequences of the fibrations
Gl —> Gy —>S04; and G5 — G — SO,
where <§°° C Gy is the group of gauge transformations which are the identity in the fibre over the
basepomt we see that 8 :7;(SOy4;) — i1 1(SO0y;) is zero fori < 4j—2. Wheni =42, the domain
of 8,7 is w45 —2(S04;) = m4;_2(SO) =0, so 8,7] vanishes for i < 4;—2. Hence Proposition 3. 31 shows

that the first possibly nonzero boundary map in the homotopy long exact sequence of ‘52{0 — %, — SOy4;
is in fact nonzero.
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4 Turning rank-2% bundles over the 2k—sphere

In this section we determine the turning obstructions for oriented rank-2k bundles over the 2k—sphere for
all k > 2. To state our results, it will be convenient to use the notation TO4. := TOg and TO- := TO I3
and when we wish to discuss these obstructions together, we will write TO. We also define the adjointed
n—turning obstruction TO,, := ad o toy: w5 —1(SOzx) — 24 (SO, ). With this notation, the goal of this
section is to compute the homomorphisms

TO4 : ok —1(SO2k) = w2 (SO2x) and  TOy: wox—1(SO2x) — 2k (SO2k).

Thus, if E — Sk is a rank-2k vector bundle with clutching function g: S 2k—1 SOy, then E is
positive turnable if and only if TO4([g]) = 0, E is negative turnable if and only if TO_([g]) = 0 and E
is n—turnable if and only if TO,([g]) = 0.

In order to state the computations of TO+ and TO,, we record some facts we need about the source
and target groups of these homomorphisms, which can be found in [11]. We also introduce notation for
generators of these groups. Recall that e(§) = e(E¢) € Z is the Euler class and that e(§) is even unless
k = 2,4; see [6, Theorem, page 87]. Let 154 € m2,_1(SO5x) denote the homotopy class of the clutching
function of T'S2K. There is an isomorphism

T2k—1(SO2x) = Z(to) ® C(02k),

where C (0, ) is a cyclic group isomorphic to 5 1(SO) and S(0,%) € 75 —1(SO) is a generator. When
k = 2,4, we take e(oy;) = 1, and when k = 2, we assume that o4 admits a complex structure; see
Definition 4.6 and Theorem 4.7. When k # 2,4, by Lemma 4.13 below, we assume that C(0,;) =
S(25—1(SO5k_2)); in particular, e(o,;) = 0.

There are isomorphisms

0 if k =3,

Z7/4 if k > 5is odd,

(Z/2)* ifk =2mod 4,

(Z/2)} if k =0 mod 4.

When k is odd, we let { € 5, (SO, ) be a generator and note that 75, (SO) = 0. When k is even, the
stabilisation homomorphism S': 7725 (SO, ) — 7% (SO) is split onto, where 754 (SO) =0 if £ =2 mod 4

72k (SOgp ) ==

and Z /2 if k = 0 mod 4. Moreover, for all k # 3 there is a short exact sequence
evi DS

(4-1) 0 Z/2(taktl2k—1) = W2k (SO2k) == 1k (ST @ 724 (SO) — 0,
with ev: SO, — S2k—1 given by evaluation at a point in S2k=1 and Nok—1: S2k 5 §2k—1 egsential.
The sequence (4-1) is nonsplit when k& > 5 is odd and splits when k is even.
Theorem 4.1 The turning obstructions TOL : 755 _1(SOsx) = 721 (SO,y ) satisty the following:
(a) If k is odd, then TOL(§) = e(§)C.
(b) If k =2 mod 4, then ev4«(TO4(73)) = 1, TO4(05) = 0 and TO_(0;) = e(02) TO_(T21).
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(¢) If k=0 mod4, then ev4«(TO4(131)) =1, S(TOL(75)) =0 and S(TO 4 (05%)) = 1; in particular,
TO+ ®Idz, is injective.

In particular, if k is odd, then TO,; =TO4 —TO_ =0. If k =2 is even, then TO,, satisfies the following:

(d) TOy(t4;) = Tajn4j—1 # 0.
(e) If j =1 or 2, then ev«(TO;(04;)) = 1 and TO; ®ldz,, is injective.
(f) If j =3, then TOy(04j) =0.

Remark 4.2 Theorem 4.1 shows that unless k = 2, for all [g] € 5 _1(SO,%) we have TO([g]) =0
if and only if TO_([g]) = 0. Hence for k # 2 rank-2k bundles E — S?* are either bi-turnable or not
turnable and so these bundles are not strongly chiral. On the other hand, when k = 2, a bundle E — S*
is strongly chiral if and only if e(£) is odd.

The remainder of this section is devoted to the proof of Theorem 4.1. In Section 4.1 we consider the
turnability of the tangent bundle of the 2k—sphere, which is an essential input to the proof. In Section 4.2
we consider the exceptional case of the 4—sphere. In Section 4.3 we consider TO, = TO4 —TO-. In
Section 4.4 we assemble the previous work to prove Theorem 4.1.

4.1 Turning the tangent bundle of the 2k—-sphere

Let TS™ denote the tangent bundle of the n—sphere. We fix the standard orientation on the n—sphere
and this orients 7°'S”. In [12], Kirchoff proved that if 7'S 2k admits a complex structure then 7'S 2k+1 §g
trivial. Later, it was proven in [6] that 7.S2K+1 is trivial if and only if 2k+1 = 1, 3 or 7. Since elementary
calculations show that 7.S% and 7'S® admit complex structures, Kirchoff’s theorem implies that 7'S 2k
admits a complex structure if and only if 7'S 2k+1 s trivial. Here we prove a strengthening of Kirchoff’s
theorem, which only assumes that 7'S 2k is turnable.

Theorem 4.3 (Kirchoft’s theorem for turnings) If T'S 2k js turnable, then T'S?**1 is trivial.

Corollary 44 TS 2k s turnable if and only if it admits a complex structure, which is the case if and
only if 2k =2 or 6. |

Proof of Theorem 4.3 We first recall the following well-known definition of a clutching function ¢,
for T'S™; see [9, Chapter 8, Corollary 9.9]. Given x € ™!, write R” = (x) @ (x)* as the sum of
the line spanned by x and its orthogonal complement and write v € R™ as v = (w, y), where w € (x)
and y € (x)L. Let ¢;u: S™! — O, be the function which assigns to x € S the reflection to the
hyperplane orthogonal to x:

cm(x):R™" > R™,  (w,y) > (—w, y).

Suppose that 7'S 2k is turnable. We will show that the clutching function cy541 : S 2k s Oz 41 18

nullhomotopic, proving that 7S¢ +1

TS = {((0,p),x) | y € (x)1} cR¥*F1 x §2F,

is trivial. Using the notation above, we see that
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Since T'S?¥ is turnable, there exists a turning o; on TS?k with o9 =1and oy = —1. We use o, to
define the homotopy of automorphisms of the trivial bundle given by

H: (RZI"H X S2k) x [ — R¥*+1 5 g2k ((w, ), x), ) = ((—w,a;(»)), x).
We see that Hy = ¢4 and H; = —1. Hence H is the required homotopy of clutching functions from
Cak+1 tO a constant map. |

4.2 Rank-4 bundles over the 4—sphere

The set of isomorphism classes of rank-4 bundles over S* is in bijection with 73(SO4) = Z & Z. We
recall the canonical double covering
q:83x 8% 5804, (x.y)~>@Wrx-v-y),
where we regard x, y € §3 as unit quaternions, v € H and - denotes quaternionic multiplication. If we
define gk, k,): S3 — SO, by x > g(xk1, x*2), then the map
ZGBZ_>7T3(SO4)’ (kl’kz)'_)[g(kl,kz)]v

is an isomorphism, which we use as coordinates for 73(SO4). By [9, Chapter 8, Proposition 12.10], for
example, the map g(; 1) is a clutching function for TS*and so 14 = g, nl-

Definition 4.5 For (k,,k,) € Z?, let E ) 4 be the oriented rank-4 vector bundle with clutching
function gk, k,); €g TS* ~ Eq;.

Definition 4.6 We define 04 := [g(0,1)]-

The turning obstructions TO4, TO_ and TO, take values in the group 74(SO4), and we use the isomor-
phism gy : 74(S3 x S3) — 74(SO4) to identify 74(SO4) = 74(S>) B 74(S>) = Z /2B Z/2.

Theorem 4.7 The turning obstructions for rank-4 bundles over S* are given follows:
(@) TO4(a.b) = (p2(a).0).
(b) TO-(a.b) = (0, p2(b)).
(©) TOp(a.b) = (p2(a). p2(b)).

Proof (a) Leti, j,k € H be the standard purely imaginary unit quaternions. If we take the standard
complex structure on H = C @ Cj to be given by left multiplication by i € H, then g(,1)(x) commutes
with i for every x € S3, and so 2(0,1)(x) € Uy C SOq4 for all x € S3. Thus Ey,1 admits a complex
structure and so TO4 (0, 1) = 0. By Corollary 4.4, TO4(1, 1) # 0, hence TO (1, 0) # 0.

Consider the map g(j,0): S 3 5 SO4. In S3 there is a unique homotopy class [y] of paths from 1
to 1, and we have (¢(1,0))+([]) = [B]. Obviously, (g(1.0)+([1ds3]) = [g(1.0)] = (1.0) € 73(SO4) and
(8(1,0)) (4 (S3)) =Z/2®0 < m4(SO4). Since (1,0) is a continuous group homomorphism, we have
(£(1,0)*(TOy, ([Idg3])) = TOg([g(1,0)]) = TO+(1,0). This implies that TO4 (1, 0) is a nontrivial element
of Z/2 &0, ie TO+(1,0) = (1,0). Therefore TO4(a,b) = aTOL(1,0) + b TOL(0, 1) = (p2(a),0).
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(b) Since ji = —k, right multiplication by 7/ defines a complex structure on H whose induced orientation
is opposite to the standard orientation. Since g(; ¢y(x) commutes with right multiplication by i for all
x € 83, we see that £ 1,0 admits a complex structure. Hence TO_(1, 0) = 0, and therefore TO_(0, 1) # 0.

Let S3 denote S? with the opposite group structure, then g(0,1)" S3 — SOy is a continuous group
homomorphism. The unique homotopy class of paths in S from 1 to —1 maps to [,E] under g(o,1).
Therefore, similarly to part (a), we get that TO_(0, 1) = (0, 1).

(c) By Theorem 3.23(b), TOy(a, b) = TO4(a,b) —TO_(a,b). O

We now discuss the relationship between the turning type of rank-4 bundles and the homotopy classification
of their gauge groups, due to Kishimoto, Membrillo-Solis and Theriault [13]. Following the notation
of [13], let 9, x, denote the gauge group of Ey, x,. Let {{a, b}} denote the multiset consisting of the
elements «a, b and for integers a and b write (a, b) for their greatest common divisor. Then, for integers r,
a and b, write M" (a, b) for the multiset {{(a, r), (b,7)}}. By [13, Theorem 1.1(b)] if G, r, = 9, 1,
then M*(ky,ky) = M*(1;,1,).

Recall that the turning type of an orientable bundle is characterised by whether it is either bi-turnable,
strongly chiral or not turnable. By Theorem 4.7, Ej, x, is bi-turnable if M 2(ky1,kp) = {2,234,
strongly chiral if M2(k;, k,) = {{1,2}} and not turnable if M2(k;, k,) = {1, 1}}. Hence, combining
[13, Theorem 1.1(b)] and Theorem 4.7, we have:

Proposition 4.8 The turning type of Ey, i, is a homotopy invariant of 4y, r,. a

4.3 The turning obstruction TO,

In this subsection we cover some preliminaries for the computation of TOy : w25 —1(SO2x) — 2% (SO2% ).

For any m > 2, let V,,, » be the Stiefel manifold of ordered pairs of orthonormal vectors in R”. Given
v = (v1,v2) € Vp2 we define V = (vy, v2) and write x € R” as x = (v, w) where v € V and w € VL.
The isomorphism C — V defined by 1 — v; and i — v, defines a complex structure on V. We define
yp in 250, by

7 YD), w) = €70, w),
and we define the map

L=Ly:Vips— Q2S0n,, vy

Next we consider the canonical projection p: SOy, — V2 and the composition

Lo p:SOy, — Q2S0y,.

It is clear from the definitions that L o p is the map p; of Definition 3.13(a), so after the identification
Tm—1(2SOpm) = 71, (SOs) we obtain the following:

Lemma 4.9 For all [g] € ,—1(SOm), (L o p)«([g]) = TO,([g))- O
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Remark 4.10 Combining Lemmas 4.9, 3.6 and 3.24, we get

(L o p)«([g]) = TO,([g]) = TOy([g]) = ([g]. n),
and this equation can be generalised to give a method for computing similar Samelson products as follows.

For 2 <i < m, let V};,; denote the Stiefel manifold of mutually orthonormal ordered i—tuples v =
(v1,...,v;) of vectors in R™, set V = (vq,...,v;) = R and write x € R” as x = (v, w), where v € V
and w € VL. Then given any map : S~ — SO; we define oy € Qi=180,,, the (i —1)—fold based loop
space of SOy, by

ay($)(v, w) = (e(s)v, w)

for all s € =1 and (v, w) € R™. Allowing v to vary, we obtain the map
L(@): Vi, — Q7'S0Om, v 0y,

and note that L: Vj,, » — 2SOy, above is L(«) for the special case of a: ST — SO, = U(1),1 > e2mit,
If t: SO; — SO, denotes the standard inclusion, and p: SO,, — V,;; the standard projection, then after
the identification r; (Q71S0p) =7y j—1(SOy,), a higher-dimensional version of Lemma 3.6 leads to
the equation

(L(2) o p)«((g]) = (18], tx([e]))
for all [g] € 7 (SOu).

Now we consider the case m = 2k and the induced homomorphisms px: a5 —1(SO2x) = mak—1 (Vak,2)
and Ly: mog—1(Vak2) = mak(SOqx). Let ev: SOy — S§2k=1 pe the map defined by evaluation at a

point in §2k=1,

Definition 4.11 Define a; € Z by ay, := 1 if k is even and ay, := 2 if k is odd.

Lemma 4.12 Let k > 3. For any isomorphism 1oy —1(Vag,2) — Z/2 @ Z we have:

(@) px(t2r) = (p2(ax), 2).
(b) L«(1,0) = toxnok—1-
(©) evi(Lx(0,1)) = pa(ag).

Proof (a) The sequence myj_1 (S%=2) & 754 (Vak,2) = map—1 (S2k=1y js split short exact, with

P (Tox) mapping to 2 € o1 (S 1) = Z. It follows that the map / = poryy: S~ - Vak 2 vanishes

on mod 2 cohomology. Also for x € H2k_2(V2k,2; 7./2) the generator, Sq°(x) € H2k(V2k,2; Z/2)=0

and so the functional Steenrod square Sq)zc (g) is defined for all maps g: S%~! — Vak,» which vanish on

. SZk—l

mod 2 cohomology. Moreover, g = 2g’ for some map g’ — Va5 if and only if Sqfc (g)=0.

Now the map % : S2k=1 SO, factors over the double covering ¢: S2k=1 5, RPZ—1 and a

P2k—1

map Téki R — SOy ;. Since g vanishes on mod 2 cohomology and SqZ(IZk_Z) = 0, for

te H'(RP2*-1,7 /2) a generator, it follows that the functional Steenrod square Squk_z is defined on gq.
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We consider the COl’IlpOSitiOIl
— 1 T
SZk 1 _)q szk ! —>2k SOzk _)p sz,z.

A degree argument shows that the map p o Ték: RP2-1 Va2 satisfies (p o ték)*(x) = ¢2k=2 and
naturality of functional Steenrod squares gives that

Sq)zc (potyy) = Scﬁzk—z (q).

2k—2) —

But ¢ is the attaching map of the top cell of R P2¥ and so Squ,(_2 (q) = Sq>(t 02 (ay). Hence

we have Sq2(p o Tax) = pa(ag) and so px(tag) = (p2(ax), 2) € Tag—1 (Vak 2).

(b) Letipg—s: S§2k=2 Va2 be the inclusion of a fibre of the projection Vi » — S2k=1_Then we have
(1,0) =[tak—2°M2k—2] € mak—1(Vak 2). Hence it suffices to prove that Ly ([tox—2]) = ok € max—1(SO2k).
Now a degree argument shows that evy (L« ([tax_2])) =1+ (=D2*72 =2 e myp_1(S2k=1) = 7 and we
consider the commutative diagram

Loj
Vzk’2 _— QSOzk

l I

Lygyo
Vakg2,0 — 2802k 42

Since mox—2(Vag42,2) =0, we see that S(L«([tax—2])) = 0. Hence Ly ([t25—2]) is the clutching function
of a stably trivial bundle with Euler class 2, so Ly ([t2k—2]) = T2k, as required.

(c) The standard complex structure on R?* = Ck defines a section s: S2k—1 — Vak 2 of the projection
Vako — S§2k=1 by s(v) = (v, iv). Taking induced maps on 7p;_; gives a splitting Mok—1(Vak 2) =
7/2 & 7, where [s] = (0, 1) and [ta5_2 o n2x—2] = (1, 0). Since ev«(L«(1,0)) = 0, it suffices to prove
evx (Lx([s]) = p2(ag).

It is clear that L o s factors as the composition of the Hopf map H: S%*~! — CP*~! and a map
L':CPk=1 - QSO,. Another degree argument shows that the adjoint of (ev)o L’ : CP*¥~! —  §2k—1
has degree one and so the homotopy class of S 2k=1 _, §2k—1 j5 determined by the functional Steenrod
square Sqi,‘,_1 (H), where z € H*(CP¥=1;7/2) is the generator. Since H is the attaching map of the
top cell of CP¥, we have

Sq%_i (H) =Sq*(z* 1) = palay) € Z/2 = H*(CP*;2/2),

which completes the proof of part (c). |
Lemma 4.13 If k # 2,4, we may choose 0,5 € S(725—1(SO24_2)) C w2 —1(SO2%).

Proof If k # 2,4, then 05 € w55 _1(SO,x) is such that S(o,y) generates 5, _1(SO) and e(oy;) = 0.
The map 7wo5_1(SOs%_2) = 24_1(SO) is onto for k& > 7 by [2], which proves the lemma when k > 7.
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For the remaining cases, k € {3, 5, 6}. If k = 3, then 7,4 (SO) = 0, and so 64 = 0. When k = 5,6 we

consider part of the homotopy long exact sequence of the fibration SO;_» — SOyj_1 — S 2k—-2,

Tak—1(SO2k—2) = Tap—1(SO2k—1) = Tak—1 (S 72) = 725 _2(SO2k—2) = Tak—2(SOax_1).

Applying results of Kervaire [11], we deduce that the boundary map 7551 (S2572) — 725 _2(SOs4_2) is
injective and so 754 _1(SO2%—2) = 25 —1(SO2%_1) is onto. Since e(o2%) =0, 025 € S(T24—1(SO2_1))
and so o, € S(75—1(SO2%—2))- O

Lemma 4.14 If k is odd, then TO,([g]) = 0 for all [g] € mox—1(SO2).

Proof By Lemma 4.12(a), p«(72x) = (0,2) and by Lemma 4.12(c), L«(0, 2) = 0. Hence by Lemma 4.9,
TO,(t21) = (L o p)«(t2x) = 0. By Lemma 4.13, 054 € S(724—1(SO24—2)), ie 024 =i oo’ for some
0’ € m5_1(SOq%_2), with i: SO5_» — SO, the inclusion. Using the analogue of Lemma 3.9 for
closed loops, TOy(02x) = TO1gy(i 0 0’) = S(TO1(c”’)) = 0, where 1 denotes the constant loop at
1eS0y;_5. O

4.4 The proof of Theorem 4.1

In this subsection we complete the proof of Theorem 4.1.

Proof of Theorem 4.1 (d) The j = I case follows from Theorem 4.7. If j > 2, then p«(74;) = (1,2)
by Lemma 4.12(a) and since 74;(SO4;) is a 2—torsion group, L«(1,2) = L«(1,0). By Lemma 4.12(b),
L«(1,0) = t4jn4j—1 and 50 TOy(74;) = (L © p)«(7aj) = TajNaj—1-

(e) If j =1, then TO;(04;) = (0, 1) by Theorem 4.7, and ev«(a,b) =a+b. If j =2, then e(os;) =1
and so p«(04j) = (e, 1) for some € € Z/2. Since ev«(Lx(1,0)) = 0, Lemma 4.12(c) ensures that
ev«(TOy,(045)) = evi((e, 1)) = 1.

(f) If j =3, then by Lemma 4.13,04; € S(14j—1(SO4;_>)) and so TOy(04;) = 0 (as in Lemma 4.14).

(a) If k is odd, the fact that TO(§) = TO_(§) follows from Theorem 3.23(b) and Lemma 4.14. If
k = 1,3, then 754 (SO5;) = 0 and the statement holds trivially. If kK > 5 is odd, then by Corollary 4.4,
TO4 (12x) # 0. Since k is odd, 2TO (1) = TOy(t2x) = 0 by Theorem 3.23(d) and Lemma 4.14.
Since 755 (SO5p) = Z /4 and e(ty;) = 2, the result holds for Z(t5) € m24_1(SOs). If £ = 3 mod 4
then o5 _1(SOsk) = Z(ty1). If k = 1 mod 4, then 75 _1(SOs1) = Z(121) D Z/2(041 ), provided k > 5
as we are assuming. Hence it suffices to show that TO4 (05%) = 0. Now 755 _1 (U) = 725 _1(SO) is onto
and so S(0,y) is stably complex. By [9, Chapter 20, Corollary 9.8] S(05;) admits a complex structure
with ¢i (02%) = (k—1)! and since k > 5, (k—1)! is divisible by 4. Hence 0,5 — %(k — 1)!75; admits a
complex structure; see Theorem 6.6. Then

0 =TO. (02k — 5(k — D!7ag) = TO4 (02%) — g (k — D2 TO (12%)) = TO(02%)-
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(b) The special case k =2 is proven in Theorem 4.7. For k > 6, we first prove that ev«(TO4 (7)) = 1. By
Corollary 4.4, TO4 (t2%) # 0. By Theorem 3.23(b) and Theorem 4.1(d), we have TO_ (725 ) =TO (12 )+
TorNak—1- Since Ker(evy) is generated by To5 1251, it follows that ev4(TO4(134)) = 1. As k > 6, we
have e(0,%) = 0 and we must show that TO4 (0,;) = 0. By Lemma 4.13, 05 € S(7w24_1(SO2%_2))
and so TO; (0,) = 0, so it suffices to show that TO4 (0,%) = 0. The argument is analogous to the case
k =1 mod 4.

(c) We first prove that ev,(TOL (7)) = 1. Since 7, is stably trivial, so is TOL (tp%). The proof is
now the same as the proof when k& = 2 mod 4. To see that S(TOL(05)) = 1, we note that S(o,z)
generates 7,5 _1(SO) = Z and that the natural map 75 _1(U) — 755 —1(SO) has image the subgroup of
index 2 by [4]. Hence 0, does not admit a stable complex structure and so o,y is not stably turnable by
Theorem 5.10. Now by Lemma 3.9, S(TOL(05%)) = TOL(S(02)) = 1. |

5 Stable turnings and stable complex structures

In this section we define stable turnings of vector bundles £ — B. When B has the homotopy type of
a finite CW—complex, we will see that Bott’s proof of Bott periodicity shows that the space of stable
complex structures on E is weakly homotopy equivalent to the space of stable turnings of E. In particular,
in this case E is stably turnable if and only if £ admits a stable complex structure.

Recall that R/ denotes the trivial vector bundle over B of rank ;.

Definition 5.1 (stably turnable) A rank-n vector bundle E — B is stably turnable if E @R/ is turnable
for some j > 0.

Of course, if E is turnable, then E is stably turnable.
Remark 5.2 In the definition of stably turnable, #4-j must be even but n need not be even.

Remark 5.3 It is clear from the definition of turnings that if E @ R/ is turnable, then E @ R/ +2l g
turnable for any nonnegative integer /.

For any rank-# vector bundle £ — B, recall that Fr(E), the frame bundle of E, is the principal SO,—bundle
associated to E and for any nonnegative integer j with n+ j even,
Turn(E @ R/) = Fr(E @ RY) xs50,;; 2+150n+;

is the associated turning bundle of E @ R/. Now orthogonal sum with the path 8 € Q+1SO, defines
the injective map ig: Q2+1S0p,4; — 24150, j12, which we regard as an inclusion. Thus we regard
Turn(E @ R/) as a subbundle of Turn(E & R/ *2) and we set

Turn(E®) := U Turn(E @& RY),

n+j even

which is a fibre bundle over B with fibre 24150 := U;’il 24150;;.
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Lemma 54 Let E — B be a vector bundle over a space homotopy equivalent to a finite CW—-complex.
Then E is stably turnable if and only if Turn(E°°) — B admits a section.

Proof Remark 5.3 and Lemma 2.12 tell us that a vector bundle £ — B being stably turnable implies
that Turn(E£°°) — B admits a section. Conversely, noting that the inclusion map £41S0,; — 24+1SO is
(2j—2)—connected and B is homotopy equivalent to a finite CW-complex, it follows from the obstruction
theory (cf [18, Chapter VI, Section 5]) that if Turn(E°°) — B admits a section, then there must exist
a nonnegative integer j such that Turn(E @ R/) admits a section, which means that E — B is stably
turnable and the proof is complete. a

Given Lemma 5.4, an efficient way to define the notion of a stable turning is via a section of Turn(£°).

Definition 5.5 (stable turning and the space of stable turnings) A stable turning of a vector bundle
E — B is a section of the fibre bundle Turn(E£°°) — B. The space of stable turnings of E, denoted
by I'(Turn(E°°)), is the space of sections of Turn(E°°) — B, equipped with the restriction of the
compact—open topology.

We next consider minimal turnings, which are turnings that restrict to minimal geodesics in each fibre.
The manifold SO, has a canonical Lie invariant metric, which allows us to consider geodesics in SO, .
We write Qiii’SOzk C 4150, for the subspace of paths which are minimal geodesics in SO, from 1
to —1. Since the conjugation action of SO, on itself is by isometries, it preserves geodesics and so
Qriii‘s.ozk is an.SOZk—subspace o.f ©4150,. For any nonnegative integer j with n+ j even, denote by
Turn™"(E @ R/) C Turn(E & R/) the subbundle of minimal turnings and set

Turn™"(E®) := U Turn™™(E @ R/),

n—+j even
which is a fibre bundle over B with fibre Q‘iii’SO = U;’;l QETSOZ j
Now QiifSO is an SO-subset of £4+1SO and hence Turn™"(E°°) is a subbundle of Turn(E°). Since

the inclusion Q‘iifSO — Q4150 is a weak homotopy equivalence [14, Theorem 24.5], part (a) of the
next lemma follows immediately. Part (b) follows from Lemma 5.4.

Lemma 5.6 Let E — B be a vector bundle over a space homotopy equivalent to a finite CW-complex.
Then the following hold:
(a) The fibrewise inclusion Turn™"( E%) — Turn(E ) is a weak homotopy equivalence.

(b) E is stably turnable if and only if Turn™"(E®) — B admits a section. |

Now we recall the relationship of complex structures on a bundle and minimal turnings. A complex
structure on a rank-2k vector bundle £ is an element J € G such that J? = —1. In particular, a complex
structure on E endows each fibre of E with the structure of a complex vector space. If E has rank #,
then a stable complex structure on E is a complex structure on E @ R/ for some j > 0 with n+j even.
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Now let
ok :=4{J €S0y | J* =1}

be the space of (special orthogonal) complex structures on R2*. The space $,j is an SO, —space, where
SO, acts on $,; by conjugation. For any nonnegative integer j with n4-j even, define

J(E®R/) :=Fr(E®R’) xs0,,, Fntj C Aut(E ®R/)

to be the bundle of fibrewise complex structures on E @ R/. Regarding Y = I'(Aut(E)) we see that a
complex structure on E is equivalent to a section of $(£) — B and that a stable complex structure on £
is equivalent to a section of $(E @ R/) — B. Letting j tend to infinity, we define
JE®):= | HEeR)
n+j even

to be the bundle of fibrewise stable complex structures on £. The space $(E°°) is the total space of a
bundle over B with fibre $oo := (J;Z; $2;, and we have:

Lemma 5.7 A vector bundle E — B over a space homotopy equivalent to a finite CW—-complex admits
a stable complex structure if and only if $(E°°) — B admits a section. a

In light of Lemma 5.7, an efficient way to define the notion of a stable complex structure is via a section
of $(E).

Definition 5.8 (stable complex structure and the space of stable complex structures) A stable complex
structure on an oriented vector bundle £ — B is a section of the fibre bundle $(E£°°) — B. The space of
stable complex structures of E, denoted by I' ($(E£°)), is the space of sections of $(E°°) — B, equipped
with the restriction of the compact—open topology.

Now a complex structure on R2* defines a minimal geodesic in SO, via complex multiplication with
unit complex numbers in the upper half-plane. Explicitly, we define the map

Oak: Fok — QEISOys,  J > (¢ > exp(wt])),

where exp: 7150,; — SO, is the exponential map from the tangent space over the identity. Then ¢,
is an SO, —equivariant homeomorphism; see eg Milnor [14, Lemma 24.1]. It follows for any rank-2k
bundle E — B that ¢, induces a fibrewise homeomorphism ¢, : $(E) — Turn™"(E). Stably, we
define the map @oo :=lim; 00 2 : Foo — Qiii‘SO and we have:

Lemma 5.9 Let E — B be a vector bundle. The map ¢oo: $oo — Q‘iifSO induces a fibrewise
homeomorphism ¢oo: $(E™) — Turn™"(E ). |

Now the fibre bundle map
$(E®®) — Turn™" (E*°) — Turn(E*)

induces a map I'($(E£°°)) — I'(Turn(£°°)). By combining Lemmas 5.9, 5.6(a), 5.4 and 5.7 we obtain:
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Theorem 5.10 Let E — B be a vector bundle over a space homotopy equivalent to a finite CW-complex.
The induced map I'($(E*°)) — I'(Turn( E°°)) from the space of stable complex structures on E to the
space of stable turnings on E is a weak homotopy equivalence. Hence E is stably turnable if and only if
E admits a stable complex structure. |

In the remainder of this section we present an alternative proof of the final sentence of Theorem 5.10
using K—theory. Let BU (resp. BO) be the classifying space of the stable unitary group U (resp. stable
orthogonal group O). Since O/ U is homotopy equivalent to Q2 BO (cf [4]), the canonical fibration

O/U — BU — BO
gives rise to the Bott exact sequence (cf Bott [5, (12.2)] or Atiyah [1, (3.4)])
— — ——1
(5-1) ... KO2(B) — KU(B) > KO(B) 25 KO (B) = --- .

Here r is the real reduction homomorphism and 9 is the homomorphism given by d(§) = - &, where 1 is
the generator of KO™!(pt) = Z /2 and - denotes the product in real K—theory.

Now for a rank-# vector bundle £ — B, leté € f(\(j(B) be the real K-theory class £g := E ©R", which
is represented by the virtual bundle obtained as the formal difference of £ and the trivial rank-n bundle
over B. When B is homotopy equivalent to a finite CW-complex, the bundle £ admits a stable complex
structure if and only if the real K—theory class &g lies in the image of the real reduction homomorphism r.

Hence the next proposition follows from the Bott exact sequence above.

Proposition 5.11 Let E — B be a vector bundle over a space homotopy equivalent to a finite CW—
complex. Then E admits a stable complex structure if and only if n-£g = 0. |

We now relate the boundary map 9 in (5-1) to turnings of vector bundles. Let ¢ : £ — E be an automor-
phism of a vector bundle 7 : E — B. The mapping torus of v is the vector bundle 7'(/) — B x S, where

T(Y):=(ExI)/~
with (v,0) >~ (¥ (v), 1), and the bundle map is given by [(v,?)] = (7w (v),[t]). We note that T'(v) is
orientable if and only if i is orientation-preserving, in which case 7'() inherits an orientation from E.
Let ® denote the exterior tensor product of vector bundles.

Lemma 5.12 Let R denote the trivial line bundle over S'. The bundle T (y) is isomorphic to E @ R
if and only if v is homotopic to the identity.

Proof The classification of vector bundles [9, Chapter 3, Section 4] shows that a vector bundle isomor-
phism E — E’ is equivalent to a vector bundle F — B x I such that F|gyoy = E and F|pyqy = E'.
Similarly, a vector bundle automorphism E — E is equivalent to a vector bundle F — B x S such that
F|px{1y = E. In particular, the bundle E ® R corresponds to the identity automorphism 1g: E — E. It
follows that a vector bundle isomorphism 7' (/) — E ® R is equivalent to a bundle over B x S! x I and
so is equivalent to a path of bundle automorphisms from ¥ to 1. O
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An alternative proof of the final sentence of Theorem 5.10 Let L — S'! be the Mébius bundle, ie the
nontrivial rank-1 bundle. Then 1 € KO™! (pt) = RB(S 1) is represented by the virtual bundle L & R. Let
£k be represented by the virtual bundle E’ © R2K where E’ — B is a vector bundle of rank 2k, which is
larger than the formal dimension of B. Then 1-&g € KO™1(B) = KO(B A S!) is represented by the

virtual bundle
(E'®L)eR*@R)o R¥*®L)o (E'®R)

over B x S, which is canonically zero over B v S. Since L is the mapping torus of —-1r: R — R,
it follows that R2* ® L is the mapping torus of —1g2x: R2*¥ — R2k and so is trivial by Lemma 5.12.
Hence 1 £ = 0 if and only if E/ ® L is stably isomorphic to E’ ® R.

Since L is the mapping torus of —1g : R — R, the bundle E’ ® L is the mapping tours of —1g/: E/ — E’.
Now by Lemma 5.12, E’ ® L is isomorphic to E’ @ R if and only if E’ is turnable. Hence g -£ = 0
if and only if E’ is stably turnable and so the final sentence of Theorem 5.10 follows directly from
Proposition 5.11. |

6 Turning rank-2% bundles over 2k—complexes

In Section 5 we saw that a turning of bundle £ induces a stable complex structure on E and in Section 4
we computed the turning obstruction for rank-2k bundles over the 2k—sphere. In this section we combine
these results to gain useful information about the turning obstruction for rank-2k bundles over 2k—
dimensional complexes. Throughout this section, B will be a space that is homotopy equivalent to a
connected finite CW—complex of dimension 2k or less.

Theorem 6.1 below gives a necessary condition for an oriented rank-2k bundle E over B to be positive-
turnable. Its statement requires some preliminary definitions. We will say that a complex structure J
on E @ R?/ for some j > 0 is compatible with E if J induces the same orientation on E @ R?/ as
E does. Recall that x2: H*(B;7Z/2) — H*(B;Z/4) is the map induced by the inclusion of coefficients
x2:7/2 — 7,/4 and the subgroup I2K(B) € H**(B;7Z/4), which is defined by
12K(B) = {((xz) 0Sq% 0 p2)(H*~2(B;Z)) if k is odd,
0 if k is even.

Recall also that p4 denotes reduction mod 4.

Theorem 6.1 Let E — B be an oriented rank-2k vector bundle. If E is positive-turnable, then for some
j >0, E®R? admits a complex structure J such that J is compatible with E and cj (J) satisfies

[pa(cx ()] = [pa(e(E))] € H**(B;Z/4)/ 1% (B).

Example 6.3 below shows that there are turnable bundles which do not satisfy the condition of Theorem 6.1.
However, this condition is sufficient for the bundle to be turnable if k is odd, and in many cases if k is

cven.
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Theorem 6.2 Let E be an oriented rank-2k vector bundle over B with either k odd, or k even and
H?k(B:7) 2—torsion free. If E admits a stable complex structure J such that

[pa(ck (J))] = [pa(e(E))] € H* (B; Z/4)/ 17 (B),

then E is positive-turnable.

Example 6.3 Let M(Z/2,4k—1) := S*~1 U, D*F be the mod 2 Moore space with
H*(M(2)2,4k=1):2)=17/2

and let c: M(Z/2,4k—1) — S*¥ be the map collapsing the (4k—1)—cell. Since ¢ is the suspension of
the map ¢’: M(Z/2,4k—2) — S**~1  which collapses the (4k—2)—cell of M (Z/2,4k—2), we see that
the y—turning obstruction of E := ¢*(T'S*K) is the pullback ¢’*(TOy (t4%)) € [M(Z/2,4k—2),SO05].
Since 14 & 274 —1(SO4k), it follows that ¢’*(TO,, (t4%)) # 0. By Proposition 3.2, E is not y—turnable
for any path y and so E is not turnable. However, E is stably parallelisable and so admits a stable
complex structure J with ¢y (J) = 0. Moreover e(£) = 0, since e(T'S**) e 2H**(S4k. 7). Hence E
satisfies the condition of Theorem 6.1.

Before proving Theorems 6.1 and 6.2, we give an application of Theorem 6.2 which shows, in particular,
that for all / > 1 there are 8/—manifolds M whose tangent bundles are turnable but not complex,
eg M = S*x S*4.

Corollary 6.4 Fori > 0, Iet M be an orientable 4i —manifold such that the following hold:
(a) M is stably parallelisable.

(b) x(M) #0.

(¢) KU(M)— KO(M) is injective.
Then TM does not admit a complex structure but T M is turnable it and only if x(M) =0 mod 4. In
particular, for all m > 1 and [ > 0, the manifolds M; := #;(S*™ x S*™) are such that T M; does not
admit a complex structure but T M| is turnable if and only if [ is odd.

Proof T M is stably trivial and KU(M') — KO(M) is injective, so E y, the complex bundle underlying J,
is trivial, so ¢4;(J) = 0. On the other hand, e(TM ) = x(M) = 2 + 2/ by the Poincaré—Hopf theorem
[8, page 113]. Hence by Theorem 6.6, TM does not admit a complex structure. However, by Theorems 6.1
and 6.2, TM is turnable if and only if / is odd. a

We now turn to the proofs of Theorems 6.1 and 6.2. Without loss of generality, we may assume that B is
a finite CW—complex of dimension at most 2k. It will be useful to modify a rank-2k bundle £ — B over
the 2k—cells of B and we first describe this process. Let F — S 2k pe an oriented rank-2k bundle with
clutching function g. Given a 2k—cell eék C B and a 2k—disc Dék embedded in the interior of eék, we
define the bundle E i, F — B as follows: Write B = B° U g2k—1 Dék, where B° := B \Int(Dék) and

E = E° U, (R?* x D2k,
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where E° is the restriction of E to B® and ¢: E|gar—1 — R2k x §2k=1 s a bundle isomorphism. Define
Efig F 1= E° Ugopy (R?* x D2K).

We let e2¥* € C?K(B) be the 2k—dimensional cellular cochain of B which evaluates to 1 on the 2k—
cell eék, and 0 on every other 2k—cell. The next result follows from an elementary application of
obstruction theory.

Lemma 6.5 Let £, and E; be rank-2k oriented bundles over B. Then E is stably equivalent to E, if
and only if there are 2k—cells oy, . .., o, of B and integers jy, ..., j, such that

Ey > Ey#y, 1 TS #y, -y, juaTS?K.
Moreover, in this case the Euler classes of E; and E, are represented by cocycles cc(e(E1)) and
cc(e(E)) such that cc(e(E)) = cc(e(E1)) + Y 1=y 2j,~e§f*. ad

Lemma 6.5 can be used to prove the following theorem of Thomas.

Theorem 6.6 [16, Theorem 1.7] Let E be a rank-2k vector bundle over B, where H?k (B;7) is
2—torsion free. Then E admits a complex structure if and only if E admits a stable complex structure J
such that c;, (J) = e(E). |

Proof of Theorem 6.1 Recall the universal rank-2k turning bundle
BTy = ESOap X504, 2+1502k — BSOi

from Definition 2.13 and define BT := ESO xg0 21150 — BSO to be the universal stable turning
bundle. There is a natural map B7,; — BT and by the results of Section 5, BT ~ BU. Hence we

consider the commutative diagram
BU, —— BU

|,k

BTy, —— BT

Ve

B —— BSOy; —— BSO

where f classifies £ and f classifies a positive-turning on E. Since the natural map BU — BT is a
fibre homotopy equivalence over BSO, the turning on E induces a stable complex structure J on E.
Consider the lifting problem

BUy

B—— BT
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Since the homotopy fibre of BU; — BT is 2k—connected, the map J := S o /7 : B — BT has alift to
J': B — BUj, which is unique up to homotopy. The map J’ defines a complex rank-k bundle (E’, J')
over B, where E’ is stably equivalent to E.

By Lemma 6.5, there is a bundle isomorphism
(6-1) a: E — E'#y, )y TS® #--#y, juTS?k.

We set B®:= B\ (', Int(Déf‘)), E°:= E|go, E'® := E'|go and a® := | go. The lift f defines a
turning ¥; on E, which restricts to a turning ¥; on E°, and the complex structure J’ defines a turning
¥, on E’, which restricts to a turning ¥;° on E’° that pulls back along «° to a turning («°)*(;°) on E°.

If ¥; and («°)*(y;°) are equivalent turnings on E°, then the obstruction to extending («°)*(y,°) to E
vanishes. On the other hand, the obstruction to extending ¥;° to E’ vanishes. It follows that the cocycle
S i TO+(t2k)e§f‘* represents 0 in H2K(B; 754 (SOxz)), so the cocycle > j,~2e§,/_‘* represents 0
in H**(B; 7 /4) and hence p4(cx(J)) = pa(e(E)).

If Y7 and («®)*(y¥;°) are not equivalent turnings on E°, then they differ over the (2k—2)—cells and
(2k—1)—cells of B°. If k is even, this variation does not effect the cohomology class represented by
ZLI Jieve(TO4 (rzk)eéf‘ *). If k is odd, then changing the turning can alter the values of the turning
obstruction over the cells eélk by any element of ((x2) o Sq? o p2)(H*}=2(B: 7)). ]

Proof of Theorem 6.2 Suppose that £ admits a stable complex structure J. Then, as in the proof of
Theorem 6.1, J descends to a complex rank-k bundle (E’, J’) on B such that E and E’ are stably iso-
morphic. Since (E’, J') is a complex bundle, E’ is positive-turnable. Consider the bundle isomorphism «
from (6-1). Assume first k is even and that H2K (B;Z) contains no 2—torsion. Since J’ stabilises to J,
e (J) = cx(J) and so pa(ci(J')) = pa(cr(J)) = pa(e(E)). It follows that each j; in (6-1) is even.
Now 2 TS%k is positive-turnable by Theorem 4.1. Since E’ is positive-turnable, it follows that E is
positive-turnable.

When k is odd the argument is similar to the case where k is even, but requires adjustments. We first note
that ps(cx (J')) = wor (E) = pa(e(E)). Moreover, for k odd, TO4(tax) = TaxN2k—1 € 2725 (SO4p). It
follows that if some j; in (6-1) is odd, then we can modify the turning of E’ to ensure that the pullback
of its restriction to E’° extends to all of E. |

Proof of Theorem 1.4 and Remark 1.5 These statements follow from Theorems 6.1 and 6.2 and the
fact that a turnable bundle over a connected space is either positively turnable or negatively turnable. O

Question 6.7 From the proof of Theorem 6.1 we see that there is a map B7,; — BU, obtained by
composing the stabilisation map BT,; — BT with a homotopy inverse of the natural map BU — BT.
This map BT, — BU encodes the fact that a turned bundle (£, ;) over a finite CW—complex defines a

Algebraic € Geometric Topology, Volume 24 (2024)



2848

Diarmuid Crowley, Csaba Nagy, Blake Sims and Huijun Yang

stable turning of E and a stable complex structure J on E @ R/ for some ;. It follows that the universal

bundle V' T, — BT, has a well-defined homotopy class of stable complex structures and hence there
are well-defined Chern classes ¢; (V Tax) € H* (BTax; Z).

We pose the following question:

What special properties, if any, do the Chern classes of V T, possess?

For example, one would expect that ¢;(V Tx) = 0 for all i > k, and presumably also that there is an
equality [p4(ck (V T2))] = [pa(e(V Tax))] € H* BTy 2./4)/ I (BTy).
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