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Definition of the cord algebra of knots using Morse thoery

ANDREAS PETRAK

The cord algebra of a knot K is isomorphic to the string homology and the Legendrian contact homology
of K. The proof of the isomorphism of string homology and cord algebra uses a retraction of broken
strings (which are consecutive paths beginning and ending on the knot) on words in linear cords. This
suggests a reformulation of the cord algebra using linear cords, which we present. We will define a
Morse function such that the binormal linear cords of K are the critical points of degree 0, 1 and 2 of
this function. These critical points give rise to a chain complex of K. Then the cord algebra of K is the
degree zero homology of K.

57M25, 57M27; 57R17

1 Introduction

The cord algebra is a knot invariant first introduced in 2005 by Lenhard Ng in [11, Definition 1.2]. The
topological definition of the cord algebra given there is inspired by the Legendrian contact homology (see
Ng [10, Definition 4.1]). Ng extended the definition in 2008 in [12, Definition 2.4] and in 2014 in [13,
Definition 4.4]. In 2013, Tobias Ekholm, John B Etnyre, Ng and Michael G Sullivan showed that the
cord algebra is isomorphic to the Legendrian contact homology in degree zero [5, Corollary 1.2]. In
2017, Kai Cieliebak, Ekholm, Janko Latschev and Ng developed in [2, Section 2.2] a noncommutative
refinement of the original definition, including a basepoint of the knot and a framing. This results in
four additional generators in the cord algebra. In [2, Theorem 1.2 and Proposition 1.3], another proof
of the isomorphism of the cord algebra to the Legendrian contact homology (in degree zero) is given.
This is done with the help of string homology by first showing the isomorphism of string homology and
the cord algebra and then the isomorphism of Legendrian contact homology and string homology. To
define the string homology (in degree zero), a chain complex is defined which contains broken strings
or 1–parameter families of broken strings as generators in degree 0 or 1, respectively. A broken string
consists of pieces which are paths beginning and ending on the knot, and whose codomain alternates
between the ambient space of the knot and its conormal bundle (there is also a relation of tangent vectors
at the switching points). In the proof of the isomorphism of string homology and cord algebra, a retraction
of the broken strings on words in (linear) cords is used, where (linear) cords are linear curves in space
with start and end points on the knot. Therefore, it makes sense to describe the cord algebra with the help
of a suitable complex of (linear) cords. We will do this in this paper. For this purpose we will define a

© 2024 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.
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suitable chain complex which contains the critical points of index 0 and 1 of a Morse function in degree
0 and 1, respectively, and the four additional generators mentioned above in degree 0. Further degrees of
the chain complex are not needed. These critical points correspond to binormal (linear) cords on the knot.
In order to construct a suitable differential, we let the binormal (linear) cords of index 1 flow along their
unstable manifolds until they, taking into account four relations, reach (linear) cords of index 0. These
four relations are used in [2, Definition 2.6] to define the cord algebra, where two of them were already
defined by Ng in [11, after Definition 1.1] and a third was introduced in [12, after Definition 2.3]. We
will adapt them here only slightly to the changed concept.

We will need several results from differential topology and Morse theory. The statements and proofs can
be found in the literature referred to.

Important statements from differential topology which we will use are the transversality theorem and the
jet transversality theorem as well as the relative versions of these two theorems.

To define the cord algebra, we will consider a gradient vector field. This vector field has to satisfy
the Smale condition. For this it may be necessary to change the gradient to a pseudogradient. From
Morse theory we also need the statement that in a generic 1–parameter family of vector fields without
nonconstant periodic orbits only birth-death type degeneracies occur.

At the beginning of Section 2 we will first explain the noncommutative definition of the cord algebra
from [2]. A cord is a continuous path in space that has a start and end point on the knot K and does not
intersect the knot in any other point. We also need a basepoint on K and a framing which is a slightly
shifted copy ofK. Four relations are defined which specify relations between different cords, partly taking
into account the basepoint and the framing. These relations generate an ideal I in a noncommutative
unital ring A, where A is generated by homotopy classes of cords and four other generators �˙1; �˙1

modulo the relations � ���1 D ��1 ��D� ���1 D��1 ��D 1 and � ��D� ��. The cord algebra of K,
Cord.K/, is then defined as the quotient ring A=I.

In Section 2.1 we will use chords and a (slightly different definition of) framing to be able to define the
cord algebra using Morse theory. A chord of K is a straight line in space with start and end points on
the knot, ie a special kind of cord. A framing is now a smooth map that assigns a unit normal vector to
each point of the knot. The four relations from the original definition of the cord algebra are adapted
accordingly. We’ll look at the energy function E WK �K!R, .x; y/ 7! 1

2
jx�yj2, and change it to a

Morse function. The critical points of Morse index 1 of this Morse function are binormal chords whose
unstable manifolds are one-dimensional. These chords are moved along their unstable manifolds and,
taking into account the relations, generate an ideal I in an R–algebra C0 which is generated by critical
points of index 0. Here RDZŒ�˙1; �˙1� is the commutative ring over Z which is generated by �; ��1; �
and ��1 modulo the relations � ���1 D � ���1 D 1. We then define in Section 2.3 the cord algebra as
Cord.K/ WD C0=I .

Algebraic & Geometric Topology, Volume 24 (2024)
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In Section 2.1, we discuss, for a generic representative of the knot, various properties of the subsets of
chords (viewed as subsets of K �K via the end point map) where one of three special things happen:

� one of the end points coincides with the basepoint,

� the chord intersects the knot in its interior,

� the chord intersects the framing.

In the definition of the cord algebra we use the Seifert framing as a canonical framing. To determine the
cord algebra of a knot, however, it is easier to use the blackboard framing. In order to obtain the cord
algebra with respect to the Seifert framing, certain transformations must be applied. We will discuss these
transformations in Section 2.4.

In Section 2.5 we will determine the cord algebras for the unknot and the right-handed trefoil knot.

The main result of this paper is:

Theorem 1.1 The cord algebra defined in terms of Morse theory (see Definition 2.30) is a knot invariant.

The proof of Theorem 1.1 will be given in Section 3. We consider two knots K0 and K1 which are
connected by a smooth isotopy of knots. So it must be shown that the cord algebras of the two knots
are the same. First of all, it is necessary to note that in the course of the isotopy there are only a finite
number of knots that are not generic. Therefore, we can assume that only one nongeneric knot occurs
during the isotopy and show that the cord algebra does not change in the course of the isotopy. Since
there are several cases of degeneracies, we have to go through all these cases. Furthermore, we will also
show that the cord algebra does not change in the course of the isotopy if no nongeneric knot occurs.

In Section 4 we will prove that the definition of the cord algebra using Morse theory is isomorphic to the
topological definition given in [2, Definition 2.6].

Acknowledgements

A thousand thanks to Kai Cieliebak for many inspiring conversations.

2 Definition of the cord algebra

The cord algebra is a knot invariant developed only a few years ago [11; 12; 13]. In [2, Definition 2.6] a
noncommutative refinement of the original definition is presented. This refined version is briefly explained
in the following. For this we need the terms framing and cord. However, in Section 2.1 we will use
chords (instead of cords) and a slightly different definition of framing to define the cord algebra using
Morse theory.

Remark 2.1 For the purpose of this overview we use the following interpretation of framing:

Algebraic & Geometric Topology, Volume 24 (2024)
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Figure 1: Relations for cords. Here K is depicted in black, K 0 in gray, and cords are drawn in red.

Let K � R3 be a knot of length L and 
 W Œ0; L� ! R3 be an arclength parametrization of K. Let
� W Œ0; L�!S2 be a smooth map, where �.t/ is a unit normal vector toK at the point 
.t/ for all t 2 Œ0; L�.
Let " > 0 be small enough such that the strip f
.t/C˛�.t/ W t 2 Œ0; L�; ˛ 2 Œ0; "�g has no self-intersections.

A framing of K is the set K 0 WD f
.t/C "�.t/ W t 2 Œ0; L�g.

Let K � R3 be an oriented knot equipped with a framing K 0. Choose a basepoint � on K and a
corresponding basepoint � on K 0 (in fact only the basepoint on K 0 will be needed).

Definition 2.2 A cord of K is a continuous map ˛ W Œ0; 1� ! R3 such that ˛.Œ0; 1�/ \ K D ∅ and
˛.0/; ˛.1/ 2K 0 n f�g. Two cords are homotopic if they are homotopic through cords.

We now construct a noncommutative unital ring A as follows: as a ring, A is freely generated by homotopy
classes of cords and four extra generators �˙1; �˙1, modulo the relations

� ���1 D ��1 ��D � ���1 D ��1 ��D 1; � ��D � ��:

Thus, A is generated as a Z–module by (noncommutative) words in homotopy classes of cords and
powers of � and � (and the powers of � and � commute with each other, but not with any cords).

Definition 2.3 The cord algebra of K is the quotient ring

Cord.K/DA=I;

where I is the two-sided ideal of A generated by the relations shown in Figure 1.

Remark 2.4 [2, Remark 2.7] The relations in Figure 1 depict cords in space that agree outside of the
drawn region (except in (iv), where either of the two cords on the left-hand side of the equation splits into
the two on the right). Thus, the second relation states that appending a meridian to the beginning or end of
a cord multiplies that cord by � on the left or right; � is also called meridian. The third relation imposes
that crossing the basepoint multiplies the cord by � from the left or right; � is also called longitude. The

Algebraic & Geometric Topology, Volume 24 (2024)



Definition of the cord algebra of knots using Morse thoery 2975

� D �

Figure 2: Equivalent representation of the fourth relation.

fourth relation is equivalent to the relation shown in Figure 2. Applying the second and fourth relation in
a suitable way to a contractible cord c, we get the equation

.c � .1��//c D 0:

The first relation means that the expression in the brackets already vanishes.

2.1 The energy function for generic knots

In this paper we want to define the cord algebra using Morse theory. For this we need a framing as above.
In contrast to the original definition, we will use chords instead of cords.

Definition 2.5 Let K �R3 be a knot of length L and 
 W Œ0; L�!R3 be an arclength parametrization
of K.

(i) A framing of K is a smooth map � W Œ0; L�! S2, where �.t/ is a unit normal vector to K at the
point 
.t/ for all t 2 Œ0; L�.

(ii) Given a Seifert surface for a knot K, a Seifert framing is a framing such that the normal vector
�.t/ is tangent to the Seifert surface and pointing inwards for all t 2 Œ0; L�.

Remark 2.6 Assume that R
 vanishes nowhere. A framing can also be understood as a map � WS1!S1 by
representing �.t/ for each t 2 S1 in local coordinates of the normal plane N.t/D span. R
.t/; P
.t/� R
.t//
at the point 
.t/.

Given a knot K, we take a look at the set of framings of K modulo homotopy:

fframings of Kg=�D C.S1; S1/=�D �1.S1/Š Z:

As a consequence, the Seifert framing is unique up to homotopy, since the linking number of K and a
copy of K which is shifted slightly in the direction of the Seifert framing is always zero.

Let K �R3 be a generic oriented knot of length L and 
 W Œ0; L�!K be an arclength parametrization
of K. Also, let K be equipped with a framing. For this we use the Seifert framing (obtained by the Seifert
algorithm) as a canonical framing. To facilitate the determination of the cord algebra of a knot, however,
we will use a different framing. This and the necessary transformations to obtain the cord algebra with
respect to the Seifert framing will be discussed in Section 2.4. Furthermore, we choose a basepoint �
on K.

Definition 2.7 Let K �R3 be a knot (or a link). A chord of K is a curve ˛ 2 C 2.Œ0; 1�;R3/ such that
˛.0/; ˛.1/ 2K and R̨ � 0, ie ˛ is a straight line in R3 starting and ending on the knot.

Algebraic & Geometric Topology, Volume 24 (2024)
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K

K

N.s/


.s/


.t/

c D .s; t/


.t/� 
.s/

�.s/

�s.
.t/� 
.s//

K

KN.t/


.s/


.t/

c D .s; t/

�.t/�t .
.s/� 
.t//

Figure 3: A chord c intersects the framing. Left: c intersects the framing at its starting point.
Right: c intersects the framing at its endpoint.

The space of these chords can be canonically identified with K �K by associating to each chord its
endpoints on K: for s; t 2 Œ0; L�,

c D .
.s/; 
.t// 2K �K

is a chord with starting point 
.s/ and endpoint 
.t/. The space K�K can be canonically identified with
the torus T 2 by using the identification S1 ŠR=LZ. The start and endpoint of a chord c D .
.s/; 
.t//
can be identified with s 2 S1 and t 2 S1, respectively, and thus we can simply write

c D .s; t/:

We also assign an orientation to each chord: a chord c D .
.s/; 
.t// is oriented from its start 
.s/ to its
endpoint 
.t/.

Definition 2.8 LetK�R3 be an oriented knot of lengthL equipped with a framing �. Let 
 W Œ0; L�!R3

be an arclength parametrization of K. Let N.�/ � R3 be the normal plane to K at the point 
.�/ and
�� WR3!N.�/ be the orthogonal projection onto N.�/. Let c D .s; t/ 2K �K be a chord of K.

We say c intersects the framing if one of the following conditions is satisfied (see Figure 3):

� �s.
.t/� 
.s//D ˛�.s/ for an ˛ > 0 (c intersects the framing at its starting point), or

� �t .
.s/� 
.t//D ˛�.t/ for an ˛ > 0 (c intersects the framing at its endpoint).

Remark 2.9 From this definition it follows that if a chord .s; t/ 2 K �K intersects the framing, so
does the reverse oriented chord .t; s/. Thus, the set of chords intersecting the framing is symmetric with
respect to the involution on K �K that interchanges the factors.

Remark 2.10 Let ">0 be such that the strip f
.t/C˛�.t/ W t 2 Œ0; L�; ˛2 Œ0; "�g has no self-intersections,
ie the map

Œ0; L�� Œ0; "�!R3; .t; ˛/ 7! 
.t/C˛�.t/;

Algebraic & Geometric Topology, Volume 24 (2024)



Definition of the cord algebra of knots using Morse thoery 2977

is injective. In diagrams we will draw the set K 0 WD f
.t/C"�.t/ W t 2 Œ0; L�g to visualize the framing; K 0

is also called framing. An intersection of a chord with the framing according to Definition 2.8 corresponds
approximately to an intersection of the chord with the set K 0 if the curvature of K 0 is not too strong in
a neighborhood of this intersection. Also, there can be very short chords that do not intersect K 0, but
intersect the framing according to Definition 2.8. Therefore, K 0 is to be understood only as visualization
of the framing. In order to determine intersections of chords with the framing, it may be necessary to use
the above definition.

Let
E WK �K!R; .x; y/ 7! 1

2
jx�yj2;

be the energy function on the space of chords, where x and y, as described above, are the start and
endpoint, respectively, of a chord (cf [2, Section 7.4]). Using the parametrization 
 we can write

E.s; t/D 1
2
j
.s/� 
.t/j2:

Furthermore, we will need the following subsets of K �K:

� Let S �K �K be the set of chords that intersect the knot K in their interior.

� Let F �K �K be the set of chords that intersect the framing. Since F is symmetric with respect
to the diagonal in K �K according to Remark 2.9, F can be split into

F D F s [F e

where F s and F e are the sets of chords that intersect the framing at their start and endpoint,
respectively. Then

F e D f.s; t/ 2K �K W .t; s/ 2 F sg:

� Let B � K � K be the set of chords that begin or end at the basepoint �. If we choose a
parametrization with 
.0/D �, then B D .K � f0g/[ .f0g �K/.

Lemma 2.11 [2, Lemma 7.10] For a generic knot K �R3 the following holds for the space K �K of
chords (see Figure 4):

(i) E attains its minimum 0 along the diagonal , which is a Bott nondegenerate critical manifold ; the
other critical points are nondegenerate binormal chords of index 0, 1 and 2.

(ii) The subset S �K �K of chords meeting K in their interior is an immersed curve with boundary
consisting of finitely many chords tangent to K at one endpoint , and with finitely many transverse
self-intersections consisting of chords meeting K twice in their interior.

(iii) The negative gradient �rE is not pointing into S at the boundary points.

The proof of this lemma is given in [2].

From now on, we assume that the representative of the knot has been chosen to have the properties listed
in Lemma 2.11.

Algebraic & Geometric Topology, Volume 24 (2024)
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K �K
t

L

0
L s

S

�rE

Figure 4: The space K �K of chords.

Remark 2.12 The Morse Bott function E can be converted into a Morse function by adding a smooth
function f WK �K!R to E that satisfies the following properties:

(i) f has exactly two critical points along the diagonal of K �K, a minimum m and a maximum M .

(ii) Outside the diagonal, the function f is smoothly extended in such a way that it vanishes outside a
small neighborhood of the diagonal, especially at all other critical points.

In the following, we assume that E is a Morse function since this can be achieved by adding an arbitrarily
small perturbation f .

Remark 2.13 The set S is obviously symmetric with respect to the diagonal in K �K: if the chord
.s; t/ intersects the knot in its interior, so does the reverse oriented chord .t; s/; the same also holds for
the boundary of S . So @S can be split into

@S D @sS [ @eS

where @sS and @eS are the sets of chords that are tangent to K at their start and endpoint, respectively.

Lemma 2.14 For a generic knot K and a generic framing � W S1! S2 the following holds for the space
K �K of chords:

The set F s � K �K of chords that intersect the framing at their starting point is a one-dimensional
submanifold with boundary and @F s D @sS .

The proof of this lemma is given in the appendix.

Remark 2.15 Lemma 2.14 implies that F s has no self-intersections. Since F is symmetric, an analogous
statement holds for F e. So the self-intersections of F are the intersections of F s and F e. These are
either located on the diagonal of K �K or occur in pairs symmetrically to the diagonal and contain the
chords that intersect the framing at their start and endpoint.

Algebraic & Geometric Topology, Volume 24 (2024)
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K

K

K

p

k

K

K

K

p

k

Figure 5: Perturbation of the knot in a neighborhood of p such that the chord k does not intersect
the knot in its interior anymore.

Definition 2.16 Let K be a knot and E WK �K!R be the energy function that has been perturbed to a
Morse function as described above. Denote by Critk.E/ the set of critical points of Morse index k of the
function E.

Lemma 2.17 For a generic knot K, a generic basepoint and a generic framing , the following holds for
the space K �K of chords:

Crit0;1\.B [F [S/D∅

where Crit0;1 WD Crit0[Crit1.

Proof According to Lemma 2.11(i), Crit0;1 is a finite set. The sets B , F and S can be considered
separately from each other:

If Crit0;1\B ¤∅, an arbitrarily small shift of the basepoint is sufficient to achieve Crit0;1\B D∅.

If Crit0;1\F s ¤∅, let k 2Crit0;1\F s . If the framing is changed in an arbitrarily small neighborhood of
the starting point of the chord k by an arbitrarily small perturbation, k no longer intersects the framing at
its starting point. Thus, also the reverse oriented chord, which was an element of F e , does not intersect the
framing at its endpoint anymore. This procedure is necessary only finitely many times because Crit0;1\F
is finite.

If Crit0;1\S ¤ ∅, let k 2 Crit0;1\S and p be the intersection point of k with the knot in the interior
of k. If the knot is changed in an arbitrarily small neighborhood of p by an arbitrarily small perturbation
in a suitable direction (see Figure 5), k no longer intersects the knot in its interior. Since Crit0;1\S is
finite, only finitely many such perturbations have to be made.

From now on, we assume that the representative of the knot has been chosen such that it satisfies the
statement of Lemma 2.17, the energy function E is a Morse function according to Remark 2.12 and the
framing satisfies Lemma 2.14.

We will show more generic properties of the function E. For this it may be necessary to perturb the
function E with the help of the (jet) transversality theorem, ie to vary E in the function space C n.T 2;R/
for an n>0. Such a variation can be considered as the addition of another smooth function g WK�K!R

to E. Denote by
Eg WDECg
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the perturbed function. The function g can always be chosen so that it is arbitrarily small (in the C n

sense) (according to the (jet) transversality theorem) and vanishes in a small neighborhood of the diagonal
in K �K and small neighborhoods of all critical points of E (since E does not have to be perturbed
in these neighborhoods, because the properties shown in Lemmas 2.20 and 2.23 for generic knots are
already satisfied on the diagonal and because, according to Lemma 2.17, Crit0:1\.B [F [ S/D ∅).
Thus, all critical points remain unchanged, ie the following holds for k D 0; 1; 2,

Critk.Eg/D Critk.E/:

Likewise, the sets S , F and B do not change, since the knot itself is not changed.

We will consider the flow 's of the negative gradient �rE, in the perturbed case the flow 'sg of �rEg .
The stable and unstable manifolds of a critical point k of E are

W s.k/D fx 2 T 2 W lim
s!C1

's.x/D kg; W u.k/D fx 2 T 2 W lim
s!�1

's.x/D kg;

respectively. Similarly, the stable and unstable manifolds of critical points k of Eg are denoted by W s
g .k/

and W u
g .k/, respectively.

To be able to show some generic properties of the function Eg , we need the following statement: if we
perturb the unstable manifold of a critical point of index 1 a little bit, we can find a function Qg such that
the perturbed unstable manifold is realized by the flow of the negative gradient of the function E Qg . First,
we show the following lemma.

Lemma 2.18 (Cieliebak and Volkov [4, Lemma 3.7]) For all ı; " > 0 there exists a smooth function
� WR! Œ0; 1� such that

(i) � is nondecreasing on R� and nonincreasing on RC,

(ii) � is constant 1 in a neighborhood of 0,

(iii) � is constant 0 on R n .�ı; ı/,

(iv) for all x 2R, we have jx�0.x/j< ".

Proof We consider the function f W Œ0; ı� ! R defined by x 7! " log.ı=x/. Notice that f satisfies
xf 0.x/D�", f .ı/D 0 and f .ıe�1="/D 1. Now shift the function max.f; 1/ slightly to the left, extend
by 0 to the right, smoothen it and mirror it on the y–axis. This gives us the function � we are looking
for.

Lemma 2.19 Let a; b; c; d 2 R with a < 0 < b and c < d . Let f 2 C1.Œc; d �; .a; b// be a function
such that

(i) f .c/D f .d/D 0,

(ii) for 1� k �1, we have f .k/.c/D f .k/.d/D 0.

Let Qf W Œc; d �! .a; b/� Œc; d �, y 7! .f .y/; y/, be the graph of f over the y–axis , and let g W R2! R,
.x; y/ 7! y, be the projection to the second coordinate.
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Figure 6: Adjustment of the level sets. Left: im. Qf / as a graph over the y–axis and the level sets
of g. Right: changed level sets.

Then there exists a function Qg WR2!R such that

Qg D g on R2 n ..a; b/� .c; d//;

im. Qf /D f's
Qg..0; d// W 0� s � Qtg;

where 's
Qg

is the flow along the vector field �r Qg and ' Qt
Qg
..0; d//D .0; c/.

Proof Figure 6, left, shows im. Qf / and the level sets of g in R WD Œa; b�� Œc; d �. We now want to change
g on R to Qg so that the level sets of Qg are perpendicular to im. Qf / (see Figure 6, right), but outside of R
coincide with the level sets of g. To do this we use a diffeomorphism

ˆ WR!R; .x; y/ 7! .x; yC‰.x; y//;

where ‰ 2 C1.R;R/ satisfies

(i) ‰.x; y/D 0 for all .x; y/ 2 @R,

(ii) ‰.f .y/; y/D 0,

(iii) @‰
@x
.f .y/; y/D�f 0.y/.

With this function ˆ we set
Qg WD g ıˆ�1:

Thus, the level sets of Qg are as required. The flow of the negative gradient runs perpendicular to the level
sets and is unique. So we have

im. Qf /D f's
Qg..0; d// W 0� s � Qtg

with Qt > 0 where ' Qt
Qg
..0; d//D .0; c/.
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It remains to show that such a function ‰ exists so that ˆ is a diffeomorphism. We choose

‰ WR!R; .x; y/ 7! �f 0.y/.x�f .y//�.x�f .y//;

where � WR!R is a smooth cutoff function with the properties

(i) �.0/D 1,

(ii) supp�� Œ�ı; ı�, where ı > 0 must be chosen so that aC ı < f .y/ < b� ı for all y 2 Œc; d �,

(iii) jz�0.z/j< " for all z 2R and an " > 0, which will be determined more precisely later.

According to Lemma 2.18, such a function � exists for any ı; " > 0. All properties required for ‰ are
satisfied. Moreover,
@‰

@y
.x; y/D�f 00.y/.x�f .y//�.x�f .y//C.f 0.y//2�.x�f .y//„ ƒ‚ …

�0

C.f 0.y//2.x�f .y//�0.x�f .y//

� �jf 00.y/.x�f .y//�.x�f .y//j�j.f 0.y//2.x�f .y//�0.x�f .y//j:

The first term in the last line does not vanish only if jx � f .y/j < ı. After possibly decreasing ı,
jf 00.y/.x�f .y//�.x�f .y//j< 1

2
can be achieved. Additionally, we can get j.x�f .y//�0.x�f .y//j<".

So by choosing " small enough, we can achieve j.f 0.y//2.x � f .y//�0.x � f .y//j < 1
2

. Altogether,
@‰
@y
.x; y/ > �1 can be guaranteed for all .x; y/ 2R.

Now we can show that the above defined function ˆ is a diffeomorphism. First, we consider

D.x;y/ˆD

 
1 0

@‰
@x
.x; y/ 1C @‰

@y
.x; y/

!
:

Since 1C @‰
@y
.x; y/ > 0 for all .x; y/ 2R, D.x;y/ˆ is an isomorphism for all .x; y/ 2R.

It also follows from 1C @‰
@y
.x; y/ > 0 that the map y 7! yC‰.x; y/ is strictly increasing. Thus, ˆ is

injective.

Since ˆ is continuous and ˆj@R D id, the surjectivity of ˆ follows.

Thus, ˆ is a diffeomorphism and this proves the lemma.

Now the following generic properties of the function Eg can be shown:

Lemma 2.20 For a generic function g the following holds for the space K �K of chords:

(i) For all critical points k of the function Eg of index 1, W u
g .k/ t B , W u

g .k/ t S , and W u
g .k/ t F s

as well as W u
g .k/ t F e. (Note that there is no condition on avoiding the intersections of F s

and F e.)

(ii) For all critical points k of the function Eg of index 1, W u
g .k/\ @S D∅, W u

g .k/\ @F D∅, and
W u
g .k/\S2 D∅ where S2 � S is the set of self-intersections of S .

(iii) For all critical points k of the functionEg of index 1,W u
g .k/\B\S D∅ andW u

g .k/\F \S D∅.

(iv) There is no trajectory along the vector field �rEg between two critical points of index 1.
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W u
g .k/
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I

f jI

Uk � QU

Uk0 � QU

Figure 7: Neighborhoods of critical points k and k0 of index 1 and 0, respectively, and the unstable
manifold of k.

Remark 2.21 The set of self-intersections of F does not have to be considered, because at these finitely
many points a chord is multiplied by � or ��1 from the left and from the right. This is not a problem.
The set S2 must be avoided because at these points a chord would be divided into three parts. However,
this situation is not covered by any relation.

Proof According to Lemma 2.17, we have Crit0;1\.B [S [F /D∅. Thus, there exist open neighbor-
hoods Uk of all k 2 Crit0;1 such that Uk \ .B [S [F /D∅. Consequently, for all k 2 Crit1,

.W u
g .k/\

zU/ t .B [S [F /;

where zU WD
S
k02Crit0;1 Uk0 . We shrink zU to U such that U � zU holds for the closure U . Then in the

following it is sufficient to perturb W u
g .k/ to W u

Qg
.k/ for all k 2 Crit1 on the subset W u

g .k/ nU with the
help of the relative version of the jet transversality theorem (see Hirsch [7, Theorem 2.8] and Golubitsky
and Guillemin [6, Corollary 4.12(b)]), so that

W u
Qg .k/\ .

zU nU/DW u
g .k/\ .

zU nU/

and
.W u
Qg .k/ nU/ t .B [S [F /:

To prove (i) and (ii), let k be a critical point of index 1 and f 2C1.R; T 2/ such that f is a parametrization
of one of the two flow lines which make up W u

g .k/. Let I �R be the compact interval for which

im.f jI /DW u
g .k/ nU

(see Figure 7). Now suppose W u
g .k/\S ¤∅ and p 2W u

g .k/\S .

Case 1 If p 2 @S , then we construct a map Qf WR! T 2 as follows:

� Qf jRnI D f jRnI .

� @S is a submanifold of T 2. Using the relative version of the transversality theorem (Golubitsky and
Guillemin [6, Corollary 4.12(b)]) we can perturb f jI in the space C n.I; T 2/, for n big enough, to
a map Qf jI such that Qf jI t @S and im. Qf jI /\ . zU nU/D im.f jI /\ . zU nU/.
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Thus, we get Qf t @S . It follows that Qf �1.@S/ D ∅ since codim.@S � T 2/ D 2. In suitable local
coordinates im.f / can be represented as a subset of the y–axis in R2. Since Qf can be chosen arbitrarily
close to f , we can guarantee that in these coordinates Qf is a graph over the y–axis. According to
Lemma 2.19, there exists a function Qg for which W u

Qg
.k/\U DW u

g .k/\U and W u
Qg
.k/ nU D im. Qf jI /.

Thus, we get W u
Qg
.k/\ @S D∅.

Case 2 Since the set S2 � S of self-intersections of S is finite according to Lemma 2.11(ii), it follows
analogously to case 1 that W u

Qg
.k/\S2 D∅.

Case 3 If p 2 yS WD S n .@S [S2/, then the set of all 1–jets from R to T 2 is

J 1.R; T 2/DR�T 2 �R2:

Consider the map
h WR! J 1.R; T 2/; t 7! .t; f .t/; Pf .t//:

We construct a map Qf WR! T 2 as follows:

� Qf jRnI D f jRnI .

� The tangent bundle T yS is a submanifold of T .T 2/D T 2 �R2. So R�T yS is a submanifold of
R� T .T 2/D R� T 2 �R2. Using the relative version of the jet transversality theorem (see [6,
Corollary 4.12(b); 7, Theorem 2.8]) we can perturb f jI in the space C n.I; T 2/, for n big enough,
to a map Qf jI such that im. Qf jI /\ . zU nU/D im.f jI /\ . zU nU/ and QhjI t T yS with the map QhjI ,
t 7! .t; Qf .t/;

PQf .t//, which is also perturbed.

Thus, we get Qh t R�T yS . From codim.R�T yS �R�T .T 2//D 2 it follows that Qh�1.R�T yS/D∅.
So im. Qf / t yS since for all t 2 R with Qf .t/ 2 yS we have PQf .t/ … T Qf .t/ yS . In suitable local coordinates
im.f / can be represented as a subset of the y–axis in R2. Since Qf can be chosen arbitrarily close to f ,
we can guarantee that in these coordinates Qf is a graph over the y–axis. According to Lemma 2.19, there
exists a function Qg for which W u

Qg
.k/ nU D im. Qf jI / and W u

Qg
.k/\U DW u

g .k/\U .

Altogether, we get W u
Qg
.k/ t S .

Since Crit1 is a finite set, finitely many (arbitrarily small) perturbations suffice to guarantee transversality
to S for all unstable manifolds of critical points of index 1.

The proof of the statements W u
g .k/tB , W u

g .k/t F s , W u
g .k/t F e and W u

g .k/\@F D∅ is analogous
to that of the statements W u

g .k/ t S and W u
g .k/\ @S D∅.

The two statements of (iii) can be shown by similar transversality arguments as before.

For (iv), let k be a critical point of index 1 and f 2 C1.R; T 2/ with im.f /DW u
g .k/. According to

Lemma 2.11(i), Crit1 is a submanifold of T 2 with codim.Crit1 � T 2/ D 2. Therefore, the statement
follows analogously to (ii).
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D 1��(i)

D � � and D � �(ii)

D � � and D � �
� � � �

(iii)

� D �(iv)

Figure 8: Relations for chords moving along the vector field �rE.

Let R WD ZŒ�˙1; �˙1� be the commutative ring over Z, generated by �; ��1; � and ��1 modulo the
relations � � ��1 D � � ��1 D 1. Let C1 be the Z–vector space generated by Crit1.E/ and C0 the
noncommutative R–algebra generated by Crit0.E/, ie � and � commute with each other, but not with any
elements of Crit0.E/. These in turn do not commute at all. In the following we will let flow chords along
the negative gradient �rE. It can happen that a chord converges to a point, intersects the basepoint or
the framing or intersects the knot in its interior. For these cases we define the relations in Figure 8. There
the knot K is drawn in black, the framing K 0 in gray and the chords in red. Analogous to Remark 2.4,
only the relevant parts of the knot are drawn in the pictures. The diagrams each show a small region
of the knot. The first line refers to any contractible chord. In the second, third and fourth relation, the
diagrams agree outside the drawn region. In the fourth line, the first two diagrams show a chord that runs
once over and once under a strand of the knot. At the transition from the first to the second diagram, or
vice versa, with the help of a homotopy, the chord intersects the knot. At this point, the chord is split
into two parts, which is shown in the other two diagrams. All diagrams are to be understood as objects
in three-dimensional space. Therefore, relation (iv) is for example equivalent to the relation shown in
Figure 9.

Assume a chord c 2Wg WD
S
k2Crit1 W

u
g .k/�K�K. If c is split into two parts according to relation (iv)

during the movement along the negative gradient �rEg , both parts and the original chord flow further
along �rEg . Each of these chords may be split again according to relation (iv), and so on.

Lemma 2.22 For a generic function g the following holds for the perturbed function Eg : the recursive
splittings as described above can happen only finitely many times , ie relation (iv) is applied only finitely
many times.

� D �

Figure 9: Equivalent representation of relation (iv).
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Proof (1) Lemma 2.11(iii) implies that there exists a neighborhood U �K �K of the finitely many
chords @S that are tangent to K at one endpoint and an " > 0 with the property that each chord in U \S
decreases in length by more than " under the flow of �rEg before it meets S again, and the same
holds for the longer chord resulting from the splitting according to relation (iv). On the other hand, if
a string s 2 S nU is split at its intersection with the knot, both pieces are shorter than s by at least a
fixed length ı > 0 since s can be neither tangent nor “almost” tangent to K. In total, each piece will be
at least min."; ı/ shorter than the original chord. Since its length is finite, however, only finitely many
intersections can happen (see [2, proof of Proposition 7.14]).

(2) According to Lemma 2.20(i), we have Wg t S for a generic function g. It follows that there exist
only finitely many intersections of Wg with S since Wg is compact. The chords arising from splitting
at these intersections according to relation (iv) are, according to (1), at least min."; ı/ shorter than the
original chords. Let k 2 Crit1. At the first intersection of W u

g .k/ with S , starting from k in one of the
two possible directions, the chord is split into two chords k1 and k2. If k1 lies now on W u

g .k/, nothing
more has to be done, because W u

g .k/ is already transverse to S . Otherwise the trajectory of k1 along
the negative gradient �rEg can be perturbed outside of W u

g .k/ according to Lemma 2.19 such that this
trajectory becomes transverse to S . This is possible because W u

g .k/ and the trajectory of k1 are disjoint
outside the critical points.

The same procedure is used for k2. If k2 is neither on W u
g .k/ nor on the trajectory starting at k1 that

may have been perturbed, we perturb the trajectory starting at k2 with the help of Lemma 2.19 outside of
W u
g .k/ and the trajectory starting at k1 so that it becomes transverse to S .

All other intersections of W u
g .k/ with S are handled in the same way; likewise the unstable manifolds of

all other chords from Crit1.

Since Wg has only finitely many intersections with S , the use of relation (iv) also results in a finite
number of chords. The " from (1) may change due to the necessary perturbations of g. But since the
perturbed function is arbitrarily close to g, the new " is arbitrarily close to the original one. Therefore, it
can be achieved that all resulting chords are still at least min."; ı/ shorter than the original chords.

The newly created chords are now handled in the same way as the unstable manifolds of the critical points,
and the function g may be perturbed accordingly. Since the trajectories of these chords are transverse
to S , they intersect S only finitely many times. This process is continued as long as further intersections
of a trajectory with S occur and relation (iv) is applied. Since each chord has finite length and becomes
shorter at a splitting by at least min."; ı/, this process ends after finitely many steps and the function g
has to be adapted only to finitely many trajectories, which are pairwise disjoint outside the critical points.

All in all: relation (iv) is used only finitely many times.

Now we can show further properties of a generic function Eg :
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Let k 2Crit1. Denote by yW u
g .k/ the “extended” unstable manifold of k, ie all flow lines of chords arising

from the iterative splitting according to relation (iv).

Lemma 2.23 For a generic function g the following holds for the function Eg , the space K �K of
chords and all chords c 2 yW u

g .k/ for all k 2 Crit1:

(i) 'sg.c/ t B , 'sg.c/ t S , and 'sg.c/ t F for s � 0.

(ii) For all s � 0, we have 'sg.c/\@S D∅, 'sg.c/\@F D∅, and 'sg.c/\S2D∅ where S2 is the set
of self-intersections of S .

(iii) For all s � 0, we have 'sg.c/\B \S D∅ and 'sg.c/\F \S D∅.

(iv) c … .B [F [S/.

(v) lims!1 'sg.c/ … Crit1, ie no such chord runs along �rEg to a critical point of index 1.

(vi) c … Critk for k D 0; 1; 2.

Proof The statements (i)–(v) follow analogously to the proofs of Lemmas 2.17 and 2.20, since Crit1 is a
finite set and relation (iv) is applied only finitely many times according to Lemma 2.22.

For (vi), according to Lemma 2.22, the set of all such chords c is a finite set; likewise Critk is finite for
k D 0; 1; 2. Therefore, the statement can be reached by a small perturbation g, analogous to the proof of
Lemma 2.20(ii).

2.2 Representation of knots as closed braids

Every knot can be represented as a closed braid (Livingston [8, Section 7.3]). To define the chord algebra
of a knot, we draw the knot as a closed braid along an ellipse in the following way:

The braid should be positioned in such a way that the binormal chords do not intersect the knot in their
interior. This can be achieved by arranging the strands of the braid one above the other, ie from the
drawing plane, with each strand being placed above a slightly larger ellipse than the one below. In addition,
the strands should have a very small distance from each other. This ensures that no unwanted binormal
chords are created that run from the area of the crossings of the knot to “opposite” strands. In order to be
able to distinguish the strands in the diagram well, however, they are drawn with larger distance. They
are also numbered from the outside to the inside.

By an arbitrarily small perturbation it can be achieved that the torsion vanishes only at finitely many
points.

All crossings of the knot are drawn in a quarter of the ellipse so that they lie between two endpoints of
the main axes. In the remaining three quarters the strands run parallel to each other. In Figure 10 this is
shown by the example of the right-handed trefoil knot, equipped with the Seifert framing. The knot is
drawn in black and the framing in gray.

Algebraic & Geometric Topology, Volume 24 (2024)



2988 Andreas Petrak

1

2

i

i

j

j

s

S
m

M

�

li;j

ki;j

Figure 10: Critical points of the function E on the right-handed trefoil.

The nontrivial binormal chords are, as is easy to see, the chords that run parallel to the main axes of the
ellipse, as well as the very short chords that connect the strands together. However, the way of drawing
the knot produces a one-dimensional critical submanifold for the latter. By a small perturbation of the
knot this can be cleared up in such a way that exactly two critical points arise, one of the index 0, marked
with s, and one of the index 1, marked with S . In addition, if there are more than two strands, there may
be other short binormal chords between the strands in the area of the crossings. In the case of more than
two strands, they are placed in such a way that the arrangement as shown in Figure 11 is achieved. This
guarantees that the very short chords connecting the strands do not intersect the knot in their interior.
To ensure that no binormal chord intersects the framing, a small perturbation of the framing may be
necessary. Another small perturbation of the framing may be necessary to satisfy the conditions listed in
Remark A.1 (these conditions are necessary for the proof of Lemma 2.14).

The trivial binormal chords are all points on the diagonal of K �K, ie chords which start and end at the
same point on K. As mentioned in Remark 2.12(i), the energy function is perturbed such that we get
exactly two critical points along the diagonal: one minimum, denoted by m (which has Morse index 0),
and one maximum, denoted by M (which has Morse index 1).

1

2

3

1

2

3

n� 1
n

n� 1
n

Figure 11: Arrangement of n strands in the cross section.
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Figure 12: Critical points in K �K for the knot K in Figure 10. Left: labeling of the critical
points. Right: gradient flow �rE.

In Figure 10 the critical points, ie the binormal chords, are distinguished by color:

� Critical points of index 0 are marked green, in this example m and s.

� Critical points of index 1 are marked red. Here, M , S and the chords labeled with ki;j . The
indexing means that the chord runs from strand i to strand j . In order to determine on which
strand an endpoint of the chord lies, one moves, starting from this endpoint, along the knot until
one reaches the numbering of the strands. The yellow mark must not be exceeded. The numbering
is therefore unique.

� Critical points of index 2 are marked blue, here li;j . These are only mentioned for the sake of
completeness and will not be required further.

Since the knot K is parametrized by 
 , we get a canonical orientation of the knot, which is marked by
an arrow. The position of the basepoint is chosen as shown in Figure 10. This choice ensures that no
binormal chord has the basepoint as its start or endpoint.

Each chord c D .s; t/ 2K �K can also be assigned an orientation as described above: c is oriented from
s to t . If we consider the orientation, all chords that are not on the diagonal of K�K occur in pairs: once
with orientation in one direction and once with reverse orientation. In order to indicate the orientation of
a chord in its labeling, another index is introduced, which is noted in the upper right of the name. Denote
by cs D .s0; t / the chord c for which s0 < t holds, and by ct D .s; t 0/ the chord c with t 0 < s. For example,
in Figure 10 ks1;1 is the longest chord of index 1 with orientation from top to bottom. This indexing is not
necessary for points on the diagonal of K �K, because then we have s D t , the corresponding chords
have vanishing length and occur only once.
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M

K �K

ks1;1

Figure 13: Wrong position of M .

Figure 12 shows the same critical points as Figure 10, but here their positions are shown on K �K Š T 2.
On the left side the critical points are labeled with their names. The arrows on the right indicate the
direction of the gradient flow of the function E.

The figure shows that the position of M on the diagonal can be chosen almost arbitrarily: M must not
be chosen in such a way that the gradient flow of a critical point of index 1 runs in the direction of M ,
as shown in Figure 13. If M is placed as shown in Figure 13, the Smale condition is not satisfied (see
Audin and Damian [1, Section 2.2.b]).

S is positioned analogously.

For all other critical points the Smale condition is satisfied because the unstable manifolds of points of
index 2 and the stable manifolds of points of index 0 are already two-dimensional. So the tangent spaces
at these manifolds are two-dimensional and the transversality is ensured.

Thus, �rE represents a gradient field that satisfies the Smale condition.

2.3 Definition of the cord algebra

Before defining the cord algebra of K, we will first define a map yD W .K �K/ nA! C0, where the
exceptional set A � K �K contains all points c 2 K �K that satisfy at least one of the following
properties:

(1) c 2 Crit2.E/[
�S

k2Crit1.E/W
s.k/

�
[Crit0.E/,

(2) c 2 .S [F [B/,

(3) 's.c/ =t B; 's.c/ =t F , or 's.c/ =t S for s � 0,

(4) 's.c/\ @S ¤∅; 's.c/\ @F ¤∅, or 's.c/\S2 ¤∅ for s � 0,

(5) 's.c/ 2 S for an s > 0 and one of the properties (1) to (4) is true for one of the chords resulting
from (possibly multiple) splitting according to relation (iv).

So now we can define the map yD as

yD W .K �K/ nA! C0; c 7! @.c/C ı.c/:
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Figure 14: Movement of c1 along the gradient flow.

The two maps @ and ı are described below:

First, let @ be the map

@ W .K �K/ nA! C0; c 7!
X

d2Crit0.E/

n.c; d/�˛1�ˇ1d�˛2�ˇ2 ;

where

� n.c; d/ 2 f0; 1g is the number of trajectories along the vector field �rE from c to d ;

� ˛1; ˛2; ˇ1; ˇ2 2Z are such that the intersections with the framing or the basepoint occurring during
the movement of the chord c along �rE are taken into account according to relations (ii) or (iii),
respectively.

The map @ is well defined since each point c 2 .K�K/nA lies on exactly one trajectory along the vector
field �rE. This trajectory ends at a critical point of index 0, so there is exactly one d 2 Crit0.E/ with
n.c; d/D 1, and we have n.c; d/D 0 for all other d 2 Crit0.E/. The exponents ˛1, ˛2, ˇ1 and ˇ2 are
uniquely determined by the relations (ii) and (iii).

To illustrate the procedure for determining @.c/ for a chord c 2 .K �K/ n A, we will consider two
examples. The movement of the chord along the gradient flow is indicated by the orange arrows in the
figure.

Example 2.24 We want to determine @.c1/ with c1 as in Figure 14. During its movement, the chord
neither intersects the basepoint nor the framing and ends atm, so it is contractible. According to relation (i),
we get

@.c1/D 1��:

Example 2.25 In the second example we want to determine @.c2/ with c2 as in Figure 15. The movement
of the chord is again indicated by orange arrows. As can be seen from the figure, the chord first intersects
the framing at its endpoint, which results in a multiplication by � from the right according to relation (ii),
and then at its starting point (results in multiplication by ��1 from the left). Then the endpoint of the
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Figure 15: Movement of c2 along the gradient flow.

chord crosses the basepoint in the direction of the orientation of the knot, which, according to relation (iii),
yields a contribution of ���1. At the crossings of the knot, the chord first intersects the framing twice at
its endpoint (yields ���2), then twice at its starting point (yields �2�), and finally twice at its endpoint
(yields ���2). Then the chord runs without further intersections to the chord st of index 0. So, in total,

@.c2/D �
2��1st���1��2��2 D �st��1��3

because � and � commute with each other, but not with st .

We now discuss the map ı. When determining @.c/ for a chord c 2 .K �K/ nA it may happen that the
chord intersects the knot K in its interior during the movement along the gradient flow. Let P be the set
of all these intersections. According to relation (iv), at each p 2 P the chord is split into two chords, cp;1
and cp;2, which are multiplied by each other. Since the algebra C0 is not commutative, the order of the
factors must be chosen according to the orientation of c. Let cp;1 be the first and cp;2 be the second part
in the direction of the orientation of c. Then we determine yD.cp;1/ and yD.cp;2/. Now we can define the
map ı recursively:

ı W .K �K/ nA! C0; c 7!
X
p2P

sign.c; p/�˛1.p/�ˇ1.p/ yD.cp;1/ yD.cp;2/�˛2.p/�ˇ2.p/;

where

� ˛1.p/; ˛2.p/; ˇ1.p/; ˇ2.p/ 2 Z are analogous to the above definition such that the intersections
with the framing or the basepoint occurring during the movement of the chord c along �rE up to
the point p are taken into account according to the relations (ii) and (iii), respectively, and

� sign.c; p/ 2 f�1; 1g is the sign in front of the product of the resulting chords obtained by applying
relation (iv) to the chord c at the intersection point p.

Remark 2.26 When splitting c into the chords cp;1 and cp;2 the exact position of the framing relative to
the two chords, as shown in relation (iv), must be taken into account. For this it may be necessary to
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Figure 16: Determination of ı.c2/.

bend the framing a little bit in one direction. Then the framing is brought back to its original position,
and one of the parts cp;1 or cp;2 is intersected and multiplied by � or ��1 from left or right according to
relation (ii).

The map ı is well defined:

� When determining yD.c/ for a chord c 2 .K �K/ nA relation (iv) is applied only finitely many
times according to Lemma 2.22. Thus, both the sum and the recursion depth are finite.

� The way in which the exceptional set A is constructed prevents the resulting chords from being in
A when a chord is split according to relation (iv).

Example 2.27 We look again at c2 from Figure 15 to determine ı.c2/. Together with the result from
Example 2.25 we get yD.c2/. If c2 is moved along the negative gradient, there is a single intersection with
the knot in the interior of the chord at point p. There relation (iv) is applied and the chord is split into
c2;p;1 and c2;p;2, as shown in Figure 16. The position of the framing relative to the chord c2;p;2 results
from the representation of relation (iv) in Figure 9. This figure also shows sign.c2; p/D�1. According
to Example 2.25, we get ˛1.p/D ˛2.p/D 0 because the chord c2 does not cross the basepoint before
reaching the point p, and with relation (ii) we get ˇ1.p/D�1; ˇ2.p/D 1 because the chord intersects
the framing once at its starting point and once at its endpoint. Thus, we get

ı.c2/D��
�1 yD.c2;p;1/ yD.c2;p;2/�

and we have to determine yD.c2;p;1/ and yD.c2;p;2/:

The chord c2;p;1 intersects the framing once at its starting point and twice at its endpoint, but not the
basepoint or the knot in its interior, and then runs to the chord st . Thus, the application of relation (ii)
results in

yD.c2;p;1/D �s
t��2:

For the chord c2;p;2 we get, according to the relations (i), (ii) and (iii),

@.c2;p;2/D �
�1.1��/��1��1 D ��1��2���1��1
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Figure 17: Determination of ı.c2;p;2/.

and we get an intersection of the chord with the knot in its interior at the point q. There the chord is split
into the parts c2;p;2;q;1 and c2;p;2;q;2 as shown in Figure 17. Since these two chords have no intersections
with the knot in their interior during their movement along the gradient flow, we get

ı.c2;p;2/D��
�1 yD.c2;p;2;q;1/ yD.c2;p;2;q;2/

D���1.��2ss��2/.�2st��2��2��1/D��2ssst��1��4:

Now we can determine ı.c2/:

ı.c2/D��
�1 yD.c2;p;1/ yD.c2;p;2/�

D���1.�st��2/.��1��2���1��1��2ssst��1��4/�

D�st��1��3C st��1��2C stssst��1��3:

Together with the result from Example 2.25, we get

yD.c2/D @.c2/C ı.c2/D �s
t��1��3� st��1��3C st��1��2C stssst��1��3:

This example clearly shows that even for simple knots K determining yD.c/ for a chord c 2 .K �K/ nA
can be laborious and has to be done very carefully.

To define the cord algebra of a knot K, we first choose two points kC; k� 2W u.k/ for each critical point
k 2 Crit1.E/ as follows:

We move k a little bit in the direction of its unstable manifold. Choose a point kC near k such that none
of the sets S , F , and B intersect the unstable manifold of k between k and kC. Analogously choose k�
on the other side of k. Examples to illustrate the choice of kC and k� are shown in Figure 18, on the
left-hand side as chords on the knot and on the right-hand side as points in K �K.

Now we define the linear map D on generators:

D W C1! C0; k 7! yD.kC/� yD.k�/:

Note that D is well defined up to a sign, since the roles of kC and k� can be interchanged. But this is not
a problem for the definition of the cord algebra as we will see in Remark 2.31.
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Figure 18: Choice of kC and k�.

Example 2.28 We want to determine D.ks1;1/ for the chord ks1;1 of the right-handed trefoil knot as in
Figure 10. As can easily be seen, .ks1;1/C can be chosen as the chord c1 in Figure 14 and .ks1;1/� can be
chosen as the chord c2 in Figure 15. With the above results we get

D.ks1;1/D
yD.c1/� yD.c2/D 1����s

t��1��3C st��1��3� st��1��2� stssst��1��3

because the chord c1 does not intersect the knot in its interior during its movement along the negative
gradient.

Remark 2.29 On the diagonal of K �K there are exactly two critical points, m of index 0 and M of
index 1 (see Remark 2.12). Both sides of the unstable manifold of M , which corresponds to the diagonal
� in K �K, end at m. According to relation (i), we have mD 1��. To determine D.M/, we select
MC and M� as shown in Figure 19. Since the set S does not intersect the diagonal, we get

ı.MC/D ı.M�/D 0:

But the diagonal intersects B and possibly F . When determining @.M˙/ the relations (ii) and (iii) must
therefore be taken into account. Since the starting point and the endpoint of the chord M coincide, both
intersect the basepoint and the framing. In the example of Figure 19 the following therefore holds:

@.MC/D �.1��/�
�1
D 1��

and, depending on the exact course of the framing (ie depending on how relation (ii) is applied),

@.M�/D �.1��/�
�1
D 1�� or @.M�/D �

�1.1��/�D 1��:

The same result is obtained if the diagonal intersects the set F several times.

These considerations are independent of the concrete knot. Therefore, we get that in total the following
holds for all knots:

D.M/D yD.MC/� yD.M�/D .1��/� .1��/D 0:

By an analogous consideration we get for a chord c, whose trajectory runs close enough to the diagonal
and ends at m (see Figure 19); also here both start and endpoint of the chord intersect the basepoint or
the framing if at all such an intersection takes place. Therefore, @.c/D 1�� follows here as well.
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Figure 19: Determination of D.M/.

If the trajectory of a chord runs close enough to the diagonal in K �K, the further intersections of this
trajectory with B and F can be ignored.

Now we can define the cord algebra of a knot:

Definition 2.30 Let K �R3 be a generic oriented knot, equipped with a Seifert framing and a basepoint.
The cord algebra of K is

Cord.K/ WD C0.K/=IK ;

where IK D hD.C1.K//i � C0.K/ is the two-sided ideal generated by the image of C1.K/ under the
map D.

Remark 2.31 As mentioned before, D is well defined up to a sign. But as can be seen in Definition 2.30,
we get the same result in the quotient, regardless of which chord we designate with kC and k�. Therefore,
the cord algebra of a knot is well defined.

2.4 Change of framing

In the definition of the cord algebra the knot K is equipped with the Seifert framing. However, the
determination of D.C1.K// is more convenient if a framing � is used instead of the Seifert framing such
that the associated set K 0 is a vertically shifted copy of K. For this purpose the strands of the knot are
arranged one above the other and each strand is drawn over a slightly larger ellipse than the one below as
described above. Then K 0 as a copy of K can be moved vertically upwards by an " > 0 which is small
enough such that the strip spanned by K and K 0 has no self-intersections. For each s 2 S1 then �.s/ is the
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Figure 20: Blackboard framing.

unit normal vector pointing from the origin of the normal plane N.s/ in the direction of the intersection
of N.s/ with K 0. In the diagram, however, the framing is drawn slightly outside the corresponding strand
in order to clearly distinguish it from the strand. Such a framing is called a blackboard framing. In
Figure 20 the right-handed trefoil knot with the blackboard framing is shown on the left side; on the right
side a section through the knot from A to B with view direction in the direction of the arrow. This kind
of representation ensures that the chords corresponding to critical points in K �K do not intersect the
framing.

Using this framing we can now determine D.C1.K// as described above. However, the following
adjustments will have to be made in order to get the cord algebra with respect to the Seifert framing:

To change the framing, n additional windings of the framing around the knot K are added. If we look in
the direction of the orientation of the knot, these additional windings run in a mathematically positive
or negative direction (ie counterclockwise or clockwise, respectively) around the knot and are taken
into account with a sign C1 or �1, respectively. So we have n 2 Z. If we have determined D.C1.K//
for a framing K 01, we get D.C1.K// for a framing K 02 by applying various transformations. The first
transformation is � 7! ��n, where n is the number of additional windings, with sign, of K 02 compared
to K 01 (see [2, after Remark 2.3]). This results from the following consideration: the additional windings
will first be added near the basepoint; thus, when crossing the basepoint each chord gets the factor �˙n

according to relation (ii) in addition to the factor �˙1 according to relation (iii).

These additional windings change the linking number of the knot and its framing and we get

lk.K;K 02/D lk.K;K 01/�n

since the addition of a winding in the positive direction around the knot creates two additional left-handed
crossings, and thus decreases the linking number by 1. Let K 01 DK

0
b

be the blackboard framing of the
knot K and K 02 DK

0
S be the Seifert framing. Then we have nD lk.K;K 0

b
/ since lk.K;K 0S /D 0. Thus,

the first transformation is given by
� 7! ��lk.K;K0

b
/:
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Figure 21: Changing from the blackboard framing to the Seifert framing in the example of the
right-handed trefoil knot.

We want to achieve a Seifert framing which is obtained by the Seifert algorithm (for example see Figure 21,
bottom right). In the final step of the Seifert algorithm, the Seifert circles are connected by twisted bands.
So we shift the added windings along the knot such that these windings match the twisted bands. It
can happen that one of these windings intersects a generator of C0.K/ at its start or endpoint. These
intersections must now be taken into account in further transformations according to relation (ii), as
explained in the following example.

Example 2.32 For the right-handed trefoil knot K we have lk.K;K 0
b
/D 3. Thus, the first transformation

is
� 7! ��3:

If the three windings of the framing added in the neighborhood of the basepoint are moved to the correct
places, ie to the crossings of the knot, one of these windings intersects the chord s during the movement,
ie the chords ss and st if the orientation is taken into account; see Figure 21. According to relation (ii),
the further transformations are

ss 7! ��1ss; st 7! st�:

Remark 2.33 The blackboard framing may have to be changed by a small perturbation in such a way
that the assumptions of Remark A.1 for a generic framing are satisfied.
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2.5 Examples: unknot and right-handed trefoil

Example 2.34 First, we want to determine the cord algebra of the unknot U . We draw the unknot with
the blackboard framing and choose a basepoint as shown in Figure 22. Let RD ZŒ�˙1; �˙1� be the ring
as described above. The critical points of index 0 and 1, and thus C0 and C1, can be easily determined
from the figure:

C0 D hmiR
rel. (i)
D h1��iR DR; C1 D hM;k

s; kt iZ:

Since the two nontrivial chords of index 1, ks and kt , when moving along the gradient flow, intersect
neither the framing nor the knot in their interior, relations (ii) and (iv) need not be considered. The image
of C1 under D is therefore very easy to determine:

D.M/D 0 (see Remark 2.29);

D.ks/D 1��� .1��/��1;

D.kt /D�.1��/C�.1��/;

No transformation is necessary at the transition to the Seifert framing. Thus, in the quotient C0=I , where
I D hD.C1/i is the two-sided ideal generated by C1 under the map D, we get the only relation

.�� 1/.�� 1/D 0

and hence

Cord.U /D ZŒ�˙1; �˙1�=..�� 1/.�� 1//:

Example 2.35 To determine the cord algebra of the right-handed trefoil (also called Torus.3; 2/), the
knot is equipped with the blackboard framing and a basepoint is chosen; see Figure 23. The critical points
of index 0 and 1 can be determined from the figure. As before, RD ZŒ�˙1; �˙1�. We get

C0 D hm; s
s; st iR; C1 D hM;S

s; S t ; ks1;1; k
t
1;1; k

s
1;2; k

t
1;2; k

s
2;1; k

t
2;1; k

s
2;2; k

t
2;2iZ:

U

U 0

k

m
M

�

Figure 22: The unknot equipped with the blackboard framing.
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Now we can get the image of C1 under the map D by applying D to the generators of C1:

D.M/D 0 (see Remark 2.29);

D.S s/D�ssC�st��1��1��1 D�ssC�st��1��2;

D.S t /D�st C���ss��1 D�st C��2ss��1;

D.ks1;1/D .1��/�
�
��st��1��1��1��st��1��1..1��/��1���ss��1��1��st��1��1��1/

�
D 1����2st��1��2C�st��1��2��st��1��1��stssst��1��2;

D.kt1;1/D�.1��/C���s
s��1��1C .�.1��/C���ss��1��1�st��1��1/�ss��1

D�1C�C��2ss��2C��ss��1���2ss��1C��2ss��1st��1ss��1;

D.ks1;2/D��s
s
C .1��/C .��st��1��1C .1��/�st��1��1/�ss��1 D��ssC 1��C�st��1ss��1;

D.kt1;2/D s
t��1�

�
.1��/��st��1��1.��ss��1��1���ss��1��1.1��//

�
D st��1�1C�C�stss��1;

D.ks2;1/D �s
s
�
�
.1��/��1���ss��1��1��st��1��1��1

��ss��1
�
��st��1��1��1��st��1��1..1��/��1���ss��1��1��st��1��1��1/

��
D �ss ���1C��1�C�2ssst��1��2C�ss�st��1��2

��ssst��1��2C�ssst��1��1C�ssstssst��1��2;

D.kt2;1/D�s
t��1C�.1��/C���ss��1��1�st��1��1

C
�
���ss��1��1C .�.1��/C���ss��1��1�st��1��1/�ss��1

�
st��1

D�st��1C����C��2ss��1st��2C��2ss��2st��1C��ss��1st��1

���2ss��1st��1C��2ss��1st��1ss��1st��1;

D.ks2;2/D .1��/�
�
��ss��1��1���ss��1��1.1��/

��ss��1
�
.1��/��st��1��1.��ss��1��1���ss��1��1.1��//

��
D 1����2ss��1C�ss��1��ss ��ssstss��1;

D.kt2;2/D�.1��/C��s
t��1��1C .1��/�st��1��1

C
�
.1��/C .��st��1��1C .1��/�st��1��1/�ss��1

�
st��1

D�1C�C�st��2C st��1��st��1C�st��1ss��1st��1:

According to Example 2.32, the transformations to change from the blackboard framing to the Seifert
framing are

� 7! ��3; ss 7! ��1ss; st 7! st�:

If these transformations are applied to the above results, the formulas for D.Ss/, D.S t /, D.ks1;2/ and
D.kt1;2/ in the quotient C0=hD.C1/i result in the equations

���1ssC�st��1��4 D 0;(2-1)

�st�C��4ss��1 D 0;(2-2)
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Figure 23: The right-handed trefoil equipped with the blackboard framing.

�ssC 1��C�st��1ss��1 D 0;(2-3)

st � 1C�C�stss��1 D 0:(2-4)

Therefore,

(2-1) () st D ��2ss��4(2-5)

(2-2) () st D ��4ss��2(2-6)

In the quotient only one generator exists because st can be expressed by a term with ss . For simplicity, in
the following we denote ss by s. If we now eliminate st from (2-5) and (2-6), we get

s��6 D ��6s:

We put (2-6) into (2-3) and (2-4) and get the relations

1��� sC��5s��3s��1 D 0; �1C�C��4s��2C��5s��2s��1 D 0:

If the transformations are applied to the remaining results from D.C1/, the resulting equations do not
yield new relations. All in all,

Cord.Torus.3; 2//DhsiR=.s��6���6s;1���sC��5s��3s��1;�1C�C��4s��2C��5s��2s��1/:

3 The cord algebra as a knot invariant

The cord algebra in its original definition, as explained at the beginning of Section 2, is a knot invariant [2,
Remark 2.22]. Now we will prove that the cord algebra in our definition using Morse theory is also a
knot invariant. So we have to show that for generic knots K0 and K1 for which there exists a smooth

Algebraic & Geometric Topology, Volume 24 (2024)



3002 Andreas Petrak

isotopy .Kr/r2Œ0;1� of knots,
Cord.K0/Š Cord.K1/:

So let K0 and K1 be two knots that are connected by a smooth isotopy .Kr/r2Œ0;1� of knots. For all
r 2 Œ0; 1� let 
r W Œ0; Lr �! R3 be an arclength parametrization of Kr such that the map r 7! 
r.0/ is
continuous. Let 
r.0/ be the basepoint of Kr . Thus, the set B D .S1�f0g/[.f0g�S1/� T 2ŠKr �Kr
is the same for all Kr . Denote by Sr �Kr �Kr and Fr �Kr �Kr the sets S and F , respectively, with
respect to the knot Kr . Likewise, let Er WKr �Kr !R, .x; y/ 7! 1

2
jx�yj2, be the energy function with

respect to the knotKr , letXr WKr�Kr!R2, .s; t/ 7!�rEr.s; t/, be the associated gradient vector field
on Kr �Kr , let 'sr be the flow of Xr , and let W s

r .kr/ and W u
r .kr/ be the stable and unstable manifold,

respectively, of a critical point kr of the function Er . Furthermore, let yDr W .Kr �Kr/ nAr ! C0.Kr/

and Dr W C1.Kr/! C0.Kr/ be the maps belonging to Kr , where Ar �Kr �Kr is the exceptional set
belonging to Kr .

3.1 Preparations for the proof of Theorem 1.1

First, we need that only finitely many knots in this isotopy are nongeneric. These finitely many knots
each violate exactly one of the properties shown in Lemmas 2.17, 2.20 and 2.23 for generic knots or at
these knots pairs of critical points appear or disappear. This statement is formulated in the following
lemma. This lemma can be proven by extending the arguments used in the lemmata mentioned above to
1–parameter families of knots and energy functions.

Lemma 3.1 For a generic smooth isotopy .Kr/r2Œ0;1� of knots , where K0 and K1 are generic , the
following holds:

(i) Kr is generic for all r 2 Œ0; 1� n fr1; : : : ; rng for an n 2N and for fr1; : : : ; rng � Œ0; 1�.

(ii) For i 2 f1; : : : ; ng the knot Kri is generic except for the occurrence of exactly one of the following
phenomena:

(1) W u
ri
.k/ =t B for a critical point k of index 1, and W u

ri
.k/ is tangent to B at most of order 1.

(2) W u
ri
.k/ =t Sri for a critical point k of index 1, and W u

ri
.k/ is tangent to Sri at most of order 1.

(3) W u
ri
.k/ =t Fri for a critical point k of index 1, and W u

ri
.k/ is tangent to Fri at most of order 1.

(4) W u
ri
.k/\@Sri ¤∅, and thus W u

ri
.k/\@Fri ¤∅ according to Lemma 2.14, for a critical point

k of index 1.

(5) W u
ri
.k/\S2;ri ¤∅ for a critical point k of index 1, where S2;ri � Sri is the set of chords that

intersect the knot Kri twice in their interior.

(6) W u
ri
.k/\B \Sri ¤∅ for a critical point k of index 1.

(7) W u
ri
.k/\Fri \Sri ¤∅ for a critical point k of index 1.

(8) k 2 B for a critical point k of index 0 or 1.

(9) k 2 Sri for a critical point k of index 0 or 1.

(10) k 2 Fri for a critical point k of index 0 or 1.
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(11) There exists a trajectory between two critical points of index 1 along the vector field �rEri .

(12) One of the cases (1) to (10) holds for a chord which is generated by the application of re-
lation (iv) (where in the statements (1) to (7) the unstable manifolds are to be replaced by
trajectories along the vector field �rEri , starting at this chord ).

(13) A chord which is generated by the application of relation (iv) runs along the vector field �rEri
to a critical point of index 1.

(14) Creation/cancellation of a pair of critical points of index 0 and 1 or of index 1 and 2.

Remark 3.2 In this 1–parameter family of gradient vector fields only degenerations of birth-death type
occur (see Cieliebak and Eliashberg [3, Lemma 9.7]). Therefore, case (ii)(14) is the only one dealing
with degeneracies of the family of vector fields.

To show that the cord algebra is a knot invariant, we first need the following lemma:

Lemma 3.3 For a generic knot K the following holds:

Let q 2 .K �K/ nA, where A is the exceptional set defined at the beginning of Section 2.3. Then there
exists an open neighborhood V �K �K of q with yD.x/D yD.q/ for all x 2 V .

Proof Since K is generic, all properties from Lemmas 2.17, 2.20 and 2.23 are satisfied.

There exist only finitely many critical points of index 0. Denote these by g1; : : : ; gn for an n 2N.

Then there exist "1; : : : ; "n > 0 such that for all i D 1; : : : ; n,

lim
s!1

's.x/D gi for all x 2 B2"i .gi /;(3-1)

B2"i .gi /\ .S [B [F /D∅:(3-2)

We can achieve (3-1) since dimW s.gi /D 2, and (3-2) can be achieved since gi … .S[B[F / (according
to Lemma 2.17) and this is an open condition.

Since yD.q/2C0.K/ according to the assumption, we have q 2W s.giq / for an iq 2 f1; : : : ; ng. Therefore,
a Tq � 0 exists with

'Tq .q/ 2 B"iq .giq /:

The solution of a differential equation depends continuously on the initial conditions. So,

(3-3) 8T <1 8" > 0 9 ı.T; "/ > 0 8x 2K �K 8s 2 Œ0; T � jx� qj< ı D) j's.x/�'s.q/j< ":

Choose T D Tq and "D "iq . Then, according to the statement (3-3), there exists a ıq > 0 such that, for
all x 2 Bıq .q/,

(3-4) 'Tq .x/ 2 B2"iq .giq /:

So far, we’ve shown that each x 2 Bıq .q/ flows along the vector field X D �rE to the same critical
point of index 0 as q, namely to giq .

To prove the lemma, we have to consider the four relations that we need to determine D.q/:
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Relation (i): Due to the properties (3-1) and (3-4) relation (i) does not lead to different results when
determining yD.x/ for all x 2 Bıq .q/.

Relation (ii): Let Fq WD fx 2 F W 9T > 0 W 'T .q/ D xg. Since K is generic, we have 's.q/ t F and
jFqj<1. So let Fq D ff1; : : : ; fmF g for an mF 2N0. For j D 1; : : : ; mF let Tfj be the time for which
'Tfj .q/D fj . Because of 's.q/ t F , there exists an "F > 0 with the following properties:

(i) For all j D 1; : : : ; mF and all x 2 Bıq .q/ there exists at most one Tj;x > 0 such that

(3-5) 'Tj;x .x/ 2 B"F .fj /\F;

ie the trajectory starting at x intersects F in B"F .fj / at most once.

(ii) For all x …
�SmF

jD1 B"F .fj /
�
\F ,

(3-6) min
s2R
j's.q/� xj< "F D) x … F;

ie outside of B"F .fj /, F is no closer than "F to the trajectory starting from q.

For all j D 1; : : : ; mF there exists, according to statement (3-3) with T D Tfj and " D "F , a ıfj > 0
such that for all x 2 Bıfj .q/,

'
Tfj .x/ 2 B"F .fj /:

So after reducing ıfj if necessary, for all x 2 Bıfj .q/,

's.x/ 2 B"F .fj /\F for an s > 0:
Let ıF WDminj ıfj .

Relation (iii) can be treated analogously to relation (ii). With a corresponding notation (B instead of F
and b instead of f ) we get ıB WDminj ıbj .

Relation (iv): Let Sq WD fx 2 S W 's.q/D x for an s > 0g � K �K. According to Lemma 2.22, there
exist only finitely many intersections of 's.q/ and S , ie jSqj <1. So let Sq D fq1; : : : ; qmS g for an
mS 2N0. For all qj 2 Sq let Tqj > 0 be the time for which 'Tqj .q/D qj . Let S2 � S be the (according
to Lemma 2.11(ii) finite) set of self-intersections of S , ie the set of chords that intersect K twice in their
interior.

Then there exists an "S > 0 such that for all j D 1; : : : ; mS ,

B"S .qj /\ @S D∅;(3-7)

B"S .qj /\S2 D∅;(3-8)

for all x 2 Bıq .q/, there exists at most one Tj;x > 0 such that 'Tj;x .x/ 2 B"S .qj /\S;(3-9)

for all x …
� mS[
jD1

B"S .qj /
�
\S , we have min

s2R
j's.q/� xj< "S D) x … S:(3-10)

Such an "S exists since

(i) Sq \ @S D∅,
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x

x1

x2

Figure 24: Splitting of a chord according to relation (iv).

(ii) Sq \S2 D∅,

(iii) 's.q/ t S ,

(iv) 's.q/\S D Sq and 's.q/ t S .

and (i)–(iii) are open conditions.

Therefore, the following holds for j D 1; : : : ; mS : according to statement (3-3) with T D Tqj and "D "S ,
there exists a ıqj > 0 such that, for all x 2 Bıqj .q/,

'
Tqj .x/ 2 B"S .qj /:

Let ıS WDminj ıqj .

Every x 2 S nS2 splits according to relation (iv) in two chords x1 and x2 — see Figure 24 — and we can
see that

� x1 has the same starting point as x,

� x2 has the same endpoint as x,

� the endpoint of x1 is the starting point of x2.

Now consider the maps
‰1 W S nS2!K �K; x 7! x1;

‰2 W S nS2!K �K; x 7! x2:

For j D 1; : : : ; mS , let

‰q1
j
WD‰1.B"S .qj /\S/; ‰q2

j
WD‰2.B"S .qj /\S/;

which are well defined since B"S .qj /\ S2 D ∅. In addition, they are connected sets, since the sets
B"S .qj /\S are connected, the above observation concerning the start and endpoints of x1 and x2 holds,
and K is smooth. See also Figure 25.
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L00

K0 �K0
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1
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t2j D tj
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1
j t1j D s

2
j

qj

q1j

q2j

B"S .qj /

S

‰
q1
j

‰
q2
j

Figure 25: Splitting of chords according to relation (iv).

Now consider the sets ‰q1
j

and ‰q2
j

under the gradient flow analogous to the consideration of Bıq .q/
under the gradient flow where q1j D‰1.qj / and q2j D‰2.qj /, respectively, take the role of q. Again, the
relations (i) to (iv) must be taken into account. Thus, for i D 1; 2 and j D 1; : : : ; mS we get, analogous
to the above considerations,

� ıqi
j
;F such that for all x 2 Bıqi

j
;F
.qij /\‰q

i
j

, we have that 's.x/ and 's.qij / intersect the set F
for s � 0 so that relation (ii) produces the same result with respect to �˙1;

� ıqi
j
;B such that for all x 2 Bıqi

j
;B
.qij /\‰q

i
j

, we have that 's.x/ and 's.qij / intersect the set B
for s � 0 so that relation (iii) produces the same result with respect to �˙1;

� ıqi
j;ki

for ki D 1; : : : ; miS , with miS 2N, where qi
j;ki

denote the intersections of 's.qij /, for s � 0,
with S , such that for all x 2 Bıqij;ki .q

i
j /\‰q

i
j

, 's.x/ intersects S in an "iS–neighborhood of qi
j;ki

exactly once, but not within an "iS–tube around 's.qij / outside these neighborhoods.

According to Lemma 2.22, this process ends after finitely many steps.

For i D 1; 2 let Oıqi
j
WDminfıqi

j
;F ; ıqi

j
;B ; ıqi

j
;1; : : : ; ıqi

j
;miS
g. Let "qi

j
> 0 be such that

B"
qi
j

.qj /\S �‰
�1
i

�
B Oı

qi
j

.‰i .qj //\‰qi
j

�
:

We next prove that ‰1 and ‰2 are injective. Suppose ‰1 is not injective. Then there exist x; y 2 S nS2
with x ¤ y and ‰1.x/D‰1.y/, ie x1 D y1. Thus, x and y have the same starting point and a common
intersection point with the knot in their interior. But since x¤ y, there are only the two possible positions
shown in Figure 26. It follows that x 2 S2 or y 2 S2, but this contradicts the definition of ‰1. Similarly,
the injectivity of ‰2 can be shown.
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x

y x

y

Figure 26: Possible positions of the chords x and y.

We get ‰�1i
�
B Oıqi

j
.‰i .qj //\‰qi

j

�
� B"S .qj / by the definition of ‰qi

j
and the injectivity of ‰1 and ‰2,

and thus B"qi
j
.qj /\S � B"S .qj /.

According to statement (3-3) with T DTqj and "D "qi
j

, there exists a ıqi
j
>0 such that for all x 2Bı

qi
j

.q/,

'
Tqj .x/ 2 B"

qi
j

.qj /:

The same procedure is used for all intersections qi
j;ki

, for i D 1; 2; j D 1; : : : ; mS and ki D 1; : : : ; miS ;
the ı’s obtained thereby having to be pulled back by multiple applications of ‰�1i and statement (3-3)
into the set Bıq .q/.

In total we get the finite set �D fıq; ıq1 ; : : : ; ıqmS ; ıq11 ; : : : ; ıq1mS
; ıq21

; : : : ; ıq2mS
; : : :g. Let ı WDmin�

and V WD Bı.q/. Then we have yD.x/D yD.q/ for all x 2 V because of the properties (3-1) and (3-2) and
the construction of ı.

3.2 Proof of Theorem 1.1

Now we can prove the main result of this paper.

Proof of Theorem 1.1 We consider a generic smooth isotopy .Kr/r2Œ0;1� of knots where K0 and K1
are generic, and want to show that Cord.K0/Š Cord.K1/. Therefore, we will look at all the cases listed
in Lemma 3.1. Since there are, according to Lemma 3.1, only finitely many nongeneric knots during this
isotopy, we can simplify notation by considering a generic isotopy .Kr/r2Œ�";"�; " > 0, such that

� in case (i) of Lemma 3.1 Kr is generic for all r 2 Œ�"; "�;

� in case (ii) of Lemma 3.1 Kr is generic for all r 2 Œ�"; "� n f0g and K0 satisfies exactly one of the
cases (ii)(1)–(ii)(14).

First, we construct isomorphisms which we will need in cases (i) and (ii)(1)–(ii)(13). Let

n0 WD jCrit0.K0/j and n1 WD jCrit1.K0/j:

Since no critical points appear or disappear (in the cases (i) and (ii)(1) to (ii)(13)), for all r 2 Œ�"; "�,

jCrit0.Kr/j D n0 and jCrit1.Kr/j D n1:

Algebraic & Geometric Topology, Volume 24 (2024)



3008 Andreas Petrak

So for r 2 Œ�"; "� let

Crit0.Kr/D fg1r ; : : : ; g
n0
r g and Crit1.Kr/D fk1r ; : : : ; k

n1
r g:

Now we define the sets

CritŒ�";"�0 WD

[
r2Œ�";"�

frg � fg1r ; : : : ; g
n0
r g � Œ�"; "��T

2;

CritŒ�";"�1 WD

[
r2Œ�";"�

frg � fk1r ; : : : ; k
n1
r g � Œ�"; "��T

2:

Since the isotopy is smooth, we can number the critical points such that the maps

‰0 W Œ�"; "��Crit0.K�"/! CritŒ�";"�0 ; .r; gi�"/ 7! gir for i D 1; : : : ; n0;

‰1 W Œ�"; "��Crit1.K�"/! CritŒ�";"�1 ; .r; ki�"/ 7! kir for i D 1; : : : ; n1;

are continuous with respect to the first component. For all r 2 Œ�"; "� we define the linear maps ˆ0;r and
ˆ1;r on generators by

ˆ0;r W C0.K�"/! C0.Kr/;

gi�" 7!‰0.r; g
i
�"/D g

i
r ; i D 1; : : : ; n0;

�˙1 7! �˙1;

�˙1 7! �˙1;

ˆ1;r W C1.K�"/! C1.Kr/;

ki�" 7!‰1.r; k
i
�"/D k

i
r ; i D 1; : : : ; n1:

For all r 2 Œ�"; "� we extend ˆ0;r to an algebra homomorphism. Obviously, ˆ0;r and ˆ1;r are isomor-
phisms for all r 2 Œ�"; "�.

For each kir ; r 2 Œ�"; "�; i D 1; : : : ; n1, choose kir;C; k
i
r;� 2W

u
r .k

i
r/ to determineDr.kir/. Choose T <1

such that for all i D 1; : : : ; n1,

'T0 .k
i
0;C/ 2 B

"
ji
0

.g
ji
0 /; 'T0 .k

i
0;�/ 2 B

"
li
0

.g
li
0 /;

where the "ji0 and "li0 are chosen such that the properties (3-1) and (3-2) are satisfied. This must also
hold for all chords created by splitting a chord according to relation (iv) during its movement along the
unstable manifold of kir . Since, according to Lemma 2.22, these are only finitely many chords and all
chords which are moved along the gradient flow reach a B"i0.g

i
0/ after finite time, such a T exists. After

possibly increasing T it can be achieved that for all r 2 Œ�"; "�; i D 1; : : : ; n1, and matching "jir and "lir
(since Œ�"; "��T 2 is compact),

'Tr .k
i
r;C/ 2 B

"
ji
r

.gjir /; 'Tr .k
i
r;�/ 2 B

"
li
r

.glir /:

Lemma 3.3 implies that there exists a Nı > 0 such that for all i D 1; : : : ; n1 and all x 2 B Nı.k
i
0;˙/,

yD0.x/D yD0.k
i
0;˙/:
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Let O" > 0 be small enough that for all r 2 Œ�"; "� the properties (3-5) to (3-10) required in the proof
of Lemma 3.3 are satisfied (which are formulated there for "F , "B and "S ). Such an O" exists since
the required properties are open and Œ�"; "� is compact. The starting times are always s0 D 0. Since
the solution of a differential equation depends continuously on the initial conditions and the function,
there exists a ı > 0 with ı < Nı such that for all i D 1; : : : ; n1 and all x 2 T 2 with jx � ki0;˙j < ı and
jXr.x/�X0.x/j< ı for all s 2 Œ0; T �,

j'sr .x/�'
s
0.k

i
0;˙/j< O":

If " is chosen small enough, it follows that for all i D 1; : : : ; n1 and all r 2 Œ�"; "�,

yDr.k
i
r;˙/Dˆ0;r ı

yD�".k
i
�";˙/:

So we get, for all i D 1; : : : ; n1 and all r 2 Œ�"; "�,

Dr.k
i
r/Dˆ0;r ıD�".k

i
�"/Dˆ0;r ıD�" ıˆ

�1
1;r.k

i
r/:

Therefore, we have in case (i)

Dr Dˆ0;r ıD�" ıˆ
�1
1;r :

Thus, where hM i means the ideal generated by the set M ,

Cord.Kr/D C0.Kr/=Ir

D C0.Kr/=hDr.C1.Kr//i

Dˆ0;r.C0.K�"//=hˆ0;r ıD�" ıˆ
�1
1;r.C1.Kr//i

Dˆ0;r.C0.K�"//=hˆ0;r ıD�".C1.K�"//i

.1/
Dˆ0;r

�
C0.K�"/=hD�".C1.K�"//i

�
Dˆ0;r.C0.K�"/=I�"/

Dˆ0;r.Cord.K�"//

Š Cord.K�"/:

Equality (1) holds since ˆ0;r is an algebra isomorphism for all r 2 Œ�"; "�.

So in case (i) the cord algebra remains the same up to a canonical isomorphism.

Now we assume that Kr is generic for all r 2 Œ�"; "�n f0g and K0 satisfies exactly one of the cases (ii)(1)
to (ii)(14) of Lemma 3.1. We want to show that Cord.K�"/Š Cord.K"/ in each of these cases. Without
loss of generality, we can number the critical points such that in the cases (ii)(1) to (ii)(10) k10 is the critical
point of index 1 that is mentioned in these statements. The above consideration concerning Dr.kir/ only
holds for i D 2; : : : ; n1 and we have to look at Dr.k1r /. Furthermore, in the cases (ii)(8) to (ii)(10) we
number the critical points such that g10 is the critical point of index 0 that is mentioned in these statements.
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1
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W u
" .k

1
" /k1";C

c" d"

Figure 27: The unstable manifold of the chord k10 is tangent to B .

Case (ii)(1) (W u
0 .k

1
0/ =t B) We consider the situation as in Figure 27. The following consideration

holds analogously for the other possible situations: direction of the flow from the right to the left, k1r;�,
and W u

0 .k
1
0/ tangent to .f0g �K0/� B .

For r 2 Œ�"; "� choose cr and dr as in Figure 27. Then for " small enough we get on the one hand
yD".d"/Dˆ0;" ı yD�".d�"/ and on the other hand yDr.cr/D yDr.dr/ for all r 2 Œ�"; 0/ and

yDr.cr/D yDr.dr/��
�1 (rel. (iii))

D yDr.dr/

for all r 2 .0; "�, since the endpoint of the chord intersects the basepoint once in the reversed direction of
the orientation of the knot and once in the direction of the orientation of the knot. Thus, we get

D".k
1
" /Dˆ0;" ıD�" ıˆ

�1
1;".k

1
" /:

It follows that
D" Dˆ0;" ıD�" ıˆ

�1
1;":

By the analogous computation as in case (i) with r D " we get Cord.K"/Š Cord.K�"/.

Case (ii)(2) (W u
0 .k

1
0/ =t S0) We consider the situation as in Figure 28. The chords labeled hir , for

i D 1; 2; 3, lie on the unstable manifold of k1r such that 'tir .k1r;C/D h
i
r ; ti > 0, and ti > tj if i > j . (We

will use this notation in the following cases, too.) For r 2 .0; "� the chord intersects the knot in its interior
at two different times when flowing along the negative gradient, and we get c1r , c2r , d1r and d2r by the
application of relation (iv). According to Lemma 3.1, we can assume that there is no critical point between
c1r and d1r and between c2r and d2r , otherwise we would have also the case (ii)(13), but this would be a

K�"

k1�";C

h1�"
h2�"

h3�"

K0

k10;C

h10
h20

h30

K"

k1";C

h1"
h2"

h3"

c1"

c2"

d1"

d2"

Figure 28: The unstable manifold of the chord k10 is tangent to S0.
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W u
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�"/
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0/

S0
F0

@S0 D @F0

K" �K"
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" .k
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Figure 29: The unstable manifold of the chord k10 intersects @S0 and @F0.

contradiction to this lemma since only one of these cases occurs at any one time. So if " is chosen small
enough, we have yDr.c1r /D yDr.d

1
r / and yDr.c2r /D yDr.d

2
r / for r > 0. Thus, we get

yDr.h
1
r /D

yDr.h
2
r /C

yDr.c
1
r /
yDr.c

2
r / (rel. (iv))

D yDr.h
3
r /�

yDr.d
1
r /
yDr.d

2
r /C

yDr.c
1
r /
yDr.c

2
r / (rel. (iv))

D yDr.h
3
r /:

As in case (ii)(1) we get D".k1" / D ˆ0;" ıD�" ıˆ
�1
1;".k

1
" /;D" D ˆ0;" ıD�" ıˆ

�1
1;" and thus by the

analogous computation as above Cord.K"/Š Cord.K�"/.

The other possible situations are to be treated analogously.

Case (ii)(3) (W u
0 .k

1
0/ =t F0) Analogous to case (ii)(1) with relation (ii) instead of relation (iii), ie �˙1

instead of �˙1.

Case (ii)(4) (W u
0 .k

1
0/\ @S0 ¤∅ and W u

0 .k
1
0/\ @F0 ¤∅) We consider the situation as in Figure 29.

As we can see from the figure, we get yDr.h1r /
rel. (ii)
D yDr.h

3
r /�
�1 for r < 0 and yDr.h3r /

rel. (ii)
D yDr.c

1
r /� for

r > 0. If " is chosen small enough, we have yDr.h3r /Dˆ0;r ı yD�".h
3
�"/. Now we can compute for r > 0:

yDr.h
1
r /D

yDr.h
3
r /C

yDr.c
1
r /
yDr.c

2
r / (rel. (iv))

D yDr.h
3
r /C

yDr.h
3
r /�
�1.1��/ (rel. (i))

D yDr.h
3
r /�
�1

Dˆ0;r ı yD�".h
3
�"/�

�1

Dˆ0;r ı yD�".h
1
�"/:

As in case (ii)(1) we get D".k1" / D ˆ0;" ıD�" ıˆ
�1
1;".k

1
" /;D" D ˆ0;" ıD�" ıˆ

�1
1;" and thus by the

analogous computation as above Cord.K"/Š Cord.K�"/.

The other possible situations are to be treated analogously.
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K�" �K�"

W u
�".k

1
�"/

S�"

S�"

S2;�"

K0 �K0

W u
0 .k

1
0/

S0

S0

S2;0

K" �K"

W u
" .k

1
" /

S"

S"

S2;"

K�"

h1�"
h2�"

h3�"
h4�" h5�"

c1�"

c2�"c3�"

d1�"

d2�"

K0

h10
h20

h30

K"

h1"
h2"

h3"
h4" h5"

a1"

a2"

b1"

b2"

c1"

c2"

c3"

d1"

d2"

d3"

Figure 30: The unstable manifold of the chord k10 intersects S2;0.

Case (ii)(5) (W u
0 .k

1
0/\S2;0 ¤∅) We consider the situation as in Figure 30. As in case (ii)(2) we can

assume that there are no critical points in the shown region. The small horizontal arrows indicate the
direction in which the chords move along the gradient vector field. From the figure we get

yD�".c
2
�"/

rel. (ii)
D ��1 yD�".c

3
�"/;

yD".a
2
" /D

yD".d
2
" /;

yD".b
2
" /

rel. (ii)
D ��1 yD".a

1
" /;

yD".b
1
" /D

yD".c
1
" /:

If " is chosen small enough, then

yD".c
1
" /Dˆ0;" ı

yD�".c
1
�"/;

yD".d
2
" /Dˆ0;" ı

yD�".d
2
�"/;

yD".d
3
" /Dˆ0;" ı

yD�".d
1
�"/;

yD".c
3
" /Dˆ0;" ı

yD�".c
3
�"/;

yD".h
5
"/Dˆ0;" ı

yD�".h
5
�"/:

Now we can compute

yD�".h
1
�"/

rel. (iv)
D yD�".h

3
�"/�

yD�".c
1
�"/
yD�".c

2
�"/

rel. (iv)
D yD�".h

5
�"/C

yD�".d
1
�"/
yD�".d

2
�"/�

yD�".c
1
�"/�

�1 yD�".c
3
�"/;

yD".h
1
"/

rel. (iv)
D yD".h

3
"/C

yD".d
1
" /
yD".d

2
" /

rel. (iv)
D yD".h

5
"/�

yD".c
1
" /
yD".c

2
" /C

yD".d
1
" /
yD".d

2
" /

rel. (iv)
D yD".h

5
"/�

yD".c
1
" /
�
��1 yD".c

3
" /��

�1 yD".a
1
" /
yD".a

2
" /
�
C
�
yD".d

3
" /�

yD".b
1
" /
yD".b

2
" /
�
yD".d

2
" /

D yD".h
5
"/�

yD".c
1
" /�
�1 yD".c

3
" /C

yD".b
1
" /
yD".b

2
" /
yD".d

2
" /C

yD".d
3
" /
yD".d

2
" /�

yD".b
1
" /
yD".b

2
" /
yD".d

2
" /

Dˆ0;" ı
�
yD�".h

5
�"/�

yD�".c
1
�"/�

�1 yD�".c
3
�"/C

yD�".d
1
�"/
yD�".d

2
�"/
�

Dˆ0;" ı yD�".h
1
�"/:

As in case (ii)(1) we get D".k1" /Dˆ0;" ıD�" ıˆ
�1
1;".k

1
" / and D" Dˆ0;" ıD�" ıˆ�11;", and thus by the

analogous computation as above, Cord.K"/Š Cord.K�"/.
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K�" �K�"

W u
�".k

1
�"/

B

S�"

B \S�"

K0 �K0

W u
0 .k

1
0/

B

S0

B \S0

K" �K"

W u
" .k

1
" /

B

S"

B \S"

K�"

�

h1�"
h2�"

h3�" h
4
�" h

5
�"

c1�"

c2�"

K0

�

h10
h20

h30

K"

�

h1"
h2"

h3" h4" h5"

c1"

c2"
c3"

Figure 31: The unstable manifold of the chord k10 intersects B \S0.

The other possible situations are to be treated analogously.

Case (ii)(6) (W u
0 .k

1
0/\B \S0 ¤∅) We consider the situation as in Figure 31. As in case (ii,2) we

can assume that there are no critical points in the shown region. If " is chosen small enough, then

yD".c
1
" /Dˆ0;" ı

yD�".c
1
�"/;

yD".c
3
" /Dˆ0;" ı

yD�".c
2
�"/;

yD".h
5
"/Dˆ0;" ı

yD�".h
5
�"/:

Now we can compute

yD�".h
1
�"/D

yD�".h
3
�"/�

�1 (rel. (iii))

D yD�".h
5
�"/�

�1
� yD�".c

1
�"/
yD�".c

2
�"/�

�1 (rel. (iv));

yD".h
1
"/D

yD".h
3
"/�

yD".c
1
" /
yD".c

2
" / (rel. (iv))

D yD".h
5
"/�
�1
� yD".c

1
" /
yD".c

3
" /�
�1 (rel. (iii))

Dˆ0;" ı
�
yD�".h

5
�"/�

�1
� yD�".c

1
�"/
yD�".c

2
�"/�

�1
�

Dˆ0;" ı yD�".h
1
�"/:

As in case (ii)(1) we get D".k1" /Dˆ0;" ıD�" ıˆ
�1
1;".k

1
" / and D" Dˆ0;" ıD�" ıˆ�11;", and thus by the

analogous computation as above, Cord.K"/Š Cord.K�"/.

The other possible situations are to be treated analogously.

Case (ii)(7) (W u
0 .k

1
0/\F0\S0¤∅) Analogous to case (ii)(6) with relation (ii) instead of relation (iii),

ie �˙1 instead of �˙1.

Case (ii)(8) (a) (g10 2 B) We consider the situation as in Figure 32. The red and blue trajectories
are unstable manifolds of critical points of index 1 or trajectories starting at chords that are generated
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K�" �K�"

B

g1�"

K0 �K0

B g10

K" �K"

B

g1"

Figure 32: The critical point g10 of index 0 intersects the basepoint.

by splitting according to relation (iv). According to Lemma 2.22, there are only finitely many such
trajectories. In K0 none of the red and blue trajectories is tangent to B , otherwise we would also have
case (ii)(1) or (ii)(12) of Lemma 3.1, but this would be a contradiction to this lemma since only one of
these cases occurs at any one time. If " is chosen small enough, we can guarantee the following: In K�"
all of the blue trajectories intersect B in a small neighborhood of g1�", but none of the red ones, and in
K" all of the red trajectories intersect B in a small neighborhood of g1" , but none of the blue ones. It
follows that in K�" we have a contribution of g1�" along the red trajectories and of g1�"�

�1 along the
blue trajectories. In K" we have a contribution of g1"� along the red trajectories and of g1" along the blue
trajectories. So we can construct the canonical isomorphism

Cord.K�"/ ��! Cord.K"/;

g1�" 7! g1"�;

gi�" 7! gi"; i D 2; : : : ; n0;

�˙1 7! �˙1;

�˙1 7! �˙1:

The other possible situations are to be treated analogously.

(b) (k10 2 B) We consider the situation as in Figure 33. If " is chosen small enough, then

yD".k
1
";C/Dˆ0;" ı

yD�". Qk
1
�";C/;

yD". Qk
1
";�/Dˆ0;" ı

yD�".k
1
�";�/:

K�" �K�"

W u
�".k

1
�"/

B k1�"

k1�";�

k1�";C

Qk1�";C

K0 �K0

W u
0 .k

1
0/

B

k10

K" �K"

W u
" .k

1
" /

B

k1"
k1";�

k1";C

Qk1";�

Figure 33: The critical point k10 of index 1 intersects the basepoint.
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Now we can compute

D".k
1
" /D

yD".k
1
";C/�

yD".k
1
";�/

D yD".k
1
";C/�

yD". Qk
1
";�/�

�1 (rel. (iii))

Dˆ0;" ı
�
yD�". Qk

1
�";C/�

yD�".k
1
�";�/�

�1
�

Dˆ0;" ı
�
. yD�". Qk

1
�";C/��

yD�".k
1
�";�//�

�1
�

Dˆ0;" ı
�
. yD�".k

1
�";C/�

yD�".k
1
�";�//�

�1
�

(rel. (iii))

Dˆ0;" ı .D�".k
1
�"/�

�1/

D .ˆ0;" ıD�".k
1
�"//�

�1:

With this result we get, where RD ZŒ�˙1; �˙1� is the commutative ring as described above and hM iR
is the ideal generated by the set M ,

Cord.K"/D C0.K"/=I"

D C0.K"/=hD".fk
2
" ; : : : ; k

n1
" g/;D".k

1
" /iR

D C0.K"/=hˆ0;" ıD�".fk
2
�"; : : : ; k

n1
�"g/; ˆ0;" ıD�".k

1
�"/�

�1
iR

D C0.K"/=hˆ0;" ıD�".fk
2
�"; : : : ; k

n1
�"g/; ˆ0;" ıD�".k

1
�"/iR

D C0.K"/=hˆ0;" ıD�".fk
1
�"; : : : ; k

n1
�"g/iR

Dˆ0;".C0.K�"//=ˆ0;".I�"/

Dˆ0;".C0.K�"/=I�"/ (since ˆ0;" is an algebra isomorphism)

Dˆ0;".Cord.K�"//

Š Cord.K�"/:

The other possible situations are to be treated analogously.

Case (ii)(9) (a) (g10 2 S0) We consider the situation as in Figure 34. The trajectories drawn in the
upper figures are unstable manifolds of critical points of index 1 or trajectories starting at chords that
are generated by splitting according to relation (iv). According to Lemma 2.22, there are only finitely
many such trajectories. In K0 none of these trajectories is tangent to S0, otherwise we would also have
case (ii)(2) or (ii)(12) of Lemma 3.1, but this would be a contradiction to this lemma since only one of
these cases occurs at any one time. If " is chosen small enough, we can guarantee that (in the example of
Figure 34):

� In K�" all of the “lower” (red and brown) trajectories intersect S�" in a small neighborhood of
g1�", but none of the “upper” (blue and purple) ones.

� InK�" we get for the chords that are split off from the “lower” trajectories according to relation (iv):
yD�".c

1
�"/D

yD�".d
1
�"/ and yD�".c2�"/D yD�".d

2
�"/.

� In K" all of the “upper” trajectories intersect S" in a small neighborhood of g1" , but none of the
“lower” ones.
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K�" �K�"

S�" g1�"

K0 �K0

S0 g10

K" �K"

S"

g1"

K�"

h1�"h
2
�"h

3
�"

c1�"

c2�"

d1�"

d2�"

l1�" l
2
�" l

3
�"

p1�"
p2�"

p3�"

q1�"q2�"
q3�"

g1�"

K0

h10h
2
0
h30

l10 l20 l30

p10
p20

p30

q10q20
q30

g10

K"

h1" h
2
"
h3" a1"

a2"

b1"
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l1" l2" l3" p1"p2"
p3"

q1"q2"
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Figure 34: The critical point g10 of index 0 intersects the knot in its interior.

� In K" we get for the chords that are split off from the “upper” trajectories according to relation (iv):
yD".a

1
" /D

yD".b
1
" / and yD".a2" /D yD".b

2
" /.

� Furthermore, we get yD".a1" /Dˆ0;" ı yD�".c
1
�"/ and yD".a2" /Dˆ0;" ı yD�".c

2
�"/.

It follows that in K�" we have a contribution of g1�" along the “upper” trajectories and of

g1�"�
yD�".c

1
�"/
yD�".c

2
�"/

along the “lower” trajectories according to relation (iv). In K" we have a contribution of

g1" C
yD".a

1
" /
yD".a

2
" /D g

1
" Cˆ0;" ı .

yD�".c
1
�"/
yD�".c

2
�"//

along the “upper” trajectories and of g" along the “lower” trajectories. So we can construct the following
canonical isomorphism:

Cord.K�"/ ��! Cord.K"/;

g1�" 7! g1" C
yD".a

1
" /
yD".a

2
" /;

gi�" 7! gi"; i D 2; : : : ; n0;

�˙1 7! �˙1;

�˙1 7! �˙1:

The other possible situations are to be treated analogously.

(b) (k10 2 S0) We consider the situation as in Figure 35. As before, we can assume, according to
Lemma 3.1, that the only critical point in the shown region is k1r . If " is chosen small enough, then

yD".d
1
" /Dˆ0;" ı

yD�".c
1
�"/;

yD".d
2
" /Dˆ0;" ı

yD�".c
2
�"/;

yD". Qk
1
";C/Dˆ0;" ı

yD�".k
1
�";C/;

yD".k
1
";�/Dˆ0;" ı

yD�". Qk
1
�";�/:
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K�"

k1�" k
1
�";Ck1�";�

Qk1�";�

c1�"

c2�"

K0

k10

K"

k1" k
1
";Ck1";�

Qk1";C

d1"

d2"

Figure 35: The critical point k10 of index 1 intersects the knot in its interior.

Now we can compute

D".k
1
" /D

yD".k
1
";C/�

yD".k
1
";�/

D yD". Qk
1
";C/�

yD".d
1
" /
yD".d

2
" /�
yD".k

1
";�/ (rel. (iv))

Dˆ0;"ı
�
yD�".k

1
�";C/�

yD�".c
1
�"/
yD�".c

2
�"/�

yD�". Qk
1
�";�/

�
Dˆ0;"ı

�
yD�".k

1
�";C/�

yD�".c
1
�"/
yD�".c

2
�"/�

�
yD�".k

1
�";�/�

yD�".c
1
�"/
yD�".c

2
�"/
��

(rel. (iv))

Dˆ0;"ı. yD�".k
1
�";C/�

yD�".k
1
�";�//

Dˆ0;"ıD�".k
1
�"/:

As before we get D".k1" /Dˆ0;" ıD�" ıˆ
�1
1;".k

1
" /;D" Dˆ0;" ıD�" ıˆ

�1
1;" and thus by the analogous

computation as above Cord.K"/Š Cord.K�"/.

The other possible situations are to be treated analogously.

Case (ii)(10) (k 2 F0 for a critical point k of index 0 or 1) Analogous to case (ii,8) with relation (ii)
instead of relation (iii).

Case (ii)(11) (there exists a trajectory between two critical points of index 1 along the vector field �rE0)
We consider the situation as in Figure 36. According to Lemma 3.1, we have k2r … .B [ Sr [Fr/ for
all r 2 Œ�"; "�. Since this is an open property, we can choose neighborhoods Ur of every k2r such that
Ur \ .B [ Sr [Fr/ D ∅. For all r 2 Œ�"; "� choose cr 2 W u

r .k
1
r /\Ur . If " is small enough, we get

yDr.cr/ D yDr.k
2
r;C/ for r < 0 and yDr.cr/ D yDr.k2r;�/ for r > 0. If W u

0 .k
1
0/ intersects B , F0, or S0

between k10;C and c0, we can choose " small enough such that W u
r .k

1
r / intersects B , Fr , and Sr for all r

K�" �K�"

W u
�".k

1
�"/

W u
�".k

2
�"/ U�"

k1�"

k1�";�
k1�";C

k2�"
k2�";�

k2�";C
c�"

K0 �K0

W u
0 .k

1
0/

W u
0 .k

2
0/ U0

k10

k10;�
k10;C

k20
k20;�

k20;C
c0

K" �K"

W u
" .k

1
" /

W u
" .k

2
" /

U"

k1"

k1";�
k1";C

k2"
k2";�

k2";C

c"

Figure 36: The unstable manifold of the chord k10 ends at the critical point k20 of index 1.
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in the same way between k1r;C and cr . That means, while computing yDr.k1r;C/ we get the same result
up to the point cr for all r 2 Œ�"; "�. So without loss of generality we can assume yDr.k1r;C/D yDr.cr/.
Therefore, we get

yD�".k
1
�";C/D

yD�".k
2
�";C/;

yD".k
1
";C/D

yD".k
2
";�/:

If " is small enough, then

yD".k
2
";C/Dˆ0;" ı

yD�".k
2
�";C/;

yD".k
2
";�/Dˆ0;" ı

yD�".k
2
�";�/;

yD".k
1
";�/Dˆ0;" ı

yD�".k
1
�";�/:

With this we can compute the ideal

hD".C1.K"//iR D hD".k
1
" /;D".fk

2
" ; : : : ; k

n1
" g/iR

D hD".k
1
" /CD".k

2
" /;D".fk

2
" ; : : : ; k

n1
" g/iR

D h yD".k
1
";C/�

yD".k
1
";�/C

yD".k
2
";C/�

yD".k
2
";�/;D".fk

2
" ; : : : ; k

n1
" g/iR

D h yD".k
2
";C/�

yD".k
1
";�/;D".fk

2
" ; : : : ; k

n1
" g/iR

D hˆ0;" ı . yD�".k
2
�";C/�

yD�".k
1
�";�//; ˆ0;" ıD�".fk

2
�"; : : : ; k

n1
�"g/iR

D hˆ0;" ı . yD�".k
1
�";C/�

yD�".k
1
�";�//; ˆ0;" ıD�".fk

2
�"; : : : ; k

n1
�"g/iR

D hˆ0;" ıD�".k
1
�"/; ˆ0;" ıD�".fk

2
�"; : : : ; k

n1
�"g/iR

D hˆ0;" ıD�".C1.K�"//iR:

It follows that

Cord.K"/Dˆ0;".Cord.K�"//Š Cord.K�"/:

The other possible situations are to be treated analogously.

Case (ii)(12) (one of the cases (ii)(1) to (ii)(10) holds for a chord which is generated by the application
of relation (iv) (where in the cases (ii)(1) to (ii)(7) the unstable manifolds are to be replaced by trajectories
along the vector field �rE0, starting at this chord)) Analogous to the cases (ii)(1) to (ii)(10).

Case (ii)(13) (a chord which is generated by the application of relation (iv) runs along the vector field
�rE0 to a critical point of index 1) Analogous to case (ii)(11).

Case (ii)(14) (creation/cancellation of a pair of critical points of index 0 and 1 or of index 1 and 2) It
suffices to consider the creation of a pair of critical points since the other case corresponds to the inverse
isotopy.

(a) Creation of a pair of critical points of index 0 and 1. So let K0 �K0 contain a critical point p of
birth type of index 0. For the definition of a critical point of birth/death type see [3] after the proof of
Lemma 9.3. Note that the index of p is defined in the same way as the Morse index of a critical point,
ie the maximal dimension of the subspace on which the quadratic form v 7! Hessp E.v; v/ is negative
definite.
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K�" �K�"

U�"

u

K0 �K0

U0

p q

K" �K"

U"

k"

k";� k";C
g"

Figure 37: Creation of a pair of critical points of index 0 and 1.

Since K0 is generic with one exception, the proofs of the Lemmas 2.17, 2.20 and 2.23 also work for p
and W u

0 .p/. With a similar transversality argument as in these lemmata we can show that p does not lie
on the unstable manifold of a critical point of index 1.

We can choose neighborhoods Ur and coordinates such that we can represent the situation as in Figure 37
(see [3, proof of Lemma 9.6]). Here, g" and k" in the right figure are nondegenerate critical points of
index 0 and 1, respectively. Since we get two additional critical points during the isotopy, we have to
modify the linear maps ˆ0;r and ˆ1;r a little bit:

Let
n0 WD jCrit0.K�"/j and n1 WD jCrit1.K�"/j:

Then for all r 2 Œ�"; 0/ we have

jCrit0.Kr/j D n0 and jCrit1.Kr/j D n1

and for all r 2 .0; "� we have

jCrit0.Kr/j D n0C 1 and jCrit1.Kr/j D n1C 1:

So let

Crit0.Kr/D

8<:
fg1r ; : : : ; g

n0
r g if r 2 Œ�"; 0/;

fg10; : : : ; g
n0
0 ; pg if r D 0;

fg1r ; : : : ; g
n0
r ; grg if r 2 .0; "�;

Crit1.Kr/D
�
fk1r ; : : : ; k

n1
r g if r 2 Œ�"; 0�;

fk1r ; : : : ; k
n1
r ; krg if r 2 .0; "�:

Now we define for i D 0; 1,

CritŒ�";"�i WD

[
r2Œ�";"�

frg �Criti .Kr/� Œ�"; "��T 2:

Since the isotopy is smooth, we can number the critical points so that the maps

‰0 W Œ�"; "��Crit0.K�"/! CritŒ�";"�0 ; .r; gi�"/ 7! gir ; i D 1; : : : ; n0;

‰1 W Œ�"; "��Crit1.K�"/! CritŒ�";"�1 ; .r; ki�"/ 7! kir ; i D 1; : : : ; n1;

Algebraic & Geometric Topology, Volume 24 (2024)



3020 Andreas Petrak

are continuous with respect to the first component. For all r 2 Œ�"; "� we define the linear maps ˆ0;r and
ˆ1;r on generators by

ˆ0;r W C0.K�"/! hg
1
r ; : : : ; g

n0
r iR;

gi�" 7!‰0.r; g
i
�"/D g

i
r ; i D 1; : : : ; n0;

�˙1 7! �˙1;

�˙1 7! �˙1;

ˆ1;r W C1.K�"/! hk
1
r ; : : : ; k

n1
r iZ;

ki�" 7!‰1.r; k
i
�"/D k

i
r ; i D 1; : : : ; n1:

For all r 2 Œ�"; "� we extend ˆ0;r to an algebra homomorphism. Obviously, ˆ0;r and ˆ1;r are isomor-
phisms for all r 2 Œ�"; "�.

By the same consideration as above, it follows that for " small enough,

yD".k
i
";˙/Dˆ0;" ı

yD�".k
i
�";˙/

for all i D 1; : : : ; n1. Thus, we have for all i D 1; : : : ; n1,

D".k
i
"/Dˆ0;" ıD�".k

i
�"/Dˆ0;" ıD�" ıˆ

�1
1;".k

i
"/:

Now we choose q 2 W u
0 .p/ such that f's0.q/ W s � 0g \ .S [ F [B/ D ∅. Analogous to the above

consideration it can be shown that there exists an open neighborhood U of .0; q/ in Œ�"; "�� T 2 such
that for all .r; x/ 2 U ,

ˆ0;0 ıˆ
�1
0;r ı

yDr.x/D yD0.q/:

For " small enough we can assume that we have U \ .frg � T 2/ ¤ ∅ for all r 2 Œ�"; "�. Choose
u 2 U \ .f�"g �T 2/. Also choose k";C and k";� to determine D".k"/. Without loss of generality, k";C
and k";� can be chosen as shown in Figure 37. If the orientation of the knot is reversed, k";C and k";�
are swapped and the sign of D".k"/ changes. However, nothing changes in the quotient. Then we get

ˆ0;0. yD�".u//D yD0.q/Dˆ0;0 ıˆ
�1
0;".
yD".k";C//:

In addition we get
yD".k";�/D g";

since dimW s
" .g"/D 2 and g" lies arbitrarily close to k" for " sufficiently small. Therefore, it follows that

D".k"/D yD".k";C/� yD".k";�/Dˆ0;". yD�".u//�g":

Further, we get

C0.K"/D hˆ0;".C0.K�"//; g"iR; C1.K"/D hˆ1;".C1.K�"//; k"iZ:
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K�" �K�"

U�"

u

K0 �K0

U0

p

K" �K"

U"

k"

k";�

k";Cl"

Figure 38: Creation of a pair of critical points of index 1 and 2.

Now we can compute

Cord.K"/D C0.K"/=I"

D C0.K"/=hD".C1.K"//i

D C0.K"/=hD".fk
1
" ; : : : ; k

n1
" g/;D".k"/i

D hˆ0;".C0.K�"//; g"iR=hˆ0;" ıD�" ıˆ
�1
1;".fk

1
" ; : : : ; k

n1
" g/;D".k"/i

D hˆ0;".C0.K�"//; g"iR=hˆ0;" ıD�".fk
1
�"; : : : ; k

n1
�"g/; ˆ0;".

yD�".u//�g"i

D hˆ0;".C0.K�"//; g"iR=hˆ0;".I�"/; ˆ0;". yD�".u//�g"i

.1/
Dˆ0;".C0.K�"//=ˆ0;".I�"/

.2/
Dˆ0;".C0.K�"/=I�"/

Dˆ0;".Cord.K�"//

Š Cord.K�"/:

Equality (1) holds because on the one hand we have yD�".u/ 2 C0.K�"/ and on the other hand we have,
in the quotient, g" Dˆ0;". yD�".u//. It follows that hg"i �ˆ0;".C0.K�"//. Equality (2) holds because
ˆ0;" is an algebra isomorphism.

(b) Creation of a pair of critical points of index 1 and 2. So let K0 �K0 contain a critical point p of
birth type of index 1.

With a similar transversality argument as before we can show that p does not lie on the stable or unstable
manifold of a critical point of index 1.

We can choose neighborhoods Ur and coordinates such that we can represent the situation as in Figure 38
(see [3, proof of Lemma 9.6]). Here, k" and l" in the right figure are nondegenerate critical points of
index 1 and 2, respectively. We can divide Kr �Kr into open subsets bounded by “broken” trajectories
(see [1, Figure 3.1]) such that Kr � Kr is the union of the closures of these open sets. Figure 39
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gr

k1r k2r

lr

g0

k10 k20

l0

p

Figure 39: Broken trajectories and position of the critical point p of birth type of index 1.

shows this schematically on the left, where lr , k1r , k2r and gr are critical points with Ind.lr/ D 2,
Ind.k1r /D Ind.k2r /D 1, and Ind.gr/D 0. These open subsets are of the form

fx 2Kr �Kr W lim
s!1

'sr .x/D gr and lim
s!�1

'sr .x/D lrg:

A “broken” trajectory starts at a critical point of index 2, runs along a stable manifold of a critical point
of index 1 to that point, then on the unstable manifold of that point to a critical point of index 0.

So p lies in such an open subset of K0 �K0, as shown in Figure 39 on the right. Thus, it is obvious that
the trajectories starting from k";C and k";� end at the same critical point g" of index 0. If these trajectories
intersect the sets S", F", and B in the same way (as well as all flow lines resulting from the application of
relation (iv)) such that yD".k";C/D yD".k";�/, we get D".k"/D 0, and therefore Cord.K�"/Š Cord.K"/.

If this is not the case, we perturb the 1–parameter family .Er/r2Œ�";"� of energy functions with the help
of Lemma 2.19 such that we get the 1–parameter family .E 0r/r2Œ�";"� with the following properties (see
also Figure 40):

(i) E 0�" DE�" and E 0" DE".

(ii) The flow lines starting at p are arbitrarily close to each other, so they run inside a ı–tube for a
ı > 0.

(iii) The flow lines starting at k0r;C and k0r;� run also within a ı–tube for all r 2 .0; O"/ where 0 < O" < ";
O" is chosen such that the energy functions E 0r are generic for all r 2 Œ�O"; O"� n f0g.

Now we choose ı small enough such that the flow lines starting at k0
O";C

and k0
O";�

intersect the sets SO"; FO"
and B in the same way (and also all flow lines that result from the application of relation (iv)). We now
determine the cord algebras for the knots Kr ; r 2 Œ�"; "� with respect to the energy functions E 0r , except
in the finitely many cases where Kr is nongeneric, and get:

(i) For r 2 Œ�"; 0/ and r 2 .O"; "� the cases (ii)(1) to (ii)(13) from Lemma 3.1 may occur. We have
shown already that the cord algebra does not change in these cases.

(ii) For r 2 .0; O"/ the cord algebra does not change since only generic energy functions occur.

(iii) Since D0
O"
.k0
O"
/D yD0

O"
.k0
O";C
/� yD0

O"
.k0
O";�
/D 0, the cord algebra stays the same for all r 2 .0; "�.
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K�" �K�" K0 �K0 K" �K"

ı ı

g�" g0

p

g"

k"k";� k";C

l"

g00

p0

g0
O"

k0
O"

k0
O";�

k0
O";C

l 0
O"

Figure 40: Perturbation of the 1–parameter family of energy functions.

It remains to be shown that the cord algebra does not change at the transition over r D 0. For this we use
the linear maps as described above:

ˆ0;r W C0.K�O"/! C0.Kr/;

gi
�O"
7!‰0.r; g

i
�O"
/D gir ; i D 1; : : : ; n0;

�˙1 7! �˙1;

�˙1 7! �˙1;

ˆ1;r W C1.K�O"/! hk
1
r ; : : : ; k

n1
r iZ;

ki
�O"
7!‰1.r; k

i
�O"
/D kir ; i D 1; : : : ; n1;

where r 2 Œ�O"; O"�. By the same consideration as above, it follows that for " small enough,

D0
O"
.ki
O"
/Dˆ0;O" ıD

0

�O"
.ki
�O"
/Dˆ0;O" ıD

0

�O"
ıˆ�1

1;O"
.ki
O"
/

for all i D 1; : : : ; n1. Now we can compute

Cord.KO"/D C0.KO"/=IO"

D C0.KO"/=hD
0

O"
.C1.KO"//i

D C0.KO"/=hD
0

O"
.fk1
O"
; : : : ; k

n1
O"
g/;D0

O"
.k0
O"
/„ ƒ‚ …

D0

i

D C0.KO"/=hD
0

O"
.fk1
O"
; : : : ; k

n1
O"
g/i

Dˆ0;O".C0.K�O"//=hˆ0;O" ıD�O" ıˆ
�1
1;O"
.fk1
O"
; : : : ; k

n1
O"
g/i
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Dˆ0;O".C0.K�O"//=hˆ0;O" ıD�O".C1.K�O"//i

Dˆ0;O".C0.K�O"//=ˆ0;O".I�O"/

Dˆ0;O".C0.K�O"/=I�O"/

Dˆ0;O".Cord.K�O"//

Š Cord.K�O"/:

4 Isomorphism of the topological definition of the cord algebra and the
definition using Morse theory

In this section we will prove that our definition of the cord algebra is isomorphic to the topological
definition given in [2, Definition 2.6].

Theorem 4.1 Cordtopological.K/Š CordMorse.K/.

Proof That our definition of the cord algebra agrees with the usual one in the literature follows from
results in [2] which we now recall. There is a chain of isomorphisms

Cord.K/ŠH0.†;D/ŠH0.†pl;D/ŠH0.†lin;D/

where the first isomorphism is [2, Proposition 1.3]. The proof of the second and third isomorphism will
be given below. Here Cord.K/ denotes the topological definition of the cord algebra. † denotes the space
of broken strings, ie words of alternating Q–strings (in R3 nK) and N–strings (in N nK for a tubular
neighborhood N of K), and

†lin �†pl �†

denote the subspaces whose Q–strings are linear and piecewise linear, respectively. The differential is
given by

D D @C ı

where @ is the singular boundary operator, and ıD ıQCıN is defined by decomposingQ– andN –strings,
respectively, when they intersect K in their interior.

Proposition 4.2 H0.†;D/ŠH0.†pl;D/.

Proof We have
H0.†;D/D C0.†/=imD.C1.†//:

The image of D is a two-sided ideal in C0.†/ (see [2, the third paragraph before Proposition 2.2]). Thus,
we can write

H0.†;D/D C0.†/=him D.C1.†//i:

As a consequence, we have to define

H0.†pl;D/ WD C0.†pl/=him D.C1.†pl//i
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to get an isomorphism. We extend the maps ipl and F0 to maps

Qipl WH0.†pl;D/ ,!H0.†;D/; ˇ 2 C0.†pl/ 7! iplˇ;

and
zF0 WH0.†;D/!H0.†pl;D/; ˇ 2 C0.†/ 7! F0ˇ:

From F0ipl D 1 [2, Proposition 7.1(i), first statement] it follows that zF0Qipl D 1.

To prove QiplzF0 D 1, we take a ˇ 2 C0.†/. From [2, Proposition 7.1(i), second statement], it follows that

iplF0ˇ�ˇ DDH0ˇ:

Since the right-hand side is an element of D.C1.†//, we get

QiplzF0ˇ�ˇ D 0:

Analogously, we can prove
H0.†pl;D/ŠH0.†lin;D/:

In order to computeH0.†lin;D/, in [2, the paragraph preceding Proposition 7.14] the following operations
are introduced for i D 0; 1 and a large T > 0:

f T W Ci .†lin/! Ci .†lin/; HT
W Ci .†lin/! CiC1.†lin/:

Here for ˇ 2 Ci .†lin/ the chains f Tˇ and HTˇ defined by moving the Q–strings in ˇ for time T ,
respectively for times in Œ0; T �, under the negative gradient flow of the energy functional E WK �K!R.
The N –strings are dragged along without creating new intersections with K.

Applying [2, (7.6) and (7.8)] to f T and HT yields operations

FT W Ci .†lin/! Ci .†lin/; HT
W Ci .†lin/! CiC1.†lin/;

defined by

FT D
1X
dD0

f Td ; f Td D

dX
iD0

.HT ı/if T .ıHT /d�i ;

HT
D

1X
dD0

HT
d ; HT

d DH
T .ıHT /d :

By [2, (7.9)] they satisfy the relations

DHT
0 D FT0 � 1; HT

0DCDHT
1 D FT1 � 1:

This implies that
H0.†lin/Š im FT0 =him DFT1 i:

By definition of FT0 and FT1 , for T sufficiently large we have

im FT0 D zC0; imDFT1 D zD. zC1/

where

� zCi is the nc-algebra generated by index i binormal chords connected by N –strings for i D 0; 1;
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� zD W zC1! zC0 is defined like our boundary operator D W C1.K/! C0.K/, with the difference that
the contributions from intersections with the framing and the basepoint are ignored and instead
N –strings are dragged along without intersecting K.

Pulling tight the remaining N–strings, recording their intersections with the framing and the basepoint
and then removing them, yields the isomorphism

im FT0 =him DFT1 i Š C0.K/=IK

where the right-hand side is our definition of the cord algebra. Combined with the isomorphisms above
this yields the desired isomorphism

Cord.K/Š C0.K/=IK :

5 Final remark

Finally, we will briefly compare the topological definition of Ng’s cord algebra with our definition using
Morse theory.

The original version of the cord algebra is easy to define. However, when calculating the cord algebra
for a given knot the following must be considered: if one has found several generators and relations, it
is still to be shown that no further generators or relations exist; this proof must be given for each knot
individually.

The definition of the cord algebra with the help of Morse theory is very complex, since first some properties
of generic knots and a generic framing are to be shown, and then the boundary map is to be defined. As
can be seen in the examples, the determination of the individual relations is also laborious and must be
carried out very carefully. However, since there are only finitely many critical points of index 1, one has
surely found all relations and generators, as soon as one has determined the boundary map for each of
these critical points.

Appendix Proof of Lemma 2.14

Remark A.1 Let K be a knot of length L and 
 W S1 ŠR=LZ!R3 be an arclength parametrization
of K. Assume R
.s/¤ 0 for all s 2 S1. In the proof of the lemma it is used that the framing � satisfies
the following conditions:

(i) P�.s/ ¤ 0 at all points 
.s/ for which a chord exists that is tangent to K at 
.s/. According to
Lemma 2.11, these are only finitely many points.

(ii) Consider the map Nn W S1! S2, s 7! R
.s/=j R
.s/j. For all points 
.s/ with �.s/D Nn.s/, we have
P�.s/¤ PNn.s/.

(iii) For two particular finite sets R1; R2 �K �K, which are described in more detail in the proof, we
have F s \ .R1[R2/D∅.
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K K

p q x

yz

Figure 41: Local model of K in a neighborhood of a boundary point of S .

Proof of Lemma 2.14 Let K be a knot and 
 W S1!R3 be an arclength parametrization of K. Assume
R
.s/¤ 0 for all s 2 S1. Let � be a framing of K.

(1) Let .p; q/ 2 @S be a chord that is tangent to K at the point p D 
.s/. We can assume that P
.s/
points in the direction of the chord .p; q/, otherwise we can reparametrize. We choose local coordinates
.x; y; z/ in R3, where the x–axis points in the direction of the chord .p; q/, therefore in the direction
of P
.s/, the y–axis points in the direction of R
.s/, and the z–axis points in the direction of P
.s/� R
.s/
such that we have pD .0; 0; 0/ and qD .1; 0; 0/. ThenK near p can be written as a graph over the x–axis
(with y D �x2CO.x3/ and z DO.x3/) and near q as a graph over the z–axis (with x D 1CO.z2/ and
y DO.z2/). There 2� ¤ 0 is the curvature of K at p (see [2, in the proof of Lemma 7.10]). Note that �
is always positive due to our choice of the local coordinates. So we can assume a local model of K near
p and q (see Figure 41):

K can be written near p as a graph over the x–axis,

y D �x2; z D 0I

and near q as a graph over the z–axis,

x D 1; y D 0:

Thus, chords in a neighborhood of .p; q/ can be written as .s.x/; t.z// 2K �K such that


.s.x//D

0@ x

�x2

0

1A and 
.t.z//D

0@10
z

1A :
With this we have

p D 
.s.0// and q D 
.t.0//:

The normal plane at the point 
.s.x// near p is

N.x/D
n
v 2R3 W

D
v;
d

dx

.s.x//

E
D 0

o
D span

0@0@�2�x1
0

1A ;
0@00
1

1A1A :
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With

˛.x/ WD

0@�2�x1
0

1A and ˇ WD

0@00
1

1A
we get

N.x/D span.˛.x/; ˇ/:

Thus,

h
.t.z//� 
.s.x//; ˛.x/i D

*0@1� x��x2

z

1A ;
0@�2�x1

0

1A+D�2�xC 2�x2� �x2 D �x2� 2�;
h
.t.z//� 
.s.x//; ˇi D

*0@1� x��x2

z

1A ;
0@00
1

1A+D z:
We define the map

n WD2..p; q// n f.p; q/g ! S1;

.s.x/; t.z// 7!

�
h
.t.z//� 
.s.x//; ˛.x/i; h
.t.z//� 
.s.x//; ˇi

�
j
�
h
.t.z//� 
.s.x//; ˛.x/i; h
.t.z//� 
.s.x//; ˇi

�
j
D

.�x2� 2�x; z/

j.�x2� 2�x; z/j
:

Now we set x.u/D cosu and z.u/D sinu for u 2 Œ0; 2�� and consider the map

On W S1! S1;

u 7! n
�
s.x.u//; t.z.u//

�
D

.�x2.u/� 2�x.u/; z.u//

j.�x2.u/� 2�x.u/; z.u//j

D
.� cos2 u� 2� cosu; sinu/
j.� cos2 u� 2� cosu; sinu/j

D
..cosu� 2/� cosu; sinu/
j..cosu� 2/� cosu; sinu/j

:

The mapping degree of On can be determined immediately:

deg. On/D 1;

ie .p; q/ is a boundary point of F s and hence we have shown @sS � @F s .

Let us now consider a framing

�.x/D a.x/
˛.x/

j˛.x/j
C b.x/ˇ

with a2.x/C b2.x/D 1. Then

.s.x/; t.z// 2 F s ()

�
a.x/

b.x/

�
D n.s.x/; t.z//D

1

..�x2� 2�x/2C z2/
1
2

�
�x2� 2�x

z

�
:
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If the two equations are squared, both yield the same equation

(A-1) b2.x/.�x2� 2�x/2 D a2.x/z2:

Case 1 (a.0/; b.0/¤ 0 or, equivalently, a.0/; b.0/¤˙1) Then there exists a neighborhood of 0 with
a.x/; b.x/¤ 0 for all x in that neighborhood. In this neighborhood, (A-1) can be solved for z2 and z
can be written as a function of x:

z2.x/D
b2.x/.�x2� 2�x/2

a2.x/
:

In addition, it must hold that

sign.z.x// ŠD sign.b.x//; where sign.b.x// is constant in a neighborhood of x D 0;

sign.�x2� 2�x/ ŠD sign.a.x//; where sign.a.x// is constant in a neighborhood of x D 0:

It follows that
x > 0 for a.0/ < 0;

x < 0 for a.0/ > 0:

Thus, in a neighborhood of .p; q/, F s is a smooth curve with boundary point .p; q/.

Case 2 (b.0/D 0 or, equivalently, a.0/D˙1) From (A-1) it follows immediately z D 0 and it must
hold that

sign.�x2� 2�x/ ŠD sign.a.x//; where sign.a.x// is constant in a neighborhood of x D 0:

It follows that
x > 0 for a.0/D�1;

x < 0 for a.0/D 1:

Thus, in a neighborhood of .p; q/, F s is also a smooth curve with boundary point .p; q/.

Case 3 (a.0/D 0 or, equivalently, b.0/D˙1) From (A-1) it follows immediately x D 0 (the second
solution x D 2 is not relevant since x is only considered in a small neighborhood of 0) and it must hold
that

sign.z/ ŠD sign.b.x//; where sign.b.x// is constant in a neighborhood of x D 0:

It follows that
z > 0 for b.0/D 1;

z < 0 for b.0/D�1:

Thus, in a neighborhood of .p; q/, F s is also a smooth curve with boundary point .p; q/.
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K �K

.p; q/

F s

F s

Figure 42: F s �K �K in a neighborhood of the chord .p; q/.

According to condition (i) from Remark A.1, we have P�.s.0//¤ 0 because the chord .p; q/ is tangent
to K at p D 
.s.0//. Since b.0/D˙1, and thus b reaches a maximum or minimum, we get b0.0/D 0.
So a0.0/¤ 0 is satisfied. Using this and L’Hospital’s rule, we can compute

lim
x!0

z2.x/D
4�2

.a0.0//2
:

It follows that

lim
x!0

z.x/D sign.b.0// 2�

ja0.0/j
:

This means that F s can approach the chord .p; q/ in K �K very close, but in this case does not pass
through this chord. Together with the above, this results in a picture like the one in Figure 42.

So far we have only considered a local model of K and neglected the terms of higher order. These must
now be taken into account in a further step. However, we will not carry out this consideration here in
detail, but only note the following:

Let pD 
.s0/ and qD 
.t0/. Now we only look at chords with starting point 
.s/ for s 2 .s0�"; s0C"/
and endpoint 
.t/ for t 2 .t0� ı; t0C ı/, where " and ı have to be chosen sufficiently small. The above
calculations will then be carried out again, taking into account the higher-order terms. In the course of
the calculations, " and ı may have to be reduced several times in order to guarantee that the terms of
higher order are small enough. Compare also the proof of Lemma 7.10 in [2].

(2) Now we consider the behavior of F near the diagonal ��K �K. Let p D 
.s/ 2K. We choose
coordinates .x; y; z/ as in (1) such that . P
.s/; R
.s/; P
.s/� R
.s// is a basis of this coordinate system. Thus,
K can be considered as a graph over the x–axis with y D �x2 and z D 0. So, the normal plane at the
point 
.s.x// is, as in (1),

N.x/D span.˛.x/; ˇ/ where ˛.x/D

0@�2�x1
0

1A and ˇ D

0@00
1

1A :
We define the following map, which is the projection onto the normal plane N.x/ and a normalization:

nx WR
3
! S1 �N.x/; v 7!

.hv; ˛.x/=j˛.x/ji; hv; ˇi/

j.hv; ˛.x/=j˛.x/ji; hv; ˇi/j
:

Algebraic & Geometric Topology, Volume 24 (2024)



Definition of the cord algebra of knots using Morse thoery 3031

K �K

.p; p/

�F s

F e

U

Figure 43: F �K �K in a neighborhood of the chord .p; p/.

Let .x1; x2/, where x1 ¤ x2, be a chord in a neighborhood U of the chord .p; p/ 2 �; see Figure 43.
Then

nx1
�

.s.x2//� 
.s.x1//

�
D nx1

0@0@ x2� x1
�x22 � �x

2
1

0� 0

1A1A
D

.�2�x2x1C 2�x
2
1 C �x

2
2 � �x

2
1 ; 0/

j.�2�x2x1C 2�x
2
1 C �x

2
2 � �x

2
1 ; 0/j

D
.�.x2� x1/

2; 0/

j.�.x2� x1/2; 0/j
D .1; 0/:

In the local coordinates of N.0/ the following holds: R
.s.0//=j R
.s.0//j D .1; 0/. As a consequence, if
�.0/D .1; 0/ 2N.0/, we have �.x/¤ .1; 0/ in a neighborhood of x D 0 according to condition (ii) from
Remark A.1, and so we get

F s \U D f.x1; x2/ 2 U W x1 D 0; x2 ¤ x1g:

The set F s is not defined on the diagonal because there the projection of a chord onto the normal plane is
the zero vector. However, we can extend F s in a canonical way on the diagonal (see Figure 43):

F s \U D f.x1; x2/ 2 U W x1 D 0g:

Assumption (ii) from Remark A.1 is necessary for the following reason: if �.x/� .1; 0/ in a neighborhood
of xD 0, dimF s D 2 would follow because every chord in that neighborhood would intersect the framing.

Also here we will not carry out the consideration of the terms of higher order. However, this is to be
realized analogous to the above consideration.

(3) It remains to show that F s n .@S [�/ is a one-dimensional submanifold.

We define the maps �1; �2 2 C1.S1; S2/ by

�1.s/D
R
.s/

j R
.s/j
and �2.s/D

P
.s/� R
.s/

j P
.s/� R
.s/j
:

Thus, we have . P
.s/; �1.s/; �2.s// as an orthonormal basis of R3 for all s 2 S1. So the framing can be
written as

� W S1! S2; s 7! a1.s/�1.s/C a2.s/�2.s/;

where .a1; a2/DW Oa 2 C1.S1; S1/. We define the map

a W S1! S1 �S1; s 7! .s; Oa.s//:
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We also define the following map, which is the orthogonal projection of a chord onto the normal plane at
the starting point of the chord and a normalization:

On W T 2 n .@S [�/! S1; .t; u/ 7!

�
h
.u/� 
.t/; �1.t/i

h
.u/� 
.t/; �2.t/i

�
ˇ̌̌̌�
h
.u/� 
.t/; �1.t/i

h
.u/� 
.t/; �2.t/i

�ˇ̌̌̌ :
This map is well defined since the boundary of S and the diagonal are excluded. According to Definition 2.8,
a chord .t; u/ intersects the framing at its starting point if and only if On.t; u/D Oa.t/. We consider the map

n W T 2 n .@S [�/! S1 �S1; .t; u/ 7! .t; On.t; u//:

We want to show that a is transverse to n. This holds if and only if the map

a�n W S1�.T 2 n.@S[�//! .S1�S1/�.S1�S1/; .s; t; u/ 7! .a.s/; n.t; u//D .s; Oa.s/; t; On.t; u//;

is transverse to �.S1�S1/�.S1�S1/, where

�.S1�S1/�.S1�S1/ D f.s; t; u; v/ 2 .S
1
�S1/� .S1 �S1/ W .s; t/D .u; v/g

is the diagonal in .S1 �S1/� .S1 �S1/. The tangent space at points of this diagonal is

T.s;t;s;t/�.S1�S1/�.S1�S1/ D span

0BB@
0BB@
1

0

1

0

1CCA ;
0BB@
0

1

0

1

1CCA
1CCA :

In addition,

D.s;t;u/.a�n/D

0BBB@
1 0 0
POa.s/ 0 0

0 1 0

0 @ On
@t
.t; u/ @ On

@u
.t; u/

1CCCA :
The derivatives of Oa and On each have two components, but can be regarded as real-valued by the
identification S1 ŠR=Z. The matrix is to be understood in this sense. Furthermore,

.a�n/.s; t; u/ 2�.S1�S1/�.S1�S1/ () s D t; Oa.s/D On.t; u/:

Thus, a � n is transverse to the diagonal �.S1�S1/�.S1�S1/ if and only if for all points .s; t; s; t/ in
.S1 �S1/� .S1 �S1/ with .s; t; s; t/D .a�n/.s; s; u/ the following holds:

span

0BB@
0BB@
1

0

1

0

1CCA ;
0BB@
0

1

0

1

1CCA ;
0BB@
1
POa.s/

0

0

1CCA ;
0BB@

0

0

1
@ On
@s
.s; u/

1CCA ;
0BB@

0

0

0
@ On
@u
.s; u/

1CCA
1CCADR4:

This is satisfied if

(A-2) POa.s/¤
@ On

@s
.s; u/ or POa.s/D

@ On

@s
.s; u/ and

@ On

@u
.s; u/¤ 0:
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Assuming this, .a�n/�1.�.S1�S1/�.S1�S1// is a one-dimensional submanifold of S1� .T 2 n .@S [�//
since codim.�.S1�S1/�.S1�S1/ � .S

1 �S1/� .S1 �S1//D 2. The following holds:

.a�n/�1.�.S1�S1/�.S1�S1//D f.s; t; u/ W a.s/D n.t; u/g

D f.s; t; u/ W .s; Oa.s//D .t; On.t; u//g

D f.s; s; u/ W .s; Oa.s//D .s; On.s; u//g:

The latter set can be considered as

f.s; u/ 2 T 2 n .@S [�/ W Oa.s/D On.s; u/g;

ie the set of all chords that intersect the framing at its starting point. As a consequence,

F s n .@S [�/�K �K

is a one-dimensional submanifold.

Together with the results from (1) and (2) the following holds: F s � K � K is a one-dimensional
submanifold with boundary and @F s D @sS .

So it remains to show that condition (A-2) holds generically. For this we want to show the following:

(i) M1 WD
˚
.s; u/ W @ On

@u
.s; u/D 0

	
� T 2 n .@S [�/ is a one-dimensional submanifold.

(ii) Let M2 WD
˚
.s; u/ W Oa.s/D On.s; u/; POa.s/D @ On

@s
.s; u/

	
� T 2 n .@S [�/. Then M1\M2 D∅.

Proof of these two statements:

(i) In Figure 44 we can see that

@ On

@u
.s; u/D 0 ()

@.
.u/� 
.s//

@u
2 span. P
.s/; On.s; u//

() P
.u/ 2 span. P
.s/; On.s; u//

() h P
.u/; On.s; u/� P
.s/i D 0

() h P
.u/; .
.u/� 
.s//� P
.s/i D 0

() h P
.s/� P
.u/; 
.u/� 
.s/i D 0:

We define the maps (for k big enough)

f W C k.S1;R3/� .T 2 n .@S [�//!R; .
; s; u/ 7! h P
.s/� P
.u/; 
.u/� 
.s/i;

f
 W T
2
n .@S [�/!R; .s; u/ 7! f .
; s; u/:

We want to show that 0 is a regular value for f
 . First, we show that the map

D.
;s;u/f W C
k.S1;R3/�R2!R

is surjective for all .
; s; u/ with f .
; s; u/D 0:

Let .
; s; u/ be such that f .
; s; u/D h P
.s/� P
.u/; 
.u/� 
.s/i D 0.
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K

K

N.s/


.s/


.u/

.s; u/


.u/� 
.s/
On.s; u/

P
.s/

P
.u/

R
.s/

R
.u/

Figure 44: The chord .s; u/ with the first and second derivatives of the parametrization 
 at the
start and endpoint of the chord and On.s; u/.

We assume that D.
;s;u/f is the zero map and determine D.
;s;u/f � . O
; Os; Ou/:

@f

@s
.
; s; u/ � Os D h R
.s/� P
.u/; 
.u/�
.s/iOs;

@f

@u
.
; s; u/ � OuD h P
.s/� R
.u/; 
.u/�
.s/i Ou;

@f

@

.
; s; u/ � O
 D h PO
.s/� P
.u/; 
.u/�
.s/iCh P
.s/� PO
.u/; 
.u/�
.s/iCh P
.s/� P
.u/; O
.u/� O
.s/i:

Since h P
.s/� P
.u/; 
.u/� 
.s/i D 0, we can also write

@f

@s
.
; s; u/D h. R
.s/C� P
.s//� P
.u/; 
.u/� 
.s/i;

@f

@u
.
; s; u/D h P
.s/� . R
.u/C� P
.u//; 
.u/� 
.s/i

for any �;� 2R.

Assuming 
.u/� 
.s/D 0, it follows that s D u and hence .s; u/ 2�. However, this is excluded by the
definition of f .

Assuming .
.u/�
.s// k P
.u/, it follows that the chord .s; u/ is tangent to K. Thus, we have .s; u/2 @S .
However, this is also excluded by the definition of f . The case .
.u/� 
.s// k P
.s/ is analogous.
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Assume that R
.s/; P
.s/ and P
.u/ are linearly independent. The set

A WD f. R
.s/C� P
.s//� P
.u/ W � 2Rg

describes a straight line with 0 …A. So span.A/ is a plane through the origin with span.A/? P
.u/. Thus,

h. R
.s/C� P
.s//� P
.u/; 
.u/� 
.s/i D 0 8 � 2R () .
.u/� 
.s// k P
.u/:

It follows that .s; u/ 2 @S . This is a contradiction to the definition of f . So R
.s/; P
.s/ and P
.u/ are
linearly dependent and we get

P
.u/D �1 R
.s/C�2 P
.s/ with �1; �2 2R

since R
.s/ and P
.s/ are linearly independent. It follows that the set

f. R
.s/C� P
.s//� P
.u/ W � 2Rg D f.��1��2/ P
.s/� R
.s/ W � 2Rg

is a straight line through the origin. Since

@f

@s
.
; s; u/D h. R
.s/C� P
.s//� P
.u/; 
.u/� 
.s/i D 0

for all � 2R according to the assumption, it follows that


.u/� 
.s/ 2 span. P
.s/; R
.s//;

hence

.u/� 
.s/D �3 R
.s/C�4 P
.s/ with �3; �4 2R:

Now we can rewrite the three summands of @f
@

.
; s; u/ � O
 :

h PO
.s/� P
.u/; 
.u/� 
.s/i D .�2�3��1�4/h P
.s/� R
.s/; PO
.s/i;

h P
.s/� PO
.u/; 
.u/� 
.s/i D ��3h P
.s/� R
.s/; PO
.u/i;

h P
.s/� P
.u/; O
.u/� O
.s/i D �1h P
.s/� R
.s/; O
.u/� O
.s/i:

All in all, with N� WD �2�3��1�4 we get

@f

@

.
; s; u/ � O
 D h P
.s/� R
.s/; N� PO
.s/��3 PO
.u/C�1. O
.u/� O
.s//i:

We have �3 ¤ 0, otherwise 
.u/ � 
.s/ D �4 P
.s/, ie .s; u/ 2 @S . So we can choose O
 such that
PO
.u/D P
.s/� R
.s/ and PO
.s/D O
.u/� O
.s/D 0. With this choice we have

@f

@

.
; s; u/ � O
 ¤ 0

and therefore the map D.
;s;u/f is not the zero map. Hence D.
;s;u/f is surjective.

Thus, 0 is a regular value for f and f �1.0/ is a Banach manifold (see McDuff and Salamon [9, proof of
Theorem 3.1.6] which is based on an infinite dimensional version of Sard’s theorem). The projection map
pr1 W f

�1.0/! C k.S1;R3/, for k big enough, is smooth. According to the Sard–Smale theorem, almost
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s

u

.s; u/

M1 D f
�1

 .0/

rf
 .s; u/

Figure 45: A point .s; u/ 2M1 with @f

@u
.s; u/D 0.

all points in C k.S1;R3/ are regular values for pr1, so the parametrization 
 of K is generically a regular
value. Thus, pr�11 .
/� f �1.0/ is a Banach submanifold and 0 is a regular value for f
 (see [9, proof of
Theorem 3.1.6]). So M1 D f

�1

 .0/ is a one-dimensional submanifold and the assertion (i) is shown.

(ii) Let .s; u/ 2M1.

(a) First, we consider the case
@f


@u
.s; u/D 0;

ie in a neighborhood of s the set M1 cannot be written as a graph over the s–axis; see Figure 45. To
simplify the notation we define the function g
 WD @f
=@u. So,�
f
 .s; u/D h P
.s/� P
.u/; 
.u/� 
.s/i D 0

g
 .s; u/D h P
.s/� R
.u/; 
.u/� 
.s/i D 0

�
()

(
P
.s/ 2 span. P
.u/; 
.u/� 
.s//

R
.u/ 2 span. P
.s/; 
.u/� 
.s//
.s;u/…@S
D span. P
.u/; 
.u/� 
.s//

)

()

�
P
.s/D �1 P
.u/C�2.
.u/� 
.s//; �1; �2 2R; �1 ¤ 0
R
.u/D �3 P
.u/C�4.
.u/� 
.s//; �3; �4 2R; �4 ¤ 0

�
where �1 must not vanish, otherwise we have .s; u/ 2 @S , and �4 must not vanish, since P
.u/ and R
.u/
are linearly independent.

We define the function

h
 W T
2
n .@S [�/!R2; .s; u/ 7! .f
 .s; u/; g
 .s; u//;

and want to show that h�1
 ..0; 0// is a finite set for generic knots. This holds if D.s;u/h
 is surjective for
all .s; u/ with h
 .s; u/D .0; 0/. Let .s; u/ 2 T 2 n .@S [�/ with h
 .s; u/D .0; 0/. Then

D.s;u/h
 D

�
h R
.s/� P
.u/; 
.u/� 
.s/i �3h R
.s/� P
.u/; 
.u/� 
.s/i

0 �1h P
.u/� «
.u/; 
.u/� 
.s/i

�
:
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So D.s;u/h
 is surjective, ie det.D.s;u/h
 /¤ 0, if and only if

h R
.s/� P
.u/; 
.u/� 
.s/i ¤ 0 and h P
.u/� «
.u/; 
.u/� 
.s/i ¤ 0;

since �1 ¤ 0.

First, we look at h P
.u/�«
.u/; 
.u/�
.s/i. We will need the torsion of the knot at the point 
.u/. Recall
that for all u 2 S1 the torsion �.u/ 2 R is the unique real number for which Pb.u/ D �.u/ Nn.u/ holds,
where Nn.u/ WD R
.u/=j R
.u/j and b.u/ WD P
.u/� Nn.u/. We calculate

Pb.u/D P
.u/�
j R
.u/j2«
.u/� h R
.u/; «
.u/i R
.u/

j R
.u/j3
;

and then we can write

�.u/ R
.u/D P
.u/� «
.u/�
h R
.u/; «
.u/i

j R
.u/j2
P
.u/� R
.u/:

Therefore,

h P
.u/� «
.u/; 
.u/� 
.s/i D �.u/h R
.u/; 
.u/� 
.s/iC
h R
.u/; «
.u/i

j R
.u/j2
h P
.u/� R
.u/; 
.u/� 
.s/i„ ƒ‚ …
D0 since R
.u/2span. P
.u/;
.u/�
.s//

D �.u/h R
.u/; 
.u/� 
.s/i:

According to the above consideration, we have R
.u/ 2 span. P
.u/; 
.u/� 
.s//. Besides, R
.u/ and P
.u/
are linearly independent. Therefore,


.u/� 
.s/ 2 span. P
.u/; R
.u//;

and thus

.u/� 
.s/D �5 R
.u/C�6 P
.u/; �5; �6 2R; �5 ¤ 0;

where �5 must not vanish, otherwise the chord .s; u/ would be tangent to K. It follows that

�.u/h R
.u/; 
.u/� 
.s/i D �.u/h R
.u/; �5 R
.u/C�6 P
.u/i D �.u/�5j R
.u/j
2:

This expression does not vanish if �.u/¤ 0. For a generic knot �.u/D 0 holds for only finitely many
u 2 S1. So let f Nui W i D 1; : : : ; Nug � S1, for an Nu 2N, be the set of points for which �. Nui /D 0 holds.
Consider the set

zR1 WD

�
.s; u/ 2M1 W

@f


@u
.s; u/D 0; �.u/D 0

�
D f.s; u/ 2 T 2 n .@sS [�/ W h
 .s; u/D 0; �.u/D 0g

D f.s; Nui / 2 T
2
n .@sS [�/ W h
 .s; Nui /D 0; i 2 f1; : : : ; Nugg:

We can choose open neighborhoods of @sS and the diagonal of K �K of which we already know that
F s is a submanifold within these neighborhoods. Let U be the union of these neighborhoods. Thus, it
suffices to consider the set

R1 WD zR1\ .T
2
nU/:
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s

u

s0

Nu1

Nu2

NuNu

:::

M1 D f
�1

 .0/

Figure 46: The set R1 is finite.

We now argue that R1 is a finite set. We have M1 D f
�1

 .0/. Therefore, for all .s; u/ 2 f �1
 .0/, we have

rf
 .s; u/?M1. If .s; Nui / 2M1, then
@f


@u
.s; Nui /D 0

according to the assumption. So M1 is tangent to the straight line f.s; u/ W s D constg at the point
.s; Nui / 2 R1; see Figure 46. Since the set f Nui W i D 1; : : : ; Nug � S1 is finite, no further point in R1
can be contained in a sufficiently small neighborhood of .s; Nui /. Therefore, R1 is a discrete set. Since
M1\ .T

2 nU/ is compact, R1 is finite. In the example of Figure 46 we have .s0; Nu2/; .s0; NuNu/ 2R1.

Now let’s look at the entry
@f


@s
.s; u/D h R
.s/� P
.u/; 
.u/� 
.s/i

in D.s;u/h
 . According to the assumption, we have f
 .s; u/D h P
.s/� P
.u/; 
.u/�
.s/i D 0. It follows
that

@f


@s
.s; u/D h. R
.s/C� P
.s//� P
.u/; 
.u/� 
.s/i

for all � 2R. Assume
@f


@s
.s; u/D 0:

Then we get, as in (i),


.u/� 
.s/D �3 R
.s/C�4 P
.s/; �3; �4 2R; �3 ¤ 0:

Thus, we can write

0D f
 .s; u/D �3h P
.s/� P
.u/; R
.s/i and 0D g
 .s; u/D �3h P
.s/� R
.u/; R
.s/i;

or, since �3 ¤ 0,
h P
.s/� P
.u/; R
.s/i D 0 and h P
.s/� R
.u/; R
.s/i D 0:
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Therefore,
P
.u/; R
.u/; 
.u/� 
.s/ 2 span. P
.s/; R
.s//:

We define the maps (for k big enough)

Qf W C k.S1;R3/� .T 2 n .@S [�//!R3; .
; s; u/ 7!

0@ h P
.s/� R
.s/; P
.u/i

h P
.s/� R
.s/; R
.u/i

h P
.s/� R
.s/; 
.u/� 
.s/i

1A ;
Qf
 W T

2
n .@S [�/!R3; .s; u/ 7! f .
; s; u/:

We want to show that 0 is a regular value for Qf
 . First, we show that the map

D.
;s;u/ Qf W C
k.S1;R3/�R2!R3

is surjective for all .
; s; u/ with Qf .
; s; u/D 0:

Let .
; s; u/ be such that Qf .
; s; u/D 0. Let . O
; 0; 0/ 2 C k.S1;R3/�R2. We determine

D.
;s;u/ Qf � . O
; 0; 0/D
@ Qf

@

.
; s; u/ � O


D

0B@ h PO
.s/� R
.s/C P
.s/� RO
.s/; P
.u/iC h P
.s/� R
.s/; PO
.u/i

h PO
.s/� R
.s/C P
.s/� RO
.s/; R
.u/iC h P
.s/� R
.s/; RO
.u/i

h PO
.s/� R
.s/C P
.s/� RO
.s/; 
.u/� 
.s/iC h P
.s/� R
.s/; O
.u/� O
.s/i

1CA :
If we choose O
1, O
2, and O
3 such that PO
i .s/D RO
i .s/D 0, for i D 1; 2; 3, and

� PO
1.u/D P
.s/� R
.s/ and RO
1.u/D O
1.u/� O
1.s/D 0, we get

D.
;s;u/ Qf � . O
1; 0; 0/D

0@j P
.s/� R
.s/j20

0

1A I
� RO
2.u/D P
.s/� R
.s/ and PO
2.u/D O
2.u/� O
2.s/D 0, we get

D.
;s;u/ Qf � . O
2; 0; 0/D

0@ 0

j P
.s/� R
.s/j2

0

1A I
� O
3.u/� O
3.s/D P
.s/� R
.s/ and PO
3.u/D RO
3.u/D 0, we get

D.
;s;u/ Qf � . O
3; 0; 0/D

0@ 0

0

j P
.s/� R
.s/j2

1A :
Since j P
.s/ � R
.s/j2 ¤ 0, the surjectivity results from any linear combination of these three choices.
Thus, 0 is a regular value for Qf and Qf �1.0/ is a Banach manifold (see [9, proof of Theorem 3.1.6]). The
projection map pr1 W Qf

�1.0/! C k.S1;R3/, for k big enough, is smooth. According to the Sard–Smale
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theorem, almost all points in C k.S1;R3/ are regular values for pr1, so the parametrization 
 of K is
generically a regular value. Thus, pr�11 .
/� Qf �1.0/ is a Banach submanifold and 0 is a regular value
for Qf
 (see [9, proof of Theorem 3.1.6]). It follows that Qf �1
 .0/ D ∅, ie for a generic knot we have
h R
.s/� P
.u/; 
.u/� 
.s/i ¤ 0 in case (a).

Now we choose some open neighborhoods as follows:

� According to (1), around the finitely many points @sS , F s is a smooth curve with endpoint in @sS .
So we can choose open neighborhoods of these finitely many points of which we already know
that within these neighborhoods F s is a one-dimensional submanifold with boundary. Let U@sS be
the union of these neighborhoods.

� According to (2), there exists an open neighborhood U� of the diagonal inK�K such that F s\U�
is a one-dimensional submanifold.

� We can choose the framing such that F s \R1D∅ since R1 depends only on the knot and is finite.
So there exist open neighborhoods U.s;u/i of all points .s; u/i 2 R1 such that for all i , we have
F s \U.s;u/i D∅. Let UR1 WD

S
i U.s;u/i .

Let U WD UR1 [U@sS [U�. We define the map

Qh
 WD h
 jT 2nU :

According to the above, D.s;u/ Qh
 is surjective for all .s; u/ with Qh
 .s; u/D .0; 0/. So the set

R2 WD Qh
�1

 ..0; 0//

is finite since T 2 nU is compact.

We choose the framing so that F s \R2 D∅.

(b) Since R2 is finite, ie
@f


@u
.s; u/D 0

for only finitely many .s; u/ 2M1, M1 nR2 can be split into finitely many disjoint subsets M1;i , for
i D 1; : : : ; NM1 , with NM1 2N, each of which is connected, such that for all i D 1; : : : ; NM1 , M1;i can
be written as a graph over the s–axis; ie

M1;i D f.s; ui .s// W s 2 Uig;

where Ui � S1 is open, ui W Ui ! R is smooth, and lims!s0 h
 .s0; ui .s// D .0; 0/ for s0 2 @Ui . We
define the set

MUi WD fs 2 Ui W Oa.s/D g1.s/;
POa.s/D g2.s/g � S

1
ŠR=Z

with
g1 W S

1
! S1; s 7! On.s; u.s//;

g2 W S
1
!R; s 7!

@ On

@s
.s; u.s//:
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The set of all 1–jets from S1 to S1 is

J 1.S1; S1/D S1 �S1 �R:

Furthermore,
Li WD f.s; g1.s/; g2.s// W s 2 Uig � J

1.S1; S1/

is a submanifold, since Li is a graph over the s–axis, with codim.Li � J 1.S1; S1//D 2. We can perturb
Oa in the space C k.S1; S1/, for k big enough, so that the map

h W S1! J 1.S1; S1/; s 7! .s; Oa.s/; POa.s//;

is transverse to
SNM1
iD1 Li (see [7, Theorem 2.9]). So we get

MU WD

NM1[
iD1

MUi D h
�1

�NM1[
iD1

Li

�
D∅

since codim.MU � S
1/D 2.

Thus, the condition (A-2) is satisfied and this proves the lemma.
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An analogue of Milnor’s invariants for knots in 3–manifolds

MIRIAM KUZBARY

Milnor’s invariants are some of the more fundamental oriented link concordance invariants; they behave
as higher-order linking numbers and can be computed using combinatorial group theory (due to Milnor),
Massey products (due to Turaev and Porter) and higher-order intersections (due to Cochran). We generalize
the first nonvanishing Milnor’s invariants to oriented knots inside a closed oriented 3–manifold M . We
call this the Dwyer number of a knot and show methods to compute it for nullhomologous knots inside
connected sums of S1 �S2. We further show in this case that the Dwyer number provides the weight of
the first nonvanishing Massey product in the knot complement in the ambient manifold. Additionally,
we prove that the Dwyer number detects a family of nullhomotopic knots K in #lS1 � S2 bounding
smoothly embedded disks in \l D2 �S2 which are not concordant to the unknot.

57K10, 57K12

1 Introduction

In order to use knots and links to understand 4–manifold topology, we examine their equivalence classes up
to a 4–dimensional relation called concordance. We say two n–component links L0 and L1 are concordant
if there are n smooth disjoint properly embedded annuli in S3 � I with boundary L0 � f0g t�L1 � f1g,
and an n–component link L� S3 is slice if it bounds n smooth properly embedded disks in B4. Note that
a knot is a link with one component. Knots modulo concordance with the operation connected sum form
the knot concordance group C, introduced by Fox and Milnor in [8], and results about knot concordance
have had many useful implications for the study of 4–manifolds. For example, the result of Dehn surgery
on two concordant knots K and J is two 3–manifolds which are homology cobordant by a 4–manifold
obtained by replacing S1 �D2 � I in S3 � I by D2 �S1 � I with appropriate framing.

From this perspective, it is a pressing issue that every 3–manifold is the result of Dehn surgery on a
link, and not necessarily a knot. Moreover, there are concordance invariants of links, such as the linking
number, which are not simply a generalization of some quantity for knots but are a fundamentally distinct
idea unique to these objects with multiple components. To this end, we address the following questions:

� Can concordance invariants of links in S3 give information about knots in more complicated
3–manifolds obtained by Dehn surgery on some (possibly different) link?

� Can these invariants give more subtle information about links which are distinct in concordance
than previously known techniques?

© 2024 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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We address these questions using Milnor’s link concordance invariants defined in [16], which are useful
precisely because they detect subtle linking data not obtained from simply generalizing invariants for
knots. In particular, the linking number is a Milnor invariant of weight 2. The higher-weight Milnor’s
invariants can even detect nontriviality of links where each component is the unknot and removal of any
single component results in the unlink. For example, the Milnor invariants of weight 3 (also known as the
triple linking number) obstruct the Borromean rings from being slice. Note that Milnor’s invariants are
topological concordance invariants and not invariants of smooth concordance; however, here we work in
the smooth category.

Given a knot K in a 3–manifold M , we define a new integer-valued concordance invariant, called the
Dwyer number, denoted byD.K; 
/ where 
 is a curve homologous toK with certain technical properties.
This invariant relies on certain subgroups of the second homology of the knot complement which encode
information about the lower central series quotients of the fundamental group of the knot complement.
As detailed in Section 2, this is exactly the information the Milnor’s invariants give us for links. We say
two knots K0 and K1 in M are concordant if there is a smooth properly embedded annulus in M � I
with boundary K0 � f0g t�K1 � f1g, where �K1 is K1 with the opposite orientation.

Theorem 3.10 D.K; 
/ is an invariant of knot concordance in M � I .

The construction of D.K; 
/ is quite different from that of Milnor, as the combinatorial group theory
tools of Magnus [13], exploited by Milnor in his original work, do not directly apply. Recall the lower
central series of a group G is defined recursively by G1 D G and Gm D ŒG;Gm�1�. Milnor’s original
definition used nice properties of the lower central series quotients of free groups; in our definition we
constructed an invariant using the lower central series quotients of the knot group using a somewhat
different approach. However, will see in Section 4 that in certain cases this new invariant shares many
of the useful properties of Milnor’s invariants, in particular, its relationship with fundamental group of
the link complement in the ambient 3–manifold. Note that Milnor’s invariants have been generalized to
knots in specific nontrivial homotopy classes of Seifert fiber spaces by D Miller [15] and knots in prime
manifolds which are nontrivial in homotopy by Heck [11].

In the case where K is nullhomologous in M , we can take 
 to be an unknot and denote this invariant by
D.K/. The Dwyer number detects which elements of H2.M/ can be represented by Gm–surfaces where
G D �1.M n �.K/;�/, as detailed in Section 3. These objects can be viewed as the continuous image of
2–complexes, historically called gropes. For reasons clear from the name, we will instead refer to a grope
as a surface tower, as suggested by Scott Carter and Ian Agol. When K � #l S1 � S2, D.K/ can be
viewed as a generalization of the lowest order nonvanishing Milnor’s N�–invariant of a link, as indicated
by Theorem 4.5. Throughout this paper we will refer to the group �1.M n �.L/;�/ of a knot or link L in
a 3–manifold M by G.L;M/, and suppress M from the notation when the ambient manifold is clear.

Theorem 4.5 If K � #l S1 �S2 is a nullhomologous knot with D.K/D q, then the longitude of K
lies in G.K/q�1 and not G.K/q .

Algebraic & Geometric Topology, Volume 24 (2024)
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In this special caseK � #l S1�S2, D.K/ also gives the weight of the first nonvanishing Massey product
in the knot complement, just as Milnor’s invariants do for links in S3.

Proposition 4.6 If D.K/D q, then in H�
�
#l S1 �S2 n �.K/

�
all nonvanishing Massey products are

weight � q.

The original motivation for this project comes from a construction in Heegaard Floer homology called
the knotification of a link. This construction takes an n–component link L� S3 and forms a knot �.L/
inside #n�1 S1 �S2. The knotification of a link is particularly important as it appears in the original
definition by Ozsváth and Szabó in [19] of the knot Floer complex for a link L� S3, and the resulting
complex is exactly the link Floer complex of L with all Ui variables set equal to a single U variable and
the grading appropriately shifted. Our work arose from examining the knotification of a link L� S3 and
determining what linking data from L remained detectable in the knotification in a connected sum of
copies of S1 �S2. In future work, we hope to use these ideas to detect this higher-order linking data in
the Heegaard Floer homology setting itself. To this end, we can use our work to predict properties of
some knotified links based on the Milnor invariants of a link in S3.

Proposition 4.14 Let L� S3 be an n–component link whose first nonzero Milnor invariant N�L.I / is
weight q for some positive integer q. Then D.�.L//� d.q� 1/=ne.

While it is interesting for those of us who care about Milnor’s invariants to have this generalization, it
is compelling to exhibit situations where this invariant can distinguish knots not previously able to be
distinguished.

Recall for a knot K in S3, K being slice in B4 is equivalent to K being concordant to the unknot in
S3 � I . This is not true for knots in a general 3–manifold M bounding a 4–manifold, as demonstrated
in the following theorem. Results in this work about the concordance of knots in

�
#l S1 � S2

�
� I

will indicate how different the study of knot concordance in this setting is from that of knots in S3.
Furthermore, these results motivate the definition of a new link concordance group in upcoming joint
work with Matthew Hedden.

Proposition 4.9 Let L � S3 be an .nC1/–component link with slice components such that an n–
component sublink U is the unlink. Then the image of L nU after performing 0–surgery on U is a knot
K � #n S1 �S2 which is slice in \

n
D2 �S2 and, if L had at least one nonvanishing Milnor invariant

of some weight I , is not concordant to the unknot in
�
#n S1 �S2

�
� I .

Theorem 4.10 For each i 2 ZC there is a nullhomotopic family of distinct knots˚
L2n �# i

S1 �S2 j n 2 ZC
	

with trivial algebraic self-linking number (in the sense of Schneiderman in [22]) which bound a smooth
properly embedded disk in \

i
D2 �S2 but are not concordant to the trivial knot in

�
#i S1 �S2

�
� I .
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: : :

: : :

0

Figure 1: A family of knots L2n in S1 �S2 with D.L2n/D 2n, where n refers to the number of
copies of the repeating tangle in the middle of the knot.

During the course of this work, other researchers in low dimensional topology worked on a similar
problem and also exhibited examples of knots in S1�S2 which are slice in D2�S2 and not concordant
to the unknot in .S1 �S2/� I . The covering link techniques of Davis, Nagel, Park, and Ray in [6] and
Friedl, Nagel, Orson, and Powell in [10] distinguish L2n from being concordant to the trivial link, but
do not distinguish L2n from L2k where n¤ k as the linking numbers associated to their covering links
are all �3. Additionally, the algebraic self-linking numbers of [22] are all trivial from a straightforward
calculation using the obvious nullhomotopy.

Finally, as detailed by Celoria in [2], the knot concordance group acts on the set of concordance classes
of knots in a 3–manifold M by local knotting. The quotient by this action is the set of so-called almost-
concordance classes of knots, and Celoria conjectured that the trivial homotopy class in each 3–manifold
contains infinitely many knot representatives, distinct up to almost-concordance. This question was
addressed in [6; 10] and by Yildiz in [27] at around the same time the bulk of our work here was
completed, and the conjecture was proven in [10]. As demonstrated by the examples in Theorem 4.10, the
techniques from these papers are not sufficient to distinguish our examples from each other, and it is in
this case that the higher-order linking data detected by the Dwyer number is useful. Therefore, we present
the following proposition to indicate that the Dwyer number can be used to study almost-concordance
classes in more detail:

Proposition 4.18 Fix l 2 Z�0 and let K be a nullhomologous knot in #l S1 � S2. Then D.K/ is an
invariant of almost-concordance in #l S1 �S2.

1.1 Future questions

(1) Is there a relationship between D.K; 
/ for K �M and the Milnor number of a 3–manifold M
defined by Tim Cochran and Paul Melvin?

(2) Are there examples of knots K �M with finite D.K; 
/ where �1.M; ?/ is not free?

Algebraic & Geometric Topology, Volume 24 (2024)
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(3) For any closed oriented 3–manifold M and each homology class x 2 H1.M/, is there a smooth
embedded curve 
 2 x such that, for any knot K 2 x, there is a homomorphism  from G.
/ to G.K/
inducing an isomorphism from H1.M n �.
// to H1.M n �.K//?

(4) Is there an unordered version of the first nonvanishing Milnor’s invariants defined by taking the
quotient of the free group by the action of the symmetric group and looking at the image of longitudes in
this result? If such a thing is well defined, can you use this idea to help define higher-order tree valued
invariants in the sense of Schneiderman and Teichner in [23]?

(5) By Proposition 4.6, D.K/ for K � #l S1 �S2 gives a lower bound on the weight of nonvanishing
Massey products on #l S1 � S2 n �.K/. Which of these products is well defined and are they also
concordance invariants?

Outline

In Section 2, we outline the necessary background on Milnor’s invariants. In Section 3, we define our
invariant for the case of knots in oriented closed 3–manifolds and prove it is an invariant of concordance
in M � I . Finally, in Section 4 we prove that this invariant generalizes important properties of Milnor’s
invariants and express a bound for the invariant in certain cases in terms of the Milnor’s invariants of an
associated link.
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2 Background

To give context for the Dwyer number and justification for why it generalizes the useful properties of
Milnor’s invariants, the following is a short overview of the original definition of these invariants and
why they are useful. While the original definition of Milnor’s invariants with nonrepeating indices by
Milnor in [16] and in general in [17] is somewhat laborious, as we will see in this section the construction
naturally extends the idea of the linking number in the group-theoretic setting in order to detect subtle
higher-order linking data of a link. Milnor’s invariants arise in three contexts: combinatorial group theory,
cohomology, and intersection theory. The connection between the group-theoretic and cohomological
perspectives using Massey products was conjectured by Milnor in his original definitions, but was not
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proven until much later by Turaev in [26], and independently by Porter in [21]. Later, using work
of Stein [25], Cochran showed that one can exploit the duality between Massey products and iterated
intersections of surfaces in order to compute the first nonvanishing Milnor’s invariants in [3]. In this
section, we survey definitions and major theorems about these invariants.

Note that the fundamental group of a link complement is not itself a concordance invariant: there are
many slice links with nontrivial fundamental group. However, we can extract concordance data from the
fundamental group of a link through a clever use of the lower central series. Recall that, for an arbitrary
link in the 3–sphere, we can repackage the linking numbers between its components as a statement about
the homology of the complement of the link. We will refer to a 0–framed longitude of a knot or link
simply as the longitude of the knot or link.

Remark 2.1 If L is an n–component oriented link in S3 with Li the 0–framed longitude of the i th

component of L, then

ŒLi �D

nX
jD1

lk.Li ; Lj / � xj 2 H1.S3 n �.L//DG.L/=ŒG.L/;G.L/�;

where xj represents the j th meridian of L.

From this perspective, one might ask if there is concordance information detected by other quotients of
the fundamental group. Theorem 2.2 indicates there is:

Theorem 2.2 (Casson [1]) If L1 and L2 are concordant links in S3, then G.L1/=G.L1/m and
G.L2/=G.L2/m are isomorphic for all m� 1.

As a result, we have an entire family of nilpotent groups which can tell us information about link
concordance. Furthermore, we have the following important result concerning maps on group homology
and these nilpotent quotients:

Theorem 2.3 (Stallings’ integral theorem [24]) Let ' W A ! B be a homomorphism inducing an
isomorphism on H1.�IZ/ and an epimorphism on H2.�IZ/. Then , for each n , ' induces an isomorphism
A=Am Š B=Bm.

In order to use these theorems to detect whether a link is nontrivial, we must understand how the structure
of the group quotients relate to the topology we are using them to study. The following lemma is well
known, but we include it here along with a proof to motivate later definitions:

Lemma 2.4 Let L be an n–component link in S3.

(1) If L has only one component (ie L is a knot), then G.L/=G.L/m Š Z for all m.

(2) If L is the n–component unlink , then G.L/ is a free group generated by the meridians of L.

(3) If L is an n–component slice link and F is a free group on n letters , then G.L/=G.L/m Š F=Fm
for all m.
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Proof (1) Consider the homomorphism f W Z! �1.S
3 nL;�/ defined by sending the generator 1

of Z to a meridian of L. Since L is a knot, this map induces isomorphisms on homology. Thus, by
Theorem 2.3, f induces isomorphisms on the lower central series quotients.

(2) This is a straightforward calculation using the Seifert–van Kampen theorem.

(3) Since L is a slice link, it is concordant to the n–component unlink. By Theorem 2.2 and the
previous statement, G=Gm is isomorphic to F=Fm for all m.

This lemma first tells us that the nilpotent quotients of the fundamental group of a knot in S3 will not
tell us any new concordance information; this is expected, as there is nothing for the knot to “link” with
in the first place since S3 is simply connected. Therefore, in the case of knots and links in S3, these
lower central series quotients will only be useful for studying links. As we will show, this is not the case
for knots in arbitrary 3–manifolds. Furthermore, Lemma 2.4 indicates that if we want to determine if
an n–component link is nontrivial in concordance, we should examine whether the lower central series
quotients of its link group are isomorphic to the lower central series quotients of a corresponding free
group. One major difficulty is the lower central series quotients of free groups on n > 1 letters become
unwieldy quite quickly. We can detect whether these quotients are isomorphic using a clever group
presentation. Recall that the fundamental group consists of based homotopy classes. However, since we
work in nilpotent quotients of fundamental groups and changing the basepoint corresponds to conjugation,
we will suppress the basing from discussion, as in [3, Section 3].

As observed by Milnor, the meridian homomorphism ' W F !G=Gm, where F D hx1; : : : ; xni is a free
group on n letters and ' sends a generator xi to a meridian �i , is surjective, and for any longitude li
there is a word Rm.li / 2 F such that '.Rm.li //� li modGm. In the language of Cochran, we call any
such element Rm.li / an m–rewrite of li .

Theorem 2.5 (Milnor [17]) Let L� S3 be an n–component link. For m� 1, there is a presentation

G.L/

G.L/m
Š hx1; : : : ; xn j Œxi ; Rm.li /� for 1� i � n; Fmi;

where xi represents an i th meridian of L , li represents the i th longitude of L , F is the free group on the
letters x1; : : : ; xn, and Rm.li / is an m–rewrite of li .

In summary, it is clear that, for any m 2 Z with m� 2,

G.L/

G.L/m
Š

F

Fm
() Œxi ; Rm.li /� 2 Fm for each i () Rm.li / 2 Fm�1 for each i:

The remaining piece of the definition of Milnor’s invariants relies on work of Magnus; there is an
embedding of the free group on n letters into the power series ring ZŒŒX1; : : : ; Xn�� of n noncommuting
variables defined on generators by

M.xi /D 1CXi and M.x�1i /D 1�Xi CX
2
i �X

3
i C � � � :
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A word in the free group is in Fq if and only if all the coefficients of its Magnus expansion of degree q or
less are 0; this proof is detailed by Magnus, Karrass, and Solitar in [14, Chapter 5].

Definition 2.6 (Milnor [17]) Let L� S3 be an oriented ordered link. The Milnor invariants of L are
integers N�L.i1; : : : ; ik/, each corresponding to a multi-index .i1; : : : ; im/ where ij 2 f1; : : : ; ng, and are
defined as follows:

Let lim be the i th
m longitude of L and let Rm.lim/ be an m–rewrite as defined above. By Theorem 2.5,

this group element can be represented by a word w in meridians x1; : : : ; xn. The Magnus expansion of
this word is

M.w/D 1C
X
I

�IX
I ;

where the sum is taken over all possible multi-indices I D .j1; : : : ; jm/ and XI is shorthand for
Xj1 : : : Xjm . We will refer to the coefficient of XI in M.w/ as �I .w/. Then,

N�.i1; : : : ; im/ WD �i1;:::;im�1
.Rm.lim//:

We will refer to the length of the multi-index ji1; : : : ; imj as the weight (or order) of the invariant
N�.i1; : : : ; im/. The integer is well defined if all the Milnor’s invariants of weight less than m are 0,
otherwise, this integer is defined to be the residue class modulo

�D gcdf N�.I / j I 2 zI g;

where zI is obtained from i1; : : : ; im by removing one index and cyclically permuting the other indices.

Theorem 2.7 (Casson [1]) The N�–invariants are concordance invariants for oriented ordered links in S3.

Notice that Milnor’s invariants are only defined modulo certain Milnor’s invariants of smaller weight.
Therefore, we are primarily concerned with the first Milnor’s invariants which are nonzero, as in [3].

Theorem 2.8 (Turaev [26] and Porter [21]) Let L� S3 be an oriented ordered n–component link and
let Li refer to its i th component. Let ui 2H 1.S3 nLi / be the Alexander dual of the generator of H1.Li /
determined by the orientation of Li . For i , j 2 f1; : : : ; ng, set 
i;j equal to the Lefschetz dual of the
element in H1.S3; Li [Lj / determined by a path from Li to Lj .

Let .l1; : : : ; lp/ be a sequence of integers with lk 2 f1; : : : ; ng. If all Milnor invariants of L of weight
less than p are 0, then the Massey product hul1 ; : : : ; ulpi in S3 nL is defined and

hul1 ; : : : ; ulpi D .�1/
p
N�L.l1; : : : ; lp/
l1;lp :

So we can recover the appropriate Milnor invariants by evaluating hul1 ; : : : ; ulpi on the corresponding
boundary components of S3 n �.L/. Recall that Massey products are generalized cup products; just as
cup products are dual to intersections, Massey products are dual to higher-order intersections. Cochran’s
work allows us to compute Milnor’s invariants using surface systems which precisely encode the correct
higher-order intersections to calculate the lowest weight nonvanishing Milnor invariants of a link L [3].
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3 Concordance data in the lower central series

In Section 2, we introduced Milnor’s invariants which detect subtle higher-order linking data for a link in
the 3–sphere using the lower central series quotients of the fundamental group of the link complement.
We further indicated why Milnor’s invariants for a knot in S3 are not useful. It is natural to ask whether
this approach could detect concordance information for knots and links in 3–manifolds other than S3. As
we demonstrate, the nilpotent quotients of the fundamental group of the complement of a knot in a more
complicated 3–manifold still prove to be quite useful. In Section 2, we introduced a theorem of Casson
which generalizes to the following well-known result which we will prove later in the section:

Proposition 3.1 If K1 and K2 are concordant knots inside a closed oriented 3–manifold M , then
G.K1/=G.K1/m ŠG.K2/=G.K2/m for all m.

To define the Dwyer number, we first go back to the original proof of Theorem 2.3 and examine why the
condition relating maps on group homology to nilpotent quotients of the respective groups is sufficient to
induce isomorphisms on nilpotent quotients. The proof of this theorem relies on the following sequence:

Theorem 3.2 (Stallings [24]) For a group G with normal subgroup N , there is a natural exact sequence

H2.G/!H2

�
G

N

�
!

N

ŒG;N �
!H1.G/!H1

�
G

N

�
! 0:

In the case that N DGm, we have

H2.G/!H2

�
G

Gm

�
!

Gm

GmC1
!H1.G/!H1

�
G

Gm

�
! 0:

This sequence indicates the significance of the kernel of the map H2.G/!H2.G=Gm/. This kernel is
called the mth Dwyer subgroup of G, and we denote it by ˆm.G/.

Definition 3.3 Let N be a normal subgroup of a group G. As defined by Cochran and Harvey in [5],
ˆN .G/ is the image of the mapH2.N /!H2.G/. Equivalently,ˆN .G/ is the subgroup of classes which
can be represented by maps of closed oriented surfaces f W†!ˆN .G/ such that f�.�1.†;�//�N .
We call such surfaces N–surfaces. We can similarly define N–surfaces for a topological space X with
fundamental group G and see that ˆN .G/DˆN .K.G; 1//. In this language, by Freedman and Teichner
[9, Lemma 2.3] and [5, Definition 1.5], ˆm.G/ is exactly ˆGm.K.G; 1//. We will therefore refer to
elements of ˆm.X/ as Gm–surfaces.

As proven in [9, Lemma 2.3] and further detailed in [9, pages 533–537], a Gm–surface has a nice
interpretation as the topological reformulation of an element in the mth term of the lower central series
of G. More precisely, the elements of ˆm.X/ are maps of 2–complexes, which we call surface towers,1

defined recursively as follows:

1As mentioned in the introduction, historically such a 2–complex has been referred to as a grope.
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Definition 3.4 [9] A surface tower has a class mD 1; : : : ;1. We will first define a surface tower with
boundary, and a closed surface tower will be the result of replacing a 2–cell in S2 with an m–surface
tower. A surface tower (with boundary) is a pair .2–complex; circle/. A class-1 surface tower is the pair
.circle; circle/, and a class-2 surface tower is a compact, oriented surface† with one boundary component.
For finite m, an m–surface tower is defined inductively as follows. Let fai ; bi j i D 1; : : : ; g.†/g be a
standard symplectic basis of simple closed curves for †. For any pi ; qi 2 ZC with pi C qi � m and
pi0 C qi0 Dm for at least one index i0, an m–surface tower is constructed by gluing a pi–surface tower
to each ai and qi–surface tower to each bi . An1–surface tower is a nested union of m–towers for all
m> 1. For a surface tower of class at least two, we will refer to each layer of surfaces as a stage, with
the first stage being the initial surface whose curves subsequent layers are glued to.

Recall that the mth term of the lower central series of G is generated by simple iterated commutators
Œx1; Œx2; Œx1; : : : ; xm��� as detailed in [14, Section 5.3]. WhenG is the fundamental group of a manifoldM ,
we can realize a commutator in G geometrically as the boundary of a surface of some genus continuously
mapped into M (though not necessarily embedded). Therefore, if we have an iterated commutator, we can
realize it geometrically as the continuous image of a 2–complex as above, where new layers of surfaces
are added on carefully. This idea motivates the following definition:

Definition 3.5 A half-surface tower of order m is inductively defined to be obtained from a surface † by
attaching half-surface towers of order m� 1 to a half-symplectic basis faig of †.

As noted in [9, Lemma 2.3], any map of an m–surface tower is also represented by a map of an order-m
half-surface tower. Therefore, we will mainly concern ourselves with these representatives.

Recall that Theorem 2.3 provided a sufficient condition for all lower central series quotients of a group to
be isomorphic. The Dwyer subgroup leads to a refinement of this theorem by Dwyer in [7]:

Theorem 3.6 (Dwyer’s integral theorem [7]) Let ' W A! B be a homomorphism that induces an
isomorphism on H1.�IZ/. Then for any positive integer m, the following are equivalent :

(1) ' induces an isomorphism A=Am Š B=Bm.

(2) ' induces an epimorphism from H2.AIZ/=ˆm.A/ to H2.BIZ/=ˆm.B/.

(3) ' induces an isomorphism from H2.AIZ/=ˆm.A/ to H2.BIZ/=ˆm.B/ and a monomorphism
from H2.AIZ/=ˆmC1.A/ to H2.BIZ/=ˆmC1.B/.

Figure 2: An order-3 half-surface tower.
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In Section 2, we saw that Milnor’s invariants gave us invariants for a link L� S3 which detected exactly
when the nilpotent quotients of �1.S3 n �.L/;�/ were isomorphic to the nilpotent quotients of a free
group with appropriate rank. Now, we can use Theorem 3.6 to construct a concordance invariant for a
knot K �M , where M is a closed oriented 3–manifold, using similar principles.

Lemma 3.7 Let M be a 3–manifold and G be its fundamental group. Then

H2.M/

ˆm.M/
Š

H2.G/
ˆm.G/

for all m> 1.

Proof Recall that we can construct a K.G; 1/ by attaching cells of dimension 3 and higher to M .
Furthermore, the homology groups of G are the homology groups of this K.G; 1/. Thus, we have the
exact sequence

�2.M/!H2.M/!H2.G/! 0:

Now, consider the Dwyer subgroup ˆm.M/�H2.M/ and notice that every element of �2.M/ maps to
an element inside ˆm.M/ since a 2–sphere is a half-surface tower of order m of arbitrarily large class.
Therefore, we have the following commutative diagram with exact rows and columns:

�2.M/

1 ˆm.M/ H2.M/
H2.M/

ˆm.M/
1

1 ˆm.G/ H2.G/
H2.G/

ˆm.G/
1

1 1

Thus
H2.G/

ˆm.G/
Š
H2.M/= Im.�2.M//

ˆm.M/= Im.�2.M//
Š
H2.M/

ˆm.M/

by the first and third isomorphism theorems.

We can use this lemma to prove Proposition 3.1:

Proof of Proposition 3.1 Let C be the smooth concordance from K1 to K2 inside M � I , H D
�1..M � I / n C;�/, and �i W M n �.Ki /! M � I n �.C / be inclusion maps. It is a straightforward
exercise using the Mayer–Vietoris sequence, naturality, and the five lemma to show that each �i induces
isomorphisms on homology which, by the proof of Lemma 3.7 and naturality, extend to isomorphisms
on the homology of their fundamental groups. Now by applying Theorem 3.6, G.K1/=G.K1/m Š
G.K2/=G.K2/m.
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Now, given the utility of the Dwyer subgroups in transforming computations in group homology into
computations in the homology of a 3–manifold with appropriate fundamental group, we define a knot
invariant:

Definition 3.8 Let M be an oriented closed 3–manifold and 
 be a fixed smooth embedded curve
inside M such that, for any knot K homologous to 
 , there is a homomorphism  from G.
/ to G.K/
inducing an isomorphism from H1.M n �.
// to H1.M n �.K//. Then the Dwyer number of such a K
relative to 
 is defined by first considering a fixed  ,

D.K; 
;  / WDmax
�
m
ˇ̌̌ H2.M n �.K//
ˆm.M n �.K//

Š
H2.M n �.
//
ˆm.M n �.
//

induced by  
�
;

then, maximizing over all such  ,

D.K; 
/ WDmaxfD.K; 
;  / j  2 Hom.G.
/;G.K// where  � is an isomorphism on H1g:

In the case where this set has no maximum, define D.K; 
/ WD1.

The fact that this invariant is never the maximum of the empty set (and therefore vacuous) is not obvious.
Recall that

ˆ1.�1.X//D fx 2H2.X/ j x is a G2–surfaceg DH2.X/

by definition, and thus
H2.M n �.K//
ˆ1.M n �.K//

Š 0Š
H2.M n �.
//
ˆ1.M n �.
//

:

From this we see the invariant is at least 1. We can also reformulate D.K; 
/ in terms of the fundamental
group:

Proposition 3.9 The Dwyer number can be equivalently formulated by defining

D.K; 
/Dmax
�
m
ˇ̌̌ G.K/
G.K/m

Š
G.
/

G.
/m
induced by  

�
;

then maximizing over all such  :

D.K; 
/ WDmaxfD.K; 
;  / j  2 Hom.G.
/;G.K// where  � is an isomorphism on H1g:

In the case where this set has no maximum , define D.K; 
/ WD1.

Proof By Theorem 3.6, a homomorphism  W G.
/ ! G.K/ that induces an isomorphism on H1
induces an isomorphism on G.K/=G.K/m ŠG.
/=G.
/m if and only if it induces an isomorphism on
H2.G.K//=ˆm.G.K//Š H2.G.
//=ˆm.G.
//. Then Lemma 3.7 implies H2.G.K//=ˆm.G.K//Š
H2.G.
//=ˆm.G.
// if and only if H2.M n�.K//=ˆm.M n �.K//ŠH2.M n�.
//=ˆm.M n �.
//.
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The utility of the surface tower approach is that it allows us to do computations involving the homology
of the fundamental group of a knot complement using iterated surfaces and to geometrically realize these
computations. Note that one could generalize this invariant quickly by

(1) defining the Dwyer number of a link in M ,

(2) defining the Dwyer number with rational coefficients using the rational lower central series defined
by Cochran and Harvey in [5], which may perhaps be useful in the case of M whose fundamental
group is not torsion-free.

These questions are beyond the scope of this paper, but it would be interesting to see computations of
the Dwyer number using distinct tools from this work. Note that by arguments in Section 2, it follows
immediately that the Dwyer number of a link L � S3 is exactly the weight of the first nonvanishing
Milnor’s invariant of L.

Theorem 3.10 D.K; 
/ is an invariant of knot concordance in M � I .

Proof Let 
 be a fixed smooth embedded curve inside M such that, for any knot K homologous
to 
 , there is a homomorphism from G.
/ to G.K/ inducing an isomorphism from H1.M n �.
// to
H1.M n �.K//.

If J is another oriented knot in M in the same concordance class as K with fundamental group G.J /,
it follows immediately that K and J are homologous in M and therefore D.J; 
/ is well defined. By
Proposition 3.1, G.K/=G.K/m Š G.J /=G.J /m for all m since K and J are concordant. The result
follows from the proof of Proposition 3.9.

4 A generalization of the first nonvanishing Milnor’s invariant

In the case where K is nullhomologous and M Š #l S1 �S2, this invariant is straightforward to work
with and has direct connections to Milnor’s invariants for links in S3. We will focus on this case as it
has applications to the study of link concordance in S3 as we will mention in Section 4; we will address
other cases in future work.

Lemma 4.1 Let K be a nullhomologous knot in #l S1 �S2, and let U be the unknot in #l S1 �S2.
Then U can be used as 
 in the definition of D.K; 
/.

Proof A simple Seifert–van Kampen argument shows that G.U / is a free group F on l C 1 generators.
Furthermore, a similar argument shows that G.K/ is normally generated by a meridian of K and one
meridian for each S1 �S2 factor of #l S1 �S2. It follows immediately that the map ' WG.U /!G.K/

sending generators of � to the aforementioned meridians induces an isomorphism on first homology.

As a result, in the case when K is nullhomologous in #l S1 �S2 we will drop 
 from the notation and
simply write D.K/.
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0

Figure 3: A nullhomologous knot in S1 �S2.

Corollary 4.2 Let K � #l S1 �S2 be a nullhomologous knot. Then

D.K/Dmax
�
q
ˇ̌̌ H2

�
#l S1 �S2 nK

�
ˆq
�
#l S1 �S2 nK

� D 0�:
Proof Since H2.F /D 0, the corollary follows.

Recall that we can view Milnor’s invariants for links L� S3 as detecting how deep the longitudes of L lie
in the lower central series of the link group. In a similar fashion, the Dwyer number for nullhomologous
knots in #l S1 �S2 detects how deep the 0–framed longitude of K � #l S1 �S2 is in the lower central
series of the knot group (and thus how “close” the group quotients of the knot group are to the group
quotients of the corresponding free group). Similarly, it also detects the length of the first nonzero Massey
product in the cohomology of the complement of the knot K in an analogous way to the celebrated
theorem of Turaev [26] and independently Porter [21] relating Milnor’s invariants of links in S3 to Massey
products in the link complement. The case of K � #l S1�S2 may serve as a model for the computation
of D.K; 
/ in more general situations as we will explore in later work.

To compute D.K/ we find the following lemmas useful:

Lemma 4.3 Let K be a nullhomologous knot in #l S1 �S2 and �.K/ be a tubular neighborhood of it.
Then

H0
�
#l S1 �S2 n �.K/

�
D Z; H1

�
#l S1 �S2 n �.K/

�
D ZlC1;

H2
�
#l S1 �S2 n �.K/

�
D Zl ; Hn

�
#l S1 �S2 n �.K/

�
D 0 for n� 3:

Moreover , H1
�
#l S1�S2n�.K/

�
Dh�; d1; : : : ; dli where � is a meridian of K and d1; : : : ; dl generate

H1
�
#l S1 �S2

�
. H2

�
#l S1 �S2 n �.K/

�
D Zl is generated by surfaces consisting of the S2 generators

of H2
�
#l S1 �S2

�
with attached tubes missing K.

Proof First note that any K � #l S1 �S2 can be described by an obvious surgery diagram. We can
clearly find an .lC1/–component link LD .K 0; U1; : : : ; Ul/ � S3 such that the l–component sublink
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U D .U1; : : : ; Ul/ is the unlink, and after performing 0–surgery on U the image of K 0 in the resulting

#l S1 � S2 is K. Consider a Mayer–Vietoris sequence in reduced homology with neighborhoods
A D ��.K/ of radius � > 0 for some � 2 R and B D #l S1 � S2 n ��=2.K/ of radius 1

2
� > 0. Then

A[B D #l S1 � S2 and A\B deformation retracts to @�.K/. Note that H1
�
#l S1 � S2

�
D Zl is

generated by meridians di for 1� i � l of unlink U . H2
�
#l S1 �S2

�
D Zl is generated by embedded

2–spheres ei for 1� i � l such that each sphere ei is the union of the disk †i bounded by Ui in S3 and
a disk Di bounded by Ui after 0–surgery on U .

We will compute using cellular homology. There is a cellular decomposition of #l S1 �S2 induced by
the surgery diagram: start with a cellular decomposition for S3 n �.u/, and then performing 0–surgery on
U glues a 2–cell to the longitude of Ui and a 3–cell to the resulting S2 boundary component. Therefore
@� W H3

�
#l S1 �S2

�
! H2.@�.K// is an isomorphism from the definition of the boundary map, so we

have the following long exact sequence:

0! zH2
�
#l S1 �S2 n �.K/

�
! Zl ! Z2! Z˚ zH1

�
#l S1 �S2 n �.K/

�
! Zl ! 0:

Since the last term is a projective module there is a splitting map s WZl!Z˚zH1
�
#l S1�S2n�.K/

�
, and

thus by exactness Z˚ zH1
�
#l S1�S2n�.K/

�
ŠZl˚ Im

�
f WZ2!Z˚ zH1

�
#l S1�S2n�.K/

��
, where

f sends meridian � to .0;�|�.�// and longitude � to .{�.�/; 0/ where | and { are inclusion maps since
K is nullhomologous. Hence Z˚ zH1

�
#l S1 �S2 n �.K/

�
Š Zl ˚Z˚h�|�.�/i Š ZlC1˚h�|�.�/i.

Now we should determine the order d of �|�.�/ 2 zH1
�
#l S1 � S2 n �.K/

�
. If d.�|�.�// D 0, then

Ker
�
zH1.@�.K//! Z˚ zH1

�
#l S1 �S2 n �.K/

��
is equal to

dZD Im
�
zH2
�
#l S1 �S2

�
Š Zl !H1.�.K//Š Z2

�
:

Since K is nullhomologous, viewing K 0 as a 1–component sublink of L as above gives lk.K 0; U /D 0,
which implies that the algebraic intersection K �†i equals 0. Furthermore, using the aforementioned
surgery diagram of K � #l S1 �S2, it is clear that the geometric intersection K \Di equals 0. Thus,
@�.K/ intersects the sphere ei D†i [Li

Di in pairs of oppositely oriented meridians of K (or does not
intersect ei at all). This means that for each generating sphere ei of H2

�
#l S1�S2

�
, we can compute its

image under @� in the Mayer–Vietoris sequence by the boundary of meridional disks in �.K/ which, by
the previous argument, must be algebraically 0. Therefore @�Œei �D 0 for each i and Im.Zl ! Z2/D 0,
so �|�.�/ is infinite order.

We have therefore shown Z˚ zH1
�
#l S1�S2n�.K/

�
ŠZlC2, and thus zH1

�
#l S1�S2n�.K/

�
ŠZlC1.

Moreover, by the previous argument about intersections, we can take as a generating set the union of each
ei with ij tubes Tij , one for each oppositely oriented pair of intersections pij and qij between K and ei .
Finally, by exactness Im

�
zH2
�
#l S1�S2 n �.K/

�
!Zl

�
DZl , and so zH2

�
#l S1�S2 n �.K/

�
ŠZl .

Recall from Section 2 that, in order to define Milnor’s invariants, we exploited a specific presentation
of the nilpotent quotients of the fundamental group of the link complement in S3. We obtain a similar
presentation in this context:

Algebraic & Geometric Topology, Volume 24 (2024)



3058 Miriam Kuzbary

Lemma 4.4 Let K � #l S1�S2 be a nullhomologous knot with longitude l . There is a homomorphism
' W F ! G

�
K; #l S1 � S2

�
, where F is the free group on l C 1 letters , and a word Rm.l/ 2 F with

'.Rm.l//Š l modG.K/m such that G.K/=G.K/m can be presented by

hx; a1; : : : ; al j Œx; Rm.l/�; Fmi;

where the Fm are the weight-m commutator relations and each ai generates the i th Z summand in
H1
�
#l S1 �S2

�
.

Proof Notice that K � #m S1 � S2 can be viewed as the result of 0–surgery on the trivial sublink
U D .U1; U2; : : : ; Um/ of the ordered oriented .mC1/–component link LD .K 0; U1; U2; : : : ; Um/� S3.
By [17, Theorem 4], the quotients G.L; S3/=G.L; S3/q have the presentation

hx; a1; : : : ; al j Œx; Rm.l1/�; Œa1; Rm.l2/�; : : : ; Œal ; Rm.llC1/�; Fmi;

where li is a word representing the i th longitude of L and, for the meridian homomorphism ' W F !

G.L; S3/, Rm.li / is a word such that '.Rm.li //Š li modG.L; S3/m. SinceK� #l S1�S2 is obtained
from L� S3 by surgery along longitudes l2; : : : ; llC1, we can see that

G
�
K;#l S1 �S2

�
ŠG.L; S3/=hli j 2� i � l C 1i:

A straightforward Mayer–Vietoris argument shows that viewing #l S1�S2n�.L/ as the result of surgery
on U results in a surjection on the fundamental groups p WG.L; S3/�G

�
K; #l S1�S2

�
, which induces

surjections pm WG.L; S3/=G.L; S3/m �G
�
K; #l S1 �S2

�
=G
�
K; #l S1 �S2

�
m

. Since the kernel of
p is generated by longitudes li for 2� i � l C 1 and li Š '.Rm.li // modG.L; S3/m for each i , we see
that pm.Rm.li //D 1 and G

�
K; #l S1 �S2

�
=G
�
K; #l S1 �S2

�
m

is presented by

hx; a1; : : : ; al j Œx; Rm.l/�; Fmi:

This allows us to quickly obtain the following result, showing thatD.K/ detects how deep the longitude of
K is in the lower central series of the fundamental group of its complement, just as Milnor’s invariants do.

Theorem 4.5 If K � #l S1 �S2 is a nullhomologous knot with D.K/D q, then the longitude of K
lies in G.K/q�1 and not G.K/q .

Proof Consider the homomorphism ' W F D hx; a1; : : : ; ali !G.K/ sending x to a meridian of K and
each ai to a loop homotopic to the i th copy of S1�f0g. This homomorphism clearly induces isomorphisms
H1.F /!H1.G.K//ŠZlC1. D.K/D q implies H2

�
#l S1�S2 n�.K/

�
=ˆq

�
#l S1�S2 n�.K/

�
D 0.

As in the proof of Proposition 3.9, we immediately see that F=Fq!G.K/=G.K/q is an isomorphism.

By Lemma 4.4,
G.K/

G.K/q
Š hx; a1; : : : ; al j Œx; Rq.l/�; Fqi;
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and for it to be isomorphic to F=Fq , Œx; Rq.l/� must be in Fq . Thus, Œx; Rq.l/� is trivial in F=Fq . Since
x is a generator of F , this implies Rq.l/ 2Fq�1 and thus is trivial in F=Fq�1. However, by properties of
lower central series quotients, F=Fq ŠG.K/=G.K/q implies F=Fq�1ŠG.K/=G.K/q�1, so '.Rq.l//
is trivial inG.K/=G.K/q�1. Recall '.Rq.l//D la where a2G.K/q . By the third isomorphism theorem,
G.K/=G.K/q�1 Š .G.K/=G.K/q/=.G.K/q�1=G.K/q/. The image of a longitude l in this quotient is
in the same class as la (as they differ by an element of G.K/q). Thus, the residue class of a longitude
l 2G.K/ inside G.K/=G.K/q�1 is mapped under this isomorphism to the class represented by la which
is trivial. Thus, l 2G.K/q�1. Furthermore, since D.K/ < qC 1,

H2
�
#l S1 �S2 n �.K/

�
=ˆqC1

�
#l S1 �S2 n �.K/

�
¤ 0;

and by similar arguments no RqC1.l/ is in Fq , and therefore l …G.K/q .

We further see that this Dwyer number can detect the weight of the first nonvanishing Massey product in
the complement of nullhomologous K � #l S1 �S2:

Proposition 4.6 If D.K/D q, then in H�
�
#l S1 �S2 n �.K/

�
all nonvanishing Massey products are

weight � q.

Proof This follows directly from an argument in the proof by Cochran, Gerges, and Orr of Proposition 6.8
in [4]. More specifically, if D.K/D q then the knot group quotients G.K/=G.K/m are isomorphic to
the free group quotients F=Fm for m < q by [7], and this isomorphism is induced by the meridional
map F ! G.K/. This is exactly the group quotient criterion used in [4] in the context of k–surgery
equivalent manifolds, and we can see that, by their proof, all Massey products of weight less than q in
H�

�
#l S1�S2 n�.K/

�
vanish and there is a Massey product of weight q in this cohomology ring which

is nonzero.

At first glance the definition of D.K/ looks quite unrelated to that of Milnor’s invariants defined in
Section 2; however, the previous results show that D.K/ is a concordance invariant which detects how
deep a knot’s longitude is in the lower central series of its knot group and detects the weight of the first
nonvanishing Massey product in the knot complement. These are exactly the properties of Milnor’s
invariants that make them so useful. This is no coincidence; as we will see, the Dwyer number of a knot
in #l S1�S2 is directly related to the Milnor’s invariants of an associated link in S3. We can in fact use
the Milnor’s invariants of this associated link to compute the Dwyer number. The following lemma lays
the groundwork to do this:

Lemma 4.7 Let LD .K 0; U1; : : : ; Ul/� S3 be an .lC1/–component link such that the l–component
sublink U D .U1; : : : ; Ul/ is the unlink and 0–surgery onU gives a nullhomologous knot K in #l S1�S2.
If all Milnor invariants N�L.I / of weight jI j< q are trivial , then D.K/� q.
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Proof Let m1; : : : ; ml be meridians of U . Since U is an unlink, the longitudes u0i of its components
ui bound disjoint disks; call these disks fDig. Once we perform 0–surgery on U , the images of u0i
also bound disjoint disks �i inside the surgery tori. Clearly fS2i D Di [�ig is a generating set for
H2
�
#l S1 �S2

�
.

By [9, Lemmas 2.4 and 2.7], N�L.I /D 0 for jI j< q implies that each longitude li of U is the boundary
of the image of an order-.q�1/ half-surface tower †i under a map fi W †i ! S3 nL. Notice that we
can extend each of these maps to Nfi W †i [�i ! S30 .U / D #l S1 � S2, and that the images of these
order-.q�1/ half-surface towers are disjoint from the knot K.

Let Fi be the image of the first stage of Nfi . Consider the homology class ŒFi � 2 H2
�
#l S1 �S2

�
. We

know from intersection theory that

ŒFi �D

lX
jD1

nj ŒS
2
j �D

lX
jD1

.ŒFi � � Œmj �/ŒS
2
j �D ŒS

2
i �:

This is because all pairwise linking numbers between components of L are 0 (since these linking numbers
are just the weight-2 Milnor invariants of L and K is nullhomologous in the result of surgery on U ), and
by construction ŒFi � � Œmj �D lk.Ui ; mj /D ıij .

Since H2
�
#l S1 � S2 n �.K/

�
Š Zl , by Lemma 4.3 fŒFi �g generates H2

�
#l S1 � S2 n �.K/

�
. By

construction, fŒFi �g generates ˆq
�
#l S1 �S2 n �.K/

�
also, and therefore

H2
�
#l S1 �S2 n �.K/

�
=ˆq

�
#l S1 �S2 n �.K/

�
D 0:

So D.K/� q.

Equipped with this lemma we can now prove the following theorem, allowing us to compute the Dwyer
number of a knot using the Milnor’s invariants of an associated link:

Theorem 4.8 Let LD .K 0; U1; : : : ; Ul/ be an ordered oriented link in S3 such that the sublink U D
.U1; : : : ; Ul/ is an unlink and 0–surgery on U results in a nullhomologous knot K � #l S1 � S2. If
N�L.I /D0 for jI j<q and , for some multi-index J D .i1; : : : ; iq/ of length q, N�L.J /¤0, thenD.K/Dq.

Proof Note that since U is an unlink, a nonvanishing Milnor invariant of L must involve the index 1.
Since all invariants of weight less than q vanish, ik D 1 for some k. Therefore N�L.J / is equal to
N�L.J

01/, where J 01 is a cyclic permutation of i1; :; ik; ikC1::; iq by Hillman [12, Theorem 10.14].
Notice, since #l S1 �S2 is constructed via attaching 2 and 3–cells to S3 n �.L/, we have a surjection
' WG.L; S3/!G

�
K; #l S1 �S2

�
whose kernel is generated by the longitudes of U .

Let F D hx1; : : : ; xlC1i be a free group. By our condition on the Milnor invariants of L, a result of
Milnor [17] shows that the map h W F !G.L; S3/ sending xi to a meridian of the i th component of L
induces an isomorphism F=Fq ŠG.L; S

3/=G.L; S3/q . As shown in Lemma 4.7, our assumption also
implies D.K 0/� q. Now, the definition of D.K/ combined with Dwyer’s theorem gives us that the map
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g W F !G
�
K; #l S1 �S2

�
sending x1 to the meridian of K 0 and xi to the image under ' of a meridian

of Ui�1 for 2� i � l C 1 induces an isomorphism F=Fq ŠG
�
K; #l S1 �S2

�
=G
�
K; #l S1 �S2

�
q

.

The conditions on N�L.I / give us that a longitude �K0 of K 0 does not lie in G.L; S3/q . In other words,
such a class is nontrivial in G.L; S3/=G.L; S3/q . By properties of the lower central series and by
construction, we have the following commutative diagram:

G.L; S3/=G.L; S3/q G
�
K; #l S1 �S2

�
=G
�
K; #l S1 �S2

�
q

F=Fq

'q

gqhq

We see that '.�K0/ is conjugate to a longitude of K. From our diagram,

G
�
K;#l S1 �S2

�
=G
�
K;#l S1 �S2

�
q
ŠG.L; S3/=G.L; S3/q

by the isomorphism gq ıhq , and thus 'q.�K0/ is nontrivial in G
�
K; #l S1�S2

�
=G
�
K; #l S1�S2

�
q�1

.
Since G

�
K; #l S1 �S2

�
q�1

is normal, this means no possible basing of a 0–framed longitude of K 0 is
in G

�
K; #l S1 �S2

�
q�1

, and by Theorem 4.5, D.K/ < qC 1.

This theorem gives us a way to construct many nullhomologous knots which are not concordant to each
other (or the unknot) using various realization theorems for Milnor’s invariants. In particular, the beautiful
examples involving Bing doubling along a tree by Cochran in [3] allow us to construct links in S3 whose
only nonzero Milnor’s invariants are a specific weight q (and he further outlines procedures for finding
more general “antiderivatives” of links given a specific iterated commutator of generators). It is important
to note that if a knot K � #n S1 �S2 has an associated .nC1/–component link L, as in Theorem 4.8,
which is not link homotopic to the trivial link, the Dwyer number is perhaps a more subtle invariant
than is needed as the homotopy class of the knot in the 3–manifold is nontrivial. Therefore, to construct
examples illustrating the utility of D.K/ to show a knot is not concordant to the unknot, they should
correspond to links in S3 which are link homotopic to the trivial link. We can construct such examples
using the family of “Sydney’s links” defined in [3] and denoted by L2n where n� 5.

Proposition 4.9 Let L � S3 be an .nC1/–component link with slice components such that an n–
component sublink U is the unlink. Then the image of L nU after performing 0–surgery on U is a knot
K � #n S1 �S2 which is slice in \

n
D2 �S2 and, if L had at least one nonvanishing Milnor invariant

of some weight I , is not concordant to the unknot in
�
#n S1 �S2

�
� I .

Proof Note that LnU is a slice knot in S3, and therefore it bounds a disk � in B4. Denote the result of
attaching 0–framed 2–handles to B4 along each of the n components of U as X . Since � is properly
embedded, we immediately see the image of L nU is slice.

Now assumeL has some lowest-weight nonvanishing Milnor invariant N�L.I / of weight q. ThenD.K/Dq
by Theorem 4.8, and therefore by Theorem 3.10 K is not concordant to the unknot.
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Theorem 4.10 For each i 2 ZC there is a nullhomotopic family of distinct knots˚
L2n �# i

S1 �S2 j n 2 ZC
	

with trivial algebraic self-linking number (in the sense of Schneiderman in [22]) which bound a smooth
properly embedded disk in \

i
D2 �S2 but are not concordant to the trivial knot in

�
#i S1 �S2

�
� I .

Proof Sydney’s links with 0–surgery performed on the component in Figure 1 satisfy the hypothesis
of Proposition 4.9. More precisely, these links are exactly the L2n for n � 5 which are homotopically
unlinked, but have Milnor invariant N�.1 : : : 12211221 : : : 1/ D .�1/nC1, where each string 1 : : : 1 has
n� 3 repetitions of 1. The ellipses denote n� 3 repetitions of the repeated tangle. They give a family of
knots K2n in S1 �S2 which are nullhomotopic, slice in D2 �S2, and which are not concordant to the
unknot in S1 �S2 � I .

It is straightforward to construct links in further numbers of copies of S1 �S2 which are nullhomotopic,
slice in boundary connected sums of D2�S2, and which are not concordant to the unknot in S1�S2�I .
Let L02n be the l with first two components L2n labeled x and y, and with an additional n�5 components
labeled z1 through zn�5 as pictured in Figure 4. Using the same surfaces for the first two components as
in [3] and additional punctured tori for each new component, we can compute that the lowest nonvanishing
Milnor invariant is weight 4. From the diagram, we see the surfaces for x and y can be perturbed to
intersect in the connected curve c.xy/ and the surfaces for the additional components intersect the surface
for x as shown. Since c.xy/ and c.xz1/ are weight-2 curves (using the terminology of Cochran) which
have nonzero linking number, and one can check from the diagram there are no nonzero linkings of

c.xy/

: : :

: : :

c.xz1/

Figure 4: The links L02n along with surface intersection curves c.xy/ and c.xz1/.
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0

Figure 5: An embedded order-6 half-surface tower in S1�S2n�.J /whose bottom stage generates
H2.S

1 �S2 n �.J //.

lower-weight curves, the link in question has a nonvanishing Milnor’s invariant of weight 4. Therefore, the
result of 0–surgery on the same component of the L2n sublink and the additional unlinked components
has Dwyer number 4 by Theorem 4.8.

It is often possible to get a lower bound on the Dwyer number directly by constructing embedded half-
surface towers of order m which generate the second homology of the complement. In this way, if we
have a fixed K for which D.K/ is known, we can sometimes directly show a specific J is not concordant
to it by demonstrating the appropriate half-surface tower of order m, where half of a symplectic basis
for the surface bounds further embedded surfaces, as in Figure 5. Pictured is a knot in J � #2 S1 �S2
with an embedded half .6/–surface and an embedded S2; together they generate H2.#2 S1 �S2 nK/,
and thus J is not concordant to L2 as D.L2/D 4 but D.J /� 5. Note that this bound is not sharp, as a
Gm–surface is not exactly the same thing as an embedded surface tower; from Theorem 4.8 and Section 2
we can compute that the lowest-weight nonvanishing Milnor’s invariant underlying link in Figure 5 is
N�L.111111111112/D 1, and thus D.J /D 12.

Recall that our construction ofD.K/ arose originally by studying the effect of the knotification construction
on a link.

Definition 4.11 (knotified link [20] ) Let L be an n–component link in S3. The knotified version of
this link is denoted by �.L/, lies in #n�1 S1 �S2, and is obtained in the following way:

Fix n� 1 embedded copies of S0 inside L labeled fpi ; qig so that if each pi and qi are identified, the
resulting quotient of L is a connected graph. Now, view each pair as the feet of a 4–dimensional 1–handle
we can attach to B4, and note that looking at the boundary of the result we get L inside #n�1 S1 �S2.
We can now band sum the components of L together inside the boundary of these 1–handles to get a knot
�.L/ inside #n�1 S1 �S2. We call �.L/ the knotification of the link L.

To address this case, we must first introduce the following notion:
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0

0

Figure 6: A link L� S3 and its knotification �.L/� S1 �S2 #S1 �S2.

Definition 4.12 (interior band sum [3]) Given a link L ofm components and disjoint oriented embedded
bands b1; : : : ; bk in S3 homeomorphic to Œ0; 1�� Œ�1; 1� whose intersections with L are along the initial
and terminal arcs bi .f0; 1g � Œ�1; 1�/ which lie in L and have the opposite orientation, a new (polygonal)
link can be defined by deleting the collection of arcs f0; 1g�Œ�1; 1� and replacing them with Œ0; 1��f�1; 1g.

This definition allows us to use a slight restatement of [3, Theorem 8.9 ] which we will use in calculations.
The restatement also corrects an indexing error in the original proof.

Theorem 4.13 (Cochran [3]) Suppose that b.L/ is an interior band sum involving k bands. If the first
nonvanishing N�–invariant of L is weight � r <1, then the first nonvanishing N�–invariant of b.L/ is
weight greater than br=.kC 1/c.

We can now prove the following bound on the Dwyer number of a knotified link:

Proposition 4.14 Let L� S3 be an n–component link whose first nonzero Milnor invariant N�L.I / is
weight q for some positive integer q. Then D.�.L//� d.q� 1/=ne.

Proof The knotification of L can also be constructed using the following process. First, take the
disjoint union of L with an .n�1/–component unlink U and perform an interior band sum on the sublink
L�LtU with n�1 bands, one through each component of the added unlink. We will call the resulting
link J . Notice that U is unchanged by this procedure and L has fused to become a 1–component sublink,
which we call L0. We finally arrive at the knotification by performing 0–surgery on the sublink of L0

corresponding to U . By the above theorem of Cochran, the first nonzero N�J is weight r C 1. The result
then follows from Theorem 4.8.

We conclude this section by illustrating the following properties of D.K/:

Proposition 4.15 In #l S1 � S2 for any l 2 ZC, every nullhomologous knot K � #l S1 � S2 has
D.K/� 3. Moreover , every integer larger than 3 can be realized as the Dwyer number of a slice knot in

#l S1 �S2.
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0

0

0

0

0

Figure 7: J3 � #2 S1 �S2 and J4 � #3 S1 �S2.

Proof Since K is nullhomologous, from Lemma 4.4 we can see that the only relation in G=Gq not
coming from a product of simple commutators in Fq is Œx; Rq.l/�, where Rq.l/ is freely homotopic to
a 0–framed longitude of K modulo Fq and is therefore in F2. Thus, Œx; Rq.l/� 2 F3 and D.K/� 3. If
K is the unknot, #l S1 �S2 n �.K/ is homeomorphic to the connected sum of #l S1 �S2 with a solid
torus. Thus every generator of H2

�
#l S1 �S2 n �.K/

�
can be represented by a map of a half-surface

tower of order m of arbitrary class.

To see that every integer i larger than 3 is realized as the Dwyer number of a knot, we will construct
a simple family of knots Ji . First, consider the oriented Hopf link inside S3. To get J3, double one
component of it to get the Borromean rings and perform 0–surgery on two components as shown in
Figure 7. Since the Borromean rings have first nonzero N�–invariant N�.123/, by Theorem 4.8 D.J3/D 3.
Iterate this Bing doubling process on the doubled Hopf link as shown in Figure 7 and perform 0–surgery
on the sublink, leaving out exactly one new component after this doubling procedure.

Notice that the underlying link in the surgery diagram is the result of the “Bing doubling along a tree”
procedure described in [3], and thus the resulting link from doubling a single component of Ji to get
JiC1 has a nonvanishing Milnor invariant of weight i C 1. Additionally, all Milnor invariants of smaller
weight vanish, and therefore by Theorem 4.8, D.Ji /D i for all i � 3. Each of these knots Ji bounds an
obvious disk in \

i�1
D2 �S2, as in Figure 8.

Our invariant has applications to recent work of Celoria in [2]:

0

0

Figure 8: A slice disk for K2.
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Definition 4.16 A knotK inside a 3–manifold Y is local if there is an embeddedB3�Y such thatK�B3.
Similarly, a link L inside a 3–manifold Y is local if there is an embedded B3 � Y such that L� B3.

Definition 4.17 (Celoria [2]) Two knotsK0 andK1 in a 3–manifold Y are almost-concordantK0�acK1
if there are local knots K 00 and K 01 in Y such that K0 #K 00 is concordant to K1 #K 01 in Y � I .

Proposition 4.18 Fix l 2 Z�0 and let K be a nullhomologous knot in #l S1 � S2. Then D.K/ is an
invariant of almost-concordance in #l S1 �S2.

Proof There is a surgery diagram for K as an .lC1/–component link in S3 with 0–surgery performed
on l of the components (note, this diagram is certainly not unique). By Theorem 4.8, D.Ki / is exactly
the weight of the first nonvanishing Milnor invariant of this link in S3, which we will call L. By abusing
notation, let K 0 also refer to the image of the local knot inside S3. Then infecting the component of L
corresponding to K after surgery by the knot K 0i results in a link L0i with all of the same Milnor invariants
as Li by Otto [18, Proposition 4.2]. Finally, it is clear that there is a 0–surgery on an l–component sublink
of L0i giving the sum K #K 0 � #l S1 �S2, and thus applying Theorem 4.8 again, D.K/DD.K #K 0/
when K 0 is a local knot.

Therefore Theorem 4.10 also gives us families of knots in #i S1 �S2 for each i which are not almost-
concordant in #i S1 �S2 to the unknot (or each other).
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Wall-crossing from Lagrangian cobordisms

JEFF HICKS

Biran and Cornea showed that monotone Lagrangian cobordisms give an equivalence of objects in the
Fukaya category. However, there are currently no known nontrivial examples of monotone Lagrangian
cobordisms with two ends. We look at an extension of their theory to the pearly model of Lagrangian
Floer cohomology and unobstructed Lagrangian cobordisms. In particular, we examine the suspension
cobordism of a Hamiltonian isotopy and the Haug mutation cobordism between mutant Lagrangian
surfaces. In both cases we show that these Lagrangian cobordisms can be unobstructed by a bounding
cochain, and additionally induce an A1 homomorphism between the Floer cohomology of the ends. This
gives a first example of a two-ended Lagrangian cobordism giving a nontrivial equivalence of Lagrangian
Floer cohomology.

A brief computation is also included which shows that the incorporation of a bounding cochain from
this equivalence accounts for the “instanton-corrections” considered by Auroux (2007), Pascaleff and
Tonkonog (2020) and Rizell, Ekholm and Tonkonog (2022) for the wall-crossing formula between
Chekanov and product tori in C2 n fz1z2 D 1g.

We additionally prove some auxiliary results that may be of independent interest. These include a weakly
filtered version of the Whitehead theorem for A1 algebras and an extension of Charest and Woodward’s
stabilizing divisor model of Lagrangian Floer cohomology to Lagrangian cobordisms.

53D37, 53D40

1 Introduction

Wall-crossing. . .

The wall-crossing phenomenon for Lagrangian submanifolds is an observation that the count of holomor-
phic disks with boundary on a family of Lagrangian submanifolds need not be continuous over the family.
The count of these disks and how this count changes over families play an important role in describing
the space of Lagrangian submanifolds up to Hamiltonian isotopy.

The moduli space of Lagrangian branes can be understood locally by constructing coordinate charts.
A Lagrangian brane is a Lagrangian submanifold equipped with a unitary local system. Nearby any
Lagrangian, the flux of a Lagrangian isotopy builds a local .C�/k chart, where k D dim.H 1.LIR//. An
expectation which has been proven in good examples (such as Auroux [3] and Palmer and Woodward [28])
is that the open Gromov–Witten (OGW) potential, which records an area-weighted count of the holomorphic
disks with boundary on a given Lagrangian L, is a holomorphic map in these coordinates. Both the
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symplectic area of these disks and the flux of an isotopy are complexified by the unitary local system on
the Lagrangian submanifold.

Locally, the flux-charts and the OGW potential are holomorphic. However, neither of these can consistently
provide coordinates or functions globally. An inconsistency occurs when a holomorphic disk “bubbles”
over a Lagrangian isotopy, causing a discontinuity in the OGW potential. To consistently construct
coordinates on the moduli space of Lagrangian submanifolds, one must incorporate “instanton corrections”
to the count of holomorphic disks and flux computation. Auroux [3] and Kontsevich and Soibelman [22]
phrased these corrections in terms of a wall-crossing formula. In this paradigm, the moduli space of
Lagrangian submanifolds is divided into chambers of Lagrangians which do not bound Maslov index 0
disks. Separating these chambers are “walls” consisting of the Lagrangian submanifolds which bound
Maslov index 0 disks. To transition from coordinates on one chamber to another, one computes a wall-
crossing formula given by the count of Maslov index 0 disks, which appropriately modifies the OGW
potential and flux computation.

A particular example of wall-crossing occurs when a monotone Lagrangian torus L bounds a Lagrangian
disk D. For such pairs there exists another Lagrangian, called the mutation �D.L/, lying in a different
chamber. Palmer and Woodward [28], Pascaleff and Tonkonog [29] and Rizell, Ekholm and Tonkonog [31]
explicitly computed the wall-crossing formula between these two chambers. Notably, this computation
gives a wall-crossing formula between two Lagrangians which are not Hamiltonian isotopic.

The geometric justification for these wall-crossing transformations comes from the homological mirror
symmetry conjecture of Kontsevich [21]. Associated to a symplectic space X is the Fukaya category
Fuk.X/ whose objects are Lagrangian submanifolds. The conjecture predicts that, for a Calabi–Yau
manifold X , there exists a mirror Calabi–Yau manifold LX such that the symplectic geometry of X as
recorded by Fuk.X/ is interchanged with the complex geometry of LX as recorded by Db Coh. LX/. One
way to recover the space LX is to study the moduli of points on LX . A useful perspective comes from the
SYZ conjecture (see Strominger, Yau and Zaslow [32]), which presents mirror spaces as dual Lagrangian
torus fibrations. From this viewpoint, a candidate mirror to the skyscraper sheaf of a point in LX is a
Lagrangian torus fiber of the SYZ fibration X !Q.

As Hamiltonian isotopic Lagrangian submanifolds give quasi-isomorphic objects of the Fukaya category,
the moduli of objects in the Fukaya category is a good proxy for the Hamiltonian isotopy classes of
Lagrangian submanifolds. This Fukaya-categorical interpretation has the advantage that the incorporation
of “instanton corrections” naturally arises in the construction of the Fukaya category. The presence
of holomorphic disks with boundary on a Lagrangian L complicates the construction of the Fukaya
category considerably. To account for the presence of holomorphic disks, one must equip each Lagrangian
submanifold with additional data. The objects of the Fukaya category are pairs .L; b/, where b is a
“bounding cochain” deforming L as an object of the category. This deformation encodes an algebraic
cancellation of holomorphic disks with boundary on L. Hamiltonian isotopy still produces an equivalence
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of such pairs, where disk bubbling is recorded by modifications of the bounding cochain. In the examples
of crossing a wall, Lagrangians .L; 0/ in one chamber are equivalent to .L0; b0/ in the second chamber. The
perspective of Fukaya, Oh, Ohta and Ono [17] is that the nontrivial deformation b0 should be considered
as the correction which occurs in the wall-crossing formula.

. . . and Lagrangian cobordisms

In the previous discussion, we focused on Hamiltonian isotopy as the geometric equivalence relation
on objects of the Fukaya category. Another such equivalence relation was exhibited by Biran and
Cornea [8], who proved that Lagrangian submanifolds related by monotone Lagrangian cobordism are
equivalent objects in the Fukaya category. As every Hamiltonian isotopy gives an example of a Lagrangian
cobordism, this indeed generalizes the previously considered equivalences. However, the monotonicity
condition precludes the existence of Maslov index 0 disks, so examples considered in [8] do not realize
the wall-crossing phenomenon.

A natural extension is to consider Lagrangian cobordisms equipped with bounding cochains. Such a cobor-
dism .K; b/ is predicted to yield equivalences in the Fukaya category between the ends .LC; bjLC/ and
.L�; bjL�/. One interesting example of a Lagrangian cobordism is the mutation cobordism constructed by
Haug [18], which relates mutant Lagrangians. This is an example of a nonmonotone Lagrangian cobordism,
as mutant Lagrangians L and �D.L/ are generally nonisomorphic as objects of the Fukaya category.

1.1 Results

Our goal here is to extend our understanding of wall-crossing between Hamiltonian isotopic Lagrangians
to wall-crossing between cobordant Lagrangians. We use the pearly Floer complex CF�.L/ as a receptacle
for counting holomorphic disks. This is a deformation of the Morse complex CM�.L/ constructed by
inserting holomorphic disks with boundary on L into the flow lines of the Morse function. CF�.L/ is a
filtered A1 algebra. We first prove that the pearly Floer complex of a Lagrangian cobordism is compatible
with the pearly Floer complex of the ends:

Theorem 1.1.1 (restatement of Corollary C.5.2) The projections of the Floer cohomology of a La-
grangian cobordism to that of its ends ˇ˙ W CF�.K/! CF�.L˙/ are A1 homomorphisms.

We employ these new Floer results to extend [8] to the nonmonotone and cylindrical setting:

Theorem 1.1.2 (paraphrasing of Proposition 3.0.2) Suppose that K W L�  LC is a Lagrangian
cobordism diffeomorphic to LC �R. Then there is a homotopy equivalence of filtered A1 algebras
‚K W CF�.L�/! CF�.LC/.

As every Hamiltonian isotopy of Lagrangians produces a cylindrical suspension Lagrangian cobordism
realizing that isotopy, this generalizes invariance of Floer cohomology of Hamiltonian isotopic Lagrangians
to the unobstructed setting. The method of proof differs from the Hamiltonian isotopy setting and uses that
CF�.K/ is the deformation of the mapping cylinder CM�.K/. In the setting where L� is tautologically
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unobstructed, we show that K is unobstructed by a bounding cochain whose restriction to L� is trivial
but whose restriction to LC may not be.

The first nonmonotone and noncylindrical example that we look at is the mutation cobordism. We similarly
prove that this cobordism gives an equivalence:

Theorem 1.1.3 (paraphrasing Theorem 4.2.5) Let K��D W L  ��D.L/ be a mutation cobordism
satisfying Definition 4.2.6. Then there exists a deforming cochain b 2 CF�.K��D / such that CF�b.K��D /
is an A1 mapping cocylinder , yielding a map of filtered A1 algebras:

‚��D W CF�b�.�
�
D.L//! CF�bC.L/:

The proof is more difficult than the cylindrical case, as CF�.K/ is not the deformation of a mapping
cylinder. To show that K is unobstructed, we must construct a bounding cochain for K��D accounting for
an interesting holomorphic disk with boundary on K��D . The main observation for mutation cobordisms
is that the portion of the pearly differential on CF�.K/ arising from this holomorphic disk exactly cancels
out the noncylindrical topology of K.

We verify in a computation included in the appendices that this theorem can be applied to the setting of
monotone Chekanov and product tori in C2 n fz1z2 D 1g. In this example, the bounding cochain on the
Chekanov and product tori inherited from the Lagrangian cobordism corrects the cohomology of these
mutant Lagrangians. This correction matches the wall-crossing transformations constructed by Auroux [4].
This gives (to our knowledge) the first example of a noncylindrical two-ended Lagrangian cobordism
yielding an equivalence in the Fukaya category. This also gives a Fukaya category interpretation to the
wall-crossing result of Pascaleff and Tonkonog [29], and the invariance of immersed Floer cohomology in
this setting (as computed by Palmer and Woodward [28]). Our result can be considered as an application
of the viewpoints of Biran and Cornea [8] and Fukaya, Oh, Ohta and Ono [17] on wall-crossing to
non-Hamiltonian isotopic Lagrangian submanifolds.

We include some auxiliary results: a weakly filtered version of the Whitehead theorem (Theorem A.2.1), a
definition of domain and label-dependent perturbation systems for the pearly model (Appendix B), a con-
struction of stabilizing divisors for Lagrangian cobordisms (Lemmas C.1.2 and C.1.3), and compatibility
of the pearly model of a Lagrangian cobordism with its ends (Theorem C.5.1).

1.2 Structure

Section 2 discusses the pearly model of Floer cohomology in the setting of Lagrangian cobordisms. We
review some existing versions of the pearly model in Section 2.2, as well as provide an outline extending
the pearly model to the noncompact setting. We summarize the relevant results from the appendices which
are required for the remainder of the paper. The first is a way to construct a perturbation datum for the
purpose of computing specific structure constants for the pearly model. The second is the extension of the
stabilizing divisor pearly model of Charest and Woodward [10] to the setting of Lagrangian cobordisms.
The proofs of these results are delayed until Appendices B and C.
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In Section 3, we look at a toy model where we recover invariance of CF�.L/ under Hamiltonian isotopy
using nonmonotone Lagrangian cobordisms. The core of the proof is to show that the Lagrangian
cobordism gives an example of an A1 mapping cocylinder, from which a continuation map can be
recovered by the application of Theorem A.3.2. The cobordism is our first example of a nonmonotone
cobordism giving an equivalence of objects in the Fukaya category, and the method of proof provides a
road map to the more general case considered later.

Section 4 contains our main theorem. We first introduce the Lagrangian mutation cobordism from
Haug [18] in Section 4.1. We take some care to work out the parametrization of this cobordism explicitly
in the setting of C2 n fz1z2 D 1g. This care is necessary to later characterize the kinds of holomorphic
disks which can appear with boundary on this cobordism, and to compute explicitly the flux swept
between the ends of the Lagrangian cobordism. Section 4.2 looks at the mutation cobordism constructed
from a mutation pair — a Lagrangian L bounding a Lagrangian disk D. The remainder of the section is
spent proving Theorem 4.2.5, which shows that this mutation cobordism K�D , when equipped with an
appropriate bounding cochain, gives an equivalence in the Fukaya category. The idea of the proof is very
similar to Section 3, in that we show that the mutation cobordism K�D has the Floer cohomology of a
mapping cocylinder. This is complicated by the fact that the underlying topology of K�D is not that of a
cylinder. We outline the proof here:

� In Section 4.3.1 we construct a Morse function for K�D and point out how this cobordism fails to be a
topological cylinder between its ends.

� In Section 4.3.2 we find a holomorphic disk with boundary on K�D .

� In Section 4.4.1 we show that this holomorphic disk contributes to m0K�D
in such a way that its lowest

order contributions can be canceled out by a deforming cochain d�.

� In Section 4.4.2 we show that there is a homotopy between CF�d� .K�D / and its left end CF�d� jL� .L
�/

which uses the component of the deformed differential arising from the holomorphic disk.

� In Section 4.4.3 we present K�D as a weakly filtered A1 mapping cocylinder (see Definition A.3.1)
using the homotopy constructed above and conclude the existence of a continuation map.

In Section 5 we look at an application of Theorem 4.2.5 to the Chekanov and product tori in C2nfz1z2D1g.
In addition to showing that these objects have the same Floer cohomology (and conjecturally correspond
to the same object of the Fukaya category), the bounding cochains inherited from the Lagrangian
cobordism deform the local Flux coordinates on the moduli space of Chekanov and product tori. Assuming
convergence of sums taken with C coefficients and a multiple cover formula for Maslov index 0 disks,
these coordinate changes are shown to match the computations made in Auroux [3].

We additionally include three appendices with auxiliary results. Appendix A states some known facts for
filtered A1 algebras and morphism of A1 algebras. It also includes the statements of Theorems A.2.1
and A.3.2. The first is an extension of the homotopy transfer principle of Kadeishvili [20] or the filtered
A1 Whitehead theorem (see Fukaya, Oh, Ohta and Ono [17]) to the setting of weakly filtered A1
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homotopies. The second is a proof of existence and characterization of mapping cocylinders for filtered
A1 algebras.

Appendix B extends the construction of Charest and Woodward [10] to use perturbations that depend
on the domain and the labels of the domain. The main application, Lemma B.3.2, shows that under
strong conditions we can use a nonperturbed almost complex structure to compute some of the structure
coefficients for the pearly model.

Appendix C adapts the construction of [10] to Lagrangian cobordisms. The main results are Lemmas C.1.2
and C.1.3 which construct Donaldson divisors of large degree for Lagrangian cobordisms. The Donaldson
divisors can be made weakly stabilizing. Furthermore, the divisors and weakly stabilized almost complex
structures are split (across the product X �C) outside of a compact set. This allows us to construct a
pearly model for Lagrangian cobordisms (Corollary C.4.2) and obtain compatibility between the pearly
model of a Lagrangian cobordism and that of its ends (Corollary C.5.2).

1.3 Notation

We introduce here several pieces of notation that are used throughout the paper.

� Let A1; : : : ; Ak be vector spaces. The componentwise projection is the map

�k1j���jki W .A1˚ � � �˚Ai /
˝k1C���Cki ! A

˝k1
1 ˝ � � �˝A

˝ki
i :

� Let AD A�˚A0˚AC and let mk W A˝k! A be a multilinear map over field F . When we want to
restrict the domain and codomain we’ll write

m`1���`k I`0 W

kO
iD1

A`i ! A`0 ;

where the `i are chosen from the labels fC;�; 0g. In this notation mI` W F!A` denotes an element in A`.

� Let f W XC! X� be a map of topological spaces. The mapping cylinder is the topological space
cyl.f /D .XC � I /t.xC�f1g�f .xC//X

�. This comes with inclusion maps iX˙ W X
˙! cyl.f / and a

pushforward map � W cyl.f /!X�. We denote the maps on the cochains by

ˇ˙ WD .iX˙/
�
W C �.cyl.f //! C �.X˙/ and ˛� WD .�/� W C �.X�/! C �.cyl.f //:

� All symplectic manifolds considered are rational and aspherical. Unless specifically noted, all La-
grangian submanifolds considered are spin, graded, rational and embedded.
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2 Background

2.1 Lagrangian cobordisms

Lagrangian cobordisms are Lagrangian submanifolds in X �C which interpolate between Lagrangian
submanifolds of X . In addition to providing an interesting relation on Lagrangian submanifolds of X ,
cobordant Lagrangian submanifolds are frequently equivalent objects of the Fukaya category.

Definition 2.1.1 [1] Let L� and LC be Lagrangian submanifolds of X . A two-ended Lagrangian
cobordism between L� and LC is a proper Lagrangian submanifold K � X �C which satisfies the
following conditions:

� Fibered over ends There exist constants t� < tC such that

K\f.x; z/ jRe.z/� tC��g DLC�R�tC��; K\f.x; z/ jRe.z/� t�C�g DL��R�t�C�:

� Compactness There exists a constant s >0 such that the projection ��R WK! �R�C is contained
within an interval Œ��s; �s�.

We denote such a cobordism by K W L� LC.

We visualize a Lagrangian cobordism by drawing its projection to the C parameter, as in Figure 1. There
is a generalization of this definition to cobordisms with multiple ends, which requires that the Lagrangian
cobordism fibers over rays of fixed argument outside of a compact subset of C. A specialization of the
result of [8] proves that the equivalence relation of monotone cobordance descends to the Fukaya category.

Theorem 2.1.2 Suppose that K W L� LC is a monotone Lagrangian cobordism. Then L� and LC

are equivalent objects of the Fukaya category.

In [8], it is stated that this result is expected to hold in a more general setting where the Lagrangians
are equipped with the additional data of orientations, local systems, bounding cochains, etc. We look to
understand this result in the context of pearly algebras of cobordant Lagrangians, where the Lagrangian
cobordism may be nonmonotone but unobstructed by a bounding cochain.
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Qh.t/

t D �iR

�C.K/

t� tC

CM�.L�; h�/

CM�.K; h/

CM�.LC; hC/

C
�s

��s

Figure 1: The profile of the Morse function for a cobordism. Bottlenecks are inserted on the ends
of the cobordism.

Definition 2.1.3 Let .L�; h�/ and .LC; hC/ be two Lagrangians equipped with choices of Morse
function, spin structure and grading. An admissible Lagrangian cobordism between these is the data of
.K; h/, where

� K is a Lagrangian cobordism between L� and LC,

� h WK!R is a Morse function, and

� we have a spin structure and grading for K compatible with those of the ends.

The Morse function h is required to satisfy the following compatibility conditions:

(i) The Morse flow restricted to the fibers above real coordinates t� and tC is determined by h˙:

grad hj��1R .t�/ D .grad h�; 0/ and gradhj��1R .tC/ D .grad hC; 0/:

(ii) The fibers above t˙ are perturbations of Morse–Bott maximums in the sense that, at points q 2K,

dt.�grad h/j�R.q/<t� < 0; dt.�grad h/jt�<�R.q/<t�C� > 0;

dt.�grad h/j�R.q/>tC
> 0; dt.�grad h/jtC��<�R.q/<tC

< 0:

One way to construct an admissible Morse function for a Lagrangian cobordism is to consider the function
Qh for K, as drawn in Figure 1, which is only dependent on t , and then take a Morsification which is
constructed in the regions around t˙ using an h˙–perturbation. The function Qh is Morse–Bott near the
ends, and we call critical submanifolds L˙ � ft˙g the bottlenecks of the cobordism.
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Proposition 2.1.4 Let K be a Lagrangian cobordism equipped with an admissible Morse function.

� Even though K is noncompact , the moduli space of Morse flow lines between two critical points
admits a compactification by broken flow lines.

� The Morse flow lines 
 of CM�.K; h/ for which �R.
/D t
˙ are exactly the Morse flow lines of

CM.L˙; h˙/.

As a result , we obtain projections of the Morse cochain complexes to the ends:

CM�.K; h/

CM�.L�; h�/ CM�.LC; hC/

ˇ� ˇC

2.2 Pearly model for Floer complexes

The receptacle we choose for the count of holomorphic disks with boundary on a compact Lagrangian L
is the pearly Floer cohomology of a Lagrangian. This is a filtered A1 algebra CF�.L; h/ specified by
a choice of a Lagrangian submanifold L, admissible Morse function h W L! R and perturbation data.
The algebra structure is determined by taking a count of treed disks, which are flow trees of the Morse
function h deformed with insertions of holomorphic disks with boundary on L at the vertices. Several
versions of this algebra have been constructed with a variety of conditions imposed on the Lagrangian L
and the manifold X . Some models of the pearly Floer cohomology include [6; 10; 16; 24].

In [6], a version of the pearly quantum homology for monotone Lagrangian submanifolds was constructed.
In this model, the symplectic spaces studied are symplectically convex at infinity, and the Lagrangian
submanifolds considered are compact and monotone. With these hypotheses, [6] gave the definition of the
pearly quantum cohomology QC�.L; h/, which is a deformation of the Morse chain complex CM�.L; h/.
Furthermore, in [7] they extend this theory to the setting where K �X �C is a monotone Lagrangian
cobordism (Definition 2.1.1). Lagrangian cobordisms have pearly quantum homology with inclusion
maps QH�.L˙; h/! QH�.K; h/, where L˙ are the ends of the Lagrangian cobordism K.

In [10], the pearly model is constructed with relaxed requirements for the Lagrangian L. For compact
symplectic spaces X with rational symplectic form, [10] defines a pearly algebra CF�.L; h/. The key
piece of additional input into this construction is a stabilizing divisor which intersects every holomorphic
disk with boundary on L. These intersection points stabilize the domain of the holomorphic disks,
allowing one to construct domain-dependent perturbations to the Cauchy Riemann equations. With this
deformation, [10] cuts out a regularized moduli space of treed disks.

Theorem 2.2.1 [10] Consider .X; !/ a rational symplectic manifold. Let L�X be a spin and graded
Lagrangian submanifold and h W L ! R a Morse function. There exist a weakly stabilizing divisor
DX �X nL and admissible domain-dependent perturbation datum P for L defining a filtered A1 algebra
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CF�.L; h;P/. The filtered A1 homotopy type of CF�.L; h;P/ is independent of Morse function , weakly
stabilizing divisor and admissible domain-dependent perturbation datum.

For this reason, when the choice of perturbation P or Morse function h is unimportant, we will write
CF�.L; h/ or CF�.L/ instead.

In Appendices B and C we make two extensions to the construction of [10]. We include short summaries
of these two appendices here, and highlight the results from those sections which are necessary for the
main portion of this article.

2.2.1 Domain and label-dependent perturbations The first modification, constructed in Appendix B,
is to introduce a perturbation datum for treed pseudoholomorphic disks which depends not only on the
domain, but also on the labeling of the domain. The labels are chosen from the critical points of the
Morse function h.

The advantage to using this set of perturbations comes from examples where a geometrically chosen
almost complex structure and Morse function provide us with a computable set of regularly cut out
pseudoholomorphic flow trees between a specific set of Morse critical points. We’d like to keep these
pseudoholomorphic flow trees, but it is unclear if our geometrically chosen almost complex structure is
regularizing for pseudoholomorphic treed disks between other Morse critical points. By allowing our
perturbation datum to depend additionally on the limiting labels of the pseudoholomorphic flow trees, we
can keep our perturbation fixed on the areas where we know how to make our calculation, and modify
it elsewhere. See Section B.2.3 for more detailed comments on where domain and label-dependent
perturbations fit in with other regularizations methods.

A specific example of where this works out is given in Section B.3, the results of which we now state.
Let J 0 be an almost complex structure and let h WL!R be a Morse–Smale function. Suppose that there
is a J 0–holomorphic disk uex W .D

2; @D2/! .X;L/ such that

� the boundary of uex is transverse to all upwards and downward flow spaces of critical points of h, and

� the disk uex is regular and is the unique disk that intersects the stabilizing divisor at a single point.

Suppose that deg.x1/ D 1, deg.x0/ D 2, and that there are no Morse flow lines from x1 to x0. The
hypothesis on the regularity of uex and transversality of @uex with the flow spaces shows that unbroken
pseudoholomorphic flow-trees whose type belongs to

I�1�Ix0 WD f�P j ind.�P /� 0; input label is empty or x1, output is x0, at most 1 interior marked pointg

are regularly cut for P0, the trivial perturbation determined by J 0 and h.

The hypothesis on [10, Theorem 4.19] is too restrictive to show that the perturbation system P0I�1�Ix0
defined

for types �P 2 I�1�Ix0 can be coherently extended to a regular perturbation system for all combinatorial types.
This is because I�1�Ix0 is not downward closed (informally: the coherence conditions for combinatorial types
in I�1�Ix0 involve combinatorial types outside I�1�Ix0 ; see Definition B.1.4). For instance, the combinatorial
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type of a Morse flow tree with inputs y and x1 and output x0 appears in the downward closure of I�1�Ix0 ,
but not in I�1�Ix0 — this tree could additionally break at further critical points, giving more broken types
in the downward closure of our original set of combinatorial types. It is very unlikely that the trivial
perturbation of Morse flow lines will be regularizing for all of these combinatorial types, as Morse
flow-trees are never regular for the trivial perturbation (unless the moduli space is empty!). So, we will
usually not be able to find a P which is a coherent regular extension of P0I�1�Ix0

.

However, we can take the following strategy: given P0 which regularly cuts out our moduli spaces I�1�Ix0
for some subset of types, we look for a regular coherent perturbation P , not necessarily agreeing with P0,
but having the same moduli spaces for the desired set of combinatorial types.

Lemma 2.2.2 (paraphrasing Lemma B.3.2) There exists a full regular coherent perturbation system
P such that , for every combinatorial type in �P 2 I�1�Ix0 , the count of P–perturbed pseudoholomorphic
curves of type �P agrees with the count of P0–perturbed pseudoholomorphic curves.

2.2.2 Pearly model for Lagrangian cobordisms The second modification of the pearly model of [10],
constructed in Appendix C, concerns the extension of the results of [7] to [10]. We show that a perturbation
datum and stabilizing divisors may be chosen so that projection maps from the pearly Floer cohomology
of a Lagrangian cobordism to the ends exist. While we use [10] as a framework due to our familiarity
with this particular version of the pearly model, we expect the techniques employed here should transfer
in the most general sense to other models of Lagrangian Floer cohomology, or any abstract regularization
method used to construct the moduli spaces of pseudoholomorphic treed disks.

Lemma 2.2.3 (paraphrasing of Lemmas C.1.2 and C.1.3) Let K WL� LC be a Lagrangian cobordism
and h WK!R a compatible Morse function. There exists a weakly stabilizing divisor D � .X �C/ nK,
and PK for K satisfying the following properties:

� PK is admissible , in that it is E–weakly stabilized by the divisor D, regular and coherent.

� PK consists of domain-dependent choices of almost complex structure for which the projection
�C WX �C!C is holomorphic outside of a compact set.

We use this to prove that the moduli space of pseudoholomorphic treed disks is compact (Proposition C.4.1)
and compatible with the perturbation systems PL˙ for the ends L˙ of the Lagrangian cobordism
(Theorem C.5.1). Compactness allows us to define the pearly model for Lagrangian cobordisms
(Corollary C.4.2), while compatibility proves that the projections

CF�.K; h/

CF�.L�; h�/ CF�.LC; hC/

ˇ� ˇC

are filteredA1 homomorphisms (Corollary C.5.2). This is the extension of Proposition 2.1.4 to Lagrangian
Floer theory.
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3 Toy model: continuation maps from cylindrical cobordisms

We now give an example where the results of [8] apply to the nonmonotone setting. While we allow our
Lagrangian cobordisms to possibly bound holomorphic disks, we require that the cobordism’s topology
be cylindrical. A relevant set of examples are the suspension of a Hamiltonian isotopy.

Definition 3.0.1 (suspension of a Hamiltonian isotopy) Let Ht WX �Rt !R be a Hamiltonian with
support on Œt�; tC�. Let �t WL�Rt!X be a Lagrangian isotopy induced by the Hamiltonian flow of Ht .
The suspension of the Hamiltonian isotopy �t is the Lagrangian cobordism KHt given by the embedding

L�R ,!X �C .x; t/ 7!
�
�t .x/; t C �Ht .�t .x//

�
:

More generally, given a Lagrangian homotopy �t W L � Rt ! X which is exact (in the sense that
�.d�=dt/!jLt is an exact form for all t ), there exists a similar construction for the suspension of the exact
homotopy. In a similar vein to the equivalences constructed in [8], the suspension Lagrangian cobordism
gives a continuation map for the pearly algebra of L.

Proposition 3.0.2 Let L�; LC�X be two Lagrangian submanifolds , with Morse functions h˙ WL˙!R.
Suppose that K �X �C is an embedded Lagrangian cobordism with ends on L� and LC. Furthermore ,
suppose that there is a diffeomorphism K Š L� �R. Then there exists a filtered A1 homomorphism
‚K W CF�.L�I h�/! CF.LCI hC/.

Proof We pick a particular Morse function h for K. Take a preliminary function

(1) Qh.t/ WR!R

which has maximums at t� and tC and a minimum at tC� �; see Figure 1. This defines a Morse–Bott
function on K. We Morsify this function by taking perturbations based on the functions h˙ as considered
in Proposition 2.1.4. By construction, we have an identification

CF�.K; h/D CF�.L�; h�/˚CF�.LC; hC/Œ1�˚CF�.LC; hC/

as graded vector spaces. From Theorem C.5.1, the pearly differential on KH decomposes as

(2) m1K D

0@m�I� 0 0

m�I0 m0I0 mCI0

0 0 mCIC

1A ;
where m˙I˙ matches m1

L˙
.

See Section 1.3 for notation. We additionally have the projection A1 homomorphisms ˇ˙ WCF�.K; h/!
CF�.L˙; h˙/. The map mCI0 is a deformation of the Morse differential on K by terms of nonzero
filtration. Since the Morse portion of the differential

mCI0 W CM�.LC; hC/! CM�.LC; hC/Œ1�
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is the identity, the Floer differential mCI0 which arises as a deformation by higher energy terms remains
an isomorphism. Therefore CF�.L�; h�/  CF�.K;H/ ! CF�.LC; hC/ is a filtered A1 mapping
cocylinder (Definition A.3.1). We obtain a map ˛ W CF�.L�; h�/ ! CF�.K; h/ and a pushforward–
pullback map (Theorem A.3.2)

‚K WD ˇ
C
ı˛ W CF�.L�; h�/! CF.LC; hC/:

Remark 3.0.3 The hypothesis that K is diffeomorphic to L� �R can be weakened to assuming that K
is an h–cobordism, in which case the map mCI0 is a quasi-isomorphism. While Definition A.3.1 would
no longer apply, one can use [17, Theorem 4.2.45] to obtain the continuation map.

It immediately follows that there is a continuation map for the pearly model of Lagrangian Floer theory.

Corollary 3.0.4 Let L� and LC be Hamiltonian isotopic Lagrangian submanifolds. There exists a
pullback–pushforward map

‚Ht W CF�.L�; h�/! CF�.LC; hC/

called the continuation map of Ht .

Proof Consider the suspension cobordism KHt and apply Proposition 3.0.2.

Additionally, the presence of such a map proves the existence of maps between the Maurer–Cartan spaces
of these Lagrangians.

Corollary 3.0.5 Let L� and LC be Hamiltonian isotopic Lagrangian submanifolds. If CF�.L�/ is unob-
structed by the bounding cochain b�, then LC is unobstructed by the bounding cochain bC D .‚Ht /�b

�.
Furthermore , the continuation map can be made a map of uncurved A1 algebras .‚Ht /[ W CF�b�.L�/!
CF�bC.L

C/.

Proof The existence of a filtered A1 homomorphism implies that these maps exist; see Claim A.1.4.

4 Cobordisms and mutations

In this section we look at cobordisms arising from mutation configurations. We prove that in certain
scenarios such a cobordism gives an A1 mapping cocylinder between the Floer cohomologies of its ends.
In Section 4.1 we introduce a local model for mutation in C2 n fz1z2 D 1g. This local description is used
to construct a holomorphic disk with boundary on the Lagrangian cobordism. In Section 4.2 we use this
disk to build a continuation map from a Lagrangian mutation cobordism.

4.1 Review of the Haug cobordism

This is a review of the mutation cobordism constructed in [18] between the monotone Chekanov and
product tori in C2 n fz1z2 D 1g. We assemble this cobordism from pieces built in Lefschetz fibrations.
The fibration we consider is W D z1z2 WC2!C, which has a single nodal fiber at the origin.
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We first give a description of Lagrangian surgery in the sense of [23; 30] for Lagrangians in Lefschetz
fibrations. Consider the paths

`"=# W Œ0; R�!C given by r 7! ˙�r2

in the base of the Lefschetz fibration with ends on the critical value of the fibration. We take lifts of these
paths to give Lagrangian thimbles L"; L# �C2. These Lagrangians have the topology of D2 and can be
parametrized in coordinates by

L" D f.xC �y; yC �x/ j x
2
Cy2 �R2g and L# D f.xC �y;�y � �x/ j x

2
Cy2 �R2g:

We now recall the construction of Lagrangian surgery and the associated suspension cobordism from [7].
We pick a surgery profile curve, which is a map .a.t/C �b.t// W Œ�R;R�! C. The functions a.t/ and
b.t/ are nonstrictly increasing, and we require that .a.t/C �b.t//D t for t < c and .a.t/C �b.t//D �t for
t > c. This neck provides a local model for the Lagrangian surgery. To insert this neck at the transverse
intersection point of two Lagrangian submanifolds, we take a Darboux chart around the intersection point
which identifies these Lagrangian submanifolds with the totally real and imaginary subspaces of Cn

and interpolate between these two subspaces using the surgery profile curve. For the example we are
concerned with, the surgery L" #L# is explicitly described in coordinates by

(3)
˚�
.a.t/C �b.t//. OxC � Oy/; .a.t/C �b.t//. OyC � Ox/

�
j Ox2C Oy2 D 1

	
:

With this construction, we take special care with the order of the summands in the connect sum. Our
convention is that the end of the neck which corresponds to t 2 Œ�R;�c� corresponds to the first summand
of the Lagrangian connect sum. The neck width of a mutation measures the amount of flux swept out as
one takes an isotopy from L" #L# to L# #L". The projection of this cobordism under W is

W.L" #L#/D �.a.t/C �b.t//
2. Ox2C Oy2/D �.a.t/C �b.t//2;

whose image under W is a curve in the complex plane:

`" # `# W Œ�R;R�!C; t 7!
�
�2a.t/b.t/C �.a.t/2� b.t/2/

�
:

Notice that when t 2 Œ�R;�c� the coordinate b.t/ equals 0 and the curve matches the positive imaginary
axis. Similarly, when t 2 Œc; R� we have that a.t/D 0 and the curve matches the negative imaginary axis.
The real component of `" # `# is always nonnegative. See Figures 2 and 3 for diagrams of the pieces
described above. We can similarly construct a profile for L# #L" and corresponding path `# # `".

Given a Lagrangian surgery, [8] describes trace cobordismsKl WL"#L# L#tL" andKr WL#tL" 
L# #L". There is a comparison between the neck width of the cobordism and the area of the projection
of the cobordism to C, which is that the area of projection of the cobordism is at least the neck width. By
concatenating these cobordisms together, we obtain a Lagrangian cobordismKr ıKl WL"#L# L"#L#.
The projection of Kr ıKl to C is the eye-shaped Lagrangian drawn in Figure 2. We additional draw the
slices of the Lagrangian cobordism, Kjt WD �X .��1R .t/\K/.
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�

X

Kj�c

�

X

Kj0

�

X

Kjc

C

K

Figure 2: The projection of the eye-shaped Lagrangian cobordism, .Kr ıKl \U/�X �C!C.
The cycle ��1U .0; 0/ is highlighted in red.

Remark 4.1.1 Another way of stating the relation between area of the projection and the neck width is
to say that the shadow of the cobordism Kr ıKl , as defined in [13], is an upper bound for the widths of
the two surgeries.

We now wish to make comparisons between the surgery of the thimbles L˙, Chekanov and product tori,
and the Whitney sphere. In the base of the Lefschetz fibration, one can construct the Whitney sphere
by taking a c–shaped path `c W Œ�S; S�! C from the negative end of `# to the positive end of `" in a
clockwise fashion, so that the concatenation `# � `c � `" is a matching path from the single critical point of
the fibration to itself. Let Lc W Œ�S; S��S1!C be the corresponding parallel transport of the vanishing
cycle. The union Lc [L#[L" is the Whitney sphere LS2 . By attaching Lc to L# #L", we will obtain
the monotone Chekanov torus, denoted by L�. By attaching Lc to L" #L#, we obtain the monotone
product torus, which will be denoted by LC. See Figure 3 for a picture of these Lagrangian submanifolds.

�

`"

`#

`c

Whitney

C n fz1z2 D 1g

�

`# # `"

�H .`c/

Chekanov

C n fz1z2 D 1g

�

`" # `#

`c

product

C n fz1z2 D 1g

Figure 3: All of the paths in the Lefschetz fibration needed to assemble the tori and cobordism.
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L" � 
"

L# � 
#

Lc �R Kc

Kc [ .L"=# � 
"=#/
Kpre

K

L"#L#[Lc L##L"[�H .Lc/

t D 0 t D t0

Figure 4: Steps to build our Lagrangian cobordism by projection to the cobordism C parameter
of X �C.

Ideally at this point we would glue the cobordism Lc �R to the concatenation Kr ıKl to obtain a
cobordism between the Chekanov and product tori. However, the Lagrangian Lc �R does not glue to the
cobordism Kr ıKl , as the boundary of Kr ıKl corresponding to the ends of the thimbles L"=# moves
around the parameter space of the cobordism along curves dictated by the gluing profile. We therefore
modify Lc �R by a Hamiltonian isotopy so these pieces overlap and we can glue them together.

To achieve this, we need a more precise description of the construction of the Lagrangian surgery trace
cobordism. The surgery trace cobordism is obtained by performing the surgery in one dimension higher
and stretching the neck of the surgery; see [7, Section 6.1]. We will build our cobordism between
Chekanov and product tori by performing surgery on an immersed Lagrangian submanifold. This
immersed Lagrangian submanifold is the suspension of an exact homotopy �t W LS2 �R! X which
fixes the points of self-intersection. However, the primitive Ht W LS2 �R!R for �.d�t=dt/!jLS2 which
is used to construct the suspension cobordism will take different values at the self-intersection points
of the Whitney sphere, so the Lagrangian suspension is embedded at all t0 where Ht0 W L� ft0g ! R

is nonconstant. As we will later want to compute the flux of this exact homotopy, we construct this
suspension of the exact homotopy using the pieces drawn in Figure 4. Take paths 
"=#.t/ W R! C as
drawn in Figure 4 and consider the cylindrical Lagrangian cobordisms L# � 
# and L" � 
". Choose a
parametrization of these paths so that 
"=#.t/D tC�f"=#.t/; see Figure 4, top left. By taking a translation
of these paths, we assume that f"=#.0/D 0 and f ˙.t0/D 0.

We will now glue to (L#�
#/t.L"�
"/ a Lagrangian which is topologicallyLc�R. This cobordism will
be the suspension of a time-dependent Hamiltonian isotopy ofLc . We pick a HamiltonianHt WLc�R!R

which satisfies the following properties:
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� The value of Ht on Lc �RD Œ�S; S��S1�R is pulled back from Œ�S; S� and is increasing in s.

� There exists a constant � such that

Ht .Lcjs2Œ�S;�SC�//D f#.t/ and Ht .Lcjs2ŒS;S��//D f".t/:

We define the cobordismKc to be the suspension of this Hamiltonian isotopy; see Figure 4, bottom left and
bottom middle. By design, the Hamiltonian flow XH t is constant on the region Œ˙S;˙S��/�S1 of Lc .
Therefore the portion ofKc corresponding to the Œ˙S;˙S��/�S1�R is exactlyLcjs2Œ˙S;˙S��/�
"=#;
see Figures 3 and 4.

Claim 4.1.2 The unionKc[.L"�
"/[.L#�
#/ is a smooth Lagrangian submanifold with 2 transverse
self-intersections; see Figure 4, top middle.

We now construct the mutation cobordism from Kc[.L"�
"/[.L#�
#/. First, we apply a Lagrangian
surgery at both of the self-intersection points to obtain the Lagrangian submanifold Kpre (Figure 4, top
right), which is an embedded Lagrangian submanifold. The slices of this Lagrangian cobordism at times 0
and t0 are

Kpre
j0 D .L" #L#[Lc/ and Kpre

jt0 D .L# #L"/[ �H .Lc/:

These are product and Chekanov tori, respectively.

We construct the mutation cobordism K�D (Figure 4) by taking the portion of Kpre between 0 and t0
whose projection to the real component lies in Œ0; t0�. To obtain a Lagrangian cobordism from this space,
we take this portion and stretch it out to obtain a Lagrangian cobordism with ends. This stretching process
is described in [19, Section 3.1.1], where it is called the truncation of Kpre [19, Definition 3.1.5]. In the
notation of that paper, we write

K�D WDK
pre
kŒ0;t0�:

Remark 4.1.3 The construction of this Lagrangian cobordism can also be done by locally identifying
the Lagrangians L" � 
" and L# � 
# with R2 �R; �R2 � �R � C2 �C D C2C1, then following the
construction of the Lagrangian surgery trace in [7, Lemma 6.1.1]. The cutting and cylindrical neck
attachment construction there is similar to the truncation procedure from [19], and produces a Lagrangian
isotopic submanifold.

4.2 General mutations

In this section we look at a generalization of the above construction.

Theorem 4.2.1 (Haug [18]) Suppose that D is a Lagrangian disk with boundary cleanly contained
within an oriented Lagrangian submanifold L. There exists an immersed Lagrangian ˛D.L/#X , called
the Lagrangian antisurgery1of L alongD, such that

� ˛D.L/ is topologically obtained from L by performing surgery along @D,

1The character ˛ is chosen for antisurgery as it looks like an immersed Lagrangian.
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� ˛D.L/ agrees with L outside of a small neighborhood of D,

� if L was embedded and disjoint from the interior of D, then ˛D.L/ has a single self-intersection
point.

Antisurgery is inverse to Lagrangian surgery in the sense that if L0 is obtained from L by resolving a
self-intersection point, then there exists an antisurgery disk on L0 such that ˛D.L0/D L. However, the
choices in both surgery and antisurgery mean that the process of applying antisurgery followed by surgery
need not construct the same Lagrangian. By combining antisurgery with surgery, we can obtain a new
embedded Lagrangian. We now restrict to complex dimension two.

Definition 4.2.2 [29] Let L be an embedded Lagrangian and D a surgery disk. Let ˛D.L/ be obtained
from D by antisurgery. A mutation of L along D is the Lagrangian ��D.L/ obtained from ˛D.L/ by
resolving the resulting single self-intersection point in opposite direction. The width � of the mutation is
the sum of the fluxes swept from L to ˛D.L/ to ��D.L/.

An example of Lagrangians obtained by mutation are the monotone Chekanov and product tori in
C2 n fz1z2 D 1g, where surgery occurs along the disk z1 D Nz2. It is expected that Lagrangians which are
related by mutation give different charts on the moduli space of Lagrangian submanifolds in the Fukaya
category, and that these charts are related by a wall-crossing formula tied to cluster transformation [29].2

Just as there exists a Lagrangian cobordism between the Chekanov and product tori in C2, there exist
Lagrangian cobordisms between Lagrangians related by mutation.

Theorem 4.2.3 (Haug [18]) Let L be a Lagrangian and let D be an antisurgery disk for L. There exists
a Lagrangian cobordism between L and ��D.L/.

Definition 4.2.4 (Pascaleff and Tonkonog [29]) A mutation configuration is a pair .L;D/, where D is
an antisurgery disk for L with boundary in a primitive homology class. The mutation cobordism is the
cobordism K�D with ends on L and ��D.L/. We call Œ@D2��H1.L;Z/ the mutation class or mutation
direction.

A key feature of Lagrangian mutation is that the Lagrangians L and ��D.L/ are Lagrangian isotopic.

We will show that the Lagrangian cobordismK�D can induce a continuation map between the Lagrangians
L and ��DL. The proof attempts to follow the toy model of the suspension cobordism considered in
Section 3. However, the mutation cobordism is not topologically a cylinder so we cannot simply copy
our proof from Section 3. To overcome this difference, we will prove the following replacements for
cylindricity of the cobordism K�D :

� We first describe the Morse theory of K�D in Section 4.3.1.

2We note here that our definition of mutation differs slightly from that in [29], as in our setting there is some symplectic flux
swept between L; ˛D.L/ and ��

D
.L/. Usually one requires that the amount of symplectic flux between these Lagrangians is

zero. This would be necessary to preserve monotonicity of a Lagrangian submanifold.
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� Section 4.3.2 constructs a holomorphic disk with boundary on this cobordism and Section 4.4.1
shows that the m0 contribution of this disk can be deformed away to higher filtration.

� We show that the restriction of the differential to the right end of the cobordism can be inverted
in Section 4.4.2, allowing us to apply a theorem on mapping cocylinders for A1 algebras in
Section 4.4.3.

This will give us enough leverage to construct a mapping cocylinder from the Lagrangian cobordism K�D
and prove the following wall-crossing theorem:

Theorem 4.2.5 Suppose that .L;D/ is an isolated mutation configuration (Definition 4.2.6). Then
there exists a deforming cochain d� for CF�.K�D / such that CF�d� .K�D / is an A1 mapping cocylinder
between CF�ˇ�� .d�/.L

�/ and CF�
ˇ
C
� .d�/

.LC/.

Definition 4.2.6 is required to rule out the possible appearance of holomorphic disks with boundary
on K�D which may appear during the “suspension” portion of the cobordism K�D .

Definition 4.2.6 Let � D !.uex/. We say that the mutation �D is isolated if the only holomorphic disk
u with boundary on K�D , hŒ@u�; x˙i ¤ 0 and !.u/� !.uex/ is uex.

We anticipate that it should be possible to decompose a mutation cobordism into a concatenation of
suspensions and mutation cobordisms so that the mutation is isolated. The cobordism decomposition
framework studied in [19] should provide this decomposition in general. We will show that the prototypical
example of a mutation cobordism between Chekanov and product type tori studied in Section 5 is isolated.

Notation 4.2.7 We will say deforming cochain to denote an element d 2 CF�.K�D / which we use to
deform the A1 algebra (as in [17, Definition 3.6.9]) but which is not necessarily a bounding cochain
(ie m0

d
may or may not be 0). Usually we will employ these to deform the curvature in such a way that

�.m0
d
/ is larger than some specified amount.

4.3 Geometric input

We will simplify our notation substantially by restricting to the setting where LD T 2. The Floer cochain
complex of K�D is dependent on the data of a Morse function. By picking an appropriate Morse function,
we can simplify the later discussion.

Notation 4.3.1 In this section let L�DL and LCD�D.L/. K�D is constructed from L� by attachment
of a 1–cell and a 0–cell. However, there is a slightly more symmetric treatment to K�D . Consider an
intermediate Lagrangian L0, which is obtained by performing antisurgery on L�. This is an immersed
Lagrangian 2–sphere. Both L� and LC may be obtained from L0 via attachment of a 1–cell. By abuse
of notation, we will also use L�, LC and L0 to refer to the submanifolds of K�D which (upon inclusion
into X �C and projection to X ) correspond to the slices L�, LC and L0.
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CM�.L�/ CM�.L0/

CM�.LC/

Qh

t

hx�i

hxCi

C

Figure 5: The sublevel sets of the Morse–Bott function forK�D at the critical values of Qh. Notice
that L0 separates the cobordism into two halves.

4.3.1 Morse theory for K�D Consider a Morse–Bott function Qh WK�D !R which has a minimum
along L0, maximums at the ends L˙ and two index-2 critical points corresponding to the attached 1–cells
(Figure 5).

We now give a decomposition of the Morse cochain complex, with the goal of understanding where
CM�.K�D / fails to be a mapping cocylinder. The Morse complex CM�.K�D / has the shape

CM�.K�D /D

 
CM�.L�/ CM�.LC/

x� CM�.L0/Œ1� xC

!
;

where x� and xC are the critical points corresponding to the handles. We will call the subspace spanned
by x� and xC

E0 WDƒhx�; xCi:
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Claim 4.3.2 The spaces spanned by

CF�.L�/˚CF�.L0/˚E0 and CF�.LC/˚CF�.L0/˚E0

are filtered A1 ideals of CF�.K�D /.

Proof These are the kernels of ˇ˙ W CF�.K�D / ! CF�.L˙/, which, by Theorem C.5.1, are A1
homomorphisms.

Notation 4.3.3 For this section, whenever we write an A1 product map, it will always mean the A1
product structure on CF�.K�D /.

Setting A˙ D CM�.L˙/ and A0 D CM�.L0/˚ E0, we can write the differential on CM�.K�D / D
A�˚A0˚AC as

m1 D

0@.m/�I� 0 0

.m/�I0 .m/0I0 .m/CI0

0 0 .m/CIC

1A ;
where .m/˙I˙ Dm1

CM�.L˙/
are the Morse differentials. If the ideal AC! A0 was nullhomotopic — for

example if .m/CI0 was an isomorphism — then CM�.K�D / would be a mapping cocylinder. We will
further decompose this cochain complex by identifying subspaces of CM�.L˙/ which correspond to the
mutation direction and tease out exactly how our complex fails to be a mapping cocylinder.

The kernel of .m/CI0 is one dimensional. We pick an element cuC which generates the kernel so that we
may write

ker..m/CI0/Dƒ � hcuCi:

We restrict to the 1–cochains E˙ WDCM1.L˙/. Pick elements cw˙ 2E˙ such that .m/˙I0.cw
˙

/D x˙.
Then the classes cw˙ and cu˙ now span the E˙.

Remark 4.3.4 The class cuC is determined completely by the cobordism as the Morse cohomology
class whose downward flow space is the surgery disk. However, the selection of cwC requires a choice
similar to the choices required to produce local coordinates on the moduli space of Lagrangian tori in
Section 5.2.

With this description, the noncylindricity of CM�.K�D / exactly corresponds to the nonsurjectivity of the
map .m/CI0 in the diagram

E�
.m/�I0
����!E0

.m/CI0
 �����EC:

In the chosen basis fcu˙; cw˙g for E˙ and fx�; xCg for E0, the maps .m/˙I0 are

.m/�I0 D

�
0 1

0 0

�
and .m/CI0 D

�
0 0

0 1

�
:

Remark 4.3.5 In the more general case where L is not a torus, identify E˙ as the preimage of the
above-defined map m˙I0 W CM�.L˙/! E0. This will include the kernel of m˙. A choice of basis
fcu˙; cw˙g for E˙ and a splitting H 1.L˙/ D H 1.L/˙=E˙ ˚ E˙ will be required to construct a
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bounding cochain at a later step; see (5). The portion which is independent of the handle, H 1.L˙/=E˙,
is isomorphic to H 1.L0/. This corresponds to the “cylindrical” portion of the Morse theory of K, on
which mCI0 is invertible at filtration zero.

The construction of the deforming cochain d� in Theorem 4.2.5 depends on these choices. Taking different
choices will yield different deforming cochains d� , and thus identify L� and LC with a different choice
of bounding cochain ˇ˙� .d�/. We expect that looking at all possible choices in (5) identifies a locus of the
Maurer–Cartan solutions MC.L�/ with a locus in MC.LC/, corresponding to the choices of bounding
cochains which make L� and LC isomorphic objects of the Fukaya category. From a mirror symmetry
perspective, when L� and LC are SYZ fibers we propose this locus is mirror to the intersection between
the torus charts constructed around the mirror points to L� and LC.

A different viewpoint is that theA1 homomorphism constructed by CF�d� .K�D / between CF�ˇ�� .d�/.L
�/

and CF�
ˇ
C
� .d�/

.LC/ induces a map between their Maurer–Cartan solutions. By then appropriately
identifying the Maurer–Cartan elements of CF�

ˇ˙� .d�/
.L˙/ with those of CF�.L˙/, we obtain a pairing

between certain Maurer–Cartan elements of L� with those of LC. This is the approach taken in Section 5.

4.3.2 A holomorphic disk We now show that for a specific choice of almost complex structure there
exists a pseudoholomorphic disk with boundary on K�D .

Proposition 4.3.6 There exists a choice of complex structure such that K�D bounds a regular Maslov
index-0 disk

uex W .D
2; @D2/! .X �C; K�D /:

The contribution of this disk to the m0 term is xCC x�.

Proof We proceed by exhibiting the disk in the local model constructed in Section 4.1. Following
[18, Section 2.3] we can construct a standard neighborhood U of the Lagrangian antisurgery disk D,
identifying U with a subset of C2 (which, by abuse of notation, we shall also call U ). We choose a
complex structure for X which matches the standard complex structure on U � C2. We can pick this
identification so that the Lagrangians L� and LC when restricted to U match the local model based
on the Lefschetz fibration (see [18, Section 2.3] for implanting the local model). In these coordinates
L#\L" D .0; 0/. Then

L�\U D .L# #L"/\U and LC\U D .L" #L#/\U:

The restriction KU WDK�D \.U �C/ is the eye-shaped Lagrangian cobordism drawn in Figure 2. Recall
that KU is obtained by first considering .L# � 
#/[ .L" � 
"/, then resolving the self-intersections to
obtain Kpre

U , and subsequently truncating to get a Lagrangian cobordism. The chart .L#�
#/[.L"�
"/
contains a holomorphic 2–gon with ends limiting the two self-intersection points. The goal is to show
that, when surgery is applied at both self-intersections, the corners of this bigon are rounded to obtain
a holomorphic disk with boundary on Kpre

U . The truncation will occur away from the boundary of this
holomorphic disk, so the holomorphic disk survives to give a holomorphic disk with boundary on KU .
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Figure 6: Dividing KU into four quarters.

The holomorphic bigon u2 W D2 n f�1; 1g ! U �C with boundary on .L# � 
#/ [ .L" � 
"/ has a
particularly nice description. Let u02 WR� Œ0; 1�!C be the holomorphic bigon which parametrizes the
area between the curves 
# and 
". Then u2 is given by

u2 WD
2
n f�1; 1g ! U �C; z 7! ..0; 0/; u02.z//:

From this observation, our candidate construction will be to show that ��1U .0; 0/ has clean S1 intersection
with Kpre

U . The interior of the S1 will then be a holomorphic disk with boundary on S1.

We need to describe the intersection of ��1U .0; 0/ with the chart of Kpre
U which corresponds to the surgery

neck. Using the same surgery profile as in (3), the surgery chart for Kpre
U is parametrized by

(4)
˚�
.a.t/C �b.t//. OxC � Oy/; .a.t/C �b.t//. OyC � Ox/; .a.t/C �b.t// Oz

�
j Ox2C Oy2C Oz2 D 1

	
;

where the first two coordinates are in U and the last coordinate factors through the cobordism parameter.
By setting Ox D Oy D 0 and Oz D 1, we obtain a smooth curve that passes through the surgery neck
parametrizing the clean intersection between the complex line ��1U .0; 0/ and the surgery neck. We call
the corresponding disk uex W .D

2; @D2/! .U �C; K�D /. We now show that this disk is regular using
a criterion of [27]. This requires computing the partial Maslov indices of the boundary of uex. The
boundary of uex can be broken up into 4 components:

� the “neck portions”, which correspond to where the boundary passes through the surgery neck of
Kpre, and

� the “fiber trivial portions”, where the boundary is contained in L" � 
" and L# � 
#.

For simplicity, we will assume that the profile curve a.t/C �b.t/ draws a quarter circle, even though this
doesn’t provide a smooth Lagrangian surgery neck. We also will assume that the curves 
"=# are quarter
circles, and choose coordinates so that KjU has projection as drawn in Figure 6. We now consider a
parametrization of the boundary of the holomorphic disk 
.�/ W S1! @uex such that we may parametrize
TKprej@uex by maps C �A.�/ WR3!C3, Here C is a constant matrix, and A.�/ describes the rotation
of the tangent space as we progress through the coordinate � . We subdivide S1 into four quarters
corresponding to the portions of @uex which pass through the right surgery chart, L" � 
" chart, left
surgery chart and L# � 
# chart.
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Figure 7: The red cycle in the cobordism K represents the boundary of an exceptional Maslov
index-0 disk contributing to nontrivialm0K�D

. The green 2–cycle represents a “deforming cochain”
which cancels out the lowest-order contribution of this disk.

� For 0 � � < 1
2
� , the curve 
.�/ passes through the right surgery chart. A basis for the tangent

space of (4) along the curve .0; 0; e�� / is given by

A.�/D

0@e��� 0 0

0 e��� 0

0 0 e��

1A :
� Next, for � < 1

2
� � � � � , the curve 
.�/ passes through the chart parametrized by L"� 
". The

tangent space in the fiber is constant, and we only see rotation of the tangent space in the base
component of X �C:

A.�/D

0@�� 0 0

0 �� 0

0 0 e��

1A
The rotation of the tangent space through the left surgery chart and L# � 
# charts is analogous. This
shows that the tangent bundle splits as a direct sum of rank-1 pieces. The first two pieces rotate a negative
half-turn, while the component corresponding to the cobordism parameter of X �C makes a full positive
rotation. The partial Maslov indices of the loop TKprej@uex are �1, �1 and 2. Therefore, this is a disk of
Maslov index 0, and it is regular by the criterion of [27, Theorem II].

The homological class of this disk is the loop in the cobordism K which is introduced from the two
1–handle attachments. Therefore, the upward flow spaces of x˙ each meet the boundary of this disk
once. Since our local model was chosen to have the same J –structure as X , this gives us an isolated
Maslov index 0 disk uex WD

2!X �C whose boundary lies on the cobordism K, and whose boundary
contributes to the Morse cohomology class xCC x�.

The boundary of this disk is drawn in Figure 7. This is a holomorphic disk which is isolated in the
following sense:

Claim 4.3.7 For the standard holomorphic structure , the disk uex is the only disk contained in U with
boundary on K�D in this relative homology class.
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Proof Every disk with boundary on K�D \ .U �C/� U �C in the same relative homology class as
uex gives a class of disk in H2

�
C; �C.K�D \ .U �C//

�
. The boundary �C.@uex/— drawn as the red

loop in Figure 2 — circles around a connected component of C n �C.K�D \ .U �C// whose area is
!U�C.uex/. The red loop is the minimal loop which encircles this connected component. Therefore, any
other holomorphic disk u W .D2; @D2/! .U �C; K�D \ .U �C// with boundary in the same class as
uex will have projection �C ıu with area at least !C.uex/.

As !U�C.u/D !C.u/C!U .u/, the projection �U ıu has zero area. However, �U ıu is a holomorphic
map, so the zero-area condition means that �U ıu is constant. The proof is completed upon checking for
which p 2 U the preimage ��1U .p/\K \U contains a loop in the appropriate homology class. This
homology class necessarily transverses the .L# � 
#/ and .L" � 
"/ charts, so p 2 L"\L# D f.0; 0/g.
Therefore uex is the only such example.

4.4 Algebraic manipulations

Notation 4.4.1 Let � be the area !X�C.uex/.

The presence of the disk uex is the first step to proving that CF�.K�D / is a mapping cocylinder. The disk
deforms the Morse products in two significant ways:

� The holomorphic disk contributes to m0 as m0
Œuex�
D T �.xCC x�/.

� The boundary @uex intersects the downward flow space of cuC at a point and the upward flow space of
x� at a point. This will deform the Morse differential on CM�.K�D /. The nonsurjectivity of the map
m
CI0
K in the Morse setting (in comparison to the cylindrical setting given by (2)) is an obstruction to giving

CM�.K�D / the structure of a mapping cylinder. In particular, the contribution of uex to the differential
makes hm1

Œuex�
.cwC/; x�i D T �, whereas the underlying Morse differential has hm1

Œuex�
.cwC/; x�i D 0.

When this deformation is considered, the map mCI0 WEC!E0 is surjective, giving us some hope that
CF�.K�D / is a mapping cylinder.

This nearly proves that CF�.K�D / is a mapping cocylinder. However, Theorem A.3.2 requires that
.mCI0/�1.m0/ lives in positive filtration. As a result, we cannot immediately apply Theorem A.2.1. This
leaves the following steps to construct a mapping cocylinder:

(i) Deforming to increase �.m0jE 0/ In Section 4.4.1 we first equip K�D with a deforming cochain
d� which will cancel out the curvature contribution of the disk uex, so that the energy of m0

d�
will

be greater than �.

(ii) Inverting .md�/CI0 In Section 4.4.2 we show that the map .md� /
CI0 can now be inverted. This

is complicated by the introduction of the deforming cochain d�.

(iii) Applying Theorem A.3.2 In Section 4.4.3 we conclude that CF�d� .K�D / is a filtered mapping
cocylinder. As a corollary, we conclude that K�D is unobstructed whenever L� is.

We will make a simplifying assumption (Definition 4.2.6) to complete (ii).
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4.4.1 Deforming to removem0jE 0 When working over the Novikov field we can prove that a map
is invertible by showing that it is invertible at low filtration. We will denote by � W ƒ! R[ f1g the
Novikov valuation, with the convention that �.0/D1. Following [33], we will use non-Archimedean
normed vector spaces, which are ƒ–vector spaces equipped with a filtration function ` W A!R[f1g

satisfying3 the axioms of [33, Definition 2.2].

We introduce some notation which will help us use this method of proof:

Definition 4.4.2 Let .A; `A/ and .B; `B/ be non-Archimedean normed vector spaces. The filtration of a
map ‚ W A! B is the largest jump in the filtration map under ‚:

`A;B.‚/ WD sup
vW`A.v/D0

f`B.‚.v//g:

The leading order of a map ‚ W A! B is the largest drop in filtration map under ‚:

ordA;B.‚/ WD inf
vW`A.v/D0

f`B.‚.v//g:

Our reason for using filtration of maps is to construct inverses:

Claim 4.4.3 If `A;B.‚/ <1, then ‚ has a left inverse. If this is also a right inverse , then

`A;B.‚/D�ordB;A.‚�1/ and `B;A.‚
�1/D�ordA;B.‚/:

Proof The condition `A;B.‚/ <1 states that ‚.v/¤ 0 for any v ¤ 0, so our map has a left inverse.

Suppose that ‚�1 is the inverse of ‚. Let vi be a sequence of vectors with `A.vi / D 0 such that
limi!1 `B.‚.vi //D `A;B.‚/. Since `A.‚�1 ı‚.vi //D `A.vi /D 0, we obtain that ordB;A.‚�1/ �
�`A;B.‚/. Similarly, let wi be a sequence of vectors with `B.wi /D 0 such that limi!1 `B.‚�1/.wi /D
ordB;A.‚�1/. Since `B.‚ ı‚�1.wi //D `B.wi /D 0, we obtain that `A;B.‚/� �ordB;A.‚�1/.

If one possesses a bound on the filtration and order of a map, then one can obtain a bound on their sum.

Claim 4.4.4 Suppose that `A;B.‚1/ < ordA;B.‚2/. Then `A;B.‚1C‚2/D `A;B.‚1/.

Proof First we note that for any vector v,

`B.‚1.v//� `A;B.‚1/ < ordA;B.‚2/� `B.‚2.v//;

and so by application of the non-Archimedean triangle inequality,

`B.‚1.v/C‚2.v//D `B.‚1.v//:

Let vi be a sequence of vectors with `A.vi /D 0 realizing limi!1 `B.‚1.vi //D `A;B.‚1/. Then

`A;B.‚1C‚2/� lim
i!1

`B.‚1.vi /C‚2.vi //D lim
i!1

`B.‚1.vi //D `A;B.‚1/:

3To match the conventions from [10], our filtration function has the opposite sign convention of [33].
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For the other direction, let wi be a sequence of zero-filtration vectors with limi!1 `B..‚1C‚2/.wi //D
`A;B.‚1C‚2/. Then

`A;B.‚1C‚2/D lim
i!1

`B.‚1.wi /C‚2.wi //D lim
i!1

`B.‚1.wi //� `A;B.‚1/:

Definition 4.4.5 Let ‚ WA!B be a map. We say that ‚ has leading terms ‚�� of filtration � and write

‚D‚��CO.�/

if ‚D‚��CR, with
`A;B.‚��/D � < ordA;B.R/:

We will now assume that �D is an isolated mutation.

Claim 4.4.6 Suppose that �D.L/ is an isolated mutation. Let �E0 W CF�.K�D /!E0 be the standard
projection. Define � WD `E0.�E0 ım

0/. There exists a deforming cochain d 2CF�.K�D / which increases
the filtration of the curvature , giving

`E0.�E0 ım
0
d / > �

with `.d/� �.

Proof The restriction �E0 ım
1jE�˚EC W E

�˚EC! E0 surjects, and has a right inverse D. After
choosing this right inverse we can construct

(5) d WD �D.m0/jƒhx�;xCi:

Because the order of D is zero, `.d/� �. Then

`E0.�E0 ım
0
d /D `E0

�
�E0 ım

0
C�E0 ım

1.d/C
X
k

�E0 ım
k.d˝k/

�
�min

�
`E0

�
�E0 ı .m

0
Cm1.d//

�
; `E0

�X
k

�E0 ım
k.d˝k/

��
:

By Definition 4.2.6, the lowest-energy term of m0 is T !.uex/ � .x�C xC/, which exactly cancels m1.d/.
Therefore, `E0

�
�E0.m

0Cm1.d//
�
> �. Since `.mk.d˝k//� k�, we conclude

`E0.�E0 ım
0
d / >min.�; 2�/D �:

4.4.2 InvertingmCI0jEC Choose the deforming cochain from Claim 4.4.6 so that `.hm0
d�
; E0i/ > �.

Because our mutation is assumed to be isolated (Definition 4.2.6), we obtain a lower bound for the
filtration of the deforming cochain:

(6) �.d�/� �:

Claim 4.4.7 The map .mCI0/d� WE
C!E0 is invertible , with ordEC;E0

�
..mCI0/d� /

�1
�
� ��.

Proof We expand .mCI0/d� termwise:

.md� /
CI0
jEC Dm

CI0
Cm20.d�˝ idC id˝ d�/jEC�E0 ı

�X
k>2

mk.d˝k1� ˝ id˝ d˝k2� /

�ˇ̌̌̌
EC
:
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We then compute the valuation of each term. We will compute this map with respect to the basis
fcuC; cwCg; fx�; xCg.

� The first term mCI0 can be explicitly computed, as the isolated mutation condition means that the space
of pearly flow lines of energy less than or equal to � are cut out regularly, and the property Lemma B.3.2
means that these are the only pearly flow lines which contribute to the differential at an order of �:

mCI0 D

�
T � 0

T � 1

�
CO.�/:

� The terms m2.d�˝ idC id˝ d�/jEC can be further split by the homology class of the disks which
deforms the product m2:

m2 ı .d�˝ id/jEC D
X

ˇ2H2.X;L/
!.ˇ/�0

m2ˇ ı .d�˝ id/
ˇ̌̌̌
EC
:

Whenever !.ˇ/� 0, the term m2
ˇ
.d�˝ c

uC/ has filtration at least �.d�/C �.ˇ/ > �. So we need only
worry about the classical portion product, .m/2.d�˝ id/. Since CM�.LC/˚hxCi˚CM�.L0/ is an ideal
of CM�.K�D /,

h.m/2.d�˝ c
uC/; x�i D 0:

So we can write

m2.d�˝ idC id˝ d�/jEC D
�

0 0

AuCxC AwC;xC

�
CO.�/;

where either AuCxC and AwC;xC have filtration � or are zero.

� The remaining terms
˝P

k>2m
k.d
˝k1
� ˝ id˝d˝k2� /; x�

˛
necessarily have filtration at least 2� because

the product is filtered and because of (6).

In summary, in the basis fcuC; cwCg; fx�; xCg,

�E0 ı .md� /
CI0
jEC D

�
T � 0

T �CAuCxC 1CAwCxC

�
CO.�/:

Since the order-� portion of this map is invertible by Claim 4.4.3, the map �E0 ı.m
CI0/d� jEC is invertible.

The order of the inverse is at least ��.

Note that a similar argument shows that .md� /
CI0 W CF�d� .L

C/! CF�d� .L
0/˚E0 is invertible.

4.4.3 Checking conditions of Theorem A.3.2 To show that CF�.K�D / is an A1 mapping cocylinder
(Definition A.3.1), set A˙DCF�d� .L

˙/ and A0DCM�d� .L
0/˚E0. We’ve proven that CF�d� .K�D /D

A�˚A0˚AC as a vector space. By Theorem C.5.1, the differential on this complex is of the form0@.md� /1A� 0 0

.md� /
�I0 .md� /

0I0 .md� /
CI0

0 0 .md� /
1
AC

1A :
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By Claim 4.4.7, the map .md� /
CI0 is invertible with order greater than ��. By Definition 4.2.6,

�..md� /
CI0 ım0

d�
/� 0. We therefore satisfy the conditions for a mapping cocylinder (Definition A.3.1)

and may apply Theorem A.3.2. This concludes the proof of Theorem 4.2.5.

5 Examples: wall-crossings and mutations

We now explore some applications of Proposition 3.0.2 and Theorem 4.2.5. We review an example
from [3], computing wall-crossings for Chekanov and product tori in the complement of an anticanonical
divisor. Consider the Lefschetz fibration with total space C2 n fz1z2 D 1g

W WC2
n fz1z2 D 1g ! .C n f1g/ given by .z1; z2/ 7! z1z2

(see Figure 8). We symplectically inflate this manifold at the removed divisor by taking the completion
along the removed hypersurface. This resulting manifold has the same topology as .C�/2 n fz1z2 D 1g.
The new symplectic form can be chosen so that the projection W WC2 n fxy D 1g !C n f1g remains a
symplectic fibration. The regular fibers of this map have the topology of C� and can be given an SYZ
fibration

valW �1.z/ WW
�1.z/!R given by .z1; z2/ 7! jz1j2� jz2j2

which is a restriction of the global Hamiltonian to a fiber. The Lefschetz fibration has a single degenerate
fiber z1z2 D 0. The base of the fibration can also be equipped with an SYZ fibration. We will take the
fibration of the base given by loops 
r.�/ WD 1C re2��� . The symplectic parallel transport map given
by the Lefschetz fibration preserves the isotopy class of SYZ fibers of W �1.z/; as a result, one can
build an SYZ fibration for the total space C2 n fz1z2 D 1g by taking the circles val�1

W �1.z/
.s/ and parallel

transporting them along circles 
r.�/ of the second fibration to obtain Lagrangian tori

L
r ;jwj D f.z1; z2/ 2C2
n fz1z2 D 1g j z1z2 2 
r and jz1j2� jz2j2 D log jwjg:

log jwj


 0

C

W D 1 W D1

Chekanov product

�

Figure 8: Symplectic fibration over W WC2 n fz1z2 D 1g !C n f1g. Lagrangian tori are created
by parallel transporting cycles in the fibers by loops in the base. Loops on the left of the critical
value are of Chekanov type, while those on the right are product type.
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The resulting SYZ fibration has one degenerate fiber, which occurs when log jwj D 0 and r approaches 1.
The degenerate fiber L
1;1 is the Whitney sphere, an immersed Lagrangian sphere with a single double
point. We may generalize this construction to Lagrangians L
;jwj for curves 
 W S1!C nf1g which wind
around the removed point a single time. Such curves are divided into three types: the Chekanov type
curves which additionally wind around the origin, the product type curves which do not, and those curves

 which contain the origin. If the curve 
 contains the origin, we say the Lagrangian L
;jwj is on the
wall between Chekanov and product type. By lifting these curves to Lagrangian submanifolds via parallel
transport of cycles in the fibers, we obtain the Chekanov and product type Lagrangian tori in C�nz1z2 D 1.
We will denote the Chekanov type Lagrangian tori by L�


;jwj
and the product type tori by LC


;jwj
.

5.1 Uncorrected charts on the moduli space

Wall-crossing for Lagrangian submanifolds is a phenomenon which occurs when we try to parametrize
the space of these Lagrangian tori with coordinates. These coordinates should be constructed over the
Novikov ring, although for the purposes of this exposition we will use complex coordinates and unitary
local systems. We consider Lagrangian branes, which are tuples .L
;jwj; b/ where b 2H 1.L; �R/ gives
us a unitary local system on L
 via deformation of the Floer cohomology following [3, Lemma 4.1]. The
space of Hamiltonian isotopy classes of Chekanov (resp. product) Lagrangian branes comes with local
coordinates from measuring the flux of an isotopy, which we now describe.

Let .L0; b0/ and .L1; b1/ be two Lagrangian submanifolds equipped with local systems and let Lt be a
Lagrangian isotopy between these two Lagrangians. Fix c 2 C1.L0/. The Lagrangian isotopy gives a
cylinder c � I �X with boundary .c � f0g/t .c � f1g/� L0 tL1. The flux of this isotopy along c0 is
the quantity

FluxLt .c/ WD �
�Z

c�f0g

b0

�
C

�Z
c�f1g

b1

�
C

�Z
c0�I

!

�
:

This defines a complex-valued cohomological class FluxLt 2H
1.L0;C/. After picking a basepoint for

our moduli space and a basis for homology, the flux cohomology class gives us local coordinates on the
moduli space of Lagrangians, up to Hamiltonian isotopy.

In our example of X D C2 n fz1z2 D 0g, one choice of basis comes from compactifying X to C2 and
noting that L˙


;jwj
� .C2/ now bound holomorphic disks whose boundary classes pick out a basis for

homology.

� On the Chekanov family, we call these two classes cw and cu. The class cw 2H1.L�
;jwj/ is the class of
the circle in a fiber of the moment map which is parallel transported around to obtain the LagrangianL�


;jwj
.

When jwj D 1, this is the vanishing cycle of the Lefschetz fibration. The second class is obtained by
compactifying the total space to C2. In C2, there is a family of Maslov-2 disks holomorphic disks with
boundary on L�


;jwj
�C2. The homology class of the boundary of such a class is called cu.

� For the product family, we call these two classes cr and cs . They are both obtained from considering
LC

;jwj

inside the compactification C2, where the Lagrangian torus bounds two families of Maslov-2
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holomorphic disks. If LC

;jwj

is the standard product torus .r1e��r ; r2e��s /, then the classes cr and cs
correspond to the meridional and longitudinal classes of the product torus. We call the corresponding
classes of disks cr ; cs �H1.LC
;jwj/.

Once we have fixed these homology classes, we can construct coordinates on the space of Chekanov (resp.
product) Lagrangian branes by measuring flux against a fixed Lagrangian. Fix the loop 
0 D 1C e�� .
This loop is neither of Chekanov nor product type. However, it still makes sense to measure the flux
against the Whitney sphere L
0;1 for both the Chekanov and product Lagrangians.

Claim 5.1.1 Let Lt be a Lagrangian isotopy with L0 D L
0;1 and Lt of Chekanov (resp. product) type
for all t 2 .0; 1�. Then the flux class FluxLt 2H

1.L1;C/ depends only on the Lagrangian L1.

The flux constructs local coordinates on the space of Chekanov (resp. product) type tori.

Definition 5.1.2 For .u;w/ 2 .C�/2, define the class of Lagrangians

ŒL�u;w �Flux WD f.L
�

;jwj; b/ j exp.FluxLt .cu//D u; exp.FluxLt /.cw/D wg;

whereLt is an isotopy of Chekanov type tori starting atL
0;1 and ending at .L�

;jwj

; b/. For .r; s/2 .C�/2,
define the class of Lagrangians

ŒLCr;s�Flux WD f.L
C


;jwj
; b/ j exp.FluxLt .cr//D r; exp.FluxLt .cs//D sg;

where Lt is an isotopy of product type tori starting at L
0;1 and ending at .LC

;jwj

; b/.

These classes are subsets of the equivalence classes of Lagrangians under the relation of Hamiltonian
isotopy.

Claim 5.1.3 The classes ŒL�u;w �Flux (resp. ŒLCr;s�Flux) are the equivalence classes of Chekanov (resp.
product) tori under the equivalence relation of Hamiltonian isotopy through Chekanov (resp. product)
tori. Furthermore , with the standard complex structure , no member of such an isotopy will bound a
holomorphic disk in .C�/2 n fz1z2 D 1g.

The classes ŒL�u;w �Flux and ŒLCr;s�Flux allow us to use the coordinates .u;w/ and .r; s/ to parametrize charts
on the moduli space of Lagrangian tori. We will frequently refer to a specific representative of each class
as L�u;w or LCr;s . Notice that each Lagrangian torus L
r ;jwj from Figure 8 is either of Chekanov type,
product type or lies on a “wall” between these two types. If L
r is not on the wall, then L
r ;jwj belongs
to a distinct ŒL˙�Flux class.

For purposes of exposition, we will assume for the remainder of this discussion that we can work safely
with complex coefficients and avoid convergence issues. Consider the identification between bounding
cochains and local systems

(7) .LCr;s; ac
r
C bcs/ 7! .LC

r exp.a/;s exp.b/; 0/:
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When the underlying chain model for the Lagrangian is the de Rham complex, this identification is known.
We first learned of this in [4, Lemma 4.1], and [15] constructs a version of Lagrangian Floer theory based
on the de Rham complex for which this holds. We will assume that the same identification holds in the
pearly model.

Assumption 5.1.4 The identification given in (7) holds for the pearly model.

To justify the appearance of the exponential in the pearly model, one needs to compute the equivalence
between the flow-tree model for Morse theory and the de Rham model; an equivalence between these two
chain models is exhibited in [22].

5.2 Correction from Lagrangian cobordism

The main computation for this example is the following sharpening of the minimal-energy disk requirement
of Definition 4.2.6, which was necessary to apply our wall-crossing computation, to the specific example
of K�D . We note that there is a relation between the flux of the surgeries used to construct the cobordism,
the flux relative boundary of the isotopy �Ht used to construct Kc from Claim 4.1.2, and the area of the
holomorphic disk from Proposition 4.3.6. Let width.L##L"/ be the flux of the Lagrangian isotopy between
the surgery and the immersed Lagrangian L#[L". We arrange for L#[L"[Lc to be exactly homotopic
to L
0;1, the standard Whitney sphere from which we compute our flux coordinates. Define the quantities

u1 D exp.�widthL##L"/; u2 D exp.Flux�Ht .Lc/.`c//;

s D exp.widthL"#L#/; z D exp
�Z

@uex

bC

Z
uex

!

�
;

where `c is the list of the curve `c from Figure 3 to the Lc chart. From the definition of flux and surgery
width, we see that the product side of the mutation cobordism K�D is the Lagrangian LCs;s . The flux
between the Chekanov end of the mutation cobordism and the Whitney sphere is the amount swept out
by the surgery neck, along with the flux relative boundary of the component Lc . Write u D u1u2 so
that the Chekanov end of the mutation cobordism is L�u;1 From relations in the homology of K�D , we
observe that u2 D .u1/�1sz, and so

(8) s D u=z:

Proposition 5.2.1 For the standard choice of complex structure , the only pseudoholomorphic disk with
boundary on K�D is the one described in Proposition 4.3.6 and its multiple covers.

Proof We show that this disk is unique. We look at the Lagrangian cobordism K�D � X �C under
the projections �X WX �C!X , �C WX �C!C and W WX !C. The first projection that we look at
is W ı�X WK�D !C. The regions where we have performed Hamiltonian isotopy and surgery sweep
out flux corresponding to shaded regions in the projection; see Figure 9. We let U be the neighborhood
drawn in Figure 9. Every disk with boundary on K�D must either have boundary contained within the red
region U or have boundary completely disjoint from the red region U , by the open mapping principle.
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�

W.L�u;0/

�

W.LCs;s/

�

W ı�X .K�.D//

U

Figure 9: Disks in the Lagrangian cobordism K�D must either have boundary contained inside
of the red region, or outside of the red region.

We now look at K�D \ .W ı�X /
�1.U /. This is the eye-shaped cobordism from Figure 2. By Claim 4.3.7

the only disks which appear here are uex and its multiple covers. The complement of the region given
by U cannot bound holomorphic disks for topological reasons. This characterizes the disks which may
appear on K�D .

Corollary 5.2.2 The mutation cobordism K�D W L
�
u;1 LCs;s is an isolated mutation.

5.2.1 Wall-crossing computation We now compute �˙� .d�/ from Theorem 4.2.5. From our discussion
on orientations, we have that the Lagrangian cobordism K�D does not identify L�u;1 with LCs;s with the
standard choices of spin structures. We therefore will denote the ends of the cobordism by VL�u;1 and
VLCs;s to signify that these Lagrangians have a different spin structure than the Lagrangians previously
considered. This is important, as Lagrangians equipped with different spin structures can represent distinct
objects in the Fukaya category. We choose the Morse functions for the VL�u;1 and VLCs;s matching the one
chosen in Section 5.1 so that the coordinates for the moduli spaces can be identified with our previous
computation.

The vanishing cycle on the Chekanov side is cu, while the vanishing cycle on the product side is cr C cs .
To construct the continuation map from a mutation cobordism, we must pick a splitting of the vector
spaces E˙ from Section 4.3.1. This involves picking classes cw˙ as in Remark 4.3.4 On the Chekanov
side we take the class cw� WD cw and on the product side we choose the class cwC WD cr .

With this choice of Morse function, we show, with Assumption 5.2.3, that the curvature term is

(9) m0K�D
D log.1C z/.xCC x�/:

Assumption 5.2.3 For each k, there exists a domain-dependent perturbation J kz WD
2! End.TX �C/

such that there is a unique J kz pseudoholomorphic disk uk W .D2; @D2/! .X�C; K�D / with the property
that Œuk�D kŒu�.
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Proof of (9) given Assumption 5.2.3 The A1 product structure in [10] is defined by the count of
adapted treed holomorphic disks weighted by the number of interior leaves. The curvature term, up to
sign, is given by

m0 D
X

x0;u2M.X;L;D;x0/0

˙.�.u/Š/�1T !.u/x0:

where the ˙ sign is determined by the orientation of the moduli space and �.u/ is the number of interior
leaves.

Consider the preimages of the stabilizing divisor fz1; : : : ; zkg D u�1
k
.D2/ � D2. We now define a

domain-dependent perturbation for the combinatorial type �k which has one disk with k interior marked
points and one output flow line. Each C 2M.�k/ with disk component D2C is labeled with interior
marked points p1; : : : ; pk and attachment point s0 2 @D2C for the flow line. For each disk, there exists a
unique automorphism �C WD

2
C !D2 with

�C .p1/D z1 and �C .s0/D 1:

We define the perturbation of the almost complex structure P.�k/ W U ! TX by pullback of the almost
complex structure from Assumption 5.2.3,

P.�k/.C; z/D J k�C .z/:

By Assumption 5.2.3, for this choice of perturbation, there exists a unique pseudoholomorphic treed disk
uC W C ! X with boundary on L and flow line limiting to x0. However, most of these disks are not
adapted to the divisor D, as there is no reason that u�1C .D/D ��1.fz1; : : : ; zkg/ should be the same as
the set of marked points p1; : : : ; pk . In fact, we are only guaranteed that ��1.z1/D p1 by construction.

The only difference between the domains C are the positions of the marked points, and so the moduli
spaces of P–perturbed D–adapted pseudoholomorphic treed disks are in bijection with the domains for
which ��1.fz1; : : : ; zkg/D fp1; : : : ; pkg. There are .k�1/Š such domains (as p1 must be mapped to z1,
and the remaining k� 1 marked points can be chosen freely).

This means that (given Assumption 5.2.3) there exist choices of the perturbation datum such that
#MP.X;L;D; �

k/ D .k � 1/Š. This gives us (modulo 2) the formula for multiple covers, and (up
to a sign)

hm0; x0i D
X .k� 1/Š

kŠ
T k!Œu� D log.1C z/:

The deformation from Claim 4.4.6 can be extended to a bounding cochain:

b D log.1C z/cw C log.1C z/cs:

By restricting b� to the ends of the cobordism, we obtain a continuation map CF�b�. VL�u;1/!CF�bC. VL
C
s;s/.
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If we assume convergence over complex coefficients and identify the bounding cochain with a local
system, we obtain a correspondence between Lagrangians

. VL�u;1Cz/� .L
�
u;1; log.1C z/cw//� . VLCs;s; log.1C z/cs/� . VLC

s;s.1Cz/
/:

Setting w D 1C z and noting that s D u=z from (8),

. VL�u;w/�
VLC
u=.w�1/;uw=.w�1/

:

This closely matches the identification from [3], with the only difference being the signs. This discrepancy
can be explained by the spin structures on the Lagrangian cobordism K�D . As the Lagrangian cobordism
K�D admits an embedding into R3, it has a trivial tangent bundle and is therefore spin. However, there
is no spin structure on K�D which restricts to the standard spin structures [11] on both L˙.

Appendix A Mapping cylinders for curved A1 algebras

A.1 A brief review of filtered A1 algebras and homomorphisms

Our notation for filtered A1 algebras and homomorphisms follows [17]. We make some modifications to
extend to the setting of weakly filtered A1 algebras and homomorphisms.

Notation A.1.1 We will sometimes write the composition f ı g as
� g
f

�
. This both saves space, and

makes some of the algebraic manipulations easier to follow.

A filtered A1 algebra .A�; mk/ is a free graded ƒ–vector space A� with ƒ–linear cohomologically
graded higher products for each k � 0

mk W .A�/˝k! .A�C2�k/;

with extra data and satisfying the filtered A1 algebra axioms given in [17, Definition 3.2.20]. The key
relation is the quadratic A1 relation, which we will denote byX

k1Ck0Ck2Dk

.�1/|.x;k1/

"
id˝k1 ˝mk

0

˝ id˝k2

mk1C1Ck2

#
.x1; : : : ; xk/;

where the sign is determined by the cohomological grading of the domain

|.x; k1/ WD k1C

k1X
jD1

deg.xj /:

Notation A.1.2 We will suppress x D .x1; : : : ; xk/ in future computations, but continue to use the
notation |.x; i/ for the purposes of determining signs.

Ifm0D 0, then .A�; m1/ is a chain complex and we say that A� is uncurved or tautologically unobstructed.
There is a filtration map ` WA�!R defined by the smallest � such that v 2 F �A. Up to a change of sign
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convention, this makes A a non-Archimedean normed vector space in the sense of [33, Definition 1.2.3].
The filtration zero portion of products mk W A˝k! A are a tautologically unobstructed A1 algebra.

We from now on suppress the cohomological index and, when the product structure is clear, we will
simply notate an A1 algebra as A. An ideal of A is a subspace I � A such that, for every b 2 I and
a1; : : : ; ak�1 2 A,

mk.a1˝ � � �˝ aj ˝ b˝ ajC1˝ � � �˝ ak�1/ 2 I:

Note that we do not require m0 2 I . The set A>0 of elements with positive filtration is an A1 ideal and
A=A�0 is a tautologically unobstructed A1 algebra.

We take a variation of [17, Definition 5.2.1] and adapt it to [17, Definition 3.2.7]:

Definition A.1.3 Let .A;mkA/ and .B;mkB/ be A1 algebras. A weakly filtered A1 homomorphism from
A to B is a sequence of graded maps

f k W A˝k! B

satisfying the following conditions:

� Weakly filtered The maps nearly preserve energy, that is,

f k.F �1A; : : : ; F �kA/� F�ckC
Pk
iD1 �iB

for some fixed constant c called the energy loss of f with c < `.m0A/.

� Quadratic A1 relations The f k , mkA and mkB mutually satisfy the quadratic filtered A1
homomorphism relationsX

k1Ck0Ck2Dk

.�1/|.x;k1/

"
id˝k1 ˝mk

0

A ˝ idk2

f k1C1Ck2

#
D

X
i1C���CijDk

"
f i1 ˝ � � �˝f ij

m
j
B

#
:

The composition of weakly filtered A1 homomorphisms is again a weakly filtered A1 homomorphism.

We follow [17, Definition 3.6.9] and write mka W A
˝k! A for the deformation of the A1 structure at a

element a 2 A for positive valuation. We say that b is a bounding cochain if .A�; mb/ is tautologically
unobstructed, and write

MC>c.A/ WD fb 2 A jm
0
b D 0 and `.b/ > cg

for the space of Maurer–Cartan elements of filtration at least c [17, Definition 3.6.4]. Given f W A! B

a weakly filtered A1 morphism of energy loss c, there exists a pushforward map f� WMC>c.A/!

MC>0.B/.

It will be convenient for us to use the following notation:

Claim A.1.4 Let f WA!B be a filtered A1 algebra morphism. Then there exists anA1 homomorphism

f[ W .A;mA/! .B; .mB/f�.0//
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where f[ is defined by
f k[ D

�
f k for k > 0;
0 if k D 0:

Claim A.1.5 Let f W A! B be a filtered A1 algebra morphism. Let a 2 A be a deforming element.
Then there is a map

fa W .A; .m
k
A/a/! .B;mkB/:

A.2 Curved homotopy transfer theorem

Theorem A.2.1 (weakly filtered Whitehead theorem) Let A and B be filtered A1 algebras. Suppose
that we have maps

A B
˛

ˇk
h

such that ˇk is an A1 homomorphism , with ˇk D 0 for all k ¤ 1, and the following conditions hold :

ˇ ım1B �m
1
A ıˇ D ˇ ım

1
B ım

1
B ı h;(10)

˛ ım1A�m
1
B ı˛ D h ım

1
B ım

1
B ı˛;(11)

h ım1B Cm
1
B ı hD ˛ ıˇ� id� h ım1B ım

1
B ı h;(12)

ˇ ı hD 0; h ı˛ D 0; ˇ ı˛ D idA; `.h ım0B/ > 0:

Then we can extend

� ˛ to a weakly filtered A1 morphism ˛k W A˝k! B , and

� h to a weakly filtered A1 homotopy hk W B˝k! B .

Note that this relates to the homotopy transfer theorem of [20] when m0B D 0, as (10)–(12) become the
chain map and homotopy relations. The additional relations are analogues of the strong deformation
retract conditions. In the filtered setting they tell us that ˇ and ˛ intertwine the curvatures of m1B and m1A:

ˇ ım1B ım
1
B ı˛ Dm

1
A ım

1
A:

Theorem A.2.1 is also related to [17, Theorem 4.2.45], which proves that if ˛ and ˇ are filtered A1
homomorphisms and h is filtered, then h extends to anA1 homotopy between ˛ and ˇ whenever (10)–(12)
hold at zero valuation. We now examine the possibility of adapting [17, Theorem 4.2.45] with the weaker
condition that h is weakly filtered.

The proof of [17, Theorem 4.2.45] first proves the theorem for unfiltered A1 algebras. The proof for the
unfiltered A1 algebra proceeds by constructing the maps mk˛ W A

˝k! A inductively over the index of k.
This proof necessarily uses the fact that f 0 and m0A are trivial, as otherwise higher terms f kCi show up
in the k–input quadratic A1 relations.
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The filtered case is proven by induction on the filtration, with the unfiltered setting serving as a base
case. Two difficulties occur when extending to weakly filtered homotopies. In [17, Theorem 4.2.45]
the definition of homotopy is given in terms of filtered A1 homomorphisms h W A! A, where A is a
model of Œ0; 1��A. One can generalize these to weakly filtered A1 homotopies by considering weakly
filtered homomorphisms h WA! A and weakly filtered A1 structures. Difficulties with these approaches
are commented on in the discussion surrounding [17, Theorem 5.2.35], where a similar statement is
considered for weakly filtered maps of A1 bimodules.

Further, when h is only weakly filtered, we can no longer use the proof strategy for [17, Theorem 4.2.45]
as h no longer provides a weak homotopy between ˛ ıˇ and idB on the tautologically unobstructed A1
algebra B=B>0. A possible approach to the weak-homotopy case is given in [17, Section 7.2.6], which
examines G–filtered A1 algebras. A G–filtered A1 structure [17, Definition 7.2.67] is a collection of
mk;ˇ WA˝k!A indexed by k 2N and ˇ in a monoid G. The monoid G should have a unique invertible
element. We also require that every element of G possess only finite factorization. That is, for all ˇ 2G,

kˇk WD supfk j ˇ D ˇ1C � � �Cˇk D ˇ and ˇi ¤ eg<1;

The A1 products are given by
mk D

X
ˇ2G

T �.ˇ/mk;ˇ :

satisfying the A1 which respects the structure of G. Roughly, the proof of [17, Theorem 7.2.72] inducts
on k and kˇk, and uses this finite factorization property. In spirit, our approach is much like this one.

Instead of strengthening the condition on the filtration, we choose instead to strengthen the condition
on the hypothesis of the homotopy equivalence (10)–(12). The upshot is that we can reexpress mKA in
terms of the maps ˇ, ˛, mKB and h, allowing us to decompose the map based on the number of m0B terms
which occur in the expansion. This is used as a replacement for the monoid structure, and we induct
on this quantity, rather than the filtration, in our proof. We now give the construction of the maps in
Theorem A.2.1.

Proof of Theorem A.2.1

Our proof is a modification of the inductive proof given in Markl’s Christmas carp paper [25], using the
sign conventions from [17]. We include the steps in the induction proof which differ from the proof in
the unfiltered setting. Notably, our construction inducts over two variables, which correspond degree
filtration and the number of B–curvature terms that appear in the A1 relations. Outside of these changes,
the only difference between the weakly filtered and unfiltered proof is the additional care that must be
spent with the ranges of indices due to the presence of curvature terms. Place a partial order on pairs
.n; k/ so that .k0; n0/� .k; n/ if n0 � n and k0 � k. Define the maps

˛1;0 WD˛; ˛0;1Dhım0B ; m
1;0
A WDm

1
A; m

0;1
A Dˇım

0
B ; �0;1Dm0B ; �0;0D0 and �1;0D0:
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Suppose that, for all .k0; n0/� .k; n/, we’ve defined the maps ˛k
0;n0 and �k

0;n0 . Then inductively define
the kernel

�k;n D�
X
r�2

X
k1C���CkrDk
n1C���CnrDn
.0;0/�.ni ;ki /

�
˛k1;n1 ˝ � � �˝˛kr ;nr

mrB

�
;

error terms

�k;n D
X
r�2

X
k1C���CkrDk
n1C���CnrDn
.0;0/�.ni ;ki /

.�1/|.x;
Pi�1
jD1 kj /

�
˛k1;n1 ˝ � � �˝�ki ;ni ˝ � � �˝˛kr ;nr

h ımrB

�
;

and maps
˛k;n D�h ı �k;n and m

k;n
A D�ˇ ı �k;n:

The first two error terms are

�1;1 D h ımB.m0B ˝˛
1;0
C .�1/|˛1;0˝m0/D h ım1B ım

1
B ı˛

1;0;(13)

�0;2 D h ım2.˛0;1˝�0;1C .�1/|˛0;1˝�0;1/D h ım1B ım
1
B ı h ım

0
B :(14)

The filtrations of these maps are increasing in n, as we can prove inductively that

`.�k;n/.a1; : : : ; ak/� n`.m
0/� .nC k/`.h/C

kX
iD1

`.ai /;

and by the condition that `.hım0B/> 0 we see that
P1
nD0 �

n;k converges over Novikov coefficients. Most
of the mk;nA terms end up being trivial, as by applying the A1 homomorphism relations for ˇ we obtain

mk;n D

�
h ı �k1;n1 ˝ � � �˝h ı �kr ;nr

ˇ ımrB

�
D

�
h ı �k1;n1 ˝ � � �˝h ı �kr ;nr

mrA ı .ˇ
˝r/

�
;

which vanishes whenever the composition ˇ ı h appears. So this term is zero unless .k; n/D .k; 0/. We
can therefore write

mkA Dm
k
A ı .ˇ ı˛/

˝k
D ˇ ım

k;0
B ı .˛/

˝k
Dm

k;0
A D

X
n

m
k;n
A :

We will prove by induction on the product order for .k; n/ that the following relation I.k; n/ holds:

(15)
X

k1C���CkrDk
n1C:::CnrDn

�
˛k1;n1 ˝ � � �˝˛kr ;nr

mrB

�

D

X
j1Cj

0Cj2Dk
n1Cn

0Dn

.�1/|.x;j1/

"
id˝j1 ˝mj

0;n0

A ˝ id˝j2

˛j1Cj2C1;n1

#
��k;nC�k;nC1:

We note that summing all of the I.k; n/ relations for fixed k yields the A1 homomorphism relation for
˛k WD

P
n ˛

k;n.
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Proof The base cases for our induction are when .k; n/ 2 f.0; 0/; .0; 1/; .1; 0/g.

� The relation I.0; 0/ states
m0B D �

0;1:

� A computation using the relation (13) shows that I.1; 0/ follows from (11).

� A computation using (14) shows that I.0; 1/ follows from (12).

Now assume that we’ve shown that I.k0; n0/ holds for all .k0; n0/< .k; n/. As .k; n/¤ .0; 0/; .1; 0/; .0; 1/,
we know that r � 2 in the left-hand side of I.k; n/. We can therefore reexpress it asX

k1C���CkrDk
n1C���CnrDn

�
˛k1;n1 ˝ � � �˝˛kr ;nr

mrB

�
D��k;nCm1B ı˛

k;n
D��k;n�m1B ı h ı �

k;n

By applying m1B ı h ı �
k;n D �˛ ım

k;n
A � �k;n � h ım1B ım

1
B ı ˛

k;n � h ım1B ı �
k;n from (12) and

canceling the highlighted terms, this equals

˛ ım
k;n
A C h ım1B ım

1
B ı˛

k;n
C

X
r�2

X
k1C���CkrDk
n1C���CnrDn
.0;0/�.ni ;ki /

�
˛k1;n1 ˝ � � �˝˛kr ;nr

h ım1B ım
r
B

�

D ˛ ım
k;n
A C

X
r�1

X
k1C���CkrDk
n1C���CnrDn
.0;0/�.ni ;ki /

�
˛k1;n1 ˝ � � �˝˛kr ;nr

h ım1B ım
r
B

�
:

Applying the A1 relations for m1 ımrB , we get

˛ ım
k;n
A C

X
r1Cr

0Cr2Dr�2
r1Cr2>0

X
k1C���CkrDk
n1C���CnrDn

.�1/~.x;k;r1/

24˛k1;n1 ˝ � � �˝˛kr ;nrid˝r1 ˝mr
0

B ˝ id˝r2

h ım
r1Cr2C1
B

35 :
Here ~.x; k; r1/ WD r1C

Pr1
iD1

�
1� ki C

Pki
jD1 deg.xj /

�
. We regroup the terms which lie above mr

0

B in
the composition to obtain

˛1;0ım
k;n
A C

X
r1Cr

0Cr2Dr�1
r1Cr2�0

j1Cj
0Cj2Dk

m1Cm
0Cm2Dn

X
k1C���Ckr1Dj1

kr1C1C���Ckr2Cr0
Dj 0

kr�r1C���CkrDj2
n1C���Cnr1Dm1

nr1C1C���Cnr2Cr0
Dm0

nr�r1C���CnrDm2

.�1/~.x;k;r1/

26664
id˝j1˝

"Nr1Cr
0

iDr1C1
.˛ki ;ni /

mr
0

B

#
˝id˝j2Nr1

iD1.˛
ki ;ni /˝id˝

Nr
iDr�r2

.˛ki ;ni /

hım
r1Cr2C1
B

37775 :

When taken modulo 2, ~.x; k; r1/ �
Pr1
iD1 ki C

Pj1
jD1 deg.xi / � |.x; j1/. When grouped over the

index .j 0; m0/, the shaded block is the left-hand side of the relation I.j 0; m0/. If m0 D n then j1; j2 ¤ 0,
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and therefore j 0 < k. Hence .j 0; m0/ < .j;m/. Let xj1;j2 be the tuple .xj1C1; : : : ; xj1Cj 0/. We can apply
the inductive hypothesis to get

˛1;0ım
k;n
A

C

X
r1Cr

0Cr2Dr�1
r1Cr2>0

j1Cj
0Cj2Dk

m1Cm
0Cm2Dn

.�1/|.x;j1/
X

k1C���Ckr1Dj1
kr�r1C���CkrDj2
n1C���Cnr1Dm1
nr�r1C���CnrDm2
l1Cl

0Cl2Dj
0

o1Co2Dm
0

.�1/|.xj1;j2 ;l1/

26664
id˝j1˝

"
id˝l1˝ml

0;o1
A ˝id˝l2

˛l1Cl2C1;o2

#
˝id˝j2Nr1

iD1.˛
ki ;ni /˝id˝

Nr
iDr�r2

.˛ki ;ni /

hım
r1Cr2C1
B

37775

C

X
r1Cr

0Cr2Dr�1
r1Cr2>0

j1Cj
0Cj2Dk

.�1/|.x;j1/
X

k1C���Ckr1Dj1
kr1C1C���Ckr2Cr0

Dj 0

kr�r1C���CkrDj2

n1C���CnrDn

24 id˝j1˝.��r
0;n0C�r

0;n0C1/˝id˝j2Nr1
iD1.˛

ki ;ni /˝id˝
Nr
iDr�r2

.˛ki ;ni /

hım
r1Cr2C1
B

35 :

The remainder of the proof proceeds as in the tautologically unobstructed setting by applying the recursive
definition of �n;k and �n;k , and using the relation .�1/|.x;j1/.�1/|.xj1;j2 ;l1/ D .�1/|.x;jCl1/.

We now define the homotopy, again following [25]. Inductively define the maps

�k WD
X

k1Ck
0Ck2Dk

j1C���CjrDk1
rCk2�1;k

0�1

.�1/|.x;k1/

24 ˇ˝k1 ˝ hk
0

˝ id˝k2

˛j1 ˝ � � �˝˛jr ˝ id˝k2C1

mrC1Ck2

35 ;

where hk WD h ı�k . The A1 homotopy relationsX
k1Ck

0Ck2Dk
j1C���CjrDk1
rCk2�0;k

0�1

.�1/|.x;k1/

"
.˛ ıˇ/j1 ˝ � � �˝ .˛ ıˇ/jr ˝ hk

0

˝ id˝k2

mrC1Ck2

#

D .˛ ıˇ/k � idk �
X

k1Ck
0Ck2Dk;k1Ck2�0

.�1/|.x;k1/

"
id˝k1 ˝mk

0

B ˝ id˝k2

hk1Ck2C1

#

are proved inductively. In the above expression, idkD id if kD 1, and is zero otherwise. On the right-hand
side k0 may be equal to 0. Then

X
k1Ck

0Ck2Dk
j1C���CjrDk1
rCk2�0;k

0�1

.�1/|.x;k1/

24 ˇ˝k1 ˝ hk
0

˝ id˝k2

˛j1 ˝ � � �˝˛jr ˝ id˝k2C1

mrC1Ck2

35
Dm1B ı h ı�

k
C�k D ˛ ıˇ ı�k � h ım1B ı�

k
� h ım1B ım

1
B ı h ı�

k
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D ˛ ıˇ ı�kC
X

k1Ck
0Ck2Dk

j1C���CjrDk1
rCk2�0;k

0�1

.�1/|.x;k1/

24 ˇ˝k1 ˝ hk
0

˝ id˝k2

˛j1 ˝ � � �˝˛jr ˝ id˝k2C1

h ım1B ım
rC1Ck2

35

D ˛ ıˇ ı�kC
X

k1Ck
0Ck2Dk

j1C���CjrDk1
i1Ci

0Ci2DrCk2C1�1
k0�1

.�1/|.x;k1/C|.y;j1/

26664
ˇ˝k1 ˝ hk

0

˝ id˝k2

˛j1 ˝ � � �˝˛jr ˝ id˝k2C1

id˝i1 ˝mi
0

B ˝ id˝i2

h ımi1Ci2C1

37775 ;

where y D y1˝ � � �˝yrCk2C1 is the partial composition

.˛j1 ˝ � � �˝˛jr ˝ id˝k2C1/ ı .ˇ˝k1 ˝ hk
0

˝ id˝k2/ ı .x/:

Collecting into terms for which j1C j 0 < r , j1 < r < j1C j 0 and r < j1C 1 allows us to either apply
the A1 homomorphism for ˛k or the induction hypothesis to push the mj

0

B term through to the top of the
composition. The remainder of the proof is standard.

Remark A.2.2 The relations (10)–(12) require some motivation. The A1 relations can be proved
noninductively by unpacking the definition of � into the sum over compositions defined over stable trees,
as in [22]. The A1 and homotopy relations correspond to contractions and expansions of these trees at
internal vertices and edges; the argument in some crucial way uses the fact that the contractions of stable
trees at internal edges are again stable trees.

To generalize to the filtered setting, one must consider stable trees with k internal and n external leaves,
where the internal leaves are labeled with curvature terms coming from m0. The A1 and homotopy
relations again correspond to contractions and expansions. However, the contraction of a stable tree at an
internal leaf is not necessarily stable. The terms added to (10)–(12) cancel out these contributions coming
from nonstable trees.

We give the noninductive proof of Theorem A.2.1 in the preprint version of this paper.

A.3 Morphisms are mapping cocylinders

In the category of chain complexes, there is a dictionary between morphisms and mapping cocylinders.
We now extend this dictionary to filtered A1 algebras.

Definition A.3.1 Let AC and A� be two filtered A1 algebras. A cocylinder from AC to A� is a filtered
A1 algebra B which

� as a vector space is isomorphic to A�˚A0˚AC,
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� has differential of the form 0@m�I� 0 0

m�I0 m0I0 mCI0

0 0 mCIC

1A ;
where mCI0 is an isomorphism with inverse satisfying `..mCI0/�1 ım0/ > 0, and

� has projections of chain complexes

B

A� AC

ˇ� ˇC

which can be extended to A1 homomorphisms ˇk
˙

, with ˇk
˙
D 0 for all k ¤ 1.

We denote such a mapping cocylinder by

A�$ B! AC:

The cylinders from A� to AC are in correspondence with morphisms f W A�! AC.

Theorem A.3.2 (cylinders are mapping cocylinders) Let A� and AC be two filtered A1 algebras.

(i) To every cocylinder A�$ B! AC, we can associate a morphism ‚B W A
�! AC.

(ii) To every morphism f W A�! AC, we can associate a cocylinder

A�$ Bf ! AC:

(iii) These constructions are compatible in the sense that ‚Bf D f .

Outline of proof The construction of a morphism associated to a mapping cocylinder proceeds by
showing that the projection ˇ�, and the map ˛ W A�! B and homotopy h W B! B given by

˛.x/D .x; 0; .mCI0/�1 ım�I0.x// and h.x/D .0; 0; .mCI0/�1.x//;

satisfy the conditions of Theorem A.2.1, giving us an A1 extension of ˛. The morphism associated to
the cocylinder is the “pullback–pushforward” composition ‚B WD ˇC ı˛.

The construction of a mapping cocylinder associated to a morphism follows from a more general
construction: Let C be any filtered A1 algebra, and let f W A�! C and g W AC! C be filtered A1
homomorphisms. Then C can be equipped with the structure of a filtered .AC; A�/ bimodule whose
bimodule product

m
k1j1jk1
A�jC jAC

W .A�/˝k1 ˝C ˝ .AC/˝k2 ! C

is given (up to sign) by

m
k1j1jk2
A�jC jAC

D

X
h1C���Ch˛1Dk1
i1C���Ci˛2Dk2

m
˛1C1C˛2
C ı .f h1 ˝ � � �˝f h˛1 ˝ idC ˝gi1 ˝ � � �˝gi˛2 /:
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The proof of the A1 bimodule relations uses the A1 homomorphism relations of f and g. Given an
A1 bimodule C , we define (up to sign) an A1 product on A�˚C Œ1�˚AC by

mk
A��CAC

D .mk
AC
ı�

kj0j0

A�jC jAC
/˚

�
f k ı�

kj0j0

A�jC jAC
C

� X
k1C1Ck2Dk

m
k1j1jk2
A�jC jAC

ı�k1j1jk2
�
Cgk ı�0j0jk

�
˚ .mk

AC
ı�0j0jk/;

for which checking the A1 relations becomes a check of the bimodule structure. Furthermore, the natural
projections ˇ˙ W A�˚C Œ1�˚AC! A˙ are A1 homomorphisms.

To obtain the mapping cocylinder, we let C D AC and g D id.

We include the following remark, which we could not find in the literature:

Remark A.3.3 We expect that theA1 algebraA�˚C Œ1�˚AC is the homotopy fiber product, A��CAC

in the category of filtered A1 algebras. Some specializations are:

� If ADA�DACDC and f DgD idA, then A�AA is a model of A�Œ0; 1�, similar to that constructed
in [17, Lemma 4.2.25].

� For filtered A1 algebras, a morphism f W A! C does not make C a left A module, but rather only
an .A;A/ bimodule. We note that if there exists a morphism 0! C , then we can make C an .A; 0/
bimodule, and so it becomes a left A module. This observation is related to the existence of mapping
cones and the existence of bounding cochains.

By existence of a pushforward map on bounding cochains, C is unobstructed if and only if there exists a
filtered A1 homomorphism 0 W 0! C . We may therefore restate the above observation as f W A! C

has a mapping cone if and only if C is unobstructed.

Appendix B Domain and label-dependent perturbation systems

We adopt language from [10, Section 4.2]. Pick h W L ! R a Morse function. We denote by � a
combinatorial type of treed disk. We use C to denote a treed disk, M.�/ for the moduli space of treed
disks of fixed combinatorial type, M.�/ to denote its closure, and U.�/ for the universal treed disk
composed of pairs .C; x/, where x 2C is a point. We will denote the forgetful map by C WU.�/!M.�/.
The universal treed disk is covered with two sets, U.�/D S.�/[ T .�/, which consist of pairs .C; x/
where x lies in either the surface or tree component of C [10, Section 4.2]. There are morphisms
M.�/!M.� 0/ arising from morphisms of underlying combinatorial types [10, Definition 4.12]; they
are called collapsing edges/making an edge finite or nonzero, cutting edges, locality and forgetting
forgettable edges. For this section, we will focus on the morphisms of making an edge finite and cutting
edges. Let V.�/ denote the number of external leaves of � and N.�/ denote the number of interior
marked points of � . We use `.e/ for the length of an edge e.
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A labeled combinatorial type � is a combinatorial type � , along with labels

� xDfx0I x1; : : : ; xV.�/�1 jxi 2Crit.h/g a sequence of critical points of a Morse function h, indexed
by the leaves of � (we reserve x0 for the label of the root of the tree), and

� at each k–broken edge e, a sequence of breaking labels Be WD fb1; : : : ; bkg.

The moduli spaces of domains of fixed labeled type cannot be compactified by simply considering labeled
types, as the resulting compactification will not be Hausdorff. When an edge length goes to infinity, the
domain will not know what label to assign the breaking in the compactification stratum. Therefore, we
help the domains remember how they are supposed to break. A prebroken combinatorial type �P is a
labeled combinatorial type � , along with the data of prebreaking labels P , which consists of

� an assignment to each edge e of a prebreaking number k0.e/,

� a labeling at each k0 prebroken edge or vertex a sequence of prebreaking labels Pe WD fx1; : : : ; xk0g,
and

� an ordering at each edge e of Be tPe.

We will sometimes treat the data of P as a set, so that P 0 � P means that the prebreaking labels of �P 0
are a subset of the labels of �P , or �PnP 0 is the prebroken combinatorial type where we’ve removed the
P 0 prebreakings.

A prebroken disk domain CP of combinatorial type �P is a treed disk with prebroken marks, which is of
a sequence of labeled points .t1; x1/; : : : ; .tk0.e/; xk0.e// at each edge e. Here 0 < t1 < � � �< tk0.e/ < `.e/
is a sequence of points on the edge e and the prebreaking labels are given by Pe D fxig

k0.e/
iD1 . There

exists a moduli space of prebroken combinatorial types M.�P /, as well as a universal curve of prebroken
combinatorial types U.�P /.

B.0.1 Morphisms of prebroken combinatorial types We now look at morphisms of prebroken
combinatorial types. We include the morphisms from [10, Definition 4.6]: cutting edges, collapsing edges,
making an edge length finite, making an edge length nonzero, forgetting tails and making an edge weight
finite or nonzero. We add in a new morphism: forgetting a prebreaking. The main changes between
morphisms of prebroken combinatorial types and combinatorial types are in cutting edges, making an
edge length finite and forgetting a prebreaking. We discuss these changes, as well as the corresponding
maps on the moduli space of prebroken treed disks and their universal curves.

(i) Cutting an edge If �P has a breaking bi occurring at edge e then:

� � 0P ! �P , the morphism of cutting an edge e at bi , replaces � with a disconnected graph � 0. Let
v1 and v2 be the edges of e. The graph � 0 removes the edge e and adds in two vertices w1 and w2
connected to edges e1 D v1w1 and e2 D v2w2.

� The labels of � 0 are the same as on � , except at the new vertices w1 and w2, which both obtain
the label bi .

� Labels for prebreakings and breakings of � 0P are otherwise inherited from �P .
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There are induced homeomorphisms M.� 0P /!M.�P / and U.� 0P /! U.�P / as in [10]. See the arrows
labeled (i) in Figure 10 for a visualization of this identification.

(ii) Making an edge finite We now discuss the morphism of making an infinite broken edge finite. We
say that � is obtained from � 0 by making an edge finite if the edges of � and � 0 agree away from a single
edge e, where �.e/D1 and �0.e/ 2 .0;1/. In this case, M.� 0/ embeds in M.�/ as a codimension-1
boundary M.� 0/� Œ0; �/.

Given prebroken combinatorial types �P and � 0P 0 , we say that �P is obtained from � 0P 0 by making an
edge finite at breaking bi if

� the underlying unlabeled combinatorial types are related by such a morphism, and

� the edge e 2 � 0P 0 has one additional prebroken marking xi which matches the marking of the
breaking bi 2 Be for �P .

Unfortunately, it is no longer the case that M.� 0P 0/ embeds as a codimension-1 boundary into M.�P /,
due to the extra choice in determining where to place the prebroken point. Therefore we cannot construct
a compactification of M.�P / by simply including broken configurations. However, there remains enough
structure for us to later define what a coherent perturbation is in this setting, and thus obtain moduli
spaces of pseudoholomorphic treed disks which have the appropriate broken configurations in Section B.2.
For P 0 � P a set of markings, let MP 0>1=2.�P / denote the portion of the moduli space of prebroken
treed disks where the distance between the prebreakings ti 2 e of P 0 and the boundary of e is greater
than 1

2
. When P 0 consists of a single marking .xi ; ti /, this space is homeomorphic to

Mfxi g>1=2.�P /D
˚
.C 0P 0 ; r; ts/ j C

0
P 0 2M.� 0P 0/ for r 2 Œ0; �/ and ti 2

�
1
2
; `.e/� 1

2

�
� e

	
:

By abuse of notation, we denote this set by M.� 0/�Œ0; �/�
�
1
2
; `.e/�1

2

�
. There is similarly an identification

of the portion of the universal curve living over the region Ufxi g>1=2.�/ with U.� 0/�Œ0; �/�
�
1
2
; `.e/� 1

2

�
.

See the arrows labeled (ii) Figure 10 for a visualization of this identification.

(iii) Forgetting prebreakings Let �P be a prebroken combinatorial type, and let P 0 � P be a subset
of the labels. Then we have forgetful maps on the moduli space of treed disks M.�P /!M.�P 0/ as
well as on the universal curve

resP 0�P W U.�P /! U.�P 0/:

Let P 0 � P denote a subset of the prebreakings. We say that a prebroken treed disk CP belongs to
MP 0<1=4.�P / if the markings .t; p/ 2 P 0 all have a distance less than 1

4
from the boundary of the edges.

Similarly, let UP 0<1=4.�P / denote the portion of the universal curve whose prebroken domain belongs to
MP 0<1=4.�P /. When we look at a single prebreaking labeled xi , the neighborhood Ufxi g<1=4.�P / can
be identified with˚

.C; x; ti / j .C; x/ 2 U.�Pnfti g/ for ti 2
�
0;min

�
1
4
; `.e/

�
t
�
max

�
`.e/� 1

4
; 0
�
; `.e/

��	
:

See the arrows labeled (iii) in Figure 10 for a diagram of the forgetting prebreakings identification.
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B.0.2 Boundary regions on prebroken disks The moduli space of prebroken curves of fixed combina-
torial type is noncompact. In addition to the usual sequences of treed disks which do not converge in the
moduli space of treed disks, the prebreakings lead to new kinds of sequences that do not have convergent
subsequences. There are two new kinds of phenomena we must account for:

(i) the distance between two prebreakings goes to zero, or

(ii) one of the prebreakings moves towards the boundary of an edge.

We will later force the prebreakings to remain disjoint from each other, so the first kind of noncompactness
will not affect the noncompactness of the moduli spaces of pseudoholomorphic treed disks we construct.

The second kind of noncompactness we handle only when constructing the moduli space of pseudoholo-
morphic treed disks. We will consider a perturbation datum which is only domain and label (but not
prebreaking) dependent over MP 0<1=4.�P / for every P 0 � P (and thus independent of the position of
prebreakings in P 0). Such a choice of perturbation datum has the property that, whenever we look at a
sequence of pseudoholomorphic treed disks with P 0 prebreakings moving towards the boundary of the
edge, we arrive in a portion of the moduli space of pseudoholomorphic treed disks which is cut out by the
P nP 0–dependent J –holomorphic curve. In this chart, it is no longer a problem that the P 0 prebreakings
move towards the edge.

B.1 The perturbation datum and coherence

A perturbation datum for type �P [10, Definition 4.10] is an assignment of domain and prebreaking
dependent Morse function (ie a map h� W T .�P /�L!R) and domain and prebreaking dependent tame
almost complex structure (J� W S.�P /�X ! End.TX/) to each prebroken treed disk CP . These are
required to agree with the prescribed Morse function h W L! R and tame almost complex structure
J W TX ! TX near the boundaries of the edges and disks. We will denote perturbation datum for type
�P by P.�P /, so that

P.�P /.CP ; x/D
�
J.�P /.CP ; x/ 2 End.TX/ if .CP ; x/ 2 S.�P /;
h.�P /.CP ; x/ 2 C

1.L;R/ if .CP ; x/ 2 T .�P /:

Definition B.1.1 A stabilizing Morse function is a Morse function h W L!R whose critical values are
distinct; for xi 2Crit.h/, denote the level set of h containing the critical point xi by Hxi WD fh

�1.h.xi //g.

A perturbation datum P.�P / is stabilizing with respect to D if it satisfies [10, Definition 4.26]; this
roughly states that every solution to the P.�P /–perturbed Floer equation will meet the stabilizing divisor
in the appropriate number of intersection points (see Section C.1). The perturbations of almost complex
structure must be chosen in such a way that D remains an almost complex hypersurface.

A perturbation datum P.�P / is stabilizing with respect to h if, away from the critical points, the gradient
rh.�P /.CP ; x/ is transverse to h�1.Crit.h//. We say that P.�P / is stabilizing if it is stabilizing for
both D and h.
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Figure 10: Describing the moduli space of prebroken regular treed disks. Here � is the combinatorial
labeled type between two critical points x1 and x2 with two interior vertices. �ftag and �ftbg have
the same underlying combinatorial type, but additionally have prebreakings at ta and tb , respectively,
labeled with classes xa; xb 2 Crit.h/. � 0, �a and �b are broken types, whereas �1a, �a2, �1b and
�b2 are combinatorial types between x1, x2, xa and xb with indices indicating the labels. The points
marked 1–6 refer to the pseudoholomorphic treed disks which appear in Figure 11.
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Figure 11: An example of the moduli space of labeled pseudoholomorphic pearly flow lines of
type � . The moduli space is represented by the dotted line, and the diagrams represent the image of
ui .T / and ui .@S/ inside of L for various maps ui . We also mark critical points x1, x2, xa and xb
of a Morse function h WL!R, as well as level setsHxi . The projection CP .Mun

P .X;L;D; �// to
the moduli space of types (drawn in Figure 10) is represented by the dotted line in that figure, with
the circled numerals 1–6 identifying the combinatorial type of each of these pseudoholomorphic
treed disks.

Given a regularizing perturbation datum, one can define P.�P /–perturbed pseudoholomorphic treed
disks, which are maps u W CP !X satisfying the conditions of [10, Definition 4.13].

Definition B.1.2 (modification of [10, Definition 4.17]) A stable prebroken pseudoholomorphic treed
disk u W CP ! X with boundary on L is adapted to D and h if it satisfies the (a) stable surface and
(b) leaf axioms from [10, Definition 4.17], and additionally:

(c) Prebroken axiom Each prebroken point ti 2CP with label xi is mapped to theHxi . Furthermore,
each connected component of u�1.Hxi / contains a prebroken point ti with label xi .

One upshot of using labeled treed disks is that, as � contains the data of which critical points of h
its flow lines limit to, we may now define ind.�/, the expected dimension of the moduli space of
labeled treed holomorphic disks. We denote by MP.X;L;D; h; �P / the moduli space of P–perturbed
pseudoholomorphic prebroken labeled treed disks which are adapted toD and h. Because the perturbations
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that we choose for Morse functions are still required to be transverse to the level sets Hxi for xi 2Crit.h/,
transversality for the conditions imposed by the prebroken axiom are automatically satisfied on the interior
of MP.X;L;D; h; �P /. As before, we write the forgetful map CP WMP.X;L;D; h; �P /!M.�P /.
We say that the perturbation datum P.�P / is regular if the moduli space MP.X;L;D; h; �P / is cut out
transversely.

Remark B.1.3 Suppose that �P is a combinatorial type with prebreakings. Let Mun
P .X;L;D; �P / be

the moduli space of pseudoholomorphic treed disks which are adapted to D, but only satisfy the following
weakening of the prebroken axiom:

(c0) Weak prebroken axiom Each prebroken point ti 2 CP with label xi is mapped to the Hxi .

We note that if P 0 � P is a subset of labels, and P.�P / arises from P.�P 0/ by pullback under forgetting
prebreakings, then every adapted P.�P / pseudoholomorphic disk is an example of a P.�P 0/ weakly
adapted pseudoholomorphic disk, simply given by forgetting the position of the marked points in P nP 0.
Since the prebroken axiom determines the positions of these marked points uniquely, we obtain an inclusion

MP.X;L;D; h; �P /�Mun
P .X;L;D; �P 0/:

which is a diffeomorphism onto its image.

We will want perturbations that are chosen consistently between different labeled combinatorial types. Let
T denote the set of all prebroken combinatorial types for .L; h/, and use I � T to denote a subset of the
prebroken combinatorial types. A perturbation system PI is a choice of perturbation datum PI.�P / for
every prebroken combinatorial type �P 2 I. If PT is a perturbation system for all prebroken combinatorial
types in T , we will call PT a full perturbation system. For a fixed perturbation system PI and prebroken
combinatorial type �P 2 I, we write MPI .X;L;D; h; �P / for the moduli space of PI.�P /–perturbed
pseudoholomorphic treed disks.

Adopting notation from the discussion preceding [10, Theorem 4.19], we write � 0P 0 � �P if

� there exists a morphism of combinatorial types � 0P 0!�P corresponding to collapsing edges/making
an edge or weight finite or nonzero, or

� there exists a morphism of combinatorial types �P ! � 0P 0 given by cutting edges, or

� �P D �
1
P1
[�2

P 2
is a disconnected type and � 0P 0 D �

1
P1

or �2P2 , or

� there exists a morphism of combinatorial types �P ! � 0P 0 given by forgetting prebroken labels.

Definition B.1.4 If I satisfies the property that �P 2 I and � 0P � �P implies � 0P 2 I, then we say that I

is downward closed.

Definition B.1.5 (following [10, Definition 4.12]) We say that P.�/ and P.� 0/ are coherent over
� 0P 0 � �P if:
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(a) if there is a morphism of type “collapsing edges/making an edge nonzero” � 0P 0!�P with �P ; � 0P 0 2I,
then P.� 0P / is the pullback of the perturbation P.�P /, or

(b) if there exists a morphism of cutting edges �P ! � 0P 0 we require that P.� 0P / is the pushforward of
the perturbation P.�P /, or if � 0P 0 is a disjoint union of �1

P 1
and �2

P 2
then we require that the perturbation

arises as pullback,

(c)–(d) they satisfy the locality and forgettable edges axiom from [10, Definition 4.12].

In addition to these coherence conditions, we modify the condition for breaking (so that it now incorporates
the prebreaking point) and add a new condition for forgetting labels:

(e) Coherence under making an infinite edge finite Suppose that � 0P 0!�P is a morphism of making
an edge finite. Recall that we have an identification M.� 0P 0/� Œ0; �

�
�
�
1
2
; `.e/� 1

2

�
�M.�P /, where

P 0 has one more prebreaking than P . Given ts 2
�
1
2
;1

�
t
�
�1;�1

2

�
, consider the inclusion

its WM.� 0P 0/ ,!M.�P / given by C 7! .C; 0; ts/:

Denote by its W U.� 0P 0/ ,! U.�P / the corresponding inclusion of the universal curve. We require that
P.� 0P 0/D i

�
ts
P.�P / for all ts , so that near the boundary the perturbation is not dependent on the position

of ts .

(f) Coherence under forgetting labels When P 0�P , so that we have a forgetful map UP 0<1=4.�P /!
UPnP 0.�PnP 0/, we require the perturbation datum to arise as the pullback over the forgetting premarkings
map, that is

PjUP 0<1=4.�P /D res�P 0�P P.�PnP 0/:

We say that PI is coherent if I is downward closed, and PI is coherent over all relations � 0P 0 � �P 2 I.

Remark B.1.6 The revised condition (e) states that if ti belongs to an edge that is about to break, then
perturbations do not depend on the position of ti .

Note that (f) means that near the region where a prebreaking ti approaches the boundary of an edge, the
perturbation system is not allowed to depend on the position of the prebreaking ti .

B.2 From coherent perturbations to Floer cohomology

We say that a stabilizing perturbation system PI is regular if it is regular for all labeled types �P 2 I with
ind.�P /� 1. Suppose we have a regular coherent perturbation system. Then by (f) and Remark B.1.3,

MPI .X;L;D; h; �P /jMP 0<1=4.�P /
�Mun

PI
.X;L;D; �PnP 0/:

Furthermore, when these spaces are regularly cut out, this is a diffeomorphism onto its image. We say,
for prebreakings P1 and P2 and curves ui 2MPI .X;L;D; h; �Pi /jMP<1=4.�/, that u1 � u2 if they have
the same image in Mun

PI
.X;L;D; �/. Property (f) allows us to construct a moduli space of PI–perturbed

pseudoholomorphic disks which do not have boundary components arising from prebreakings moving to
the boundary of flow lines; see Section B.0.2(ii). In summary:
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Claim B.2.1 Suppose that PI is a regular coherent perturbation system. For a labeled type � , we can
define a moduli space

MPI .X;L;D; �/ WD
[

labelings P for �

MPI .X;L;D; h; �P /=�

which is a smooth manifold.

See Figure 11 in conjunction with Figure 10 for how MPI .X;L;D; �/ is assembled from charts consisting
of prebroken types.

B.2.1 Extending perturbation systems When proving the existence of a full perturbation system, it is
desirable to construct a regular coherent perturbation system for some small collection of types I, and
then extend this regular coherent perturbation system to a full perturbation system.

Definition B.2.2 Let I be a collection of types, and PI be a perturbation system. We say that PJ extends
PI if I � J and, for every �P 2 I,

PI.�P /D PJ .�P /:

We will assume that [10, Theorem 4.19] extends to prebroken treed disks.

Assumption B.2.3 (existence of pearly model for labeled types) LetL�X be a Lagrangian submanifold
and D � X be a weakly stabilizing divisor. Suppose we have already picked PI a regular coherent
perturbation system for a downward closed set of combinatorial types I. Then there exists a regular full
coherent perturbation system PT extending PI . Additionally, PT can be chosen so that whenever we have
Gromov compactness for choices of perturbations and pseudoholomorphic treed disks, and ind.�/� 1,
the moduli spaces of a regularly coherent and weakly stabilized perturbation system have appropriate
tubular neighborhoods providing a compactification. The orientations of these neighborhoods agree with
the boundary stratification (following [10, Theorem 4.19]):

(16) @MPT .X;L;D; �/D
[

�1ı�2D�

MPT .X;L;D; �
1/�MPT .X;L;D; �

2/:

Here �2 ı�1 is the concatenation of labeled trees where the outgoing label of �1 matches an incoming
label for �2.

The differences between [10, Theorem 4.19] and Assumption B.2.3 come from prebreakings. With regards
to coherence over the morphism of making an infinite edge finite (which has been modified), we note
that the new coherence condition (Definition B.1.5(e)) forces the perturbation to be independent of the
position of prebreaking in a neighborhood of where breaking occurs. As a consequence, the argument for
producing the boundary stratification is no different than in the domain (and label) independent setting.

B.2.2 From coherence to A1 relations Let PT be a full coherent regular perturbation system for
.X;L;D/. For ˇ 2 H2.X;L/, let MPT .X;L;D; �; ˇ/ be the set of pseudoholomorphic treed disks
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where the sum of the homology classes of the disk components is ˇ. For fixed x a set of labels, and
ˇ 2H2.X;L/, we denote by

MPT .X;L;D; x; ˇ/D
[

�with labels x

MPT .X;L;D; �; ˇ/=�

where these spaces are glued along their matching boundary components (corresponding to making an
edge length nonzero). Whenever these moduli spaces have expected dimension less than or equal to one,
we have a boundary stratification

(17) @MP.X;L;D; y; ˇ/D
[

x1ıkx2Dy

ˇ1Cˇ2Dˇ

MPT .X;L;D; x1; ˇ1/�MPI .X;L;D; x2; ˇ2/;

where x1 ık x2 D y is the concatenation of the outgoing label of x2 with the kth incoming label of x1.
The count of treed disks in these moduli spaces allows us to construct the pearly model of L.

Definition B.2.4 (following [10, Definition 4.28]) Suppose that L is a Lagrangian submanifold as in
Assumption B.2.3, and let PT be a full coherent regular perturbation system. The pearly Floer cohomology
of L is the A1 algebra CF�.L/ WDƒhCrit.h/i, whose A1 structure coefficients are given by [10, (4.34)]

hmk.x1; : : : ; xk/; x0i WD
X

ˇ2H2.X;L/

.�1/~.�.u/Š/�1T !.ˇ/ � #MP.X;L;D; x; ˇ/;

where x D fx0I x1; : : : ; xkg, # is the count of 0–dimensional components of the moduli space with
orientation, �.u/ denotes the number of interior marked points and ~D

Pk
iD1 i jxi j.

B.2.3 Remarks on relation to abstract perturbation techniques Given the large number of different
approaches to regularizing Floer theory, we provide some context for where this framework fits in with
respect to other constructions. Regularization techniques can be characterized by how “uniform” or
“dependent” they are. Generally, the uniform regularizations retain much of the underlying geometric
data of the symplectic manifold and almost complex structure chosen, and so they can be useful for
computations. However, this must be balanced against the additional flexibility that comes with using
dependent regularizations, which is necessary for achieving regularity in some settings and can be
advantageous for proving abstract properties of Floer cohomology. We give a list of different regularization
techniques below, ordered from “most uniform” to “most dependent”.

� Global perturbations of almost complex structures place us in the most geometric setting and therefore
provide us with the best tools for explicit computations of moduli spaces of pseudoholomorphic treed
disks. One can hope with the right choice of global perturbations that techniques like the open-mapping
principle still hold, and thereby use geometric principles to characterize the moduli spaces contributing
to the structure coefficients of the A1 structure. Problematically, global perturbations are not flexible
enough to give us regularization in examples we consider (in particular, the nonmonotone setting).
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� Domain-dependent perturbations give us all the flexibility we need to construct perturbations for
defining the pearly Floer cochains in the nonmonotone setting. However, it is difficult to explicitly
construct a domain-dependent perturbation.

� Domain and label-dependent perturbations (what we use here) give us slightly more flexibility. The
upshot is that one may be able to use geometric perturbations for particular labeled combinatorial types
contributing to particular structure constants in the Floer cohomology.

� Abstract perturbation techniques (from polyfolds and Kuranishi structures) give us the greatest flexibility.
The gain is that it is possible to be extremely precise about what kinds of perturbation you want to take.
However, the perturbations will generally not come from any kind of geometric source, making some
portions of the theory more difficult to work with.

It is a general expectation that one should be able to use a regularizing perturbation datum from one of
these “uniform” regularization techniques inside the framework of a “dependent” regularization technique.
For instance, one could construct a “domain-dependent” perturbation by just defining it everywhere to be
given by a global perturbation of almost complex structure.

The trick, which we now exploit, is to use uniform perturbations where you need to use geometric
properties for computations, then later use dependent perturbations to achieve regularity and coherence
more broadly.4 For our applications, domain and label-dependent perturbations prove to be flexible
enough that we can choose the perturbations we want where we want them.

B.3 Application of domain and label-dependent perturbations: explicit computation of
structure coefficients

We now give an application of using domain and label-dependent perturbations.

Consider the situation from Section 2.2.1. Recall that the hypothesis stated that there was a unique
J 0–regular holomorphic disk uex with one intersection with the stabilizing divisor. We assumed that uex

intersected all upward and downward flow spaces of critical points transversely. We also looked at two
Morse critical points x1 and x0 in degrees 1 and 2, respectively, without a flow line between them. From
this we concluded that treed disks with combinatorial type in

I�1�Ix0 WD f�P j ind.�P /� 0; input is empty or x1, output is x0, at most 1 interior marked pointg

are regularly cut for P0, the trivial perturbation determined by J 0 and h. We can additionally prove from
the hypothesis that there are no broken flow trees with output on x0 and one interior marked point.

Case 1 V.�/D 0 Let � be the labeled combinatorial type of treed disks with one vertex labeled with
the class of uex and root labeled with x0, as in Figure 12, top. As the disk u has the minimal number of
stabilizing interior marked points, the only kinds of broken configurations which may occur are those
where the semi-infinite edge breaks (as indicated by � 0 in the right-hand side of Figure 12, top). As the

4In polyfold theory, Katrin Wehrheim explained this once as the Obamacare principle, based on the idea that “if you like the
plan you have, you can keep it” [26].
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Figure 12: Possible breakings of flow trees between x1 and x0 with a single marked point.
Top: possible breakings of a pearly flow line between x0 and x1 which has a minimal energy disk.
Bottom: possible breakings of type with output on x0.

disk uex is transverse to all upwards and downward flow spaces and is regular, the configuration with
output on y is a regular configuration; this implies that y has degree 2. This means that the flow line
between x0 and y0 has expected dimension �1; since the function h is Morse–Smale, there are no such
flow lines. Therefore, there are no broken configurations of the type � 0.

Case 2 V.�/ D 1 In the case that we are looking at pearly trajectories between x0 and x1, the
combinatorial types of breaking which can occur (due to the minimal interior marked point conditions)
are listed in Figure 12, bottom. By the same reasoning as the case with one output, the first two types of
breaking (of combinatorial type) �1 and �2 cannot occur. Without additional conditions, the combinatorial
type �3 or �4 may occur (for instance, if there are nonregular Morse flow trees with inputs x1 and y and
output x0). As we assumed that there are no Morse flow lines from x1 to x0, there are no unperturbed
Morse flow trees that contain x1 as input and x0 as an output. Therefore the moduli space of unperturbed
pearly flow trees of type �3 or �4 is empty.

From this we conclude that P0I�1�Ix0
is regular for broken types in I�1�Ix0 as well.

Definition B.3.1 Let I be a collection of types, and P0I be a perturbation system defined for combinatorial
types in I. We say that PJ weakly agrees with P0I if, for every � 2 I\J with ind.�P /�0, the perturbation
data agree in a small neighborhood of the labeled combinatorial types contained in these moduli spaces.
That is, we require that

CP .MP0I
.X;L;D; h; �P //D CP .MPJ .X;L;D; h; �P //
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and there exists an open neighborhood U � Cp.MPI .X;L;D; h; �P // such that for all CP 2 U and
x 2 CP ,

PJ .�P /.CP ; x/D P0I .�P /.CP ; x/:

We say that PJ weakly extends P0I if they weakly agree and I � J .

Lemma B.3.2 Let P0I�1�Ix0
be the trivial perturbation on the set of combinatorial types from the above

discussion. There exists a full regular coherent perturbation system P which is a weak extension of P0I�1�Ix0
.

The remainder of the section will construct P . We describe the construction of the perturbation datum
in steps. Let I0yIz denote the combinatorial types of flow lines with no disks from y to z. For any
�P 2

S
y;z2Crit.h/ I0yIz , take P.�P / to be the trivial perturbation datum. The trivial perturbation is

coherent. Since h is Morse, P.�P / is regular. The choices made for P so far agree weakly with P0I�1�;x1
.

We now pick a perturbation datum P.�P / for �P 2
S
z2Crit.h/ I1z , the types of index 0 with one internal

marked point and one output.

Claim B.3.3 The perturbation datum P.�P / can be picked for prebroken combinatorial types �P 2 I1z
in such a way that it is regular , weakly agrees with P0I�1�;x1

on the combinatorial types � 2 I1x0 , and is
coherent with previously made choices over

S
y;z2Crit.h/ IyIz .

Proof The definition of the perturbation depends on the number of prebreaking points (ie critical values
of h) on the flow line between the boundary of the disk uex and critical point x0. We discuss the case
where there are 0 or 1 prebreaking points; the remaining cases are similar.

� Suppose that the single P0–pseudoholomorphic curve of type �P 2 I1x0 from Figure 12, top, has no
prebreaking. Then fI1x0g is downward closed, and we can choose a perturbation datum for this type freely.
Then choose perturbation data for the rest of

S
z I1z .

� Suppose that the single P0–pseudoholomorphic curve of type �P 2 I1x0 has a single prebreaking, and
let CP be the prebroken disk domain. We assume that this prebreaking has distance of at least 1

4
from

the disk (so that the coherence condition for forgetting prebreakings does not hold near this prebroken
combinatorial type). Choose P.� 0P 0/ for all � 0P 0 2

S
z2Crit.h/ I1z with no prebreakings. We can choose

this perturbation to be as close to P0 as desired. Having chosen these P.� 0P 0/, we now define P.�P /.
The moduli space M.�P / is a 1–dimensional ray that measures the distance of the prebroken label to the
marked point on the disk uex.

LetU �M.�P / be a small neighborhood ofCP . Choose P.�P /which interpolates between P0.�P / over
the neighborhood U and the previously chosen perturbations P� 0

P 0
as the distance of the prebreaking goes

to infinity. The moduli of P.�P /–curves with domain belonging to the complement of U is empty, since

– P.� 0P 0/ was chosen close to P0,

– the moduli spaces of P0–curves with domain in the complement of U is empty, and

– emptiness is preserved under small changes of perturbation datum.
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Figure 13: The three remaining tree types.

So P.�P / agrees with P0.�P / in a neighborhood of the domains which are represented by pseudoholo-
morphic treed disks, which is to say that P.�/ weakly agrees with P0.�P /.

The proof is similar for examples where there are several prebreakings on the domain CP representing
the single P0–pseudoholomorphic curve of type I1x0 .

We now handle the types of Morse flow trees. Denote by I0x;yIz the moduli space of Morse flow
trees with inputs x and y and output z. We pick the perturbation datum P for types in

S
x;y;z I0x;yIz .

The only coherence conditions we need to worry about are coherence conditions from Morse flow
lines; in particular, regular and coherent P can be chosen to weakly extend P0 on

S
y Ix1;yIx0 . Here,

obtaining a weak agreement is easy: any sufficiently small choice of perturbation P will do the trick, as
MP0.X;L;D; �/D∅ for � 2

S
y Ix1;yIx0 . The same argument holds for types � 2

S
y Iy;x1Ix0 .

We now extend P to I1x1Ix0 , the set of treed disks with input on x1, output on x0 and one interior marked
point. This contains three combinatorial types which have expected dimension 0, which are highlighted
in Figure 13. On the moduli spaces of types �2 and �3, we choose the perturbation datum which

� satisfies the coherence conditions for P as we go to broken configurations, and

� agrees with P0 as we go towards the ghost-bubbled configuration which forms a common boundary
with �1 (which is also forced by coherence).

We note that if we previously chose P to be sufficiently small, MP.X;L;D; �
i / will remain empty for

i 2 2; 3, as the emptiness of moduli spaces is an open condition in the space of perturbations. On �1, we
take P.�1/D P0.�1/.

We have now defined regular and coherent P on a downward closed set of types containing I�1�Ix0 . By
construction, P is a weak extension of P0I�1�Ix0

. By [9, Theorem 4.19], we can extend this to a regular and
coherent perturbation on all types.
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Appendix C Stabilizing divisors and pearly model for Lagrangian
cobordisms

In this appendix, we drop the requirement that !.�2.X// < 0. For simplicity of exposition, we assume
that X is compact, H1.L/ is torsion free and that Œ!� 2H 2.X;Z/.

C.1 Stabilizing divisors: background and summary

We use J� .X; !/ to denote the space of !–tame almost complex structures. A symplectic divisor is a
symplectic hypersurface D �X . If ŒD� is Poincaré dual to kŒ!�, we say that the degree of D is k. We
say that J is adapted to D if J.TD/D TD.

A weakly stabilizing divisor [10, Definition 3.8] for a Lagrangian L�X is a symplectic divisor D �X
disjoint from L and for which there exists a JD 2 J� .X; !/ adapted to D so that every JD–holomorphic
disk or sphere intersects D in at least one point.

A divisor is of sufficiently large degree for an almost complex structure JD and a Lagrangian L if, for all
JD–holomorphic spheres uS2 and disks uD2 with boundary on L,

PD.ŒD�/.ŒuS2 �/� 2c1.X/.ŒuS2 �/C dim.X/C 1 and PD.ŒD�/.ŒuD2 �/� 1:

Lemma [9, Lemma 3.9] Let L be a Lagrangian submanifold and J be an almost complex structure.
There exists a constant km such that , for every 0 < � < 1, there exists a k� > 0 such that for all k > k�
we can find a �–approximately J –holomorphic divisor D of degree kmk which is of sufficiently large
degree for L.

Note that the complex structure JD for which D is weakly stabilizing will likely not be the structure J
we start with. To use weakly stabilizing divisors for the purposes of constructing open Gromov–Witten
invariants, one needs the divisor to transversely intersect JD–holomorphic curves; additionally, one would
like an open set worth of JDs to use as domain-dependent perturbations.

Definition C.1.1 [10, Definition 4.24] For E > 0, an almost complex structure JD 2 J� .X/ is E–
stabilized by D if and only if whenever u W .†; @†/! .X;L/ is a nonconstant JD–holomorphic curve
(where † 2 fD2; S2g/ of energy less than E, we have:

� Nonconstant spheres There are no spheres u W†!X whose images are contained in D.

� Sufficient intersections Each sphere (resp. disk) has at least three (resp. one) intersection points
with the divisor D.

Lemma [10, Lemma 4.25] For � sufficiently small , suppose that D has sufficiently large degree for
every JD which is �–close to J . For each energy E > 0, the set of E–stabilized tame almost complex
structures which are D–adapted and �–close to J is open and dense (in the set of tame almost complex
structures which are D–adapted and �–close to J ).
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C.1.1 Comparison to previous work We adapt the following lemmas to the setting of Lagrangian
cobordisms:

� [9, Lemma 3.9] and [12, Lemma 8.11], which show that there exist weakly stabilizing divisors for
pseudoholomorphic disks and spheres, and

� [10, Lemma 4.25], itself an extension of [12, Proposition 8.14 and Corollary 8.20], which shows
that for a fixed energy bound we can find a dense set of stabilized almost complex structures.

Let K WLC L� be a Lagrangian cobordism. Denote by V �C the open set with compact closure such
that Kj��1C .CnV / contains only the ends of the Lagrangian cobordism.

Lemma C.1.2 (weakly stabilizing divisors for Lagrangian cobordisms) Let K W LC  L� be a
Lagrangian cobordism. Pick an almost complex structure JX � � for X �C. There exists a constant km
such that , for every 0< � < 1, there exists a k� >0 such that for all k >k� we can find a �–approximately
J –holomorphic divisor D of degree kmk which is of sufficiently large degree for K. Furthermore , this
divisor can be chosen so that Dj��1C .CnV / DDX � .C nV / for some divisor DX �X .

For this divisor, we can find JD which are weakly stabilized by D and belong to

J�;V .X �C; !C!C/ WD fJ 2 J� .X �C; !/ j 9Jz 2 J� .X; !/ with J D Jz � � outside ��1C .V /g;

the set of almost complex structures on X �C which are split and constant outside of a given compact
subset V . There exists a restriction map res W J�;V .X �C; !C!C/! J� .X; !/ given by restricting to a
fiber X � fzg with z … V .

Lemma C.1.3 (density of E–stabilized almost complex structures) Given K WLC L�, choose � and
D as above. Then for E > 0 there exists an open and dense subset of almost complex structures

J �V .X �C;D; J; �; E/� J�;V .X �C;D; J; �/

of almost complex structures which are E–stabilized by D.

C.2 Background: divisors in the complement of a Lagrangian

We first recall the construction of weakly stabilizing divisors for Lagrangian submanifolds L�X where
X is compact. Portions of this algorithm will come into play when we construct weakly stabilizing
divisors for Lagrangian cobordisms K �X �C.

The primary method (employed in [2; 14]) for constructing symplectic divisors is to present them as the
zero sets of some line bundle. For J 2 J� .X; !/, let EX!X be a Hermitian line bundle with connection
rE whose curvature is i!. The zero sets of transverse sections of EkX will be Poincaré dual to kŒ!�.
When we have a J –holomorphic section s WX !E which is transverse to the zero section, the zero set
s�1.0/ is a symplectic divisor. The condition of being J –holomorphic can be weakened substantially
while still preserving the symplecticity of the divisor. A common way to weaken this construction is
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to consider a sequence of sections sk W X ! Ek which are asymptotically holomorphic and uniformly
transverse to 0; then for sufficiently large k, the sections s�1

k
.0/ will give symplectic divisors of degree k.

Theorem 3 of [2] provides a tool for constructing asymptotically holomorphic sections.

Definition C.2.1 Let V �X be a subset. We say that sections sk WX !Ek fall off from V if there exist
constants C; � > 0 such that jsk.x/j< C exp.��d.y; V /2/, where d is the metric induced by ! and J .

A section is concentrated at V if there exists a constant c such that jsk.x/j > c for all x 2 V , and the
sections sk fall off from V .

Sections which are concentrated along a subset V can be perturbed to make them transverse to the zero
section without losing transversality over V . This is because if a section is concentrated at V , it is “highly
transverse” to the zero section (in the sense that it is very nonzero!). This idea can be extended to sections
which intersect the zero section.

Definition C.2.2 [14, Definition 17] We say that sections sk WX !Ek are �–transverse to zero over V
if, for all x 2 V , whenever jsk.x/j < � the covariant derivative rsk.x/ W TxX ! Ekx is surjective with
bound jrsk.x/j> k1=2�. The metric we use here is the metric induced by ! and J .

Sections sk W X ! Ek have a neighborhood of �–transversality over V 0 if sk is �–transverse over all
x with d.x; V 0/ < 4k�1=3. We say that a section is transversely extendible over U if U has compact
closure and sk has a neighborhood of �–transversality over @U .

Given U a set, let UD WD fx 2 U j d.x; @U / > 4k�1=3g.

From the definition, it is immediate that if sk W X ! Ek is concentrated at V then it is transversely
extendible over X D U nV . The notion of transversely extendible is based on the following theorem:

Theorem C.2.3 (adapted from [2, Theorem 3]) Fix �>0. Given sk WX!E asymptotically holomorphic
sections and any open subset U �X with compact closure , there exist asymptotically holomorphic sections
Qsk WX !Ek and Q� > 0 such that

� the sections are Q�–transverse over UD,

� jQsk � skj< � and jr Qsk �rskj< k1=2�, and

� sk.x/D Qsk.x/ on the complement of U .

An immediate corollary employed in [5] is that whenever X is compact and sk;V WX !Ek are asymp-
totically holomorphic sections concentrated on V , there exist �–transverse holomorphic sections which
are nonvanishing on V . A small modification allows us to replace “concentrated” with “transversely
extendible in the complement”.

Corollary C.2.4 Suppose that sk;out WX !Ek is asymptotically holomorphic , transverse to zero over
X nU and transversely extendible over U . Additionally assume that s�1

k;out.0/jXnU is a symplectic divisor
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over X nU for k� 0. There exists Q� > 0 and asymptotically holomorphic sections Qsk WX !C, agreeing
with sk overX nU and QQ� transverse to zero over U . In particular , Qs�1

k
.0/ is a symplectic divisor for k� 0.

Proof By definition of transverse extendibility, sk;out has a neighborhood of �–transversality along @.U /.
This implies that sk;out is �–transverse in U nUD.

Pick � small enough that � < 1
2
�. By Theorem C.2.3, we can construct sections Qsk with � specified which

are Q�–transverse over all points in UD � U . As sk;out is �–transverse in U nUD, jQsk � skj < � and
jr Qsk �rskj< k

1=2�, we obtain that Qsk is at least .���/–transverse over U nUD. Therefore the Qsk are
QQ�Dmin

�
Q�; 1
2
�
�
–transverse over U .

It follows that, for k � 0, Qs�1
k
.0/jU is a symplectic hypersurface. Since Qs�1.0/jXnU D s�1.0/jXnU

(which is symplectic for k � 0 by assumption), we obtain that, for k � 0, Qs�1.0/ is a symplectic
hypersurface.

We now return to the problem of finding D disjoint from L; this amounts to constructing asymptotically
J –holomorphic and �–transverse sections sk such that sk.x/¤ 0 for all x 2 L.

Lemma 3.9 of [10] observes that these sections must satisfy an additional requirement if we would like
Dk D s

�1
k
.0/ to be weakly stabilizing. Suppose that Dk is given as the zero set of sections sk WX !Ek ,

which are nonvanishing on L. The sections determine trivializations �k of Ek ! L; the connection
1–form written in this trivialization determines a class ˛�k 2H

1.L;R/. We can compute the intersection
number of Dk with a class of disk u W .D2; @D2/! .X;L/ by

(18) Œu� � ŒDk�D k

Z
D2
u�! �

Z
Œ@D2�

u�˛�k :

The only way we can hope for this to be positive is if the connection 1–forms ˛�k are bounded; we call
such a selection of trivializations bounded. Lemma 3.9 of [10] proves that for fixed L, boundedness of
˛�k is a sufficient condition for the divisors Dk to be of sufficiently large degree for large enough k.

The bounded curvature form requirement following (18) can be accommodated in the construction of [5],
which we now recall. The construction of sk;L starts by finding a constant CL and picking trivializations
�k W L!Ek with

j�k.x/j D 1 and jr�k.x/jg < CL:

These trivializations can additionally be chosen so that their connection 1–forms ˛�k are bounded.
Associated to p 2 L a point, [5] constructs asymptotically holomorphic and uniformly bounded sections

sk;p;L.x/ WD
�k.p/

jsk;p.p/j
sk;p.x/;

where sk;p.x/ is the asymptotically holomorphic section concentrated at a point p.
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Consider a finite set of points P.k/�K with the property that the radius 1=
p
k balls centered at x 2P.k/

cover K \��1C .V /, and the radius 1=.3
p
k/ balls around the x 2 P.k/ are disjoint from each other and

K\��1C .C nV /. By construction, the arguments of sk;p;L.x/ do not differ by much; see (19). Therefore

sk;L WD
X

p2P.k/

sk;p;L.x/

is an asymptotically holomorphic section concentrated along L. To obtain a section which is �–transverse
everywhere (giving us symplectic divisors), we apply Corollary C.2.4 to perturb by a small amount in the
complement of L.

C.3 Construction of weakly stabilizing divisors for Lagrangian cobordisms

We adapt the constructions above for Lagrangian cobordisms K �X �C. Again, we assume that X is
compact, H1.K/ is torsion free and that Œ!� 2H 2.X;Z/.

C.3.1 Toy case: cobordism with empty ends We start with a toy case: let K �X �C be a compact
Lagrangian submanifold, and suppose that X is compact. We construct a weakly stabilizing divisor for K.

Take V WD fz j jzj<Rg �C a compact subset such that the ends of K are disjoint from V . Additionally,
choose J D JX � � a split almost complex structure. We now sketch how to construct a symplectic divisor
in the complement of K. The approach is similar to the one before. Consider the bundle E D .EX�EC/,
with connection rEX �rEC whose curvature form is !X C!C . We take trivializations �k WK! Ek

which satisfy the connection 1–form bound following (18). By application of [5] we can construct an
�–transverse asymptotically J –holomorphic section sk;K WX �C!E which is concentrated along K.

We cannot from here immediately proceed using the construction of [5], as we need to perturb over
a noncompact set to achieve transversality. However, we can find a perturbation sk;out W X �C! Ek

which is transverse (but not �–transverse!) and asymptotically holomorphic outside of the region V .
Consider the section sk;R WC!EC modeled after the section which is asymptotically holomorphic and
concentrated on S1R from [5, page 746]; this can be explicitly written in coordinates as

sk;R.z/D �k exp
�
1
2
k.R� jzj/2

�
;

where �k WC!R is a bump function equal to 1 outside a small neighborhood of the origin. The sk;R.z/
define asymptotically holomorphic sections which are nonvanishing outside of jzj > R. Furthermore,
sk;R.z/ is concentrated along the boundary of S1R.

Now pick sk;X WX !E a section which is asymptotically holomorphic and �–transverse. This gives us
the section sk;out WD sk;X � sk;R WX �C!Ek . For .x; z/ 2X �C with jjzj �Rj< k�1=3, we have

jsk;outjC jr
E sk;outj D jsk;X j � jsk;RjC jr

EX sk;X j � jsk;RjC jsk;X j � jr
ECsk;Rj

> .jsk;X jC jr
EX sk;X j/jsk;Rj>

1
3
�:

So, sk;out is 1
3
�–transverse in a neighborhood of jzj DR.
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This means sk;outC sk;K is 1
3
� transverse in a neighborhood of the boundary of @.X n .K[��1C .C nV //,

which means that it is transversely extendible over the complement of K [��1C .C nV /. Since the zero
locus of sk;outCsk;K restricted to K[��1C .C nV / is symplectic for k� 0, by Corollary C.2.4 we obtain
a section Qsk WX �C!Ek whose zero sets s�1

k
.0/ are symplectic for k� 0 and agree with the zero set

of sk;outC sk;K over K [��1C .C nV /. That portion is

s�1k .0/j��1C .CnV / D s
�1
k;out.0/j��1C .CnV / D s

�1
k;X .0/� .C nV /:

C.3.2 Full case: construction of Donaldson divisors for Lagrangian cobordisms We first note that
there is a flat trivialization of �k;R WR!EkC for the Lagrangian R�C. Pick an almost complex structure
JX � � for X �C. As in the construction from [5], we take trivializations �k;K WK! Ek; we ask that
they satisfy the following additional properties:

� The sections satisfy the bounds from [5, Lemma 2].

� There exist choices of trivializations �˙
k
WL˙!EkX such that �k splits as �˙

k
� �R when restricted

to the ends of the cobordism, LC � ŒtC;1/ and L� � .�1; t��.

� Additionally, the trivializations �C and �� chosen above satisfy �C.x/D ��.x/ at each x 2LC\L�.

The last condition can be achieved with the argument of [10, Lemma 3.11(b)].

The divisor we construct will be the zero set of a transverse �–approximately holomorphic section
sk WX �C!Ek which is nonvanishing on K. The restriction skjK WK!Ek provides a trivialization
homotopic to the sections �k;K . Provided that these have bounded connection forms (following the
discussion of (18)), the resulting divisors we construct will become weakly stabilizing when k � 0;
see [9, Lemma 3.9].

Using the construction of [5] there exist constants C; � > 0 and asymptotically JX–holomorphic �–
transverse sections sk;X WX !Ek which have the property that sk;X .x/ > C for all x 2 LC[L�; the
section arises as a perturbation of a section concentrated on LC [L�. For any given � > 0, we can
choose the perturbation small enough that for large k and any x 2 LC[L� the argument of the section
sk;X is within � of the argument of �˙

k
[5, page 746], ie

(19) sup
x2L˙

ˇ̌̌̌
arg
�
sk;X .x/

�˙
k
.x/

�ˇ̌̌̌
< �:

Take � < 1
8
� in the above construction, and define the section sk;X�C;out WD sk;X � sk;R WX �C!Ek .

The section is asymptotically .JX��/–holomorphic, transverse to the zero section outside a noncompact
set and nonvanishing over the ends of the Lagrangian cobordism. Additionally, sk;X�C;out has the property
that, for sufficiently large k, the argument of this section approximates (up to �) the argument of �k;K
over X � .C nV /.
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It remains to modify this section so that it is nonvanishing over the entirety of K and add further
perturbations to obtain Q�–transversality over ��1C .V /. Consider locally concentrated perturbations whose
arguments are approximately determined by �k:

sk;p;K.x; z/ WD
�k.p/

jsk;p.p/j
sk;p.x; z/:

For each k, consider a subset of points P.k/�K whose radius 1=
p
k balls cover K \��1C .V / and are

distance at least 1=.3
p
k/ from each other. By [5], we have that

sk;K;int.x/ WD
1
6
�
X

p2P.k/

sk;p;K.x/

is concentrated at K n��1.U /. Furthermore, for any � and k sufficiently large,

sup
x2Kn��1C .V /

ˇ̌̌̌
arg
�
sk;K;int.x/

�k.x/

�ˇ̌̌̌
< �:

Therefore, for sufficiently large k, the sections sk;K;int.x/ and sk;X�C;out.x/ have arguments agreeing
up to error of 2� D 1

4
� over all x 2K \��1C .V /; therefore the sum jsk;K;intC sk;X�C;outj is at least 1

6
�

over K \��1.V /.

In summary, we have constructed a section sk WD sk;K;int C sk;X�C;out which is �–transverse over a
neighborhood of @.X�V nK/, and s�1

k
.0/ is a symplectic divisor over a neighborhood ofK[��1C .CnV /

for k � 0. From here we apply Corollary C.2.4 to construct asymptotically holomorphic sections
Qsk WX �C!Ek whose zero set is symplectic for k� 0; as in the toy case,

Qs�1k .0/jX�.CnV / D s
�1
k .0/jX�.CnV / D s

�1
k;X .0/� .C nV /:

It follows from [9, Lemma 3.9] and [12, Lemma 8.11] that for k sufficiently large, Qs�1
k
.0/ is a divisor of

sufficiently large degree for K. This completes the proof of Lemma C.1.2.

C.3.3 Weak stability We now show that for k sufficiently large, the Donaldson divisors D constructed
as the zero sets of Qsk W X �C! Ek described in Section C.3.2 are weakly stabilizing. The argument
follows [9, Section 4.5].

Given J 2 J�;V .X �C; ! C !C/, we use Section C.3.2 to construct D � X �C which splits in the
complement of ��1C .V /, is �–approximately holomorphic and has sufficiently large degree k. This
restricts to fibers X �fzg for z …K to give us divisors DX which are �–approximately holomorphic with
respect to the almost complex structure JX .

Denote by

J� .X;DX ; JX ; �/ WD fJX;DX 2 J� .X; !/ j kJX �JX;DXk< � and JX;DX .TDX /D TDXg;

J�;V .X �C;D; J; �/ WD fJD 2 J�;V .X �C; !C!C/ j kJ �JDk< � and JD.TD/D TDg;

the almost complex structures which are �–close and adapted to the divisor D. There is a restriction map
res WJ�;V .X�C;D; J; �/!J� .X;DX ; JX ; �/. The argument of [9, Lemma 3.9] carries over here, so for
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� > 0 there exists d0.�/ such that if D has degree d0.�/ then D is sufficiently large [9, Definition 4.24]
for all almost complex structures which are �–close to J .

Proof of Lemma C.1.3 As in [9, Lemma 4.9] and [10, Lemma 4.25], the proof is similar to that of
[12, Proposition 8.14]. The argument in [9, Lemma 4.9] first shows that J �V .X �C;D; J; �; E/ is open.

Consider a convergent sequence J i in the complement of J�;V .X � C;D; J; �; E/ where there are
J i–holomorphic spheres ui which are contained in D. Then at least one of the following two holds:

� There is an infinite subsequence of J i–holomorphic ui with Im.�C ıu
i /� V . Since the images of

these spheres are contained in a compact set, we may apply Gromov compactness to show that a limiting
subsequence converges to u with Im.u/ � D. Therefore, the limit of the J i is in the complement of
J �V .X �C;D; J; �; E/.

� There is an infinite subsequence of J i–holomorphic ui with Im.�C ıu
i /š V . By the open mapping

principle, the �C ı u
i are constant, and so we obtain a subsequence of J iX–holomorphic maps with

image �X ı ui in DX . The same Gromov compactness argument shows that the limit of the J iX is
in the complement of J �.X;DX ; JX ; �; E/. Therefore the limit of the J i is in the complement of
J �V .X �C;D; J; �; E/.

Next, we show that J �V .X�C;D; J; �; E/ is dense. This is done by showing that J �V .X�C;D; J; �; E/

contains J reg
V .X�C; J; �; E/, the set of almost complex structures such that all simple holomorphic curves

up to energy E are regular. The argument that these regularizing complex structures are E–stabilized is
identical to the proof given in [9, Lemma 4.9], which follows the ideas of [12, Proposition 8.11]. The
portion which differs between our setting and the one considered in [9] is proving that the regularizing
almost complex structures J reg

V .X �C; J; �; E/ are comeager in J�;V .X �C;D; J; �/.

The standard proof, which we use here, is to show that the universal Cauchy–Riemann operator

N@X�C
W B.K/�J�;V .X �C;D; J; �/! EX�C given by .u; J / 7! N@X�C

J .u/

is transverse to 0. Here B.K/ is the Banach manifold of disks with boundary on K, and EX�C is the
Banach bundle whose fiber at u 2 B is sections of �0;1.u�T .X �C//. Given a pair .u; J /, we break
into two cases: if Im.u/ is disjoint from ��1C .V /, or if u� ��1C .V /.

(i) Im.� ıu/\V D¿ The open mapping principle implies that N@X�C
J .u/D 0 only when �C.u/ is

constant. From this setting, we apply [10, Lemma 4.25] to show that N@X WB.L˙/�J� .X;DX ; JX ; �/!EX
is a submersion. It follows that the map N@X�C is a submersion as well.

(ii) Im.� ıu/\V ¤¿ We fall into the setting described by [12, Definition 5.5]. Then [12, Lemma 5.6]
states5 that the universal Cauchy–Riemann operator is transverse to 0 when restricted to variations of J
fixed over the complement of U D ��1.V / as long as the image of u is not contained within U .

5In [12] there is different notation: their set V is our set U .
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Thus, the universal Cauchy–Riemann operator is transverse to 0. By Sard–Smale the set of regular J ,
J reg
V .X �C; J; �; E/, is comeager.

C.4 Compactness

The above constructions allow us to define regular moduli spaces of P–pseudoholomorphic treed disks
with boundary on a Lagrangian cobordism K. Let X be a rational symplectic manifold, K �X �C a
Lagrangian cobordism andD�X�C chosen so that Lemma C.1.3 holds. We say a that perturbation datum
is stabilizing and cobordism admissible if it is chosen from the neighborhoods J �V .X �C;D; J; �; E/.
The perturbation system is called admissible if it is coherent, regular, stabilizing and cobordism admissible.
We now need the cobordism analogue of [9, Theorem 4.27].

Proposition C.4.1 Let PI be an admissible perturbation system. For any � of ind.�/� 1, the moduli
space MPI .X �C; K;D; �/ is compact , and its boundary components are given by Morse flow line
breaking in K.

Proof The only modification needed from [9, Theorem 4.27] is to address the use of Gromov compactness
in the setting of X �C. We give a brief recap of the argument used by [6]. Consider a domain-dependent
pseudoholomorphic map u W †! X . Since we choose domain-dependent almost complex structures
from J�;V .X �C; !C!C/, the map �C ıu is holomorphic for points whose image lies outside of V .
As a result, we may apply the maximum principle to show that holomorphic disks with boundary on a
Lagrangian cobordism K either

� have image contained in X �V , or

� live in a fiber of the projection so that �C.u/ is constant.

By choosing a Morse function whose gradient flow points outwards along the ends of the Lagrangian
cobordism, we can show that the image of a holomorphic treed disk is contained within X � V (see
Lemma C.5.3 for a full argument). We can therefore apply Gromov compactness.

By [10, Theorem 4.19] there exists an admissible perturbation datum.

Corollary C.4.2 Let X be a compact rational symplectic manifold. Let K W LC L� be a spin and
graded Lagrangian cobordism and h WK!R an admissible Morse function. There exists a comeager set
of perturbation data such that CF�.K; h;P/ defines a filtered A1 algebra.

C.5 Pearly model for Lagrangian cobordisms

The main result of this section is the matching of moduli spaces of pseudoholomorphic disks for LC

with those of K. Given a prebroken type �P for LC �X , denote by .iC� /�P the type for K �X whose
underlying tree has combinatorial type � and whose prebreakings and labels are determined by the
identification iC� Crit.hC/� Crit.h/. Denote by IC

C
WD iC� TLC the set of prebroken combinatorial types
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of .K; h/ whose labels come from the pushforward of labels on .L; hC/. Let IC denote the trees which
have an outgoing edge labeled by a critical point in iC� Crit.hC/� Crit.h/.

Theorem C.5.1 (compatibility of pearly model of cobordisms) Let K W L� LC be a Lagrangian
cobordism , and h WK!R be a compatible Morse function. There exist admissible perturbations systems
P for K and .iC/�P for LC such that , for any labeled combinatorial type �P 2 IC,

MP.X �C; K;D; �P /D

�
M.iC/�P.X;L

C;DX ; �
0
P / if IC

C
3 �P D i

C
� �
0
P ;

∅ if �P 2 IC n IC
C
:

Proof The admissibility of the pullback perturbation .iC/�P is proven in Corollary C.5.4. The charac-
terization of the moduli spaces is (20) and Claim C.5.5.

An algebraic corollary of this statement is the pearly model equivalent of Proposition 2.1.4:

Corollary C.5.2 Let K W LC L� be a Lagrangian cobordism. Then the projections

CF�.K; h/

CF�.L�; h�/ CF�.LC; hC/

ˇ� ˇC

are filtered A1 homomorphisms.

Proof The conditions on the moduli spaces imposed by Theorem C.5.1 show, whenever fxig is a sequence
of Floer cochains with at least one xi corresponding to a critical point in Crit.h/ n iC� Crit.hC/, that

mk.x1˝ � � �˝ xk/ 2ƒhCrit.h/ n iC� Crit.hC/i � CF�.K; h/:

This proves that ƒhCrit.h/ n iC� Crit.hC/i is an A1 ideal and that CF�.K; h/=hCrit.h/ n iC� Crit.hC/i is
an A1 homomorphism. Also, by Theorem C.5.1, the A1 product on CF�.K; h/=hCrit.h/n iC� Crit.hC/i
matches the A1 structure on CF�.LC; hC/.

The same argument holds on the negative end as well.

C.5.1 Proof of compatibility of moduli spaces

Lemma C.5.3 Let P be an admissible perturbation datum for K. Consider a combinatorial type � 2 IC
C

and u 2MP
I
C
C

.X �C; K;D; �/. We claim that �C.u/D t
C.

Proof Let 
e W .s�e ; s
C
e /!K be the Morse flow lines of u, and let uv W .D2v ; @D

2
v/! .X �C; K/ be the

P–regular holomorphic disks of u, where v and e denote vertices and edges of � , respectively. We make
two observations:
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� If �C ı 
.sC/D t
C, then �C ı 
.s

�
e /D t

C because grad hC points away from tC.

� As the composition uı�C WD
2!X �C!C is holomorphic outside of V , if there exists a point

z0 2D
2 such that �C ıuv.z0/D t

C, then �C ıuv.z/D t
C by the maximum principle.

At the root of the tree �C.
e0.s
C
e //D �C.x0/D t

C. Recursively working upwards through the tree from
the root and applying the observations shows that �C.u/D t

C.

From this, we can draw two conclusions:

Firstly, given �P for LC�X and admissible perturbation P.iC� �P / for the corresponding type on K, we
obtain a domain-dependent perturbation of almost complex structure .iC/�P.�P / by using the restriction
map res W J�;V .X �C;D; J; �/! J� .X;DX ; JX ; �/. Every P–pseudoholomorphic disk u of type iC� �P
lies completely inside X � ftCg, and (by compatibility of our two perturbation systems) gives rise to an
.iC/�P.�P /–pseudoholomorphic disk �X .u/ with boundary on LC �X . Therefore (as a set)

MP.X �C; K;D; iC� �P //�M.iC/�P.X;L;DX ; �P /:

Because the gradient flow of an admissible Morse function points outwards at tC, and P is regular and
split in a neighborhood of X � ftCg, we have that �X .u/ is a regular disk for .iC/�P .

Similarly, the lift of any u 2M.iC/�P.X;L;DX ; �P / to u� ftCg is a solution for the P–perturbed N@
equation. This shows that

(20) MP.X �C; K;D; iC� �P /DM.iC/�P.X;L;DX ; �P /:

Since P is regular, u�ftCg is a regularly cut out treed disk, so �X .u�ftCg/D u is regular. We conclude
that .iC/�P is a regular perturbation system.

Corollary C.5.4 Let PTK be an admissible perturbation system for K. Then .iC/�PTL is an admissible
perturbation system for LC.

Secondly, let IC n IC
C

denote the set of labeled trees with outgoing label in iC� Crit.hC/, but at least one
incoming label in Crit.h/ n iC� Crit.hC/.

Claim C.5.5 If �P 2 IC n IC
C

, then M.X �C; K;D; h; �P /D∅.

Proof For all �P 2 IC n IC
C

, �P has an input label which does not belong to iC� Crit.hC/. Suppose
for contradiction that we have a pseudoholomorphic treed disk u of type �P . Since the output label of
�P does still belong to iC� Crit.hC/, we may apply Lemma C.5.3 and conclude that �C.u/ D tC.
However, this implies that all the labels of �P belong to iC� Crit.hC/, a contradiction. Therefore
MP.K;X �C;D; �P /D∅.
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Foliated open books

JOAN E LICATA

VERA VÉRTESI

This paper introduces a new type of open book decomposition for a contact three-manifold with a specified
characteristic foliation F� on its boundary. These foliated open books offer a finer tool for studying
contact manifolds with convex boundary than existing models, as the boundary foliation carries more data
than the dividing set. In addition to establishing fundamental results about the uniqueness and existence
of foliated open books, we carefully examine their relationship with the partial open books introduced
by Honda, Kazez, and Matić. Foliated open books have user-friendly cutting and gluing properties, and
they arise naturally as submanifolds of classical open books for closed three-manifolds. We define three
versions of foliated open books (embedded, Morse, and abstract), and we prove the equivalence of these
models as well as a Giroux Correspondence which characterizes the foliated open books associated to a
fixed triple .M; �;F/.
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1 Introduction

The simplest way to produce a manifold with boundary is to cut a closed manifold, and one goal of this
paper is to render this natural operation an effective one in the setting of contact geometry. We introduce
a new topological decomposition of a three-manifold with boundary: a foliated open book. The simplest
construction of a foliated open book is an intuitive one: under mild hypotheses, cutting a closed contact
manifold equipped with an open book along a separating surface yields a pair of foliated open books.
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Open book techniques have been responsible for significant progress in contact geometry over the last
two decades, leading to both computational and conceptual advances in the field. Open books were first
used by Thurston and Winkelnkemper [28] to prove existence of contact structures, and Giroux [13]
upgraded them as a major tool in the field with the well-celebrated “Giroux Correspondence”, claiming
that contact structures up to isotopy are described by open books up to positive stabilization. Open books
were generalized for contact manifolds with convex boundary by Honda, Kazez, and Matić [14], and
Van Horn-Morris [30] defined another version of open books for contact manifolds with toroidal boundary.
In the latter, pages intersect the boundary torus in circles which give the characteristic foliation on the
boundary. Foliated open books use a similar idea; we will require the characteristic foliation on the
boundary to be “the same” as the foliation induced by the intersection of the boundary with the pages,
but we adapt the condition of Honda, Kazez, and Matić [14] and require that the boundary is convex.

Our main tool for understanding the open book structure near the boundary comes from open book folia-
tions; these originate in the thesis of Bennequin [2], who used the singular foliation induced on a disc by the
angular open book decomposition of S3 to distinguish contact structures on S3. These methods were later
named braid foliations and were extensively used by Birman and Menasco [5; 4; 8; 3; 6; 7]. Pavelscu [26]
revived the notion of braid foliations in general contact structures and they were further studied under the
name open book foliations by Ito and Kawamuro [15; 16; 17; 19; 18; 20; 22; 21; 24; 23].

Topologically, an open book decomposition identifies the complement of a link as a fibration, and this
partition of the manifold into the binding and pages serves to localize the twisting of the contact planes
near the binding. By definition, a contact plane field is nonintegrable, but away from the binding, the
planes are nearly tangent to the pages: it becomes forgivable to pretend the manifold is a collection of
solid tori with twisting planes, together with a foliated fiber bundle. A foliated open book extends this
fiction, decomposing a manifold with boundary into binding and pages. In this setting, however, the
pages need not have constant topology, but may evolve via saddle resolutions. The idea of an open book
adapted to a contact manifold with boundary is not new, but there are a few key differences between the
partial open books of Honda, Kazez, and Matić [14] and the present foliated open books. First, we allow
arbitrarily many nonhomeomorphic page types. Second, the boundary of the manifold inherits a singular
foliation Fz� whose leaves are the intersections of the pages with the boundary.

Before continuing, we offer a first example of a foliated open book.

Example 1.1 Let M be a solid torus embedded in R3 D fr; #; zg as shown in Figure 1. The foliated
open book structure on M comes from decomposing the complement of the z–axis into surfaces defined
by M \f# D cg.

As c changes, the topology of the surfaces changes four times, where each change either joins two
components or splits one. The boundary torus inherits a singular foliation from its intersections with the
radial half-planes. This foliation has elliptic singularities along @M \fr D 0g and a hyperbolic singularity
corresponding to each saddle resolution.
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C �
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Figure 1: Left: M DD2�S1 in R3. Center: Selected pages Sc DM \f# D cg. Right: singular
foliation on @M. The green and blue curves in the three pictures indicate the leaves # D 0 and
# D �=3, respectively.

The singular foliation on @M is an intrinsic part of the foliated open book structure. Singular foliations
are ubiquitous in contact geometry, most prominently in the case of the characteristic foliation of a
convex surface. Above, we summarized the compatibility between an open book and a contact structure
by requiring the contact planes to be “nearly tangent” to the pages, and this translates to foliated open
books as a requirement that the characteristic foliation on the boundary “nearly agrees” with the singular
foliation induced by the pages.

A foliated open book .B; �;Fz�/ is compatible with the contact structure � D ker˛ if

� ˛.TB/ > 0,

� d˛j��1.t/ is an area form, and

� the singular foliation Fz� on @M whose leaves are the level sets of z� D �j@M “agrees with” the
characteristic foliation F� .

Precise definitions appear in Section 3. Having noted some contrasts between partial and foliated open
books before the example, we now make the case that the world has room for yet another notion of
an open book; this rests on claims of naturality (not in the categorical sense) and gluing. As described
above, when a contact manifold arises as an embedded submanifold, the foliated open book structure
is immediate from that of the ambient manifold. This makes it easy to construct examples, whereas
constructing partial open books can be difficult in practice even for rather simple manifolds. Just as
cutting is intuitive, so is gluing: keeping track of Fz� on the boundary allows us to glue contact manifolds
with foliated open books and get a new foliated open book. Although gluing is certainly possible with
partial open books, it is less straightforward.

Theorem 1.2 (see Theorem 6.2) Suppose that the foliated open books compatible with .M L; �L/ and
.M R; �R/ induce the same foliation along their boundary. Then the contact three-manifold formed by
gluing them , .M L[M R; �L[ �R/, has a compatible honest open book decomposition that restricts to
each piece as its original foliated open book.
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1.1 Applications and results

The primary purpose for defining foliated open books is for applications requiring cut-and-paste arguments,
which are ubiquitous throughout low-dimensional topology. We anticipate further constructions of open
books for manifolds assembled from smaller pieces as well as applications to the study of support norms.

Foliated open books are inherently compatible with gluing, so by design they are the right object to define
the contact invariant in bordered Floer homology. We present this construction in [1], together with its
comparison to the gluing result of Honda, Kazez, and Matić.

It is also possible to amalgamate partial open books with foliated open books; a limited case of this
appears in the proof of Theorem 3.12, and the general construction will be explored in [25]. This is
significant not only as a bridge between different models, but importantly, as a tool for further work in
Heegaard Floer homology. Specifically, these amalgamations offer a path to characterizing the higher
multiplication maps in bordered Heegaard Floer homology using only the data of sutured Heegaard Floer
invariants, as first proposed in Zarev [31].

These advantages would be worth little, however, if foliated open books failed to be either sufficiently
precise or sufficiently broad. We prove the following results:

Theorem 1.3 (see Theorems 7.1, 7.2 and 3.12) Every foliated open book supports a unique isotopy
class of contact structure , and every contact manifold with a characteristic foliation that “agrees with” an
open book foliation admits a compatible foliated open book.

As in the case of honest and partial open books, foliated open books may be stabilized by taking a
connected sum with an open book for S3.

Theorem 1.4 (Giroux Correspondence; see Theorem 6.9) Positively stabilizing a foliated open book
preserves its compatibility with a contact structure , and two foliated open books supporting equivalent
contact structures are related by a sequence of positive (de)stabilizations.

Having said something about what foliated open books do, we return to the somewhat neglected question
of what foliated open books are. In fact, we will introduce three distinct objects: embedded foliated open
books, Morse foliated open books, and abstract foliated open books. In brief, we have the following:

� An embedded foliated open book is a pair .B; �/ which could be the restriction of an honest open
book to the submanifold formed by cutting along a surface with an open book foliation without
circle leaves. See Definition 3.1.

� A Morse foliated open book is a pair .B; �/ such that B is a properly embedded one-manifold
and � WM nB! S1 is a circle-valued Morse function with only boundary critical points. See
Definition 3.17.
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� An abstract open book is a tuple .fSig; h/ where SiC1 is built from Si either by cutting along a
properly embedded arc or by adding a one-handle, and h W S2k ! S0 is a homeomorphism. See
Definition 3.14.

In Section 5 we describe how to transform a foliated open book of one flavor into another; having several
versions provides technical flexibility in different settings, as well as a more transparent relationship to
other open books.

The final section of the paper is devoted to the connections with partial open books. We characterize when
a foliated open book naturally gives rise to a partial open book for the same manifold, and we show these
conditions can always be achieved via stabilization. Furthermore, we show how to turn a partial open
book into a foliated open book; as one would suspect from the more detailed data on the boundary of a
foliated open book, a given partial open book may give rise to several nonequivalent foliated open books.

Theorem 1.5 (see Propositions 8.10 and 8.11) Any sufficiently positively stabilized foliated open
book for .M; �/ contains a partial open book for .M; �/ as a submanifold with pagewise inclusions.
Furthermore , any sufficiently positively stabilized partial open book may be obtained this way.

1.2 Organization of the paper

The paper assumes familiarity with contact structures, open books and Morse functions, but we found
it important to recall the basic terminology and results about open book foliations and characteristic
foliations in Section 2. Here we also introduce a technical definition of a “preferred gradient-like vector
field” that will be used throughout the paper. In Section 3 we introduce the three definitions of foliated
open books and, after setting up the local models in Section 4, we prove their equivalence in Section 5.
The last part of this section again introduces a technical notion: “sorted handlebodies” are the main
ingredients in understanding the relationship between partial and foliated open books. The main theorems
that make foliated open books useful are discussed in Section 6, together with a number of examples. We
prove the existence and uniqueness of the supported contact structures in Section 7. Section 8 explains the
relationship between foliated open books and partial open books, and we use this to prove the existence
of a supporting foliated open book and a “Giroux Correspondence”.
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2 Foliations and vector fields on surfaces

Although we assume familiarity with many of the standard tools of contact geometry, this section carefully
introduces two classical singular foliations of surfaces in contact geometry: characteristic foliations and
open book foliations.

2.1 Signed foliations

Definition 2.1 An oriented singular foliation on a surface † is an equivalence class of smooth vector
fields X on †, where two vector fields are equivalent if they differ by multiplication by a smooth positive
function. Zeroes of X are the singular points and connected components of integral curves of X are
called leaves. We denote the equivalence class by F D ŒX �.

We will often refer to an oriented singular foliation as simply a foliation. Both the zeroes and leaves
of a foliation are independent of the representative of F . Throughout the paper we will restrict to
singular foliations with isolated singularities that are either centers (C ), four-prong saddles or hyperbolic
points (H ), or elliptic points (E). See Figure 2.

Oriented singular foliations have two types of elliptic points: sources (EC) and sinks (E�). The leaves
that limit to hyperbolic points are called stable separatrices, while the leaves that limit from hyperbolic
leaves are called unstable separatrices. Very often, we will further require that our foliation has no circle
leaves; in this case the closures of leaves are all unions of compact intervals and the foliation has no
centers. A singular foliation is Morse–Smale if there are no leaves which connect a hyperbolic point
to a hyperbolic point. In addition to the above data, we will often assign signs (a priori, arbitrarily) to
the hyperbolic points. When jHCj D jH�j, we call a Morse–Smale foliation with this extra information
.F ;H DHC[H�/ a signed foliation. A signed foliation with no circle leaves can be cut along regular
leaves into square tiles, each of which contains exactly one hyperbolic singularity; see Figure 4.

A signed foliation inherits a family of partial cyclic orders on its hyperbolic points. Specifically, we orient
the boundary of a neighborhood of each positive (resp. negative) elliptic point positively (resp. negatively)
and this cyclically orders the hyperbolic points that have a separatrix terminating at the given elliptic
point. We say that a signed foliation is ordered if there is a cyclic total order on the hyperbolic points that
restricts to each of the partial orders induced by the elliptic points.

Figure 2: Left: hyperbolic point. Center: elliptic point (a source with outwardly oriented leaves).
Right: center.
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Figure 3: In this signed foliation on the sphere, boxes represent hyperbolic points and circles
represent elliptic points.

Example 2.2 The existence of an order does not follow from the other conditions on a signed foliation.
Figure 3 shows the singular leaves of a signed foliation which is not ordered. Indeed, the yellow shaded
negative elliptic point is connected to all but one of the hyperbolic points, giving them a partial cyclic
order. The only hyperbolic point that is not included in this cyclic order is the blue shaded hyperbolic
point. However, the two green shaded positive elliptic points give contradicting information on how this
hyperbolic point should be included in the cyclic order.

For signed foliations with no circle leaves we can define the positive graph GCC embedded into † as the
closure of the union of stable separatrices of positive hyperbolic points. This is a graph whose vertices
are the positive elliptic points and whose edges are in one-to-one correspondence with HC; each edge
connects the two elliptic points at the ends of the stable separatrices of a single positive hyperbolic point.
See Figure 4. Similarly, one can define the negative graph G�� using unstable separatrices and negative
hyperbolic points. A dividing curve for a signed foliation .F ;H DHC[H�/ is a curve which is positively

eC

e�

s u

e�

hC

eC

eC

e�

s u

h�

e�

eC

Figure 4: The bold curves show GCC on a tile defined by a positive (left) and negative (right)
hyperbolic point, and the red curve is � . The separatrices are labeled with u and s, for unstable
and stable, respectively.
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transverse to the leaves of F and bounds RC D N.GCC/; as usual, N. � / denotes a neighborhood of
the indicated subset. Up to isotopy through curves with this property, we could have defined � as the
boundary of R�DN.G��/ with the opposite orientation. In fact, up to isotopy through curves positively
transverse to F , � is the unique curve that is positively transverse to F and separates HC [EC from
H�[E�. We say that � divides the signed foliation .F ;H DHC[H�/.

Definition 2.3 Two signed foliations .F ;HDHC[H�/ and .F 0;H 0DH 0C[H 0�/ on† are topologically
conjugate if there is a homeomorphism  of † that takes the leaves of F to the leaves of F 0, while
respecting the partition of the hyperbolic points by sign (i.e.,  .H˙/ D H 0

˙
). Two ordered signed

foliations are strongly topologically conjugate if they are topologically conjugate via a homeomorphism
in the identity mapping class of † that respects the cyclic orders.

Although we have chosen to define a foliation as a vector field, the presence of an area form ! on †
offers an equivalent definition as a dual one-form. Specifically, one may define an oriented singular
foliation as the kernel of a one-form ˇ, where �X! D ˇ. In computations, it is often more convenient to
use one-forms, so we will assume a fixed ! and move freely between these two perspectives.

2.2 Characteristic foliation

Characteristic foliations provide natural examples of signed foliations, and here we recall some results
relevant to our paper. See [12] for further discussion.

Definition 2.4 Let j W † ,!M be a smooth embedding of a surface † into a contact three-manifold
.M; �/, and let ˛ be some contact form satisfying ker˛ D � . The characteristic foliation F�.†/D F� is
the kernel of the pullback j �˛j†.

As noted above, F� can equivalently be defined by the vector field X satisfying �X! D ˛j†. Note that
with either definition, F� is well defined only up to multiplication by a positive smooth function on†. The
leaves of the characteristic foliation are immersed Legendrian curves on †, but the definition presented
above is stronger than simply identifying the leaves as sets.

At regular points, the leaves of F� are tangent to Tp† \ �p, oriented so that the vectors evaluating
positively under ˛ on Tp† coorient the leaves. The singular points are exactly the points where Tp†D �p .
A singular point is positive (resp. negative) if the orientations of Tp† and �p agree (resp. disagree). We
will see below that this sign agrees with the sign already defined for elliptic points, and that characteristic
foliations have no centers. Depending on the sign of a singular point, ˙d.˛j†/D d.˛j�/D d˛j� ; note
that d˛ is nondegenerate, as ˛ is a contact form. This means, again depending on the sign of the singular
point, that ˙d.˛j†/ is an area form on †. Thus the isolated singular points of F� can only be elliptic or
hyperbolic. The sign of elliptic points is positive for sources and negative for sinks. Moreover, this sign
convention for hyperbolic points automatically makes characteristic foliations signed.
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One may recognize the one-forms that arise as characteristic foliations:

Theorem 2.5 (Giroux [12]) A one-form ˇ on a surface † is the restriction of some contact form for
some embedding of † in some contact manifold if and only if ˙dˇ is an area form at the singular
points.

We distinguish an important class of surfaces in a contact manifold: those whose neighborhoods have
I–invariant contact structures. A contact vector field is a vector field X whose flow preserves the contact
structure � , and an embedded surface † is convex if there is a contact vector field transverse to it. Convex
surfaces are naturally equipped with dividing curves � D fp j Xp 2 �pg and in fact, the existence of
dividing curves for a characteristic foliation detects convexity:

Theorem 2.6 (Giroux [11]) An embedded surface † is convex if and only if there is a curve � that
divides ˇ D ˛j†.

The usual definition of the “dividing curve” of F� in contact geometry is at first glance slightly stronger
and begins with a fixed vector field X which represents F� . We require that X is positively transverse
to �; that there exists an area form � such that � D fdiv�XD0g; and that R˙ is f˙ div�X > 0g. We
will see in the following that the two notions for dividing are equivalent, but until then we denote the
stronger, divergence-dependent definition by “geometrically divide”, and our original, Xp 2 �p definition
by “topologically divide”.

In order to translate the definition of geometric dividing curves to the world of one-forms, fix X and
choose ˇ0 D �X�, a form which defines the same foliation F� . Then the characteristic foliation F� is
geometrically divided by � if and only if � D fdˇ0D0g and ˇ0j� orients � . In this case R˙ is defined
by f˙dˇ0 > 0g. The equivalence of the two notions of dividing now follows from the following lemma.

Lemma 2.7 If the characteristic foliation F� is topologically divided by � , then it has a representative
one-form ˇ0 such that � D fdˇ0D0g.

Proof Though this statement is standard in contact geometry, we recall the proof for later use. Starting
from an arbitrary one-form ˇ defining F� , we will look for ˇ0 in the form ˇ0 D gˇ, for some positive
function g. Let AŠ Œ�"; "��� be a neighborhood of � with coordinates .u; v/, so that F� is given by @u
and � D fuD0g.

Choose a Morse function h on † whose gradient flow with respect to some metric directs Fˇ and that
satisfies the following conditions:

� � D h�1.0/,

� AD h�1Œ�"; "�, so that hD u, and

� @u orients the level sets of h.
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Such a Morse function exists by [27, Theorem B], and we use it to define g D h2C 1� 2". Assuming
that " < 1

2
, the function g is indeed positive on †, ˇ0.T�/D gˇ.@u/ > 0, and

˙dˇ0 D˙dg^ˇ˙g dˇ:

The second term on the right vanishes away the singular points and is a positive multiple of a volume
form near the singular points. As for the first term, we have dg D 2h dh. Recall that the gradient vector
field of h directs Fˇ , so dh^ˇ > 0 and the sign of h is ˙ in R˙. This proves that ˙dˇ0 > 0 everywhere
on R˙, as required.

Remark 2.8 In the proof above, g D h2C 1� 2"� 1� " < 1 on A. We will use this in Lemma 4.2.

From now on we will generally not distinguish the two notions of dividing, although this may require us
to change the defining one-form in order to assume that some � is geometrically dividing. For example,
Lemma 4.2 will require a specific choice of one-form.

One can also give a local model for the contact structure in the neighborhood of † as follows. As above,
let ADN.�/Š Œ�"; "��� with the given coordinates. Then the contact structure on †� I.z/ is given
as follows:

Proposition 2.9 (Giroux [11]) Suppose that F� is (geometrically) divided by � with respect to the
representative ˇ0. Then there is a function f W†! Œ�1; 1� such that

� f �1.˙1/DR0
˙

,

� on A, f depends only on u and is a monotonically decreasing function of u,

� f �1.0/D � , and

� ˛ D ˇ0Cf dz is a contact form on †� I.

2.3 Open book foliations

There is another foliation related to contact structures, the open book foliation introduced first in the
context of the angular open book for the standard contact structure in S3 in [2] and then later generalized
in [26] and [15]. Let † be a surface, this time embedded in a manifold M equipped with an open
book .B; �/. After a C1–isotopy of †, one may assume that † is transverse to B. Define E D B \†

to be the set of elliptic points. After possibly applying a further C1–isotopy of †, we may assume that
z� D �j† W† nE! S1 is a circle-valued Morse function with at most one critical point on each level.
For any such surface, the open book foliation is defined in [15] as the level sets of z� . In order to align
this with our use of the word foliation, we will define an equivalence class of vector fields whose integral
curves are the level sets of z� . In this setting, a leaf of the foliation is a connected component of a level set.

Consider the one-form d z� on †nE and recall that an elliptic point e 2E˙ has a neighborhood D2
" .r; #/

where z�D˙# . Define 
 D˙‰"=2
"=4
.r2�1/ d z�Cd z� , where‰"=2

"=4
is a smooth bump function that equals 1

for r <"=4, equals 0 for r >"=2, and is strictly monotonically decreasing on Œ"=4; "=2�. Extend 
 by 0 on e.
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Up to multiplication by a smooth positive function, 
 does not depend on any of the above choices. The
signs of the elliptic points of Fz� come from the signs of the intersections of the oriented binding B

with †, while each hyperbolic point inherits a sign when we compare the orientation of the level sets
of � with the orientation of †. Thus we recover a signed foliation, but with further structure — including
a cyclic total order on the hyperbolic points — coming from the map z� . We summarize the relationship
between this data in the next definition.

Definition 2.10 An open book foliation on an oriented surface † is an ordered signed foliation
.F D Œ
 �;H DHC[H�/ and a function z� that satisfy the following conditions:

(1) Letting E denote the set of elliptic singularities of F , z� W † nE! S1 is a circle-valued Morse
function with only index 1 critical points exactly at H .

(2) There is at most one critical point for each critical value of z� .

(3) On † nN.E/, 
 D d z� .

(4) Near each elliptic point, 
 D˙‰"=2
"=4
.r2� 1/ d z� C d z� as described above.

(5) The partition of E into EC[E� is induced by the orientation of † and F .

We denote an open book foliation on † by .Fz� ; z�;H DHC[H�/.

If a surface is embedded in a manifold with an open book, then it inherits an open book foliation, but this
definition allows us to define an open book foliation on an abstract surface. This is justified by the following
somewhat vague statement, a more precise version of which is proved as Propositions 4.1 and 4.3.

Theorem 2.11 Suppose that .Fz� ; z�;H DHC[H�/ is an open book foliation on †. Then there exists
a manifold M with open book decomposition .B; �/ such that † embeds into M and the inherited open
book foliation on † agrees with the original one. Furthermore , � is determined up to diffeomorphism on
a neighborhood of † by the requirement that �j† induces .Fz� ; z�;H DH�[HC/.

Restricting the open book .B; �/ to N.†/ of † produces an explicit local model for a product neighbor-
hood of †; see Corollary 4.6. Whenever a surface is already embedded in a manifold with an open book,
however, we assume that .Fz� ; z�;H DHC[H�/ is the induced open book foliation.

A relationship between open book and characteristic foliations is proved in [15]:

Proposition 2.12 [15, Theorem 2.21] If † is a surface in .B; �/ with open book foliation Fz� with no
circle leaves , then there is a contact structure � supported by .B; �/ such that Fz� is strongly topologically
conjugate to F� .

Remark 2.13 The original proof of [15] claims only topological conjugacy, but in fact the stronger
condition follows from their argument. In this case, the order on F� may be chosen after the fact to ensure
that it agrees with that of Fz� .
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Remark 2.14 For an open book foliation, d.d z�/ D 0 holds everywhere, while for characteristic
foliations Fˇ, dˇ ¤ 0 holds at the hyperbolic points. Since we define foliations as one-forms (or
equivalently, as vector fields), this is the strongest compatibility of foliations that one might hope for;
contrast this to Remark 2.22 in [15], where foliations are viewed only as collections of leaves. Taking
the latter point of view, one may ensure that selected leaves of the two foliations coincide away from a
neighborhood of the hyperbolic points, but it remains unclear if this can be extended to all leaves.

2.4 Gradient-like vector fields

When the leaves of a singular foliation arise as the level sets of a function, the gradient vector field
with respect to some metric has the same singular points but is otherwise transverse to the leaves. In
the absence of a designated metric, one may consider gradient-like vector fields, which share many of
the same properties. More formally, a vector field X on a cobordism M is gradient-like for � if X is
positively transverse to the level sets of � away from the critical points; X is tangent to the vertical
boundary; and X can be described via the standard Morse model near the critical points. See [9] for
details. The Morse function � has such a gradient-like vector field if and only if the critical points of �
agree with the critical points of �j@M .

For a fixed gradient-like vector field defined on a manifold with boundary, let W s.h/ (resp. W u.h/)
denote the stable (resp. unstable) submanifold of a critical point h. If the critical point h lies on the
boundary, let ws.h/ and wu.h/ denotes the critical submanifolds of the restriction of the gradient-like
vector field to @M. Equivalently, ws.h/DW s.h/\ @M and wu.h/DW u.h/\ @M.

Given an oriented surface † with a circle-free open book foliation .Fz� ; z�;H DHC[H�/, we define a
special class of gradient-like vector fields for z� which are characterized by the relationship between their
flowlines and the leaves of Fz� . These will play an important role in Section 8.3. We begin by setting
some notation and constructing an example, before stating Definition 2.15 at the end of the section.

As noted in Section 2.1, the surface† naturally decomposes into quadrilateral tiles, each of which contains
precisely one hyperbolic point and whose boundary consists of regular leaves connecting elliptic point
corners. Let rz� be a vector field whose flowlines on such a tile are shown in Figure 5. (Since we are
only interested in the qualitative behavior of the flowlines near the critical points, we are free to assume
the required coordinate model.)

More precisely, rz� vanishes exactly at the singular points of Fz� , is positively transverse to the level
sets of z� , and rotates infinitely many times positively (resp. negatively) near the positive (resp. negative)
elliptic points. By construction, ws.h/ and wu.h/ connect the same pairs of elliptic points as did the
separatrices of h in Fz� . Away from the elliptic points, the flowlines of rz� are “close” to the level sets
of z� in the sense described next.
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C �

� C

Figure 5: The flow of rz� on a tile.

For “closeness”, we further require that there is a small " > 0 and a small neighborhood N of the elliptic
points such that for any hyperbolic point h with z�.h/D th,

� ws.h/ nN intersects z��1.t/ only for t 2 Œth� "; th�;

� wu.h/ nN intersects z��1.t/ only for t 2 Œth; thC "�.

The hyperbolic points of Fz� inherit a cyclic order from the codomain of z� , and we can partially recover
this order from the vector field constructed above. (We refer the reader to Figure 6.) To explain this
relationship, we compare Fz�–separatrices and rz�–separatrices. Consider the set of hyperbolic points of a

�
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Figure 6: The order of the positive (resp. negative) hyperbolic points connected to a fixed elliptic
point is encoded in the order that their stable (resp. unstable) separatrices first intersect the regular
leaf ��1.0/. Each figure shows two tiles which share a regular leaf along the boundary. On the
left, the intervals IC and I� on a regular leaf are thickened.
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fixed sign with Fz�–separatrices to some chosen elliptic point. Then the order in which therz�–separatrices
from this set hit any regular leaf for the first time agrees with the restriction of the original cyclic order to
this subset of hyperbolic points. In Section 8, we will require exactly this property from the gradient-like
vector field for z� .

Definition 2.15 A gradient-like vector field rz� for Fz� is preferred if the following properties hold:

� For each regular time t and for each component I of z��1.t/ with @I D feC; e�g, there exist
disjoint subintervals IC and I� such that IC contains eC [

S
h.w

s.h/ \ I/ and I� contains
e�[

S
h.w

u.h/\ I/.

� For positive hyperbolic singularities h1; h2 with critical values 0< z�.h1/ < z�.h2/ < 1, the first
intersection of ws.h2/ with IC is closer to eC than the first intersection of ws.h1/ with IC.

� For negative hyperbolic singularities h1; h2 with 0< z�.h1/ < z�.h2/ < 1, the first intersection of
wu.h2/ with I� lies closer to eC than the first intersection of wu.h1/ with I�.

Definition 2.15 lists properties satisfied by the vector field rz� constructed above, proving the next lemma.

Lemma 2.16 Any open book foliation admits a preferred gradient-like vector field.

In Section 8 we will consider the question of when a preferred rz� defined on @M may be extended
“nicely” to the interior of M.

3 Foliated open books

In Section 3.1 we introduce the central object of the paper, embedded foliated open books. We provide
some examples of embedded foliated open books and define the compatibility between these and contact
structures. At the end of the section, we introduce two variations: abstract open books and Morse foliated
open books. These offer increased flexibility and perspective, and the rather technical proofs relating these
notions are deferred until Section 5. Suppose throughout that M is a smooth oriented three-manifold
with boundary.

3.1 Embedded foliated open books

The key object of this paper — a foliated open book — is motivated in part by trying to understand the
result of cutting an open book .B; �/ along an embedded surface that admits an open book foliation with
no circle leaves.

Definition 3.1 An embedded foliated open book is a pair .Be; �e/, where Be is an oriented properly
embedded one-manifold in M and the function �e WM nBe ! S1 is a regular function such that the
following hold:

(1) The restriction z�e D �ej@M is an S1–valued Morse function.
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(2) The closure St of each level set ��1
e .t/ is a cornered surface with boundary Be [ z�

�1
e .t/ and

corners E D Be \ z�
�1
e .t/.

(3) z�e has a unique critical point for each critical value.

(4) The level sets of z�e have no circle components.

Remark 3.2 From item (4) it follows that the critical points of z�e can only be of index 1.

Remark 3.3 If we would like to allow an open book to be cut along a nonseparating surface, then we
replace (3) with the less restrictive condition that the restrictions of z�e to individual components of @M
have a unique critical point for each critical value. All the statements of the paper are true for this extra
restriction, but it makes notation more complicated.

Example 3.4 Suppose † is a surface embedded in a closed manifold M with an open book .B; �/, and
suppose that the open book foliation Fz� has no circle leaves. Then the restriction of � to each component
of the closure of M n† is an embedded foliated open book.

Example 3.5 More generally, one may consider a surface † with boundary @†D T transverse to the
pages of .B; �/. In this case the open book foliation Fz� on † points transversally out of or into T ,
depending on whether component of T in question is positively or negatively transverse to the pages.
After cutting along such a †, the boundary of M n† is the double of † and the foliation is the union
along T of Fz� with its negatively oriented copy.

After cutting along an embedded †, the new components of the boundary retain open book foliations in
the sense of Definition 2.10. In this case, the signs of the hyperbolic points are induced by their signs as
singularities of the embedded †, but the same reasoning assigns signs to hyperbolic singularities on the
boundary of any embedded foliated open book.

Choose a gradient-like vector field r�e for �e; this is the only point in this paper where we consider
gradient-like vector fields which can be transverse to the boundary. Let HC denote the set of hyperbolic
singularities of z�e where r�e points out of M, let H� be the set of hyperbolic singularities of z�e where
r�e points into M, and let EC [�E� D Be \ @M. We assume these signs in the next statement; the
proof follows immediately from the definitions just introduced.

Proposition 3.6 Suppose that Be is a properly embedded one-manifold in M and �e WM nBe! S1 is a
regular function. Then .Be; �e/ is an embedded foliated open book if and only if .Fz�e

; z�e;H DHC[H�/

is an open book foliation on @M with no circle leaves.

Interestingly, even item (2) in Definition 3.1 is forced on �e by the conditions on Fz�e
near the elliptic

points.
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In some settings, we will not want to distinguish circle-valued functions that are just reparametrizations
of each other, so we introduce an equivalence relation that makes sense in the context of surfaces with
open book foliations as well as open books of various sorts.

Definition 3.7 Two (embedded foliated) open books .B; �/ and .B0; � 0/ are reparametrizations if there
exist neighborhoods N.B/ and N.B0/ and a diffeomorphism p W S1! S1 such that

(1) for each component Bi of B or B0, the designated neighborhood intersects each page in a subsurface
homeomorphic to Bi � I, and

(2) on the complement of the designated neighborhoods, � 0 D p ı� .

Two open book foliations are reparametrizations if there exist neighborhoods N.E/ and N.E0/ and a
diffeomorphism p W S1! S1 such that on the complement of the neighborhoods of the elliptic points,
� 0 D p ı� .

This notion of equivalence is a reasonable one to consider for several reasons. Readers familiar with
abstract open books will recognize it as an unavoidable indeterminacy in a manifold constructed from
the abstract data .S; h/, although it is often not stated explicitly. It will be useful to have the flexibility
to reparametrize open books when we state gluing theorems in Section 6.2, and in some cases we are
concerned only with the combinatorics of the ordered signed foliation on a surface, rather than the full
data of an open book foliation.

From now on we will refer to embedded foliated open books by the triple .Be; �e;Fz�e
/ to emphasize

the open book foliation on the boundary. Unless otherwise specified, we will consider �e and F�e
up to

reparametrization.

Given a manifold M whose boundary has an open book foliation .Fz� ; z�;H DH�[HC/, we say that
an embedded foliated open book .Be; �e;Fz�e

/ for M is compatible with the pair .M;Fz�/ if Fz�e
D Fz� .

In general we call an oriented three-manifold M together with an open book foliation on @M that is
defined up to reparametrization a three-manifold with foliated boundary. To simplify the notation, we
will denote this by .M;Fz�/, rather than the more precise .M;FŒ��/.

Two three-manifolds with foliated boundary .M;Fz�/ and .M 0;Fz� 0/ are diffeomorphic if there is a
diffeomorphism  W M ! M 0 that restricts on the boundary to a diffeomorphism of the open book
foliations Fz� to Fz� 0 . If M DM 0 and  is an isotopy, we say that .M;Fz�/ and .M;Fz� 0/ are isotopic
three-manifolds with foliated boundaries.

Two embedded foliated open books .Be; �e;Fz�e
/ for .M;Fz�e

/ and .B0e; �
0
e;F 0z�e

/ for .M 0;Fz� 0e / are
diffeomorphic if there is a diffeomorphism  W .M;Fz�e

/! .M 0;Fz� 0e / that takes Be to B0e and � 0eı D�e .
If M D M 0 and  is isotopic to the identity, then we say that the embedded foliated open books
.Be; �e;Fz�e

/ and .B0e; �
0
e;F 0z�e

/ are isotopic to each other.

Examples of foliated open books are given in Section 6.3 and in Corollary 4.6. The interested reader is
advised to review these now for better intuition.
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3.2 Compatible contact structures

Foliated open books, like their partial and closed cousins, are intended as a tool to study contact manifolds.

Definition 3.8 Given a contact manifold .M; �/ with boundary, let F� denote the characteristic foliation
on @M. The embedded foliated open book (B; �e;Fz�e

) strictly supports the contact structure � D ker˛ if

(1) d˛ is a positive area form on the interior of each page VSt D �
�1.t/,

(2) ˛ > 0 on TB, and

(3) between each pair of consecutive singular values there exists a regular value ti such that z��1.ti/ is
Legendrian away from an arbitrarily small neighborhood of each hyperbolic point.

Remark 3.9 By Lemma 2.7, � (geometrically) divides the characteristic foliation. Thus @M is automat-
ically convex.

When a contact structure is strictly supported by an open book, the hyperbolic points of the characteristic
foliation inherit a cyclic order from z�e . However, the combinatorics of the original characteristic foliation
may not completely determined this cyclic order. In order to define a more flexible notion of supported
contact structures, we order the hyperbolic points of F� on @M as in Section 2.1.

Definition 3.10 Fix a contact manifold .M; �/ with ordered characteristic foliation F� on @M. The
embedded foliated open book (B; �e;Fz�e

) supports the contact structure � if there exists a strictly
supported contact structure � 0 such that � is isotopic to � 0 through a path of contact structures whose
characteristic foliations are strongly topologically conjugate to Fz�e

.

In Section 7.2 we will prove the following:

Theorem 3.11 Any embedded foliated open book supports a unique contact structure.

We prove the converse in Section 8.5:

Theorem 3.12 Let .M; �;F�/ be a contact manifold such that F� is strongly topologically conjugate to an
open book foliation Fz� with no circle leaves. Then there is a foliated open book .B; �;Fz�/ supporting � .
In particular , @B DEC[�E� and � WM nB! S1 is an extension of z� .

The following example shows that the circle-free condition is essential for the claim that a supported
contact structure always exists.

Example 3.13 Suppose that S is a component of a page of a foliated open book which is topologically a
disc, so that @S is a circle component of a leaf of the open book foliation on the boundary. Since F� and
Fz� on @M are strongly topologically conjugate by definition, we may isotope S so that the characteristic
foliation has a circle C bounding a disc. By construction, this circle is Legendrian.
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Since C comes in an interval of Legendrian circles in Fz� , its linking number with a Legendrian push-
off — and hence, its Thurston–Bennequin number — equals 0. On the other hand, we will show in
Proposition 7.3 that the restriction of any supported contact structure to a handlebody associated to a
sequence of consecutive pages is tight, which contradicts the existence of the overtwisted disc S .

3.3 Abstract foliated open books

The discretized version of an embedded foliated open book is an abstract foliated open book. This is a
combinatorial object, and it specifies a manifold with foliated boundary only up to diffeomorphism. Here
we present an independent definition for abstract foliated open books, one which will be unsurprising for
readers familiar with other types of open books. We defer an explanation of the equivalence between
abstract and embedded foliated open books to Section 5, after we have introduced an intermediate object,
called Morse foliated open books, in Section 3.4.

Definition 3.14 An abstract foliated open book is a tuple .fSig
2k
iD1

; h/, where Si is a surface with
boundary1 @Si D B [˛i and corners at E D B \˛i such that

(1) for all i , ˛i is a union of intervals, and

(2) the surface Si is obtained from Si�1 by either
� (add) attaching a one-handle along two points fpi�1; qi�1g 2 ˛i�1, or
� (cut) cutting Si�1 along a properly embedded arc 
i�1 with endpoints in ˛i�1 and then

smoothing; see Figure 7.

Furthermore, h W S2k ! S0 is a diffeomorphism between cornered surfaces that preserves B pointwise.

Note that the operations add and cut are opposites of each other: if S
add
�! S 0 along p and q, then

S 0
cut
�! S along the cocore of the new one-handle, and vice versa. When we would like to specifically

identify the attaching sphere or arc, we will record it under the arrow, as below.

Definition 3.15 Two abstract foliated open books .fSig
2k
iD0

; h/ and .fS 0ig
2k0

iD0
; h0/ are diffeomorphic to

each other if k D k 0 and there is a sequence of cornered diffeomorphisms f i W Si! S 0ig
k
iD1

, all of which
agree on B, satisfy  i.B/D B0, and are compatible with the handle attachments and cutting:

� if Si�1
cut

i�1
��! Si , then S 0

i�1

cut

 0

i�1

��! S 0i , where 
 0
i�1
D  i�1.
i�1/ and  i is the restriction of  i�1

to Si � Si�1,

� if Si�1
add

pi�1;qi�1
�����! Si , then S 0

i�1

add
 i�1.pi�1/; i�1.qi�1/
�������������! S 0i , where  i restricts as  i�1 on Si�1 and

maps the attached handles to each other, and

� h0 D  0 ı h ı �1
2k

.

Next, we define an operation that allows us to freely choose which page is indexed as S0. This is more
than merely notation, as our definition requires the monodromy to be a homeomorphism of this page.

1By a slight abuse of notation we denote the “constant” part of the boundary of Si by B for all i .
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cut

add

q

p

Figure 7: The cutting and adding operations on successive pages are inverses of each other.

Definition 3.16 The shift of an abstract open book .fSig
2k
iD0

; h/ is

.fSi Œ1�g
2k
iD0; hŒ1�/D .fS1;S2; : : : ;S2k ;S

0
1g; h

0/;

where

� if S0
cut

0
�! S1, then S 0

1
is defined by the relation S2k

cut
h�1.
0/
����! S 0

1
and h0 is the restriction of h to S 0

1
;

� if S0
add

p0;q0
��! S1, then S 0

1
is defined by the relation S2k

add
h�1.p0/;h

�1.q0/
����������! S 0

1
and h0 is h extended by

the identity on the added one-handle.

An r–fold iteration of the shift operation is called an r–shift, and denoted by .fSi Œr �g
2k
iD0

; hŒr �/. One can
analogously define r–shifts for r < 0.

As we will see, the above two moves preserve the diffeomorphism type of the defined three-manifolds
with foliated boundary. Two abstract foliated open books are conjugates of each other if they are related
by a finite sequence of diffeomorphisms and shifts.

3.4 Morse foliated open books

To conclude this section, we introduce a final type of foliated open book. Morse foliated open books form
a bridge between embedded foliated open books and abstract foliated open books. Their utility arises
from the fact that — in contrast to embedded foliated open books — the S1–valued function defining the
pages of M has the same critical points as its restriction to @M. Thus the boundary critical points have
stable and unstable manifolds embedded as submanifolds of M. A Morse foliated open book may be
obtained from an embedded foliated open book by slightly modifying �e near the boundary, a procedure
described in detail in Section 5.1. The pages of embedded foliated open books and Morse foliated open
books are essentially the same, and we will not distinguish between them once we have clarified their
relationship.

Definition 3.17 A Morse foliated open book for M is a pair .Bm; �m/, where Bm is an oriented properly
embedded one-manifold in M and the function �m WM nBm! S1 is an S1–valued Morse function
such that

(1) the level sets of z�m D �mj@M have no circle components,

(2) the closure St of each level set ��1
m .t/ is an embedded cornered surface with boundary Bm[z�

�1
m .t/

and corners E D Bm\ z�
�1
m .t/,

(3) all the critical points of �m are on @M ,
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(4) z�m is Morse function with the same critical points as �m, and

(5) the restriction of z�m to each component of @M has a unique critical point for each critical value.

Remark 3.18 It follows from condition (1) that the critical points of z�m have index 1. Condition (4)
implies that the critical points of �m have index 1 or 2 and that �m has a gradient-like vector field r�m

that is tangent to @M. All gradient-like vector fields for �m will automatically be assumed to have this
property.

As in the case of an embedded foliated open book, the boundary of a Morse foliated open book naturally
inherits an open book foliation Fz�m

. In this case, @Bm D EC [�E�, and HC is the set of index 2
critical points of �m, while H� is the set of index 1 critical points of �m.

Just as for embedded open books we can define diffeomorphism and isotopy of Morse foliated open books.
Morse foliated open books and embedded foliated books are distinguished only in a neighborhood of the
singular points of the open book foliation on the boundary of the manifold, so the definitions of supported
contact structures and stabilization can be extended verbatim to Morse foliated open books.

4 Local models

This is a technical section that may be skipped at first reading. As a start, we provide a neighborhood
theorem for open book foliations on surfaces in Section 4.1, and we construct an explicit model for this
neighborhood in Section 4.2. Taken as a whole, this section lays the groundwork for moving between
embedded, Morse, and abstract foliated open books. Such freedom will be extensively employed in the
rest of the paper, and the reader may wish to survey the results in Section 5, which describe the precise
notions of equivalence between the various types of foliated open books.

4.1 Neighborhood theorem

The key theorem extends the usual neighborhood theorems for characteristic foliations to open book
foliations.

Proposition 4.1 (neighborhood theorem) Let .B; �/ and .B0; � 0/ be open books for the three-manifolds
M and M 0, respectively. Let † ,!M and †0 ,!M 0 be embedded surfaces with induced open book
foliations .Fz� ; z�;H DHC[H�/ and .F 0

z�
; z� 0;H 0DH 0C[H 0�/. Suppose that there is a diffeomorphism

 W †! †0 that takes the two open book foliations to each other; i.e.,  .E/ D E0, z� 0 ı D z� , and
 .H˙/ D H 0

˙
. Then there are neighborhoods N D N.†/ and N 0 D N.†0/ and an extension of  to

‰ WN !N 0 such that

(1) ‰.B/D B0,

(2) � 0 ı‰ D � ,

(3) ‰.B \N / D B0 \N 0 and ‰ maps the trivialization of N.B/\N Š .B \N /�D2 in which
� D # to the trivialization of N.B0/\N 0 Š .B0\N 0/�D2 in which � 0 D # .
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Proof Let us first describe local models around the points of †�M. For each point p 2† we will give
a neighborhood D2

p � I in M with coordinates adapted to .B; �/. These coordinates are chosen by a
repeated use of the implicit function theorem, and both the neighborhood D2

p and the interval I might
shrink as we make our additional choices.

In the neighborhood of a regular point p of the foliation Fz� we can choose local coordinates .u; v; z/ on M

so that v D � � z�.p/, †D fzD0g with orientation .@u; @v/ and coorientation @z, and the foliation Fz� is
directed by @u. We call such a coordinate system in a neighborhood that only contains regular points
of Fz� an adapted coordinate system. The set of adapted coordinates in a given neighborhood U is convex.

Around an elliptic point e 2E˙ of Fz� , we know that B t† at e 2E˙, and N.B/Š B.'/�D2.r; #/.
In these coordinates, e D .'0; 0; 0/, and in a sufficiently small neighborhood we can write †\N.B/

as the graph of a function f W f'0g �D2!R that fixes f'0g � f0g. Since † is transverse to B we have
df ¤ d' at the origin of f'0g �D2, so the implicit function theorem allows us to choose coordinates
.z D f �', r; #/. In these coordinates †D fz D 0g, B is oriented by @z, † is cooriented by ˙@z, and
� D # .

In a neighborhood of a hyperbolic point h 2H˙, the function z� D �j† is Morse with an index 1 critical
point h. By the Morse lemma and since the differential of � in the I–direction is nonzero, we can apply the
implicit function theorem and choose coordinates .x;y; z/ so that†DfzD0g and ���.h/D z�y2Cx2.
The surface † is cooriented by ˙@z and Fz� is directed by y @xCx @y.

As a next step we consider the intersections of these coordinate systems. First, choosing sufficiently small
neighborhoods ensures that the neighborhoods of elliptic and hyperbolic points described above are all
disjoint.

If q is a regular point in the neighborhood of another regular point p with a coordinate system .u; v; z/ as
above, then we can write q D .u0; v0; 0/ and construct a new adapted coordinate system

.u0; v0; z0/D .u�u0; v� v0; z/:

Let p D .0; r0; #0/¤ .0; 0; 0/ be a regular point on † in the neighborhood of e 2E˙. Then �.p/D #0

and the coordinates
.u0; v0; z0/D .˙.r � r0/; # �#0;˙z/

give an adapted coordinate system around p.

Similarly, let p D .x0;y0; 0/¤ .0; 0; 0/ be a point on † in the neighborhood of h 2H˙. Then

.u0; v0; z0/D .xy �x0y0; .z�y2
Cx2/� .�y2

0 Cx2
0/;˙z/

gives an adapted coordinate system in a neighborhood of p.

Finally, using these local models for Fz� and F 0
z�

we can define local maps that take the corresponding
coordinate systems to each other. Then we can use a partition of unity to construct a global map
‰ WN !N 0 from the local ones. Near the elliptic points, the map brings the coordinate systems for the
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elliptic points to each other, so  satisfies conclusion (3). Conclusion (1) is automatically satisfied by
the construction. As for conclusion (2), we need to check that � 0 ı‰ D � . This is certainly true for
the local maps and for the construction of ‰ used their convex combinations. In the above change of
coordinate systems, the value of � was implicit in the system, so we can assume that we only need to
take the convex combination of adapted coordinate systems in the neighborhood of regular points. These
form a convex set, thus the value of � 0 ı‰ is unchanged while taking their convex combination.

In order to give an explicit model for the open book in N.†/, the next subsection constructs a simple
open book for a †–bundle over a circle with a prescribed open book foliation on †� f0g.

4.2 Prescribing open book foliations on surfaces

In this section we will show that every circle-free open book foliation .Fz� ; z�;H D HC [H�/ on a
surface † is in fact induced by an embedding of † into an open book.

As .Fz� ; z�;H DHC[H�/ is circle-free, we can construct a dividing curve � and see that z�j� W �! S1

is a covering of degree n, where nD jECj D jE�j. Let f�ig
k
iD1

be the set of connected components of �
and let ni be the degree of z�j�i

. Note that nD
Pk

iD1 ni . Then, just as in Section 2.2, we can choose local
coordinates .u; v/ on Ai D N.�i/ so that z� D niv, � D fuD 0g, and @u directs the level sets z��1.t/.
Define AD[Ai DN.�/ and R0

˙
DR˙ nA. Next we construct a characteristic foliation on † that is

also divided by � .

Lemma 4.2 (approximating Fz� by F� ) Let �.Fz�/ be the dividing curve and R˙.Fz�/ the corresponding
positive and negative regions of the open book foliation .Fz� ; z�;H DHC[H�/. Then there is a one-form
ˇ that agrees with d z� away from a small neighborhood of the singular points and˙dˇ > 0 on E˙[H˙.
The foliation F� defined by ˇ is a characteristic foliation , it has the same singular points as d z� , and away
from a neighborhood of H , it has the same leaves.

Moreover , we can choose a representative ˇ0 D gˇ so that � D fdˇ0 D 0g and R˙ D f˙dˇ0 > 0g, where
g is a positive function and g < 1 on A.

Proof For the first statement we start with the one-form 
 as in Section 2.3 and modify it in the
neighborhood of the hyperbolic points of Fz� . Recall that an elliptic point e 2E˙ has a neighborhood
D2
"=4
.r; #/ where 
 D˙r2 d# . Thus at e we have ˙dˇ D 2r dr ^ d# , which is a positive multiple of a

volume form.

In a neighborhood of a hyperbolic point h 2H˙, we can chose local coordinates so that z� D x2�y2.
Thus 
 D d z� D 2x dx � 2y dy and d2z� D 0. Let ˇ D d z� ˙‰"

"=2
xdy. Then, as d‰"

"=2
D 0 at r D 0,

at h we have that ˙dˇ D dx ^ dy, a positive multiple of the volume form.

Extend the one-form on†nN.H / as d z� to obtain a one-form ˇ satisfying the conditions of the first claim.

Without the assumption g < 1 on A, the second statement is standard in contact geometry; the stronger
statement is Remark 2.8 after the proof of Lemma 2.7.
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We use the function f from Proposition 2.9 and the one-form ˇ0 D gˇ from Lemma 4.2 to construct
both a contact structure and an open book for a †–bundle over S1. Consider the product †�R with
the contact structure defined as the kernel of the one-form ˛0 D ˇ0C f dz. Let B0 DE �R, where the
orientation of feg �R is given by ˙@z for e 2E˙. Consider the function

� 0 D z� Cf z W†�R! S1;

where adding f .p/z.p/ 2R to z�.p/ 2 S1 (for p 2†) indicates translation by the image of f .p/z.p/
in the quotient S1 DR=Z.

We would like to glue †�f0g to †�flg for some l 2N to get an open book and a contact structure for a
†–bundle over S1. As f D˙1 on R0

˙
, we have � 0.x; 0/D� 0.x; l/ on R0

˙
. On AiDN.�i/Š�i�Œ�"; "�,

with coordinates .u; v/ chosen as in Lemma 4.2, we have � 0.u; v; l/ � � 0.u; v; 0/ D lf .u; v/, where
f .u; v/ is independent of v and monotonically decreases from 1 to �1 in u. This means that each level set
of � 0j†�flg restricted to Ai consists of ni parallel curves connecting the points .�"; v/ with ."; vC2l=ni/.
When 2l is divisible by ni , the endpoints of each component therefore have the same v coordinate, as
v parametrizes S1 Š R=Z. And in fact, the curve intersects an arbitrary fv D cg segment positively
2l=ni 2 Z times.

Set l D lcmfnig
k
iD1

and define a diffeomorphism

 D

kY
iD1

D
2l=ni

�i
;

where D�i
is the right-handed Dehn twist along �i . Let M .†/D†� Œ0; l �=. .x/; 0/� .x; l/ be the

mapping torus of  . Then � 0.x; 0/D � 0. .x/; l/ on S1 and � 0 descends as � to M .†/ nB, where
B D B0=�.

Notice, too, that since f depends only on u and the Dehn twists were along the v–direction in the Ai , the
one-form ˛0 descends to M as a one-form ˛, giving a contact structure � on M .

Proposition 4.3 (open book for .M ; �/) Via the construction above , any Fz� determines an open book
decomposition .B; �/ for M . Moreover , .B; �/ supports the contact structure � D ker˛.

Before proving the above proposition, we reformulate what it means for an open book decomposition to
support a contact form.

Lemma 4.4 Let B be a (positively) transverse knot in .M; � D ker˛/ and suppose that the fibers of the
map � WM nB ! S1 are Seifert surfaces for B. Then the pair .B; �/ is an open book supporting the
contact form ˛ if and only if d� ^ d˛ > 0.

The proof is straightforward and is left to the reader.
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Figure 8: Local models for the open book of Lemma 4.4. The blue surfaces are pages of .B; �/,
while the red surfaces are fibers †� ftg. The model near a hyperbolic point, which is not shown,
is a blue hyperboloid intersecting a horizontal red plane.

Proof of Proposition 4.3 In a neighborhood of B the function � restricts as ˙.# C z/, so we see that
��1.t/ indeed enters N.B/ as a Seifert surface. If we evaluate ˛ on TB D˙@z we get ˛.˙@z/D 1> 0,
as needed.

For the second step, by Lemma 4.4 it is sufficient to show that d� ^ d˛ > 0 on M nB. Since ˛ is a
contact form, ˛^ d˛ > 0, yielding

.ˇ0Cf dz/^ .dˇ0C df ^ dz/D dz ^ .ˇ0 ^ df Cf dˇ0/ > 0:

This in turn is equivalent to the condition that !0 D ˇ
0 ^ df Cf dˇ0 is an area form on †.

We compute d� ^ d˛:

.d z� C z df Cf dz/^ .dˇ0C df ^ dz/D dz ^ .d z� ^ df Cf dˇ0/:

Thus we require that !0 D d z� ^ df Cf dˇ0 is an area form on †. To check this, we compare the given
form to the area form !0 given by the contact condition and substitute ˇ0 D gˇ:

!0 D !0C .d z� �gˇ/^ df:

In the following we will prove that .d z� �gˇ/^ df � 0, which implies that !0 > 0.

On R0
˙

the differential df is 0, thus !0 D !0, so it is indeed an area form.

On A, we have ˇ D d z� , so we have

.d z� �gˇ/^ df D .1�g/ d z� ^ df:

Recall that on A, f depends only on u and is decreasing, while z� depends only on v and is increasing.
Thus d z� ^ df is an area form, and as g < 1 on A, so is .1�g/ d z� ^ df , as desired.

The pages of .B; �/ are l–fold covers of †nE via the map from ��1.t/!†nE defined by .x; z/ 7! x.

Example 4.5 Cutting the above construction at †� f0g gives a contact three-manifold .†� Œ0; l �; �/,
with a compatible embedded foliated open book that is the restriction of .B; �/. We illustrate this in
specific case where Fz� on the torus is as given in Figure 1. In the resulting foliated open book, each page
is a copy of the original surface, but cut open along a different leaf of Fz� ; representative pages are shown
in Figure 9.
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Figure 9: Representative pages in the foliated open book constructed by applying Example 4.5 to
the foliation of the torus given by Figure 1.

In order to see why Figure 9 shows the correct pages, Figure 10 indicates how a given leaf embeds in
†� Œ0; 1�. Note that away from ADN.�/, each leaf is covered exactly once. This builds up surfaces
homeomorphic to R˙ as t varies, and these are joined across A by vertically twisting bands.

Corollary 4.6 (local model) Suppose that † is an embedded surface in a three-manifold M with an
open book .B; �/ that induces an open book foliation .Fz� ; z�;H DH�[HC/ on† with no circle leaves.
Then † has a neighborhood N.†/ Š † � Œ��; �� so that � D z� C f z, where f is the function from
Proposition 2.9 that is˙1 on R0

˙
and monotonically increasing in u on ADN.�/.

Remark 4.7 This local model for†�Œ��; �� is itself a foliated open book which appears as a submanifold
of an open book containing the surface † with the induced open book foliation.

Notice that the induced open book foliations on the nearby surfaces †� fzg are strongly topologically
conjugate to Fz� . One can also understand the restrictions of each page ��1.t/ to N.†/; the pages are
homeomorphic to the surfaces z��1Œt ��; tC��\R0C and �.z��1Œt ��; tC��\R0�/ glued together with
a twisted band. If the interval Œt � �; t C �� contains only regular values of z� , then ��1.t/\N.†/ is
just a union of jECj D jE�j strips; each strip is a rectangle in N.†/ with a pair of its opposite sides
embedded into †� f��g and †� f�g. If Œt � �; t C �� contains a singular value, then one component of

C � C

� C

C �

C � C

C � C

� C

C �

C � C

C � C

� C

C �

C � C

C � C

� C

C �

C � C

C � C

� C

� �� � � �

C �

C � C

� � � �

Figure 10: The red curves indicate how the page .� 0/�1.0/ intersects selected surfaces †� ftg
when Proposition 4.3 is applied to the foliated torus from Figure 1. On each surface †� ftg, the
blue region is RC and the white region is R�. The t–values shown lie in

�
0; 1

2

�
.
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��1.t/\N.†/ is a “cross”, embedded as a saddle surface. The intersection ��1.t/\N.†/ is singular
when t ˙ � is a singular value.

4.3 Expansion

In order to understand the relationship between Morse and embedded open books, we will modify our
local model by introducing canceling pairs of critical points. Let † be an orientable surface embedded
in a three-manifold M whose open book structure induces an open book foliation Fz� on †. The above
corollary provides a local model for a neighborhood †� Œ��; ���M, which we take as the starting point
for the next result.

Proposition 4.8 (expansion) Let .Be; �e/ be the embedded foliated open book for †� Œ��; ���M

described in Corollary 4.6. Then there is an S1–valued Morse function � 0 W†� Œ��; �� nB! S1 so that
the following hold :

(1) � 0 is C 0–close to � and agrees with � outside †� Œ�"; "�, for some sufficiently small " < �.

(2) For any hyperbolic point h 2 H˙ of Fz� , the function � 0 has a pair of canceling critical points
p˙

h
D h� f˙"g 2†˙ D†� f˙"g.

(3) The index of p˙
h
2†˙ is 2 if the signs of h and †˙ agree , and 1 otherwise.

(4) � 0 has no other critical points.

(5) Each function � 0j†˙ is Morse , and the union of their critical points is the set of critical points of � 0.

(6) � 0 defines an open book foliation .F˙� 0 ; �
0j†˙ ;H �f˙"g DHC�f˙"g[H��f˙"g/ on †˙ that

is strongly topologically conjugate to Fz� .

Condition (5) implies that there is a gradient-like vector field for � 0 that is tangent to both †C and †�.

Proof Let z0 be the interval coordinate and u and v the surface coordinates in the local model for
†� Œ��; �� as in Corollary 4.6. For sufficiently small z0, the surfaces †� fz0g have induced open book
foliations that are strongly topologically conjugate to Fz� . We will modify � near the singular points of
Fz� . For simplicity, we give the explicit computation only for h 2HC, but the modification near negative
hyperbolic points is similar.

First, reparametrize the I coordinate by z, where z0 D z3C �z for some � > 0. Note that z 2 Œ��; ��,
where �3 C �� D �. Now define a path of functions �s that agrees with � outside of a three-ball
neighborhood B3

" .h/ of each hyperbolic point h 2HC and that is defined on B".h/ as

�s D .1�‰
"
"=2.r//� C‰

"
"=2.r/.z� C z3

� sz/D z� C z3
C z

�
�� .sC �/‰""=2.r/

�
:

As before, ‰"
"=2

is a smooth bump function equal to 1 for r <"=2 and 0 for r >", where r2Du2Cv2Cz2

is the three-dimensional distance from h in B3
" . Clearly ��� D � , and we will show that

� �s is a regular function for s < 0;

� �s is non-Morse only for s D 0, with an embryonic critical point at each hyperbolic point of Fz� ;
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� for s > 0, �s is Morse with two canceling critical points of index 1 and 2 associated to each
hyperbolic point h of Fz� .

In order to prove the preceding claim, in the following we determine the critical points of �s for a fixed s.
Away from D3

" .h/, the function �s D � and thus it is regular, while its differential on D3
" .h/ is

d�s D d z� C
�
3z2
C �� .sC �/‰""=2

�
dz� z.sC �/d‰""=2 dr:

For r > " the †–component of d�s equals d z� ¤ 0, and thus d�s ¤ 0. In the thickened sphere defined
by F D f"=2� r � "g, observe that the coefficients of du and dv in d z� are 2u and �2v, respectively;
thus their proportion is u W �v. However, in z.sC �/d‰"

"=2
dr the proportion of the coefficients of du

and dv is u W v. If in their sum both coefficients are 0, we must have uD vD 0. Thus the possible critical
points of �s in F are all of the form .0; 0; z/ with "=2� z � ". At these points, the dz coordinate of the
equation d�s D 0 simplifies to

3z2
C �� .sC �/‰""=2� z.sC �/d‰""=2 D 0:

On F we have 3z2 � "2=4, while j�� .sC �/‰"
"=2
j can be bounded above by "2=8 if we choose both s

and � small. As for the third term,

�z.sC �/d‰""=2 �
1
2
".sC �/K;

where K Dmax"=4�r�"=2f�d‰"
"=2
g> 0. Thus if we choose jsC�j sufficiently small we can ensure that

this third term is less than "2=8, and it follows that d�s is nonzero on F .

For r < "=2 we have d�s D d z� C .3z2 � s/ dz. Thus for
p

s=3 < "=2, there are critical points at
z D˙

p
s=3.

In summary, for sufficiently small �; jsj> 0, the function �s is Morse. It is regular whenever s < 0, it has
an embryonic critical point at the hyperbolic points h, and it has a pair of canceling index 1 and 2 critical
points for each hyperbolic point h on the surfaces †� f˙

p
s=3g.

In the following we will examine the singularities and the leaves of the foliation induced by �s on
† � fzg. Notice that if we restrict �s to † � fzg, then we get a function z� C C (for C D z3 � zs)
in B3

"=2
and z� CC 0 (for C 0 D z3C �z) outside B3

"=2
; thus the level sets of z� agree with the level sets

of �sj†�fzg on B3
"=2
[†nB3

" . From the previous computation we see that �sj†�fzg has no critical points
in F D f"=2� r � "g. The fibers of �s.t/ on F \† connect the level sets z��1.a/ on D2

"=4
to the fibers

of z�.a� .�C s/z/ of † n
S

h D2
"=2

. This means that if we choose both jzj and j�C sj sufficiently small,
the foliation induced by �sj†�fzg will be strongly topologically conjugate to Fz� .

Now fix s> 0, �> 0 sufficiently small so that the results above hold. Set � 0D�s and†˙D†�f˙
p

s=3g.
The computation above shows that the restriction of � 0 to †˙ is Morse, since the original Fz� was an
open book foliation. Since the level sets of � 0j†˙ are strongly topologically conjugate to Fz� , there are
no other critical points of � 0j†˙ , as required for item (5).

Corollary 4.9 The function � 0 from Proposition 4.8 induces a Morse foliated open book on each
component of M cut along †˙.
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4.4 Local models for Morse foliated open books

The techniques above may be adapted to the case of Morse foliated open books. We carefully state the
result we will rely on in the next section, but leave the analogous proof to the reader.

Given three-manifolds M and M 0 with properly embedded one-manifolds B and B0, respectively, suppose
that � W M n B ! S1 and � 0 W M 0 n B0 ! S1 are circle-valued Morse functions. Let † ,! M and
†0 ,! M 0 be embedded surfaces with induced open book foliations .Fz� ; z�;H D HC [ H�/ and
.F 0
z�
; z� 0;H 0 DH 0C[H 0�/ with no circle leaves; we require further that � and � 0 have gradient-like vector

fields tangent to the surfaces † and †0 and thus any hyperbolic points of these open book foliations
coincide with critical points of the corresponding Morse functions on the ambient manifold. Note that we
allow † to embed into M or M 0 as the boundary.

Proposition 4.10 (Morse neighborhood theorem) If there is a diffeomorphism  W†!†0 that takes
the two open book foliations to each other , then there are one-sided neighborhoods N˙ DN˙.†/ and
N 0
˙
DN˙.†

0/ and an extension of  to ‰˙ WN˙!N 0
˙

such that

(1) ‰˙.B/D B0,

(2) � D � 0 ı‰,

(3) ‰˙.B\N˙/DB0\N 0
˙

and the trivialization of N.B/\N˙ Š .B\N˙/�D2 in which � D #
maps to the trivialization of N.B0/\N 0

˙
Š .B0\N 0

˙
/�D2 in which � 0 D # .

We consider one-sided neighborhoods for two reasons. First, if the surfaces containing the critical points
lie in the interior of M, we will in practice always cut along them; we thus require the local models only
after cutting. Second, if we restrict to one-sided neighborhoods, then proof of Proposition 4.1 may be
modified to prove Proposition 4.10 simply by selectively replacing z by ˙z2 when constructing adapted
coordinate systems near hyperbolic points.

5 Equivalence of foliated open books

In this section, we use the local models constructed in Section 4 to relate embedded, abstract, and Morse
foliated open books. After this section, we will move freely between these different notions of foliated
open books and use whichever is most convenient.

5.1 From embedded to Morse and back

Away from a neighborhood of the boundary, embedded foliated open books and Morse foliated open
books are indistinguishable. In this section, we apply results from the previous section to show how to
transform one type to the other.
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Starting first with an embedded foliated open book E D .Be; �e;Fz�e
/, identify @M with † � f0g in

†� Œ��; 0�, half of the standard neighborhood constructed in Proposition 4.1. Define the Morse foliated
open book M.E/ D .B; � 0;Fz� 0/ on M n†� Œ�"; 0� to be the result of first modifying �e to � 0 as in
Proposition 4.8 and then removing †� Œ�"; 0�.

Similarly, suppose that MD .Bm; �m;Fz�m
/ is a Morse foliated open book, and identify @M with†�f0g

in the standard half-neighborhood †� Œ��; 0� from Proposition 4.10. Define the embedded foliated open
book E.M/D .B; �;Fz�/ on M n†� Œ��=2; 0� to be the result of removing †� Œ��=2; 0�.

Proposition 5.1 With the notation above:

(1) M.E/ is a Morse foliated open book. Furthermore , there is a diffeomorphism

 E!M
WM !M n†� Œ�"; 0�

that takes the bindings and the pages of the two foliated open books to each other. In particular , for
any contact structure � supported by E , the contact structure  E!M

� � is supported by M.E/.

(2) E.M/ is an embedded foliated open book. Furthermore , there is a diffeomorphism

 M!E
WM !M n†�

�
�

1
2
�; 0

�
that takes the bindings and the pages of the two foliated open books to each other. In particular , for
any contact structure � supported by M the contact structure  M!E

� � is supported by E.M/.

(3) The embedded foliated open books E and E.M.E// are diffeomorphic.

(4) The Morse foliated open books M and M.E.M// are diffeomorphic.

Proof For the proof of item (1), recall from Proposition 4.8 that � 0 has exactly two critical points
for each hyperbolic singularity of Fz�e

, and only one of each pair survives as a boundary critical point
of M.E/. Thus � 0 satisfies the conditions of Definition 3.17. The required diffeomorphism will be
constructed as composition �E ı��1

M , where �E and �M are each diffeomorphisms from the respective
foliated open books to the common manifold E n .��; 0�. Let " < �0 < � be a real number such that
� D � 0 on †� Œ��;��0�, again viewed inside the neighborhood of the boundary in E and M.E/. Choose
diffeomorphisms �� that map †� Œ��; 0� (respectively, †� Œ��;�"�) to †� Œ��;��0�. Away from the
critical points, these may be chosen to restrict to each page as an isotopy to a proper subpage; since
the open book foliation on †� fzg is strongly topologically conjugate to the open book foliation on the
boundary of each of E and M.E/, the induced isotopy of plane fields takes a supported contact structure
to a supported contact structure.

For item (2), we observe first that the restriction of �m to the complement of the boundary of M is regular,
and as the induced open book foliation Fz� is strongly topologically conjugate to Fz�m

, the conditions of
Definition 3.1 are satisfied. The proof of the second half of the claim proceeds as in the proof of item (1),
via a composition of isotopies from the original manifolds to a common submanifold.

The proofs of items (3) and (4) proceed as the second half of item (1).
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5.2 From Morse to abstract and back

Suppose that .Bm; �m;Fz�m
/ is a Morse foliated open book for .M;Fz�/ and fix a gradient-like vector

field r�m for �m. Let M 0 be the three-manifold formed by blowing up B to S1 �B. Extend �m to M 0

continuously, now calling the extension � . A local model near the binding allows us to assume that
r� D @t on the blown-up S1 �B boundary component; here, t parametrizes S1. Let fhig

2k
iD1

be the set
of critical points of � with corresponding critical values t�

1
D �.h1/ < � � �< t�

2k
D �.h2k/ with respect

to the cyclic order on S1. Choose regular points ftig2k
iD0

so that t0 < t�
1
< t1 < � � �< t�

2k
< t2k < t0. Let

Si D�
�1.ti/. This means that Si is a surface with cornered boundary .B�ftig/[˛i , where ˛i D z�

�1.ti/

and the corners are E � ftig D .B � ftig/\˛i . As we are working in the blow-up of M, Si is closed.

If hi is an index 2 critical point of � , then its stable manifold W .hi/
s intersects Si�1 in a properly

embedded arc 
C
i�1

with endpoints on ˛i�1, and Si is obtained from Si�1 by cutting along 
C
i�1

and
smoothing. In the notation of Definition 3.14, we have Si�1

cut

C

i�1

��! Si .

If hi is a critical point of index 1, then its stable manifold W .hi/
s Dw.hi/

s intersects Si�1 in two points
fpi�1; qi�1g 2 ˛i�1, and Si is obtained from Si�1 by gluing a one-handle along this attaching sphere. In
the notation of Definition 3.14, we have Si�1

add
pi�1;qi�1
�����! Si .

The flow of the gradient-like vector field gives a diffeomorphism h W S2k ! S0 that is constant on B.

Proposition 5.2 (from Morse to abstract) With the notation from above:

(1) Any Morse foliated open book MD .Bm; �m;F�m
/ and choice of gradient-like vector field r�m

determines an abstract foliated open book AD .fSig; h/ as above.

(2) If r�m and r 0�m are both gradient-like vector fields for �m, then the corresponding abstract
foliated open books AD .fSig; h/ and A0 D .fSig; h/ are diffeomorphic.

(3) If some reparametrization of the Morse foliated open book M0 D .B0m; � 0m;F 0�m
/ is diffeomorphic

to MD .Bm; �m;F�m
/, then the corresponding abstract foliated open books A and A0 (for any

choices of gradient-like vector field ) are conjugate to each other.

Proof The proposition is a consequence of the construction above. For the first claim, we see that the
critical submanifolds of a fixed critical point determine a pair of abstract pages related by a single handle
addition or deletion. In order to assemble these pairs into an abstract open book, it remains to identify the
two copies of Si associated to the critical points t�i and t�

iC1
, but this is accomplished by the flow of the

gradient-like vector field. Although the choice of gradient-like vector field could change the arcs 
i�1

or the attaching points pi�1 and qi�1, the diffeomorphism types of the pages Si remain the same; this
establishes the second claim. The last claim is simply the translation of reparametrization (specifically, by
rotation) to the abstract setting.

In the rest of this subsection we describe how to use abstract foliated open books to build up a three-
manifold with foliated boundary together with a Morse foliated open book.
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Figure 11: The cobordism between Si�1 and Si , shown before smoothing the attached half-
handles. The shaded regions are in the foliated boundary. Left: an index-one boundary critical
point corresponding to half a one-handle or the “add” operation. Right: an index-two boundary
critical point corresponding to half a two-handle or the “cut” operation.

To each handle addition and deletion, we associate a cornered handlebody Hi . We first consider the case
of Si�1

add
pi�1;qi�1
�����!Si . Define Hi to be the cornered handlebody obtained by attaching a three-dimensional

boundary one-handle to Si�1 � I. See Figure 11.

By construction, Hi is a cornered cobordism between Si�1 and Si ; thus Hi is a handlebody with
boundary @Hi D�Si�1[Vi [Si , and with codimension-one corners at @.�Si�1/[ @Si [ .E � I/ and
codimension-two corners at E � @I. The vertical boundary Vi is the union of two types of components:

� products of cornered circles with the interval I ;

� a (cornered) pair of pants Pi .

Components of the first type correspond to components of @Si�1 which are preserved in @Si , while the
second type is associated to the handle addition.

In the case of Si�1
cut

i�1
��!Si , the cobordism Hi may be built up analogously. In this case, we attach a three-

dimensional boundary two-handle to the thickened Si along 
i�1; this turns the previous construction
upside down and the boundary and corners may be identified analogously. Each handlebody Hi is
naturally equipped with a Morse function �i WHi! I with the following properties:

� �i j�Si�1
� 0;

� �i jSi
� 1;

� �i has a gradient-like vector field r�i that is tangent to Vi and to the I–component at B � I ;

� �i has a unique critical point with critical value 1
2

and this is located on the pair-of-pants component
of the boundary. The index is 1 in the case of handle addition and 2 in the case of saddle resolution.

We may glue the pairs .Hi ; �i/ along the Si via the identity and glue S2k to S0 via h to get a three-
manifold M 0 with boundary. After rescaling, the maps �i glue to a map � WM ! S1 DR=Z. Finally,
collapse B � S1 to B to obtain the three-manifold M D M.fSig; h/. Then � restricts as a map
� WM nB! S1 and level sets of z� D �j@M induce a foliation Fz� on M. Note that different choices
of �i and scaling yield different parametrizations of Fz� ; thus abstract foliated open books describe
diffeomorphism classes of three-manifolds with foliated boundaries .M;F/. The discussion above can
be summarized by the following proposition.
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Proposition 5.3 With the notation and definitions from above:

(1) Any abstract foliated open book AD .fSig; h/ defines , up to diffeomorphism , a three-manifold
.M.A/;F.A// with foliated boundary and a Morse foliated open book

M.A/D .Bm.A/; �m.A/;Fm.A//

which is compatible with it.

(2) Suppose that the abstract foliated open books A and A0 are conjugate to each other. Then the above
diffeomorphism-types of manifold with Morse foliated open book .Bm.A/; �m.A/;Fm.A// and
.Bm.A0/; �m.A0/;Fm.A0// are the same.

(3) For any abstract foliated open book , A.M.A// is equivalent to A.

(4) For any Morse foliated open book , M.A.M// is diffeomorphic to M.

The foliation Fz� can be described directly from the data of an abstract open book. The regular leaves
of Fz� are ˛i�ftg for t 2 .t�i ; t

�
iC1

/, and each leaf is an interval that connects elliptic points. Each singular
leaf corresponds to a critical value t�i .

The discussion above allows us to state the obvious definition of a contact structure supported by an
abstract open book.

The next definition is stated using the notation introduced above.

Definition 5.4 The abstract foliated open book AD .fSig; h/ supports the contact structure � on M.A/
if the Morse foliated open book .Bm.A/; �m.A/;Fz�m.A// supports �.

Together with the statements of Proposition 5.1 we have the following equivalence for a fixed diffeomor-
phism class of three-manifolds .M;F/ with foliated boundary:

fabstract FOBsg
conjugacy

$
fembedded FOBsg

diffeomorphism
$
fMorse FOBsg
diffeomorphism

:

From now on we will move freely between these notions, using whichever is most convenient in our
discussion.

5.3 Sorted handlebodies

In this final subsection, we further examine the relationship between Morse and abstract foliated open
books. The key definition of a sorted foliated open book will be important in Section 8. Throughout
this section, we will consider a Morse foliated open book equipped with a fixed preferred gradient-like
vector field rz� on the boundary, and we indicate this choice by the tuple .B; �;Fz� ;rz�/. (Recall that
“preferred” was defined in Definition 2.15.)
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Figure 12: Left: S0 from the sorted abstract foliated open book from Example 6.13, shown with
its two 
Ci curves. Right: in the corresponding Morse foliated open book, the shaded region
shows R0 and the white region shows S0 nR0.

As in Section 5.2, let M 0 denote the manifold formed by blowing up B into S1�B. We denote the fibers
��1.t/ in M 0 by St , and we note that these are closed and disjoint. Assume that t D 0 is a regular point
of � , and let M denote the formal closure of M 0 nS0, which is a cobordism between S0 and S1. We
call a gradient-like vector field r� on M nB preferred if it extends rz� , and a preferred vector field
induces a vector field — still denoted by r� — on M . In the following we will work exclusively in M 0

or M . Informally these are the submanifolds one obtains when gluing together some or all consecutive
handlebodies Hi of the previous section.

In the definition below, assume that t < t 0 are regular values for � WM 0! S1.

Definition 5.5 The submanifold tHt 0 WD �
�1.t; t 0/ is sorted if the stable and unstable manifolds of

critical points of r�j
t Ht0

are disjoint in tHt 0 . The Morse foliated open book .B; �;Fz� ;r�/ is sorted if
M is a sorted submanifold.

We identify M with 0H1, and the statements below hold for t D 0 and t 0 D 1, as well.

Remark 5.6 The fact that r� is preferred forces an order on the stable and unstable submanifolds near
the boundary, which may obstruct this disjointness. See Example 5.9.

Definition 5.7 Define tRt 0 � tHt 0 to be the minimal r�j
tHt0

–invariant subset of tHt 0 containing a
cornered neighborhood of @M \ tHt 0 that is disjoint from Œt; t 0�� int.B/. Define RD 0R1 �M and let
Rt DR\St . See the right-hand picture in Figure 12 for an example of R0.

Since the critical points of �j
tHt0

all lie on @M, the invariant subset tRt 0 must contain all the critical
submanifolds W u.h/ and W s.h/ for critical points h with critical value between t and t 0. This implies
that the complement of tRt 0 is a product:

Lemma 5.8 Suppose that .B; �;Fz� ;r�/ is a sorted Morse foliated open book. Then tHt 0 n tRt 0 is
diffeomorphic to the product .St nRt /� Œt; t

0�.

The subsets St nRt are isotopic for all values of t .

Proof The restriction of r� to tHt 0 n tRt 0 has no critical points, so the flow of r� defines a diffeomor-
phism between level sets.
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C

C

Figure 13: In S2, the specified endpoints cannot be connected by disjoint sorting arcs, so the
foliated open book is not sorted.

The discussion in the previous subsection allows us to characterize sorted open books in the abstract
setting, as well.

When a preferred r� is fixed, the critical submanifolds define a collection of curves on each regular
page in tHt 0 . We call these cutting and cocore arcs sorting arcs. Slightly abusing notation, we will
let 
˙

k
denote a sorting arc associated to hk on any page. With no further conditions on r� imposed,

observe that these arcs may intersect each other, and after passing a critical point whose corresponding
submanifold intersects another critical submanifold, some arcs may be cut. If hk is a positive hyperbolic
point in a foliated open book, then we write W s.hk/\St D 


C

k
on all pages St for t < �.hk/; if hk is a

negative hyperbolic point, then W u.hk/\St D 

�
k

on all pages St for t > �.hk/.

When AD .fSig; h/ is the abstract open book associated to a Morse foliated open book as in Proposition 5.2,
we may record the sorting arcs 
˙

k
on the abstract pages; we denote the associated abstract foliated open

book by .fSig; h; f

˙
k
g/ when we want to keep track of this extra data, in parallel with the quadruple

used for a sorted Morse foliated open book. Similarly, we may write iHj for the handlebody constructed
from the abstract pages Sk with k 2 fi; i C 1; : : : ; j g. This notation will be used in Proposition 7.4 and
again in Proposition 8.11.

When .B; �;Fz� ;rz�/ is a sorted Morse foliated open book, the sorting arcs on the associated abstract
open book .fSig; h; f


˙
k
g/ are disjointly embedded, and vice versa. As the next example shows, requiring

a Morse foliated open book to be sorted may bound the Euler characteristic of the pages from above.

Example 5.9 The foliated open book for the solid torus introduced in Example 1.1 is not sorted, as
shown in Figure 13. Definition 2.15 dictates the order of the attaching spheres and endpoints of the
cutting arcs along each component of ˛0, and we see that as t increases, it becomes impossible to connect
pairs of blue and green dots by disjoint arcs in the interior of the page. Example 6.13 shows a sorted
foliated open book for the same Fz� .

6 Operations on open books: cutting, gluing, and stabilization

In this section, we describe natural operations on open books of various sorts. An initial cutting result
was presented in Example 3.4, and here we extend this to consider the contact structure supported by an
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open book cut along a surface with an open book foliation. We also explain how our focus on boundary
foliations simplifies gluing, and we use this to define stabilization for embedded foliated open books and
Morse foliated open books. We also discuss stabilization for abstract open books, which is analogous to
the operation familiar from closed manifolds.

6.1 Cutting

One of the key advantages of foliated open books is that they are natural structures with respect to cutting
and gluing.

Theorem 6.1 (cutting) Given a three-manifold M with an open book .B; �/, suppose that an embedded
surface † admits an open book foliation Fz� with no circle leaves. Then there is a contact structure �
on M supported by .B; �/ such that the restriction of � to the closure of each component of M n†

is strictly supported by the embedded foliated open book obtained as the restriction of .B; �/ onto the
closure of this component.

In fact, this result and others in this section apply equally well when the ambient manifold is a partial or
foliated open book rather than an (honest) open book; our choice to state them narrowly avoids excessive
and unpleasant notation.

Proof The proof is a modification of the standard Thurston–Winkelnkemper construction of a contact
form supported by an abstract open book .S; h/. Identify the given M with the manifold built from
an open book .S; h/ and choose a collection of regular values t

|
i so that each two consecutive singular

t–values are separated by a distinguished regular value.

We will outline the construction first and then execute it to ensure the desired properties. Given a family
of one-forms ˇt on S � ftg interpolating between ˇ0 and h�ˇ0 and C any sufficiently large constant,
˛C WD ˇt CC dt yields a contact structure supported by .S; h/. We will choose both the interpolating
path and the constant C with additional care. These choices will ensure that the specified leaves of the
open book foliation lie near Legendrian curves and that nearby, the Reeb foliation of ˛C is directed by @t .
We will then push the leaves of the open book along the Reeb vector field until the intersection of the
chosen pages with † are Legendrian; ensuring that the Reeb vector field remains transverse to the page
throughout the deformation ensures that ˛C remains supported.

In order to proceed, pick ı > 0 and choose a metric on the manifold. For each of the distinguished regular
values t|

i , we require that ˇt is constant in an open ı–interval around t|
i . Each choice of sufficiently

large C determines a supported contact form, and hence a characteristic foliation F�C
on †; choose C

large enough so that the distance in the t–direction between the leaves of F�C
and Fz� that coincide near

the positive elliptic points is less than ı=2. To see that this is possible, observe that the distance between
leaves of the two foliations is bounded by the angle between �C and St

|
i

along St
|
i
\†, integrated over
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the length of this curve. Increasing the value of C shrinks the angle, making precise the intuition that a
large C pushes the contact planes “close” to the pages.

In [15], local models show that after possibly enlarging C further, one may ensure the singular points of
the two foliations agree. The constraints on ˇt imply that away from B\†, the Reeb vector field of ˛C is
directed by @t for pages in the ı–intervals. Since ˛C is supported by .S; h/, the curves fpg�.t|

i �ı; t
|C
i ı/

are transverse to the pages of the open book. We may therefore push the pages along these curves,
preserving transversality, until St

|
i
\† agrees with a leaf of F�C

, and thus becomes Legendrian.

The restriction of � is strictly supported by the restriction of the open book on this component, as desired.

This cutting can also be understood in the abstract setting. For ease of notation, we further restrict our
attention to the case when † is connected and separates M into ML[MR.

As in Proposition 4.8, we first modify � to � 0 in a model neighborhood † � Œ�; �� so that canceling
critical points are created on † � f˙"g. Remove † � ."; "/ to get Morse foliated open books on
M 0

L DML n†� .";��� and M 0
R DMR n†� Œ�; "/. Then we construct the abstract foliated open books

.fSL
i g

2k
iD1

; hL/ and .fSR
i g

2k
iD1

; hR/ corresponding to .B\M 0
L
; � 0jM 0

L
/ and .B\M 0

R
; � 0jM 0

R
/. Note that

the two Morse foliated open books have pairs of critical points with the same critical values, but always
of opposite type (i.e., one each of index 1 and 2). Then the number k of sequentially distinct pages in the
two abstract foliated books is the same.

Moreover, through the two deformation retractions that recover the embedded foliated open book pages
from the Morse foliated open book pages, we can identify the boundaries ˛R

i and ˛L
i with each other

(through ��1.ti/\†), and we will call this simply ˛i . With this identification, we can view each ˛i as
a properly embedded separating arc in S , rather than as two parallel arcs ˛R

i and ˛L
i . Similarly, we

may view 
i�1 as embedded on SR
i�1
� S or SL

i�1
� S . If SL

i�1

cut

i�1
��! SL

i , then SR
i�1

add
@
i�1
��! SR

i , and
vice versa. In this case, hL and hR are just the restrictions of h to SL

2k
and SR

2k
, respectively. This

perspective allows us to formulate cutting solely in terms of the cutting arcs ˛i on S , as follows.

Given an abstract open book .S; h/ for M, define a sequence of cutting arcs as a set of properly embedded
separating arcs f˛ig

2k
iD0

for some k, so that

� h.˛2k/D ˛0, and

� ˛iC1 is obtained from ˛i by surgery along an arc 
i that intersects ˛i only at its boundary. (This
means that ˛iC1 is the smoothing of ˛i n @
i and two parallel copies of 
i .) See Figure 14.

Then S n˛i D
VSR
i [

VSL
i , where SR

i and SL
i are cornered surfaces and the boundary orientation of SL

i

(resp. SR
i ) recovers the orientation of ˛i (resp. �˛i). The diffeomorphism h restricts to SL

2k
and SR

2k
as

hL
2k

and hR
2k

.
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p


i�1

Si�1

Si

Figure 14: The red SR
� and the blue SL

� are separated by the bold ˛�. Note that p is an embryonic
critical point.

6.2 Gluing

The cutting operation for abstract open books can be reversed to glue abstract foliated open books with
compatible boundaries. As above, for notational convenience we restrict to the case of gluing two abstract
foliated open books along their respective connected boundaries to obtain an (honest) open book.

Let .fSL
i g

2k
iD0

; hL/ and .fSR
i g

2k
iD0

; hR/ be abstract foliated open books, and assume that there is an
orientation-reversing pairing  of the corners @BL and @BR such that

� SL
i�1

cut
�! SL

i if and only if SR
i�1

add
�! SR

i , and vice versa;

� the components of ˛L
i�1

containing the attaching sphere (for the handle or for the cutting arc)
on SL

i�1
have endpoints on @BL which are paired with the endpoints of the components of ˛R

i

containing the attaching sphere on SR
i .

The final condition allows us to glue the pages SL
i and SR

i along orientation-reversing maps  i W˛
L
i !˛R

i

that extend  so that the core of a handle added to yield SL
i is identified with the cutting arc of SR

i�1
, and

vice versa. This yields a well-defined page S D SL
i [ i

SR
i , and the monodromy hD hL[ hR gives an

honest abstract open book.

Translating the above to embedded open books and using Theorem 6.1 gives the following result:

Theorem 6.2 (gluing) Suppose that the embedded foliated open books .BL; �L/ and .BR; �R/

define the three-manifolds with foliated boundary .M L;Fz�L/ and .M R;Fz�R /, and assume that there
is an orientation-reversing diffeomorphism ' W @ML! @MR that takes the foliation Fz�L to (a possible
reparametrization of ) Fp.z�R/.

Then there are contact structures �L and �R compatible with .BL; �L/ and .BR;p.�R//, respectively ,
such that � D �L [' �

R is a contact structure � on the glued-up manifold M DM L [' MR, which is
compatible with the glued-up honest open book

.B; �/D
�
BL
['j

EL
BR; � D �L

['j
@M LnEL

p.�R/
�
:
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Obviously, cutting is the inverse operation for gluing.

Remark 6.3 The gluing theorem easily generalizes to the case when the resulting manifold has a partial
or foliated open book, rather than an honest open book. However, the statement does not generalize to
self-gluing, since the required reparametrization cannot be done globally. Self-gluing is therefore only
possible if ' maps one foliation to the other without reparametrization.

6.3 Examples

The cutting theorem allows us to construct many examples for foliated open books. The next two examples
are Darboux balls embedded in the standard contact structure with the angular open book.

Example 6.4 Figure 15, left, shows a foliated open book for the ball with a unique homeomorphism-type
of page. The complement of B3 in the open book with disc-like pages for S3 is a diffeomorphic foliated
open book.

Example 6.5 Figure 15, right, shows the ball from Example 6.4 after a finger move is performed. The
associated foliated open book .fS tel

i g
2
iD0

; id/ has two distinct homeomorphism-types of pages, while the
map is still the identity. The complement of .fS tel

i g
2
iD0

; id/ in .D2; id/ is again conjugate to .fS tel
i g

2
iD0

; id/.

The pages in the examples above do not define partial open books. In the first case, there is a single
homeomorphism-type of page, and in the second, the “big” page cannot be built up from the complement
of the “small” page by adding one-handles.

Example 6.6 In this example, we identify two embedded foliated open books as submanifolds of the
open book .B0; �0/ associated to the Hopf fibration on S3. For S3 D fjzj2 C jwj2 D 1g � C2, the
binding B0 is the set fzw D 0gD fzD 0g[fwD 0g oriented by @w and @z on the respective components,
and the map �0 is given by �0.w; z/D zw=jzwj. The pages of this open book are annuli, and .B0; �0/

supports the standard tight contact structure on S3.

S S0 S1 S2

Figure 15: Left: a ball intersecting the binding once. Right: a ball intersecting the binding twice.

Algebraic & Geometric Topology, Volume 24 (2024)



Foliated open books 3177

Figure 16: Cutting along the sphere shown on the left separates S3 into a pair of distinct foliated
open books. The center figure shows the pages of the associated abstract foliated open books, and
the open book foliation on the cutting sphere is shown on the right.

Consider the arc 
0 D fIm z D 0; zw=jzwj D 1g on the page S1 D �
�1
0
.1/. Let N.
0/ denote a three-

dimensional neighborhood of 
0 that intersects pages ��1.t/ in a rectangle for t 2 .1� "; 1C "/ and in a
pair of half discs containing @
0 for t 2 .1C "; 1� "/. The open book foliation has a pair of hyperbolic
singularities on ��1.1˙ "/ as shown in Figure 16.

The foliated open book for N.
0/ may be identified with the foliated open book .fS tel
i g

2
iD0

; id/ from
Example 6.5, but the foliated open book for S3 nN.
0/ is distinct. This open book will be the key to
defining stabilization in Sections 6.4 and 6.5.

6.4 Stabilization of embedded foliated open books

Naturally, we would like to understand the relationship between embedded foliated open books that
support the same contact structure. As is the case with other versions of open books, foliated open books
admit an operation called stabilization that preserves the contactomorphism class of the supported contact
structure. Although stabilization in other contexts is often defined in terms of abstract open books, we
present it here in the embedded setting as application of the gluing results above; the abstract version is
discussed immediately afterward in Section 6.5.

Let .Be; �e;F�e
/ be an embedded foliated open book for M and let 
 be an arc properly embedded

in some page ��1
e .t/. As in Example 6.6, let N.
 / denote a three-dimensional neighborhood of 
 that

intersects nearby pages in a single disc and other pages in a pair of discs near @
 . This choice implies that
up to reparametrization, the open book foliation on @N.
 / matches the open book foliation on @N.
0/.

Definition 6.7 The (positive) stabilization of .Be; �e/ along 
 is the manifold formed by gluing the
foliated open books S3 nN.
0/ and M nN.
 / along their boundary two-spheres.

This operation is a refinement of the connect sum that respects the open book structures on the two
manifolds; it also defines positive stabilization for (honest) open books. As every change happens in the
interior of the contact three-manifold, the following is an immediate consequence:
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Proposition 6.8 Any positive stabilization of .Be; �e;Fz�e
/ supports the same contact structure as

.Be; �e;Fz�e
/.

Note that as stabilization is defined as a strictly interior operation, the definition above may be applied
verbatim to Morse foliated open books. Negative stabilization may be defined the same way by using the
open book given induced by the function z xw=jz xwj on S3.

Moreover, in Section 8.6 we will prove the following result.

Theorem 6.9 (Giroux Correspondence for foliated open books) Any pair of foliated open books
supporting .M; �;F�/ are isotopic after a sequence of positive stabilizations.

The proof of this theorem will rely on the proof of the analogous statement for partial open books.2

6.5 Stabilizing abstract foliated open books

It will be convenient to stabilize abstract foliated open books without invoking the equivalence of
Proposition 5.2, so we conclude this section with a reformulation of stabilization adapted to the abstract
case.

Definition 6.10 Given an abstract open book .fSig; h/, let 
 be a properly embedded arc in Sr whose
endpoints p; q lie on B � @Sr . The stabilization along 
 is defined as follows:

(1) First perform an r–shift of .fSig; h/ to .fSi Œr �g; hŒr �/.

(2) Define a new abstract foliated open book .S 0i Œr �g
2k
iD0

; h0Œr �/ by
� Si Œr �

0 D Si Œr �[H , where H is a one-handle with attaching sphere p[ q, and
� h0Œr �DDx
 ıhŒr �, where Dx
 is a right-handed Dehn twist along the circle formed by the r–shift

of 
 and the core of H ; here, hŒr � also denotes its extension to H by the identity.

(3) Perform a .�r/–shift to obtain .fS 0ig; h
0/, where S 0i is still obtained from Si by a handle attachment

along p and q.

Remark 6.11 The shift is indeed necessary in the definition in order to obtain an object invariant under
conjugation, as in some cases the arc 
 cannot be “found” on the original S0.

Proposition 6.12 (equivalence of stabilizations) The various definitions of stabilization are consistent :

(1) Any stabilization of a Morse foliated open book can be realized as a stabilization of a corresponding
abstract foliated open book.

(2) Any stabilization of an abstract foliated open book induces a stabilization of a corresponding Morse
foliated open book.

The result follows from Definitions 6.10 and 6.7.
2The argument implicitly uses the proof of Giroux Correspondence for (honest) open books, and it does not give an independent
proof for Giroux Correspondence in the classical case.
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�
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�

1
C

2

3

4

Figure 17: A stabilized abstract foliated open book for the solid torus from Example 1.1.

Example 6.13 As an example, we will stabilize the solid torus seen in Examples 1.1 and 5.9. Figure 17
shows a sequence of pages which differ from the pages of Example 1.1 by the addition of a handle
connecting the two components of the original binding. At each step, the bold curve is either the arc
that is cut along to yield the next page or the cocore of the handle that was attached in the step from the
previous page. We record cutting arcs on all previous pages and cocores of added arcs on all subsequent
pages, and with the opposite convention, we record the endpoints of these sorting arcs by bold dots on
the boundary. Note that as the arcs are disjoint, the foliated open book is now sorted.

The correct identifications between successive pages may be realized by horizontal translation in the
figure, and the left-hand side is identified with the right by a right-handed Dehn twist along the core of
the annulus.

7 From foliated open books to contact three-manifolds

In this section we prove the fundamental existence and uniqueness results that ensure foliated open books
are useful tools for studying contact manifolds.

7.1 Existence of supported contact structure

Having established the connection between abstract foliated open books and embedded foliated open
books, we are ready prove the existence of a supported contact structure. This is easiest in the abstract
setting.

Theorem 7.1 Any abstract foliated open book strictly supports a contact structure.

Proof Let .fSig; h/ be an abstract foliated open book. The basic idea of the proof is to find an (honest)
abstract open book .S 0; h0/ for a closed three-manifold so that .fSig; h/ embeds into it pagewise and h is
the restriction of h0 to S2k . Then we construct the contact three-manifold corresponding to .S 0; h0/ and
use the cutting result (Theorem 6.1) to get a contact structure supported by .fSig; h/.

The condition that Fz� does not contain circles translates to each ˛i being a union of intervals. We will
find a surface S 0 and embeddings �i W Si ,! S 0 which satisfy the following properties:

� For all i , the map �i embeds B in a fixed B0 � @S 0.
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� For all i , the map �i properly embeds .˛i ; @˛i/ into .S 0; @B0/.

� If Si�1
cut

i�1
��! Si , then �i�1.Si�1/ n �i.Si/ is diffeomorphic to a neighborhood of �i�1.
i�1/ with a

pair of opposite edges in �i�1.˛i/ and the other pair of edges in �i.˛i/.

� If Si�1
add

pi�1;qi�1
�����!Si , then �i.Si/n�i�1.Si�1/ is diffeomorphic to a rectangle with a pair of opposite

edges in �i�1.˛i�1/ and the other pair of edges in �i.˛i/.

We construct S 0 inductively as follows. Start with any S 0
0

such that S0 embeds into it and satisfies the first
two conditions for i D 0. Now assume that we have defined �j and S 0j for j � i so that all the conditions
are satisfied for j � i . If Si is related to Si�1 by cutting along the arc 
C

i�1
, then we can set S 0i D S 0

i�1

and keep all the embeddings; then define �i D �i�1jSi
. If, on the other hand, Si is related to Si�1 by a

one-handle addition, then we would like to realize the one-handle addition inside S 0i . This means that
we need a path 
 0

i�1
in S 0

i�1
n �i�1.Si�1/ connecting the attaching points of the handle. If there is such

a path, then we keep S 0i D S 0
i�1

and let the image of �i be the union of the image of �i�1 and a tubular
neighborhood of 
 0

i�1
. If there is no such path, then we add a handle to S 0

i�1
to connect the two regions

of S 0
i�1
n �i�1.Si�1/ containing the attaching points. Here we use the fact that none of the components of

S 0
i�1
n �i�1.Si�1/ is disjoint from the boundary, which follows from the fact that ˛i�1 has no circles. Call

the new surface S 0i . To complete the inductive step, compose all embeddings with the obvious inclusion
� W S 0

i�1
,! S 0i and let �i.Si/ extend �i�1.Si�1/ by an embedding which maps the additional handle to a

neighborhood of 
 0i .

Consider the embeddings �0 W S0 ,! S 0n and �n W Sn ,! S 0n. The compositions ��1
0
ıhı �n W �n.Sn/! �0.S0/

might not be extendable to a diffeomorphism of S 0n, but by embedding S 0n into a yet larger surface S 0, we
may assume that the composition extends to the desired diffeomorphism h0 W S 0! S 0.

The embeddings �i determine a submanifold M corresponding to the abstract foliated open book .fSig; h/

in the manifold M 0 corresponding to the open book .S 0; h0/. By Theorem 6.1 there is a contact structure �
compatible with .S 0; h0/ that restricts to M as a contact structure strictly supported by .fSig; h/, as
needed.

7.2 Uniqueness of supported contact structure

In this subsection we show that an abstract foliated open book supports a unique contact structure.

Theorem 7.2 Any two contact structures supported by .B; �;F�/ are isotopic through a family of
contact structures with strongly topologically conjugate characteristic foliations on the boundary.

It suffices to show that two strictly supported contact structures are isotopic, and the proof will proceed
as follows. We will decompose M as a union of handlebodies Hi and argue that each Hi has a unique
tight contact structure compatible with a prescribed class of characteristic foliations on its boundary,
up to contactomorphism fixing the boundaries. Second, we will show that any strictly supported contact
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structure restricts to a tight contact structure on each Hi . The structure of this argument follows [29], and
together, these statements imply the desired uniqueness.

We begin by blowing up the transverse curve B to B �S1; a strictly supported contact structure � on M

induces a contact structure � 0 on the blown-up M 0. Because � is strictly supported by the foliated open
book, hyperbolic points are separated by regular leaves of F� . Cut M 0 along the corresponding pages.
The resulting cornered handlebodies are diffeomorphic to the Hi that appeared when building a manifold
from the data of an abstract foliated open book in Section 5.2, so we will use the notation introduced
there.

The boundary of Hi is separated into two pages, Si�1 and Si , together with the vertical component
ViD .B�I/[Wi . Here, Wi consists of rectangles ˛i�I coming from the unchanged intervals ˛i , together
with a “saddle” component corresponding to the two components of ˛i that change. The characteristic
foliation on B�S1 � @M 0 is given by the parallel circles fbg�S1 for b 2B, and thus by fbg�I on the
B � I components of @Hi .

The open book foliation on Wi is given by the level sets of z�i . By assumption, the leaves of the
characteristic foliation are isotopic to the leaves of F� , so Wi is a convex surface whose dividing curve �
may be obtained as the boundary of the neighborhood of the positive graph GCC for either F�i

or Fz�i
.

Note, too, that since ker˛ is supported by the open book, the Reeb vector field R˛ is transverse to the
pages. As R˛ is a contact vector field, the pages (in particular, the Si’s on the boundary) are convex with
empty dividing sets.

This discussion establishes part of the following proposition:

Proposition 7.3 A contact structure � strictly supported by .B; �;F�/ induces a tight contact structure �i
on Hi with the decorations described above. Furthermore , up to isotopy fixing @Hi , there is a unique tight
contact structure on Hi with these boundary decorations.

Proof The tightness of �i follows from gluing (Theorem 6.2) and Torisu’s theorem [29, Theorem 1.1]
as follows. Suppose that � 0 is a supported contact structure on .B; �;F�/. Then, adapting the proof of
Theorem 7.1, we can construct a second foliated open book .B00; � 00;F� 00/ supporting � 00 so that the two
foliated open books glue together into a closed contact manifold .M 0; � 0/ supported by the open book
.B0; � 0/. Then Torisu’s work implies that � 0 restricted to any submanifold is tight. Since Hi is a subset of
the blowup at B, it must also be tight.

For uniqueness, we will smooth the boundary of Hi (in the interior of Hi and arbitrarily close to @Hi) in
order to obtain a handlebody H 0i with convex boundary and dividing curve �i which is determined by
the decoration on @Hi . Since the contact structure on a collar neighborhood of @Hi is determined by the
characteristic foliation on @Hi , it suffices to show that there is a unique tight contact structure compatible
with the dividing curve �i on @H 0i .
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B � I Si

Si�1

L

Figure 18: Smoothing corners in Hi . The first figure shows a part of @Hi near B � I. The second
figure shows the characteristic foliations, the third one is the picture after merging Si�1 with Si

and smoothing the corners, with the dividing curves indicated with red. The fourth picture depicts
the dividing curve after completing the smoothing.

In the above description, all components of @Hi were convex except B � I. In a neighborhood of each
component of B � I, we connect �Si�1 to Si via a nearby convex surface Fi that has a one-component
dividing curve which is parallel to B. See the third picture of Figure 18.

The above process allows us to smooth out the codimension-two corners as well, leaving a three-
manifold H 00i whose boundary consists of two convex surfaces, Fi and a smoothed Wi , that intersect in a
Legendrian curve L. See the third picture of Figure 18.

Recall that Wi is convex and that the dividing curve � �Wi is the boundary of a neighborhood of the
stable separatrices of the positive hyperbolic points. In the blown-up picture of the boundary, the positive
elliptic points correspond to the intervals EC � I ; as usual, @B D�E�[EC. Each product component
of Wi contains a vertical component of � of the form fpg�I, where p is a point on ˛i�1 close to EC. The
saddle component contains the same vertical dividing curve if Si is obtained from Si�1 by a one-handle
addition (as in this case the corresponding hyperbolic point is negative), but the dividing curve is as shown
in Figure 19 if Si is obtained from Si�1 by cutting along an arc 
i�1.

In summary, the Legendrian curve L intersects � on Fi once at every component corresponding to E� I,
while on Si it intersects � near the points EC � f0; 1g on ˛i�1 and ˛i , respectively. See, again, the third
picture in Figure 18.

Figure 19: The smoothed � intersects a decomposing disc twice on a cornered handlebody
associated to a positive hyperbolic point.
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Next we can apply standard smoothing along the Legendrian curve L to obtain the handlebody H 0i with
dividing curve �i as seen in Figure 19.

Finally, we will prove that H 0i has a unique contact structure by describing a disc decomposition of H 0i
such that the boundary of each disc D intersects �i in two points. As a first case, assume that the
hyperbolic point on W is negative, so that Si is obtained from Si�1 by a one-handle addition. Then
choose arcs faj g properly embedded into Si�1 with endpoints on ˛i�1 that cut up each component
of Si�1 into discs, and let Dj be the (smoothed) aj � I. After the smoothing on the fourth picture of
Figure 18, it is clear that the boundary of each Dj intersects �i in two points.

This suffices to cut the tight H 0i into tight balls, proving the proposition in the case of a negative hyperbolic
point. In the case of a positive hyperbolic point, we may first choose arcs aj on Si that cut up Si into
discs and again take Dj D aj � I to complete the proof.

This also finishes the proof of Theorem 7.2.

In the proof of Proposition 8.11, we will require the extension of this approach to a concatenation of
multiple Hi handlebodies, or equivalently, to a handlebody cut from M 0 by regular pages separated by
multiple hyperbolic singularities. For simplicity, we will again use the notation of abstract foliated open
books. Recall Definition 5.5.

Proposition 7.4 Any sorted submanifold tHt 0 supports a unique tight contact structure compatible with
the boundary decorations described above.

The argument is a minor extension of the analysis above.

Proof Recall from Lemma 5.8 that any pair of pages in the sorted tHt 0 , cut along their respective sets
of sorting arcs, are diffeomorphic after smoothing; we view this surface as a minimal page that persists
for all t .

As seen in Figures 18 and 19, each critical submanifold W s.hC/ and W u.h�/ intersects the dividing
curve � associated to a smoothed tHt 0 twice. After decomposing along these discs, the result is a product
cobordism, which may be further decomposed along discs guided by arcs faig that cut the minimal page
into discs, as above.

8 Relationship to partial open books

Partial open books offer a well-established tool for studying contact manifolds with convex boundary,
and in this section, we explore the connections between partial open books and foliated open books.
Section 8.1 describes how to build an abstract foliated open book from the data defining an abstract partial
open book, while Section 8.2 reverses the process and constructs an abstract partial open book from an
abstract foliated open book. In each case, some conditions on the initial open book are imposed, and
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we show in Section 8.3 that these can be achieved via positive stabilization. These constructions are not
inverses, as the construction of a foliated open book from a partial one allows some choice. Nevertheless,
Section 8.4 shows that these transformations preserve the supported contact structure. Section 8.5 applies
the relationship between partial and foliated open books to prove another existence result: if .M; �/ is a
contact manifold with an ordered characteristic foliation, then there is a compatible foliated open book
(Theorem 3.12). Finally, we prove a Giroux Correspondence for foliated open books in Section 8.6.

8.1 Foliated open books from partial open books

The intuition behind transforming a partial open book into a foliated open book is straightforward; in a
partial open book, a large change in Euler characteristic is concentrated at two pages, where the S and P

handlebodies meet. For appropriate S and P , this may be distributed as a sequence of small changes
across many pages to yield a foliated open book.

We begin with a topological condition describing when a surface may be built up from a subsurface by
successive attachment of one-handles. Note that this relationship appears in the definition of an abstract
partial open book [10].

Lemma 8.1 Suppose that S is a surface with nonempty boundary and X is a nonempty subsurface
with cornered boundary such that each component of @X is either contained in @S or is polygonal with
alternating edges in @X \ @S and @X n @S . Then S can be built up from X by successive attachments of
one-handles if and only if the boundary of any component of S nX intersects @X in at least two intervals.

Proof For the “if” direction, note first that each handle that creates a new component of S nX must
attach directly to X, so the number of interval components of @S \ @X on the new component (i.e., the
added handle) is two. No subsequent one-handle attachments can decrease the number of components of
@X \ @S on the boundary of any connected component of S nX.

For the “only if” direction, we describe the cocores of the handles which build S up from X. Fix a
connected component C of S nX . We can simplify the topology of C by cutting along arcs with boundary
on @S n @X. Each cut turning C to C 0 is along an arc which is the cocore of a one-handle which attaches
to C 0 to yield C .

Suppose that successive cutting yields a region C 00 that is polygonal with 2n edges, for some n> 2. Then
we can add an additional n� 1> 1 cutting arcs with endpoints on @C 00 n @X, parallel to all but one of the
components of @S \ @X on @C 00. This yields a collection of bigons, each with one edge in @S \ @X and
the other disjoint from X. Taken collectively in the original surface, the cutting arcs are the cocores of a
set of handles that build C up from X.

If S and X are as in the above lemma, we say that S can be built up from X. With this phrasing, we
recall that the definition of an abstract partial open book .S;P; h/ requires that S can be built up from
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S nP . To create foliated open books, however, we need that S can be built up both from P and h.P /.
This property can be achieved by positive stabilization:

Lemma 8.2 Any partial open book .S;P; h/ may be positively stabilized to some .S 00;P 00; h00/ with the
property that S 00 can be built up from P 00 and from h.P 00/.

Proof In a partial open book stabilization .S;P; h/! .S 0;P 0; h0/, the added one-handle becomes part
of P 0, so choosing the attaching sphere to have at least one component on @S n @P implies that

j@P 0\ .@S 0 n @P 0/j> j@P \ .@S n @P /j:

Iterating, we eventually stabilize to a partial open book .S 00;P 00; h00/with the property that each component
of @S 00 n @P 00 meets @P 00 in at least two intervals. Thus S 00 can be built up from P 00, as desired. One may
similarly stabilize to ensure that S 00 is also built up from h.P 00/.

Suppose now that P D .S;P; h/ is a partial open book such that S may be built up from P and h.P /.
This is equivalent to the statement that S may be cut either along a set of properly embedded arcs fıCi g

k
iD1

to yield P , or along a set of arcs fı�j g
k
jD1

to yield h.P /. These arcs are the cocores of the handles added
in the building-up construction.

Set S D SP
k

and define SP
kCj
D SP

kCj�1
n ıCj for j 2 f1; : : : ; kg. Similarly, define SP

k�j
D SP

k�jC1
n ı�j

for j 2 f1; : : : ; kg. This yields a collection of abstract pages fSig
2k
iD0

that are related to each other by
gluing (for i � k) and cutting (for k � i ). By construction, SP

2k
D P and S0 D h.P /, thus we can define

hP to be hjP W S
P
2k
D P ! h.P /D S0 � S . It is clear that this data defines a foliated open book, but

the indexing of the cutting arcs is arbitrary, and different choices will yield distinct foliated open books.
We would like to ensure that this process yields a sorted foliated open book. As a first step, we apply a
k–shift so that the “big” page is now S0.

Interpreting an indexed set of cutting arcs fı˙i g as the intersections of stable critical submanifolds with Sk ,
we must verify the conditions of Definition 2.15. If the intersections are not properly ordered, then
reindexing the arcs or performing handle slides may correct this. Alternatively, one may positively
stabilize the original partial open book so that no interval of ˛k D @Sk nB contains an endpoint of more
than one ı arc. The ordering conditions are then trivially satisfied, so the resulting foliated open book is
sorted with respect to a preferred gradient-like vector field.

Definition 8.3 A partial open book .S;P; h/ is sufficiently stabilized if S may be built up from P and
from h.P /, and furthermore, if there is a choice of associated cutting arcs that yields an abstract foliated
book A.P/D .fSP

i g; h
P/ that is sorted with respect to a preferred gradient-like vector field. For any such

choice of cutting arcs fı˙i g, we say that A.P/D .fSP
i g; h

P/ is an abstract foliated open book induced by
the sufficiently stabilized partial open book P D .S;P; h/.

We will show in Section 8.4 that this induced foliated open book is associated to the “same” contact
three-manifold with boundary.
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8.2 Partial open books from foliated open books

Transforming a foliated open book into a partial open book requires more effort than the reverse process,
and it relies on the Morse model of a foliated open book to define a “minimal” page that can play the role
of P and a “maximal” page that can play the role of S . As in the previous construction, some carefully
chosen preliminary stabilizations may be required before this is possible. This section relies heavily on
the discussion of sorted foliated open books from Section 5.3.

We will prove the following result in Section 8.3:

Proposition 8.4 Any foliated open book AD .fSig; h/ may be positively stabilized to a sorted foliated
open book.

As an illustration, consider Examples 5.9 and 6.13, which show how the (unsorted) foliated open book
introduced in Example 1.1 may be stabilized to a sorted foliated open book.

Suppose, assuming Proposition 8.4, that AD .fSig; h; f

˙
k
g/ is a sorted foliated open book for .M; �;Fz�/.

Set SADS0 and let PADS0 nR0, where R0 is the subsurface of S0 from Definition 5.7. See Figure 12.
Lemma 5.8 implies that PA embeds in each St as subsurface. Define � to be the map which embeds PA

into S2k , and set hA D h ı �.

Definition 8.5 Given a sorted foliated open book AD .fSig; h; f

˙
k
g/, the associated triple is P.A/D

.SA;PA; hA/.

Proposition 8.6 Given a sorted abstract foliated open book A D .fSig
2k
iD1

; h; f
˙
k
g/ with at least one

of k > 0 or j@M j> 1, there exists a positive stabilization A0 D .fS 0ig
2k
iD1

; h0/ with the property that the
associated triple P.A0/D .SA0 ;PA0 ; hA0/ is a partial open book.

We call a foliated open book as above sufficiently stabilized, and the obtained partial open book P.A/ an
associated partial open book.

Proposition 8.6 is a partner to Lemma 8.2, in the sense that these assert the existence of procedures for
turning partial open books into foliated open books and vice versa. In fact, Proposition 8.11 will show
that these are the correct procedures, in that they preserve the supported contact structure. The proof
of Proposition 8.6 rests on a pair of lemmas (Lemmas 8.8 and 8.9), which will be proven in the next
subsection.

Remark 8.7 The hypotheses k > 0 or j@M j > 1 in Proposition 8.6 eliminate only the case of a
foliated open book whose unique boundary component is a sphere with the “trivial” foliation whose
only singularities are a pair of elliptic points. Gluing a trivial foliated open book for a Darboux ball
(Example 6.4) to M yields a closed manifold with an open book decomposition. Much of the machinery
in this section is building towards a proof of a Giroux Correspondence for foliated open books, but we
note that the classical Giroux Correspondence applies in this case. We thus ignore the k D 0, j@M j D 1

case in what follows.
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8.3 Sorting via stabilization

Propositions 8.4 and 8.6 each assert that an abstract foliated open book may be stabilized to achieve some
given property. In order to prove these claims, it will be useful to identify a subsurface of the foliated
boundary which is isotopic to RC DN.GCC/.

We assume a preferred gradient-like vector field rz� on @M and its extension r� on M. Recall that
ws.h/ and wu.h/ are the stable and unstable flows of rz� corresponding to the critical point h. Fix a
regular time t D 0, and set ws.h/0 to be the subinterval of ws.h/ that contains h and intersects z��1.0/

exactly at its two endpoints. Set

R0C D z�
�1Œ0; ��[

[
hC

N.ws.hC/
0/;

where � is sufficiently small to ensure the leaves of z��1Œ0; �� are all regular. Then we claim the following:

Lemma 8.8 RC � @M is isotopic to R0C � @M in @M. If the foliated open book is sorted , then R0C is
isotopic to SA nPA in M.

Proof Each of these regions is a neighborhood of a graph whose vertices are the positive elliptic points,
and each edge connects the same pair of positive elliptic points.

Because rz� is preferred, the stable separatrices ws.hC/ intersect each interval IC � z�
�1.0/ in the same

cyclic order as the separatrices of Fz� which terminate at the positive elliptic point at the end of IC. See
Figure 20. Taking the union of the neighborhood of IC together with the separatrices recovers the original
the cyclic order; this may be seen by retracting the 0–leaf to the positive elliptic point and bringing the
endpoints of the separatrices along.

Now suppose that the foliated open book is sorted, and recall the construction of the associated triple
.SA;PA; hA/. For each positive hyperbolic point, the arc ws.hi/

0 can be pushed down to 
Ci � S0 along
the half-disc W s.hi/. Extending these “pushes” to an isotopy with support 0R1 gives an isotopy of R0C
onto SA nPA, as desired.

Figure 20: R0C in the star of a positive elliptic point.
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Having defined the triple associated to a sorted foliated open book, Lemma 8.9 is a first step towards
showing that .SA;PA; hA/ meets the topological conditions to define an abstract partial open book.

Lemma 8.9 Suppose that .SA;PA; hA/ is the triple associated to some sorted foliated open book. Then
no component of @PA n @SA is a circle.

In fact, Lemma 8.9 is a corollary of Lemma 8.8.

Proof Components of @PA n @SA are homeomorphic to components of @R0C n z�
�1.0/. When R0C

deforms to RC on @M, the boundary of R0C maps to � and z��1.0/ maps to � \ z��1.0/. Recall from
Section 4.2 that z�j� is a covering of S1. Thus every component of � intersects z��1.0/, and it follows
that � n z��1.0/ can have no circle components.

Now we are ready to prove Proposition 8.6:

Proof of Proposition 8.6 Suppose that AD .fSig; h/ is a sorted foliated open book with k > 0. We will
find a positive stabilization A0 D .fS 0ig; h

0/ with the property that in the associated triple .SA0 ;PA0 ; hA0/,
the surface SA0 can be built up from each of PA0 , hA0.PA0/, S 0A0 nPA0 and SA n hA0.PA0/ by successive
attachment of one-handles.

As a first step, observe that any positive stabilization of the original foliated open book induces a positive
stabilization of the associated triple, where the latter will be defined exactly as in the case of an abstract
partial open book. Stabilizing the original foliated open book at S0 adds a one-handle to S0, and
hence, SA, with the attaching sphere lying completely on B. The stable manifolds which cut out PA

from SA remain disjoint from this handle, so the entire handle becomes part of PA, and the monodromy
changes by the appropriate Dehn twist; this stabilizes the triple .SA;PA; hA/.

Note that we may achieve only a restricted class of partial open book stabilizations this way. In the case
of an abstract partial open book, there are no restrictions on the location of the attaching sphere, but each
time a component of the attaching sphere lies on @SAn@B, a pair of new intersections between B and @M
is created. Although this preserves the dividing set, and hence, the partial open book, up to the relevant
notion of equivalence, this represents a fundamental change in the foliated boundary by introducing a
new pair of elliptic points. In what follows, therefore, we consider only stabilizations of the triple along
attaching spheres on B D @SA\ @PA; any such stabilization may be achieved by a stabilization of the
original foliated open book at S0.

Returning to the statement of the lemma, we note that Lemma 8.9 implies @PA n @SA consists only
of intervals. We will show that there exists a sequence of stabilizations along @PA\ @SA that ensures
the resulting SA0 may be built up from each of the specified subsurfaces, and we then show that once
this property is achieved for a pair .SA0 ;X /, it persists for the images of the pair under any further
stabilizations.
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First, we observe that as PA and h.PA/ are defined by cutting SA along arcs, it is immediate that SA

may be built up from PA and h.PA/. This also implies that if k > 0, then j@PA\ @SAj � 2.

According to Lemma 8.1, SA can be built up from SAnPA exactly when the boundary of each component
of PA intersects the boundary of SA n PA in at least two intervals. When we stabilize, each added
one-handle becomes part of PA, so we may stabilize until PA is connected. In the case, the observation
of the previous paragraph ensures that SA can be built up from SA nPA whenever k > 0.

Now consider a map hA WPA! SA that is the identity near @PA\@SA. After stabilizing, we are free to
assume that h.PA/ is also connected, so the stabilized SA can be built up from the stabilized SA nh.PA/

as above.

Finally, we consider the case k D 0, when the entire boundary consists of spheres, each of which
has the trivial foliation with two elliptic points. Suppose first that j@M j > 1. Since the topology of
the page remains constant for all t , the page is connected and the unique component of PA satisfies
j@PAj \ j@.SA nPA/j D j@M j> 1.

Now we prove Proposition 8.4, the claim that any foliated open book may be positively stabilized to be
sorted.

Proof of Proposition 8.4 Recall from Section 5.3 that each sorting arc 
˙
k

on Si can be understood as
the intersection between the page Si and the (un)stable submanifold of the critical point h˙

k
with respect

to a preferred gradient. If these arcs are disjoint, then the foliated open book is sorted by definition. On
the other hand, when the stable and unstable submanifolds of two critical points intersect, then these arcs
might become disconnected on the pages. In the following, we will consider sorting arcs in a nonsorted
foliated open book only on the pages where these arcs are still connected.

Given an abstract foliated open book .fSig; h/ for a three-manifold M with foliated boundary, we will
show that it admits a sorted stabilization .fS 0ig; h

0; f
˙
0

k
g/.

Let j be the least index such that the sorting arcs are not disjoint on Sj . Then 
Cj intersects one or more

� arcs; let k denote the largest index such that 
�

k
\ 
Cj ¤∅. We will define a stabilization at Sj to

remove this intersection; the process will introduce no new intersections, so inductively, it suffices to
prove the proposition.

As in the definition of abstract stabilization, choose an arc 
 on Sj that connects to B near the endpoints
of 
Cj , follows ˛t to the endpoints of 
Cj , and then runs parallel to 
Cj except for one intersection in
the interior of 
Cj . The hypotheses on rz� ensure that 
 is disjoint from all sorting arcs while it runs
along ˛t , and it intersects 
Cj exactly once. See the first picture of Figure 21.

Now perform the stabilization along 
 . Consequently, 
�i undergoes a right-handed Dehn twist for each
i < j , removing the targeted intersection point. Note that this may remove other intersection points,
as well, but it cannot introduce new intersections between sorting arcs, so it may be repeated until the
foliated open book is sorted.
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Figure 21: Stabilizing the abstract foliated open book along 
 removes intersections between
sorting arcs.

8.4 Preservation of the contact structure

In this section we prove that the operations turning partial to foliated open books and vice versa preserve
the contactomorphism-type of the associated contact structures.

Proposition 8.10 Suppose that the partial open book P D .S;P; h/ is sufficiently stabilized and let
A.P/D .fSP

i g; h
P// denote an induced foliated open book. Then .M.P/; �.P// is contactomorphic to

.M.A.P//; �.A.P//.

As partial open books only define contact structures up to contactomorphism and gluing “I–invariant”
contact structures to the boundary, this statement is as strong as it could be with the given definitions.

We first prove the converse, which reads as follows:

Proposition 8.11 Suppose that the foliated open book A D .fSig; h/ is sufficiently stabilized and let
P.A/D .SA;PA; hA/ denote the associated partial open book. Then .M.A/; �.A// is contactomorphic
to .M.P.A//; �.P.A//.

Proof We start by cutting each of the contact manifolds .M.A/; �.A//, .M.P.A//; �.P.A/// into a
pair of cornered handlebodies which have convex boundary and isotopic dividing sets after smoothing.
The contact structures supported by the foliated and partial open books, respectively, restrict to each
handlebody as the unique tight contact structure compatible with this decoration, so it suffices to show
that the smoothed handlebodies coming from each structure have matching dividing curves.

For .SA;PA; hA/, we consider the handlebody SA �
�
�

3
4
;�1

4

�
and its complement in M.P.A//,�

SA
�
�
�

1
4
; 0
��
[ .PA

� Œ0; 1�//[
�
S �

�
�1;�3

4

��
=�:

Just as in the proof of Theorem 7.1 we may embed each of these inside the product S 0 � I, one of
the handlebodies used to construct the open book for an associated closed manifold. The tight contact
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Figure 22: Smoothing the handlebodies in .SA;PA; hA/.

structure on this restricts to a tight contact structure on each of our handlebodies, and we examine the
induced dividing curves, applying standard disc decomposition arguments to show that there is a unique
tight restriction.

Near the binding, we proceed exactly as in Proposition 7.3. Smoothing the edges @SA �
˚
�

3
4

	
or

@SA �
˚
�

1
4

	
creates a right-turning dividing curve; see the final image in Figure 18. However, when

smoothing .@PA � f0g/\ .SA � f0g/ or .@PA � f1g/\ .SA � f�1g/, the dividing curve turns left. See
Figure 22.

In the case of the foliated open book .fSig; h/, we choose the two handlebodies to be the sorted "H1�"ŠM

and a product 1�"H" D S0 � I. Recall that "H1�" was studied in Proposition 7.4 (as M ), and we can
construct the dividing set on @."H1�"/ as in the proof of Proposition 7.3. Comparing the result to
Figure 22, one sees that the resulting dividing sets are isotopic to the dividing set on "H1�", as desired.
In the case of each of the product handlebodies, the standard proof applies.

Proof of Proposition 8.10 Recall from the discussion after Lemma 8.2 that if we start with a sufficiently
stabilized partial open book P and construct the foliated open book A.P/D .fSP

i g; h
P/, we can choose the

cutting arcs and their order so that the foliated open book is automatically sorted at SP
0

. The construction
of Section 8.2 then recovers the partial open book P without further stabilization, so the result follows
from Proposition 8.11.

8.5 Existence of foliated open books

In this subsection we continue working with the notation established in Section 5.3. Beginning with a
sufficiently sorted Morse foliated open book, recall that the subsurfaces St nRt are diffeomorphic for all t

and that the associated partial open book is defined by considering R0 � S0 D SA.
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hCj

RC S1 R�

QC

NC.IC/

Figure 23: R˙t � St may be isotoped through M to Q˙t � @M (blue) and connected by twisted
bands (red).

In fact, all of the Rt can be read off from Fz� :

Lemma 8.12 For a sufficiently stabilized Morse foliated open book MD .B; �;Fz� ;rz�/, the diffeo-
morphism type of the subsurfaces Rt depends only on Fz� .

The proof of this lemma is essentially a generalization of Lemma 8.8:

Proof Fix a regular time t . Since rz� is preferred, each leaf I of z��1.t/ contains disjoint subintervals
I˙ � I such that e˙ 2 I˙ and I \ 
˙

k
� I˙. Define the subsets R˙t of Rt by

RCt DN

�[
eC

IC[
[

z�.hj /2Œt;1�


Cj

�
and R�t DN

�[
e�

I�[
[

z�.hj /2Œ0;t �


�j

�
:

Thus Rt n .R
C
t [R�t / is just a union of strips SI DN.I n .IC[ I�//.

As a next step we will push these subsets R˙t to the boundary of M. Let hj be an index 2 critical point
with z�.hj /D t�j 2 Œt; 1�. Then W s.hj /��

�1Œ0; t�j � is a cornered disc with boundary 
Cj [w
s.hj /

0, where
again ws.hj /

0 denotes the stable manifold of hj with respect to rz� on z��1Œ0; t�j �. (This employs the same
slight abuse of notation as in Section 5.3.) Then we can isotope 
Cj through W s.hj / to ws.hj /

0. In the
neighborhood of @M we can “turn up” the half-neighborhood of IC in Si into an upper half-neighborhood
NC.IC/� z�

�1Œt; t C "�, keeping the corners. These two isotopies combine to an isotopy of RCt into

QCt D
[
eC

NC.IC/[
[

z�.hC/2Œt;1�

N.ws.hC/
0/:

Observe that the orientation of QCt agrees with the orientation of @M. Similarly, we can push R�t into

Q�t D
[
e�

N�.I�/[
[

z�.h�/2Œ0;t �

N.wu.h�/
0/;

where N�.I�/ is a lower half-neighborhood of I� in z��1Œt � "; t �. The orientation of Q�t is opposite to
the orientation of @M.

To recover the surface Rt , we must isotope the strips SI to connect Q˙t . This can be done via a twist
that keeps z��1.t/\ SI fixed. See Figure 23. This construction allows us to reconstruct Rt from the
foliation Fz� , proving the statement.

For the critical values, Rt� is the degenerate surface between Rt��" and Rt�C".
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Recall that the union of the Rt in M, denoted by R, is a r�–invariant neighborhood of the union
of @M n.B � I/ and the stable and unstable critical submanifolds. Since each critical submanifold is
a cornered disc with half its boundary on @M, the submanifold R can be compressed inside M to a
neighborhood of @M and Rt \ @M recovers the foliation Fz� cut open at t D 0. As usual, we choose
regular times separating the critical points 0D t0 < t�

1
< � � � < t�

2k
< t2k D 1, and we write Ri D Rti

.
Then up to diffeomorphism, the set fRig contains all the information about R and Rt . In fact, this is the
data needed to describe a partial foliated open book, which is an amalgamated foliated and partial open
book; we examine these objects and their applications in a future paper [25].

As motivation for the following, imagine trying to recover M.A/ from M.P.A//, where P.A/ is the
partial open book associated to the sufficiently stabilized A. We will try to mimic the gluing required
for this, but in the case of a partial open book not necessarily obtained from a foliated open book. More
precisely, we will describe how to glue R along @R n @M to the boundary3 of S � Œ�1; 0�[P � Œ0; 1�=�

for some partial open book .S;P; h/ while respecting the foliations coming from Rt and P � ftg. To
move forward, we examine a further property of the original gluing which will be a key to the general case.

The dividing curve �.P.A// on .M.P/; �.P/; �.P// is obtained as .@SA n @PA/[ .@PA n @SA/. Thus
@SA n @PA intersects each component �i of � in j�i \ z�

�1.0/j intervals. The next lemma ensures that
we may prescribe these intersections for a partial open book.

Lemma 8.13 Let .M; �;F�/ be a contact manifold and assume that F� is strongly topologically conjugate
to an open book foliation Fz� without circle leaves. Then there is a partial open book .S;P; h/ supporting
� so that @S n @P intersects each component �i of � in j�i \ z�

�1.0/j intervals.

The proof of this lemma is a strengthening of the proof of Lemma 8.9.

Proof Recall from [14, Theorem 1.1] that the construction of a partial open book requires a polygonal
decomposition K0 of @M, where K0 is a Legendrian graph and the boundary of each two-cell of @M nK0

intersects� in exactly two points. Any such decomposition (with some additional choices explained in [14])
gives a partial open book decomposition for .M; �; �/ in which @S n @P intersects each component �i

of � in j�i \K0j intervals.

Define K0 D GCC[G��[ z�
�1.0/. Then we clearly have j�i \K0j=j�i \ z�

�1.0/j. So we need only
verify that K0 is the one-skeleton of a polygonal decomposition. For this we need each component of
@M nK0 to be a disc whose boundary intersects � in two points.

Since the graph G˙˙ is the spine of R˙, the components of R˙ nG˙˙ are all annuli. And as each
component of � intersects z��1.0/, the components of R˙ n .G˙˙[ z�

�1.0// are rectangles D˙ with a

3Here, and in the rest of the paper, we construct the manifold from the data of a partial open book using the equivalences
.x; 1/� .h.x/;�1/ and .x; t/� .x; t 0/ for x 2 @S and t; t 0 2 Œ�1; 0�. This yields a manifold diffeomorphic to the one formed by
further collapsing @P n @S � Œ0; 1� to a collection of intervals.
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pair of opposite sides in z��1.0/ and the other two sides in � and G˙˙. The domains of @M nK0 are
obtained by gluing together two such rectangles DC and D� along their common boundary in � . This
gives a polygonal domain D intersecting � in two points, as required.

Now we are ready to prove the existence result stated as Theorem 3.12.

Proof of Theorem 3.12 Let � be the dividing curve for F� and Fz� . By Section 8.5, we can find a
partial open book P D .S;P; h/ for .M; �; �/ so that in the identification � D .@S n @P /[ .@P n @S/,
�i intersects @P n @S in exactly jz��1.0/\�i j intervals.

Construct as above the surfaces Ri for Fz� . Define

zSP
i D P [@Pn@S$[@Rinz��1.ti /

Ri ;

where the identification of @P n @S with @Ri n z�
�1.ti/ respects the components of �i .

To define the map zhP W zSP
0
! zSP

2k
we have to move between the different identifications of zSP

0
and zSP

2k
:

zSP
0 D P [R0 Š P [RC Š P [ .S nP /D S;

zSP
2k D P [R2k Š P [R� Š h.P /[ .S n h.P //D S:

Under these identifications, zhP jP WD h W P ,! S . Similarly, zhP jR0
is defined as the embedding into S

after we identify R0 with R�.

Since Ri is obtained from Ri�1 by cutting or gluing, and since the rest of zSP
i and zSP

i nRi D P are
unchanged, the tuple zA.P/D .f zSP

i g;
zhP/ defines a foliated open book.

Notice that zA.P/ D .f zSP
i g;
zhP/ is sufficiently stabilized and the partial open book associated to it is

exactly P . This means that the contact three-manifold supported by zA.P/ is contactomorphic to M.P/.
Furthermore, the foliation on @M. zA.P// comes from Ri , so F�. zA.P// is strongly topologically conjugate
to Fz� . There is thus a contactomorphism between M and M. zA.P//, and the image of the abstract
foliated open book defines an embedded foliated open book on .M; �;F�/, as required.

8.6 Proof of Giroux Correspondence

The results in this section so far have described a sequence of modifications that may be made to partial
and foliated open books via stabilization. Here, we apply these to prove the Giroux Correspondence for
foliated open books, which appeared earlier as Theorem 6.9.

Proof of Theorem 6.9 Suppose that AD .fSig; h/ and A0D .fS 0ig; h
0// are abstract foliated open books

for the same .M; �;F�/. We may assume that each is sufficiently stabilized and that it is possible to
define the corresponding partial open books P.A/D .SA;PA; hA/ and P.A0/D .SA0 ;PA0 ; hA0/. As
described in the previous section, we can recover the original abstract foliated open books A and A0 from
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the partial open books by gluing the Ri determined by the foliation to the pages. Recall that this gluing
is associated to an identification of @PA� n@SA� with @Ri n z�

�1.ti/. This determines an identification of
@PA n @SA with @PA0 n @SA0, which we will keep in mind as we proceed.

Using [10], the partial open books P.A/ and P.A0/may be constructed from a Legendrian one-skeleton K

and K0 as described in [14]. These graphs intersect @M on � , and the intersections K�\� are related to
@PA� n @SA�, respectively. Using the identification in the previous section, fix an identification of the
endpoints of K and K0 and assume that in a small neighborhood N.@M /Š @M �I, the graphs K and K0

are each of the form
S
.pj � I/ for some pj 2 � . Now apply the argument of [14] to find a common

refinement of the Legendrian graph, with the modification that K and K0 already agree near N.@M /.
This yields a common stabilization of the two partial open books while preserving the Legendrian graphs
in N.@M /. This ensures that @P n @S is constant during the process, so at each stage we can define the
corresponding abstract foliated open book by gluing Ri . Since all the added edges were internal, they
may be realized as stabilizations of the foliated open books.

Notice that in the above argument all foliated open books were obtained from partial open books, and
thus were automatically sorted. Consequently, we get a stronger Giroux Correspondence:

Theorem 8.14 (Giroux Correspondence for sorted foliated open books) Any pair of sorted foliated
open books supporting .M; �;F�/ are isotopic after a sequence of positive stabilizations. Moreover , each
of the intermediate foliated open books in this sequence is sorted.
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Algebraic and Giroux torsion in higher-dimensional contact manifolds

AGUSTIN MORENO

We construct examples in any odd dimension of contact manifolds with finite and nonzero algebraic
torsion (in the sense of Latschev and Wendl (2011)), which are therefore tight and do not admit strong
symplectic fillings. We prove that Giroux torsion implies algebraic 1–torsion in any odd dimension, which
proves a conjecture of Massot, Niederkrüger and Wendl (2013). These results are part of the author’s PhD
thesis.

53D42, 57R17

1 Introduction

In this paper, and its followup [Moreno 2022], we address the general problem of constructing “interesting”
examples of higher-dimensional contact manifolds, and developing techniques in order to compute SFT-
type holomorphic curve invariants.

We will construct examples of contact manifolds in every odd dimension, presenting a geometric structure
which is a higher-dimensional version of that of a spinal open book decomposition or SOBD, as defined
in [Lisi et al. 2018] in dimension 3. The type of SOBD present in our examples, which one could call
partially planar, mimics the notion of planar m–torsion domains as defined in [Wendl 2013]. We exhibit
a detailed construction of an isotopy class of contact forms, which is “supported” by the SOBD, so that
one may view these contact forms as “Giroux” forms. We will estimate the algebraic torsion of these
examples, which we show is finite, and, in certain cases, nonzero. In those cases, the contact manifolds
are tight and admit no strong symplectic fillings.

We will also relate algebraic torsion with a geometric condition, Giroux torsion. While this is a classical
notion in dimension 3, the higher-dimensional version was introduced by Massot, Niederkrüger and
Wendl [Massot et al. 2013]. We will show that the geometric presence of certain torsion domains inside a
contact manifold can be detected algebraically by SFT. More concretely, Giroux torsion implies algebraic
1–torsion in any odd dimension. This proves a conjecture in [Massot et al. 2013].

The proof of this result is carried out by interpreting the Giroux torsion domains as being supported by
a suitable SOBD, which we call a Giroux SOBD, for which we give a notion of a “Giroux form”. The
result follows by adapting our computations for the above partially planar model contact manifolds.
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Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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On the invariant The invariant we will use, algebraic torsion, was defined in [Latschev and Wendl
2011], and is a contact invariant taking values in Z�0[f1g. It was introduced, using the machinery of
symplectic field theory, as a quantitative way of measuring nonfillability.

The key fact about this invariant is that it behaves well under exact symplectic cobordisms, which implies
that the concave end inherits any order of algebraic torsion that the convex end has. Thus, algebraic torsion
may be also thought of as an obstruction to the existence of exact symplectic cobordisms. In particular,
it serves as an obstruction to symplectic fillability. Moreover, there are connections to dynamics: any
contact manifold with finite torsion satisfies the Weinstein conjecture (ie there exist closed Reeb orbits
for every contact form).

One should mention that there are other notions of algebraic torsion in the literature which do not use
SFT, but which are only 3–dimensional (see [Kutluhan et al. 2015] for the version using Heegaard Floer
homology, or the appendix in [Latschev and Wendl 2011] by Hutchings, using ECH).

Statement of results For the SFT setup, we follow [Latschev and Wendl 2011], where we refer the
reader for more details. We will take the SFT of a contact manifold .M; �/ (with coefficients) to be
the homology H SFT

� .M; �IR/ of a Z2–graded unital BV1–algebra .AŒŒ„��;DSFT/ over the group ring
RR WDRŒH2.M IR/=R�, for some linear subspace R�H2.M IR/. Here, ADA.�/ has generators q


for each good closed Reeb orbit 
 with respect to some nondegenerate contact form � for � , „ is an even
variable, and the operator

DSFT WAŒŒ„��!AŒŒ„��

is defined by counting rigid solutions to a suitable abstract perturbation of a J–holomorphic curve equation
in the symplectization of .M; �/. It satisfies

� DSFT is odd and squares to zero,

� DSFT.1/D 0, and

� DSFT D
P

k�1 Dk„
k�1,

where Dk WA!A is a differential operator of order � k, given by

Dk D

X
�C;��;g;d

j�CjCgDk

ng.�
C; ��; d/

C.��; �C/
q
�

1
� � � q
�s� zd @

@q


C

1

� � �
@

@q


C

sC

:

The sum ranges over all nonnegative integers g � 0, homology classes d 2H2.M IR/=R and ordered
(possibly empty) collections of good closed Reeb orbits �˙D .
˙

1
; : : : ; 
˙

s˙
/ such that sCCgD k. After

a choice of spanning surfaces as in [Eliashberg et al. 2000, page 566; see also page 651], the projection
to M of each finite-energy holomorphic curve u can be capped off to a 2–cycle in M , and so it gives
rise to a homology class Œu� 2 H2.M /, which we project to define Œu� 2 H2.M IR/=R. The number
ng.�

C; ��; d/2Q denotes the count of (suitably perturbed) holomorphic curves of genus g with positive
asymptotics �C and negative asymptotics �� in the homology class d , including asymptotic markers
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as explained in [Eliashberg et al. 2000], or [Wendl 2016], and including rational weights arising from
automorphisms. C.��; �C/ 2N is a combinatorial factor defined as C.��; �C/D s�!sC!�
�

1
� � � �
�s� ,

where �
 denotes the covering multiplicity of the Reeb orbit 
 .

The most important special cases for our choice of linear subspace R are RDH2.M IR/ and RD f0g,
called the untwisted and fully twisted cases respectively, and RD ker� with � a closed 2–form on M .
We shall abbreviate the latter case as H SFT

� .M; �I�/ WD H SFT
� .M; �I ker�/, and the untwisted case

simply by H SFT
� .M; �/ WDH SFT

� .M; �IH2.M IR//.

Definition 1.1 Let .M; �/ be a closed manifold of dimension 2nC 1 with a positive, cooriented contact
structure. For any integer k � 0, we say that .M; �/ has �–twisted algebraic torsion of order k (or
�–twisted k–torsion) if Œ„k �D 0 in H SFT

� .M; �I�/. If this is true for all �, or equivalently, if Œ„k �D 0

in H SFT
� .M; �I f0g/, then we say that .M; �/ has fully twisted algebraic k–torsion.

We will refer to untwisted k–torsion to the case �D 0, in which case RR DR and we do not keep track
of homology classes. Whenever we refer to torsion without mention to coefficients we will mean the
untwisted version. We will say that, if a contact manifold has algebraic 0–torsion for every choice of
coefficient ring, then it is algebraically overtwisted, which is equivalent to the vanishing of the SFT, or
its contact homology. By definition, k–torsion implies .kC1/–torsion, so we may define its algebraic
torsion to be

AT.M; �IR/ WDminfk � 0 W Œ„k �D 0g 2 Z�0
[f1g;

where we set min∅D1. We denote it by AT.M; �/, in the untwisted case.

This construction is well behaved under symplectic cobordisms. Any exact symplectic cobordism
.X; !D d˛/ with positive end .MC; �C/ and negative end .M�; ��/ gives rise to a natural RŒŒ„��–module
morphism on the untwisted SFT,

ˆX WH
SFT
� .MC; �C/!H SFT

� .M�; ��/;

a cobordism map. This implies that if .MC; �C/ has k–torsion, then so does .M�; ��/. There is also a
version with coefficients for the case of nonexact cobordisms and fillings [Latschev and Wendl 2011,
Proposition 2.4].

Examples of 3–dimensional contact manifolds with any given order of torsion k � 1, but not k � 2,
were constructed in [Latschev and Wendl 2011]. The underlying manifold is the product manifold
Mg WD S1 �†, for † a surface of genus g which is divided into two pieces †C and †� along some
dividing set of simple closed curves � of cardinality k, where the latter has genus 0, and the former
has genus g� kC 1. The contact structure �k is S1–invariant and may be obtained, for instance, by a
construction originally due to Lutz [1977]. Its isotopy class is characterized by the fact that every section
fptg �† is a convex surface with dividing set � . The behavior of algebraic torsion under cobordisms
then implies that there is no exact symplectic cobordisms having .Mg; �k/ and .Mg0 ; �k0/ as convex and
concave ends, respectively, if k < k 0.
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The existence of the analogue higher-dimensional contact manifolds was conjectured in [Latschev and
Wendl 2011]. We will consider a modified version of their examples. The modification we do here
consists in taking the S1–factor and replacing it by a closed .2n�1/–manifold Y , having the special
property that Y � I admits the structure of a Liouville domain (here, I denotes the interval Œ�1; 1�). This
means that it comes with an exact symplectic form d˛, and has disconnected contact-type boundary
@.Y � I; d˛/D .Y�; �� D ker˛�/t .YC; �C D ker˛C/, where Y˙ coincide with Y as manifolds, but
.Y˙; �˙/ are not necessarily contactomorphic to each other. In fact, Y˙ have different orientations, and so
they might not even be homeomorphic to each other (not every manifold admits an orientation-reversing
homeomorphism). A Liouville domain of the form .Y �I; d˛/ is what we will call a cylindrical Liouville
semifilling (or simply a cylindrical semifilling). Their existence in every odd dimension was established in
[Massot et al. 2013]. We immediately see that this generalizes the previous 3–dimensional example, since
S1 admits the Liouville pair ˛˙ D˙d� , which means that the 1–form e�s˛�C es˛C is Liouville in
S1 �R. We prove that the manifold Y �† indeed achieves .k�1/–torsion (Theorem 1.2), for a suitable
contact structure which we now describe.

First, for once and for good, we will fix the following notation:

Notation Throughout this paper, the symbol I will be reserved for the interval Œ�1; 1�.

We can adapt the construction of the contact structures in [Latschev and Wendl 2011] to our models. The
starting idea is to decompose the manifold M DMg D Y �† into three pieces

Mg DMY [M˙
P ;

where MY D
Fk

Y � I �S1, and M˙
P
D Y �†˙ (see Figure 1). We have natural fibrations

�Y WMY ! Y � I; �˙P WM
˙
P ! Y˙;

with fibers S1 and †˙, respectively, and they are compatible in the sense that

@..�˙P /
�1.pt//D

kG
��1

Y .pt/:

While �Y has a Liouville domain as base, and a contact manifold as fiber, the situation is reversed
for �˙

P
, which has contact base, and Liouville fibers. This is a prototypical example of a spinal open

book decomposition, or SOBD. While we will not give a general definition of such a notion, we refer the
reader to [Moreno 2018] for a tentative one.

Using this decomposition, we can construct a contact structure �k which is a small perturbation of the
stable Hamiltonian structure (SHS) �˙ ˚ T†˙ along M˙

P
, and is a contactization for the Liouville

domain .Y � I; � d˛/ along MY , for some small � > 0. This means that it coincides with ker.�˛C d�/,
where � is the S1–coordinate. We will do this in detail in Section 2.

For the contact manifolds .Mg; �k/, we can bound their algebraic torsion. First, recall that a contact
structure is hypertight if it admits a contact form without contractible Reeb orbits (which we call a
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Y � M�
P

MY

MY

MY

k MC

P

Figure 1: The SOBD structure in M .

hypertight contact form). In particular, there are no holomorphic disks in their symplectization, which
implies that there is no 0–torsion. By a well-known theorem of Hofer and its generalization to higher
dimensions by Albers and Hofer (in combination with [Borman et al. 2015]), hypertight contact manifolds
are tight.

Theorem 1.2 For any k � 1, and g � k, the .2nC1/–dimensional contact manifolds .Mg D Y �†; �k/

satisfy AT.Mg; �k/� k � 1. Moreover , if .Y; ˛˙/ are hypertight , and k � 2, the corresponding contact
manifold .Mg; �k/ is also hypertight. In particular , AT.Mg; �k/ > 0, and it is tight.

In fact, the examples of Theorem 1.2 admit �–twisted .k�1/–torsion, for � defining a cohomology class
in O WDAnn

�L
k H1.Y IR/˝H1.S

1IR/
�
, the annihilator of

L
k H1.Y IR/˝H1.S

1IR/�H2.MgIR/.
Here, we take the homology of the subregion

Fk
Y � f0g �S1, lying along the region MY where †˙

glue together. Using [Latschev and Wendl 2011, Proposition 2.4], we obtain:

Corollary 1.3 The examples of Theorem 1.2 do not admit weak fillings .W; !/ for which Œ!jMg
� is

rational and lies in O. In particular , they are not strongly fillable.

Remark 1.4 � By a result of Mitsumatsu [1995], any 3–manifold Y which admits a smooth Anosov
flow preserving a smooth volume form satisfies that Y � I can be enriched with a cylindrical
Liouville semifilling structure. Therefore any of these 3–manifolds can be used in the construction
of 5–dimensional contact models with AT� k � 1, for any k � 1.

� The examples of Liouville cylindrical semifillings of [Massot et al. 2013] satisfy the hypertightness
condition. Then we have a doubly infinite family of contact manifolds with 0<AT.Mg; �k/�k�1,
in any dimension. These are then an instance of higher-dimensional tight but not strongly fillable
contact manifolds, since they have nonzero and finite algebraic torsion. For k D 2, this precisely
computes the algebraic torsion.

Massot et al. [2013] defined a generalized higher-dimensional version of the notion of Giroux torsion. This
notion is defined as follows. Consider .Y; ˛C; ˛�/ a Liouville pair on a closed manifold Y 2n�1, which
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means that the 1–form ˇD 1
2
.es˛CCe�s˛�/ is Liouville in R�Y . Consider also the Giroux 2�–torsion

domain modeled on .Y; ˛C; ˛�/ given by the contact manifold .GT; �GT/ WD .Y � Œ0; 2���S1; ker�GT/,
where

(1) �GT D
1
2
.1C cos.r//˛CC 1

2
.1� cos.r//˛�C sin.r/ d�

and the coordinates are .r; �/ 2 Œ0; 2���S1. Say that a contact manifold .M 2nC1; �/ has Giroux torsion
whenever it admits a contact embedding of .GT; �GT/. In this situation, denote by O.GT/�H 2.M IR/

the annihilator of RGT WDH1.Y IR/˝H1.S
1IR/, viewed as a subspace of H2.M IR/. The following

was conjectured in [Massot et al. 2013] (cf [Juhász and Kang 2018]):

Theorem 1.5 If a contact manifold .M 2nC1; �/ has Giroux torsion , then it has �–twisted algebraic
1–torsion , for every Œ�� 2 O.GT/, where GT is a Giroux 2�–torsion domain embedded in M .

The proof uses the same techniques as Theorem 1.2, and the main idea is to interpret Giroux torsion
domains in terms of a specially simple kind of SOBD, which we call Giroux SOBD.

A natural corollary is the following:

Corollary 1.6 If a contact manifold .M 2nC1; �/ has Giroux torsion , then it does not admit weak fillings
.W; !/ with Œ!jM � 2 O.GT/ and rational , where GT is a Giroux 2�–torsion domain embedded in M . In
particular , it is not strongly fillable.

This is essentially [Massot et al. 2013, Corollary 8.2], which was obtained with different methods. Observe
that if RGT D 0 then .M; �/ does not admit weak fillings at all. This is in fact the condition used in
[Massot et al. 2013] to obstruct weak fillability.

Disclaimer 1.7 Since the statements of our results make use of machinery from symplectic field theory,
they come with the standard disclaimer that they assume that its analytic foundations are in place. They
depend on the abstract perturbation scheme promised by the polyfold theory of Hofer, Wysocki and
Zehnder. We shall assume that it is possible to achieve transversality by introducing an arbitrarily small
abstract perturbation to the Cauchy–Riemann equation, and that the analogue of the SFT compactness
theorem still holds as the perturbation is turned off. However, we have taken special care in that the
approach taken not only provides results that will be fully rigorous after the polyfold machinery is
complete, but also gives several direct results that are already rigorous.
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Liouville semifilling, for which the central slice (r D 0) is invariant. One may informally think
of such a Liouville domain as being obtained by gluing two negative symplectizations along a
“noncontact hypersurface”.
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The main construction is dealt with in Section 2. We show uniqueness (Theorem 2.10) in Section 2.6.
Theorem 1.2 is proved in Section 2.8.

The proof of Theorem 1.5 is dealt with in Section 3, which is basically a reformulation of the previous
sections, with the key input being an adaptation of the uniqueness Theorem 2.10.

2 Algebraic torsion computations

2.1 Construction of the model contact manifolds

In this section, we construct the contact manifolds M of Theorem 1.2, making use of the “double
completion” construction, originally appearing in [Lisi et al. 2018].

Let Y be a closed .2n�1/–manifold such that .Y �I; d˛/ is a Liouville domain, for some exact symplectic
form d˛ 2�2.Y � I/. See Figure 2. We assume that ˛ D f˛r gr2I is a 1–parameter family of 1–forms
in Y . We write the symplectic form as

d˛ D d˛r C dr ^
@˛r

@r
:
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The Liouville vector field V , defined to be d˛–dual to ˛, points outwards at each boundary component,
and hence, using its flow, we can choose our coordinate r 2 I so that V agrees with ˙@r near the
boundary @.Y �I/D Y �f˙1g DW Y˙. Therefore, ˛D e˙r�1˛˙ on Y � Œ�1;�1Cı/ and Y � .1�ı; 1�,
respectively, for some small ı > 0. Then Y˙ carries a contact structure �˙ D ker˛˙, where ˛˙ D
iV d˛jT .Y˙/ D ˛jT .Y˙/. Let Yr WD Y � frg, �r D ker˛r , and we assume throughout that ˛r is a contact
form for every r ¤ 0. Let Rr be the associated Reeb vector field, which satisfies Rr D e1�r R˙ in the
respective components of fjr j> 1� ıg, where R˙ is the Reeb vector field of ˛˙ D ˛˙1. We shall make
the convention that whenever we deal with equations involving ˙’s and �’s, one has to interpret them as
to having a different sign according to the region (the “upper” sign denotes the “plus” region, and the
“lower”, the “minus” region).

Let M 2nC1 D Y �†, where † is the orientable genus g surface obtained by gluing a connected genus 0

surface with k boundary components †�, to a connected genus g� kC 1> 0 surface with k boundary
components †C along the boundary, by an orientation-preserving map. The surface † then inherits the
orientation of†�, which is opposite to the one in†C. On each boundary component of @†˙, choose collar
neighborhoods N.@†˙/D .�ı; 0��S1 (for the same ı as before), and coordinates .t˙; �˙/ 2 N.@†˙/

such that @†˙ D ft˙ D 0g.

We will consider †� and †C to be attached at each of the k boundary components by a cylinder I �S1,
so that M at this region is the disjoint union of k copies of Y � I �S1, with the Y � I identified with
the Liouville domain above. We write the points of M here as .y; r; �/, where the � 2 S1 coordinate
can be chosen to coincide with �˙ where the gluing takes place. We shall therefore drop the subscript ˙
when talking about the � coordinate. Denote also

N.�Y / WD Y � Œ�1;�1C ı/�S1; N.Y / WD Y � .1� ı; 1��S1;

in the above identification.

We have
M DMY [M˙

P ;

where MY D
Fk

Y � I �S1 is a region gluing M˙
P
D Y˙ �†˙ together (recall Figure 1). We shall

refer to them as the spine or cylindrical region, and the positive/negative paper, respectively. We have
fibrations

�Y WMY ! Y � I; �˙P WM
˙
P ! Y˙;

with fibers S1 and †˙, respectively, and hence can be given the structure of an SOBD (see [Moreno
2018] for a definition).

We now construct an open manifold containing M as a contact-type hypersurface. Denote by †1
˙

the
open manifolds obtained from †˙ by attaching cylindrical ends of the form .�ı;C1/� S1 at each
boundary component, where the subset .�ı; 0�� S1 coincides with the collar neighborhoods chosen
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above. The coordinates t˙ and � extend to these ends in the obvious way, and we shall refer to the
cylindrical ends as N.@†1

˙
/. We also consider the cylinder R�S1 obtained by enlarging the cylindrical

region I �S1 we had above. Denote then

M
˙;1
P

D Y �†1˙ ; N1.�Y /D Y � .�1;�1C ı/�S1;

M1
Y D Y �R�S1; N1.Y /D Y � .1� ı;C1/�S1;

and define the double completion of E to be

E1;1 D ..�1;�1C ı/�M
�;1
P

/t ..1� ı;C1/�M
C;1
P

/t ..�ı;C1/�M1
Y =�/;

where we identify .r;y; t�; �/2 .�1;�1Cı/�Y �N.@†1� / with .t;y; r; �/2 .�ı;C1/�N1.�Y / if
and only if t D t�, and .r;y; tC; �/ 2 .1�ı;C1/�Y �N.@†1C / with .t;y; r; �/ 2 .�ı;C1/�N1.Y /

if and only if t D tC (see Figure 4). By definition, the t coordinate coincides with the t˙ coordinates,
where these are defined, so we shall again drop the ˙ subscripts from the variables t˙. Note also that the
r coordinate is globally defined, whereas t is not. Denote them by E1;1.t/ the region of E1;1 where
the coordinate t is defined.

Choose now �˙ to be Liouville forms on the Liouville domains †1
˙

, such that �˙ D et d� on N.@†1
˙
/.

This last expression makes sense in the region of E1;1 where both � and t are defined, and where
they are not, the form �˙ makes sense. So this yields a globally defined 1–form � 2�1.E1;1/ which
coincides with �˙ where these are defined. Also, the same argument works for ˛, so we get a global
˛ 2�1.E1;1/.

For K� 0 a big constant, � > 0 a small one, and L� 1, choose a smooth function

� D �L
�;K WR!RC

satisfying

� � �K on R n Œ�L;L�;

� � � � on Œ�LC ı;L� ı�;

� � 0.r/ < 0, for r 2 .�L;�LC ı/ and � 0.r/ > 0 for r 2 .L� ı;L/.

The 1–form �˛ is Liouville on Y �R. Indeed, if dvol is a positive volume form in Y with respect to the
˛�–orientation, we may write

d˛n
D dvol^ dr; ˛r ^ d˛n�1

r D link.˛r / dvol;

where the last equation defines a self-linking function r 7! link.˛r /, whose sign is opposite to that of
r 2R. Then

d.�˛/n D �n�1.� � n� 0 link.˛r // dvol^ dr:

Tracking the signs, one checks that the above expression is positive.
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The associated Liouville vector field is

(2) V� WD
�

� C � 0 dr.V /
V D

8<:
V on .R n .�L;L//[ Œ�LC ı;L� ı�;

.�=.� C � 0//@r on .L� ı;L/;
�.�=.� � � 0//@r on .�L;�LC ı/:

Observe that V� is everywhere positively colinear with V .

After extending the form �˛ to E1;1 in the natural way, one checks that

�� WD �
L
� WD �˛C�

is a Liouville form on E1;1. Denote

!� WD !
L
� WD d�� D �

0 dr ^˛C � d˛C d�;

which is symplectic. Denote by X� the associated Liouville vector field.

If X˙ denotes the Liouville vector field on†1
˙

which is d�˙–dual to �˙, coinciding with @t in N.@†1
˙
/,

we can define a smooth vector field on E1;1 by

(3) X D

8<:
XC on fr > 1� ıg;

X� on fr < �1C ıg;

@t on fjr j< 1g:

Then
X� DX CV� :

Denote
EL;Q

DE1;1=.fjr j>Lg[ ft >Qg/

for Q� 0 and L� 1. We have its “horizontal” and “vertical” boundaries

zM
L;Q
Y
WD @hEL;Q

WD ft DQg\ fr 2 Œ�L;L�g; zM
L;Q
P
WD @vE

L;Q
WD zM

�;L;Q
P

t zM
C;L;Q
P

;

where
zM
�;L;Q
P

WD fr D�Lg\ ft �Qg; zM
C;L;Q
P

WD fr DLg\ ft �Qg:

The manifold
zM L;Q

WD @EL;Q
WD @hEL;Q

[ @vE
L;Q

is then a manifold with corners

@hEL;Q
\ @vE

L;Q
D fjr j DLg\ ft DQg:

One has
X� D˙

�

� ˙ � 0
@r C @t

in the corresponding components of the region fjr j > L� ıg \ ft � �ıg. This means that X� will be
transverse to the smoothening of @EL;Q that we shall now construct.
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Figure 3: The paths � 7! .F˙.�/;G˙.�//.

Choose smooth functions F˙;G˙ W .�ı; ı/! .�ı; 0� such that

.FC.�/;GC.�//D .�; 0/ and .F�.�/;G�.�//D .0; �/ for � � �ı=3;

G0C.�/ < 0 and F 0�.�/ > 0 for � > �ı=3;

G0�.�/ > 0 and F 0C.�/ > 0 for � < ı=3;

.FC.�/;GC.�//D .0;��/ and .F�.�/;G�.�//D .�; 0/ for � � ı=3:

See Figure 3.

We now smoothen the corner @hEL;Q\ @vE
L;Q by substituting the region

@EL;Q
\
�
ft 2 .Q� ı;Q�g[ fjr j 2 .L� ı;L�g

�
;

which contains the corners, with the smooth manifold

M
˙;L;Q
C

WD f.r D˙LCF˙.�/; t DQCG˙.�/;y; �/ W .�;y; �/ 2 .�ı; ı/�Y �S1
g:

The smoothened boundary can then be written as

M L;Q
WDM

˙;L;Q
P

[M
˙;L;Q
C

[M
L;Q
Y

;

where

M
˙;L;Q
P

D zM
˙;L;Q
P

\ft <Q� ı=3g; M
L;Q
Y
D zM

L;Q
Y
\fjr j<L� ı=3g:

The Liouville vector field X� is transverse to this manifold, so we get a contact structure on M L;Q given
by

�L;Q
D ker.�L

� jTM L;Q/:

Observe that M L;Q is canonically diffeomorphic to M . So, this actually yields a contact structure on M .
By construction, we have nonempty intersections

M
˙;L;Q
P

\M
˙;L;Q
C

D fr D˙Lg\ ft 2 .Q� ı;Q� ı=3/g;

M
L;Q
Y
\M

˙;L;Q
C

D ft DQg\ fjr j 2 .L� ı;L� ı=3/g:
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We shall construct a stable Hamiltonian structure on M L;Q which arises as a deformation of the above
contact structure, such that both coincide on M

L;Q
Y

, as follows.

Choose a smooth function ˇ WR! Œ0; 1� such that ˇ.t/D 0 for t ��ıCı=9, ˇ.t/D 1 for t ��2ı=3�ı=9,
and ˇ0 � 0. Set

(4) Z D

8<:
V� Cˇ.t/X in the region E1;1.t/ where t is defined;
.�=.� C � 0//@r in E1;1.t/c \fr > 1� ıg;

�.�=.� � � 0//@r in E1;1.t/c \fr < �1C ıg;

which yields a smooth vector field on E1;1, a deformation of X� . Then Z is still transverse to M L;Q

and is stabilizing, so that the pair

H WDHL;Q
WD .ƒL;Q

D iZ!� jTM L;Q ; �L;Q
D !� jTM L;Q/

yields a stable Hamiltonian structure on M L;Q. For QD0, .M L;0
Y

; ƒL;0/ can be seen as the contactization
of the Liouville domain .Y � I; � d˛/.

Along M
L;Q
Y

the Reeb vector field is given by RL;Q D @�=e
Q, which is degenerate, and the space

of Reeb orbits is identified with Y � Œ�L;L�. We consider two perturbation approaches: Morse, and
Morse–Bott. In the first approach we choose HL W Y � Œ�L;L�!R�0 to be Morse, depending only in r

near r D˙L, satisfying @r HL � 0 near r DL, @r HL � 0 near r D�L, and vanishing as one approaches
r D˙L. In the second approach, we choose HL to depend only on r globally, with respect to which it is
a Morse function.

If t 7!ˆt
Z

denotes the flow of Z, choose � > 0 sufficiently small so that the manifold

M �IL;Q
WD fˆ

�HL.x/
Z

.x/ 2E1;1 W x 2M L;Q
g

is still transverse to Z. We have a stable Hamiltonian structure

H� WDHL;Q
� WD .ƒL;Q

� ; �L;Q
� / WD .iZ!� jTM �IL;Q ; !� jTM �IL;Q/;

and a decomposition

M �IL;Q
DM

�IL;Q
Y

[M
�I˙;L;Q
C

[M
�I˙;L;Q
P

;

where each component is the perturbation of the corresponding component of M L;Q.

Along the region M
�I˙;L;Q
C

the new coordinates are

r D F
�IL
˙
.�/DˆV� .�HL. � ;˙LCF˙.�//;˙LCF˙.�//;

t DG
�IL;Q
˙

.�/DQCG˙.�/C �HL. � ;˙LCF˙.�//;

where ˆV� .s; � / is the time s flow of V� .
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t t

r
H

M�
C MY MC

C

M�
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P

Figure 4: The double completion, and a Morse function H along the spine.

We then have

ƒL;Q
� D

8̂<̂
:
ƒL;Q DK˛˙ in M

�I˙;L;Q
P

DM
˙;L;Q
P

;

e�HL.�˛C eQ d�/ in M
�IL;Q
Y

;

�.F
�IL
˙
.�//e˙F

�IL

˙
�L˛˙Cˇ.G

�IL;Q
˙

.�//eG
�IL;Q

˙
.�/ d� in M

�I˙;L;Q
C

:

One can similarly write down �L;Q
� explicitly.

The Reeb vector field R
L;Q
� associated to this stable Hamiltonian structure is

RL;Q
� D

8̂<̂
:

RL;Q DR˙=K in M
�I˙;L;Q
P

;

e��HL�Q
�
.1C �˛.XHL

//@� � eQXHL

�
in M

�IL;Q
Y

;

.1=ˆ
�IL;Q
˙

/
�
e�F

�IL

˙
CL.G

�IL;Q
˙

/0R˙� e�G
�IL;Q

˙ .� 0˙ �/.F
�IL
˙
/.F

�IL
˙
/0@�

�
in M

�I˙;L;Q
C

;

where XHL
is the Hamiltonian vector field on Y � I associated to HL, defined by iXHL

d˛ D �dHL,
and

(5) ˆ
�IL;Q
˙

.�/D �.F
�IL
˙
.�//.G

�IL;Q
˙

/0.�/�ˇ.G
�IL;Q
˙

.�//.� 0˙ �/.F
�IL
˙
.�//.F

�IL
˙
/0.�/:

One can check that ˆ�IL;Q
˙

has sign which is opposite to its subscript. Observe that critical points .y; r/
of H give rise to closed Reeb orbits of the form 
p WD fpg �S1 � crit.HL/�S1. If we are taking the
Morse approach, we have only a finite number of such orbits, and they are nondegenerate. Choosing HL

to be C 1–small has the effect of making the vector field XHL
also small, so that the closed orbits which

do not arise from critical points of HL have large period, including the ones not contained in M
L;Q
Y

.
So, taking any large (but fixed) T � 0, we can choose HL small enough so that all the periodic Reeb
orbits up to period T are of the form 
 l

p, for p 2 crit.HL/, and l �N , for some covering threshold N
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depending on T . For the Morse–Bott case, we obtain Y –families of Morse–Bott orbits for each critical
point of HL.

Remark 2.1 (1) One can check that �� .R�/D1 (recall �� jM �IL;Q is the primitive of��D!� jM �IL;Q).
Therefore, for compatible almost complex structure J and an asymptotically cylindrical J–
holomorphic curve u with positive/negative punctures �˙, the ��–energy of u is

(6)
Z

u��� D

Z
u� d�� D

X
z2�C

Tz �

X
z2��

Tz;

where Tz is the action of the Reeb orbit corresponding to the puncture z. In particular, if the
positive punctures correspond to critical points of HL, then so will the negative ones.

(2) By inspecting the expressions of the Reeb vector field we see that there are no contractible closed
Reeb orbits for the SHS, if we assume this same condition for R˙. Moreover, the direction of
the Reeb vector field does not change after perturbing back to sufficiently close contact data (see
Section 2.7 below), and so this also holds for the latter data. It follows that the isotopy class defined
by the resulting contact structure is hypertight, and this shows the hypertightness condition of
Theorem 1.2.

2.2 Compatible almost complex structure

Construction We set LD 1 and QD 0, and drop the superscripts L and Q from all of the notation.
We now define a suitable, though nongeneric, almost complex structure J D J� on the symplectization
W � DR�M �, where

M �
DM �I1;0

DM �
Y [M

�I˙
P
[M

�I˙
C

:

It will be compatible with the stable Hamiltonian structure H�, and the fibers †˙ of our fibration �˙
P

,
the “pages”, will lift as holomorphic curves. We will blur the distinction between M DM 0I1;0 and its
diffeomorphic perturbed copy M � (as well as for W and W �), so that we are actually working on a
fixed M with an SHS which depends on �.

Let �� WD kerƒ�. We will define J on ��, in an R–invariant way, and then simply set J.@a/ WDR�.

Choose a d˛–compatible almost complex structure J0 on Y � I , which is cylindrical in the cylindrical
ends of Y � I , such that, along these, it coincides with a d˛˙–compatible almost complex structure J˙

on �˙, and maps the Liouville vector field V to R˙. Observe that the vector field @� is transverse to ��
along MY . Therefore, we may then define JY D �

�
Y

J0 on ��jMY
.

Along the regions †˙=N.@†˙/� Y �M˙
P

, and ft 2 .�ı;�ı=3/g � Y �M˙
P

, the restriction of the
projection �˙

P
W M˙

P
! †˙ induces an isomorphism d�˙

P
W ��=�˙

'
�! T†˙. Choose j˙ to be a

d�–compatible almost complex structures on †˙, so that j˙.@t /DK@� in N.@†˙/. Define

J D J˙˚ .�˙P /
�j˙

on ��jM˙
P

.
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In M˙
C

,
�� D �˙˚hv1; v

˙
2 i;

where

(7) v1 D @�; v˙2 D a˙.�/R˙C b˙.�/@� :

Here,
a˙ D�

ˇ.G�
˙
/

e˙F �
˙
�1ˆ�

˙

; b˙ D
�.F �

˙
/

eG�
˙ˆ�
˙

;

where ˆ�
˙

is defined in (5). In the overlaps M˙
C
\MY , one computes that J.v1/D gY

˙
.�/v˙

2
where

gY
˙ WD ˙

e�F �˙.�/C1

a˙.�/
D�

ˆ�
˙

ˇ.G�
˙
/
;

which is always positive. Similarly, in M˙
P
\M˙

C
, we have J.v1/D e��v˙

2
. Since gY

˙
and e�� are both

positive, we can now take any smooth positive functions h˙ W .�ı; ı/! RC which coincide with e��

near �D˙ı and with gY
˙

near �D�ı. We glue the two definitions by setting

(8) J.v1/D h˙.�/v
˙
2 WD w

˙;

and we make J agree with J˙ on �˙.

This gives a well-defined cylindrical J in R�M .

Compatibility One can check that J is H�–compatible by straightforward computations [Moreno 2018].

Remark 2.2 Over R�M˙
P

, where ƒ� DK˛˙, we have dƒ�.v;Jv/� 0, with equality if and only if
v�˙ D 0, so the projection to T Y of v lies in the span of R˙.

2.3 Finite-energy foliation

We will now consider the symplectization of our stable Hamiltonian manifold .M;H�/, given by

.W DR�M; !'� D d.'.a/ƒ�/C��/;

where ' 2P. We will construct a finite-energy foliation of W by J–holomorphic curves, consisting of
three distinct types, which we describe in the next theorem. This is an adaptation of the construction in
[Wendl 2010].

Theorem 2.3 There exists a finite-energy foliation of the symplectization .W; !
'
� / by simple J–

holomorphic curves of the following types:

� Trivial cylinders Cp, corresponding to Reeb orbits of the form 
p D fpg �S1 for p 2 crit.H /,
and which may be parametrized by

Cp WR�S1
!R�MY DR� .Y � I/�S1; Cp.s; t/D .s;p; e

��H .p/t/:
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� Flow-line cylinders ua

 , parametrized by

(9) ua

 WR�S1

!R�MY DR� .Y � I/�S1; ua

 .s; t/D .a.s/; 
 .s/; �.s/C t/

for a proper function a WR!R, a function � WR! S1, and a map 
 WR! Y � I satisfying

(10)

P
 DrH.
 .s//;

Pa.s/D e�H .
 .s//; a.0/D a;

P�.s/D��˛.rH.
 .s///; �.0/D 0:

Here , the gradient is computed with respect to the metric gd˛;J0
WD d˛. � ;J0 � /.

They have for positive/negative asymptotics the Reeb orbits corresponding to

p˙ WD lim
s!˙1


 .s/ 2 crit.H /:

� Positive/negative page-like holomorphic curves u˙
y;a, which consist of a trivial lift at symplectiza-

tion level a of a page P˙y WD .†˙ nN.@†˙//� fyg, for y 2 Y , glued to k cylindrical ends which
lift the smoothened corners and then enter the symplectization of MY , asymptotically becoming a
flow-line cylinder. They have k positive asymptotics at Reeb orbits of the form 
p, exactly one for
each component of MY . The positive curves have genus g� kC 1> 0 and k punctures , whereas
the negative curves have genus 0, and also k punctures.

Remark 2.4 In the Morse–Bott case, one can show that ˛.rH / D 0 for a suitable metric on Y � I

[Moreno 2018, Remark 2.8], so the function � vanishes identically.

Figure 5 summarizes the situation. We shall not distinguish the curves u˙y;a and ua

 from the simple

holomorphic curves that they parametrize, and we will drop the a from the notation whenever we wish
to refer to the equivalence class of the curves under R–translation. A short computation shows that the
flow-line cylinders are indeed holomorphic (see eg [Moreno 2018; Siefring 2017]). We now construct the
page-like curves.

The pages P˙y WD .†˙ nN.@†˙//� fyg, for y 2 Y , clearly lift to a holomorphic foliation of the region
R�M˙

P
�W , which takes the form ffag �P˙y W a 2R;y 2 Y g. We now glue cylindrical ends to these

lifts.

We have that Jv1Dh˙v
˙
2

and R� are both linear combinations of the vector fields R˙ and @� along M˙
C

,
with the coefficients only depending on �. Since these are not colinear, we have smooth functions
B;C W .�ı; ı/!R such that

@� D BR�CCJv1:

One can in fact compute that

(11) B D eG�
˙ˇ.G�

˙/; C D
eG�
˙.G�

˙
/0

h˙
:
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Figure 5: The double completion E1;1, containing M and its perturbed version M � as contact
type hypersurfaces. The foliation by holomorphic curves is shown in green (for the nontrivial
curves) and blue (for the trivial cylinders).

We have that

(12) J@� D�B@a�Cv1 D�B@a�C@�:

We conclude that
h@� ;B@aCC@�i D h@� ;J@� i:

It follows that the distribution above has integral submanifolds which are unparametrized holomorphic
curves. We can actually find holomorphic parametrizations given by

w˙y;a W .�ı; ı/�S1
!R�M˙

C DR�Y � .�ı; ı/�S1; .s; t/ 7! .b.s/;y; �.s/; t/;

for some fixed y 2 Y , and functions b; � W .�ı; ı/!R satisfying

P�.s/D C.�.s//; �.�ı/D�ı;

Pb.s/D B.�.s//; b.�ı/D a:

The curve w˙y;a is indeed holomorphic.

The curves w˙y;a glue with curves ua

 , which look like ua


 .s; t/D .a.s/;y.s/; r.s/; t/ for some y.s/ 2 Y

such that y.s/�y near r D˙1 and lims!C1 y.s/DyC, and some r WR! I with lims!C1 r.s/D rC,
so that .yC; rC/ 2 crit.H /. We may then define a J–holomorphic curve

u˙y;a WD P˙y;a[w
˙
y;a[ua




which asymptotes k Reeb orbits 
˙y;aIi D fp
˙
y;aIig � S1, where p˙y;aIi 2 crit.H / for i D 1; : : : ; k, and

which have genus g.u�y;a/D 0 and g.uCy;a/D g� kC 1.
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2.4 Index computations and Fredholm regularity

Theorem 2.5 (1) After a sufficiently small Morse perturbation making Reeb orbits along MY non-
degenerate , we can find a natural trivialization � of the contact structure along 
p (inducing a
trivialization � l along all of its covers 
 l

p), and N 2N, which depends on H and grows as H gets
smaller , such that the Conley–Zehnder index of 
 l

p is given by

��
l

CZ.

l

p/D indp.H /� n;

for l �N .

(2) In the Morse approach , the Fredholm indexes of the curves in our finite-energy foliation are given
by

(13)

ind.u�y;a/D 2n.1� k/C

kX
iD1

indp�
y;aIi

.H /;

ind.uCy;a/D 2n.1�g� k/C

kX
iD1

ind
p
C

y;aIi

.H /;

ind.ua

 /D indpC.H /� indp�.H /:

Proof See [Moreno 2018].

Remark 2.6 Since indp
C

y;aIi
.H /� 2n for every i , ind.uCy;a/� 2n.1�g/� 0, since g � 1. This means

these curves cannot possibly achieve transversality, and, after a perturbation making J generic, they will
disappear. For the other curves, we have the following:

Lemma 2.7 In the Morse–Bott case , the flow-line cylinders ua

 , as well as the negative page-like

curves u�y;a, are Fredholm regular.

The proof of this lemma will be omitted (see [Moreno 2018, Section 3.5] for details).

2.5 From Morse–Bott to Morse

In this section, we fix a Morse perturbation scheme. First, choose H to be given by H.y; r/D f .r/ where
f is a sufficiently small and positive Morse function on I and has a unique critical point at 0 with Morse
index 1 (which yields the Morse–Bott situation). And then, choose a sufficiently small positive Morse
function g on Y and extend it to a neighborhood of Y �f0g to make a further perturbation (obtaining the
Morse case). Therefore,

H.y; r/D f .r/C 
 .r/g.y/;

where 
 W I ! Œ0; 1� is a smooth bump function satisfying 
 D 0 in the region fjr j> 2ıg and 
 D 1 on
fjr j � ıg.
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Figure 6: The Morse–Bott and the Morse scenarios, respectively, in the case where Y D S1. The
“evil twins” are shown in blue (see Section 2.8).

We view the Morse case as a deformation of the Morse–Bott one, via Ht .y; r/ D f .r/C t
 .r/g.y/

for t 2 Œ0; 1�. We obtain a corresponding 1–parameter families of SHSs and compatible almost complex
structures J t . In the case where g is chosen small, from the implicit function theorem we obtain:

Theorem 2.8 For Morse data sufficiently close to Morse–Bott data , all the genus zero curves in the
finite-energy foliation are Fredholm regular.

In order to simplify the torsion computation of Section 2.8, we will choose g to have a unique maximum
and minimum. Both scenarios are depicted in Figure 6 in the case of Y D S1.

2.6 Uniqueness of the curves in the Morse/Morse–Bott case

In this section, we prove that the family of curves we constructed above are the unique curves (up to
reparametrization and multiple covers) that asymptote Reeb orbits of the family f
p W p 2 crit.H /g, and
with positive asymptotics in different components of MY . We do this in both the Morse and Morse–Bott
situations. We assume that H has a unique critical point in the interval direction, at r D 0 (and perhaps
other critical points contained in Y � f0g, in the Morse case). In the Morse–Bott case, we denote by

y WD 
.y;0/ D f.y; 0/g �S1 the simply covered Reeb orbit corresponding to y 2 Y .

Lemma 2.9 Assume either the Morse or Morse–Bott cases. Let N 2N>0, and let u be a J–holomorphic
curve with positive asymptotics of the form 
p D fpg�S1, for which the number of positive punctures is
bounded above by N . Then we can find sufficiently small � > 0 (depending only on N ), such that

#��.u/� #�C.u/;

where �˙.u/ denotes the set of positive/negative punctures of u. Here , we count punctures with the
covering multiplicity of their corresponding asymptotic.

Proof This follows easily from Remark 2.1, and by computing the ��–energy [Moreno 2018].
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Theorem 2.10 Let u W P†!R�M be a (not necessarily regular) J–holomorphic curve defined on some
punctured Riemann surface P† which is asymptotically cylindrical , and asymptotes simply covered Reeb
orbits of the form 
p D fpg �S1 at its positive ends. Assume that any two of the positive ends of u lie in
distinct components of MY .

Then there exists a sufficiently small and uniform � > 0, and sufficiently small Morse perturbation of the
Morse–Bott case , such that , if u has genus less than g0 and if it is not a trivial cylinder over one of the 
p,
we have the following possibilities:

� Morse–Bott case u has the same asymptotics and relative homology class as a curve of the form
u˙y;a for some y 2 Y and a 2R. In the case where it does not coincide with a curve u�y;a, then it
has strictly positive genus; or

� Morse case u is a flow-line cylinder u
 .

Proof We will consider two cases: either u is completely contained in the region R�MY (Case A), or
it is not (Case B).

Case A This case is easily dealt with in the Morse–Bott scenario. By assumption, we have that u has a
unique positive end. Since the 
p’s are not contractible/nullhomologous inside MY , Lemma 2.9 implies
that u is has one positive and one negative end, both simply covered, corresponding to Reeb orbits 
p˙ .
But then the ��–energy of u vanishes, and u is necessarily is a cover of a trivial cylinder.

In the Morse case, we show that u is a flow line cylinder. Again, Lemma 2.9 implies that u is has one
positive and one negative end, both simply covered, corresponding to Reeb orbits 
p˙ . Observe that, a
priori, u is not even necessarily a cylinder, since it may have positive genus.

In the degenerate case when H � 0, the projection �Y WR�MY ! Y � I is holomorphic. Then if u is a
holomorphic curve for this data, so is v WD �Y ıu. Since the asymptotics of u are covers of the S1–fibers
of �Y , the map v extends to a holomorphic curve in the closed surface †. But Y � I is exact, so v has to
be constant by Stokes’ theorem. This means that u is necessarily a multiple cover of a trivial cylinder.

We then see that the space of stable holomorphic cascades [Bourgeois 2003] in R� Y � I � S1, the
objects one obtains as limits of honest curves when one turns off the function H , consists of finite
collections of flow-line segments and covers of trivial cylinders. If we take Ht D tH , and we assume we
have a sequence fung of Jtn

–holomorphic maps with tn! 0 (where J t is the almost complex structure
corresponding to Ht ), with one positive and negative simply covered orbits corresponding to critical
points p˙, then we obtain a stable holomorphic cascade uH

1 as a limiting object. Since the positive end
of un is simply covered, Lemma 2.9 applied to H D 0 implies that every Reeb orbit appearing in uH

1

is simply covered, and therefore all of its holomorphic map components cannot be multiply covered.
These can then only be trivial cylinders, but stability of the cascade means that it does not have trivial
cylinder components. We conclude that the space of holomorphic cascades which glue to curves as in
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our hypothesis consists solely of flow-lines, which are regular by the Morse–Smale condition, and come
in an .indpC.H /� indp�.H /�1/–dimensional family. Moreover, note that such flow-lines cylinders can
always be glued to another flow-line cylinder. The implicit function theorem then implies that u is a
flow-line cylinder if H is sufficiently small. Indeed, we can argue as follows. Consider the parametric
moduli space

M WDM.R�MY ; fJ
t
gt2Œ0;1�I 
pC ; 
p�/D f.t;u/ W t 2 Œ0; 1�; u 2M.R�MY ;J

t
I 
pC ; 
p�/g;

where M.R�MY ;J
t I 
pC ; 
p�/ denotes the Gromov-compactified moduli space of J t –holomorphic

curves in R�MY (of any genus) which have simply covered positive asymptotic 
pC , and negative
asymptotic 
p� , and where the compactification at t D 0 corresponds to stable holomorphic cascades.
Since the Reeb orbits are simply covered, curves in the parametric moduli are somewhere injective.
Then, by the Morse–Smale condition and the implicit function theorem, the parametric moduli space is,
for sufficiently small H , an .indpC.H /� indp�.H //–dimensional compact manifold whose boundary
contains M.R �MY ;J

0I 
pC ; 
p�/, only consisting of flow line cylinders. The flow-line parametric
moduli space

Mflow-line WDMflow-line.R�MY ; fJ
t
gt2Œ0;1�I 
pC ; 
p�/

WD f.t;u/ W t 2 Œ0; 1�;u corresponds to a flow-line in M.R�MY ;J
t
I 
pC ; 
p�/g

is, a priori, a submanifold of M.R�MY ; fJ
tgt2Œ0;1�I 
pC ; 
p�/, which shares the boundary component

M.R�MY ;J
0I 
pC ; 
p�/, and has its same dimension. By thinking of M as a collar neighborhood of

this boundary component, we get that

MDMflow-line;

from which our uniqueness follows. Observe that since there are finitely many critical points, we can
take H (or � > 0) uniformly small.

Case B We first consider the Morse–Bott case, and deal with the Morse case later. The approach in this
situation is to estimate the ��–energy of u, and to use a suitable branched cover argument. The details
are as follows.

Assume the Morse–Bott case. Since every positive puncture of u corresponds to a critical point, Remark 2.1
implies that so does every negative one. Let us denote by �˙ the set of positive/negative punctures of u,
and for z 2 �˙, let 
 �z

pz
be the Reeb orbit corresponding to z, where pz 2 crit.H /, �z � 1, and �z D 1 for

z 2 �C. By assumption, we have that #�C � k, the number of components of MY .

The ��–energy then has the upper bound

(14) E.u/D

Z
P†

u��� D 2�e�H .0/

�
#�C�

X
z2��

�z

�
D 2�e�H .0/.#�C� #��/� 2� #�Cke�H kC 0 � 2�kke�H kC 0 :
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By construction, we have that over the region †˙ nN.@†˙/, the almost complex structure J splits. This
implies that the projection

�˙P WR�Y �†˙ nN.@†˙/!†˙ nN.@†˙/

is holomorphic. Moreover, this is still true if we extend this region by adding a small collar˚
t D�� 2

�
�ı;�ıC 1

9
ı
�	
;

as one can check. Denote by Bı
˙
WD†˙ nN.@†˙/[ft 2 .�ı;�ıC ı=9�g.

For each w 2 Bı
˙

, the hypersurface Ew WD R� Y � fwg is J–holomorphic, and �˙
P

has Ew as fiber
over w. Since the asymptotics of u are away from Bı

˙
, the intersection of u with any of the Ew is

necessarily a finite set of points, since they are restricted to lie in a compact part of the domain of u.

Assuming, without loss of generality, that u indeed has a nonempty portion lying over the “plus” region
†C nN.@†C/, by positivity of intersections we have that u necessarily intersects every Ew for w 2 Bı

˙
.

By Sard’s theorem, we may then find a t0��ı such that �C
P
.u/ is transverse to the circle ft0g�S1�BıC

(over all k components of the collar). If we denote B
ıIt0

C WD BıC n ft 2 .t0;�ıC ı=9�g, we have that
SC WD .�

C

P
ıu/�1.B

ıIt0

C /� P† is a surface with boundary @SC D .�CP ıu/�1.@B
ıIt0

C /. The upshot of the
discussion above is that the map

Fu WD .�
C

P
ıu/jSC W SC! B

ıIt0

C

is a holomorphic branched cover, having as degree the (positive) algebraic intersection number of u with
any of the Ew (which is independent of w 2 B

ıIt0

C ). Call this degree degC.u/ WD deg.Fu/. We wish to
show that degC.u/D 1, and so this map will be actually a biholomorphism.

Let us write @SC D
Sl

iD1 Ci , where Ci is a simple closed curve whose image under Fu wraps around
one of the circles ft0g�S1, with winding number ni . By holomorphicity of Fu, we have ni > 0. Observe
that necessarily one has that l � k, since u intersects every Ew at least once, and in particular for every
w on the k circles ft0g �S1.

By counting preimages under this projection of a point in each the k circles ft0g �S1, we obtain that

(15)
Z
@SC

u� d� D 2�

lX
iD1

ni D 2�k degC.u/:

Using the expression �� D K d˛˙C d�˙, equation (15), the fact that t0 � �ı and u� d˛C � 0, and
Stokes’ theorem, we have the energy estimate

(16) E.u/�

Z
SC

u��� D

Z
SC

u�.K d˛CC d�C/

�

Z
SC

u� d�C D

Z
@SC

u�.et d�/D 2�ket0 degC.u/� 2�ke�ı degC.u/:
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If we combine this with the inequality (14), we obtain

(17) 2�kke�H kC 0 � 2�e�H .0/.#�C� #��/� 2�ke�ı degC.u/� 2�ke�ı:

Now, since we have the freedom to choose �ı and k�HkC 0 as close to zero as wished, one can easily
see that

#�C D k; #�� D 0; degC.u/D 1:

This proves that u has no negative ends and precisely k positive ends, and that Fu gives a biholomorphism
between SC and B

ıIt0

C . It also follows from our energy estimates thatZ
SC

u� d˛C D 0:

Since the integrand is nonnegative, we get that u� d˛C D 0, so u.SC/ lies entirely in the almost complex
4–manifold

U WDR� 
 �†C �R�Y �†;

where 
 is a (not necessarily closed) RC–Reeb orbit.

Choose now a point y in the projection of u.SC/ to 
 , in this region. We shall prove that the projection
of u.SC/ to 
 consists of just the point y, using the Morse–Bott assumption.

Using the Reeb flow along 
 we have a local coordinate y D y.s/, such that y.0/ D y. Assume by
contradiction that there is some s¤ 0 such that y.s/ belongs to the projection of u.SC/ to 
 , and consider
the family of curves fuC

y.s/;a
W a 2 Rg. By choosing a suitable a, we obtain an intersection of uC

y.s/;a

and u, and, by positivity of intersections, we may assume that y.s/ is such that 
y.s/ is not an asymptotic
orbit of u. Then the total intersection of these curves in U is at least 1.

On the other hand, the set R � .uM \ .u
C

y.s/;a
/M /, where uM is the projection to M of u, must be

bounded in the R–direction, since the corresponding Reeb orbits are bounded away from each other. This
means that the standard intersection pairing is homotopy invariant (there are no contributions coming
from infinity), but a priori the intersection points might move along with a given homotopy. If we choose
to homotope by translating in the R–direction, this can only happen if the projection of both curves to M

intersect the asymptotics of each other. Since the projection of the curve uy.s0/;a0 to M does not intersect
the asymptotics of u, we can homotope the intersections away, a contradiction. This proves the claim that
u is constant in Y .

We have obtained that the portion of u which lies in the over †C nN.@†C/ is actually contained in the
3–manifold My WD R� fyg � .†C nN.@†C//, as is the corresponding portion of the curve uCy;a. But
for dimensional reasons, this manifold has a unique 2–dimensional J–invariant distribution, given by
TMy \JTMy . Therefore the tangent space to u must coincide with the tangent space of some uCy;a at
every point in this region. The unique continuation theorem finally yields uD uCy;a.
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This proves the theorem in the Morse–Bott situation. The proof in the Morse case follows from uniqueness
in the Morse–Bott one, and Morse–Bott gluing. Indeed, if un is a sequence of curves as in the statement,
but for the Morse case corresponding to Hn D f C tn
g with tn ! 0 (as in Section 2.5), the limit
configuration u1 is a stable holomorphic cascade; here we use the genus bounds that we imposed, in
order to have compactness. By uniqueness in the Morse–Bott case, each nonconstant component of this
building is a curve of the form u˙y;a or a flow-line cylinder u
 . A priori, u1 may be a nodal curve with
constant ghost components attached to curves of the form u˙y;a; but note that in this case, stability dictates
that its arithmetic genus would then have to be strictly positive (and the relative homology class and
asymptotics coincide with those of u˙y;a). If there is no uCy;a component in u1, and no ghost components,
all the components of u1 are Fredholm regular. It follows from uniqueness of Morse–Bott gluing (for
the case of Fredholm regular components; see Remark 2.11 below however) that un is of the form u�y;a or
a flow-line cylinder for n large enough. If there is a uCy;a component, then as this curve is nonregular,
uniqueness of gluing might fail, but un then has the same relative homology class and asymptotics as a
curve of the form uCy;a.

Remark 2.11 (Morse–Bott gluing: existence and uniqueness) It has been generally acknowledged that
the proof of Morse–Bott gluing (ie compactness, existence and uniqueness) as outlined in [Bourgeois 2003]
is incomplete. This gap in the literature has been partially filled in a recent paper by Yuan Yao [2022], for
the three-dimensional case, for transversely cut out components, and rigid cascades of height one (see
also [Bourgeois and Oancea 2009] in arbitrary dimensions, also for height one cascades, and autonomous
Hamiltonians; and the detailed analysis carried out in [Colin et al. 2010], for the three-dimensional case,
written in coauthorship with Yuan Yao, which carries out a different pregluing as that of [Bourgeois 2003]
with a smaller error term). It seems that we currently do not have the technology to glue together all
cascades, as there are issues concerning transversality in the presence of multiple covers. Note that in
the above setup gluing of the relevant curves always exists, as the curves u˙y;a in the Morse case can
be viewed as the gluing of the corresponding curves u˙y;a of the Morse–Bott case, where the gluing is
simply Morse gluing of their cylindrical ends. However, what is more subtle is uniqueness of gluing,
which we assumed for the case where all components of the cascade are regular. This assumption on
the foundations of gluing analysis seems to be uncontroversial, and we will stick to it. We would like to
thank the referee for careful comments concerning this subtle point.

2.7 From the SHS to a sufficiently nondegenerate contact structure

For computations in SFT we need nondegenerate Reeb orbits and contact data. Therefore, we need to
perturb the SHS H� D .ƒ�; ��/ to a nearby contact structure.

Perturbation to contact data Recall that we have defined an exact symplectic form !� on the double
completion, and we denote by V� its associated Liouville vector field. We also have the “vertical” Liouville
vector field X associated to d�, defined by expression (3), and the stabilizing vector field Z for the
SHS H�, defined by (4).
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For s 2 Œ0; 1�, define

Zs D

8<:
V� C ..1� s/ˇ.t/C s/X in the region E1;1.t/ where t is defined;
.�=.� C � 0//@r C sXC in E1;1.t/c \fr > 1� ıg;

�.�=.� � � 0//@r C sX� in E1;1.t/c \fr < �1C ıg:

We have that Z1 DX� is the Liouville vector field associated to !� and Z0 DZ. This yields a family of
SHSs given by

H�;s D .ƒ�;s; ��/s2Œ0;1� D .iZs
!� jTM � ; !� jTM � /s2Œ0;1�:

One can see that ƒ�;s is a contact form for s > 0. By Gray’s stability, as long as � and s are positive and
sufficiently close to zero, the isotopy class of ��;s is independent on parameters.

Holomorphic curves for the contact data Since we have shown that the genus zero holomorphic
curves are regular for the SHS data, the implicit function theorem implies that they will survive a small
perturbation to contact data, and will still be regular.

2.8 Proof of Theorem 1.2

Once all the technical tools are in place, we will prove Theorem 1.2. We fix the parameters � and s, so
that we work in the SFT algebra A.ƒ�;s/ŒŒ„�� whose homology is H SFT

� .M; ��;s/ (which is independent of
parameters). We take coefficients in R� DRŒH2.M IR/=ker��, where � 2�2.M / defines an element
in the annihilator O WDAnn

�Lk
H1.Y IR/˝H1.S

1IR/
�
. Here, we view

Fk
Y �S1D

Fk
Y �S1�f0g

as sitting in MY �M . We will show that .M; ��;s/ has �–twisted .k�1/–torsion for every Œ�� 2 O, so
that in particular it has .k�1/–torsion for the untwisted version of the SFT algebra.

Let us recall that for SFT to be defined, we need to introduce an abstract perturbation of the Cauchy–
Riemann equation. We shall be doing our computation prior to introducing this perturbation, and prove
by the end the section that this is justified. See the end of this section for more details.

Computation of algebraic torsion The index formula (13) implies that curves u�y;a which asymptote
index 2n critical points (maxima) at k � 1 of the k positive ends, and one index 1 critical point at the
remaining one, have index 1.

Given e1; : : : ; ek�1 maxima and h an index 1 critical point, denote by 
ei
and 
h the corresponding

nondegenerate Reeb orbits. Consider the moduli space

MDM0.W;J�;sI .
e1
; : : : ; 
ek�1

; 
h/;∅/

of R–translation classes of k–punctured genus zero J�;s–holomorphic curves in W D R�M , which
have no negative asymptotics, and have 
e1

; : : : ; 
ek�1
; 
h as positive asymptotics. The uniqueness

Theorem 2.10 implies that every element in M is a genus zero curve in our foliation. Since every such
curve is regular, after a choice of coherent orientations as in [Bourgeois and Mohnke 2004], this moduli
space is an oriented zero-dimensional manifold, which can therefore be counted with appropriate signs.
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Now, a choice of coherent orientations for the moduli space of Morse flow lines induces a coherent
orientation for the moduli space containing the curves ua


 , and we fix such a choice here onwards. We
choose our function

H W Y � I !R�0

as made explicit in Section 2.5. In particular, there are no index zero critical points, and the only
index 1 critical point is given by .min; 0/, where min is the unique minimum of g. We shall denote by
M.H Ip�;pC/ the moduli space of positive unparametrized flow lines 
 connecting p� to pC. Assuming
the Morse–Smale condition for H , we have then that the zero-dimensional moduli spaces correspond to
critical points satisfying indpC.H /D indp�.H /C 1.

We then fix e1; : : : ; ek�1; hD .min; 0/ as above, and we let qei
and qh be the generators in SFT corre-

sponding to the Reeb orbits associated to these critical points. Let

QD qe1
� � � qek�1

qh;

which is an element of A.ƒ�;s/ŒŒ„��. In order to compute its differential, we need to count all of the rigid
holomorphic curves which asymptote at its positive ends any of the Reeb orbits appearing in Q.

Claim The holomorphic curves contributing to the differential of Q are of either the following types:

� A holomorphic sphere u�y;a 2M, which is in fact unique.

� A holomorphic cylinder u
 inside r D 0, connecting an index 2n� 1 critical point to one of the
maxima ei .

� Hypothetical nodal curves with strictly positive arithmetic genus , and constant nodal components
attached to curves of the form u˙y;a.

� Hypothetical curves of arbitrary large genus.

Indeed, with Theorem 2.10 in mind, note first that nonnodal curves with the same asymptotics and
relative homology class as curves uCy;a have the same Fredholm index as such curves, which is negative,
and hence do not contribute to the differential. If the curve has moreover constant ghost components
attached to a curve of the form u˙y;a, then its stability implies that it has strictly positive arithmetic genus
g0 > g.u˙y;a/ � 0 (these are listed in the third item). For each genus g0, there may exist hypothetical
curves of genus higher than g0 not covered in the statement of Theorem 2.10; such curves are listed in
the last item.

Using Theorem 2.10, it follows that only the somewhere injective (nonnodal) curves in our foliation are
involved in the computation of this differential (see Proposition 2.12 below), with the potential exception
of the nodal curves already described, which sometimes can have Fredholm index 1, and curves of large
genus. Using that there are no index zero critical points, we see that there are only two possible ways to
approach the critical point .min; 0/, entering through the two different boundary components of Y � I ,
and that there is a unique R–class of the form u�y which has 
h as a positive asymptotic (see Figure 6).
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Moreover, by observing that the generic behavior is hitting a maxima, by a generic and small perturbation
of the Morse function H along different components of the spine, we can arrange that this curve actually
defines an element of M. The uniqueness Theorem 2.10 above shows that in fact this is the only element
in M. Finally, ruling out the curves coming from the positive side (which have the wrong index and hence
are not counted by SFT), we are left only with the curves listed in our claim.

In order to count the curves of type u
 , we observe that positive flow lines going from an index 2n� 1

critical point p to an index 2n critical point q come in “evil twins” pairs 
 $ N
 : by definition of the
Morse index, we have only one positive eigendirection for the Hessian of the Morse function at p, and
the flow lines approach this point on either side of this direction. Since H2n.Y � I/DH2n.Y /D 0 (Y
being a .2n�1/–manifold), we only have one generator of the top Morse homology chain group, which
is necessarily closed under the Morse differential. Therefore, after choosing a coherent orientation of the
moduli spaces of curves, the evil twins cancel each other out, and hence #M.H Ip; q/D 0.

Fix � a closed 2–form such that Œ�� 2 O. For d 2H2.M IR/, we denote by Nd 2H2.M IR/=ker� the
class it induces, by u0 the unique R–translation class in M, and, for a rigid holomorphic curve v, we
denote by �.v/ the sign of v assigned by our choice of coherent orientations. In particular, we know that
�.u
 /D��.u N
 /.

Observe that, for the i th component of MY , Reeb orbits corresponding to critical points all define the
same homology class ŒS1�i 2H1.M /. We take as canonical representative of this class the 1–cycle given
by the Reeb orbit 
ei

over the unique maxima ei . For every index 2n� 1 critical point p lying in the i th

component, fix 
 an index 1 flow line joining p to the maxima ei . Choose the spanning surface of 
p to
be Fp WD �
 �S1, satisfying @Fp D 
p � 
ei

. Then, for this choice of spanning surfaces, the homology
class associated to the holomorphic cylinder u
 is Œu
 �D ŒFp [u
 �. One thinks of Fp as being attached
to u
 at the negative end, corresponding to 
p. Let T
; N
 denote the 2–torus 
 [ N
 �S1. Observe that

Œu
 �� Œu N
 �D ŒT
; N
 � 2H1.Y /˝H1.S
1/� ker�:

Therefore, Œu
 �D Œu N
 �.

According to Proposition 2.12 below, the image of Q under the differential

D�;s WA.ƒ�;s/ŒŒ„��!A.ƒ�;s/ŒŒ„��

is then given by

(18) D�;s.Q/D �.u0/z
Œu0�„

k�1
C

X
iD1;:::;k�1

indp.H /D2n�1

X

2M.H Ip;ei /

�.u
 /z
Œu
 �qp

@Q

@qei

C„
kP

D �.u0/z
Œu0�„

k�1
C

1

2

X
iD1;:::;k�1

indp.H /D2n�1

X

2M.H Ip;ei /

C.�.u
 /C �.u N
 //z
Œu
 �qp

@Q

@qei

C„
kP

D „
k�1.�.u0/z

Œu0�C„P /:
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Here, P contains the potential contributions of arbitrary large genus curves, and the nodal curves of
genus g0 > 0, which satisfy j�CjCg0 D kCg0 > k, where �C D fqe1

; : : : ; qek�1
; qhg is the set of their

positive asymptotics. Noting that �.u0/z
Œu0�C„P is invertible as a power series in „, we conclude that

our model has .k�1/–torsion with coefficients in R�. We have used that all orbits are simply covered,
so no combinatorial factors appear, and we need not worry about asymptotic markers.

Why the computation works We now justify the computation above. Let us recall first the fact that
the abstract polyfold machinery for SFT requires the introduction of an abstract perturbation to the
Cauchy–Riemann equation making every holomorphic curve of positive index regular. The basic facts
about this perturbation scheme, which comes from the polyfold theory of Hofer–Wysocki–Zehnder, are
that:

� Every Fredholm regular index 1 holomorphic curve gives rise to a unique solution to the perturbed
problem, if the perturbation is sufficiently small.

� If solutions to the perturbed problem with given asymptotic behavior exist for small perturbations,
then as the perturbation is switched off they give rise to a subsequence of curves which converge
to a holomorphic building with the same asymptotic behavior.

Therefore, the index 1 curves in our foliation survive and are counted, but we need to make sure there are
no extra curves which need to be taken into the count. In what follows, J will denote the original J�;0

we constructed in the Morse case.

Proposition 2.12 The space of connected J–holomorphic stable buildings of index 1 which may become
curves contributing to the differential of QD qe1

� � � qek�1
qh after introducing an abstract perturbation ,

or after perturbing the SHS to a sufficiently nearby contact structure , actually consist exactly of either an
index 1 curve u
 for some positive flow line 
 , a curve u�y;a for some y 2 Y and a 2R, potential nodal
curves of strict positive genus with constant ghost components attached to curves of the form u˙y;a, or
curves with arbitrary large genus.

Proof It follows by inductively applying Theorem 2.10 [Moreno 2018].

3 Giroux torsion implies algebraic 1–torsion in higher dimensions

In this section, we address [Massot et al. 2013, Conjecture 4.14].

Definition 3.1 (Giroux) Let † be a compact 2n–manifold with boundary, ! a symplectic form on the
interior V† of †, and �0 a contact structure on @†. The triple .†; !; �0/ is an ideal Liouville domain if
there exists an auxiliary 1–form ˇ on V† such that

� dˇ D ! on V†;
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� for any smooth function f W†! Œ0;1/ with regular level set @†D f �1.0/, the 1–form ˇ0 D fˇ

extends smoothly to @† such that its restriction to @† is a contact form for �0.

The 1–form ˇ is called a Liouville form for .†; !; �0/.

In the terminology of [Massot et al. 2013], we say that an oriented hypersurface H in a contact manifold
.M; �/ is a �–round hypersurface modeled on some closed contact manifold .Y; �0/ if it is transverse to �
and admits an orientation-preserving identification with S1 �Y such that � \TH D TS1˚ �0.

Given an ideal Liouville domain .†; !; �0/, the Giroux domain associated to it is the contact manifold
†�S1 endowed with the contact structure � D ker.f .ˇC d�//, where f and ˇ are as before, and � is
the S1–coordinate. Away from V .f /D @†, the vanishing locus of f , this contact structure coincides
with the contactization ker.ˇC d�/. Over V .f / it is just given by �0˚ TS1, so that V .f /�S1 is a
�0–round hypersurface modeled on .@†; �0/.

One may find a collar neighborhood of the form Œ0; 1/�H �†�S1, on which � is given by the kernel
of a contact form ˇ0C s d� , where s is the coordinate on the interval, H � @M corresponds to s D 0,
� is the coordinate in S1, and ˇ0 a contact form for �0 [Massot et al. 2013, Lemma 4.1]. Using these
collar neighborhoods, one has a well-defined notion of gluing of two Giroux domains along boundary
components modeled on isomorphic contact manifolds (see Section 3.1 below).

We also have a blow-down operation for round hypersurfaces lying in the boundary. If H is a �–
round boundary component of .M; �/, with orientation opposite the boundary orientation, consider
the collar neighborhood Œ0; 1/ � H as before. Let D be the disk of radius

p
� in R2. The map

‰ W .rei� ;y/ 7! .r2; �;y/ is a diffeomorphism from .D n f0g/ � Y to .0; �/ � S1 � Y which pulls
back ˇ0C sdt to the contact form ˇ0C r2 d� . Thus we can glue D�Y to M nH to get a new contact
manifold in which H has been replaced by Y , and the S1–component of H has been capped off.

Given a contact embedding of the interior of a Giroux domain G† WD†�S1 inside a contact manifold
.M; �/, we shall denote by O.G†/ � H 2.M IR/ the annihilator of H1.†IR/˝H1.S

1IR/, when the
latter is viewed as a subspace of H2.M IR/. If N � .M; �/ is a subdomain resulting from gluing together
a collection of Giroux domains G†1

; : : : ;G†k
, we shall denote

O.N /D O.G†1
/\ � � � \O.G†k

/�H2.M IR/:

The following theorem implies Theorem 1.5 (see Example 3.3 below):

Theorem 3.2 If a contact manifold .M 2nC1; �/ admits a contact embedding of a subdomain N obtained
by gluing two Giroux domains G†� and G†C , such that †C has a boundary component not touch-
ing †�, then .M 2nC1; �/ has �–twisted algebraic 1–torsion , for every � 2 O.N /. Moreover , it is also
algebraically overtwisted if N contains any blown down boundary components.

The motivating example of an explicit model of such subdomain is the following:
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Example 3.3 [Massot et al. 2013] Consider .Y; ˛C; ˛�/ a Liouville pair on a closed manifold Y 2n�1.
As in the introduction, consider the Giroux 2�–torsion domain modeled on .Y; ˛C; ˛�/, given by the
contact manifold .GT; �GT/ WD .Y � Œ0; 2���S1; ker�GT/, where

(19) �GT D
1
2
.1C cos.r//˛CC 1

2
.1� cos.r//˛�C sin.r/ d�

and the coordinates are .r; �/ 2 Œ0; 2���S1.

We may write �GT D f .˛C d�/, where

f D f .r/D sin.r/; ˛ D 1
2
.eu.r/˛CC e�u.r/˛�/; u.r/D log

1C cos.r/
sin.r/

:

Here, u W .0; �/!R is an orientation-reversing diffeomorphism, whereas u W .�; 2�/!R is an orientation-
preserving one, which is used to pull-back the Liouville form 1

2
.eu˛CCe�u˛C/ defined on Y �R via a

map of the form v D id�u.

This means that we may view .GT; �GT/ as being obtained by gluing two Giroux domains of the form
GT� D Y � Œ0; �� � S1 and GTC D Y � Œ�; 2�� � S1, along their common boundary, an �GT–round
hypersurface modeled on .Y; ˛�/.

Therefore, from Theorem 3.2 we obtain Theorem 1.5 as a corollary.

3.1 Giroux SOBDs

We consider a specially simple kind of spinal open book decompositions (SOBDs), which arise on
manifolds which have been obtained by gluing a family of Giroux domains along a collection of common
boundary components, each a round hypersurface modeled on some contact manifold. Such is the case of
the Giroux 2�–torsion domains GT. Basically, these SOBDs are obtained by declaring suitable collar
neighborhoods of each gluing hypersurface to be paper components, whereas the spine components are
the complement of these neighborhoods.

Construction of the SOBD Let .G˙ D†˙ �S1; �˙ D ker.f˙.ˇ˙C d�/// be two Giroux domains
which one wishes to glue along a round-hypersurface H D Y �S1 modeled on some contact manifold
.Y; �0/ and lying in their common boundaries. Fix choices of collar neighborhoods N˙.H / of H

inside G˙, of the form Y �S1� Œ0; 1�. Take coordinates s˙ 2 Œ0; 1� such that H D fs˙ D 0g, and � 2 S1

such that the contact structures �˙ are given by the kernel of the contact forms ˇ0C s˙ d� . Here, ˇ0 is a
contact form for �0. In these coordinates, ˇ˙ D ˇ0=s˙ and f D f .s˙/D s˙, and the corresponding
ideal Liouville vector fields are V˙ D�s˙@s˙ . We glue N˙.H / together in the natural way, by taking a
coordinate s 2 Œ�1; 1� such that s D�s�, s D sC, and s D 0 corresponds to H . We thus obtain a collar
neighborhood N.H /D NC.H /

S
ˆ N�.H /'H � Œ�1; 1�, where we denote by ˆ the resulting gluing

map. Doing this for each of the boundary components that we glue together, we obtain a decomposition
for

M WDGC
[
ˆ

G� D

�
†C

[
ˆ

†�

�
�S1;
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given by M DMP [M†, where MP (the paper) is the disjoint union of the collar neighborhoods of
the form N.H / for each of the gluing round-hypersurfaces H , and M† (the spine) is the closure of its
complement in M . We have a natural fibration structure �P on MP , which is the trivial fibration over
the disjoint union of the hypersurfaces H , such that the pages (the fibers of �P ) are identified with the
annuli P WD S1 � Œ�1; 1�. We also have an S1–fibration �† on M†, which is also trivial. It has as base
the disjoint union of †C and †� minus the collar neighborhoods, which we denote by †. Let us assign a
sign �.G˙/ WD ˙1 to each of the Giroux subdomains G˙ �M .

We can also blow-down boundary components in the Giroux subdomains, and in this case we may
extend our SOBD by declaring the D � Y we glued in the blow-down operation to be part of the
paper MP (such that its pages are disks). We declare the blown-down components to be part of the
paper. We will also fix collar neighborhoods of the components of @M , which correspond to the nonglued
hypersurfaces, in the very same way as we did before for the glued ones. Their components look like
N†.H / WDH � Œ0; 1�DY �S1� Œ0; 1� for some nonglued hypersurface H . There is a coordinate s 2 Œ0; 1�

such that @M D fs D 0g, and such that the contact structure on the corresponding Giroux domain is
given by ker.ˇ0C s d�/ for some contact form ˇ0 for .Y; �0/. Denote by N† the disjoint union, over all
unglued H ’s, of all of the N†.H /’s.

We shall refer to the SOBDs obtained by the procedure described above as Giroux SOBDs, where are
also allowing the number of Giroux subdomains involved (which is the same as the number of spine
components) to be arbitrary.

The Giroux form If we denote by �˙ D f˙.ˇ˙C d�/, we can extend the expression �C D ˇ0C s d� ,
a priori valid on NC.H /, to N.H /, by the same formula. Observe that, by choice of our coordinates, the
resulting 1–form glues smoothly to N�� WD f�.ˇ� � d�/. Therefore, we may still think of the contact
structure N�� D ker N�� as a contactization contact structure over the region .†� �S1/ nN�.H /, with the
caveat that we need to switch the orientation in the S1–direction.

Denote the resulting contact form by � WD �C[ˆ N��. We may globally write it as �D f .ˇCd�/. Here,
f is a function which is either strictly positive or strictly negative over the interior of the Giroux domains,
and vanishes precisely at the (glued and unglued) boundary components. The 1–form ˇ coincides with
the Liouville forms ˙ˇ˙ where these are defined, and is undefined along said boundary components. In
the case of blown-down components, the contact form � also extends in a natural way.

From this construction, in M , each of the subdomains G �M used in the gluing procedure carries
a sign �.G/, which we define as the sign of the function f j

VG
. Observe that f coincides with �.G/

along every H � fs˙ D 1g, the inner boundary components of the collar neighborhoods. Therefore, we
may isotope it relative every collar neighborhood to a smooth function which is constant equal to �.G/
along G n ..M ı

P
\G/[Nı

@
/ (see Figure 7). Here, M ı

P
and Nı

@
denote small ı–extensions in the interval

direction of MP and N†, respectively, so that now jsj 2 Œ0; 1C ı�. The regions M ı
P
nMP play the role

of smoothened corners. Observe that isotoping f as we just did does not change the isotopy class of �,
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spine
paper

spine
paper

spine paper spine

Figure 7: The isotoped function f in the extended Giroux torsion domain GT� .

by Gray stability (version with boundary), and has the effect of transforming the Reeb vector field of �
into �.G/@� along MY . Observe also that along the paper, we have �D ˇ0C 
 , where 
 D s d� is a
Liouville form for S1 � Œ�1; 1�. Since this manifold is trivially a cylindrical Liouville semifilling, we
may view � as a Giroux form, as we did with contact form constructed in Section 2.1.

�–extension It will be convenient to consider an �–extension of our SOBD, which we call M � , by gluing
small collars to the boundary. To each component N†.H / for H lying in @G for a subdomain G of M , we
glue a collar neighborhood of the form H � Œ��; 0� for some small � > 0. We extend our function f so that
the extended version coincides with �.G/id near sD0, f 0.��/D0, and sgn.f 0.s//D �.G/¤0 for s>��

(see Figure 7). We will define the paper M �
P

to be the union of MP and the region H � Œ��=2; 1C ı�,
and the spine M �

†
to be the union of M† with H � Œ��;��=2�. The point of this extension is that now

the Reeb vector field of the extended � coincides with ��.G/@� along the boundary.

Remark 3.4 Because of the above discussion on orientations, from which we gathered that the S1–
orientation that we need depends on the sign of the Giroux domain, we rule out the case where we have a
sequence .G0; : : : ;GN�1/ of Giroux subdomains of M , where Gi has been glued to GiC1 (modulo N )
along some collection of boundary components, and N > 1 is odd. This condition is to be taken as part
of the definition of a Giroux SOBD.

3.2 Proof of Theorem 3.2

The proof of this theorem is a reinterpretation of what we did in the construction of our contact manifold
models of Section 2.1.
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M �
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M �
P

M �
†

M �
P

M �
P

M �
†

M �
†

Figure 8: An �–extension of a domain N consisting of two Giroux domains glued along three
boundary components. We draw the Morse–Bott submanifolds of H in green. We also draw an
index 1 holomorphic cylinder (of the first kind).

Proof of Theorem 3.2 Let N be a subdomain as in the hypothesis, carrying a Giroux form �Df .ˇCd�/

obtained by gluing. Since the contact embedding condition is open, and we are assuming that there
are boundary components of †C not touching †�, we can find a small � > 0 such that M admits a
contact embedding of the �–extension N � . Endow this extension with a Giroux SOBD N � DM �

P
[M �

†

as in the previous section. On this decomposition, add corners where spine and paper glue together
as we explained before. Also choose a small Morse/Morse–Bott function H in M �

†
, which lies in the

isotopy class of f , and vanishes as we get close to the paper. With this data, we then may construct
a Morse/Morse–Bott contact form ƒ on N which lies in the isotopy class of �, along with an SHS
deforming it, in the analogous way as done in Section 2.1.

Since in our situation we are allowing †˙ to be more general than a semifilling Y �I , we need to specify
what we mean by the Morse–Bott situation. We will take our Morse–Bott function H so that it depends
only on the interval parameter along the collar neighborhoods N† close to the boundary and along a
slightly bigger copy of M �

P
, and matches the function f close to @N . In particular, @N is a Morse–Bott

submanifold. We also impose that H is Morse in the interior of the components of M† which are away
from the boundary. For simplicity, we will assume that, besides the boundary, H only has exactly one
Morse–Bott submanifold close to each boundary component of M† which is glued to a paper component,
of the form Y � ftg for some t (see Figure 8). The Morse situation is then obtained by a perturbation of
this situation obtained by choosing Morse functions along the Morse–Bott submanifolds.

We have an almost complex structure J 0 compatible with the SHS, for which we get a stable finite-energy
foliation by holomorphic cylinders, which come in two types: either they are obtained by gluing constant
lifts of the cylindrical pages and flow-line cylinders over M �

†
along the corners (first kind); or they are

flow-line cylinders completely contained in M �
†

(second kind). Both kinds have as asymptotics simply
covered Reeb orbits 
p corresponding to critical points p of H , either along the boundary, or at interior
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points of † (see Figure 9). These cylinders have two positive ends if its corresponding critical points lie
in Giroux subdomains with different sign, and one positive and one negative end if these signs agree. The
Fredholm index formula is exactly as before.

Cylinders of both kinds are Fredholm regular (see [Moreno 2018]). We also have a version of the
uniqueness Theorem 2.10, adapted to this situation.

Make all the necessary choices to have an SFT differential

DSFT WA.ƒ/ŒŒ„��!A.ƒ/ŒŒ„��;

which computes H SFT
� .N; kerƒI�jN /, where � 2 O.N /. Extend these choices to M so as to be able to

compute H SFT
� .M; �I�/.

Let e be a maximum (index 2n) of H in M† \ .†� �S1/, and let h be an index 1 critical point of H in
M† \ .†C �S1/. We take both to lie in the Morse–Bott manifolds of the Morse–Bott case, before the
Morse perturbation. Denote by qe and qh the corresponding SFT generators. Define

QD qhqe;

an element of A.ƒ/. There is a unique (perturbed) cylinder u of the first kind which has 
e and 
h

as positive asymptotics, with ind.u/ D 1. If we choose H so that it does not have any minimum, by
uniqueness any other holomorphic curve over M which may contribute to the differential of Q is a
flow-line cylinder completely contained in M†, connecting an index 2n� 1 critical point p with e, or
potential nodal curves of strictly positive arithmetic genus.

Denote by Nd the element in H2.M IR/=ker� defined by any d 2H2.M IR/, by M.H Ip; e/ the space of
positive flow-lines connecting p with e, u
 the flow-line cylinder corresponding to a flow-line 
 , and �.u/
the sign of the holomorphic curve u assigned by a choice of coherent orientations. Since H2n.†˙/D 0,
elements of M.H Ip; e/ come in evil twins pairs 
 $ N
 such that �.u
 /D��.u N
 /. As in Section 2.8,
one can choose suitable spanning surfaces such that Œu
 �D Œu N
 �.

Then,

(20) DSFTQD zŒu�„C
X


2M.H Ip;e/
indp.H /D2n�1

�.u
 /z
Œu
 �qpqhC„

2P

D zŒu�„C
1

2

X

2M.H Ip;e/

indp.H /D2n�1

.�.u
 /C �.u N
 //z
Œu
 �qpqhC„

2P D „.zŒu�C„P /;

where P contains the hypothetical contributions of nodal curves and hypothetical high genus curves.
Inverting zŒu�C„P , this proves that .N; kerƒ/ has �jN –twisted 1–torsion. This implies that .M; �/

has �–twisted 1–torsion, since our uniqueness theorem gives that there are no holomorphic curves
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Figure 9: The foliation by holomorphic cylinders (with respect to SHS data) of the symplectization
of GT� .

with asymptotics in N which venture into M nN , and therefore H SFT
� .N; kerƒI�jN / embeds into

H SFT
� .M; �I�/. Here, we use that kerƒ is isotopic to ker�D �jN .

For the second statement, assume that we have a blown-down boundary component, so that the corre-
sponding D�Y is a paper component with disk pages. As in Section 2.3, we have that the disk pages
lift as finite-energy holomorphic planes with a single positive asymptotic 
p, corresponding to a critical
point p in M†. If u is such a plane, its index is ind.u/D indp.H /. Take p so that indp.H /D 1, and let
P D q
p

. Since there is no minima for H , by our uniqueness theorem we know that

DSFT.z
�Œu�P /D 1C„U

for some U , and this expression is invertible. Since the choice of coefficients is arbitrary, .N; kerƒ/ is
algebraically overtwisted, which implies that .M; �/ is.
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Locally equivalent Floer complexes and unoriented link cobordisms

ALBERTO CAVALLO

We show that the local equivalence class of the collapsed link Floer complex cCFL1.L/, together with
many ‡–type invariants extracted from this group, is a concordance invariant of links. In particular, we
define a version of the invariants ‡L.t/ and �C.L/ when L is a link and we prove that they give a lower
bound for the slice genus g4.L/.

Furthermore, in the last section of the paper we study the homology group HFL0.L/ and its behavior
under unoriented cobordisms. We obtain that a normalized version of the �–set, introduced by Ozsváth,
Stipsicz and Szabó, produces a lower bound for the 4–dimensional smooth crosscap number 
4.L/.

57K10, 57K18

1 Introduction

Hom [2017] introduced an equivalence relation on the knot Floer complex CFK1.K/ called stable
equivalence. Namely, we say that two knots are stably equivalent if and only if their chain complexes
become filtered chain homotopy equivalent after adding some acyclic complexes. A very important result
of [Hom 2017] is that if K1 is concordant to K2 then the complex CFK1.K1/ is stably equivalent to
CFK1.K2/, which made it possible to prove that many knot invariants coming from CFK1.K/ are
indeed concordance invariants; see [Alfieri 2019; Allen 2020; Hom and Wu 2016; Kim and Livingston
2018] for some examples.

Another relation on knot Floer chain complexes was given by Zemke [2019a]: two knots K1 and K2 are
called locally equivalent if there exist two maps

f W CFK1.K1/! CFK1.K2/ and g W CFK1.K2/! CFK1.K1/

which preserve the filtrations (both the Alexander and algebraic filtration) and induce filtered isomorphisms
in homology. Even though those two relations appear to be very different from their definition, we can
actually show that they coincide. We recall that this theorem was proved in the involutive setting by
Hendricks and Hom [2019].

Theorem 1.1 LetK1 andK2 be two knots in S3. Then CFK1.K1/ is locally equivalent to CFK1.K2/
if and only if they are stably equivalent.

For the purpose of this paper, the local equivalence relation has the advantage that it can be used in
the same way for links. Let us consider the chain complex cCFL1.L/, defined from CFL�.L/ by

© 2024 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.

http://msp.org
http://dx.doi.org/10.2140/agt.2024.24.3235
http://www.ams.org/mathscinet/search/mscdoc.html?code=57K10, 57K18
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/


3236 Alberto Cavallo

collapsing the variables U1; : : : ; Un to U and taking the tensor product with F ŒU; U�1�, where here F

always denotes the field with two elements; see [Ozsváth and Szabó 2008; Ozsváth et al. 2015]. We
equip cCFL1.L/ with a filtration F, obtained from the algebraic filtration and the (collapsed) Alexander
filtration; such an F descends to homology, so we can define the filtered group FcHFL1.L/. Based on
an intuition of Alfieri [2019], we consider F as indexed by some particular subsets S of the plane, which
he calls southwest regions, satisfying the property that if . Nx; Ny/ 2 S then each .x; y/ such that x 6 Nx and
y 6 Ny is in S ; a more precise definition is given later in Section 2.2.

We recall that two n–component links are concordant if there is a cobordism between them consisting
of n disjoint annuli. Then the local equivalence class of cCFL1.L/ and the filtered homology group
cHFL1.L/ are a concordance invariant in the following sense.

Theorem 1.2 Suppose that L1 is concordant to L2. Then there are chain maps

cCFL1.L1/� cCFL1.L2/

which preserve F and induce an F–filtered isomorphism in homology. In particular , the restrictions of
such isomorphisms give identifications

FScHFL1d .L1/ŠF FScHFL1d .L2/

for every d 2 Z and southwest region S of Z2.

The strategy of the proof of this result consists in decomposing a concordance into standard pieces and
then a careful usage of the maps introduced by Sarkar [2011] on grid diagrams. In fact, starting from
Sarkar’s work, we can construct maps induced by some specific cobordisms. Some of these maps were
already used by the author in [Cavallo 2018].

Remark 1.3 Zemke [2019c], using different techniques, also defined maps induced by (decorated) link
cobordisms, which conjecturally coincide with the ones presented in this paper. We can use such maps to
give another proof of Theorem 1.2: namely, according to [Zemke 2019c, Theorems A and C] every link
concordance induces a graded isomorphism in link Floer homology; while the fact that the F–filtration is
preserved follows from [Zemke 2019b, Theorem 1.4]. This argument is similar to the one in [Zemke
2019a], which proved a version of Theorem 1.2 for knots.

Theorem 1.2 allows us to define some numerical concordance invariants for links; including a generalization
of Alfieri’s ‡S [2019], the �C–invariant of Hom and Wu [2016] (see also [Rasmussen 2003]) and the
secondary upsilons, defined by Kim and Livingston [2018]. We briefly describe how to extract some of
these invariants.

Write cCFL1� .L/ for the filtered chain homotopy type of the link Floer complex of L. Once we fix a
filtered basis, we can represent such a model complex in the plane by .j; A/, where j and A represent
the minimal algebraic and Alexander filtration level, respectively, and � is the Maslov grading of each
generator. We use the fact that dimF Ffj60gcHFL10 .L/D 1— see Theorem 2.1 — and then compute
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how far we can shift the region S while being able to find a generator for such a homology class in
cCFL10 .L/. In this way, given a southwest region S , we associate a real number to it that we call ‡S .L/;
the complete definition can be found in Section 2.2.

In the case of knots, ‡S .L/ is a normalization of the invariant of Alfieri [2019]. This choice was made
because, say At is the region of the plane consisting of the pairs .j; A/ with At C j.2� t /6 0, we have

‡At .K/D ‡K.t/ for t 2 Œ0; 2�;

and the latter is the ‡–function of Ozsváth, Stipsicz and Szabó [Ozsváth et al. 2017a].

Moreover, since there is a unique homology class in Ffj60gcHFL11�n.L/ nFfj6�1gcHFL11�n.L/, the
same procedure allows us to define another family of invariants which we call ‡�S .L/. Clearly, for
knots we have ‡S .K/D ‡�S .K/ for every S . The following proposition summarizes some of the main
properties of ‡S .L/.

Proposition 1.4 Suppose that L, L1 and L2 are links in S3 and L has n components. Then ‡S .L/ and
‡�S .L/ are concordance invariants and

(1) �.L/ D �‡ 0L.0/ and ��.L/ D �.‡�L/
0.0/, where the invariants �.L/ and ��.L/ are defined in

[Cavallo 2018];

(2) ‡S .L/D‡�S .L/ and ‡�S .L/D‡
�
�S .L/ for any S , where �S is the region obtained by reflecting

S along the line fj �AD 0g;

(3) ‡S .L/D ‡S .�L/ and ‡�S .L/D ‡
�
S .�L/ for any S , where �L is the reverse of L;

(4) ‡S .L
�/D�‡�

�S
.L/, where L� is the mirror image of L and �S is the topological closure of the

complement of the region obtained by reflecting S using the central symmetry of R2 at the origin;

(5) ‡L1#L2.t/D ‡L1.t/C‡L2.t/ and ‡�L1#L2
.t/D ‡�L1.t/C‡

�
L2
.t/ for t 2 Œ0; 2�, where L1 #L2

is a connected sum of L1 and L2;

(6) ‡L.t/ D
1
2
.1 � n C �.L// � t and ‡�L.t/ D

1
2
.n � 1 C �.L// � t for t 2 Œ0; 1� whenever L is

quasialternating and �.L/ is the signature of the link as in [Gordon and Litherland 1978].

We prove that each ‡S .L/ gives a lower bound for the slice genus g4.L/, which as usual is defined as
the minimum genus of a compact, oriented surface † properly embedded in D4 such that @†D L. We
recall that, since we can add tubes between surfaces in D4 without increasing the genus, we can suppose
that any such † is also connected. Moreover, in Section 4.4 we define the notion of distance hS .m/ from
the point .0;m/ to the centered southwest region S , where centered means that .0; 0/ 2 @S ; therefore, we
have the following result.

Theorem 1.5 If L is a link in S3 with n components then

�‡S .L/6 h˙S .g4.L/Cn� 1/ and �‡�S .L/6 h˙S .g4.L//

for every centered southwest region S of R2. In particular , for the classic ‡–functions ,

�‡L.t/6 t .g4.L/Cn� 1/ and �‡�L.t/6 t �g4.L/ for t 2 Œ0; 1�:
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Now let us consider the southwest regions Vk for k > 0, defined as the subset of the plane consisting
of the pairs .j; A/ such that j 6 0 and A6 k. We can now define the invariant �C.L/ as the minimum
k such that �2 �VL.k/ WD‡Vk .L/D 0. An equivalent definition of �C.L/ was given in [Cavallo 2018,
Section 4]; although, the invariant was denoted by �.L/ and the concordance invariance was not proven.

Proposition 1.6 Suppose that L, L1 and L2 are links in S3, and L has n components. Then �C.L/ is a
concordance invariant ,

06 �.L/6 �C.L/6 g4.L/Cn� 1 and �C.L1 #L2/6 �C.L1/C �C.L2/:

Ozsváth, Stipsicz and Szabó [Ozsváth et al. 2017b] introduced the homology group HFL0.L/ that they
called the unoriented link Floer homology group. From HFL0.L/ they define the �–set of L which is a
set of 2n�1 integers and is an isotopy invariant of unoriented links after a suitable normalization.

Moreover, for knots they showed that �.K/, which coincides with ‡K.1/ and is the only element of the
�–set in this case, gives a lower bound for the 4–dimensional smooth crosscap number 
4.K/, which is
the minimum first Betti number of a compact surface F properly embedded in D4 and such that @F DL.
Note that this time F is not necessarily orientable (and always nonoriented).

Starting from these results, in this paper we consider a slightly different version of HFL0.L/ and we
prove that it is an unoriented concordance invariant. Since it shares much information with the original
group and we only use this new version, we denote it in the same way.

We say that a collection of n disjoint annuli † is an unoriented concordance between L1 and L2, which
are n–component links, if † is a concordance between L01 and L02, obtained by changing the orientation
of some components on L1 and L2 respectively.

Theorem 1.7 The group HFL0.L1/
�
Œ1
2
�.L1/

�
� is j –filtered isomorphic to HFL0.L2/

�
Œ1
2
�.L2/

�
� when-

ever L1 is unoriented concordant to L2.

From Theorem 1.7 we obtain that the wideness of the �–set, j�max.L/ � �min.L/j, and the numbers
�max.L/�

1
2
�.L/ and �min.L/�

1
2
�.L/ are unoriented concordance invariants of L. Using the same

techniques in Section 4.4, we show that such invariants give lower bounds for 
 .k/4 .L/, a version of the
4–dimensional smooth crosscap number for links. In fact, we say that 
 .k/4 .L/ is defined as the minimum
first Betti number of a compact surface, properly embedded in D4, which has k connected components
and is bounded by L.

Theorem 1.8 Say the n–component link L in S3 bounds a compact , unoriented surface F , properly
embedded in D4, with k connected components. Then

jk� 1� �max.L/C �min.L/j6 
 .k/4 .L/:

A corollary of this theorem is the following result, which was already proved in a different way by Donald
and Owens [2012].
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Corollary 1.9 Every quasialternating link L can bound an unoriented , compact surface F , properly
embedded in D4, only when the Euler characteristic �.F / is at most equal to one.

Theorem 1.8 gives a bound that involves the wideness of �.L/. We give other inequalities in the following
theorem.

Theorem 1.10 Consider an n–component link L in S3 which bounds a compact , unoriented surface F ,
properly embedded in D4, with k connected components. Thenˇ̌

�max.L/�
1
2
�.L/� 1

2
.k�n/

ˇ̌
6 
 .k/4 .L/ and

ˇ̌
�min.L/�

1
2
�.L/� 1

2
.2� k�n/

ˇ̌
6 
 .k/4 .L/:

In particular , when k D n,ˇ̌
�max.L/�

1
2
�.L/

ˇ̌
6 
 .n/4 .L/ and

ˇ̌
�min.L/�

1
2
�.L/Cn� 1

ˇ̌
6 
 .n/4 .L/;

and when k D 1, ˇ̌
�i .L/�

1
2
�.L/� 1

2
.1�n/

ˇ̌
6 
 .1/4 .L/

for every �i .L/ in the �–set of L.

We apply this result to the family of links Ln D T �2;4 # T #n
3;4; namely, the connected sum of the mirror

of the torus link T2;4 and n torus knots T3;4. In particular, we show that fLng for n > 0 is a family of
2–component links such that 
 .1/4 is arbitrarily large.

Corollary 1.11 Given the link LnD T �2;4 #T #n
3;4, we have 
 .2/4 .Ln/D nC1 and 
 .1/4 .Ln/> n for n> 0.

The paper is organized as follows: in Section 2 we summarize the construction of the link Floer complex
cCFL1.L/ and we describe how to define the filtered homology group FScHFL1.L/ and the invariant
‡S .L/. Moreover, we prove the equivalence between stable and local equivalence of knot Floer chain
complexes stated in Theorem 1.1. In Section 3 we prove the concordance invariance of cCFL1.L/.
In Section 4 we define the other ‡–type invariants and we prove some of their properties, including
Proposition 1.4. We also give the proof of Theorem 1.5, which describes our bound for the slice genus.
Finally, in Section 5 we introduce the group HFL0.L/ and the �–set of L, showing that they give
unoriented concordance invariants. Moreover, we study their behavior under unoriented cobordisms and
we prove the lower bounds for 
 .k/4 .L/.
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2 Link Floer homology

2.1 Chain complex and homology

Throughout the paper we assume that the reader is familiar with the construction of the link Floer homology
chain complexes, both when links are represented with multipointed Heegaard diagrams [Ozsváth and
Szabó 2004a; 2004b; 2008] or grids [Manolescu et al. 2007; Ozsváth et al. 2015]. We only recall the
main features.

Let us consider DD .†; ˛; ˇ;w; z/ a multipointed Heegaard diagram for an oriented n–component link
L in S3. The chain complex cCFL1.D/ is the free F ŒU; U�1�–module over the intersection points
T DT˛\Tˇ in the symmetric power Sym.†; ˛; ˇ/— see [Ozsváth and Szabó 2004a; 2008] — where F

is the field with two elements and w and z are two n–tuples of basepoints in †; see [Ozsváth and Szabó
2008]. The differential @� is defined by counting pseudo-holomorphic curves on some special [Ozsváth
and Szabó 2008] domains in Sym.†; ˛; ˇ/ with Maslov index � equal to one [Lipshitz 2006; Ozsváth
and Szabó 2004b]; denote the set of such domains by �2. Then for every intersection point x we can
write

@�x D
X
y2T

X
�2�2.x;y/
�.�/D1

m.�/ �U nw.�/y;

where m.�/ 2 F depends also on the choice of an almost-complex structure on Sym.†; ˛; ˇ/ and
06 nw.�/D nw1.�/C � � �Cnwn.�/ is the multiplicity of the basepoints w in �. Moreover, we say that

@�.U˙1p/D U˙1 � @�p

for any x 2 T and p 2 cCFL1.D/.

For every x 2 T we can assign an absolute Z–grading, called Maslov grading [Ozsváth and Szabó 2008],
which is denoted by M.x/ and can be extended to the whole complex by taking

M.U˙p/DM.p/� 2

for any p homogeneous. We then have

cCFL1.D/D
M
d2Z

cCFL1d .D/

as F–vector spaces; moreover, there is a map

@�d W cCFL
1
d .D/! cCFL1d�1.D/

for any d 2 Z.

The chain complex cCFL1.D/ comes with a natural increasing filtration, usually denoted by the algebraic
filtration j , defined as

j tcCFL1.D/D U�t � cCFL�.D/;

where cCFL�.D/ is the free F ŒU �–module over T . It is easy to check that the differential @� respects j .
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We define the homology group

cHFL1.L/D
M
d2Z

cHFL1d .L/D
M
d2Z

Ker @�
d

Im @�
dC1

:

Since the Maslov grading and the differential only depend on w, such a group, together with the
algebraic filtration, is isomorphic to HF1.S3; n/Š F ŒU; U�1�2

n�1

, where the n denotes the number of
basepoints in the Heegaard diagram. The filtration j descends to homology in the following way. Say
�d W Ker @�

d
! cHFL1d .L/ is the quotient map; then

j tcHFL1d .L/D �d .Ker @�d \ j
tcCFL1.D//;

which is an F–subspace of cHFL1d .L/. More specifically, we have the following theorem.

Theorem 2.1 Say the link L has n components. Then

j .dCk/=2cHFL1d .L/

j .dCk/=2�1cHFL1d .L/
ŠF F.

n�1
k /

whenever d � k mod 2 and 06 k 6 n� 1. It is zero otherwise.

Proof From [Ozsváth and Szabó 2008] we know that HF�.S3; n/ has 2n�1 generators such that exactly�
n�1
k

�
of them have Maslov grading �k. Since

HF1� .S
3; n/ŠFŒU;U�1� HF

�
� .S

3; n/˝FŒU � F ŒU; U
�1�;

one has

cHFL1d .L/ŠF

8<:
F2

n�2

if n> 2;
F if nD 1 and d is even;
f0g if nD 1 and d is odd;

and this determines the Maslov gradings.

Now we want to compute the filtration j . We note that all the generators of HF�.S3; n/ have minimal
j–filtration level zero. Hence, the statement is true for j 0; in fact if we substitute d D�k in then we
obtain the right distribution of the Maslov gradings. At this point, in order to prove the theorem, we only
need to observe that the multiplication by U˙1 drops the minimal level of the algebraic filtration by ˙1
and the Maslov grading by ˙2.

Figure 1 shows the distribution of the Maslov grading and the minimal j–level for two- and three-
component links.

2.2 The Alexander and the F–filtrations

In the same way as the Maslov grading, we can assign to every x 2 T another absolute Z–grading: the
Alexander grading A.x/, which also is extended to cCFL1.D/ by taking

A.U˙1p/D A.p/� 1
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Figure 1: Maslov gradings and algebraic filtration for 2– (left) and 3–component links (right).
The algebraic level j is on the x–axis and the Maslov grading is on the y–axis.

for any p homogeneous. We recall that in [Ozsváth and Szabó 2008] the Alexander grading is introduced
as a multigrading A.x/D .A1.x/; : : : ; An.x//; in this paper we define A.x/ WD A1.x/C � � �CAn.x/.

In this case, the differential @� does not preserveA.x/; for this reason we introduce the Alexander filtration.
Let us consider the F ŒU �–subspace AscCFL1.D/ generated by all the elements p in cCFL1.D/ such
that A.p/6 s. The A–filtration is an increasing filtration like j and it is such that

(2-1) f0g ŠAscCFL1d .D/� � � � �ANscCFL1d .D/D cCFL
1
d .D/;

which follows from [Ozsváth and Szabó 2008]; moreover, it is again easy to show that it is preserved
by @�. Note that Ns and s depend on d .

We define F for now as a double-increasing filtration. More specifically, we say that

Ft;scCFL1.D/D j tcCFL1.D/\AscCFL1.D/

and clearly @� also respects F. We now extend the F–filtration on the homology group, in the way that it
is indexed by southwest regions of the lattice Z2 (resp. the plane R2), using an idea of Alfieri [2019].
A southwest region S � Z2 (resp. R2) is a subset of Z2 (resp. a topological submanifold of R2) such
that if .Nt ; Ns/ 2 S then s 6 Ns and t 6 Nt imply .t; s/ 2 S . Moreover, we require S to differ from ∅ and Z2

(resp. R2).

Consider again the map �d W Ker @�
d
! cHFL1d .L/. Define

Ker @�d;S D Ker @�d \SpanfFt;scCFL1d .D/ j .t; s/ 2 Sg WD Ker @�d \FScCFL1d .D/:

Then we say that
FScHFL1d .L/D �d .Ker @�d;S /� cHFL1d .L/
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A

j

.t; s/

Figure 2: The southwest region Wt;s is the subset f.j; A/ j j 6 t or A6 sg of R2.

for any d 2Z. Note that the level Ft;s corresponds to the southwest region Vt;s D f.j; A/ j j 6 t; A6 sg,
while j t WD Ffj6tg and As WD FfA6sg correspond to f.j; A/ j j 6 tg and f.j; A/ j A6 sg respectively.

The filtration F is increasing in the sense that if S1 � S2 are two southwest regions then

FS1cHFL1� .L/� FS2cHFL1� .L/:

Moreover, it has the following property.

Proposition 2.2 Fix an integer d , denote byWt;s the southwest region in Figure 2 and take Vt;s as before.
Then there exists a pair .t; s/ such that FScHFL1d .L/Š f0g for every southwest region S �Wt;s .

Furthermore , there is another pair .t 0; s0/ such that FT cHFL1d .L/Š cHFL1d .L/ for every southwest
region T � Vt 0;s0 .

Proof Since cCFL1.D/ is finitely generated as an F ŒU; U�1�–module, cCFL1
d
.D/ is a finite-dimen-

sional F–vector space. Then there are integers A, the minimal Alexander level containing a generator
of cCFL1

d
.D/, and B , the same considering algebraic levels, by (2-1). If we choose t < B and s < A

then FWt;scCFL1
d
.D/Š f0g and so FWt;scHFL1d .L/ is also zero. The first claim now follows from

the fact that F is an increasing filtration; for the second one we reason exactly in the same way.

From [Ozsváth and Szabó 2008] we have the following important theorem.

Theorem 2.3 (Ozsváth and Szabó) The F–filtered chain homotopy type of cCFL1.D/, together with
the Maslov grading , is a link invariant of L, where D is a Heegaard diagram for L.

For simplicity, from now on we may denote our chain complex by cCFL1� .L/, implicitly referring to any
of the representatives of the filtered chain homotopy type. This result guarantees that also the F–filtration
on cHFL1� is a link invariant, justifying our notation.
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We call a graded isomorphism F between the homology groups of two links L1 and L2 a filtered
isomorphism if F and its inverse F�1 both preserve the filtration F. This is equivalent to say that F
restricts to isomorphisms

FScHFL1d .L1/ŠF FScHFL1d .L2/

for every d 2 Z and southwest region S of Z2.

When L1 and L2 are isotopic links, Theorem 2.3 implies that cCFL1.L1/ is locally equivalent
to cCFL1.L2/, following the notation of Zemke [2019a]. This means we can find chain maps
f W cCFL1.L1/! cCFL1.L2/ and g W cCFL1.L2/! cCFL1.L1/ which both preserve F and
induce F–filtered isomorphisms between cHFL1.L1/ and cHFL1.L2/.

Corollary 2.4 Suppose that the link L1 is isotopic to the link L2 in S3. Then there is a local equivalence
between cCFL1.L1/ and cCFL1.L2/.

Note that we can assume f to be a chain homotopy equivalence, but in general a local equivalence is
not necessarily an F–filtered chain homotopy equivalence. This would happen if the chain homotopies
between f and its homotopy inverse also preserve F.

We call a southwest region S of R2 centered if .0; 0/ belongs to the boundary @S of S . Consider

Sk D
˚
.t; s/ 2R2 j

�
t C 1

2
k; sC 1

2
k
�
2 S

	
;

where k 2R. We define the invariant ‡S .L/ as follows. Given a centered southwest region S of R2, we
say that

‡S .L/ WDmaxfk 2R j FSkcHFL10 .L/� Ffj60gcHFL10 .L/g:

We recall that the F–level fj 6 0g coincides with the level j 0 of the algebraic filtration. Note
also that Theorem 2.1 implies dimF cHFL10 .L/ > 1 for links with three or more components, but
dimF Ffj60gcHFL10 .L/ is always equal to one. For this reason, in the definition of ‡S , we need the
region Sk not only to contain a generator of the total homology in Maslov grading zero, but also that
such an element is homologous to one which lives in the algebraic level j 0.

Corollary 2.5 The real number ‡S .L/ is a link invariant for every southwest region S of R2.

Proof This follows immediately from Proposition 2.2 and Corollary 2.4.

2.3 Duality and mirror images

Let us start this subsection with a Heegaard diagram D for an oriented link L in S3. As we recalled in
Section 2.1, from D we obtain the chain complex .cCFL1.D/; @�/. We now define the corresponding
dual complex .cCFL1.D/�; @�� / as follows.

The space cCFL1.D/� as an F ŒU; U�1�–module is isomorphic to

(2-2) HomFŒU;U�1�.cCFL
1.D/;F ŒU; U�1�/:
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A

j

S

A

j

�S

Figure 3: The dotted boundary in the picture on the right is not part of �S .

If x is an intersection point then its dual x� is the functional which sends x into 1 and the other intersection
points into 0; and this implies p� 2 cCFL1.D/� can be defined by F ŒU; U�1�–linearization of the dual
of the intersection points. More specifically, we say that

cCFL1d .D/
�
WD .cCFL1

�d .D//
�
D fp� 2 cCFL1.D/� j 1 2 p�.cCFL1m .D// implies mD�dg:

Notice that
cCFL1.D/� ŠF

M
d2Z

cCFL1d .D/
�;

but cCFL1.D/� 6ŠF HomF .cCFL
1.D/;F/. In particular, U˙1p� WD .U�1p/� and thus

M.U˙1p�/DM..U�1p/�/D�M.U�1p/D�M.p/� 2DM.p�/� 2

as expected.

We can also define the dual filtration F�. In order to do this, we introduce the concept of inverse �S
of a southwest region S in Z2 (resp. R2). We take �S as the complement of the image of S under the
symmetry centered in the origin of the plane; see Figure 3 for an example.

Lemma 2.6 If S is a southwest region then �S is also a southwest region.

Proof The mirror image of S is a northeast region. The complement of a northeast region is a southwest
region; in fact, if .x; y/ 2 �S and . Nx; Ny/ … �S with Nx 6 x and Ny 6 y then . Nx; Ny/ belongs to the northeast
region .�S/c, which means that .x; y/ is also in .�S/c. This is a contradiction.

The dual filtration is defined as

.F�/ScCFL1d .D/
�
WD Ann F�ScCFL1

�d .D/D fp
�
2 cCFL1d .D/

�
j p�.F�ScCFL1

�d .D//D 0g

for any southwest region S . We observe that if S 0 � S then �S � �S 0 and so Ann F�S
0

� Ann F�S . This
means that F� is still an increasing filtration.
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The only missing part in the dual complex is the differential. We introduce @�� as follows. For every
x� 2 cCFL1.D/� and y 2 cCFL1.D/,

.@��x
�/.y/D x�.@�y/:

Moreover, we take @�� .Up
�/D U � @��p

�.

Lemma 2.7 The map @�� is a differential , drops the Maslov grading by 1 and preserves the filtration F�.

Proof First,
@�� .@

�
�x
�.y//D .@��x

�/.@�y/D x�.@� ı @�y/D 0D 0.y/

for any y 2 cCFL1.D/. For the second claim, suppose p� 2 cCFL1
d
.D/�. Then @��p

�.q/D p�.@�q/,
so if q 2 cCFL1

�dC1
.D/ then @�q 2 cCFL1

�d
.D/. In addition, if r … cCFL1

�dC1
.D/ is homogeneous

then @��p
�.r/D 0 and this implies

@��p
�
D @��p

�
jcCFL1

�dC1
.D/2 .cCFL

1
�dC1.D//

�
D cCFL1d�1.D/

�:

Finally, suppose that p� 2 .F�/ScCFL1
d
.D/� for a southwest region S . Then p�.F�ScCFL1

�d
.D//D 0.

If q 2 F�ScCFL1
�dC1

.D/ then .@��p
�/.q/D 0, since @�q 2 F�ScCFL1

�d
.D/, which implies that

@��p
�
2 Ann F�ScCFL1

�dC1.D/D .F
�/ScCFL1d�1.D/

�:

We can now prove that the dual complex we have just defined is related to the complex obtained from a
Heegaard diagram of the mirror image of L. We denote by Cd ŒŒa�� the graded complex given by Cd�a.

Theorem 2.8 If .cCFL1.D/; @�/ is the chain complex associated to a Heegaard diagram D for L then
there is a diagram D�, representing the mirror image L� of L, such that

.cCFL1.D�/; @�D�/D .cCFL
1.D/�; @�� /ŒŒ1�n��

as F–filtered , graded chain complexes.

Proof If DD .†; ˛; ˇ;w; z/ then D� D .�†; ˛; ˇ;w; z/. This identifies the domain � 2 �2.x; y/ with
�� 2 �2.y; x/; see [Ozsváth and Szabó 2008; Ozsváth et al. 2017a]. Moreover, using the formula in
[Lipshitz 2006] it is easy to check that � and �� have the same Maslov index. The identification that
proves the theorem is x! x�, extended U –equivariantly to the whole complexes, where x� denotes the
dual of x as before. We first show that such a map is indeed a chain map:

.@�D�.x//
�.t/D

X
y2T

X
�2�2.y;x/
�.�/D1

m.�/ �U nw.�/y�.t/D
X

�2�2.t;x/
�.�/D1

m.�/ �U nw.�/;

@�� .x
�.t//D x�.@�t /D x�

�X
y2T

X
�2�2.t;y/
�.�/D1

m.�/ �U nw.�/y

�
D

X
�2�2.t;x/
�.�/D1

m.�/ �U nw.�/;

which holds for every generator t of cCFL1.D/, and so the claim is proved.
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Figure 4: The complex cCFL1.T2;3/ is on the left and cCFL1.T �2;3/ on the right. Both chain
complexes are pictured ignoring the U –action. Black, white and gray dots represent Maslov
gradings 1, 0 and �1 respectively.

Now we argue that our identification correctly shifts the Maslov and Alexander gradings. Suppose that
M.x/D d . Then by definition it is M�.x�/D�d . We observe that by [Ozsváth and Szabó 2008],

M.x/�M.y/D �.�/� 2nw.�/D �.��/� 2nw.��/DMD�.y
�/�MD�.x

�/

with � 2 �2.x; y/, and then MD� is reversed as a relative grading, which means MD�.x/D�d C c with
c 2Z. Now we use the fact that the Maslov grading is always normalized in the way that the top grading,
where the total homology is nontrivial, is zero [Ozsváth and Szabó 2008]. This gives c D 1�n as wanted.

Finally, consider x such that A.x/D s. As before, using the relation

A.x/�A.y/D nz.�/�nw.�/

whenever � 2�2.x; y/ and the fact that the Alexander grading is always symmetric, we find AD�.x/D�s.
We use the definition of F� to recover

A�.x
�/Dminfa 2 Z j x� 2 .A�/acCFL1.D/�g

Dminfa 2 Z j x�.A�a�1cCFL1.D//D 0g

D �maxfa 2 Z j x …Aa�1cCFL1.D/g

D �minfa 2 Z j x 2AacCFL1.D/g

D �s:

Note that the identification in Theorem 2.8 also gives that the homology group of the mirror image of L
is the dual of the homology group of L, where the latter group is defined exactly as in (2-2). Furthermore,
as an example in Figure 4 we show the filtered chain complexes for the positive and the negative trefoil.

2.4 Local and stable equivalences of knot Floer chain complexes

Hom [2017] introduced a different equivalence relation for the complexes CFK1.K/D cCFL1.K/,
when K is a knot. More specifically, we say that the Floer complexes associated to the knots K1 and K2
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are stably equivalent if we have an F–filtered chain homotopy equivalence

CFK1.K1/˚A' CFK
1.K2/˚B;

where A and B are acyclic chain complexes; in other words, H�.A/DH�.B/D f0g. Here we recall
[Hendricks and Hom 2019, Corollary 3.2], which shows that the notion of stable equivalence coincides
with the one of local equivalence, in the case of knots.

Lemma 2.9 (Hendricks and Hom) If CFK1.K/ is locally equivalent to CFK1.
/D F ŒU; U�1�.0/
then

CFK1.K/' F ŒU; U�1�.0/˚A;

where A is acyclic.

Thanks to the following result, we can see the local equivalence relation that we defined for link Floer
complexes in Section 2.2 has a natural generalization to links of the stable equivalences introduced by
Hom.

Proof of Theorem 1.1 If our chain complexes are stably equivalent then, in order to define the local
equivalence, we just have to take the restriction of the filtered chain homotopy equivalence and its inverse.
Conversely, let us suppose that f W CFK1.K1/! CFK1.K2/ and g W CFK1.K2/! CFK1.K1/

define a local equivalence. Then

CFK1.K1/˝CFK
1.K2/

� CFK1.K2/˝CFK
1.K2/

� F ŒU; U�1�.0/
f˝Id f 0

g˝Id g 0

where both the pairs of chain maps give local equivalences. The existence of f 0 and g0 can be proved in
the same way as in [Zemke 2019a, Lemma 2.18].

By Lemma 2.9,
CFK1.K2/˝CFK

1.K2/
�
' F ŒU; U�1�.0/˚A;

CFK1.K1/˝CFK
1.K2/

�
' F ŒU; U�1�.0/˚B;

where A and B are acyclic. Therefore,

CFK1.K1/˚A' CFK
1.K1/˝ .CFK

1.K2/˝CFK
1.K2/

�/

' CFK1.K2/˝ .CFK
1.K1/˝CFK

1.K2/
�/' CFK1.K2/˚B:

It is important to observe that when L is a link with n components and n is at least two, the chain
complex cCFL1.L/˝cCFL1.L/� is not locally equivalent to the complex cCFL1.
n/ representing
the unlink. In fact, these groups have different dimensions as F ŒU; U�1�–modules. Furthermore, in
Section 4.3 we give an example of a link L for which such a chain complex is not locally equivalent to
any cCFL1.
m/ for m 2N.
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3 Concordance

3.1 Canonical form of oriented link cobordisms

The definition of link cobordism is standard in literature; in particular, for this paper the reader might
find helpful to look at [Cavallo 2018; Sarkar 2011]. We only recall that we always assume the connected
components of a smooth cobordism † ,! S3 � I , from L1 to L2, to have boundary on both the links.

Given a surface † as before, we assume for now that † is oriented; we study unoriented cobordisms only
in the last section of the paper. Then † consists of four elementary pieces, three of them corresponding
to a critical point in the cobordism: birth, band and death moves; while the fourth is a link isotopy, which
represents a piece with no critical point. Band moves come in two types: split, if the move turns one
component into two, and merge moves, when two components are joint into one.

For the purpose of this paper, it is more useful to consider what we call extended birth and death moves.
These are the composition of a birth and a merge move and of a split and a death move respectively;
see Figures 8 and 11. In addition, we call a torus move the composition of a split move with a merge
move which rejoins together the newly created components; see Figure 6. Hence, if Li has ni for i D 1; 2
components, while † has k connected components and genus g.†/, then the canonical form of † is the
composition (up to isotopies) of b extended birth moves, n1�k merge moves, g.†/ torus moves, n2�k
split moves and d death moves in this specific order. This implies that † can be arranged as shown in
Figure 5; see [Cavallo 2018].

When L1 and L2 both have n components, † is a concordance if it is the union of n disjoint annuli †i ,
which means that each †i is a knot concordance between the i th components of the two links. From
Figure 5 we immediately see that in the case of a concordance there are no torus moves (g.†/D 0/. This
means that the canonical form of a concordance can be decomposed into three standard pieces: extended
birth moves, isotopies and extended death moves.

L1 L2

Figure 5: Canonical form of oriented cobordisms between two links.
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L1 L2

Figure 6: A torus move corresponds to two consecutive band moves on the same component.

In this section we define maps which relate the chain complexes of the links, this time constructed using
grid diagrams, before and after each of these moves. Of course we do not need to study the isotopy
cobordism; in fact, in this case Theorem 2.3 and Corollary 2.4 already tell us that the complexes are
filtered chain homotopy equivalent and that in particular there exists a local equivalence. The strategy we
follow is the same as [Cavallo 2018].

3.2 Overview on grid diagrams

A grid diagram D of an oriented n–component link L in S3 is a grid of grd.D/ � grd.D/ squares,
representing the fundamental domain of a torus, together with a set of O–markings ODfO1; : : : ; Ogrd.D/g

and one of X–markings XD fX1; : : : ; Xgrd.D/g, such that there are exactly one O and one X in every
column and every row. Moreover, we choose a nonempty subset sO which consists of at most one
O–marking for each component of L. We call these O–markings special and the others normal.

The link L can be drawn in D by connecting the O’s with the X ’s on a row and the X ’s with the O’s on
a column, specifying an orientation on L. Vertical lines always overpass the horizontal lines.

The chain complex cCFL1.D/ is an F ŒV1; V �11 ; : : : ; Vm; V
�1
m ; U; U�1�–module, where

grd.D/� 1>m> grd.D/�n

is the number of normal O–markings, and is freely generated by the grid states S.D/. The differential is
given by

@�x D
X

y2S.D/

X
r2Rectı.x;y/

V
O1.r/
1 � � �V Om.r/m �UO.r/y

for any y 2 S.D/, where Oi .r/ is equal to one if the normal O–marking Oi 2 r and zero otherwise, and
O.r/ is the number of special O–markings in r . The set Rectı denotes some special rectangles in D;
see [Ozsváth et al. 2015] for details. As in Section 2.1 we extend the differential to cCFL1.D/ by
taking @�.V ˙1i p/D V ˙1i � @�p for every i D 1; : : : ; m and p in the complex. The variables Vi are all
homotopic to U so our homology group still has a natural structure of an F ŒU; U�1�–module.
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Figure 7: A grid diagram representing the unlink
2. The red circles denote the special O–markings.

The Maslov and Alexander gradings are also combinatorially defined from D [Ozsváth et al. 2015] and
each variable drops them by 2 and 1 respectively; while to define the j –filtration we need to specify that
the level t is generated by the elements in

V
i1
1 � � �V

im
m U i � cCFL�.D/;

where i1C � � � C imC i D �t and cCFL�.D/ is the free F ŒV1; : : : ; Vm; U �–module over S.D/. With
this definitions in place we have the following theorem of [Manolescu et al. 2007]; see also [Sarkar 2011].

Theorem 3.1 (Manolescu, Ozsváth, Szabó and Thurston) The A–filtered chain homotopy type as an
F ŒU; U�1�–module of cCFL1� .D/ coincides with the one of cCFL1� .D/ together with the Maslov
grading and the algebraic filtration , where D is a grid and D is a Heegaard diagram for L. In particular , if
D1 and D2 represent isotopic links then cCFL1� .D1/ is locally equivalent to cCFL1� .D2/.

The way the filtered homology group cHFL1.L/ is defined and how the filtration F descends into
homology are the same as in the previous section.

Remark 3.2 More precisely, Theorem 3.1 tells us that cCFL1� .D1/ is A–filtered, but not necessarily
F–filtered chain homotopy equivalent to cCFL1� .D2/, while all the maps induced by link isotopies
preserve the algebraic filtration; in the sense that, say m1 and m2 are the numbers of normal O–markings
inD1 andD2, the image of V i11 � � �V

im1
m1 U

i �cCFL1� .D1/ is contained in V i11 � � �V
im1
m1 U

i �cCFL1� .D2/

when m16m2 or V i11 � � �V
im2
m2 U

iCim2C1C���Cim1 �cCFL1� .D2/ when m1>m2 for every .m1C1/–tuple
of integers .i1; : : : ; im1 ; i/. We call this relation between cCFL1� .D1/ and cCFL1� .D2/ (or between
the complexes given by a grid and a Heegaard diagram for the same link) an almost filtered chain homotopy
equivalence and it implies that the complexes are locally equivalent, as stated in Theorem 3.1.

Figure 7 shows a grid diagram for the two-component unlink
2. We conclude this subsection with a
lemma that we need for later.

Lemma 3.3 Given a grid diagram D for a link , we can always change the X–markings to obtain another
diagram D0 which represents an unlink.

Proof We apply the following algorithm. Let us shift the rows of D until there is a special O–marking in
the top row (remember that D is the fundamental domain of a torus); then, starting from this O–marking
denoted by O1, we put an X–marking just below O1. We keep doing this procedure with the O–markings
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L1

L2

D1 D2 D3

D4

Figure 8: An extended birth move, corresponding to a 0–handle attachment followed by a 1–
handle (left). The picture on the right shows only the component of† where the 0–handle appears.

in the row below, unless we reach an Oi such that OiC1 (in the row below) is special. Note that this can
happen also when i D 1. In this case we put the new X–marking in the same column of Oi , but not in the
row below while in the row where the previous special O–marking appeared.

When it happens that two consecutive rows j and j C 1 both have special O–markings on them, we put
the X–marking in the same square of Oj and we continue the algorithm from OjC1. At some point we
reach the lowest row; in this case, we assume the next row is the very top row (which contains a special
O–marking) and we put X accordingly.

The reader may shift the rows back to the original ordering; in any case, it is easy to check that the new
diagram D0 represents an unlink and the number of components coincides with the number of the special
O–markings in D.

3.3 Extended birth moves

Let us study the concordance † given as in Figure 8: we first need a suitable choice of grid diagrams Di
for i D 1; : : : ; 4, representing the links that appear in the extended birth move at the times shown in the
picture. Second, we define maps b1 WD1!D2 and b2 WD3!D4; the first map represents the disjoint
union of L1 with an unknot, while the second one the merge move that we need in order to join the new
component to L1. Note that the diagrams D2 and D3 present isotopic links; then the corresponding chain
complexes are related by an almost filtered chain homotopy equivalence, as in Theorem 3.1, and thus
they are locally equivalent.

Let us start with b2: the merge move is described by the diagram fragments in Figure 9, where we
assumed that no special O–markings were on the new unknotted component. More explicitly, we are
picking the diagram D3 in the way that it contains the fragment on the left in Figure 9, while D4 is
the resulting diagram after applying the move. At this point we define D03 and D04 as the grid diagrams
obtained by applying the algorithm in Lemma 3.3 to D3 and D4. This means that they are both diagrams
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Figure 9: Band move in a grid diagram.

(the same ones!) for
n, where n is the number of components of L1 and L2, with the O–markings in
the same position as in D3 and D4.

Since the differential and the j–filtration do not depend on the position of the X–markings as we see
from their definition in Section 3.2, and this holds also for the Maslov grading [Ozsváth and Szabó 2008;
Ozsváth et al. 2015], the identity map

Id W cCFL1.D03/! cCFL1.D04/

is a chain map, which clearly induces a graded isomorphism in homology and preserves the algebraic
filtration.

Proposition 3.4 The map b2 WD Id W cCFL1.D3/! cCFL1.D4/ preserves the Maslov grading and
the F–filtration and induces an isomorphism in homology.

Proof In order to prove the claim we have to show that the map induces a graded isomorphism in
homology and that preserves the two filtrations j and A. The first two properties only depend on the
O–markings so they hold because b2 is defined as the identity map; we only need to show that

b2.A
scCFL1.D3//�AscCFL1.D4/:

This can be checked by proving that AD4.x/6AD3.x/ for every x 2S.D3/. Note that this is not obvious,
even if b2 is the identity; in fact, this time we need to consider the X–markings in their original position,
not like in D03 and D04, and the Alexander grading depend on the X ’s. Hence, we need to use a result of
Sarkar [2011, Section 3.4], which gives us exactly what we need.

We now want to define b1. We suppose D1 has an X in the top-right corner; then we use the move in
Figure 10. Of course the new doubly marked square is not a special O–marking. We consider the filtered
NE–stabilization map

sNE
W cCFL1.D1/! cCFL1. zD2/

defined in [Manolescu et al. 2007; Ozsváth et al. 2015; Sarkar 2011]. Stabilizations relate isotopic links;
therefore, such a map is an almost filtered chain homotopy equivalence for Theorem 3.1 and thus a local
equivalence.
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D1
D1

D2 zD2
D1 nXtr

Figure 10: Birth move in a grid diagram. In the diagram zD2, the top right X–marking Xtr in D1
does not appear.

We say that b1 WD sNE W cCFL1.D1/! cCFL1.D2/. This makes sense because the stabilization maps,
in the filtered setting, are independent of the position of the X–markings. Hence, we have the following
proposition.

Proposition 3.5 The map b1 W cCFL1.D1/! cCFL1.D2/ preserves the Maslov grading and the
F–filtration and induces an isomorphism in homology.

Proof We cannot argue that b1 is an A–filtered chain homotopy equivalence, because the X–markings
in D2 are different with respect to the ones in zD2. On the other hand, we still have that it is a chain
homotopy equivalence and preserves the j–filtration; in fact, as in Proposition 3.4 these two properties
ignore the X ’s. Therefore, we just need to show that AD2.s

NE.x//6 AD1.x/ for every x 2 S.D1/. This
follows from another result of Sarkar [2011, Section 3.4].

Going back to the concordance †, we obtain the following theorem.

Theorem 3.6 There is a map b† W cCFL1.D1/! cCFL1.D4/, which preserves the Maslov grading
and the F–filtration and induces an isomorphism

b�† W cHFL1.L1/! cHFL1.L2/:

In particular , this means that

b�†.F
ScHFL1d .L1//� FScHFL1d .L2/

for every d 2 Z and southwest region S of Z2.

Proof We have that b†D b2 ıb ıb1, where b is the almost filtered chain homotopy equivalence between
the complexes given by D2 and D3. Then the statement follows from Theorem 3.1 and Propositions 3.4
and 3.5, because each piece of the map induces a graded isomorphism in homology and preserves the
filtration F.

3.4 Extended death moves and invariance

An extended death cobordism is described in Figure 11. If † ,! S3�I is such a cobordism between two
n–component links L1 and L2 then †�, the same cobordism seen in the ambient manifold S3 � I with
reversed orientation, can be considered an extended birth cobordism from L�2 to L�1 . Then we can prove
the following proposition.
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L2

L1

Figure 11: An extended death cobordism, corresponding to a 2–handle attachment together with
a 1–handle.

Theorem 3.7 There is a map d† W cCFL1.L1/! cCFL1.L2/ which preserves the Maslov grading
and the F–filtration and induces an isomorphism in homology.

Note that, since cCFL1
d
.D/ is usually not a finite dimensional F–vector space whenD is a grid diagram,

we cannot directly apply Theorem 2.8 in this case, although this can be done after more work.

Proof Denote by cCFL1.Li / the filtered chain homotopy type of the complexes associated to Li . By
Theorems 2.8 and 3.1, the dual complex cCFL1.Li /� represents the almost filtered chain homotopy
type of cCFL1.D�i /.

We use Theorem 3.6 to say that, up to composing with some j–filtration preserving A–filtered chain
homotopy equivalences, we can suppose the existence of a map b†� W cCFL1.L2/�! cCFL1.L1/

�

which has all the property we want. If we take b†�;� as the dual of this map then

b†�;� W cCFL
1.L1/! cCFL1.L2/

preserves the filtration F and induces precisely a graded isomorphism in homology; this is because the
definition of the dual complex in Section 2.3 implies that cCFL1.L/�� has a natural identification with
cCFL1.L/ for every link L.

We conclude by saying that d† WD b†�;� again up to composition with some j–filtration preserving
A–filtered chain homotopy equivalences.

Now with this theorem set we can prove one of the main results of the paper.

Proof of Theorem 1.2 After applying Theorems 3.6 and 3.7, by considering the maps induced by a
concordance † from L1 to L2, we obtain a graded isomorphism F , between the homology groups, such
that F.FScHFL1d .L1//� FScHFL1d .L2/, which gives

(3-1) dimF FScHFL1d .L1/6 dimF FScHFL1d .L2/:
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A

j

A

j

A

j

Figure 12: The centered southwest regions A0 (left), A1 (middle) and A2 (right) of R2.

In order for F to be a filtered isomorphism we also need that it restricts to an isomorphism on each level
of the F–filtration. To see this we take another concordance †0 from L2 to L1 and, in the same way as
before, we get the opposite inequality with respect to (3-1).

We now show that the ‡–type invariants are indeed concordance invariants. In order to prove this fact,
we only need that the F–filtered isomorphism type of the homology group is a concordance invariant.

Theorem 3.8 The real number ‡S .L/ is a concordance invariant for every centered southwest region S
in R2.

Proof By Theorem 1.2,

FSkcHFL10 .L1/� Ffj60gcHFL10 .L1/ () FSkcHFL10 .L2/� Ffj60gcHFL10 .L2/

for every k 2R, since L1 is concordant to L2. By definition, this immediately implies ‡S .L1/D‡S .L2/
for every southwest region S .

4 Upsilon-type invariants

4.1 Definition of ‡ �
S
.L/ and the ‡ –function for links

In Section 2.2 we saw that Ffj60gcHFL10 .L/ is isomorphic to F for every link. Using Theorem 2.1 we
can also argue that

Ffj60gcHFL11�n.L/

Ffj6�1gcHFL11�n.L/
ŠF F ;

where n is the number of components of L. Then, for a given centered southwest region S �R2, we can
define

‡�S .L/ WDmaxfk 2R j FSkcHFL11�n.L/ 6� Ffj6�1gcHFL11�n.L/g:

Theorem 1.2 implies that ‡�S .L/ is also a concordance invariant. Moreover, we observe that, for knots,
‡� coincides with ‡ .
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�2 �1 0 1 2 3 4

�1

0

1

2

3

4

A

j

2

�3 �2 �1 0 1 2 3

�2

�1

0

1

2

3

A

j

2

Figure 13: The complex cCFL1.T3;3/ on the left and cCFL1.T 03;3/ on the right. The 2 on
the central staircase is the multiplicity of the subcomplex. White, gray and brown dots represent
Maslov gradings 0, �1 and �2 respectively, while black dots represent the others.

In [Ozsváth et al. 2017a] the ‡–invariant is described as a piecewise linear function ‡K.t/ W Œ0; 2�!R

such that ‡K.2� t /D‡K.t/ for every knot K and t . We call this function the classical ‡–invariant. In
the case of links we give a similar definition, which can be seen as a particular case of ‡S .

Consider the centered southwest region

At WD
˚
.j; A/ 2R2 j A � 1

2
t C j

�
1� 1

2
t
�
6 0

	
for t 2 Œ0; 2�; see Figure 12. It can be shown — see [Alfieri 2019] — that ‡At .K/ D ‡K.t/ for every
knot K. Moreover, we define

‡L.t/ WD ‡At .L/ and ‡�L.t/ WD ‡
�
At
.L/

for every link. The reader can easily check that these R–valued functions are piecewise linear and
‡L.0/D ‡

�
L.0/D 0.

Example 4.1 In Figure 13 we show the chain complexes for the .3; 3/–torus link, which can be computed
from the Heegaard diagram in Figure 14. We write T3;3 when we orient the three components in the same
direction, while T 03;3 denotes the same link with the orientation reversed on one component. From this
picture we can easily compute the ‡–functions:

‡T 03;3
.t/D 0 if t 2 Œ0; 2�; ‡�

T 03;3
.t/D

�
t if t 2 Œ0; 1�;
2� t if t 2 Œ1; 2�;

‡T3;3.t/D

8<:
�3t if t 2

�
0; 2
3

�
;

�2 if t 2
�
2
3
; 4
3

�
;

�6C 3t if t 2
�
4
3
; 2
�
;

‡�T3;3.t/D

�
�t if t 2 Œ0; 1�;
�2C t if t 2 Œ1; 2�:
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z1

w1

z2

w2

z3

w3

Figure 14: A Heegaard diagram for the link T3;3. The ˛–curves are red, while the ˇ–curves are blue.

Finally, we show that the classical ‡–invariants do not determine the F–filtered isomorphism type of
cHFL1.L/. In fact, take the knot K D T4;5 # T �2;3I2;5 # T �2;5 whose homology is shown in Figure 15,
where T2;3I2;5 is the .2; 3/–cable of T2;5. Kim and Livingston [2018] proved that ‡K.t/D‡�K.t/D 0 for
every t 2 Œ0; 2�. On the other hand, it is easy to check that‡V0.K/D�2, where V0Df.a; b/ ja60; b60g,
while ‡V0.
/D 0.

4.2 Symmetries

In this subsection we study some of the main properties of the ‡–invariants. We start from this proposition
from [Ozsváth and Szabó 2008].

�4 �3 �2 �1 0 1 2 3

�3

�2

�1

0

1

2

3

A

j

Figure 15: The acyclic summand of the chain complex CFK1.K/, with K D T4;5 #T �2;3I2;5 #T �2;5.
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Proposition 4.2 (Ozsváth and Szabó) The F–filtered chain homotopy type cCFL1.L/ of a link Floer
complex is independent of the (global ) orientation of L.

In particular, we can identify the homology group of a link L and its reverse.

Corollary 4.3 There is an F–filtered isomorphism cHFL1.L/ $ cHFL1.�L/. In particular ,
‡S .L/D ‡S .�L/ and ‡�S .L/D ‡

�
S .�L/ for every centered southwest region S of R2.

We remind the reader that this result is not true if we reverse the orientation only on some of the components
of L, as we saw in the previous subsection with the link T3;3.

Say �S is the southwest region obtained from S after applying the reflection r of the plane with respect
to the line fA� j D 0g. We prove the following property.

Theorem 4.4 We have ‡S .L/D‡�S .L/ and ‡�S .L/D‡
�
�S .L/ for every centered southwest region

S of R2. In particular , one has ‡L.t/D ‡L.2� t / and ‡�L.t/D ‡
�
L.2� t / for every t 2 Œ0; 2�.

Proof Since a chain complex for �L is obtained by switching the role of w and z in a Heegaard diagram
for L, and then of the filtrations A and j , Corollary 4.3 tells us that cCFL1.L/ is symmetric under r up
to homotopy. Moreover, this symmetry is chain homotopic to the identity by [Sarkar 2015, Lemma 4.6]
and the claim follows.

For the second part of the statement, we just need to observe that the reflected southwest region �At
corresponds to A2�t .

With this theorem set, from now on we consider the ‡–functions as defined on Œ0; 1�, since their values
on Œ1; 2� are then determined automatically.

Now we want to study the relation between the‡ ’s ofL and its mirror image. We recall that, in Section 2.3,
we defined �S as the complement of the region obtained from S by applying a central symmetry. Then
we say that �S is the topological closure of �S .

Proposition 4.5 For an n–component link L,

‡S .L
�/D�‡�

�S
.L/

for every centered southwest region S of R2. In particular , we obtain ‡L�.t/ D �‡�L.t/ for every
t 2 Œ0; 1� and for a knot K one has ‡S .K�/D�‡�S .K/.

Proof We apply Theorem 2.8 to argue that there is an identification

FScHFL10 .L
�/$ .F�/ScHFL1n�1.L/

�
D Ann F�ScHFL11�n.L/
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A

j

Figure 16: The centered southwest region T in the picture is such that T D �T .

that preserves the containment relations. Hence, we only need to use the definition of ‡ :

‡S .L
�/Dmaxfk 2R j FSkcHFL10 .L

�/� Ffj60gcHFL10 .L
�/g

Dmaxfk 2R j Ann F�SkcHFL11�n.L/� Ann Ffj6�1gcHFL11�n.L/g

Dmaxfk 2R j F.�S/�kcHFL11�n.L/� Ffj6�1gcHFL11�n.L/g

D �minfk 2R j F.�S/kcHFL11�n.L/� Ffj6�1gcHFL11�n.L/g

D �maxfk 2R j F�SkcHFL11�n.L/ 6� Ffj6�1gcHFL11�n.L/g D �‡
�

�S
.L/

for every centered southwest region S in R2.

The third claim is trivial, while for the second one we note that �At D At for every t 2 Œ0; 1�.

We observe that the southwest regions At are not the only S such that �S D S as we see from Figure 16.

Let us recall that the homology group 1HFL.L/ (resp. 1HFL.L/) is defined as the bigraded homology of
the associated graded object (resp. the A–filtered graded homology) of the complex 1CFL.L/, given by
setting U D 0 in cCFL1.L/; see [Cavallo 2018; Ozsváth and Szabó 2008] for details.

Lemma 4.6 If a cycle in Ffj60gcCFL1.L/ is a generator of the homology group cHFL1.L/, and its
homology class has minimal j –level zero , then its projection to 1CFL.L/ is a generator of 1HFL.L/.

Proof By [Rasmussen 2003, Lemma 4.5] we know that, up to changing basis, the complex cCFL1.L/
is such that the differential of the bigraded object associated to 1CFL.L/ is zero. Therefore, if we pick a
generator with minimal j–level zero then its projection cannot be zero in 1HFL.L/, because clearly it
would be homologous to an element of U �Ffj60gcCFL1.L/D Ffj6�1gcCFL1.L/.

We use the mirror image symmetry to prove the following proposition. We assume the reader to be
familiar with the definition of the concordance invariants �.L/ and ��.L/, given in [Cavallo 2018].
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Figure 17: A positive staircase (left), a negative staircase (middle) and an acyclic square (right).
The acyclic subcomplex of cCFL1.L/, when L is as in Theorem 4.8, is the direct sum of acyclic
squares.

Proposition 4.7 For a link L,

�.L/D�‡ 0L.0/ and ��.L/D�.‡�L/
0.0/:

Furthermore , each slope of ‡L.t/ and ‡�L.t/ is an integer s such that the Alexander grading sub-
group 1HFL�;s.L/ is nonzero , and if t0 2 .0; 1/ is a point where the slope changes from s1 to s2 then
t0 2 Z=js2� s1j and js2� s1j> 2.

Proof We prove the first part of the statement. We take t 2 Œ0; "/ with " very small and we show
that for such t’s one has ‡L.t/ 6 �t � �.L/. Suppose that the homology class of x is a generator of
Ffj60gcHFL10 .L/. By Lemma 4.6, Nx, the projection of x to 1CFL0;�.L/, is a generator of 1HFL0.L/.
Hence, assuming ‡L.t/ > �t � �.L/ contradicts the fact that �.L/ is the minimum A–level s such that
As1HFL0.L/ has dimension one; see [Cavallo 2018].

We now show that ‡L.t/ > �t � �.L/. In fact, the same argument we used before also shows that
‡�L�.t/6�t ��

�.L�/ for t 2 Œ0; "/ and then �‡L.t/6�t .��.L// from Proposition 4.5 and the symmetry
properties of ��; see [Cavallo 2018]. This proves the claim; in fact, the version for the ‡�–function can
be proved applying Proposition 4.5.

The second part of the proposition follows from the same proof of [Ozsváth et al. 2017a, Proposition 1.4]
and [Feller et al. 2019, Observation 2.2].

Using this result we immediately compute the ‡–functions for the Hopf links H˙. In fact H˙ is a
nonsplit 2–component link that bounds an annulus in S3. Since 1HFL detects the Thurston norm [Ni 2009,
Theorem 1.1], this implies that 1HFL�;s.H˙/ is nonzero only when sD�1; 0; 1 and then ‡H˙ and ‡�H˙
are determined by the �–invariants, which are computed in [Cavallo 2018, Corollary 3.7]. Therefore,

‡HC.t/D�t; ‡�H�.t/D t and ‡�HC.t/D ‡H�.t/D 0

for every t 2 Œ0; 1�.
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We conclude this subsection by stating a result of Petkova [2013] that allows us to determine cCFL1.L/
for every nonsplit alternating link. We recall that an n–component link L is 1HFL–thin if its homology
group 1HFLd;s.L/ is supported on the line s D d C 1

2
.n� 1� �.L//, where �.L/ is the signature of L.

Theorem 4.8 (Petkova) Suppose that the link L has n components and it is 1HFL–thin. Then the chain
complex cCFL1.L/ is given as the direct sum of some F ŒU; U�1�–subcomplexes as in Figure 17. More
specifically, for every

s 2
˚
1
2
.n� 1� �.L//� k

	
with k D 0; : : : ; n� 1;

we have
�
n�1
k

�
positive (resp. negative) staircases when s is positive (resp. negative). Moreover , the

acyclic subcomplex is determined by

�.1HFL.L//.t; t�1/D
X
d2Z

.�1/d dimF 1HFLd;s.L/ � ts D .t1=2� t�1=2/n�1 � rL.t1=2� t�1=2/;

where rL.z/ is the Conway normalization of the Alexander polynomial of L.

Note that quasialternating links (and then nonsplit alternating links) are 1HFL–thin; see [Cavallo 2018;
Ozsváth et al. 2015]. In Figure 18 we show a Whitehead link and its corresponding complex.

4.3 Connected sums and disjoint unions

It follows from the work of Ozsváth and Szabó that the chain complex for a connected sum of the links
L1 and L2 is given by the tensor product between the ones of L1 and L2.

Theorem 4.9 (Ozsváth and Szabó) Given two links L1 and L2, denote by L1 #i;j L2 the connected
sum performed on the i– and j –component of L1 and L2, respectively. Then

cCFL1.L1 #i;j L2/Š cCFL1.L1/˝FŒU;U�1� cCFL
1.L2/:

In particular , the complex cCFL1.L1 #L2/ does not depend on i and j .

Since F ŒU; U�1� is a principal ideal domain, using the Künneth formula and Theorem 2.1 on the
identification in Theorem 4.9 gives

Ffj60gcHFL10 .L1 #L2/ŠF Ffj60gcHFL10 .L1/˝F Ffj60gcHFL10 .L2/

and

Ffj60gcHFL12�n1�n2.L1 #L2/

Ffj6�1gcHFL12�n1�n2.L1 #L2/
ŠF

Ffj60gcHFL11�n1.L1/

Ffj6�1gcHFL11�n1.L1/
˝F

Ffj60gcHFL11�n2.L2/

Ffj6�1gcHFL11�n2.L2/
;

where ni is the number of components of Li and we recall that n1 C n2 � 1 is the one of L1 # L2.
Furthermore, if the homology classes of xi are generators for Ffj60gcHFL10 .Li / then Œx1 ˝ x2� is
a generator of the homology group Ffj60gcHFL10 .L1 # L2/. In the same way, if yi is such that
Œyi � is a generator of cHFL11�ni .Li /, with minimal j–level zero, then Œy1 ˝ y2� is a generator of
cHFL12�n1�n2.L1 #L2/ and its minimal algebraic level is again zero.
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Figure 18: The complex cCFL1.W / (right) of the Whitehead link W (left).

We can now study how the ‡–invariants behave under connected sums. For every centered southwest
region S of R2 we define

env.S/D f.j; A/ 2R2 j j D a1C a2 and AD b1C b2 where .ai ; bi / 2 S for i D 1; 2g:

Clearly, the region env.S/ is still a southwest region (unless it coincides with the whole R2) and
S � env.S/. Moreover, we take h.S/ 2 Z>0[fC1g as

inffk 2N j S�k � env.S/g

and we state the following proposition.

Proposition 4.10 Let us consider a link Li with ni components for i D 1; 2 and S a centered southwest
region of R2. Then

‡S .L1 #L2/> ‡S .L1/C‡S .L2/� h.S/;

‡�S .L1 #L2/> ‡�S .L1/C‡
�
S .L2/� h.S/:

In particular , if S D env.S/ then the ‡ ’s and ‡�’s are superadditive under connected sums.

Proof The proof of the two inequalities is exactly the same; hence, we only do the first one. From what
we said at the beginning of the subsection we can take x and y, such that their homology classes are
generators of Ffj60gcHFL10 .Li / for i D 1; 2, in the region S‡S .Li / D S
i , and we obtain that Œx˝y�
is a generator of Ffj60gcHFL10 .L1 #L2/ and x˝y 2Fenv.S/
1C
2 cCFL10 .L1 #L2/. Therefore, from
the definition of h.S/ it follows that

env.S/
1C
2 � S
1C
2�h.S/

and x˝y 2 FS
1C
2�h.S/cCFL10 .L1 #L2/, proving the inequality.
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A

j

T

Figure 19: The centered southwest region T is such that h.T /D 0.

There are examples of southwest regions S with h.S/¤ 0 and ‡ is not superadditive. Take the region
V1 D f.j; A/ 2R2 j j 6 0; A6 1g, then

�4D ‡V1.T2;3 #T2;7/ < ‡V1.T2;3/C‡V1.T2;7/D 0C .�2/D�2:

Corollary 4.11 If a centered southwest region S is such that �S D S and h.S/D 0 then

‡S .L1 #L2/D ‡S .L1/C‡S .L2/ and ‡�S .L1 #L2/D ‡�S .L1/C‡
�
S .L2/

for every pair of links L1 and L2. In particular , this holds for the classical ‡ functions.

Proof By Propositions 4.5 and 4.10,

‡S .L1/C‡S .L2/� h.S/6 ‡S .L1 #L2/6 ‡S .L1/C‡S .L2/C h.�S/:

The claim follows by using the assumption that h.S/D h.�S/D 0. The same proof works for ‡�.

We observe that there are centered southwest regions, different from the At ’s, for which h.S/D 0 and
their ‡–invariants are superadditive; see Figure 19.

Example 4.12 By Corollary 4.11, for the positive and negative Hopf link one has ‡HC#H�.t/D�t and
‡�HC#H�

.t/D t for every t 2 Œ0; 1�. In particular, we have an example when cCFL1.L/˝cCFL1.L�/
is not locally equivalent to the chain complex of an unlink; in fact, it is ‡
m D 0 for every m 2N.

The disjoint union of two links can be seen as a special connected sum. In fact, the link L1 tL2 is
isotopic to L1 #
2 #L2, where the two connected sums are performed on different components of the
unlink
2.

Proposition 4.13 The chain complex of the link L1 tL2 is given by

cCFL1.L1 tL2/Š cCFL
1.L1 #L2/˝FŒU;U�1� cCFL

1.
2/

Š cCFL1.L1 #L2/˚ cCFL1.L1 #L2/ŒŒ1��;

where ŒŒ � �� denotes a shift in the Maslov grading.
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Proof It is easy to compute that cCFL1� .
2/ Š F ŒU; U�1�.0/˚ F ŒU; U�1�.�1/. Hence, the claim
follows from Theorem 4.9.

Note that, since the chain complex for the connected sum is independent of the choice of the components,
cCFL1.L1 tL2/D cCFL

1..L1 #L2/t
/; in other words, there is an identification between the
chain complexes for the disjoint union and the link obtained by adding an unknot to any connected sum
of L1 and L2.

Corollary 4.14 Given two links L1 and L2,

‡S .L1 tL2/D ‡S .L1 #L2/ and ‡�S .L1 tL2/D ‡
�
S .L1 #L2/

for every southwest region S of R2.

Proof This follows immediately from Theorem 2.1 and Proposition 4.13.

4.4 Slice genus

Suppose that a link L has n components and bounds a smooth, compact, oriented surface † ,!D4 with
genus g.†/ and k connected components. Then, after removing k open disks from it, we can see † as a
smooth cobordism between the k–component unlink
k and L. If we look at the canonical form of link
cobordisms described in Section 3.1 then † is such that, from left to right, there are no merge moves, the
torus moves are g.†/ in total and there are exactly n� k split moves. Other than these, the cobordism †

might have pieces representing concordances, which induce local equivalences as shown in Section 3.

The goal of this subsection is to study how much the ‡–invariants of L differ from zero (‡S .
n/D 0

for every S ) when L bounds a surface † as before. We use grid diagrams like in Section 3.

Let us start from the torus move; see Figure 6. We define a map t as the identity between the grid
diagram representing the link before the move and the one obtained by applying Figure 9 twice. Such a
map is a chain map, induces a graded isomorphism in homology and preserves the j–filtration by the
same argument in Section 3.3: since the links before and after the moves have both k components, the
corresponding diagrams have the same O–markings (both normal and special). Previously we used a
result of Sarkar [2011] to show that b2 is A–filtered of degree zero. Since now we are composing the
same map twice, but the first time the number of components is increasing, this is no longer true. In fact,
the map t is A–filtered of degree 1; see [Sarkar 2011, Section 3.4].

Now we study the split moves as in the left side of Figure 20. We may want to define a map s in a similar
way as what we do for t : using the same procedure for the map b2, but this is not possible. In fact, the
link L2 has one more component than L1, so the number of special O–markings is different and s would
not be a chain map. To avoid this problem, before applying the split move we add a disjoint unknot to L1
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L1

L2

unknot

connected sum

L1

L2

Figure 20: A split move. The two cobordisms in the picture are isotopic in S3 � I after capping the unknot.

and after the split move we connect sum the unknot to the component without special O–markings. This
is pictured on the right side of Figure 20. In this way, we can define a map

s2 W cCFL
1
0 .D1 t
/! cCFL10 .D2/;

where Di is a grid diagram for Li , exactly in the same way as t . Now from Proposition 4.13, the map

s1 WD cCFL
1
0 .D

0
1/! cCFL10 .D

0
1 t
/D cCFL

1
0 .D

0
1/˚ cCFL

1
1 .D

0
1/

is the inclusion of cCFL10 .D
0
1/ as the first summand of cCFL10 .D

0
1t
/; and we recall that D0i is the

grid diagram obtained from Di by applying the algorithm in Section 3.2. Hence, the map s1 preserves
the Maslov grading and the filtration F. We conclude that the composition

s WD s2 ı s1 W cCFL
1
0 .D1/! cCFL10 .D2/

induces a graded injective homomorphism in homology, preserves j and it is A–filtered of degree 1.

Given a centered southwest region S of R2, we say that

S Cm WD f.j; A/ 2R2 j .j; A�m/ 2 Sg

for every m 2N, an example is given in Figure 21. We define the nonnegative integer hS .m/ as

minfk 2N j .0;m/ 2 S�kg

and we recall that the reversed region �S is defined in Section 4.2 by applying to S the reflection of R2

with respect to the line fA� j D 0g. Then we can prove that each ‡ gives a lower bound for the genus
of †.

Proposition 4.15 If L is an n–component link in S3, which bounds a surface † as before , then

�‡S .L/6 h˙S .g.†/Cn� k/

for every centered southwest region S of R2.
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S C 1

Figure 21: A centered southwest region S on the left and the southwest region S C 1 on the right.

Proof We construct a map f† by composing the maps t and s defined in this subsection, together with
the concordance maps in Section 3. We obtain that

f†.F
ScCFL10 .
k//� FSCg.†/Cn�kcCFL10 .L/

for every S . In particular, if the homology class of x is a generator of Ffj60gcHFL10 .
k/ then f �† Œx�
is a generator of Ffj60gcHFL10 .L/. This immediately implies that ‡S .L/> �hS .g.†/Cn� k/ and
we complete the proof by observing that ‡�S .L/D ‡S .L/ from Theorem 4.4.

A similar lower bound holds with ‡� in place of ‡ , but it is clear that the proof cannot work as the one of
Proposition 4.15. In fact, we used the map s that preserves the Maslov grading, while the ‡�–invariants
of Li are computed by finding generators in cHFL11�m.L1/ and cHFL1�m.L2/ respectively, where m
is the number of components of L1. To jump this hurdle, in the following lemma we introduce another
map s0 induced by the split move.

Lemma 4.16 Suppose thatL1 andL2 are as in the left side of Figure 20 andD1 andD2 are corresponding
grid diagrams. Then we can find a chain map

s0 W cCFL1d .D1/! cCFL1d�1.D2/

for every d 2 Z, which preserves the F–filtration and induces an isomorphism

Ffj60gcHFL11�m.L1/

Ffj6�1gcHFL11�m.L1/
ŠF

Ffj60gcHFL1�m.L2/

Ffj6�1gcHFL1�m.L2/
;

where m is the number of components of L1.

Proof We represent the split move using the fragments of D1 and D2 as in Figure 22, where this time
the number of special O–markings on each component is the same both before and after the move. We
define s0 as

s0.x/D

�
x if c 2 x;
Ux otherwise;

and s0.V1p/D U � s
0.p/;
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c

O1

˛

ˇ

Figure 22: Another split move in a grid diagram. We recall that special O–markings are colored in red.

for every grid state x 2 S.D1/, every p 2 cCFL1.D1/ and Vi–equivariant for i > 1, where V1 is the
variable associated to the normal O–marking O1; see Figure 22.

Consider the diagramsD01 andD02, obtained by applying the algorithm in Section 3.2 toD1 andD2; hence,
the diagrams Di and D0i have same O–markings. Denote by D03 the diagram obtained by removing the
row ˛ and the column ˇ fromD02; then cCFL1.D02/ is isomorphic to cCFL1.D03/˚cCFL

1.D03/ŒŒ1��

by Proposition 4.13. Finally, let us call � W cCFL1.D02/! cCFL1.D03/ the map given by adapting to
our setting the homotopy inverse of the map i ıH used in [Cavallo 2018, Proposition 3.1]. This map
coincide with the special destabilization in [Sarkar 2011, Section 3.3].

The map s0 was also studied by Sarkar [2011, Section 3.3], and he proves that � ı s0 D dNO is one of the
destabilization maps in [Manolescu et al. 2007; Ozsváth et al. 2015]. Such a map is induced by the link
isotopy relating D01 and D03 which means it is an almost filtered chain homotopy equivalence, and a local
equivalence by Remark 3.2. Therefore, the map s0 W cCFL1.D1/! cCFL1.D2/ induces an injective
homomorphism in homology and drops the Maslov grading by one, while the fact that s0 preserves the
Alexander filtration A is shown in [Sarkar 2011, Section 3.4].

In order to conclude the proof we just need to observe that s0 does not change the minimal j–level of a
generator of the homology in Ffj60gcCFL1.D1/; and note that this only depends on the O–markings.
Since the identification in Proposition 4.13 is an isomorphism of chain complexes, we would have that if
s0 would drop the minimal j –level then the same should be true for � ı s0 D dNO, but this is impossible
because the latter is a local equivalence.

Now we can prove the main result of this subsection.

Proposition 4.17 Suppose that L is an n–component link in S3 which bounds a smooth , compact ,
oriented surface † ,!D4, with k connected components. Then

�h
˙�S .g.†//6 �‡S .L/6 h˙S .g.†/Cn� k/;

�h
˙�S .g.†/Cn� k/6 �‡

�
S .L/6 h˙S .g.†//

for every centered southwest region S of R2.
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Figure 23: The centered southwest regions Vk (left) and Wk (right) of R2 for any integer k > 0.

Proof The fact that �‡�S .L/ 6 h˙S .g.†// follows in the same way as in Proposition 4.15 by using
Lemma 4.16. Then we apply Propositions 4.5 and 4.15.

This theorem immediately gives the lower bound in Theorem 1.5 for the smooth slice genus g4.L/ of a
link, which is defined as the minimum genus of a smooth, oriented, compact surface properly embedded
in D4 and that bounds L. For knots such lower bounds agree with the ones of Alfieri [2019] and Ozsváth,
Stipsicz and Szabó [Ozsváth et al. 2017a].

Example 4.18 We observe that, when L bounds a planar (genus zero) surface inD4, we have ‡S .L/6 0
and ‡�S .L/> 0 for every S centered.

4.5 Other concordance invariants from the link Floer complex

4.5.1 The invariant �C Let us consider the centered southwest regions

Vk WD f.j; A/ 2R2 j j 6 0; A6 kg

with k2N; see Figure 23. We denote the‡–invariants associated to these regions by�2�VL.k/D‡Vk .L/.
It follows from [Alfieri 2019] that the invariants VK.k/ determine some of the invariants hk of a knot K,
which were introduced by Rasmussen [2003].

Proposition 4.19 (Alfieri) Suppose that K is a knot in S3. Then VK.k/D hk.K/ for every k 2N.

Applying Proposition 4.17 we obtain that hk.K/D VK.k/6 g4.K/�k for a knot K and 06 k 6 g4.K/,
which coincides with [Rasmussen 2003, Corollary 7.4]. Furthermore,

06 VL.k/6 g4.L/Cn� k� 1 if k < g4.L/Cn� 1;

VL.k/D 0 if k > g4.L/Cn� 1;
and

VL.k/> VL.kC 1/

for every link L. Finally, Theorem 3.8 tells us that VL.k/ is a concordance invariant for every k 2N.
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Hom and Wu [2016] define the knot concordance invariant �C and they prove that such invariant gives a
lower bound for the slice genus g4. Using our results we can easily extend �C to links: we say that

�C.L/ WDminfk 2N j VL.k/D 0g:

It is easy to check [Hom 2017] that for knots such a definition coincides with the one in [Hom and Wu
2016] and it generalizes its well-known properties.

Proposition 4.20 The nonnegative integer �C.L/ is a concordance invariant of links.

Proof If L1 is concordant to L2 then VL1.k/D VL2.k/ for every k 2N as we saw before. Hence, one
has VL1.k/D 0 if and only if VL2.k/D 0.

Consider the southwest regions Wk in Figure 23; we see immediately that one has Wk D �V k and then
‡�Wk

.L/D 2 �VL�.k/ for every k 2N by Proposition 4.5. We say that

O�.L/Dmaxf�C.L/; �C.L�/g;
where

�C.L�/Dminfk 2N j VL�.k/D 0g Dminfk 2N j ‡�Wk .L/D 0g

which is also a concordance invariant.

Theorem 4.21 Suppose that L is an n–component link in S3. Then

06 �C.L/6 O�.L/6 g4.L/Cn� 1 and �.L/6 �C.L/:

Furthermore , the invariants �C.L/ and O�.L/ are subadditive:

�C.L1 #L2/6 �C.L1/C �C.L2/ and O�.L1 #L2/6 O�.L1/C O�.L2/

for every pair of links L1 and L2.

Proof We saw before that if VL.k/¤ 0 then k < g4.L/C n� 1. Since �C.L/ is the minimal k such
that VL.k/ D 0 and g4.L/ D g4.L

�/, we conclude that O�.L/ 6 g4.L/C n � 1. We now show that
�.L/6 �C.L/. Suppose that s is the minimal integer such that VL.s/D 0; then there is an element x in
FVscCFL10 .L/ whose homology class is a generator of the homology with minimal j –level zero. The
claim follows from Lemma 4.6.

For the last part of the theorem, take elements x1 and x2 as before for L1 and L2 respectively. From
Section 4.3 we know that

x1˝ x2 2 F
V
�C.L1/C�

C.L2/cCFL10 .L1 #L2/

has the same properties. Since‡Vk .L1#L2/6 0 for every k, this implies VL1#L2.�
C.L1/C�

C.L2//D 0.
Now, denote by J1 and J2 either the links L1 and L2 or the links L�1 and L�2 , depending on which ones
give the maximal �C.J1 #J2/. Then

O�.L1 #L2/D �C.J1 #J2/6 �C.J1/C �C.J2/6 O�.L1/C O�.L2/:
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Figure 24: The relevant acyclic summand of cCFL1.L/, where L D T2;9 # T �2;3I2;5 #H #n�1
� .

Here, by relevant we mean the summand which contains the generators of Ffj60gcHFL10 .L/,
in the decomposition induced by the connected sum, according to Theorem 4.9. We have that
�.L/D 0 and �C.L/D 2.

Theorem 4.21 tells us that �C gives a lower bound to the slice genus at least as good as the one given
by � . An example where this happens is shown in Figure 24.

Let us write 2 �WL.k/D ‡Wk .L/. In the same way as before,

06WL.k/6 g4.L/� k if k < g4.L/;

WL.k/D 0 if k > g4.L/;
and

WL.k/>WL.kC 1/
for every link L.

We call L�.L/ the nonnegative integer

max
˚
minfk 2N jWL.k/D 0g;minfk 2N jWL�.k/D 0g

	
;

which shares similar properties with O�.L/. In particular, L�.L/D O�.L/ for knots.

Theorem 4.22 Suppose that L is an n–component link in S3. Then L� is a concordance invariant ;
moreover ,

06 L�.L/6 g4.L/ and ��.L/6 L�.L/:

Furthermore , the invariant L�.L/ is also subadditive:

L�.L1 #L2/6 L�.L1/C L�.L2/

for every pair of links L1 and L2.
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Proof It follows in the same way as in the proof of Proposition 4.20 and Theorem 4.21, by applying
Lemma 4.6 and Proposition 4.17. We just need to observe that

minfk 2N jWL�.k/D 0g Dminfk 2N j ‡�Vk .L/D 0g:

This result implies that if L bounds a compact planar surface properly embedded in D4 then L�.L/D 0.

4.5.2 Secondary upsilon invariants In a paper of Allen [2020] we find an example of two noncon-
cordant knots with the same ‡–invariants. These knots are the torus knot T5;7 and the connected sum
T2;5 #T5;6. Their chain complexes are pictured in [Allen 2020, Figures 4 and 6].

Starting from this example, we build the links J1 D T5;7 #H #n�1
C

and J2 D T2;5 #T5;6 #H #n�1
C

. Since
we can compute the complex of the positive Hopf link,

cCFL1.HC/D CFK
1.T2;3/˚F ŒU; U�1�.�1/;

we easily obtain that the homology groups of J1 and J2 are F–filtered isomorphic. On the other hand, it
is still possible to show that cCFL1.J1/ is not locally equivalent to cCFL1.J2/, which means that the
filtered isomorphism (or its inverse) is not induced by a chain map that preserves the filtration F.

In order to find an obstruction for the existence of such a map, we need to use another family of invariants,
which was introduced by Kim and Livingston [2018] and by Alfieri [2019] for knots. We define the
secondary ‡–invariants ‡ .2/

SC;S�;S
.L/ of an n–component link L as �‡S .L/ plus the supremum of

k 2 Z such that
F
Sk[.S

C


C
/[.S�
� /cCFL11 .L/

contains a 1–chain a with @�aD x1C x2; the cycles

x1 2 F
.S
C


C
/
cCFL10 .L/ and x2 2 F.S

�

� /cCFL10 .L/

have the property that their homology classes are generators of Ffj60gcHFL10 .L/, where 
˙D‡S˙.L/
and SC, S� and S are three centered southwest regions of R2. Note that ‡ .2/

SC;S�;S
.L/ can be C1, as

it happens for the unknot.

We can define a secondary ‡�–invariant exactly in the same way, only this time we consider elements in
Maslov gradings 1�n and 2�n. For the sake of simplicity, in this subsection we only write proofs for
‡
.2/

SC;S�;S
.L/, but all the results also hold for this version of the invariant.

Proposition 4.23 Let us consider a link L. Then the invariant ‡ .2/
SC;S�;S

.L/ is a concordance invariant
for every triple of centered southwest regions SC, S� and S of R2.

Proof Suppose that L1 is concordant to L2 and ‡ .2/
SC;S�;S

.L1/ < ‡
.2/

SC;S�;S
.L2/. Then there is an

integer k > ‡ .2/
SC;S�;S

.L1/C‡S .L1/ such that

z˙ 2 F
S˙

˙ cCFL10 .L2/;
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the homology class ŒzC�D Œz�� is the generator of Ffj60gcHFL10 .L2/ and there exists

ˇ 2 F
Sk[.S

C


C
/[.S�
� /cCFL11 .L2/

with @�ˇ D zCC z�. We recall that 
˙ D ‡S˙.L1/D ‡S˙.L2/, since ‡ is a concordance invariant.

From Theorem 1.2 we know that the corresponding chain complexes of two links are locally equivalent.
Then we find a chain map g W cCFL10 .L2/! cCFL10 .L1/, which preserves F and induces an F–filtered
isomorphism between cHFL10 .L2/ and cHFL10 .L1/. Therefore, we can take

g.zC/Cg.z�/D g.@�ˇ/D @�g.ˇ/

and we have
g.z˙/ 2 F

S˙

˙ cCFL10 .L1/;

the homology class Œg.zC/�D Œg.z�/� is the generator of Ffj60gcHFL10 .L1/ and

g.ˇ/ 2 F
Sk[.S

C


C
/[.S�
� /cCFL11 .L1/:

This is a contradiction, because it implies k 6 ‡ .2/
SC;S�;S

.L1/C‡S .L1/.

Now we can show that the links J1 and J2 are not concordant. We have that

cCFL11�n.J1/D cCFL
1
0 .T5;7/ and cCFL11�n.J2/D cCFL

1
0 .T2;5 #T5;6/

up to acyclics; hence, if J1 and J2 were concordant then Proposition 4.23 should imply

‡
.2/

SC;S�;S
.T5;7/D .‡

�/
.2/

SC;S�;S
.J1/D .‡

�/
.2/

SC;S�;S
.J2/D ‡

.2/

SC;S�;S
.T2;5 #T5;6/

for every southwest regions S˙ and S . This is not true, as shown by Allen [2020].

We showed that the secondary ‡–invariants can give more information than the F–filtered isomorphism
type of cHFL1.L/; nonetheless, the following proposition holds. Here we recall that the invariants
VL.0/ and WL.0/, corresponding to the southwest regions V0 and W0, are defined before in Section 4.5.

Proposition 4.24 If VL.0/ D WL.0/ D 0 then all of the ‡’s of L are zero and all of the ‡ .2/’s of L
are C1. In the same way, if VL�.0/ D WL�.0/ D 0 then all of the ‡�’s of L are zero and all of the
.‡�/.2/’s of L areC1.

Proof Suppose that S is a centered southwest region of R2. Then V0 � S and 0D ‡V0.L/6‡S .L/.
In the same way, S �W0 and ‡S .L/6 ‡W0.L/D 0. This implies ‡S .L/D 0.

Consider two centered southwest regions S˙ of R2. Then V0 � SC \ S�, so there is a cycle, which
represents the generator of the algebraic level zero of cHFL10 .L/, in

FV0cCFL10 .L/� FS
C

cCFL10 .L/\FS
�

cCFL10 .L/:

Since ‡S .L/D 0 for every S from before, we obtain ‡ .2/
SC;S�;S

.L/DC1. The proof for ‡� is exactly
the same by Proposition 4.5.
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In particular, for knots we have the following corollary.

Corollary 4.25 For a knot K, if VK.0/D VK�.0/D 0 then ‡S .K/D 0 and ‡ .2/
SC;S�;S

.L/DC1 for

all southwest regions S˙ and S of R2.

Proof This follows immediately from Propositions 4.5 and 4.24.

In fact, it is possible to prove that VK.0/ D VK�.0/ D 0 forces CFK1.K/ to be stably equivalent to
F ŒU; U�1�.0/, the filtered chain homotopy type of the unknot; see [Hom 2017].

5 Unoriented Heegaard Floer homology

5.1 The homology groupHFL0.L/

Let us take a Heegaard diagram D for a link L in S3. The chain complex CFL0.L/ is the filtered chain
homotopy type of CFL0.D/, the free F ŒU; U�1�–module over T D T˛ \Tˇ with differential given by

@0x D
X
y2T

X
�2�2.x;y/
�.�/D1

m.�/ �U nw.�/Cnz.�/y;

where �, n�.�/ and m.�/ are as in Section 2.1, and

@0.U˙1p/D U˙1 � @0p

for any x 2 T and p 2 CFL0.D/.

Foe every x 2 T we define the ı–grading as

ı.x/DM.x/�A.x/:

It is easy to check that, with this definition, the variable U˙1 drops the ı–grading by ˙1. Moreover,
there is a map

@0d W CFL
0
d .D/! CFL0d�1.D/

for any d 2 Z.

The chain complex CFL0.L/ also has the algebraic filtration j , defined as in Section 2.1 by

j tCFL0.L/D U�t �CFL00.L/;

where CFL00.L/ is the free F ŒU �–module over T and t 2 Z. Note that the latter group was the original
unoriented chain complex defined in [Ozsváth et al. 2017b]. It is easy to check that the differential @0

preserves j .

We define the homology group as usual:

HFL0.L/D
M
d2Z

HFL0d .L/ and FtHFL0d .L/D �d .Ker @0d;t / WD �d .Ker @0d \FtCFL0.L//;

where �d W Ker @0
d
!HFL0.L/ is the quotient map.
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Proposition 5.1 For every n–component link L,

HFL0.L/ŠFŒU;U�1� F ŒU; U�1�2
n�1

;

with ı–homogeneous generators , and

F0HFL0.L/

F�1HFL0.L/
ŠF F2

n�1

:

Proof The first claim follows from [Ozsváth et al. 2017b], while the second one from the fact that the
U –action drops the ı–grading by one: each homology class in F0HFL0.L/nF�1HFL0.L/ corresponds
exactly to an F ŒU; U�1�–summand of HFL0.L/.

In [Ozsváth et al. 2017b] it is proved that HFL0.L/ is an isotopy link invariant. This is also implied by
the following theorem.

Theorem 5.2 There exists a chain map

i W cCFL1.L/˚ cCFL1.L/ŒŒ�1��! CFL0.L/;

which is an isomorphism of F–vector spaces that identifies the Maslov grading with the ı–grading.

Proof Let us consider all the intersection points x1; : : : ; xl whose Maslov grading has the same parity
of d . We define

i0d W cCFL
1
d .L/! CFL0d .L/;

U k1x1C � � �CU
klxl 7! U 2k1�A.x1/x1C � � �CU

2kl�A.xl /xl ;

and
i1d W cCFL

1
d .L/! CFL0d�1.L/;

U k1x1C � � �CU
klxl 7! U 1C2k1�A.x1/x1C � � �CU

1C2kl�A.xl /xl :

These maps are linear by definition; let us prove that they are also injective. We observe that

i"d .U
k1x1C � � �CU

klxl/¤ 0;

where " is 0 or 1, because the monomials U "C2ki�A.xi /xi for i D 1; : : : ; l are linearly independent in
CFL0

d�"
.L/; hence, the kernel of i"

d
is trivial.

We now show that id D i0d C i
1
dC1

is surjective. Suppose that q D U h1x1C� � �CU hlxl 2 CFL0d .L/. If
hi �A.xi / mod 2 then there exists a ki such that 2ki �A.xi /D hi ; otherwise, if hj �A.xj /C1 mod 2
then there exists a kj such that 1C 2kj �A.xj /D hj . Therefore, say q D q1C q2 and qi consists of
monomials of these two kinds respectively; we find p1 and p2 such that

id .p1; p2/D i
0
d .p1/C i

1
dC1.p2/D q1C q2 D q

and the claim follows.

Since i0
d

and i1
dC1

are both injective and their images have trivial intersection, and then give a direct sum
of CFL0

d
.L/, we obtain that each id is a linear isomorphism between cCFL1.L/˚ cCFL1.L/ŒŒ�1��

in ı–grading d and CFL0
d
.L/.
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In order to complete the proof we now have to show that i is a chain map, which means i ı.@�; @�/D @0ıi .
Since i is linear we can just check monomials. We have

.id�1 ı .@
�; @�//.U kx; 0/D id�1.@

�.U kx/; 0//

D i0d�1.U
k@�x/

D U 2k � i0d�1

�X
y2T

X
�2�2.x;y/
�.�/D1

m.�/ �U nw.�/y

�

D

X
y2T

X
�2�2.x;y/
�.�/D1

m.�/ �U 2kC2nw.�/�A.y/y

and

.@0 ı id /.U
kx; 0/D @0.i0d .U

kx//D @0.U 2k�A.x/x/D
X
y2T

X
�2�2.x;y/
�.�/D1

m.�/ �U 2k�A.x/Cnw.�/Cnz.�/y:

To conclude we need to see that nw.�/�A.y/D nz.�/�A.x/ and this holds for every � 2 �2.x; y/;
see [Ozsváth and Szabó 2008]. The proof for the monomials .0; U hy/ is the same.

The graded object associated toCFL0.L/ is 1CFL0.L/, which is the version of 1CFL obtained by collapsing
the bigrading accordingly. Hence, if L1 and L2 are isotopic links then

1HFLd 0.L1/ŠF 1HFLd 0.L2/
for every d 2 Z. This means that both HFL0.L/ and 1HFL0 are link invariants.

5.2 The �–set and unoriented concordance

We start this subsection with some properties of HFL0.L/.

Lemma 5.3 For every link L,

(1) if there is a chain map F W cCFL1.L1/! cCFL1.L2/ which preserves the F–filtration then the
map F 0 W CFL0.L1/! CFL0.L2/, defined as i2 ı .F ˚F ŒŒ�1��/ ı i�11 , preserves j ;

(2) if cCFL1.L1/ is locally equivalent to cCFL1.L2/ then there is a j–filtered and ı–graded
isomorphism between HFL0.L1/ and HFL0.L2/.

Proof Let us prove (1). We have to show that F 0 is j–filtered of degree zero. We do this by proving
that if U kx 2 FtCFL0.L1/ then F 0.U kx/ 2 FtCFL0.L2/ for every monomial.

We assume that k > �t . Then one has

i�11 .U kx/D

�
.U .kCA.x//=2; 0/ if kCA.x/ is even;
.0; U .�1CkCA.x//=2/ if kCA.x/ is odd:
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Now, when kCA.x/ is even, we can write

.F ˚F ŒŒ�1��/.i�11 .U kx//D

�X
y2T

a.x; y/ �U .kCA.x//=2C�.x;y/y; 0

�
;

with a.x; y/ 2 F . This yields

F 0.U kx/D
X
y2T

a.x; y/ �U kCA.x/�A.y/C2�.x;y/y

and it is easy to check that we get the same result when kCA.x/ is odd. To conclude we need to argue
that A.y/6A.x/C2�.x; y/. Since F preserves F, it is both j and A–filtered of degree zero. Therefore,
it is �.x; y/> 0 and A.y/6 A.x/C�.x; y/ whenever a.x; y/D 1 and the claim follows.

To prove (2) take the maps f W cCFL1.L1/! cCFL1.L2/ and g W cCFL1.L2/! cCFL1.L1/,
which both preserve the F–filtration. Theorem 5.2 implies that f 0, defined as i2ı.f ˚f ŒŒ�1��/ıi�11 , and g0,
defined in the same way from g, induce ı–graded isomorphisms in homology. Moreover, Lemma 5.3(1)
also gives that they preserve j . Hence, HFL0.L1/ is j–filtered isomorphic to HFL0.L2/.

The first consequence of this lemma is that the group HFL0 is also a concordance invariant.

Corollary 5.4 If the link L1 is concordant to the link L2 then the unoriented link Floer homology group
HFL0.L1/ is j–filtered isomorphic to HFL0.L2/, which means that

FtHFL0d .L1/ŠF FtHFL0d .L2/

for every t; d 2 Z.

Proof From Theorem 1.2 we know that cCFL1.L1/ is locally equivalent to cCFL1.L2/. The claim
then follows from Lemma 5.3(2).

By Theorem 2.1 we know that for an n–component link L,

Ffj60gcHFL1d .L/

Ffj6�1gcHFL1d .L/
ŠF F.

n�1
�d /

for d D 0; : : : ; 1�n. Let us denote by fh1; : : : ; h2n�1g a basis for the direct sum of such groups, where
the homology classes hi satisfy that for each i , there is an integer k and a Maslov grading d 2 Œ0; 1�n�
such that hi 2 F.A1/kcHFL1d .L/=F.A1/kC1cHFL1d .L/, where A1 is the centered southwest region

f.j; A/ 2R2 j j CA6 0g

that we used in Section 2.2 to define ‡L.1/, and, for any fixed k and d , the number of hi with those k
and d is exactly

dimF
F.A1/kcHFL1d .L/

F.A1/kC1cHFL1d .L/
:
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We also take h1 to be the only homology class as above in Maslov grading 0 and h2n�1 the same, but in
Maslov grading 1�n.

We define ui .L/ for i D 1; : : : ; 2n�1 as the maximum k 2R such that F.A1/kcHFL1d .L/ contains the
homology class hi . Note that the unordered set fu1.L/; : : : ; u2n�1.L/g does not depend on the choice
of the hi , but only on the F–filtered isomorphism type of cHFL1.L/. Moreover, u1.L/D‡L.1/ and
u2n�1.L/D ‡

�
L.1/.

Now let �.L/D f�1.L/; : : : ; �2n�1.L/g be the set of ı–gradings of a homogeneous F–basis of

F0HFL0.L/

F�1HFL0.L/
:

This set exists by Proposition 5.1 and it does not depend on the choice of the basis, but only on the
j–filtered isomorphism type of HFL0.L/. We have the following lemma.

Lemma 5.5 A homogeneous F–basis as before is obtained by taking the homology classes of elements
fU k1q1; : : : ; U

k
2n�1q2n�1g, where qi D i0

di
.pi / and pi represents the homology class hi in Maslov

grading di for every i D 1; : : : ; 2n�1.

Proof Since i is an isomorphism from Theorem 5.2, there is an injective map cHFL1.L/!HFL0.L/

identifying the Maslov grading with the ı–grading. This means that if p is a representative for h, with
Maslov grading d , then i0

d
.p/ represents a nonzero homology class inHFL0.L/; moreover, representatives

of distinct homology classes are sent into representatives of distinct homology classes, by Theorem 5.2.

The element qD i0
d
.p/ is in ı–grading d , but the minimal j –level of Œq� is not necessarily zero; although,

since the ı–grading is an absolute Z–grading and the U –action drops it by one, there is an integer k such
that U kŒq� has indeed minimal j–level equal to 0.

The fact that the set of all the U kq obtained in this way gives a basis as wanted is assured by the condition
we put on the choice of the hi .

We use this lemma to show that the �–set of L is closely related to the set fu1.L/; : : : ; u2n�1.L/g.

Proposition 5.6 Let �.L/ and ui .L/ for i D 1; : : : ; 2n�1 be as before. Then �i .L/Dui .L/Cdi , where
ui .L/ is associated to the homology class hi with Maslov grading di . In particular , �1.L/D‡L.1/ and
�2n�1.L/D ‡

�
L.1/C 1�n.

Proof Suppose that pi D U k1x1 C � � � C U
k`x` 2 cCFL

1
di
.L/ represents the homology class hi ;

moreover, we assume that

kj �A.U
kj xj /D 2kj �A.xj /> ui .L/ for any j D 1; : : : ; `

and 2k1�A.x1/D ui .L/.
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By Lemma 5.5, qi D i.pi /D U 2k1�A.x1/x1C � � � CU 2k`�A.x`/x` 2 CFL0di .L/ represents a nonzero
homology class in HFL0

di
.L/ and U�2k1CA.x1/ � qi is in minimal algebraic level zero. Moreover, we

saw that we get a homogeneous basis by considering all the hi and then, by definition of �.L/,

�i .L/D ı.U
�2k1CA.x1/ � qi /D ı.qi /C 2k1�A.x1/D di Cui .L/

for every i D 1; : : : ; 2n�1.

We can shift HFL0.L/ in order to turn it into an unoriented link invariant.

Theorem 5.7 CFL0.L1/
�
Œ1
2
�.L1/

�
� is j–filtered chain homotopy equivalent to CFL0.L2/

�
Œ1
2
�.L2/

�
�

whenever L1 is isotopic to L2 as unoriented links , where � is the signature of a link as in [Gordon and
Litherland 1978]. In particular , the set

�.L/� 1
2
�.L/D

˚
‡L.1/�

1
2
�.L/; : : : ; ‡�L.1/C 1�n�

1
2
�.L/

	
is an unoriented link invariant for every link L.

Proof Changing the orientation of a link L from EL1 to EL2, by reversing the orientation on the i th

component, results in a grid diagram G where the Oi–markings and the Xi–markings are swapped. Then
everything stays the same except for the ı–grading, which is renormalized. Using [Ozsváth et al. 2017b,
Proposition 7.1] we conclude that

ı1.x/� ı2.x/D
1
2
�. EL1/�

1
2
�. EL2/

for every grid state x of G.

It is important to note that, if we only compute the group HFL0.L/, we do not know how to identify
‡L.1/ and ‡�L.1/C 1� n in the �–set of L. This means that the latter is an unoriented link invariant
only if considered as an unordered set of 2n�1 integers, up to an overall shift that can be determined from
a diagram representing L. Furthermore, an analogue of the last result holds for unoriented concordant
links.

Proof of Theorem 1.7 This follows in the same way as the last theorem, using Corollary 5.4.

5.3 Unoriented cobordisms

5.3.1 Normal form and Euler number Let us denote by �max (resp. �min) the maximal (resp. minimal)
value in the �–set of a link. From [Ozsváth et al. 2017b, Theorem 5.2] if there is an oriented saddle
between L and L0, where L0 has one more component with respect to L, then

(5-1) �max.L
0/6 �max.L/6 �max.L

0/C 1

and

(5-2) �min.L
0/6 �min.L/6 �min.L

0/C 1:

The following inequalities agree with Proposition 4.17.
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L1
L2

Figure 25: Canonical form of unoriented cobordisms between two links: only one connected
component of F is shown. The nonorientable saddles are Möbius strips with a small open disk
removed.

Proposition 5.8 Suppose that a link L bounds a compact oriented surface †, properly embedded in D4,
with genus g.†/ and k connected components. Then

�g.†/C k�n6 �max.L/6 g.†/ and �g.†/C 1�n6 �min.L/6 g.†/C 1� k:

Proof From Corollary 5.4 we know that �max and �min are concordance invariants. Hence, since every
oriented cobordism † between
k and an n–component link L can be decomposed as explained at the
beginning of Section 4.4, and the values of �max.
k/ and �min.
k/ are 0 and 1� k respectively, the
claim follows from (5-1) and (5-2).

We now want to study how these invariants behave when we consider unoriented cobordisms. First, we
note that there still exists a normal form; in fact, comparing the oriented case with the results of Kamada
[1989] applied to cobordisms, we obtain that every unoriented cobordism F between L1 and L2 can be
written as in Figure 25. Hence, we just need to check what happens to the �–set when two links are
related by many nonorientable saddles. Of course, we can just study the case where there is only one
such move, since the general case is obtained by composing the cobordism in Figure 26.

We recall that, if F is an unoriented cobordism, there is a well-defined integer e.F /, called the Euler
number, defined as

e.F / WD
X

p2F\F 0

"p

where "p is the sign of a oriented basis of TpF ˚ TpF 0, induced by a local orientation system of F ,
compared with the one given by the orientation of Tp.S3 � I /; and where F 0 denotes a push-off of F
along the trivialization of �.L1/ (resp. �.L2/) in S3 � f0g (resp. S3 � f1g) given by the Seifert framing;
see [Gordon and Litherland 1978; Ozsváth et al. 2017b]. Clearly, e.F /D 0 if F is an orientable knot
cobordism.

The integer e.F / can also be interpreted in the following way. Suppose that L1 has n components,
while L2 has m; since F is homotopy equivalent to a 1–dimensional CW-complex, its normal 1–sphere
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L1

L2

Figure 26: A nonorientable saddle corresponds to a nonoriented band move on a single component.

bundle admits a section F 0. The boundary of F 0 consists of the links L01 and L02, which can be oriented
accordingly to L1 and L2. Then

e.F /D

nX
iD1

`k.Li1; .L
i
1/
0/�

mX
jD1

`k.Lj2 ; .L
j
2/
0/:

The reader can check that this definition is independent of the choice of the section; see [Gordon and
Litherland 1978].

From the previous statement we obtain that if F is the union of disjoint surfaces F1; : : : ; Fk then
e.F /D e.F1/C� � �Ce.Fk/. In particular, a nonorientable saddle as in Figure 26 has Euler number equal
to that of the unique nonorientable component.

Lemma 5.9 Suppose that L1 and L2 are related by a nonorientable saddle F . Say D1 and D2 are planar
diagrams for them such that the saddle is represented as in Figure 27. Denote by D0i the corresponding
diagram obtained from Di by deleting all the components that do not appear in the saddle. Then

e.F /D wr.D01/�wr.D02/C ";

where " is equal to 1 if the crossing is positive and �1 if is negative.

Proof From what we said before, e.F / D e.F 0/, where F 0 is a nonorientable saddle between K1
and K2, the components of the links represented by D01 and D02. Since e.F 0/ is computed from a tubular

D1 D2

Figure 27: The nonorientable saddle is represented in the diagrams as an unoriented resolution of
a crossing, where both arcs belong to the same component of L1.

Algebraic & Geometric Topology, Volume 24 (2024)



3282 Alberto Cavallo

nonoriented band move

unoriented resolution

Figure 28: Each of two rows shows a direction of the equivalence of the two representations of a
nonorientable saddle.

neighborhood of F 0 and F 0 is disjoint from the other annuli of F , we have that e.F 0/ can be computed
using [Ozsváth et al. 2017b, Lemma 4.3]:

e.F 0/D wr.D01/�wr.D02/C ":

The fact that every nonorientable saddle can be seen as an unoriented resolution of a crossing (and vice
versa) follows easily from Figure 28.

5.3.2 Unorientable saddle move We use the grid diagrams and maps defined in [Ozsváth et al. 2017b,
Section 5]. Say G1 and G2 are grid diagrams for L1 and L2, which are related by a nonorientable saddle
as in Figure 29. Then we have chain maps � WCFL0.G1/!CFL0.G2/ and �0 WCFL0.G2/!CFL0.G1/,
such that �0 ı � D � ı �0 D U , defined as

�.x/D

�
Ux if x\A¤∅;
x if x\AD∅;

and �0.x/D

�
x if x\A¤∅;
Ux if x\AD∅;

for every grid state x.

O

X

O

O

O O

OX

X

X

X

X

G1 G2G0

Figure 29: Nonorientable saddle in a grid diagram. Assume the markings in the first two columns
of G1 belong to the same component of L1; we switch the X–marking in the first column with
the O–marking in the second one to get G0. Then starting from the X at the bottom, we reverse
all the markings on this component of the link until we obtain the diagram G2.
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Lemma 5.10 The maps � and �0 as before drop the ı–grading by
1
4
.2� e.F //� 1

2
.`k.K1; L1 nK1/� `k.K2; L2 nK2//;

1
4
.2C e.F //C 1

2
.`k.K1; L1 nK1/� `k.K2; L2 nK2//;

respectively. Here , Ki is the component of Li where we perform the nonorientable saddle move.

Proof Say G1, G0 and G2 are as in Figure 29, with orientations on G1 and G2 given as in Section 3.2.
We prove the claim for the map �. From [Ozsváth et al. 2017b, Proposition 5.7] and its proof we have
that ıG1.x/D ıG0.�.x// and

ıG0.�.x//�ıG2.�.x//D�
1
4
Œwr.G1/�wr.G2/C1�2�

D�
1
4
Œwr.G11/�wr.G12/C1�2��

1
4
Œ2 �`k.K1; L1 nK1/�2 �`k.K2; L2 nK2/�;

where G1i is the subdiagram representing Ki . Then

ıG2.�.x//D ıG1.x/�
1
4
.2� e.F //C 1

2
.`k.K1; L1 nK1/� `k.K2; L2 nK2//

by Lemma 5.9. The case of �0 is done in the same way.

This lemma implies the following result.

Proposition 5.11 Suppose that Li and Ki are as before and F is the corresponding nonorientable saddle.
Then

�max.L1/�
1
4
.2� e.F //C 1

2
Œ`k.K1; L1 nK1/� `k.K2; L2 nK2/�

6 �max.L2/6 �max.L1/C
1
4
.2C e.F //C 1

2
Œ`k.K1; L1 nK1/� `k.K2; L2 nK2/�;

where L1 nK1 and L2 nK2 are oriented in the same way. The same is true for �min.

Proof Since �0 ı � D � ı �0 D U we have that � and �0 induce isomorphisms in homology. Therefore,
the claim follows from Lemma 5.10 and the definition of �max and �min.

These inequalities do not depend on the orientation of the components of L1 and L2 where the saddle
appears. The proof of this statement is given in Lemma 5.12.

5.4 Bounds for the unoriented slice genus of a link

Suppose that the n–component (unoriented) link L bounds a compact, unoriented surface F , with k
connected components and Euler number e.F /, properly embedded in D4. Define vD v1C � � �C vk as
in Figure 30. Using the notation in [Gordon and Litherland 1978], we write

�. EL/ WD
X

16i<j6n

`k. ELi ; ELj /

for the total linking number of EL and we take Ne EL.F / WD e.F /� 2�.
EL/, where EL means that we pick an

orientation of L. Then Ne EL.F /D 0 when F is oriented and EL inherits its orientation from F ; see [Gordon
and Litherland 1978, Section 5].
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L


k

g tori v nonorientable

saddles

yL

Figure 30: The number vi denotes how many nonorientable saddles there are on each of the k
components of F . In the picture we omitted the attachment of the extended birth and death moves.

Lemma 5.12 Suppose that a link LD yLD @F as in Figure 30 is such that nD k, which means that F is
the union of n disjoint unoriented surfaces Fi , each one bounding a knot. Then

(5-3) �g� 1
2
vC 1

4
Ne EL.F /6 �max. EL/6 gC 1

2
vC 1

4
Ne EL.F /

and

(5-4) �g� 1
2
vC 1�nC 1

4
Ne EL.F /6 �min. EL/6 gC 1

2
vC 1�nC 1

4
Ne EL.F /

for every possible orientation we put on L.

Proof If vD 0 then the claims are true since in this case Ne EL.F /D e.F /D�.
EL/D 0 (every orientation on

L is compatible with one on F ) and by Proposition 5.8. Suppose that v > 1; we prove the last statement
first. We assume (5-3) and (5-4) are satisfied for one orientation EL and we prove them for another one, that
we call EL0. Obviously, we can also suppose that EL0 is obtained from EL by just reversing the orientation
on one component of L, that we denote by K.

By [Ozsváth et al. 2015, Corollary 2.7.10] and Theorem 5.7,

�. EL0/D �. EL/C `k. EK; EL n EK/;

where here � denotes either �max or �min. Hence, since

�. EL0/D �. EL n EK/� `k. EK; EL n EK/D �. EL/� 2 `k. EK; EL n EK/;

we obtain
1
4
Ne EL0.F /D

1
4
Ne EL.F /C `k.

EK; EL n EK/:
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This means that if we add `k. EK; EL n EK/ to each term in the inequalities in (5-3) and (5-4) then we obtain
precisely the corresponding equations for EL0; and this part of the proof is complete.

We now prove that the inequalities hold for at least one orientation of L. We proceed by induction on v,
where the initial step has been done at the beginning of the proof. Therefore, we assume that (5-3) and
(5-4) hold for EL and we prove them for EL0, where this time L0 is related to L by a nonorientable saddle
move as in Figure 27. Denote by K and K 0 the components of L and L0 where the move is performed.
We orient them as in the proof of Lemma 5.10 and Proposition 5.11.

We show the case of (5-3); the argument for (5-4) is exactly the same. We start by writing

�g� 1
2
vC 1

4
Ne EL.F /6 �max. EL/ and �max. EL/6 gC 1

2
vC 1

4
Ne EL.F /

from the inductive step; we call S the saddle move and F 0 the surface obtained by gluing S to F , which
means @F 0 D L0. Then the first inequality becomes

�g� 1
2
.vC1/C 1

4
Ne EL0.F

0/D�g� 1
2
vC 1

4
Ne EL.F /C

�
�
1
2
C
1
4
e.S/C 1

2
`k. EK; ELn EK/� 1

2
`k. EK 0; EL0n EK 0/

�
6 �max. EL/C

�
�
1
2
C
1
4
e.S/C 1

2
`k. EK; ELn EK/� 1

2
`k. EK 0; EL0n EK 0/

�
6 �max. EL

0/;

where the first equality can be easily computed from the definition of Ne and the last inequality follows
from Proposition 5.11. In the same way,

�max. EL
0/6 �max. EL/C

�
1
2
C
1
4
e.S/C 1

2
`k. EK; EL n EK/� 1

2
`k. EK 0; EL0 n EK 0/

�
6 gC 1

2
vC 1

4
Ne EL.F /C

�
1
2
C
1
4
e.S/C 1

2
`k. EK; EL n EK/� 1

2
`k. EK 0; EL0 n EK 0/

�
6 gC 1

2
.vC 1/C 1

4
Ne EL0.F

0/:

This concludes the proof because all the terms in (5-3) and (5-4) are preserved under concordance; hence,
we can ignore extended births and deaths in F .

This lemma allows us to prove Proposition 5.13. Suppose that L is a link which bounds an unoriented
surface F in D4, with F1; : : : ; Fk as connected components, as in Figure 30. Fix an orientation on L; we
need to define the integer �. EL;F / WD �.L1/C � � �C�.Lk/, where Li is the oriented sublink of EL such
that Li D @Fi . Note that the orientation on Li has nothing to do with Fi which may be nonorientable as
well. We say that �.Li /D 0 when Li is a knot.

We also write yL for the k–component link which appears before the split moves in the decomposition of
F in Figure 30. Hence, if we denote by yF � F the subsurface such that yLD @ yF then yL and yF satisfy
the hypothesis of Lemma 5.12.

Proposition 5.13 With the notation established above , the following inequalities are satisfied for the 2k

orientations of L which are determined by the ones on yL:

�g� 1
2
vCk�nC 1

4
Ne EL.F /6 �max.L/6 gC 1

2
vC1

4
Ne EL.F /;

�g� 1
2
vC1�nC 1

4
Ne EL.F /6 �min.L/6 gC 1

2
vC1� kC 1

4
Ne EL.F /:
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Proof We have that
`k.yLi ; yLj /D

X
t2Ii ; l2Ij

`k. ELt ; ELl/

for every i; j D 1; : : : ; k, where Ia is the set of the components of L in La for aD 1; : : : ; k. Therefore,
one has �.yL/C�. EL;F /D �. EL/. We name F 0 � F the cobordism between yL and L and we obtain

Ne EL.F /D e.F /� 2�.
EL/D e. yF /C e.F 0/� 2.�.yL/C�. EL;F //D NeyL.

yF /C .e.F 0/� 2�. EL;F //;

and from this, say F 0i D F
0\Fi is a connected component of F 0, we argue that

e.F 0/� 2�. EL;F /D

kX
iD1

.e.F 0i /� 2�.Li //

by definition of the Euler number. Since each F 0i is oriented and it is a cobordism from yLi D yL\Fi
to Li , we can cap F 0i off in D4 by gluing a compact oriented surface with boundary yLi . In this way, we
obtain an oriented surface Gi such that @Gi DLi and e.Gi /D e.F 0i / for every i D 1; : : : ; k and then

kX
iD1

.e.F 0i /� 2�.Li //D

kX
iD1

.e.Gi /� 2�.Li //D

kX
iD1

NeLi .Gi /D 0

because the orientation on Li is induced by the one on Gi (which is the same induced by F 0i ).

We have proved that Ne EL.F /D NeyL.
yF / and now we can apply Lemma 5.12 to show that

�g� 1
2
vC 1

4
Ne EL.F /6 �max.yL/6 gC 1

2
vC 1

4
Ne EL.F /

and
�g� 1

2
vC 1� kC 1

4
Ne EL.F /6 �min.yL/6 gC 1

2
vC 1� kC 1

4
Ne EL.F /:

In order to conclude the proof, we apply (5-1) and (5-2) which tell us that

�max. EL/6 �max.yL/6 �max. EL/Cn� k and �min. EL/6 �min.yL/6 �min. EL/Cn� k;

provided that the orientation on L belongs to the 2k ones induced by an orientation of F 0.

We can use this result to prove that the wideness of the �–set of L gives a lower bound for the unoriented
slice genus 
 .k/4 .L/, which is defined as the smallest first Betti number of a surface F as in Figure 30
with k connected components.

Proof of Theorem 1.8 This follows from Proposition 5.13 because 2gC vCn� k is exactly the first
Betti number of F .

Note that Theorem 1.7 tells us that �max.L/� �min.L/ is an unoriented concordance invariant of L. As a
consequence of Theorem 1.8 we obtain Corollary 1.9; see also [Donald and Owens 2012, Section 5] for
another proof of this result.
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Figure 31: The link T2;4; this link becomes the 2–component unlink after the unoriented resolution
of the crossing on the blue component.

Proof of Corollary 1.9 Suppose that F is the unoriented surface with maximal value of �.F / and
say it appears like in Figure 30. As we saw in the proof of Theorem 1.8, the first Betti number of F is
2gC vCn� k and then the same theorem implies

k� 16 2gC vCn� k

because, for a quasialternating link L, �max.L/D �min.L/ by Theorem 4.8.

The latter inequality can be rewritten as

2k�n� 2g� v 6 1

and it is easy to check that the left-most side is precisely �.F /.

In particular, suppose that the quasialternating link L has n components and F is the disjoint union of a
disks and n� a Möbius strips. Then a can be at most equal to one.

We saw in Theorem 1.7 that we can shift HFL0. EL/ to obtain an unoriented concordance invariant of links.
This suggests that we can modify the bounds in Proposition 5.13 in a way that only unoriented invariants
appear. The main tool to achieve this goal is the Gordon–Litherland formula [1978, Corollary 500],

(5-5)
ˇ̌
�. EL/� 1

2
Ne EL.F /

ˇ̌
6 
 .k/4 .L/;

where LD @F and F D F1 t � � � tFk .

Proof of Theorem 1.10 We just need to apply (5-5) to Proposition 5.13.

Note that the quantities that appear in the left-most side of all the inequalities in Theorem 1.10 are
unoriented concordance invariants; in particular, they are independent of the choice of the orientation
on L.

We conclude the paper with a couple of applications, which imply Corollary 1.11. First, we compute


.2/
4 .Ln/ when Ln is the 2–component link T �2;4 #T #n

3;4.
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Corollary 5.14 

.2/
4 .Ln/D nC 1 for every n> 0.

Proof Since T �2;4 is nonsplit alternating we can easily compute �min.T
�
2;4/D 1 using Theorem 4.8, while

the fact that �.T #n
3;4/D�2n is known from [Ozsváth et al. 2017b, Corollary 1.4]. Moreover, applying

Corollary 4.11 we obtain that

�min.Ln/D �min.T
�
2;4/C �.T

#n
3;4/D 1� 2n:

Now we just use Theorem 1.10 and remember that �.T �2;4/D 3 and �.T3;4/D�6, soˇ̌
1� 2n� 1

2
.3� 6n/C 1

ˇ̌
D
ˇ̌
nC 1

2

ˇ̌
6 nC 16 
 .2/4 .Ln/:

In order to complete the proof we observe that there is a sequence of nC 1 nonorientable saddles that
changeLn into the unlink
2: there is one from T3;4 to the unknot and we perform one on each summand,
while we can go from T2;4 to
2 by an unoriented resolution of a crossing; see Figure 31.

Finally, we show that 
 .1/4 .Ln/ can be arbitrarily large.

Corollary 5.15 

.1/
4 .Ln/> n for every n> 0.

Proof We use the last inequality in Theorem 1.10 with �min.Ln/ and we immediately obtainˇ̌
1� 2n� 1

2
.3� 6n� 1/

ˇ̌
D n6 
 .1/4 .Ln/:

We point out that these two results cannot be obtained by using Theorem 1.8 alone.
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Strongly shortcut spaces

NIMA HODA

We define the strong shortcut property for rough geodesic metric spaces, generalizing the notion of
strongly shortcut graphs. We show that the strong shortcut property is a rough similarity invariant.
We give several new characterizations of the strong shortcut property, including an asymptotic cone
characterization. We use this characterization to prove that asymptotically CAT.0/ spaces are strongly
shortcut. We prove that if a group acts metrically properly and coboundedly on a strongly shortcut rough
geodesic metric space then it has a strongly shortcut Cayley graph and so is a strongly shortcut group.
Thus we show that CAT.0/ groups are strongly shortcut.

To prove these results, we use several intermediate results which we believe may be of independent interest,
including what we call the circle tightening lemma and the fine Milnor–Schwarz lemma. The circle
tightening lemma describes how one may obtain a quasi-isometric embedding of a circle by performing
surgery on a rough Lipschitz map from a circle that sends antipodal pairs of points far enough apart. The
fine Milnor–Schwarz lemma is a refinement of the Milnor–Schwarz lemma that gives finer control on the
multiplicative constant of the quasi-isometry from a group to a space it acts on.
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1 Introduction

The study of interactions between nonpositive curvature and infinite group theory have a long history
dating back to the work of Max Dehn on fundamental groups of surfaces in the early 20th century. These

© 2024 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.

http://msp.org
http://dx.doi.org/10.2140/agt.2024.24.3291
http://www.ams.org/mathscinet/search/mscdoc.html?code=20F65, 20F67, 51F30
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/


3292 Nima Hoda

ideas have been developed in a variety of directions since that time and have become particularly relevant
in recent decades with the emergence of geometric group theory. Various theories of nonpositively curved
groups have been developed: small cancellation groups, CAT.0/ groups, cubulated groups, systolic groups,
quadric groups, etc. However, while the case of negatively curved groups has been satisfactorily unified
by the seminal work of Gromov [1987] on hyperbolic groups, to this date there is no satisfactory general
notion of a nonpositively curved group.

Strongly shortcut graphs were introduced in earlier work [Hoda 2022] as graphs satisfying a weak notion
of nonpositive curvature. They were shown to unify a broad family of graphs of interest in geometric group
theory and metric graph theory including hyperbolic graphs, standard Cayley graphs of finitely generated
Coxeter groups and 1–skeletons of finite-dimensional CAT.0/ cube complexes, systolic complexes and
quadric complexes [Haettel et al. 2023; Hoda 2022]. They are finitely presented and have polynomial
isoperimetric functions and so have decidable word problem [Hoda 2022]. Strongly shortcut groups are
defined as those groups admitting a proper and cocompact action on a strongly shortcut graph [Hoda 2022].
They include a wide family of groups satisfying various nonpositive curvature conditions, including
hyperbolic groups, Coxeter groups, cocompactly cubulated groups, systolic groups, quadric groups,
finitely presented small cancellation groups, Helly groups, hierarchically hyperbolic groups and even the
discrete Heisenberg groups [Haettel et al. 2023; Hoda 2022; Le Donne and Paddeu 2023].

A graph � is strongly shortcut if, for some K > 1, there is a bound on the lengths of cycles ˛ W S! � for
which dX .˛.p/; ˛. Np// � .1=K/ � .jS j=2/ for every antipodal pair of points p; Np 2 S . By [Hoda 2022],
a graph � is strongly shortcut if and only if, for some K > 1, there is a bound on the lengths of the
K–bi-Lipschitz embedded cycles of � . A result of Papasoglu [1996, page 793] implies that strongly
shortcut groups have simply connected asymptotic cones. By another result of Papasoglu [1996, page 805],
this implies that strongly shortcut groups have linear isodiametric functions and, by a result of Riley
[2003, Theorem C], this implies that strongly shortcut groups have linear filling length functions.

In this paper, we introduce a generalization of this notion to rough geodesic metric spaces. A metric
space X is R–rough geodesic if, for every x1; x2 2 X , there exists a function f W Œ0; `�! X such that
f .0/D x1, f .`/D x2, `D d.x1; x2/ and

js� t j �R � d.f .s/; f .t//� js� t jCR

for any s and t in the interval Œ0; `�. This is the same as X being .1; R/–quasigeodesic. The special
case RD 0 is that of geodesic metric spaces. An R–rough geodesic metric space X is strongly shortcut
if, for some K > 1, there is a bound on the lengths of Riemannian circles S for which there exists an
R–rough 1–Lipschitz map ˛ W S!X that satisfies dX .˛.p/; ˛. Np//� .1=K/ � .jS j=2/ for every antipodal
pair of points p; Np 2 S . Such a map ˛ is called a 1=K–almost isometric R–circle. We give several
characterizations of the strong shortcut property, we show that a group acting metrically properly and
coboundedly on a strongly shortcut rough geodesic metric space is a strongly shortcut group and we
prove a few other results that may be of independent interest in metric geometry and geometric group

Algebraic & Geometric Topology, Volume 24 (2024)



Strongly shortcut spaces 3293

theory. The results of this paper are applied in several upcoming papers [Haettel et al. 2023; Hoda and
Krishna M S 2023; Le Donne and Paddeu 2023].

Below is a summary of our main results.

Theorem A gives several conditions that are equivalent to the strong shortcut property for rough geodesic
metric spaces. Of particular note is condition (5) which expresses the strong shortcut property in terms of
asymptotic cones. Conditions (2) and (3) generalize [Hoda 2022, Proposition 3.5], which expresses the
strong shortcut property for graphs in terms of bi-Lipschitz cycles. These two generalizations have their
own advantages: for geodesic metric spaces (ie when RD 0) condition (2) expresses the strong shortcut
property purely in terms of bi-Lipschitz maps from circles, whereas condition (3) avoids the dependence
on R. Condition (4) expresses the strong shortcut property in terms of nonapproximability of certain
finite metric spaces at large scale. Conditions (4) and (5) also make sense for general metric spaces and
we prove that they are equivalent for general metric spaces (see Theorem 3.6). Thus one may consider
condition (4) of Theorem A as a definition of the strong shortcut property for general metric spaces.

Theorem A (Theorem 3.8) Let X be an R–rough geodesic metric space. The following conditions are
equivalent :

(1) X is strongly shortcut.

(2) There exists an L > 1 such that there is a bound on the lengths of the .L; 4R/–quasi-isometric
embeddings of Riemannian circles in X .

(3) There exists an L> 1 such that for every C � 0 there is a bound on the lengths of the .L; C /–quasi-
isometric embeddings of Riemannian circles in X .

(4) For some L > 1 and some n 2 N, there is a bound on the � > 0 for which there exists an L–bi-
Lipschitz embedding of �S0n in X , where S0n is the vertex set of the cycle graph Sn of length n and
�S0n is S0n with the metric scaled by �.

(5) No asymptotic cone of X contains an isometric copy of the Riemannian circle of unit length.

The main difficulty in proving Theorem A is in the implication .2/D) .1/. This is because a 1=K–almost
isometric R–circle in X does not need to be an .L; 4R/–quasi-isometric embedding for any L> 1; while
the almost isometric condition only concerns pairs of antipodal points, the quasi-isometry condition
concerns all pairs of points. The idea of the proof is that given a 1=K–almost isometric R–circle ˛ with
K > 1 sufficiently close to 1, we can perform surgery on ˛ in order to obtain an .L; 4R/–quasi-isometric
embedding where L depends on K in such a way that if K! 1 then L! 1 also. The contrapositive
:.1/D):.2/ then readily follows since any family of arbitrarily long R–circles with almost isometric
constant K approaching 1 could then be surgered to produce a family of quasi-isometric embeddings
with the multiplicative constant L tending to 1. The circle surgery result, which we call the circle
tightening lemma, is stated in slightly simplified form in Theorem G below and expressed more formally
in Lemma 4.5.

Algebraic & Geometric Topology, Volume 24 (2024)
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Theorem B (Theorems 3.5 and 3.8) Let � be a graph. Then � is strongly shortcut as a graph if and
only if � is strongly shortcut as a geodesic metric space.

Theorem C gives several conditions that are equivalent to the strong shortcut property for groups.
Condition (3) reduces the property to the existence of a strongly shortcut Cayley graph. The proof is a
direct application of the fine Milnor–Schwarz lemma (Theorem H) and stability of the strong shortcut
property under scaling and quasi-isometric perturbation of the metric (Theorem F).

Theorem C (Corollary 5.5) Let G be a group. The following conditions are equivalent.

(1) G is strongly shortcut.

(2) G acts metrically properly and coboundedly on a strongly shortcut rough geodesic metric space.

(3) G has a finite generating set S for which the Cayley graph of .G; S/ is strongly shortcut.

Asymptotically CAT.0/ spaces and groups were first introduced and studied by Kar [2011]. A metric space
X is asymptotically CAT.0/ if every asymptotic cone of X is CAT.0/. A group is asymptotically CAT.0/
if it acts properly and cocompactly on an asymptotically CAT.0/ proper geodesic metric space. Examples
of asymptotically CAT.0/ spaces include CAT.0/ spaces, Gromov-hyperbolic spaces and CSL.2;R/ with
the Sasaki metric [Kar 2011].

Theorem D (Theorems 6.1 and 6.2) Asymptotically CAT.0/ rough geodesic metric spaces are strongly
shortcut. Consequently, (asymptotically) CAT.0/ groups are strongly shortcut.

Theorem E shows that the strong shortcut condition is preserved under taking asymptotic cones. This
was suggested as a desirable property for a general notion of nonpositive curvature in Gromov [1993,
Section 6.E].

Theorem E (Corollary 3.9) Let X be an R–rough geodesic metric space. If X is strongly shortcut then
every asymptotic cone of X is strongly shortcut.

Theorem F below has several consequences. In addition to showing that the strong shortcut property
descends to isometric subspaces and is a rough similarity invariant, it implies that for a given strongly
shortcut space, a sufficiently small bi-Lipschitz distortion of the metric preserves the strong shortcut
property. This is another property which is discussed in Gromov [1993, Section 6.E].

Theorem F (Corollary 3.10) Let X be a strongly shortcut rough geodesic metric space. Then there
exists an LX > 1 such that whenever Y is a rough geodesic metric space and f W Y !X is an .LX ; C /–
quasi-isometric embedding up to scaling , with C > 0, then Y is also strongly shortcut. In particular , the
strong shortcut property is a rough similarity invariant of rough geodesic metric spaces.

In fact, Theorem F holds for general metric spaces with condition (4) of Theorem A in place of the
strong shortcut property (see Proposition 3.4). It should be noted that the strong shortcut property is not

Algebraic & Geometric Topology, Volume 24 (2024)
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Figure 1: The closed outer path in black is a 1–Lipschitz embedding ˛ of a Riemannian circle S .
This embedding ˛ has poor bi-Lipschitz constant but only because it badly distorts distances
between relatively nearby pairs of points of S (pairs contained in the subpaths ˛jQi

). If we
consider only antipodal pairs of points of S then the distortion of their distances under ˛ is much
less than in these worst cases. In other words ˛ has low distortion when viewed globally. The
circle tightening lemma tells us that if the global distortion of ˛ is low enough then we can
perform surgery on ˛, replacing distorted subpaths of arbitrarily low total relative length with
efficient alternatives (the red paths in the figure) in order to obtain an arbitrarily good bi-Lipschitz
constant.

a quasi-isometry invariant so one cannot hope to remove the dependence on X of the quasi-isometry
constant LX . See Section 3.1 for an example.

The following result, which we call the circle tightening lemma, states that a map from a circle that
satisfies a rough Lipschitz upper bound and that, on antipodes, satisfies a bi-Lipschitz lower bound can
be upgraded through surgery to a rough bi-Lipschitz map. See Figure 1. The circle tightening lemma is
essential in the proof of Theorem A. We believe it may be of independent interest. Here we express a
slightly simplified version of the circle tightening lemma. For the formal statement, please see Lemma 4.5.

Theorem G (circle tightening lemma, Lemma 4.5) Let X be an R–rough geodesic metric space with
R� 0, let L> 1 and let " > 0. There exists a K > 1 such that if ˛ W S!X is a sufficiently long R–rough
1–Lipschitz map from a Riemannian circle S satisfying

dX .˛.p/; ˛. Np//�
1

K
dS .p; Np/

for every antipodal pair p; Np 2 S then there exists a countable collection fQigi of pairwise disjoint closed
segments in S of total length

P
i jQi j<"jS j such that shortening theQi and replacing the ˛jQi

WQi!X

we can obtain from ˛ an .L; 4R/–quasi-isometric embedding of a circle.

Note that in the statement of the circle tightening lemma, the rough geodesicity constant R may be equal
to 0 in which case the result is about 1–Lipschitz maps and L–bi-Lipschitz maps in a geodesic metric
space.

Algebraic & Geometric Topology, Volume 24 (2024)
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We call the following refinement of the Milnor–Schwarz lemma the fine Milnor–Schwarz lemma. It is used
in the proof of Theorem C. It essentially says that if a group G acts metrically properly and coboundedly
on a rough geodesic space X then, up to scaling, the group G has word metrics that are quasi-isometric
to X with multiplicative constant arbitrarily close to 1. We believe it may be of independent interest.

Theorem H (fine Milnor–Schwarz lemma, Lemma 5.2, Remark 5.1) Let .X; d/ be a rough geodesic
metric space. Let G be a group acting metrically properly and coboundedly on X by isometries. Fix
x0 2X . For t > 0 let St be the finite set defined by

St D fg 2G j d.x0; gx0/� tg

and consider the word metric dSt
defined by St . (For those t where St does not generate G, we allow

dSt
to take the value 1). Let Kt be the infimum of all K > 1 for which

.G; tdSt
/!X; g 7! g � x0;

is a .K;CK/–quasi-isometry for some CK � 0. Then Kt ! 1 as t !1.

Structure of the paper

In Section 2 we introduce basic notions that will be used throughout the paper. In Section 3 prove various
characterizations of the strong shortcut property and prove that it is a rough similarity invariant. In
Section 4 we state and prove the circle tightening lemma. In Section 5 we state and prove the fine Milnor–
Schwarz lemma. In Section 6, we apply the results of the previous sections to prove that asymptotically
CAT.0/ groups are strongly shortcut.

Acknowledgements
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2 Basic notions and definitions

Let X and Y be metric spaces, let S be a set and let R be a nonnegative real. A function f W S ! Y is
R–roughly onto if every y 2 Y is at distance at most R from some point in f .X/ � Y . An R–rough
isometric embedding from X to Y is a function f WX ! Y such that

d.x1; x2/�R � d.f .x1/; f .x2//� d.x1; x2/CR

for all x1; x2 2X . An R–rough isometric embedding is the same as a .1; R/–quasi-isometric embedding.
An R–rough isometric embedding f WX ! Y is an R–rough isometry if it is roughly onto. An R–rough
isometry is the same as a .1; R/–quasi-isometry.
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An R–rough geodesic in X from x1 to x2 is an R–rough isometric embedding f from the interval
Œ0; `� � R to X with ` D d.x1; x2/ such that f .0/ D x1 and f .`/ D x2. An R–rough geodesic is the
same as a .1; R/–quasigeodesic. A metric space .X; d/ is R–rough geodesic if every pair of points in X
is joined by an R–rough geodesic.1 Note that rough geodesicity implies weak geodesicity, as used by
Kasparov and Skandalis [1994; 2003] and others [Lafforgue 2002; Mineyev and Yu 2002]. A natural
question is whether or not every rough geodesic space can be thickened, in the sense of Gromov [1993,
Section 1.B] to a geodesic metric space.

Let X and Y be metric spaces, let R � 0 and let K � 1. An R–rough K–Lipschitz map from Y to X is a
function ˛ W Y !X such that

d.˛.p/; ˛.q//�Kd.p; q/CR

for all p; q 2 Y . An R–path in X is an R–rough 1–Lipschitz map ˛ W P !X from an interval P �R.
An R–circle in X is an R–rough 1–Lipschitz map ˛ W S !X from a Riemannian circle S . We use the
notation jF j to denote the length of F , where F is an interval, a Riemannian circle or a finite union of
closed segments in an interval or in a Riemannian circle.

Remark 2.1 The concatenation of two R–paths need not be an R–path. However, if ˛1 W P1!X and
˛2 W P2!X are a pair of concatenable R–paths and 
 W Œ0; R�!X is the constant path at the point of
concatenation then the concatenation ˛1
˛2 is an R–path.

An R–circle ˛ W S !X is 1=K–almost isometric, for some K > 1, if

d.˛.p/; ˛. Np//�
1

K
�
jS j

2

for every antipodal pair of points p; Np 2 S .

Definition 2.2 An R–rough geodesic metric space X is strongly shortcut if, for some K > 1, there is a
bound on the lengths of the 1=K–almost isometric R–cycles of X .

Remark 2.3 By Theorem 3.8, the apparent dependence on R in Definition 2.2 is not essential. That
is, if X is an R–rough geodesic metric space and R0 >R then X is strongly shortcut if and only if it is
strongly shortcut when viewed as an R0–rough geodesic metric space.

We view graphs as geodesic metric spaces with each edge isometric to a unit interval. For a graph � ,
we use the notation �0 to denote the vertex set of � with its subspace metric. The cycle graph Sn of
length n is the graph isometric to a Riemannian circle of length n. A cycle in a graph � is a combinatorial

1We include the condition `D d.x1; x2/ in the definition of an R–rough geodesic f only for convenience. If we do not assume
it, then we can recover it up to slightly increasing the rough geodesicity constant to R0 D .1C

p
2/R. Indeed, the remaining

conditions on f imply that j`� d.x1; x2/j � R and it can be shown that either d.x1; x2/ � R0 (in which case any function
Œ0; d.x1; x2/�! fx1; x2g is an R0–rough isometric embedding) or the composition of f with the orientation preserving linear
bijection Œ0; d.x1; x2/�! Œ0; `� results in an R0–rough isometric embedding.
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map Sn! � from some cycle graph Sn to � . A path graph is a graph isometric to a real interval. A
combinatorial path in a graph � is a combinatorial map P ! � from a path graph P .

Note that if ˛ W Sn! � is a cycle in a graph � then ˛ is a 1–Lipschitz map from a Riemannian circle
to a geodesic metric space or, in the language we have established above, an R–circle in an R–rough
geodesic metric space where RD 0.

Definition 2.4 A graph � is strongly shortcut as a graph if, for some K > 1, there is a bound on the
lengths of the 1=K–almost isometric cycles of � .

Remark 2.5 By Theorems 3.5 and 3.8 and Corollary 3.10, the following conditions are equivalent for a
graph � .

(1) � is strongly shortcut as a graph.

(2) � is strongly shortcut as a geodesic metric space.

(3) �0 is strongly shortcut as a rough geodesic metric space.

If X is a metric space and �> 0 then we write �X to denote the metric space obtained from X by scaling
the metric by �.

3 Characterizing the strong shortcut property

In this section we will give various characterizations of the strong shortcut property.

Lemma 3.1 Let ˛ W S !X be a 1=K–almost isometric R–circle in a metric space X . Then

d.˛.p/; ˛.q//� d.p; q/�
K � 1

K
�
jS j

2
� 2R

for all p; q 2 S .

Proof Let p0; q0 2 S n fp; qg be antipodal and suppose that a geodesic segment of S visits p0, p, q
and q0, in that order. Then

1

K
�
jS j

2
� d.˛.p0/; ˛.q0//

� d.˛.p0/; ˛.p//C d.˛.p/; ˛.q//C d.˛.q/; ˛.q0//

� d.p0; p/CRC d.˛.p/; ˛.q//C d.q; q0/CR

D d.p0; p/C d.q; q0/C d.˛.p/; ˛.q//C 2R

D
jS j

2
� d.p; q/C d.˛.p/; ˛.q//C 2R;

from which we can obtain the desired inequality.

The following definition is very useful because it applies to general metric spaces.
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Definition 3.2 A metric space X approximates n–gons if for every K > 1 and every n 2N there exist
K–bi-Lipschitz embeddings of �S0n in X for arbitrarily large � > 0.

We will see that in the case of a graph or a rough geodesic metric space nonapproximation of n–gons is
equivalent to the strong shortcut property. Thus it would make sense to define the strong shortcut property
for general metric spaces as nonapproximability of n–gons.

Definition 3.3 Let X and Y be metric spaces. A function f W Y ! X is a .K;C /–quasi-isometry up
to scaling if there exists a � > 0 such that f is a .K;C /–quasi-isometry when viewed as a function
from �Y to X . A function f W Y ! X is a rough similarity if, for some C > 0, the function f is a
.1; C /–quasi-isometry up to scaling. A property P of metric spaces is a rough similarity invariant if
whenever X satisfies P and f W Y ! X is a rough similarity then Y also satisfies P. A property P of
metric spaces is a rough approximability invariant if, for any metric space X satisfying P, there exists
an LX > 1 such that whenever C > 0 and f W Y !X is an .LX ; C /–quasi-isometric embedding up to
scaling, then Y also satisfies P.

Proposition 3.4 Nonapproximability of n–gons is a rough approximability invariant of metric spaces. In
particular , nonapproximability of n–gons is a rough similarity invariant of metric spaces.

Proof Let X be a metric space that does not approximate n–gons. Then there is a K > 1, an n 2N and
a ƒ> 0 such that any K–bi-Lipschitz embedding of �S0n in X satisfies � < ƒ.

Let Y be a metric space, let t > 0, let L 2 .1;K/ and let f W tY ! X be an .L; C /–quasi-isometric
embedding. Let K 0 2 .1;K=L/ and let �0 > CLK 0=t . We will show that there is a bound on the
�0 for which there exists a K 0–bi-Lipschitz embedding ˛ W �0S0n ! Y . Viewing such an ˛ as map
from t�0S0n to tY the composition f B˛ W t�0S0n !X is an .LK 0; C /–quasi-isometric embedding. But
the minimum distance between distinct points in t�0S0n is t�0 and so one can show that f B ˛ is a
.t�0LK 0CC/=.t�0�LK 0C/–bi-Lipschitz embedding from t�0S0n . But

t�0LK 0CC

t�0�LK 0C
! LK 0 <K

as �0 !1 so there is a ƒ0 such that if �0 � ƒ0 then .t�0LK 0 C C/=.t�0 �LK 0C/ < K. So if we
had �0 � ƒ0 D maxfƒ0; ƒ=tg then f B ˛ would be a K–bi-Lipschitz embedding of �S0n in X with
�D t�0 � ƒ, which would be a contradiction. Thus ƒ0 bounds the �0 for which there exists a K 0–bi-
Lipschitz embedding ˛ W �0S0n ! Y , as required.

Theorem 3.5 Let � be a graph. Then the following conditions are equivalent.

(1) � is not strongly shortcut as a graph.

(2) � approximates n–gons.

Proof .1/D) .2/ Let K 0 > 1 and let ˛ W Sn0 ! � be a 1=K 0–almost isometric cycle. Let n 2N and
subdivide Sn0 into n segments of equal length, ignoring the original graph structure on Sn0 . Let Y �Sn0 be
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the set of endpoints of the segments. Then Y is isometric to �Sn for �D n0=n. Let ˛0 be the composition
of the inclusion Y ,! Sn0 with ˛. Let p; q 2 Y be distinct. Then d.p; q/� jSn0 j=n and, by Lemma 3.1,

d.˛0.p/; ˛0.q//� d.p; q/�
K 0� 1

K 0
�
jSn0 j

2
� d.p; q/�

K 0� 1

K 0
�
nd.p; q/

2
D

�
1�

n.K 0� 1/

2K 0

�
d.p; q/;

but d.˛0.p/; ˛0.q// � d.p; q/ so, when K 0 is small enough that n.K 0 � 1/=2K 0 < 1, the map ˛0 is
K–bi-Lipschitz for

K D

�
1�

n.K 0� 1/

2K 0

��1
:

Thus, given an arbitrary n 2N and an ˛0 as above with K 0 small enough, we can obtain a K–bi-Lipschitz
embedding of �Sn in � with

K D

�
1�

n.K 0� 1/

2K 0

��1
; �D

n0

n
:

Since � is not strongly shortcut, there exist ˛ as above with K 0 > 1 arbitrarily close to 1 and with n0

arbitrarily large. But K! 1 as K 0! 1 and �!1 as n0!1 so we have K–bi-Lipschitz embeddings
of �Sn with K arbitrarily close to 1 and � arbitrarily large.

.2/ D) .1/ Let n 2 N, let K > 1, let � > K and let ˛ W �S0n ! � be a K–bi-Lipschitz embedding.
There is a retraction r W �! �0 such that r is a .1; 1/–quasi-isometry. Then the composition r B˛ is a
.K; 1/–quasi-isometric embedding. But distinct points in �S0n are at distance at least � and, since K < �,
this implies that r B˛ is L–bi-Lipschitz, where LD .K�C 1/=.��K/. View Sn as the Cayley graph of
Z=nZ with generating set f1g and, for i 2 Z=nZ, let vi be the vertex of Sn corresponding to i . Then,
for each i , we have d.r B ˛.vi /; r B ˛.viC1// � bL�c so there is a combinatorial path 
i W Pi ! � of
length mi 2 fbL�c�1; bL�cg from r B˛.vi / to r B˛.viC1/. For each i , identify the endpoint of Pi with
the initial point of PiC1 to obtain a cycle 
 W Sm! � with m D

Pn
iD1mi . Then ˛ factors through 


via the embedding that sends vi to the initial point of Pi � Sm. So, viewing S0n as a subset of S0m via
this embedding, we have r B˛.vi /D 
.vi /, for each i . Let x 2 Sm and let vi minimize d.x; vi /. Then
d.x; vi /�

1
2
bL�c and if Nx is the antipode of x and Ni D i C

�
n
2

˘
then d. Nx; vNi /� bL�cC

n
2

, so

d.
.x/; 
. Nx//� d.
.vi /; 
.vNi //� d.
.x/; 
.vi //� d.
. Nx/; 
.vNi //

� d.
.vi /; 
.vNi //� d.x; vi /� d. Nx; vNi /

� d.
.vi /; 
.vNi //�
1
2
bL�c� bL�c� 1

2
n

D d.r B˛.vi /; r B˛.vNi //�
3
2
bL�c� 1

2
n

�
1

L
d�S0

n
.vi ; vNi /�

3
2
bL�c� 1

2
n

D
�

L

�
1
2
n
˘
�
3
2
bL�c� 1

2
n

�
�

L

�
1
2
.n� 1/

�
�
3
2
L�� 1

2
nD

1

m

�
�.n� 1/

L
� 3L��n

�
�
1
2
jSmj:
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Since m� nL�, the above computation implies that

d.
.x/; 
. Nx//�

�
n� 1

nL2
�
3

n
�

1

L�

�
jSmj

2

so, given ˛ as above, we can obtain a 1=K 0–almost isometric cycle in � of length m, where

1

K 0
D

�
n� 1

nL2
�
3

n
�

1

L�

�
:

We need only show there exist ˛ for which 1=K 0 is arbitrarily close to 1 and m is arbitrarily large. By
hypothesis, there exist ˛ for which K D .nC 1/=n and � > n, for arbitrary n 2N. But then, as n!1,
we have m� n.bL�c� 1/!1 and LD .K�C 1/=.��K/!K so

1

K 0
D

�
n� 1

nL2
�
3

n
�

1

L�

�
! 1:

Let X be a metric space. Let U be a nonprincipal ultrafilter on N. Let .b.m//m2N be a sequence in X .
Let .s.m//m2N be a sequence of positive reals such that s.m/!1 as m!1. Consider the set

X0 D

�
.xm/m2N

ˇ̌̌ �d.xm; b.m//
s.m/

�
m2N

is bounded
�

of sequences in X that are bounded with respect to the basepoint sequence .b.m//m and the scaling
sequence .s.m//m. For .xm/m; .x0m/m 2 X

0,

Nd..xm/m; .x
0
m/m/D lim

U

d.xm; x
0
m/

s.m/

defines a pseudometric on X0. The asymptotic cone X of X with respect to the nonprincipal ultrafilter U,
the basepoint sequence .b.m//m and the scaling sequence .s.m//m is the metric space obtained from X0

and Nd by identifying .xm/m and .x0m/m whenever Nd..xm/m; .x0m/m/D 0.

Note that Theorem 3.6 and Corollary 3.7 apply to general metric spaces and not just rough geodesic
metric spaces.

Theorem 3.6 Let X be a metric space. Then the following conditions are equivalent.

(1) There is an asymptotic cone of X that contains an isometric copy of the Riemannian circle of unit
length.

(2) X approximates n–gons.

Proof .1/D) .2/ Suppose S � X is a subspace isometric to the Riemannian circle of unit length in the
asymptotic cone X of X with respect to a nonprincipal ultrafilter U, a basepoint sequence .b.m//m and a
scaling sequence .s.m//m. Take any n2N, anyK >1 and anyƒ>0. We will construct aK–bi-Lipschitz
map ˛ W �S0n !X with ��ƒ. Subdivide S into n segments of equal length and let S0 denote the set of
endpoints of the segments. For each " > 0 and each p; q 2 S0 represented by .pm/m and .qm/m, there is
an Ap;q" 2U such that

d.p; q/� "�
d.pm; qm/

s.m/
� d.p; q/C "
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for all m 2Ap;q" . There are finitely many pairs p; q 2 S0 so A" D
T
p;q A

p;q
" 2U. Then, for any distinct

p; q 2 S0, �
1�

"

d.p; q/

�
s.m/d.p; q/� d.pm; qm/�

�
1C

"

d.p; q/

�
s.m/d.p; q/

for all m 2 A". But d.p; q/� 1
n

and so

.1�n"/s.m/d.p; q/� d.pm; qm/� .1Cn"/s
.m/d.p; q/

for all m 2 A". So if n" < 1 then, for m 2 A", the map

˛m W s
.m/S0!X; p 7! pm;

is bi-Lipschitz with bi-Lipschitz constant

max
n
1Cn";

1

1�n"

o
D

1

1�n"
:

The space s.m/S0 is isometric to .s.m/=n/S0n so if we chose " small enough that n"<1 and 1=.1�n"/<K
and we take m 2 A" large enough that s.m/=n�ƒ then we can take ˛ D ˛m.

.2/ D) .1/ For m 2 N, there exists a .mC 1/=m–bi-Lipschitz map ˛m W �mS02m ! X with �m � m.
Metrize the group .1=2m/ZD fk=2m j k 2 Zg � R with the subspace metric and metrize the quotient
group .1=2m/Z=Z with the quotient metric. Then .1=2m/S02m is isometric to .1=2m/Z=Z. Via this
isometry we identify the vertex set S02m with the elements of .1=2m/Z=Z. Thus we view .1=2m/S02m as
a metric subspace of the Riemannian circle of unit length S D R=Z. By this identification, the union
SD D

S
m2N S

0
2m � S is the dyadic circle Z

�
1
2

�
=Z. The dyadic circle SD is dense in S . Thus, since

asymptotic cones are complete metric spaces [Druţu and Kapovich 2018, Proposition 10.70], it will suffice
to isometrically embed SD into an asymptotic cone of X .

View ˛m as an .mC 1/=m–bi-Lipschitz map from .1=2m/S02m to .1=�m2m/X . Set b.m/ D ˛m.0/ and
set s.m/ D �m2m. Every nonzero element of SD can be uniquely represented as k=2` with k odd and
satisfying 0� k < 2`. For any such representation k=2` and any m 2N, set

x
.m/

k=2` D

�
b.m/ if m< `;
˛m.k=2

`/ if m� `;

and set x.m/0 D b.m/. Then, for any nonprincipal ultrafilter U, the expression p 7! .x
.m/
p /m defines an

isometric embedding of SD into the asymptotic cone X of X with respect to U, the basepoint sequence
.b.m//m and the scaling sequence S .m/. Indeed, for every p; q 2 SD,

d.x
.m/
p ; x

.m/
q /

s.m/
D
d
�
˛m.p/; ˛m.q/

�
�m2m

�
.mC 1/=m ��mdS2m .p; q/

�m2m
D
mC 1

m
� dSD .p; q/

and

d.x
.m/
p ; x

.m/
q /

s.m/
D
d
�
˛m.p/; ˛m.q/

�
�m2m

�
m=.mC 1/ ��mdS2m .p; q/

�m2m
D

m

mC 1
� dSD .p; q/

whenever m is large enough.
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Corollary 3.7 Let X be a metric space and let X be an asymptotic cone of X . Suppose that X does not
approximate n–gons. Then X does not approximate n–gons.

Proof By Theorem 3.6, it suffices to show that any asymptotic cone X0 of X does not contain an isometric
copy of a Riemannian circle of unit length. But X0 is isometric to an asymptotic cone of X [Druţu and
Kapovich 2018, Corollary 10.80] so does not contain an isometric copy of a Riemannian circle of unit
length by Theorem 3.6.

Theorem 3.8 Let X be an R–rough geodesic metric space. The following conditions are equivalent.

(1) X is not strongly shortcut.

(2) For every L> 1 there exist .L; 4R/–quasi-isometric embeddings of arbitrarily long Riemannian
circles in X .

(3) For every L > 1 there is a C � 0 such that there exist .L; C /–quasi-isometric embeddings of
arbitrarily long Riemannian circles in X .

(4) X approximates n–gons.

(5) There is an asymptotic cone of X that contains an isometric copy of the Riemannian circle of unit
length.

Proof Conditions (4) and (5) are equivalent for general metric spaces, by Theorem 3.6. So it will suffice
to prove the equivalence of conditions (1), (2), (3) and (4).

.1/ D) .2/ Let N D 2, let L > 1 be arbitrary, let K > 1 be small enough to satisfy Lemma 4.5 and
let ˛ W S ! X be a 1=K–almost isometric R–circle in X with jS j arbitrarily larger than the M from
Lemma 4.5. Then the limit R–circle ˛1 W S1!X given by Lemma 4.5 is an .L; 4R/–quasi-isometric
embedding of a Riemannian circle of length at least 1

2
jS j.

.2/D) .3/ This is immediate.

.3/D) .4/ Let ˛ W S !X be an .L; C /–quasi-isometric embedding of a Riemannian circle. Let n 2N,
subdivide S into n segments of equal length and let Y be the set of endpoints of the segments. Then Y is
isometric to .jS j=n/Sn and�

1

L
�
nC

jS j

�
d.p; q/� d.˛.p/; ˛.q//�

�
LC

nC

jS j

�
d.p; q/

for distinct p; q 2 Y . By hypothesis, there exist arbitrarily long ˛ with L arbitrarily close to 1 and so ˛jY
is a K–bi-Lipschitz embedding of �Sn for �D jS j=n arbitrarily large and

K Dmax
n�
1

L
�
nC

jS j

��1
; LC

nC

jS j

o
arbitrarily close to 1.

.4/D) .1/ Let n 2N, let L> 1, let � > 0 and let ˛ W �S0n !X be an L–bi-Lipschitz embedding. View
Sn as the Cayley graph of Z=nZ with generating set f1g and, for i 2 Z=nZ, let vi be the vertex of
Sn corresponding to i . Then, for each i , we have d.˛.vi /; ˛.viC1// � L� so, by scaling an R–rough
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geodesic, there is an R–path 
 0i W Pi ! X of length jPi j D L� from ˛.vi / to ˛.viC1/. Let 
i be the
concatenation ci
 0i where ci W Œ0; R�!X is the constant path of length R at ˛.vi /. For each i , identify the
endpoint of Pi with the initial point of PiC1 to obtain an R–circle 
 WS!X with jS jDn.L�CR/. Then
˛ factors through 
 via the embedding that sends vi to the initial point of Pi � S . So, viewing S0n as a
subset of S via this embedding, we have ˛.vi /D 
.vi / for each i . Let x 2 S and let vi minimize d.x; vi /.
Then d.x; vi /� 1

2
.L�CR/ and if Nx is the antipode of x and Ni D i C

�
n
2

˘
then d. Nx; vNi /� L�CR, so

d.
.x/; 
. Nx//� d.
.vi /; 
.vNi //� d.
.x/; 
.vi //� d.
. Nx/; 
.vNi //

� d.
.vi /; 
.vNi //� d.x; vi /�R� d. Nx; vNi /�R

� d.
.vi /; 
.vNi //�
1
2
.L�CR/� .L�CR/� 2R

D d.˛.vi /; ˛.vNi //�
1
2
.3L�C 7R/

�
1

L
d�S0

n
.vi ; vNi /�

1
2
.3L�C 7R/

D
�

L

�
1
2
n
˘
�
1
2
.3L�C 7R/

�
�

L

�
1
2
.n� 1/

�
�
1
2
.3L�C 7R/

D
1

jS j

�
�.n� 1/

L
� 3L�� 7R

�
�
1
2
jS j

D
1

n.L�CR/

�
�.n� 1/

L
� 3L�� 7R

�
�
1
2
jS j

D

�
�n��

L2�nCnLR
�

3L�

L�nCnR
�

7R

L�nCnR

�
�
1
2
jS j:

So, given ˛ as above, we can obtain a 1=K–almost isometric R–circle in X of length jS j D n.L�CR/,
where

1

K
D

�
�n��

L2�nCnLR
�

3L�

L�nCnR
�

7R

L�nCnR

�
:

We need only show there exist ˛ for which 1=K is arbitrarily close to 1 and jS j is arbitrarily large. By
hypothesis, there exist ˛ for which LD .nC 1/=n and � > n, for arbitrary n 2N. But then, as n!1,
we have jS j D n.L�CR/!1 and

1

K
D

�
�n��

L2�nCnLR
�

3L�

L�nCnR
�

7R

L�nCnR

�
! 1:

Corollary 3.9 Let X be a metric space. If X is strongly shortcut then every asymptotic cone of X is
strongly shortcut.

Proof This follows immediately from Theorem 3.8 and Corollary 3.7.

Corollary 3.10 The strong shortcut property is a rough approximability invariant of rough geodesic
metric spaces. In particular , the strong shortcut property is a rough similarity invariant of rough geodesic
metric spaces.

Proof This follows immediately from Theorem 3.8 and Proposition 3.4.
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� � �

Figure 2: Continuing the pattern, one obtains an infinite graph that is strongly shortcut because it
is the 1–skeleton of a finite-dimensional CAT.0/ cube complex. Subdividing the interior edges of
each n�n grid results in a quasi-isometric graph that is not strongly shortcut.

3.1 Instability under quasi-isometries

In light of Corollary 3.10, we should point out that the strong shortcut property is not a quasi-isometry
invariant. The 1–skeleton of an n�n grid of squares is strongly shortcut but subdividing its interior edges
causes its boundary cycle to become isometrically embedded. We can construct a strongly shortcut graph
� that contains isometric copies of 1–skeletons of larger and larger n�n grids. See Figure 2. Subdividing
the interior edges of each n�n grid of � does not change the quasi-isometry type but results in a graph
that is not strongly shortcut because it contains arbitrarily long isometrically embedded cycles.

4 The circle tightening lemma

The circle tightening lemma describes how one may perform surgery on an almost isometric R–circle to
obtain a quasi-isometrically embedded R–circle, assuming the various constants are chosen appropriately.
A version of this lemma first appeared implicitly in the proof of a proposition in an earlier work [Hoda
2022, Proposition 3.5] where it applied only to graphs. Here we state and prove a generalization to (rough)
geodesic metric spaces.

4.1 Tightening sequence for a Riemannian circle

Let S be a Riemannian circle. A tightening sequence for S is a sequence of intervals and Riemannian
circles .Pi /i , a sequence of Riemannian circles .Si /i and sequences of maps

S D S0 - P0! S1 - P1! S2 - P2! � � �

such that, for each i , either

(1) (a) Pi ,! Si and Pi ! SiC1 are continuous paths of unit speed,

(b) Pi ! SiC1 is injective on the interior P ıi of Pi ,

(c) jPi j � 1
2
jS j, and

(d) jSiC1j< jSi j; or

(2) (a) P ıi D Pi D Si D SiC1, and

(b) Pi ,! Si and Pi ! SiC1 are identity maps.
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Pi

Si

Pi

Qi

SiC1

im.Pi /

Qi

P ıi

Figure 3: In a circle tightening sequence, the circle SiC1 is either equal to Si or is obtained from Si
by replacing some geodesic segment Qi of Si with a shorter segment Qi , possibly of zero length.

See Figure 3. Then, for each i , the circle SiC1 is obtained from Si by replacing Qi D S nP ıi with Qi ,
where either Qi DQi D∅ or Qi and Qi are intervals with jQi j< jQi j. So we also have a commutative
diagram of 1–Lipschitz maps

Q0 Q0 Q1 Q1 Q2 Q2 � � �

S D S0 P0 S1 P1 S2 P2 � � �

�0 �1 �2

Q1

Q0

Q4

Q2

Q2

Q5

Q5

Q3
Q3

Q6

Q6

Figure 4: A circle tightening sequence that is disjoint up to 4 but not disjoint up to 5. The outer
circle is the initial circle S D S0. For i � 0, the circle SiC1 is obtained from Si by replacing the
geodesic segment Qi � Si (indicated by perpendicular markings) with a shorter sequence Qi .
The segment Q4 (drawn in cyan) is the first replaced segment that cannot be viewed as a subspace
of S since it is not contained in P ı0;4, which can be viewed as S n

S3
iD0Qi .
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where each Qi �Qi is affine. We call the Qi the tightened segments of the tightening sequence. We
let �.i/ denote the composition �i�1 B�i�2 B � � � B�0. A tightening sequence is eventually constant if
Si D SiC1 for all large enough i .

Let P ı0;j be the limit of the diagram

P ı0 P ı1 � � � P ıj�1

S D S0 P0 S1 P1 � � � Pj�1 Sj

in the category of topological spaces and continuous maps. Concretely, we have P ı0;0 D S0, P ı0;1 D P
ı
0

and P ı0;j D P
ı
0;j�1 \ P

ı
j�1 where the intersection is taken in Sj�1. Thus we have the commutative

diagram
P ı0;1 P ı0;2 P ı0;3 � � �

P ı0 P ı1 P ı2 � � �

S D S0 P0 S1 P1 S2 P2 � � �

We can think ofP ı0;j as the original points of S that are not replaced until at least step j of the “construction”
of the Si , where the j th step of the construction refers to the operation of replacing Qj with Qj in order
to obtain SjC1 from Sj .

We say that a tightening sequence is disjoint up to j if Qi � P ı0;i for all i < j , where P ı0;i is viewed
as a subspace of Si via the embedding P ı0;i ,! Si . See Figure 4. We say that a tightening sequence is
completely disjoint if it is disjoint up to j for every j .

If a tightening sequence is disjoint up to j , for i < j , we have Qi tP ı0;iC1 D P
ı
0;i ,! S . So, for i < j ,

we may think of the Qi as disjoint subspaces of S with S n
Sj�1
iD0 Qi D P

ı
0;j in S . Since Sj is obtained

from S by replacing Qi with Qi , for each i < j , we see then that the Qi , with i < j , embed disjointly
in Sj with P ı0;j D Sj n

Sj�1
iD0 Qi in Sj .

If a tightening sequence is completely disjoint then the Qi all embed disjointly in S and the complement
of their union in S is P ı0;1 D

T1
jD1 P

ı
0;j .

Lemma 4.1 Consider a tightening sequence for a Riemannian circle S with the same notation as above.
If the tightening sequence is completely disjoint and the sum

P1
iD0 jQi j of the tightened segment lengths

is strictly less than jS j then

ı W S �S !R�0; .x; y/ 7! lim
i!1

dSi
.�.i/.x/; �.i/.y//;

defines a pseudometric on S such that the induced metric quotient S1 of .S; ı/, called the limit
Riemannian circle of the tightening sequence , is a Riemannian circle of length limi!1 jSi j.
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Proof The �.i/ are isomorphisms on fundamental group so, for each i , we have a commuting diagram

R R

Si SiC1

Q�i

�i

where R! Si and R! SiC1 are the quotient maps from .R;C/ by the subgroups jSi jZ and jSiC1jZ,
respectively. Then, since �i is 1–Lipschitz, so is Q�i . Without loss of generality, the map Q�i sends 0 to 0
and preserves order, in the sense that s � r implies Q�i .s/� Q�i .r/. Let Q�.i/ WR!R be the composition
Q�0 B Q�1 B � � � B Q�i�1 so that the diagram

R R

S Si

Q�.i/

�.i/

commutes and satisfies the same properties as the previous diagram. Then for r 2 R, the sequence
.�.i/.r//i is either nonnegative and nonincreasing or nonpositive and nondecreasing. In either case the
limit exists so we can define a limit function

�.1/ WR!R; r 7! lim
i!1

�.i/.r/;

which is also 1–Lipschitz, sends 0 to 0 and preserves order.

By assumption
P1
iD1 jQi j< jS j so �.i/.jS j/D jSi j � jS j �

P1
iD1 jQi j> 0 and so

�.1/.jS j/D lim
i!1

jSi j> 0:

For r 2R, we have �.i/.r CjS j/D �.i/.r/CjSi j so

�.1/.r CjS j/D �.1/.r/C lim
i!1

jSi j;

which implies that if R! S is the quotient map of .R;C/ with kernel .limi!1 jSi j/Z then the map

�.1/ W S ! S1; r CjS jZ 7! �.1/.r/C
�

lim
i!1

jSi j
�
Z;

is well defined and makes the diagram
R R

S S

Q�.1/

�.1/

commute.

Then jS j D limi!1 jSi j and, for r CjS jZ and sCjS jZ in S ,

dS
�
�.1/.r CjS jZ/; �.1/.sCjS jZ/

�
D dS

�
�.1/.r/CjS jZ; �.1/.s/CjS jZ

�
D min
k2Z

ˇ̌
�.1/.r/��.1/.s/CjS jk

ˇ̌
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Dmin
k2I

ˇ̌
�.1/.r/��.1/.s/CjS jk

ˇ̌
Dmin
k2I

lim
i!1

ˇ̌
�.i/.r/��.i/.s/CjS i jk

ˇ̌
D lim
i!1

min
k2I

ˇ̌
�.i/.r/��.i/.s/CjS i jk

ˇ̌
D lim
i!1

min
k2Z

ˇ̌
�.i/.r/��.i/.s/CjS i jk

ˇ̌
D lim
i!1

dSi

�
�.i/.r/CjSi jZ; �

.i/.s/CjSi jZ
�

D lim
i!1

dSi

�
�.i/.r CjS jZ/; �.i/.sCjS jZ/

�
;

where I D fk 2 Z j jkj � djr � sj=jS jeg. So the pseudometric on S pulled back from �.1/ is ı. Then,
since �.1/ is surjective, this implies that S is S1, the induced metric quotient of .S; ı/ and �1 is the
quotient map.

Remark 4.2 If a completely disjoint tightening sequence of a Riemannian circle is eventually constant
then, for large enough i , the limit Riemannian circle S1 is isometric to the i th Riemannian circle of the
sequence Si .

4.2 Tightening sequence for an R–circle

Let R � 0 and let X be an R–rough geodesic metric space. Let ˛ W S !X be an R–circle. A tightening
sequence for ˛ is a sequence of intervals and Riemannian circles .Pi /i , a sequence of Riemannian circles
.Si /i and sequences of maps as in the commutative diagram

S S0 P0 S1 P1 S2 P2 � � �

X � � �˛

˛0
˛1 ˛2 ˛3

such that each ˛i is an R–circle and the sequence of maps

S D S0 - P0! S1 - P1! S2 - P2! � � �

is a tightening sequence for S . Then, by the discussion of Section 4.1, we have a diagram

Q0 Q0 Q1 Q1 Q2 Q2 � � �

S S0 P0 S1 P1 S2 P2 � � �

X � � �˛

�0

˛0
˛1

�1

˛2

�2

˛3

where the bounded planar regions are commuting triangles and squares.
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Lemma 4.3 Consider a tightening sequence for an R–circle ˛ W S !X in an R–rough geodesic metric
space X , with the same notation as above. If the tightening sequence is completely disjoint and the sumP1
iD0 jQi j of the tightened segment lengths is strictly less than jS j then

˛1 W S1!X; x 7! lim
i!1

˛i B�
.i/
B �.x/;

defines anR–circle , called a limit R–circle of the tightening sequence , where S1 is the limit Riemannian
circle of the tightening sequence and � W S1! S is a section of the quotient map S ! S1.

Proof Since the tightening sequence is completely disjoint, we may think of the Qi as a collection
of disjoint segments in S . For x 2 S either x …

S1
iD0Qi and .˛i B�.i/.x//1iD0 is a constant sequence

or x 2 Qj for some j and the tail sequence .˛i B�.i/.x//1iDjC1 is constant. In either case, the limit
limi!1 ˛i B�.i/.x/ exists so we have a function ˛01 W S !X given by ˛01.x/D limi!1 ˛i B�.i/.x/.

Let S1 be the limit Riemannian circle given by Lemma 4.1. So S1 is the induced metric quotient of
.S; ı/ where ı is the pseudometric give by ı.x; y/D limi!1 dSi

.�.i/.x/; �.i/.y//. Since each ˛i is an
R–circle, for x; y 2 S ,

dX
�
˛i B�

.i/.x/; ˛i B�
.i/.y/

�
� dSi

.�.i/.x/; �.i/.y//CR

for all i , and thus
dX .˛

0
1.x/; ˛

0
1.y//� ı.x; y/CR

by taking limits as i !1.

Then, for x; y 2 S1,

dX .˛1.x/; ˛1.y//D dX
�
˛01.�.x//; ˛

0
1.�.y//

�
� ı.�.x/; �.y//CRD dS1

.x; y/CR:

Remark 4.4 If a completely disjoint tightening sequence for anR–circle ˛ WS!X is eventually constant
then, for large enough i , the limit R–circle ˛1 W S1!X is isometric over X to the i th R–circle of the
sequence ˛i . This means that there is an isometry S1! S such that diagram

S1 Si

X

˛1

˛i

commutes.

We are ready now to state the circle tightening lemma.

Lemma 4.5 (circle tightening lemma) Let N > 1, let L> 1, let K > 1 be small enough (depending on
N and L), let R � 0, let M > 0 be large enough (depending on N , L, K and R) and let C � 4R.

Let ˛ W S !X be an R–circle in an R–rough geodesic metric space. If ˛ is 1=K–almost isometric and
jS j>M then ˛ has a completely disjoint tightening sequence such that the total length

P1
iD0 jQi j of the

tightened segments is at most jS j=N and the limit R–circle ˛1 is an .L; C /–quasi-isometric embedding.
If , additionally, C > 0 then such a tightening sequence exists that is eventually constant.
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Lemma 4.5 is a consequence of Claims 4.7, 4.8, 4.11 and 4.14 and the strict inequalities of Claim 4.12
below, but to understand these claims we need to first define greedy tightening sequences and prove some
properties about them.

4.3 Greedy tightening sequences

In order to prove Lemma 4.5 we will need to describe a tightening sequence that is constructed inductively
by greedily choosing segments to tighten. Let ˛ W S !X be an R–circle in an R–rough geodesic metric
space X , with R � 0. Let C � 4R and let L > 1. We will inductively define a tightening sequence
for ˛ with the same notation as in the previous sections. Suppose we have ˛i W Si ! X . If ˛i is an
.L; C /–quasi-isometric embedding then we extend the sequence as follows.

(1) We set P ıi D Pi D Si D SiC1 and Qi DQi D∅.

(2) We let Pi ,! Si and Pi ! SiC1 be identity maps.

(3) We let ˛iC1 D ˛i .

Otherwise, the set

Ji D
n
.p; q/ 2 Si �Si

ˇ̌
dX .˛i .p/; ˛i .q// <

1

L
dSi

.p; q/�C
o

is nonempty and dSi
.p; q/ > LC � 0 for any .p; q/ 2 Ji and so si D supfdSi

.p; q/ j .p; q/ 2 Jig > 0.
By compactness of S , there is a sequence .p.n/i ; q.n/i /n in Ji that converges to some .pi ; qi / 2 S � S
with dSi

.pi ; qi /D si as n!1. Then

dX .˛i .pi /; ˛.qi //� dX
�
˛i .pi /; ˛.p

.n/
i /

�
C dX

�
˛i .p

.n/
i /; ˛.q

.n/
i /

�
C dX

�
˛i .q

.n/
i /; ˛.qi /

�
< dSi

.pi ; p
.n/
i /CRC

1

L
dSi

.p
.n/
i ; q

.n/
i /�C C dSi

.q
.n/
i ; qi /CR

!
1

L
dSi

.pi ; qi /�C C 2R

as n!1. So

dX .˛i .pi /; ˛.qi //�
1

L
dSi

.pi ; qi /�C C 2R;(�)

dSi
.pi ; qi / > 0 and dSi

.pi ; qi /� L.C � 2R/(�)

hold. Let Qi be a geodesic segment of Si between pi and qi . In the case where pi and qi are antipodal
in Si , there are two geodesic segments between pi and qi ; in this case we let Qi be the geodesic segment
whose intersection with P ı0;i has greatest total length. Let P ıi be the complement of Qi and let Pi
be the closure of P ıi . Let 
 0i W Q

0
i ! X be an R–rough geodesic from ˛i .pi / to ˛i .qi /. For x 2 X ,

let cx W Œ0; R�! X denote the constant path of length R at x. Let 
i W Qi ! X be the concatenation
c˛i .pi /


0
ic˛i .qi /. We have

0� jQi j � 2RD dX .˛i .pi /; ˛i .qi //�
1

L
jQi j �C C 2R
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and so, since C � 4R,

(�) jQi j �
1

L
jQi j:

We obtain ˛iC1 W SiC1!X from ˛i jPi
and 
i by identifying the corresponding endpoints of Qi with pi

and qi in Pi . Then, by consideration of Remark 2.1, the map ˛iC1 is an R–circle.

Remark 4.6 The inequalities

dX .˛iC1.pi /; ˛iC1.x//� dSiC1
.pi ; x/; dX .˛iC1.qi /; ˛iC1.x//� dSiC1

.qi ; x/

hold for any x 2Qi .

This completes the description of our inductive construction. Any tightening sequence for ˛ obtained in
this way is called an .L; C /–greedy tightening sequence for ˛. The importance of this construction for us
is evident from the following claim.

Claim 4.7 Let L > 1, let K > 1, let C � 4R and consider an .L; C /–greedy tightening sequence for
a 1=K–almost isometric R–circle ˛ W S !X in an R–rough geodesic metric space X . If the tightening
sequence is completely disjoint and the sum

P1
iD0 jQi j of the tightened segment lengths is strictly less

than jS j then any limiting R–circle ˛1 W S1!X is an .L; C /–quasi-isometric embedding.

Proof Let S1 be the limit Riemannian circle given by Lemma 4.1. So S1 is the induced metric quotient
of .S; ı/where ı is the pseudometric given by ı.x; y/D limi!1 dSi

.�.i/.x/; �.i/.y//. Let ˛1 WS1!X

be a limit R–circle as in Lemma 4.3. So ˛1 is an R–circle defined by ˛1.x/D limi!1 ˛i B�.i/ B�.x/,
where � W S1! S is a section of the quotient map S ! S1.

If ˛1 is not an .L; C /–quasi-isometric embedding then, since R � C ,

dX .˛1.x/; ˛1.y// <
1

L
dS1

.x; y/�C

for some x; y 2 S1, which then must be distinct. But

dS1
.x; y/D lim

i!1
dSi

�
�.i/.�.x//; �.i/.�.y//

�
;

dX .˛1.x/; ˛1.y//D lim
i!1

dX
�
˛i B�

.i/.�.x//; ˛i B�
.i/.�.y//

�
;

where, by complete disjointness,
�
�.i/.�.x//

�
i

and
�
�.i/.�.y//

�
i

are eventually constant. So, for all
large enough j ,

dX
�
j̨ B�

.j /.�.x//; j̨ B�
.j /.�.y//

�
D lim
i!1

dX
�
˛i B�

.i/.�.x//; ˛i B�
.i/.�.y//

�
but also, for all large enough j ,

lim
i!1

dX
�
˛i B�

.i/.�.x//; ˛i B�
.i/.�.y//

�
<
1

L
dSj

�
�.j /.�.x//; �.j /.�.y//

�
�C

so, for all large enough j ,

dX
�
j̨ .�

.j /
B �.x//; j̨ .�

.j /
B �.y//

�
<
1

L
dSj

�
�.j / B �.x/; �.j / B �.y/

�
�C
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which implies that
�
�.j / B�.x/; �.j / B�.y/

�
2 Jj , for all large enough j . But then, for all large enough j ,

dSj

�
�.j / B �.x/; �.j / B �.y/

�
� sj D jQj j

with limj!1 jQj j D 0 so

dS1
.x; y/D lim

j!1
dSj

�
�.j / B �.x/; �.j / B �.y/

�
D 0

which is a contradiction.

4.4 Eventual constantness and greedy tightening sequences

Consider a greedy tightening sequence with notation as in Section 4.3. Note that if Si D SiC1 for some i
then Si D SiC1 D SiC2 D � � � , so the tightening sequence is eventually constant. Moreover, for any i for
which Si ¤ SiC1, we have

jSi j � jSiC1j D jQi j � jQi j � jQi j �
1

L
jQi j D

�
1�

1

L

�
jQi j

�

�
1�

1

L

�
L.C � 2R/D .L� 1/.C � 2R/

by (�) and (�). If R > 0 then, since C � 4R, we have C > 2R > 0. If RD 0 then C > 2R is equivalent
to C > 0. Thus, if C > 0 then jSi j � jSiC1j � .L� 1/.C � 2R/ > 0. This implies the following claim.

Claim 4.8 If R � 0, L > 1 and C > 0 then any .L; C /–greedy tightening sequence for an R–circle in
an R–rough geodesic space is eventually constant.

4.5 Disjointness and greedy tightening sequences

Consider a greedy tightening sequence with notation as in Section 4.3. Assume that ˛ is 1=K–almost
isometric and that the tightening sequence is disjoint up to j . Recall that, by the discussion in Section 4.1,
we may think of the Qi , with i < j , as disjoint subspaces of S .

If i < j and Qi ¤∅ then, by Lemma 3.1 and (�),

jQi j �
K � 1

K
�
jS j

2
� 2R � dX .˛.pi /; ˛.qi //�

1

L
jQi j �C C 2R;

but C � 4R so

jQi j �
K � 1

K
�
jS j

2
�
1

L
jQi j

for all i < j . Hence, we have established the following claim.

Claim 4.9 If an .L; C /–greedy tightening sequence for a 1=K–almost isometric R–circle is disjoint up
to j then

jQi j �

�
K � 1

K
�
L

L� 1

�
jS j

2

for any i < j , where Qi is the i th replaced segment of the tightening sequence.
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By this claim, we can find a pair of points p; q in the closure of S n
�Sj�1

iD1 Qi
�

at distance

dS .p; q/�
jS j

2
�
K � 1

K
�
L

L� 1
�
jS j

4
:

Let A1 and A2 be the two segments of S between p and q. If I1 D fi < j jQi � A1g then, since j̨ is
an R–circle,

dX .˛.p/; ˛.q//� dSj
.p; q/CR

� jA1j �
X
i2I1

jQi jC
X
i2I1

jQi jCR

� jA1j �
X
i2I1

jQi jC
1

L

X
i2I1

jQi jCR

D jA1j �
L� 1

L

X
i2I1

jQi jCR

where the last inequality follows by (�). Corresponding relations for A2 and I2 D fi < j jQi �A2g also
hold, and so, by Lemma 3.1,

jS j �
L�1

L

X
i<j

jQi jC 2R � 2dX .˛.p/; ˛.q//� 2dS .p; q/�
K�1

K
� jS j � 4R

� jS j �

�
K � 1

K
�
L

L� 1

�
jS j

2
�
K � 1

K
� jS j � 4R;

which establishes the following claim.

Claim 4.10 If an .L; C /–greedy tightening sequence for a 1=K–almost isometric R–circle is disjoint up
to j then X

i<j

jQi j �

�
K � 1

K
�
L.3L� 2/

2.L� 1/2

�
jS jC

6LR

L� 1

where Qi is the i th replaced segment of the tightening sequence.

Claim 4.10 implies that X
i<j

jQi j �

�
K � 1

K
�
L.3L� 2/

2.L� 1/2
C

6LR

jS j.L� 1/

�
jS j;

so if
K � 1

K
�
L.3L� 2/

2.L� 1/2
<
1

N

then, if jS j>M for some M depending only on K, L, R and N , then

K � 1

K
�
L.3L� 2/

2.L� 1/2
C

6LR

jS j.L� 1/
<
1

N

and so
P
i<j jQi j< jS j=N . Since

K � 1

K
�
L.3L� 2/

2.L� 1/2
<
1

N
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is equivalent to

K <
NL.3L� 2/

.3N � 2/L2� .2N � 4/L� 2
;

we have established the following claim.

Claim 4.11 Let N > 1, let L> 1, let R � 0 and let K > 1 satisfy

K <
NL.3L� 2/

.3N � 2/L2� .2N � 4/L� 2
:

Then there exists anM >0 such that if an .L; C /–greedy tightening sequence for a 1=K–almost isometric
R–circle ˛ W S !X of length jS j>M is disjoint up to j thenX

i<j

jQi j<
jS j

N

where the Qi are the tightened segments of the tightening sequence.

The following claim about rational functions has a short and elementary proof. We will make use of it
below.

Claim 4.12 The inequalities

1<
L.9L2� 3L� 4/

7L3C 3L2� 10LC 2
;

L.9L2� 3L� 4/

7L3C 3L2� 10LC 2
�
L.5L� 4/

3L2� 2
;

1<
NL.3L� 2/

.3N � 2/L2� .2N � 4/L� 2
;

L.9L2� 3L� 4/

7L3C 3L2� 10LC 2
�

L.7L� 6/

5L2� 2L� 2

hold for any L> 1 and N > 1.

The next claim is essential in proving disjointness of greedy tightening sequences.

Claim 4.13 Let K > 1, L> 1 and R � 0. There exists an M > 0 such that if X is an R–rough geodesic
metric space , ˛ W S !X is a 1=K–almost isometric R–circle with jS j>M and

K <
L.9L2� 3L� 4/

7L3C 3L2� 10LC 2
;

and C � 4R then any .L; C /–greedy tightening sequence for ˛ that is disjoint up to j satisfies the
following statement. With notation as above , if .p; q/ 2 Jj and Q is a geodesic segment from p to q
in Sj , then Q � P ı0;j , where we view P ı0;j as a subspace of Sj via the embedding P ı0;j ,! Sj .

Proof First we will show thatQ is not contained inQi for any i < j . Recall thatQi is the concatenation
AQ0iB where j̨ jQ0

i
WQ0i !X is an R–rough geodesic and j̨ is constant on A and B , each of which is
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isometric to Œ0; R�. By (�), we have jQj � .C � 2R/L� .4R� 2R/L� 2R and jQj> 0 so we cannot
have Q � A or Q � B . We also cannot have Q0i �Q �Qi since then

jQi j � 2RD dX .˛i .pi /; ˛i .qi //D dX . j̨ .p/; j̨ .q// <
1

L
jQj �C �

1

L
jQi j �C < jQi j �C;

which contradicts C � 4R. So, if Q �Qi then some endpoint of Q is contained in Q0i . But this implies
that j̨ jQ WQ!X is a 2R–rough geodesic and so, by (�) and (�),

jQj � 2R � dX . j̨ .p/; j̨ .q// <
1

L
jQj �C < jQj �C;

which, again, contradicts C � 4R. Thus we see that Q is not contained in Qi for an i < j . Hence Q
intersects P ı0;j nontrivially in Sj .

See Figure 5. We will define a segment Ap � Sj containing p and a corresponding segment Ap � S .
(Note that Ap does not denote the closure of Ap here.) If p is contained in the interior of Qi for some
i < j then let Ap DQi and let Ap DQi . Otherwise, let Ap D Ap D fpg. Define Aq and Aq similarly
for q. A priori, it is possible that Ap DAq . Let Q� be obtained from Q by subtracting the interiors of Ap
and Aq and let QC! Sj extend Q ,! Sj so as to include a full copy of Ap and a full copy of Aq . Let
Q�0 � S be obtained from Q� � Sj by replacing any Qi �Q� with Qi � S , for i < j . Let QC0 ! S

be obtained from QC! Sj by replacing any Qi ,! Sj , where i < j , with Qi ,! S .

Let pC and qC be the images of the endpoints of QC0 in S , with pC the endpoint corresponding to p and
qC the endpoint corresponding to q. Let p� and q� be the endpoints of Q�0 in S , with p� the endpoint
corresponding to p and q� the endpoint corresponding to q. Then we have

dX .˛.p
C/; ˛.qC//� dX .˛.p

C/; j̨ .p//C dX . j̨ .p/; j̨ .q//C dX . j̨ .q/; ˛.q
C//

� dAp
.pC; p/C dX . j̨ .p/; j̨ .q//C dAq

.q; qC/

< dAp
.pC; p/C

1

L
jQj �C C dAq

.q; qC/

D dAp
.pC; p/C

1

L

�
dAp

.p; p�/CjQ�jC dAq
.q�; q/

�
C dAq

.q; qC/�C

� dAp
.pC; p/C dAp

.p; p�/C
1

L
jQ�jC dAq

.q�; q/C dAq
.q; qC/�C

D jApjC
1

L
jQ�jC jAqj �C

� jApjC
1

L
jQ�0 jC jAqj �C

�
1

L
jApjC

1

L
jQ�0 jC

1

L
jAqj �C D

1

L
jQC0 j �C

where the second inequality follows from Remark 4.6 and the last inequality follows from (�). By
assumption, Q nontrivially intersects at least one Qi , with i < j . Let m be minimal such that Q
nontrivially intersects Qm. Then, since Q intersects P ı0;j nontrivially, the image of QC0 ! Sm must
strictly contain Qm.
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SjQ

Ap

p

q

Ap

Q�

QC

Ap

Q�0

QC0 S

Ap

Figure 5: In the proof of Claim 4.13, from a geodesic segment Q of Sj (indicated by a green
outline) we obtain Q�1 by removing the interiors of any Qi that are partially contained in Q. We
obtain QC! Sj by extending the inclusion Q ,! Sj to include full copies of any Qi that are
partially contained in Q. From Q� ,! Sj and QC! Sj we obtain Q�0 ,! S and QC0 ! S in
S D S0 by replacing any Qi ,! Sj with Qi ,! S . The Qi with i < j are drawn in red in Sj .
The Qi with i < j are drawn with perpendicular markings in S .

So, if QC0 ! Sm was the inclusion of a geodesic segment, we would have .pC; qC/ 2 Jm, which would
contradict dSm

.pm; qm/D sm. Thus jQC0 j>
1
2
jSmj. But then

jQC0 j>
jSmj

2
�
jS j

2
�
1

2

X
i<m

jQi j �
jS j

2
�

�
K � 1

K
�
L.3L� 2/

2.L� 1/2

�
jS j

2
�
3LR

L� 1

D

�
1�

K � 1

K
�
L.3L� 2/

2.L� 1/2
�

6LR

jS j.L� 1/

�
jS j

2

by Claim 4.10 while

jQ0j �

�
K � 1

K
�
L

L� 1

�
jS j

2

by Claim 4.9. So jQC0 j � jQ0j would imply

1�
K � 1

K
�
L.3L� 2/

2.L� 1/2
�

6LR

jS j.L� 1/
<
K � 1

K
�
L

L� 1

which is equivalent to the inequality

(§) 1 <
K � 1

K
�
L.5L� 4/

2.L� 1/2
C

6LR

jS j.L� 1/
:

By hypothesis and Claim 4.12, we have K <L.5L� 4/=.3L2� 2/ which is equivalent to

1 >
K � 1

K
�
L.5L� 4/

2.L� 1/2

so if jS j>M 0 for some M 0 depending only on K, L and R then we would have

1 >
K � 1

K
�
L.5L� 4/

2.L� 1/2
C

6LR

jS j.L� 1/

and this would contradict (§). Hence, assuming jS j is greater than this M 0, we have jQC0 j> jQ0j.
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Then if QC0 ! S were the inclusion of a geodesic segment, we would have .pC; qC/2 J0 and this would
contradict dS .p0; q0/D s0. Thus jQC0 j>

1
2
jS j. On the other hand

jQC0 j D jQ
�
0 jC jApjC jAqj

� jQ�jC
X
i<j

�
jQi j � jQi j

�
CjApjC jAqj

�
jSj j

2
C

X
i<j

�
jQi j � jQi j

�
CjApjC jAqj

D
jS j

2
C
1

2

X
i<j

�
jQi j � jQi j

�
CjApjC jAqj

�
jS j

2
C
1

2

X
i<j

jQi jC jApjC jAqj

�
jS j

2
C

�
K � 1

K
�
L.3L� 2/

4.L� 1/2

�
jS jC

3LR

L� 1
C

�
K � 1

K
�
L

L� 1

�
jS j

D
jS j

2
C
K � 1

K
�
L

L� 1
�

�
3L� 2

4.L� 1/
C 1

�
jS jC

3LR

L� 1

D
jS j

2
C
K � 1

K
�
L

L� 1
�
7L� 6

4.L� 1/
� jS jC

3LR

L� 1

D

�
1

2
C
K � 1

K
�
L.7L� 6/

4.L� 1/2
C

3LR

jS j.L� 1/

�
jS j;

where the last inequality follows from Claims 4.9 and 4.10. By hypothesis and Claim 4.12,

K <
L.7L� 6/

5L2� 2L� 2
;

which is equivalent to
1

2
C
K � 1

K
�
L.7L� 6/

4.L� 1/2
< 1:

Thus, if jS j>M 00 for some M 00 depending only on K, L and R then

1

2
C
K � 1

K
�
L.7L� 6/

4.L� 1/2
C

3LR

jS j.L� 1/
< 1

and so jQC0 j< jS j so that QC0 embeds in S . In this case, the endpoints pC and qC of QC0 in S are at
distance

dS .p
C; qC/�

�
1

2
�
K � 1

K
�
L.7L� 6/

4.L� 1/2
�

3LR

jS j.L� 1/

�
jS j

but we also have

dX .˛.p
C/; ˛.qC// <

1

L
jQC0 j �C �

1

L

�
1

2
C
K � 1

K
�
L.7L� 6/

4.L� 1/2
C

3LR

jS j.L� 1/

�
jS j �C
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which, by Lemma 3.1 and C � 4R, implies

1

L

�
1

2
C
K � 1

K
�
L.7L� 6/

4.L� 1/2
C

3LR

jS j.L� 1/

�
jS j>

�
1

2
�
K � 1

K
�
L.7L� 6/

4.L� 1/2
�

3LR

jS j.L� 1/

�
jS j�

K � 1

K
�
jS j

2

which is equivalent to the inequality

(‘)
K � 1

K
�
9L2� 3L� 4

2.L� 1/2
C
6R.LC 1/

jS j.L� 1/
>
L� 1

L
:

By hypothesis,

K <
L.9L2� 3L� 4/

7L3C 3L2� 10LC 2
which is equivalent to

K � 1

K
�
9L2� 3L� 4

2.L� 1/2
<
L� 1

L

so if jS j>M 000 for some M 000 depending only on K, L and R then we would have

K � 1

K
�
9L2� 3L� 4

2.L� 1/2
C
6R.LC 1/

jS j.L� 1/
<
L� 1

L

which contradicts (‘).

Therefore, if jS j >M D maxfM 0;M 00;M 000g, which depends only on K, L and R then assuming the
existence of a j for which Q 6� P ı0;j leads us to a contradiction.

Claim 4.14 Let K > 1, L> 1 and R � 0. There exists an M > 0 such that if X is an R–rough geodesic
metric space , ˛ W S !X is a 1=K–almost isometric R–circle with jS j>M and

K <
L.9L2� 3L� 4/

7L3C 3L2� 10LC 2
;

and C � 4R then any .L; C /–greedy tightening sequence for ˛ is completely disjoint.

Proof Consider an .L; C /–greedy tightening sequence for ˛ with notation as above. For the sake of
finding a contradiction, suppose j � 1 is the least integer with Qj 6� P ı0;j . As above we view the Qi
with i < j as disjoint segments of Sj with Sj n

Sj�1
iD0 Qm D P

ı
0;j .

Since Qj 6� P ı0;j , we have Qm \Qj ¤ ∅, for some m < j . Recall that .pj ; qj / is the limit of a
sequence .p.n/j ; q

.n/
j /n in Jj . For each n, let Q.n/j be a geodesic segment between p.n/j and q.n/j in Sj .

By Claim 4.13, Q.n/j � P
ı
0;j , so Qm\Qj � fpm; qmg \ fpj ; qj g. Without loss of generality, we may

assume qm D pj . See Figure 6.

Since Q.n/j � P
ı
0;j , we may think of the Q.n/j as segments of Sm, by the embedding P ı0;j ,! Sm. Each

Q
.n/
j is a geodesic segment in Sm since the complementary segment of Q.n/j in Sm is even longer than

the complementary segment of Q.n/j in Sj . Thus .p.n/j ; q
.n/
j /n is a sequence in Jm. For each n, let Q.n/m

be a segment between p.n/m and q.n/m such that .Q.n/m /n converges to Qm in Hausdorff distance. The
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qj
Qj

pj D qm

Qm

pm

Figure 6: A greedy tightening sequence that is disjoint up to j but not up to j C 1 with Qj
intersecting the prior Qi only at endpoints, as in the proof of Claim 4.14.

circular orders on the triples .p.n/m ; q
.n/
m ; q

.n/
j / and .p.n/m ; p

.n/
j ; q

.n/
j / are eventually constant and equal.

Let .A.n//n be a sequence of segments in Sm from p
.n/
m to q.n/j such that A.n/ eventually contains q.n/m

or, equivalently, eventually contains p.n/j .

Let " > 0 satisfy " < 1
3
jQj j and "� LR=.LC 1/. Then, for n large enough,

jA.n/j � jQ.n/m jC jQ
.n/
j j � dSm

.q.n/m ; p
.n/
j / > jQmj � "CjQj j � "� "D jQmjC jQj j � 3" > jQmj

and

dX
�
˛m.p

.n/
m /; ˛m.q

.n/
j /

�
� dX

�
˛m.p

.n/
m /; ˛m.q

.n/
m /

�
C dX

�
˛m.q

.n/
m /; ˛m.p

.n/
j /

�
C dX

�
˛m.p

.n/
j /; ˛m.q

.n/
j /

�
<
1

L
dSm

.p.n/m ; q.n/m /�C C dSm
.q.n/m ; p

.n/
j /CRC

1

L
dSm

.p
.n/
j ; q

.n/
j /�C

<
1

L
jQmjC "�C C "CRC

1

L
jQj jC "�C

D
1

L
.jQmjC jQj j/� 2C CRC 3"

<
1

L
.jA.n/jC 3"/� 2C CRC 3"

D
1

L
jA.n/j � 2C CRC

3.LC 1/

L
� "

�
1

L
jA.n/j �C

since C � 4R. So, if A.n/ is a geodesic segment for arbitrarily large n then, for some n, we would have
.p
.n/
m ; q

.n/
j / 2 Jm and dSm

.p
.n/
m ; q

.n/
j / > jQmj D sm, which is a contradiction. Thus eventually

jQ.n/m jC jQ
.n/
j j D jA

.n/
j> 1

2
jSmj

and so jQmjC jQj j � 1
2
Sm.
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Then, by Claim 4.9,
Sm

2
� 2

�
K � 1

K
�
L

L� 1

�
jS j

2

while
jSmj

2
�
jS j

2
�
1

2

X
i<m

jQi j �
jS j

2
�

�
K � 1

K
�
L.3L� 2/

2.L� 1/2

�
jS j

2
�
3LR

L� 1

D

�
1�

K � 1

K
�
L.3L� 2/

2.L� 1/2
�

6LR

jS j.L� 1/

�
jS j

2

by Claim 4.10. Combining these we obtain

K � 1

K
�
L.7L� 6/

2.L� 1/2
C

6LR

jS j.L� 1/
� 1

but, by hypothesis and Claim 4.12,

K <
L.7L� 6/

5L2� 2L� 2
;

which is equivalent to
K � 1

K
�
L.7L� 6/

2.L� 1/2
< 1;

so, if jS j is large enough (depending only on K, L and R) then we have a contradiction.

5 The fine Milnor–Schwarz lemma

The fine Milnor–Schwarz lemma is a refinement of the Milnor–Schwarz lemma that gives finer control
on the multiplicative constant of the quasi-isometry. In this section we will state and prove this version of
the Milnor–Schwarz lemma. As a consequence we will prove that every strongly shortcut group has a
strongly shortcut Cayley graph. A corresponding statement should hold for any rough approximability
invariant of metric spaces.

Let .X; d/ be a rough geodesic metric space. Let G be a group acting coboundedly on X by isometries.
Let

Sx0;t D fg 2G j d.x0; gx0/� tg

for x0 2X and t 2R�0.

Remark 5.1 If the action of G is metrically proper then the Sx0;t are finite.

Let �x0;t be the graph with vertex set G and with an edge of length t between g and g0 whenever g0D gs
for some s 2Sx0;t . So when Sx0;t generatesG, the graph �x0;t is the Cayley graph ofG for the generating
set Sx0;t with edges scaled by t . Let dx0;t be the graph metric on �x0;t where we set dx0;t .g; h/D1

when g and h are in different components of �x0;t . Then, when Sx0;t generates G, the metric dx0;t is
the word metric on G for the generating set Sx0;t scaled by t . Let fx0;t W .G; dx0;t /! .X; d/ be defined
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by fx0;t .g/ D gx0. Let Kx0;t be the infimum of all K � 1 for which there exists some CK > 0 such
that fx0;t is a .K;CK/–quasi-isometry. Note that if fx0;t is not a quasi-isometry (eg if Sx0;t does not
generate G) then Kx0;t D1.

Lemma 5.2 (fine Milnor–Schwarz lemma) Let .X; d/ be a rough geodesic metric space. Let G be a
group acting coboundedly on X by isometries. Let x0 2X and let Kx0;t be defined as above for t 2R�0.
Then Kx0;t ! 1 as t !1.

Proof Let g 2 G. We will prove that d
�
fx0;t .1/; fx0;t .g/

�
� dx0;t .1; g/. If dx0;t .1; g/D1 there is

nothing to show and so dx0;t .1; g/DMt for some M 2N�0 and there is a combinatorial path defined by

1D g0; g1; g2; : : : ; gM D g

in �x0;t . The g�1i�1gi are contained in Sx0;t and so, by the triangle inequality,

d.fx0;t .1/; fx0;t .g//D d.x0; gx0/

� d.x0; g1x0/C d.g1x0; g2x0/C � � �C d.gM�1x0; gx0/

D d.x0; g1x0/C d.x0; g
�1
1 g2x0/C � � �C d.x0; g

�1
M�1gx0/

�Mt

D dx0;t .1; g/:

We now establish a lower bound on D D d.fx0;t .1/; fx0;t .g//. Since G acts coboundedly on X , the
orbit Gx0 is a quasi-onto subspace of X . Hence Gx0 is roughly isometric to X and so Gx0 is also a
rough geodesic metric space. Let R be the rough geodesicity constant of Gx0. Let ˛ W Œ0;D�!Gx0 be
an R–rough geodesic from fx0;t .1/D x0 to fx0;t .g/D gx0. Assume that t > R and subdivide Œ0;D�
into at most dD=.t �R/e segments of length at most t �R. Let 0D a0 < a1 < a2 < � � �< aM DD be
the endpoints of the segments and let gix0 D ˛.ai /, for each i , with g0 D 1 and gM D g. Then

d.x0; g
�1
i giC1x0/D d.gix0; giC1x0/D d.˛.ai /; ˛.aiC1//� jai � aiC1jCR � t

for each i . Thus g�1i giC1 2 Sx0;t , for each i , and so

1D g0; g1; g2; : : : ; gM�1; gM D g

defines a combinatorial path in �x0;t . Hence

dx0;t .1; g/� tM � t
l
D

t�R

m
D t

�
d
�
fx0;t .1/; fx0;t .g/

�
t �R

�
� t

�
d
�
fx0;t .1/; fx0;t .g/

�
t �R

C 1

�
D

t

t �R
d
�
fx0;t .1/; fx0;t .g/

�
C t

and so we have ..t �R/=t/dx0;t .1; g/� .t �R/� d.fx0;t .1/; fx0;t .g//.
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For g; g0 2G,

d.fx0;t .g/; fx0;t .g
0//D d.gx0; g

0x0/D d.x0; g
�1g0x0/D d.fx0;t .1/; fx0;t .g

�1g0//

and dx0;t .g; g
0/D dx0;t .1; g

�1g0/, so

t�R

t
dx0;t .g; g

0/� .t �R/� d.fx0;t .g/; fx0;t .g
0//� dx0;t .g; g

0/I

hence 1�Kx0;t � .t �R/=t when t > R. This implies that Kx0;t ! 1 as t !1.

Corollary 5.3 (Milnor–Schwarz lemma) If the G–action on X is metrically proper then G is finitely
generated and , for any finite generating set S , the map

fs W .G; dS /!X; g 7! gx0;

is a quasi-isometry, where dS is the word metric for the generating set S .

Proof By Lemma 5.2, if t is large enough then Kx0;t <1. Thus Sx0;t generates G. By Remark 5.1, the
generating set Sx0;t is finite so G is finitely generated. Since Kx0;t <1 and since scaling the metric dS
by a factor of t preserves the quasi-isometry type, the map fS is a quasi-isometry for S D Sx0;t . But the
identity map on G is a bi-Lipschitz equivalence from .G; dS 0/ to .G; dS 00/ where S 0 and S 00 are any two
finite generating sets and dS 0 and dS 00 are the corresponding word metrics. Thus fS is a quasi-isometry
for any generating set S .

Corollary 5.4 Let G be a group. If G acts metrically properly and coboundedly on a strongly shortcut
rough geodesic metric space X then G has a finite generating set S for which the Cayley graph of .G; S/
is strongly shortcut. In particular , the group G is strongly shortcut.

Proof By Corollary 3.10, there exists an LX > 1 such that whenever C > 0 and Y is a rough geodesic
metric space and f W Y !X is an .LX ; C /–quasi-isometry up to scaling, then Y is strongly shortcut. But,
by Lemma 5.2, there is a Cayley graph � of G, a C > 0 and an .LX ; C /–quasi-isometry up to scaling
f W �!X . So � is strongly shortcut as a rough geodesic metric space. Then, by Remark 2.5, the Cayley
graph � is strongly shortcut as a graph.

Corollary 5.5 Let G be a group. The following conditions are equivalent :

(1) G is strongly shortcut.

(2) G acts metrically properly and coboundedly on a strongly shortcut rough geodesic metric space.

(3) G has a finite generating set S for which the Cayley graph of .G; S/ is strongly shortcut.

6 Asymptotically CAT.0/ spaces

In this section we will apply the characterizations of Section 3 to prove that asymptotically CAT.0/
rough geodesic metric spaces are strongly shortcut. By the results of Section 5, this will imply that
asymptotically CAT.0/ groups are strongly shortcut.
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Asymptotically CAT.0/ spaces and groups were first introduced and studied by Kar [2011]. A metric
space X is asymptotically CAT.0/ if every asymptotic cone of X is CAT.0/. A group is asymptotically
CAT.0/ if it acts properly and cocompactly on an asymptotically CAT.0/ proper geodesic metric space.
(Note that the condition that the action be on a proper metric space does not make this definition more
restrictive than the definition given by Kar [2011] since the definition of proper action in Kar [2011,
page 77] seems to be that of Bridson and Haefilger [1999, Section I.8.2] and any geodesic metric space
admitting a cocompact action that is proper by this more restricted definition is a proper metric space.)
For an introduction to CAT.0/ geodesic metric spaces, see Bridson and Haefliger [1999].

Theorem 6.1 Asymptotically CAT.0/ rough geodesic metric spaces are strongly shortcut.

Proof By uniqueness of geodesics in CAT.0/ geodesic metric spaces, there is no isometric copy of
a Riemannian circle in the asymptotic cone of an asymptotically CAT.0/ metric space X . So, by
Theorem 3.8, any asymptotically CAT.0/ rough geodesic metric space is strongly shortcut.

Theorem 6.2 Asymptotically CAT.0/ groups are strongly shortcut.

Proof A proper and cocompact action on a proper metric space is metrically proper and cobounded. So,
by Theorem 6.1, any asymptotically CAT.0/ group G acts metrically properly and coboundedly on a
strongly shortcut geodesic metric space. Thus, by Corollary 5.5, the group G is strongly shortcut.
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