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Wall-crossing from Lagrangian cobordisms

JEFF HICKS

Biran and Cornea showed that monotone Lagrangian cobordisms give an equivalence of objects in the
Fukaya category. However, there are currently no known nontrivial examples of monotone Lagrangian
cobordisms with two ends. We look at an extension of their theory to the pearly model of Lagrangian
Floer cohomology and unobstructed Lagrangian cobordisms. In particular, we examine the suspension
cobordism of a Hamiltonian isotopy and the Haug mutation cobordism between mutant Lagrangian
surfaces. In both cases we show that these Lagrangian cobordisms can be unobstructed by a bounding
cochain, and additionally induce an A1 homomorphism between the Floer cohomology of the ends. This
gives a first example of a two-ended Lagrangian cobordism giving a nontrivial equivalence of Lagrangian
Floer cohomology.

A brief computation is also included which shows that the incorporation of a bounding cochain from
this equivalence accounts for the “instanton-corrections” considered by Auroux (2007), Pascaleff and
Tonkonog (2020) and Rizell, Ekholm and Tonkonog (2022) for the wall-crossing formula between
Chekanov and product tori in C2 n fz1z2 D 1g.

We additionally prove some auxiliary results that may be of independent interest. These include a weakly
filtered version of the Whitehead theorem for A1 algebras and an extension of Charest and Woodward’s
stabilizing divisor model of Lagrangian Floer cohomology to Lagrangian cobordisms.

53D37, 53D40

1 Introduction

Wall-crossing. . .

The wall-crossing phenomenon for Lagrangian submanifolds is an observation that the count of holomor-
phic disks with boundary on a family of Lagrangian submanifolds need not be continuous over the family.
The count of these disks and how this count changes over families play an important role in describing
the space of Lagrangian submanifolds up to Hamiltonian isotopy.

The moduli space of Lagrangian branes can be understood locally by constructing coordinate charts.
A Lagrangian brane is a Lagrangian submanifold equipped with a unitary local system. Nearby any
Lagrangian, the flux of a Lagrangian isotopy builds a local .C�/k chart, where k D dim.H 1.LIR//. An
expectation which has been proven in good examples (such as Auroux [3] and Palmer and Woodward [28])
is that the open Gromov–Witten (OGW) potential, which records an area-weighted count of the holomorphic
disks with boundary on a given Lagrangian L, is a holomorphic map in these coordinates. Both the
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symplectic area of these disks and the flux of an isotopy are complexified by the unitary local system on
the Lagrangian submanifold.

Locally, the flux-charts and the OGW potential are holomorphic. However, neither of these can consistently
provide coordinates or functions globally. An inconsistency occurs when a holomorphic disk “bubbles”
over a Lagrangian isotopy, causing a discontinuity in the OGW potential. To consistently construct
coordinates on the moduli space of Lagrangian submanifolds, one must incorporate “instanton corrections”
to the count of holomorphic disks and flux computation. Auroux [3] and Kontsevich and Soibelman [22]
phrased these corrections in terms of a wall-crossing formula. In this paradigm, the moduli space of
Lagrangian submanifolds is divided into chambers of Lagrangians which do not bound Maslov index 0
disks. Separating these chambers are “walls” consisting of the Lagrangian submanifolds which bound
Maslov index 0 disks. To transition from coordinates on one chamber to another, one computes a wall-
crossing formula given by the count of Maslov index 0 disks, which appropriately modifies the OGW
potential and flux computation.

A particular example of wall-crossing occurs when a monotone Lagrangian torus L bounds a Lagrangian
disk D. For such pairs there exists another Lagrangian, called the mutation �D.L/, lying in a different
chamber. Palmer and Woodward [28], Pascaleff and Tonkonog [29] and Rizell, Ekholm and Tonkonog [31]
explicitly computed the wall-crossing formula between these two chambers. Notably, this computation
gives a wall-crossing formula between two Lagrangians which are not Hamiltonian isotopic.

The geometric justification for these wall-crossing transformations comes from the homological mirror
symmetry conjecture of Kontsevich [21]. Associated to a symplectic space X is the Fukaya category
Fuk.X/ whose objects are Lagrangian submanifolds. The conjecture predicts that, for a Calabi–Yau
manifold X , there exists a mirror Calabi–Yau manifold LX such that the symplectic geometry of X as
recorded by Fuk.X/ is interchanged with the complex geometry of LX as recorded by Db Coh. LX/. One
way to recover the space LX is to study the moduli of points on LX . A useful perspective comes from the
SYZ conjecture (see Strominger, Yau and Zaslow [32]), which presents mirror spaces as dual Lagrangian
torus fibrations. From this viewpoint, a candidate mirror to the skyscraper sheaf of a point in LX is a
Lagrangian torus fiber of the SYZ fibration X !Q.

As Hamiltonian isotopic Lagrangian submanifolds give quasi-isomorphic objects of the Fukaya category,
the moduli of objects in the Fukaya category is a good proxy for the Hamiltonian isotopy classes of
Lagrangian submanifolds. This Fukaya-categorical interpretation has the advantage that the incorporation
of “instanton corrections” naturally arises in the construction of the Fukaya category. The presence
of holomorphic disks with boundary on a Lagrangian L complicates the construction of the Fukaya
category considerably. To account for the presence of holomorphic disks, one must equip each Lagrangian
submanifold with additional data. The objects of the Fukaya category are pairs .L; b/, where b is a
“bounding cochain” deforming L as an object of the category. This deformation encodes an algebraic
cancellation of holomorphic disks with boundary on L. Hamiltonian isotopy still produces an equivalence
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of such pairs, where disk bubbling is recorded by modifications of the bounding cochain. In the examples
of crossing a wall, Lagrangians .L; 0/ in one chamber are equivalent to .L0; b0/ in the second chamber. The
perspective of Fukaya, Oh, Ohta and Ono [17] is that the nontrivial deformation b0 should be considered
as the correction which occurs in the wall-crossing formula.

. . . and Lagrangian cobordisms

In the previous discussion, we focused on Hamiltonian isotopy as the geometric equivalence relation
on objects of the Fukaya category. Another such equivalence relation was exhibited by Biran and
Cornea [8], who proved that Lagrangian submanifolds related by monotone Lagrangian cobordism are
equivalent objects in the Fukaya category. As every Hamiltonian isotopy gives an example of a Lagrangian
cobordism, this indeed generalizes the previously considered equivalences. However, the monotonicity
condition precludes the existence of Maslov index 0 disks, so examples considered in [8] do not realize
the wall-crossing phenomenon.

A natural extension is to consider Lagrangian cobordisms equipped with bounding cochains. Such a cobor-
dism .K; b/ is predicted to yield equivalences in the Fukaya category between the ends .LC; bjLC/ and
.L�; bjL�/. One interesting example of a Lagrangian cobordism is the mutation cobordism constructed by
Haug [18], which relates mutant Lagrangians. This is an example of a nonmonotone Lagrangian cobordism,
as mutant Lagrangians L and �D.L/ are generally nonisomorphic as objects of the Fukaya category.

1.1 Results

Our goal here is to extend our understanding of wall-crossing between Hamiltonian isotopic Lagrangians
to wall-crossing between cobordant Lagrangians. We use the pearly Floer complex CF�.L/ as a receptacle
for counting holomorphic disks. This is a deformation of the Morse complex CM�.L/ constructed by
inserting holomorphic disks with boundary on L into the flow lines of the Morse function. CF�.L/ is a
filtered A1 algebra. We first prove that the pearly Floer complex of a Lagrangian cobordism is compatible
with the pearly Floer complex of the ends:

Theorem 1.1.1 (restatement of Corollary C.5.2) The projections of the Floer cohomology of a La-
grangian cobordism to that of its ends ˇ˙ W CF�.K/! CF�.L˙/ are A1 homomorphisms.

We employ these new Floer results to extend [8] to the nonmonotone and cylindrical setting:

Theorem 1.1.2 (paraphrasing of Proposition 3.0.2) Suppose that K W L�  LC is a Lagrangian
cobordism diffeomorphic to LC �R. Then there is a homotopy equivalence of filtered A1 algebras
‚K W CF�.L�/! CF�.LC/.

As every Hamiltonian isotopy of Lagrangians produces a cylindrical suspension Lagrangian cobordism
realizing that isotopy, this generalizes invariance of Floer cohomology of Hamiltonian isotopic Lagrangians
to the unobstructed setting. The method of proof differs from the Hamiltonian isotopy setting and uses that
CF�.K/ is the deformation of the mapping cylinder CM�.K/. In the setting where L� is tautologically
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unobstructed, we show that K is unobstructed by a bounding cochain whose restriction to L� is trivial
but whose restriction to LC may not be.

The first nonmonotone and noncylindrical example that we look at is the mutation cobordism. We similarly
prove that this cobordism gives an equivalence:

Theorem 1.1.3 (paraphrasing Theorem 4.2.5) Let K��D W L  ��D.L/ be a mutation cobordism
satisfying Definition 4.2.6. Then there exists a deforming cochain b 2 CF�.K��D / such that CF�b.K��D /
is an A1 mapping cocylinder , yielding a map of filtered A1 algebras:

‚��D W CF�b�.�
�
D.L//! CF�bC.L/:

The proof is more difficult than the cylindrical case, as CF�.K/ is not the deformation of a mapping
cylinder. To show that K is unobstructed, we must construct a bounding cochain for K��D accounting for
an interesting holomorphic disk with boundary on K��D . The main observation for mutation cobordisms
is that the portion of the pearly differential on CF�.K/ arising from this holomorphic disk exactly cancels
out the noncylindrical topology of K.

We verify in a computation included in the appendices that this theorem can be applied to the setting of
monotone Chekanov and product tori in C2 n fz1z2 D 1g. In this example, the bounding cochain on the
Chekanov and product tori inherited from the Lagrangian cobordism corrects the cohomology of these
mutant Lagrangians. This correction matches the wall-crossing transformations constructed by Auroux [4].
This gives (to our knowledge) the first example of a noncylindrical two-ended Lagrangian cobordism
yielding an equivalence in the Fukaya category. This also gives a Fukaya category interpretation to the
wall-crossing result of Pascaleff and Tonkonog [29], and the invariance of immersed Floer cohomology in
this setting (as computed by Palmer and Woodward [28]). Our result can be considered as an application
of the viewpoints of Biran and Cornea [8] and Fukaya, Oh, Ohta and Ono [17] on wall-crossing to
non-Hamiltonian isotopic Lagrangian submanifolds.

We include some auxiliary results: a weakly filtered version of the Whitehead theorem (Theorem A.2.1), a
definition of domain and label-dependent perturbation systems for the pearly model (Appendix B), a con-
struction of stabilizing divisors for Lagrangian cobordisms (Lemmas C.1.2 and C.1.3), and compatibility
of the pearly model of a Lagrangian cobordism with its ends (Theorem C.5.1).

1.2 Structure

Section 2 discusses the pearly model of Floer cohomology in the setting of Lagrangian cobordisms. We
review some existing versions of the pearly model in Section 2.2, as well as provide an outline extending
the pearly model to the noncompact setting. We summarize the relevant results from the appendices which
are required for the remainder of the paper. The first is a way to construct a perturbation datum for the
purpose of computing specific structure constants for the pearly model. The second is the extension of the
stabilizing divisor pearly model of Charest and Woodward [10] to the setting of Lagrangian cobordisms.
The proofs of these results are delayed until Appendices B and C.
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In Section 3, we look at a toy model where we recover invariance of CF�.L/ under Hamiltonian isotopy
using nonmonotone Lagrangian cobordisms. The core of the proof is to show that the Lagrangian
cobordism gives an example of an A1 mapping cocylinder, from which a continuation map can be
recovered by the application of Theorem A.3.2. The cobordism is our first example of a nonmonotone
cobordism giving an equivalence of objects in the Fukaya category, and the method of proof provides a
road map to the more general case considered later.

Section 4 contains our main theorem. We first introduce the Lagrangian mutation cobordism from
Haug [18] in Section 4.1. We take some care to work out the parametrization of this cobordism explicitly
in the setting of C2 n fz1z2 D 1g. This care is necessary to later characterize the kinds of holomorphic
disks which can appear with boundary on this cobordism, and to compute explicitly the flux swept
between the ends of the Lagrangian cobordism. Section 4.2 looks at the mutation cobordism constructed
from a mutation pair — a Lagrangian L bounding a Lagrangian disk D. The remainder of the section is
spent proving Theorem 4.2.5, which shows that this mutation cobordism K�D , when equipped with an
appropriate bounding cochain, gives an equivalence in the Fukaya category. The idea of the proof is very
similar to Section 3, in that we show that the mutation cobordism K�D has the Floer cohomology of a
mapping cocylinder. This is complicated by the fact that the underlying topology of K�D is not that of a
cylinder. We outline the proof here:

� In Section 4.3.1 we construct a Morse function for K�D and point out how this cobordism fails to be a
topological cylinder between its ends.

� In Section 4.3.2 we find a holomorphic disk with boundary on K�D .

� In Section 4.4.1 we show that this holomorphic disk contributes to m0K�D
in such a way that its lowest

order contributions can be canceled out by a deforming cochain d�.

� In Section 4.4.2 we show that there is a homotopy between CF�d� .K�D / and its left end CF�d� jL� .L
�/

which uses the component of the deformed differential arising from the holomorphic disk.

� In Section 4.4.3 we present K�D as a weakly filtered A1 mapping cocylinder (see Definition A.3.1)
using the homotopy constructed above and conclude the existence of a continuation map.

In Section 5 we look at an application of Theorem 4.2.5 to the Chekanov and product tori in C2nfz1z2D1g.
In addition to showing that these objects have the same Floer cohomology (and conjecturally correspond
to the same object of the Fukaya category), the bounding cochains inherited from the Lagrangian
cobordism deform the local Flux coordinates on the moduli space of Chekanov and product tori. Assuming
convergence of sums taken with C coefficients and a multiple cover formula for Maslov index 0 disks,
these coordinate changes are shown to match the computations made in Auroux [3].

We additionally include three appendices with auxiliary results. Appendix A states some known facts for
filtered A1 algebras and morphism of A1 algebras. It also includes the statements of Theorems A.2.1
and A.3.2. The first is an extension of the homotopy transfer principle of Kadeishvili [20] or the filtered
A1 Whitehead theorem (see Fukaya, Oh, Ohta and Ono [17]) to the setting of weakly filtered A1
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homotopies. The second is a proof of existence and characterization of mapping cocylinders for filtered
A1 algebras.

Appendix B extends the construction of Charest and Woodward [10] to use perturbations that depend
on the domain and the labels of the domain. The main application, Lemma B.3.2, shows that under
strong conditions we can use a nonperturbed almost complex structure to compute some of the structure
coefficients for the pearly model.

Appendix C adapts the construction of [10] to Lagrangian cobordisms. The main results are Lemmas C.1.2
and C.1.3 which construct Donaldson divisors of large degree for Lagrangian cobordisms. The Donaldson
divisors can be made weakly stabilizing. Furthermore, the divisors and weakly stabilized almost complex
structures are split (across the product X �C) outside of a compact set. This allows us to construct a
pearly model for Lagrangian cobordisms (Corollary C.4.2) and obtain compatibility between the pearly
model of a Lagrangian cobordism and that of its ends (Corollary C.5.2).

1.3 Notation

We introduce here several pieces of notation that are used throughout the paper.

� Let A1; : : : ; Ak be vector spaces. The componentwise projection is the map

�k1j���jki W .A1˚ � � �˚Ai /
˝k1C���Cki ! A

˝k1
1 ˝ � � �˝A

˝ki
i :

� Let AD A�˚A0˚AC and let mk W A˝k! A be a multilinear map over field F . When we want to
restrict the domain and codomain we’ll write

m`1���`k I`0 W

kO
iD1

A`i ! A`0 ;

where the `i are chosen from the labels fC;�; 0g. In this notation mI` W F!A` denotes an element in A`.

� Let f W XC! X� be a map of topological spaces. The mapping cylinder is the topological space
cyl.f /D .XC � I /t.xC�f1g�f .xC//X

�. This comes with inclusion maps iX˙ W X
˙! cyl.f / and a

pushforward map � W cyl.f /!X�. We denote the maps on the cochains by

ˇ˙ WD .iX˙/
�
W C �.cyl.f //! C �.X˙/ and ˛� WD .�/� W C �.X�/! C �.cyl.f //:

� All symplectic manifolds considered are rational and aspherical. Unless specifically noted, all La-
grangian submanifolds considered are spin, graded, rational and embedded.
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2 Background

2.1 Lagrangian cobordisms

Lagrangian cobordisms are Lagrangian submanifolds in X �C which interpolate between Lagrangian
submanifolds of X . In addition to providing an interesting relation on Lagrangian submanifolds of X ,
cobordant Lagrangian submanifolds are frequently equivalent objects of the Fukaya category.

Definition 2.1.1 [1] Let L� and LC be Lagrangian submanifolds of X . A two-ended Lagrangian
cobordism between L� and LC is a proper Lagrangian submanifold K � X �C which satisfies the
following conditions:

� Fibered over ends There exist constants t� < tC such that

K\f.x; z/ jRe.z/� tC��g DLC�R�tC��; K\f.x; z/ jRe.z/� t�C�g DL��R�t�C�:

� Compactness There exists a constant s >0 such that the projection ��R WK! �R�C is contained
within an interval Œ��s; �s�.

We denote such a cobordism by K W L� LC.

We visualize a Lagrangian cobordism by drawing its projection to the C parameter, as in Figure 1. There
is a generalization of this definition to cobordisms with multiple ends, which requires that the Lagrangian
cobordism fibers over rays of fixed argument outside of a compact subset of C. A specialization of the
result of [8] proves that the equivalence relation of monotone cobordance descends to the Fukaya category.

Theorem 2.1.2 Suppose that K W L� LC is a monotone Lagrangian cobordism. Then L� and LC

are equivalent objects of the Fukaya category.

In [8], it is stated that this result is expected to hold in a more general setting where the Lagrangians
are equipped with the additional data of orientations, local systems, bounding cochains, etc. We look to
understand this result in the context of pearly algebras of cobordant Lagrangians, where the Lagrangian
cobordism may be nonmonotone but unobstructed by a bounding cochain.
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Qh.t/

t D �iR

�C.K/

t� tC

CM�.L�; h�/

CM�.K; h/

CM�.LC; hC/

C
�s

��s

Figure 1: The profile of the Morse function for a cobordism. Bottlenecks are inserted on the ends
of the cobordism.

Definition 2.1.3 Let .L�; h�/ and .LC; hC/ be two Lagrangians equipped with choices of Morse
function, spin structure and grading. An admissible Lagrangian cobordism between these is the data of
.K; h/, where

� K is a Lagrangian cobordism between L� and LC,

� h WK!R is a Morse function, and

� we have a spin structure and grading for K compatible with those of the ends.

The Morse function h is required to satisfy the following compatibility conditions:

(i) The Morse flow restricted to the fibers above real coordinates t� and tC is determined by h˙:

grad hj��1R .t�/ D .grad h�; 0/ and gradhj��1R .tC/ D .grad hC; 0/:

(ii) The fibers above t˙ are perturbations of Morse–Bott maximums in the sense that, at points q 2K,

dt.�grad h/j�R.q/<t� < 0; dt.�grad h/jt�<�R.q/<t�C� > 0;

dt.�grad h/j�R.q/>tC
> 0; dt.�grad h/jtC��<�R.q/<tC

< 0:

One way to construct an admissible Morse function for a Lagrangian cobordism is to consider the function
Qh for K, as drawn in Figure 1, which is only dependent on t , and then take a Morsification which is
constructed in the regions around t˙ using an h˙–perturbation. The function Qh is Morse–Bott near the
ends, and we call critical submanifolds L˙ � ft˙g the bottlenecks of the cobordism.
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Proposition 2.1.4 Let K be a Lagrangian cobordism equipped with an admissible Morse function.

� Even though K is noncompact , the moduli space of Morse flow lines between two critical points
admits a compactification by broken flow lines.

� The Morse flow lines 
 of CM�.K; h/ for which �R.
/D t
˙ are exactly the Morse flow lines of

CM.L˙; h˙/.

As a result , we obtain projections of the Morse cochain complexes to the ends:

CM�.K; h/

CM�.L�; h�/ CM�.LC; hC/

ˇ� ˇC

2.2 Pearly model for Floer complexes

The receptacle we choose for the count of holomorphic disks with boundary on a compact Lagrangian L
is the pearly Floer cohomology of a Lagrangian. This is a filtered A1 algebra CF�.L; h/ specified by
a choice of a Lagrangian submanifold L, admissible Morse function h W L! R and perturbation data.
The algebra structure is determined by taking a count of treed disks, which are flow trees of the Morse
function h deformed with insertions of holomorphic disks with boundary on L at the vertices. Several
versions of this algebra have been constructed with a variety of conditions imposed on the Lagrangian L
and the manifold X . Some models of the pearly Floer cohomology include [6; 10; 16; 24].

In [6], a version of the pearly quantum homology for monotone Lagrangian submanifolds was constructed.
In this model, the symplectic spaces studied are symplectically convex at infinity, and the Lagrangian
submanifolds considered are compact and monotone. With these hypotheses, [6] gave the definition of the
pearly quantum cohomology QC�.L; h/, which is a deformation of the Morse chain complex CM�.L; h/.
Furthermore, in [7] they extend this theory to the setting where K �X �C is a monotone Lagrangian
cobordism (Definition 2.1.1). Lagrangian cobordisms have pearly quantum homology with inclusion
maps QH�.L˙; h/! QH�.K; h/, where L˙ are the ends of the Lagrangian cobordism K.

In [10], the pearly model is constructed with relaxed requirements for the Lagrangian L. For compact
symplectic spaces X with rational symplectic form, [10] defines a pearly algebra CF�.L; h/. The key
piece of additional input into this construction is a stabilizing divisor which intersects every holomorphic
disk with boundary on L. These intersection points stabilize the domain of the holomorphic disks,
allowing one to construct domain-dependent perturbations to the Cauchy Riemann equations. With this
deformation, [10] cuts out a regularized moduli space of treed disks.

Theorem 2.2.1 [10] Consider .X; !/ a rational symplectic manifold. Let L�X be a spin and graded
Lagrangian submanifold and h W L ! R a Morse function. There exist a weakly stabilizing divisor
DX �X nL and admissible domain-dependent perturbation datum P for L defining a filtered A1 algebra

Algebraic & Geometric Topology, Volume 24 (2024)
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CF�.L; h;P/. The filtered A1 homotopy type of CF�.L; h;P/ is independent of Morse function , weakly
stabilizing divisor and admissible domain-dependent perturbation datum.

For this reason, when the choice of perturbation P or Morse function h is unimportant, we will write
CF�.L; h/ or CF�.L/ instead.

In Appendices B and C we make two extensions to the construction of [10]. We include short summaries
of these two appendices here, and highlight the results from those sections which are necessary for the
main portion of this article.

2.2.1 Domain and label-dependent perturbations The first modification, constructed in Appendix B,
is to introduce a perturbation datum for treed pseudoholomorphic disks which depends not only on the
domain, but also on the labeling of the domain. The labels are chosen from the critical points of the
Morse function h.

The advantage to using this set of perturbations comes from examples where a geometrically chosen
almost complex structure and Morse function provide us with a computable set of regularly cut out
pseudoholomorphic flow trees between a specific set of Morse critical points. We’d like to keep these
pseudoholomorphic flow trees, but it is unclear if our geometrically chosen almost complex structure is
regularizing for pseudoholomorphic treed disks between other Morse critical points. By allowing our
perturbation datum to depend additionally on the limiting labels of the pseudoholomorphic flow trees, we
can keep our perturbation fixed on the areas where we know how to make our calculation, and modify
it elsewhere. See Section B.2.3 for more detailed comments on where domain and label-dependent
perturbations fit in with other regularizations methods.

A specific example of where this works out is given in Section B.3, the results of which we now state.
Let J 0 be an almost complex structure and let h WL!R be a Morse–Smale function. Suppose that there
is a J 0–holomorphic disk uex W .D

2; @D2/! .X;L/ such that

� the boundary of uex is transverse to all upwards and downward flow spaces of critical points of h, and

� the disk uex is regular and is the unique disk that intersects the stabilizing divisor at a single point.

Suppose that deg.x1/ D 1, deg.x0/ D 2, and that there are no Morse flow lines from x1 to x0. The
hypothesis on the regularity of uex and transversality of @uex with the flow spaces shows that unbroken
pseudoholomorphic flow-trees whose type belongs to

I�1�Ix0 WD f�P j ind.�P /� 0; input label is empty or x1, output is x0, at most 1 interior marked pointg

are regularly cut for P0, the trivial perturbation determined by J 0 and h.

The hypothesis on [10, Theorem 4.19] is too restrictive to show that the perturbation system P0I�1�Ix0
defined

for types �P 2 I�1�Ix0 can be coherently extended to a regular perturbation system for all combinatorial types.
This is because I�1�Ix0 is not downward closed (informally: the coherence conditions for combinatorial types
in I�1�Ix0 involve combinatorial types outside I�1�Ix0 ; see Definition B.1.4). For instance, the combinatorial
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type of a Morse flow tree with inputs y and x1 and output x0 appears in the downward closure of I�1�Ix0 ,
but not in I�1�Ix0 — this tree could additionally break at further critical points, giving more broken types
in the downward closure of our original set of combinatorial types. It is very unlikely that the trivial
perturbation of Morse flow lines will be regularizing for all of these combinatorial types, as Morse
flow-trees are never regular for the trivial perturbation (unless the moduli space is empty!). So, we will
usually not be able to find a P which is a coherent regular extension of P0I�1�Ix0

.

However, we can take the following strategy: given P0 which regularly cuts out our moduli spaces I�1�Ix0
for some subset of types, we look for a regular coherent perturbation P , not necessarily agreeing with P0,
but having the same moduli spaces for the desired set of combinatorial types.

Lemma 2.2.2 (paraphrasing Lemma B.3.2) There exists a full regular coherent perturbation system
P such that , for every combinatorial type in �P 2 I�1�Ix0 , the count of P–perturbed pseudoholomorphic
curves of type �P agrees with the count of P0–perturbed pseudoholomorphic curves.

2.2.2 Pearly model for Lagrangian cobordisms The second modification of the pearly model of [10],
constructed in Appendix C, concerns the extension of the results of [7] to [10]. We show that a perturbation
datum and stabilizing divisors may be chosen so that projection maps from the pearly Floer cohomology
of a Lagrangian cobordism to the ends exist. While we use [10] as a framework due to our familiarity
with this particular version of the pearly model, we expect the techniques employed here should transfer
in the most general sense to other models of Lagrangian Floer cohomology, or any abstract regularization
method used to construct the moduli spaces of pseudoholomorphic treed disks.

Lemma 2.2.3 (paraphrasing of Lemmas C.1.2 and C.1.3) Let K WL� LC be a Lagrangian cobordism
and h WK!R a compatible Morse function. There exists a weakly stabilizing divisor D � .X �C/ nK,
and PK for K satisfying the following properties:

� PK is admissible , in that it is E–weakly stabilized by the divisor D, regular and coherent.

� PK consists of domain-dependent choices of almost complex structure for which the projection
�C WX �C!C is holomorphic outside of a compact set.

We use this to prove that the moduli space of pseudoholomorphic treed disks is compact (Proposition C.4.1)
and compatible with the perturbation systems PL˙ for the ends L˙ of the Lagrangian cobordism
(Theorem C.5.1). Compactness allows us to define the pearly model for Lagrangian cobordisms
(Corollary C.4.2), while compatibility proves that the projections

CF�.K; h/

CF�.L�; h�/ CF�.LC; hC/

ˇ� ˇC

are filteredA1 homomorphisms (Corollary C.5.2). This is the extension of Proposition 2.1.4 to Lagrangian
Floer theory.
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3 Toy model: continuation maps from cylindrical cobordisms

We now give an example where the results of [8] apply to the nonmonotone setting. While we allow our
Lagrangian cobordisms to possibly bound holomorphic disks, we require that the cobordism’s topology
be cylindrical. A relevant set of examples are the suspension of a Hamiltonian isotopy.

Definition 3.0.1 (suspension of a Hamiltonian isotopy) Let Ht WX �Rt !R be a Hamiltonian with
support on Œt�; tC�. Let �t WL�Rt!X be a Lagrangian isotopy induced by the Hamiltonian flow of Ht .
The suspension of the Hamiltonian isotopy �t is the Lagrangian cobordism KHt given by the embedding

L�R ,!X �C .x; t/ 7!
�
�t .x/; t C �Ht .�t .x//

�
:

More generally, given a Lagrangian homotopy �t W L � Rt ! X which is exact (in the sense that
�.d�=dt/!jLt is an exact form for all t ), there exists a similar construction for the suspension of the exact
homotopy. In a similar vein to the equivalences constructed in [8], the suspension Lagrangian cobordism
gives a continuation map for the pearly algebra of L.

Proposition 3.0.2 Let L�; LC�X be two Lagrangian submanifolds , with Morse functions h˙ WL˙!R.
Suppose that K �X �C is an embedded Lagrangian cobordism with ends on L� and LC. Furthermore ,
suppose that there is a diffeomorphism K Š L� �R. Then there exists a filtered A1 homomorphism
‚K W CF�.L�I h�/! CF.LCI hC/.

Proof We pick a particular Morse function h for K. Take a preliminary function

(1) Qh.t/ WR!R

which has maximums at t� and tC and a minimum at tC� �; see Figure 1. This defines a Morse–Bott
function on K. We Morsify this function by taking perturbations based on the functions h˙ as considered
in Proposition 2.1.4. By construction, we have an identification

CF�.K; h/D CF�.L�; h�/˚CF�.LC; hC/Œ1�˚CF�.LC; hC/

as graded vector spaces. From Theorem C.5.1, the pearly differential on KH decomposes as

(2) m1K D

0@m�I� 0 0

m�I0 m0I0 mCI0

0 0 mCIC

1A ;
where m˙I˙ matches m1

L˙
.

See Section 1.3 for notation. We additionally have the projection A1 homomorphisms ˇ˙ WCF�.K; h/!
CF�.L˙; h˙/. The map mCI0 is a deformation of the Morse differential on K by terms of nonzero
filtration. Since the Morse portion of the differential

mCI0 W CM�.LC; hC/! CM�.LC; hC/Œ1�
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is the identity, the Floer differential mCI0 which arises as a deformation by higher energy terms remains
an isomorphism. Therefore CF�.L�; h�/  CF�.K;H/ ! CF�.LC; hC/ is a filtered A1 mapping
cocylinder (Definition A.3.1). We obtain a map ˛ W CF�.L�; h�/ ! CF�.K; h/ and a pushforward–
pullback map (Theorem A.3.2)

‚K WD ˇ
C
ı˛ W CF�.L�; h�/! CF.LC; hC/:

Remark 3.0.3 The hypothesis that K is diffeomorphic to L� �R can be weakened to assuming that K
is an h–cobordism, in which case the map mCI0 is a quasi-isomorphism. While Definition A.3.1 would
no longer apply, one can use [17, Theorem 4.2.45] to obtain the continuation map.

It immediately follows that there is a continuation map for the pearly model of Lagrangian Floer theory.

Corollary 3.0.4 Let L� and LC be Hamiltonian isotopic Lagrangian submanifolds. There exists a
pullback–pushforward map

‚Ht W CF�.L�; h�/! CF�.LC; hC/

called the continuation map of Ht .

Proof Consider the suspension cobordism KHt and apply Proposition 3.0.2.

Additionally, the presence of such a map proves the existence of maps between the Maurer–Cartan spaces
of these Lagrangians.

Corollary 3.0.5 Let L� and LC be Hamiltonian isotopic Lagrangian submanifolds. If CF�.L�/ is unob-
structed by the bounding cochain b�, then LC is unobstructed by the bounding cochain bC D .‚Ht /�b

�.
Furthermore , the continuation map can be made a map of uncurved A1 algebras .‚Ht /[ W CF�b�.L�/!
CF�bC.L

C/.

Proof The existence of a filtered A1 homomorphism implies that these maps exist; see Claim A.1.4.

4 Cobordisms and mutations

In this section we look at cobordisms arising from mutation configurations. We prove that in certain
scenarios such a cobordism gives an A1 mapping cocylinder between the Floer cohomologies of its ends.
In Section 4.1 we introduce a local model for mutation in C2 n fz1z2 D 1g. This local description is used
to construct a holomorphic disk with boundary on the Lagrangian cobordism. In Section 4.2 we use this
disk to build a continuation map from a Lagrangian mutation cobordism.

4.1 Review of the Haug cobordism

This is a review of the mutation cobordism constructed in [18] between the monotone Chekanov and
product tori in C2 n fz1z2 D 1g. We assemble this cobordism from pieces built in Lefschetz fibrations.
The fibration we consider is W D z1z2 WC2!C, which has a single nodal fiber at the origin.
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We first give a description of Lagrangian surgery in the sense of [23; 30] for Lagrangians in Lefschetz
fibrations. Consider the paths

`"=# W Œ0; R�!C given by r 7! ˙�r2

in the base of the Lefschetz fibration with ends on the critical value of the fibration. We take lifts of these
paths to give Lagrangian thimbles L"; L# �C2. These Lagrangians have the topology of D2 and can be
parametrized in coordinates by

L" D f.xC �y; yC �x/ j x
2
Cy2 �R2g and L# D f.xC �y;�y � �x/ j x

2
Cy2 �R2g:

We now recall the construction of Lagrangian surgery and the associated suspension cobordism from [7].
We pick a surgery profile curve, which is a map .a.t/C �b.t// W Œ�R;R�! C. The functions a.t/ and
b.t/ are nonstrictly increasing, and we require that .a.t/C �b.t//D t for t < c and .a.t/C �b.t//D �t for
t > c. This neck provides a local model for the Lagrangian surgery. To insert this neck at the transverse
intersection point of two Lagrangian submanifolds, we take a Darboux chart around the intersection point
which identifies these Lagrangian submanifolds with the totally real and imaginary subspaces of Cn

and interpolate between these two subspaces using the surgery profile curve. For the example we are
concerned with, the surgery L" #L# is explicitly described in coordinates by

(3)
˚�
.a.t/C �b.t//. OxC � Oy/; .a.t/C �b.t//. OyC � Ox/

�
j Ox2C Oy2 D 1

	
:

With this construction, we take special care with the order of the summands in the connect sum. Our
convention is that the end of the neck which corresponds to t 2 Œ�R;�c� corresponds to the first summand
of the Lagrangian connect sum. The neck width of a mutation measures the amount of flux swept out as
one takes an isotopy from L" #L# to L# #L". The projection of this cobordism under W is

W.L" #L#/D �.a.t/C �b.t//
2. Ox2C Oy2/D �.a.t/C �b.t//2;

whose image under W is a curve in the complex plane:

`" # `# W Œ�R;R�!C; t 7!
�
�2a.t/b.t/C �.a.t/2� b.t/2/

�
:

Notice that when t 2 Œ�R;�c� the coordinate b.t/ equals 0 and the curve matches the positive imaginary
axis. Similarly, when t 2 Œc; R� we have that a.t/D 0 and the curve matches the negative imaginary axis.
The real component of `" # `# is always nonnegative. See Figures 2 and 3 for diagrams of the pieces
described above. We can similarly construct a profile for L# #L" and corresponding path `# # `".

Given a Lagrangian surgery, [8] describes trace cobordismsKl WL"#L# L#tL" andKr WL#tL" 
L# #L". There is a comparison between the neck width of the cobordism and the area of the projection
of the cobordism to C, which is that the area of projection of the cobordism is at least the neck width. By
concatenating these cobordisms together, we obtain a Lagrangian cobordismKr ıKl WL"#L# L"#L#.
The projection of Kr ıKl to C is the eye-shaped Lagrangian drawn in Figure 2. We additional draw the
slices of the Lagrangian cobordism, Kjt WD �X .��1R .t/\K/.
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�

X

Kj�c

�

X

Kj0

�

X

Kjc

C

K

Figure 2: The projection of the eye-shaped Lagrangian cobordism, .Kr ıKl \U/�X �C!C.
The cycle ��1U .0; 0/ is highlighted in red.

Remark 4.1.1 Another way of stating the relation between area of the projection and the neck width is
to say that the shadow of the cobordism Kr ıKl , as defined in [13], is an upper bound for the widths of
the two surgeries.

We now wish to make comparisons between the surgery of the thimbles L˙, Chekanov and product tori,
and the Whitney sphere. In the base of the Lefschetz fibration, one can construct the Whitney sphere
by taking a c–shaped path `c W Œ�S; S�! C from the negative end of `# to the positive end of `" in a
clockwise fashion, so that the concatenation `# � `c � `" is a matching path from the single critical point of
the fibration to itself. Let Lc W Œ�S; S��S1!C be the corresponding parallel transport of the vanishing
cycle. The union Lc [L#[L" is the Whitney sphere LS2 . By attaching Lc to L# #L", we will obtain
the monotone Chekanov torus, denoted by L�. By attaching Lc to L" #L#, we obtain the monotone
product torus, which will be denoted by LC. See Figure 3 for a picture of these Lagrangian submanifolds.

�

`"

`#

`c

Whitney

C n fz1z2 D 1g

�

`# # `"

�H .`c/

Chekanov

C n fz1z2 D 1g

�

`" # `#

`c

product

C n fz1z2 D 1g

Figure 3: All of the paths in the Lefschetz fibration needed to assemble the tori and cobordism.
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L" � 
"

L# � 
#

Lc �R Kc

Kc [ .L"=# � 
"=#/
Kpre

K

L"#L#[Lc L##L"[�H .Lc/

t D 0 t D t0

Figure 4: Steps to build our Lagrangian cobordism by projection to the cobordism C parameter
of X �C.

Ideally at this point we would glue the cobordism Lc �R to the concatenation Kr ıKl to obtain a
cobordism between the Chekanov and product tori. However, the Lagrangian Lc �R does not glue to the
cobordism Kr ıKl , as the boundary of Kr ıKl corresponding to the ends of the thimbles L"=# moves
around the parameter space of the cobordism along curves dictated by the gluing profile. We therefore
modify Lc �R by a Hamiltonian isotopy so these pieces overlap and we can glue them together.

To achieve this, we need a more precise description of the construction of the Lagrangian surgery trace
cobordism. The surgery trace cobordism is obtained by performing the surgery in one dimension higher
and stretching the neck of the surgery; see [7, Section 6.1]. We will build our cobordism between
Chekanov and product tori by performing surgery on an immersed Lagrangian submanifold. This
immersed Lagrangian submanifold is the suspension of an exact homotopy �t W LS2 �R! X which
fixes the points of self-intersection. However, the primitive Ht W LS2 �R!R for �.d�t=dt/!jLS2 which
is used to construct the suspension cobordism will take different values at the self-intersection points
of the Whitney sphere, so the Lagrangian suspension is embedded at all t0 where Ht0 W L� ft0g ! R

is nonconstant. As we will later want to compute the flux of this exact homotopy, we construct this
suspension of the exact homotopy using the pieces drawn in Figure 4. Take paths 
"=#.t/ W R! C as
drawn in Figure 4 and consider the cylindrical Lagrangian cobordisms L# � 
# and L" � 
". Choose a
parametrization of these paths so that 
"=#.t/D tC�f"=#.t/; see Figure 4, top left. By taking a translation
of these paths, we assume that f"=#.0/D 0 and f ˙.t0/D 0.

We will now glue to (L#�
#/t.L"�
"/ a Lagrangian which is topologicallyLc�R. This cobordism will
be the suspension of a time-dependent Hamiltonian isotopy ofLc . We pick a HamiltonianHt WLc�R!R

which satisfies the following properties:
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� The value of Ht on Lc �RD Œ�S; S��S1�R is pulled back from Œ�S; S� and is increasing in s.

� There exists a constant � such that

Ht .Lcjs2Œ�S;�SC�//D f#.t/ and Ht .Lcjs2ŒS;S��//D f".t/:

We define the cobordismKc to be the suspension of this Hamiltonian isotopy; see Figure 4, bottom left and
bottom middle. By design, the Hamiltonian flow XH t is constant on the region Œ˙S;˙S��/�S1 of Lc .
Therefore the portion ofKc corresponding to the Œ˙S;˙S��/�S1�R is exactlyLcjs2Œ˙S;˙S��/�
"=#;
see Figures 3 and 4.

Claim 4.1.2 The unionKc[.L"�
"/[.L#�
#/ is a smooth Lagrangian submanifold with 2 transverse
self-intersections; see Figure 4, top middle.

We now construct the mutation cobordism from Kc[.L"�
"/[.L#�
#/. First, we apply a Lagrangian
surgery at both of the self-intersection points to obtain the Lagrangian submanifold Kpre (Figure 4, top
right), which is an embedded Lagrangian submanifold. The slices of this Lagrangian cobordism at times 0
and t0 are

Kpre
j0 D .L" #L#[Lc/ and Kpre

jt0 D .L# #L"/[ �H .Lc/:

These are product and Chekanov tori, respectively.

We construct the mutation cobordism K�D (Figure 4) by taking the portion of Kpre between 0 and t0
whose projection to the real component lies in Œ0; t0�. To obtain a Lagrangian cobordism from this space,
we take this portion and stretch it out to obtain a Lagrangian cobordism with ends. This stretching process
is described in [19, Section 3.1.1], where it is called the truncation of Kpre [19, Definition 3.1.5]. In the
notation of that paper, we write

K�D WDK
pre
kŒ0;t0�:

Remark 4.1.3 The construction of this Lagrangian cobordism can also be done by locally identifying
the Lagrangians L" � 
" and L# � 
# with R2 �R; �R2 � �R � C2 �C D C2C1, then following the
construction of the Lagrangian surgery trace in [7, Lemma 6.1.1]. The cutting and cylindrical neck
attachment construction there is similar to the truncation procedure from [19], and produces a Lagrangian
isotopic submanifold.

4.2 General mutations

In this section we look at a generalization of the above construction.

Theorem 4.2.1 (Haug [18]) Suppose that D is a Lagrangian disk with boundary cleanly contained
within an oriented Lagrangian submanifold L. There exists an immersed Lagrangian ˛D.L/#X , called
the Lagrangian antisurgery1of L alongD, such that

� ˛D.L/ is topologically obtained from L by performing surgery along @D,

1The character ˛ is chosen for antisurgery as it looks like an immersed Lagrangian.
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� ˛D.L/ agrees with L outside of a small neighborhood of D,

� if L was embedded and disjoint from the interior of D, then ˛D.L/ has a single self-intersection
point.

Antisurgery is inverse to Lagrangian surgery in the sense that if L0 is obtained from L by resolving a
self-intersection point, then there exists an antisurgery disk on L0 such that ˛D.L0/D L. However, the
choices in both surgery and antisurgery mean that the process of applying antisurgery followed by surgery
need not construct the same Lagrangian. By combining antisurgery with surgery, we can obtain a new
embedded Lagrangian. We now restrict to complex dimension two.

Definition 4.2.2 [29] Let L be an embedded Lagrangian and D a surgery disk. Let ˛D.L/ be obtained
from D by antisurgery. A mutation of L along D is the Lagrangian ��D.L/ obtained from ˛D.L/ by
resolving the resulting single self-intersection point in opposite direction. The width � of the mutation is
the sum of the fluxes swept from L to ˛D.L/ to ��D.L/.

An example of Lagrangians obtained by mutation are the monotone Chekanov and product tori in
C2 n fz1z2 D 1g, where surgery occurs along the disk z1 D Nz2. It is expected that Lagrangians which are
related by mutation give different charts on the moduli space of Lagrangian submanifolds in the Fukaya
category, and that these charts are related by a wall-crossing formula tied to cluster transformation [29].2

Just as there exists a Lagrangian cobordism between the Chekanov and product tori in C2, there exist
Lagrangian cobordisms between Lagrangians related by mutation.

Theorem 4.2.3 (Haug [18]) Let L be a Lagrangian and let D be an antisurgery disk for L. There exists
a Lagrangian cobordism between L and ��D.L/.

Definition 4.2.4 (Pascaleff and Tonkonog [29]) A mutation configuration is a pair .L;D/, where D is
an antisurgery disk for L with boundary in a primitive homology class. The mutation cobordism is the
cobordism K�D with ends on L and ��D.L/. We call Œ@D2��H1.L;Z/ the mutation class or mutation
direction.

A key feature of Lagrangian mutation is that the Lagrangians L and ��D.L/ are Lagrangian isotopic.

We will show that the Lagrangian cobordismK�D can induce a continuation map between the Lagrangians
L and ��DL. The proof attempts to follow the toy model of the suspension cobordism considered in
Section 3. However, the mutation cobordism is not topologically a cylinder so we cannot simply copy
our proof from Section 3. To overcome this difference, we will prove the following replacements for
cylindricity of the cobordism K�D :

� We first describe the Morse theory of K�D in Section 4.3.1.

2We note here that our definition of mutation differs slightly from that in [29], as in our setting there is some symplectic flux
swept between L; ˛D.L/ and ��

D
.L/. Usually one requires that the amount of symplectic flux between these Lagrangians is

zero. This would be necessary to preserve monotonicity of a Lagrangian submanifold.
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� Section 4.3.2 constructs a holomorphic disk with boundary on this cobordism and Section 4.4.1
shows that the m0 contribution of this disk can be deformed away to higher filtration.

� We show that the restriction of the differential to the right end of the cobordism can be inverted
in Section 4.4.2, allowing us to apply a theorem on mapping cocylinders for A1 algebras in
Section 4.4.3.

This will give us enough leverage to construct a mapping cocylinder from the Lagrangian cobordism K�D
and prove the following wall-crossing theorem:

Theorem 4.2.5 Suppose that .L;D/ is an isolated mutation configuration (Definition 4.2.6). Then
there exists a deforming cochain d� for CF�.K�D / such that CF�d� .K�D / is an A1 mapping cocylinder
between CF�ˇ�� .d�/.L

�/ and CF�
ˇ
C
� .d�/

.LC/.

Definition 4.2.6 is required to rule out the possible appearance of holomorphic disks with boundary
on K�D which may appear during the “suspension” portion of the cobordism K�D .

Definition 4.2.6 Let � D !.uex/. We say that the mutation �D is isolated if the only holomorphic disk
u with boundary on K�D , hŒ@u�; x˙i ¤ 0 and !.u/� !.uex/ is uex.

We anticipate that it should be possible to decompose a mutation cobordism into a concatenation of
suspensions and mutation cobordisms so that the mutation is isolated. The cobordism decomposition
framework studied in [19] should provide this decomposition in general. We will show that the prototypical
example of a mutation cobordism between Chekanov and product type tori studied in Section 5 is isolated.

Notation 4.2.7 We will say deforming cochain to denote an element d 2 CF�.K�D / which we use to
deform the A1 algebra (as in [17, Definition 3.6.9]) but which is not necessarily a bounding cochain
(ie m0

d
may or may not be 0). Usually we will employ these to deform the curvature in such a way that

�.m0
d
/ is larger than some specified amount.

4.3 Geometric input

We will simplify our notation substantially by restricting to the setting where LD T 2. The Floer cochain
complex of K�D is dependent on the data of a Morse function. By picking an appropriate Morse function,
we can simplify the later discussion.

Notation 4.3.1 In this section let L�DL and LCD�D.L/. K�D is constructed from L� by attachment
of a 1–cell and a 0–cell. However, there is a slightly more symmetric treatment to K�D . Consider an
intermediate Lagrangian L0, which is obtained by performing antisurgery on L�. This is an immersed
Lagrangian 2–sphere. Both L� and LC may be obtained from L0 via attachment of a 1–cell. By abuse
of notation, we will also use L�, LC and L0 to refer to the submanifolds of K�D which (upon inclusion
into X �C and projection to X ) correspond to the slices L�, LC and L0.
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CM�.L�/ CM�.L0/

CM�.LC/

Qh

t

hx�i

hxCi

C

Figure 5: The sublevel sets of the Morse–Bott function forK�D at the critical values of Qh. Notice
that L0 separates the cobordism into two halves.

4.3.1 Morse theory for K�D Consider a Morse–Bott function Qh WK�D !R which has a minimum
along L0, maximums at the ends L˙ and two index-2 critical points corresponding to the attached 1–cells
(Figure 5).

We now give a decomposition of the Morse cochain complex, with the goal of understanding where
CM�.K�D / fails to be a mapping cocylinder. The Morse complex CM�.K�D / has the shape

CM�.K�D /D

 
CM�.L�/ CM�.LC/

x� CM�.L0/Œ1� xC

!
;

where x� and xC are the critical points corresponding to the handles. We will call the subspace spanned
by x� and xC

E0 WDƒhx�; xCi:
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Claim 4.3.2 The spaces spanned by

CF�.L�/˚CF�.L0/˚E0 and CF�.LC/˚CF�.L0/˚E0

are filtered A1 ideals of CF�.K�D /.

Proof These are the kernels of ˇ˙ W CF�.K�D / ! CF�.L˙/, which, by Theorem C.5.1, are A1
homomorphisms.

Notation 4.3.3 For this section, whenever we write an A1 product map, it will always mean the A1
product structure on CF�.K�D /.

Setting A˙ D CM�.L˙/ and A0 D CM�.L0/˚ E0, we can write the differential on CM�.K�D / D
A�˚A0˚AC as

m1 D

0@.m/�I� 0 0

.m/�I0 .m/0I0 .m/CI0

0 0 .m/CIC

1A ;
where .m/˙I˙ Dm1

CM�.L˙/
are the Morse differentials. If the ideal AC! A0 was nullhomotopic — for

example if .m/CI0 was an isomorphism — then CM�.K�D / would be a mapping cocylinder. We will
further decompose this cochain complex by identifying subspaces of CM�.L˙/ which correspond to the
mutation direction and tease out exactly how our complex fails to be a mapping cocylinder.

The kernel of .m/CI0 is one dimensional. We pick an element cuC which generates the kernel so that we
may write

ker..m/CI0/Dƒ � hcuCi:

We restrict to the 1–cochains E˙ WDCM1.L˙/. Pick elements cw˙ 2E˙ such that .m/˙I0.cw
˙

/D x˙.
Then the classes cw˙ and cu˙ now span the E˙.

Remark 4.3.4 The class cuC is determined completely by the cobordism as the Morse cohomology
class whose downward flow space is the surgery disk. However, the selection of cwC requires a choice
similar to the choices required to produce local coordinates on the moduli space of Lagrangian tori in
Section 5.2.

With this description, the noncylindricity of CM�.K�D / exactly corresponds to the nonsurjectivity of the
map .m/CI0 in the diagram

E�
.m/�I0
����!E0

.m/CI0
 �����EC:

In the chosen basis fcu˙; cw˙g for E˙ and fx�; xCg for E0, the maps .m/˙I0 are

.m/�I0 D

�
0 1

0 0

�
and .m/CI0 D

�
0 0

0 1

�
:

Remark 4.3.5 In the more general case where L is not a torus, identify E˙ as the preimage of the
above-defined map m˙I0 W CM�.L˙/! E0. This will include the kernel of m˙. A choice of basis
fcu˙; cw˙g for E˙ and a splitting H 1.L˙/ D H 1.L/˙=E˙ ˚ E˙ will be required to construct a
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bounding cochain at a later step; see (5). The portion which is independent of the handle, H 1.L˙/=E˙,
is isomorphic to H 1.L0/. This corresponds to the “cylindrical” portion of the Morse theory of K, on
which mCI0 is invertible at filtration zero.

The construction of the deforming cochain d� in Theorem 4.2.5 depends on these choices. Taking different
choices will yield different deforming cochains d� , and thus identify L� and LC with a different choice
of bounding cochain ˇ˙� .d�/. We expect that looking at all possible choices in (5) identifies a locus of the
Maurer–Cartan solutions MC.L�/ with a locus in MC.LC/, corresponding to the choices of bounding
cochains which make L� and LC isomorphic objects of the Fukaya category. From a mirror symmetry
perspective, when L� and LC are SYZ fibers we propose this locus is mirror to the intersection between
the torus charts constructed around the mirror points to L� and LC.

A different viewpoint is that theA1 homomorphism constructed by CF�d� .K�D / between CF�ˇ�� .d�/.L
�/

and CF�
ˇ
C
� .d�/

.LC/ induces a map between their Maurer–Cartan solutions. By then appropriately
identifying the Maurer–Cartan elements of CF�

ˇ˙� .d�/
.L˙/ with those of CF�.L˙/, we obtain a pairing

between certain Maurer–Cartan elements of L� with those of LC. This is the approach taken in Section 5.

4.3.2 A holomorphic disk We now show that for a specific choice of almost complex structure there
exists a pseudoholomorphic disk with boundary on K�D .

Proposition 4.3.6 There exists a choice of complex structure such that K�D bounds a regular Maslov
index-0 disk

uex W .D
2; @D2/! .X �C; K�D /:

The contribution of this disk to the m0 term is xCC x�.

Proof We proceed by exhibiting the disk in the local model constructed in Section 4.1. Following
[18, Section 2.3] we can construct a standard neighborhood U of the Lagrangian antisurgery disk D,
identifying U with a subset of C2 (which, by abuse of notation, we shall also call U ). We choose a
complex structure for X which matches the standard complex structure on U � C2. We can pick this
identification so that the Lagrangians L� and LC when restricted to U match the local model based
on the Lefschetz fibration (see [18, Section 2.3] for implanting the local model). In these coordinates
L#\L" D .0; 0/. Then

L�\U D .L# #L"/\U and LC\U D .L" #L#/\U:

The restriction KU WDK�D \.U �C/ is the eye-shaped Lagrangian cobordism drawn in Figure 2. Recall
that KU is obtained by first considering .L# � 
#/[ .L" � 
"/, then resolving the self-intersections to
obtain Kpre

U , and subsequently truncating to get a Lagrangian cobordism. The chart .L#�
#/[.L"�
"/
contains a holomorphic 2–gon with ends limiting the two self-intersection points. The goal is to show
that, when surgery is applied at both self-intersections, the corners of this bigon are rounded to obtain
a holomorphic disk with boundary on Kpre

U . The truncation will occur away from the boundary of this
holomorphic disk, so the holomorphic disk survives to give a holomorphic disk with boundary on KU .
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Figure 6: Dividing KU into four quarters.

The holomorphic bigon u2 W D2 n f�1; 1g ! U �C with boundary on .L# � 
#/ [ .L" � 
"/ has a
particularly nice description. Let u02 WR� Œ0; 1�!C be the holomorphic bigon which parametrizes the
area between the curves 
# and 
". Then u2 is given by

u2 WD
2
n f�1; 1g ! U �C; z 7! ..0; 0/; u02.z//:

From this observation, our candidate construction will be to show that ��1U .0; 0/ has clean S1 intersection
with Kpre

U . The interior of the S1 will then be a holomorphic disk with boundary on S1.

We need to describe the intersection of ��1U .0; 0/ with the chart of Kpre
U which corresponds to the surgery

neck. Using the same surgery profile as in (3), the surgery chart for Kpre
U is parametrized by

(4)
˚�
.a.t/C �b.t//. OxC � Oy/; .a.t/C �b.t//. OyC � Ox/; .a.t/C �b.t// Oz

�
j Ox2C Oy2C Oz2 D 1

	
;

where the first two coordinates are in U and the last coordinate factors through the cobordism parameter.
By setting Ox D Oy D 0 and Oz D 1, we obtain a smooth curve that passes through the surgery neck
parametrizing the clean intersection between the complex line ��1U .0; 0/ and the surgery neck. We call
the corresponding disk uex W .D

2; @D2/! .U �C; K�D /. We now show that this disk is regular using
a criterion of [27]. This requires computing the partial Maslov indices of the boundary of uex. The
boundary of uex can be broken up into 4 components:

� the “neck portions”, which correspond to where the boundary passes through the surgery neck of
Kpre, and

� the “fiber trivial portions”, where the boundary is contained in L" � 
" and L# � 
#.

For simplicity, we will assume that the profile curve a.t/C �b.t/ draws a quarter circle, even though this
doesn’t provide a smooth Lagrangian surgery neck. We also will assume that the curves 
"=# are quarter
circles, and choose coordinates so that KjU has projection as drawn in Figure 6. We now consider a
parametrization of the boundary of the holomorphic disk 
.�/ W S1! @uex such that we may parametrize
TKprej@uex by maps C �A.�/ WR3!C3, Here C is a constant matrix, and A.�/ describes the rotation
of the tangent space as we progress through the coordinate � . We subdivide S1 into four quarters
corresponding to the portions of @uex which pass through the right surgery chart, L" � 
" chart, left
surgery chart and L# � 
# chart.
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Figure 7: The red cycle in the cobordism K represents the boundary of an exceptional Maslov
index-0 disk contributing to nontrivialm0K�D

. The green 2–cycle represents a “deforming cochain”
which cancels out the lowest-order contribution of this disk.

� For 0 � � < 1
2
� , the curve 
.�/ passes through the right surgery chart. A basis for the tangent

space of (4) along the curve .0; 0; e�� / is given by

A.�/D

0@e��� 0 0

0 e��� 0

0 0 e��

1A :
� Next, for � < 1

2
� � � � � , the curve 
.�/ passes through the chart parametrized by L"� 
". The

tangent space in the fiber is constant, and we only see rotation of the tangent space in the base
component of X �C:

A.�/D

0@�� 0 0

0 �� 0

0 0 e��

1A
The rotation of the tangent space through the left surgery chart and L# � 
# charts is analogous. This
shows that the tangent bundle splits as a direct sum of rank-1 pieces. The first two pieces rotate a negative
half-turn, while the component corresponding to the cobordism parameter of X �C makes a full positive
rotation. The partial Maslov indices of the loop TKprej@uex are �1, �1 and 2. Therefore, this is a disk of
Maslov index 0, and it is regular by the criterion of [27, Theorem II].

The homological class of this disk is the loop in the cobordism K which is introduced from the two
1–handle attachments. Therefore, the upward flow spaces of x˙ each meet the boundary of this disk
once. Since our local model was chosen to have the same J –structure as X , this gives us an isolated
Maslov index 0 disk uex WD

2!X �C whose boundary lies on the cobordism K, and whose boundary
contributes to the Morse cohomology class xCC x�.

The boundary of this disk is drawn in Figure 7. This is a holomorphic disk which is isolated in the
following sense:

Claim 4.3.7 For the standard holomorphic structure , the disk uex is the only disk contained in U with
boundary on K�D in this relative homology class.
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Proof Every disk with boundary on K�D \ .U �C/� U �C in the same relative homology class as
uex gives a class of disk in H2

�
C; �C.K�D \ .U �C//

�
. The boundary �C.@uex/— drawn as the red

loop in Figure 2 — circles around a connected component of C n �C.K�D \ .U �C// whose area is
!U�C.uex/. The red loop is the minimal loop which encircles this connected component. Therefore, any
other holomorphic disk u W .D2; @D2/! .U �C; K�D \ .U �C// with boundary in the same class as
uex will have projection �C ıu with area at least !C.uex/.

As !U�C.u/D !C.u/C!U .u/, the projection �U ıu has zero area. However, �U ıu is a holomorphic
map, so the zero-area condition means that �U ıu is constant. The proof is completed upon checking for
which p 2 U the preimage ��1U .p/\K \U contains a loop in the appropriate homology class. This
homology class necessarily transverses the .L# � 
#/ and .L" � 
"/ charts, so p 2 L"\L# D f.0; 0/g.
Therefore uex is the only such example.

4.4 Algebraic manipulations

Notation 4.4.1 Let � be the area !X�C.uex/.

The presence of the disk uex is the first step to proving that CF�.K�D / is a mapping cocylinder. The disk
deforms the Morse products in two significant ways:

� The holomorphic disk contributes to m0 as m0
Œuex�
D T �.xCC x�/.

� The boundary @uex intersects the downward flow space of cuC at a point and the upward flow space of
x� at a point. This will deform the Morse differential on CM�.K�D /. The nonsurjectivity of the map
m
CI0
K in the Morse setting (in comparison to the cylindrical setting given by (2)) is an obstruction to giving

CM�.K�D / the structure of a mapping cylinder. In particular, the contribution of uex to the differential
makes hm1

Œuex�
.cwC/; x�i D T �, whereas the underlying Morse differential has hm1

Œuex�
.cwC/; x�i D 0.

When this deformation is considered, the map mCI0 WEC!E0 is surjective, giving us some hope that
CF�.K�D / is a mapping cylinder.

This nearly proves that CF�.K�D / is a mapping cocylinder. However, Theorem A.3.2 requires that
.mCI0/�1.m0/ lives in positive filtration. As a result, we cannot immediately apply Theorem A.2.1. This
leaves the following steps to construct a mapping cocylinder:

(i) Deforming to increase �.m0jE 0/ In Section 4.4.1 we first equip K�D with a deforming cochain
d� which will cancel out the curvature contribution of the disk uex, so that the energy of m0

d�
will

be greater than �.

(ii) Inverting .md�/CI0 In Section 4.4.2 we show that the map .md� /
CI0 can now be inverted. This

is complicated by the introduction of the deforming cochain d�.

(iii) Applying Theorem A.3.2 In Section 4.4.3 we conclude that CF�d� .K�D / is a filtered mapping
cocylinder. As a corollary, we conclude that K�D is unobstructed whenever L� is.

We will make a simplifying assumption (Definition 4.2.6) to complete (ii).
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4.4.1 Deforming to removem0jE 0 When working over the Novikov field we can prove that a map
is invertible by showing that it is invertible at low filtration. We will denote by � W ƒ! R[ f1g the
Novikov valuation, with the convention that �.0/D1. Following [33], we will use non-Archimedean
normed vector spaces, which are ƒ–vector spaces equipped with a filtration function ` W A!R[f1g

satisfying3 the axioms of [33, Definition 2.2].

We introduce some notation which will help us use this method of proof:

Definition 4.4.2 Let .A; `A/ and .B; `B/ be non-Archimedean normed vector spaces. The filtration of a
map ‚ W A! B is the largest jump in the filtration map under ‚:

`A;B.‚/ WD sup
vW`A.v/D0

f`B.‚.v//g:

The leading order of a map ‚ W A! B is the largest drop in filtration map under ‚:

ordA;B.‚/ WD inf
vW`A.v/D0

f`B.‚.v//g:

Our reason for using filtration of maps is to construct inverses:

Claim 4.4.3 If `A;B.‚/ <1, then ‚ has a left inverse. If this is also a right inverse , then

`A;B.‚/D�ordB;A.‚�1/ and `B;A.‚
�1/D�ordA;B.‚/:

Proof The condition `A;B.‚/ <1 states that ‚.v/¤ 0 for any v ¤ 0, so our map has a left inverse.

Suppose that ‚�1 is the inverse of ‚. Let vi be a sequence of vectors with `A.vi / D 0 such that
limi!1 `B.‚.vi //D `A;B.‚/. Since `A.‚�1 ı‚.vi //D `A.vi /D 0, we obtain that ordB;A.‚�1/ �
�`A;B.‚/. Similarly, let wi be a sequence of vectors with `B.wi /D 0 such that limi!1 `B.‚�1/.wi /D
ordB;A.‚�1/. Since `B.‚ ı‚�1.wi //D `B.wi /D 0, we obtain that `A;B.‚/� �ordB;A.‚�1/.

If one possesses a bound on the filtration and order of a map, then one can obtain a bound on their sum.

Claim 4.4.4 Suppose that `A;B.‚1/ < ordA;B.‚2/. Then `A;B.‚1C‚2/D `A;B.‚1/.

Proof First we note that for any vector v,

`B.‚1.v//� `A;B.‚1/ < ordA;B.‚2/� `B.‚2.v//;

and so by application of the non-Archimedean triangle inequality,

`B.‚1.v/C‚2.v//D `B.‚1.v//:

Let vi be a sequence of vectors with `A.vi /D 0 realizing limi!1 `B.‚1.vi //D `A;B.‚1/. Then

`A;B.‚1C‚2/� lim
i!1

`B.‚1.vi /C‚2.vi //D lim
i!1

`B.‚1.vi //D `A;B.‚1/:

3To match the conventions from [10], our filtration function has the opposite sign convention of [33].
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For the other direction, let wi be a sequence of zero-filtration vectors with limi!1 `B..‚1C‚2/.wi //D
`A;B.‚1C‚2/. Then

`A;B.‚1C‚2/D lim
i!1

`B.‚1.wi /C‚2.wi //D lim
i!1

`B.‚1.wi //� `A;B.‚1/:

Definition 4.4.5 Let ‚ WA!B be a map. We say that ‚ has leading terms ‚�� of filtration � and write

‚D‚��CO.�/

if ‚D‚��CR, with
`A;B.‚��/D � < ordA;B.R/:

We will now assume that �D is an isolated mutation.

Claim 4.4.6 Suppose that �D.L/ is an isolated mutation. Let �E0 W CF�.K�D /!E0 be the standard
projection. Define � WD `E0.�E0 ım

0/. There exists a deforming cochain d 2CF�.K�D / which increases
the filtration of the curvature , giving

`E0.�E0 ım
0
d / > �

with `.d/� �.

Proof The restriction �E0 ım
1jE�˚EC W E

�˚EC! E0 surjects, and has a right inverse D. After
choosing this right inverse we can construct

(5) d WD �D.m0/jƒhx�;xCi:

Because the order of D is zero, `.d/� �. Then

`E0.�E0 ım
0
d /D `E0

�
�E0 ım

0
C�E0 ım

1.d/C
X
k

�E0 ım
k.d˝k/

�
�min

�
`E0

�
�E0 ı .m

0
Cm1.d//

�
; `E0

�X
k

�E0 ım
k.d˝k/

��
:

By Definition 4.2.6, the lowest-energy term of m0 is T !.uex/ � .x�C xC/, which exactly cancels m1.d/.
Therefore, `E0

�
�E0.m

0Cm1.d//
�
> �. Since `.mk.d˝k//� k�, we conclude

`E0.�E0 ım
0
d / >min.�; 2�/D �:

4.4.2 InvertingmCI0jEC Choose the deforming cochain from Claim 4.4.6 so that `.hm0
d�
; E0i/ > �.

Because our mutation is assumed to be isolated (Definition 4.2.6), we obtain a lower bound for the
filtration of the deforming cochain:

(6) �.d�/� �:

Claim 4.4.7 The map .mCI0/d� WE
C!E0 is invertible , with ordEC;E0

�
..mCI0/d� /

�1
�
� ��.

Proof We expand .mCI0/d� termwise:

.md� /
CI0
jEC Dm

CI0
Cm20.d�˝ idC id˝ d�/jEC�E0 ı

�X
k>2

mk.d˝k1� ˝ id˝ d˝k2� /

�ˇ̌̌̌
EC
:
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We then compute the valuation of each term. We will compute this map with respect to the basis
fcuC; cwCg; fx�; xCg.

� The first term mCI0 can be explicitly computed, as the isolated mutation condition means that the space
of pearly flow lines of energy less than or equal to � are cut out regularly, and the property Lemma B.3.2
means that these are the only pearly flow lines which contribute to the differential at an order of �:

mCI0 D

�
T � 0

T � 1

�
CO.�/:

� The terms m2.d�˝ idC id˝ d�/jEC can be further split by the homology class of the disks which
deforms the product m2:

m2 ı .d�˝ id/jEC D
X

ˇ2H2.X;L/
!.ˇ/�0

m2ˇ ı .d�˝ id/
ˇ̌̌̌
EC
:

Whenever !.ˇ/� 0, the term m2
ˇ
.d�˝ c

uC/ has filtration at least �.d�/C �.ˇ/ > �. So we need only
worry about the classical portion product, .m/2.d�˝ id/. Since CM�.LC/˚hxCi˚CM�.L0/ is an ideal
of CM�.K�D /,

h.m/2.d�˝ c
uC/; x�i D 0:

So we can write

m2.d�˝ idC id˝ d�/jEC D
�

0 0

AuCxC AwC;xC

�
CO.�/;

where either AuCxC and AwC;xC have filtration � or are zero.

� The remaining terms
˝P

k>2m
k.d
˝k1
� ˝ id˝d˝k2� /; x�

˛
necessarily have filtration at least 2� because

the product is filtered and because of (6).

In summary, in the basis fcuC; cwCg; fx�; xCg,

�E0 ı .md� /
CI0
jEC D

�
T � 0

T �CAuCxC 1CAwCxC

�
CO.�/:

Since the order-� portion of this map is invertible by Claim 4.4.3, the map �E0 ı.m
CI0/d� jEC is invertible.

The order of the inverse is at least ��.

Note that a similar argument shows that .md� /
CI0 W CF�d� .L

C/! CF�d� .L
0/˚E0 is invertible.

4.4.3 Checking conditions of Theorem A.3.2 To show that CF�.K�D / is an A1 mapping cocylinder
(Definition A.3.1), set A˙DCF�d� .L

˙/ and A0DCM�d� .L
0/˚E0. We’ve proven that CF�d� .K�D /D

A�˚A0˚AC as a vector space. By Theorem C.5.1, the differential on this complex is of the form0@.md� /1A� 0 0

.md� /
�I0 .md� /

0I0 .md� /
CI0

0 0 .md� /
1
AC

1A :
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By Claim 4.4.7, the map .md� /
CI0 is invertible with order greater than ��. By Definition 4.2.6,

�..md� /
CI0 ım0

d�
/� 0. We therefore satisfy the conditions for a mapping cocylinder (Definition A.3.1)

and may apply Theorem A.3.2. This concludes the proof of Theorem 4.2.5.

5 Examples: wall-crossings and mutations

We now explore some applications of Proposition 3.0.2 and Theorem 4.2.5. We review an example
from [3], computing wall-crossings for Chekanov and product tori in the complement of an anticanonical
divisor. Consider the Lefschetz fibration with total space C2 n fz1z2 D 1g

W WC2
n fz1z2 D 1g ! .C n f1g/ given by .z1; z2/ 7! z1z2

(see Figure 8). We symplectically inflate this manifold at the removed divisor by taking the completion
along the removed hypersurface. This resulting manifold has the same topology as .C�/2 n fz1z2 D 1g.
The new symplectic form can be chosen so that the projection W WC2 n fxy D 1g !C n f1g remains a
symplectic fibration. The regular fibers of this map have the topology of C� and can be given an SYZ
fibration

valW �1.z/ WW
�1.z/!R given by .z1; z2/ 7! jz1j2� jz2j2

which is a restriction of the global Hamiltonian to a fiber. The Lefschetz fibration has a single degenerate
fiber z1z2 D 0. The base of the fibration can also be equipped with an SYZ fibration. We will take the
fibration of the base given by loops 
r.�/ WD 1C re2��� . The symplectic parallel transport map given
by the Lefschetz fibration preserves the isotopy class of SYZ fibers of W �1.z/; as a result, one can
build an SYZ fibration for the total space C2 n fz1z2 D 1g by taking the circles val�1

W �1.z/
.s/ and parallel

transporting them along circles 
r.�/ of the second fibration to obtain Lagrangian tori

L
r ;jwj D f.z1; z2/ 2C2
n fz1z2 D 1g j z1z2 2 
r and jz1j2� jz2j2 D log jwjg:

log jwj


 0

C

W D 1 W D1

Chekanov product

�

Figure 8: Symplectic fibration over W WC2 n fz1z2 D 1g !C n f1g. Lagrangian tori are created
by parallel transporting cycles in the fibers by loops in the base. Loops on the left of the critical
value are of Chekanov type, while those on the right are product type.
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The resulting SYZ fibration has one degenerate fiber, which occurs when log jwj D 0 and r approaches 1.
The degenerate fiber L
1;1 is the Whitney sphere, an immersed Lagrangian sphere with a single double
point. We may generalize this construction to Lagrangians L
;jwj for curves 
 W S1!C nf1g which wind
around the removed point a single time. Such curves are divided into three types: the Chekanov type
curves which additionally wind around the origin, the product type curves which do not, and those curves

 which contain the origin. If the curve 
 contains the origin, we say the Lagrangian L
;jwj is on the
wall between Chekanov and product type. By lifting these curves to Lagrangian submanifolds via parallel
transport of cycles in the fibers, we obtain the Chekanov and product type Lagrangian tori in C�nz1z2 D 1.
We will denote the Chekanov type Lagrangian tori by L�


;jwj
and the product type tori by LC


;jwj
.

5.1 Uncorrected charts on the moduli space

Wall-crossing for Lagrangian submanifolds is a phenomenon which occurs when we try to parametrize
the space of these Lagrangian tori with coordinates. These coordinates should be constructed over the
Novikov ring, although for the purposes of this exposition we will use complex coordinates and unitary
local systems. We consider Lagrangian branes, which are tuples .L
;jwj; b/ where b 2H 1.L; �R/ gives
us a unitary local system on L
 via deformation of the Floer cohomology following [3, Lemma 4.1]. The
space of Hamiltonian isotopy classes of Chekanov (resp. product) Lagrangian branes comes with local
coordinates from measuring the flux of an isotopy, which we now describe.

Let .L0; b0/ and .L1; b1/ be two Lagrangian submanifolds equipped with local systems and let Lt be a
Lagrangian isotopy between these two Lagrangians. Fix c 2 C1.L0/. The Lagrangian isotopy gives a
cylinder c � I �X with boundary .c � f0g/t .c � f1g/� L0 tL1. The flux of this isotopy along c0 is
the quantity

FluxLt .c/ WD �
�Z

c�f0g

b0

�
C

�Z
c�f1g

b1

�
C

�Z
c0�I

!

�
:

This defines a complex-valued cohomological class FluxLt 2H
1.L0;C/. After picking a basepoint for

our moduli space and a basis for homology, the flux cohomology class gives us local coordinates on the
moduli space of Lagrangians, up to Hamiltonian isotopy.

In our example of X D C2 n fz1z2 D 0g, one choice of basis comes from compactifying X to C2 and
noting that L˙


;jwj
� .C2/ now bound holomorphic disks whose boundary classes pick out a basis for

homology.

� On the Chekanov family, we call these two classes cw and cu. The class cw 2H1.L�
;jwj/ is the class of
the circle in a fiber of the moment map which is parallel transported around to obtain the LagrangianL�


;jwj
.

When jwj D 1, this is the vanishing cycle of the Lefschetz fibration. The second class is obtained by
compactifying the total space to C2. In C2, there is a family of Maslov-2 disks holomorphic disks with
boundary on L�


;jwj
�C2. The homology class of the boundary of such a class is called cu.

� For the product family, we call these two classes cr and cs . They are both obtained from considering
LC

;jwj

inside the compactification C2, where the Lagrangian torus bounds two families of Maslov-2
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holomorphic disks. If LC

;jwj

is the standard product torus .r1e��r ; r2e��s /, then the classes cr and cs
correspond to the meridional and longitudinal classes of the product torus. We call the corresponding
classes of disks cr ; cs �H1.LC
;jwj/.

Once we have fixed these homology classes, we can construct coordinates on the space of Chekanov (resp.
product) Lagrangian branes by measuring flux against a fixed Lagrangian. Fix the loop 
0 D 1C e�� .
This loop is neither of Chekanov nor product type. However, it still makes sense to measure the flux
against the Whitney sphere L
0;1 for both the Chekanov and product Lagrangians.

Claim 5.1.1 Let Lt be a Lagrangian isotopy with L0 D L
0;1 and Lt of Chekanov (resp. product) type
for all t 2 .0; 1�. Then the flux class FluxLt 2H

1.L1;C/ depends only on the Lagrangian L1.

The flux constructs local coordinates on the space of Chekanov (resp. product) type tori.

Definition 5.1.2 For .u;w/ 2 .C�/2, define the class of Lagrangians

ŒL�u;w �Flux WD f.L
�

;jwj; b/ j exp.FluxLt .cu//D u; exp.FluxLt /.cw/D wg;

whereLt is an isotopy of Chekanov type tori starting atL
0;1 and ending at .L�

;jwj

; b/. For .r; s/2 .C�/2,
define the class of Lagrangians

ŒLCr;s�Flux WD f.L
C


;jwj
; b/ j exp.FluxLt .cr//D r; exp.FluxLt .cs//D sg;

where Lt is an isotopy of product type tori starting at L
0;1 and ending at .LC

;jwj

; b/.

These classes are subsets of the equivalence classes of Lagrangians under the relation of Hamiltonian
isotopy.

Claim 5.1.3 The classes ŒL�u;w �Flux (resp. ŒLCr;s�Flux) are the equivalence classes of Chekanov (resp.
product) tori under the equivalence relation of Hamiltonian isotopy through Chekanov (resp. product)
tori. Furthermore , with the standard complex structure , no member of such an isotopy will bound a
holomorphic disk in .C�/2 n fz1z2 D 1g.

The classes ŒL�u;w �Flux and ŒLCr;s�Flux allow us to use the coordinates .u;w/ and .r; s/ to parametrize charts
on the moduli space of Lagrangian tori. We will frequently refer to a specific representative of each class
as L�u;w or LCr;s . Notice that each Lagrangian torus L
r ;jwj from Figure 8 is either of Chekanov type,
product type or lies on a “wall” between these two types. If L
r is not on the wall, then L
r ;jwj belongs
to a distinct ŒL˙�Flux class.

For purposes of exposition, we will assume for the remainder of this discussion that we can work safely
with complex coefficients and avoid convergence issues. Consider the identification between bounding
cochains and local systems

(7) .LCr;s; ac
r
C bcs/ 7! .LC

r exp.a/;s exp.b/; 0/:
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When the underlying chain model for the Lagrangian is the de Rham complex, this identification is known.
We first learned of this in [4, Lemma 4.1], and [15] constructs a version of Lagrangian Floer theory based
on the de Rham complex for which this holds. We will assume that the same identification holds in the
pearly model.

Assumption 5.1.4 The identification given in (7) holds for the pearly model.

To justify the appearance of the exponential in the pearly model, one needs to compute the equivalence
between the flow-tree model for Morse theory and the de Rham model; an equivalence between these two
chain models is exhibited in [22].

5.2 Correction from Lagrangian cobordism

The main computation for this example is the following sharpening of the minimal-energy disk requirement
of Definition 4.2.6, which was necessary to apply our wall-crossing computation, to the specific example
of K�D . We note that there is a relation between the flux of the surgeries used to construct the cobordism,
the flux relative boundary of the isotopy �Ht used to construct Kc from Claim 4.1.2, and the area of the
holomorphic disk from Proposition 4.3.6. Let width.L##L"/ be the flux of the Lagrangian isotopy between
the surgery and the immersed Lagrangian L#[L". We arrange for L#[L"[Lc to be exactly homotopic
to L
0;1, the standard Whitney sphere from which we compute our flux coordinates. Define the quantities

u1 D exp.�widthL##L"/; u2 D exp.Flux�Ht .Lc/.`c//;

s D exp.widthL"#L#/; z D exp
�Z

@uex

bC

Z
uex

!

�
;

where `c is the list of the curve `c from Figure 3 to the Lc chart. From the definition of flux and surgery
width, we see that the product side of the mutation cobordism K�D is the Lagrangian LCs;s . The flux
between the Chekanov end of the mutation cobordism and the Whitney sphere is the amount swept out
by the surgery neck, along with the flux relative boundary of the component Lc . Write u D u1u2 so
that the Chekanov end of the mutation cobordism is L�u;1 From relations in the homology of K�D , we
observe that u2 D .u1/�1sz, and so

(8) s D u=z:

Proposition 5.2.1 For the standard choice of complex structure , the only pseudoholomorphic disk with
boundary on K�D is the one described in Proposition 4.3.6 and its multiple covers.

Proof We show that this disk is unique. We look at the Lagrangian cobordism K�D � X �C under
the projections �X WX �C!X , �C WX �C!C and W WX !C. The first projection that we look at
is W ı�X WK�D !C. The regions where we have performed Hamiltonian isotopy and surgery sweep
out flux corresponding to shaded regions in the projection; see Figure 9. We let U be the neighborhood
drawn in Figure 9. Every disk with boundary on K�D must either have boundary contained within the red
region U or have boundary completely disjoint from the red region U , by the open mapping principle.
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�

W.L�u;0/

�

W.LCs;s/

�

W ı�X .K�.D//

U

Figure 9: Disks in the Lagrangian cobordism K�D must either have boundary contained inside
of the red region, or outside of the red region.

We now look at K�D \ .W ı�X /
�1.U /. This is the eye-shaped cobordism from Figure 2. By Claim 4.3.7

the only disks which appear here are uex and its multiple covers. The complement of the region given
by U cannot bound holomorphic disks for topological reasons. This characterizes the disks which may
appear on K�D .

Corollary 5.2.2 The mutation cobordism K�D W L
�
u;1 LCs;s is an isolated mutation.

5.2.1 Wall-crossing computation We now compute �˙� .d�/ from Theorem 4.2.5. From our discussion
on orientations, we have that the Lagrangian cobordism K�D does not identify L�u;1 with LCs;s with the
standard choices of spin structures. We therefore will denote the ends of the cobordism by VL�u;1 and
VLCs;s to signify that these Lagrangians have a different spin structure than the Lagrangians previously
considered. This is important, as Lagrangians equipped with different spin structures can represent distinct
objects in the Fukaya category. We choose the Morse functions for the VL�u;1 and VLCs;s matching the one
chosen in Section 5.1 so that the coordinates for the moduli spaces can be identified with our previous
computation.

The vanishing cycle on the Chekanov side is cu, while the vanishing cycle on the product side is cr C cs .
To construct the continuation map from a mutation cobordism, we must pick a splitting of the vector
spaces E˙ from Section 4.3.1. This involves picking classes cw˙ as in Remark 4.3.4 On the Chekanov
side we take the class cw� WD cw and on the product side we choose the class cwC WD cr .

With this choice of Morse function, we show, with Assumption 5.2.3, that the curvature term is

(9) m0K�D
D log.1C z/.xCC x�/:

Assumption 5.2.3 For each k, there exists a domain-dependent perturbation J kz WD
2! End.TX �C/

such that there is a unique J kz pseudoholomorphic disk uk W .D2; @D2/! .X�C; K�D / with the property
that Œuk�D kŒu�.
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Proof of (9) given Assumption 5.2.3 The A1 product structure in [10] is defined by the count of
adapted treed holomorphic disks weighted by the number of interior leaves. The curvature term, up to
sign, is given by

m0 D
X

x0;u2M.X;L;D;x0/0

˙.�.u/Š/�1T !.u/x0:

where the ˙ sign is determined by the orientation of the moduli space and �.u/ is the number of interior
leaves.

Consider the preimages of the stabilizing divisor fz1; : : : ; zkg D u�1
k
.D2/ � D2. We now define a

domain-dependent perturbation for the combinatorial type �k which has one disk with k interior marked
points and one output flow line. Each C 2M.�k/ with disk component D2C is labeled with interior
marked points p1; : : : ; pk and attachment point s0 2 @D2C for the flow line. For each disk, there exists a
unique automorphism �C WD

2
C !D2 with

�C .p1/D z1 and �C .s0/D 1:

We define the perturbation of the almost complex structure P.�k/ W U ! TX by pullback of the almost
complex structure from Assumption 5.2.3,

P.�k/.C; z/D J k�C .z/:

By Assumption 5.2.3, for this choice of perturbation, there exists a unique pseudoholomorphic treed disk
uC W C ! X with boundary on L and flow line limiting to x0. However, most of these disks are not
adapted to the divisor D, as there is no reason that u�1C .D/D ��1.fz1; : : : ; zkg/ should be the same as
the set of marked points p1; : : : ; pk . In fact, we are only guaranteed that ��1.z1/D p1 by construction.

The only difference between the domains C are the positions of the marked points, and so the moduli
spaces of P–perturbed D–adapted pseudoholomorphic treed disks are in bijection with the domains for
which ��1.fz1; : : : ; zkg/D fp1; : : : ; pkg. There are .k�1/Š such domains (as p1 must be mapped to z1,
and the remaining k� 1 marked points can be chosen freely).

This means that (given Assumption 5.2.3) there exist choices of the perturbation datum such that
#MP.X;L;D; �

k/ D .k � 1/Š. This gives us (modulo 2) the formula for multiple covers, and (up
to a sign)

hm0; x0i D
X .k� 1/Š

kŠ
T k!Œu� D log.1C z/:

The deformation from Claim 4.4.6 can be extended to a bounding cochain:

b D log.1C z/cw C log.1C z/cs:

By restricting b� to the ends of the cobordism, we obtain a continuation map CF�b�. VL�u;1/!CF�bC. VL
C
s;s/.
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If we assume convergence over complex coefficients and identify the bounding cochain with a local
system, we obtain a correspondence between Lagrangians

. VL�u;1Cz/� .L
�
u;1; log.1C z/cw//� . VLCs;s; log.1C z/cs/� . VLC

s;s.1Cz/
/:

Setting w D 1C z and noting that s D u=z from (8),

. VL�u;w/�
VLC
u=.w�1/;uw=.w�1/

:

This closely matches the identification from [3], with the only difference being the signs. This discrepancy
can be explained by the spin structures on the Lagrangian cobordism K�D . As the Lagrangian cobordism
K�D admits an embedding into R3, it has a trivial tangent bundle and is therefore spin. However, there
is no spin structure on K�D which restricts to the standard spin structures [11] on both L˙.

Appendix A Mapping cylinders for curved A1 algebras

A.1 A brief review of filtered A1 algebras and homomorphisms

Our notation for filtered A1 algebras and homomorphisms follows [17]. We make some modifications to
extend to the setting of weakly filtered A1 algebras and homomorphisms.

Notation A.1.1 We will sometimes write the composition f ı g as
� g
f

�
. This both saves space, and

makes some of the algebraic manipulations easier to follow.

A filtered A1 algebra .A�; mk/ is a free graded ƒ–vector space A� with ƒ–linear cohomologically
graded higher products for each k � 0

mk W .A�/˝k! .A�C2�k/;

with extra data and satisfying the filtered A1 algebra axioms given in [17, Definition 3.2.20]. The key
relation is the quadratic A1 relation, which we will denote byX

k1Ck0Ck2Dk

.�1/|.x;k1/

"
id˝k1 ˝mk

0

˝ id˝k2

mk1C1Ck2

#
.x1; : : : ; xk/;

where the sign is determined by the cohomological grading of the domain

|.x; k1/ WD k1C

k1X
jD1

deg.xj /:

Notation A.1.2 We will suppress x D .x1; : : : ; xk/ in future computations, but continue to use the
notation |.x; i/ for the purposes of determining signs.

Ifm0D 0, then .A�; m1/ is a chain complex and we say that A� is uncurved or tautologically unobstructed.
There is a filtration map ` WA�!R defined by the smallest � such that v 2 F �A. Up to a change of sign
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convention, this makes A a non-Archimedean normed vector space in the sense of [33, Definition 1.2.3].
The filtration zero portion of products mk W A˝k! A are a tautologically unobstructed A1 algebra.

We from now on suppress the cohomological index and, when the product structure is clear, we will
simply notate an A1 algebra as A. An ideal of A is a subspace I � A such that, for every b 2 I and
a1; : : : ; ak�1 2 A,

mk.a1˝ � � �˝ aj ˝ b˝ ajC1˝ � � �˝ ak�1/ 2 I:

Note that we do not require m0 2 I . The set A>0 of elements with positive filtration is an A1 ideal and
A=A�0 is a tautologically unobstructed A1 algebra.

We take a variation of [17, Definition 5.2.1] and adapt it to [17, Definition 3.2.7]:

Definition A.1.3 Let .A;mkA/ and .B;mkB/ be A1 algebras. A weakly filtered A1 homomorphism from
A to B is a sequence of graded maps

f k W A˝k! B

satisfying the following conditions:

� Weakly filtered The maps nearly preserve energy, that is,

f k.F �1A; : : : ; F �kA/� F�ckC
Pk
iD1 �iB

for some fixed constant c called the energy loss of f with c < `.m0A/.

� Quadratic A1 relations The f k , mkA and mkB mutually satisfy the quadratic filtered A1
homomorphism relationsX

k1Ck0Ck2Dk

.�1/|.x;k1/

"
id˝k1 ˝mk

0

A ˝ idk2

f k1C1Ck2

#
D

X
i1C���CijDk

"
f i1 ˝ � � �˝f ij

m
j
B

#
:

The composition of weakly filtered A1 homomorphisms is again a weakly filtered A1 homomorphism.

We follow [17, Definition 3.6.9] and write mka W A
˝k! A for the deformation of the A1 structure at a

element a 2 A for positive valuation. We say that b is a bounding cochain if .A�; mb/ is tautologically
unobstructed, and write

MC>c.A/ WD fb 2 A jm
0
b D 0 and `.b/ > cg

for the space of Maurer–Cartan elements of filtration at least c [17, Definition 3.6.4]. Given f W A! B

a weakly filtered A1 morphism of energy loss c, there exists a pushforward map f� WMC>c.A/!

MC>0.B/.

It will be convenient for us to use the following notation:

Claim A.1.4 Let f WA!B be a filtered A1 algebra morphism. Then there exists anA1 homomorphism

f[ W .A;mA/! .B; .mB/f�.0//
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where f[ is defined by
f k[ D

�
f k for k > 0;
0 if k D 0:

Claim A.1.5 Let f W A! B be a filtered A1 algebra morphism. Let a 2 A be a deforming element.
Then there is a map

fa W .A; .m
k
A/a/! .B;mkB/:

A.2 Curved homotopy transfer theorem

Theorem A.2.1 (weakly filtered Whitehead theorem) Let A and B be filtered A1 algebras. Suppose
that we have maps

A B
˛

ˇk
h

such that ˇk is an A1 homomorphism , with ˇk D 0 for all k ¤ 1, and the following conditions hold :

ˇ ım1B �m
1
A ıˇ D ˇ ım

1
B ım

1
B ı h;(10)

˛ ım1A�m
1
B ı˛ D h ım

1
B ım

1
B ı˛;(11)

h ım1B Cm
1
B ı hD ˛ ıˇ� id� h ım1B ım

1
B ı h;(12)

ˇ ı hD 0; h ı˛ D 0; ˇ ı˛ D idA; `.h ım0B/ > 0:

Then we can extend

� ˛ to a weakly filtered A1 morphism ˛k W A˝k! B , and

� h to a weakly filtered A1 homotopy hk W B˝k! B .

Note that this relates to the homotopy transfer theorem of [20] when m0B D 0, as (10)–(12) become the
chain map and homotopy relations. The additional relations are analogues of the strong deformation
retract conditions. In the filtered setting they tell us that ˇ and ˛ intertwine the curvatures of m1B and m1A:

ˇ ım1B ım
1
B ı˛ Dm

1
A ım

1
A:

Theorem A.2.1 is also related to [17, Theorem 4.2.45], which proves that if ˛ and ˇ are filtered A1
homomorphisms and h is filtered, then h extends to anA1 homotopy between ˛ and ˇ whenever (10)–(12)
hold at zero valuation. We now examine the possibility of adapting [17, Theorem 4.2.45] with the weaker
condition that h is weakly filtered.

The proof of [17, Theorem 4.2.45] first proves the theorem for unfiltered A1 algebras. The proof for the
unfiltered A1 algebra proceeds by constructing the maps mk˛ W A

˝k! A inductively over the index of k.
This proof necessarily uses the fact that f 0 and m0A are trivial, as otherwise higher terms f kCi show up
in the k–input quadratic A1 relations.
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The filtered case is proven by induction on the filtration, with the unfiltered setting serving as a base
case. Two difficulties occur when extending to weakly filtered homotopies. In [17, Theorem 4.2.45]
the definition of homotopy is given in terms of filtered A1 homomorphisms h W A! A, where A is a
model of Œ0; 1��A. One can generalize these to weakly filtered A1 homotopies by considering weakly
filtered homomorphisms h WA! A and weakly filtered A1 structures. Difficulties with these approaches
are commented on in the discussion surrounding [17, Theorem 5.2.35], where a similar statement is
considered for weakly filtered maps of A1 bimodules.

Further, when h is only weakly filtered, we can no longer use the proof strategy for [17, Theorem 4.2.45]
as h no longer provides a weak homotopy between ˛ ıˇ and idB on the tautologically unobstructed A1
algebra B=B>0. A possible approach to the weak-homotopy case is given in [17, Section 7.2.6], which
examines G–filtered A1 algebras. A G–filtered A1 structure [17, Definition 7.2.67] is a collection of
mk;ˇ WA˝k!A indexed by k 2N and ˇ in a monoid G. The monoid G should have a unique invertible
element. We also require that every element of G possess only finite factorization. That is, for all ˇ 2G,

kˇk WD supfk j ˇ D ˇ1C � � �Cˇk D ˇ and ˇi ¤ eg<1;

The A1 products are given by
mk D

X
ˇ2G

T �.ˇ/mk;ˇ :

satisfying the A1 which respects the structure of G. Roughly, the proof of [17, Theorem 7.2.72] inducts
on k and kˇk, and uses this finite factorization property. In spirit, our approach is much like this one.

Instead of strengthening the condition on the filtration, we choose instead to strengthen the condition
on the hypothesis of the homotopy equivalence (10)–(12). The upshot is that we can reexpress mKA in
terms of the maps ˇ, ˛, mKB and h, allowing us to decompose the map based on the number of m0B terms
which occur in the expansion. This is used as a replacement for the monoid structure, and we induct
on this quantity, rather than the filtration, in our proof. We now give the construction of the maps in
Theorem A.2.1.

Proof of Theorem A.2.1

Our proof is a modification of the inductive proof given in Markl’s Christmas carp paper [25], using the
sign conventions from [17]. We include the steps in the induction proof which differ from the proof in
the unfiltered setting. Notably, our construction inducts over two variables, which correspond degree
filtration and the number of B–curvature terms that appear in the A1 relations. Outside of these changes,
the only difference between the weakly filtered and unfiltered proof is the additional care that must be
spent with the ranges of indices due to the presence of curvature terms. Place a partial order on pairs
.n; k/ so that .k0; n0/� .k; n/ if n0 � n and k0 � k. Define the maps

˛1;0 WD˛; ˛0;1Dhım0B ; m
1;0
A WDm

1
A; m

0;1
A Dˇım

0
B ; �0;1Dm0B ; �0;0D0 and �1;0D0:
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Suppose that, for all .k0; n0/� .k; n/, we’ve defined the maps ˛k
0;n0 and �k

0;n0 . Then inductively define
the kernel

�k;n D�
X
r�2

X
k1C���CkrDk
n1C���CnrDn
.0;0/�.ni ;ki /

�
˛k1;n1 ˝ � � �˝˛kr ;nr

mrB

�
;

error terms

�k;n D
X
r�2

X
k1C���CkrDk
n1C���CnrDn
.0;0/�.ni ;ki /

.�1/|.x;
Pi�1
jD1 kj /

�
˛k1;n1 ˝ � � �˝�ki ;ni ˝ � � �˝˛kr ;nr

h ımrB

�
;

and maps
˛k;n D�h ı �k;n and m

k;n
A D�ˇ ı �k;n:

The first two error terms are

�1;1 D h ımB.m0B ˝˛
1;0
C .�1/|˛1;0˝m0/D h ım1B ım

1
B ı˛

1;0;(13)

�0;2 D h ım2.˛0;1˝�0;1C .�1/|˛0;1˝�0;1/D h ım1B ım
1
B ı h ım

0
B :(14)

The filtrations of these maps are increasing in n, as we can prove inductively that

`.�k;n/.a1; : : : ; ak/� n`.m
0/� .nC k/`.h/C

kX
iD1

`.ai /;

and by the condition that `.hım0B/> 0 we see that
P1
nD0 �

n;k converges over Novikov coefficients. Most
of the mk;nA terms end up being trivial, as by applying the A1 homomorphism relations for ˇ we obtain

mk;n D

�
h ı �k1;n1 ˝ � � �˝h ı �kr ;nr

ˇ ımrB

�
D

�
h ı �k1;n1 ˝ � � �˝h ı �kr ;nr

mrA ı .ˇ
˝r/

�
;

which vanishes whenever the composition ˇ ı h appears. So this term is zero unless .k; n/D .k; 0/. We
can therefore write

mkA Dm
k
A ı .ˇ ı˛/

˝k
D ˇ ım

k;0
B ı .˛/

˝k
Dm

k;0
A D

X
n

m
k;n
A :

We will prove by induction on the product order for .k; n/ that the following relation I.k; n/ holds:

(15)
X

k1C���CkrDk
n1C:::CnrDn

�
˛k1;n1 ˝ � � �˝˛kr ;nr

mrB

�

D

X
j1Cj

0Cj2Dk
n1Cn

0Dn

.�1/|.x;j1/

"
id˝j1 ˝mj

0;n0

A ˝ id˝j2

˛j1Cj2C1;n1

#
��k;nC�k;nC1:

We note that summing all of the I.k; n/ relations for fixed k yields the A1 homomorphism relation for
˛k WD

P
n ˛

k;n.
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Proof The base cases for our induction are when .k; n/ 2 f.0; 0/; .0; 1/; .1; 0/g.

� The relation I.0; 0/ states
m0B D �

0;1:

� A computation using the relation (13) shows that I.1; 0/ follows from (11).

� A computation using (14) shows that I.0; 1/ follows from (12).

Now assume that we’ve shown that I.k0; n0/ holds for all .k0; n0/< .k; n/. As .k; n/¤ .0; 0/; .1; 0/; .0; 1/,
we know that r � 2 in the left-hand side of I.k; n/. We can therefore reexpress it asX

k1C���CkrDk
n1C���CnrDn

�
˛k1;n1 ˝ � � �˝˛kr ;nr

mrB

�
D��k;nCm1B ı˛

k;n
D��k;n�m1B ı h ı �

k;n

By applying m1B ı h ı �
k;n D �˛ ım

k;n
A � �k;n � h ım1B ım

1
B ı ˛

k;n � h ım1B ı �
k;n from (12) and

canceling the highlighted terms, this equals

˛ ım
k;n
A C h ım1B ım

1
B ı˛

k;n
C

X
r�2

X
k1C���CkrDk
n1C���CnrDn
.0;0/�.ni ;ki /

�
˛k1;n1 ˝ � � �˝˛kr ;nr

h ım1B ım
r
B

�

D ˛ ım
k;n
A C

X
r�1

X
k1C���CkrDk
n1C���CnrDn
.0;0/�.ni ;ki /

�
˛k1;n1 ˝ � � �˝˛kr ;nr

h ım1B ım
r
B

�
:

Applying the A1 relations for m1 ımrB , we get

˛ ım
k;n
A C

X
r1Cr

0Cr2Dr�2
r1Cr2>0

X
k1C���CkrDk
n1C���CnrDn

.�1/~.x;k;r1/

24˛k1;n1 ˝ � � �˝˛kr ;nrid˝r1 ˝mr
0

B ˝ id˝r2

h ım
r1Cr2C1
B

35 :
Here ~.x; k; r1/ WD r1C

Pr1
iD1

�
1� ki C

Pki
jD1 deg.xj /

�
. We regroup the terms which lie above mr

0

B in
the composition to obtain

˛1;0ım
k;n
A C

X
r1Cr

0Cr2Dr�1
r1Cr2�0

j1Cj
0Cj2Dk

m1Cm
0Cm2Dn

X
k1C���Ckr1Dj1

kr1C1C���Ckr2Cr0
Dj 0

kr�r1C���CkrDj2
n1C���Cnr1Dm1

nr1C1C���Cnr2Cr0
Dm0

nr�r1C���CnrDm2

.�1/~.x;k;r1/

26664
id˝j1˝

"Nr1Cr
0

iDr1C1
.˛ki ;ni /

mr
0

B

#
˝id˝j2Nr1

iD1.˛
ki ;ni /˝id˝

Nr
iDr�r2

.˛ki ;ni /

hım
r1Cr2C1
B

37775 :

When taken modulo 2, ~.x; k; r1/ �
Pr1
iD1 ki C

Pj1
jD1 deg.xi / � |.x; j1/. When grouped over the

index .j 0; m0/, the shaded block is the left-hand side of the relation I.j 0; m0/. If m0 D n then j1; j2 ¤ 0,
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and therefore j 0 < k. Hence .j 0; m0/ < .j;m/. Let xj1;j2 be the tuple .xj1C1; : : : ; xj1Cj 0/. We can apply
the inductive hypothesis to get

˛1;0ım
k;n
A

C

X
r1Cr

0Cr2Dr�1
r1Cr2>0

j1Cj
0Cj2Dk

m1Cm
0Cm2Dn

.�1/|.x;j1/
X

k1C���Ckr1Dj1
kr�r1C���CkrDj2
n1C���Cnr1Dm1
nr�r1C���CnrDm2
l1Cl

0Cl2Dj
0

o1Co2Dm
0

.�1/|.xj1;j2 ;l1/

26664
id˝j1˝

"
id˝l1˝ml

0;o1
A ˝id˝l2

˛l1Cl2C1;o2

#
˝id˝j2Nr1

iD1.˛
ki ;ni /˝id˝

Nr
iDr�r2

.˛ki ;ni /

hım
r1Cr2C1
B

37775

C

X
r1Cr

0Cr2Dr�1
r1Cr2>0

j1Cj
0Cj2Dk

.�1/|.x;j1/
X

k1C���Ckr1Dj1
kr1C1C���Ckr2Cr0

Dj 0

kr�r1C���CkrDj2

n1C���CnrDn

24 id˝j1˝.��r
0;n0C�r

0;n0C1/˝id˝j2Nr1
iD1.˛

ki ;ni /˝id˝
Nr
iDr�r2

.˛ki ;ni /

hım
r1Cr2C1
B

35 :

The remainder of the proof proceeds as in the tautologically unobstructed setting by applying the recursive
definition of �n;k and �n;k , and using the relation .�1/|.x;j1/.�1/|.xj1;j2 ;l1/ D .�1/|.x;jCl1/.

We now define the homotopy, again following [25]. Inductively define the maps

�k WD
X

k1Ck
0Ck2Dk

j1C���CjrDk1
rCk2�1;k

0�1

.�1/|.x;k1/

24 ˇ˝k1 ˝ hk
0

˝ id˝k2

˛j1 ˝ � � �˝˛jr ˝ id˝k2C1

mrC1Ck2

35 ;

where hk WD h ı�k . The A1 homotopy relationsX
k1Ck

0Ck2Dk
j1C���CjrDk1
rCk2�0;k

0�1

.�1/|.x;k1/

"
.˛ ıˇ/j1 ˝ � � �˝ .˛ ıˇ/jr ˝ hk

0

˝ id˝k2

mrC1Ck2

#

D .˛ ıˇ/k � idk �
X

k1Ck
0Ck2Dk;k1Ck2�0

.�1/|.x;k1/

"
id˝k1 ˝mk

0

B ˝ id˝k2

hk1Ck2C1

#

are proved inductively. In the above expression, idkD id if kD 1, and is zero otherwise. On the right-hand
side k0 may be equal to 0. Then

X
k1Ck

0Ck2Dk
j1C���CjrDk1
rCk2�0;k

0�1

.�1/|.x;k1/

24 ˇ˝k1 ˝ hk
0

˝ id˝k2

˛j1 ˝ � � �˝˛jr ˝ id˝k2C1

mrC1Ck2

35
Dm1B ı h ı�

k
C�k D ˛ ıˇ ı�k � h ım1B ı�

k
� h ım1B ım

1
B ı h ı�

k
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D ˛ ıˇ ı�kC
X

k1Ck
0Ck2Dk

j1C���CjrDk1
rCk2�0;k

0�1

.�1/|.x;k1/

24 ˇ˝k1 ˝ hk
0

˝ id˝k2

˛j1 ˝ � � �˝˛jr ˝ id˝k2C1

h ım1B ım
rC1Ck2

35

D ˛ ıˇ ı�kC
X

k1Ck
0Ck2Dk

j1C���CjrDk1
i1Ci

0Ci2DrCk2C1�1
k0�1

.�1/|.x;k1/C|.y;j1/

26664
ˇ˝k1 ˝ hk

0

˝ id˝k2

˛j1 ˝ � � �˝˛jr ˝ id˝k2C1

id˝i1 ˝mi
0

B ˝ id˝i2

h ımi1Ci2C1

37775 ;

where y D y1˝ � � �˝yrCk2C1 is the partial composition

.˛j1 ˝ � � �˝˛jr ˝ id˝k2C1/ ı .ˇ˝k1 ˝ hk
0

˝ id˝k2/ ı .x/:

Collecting into terms for which j1C j 0 < r , j1 < r < j1C j 0 and r < j1C 1 allows us to either apply
the A1 homomorphism for ˛k or the induction hypothesis to push the mj

0

B term through to the top of the
composition. The remainder of the proof is standard.

Remark A.2.2 The relations (10)–(12) require some motivation. The A1 relations can be proved
noninductively by unpacking the definition of � into the sum over compositions defined over stable trees,
as in [22]. The A1 and homotopy relations correspond to contractions and expansions of these trees at
internal vertices and edges; the argument in some crucial way uses the fact that the contractions of stable
trees at internal edges are again stable trees.

To generalize to the filtered setting, one must consider stable trees with k internal and n external leaves,
where the internal leaves are labeled with curvature terms coming from m0. The A1 and homotopy
relations again correspond to contractions and expansions. However, the contraction of a stable tree at an
internal leaf is not necessarily stable. The terms added to (10)–(12) cancel out these contributions coming
from nonstable trees.

We give the noninductive proof of Theorem A.2.1 in the preprint version of this paper.

A.3 Morphisms are mapping cocylinders

In the category of chain complexes, there is a dictionary between morphisms and mapping cocylinders.
We now extend this dictionary to filtered A1 algebras.

Definition A.3.1 Let AC and A� be two filtered A1 algebras. A cocylinder from AC to A� is a filtered
A1 algebra B which

� as a vector space is isomorphic to A�˚A0˚AC,
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� has differential of the form 0@m�I� 0 0

m�I0 m0I0 mCI0

0 0 mCIC

1A ;
where mCI0 is an isomorphism with inverse satisfying `..mCI0/�1 ım0/ > 0, and

� has projections of chain complexes

B

A� AC

ˇ� ˇC

which can be extended to A1 homomorphisms ˇk
˙

, with ˇk
˙
D 0 for all k ¤ 1.

We denote such a mapping cocylinder by

A�$ B! AC:

The cylinders from A� to AC are in correspondence with morphisms f W A�! AC.

Theorem A.3.2 (cylinders are mapping cocylinders) Let A� and AC be two filtered A1 algebras.

(i) To every cocylinder A�$ B! AC, we can associate a morphism ‚B W A
�! AC.

(ii) To every morphism f W A�! AC, we can associate a cocylinder

A�$ Bf ! AC:

(iii) These constructions are compatible in the sense that ‚Bf D f .

Outline of proof The construction of a morphism associated to a mapping cocylinder proceeds by
showing that the projection ˇ�, and the map ˛ W A�! B and homotopy h W B! B given by

˛.x/D .x; 0; .mCI0/�1 ım�I0.x// and h.x/D .0; 0; .mCI0/�1.x//;

satisfy the conditions of Theorem A.2.1, giving us an A1 extension of ˛. The morphism associated to
the cocylinder is the “pullback–pushforward” composition ‚B WD ˇC ı˛.

The construction of a mapping cocylinder associated to a morphism follows from a more general
construction: Let C be any filtered A1 algebra, and let f W A�! C and g W AC! C be filtered A1
homomorphisms. Then C can be equipped with the structure of a filtered .AC; A�/ bimodule whose
bimodule product

m
k1j1jk1
A�jC jAC

W .A�/˝k1 ˝C ˝ .AC/˝k2 ! C

is given (up to sign) by

m
k1j1jk2
A�jC jAC

D

X
h1C���Ch˛1Dk1
i1C���Ci˛2Dk2

m
˛1C1C˛2
C ı .f h1 ˝ � � �˝f h˛1 ˝ idC ˝gi1 ˝ � � �˝gi˛2 /:
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The proof of the A1 bimodule relations uses the A1 homomorphism relations of f and g. Given an
A1 bimodule C , we define (up to sign) an A1 product on A�˚C Œ1�˚AC by

mk
A��CAC

D .mk
AC
ı�

kj0j0

A�jC jAC
/˚

�
f k ı�

kj0j0

A�jC jAC
C

� X
k1C1Ck2Dk

m
k1j1jk2
A�jC jAC

ı�k1j1jk2
�
Cgk ı�0j0jk

�
˚ .mk

AC
ı�0j0jk/;

for which checking the A1 relations becomes a check of the bimodule structure. Furthermore, the natural
projections ˇ˙ W A�˚C Œ1�˚AC! A˙ are A1 homomorphisms.

To obtain the mapping cocylinder, we let C D AC and g D id.

We include the following remark, which we could not find in the literature:

Remark A.3.3 We expect that theA1 algebraA�˚C Œ1�˚AC is the homotopy fiber product, A��CAC

in the category of filtered A1 algebras. Some specializations are:

� If ADA�DACDC and f DgD idA, then A�AA is a model of A�Œ0; 1�, similar to that constructed
in [17, Lemma 4.2.25].

� For filtered A1 algebras, a morphism f W A! C does not make C a left A module, but rather only
an .A;A/ bimodule. We note that if there exists a morphism 0! C , then we can make C an .A; 0/
bimodule, and so it becomes a left A module. This observation is related to the existence of mapping
cones and the existence of bounding cochains.

By existence of a pushforward map on bounding cochains, C is unobstructed if and only if there exists a
filtered A1 homomorphism 0 W 0! C . We may therefore restate the above observation as f W A! C

has a mapping cone if and only if C is unobstructed.

Appendix B Domain and label-dependent perturbation systems

We adopt language from [10, Section 4.2]. Pick h W L ! R a Morse function. We denote by � a
combinatorial type of treed disk. We use C to denote a treed disk, M.�/ for the moduli space of treed
disks of fixed combinatorial type, M.�/ to denote its closure, and U.�/ for the universal treed disk
composed of pairs .C; x/, where x 2C is a point. We will denote the forgetful map by C WU.�/!M.�/.
The universal treed disk is covered with two sets, U.�/D S.�/[ T .�/, which consist of pairs .C; x/
where x lies in either the surface or tree component of C [10, Section 4.2]. There are morphisms
M.�/!M.� 0/ arising from morphisms of underlying combinatorial types [10, Definition 4.12]; they
are called collapsing edges/making an edge finite or nonzero, cutting edges, locality and forgetting
forgettable edges. For this section, we will focus on the morphisms of making an edge finite and cutting
edges. Let V.�/ denote the number of external leaves of � and N.�/ denote the number of interior
marked points of � . We use `.e/ for the length of an edge e.
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A labeled combinatorial type � is a combinatorial type � , along with labels

� xDfx0I x1; : : : ; xV.�/�1 jxi 2Crit.h/g a sequence of critical points of a Morse function h, indexed
by the leaves of � (we reserve x0 for the label of the root of the tree), and

� at each k–broken edge e, a sequence of breaking labels Be WD fb1; : : : ; bkg.

The moduli spaces of domains of fixed labeled type cannot be compactified by simply considering labeled
types, as the resulting compactification will not be Hausdorff. When an edge length goes to infinity, the
domain will not know what label to assign the breaking in the compactification stratum. Therefore, we
help the domains remember how they are supposed to break. A prebroken combinatorial type �P is a
labeled combinatorial type � , along with the data of prebreaking labels P , which consists of

� an assignment to each edge e of a prebreaking number k0.e/,

� a labeling at each k0 prebroken edge or vertex a sequence of prebreaking labels Pe WD fx1; : : : ; xk0g,
and

� an ordering at each edge e of Be tPe.

We will sometimes treat the data of P as a set, so that P 0 � P means that the prebreaking labels of �P 0
are a subset of the labels of �P , or �PnP 0 is the prebroken combinatorial type where we’ve removed the
P 0 prebreakings.

A prebroken disk domain CP of combinatorial type �P is a treed disk with prebroken marks, which is of
a sequence of labeled points .t1; x1/; : : : ; .tk0.e/; xk0.e// at each edge e. Here 0 < t1 < � � �< tk0.e/ < `.e/
is a sequence of points on the edge e and the prebreaking labels are given by Pe D fxig

k0.e/
iD1 . There

exists a moduli space of prebroken combinatorial types M.�P /, as well as a universal curve of prebroken
combinatorial types U.�P /.

B.0.1 Morphisms of prebroken combinatorial types We now look at morphisms of prebroken
combinatorial types. We include the morphisms from [10, Definition 4.6]: cutting edges, collapsing edges,
making an edge length finite, making an edge length nonzero, forgetting tails and making an edge weight
finite or nonzero. We add in a new morphism: forgetting a prebreaking. The main changes between
morphisms of prebroken combinatorial types and combinatorial types are in cutting edges, making an
edge length finite and forgetting a prebreaking. We discuss these changes, as well as the corresponding
maps on the moduli space of prebroken treed disks and their universal curves.

(i) Cutting an edge If �P has a breaking bi occurring at edge e then:

� � 0P ! �P , the morphism of cutting an edge e at bi , replaces � with a disconnected graph � 0. Let
v1 and v2 be the edges of e. The graph � 0 removes the edge e and adds in two vertices w1 and w2
connected to edges e1 D v1w1 and e2 D v2w2.

� The labels of � 0 are the same as on � , except at the new vertices w1 and w2, which both obtain
the label bi .

� Labels for prebreakings and breakings of � 0P are otherwise inherited from �P .
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There are induced homeomorphisms M.� 0P /!M.�P / and U.� 0P /! U.�P / as in [10]. See the arrows
labeled (i) in Figure 10 for a visualization of this identification.

(ii) Making an edge finite We now discuss the morphism of making an infinite broken edge finite. We
say that � is obtained from � 0 by making an edge finite if the edges of � and � 0 agree away from a single
edge e, where �.e/D1 and �0.e/ 2 .0;1/. In this case, M.� 0/ embeds in M.�/ as a codimension-1
boundary M.� 0/� Œ0; �/.

Given prebroken combinatorial types �P and � 0P 0 , we say that �P is obtained from � 0P 0 by making an
edge finite at breaking bi if

� the underlying unlabeled combinatorial types are related by such a morphism, and

� the edge e 2 � 0P 0 has one additional prebroken marking xi which matches the marking of the
breaking bi 2 Be for �P .

Unfortunately, it is no longer the case that M.� 0P 0/ embeds as a codimension-1 boundary into M.�P /,
due to the extra choice in determining where to place the prebroken point. Therefore we cannot construct
a compactification of M.�P / by simply including broken configurations. However, there remains enough
structure for us to later define what a coherent perturbation is in this setting, and thus obtain moduli
spaces of pseudoholomorphic treed disks which have the appropriate broken configurations in Section B.2.
For P 0 � P a set of markings, let MP 0>1=2.�P / denote the portion of the moduli space of prebroken
treed disks where the distance between the prebreakings ti 2 e of P 0 and the boundary of e is greater
than 1

2
. When P 0 consists of a single marking .xi ; ti /, this space is homeomorphic to

Mfxi g>1=2.�P /D
˚
.C 0P 0 ; r; ts/ j C

0
P 0 2M.� 0P 0/ for r 2 Œ0; �/ and ti 2

�
1
2
; `.e/� 1

2

�
� e

	
:

By abuse of notation, we denote this set by M.� 0/�Œ0; �/�
�
1
2
; `.e/�1

2

�
. There is similarly an identification

of the portion of the universal curve living over the region Ufxi g>1=2.�/ with U.� 0/�Œ0; �/�
�
1
2
; `.e/� 1

2

�
.

See the arrows labeled (ii) Figure 10 for a visualization of this identification.

(iii) Forgetting prebreakings Let �P be a prebroken combinatorial type, and let P 0 � P be a subset
of the labels. Then we have forgetful maps on the moduli space of treed disks M.�P /!M.�P 0/ as
well as on the universal curve

resP 0�P W U.�P /! U.�P 0/:

Let P 0 � P denote a subset of the prebreakings. We say that a prebroken treed disk CP belongs to
MP 0<1=4.�P / if the markings .t; p/ 2 P 0 all have a distance less than 1

4
from the boundary of the edges.

Similarly, let UP 0<1=4.�P / denote the portion of the universal curve whose prebroken domain belongs to
MP 0<1=4.�P /. When we look at a single prebreaking labeled xi , the neighborhood Ufxi g<1=4.�P / can
be identified with˚

.C; x; ti / j .C; x/ 2 U.�Pnfti g/ for ti 2
�
0;min

�
1
4
; `.e/

�
t
�
max

�
`.e/� 1

4
; 0
�
; `.e/

��	
:

See the arrows labeled (iii) in Figure 10 for a diagram of the forgetting prebreakings identification.
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B.0.2 Boundary regions on prebroken disks The moduli space of prebroken curves of fixed combina-
torial type is noncompact. In addition to the usual sequences of treed disks which do not converge in the
moduli space of treed disks, the prebreakings lead to new kinds of sequences that do not have convergent
subsequences. There are two new kinds of phenomena we must account for:

(i) the distance between two prebreakings goes to zero, or

(ii) one of the prebreakings moves towards the boundary of an edge.

We will later force the prebreakings to remain disjoint from each other, so the first kind of noncompactness
will not affect the noncompactness of the moduli spaces of pseudoholomorphic treed disks we construct.

The second kind of noncompactness we handle only when constructing the moduli space of pseudoholo-
morphic treed disks. We will consider a perturbation datum which is only domain and label (but not
prebreaking) dependent over MP 0<1=4.�P / for every P 0 � P (and thus independent of the position of
prebreakings in P 0). Such a choice of perturbation datum has the property that, whenever we look at a
sequence of pseudoholomorphic treed disks with P 0 prebreakings moving towards the boundary of the
edge, we arrive in a portion of the moduli space of pseudoholomorphic treed disks which is cut out by the
P nP 0–dependent J –holomorphic curve. In this chart, it is no longer a problem that the P 0 prebreakings
move towards the edge.

B.1 The perturbation datum and coherence

A perturbation datum for type �P [10, Definition 4.10] is an assignment of domain and prebreaking
dependent Morse function (ie a map h� W T .�P /�L!R) and domain and prebreaking dependent tame
almost complex structure (J� W S.�P /�X ! End.TX/) to each prebroken treed disk CP . These are
required to agree with the prescribed Morse function h W L! R and tame almost complex structure
J W TX ! TX near the boundaries of the edges and disks. We will denote perturbation datum for type
�P by P.�P /, so that

P.�P /.CP ; x/D
�
J.�P /.CP ; x/ 2 End.TX/ if .CP ; x/ 2 S.�P /;
h.�P /.CP ; x/ 2 C

1.L;R/ if .CP ; x/ 2 T .�P /:

Definition B.1.1 A stabilizing Morse function is a Morse function h W L!R whose critical values are
distinct; for xi 2Crit.h/, denote the level set of h containing the critical point xi by Hxi WD fh

�1.h.xi //g.

A perturbation datum P.�P / is stabilizing with respect to D if it satisfies [10, Definition 4.26]; this
roughly states that every solution to the P.�P /–perturbed Floer equation will meet the stabilizing divisor
in the appropriate number of intersection points (see Section C.1). The perturbations of almost complex
structure must be chosen in such a way that D remains an almost complex hypersurface.

A perturbation datum P.�P / is stabilizing with respect to h if, away from the critical points, the gradient
rh.�P /.CP ; x/ is transverse to h�1.Crit.h//. We say that P.�P / is stabilizing if it is stabilizing for
both D and h.
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Mxa<1=4.�fxag/

M
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=4 .�
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a
>
1
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fx
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g /
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Mxb<1=4.�fxbg/
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fx
b g /

M
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g /
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�
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�
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Figure 10: Describing the moduli space of prebroken regular treed disks. Here � is the combinatorial
labeled type between two critical points x1 and x2 with two interior vertices. �ftag and �ftbg have
the same underlying combinatorial type, but additionally have prebreakings at ta and tb , respectively,
labeled with classes xa; xb 2 Crit.h/. � 0, �a and �b are broken types, whereas �1a, �a2, �1b and
�b2 are combinatorial types between x1, x2, xa and xb with indices indicating the labels. The points
marked 1–6 refer to the pseudoholomorphic treed disks which appear in Figure 11.
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MP.X;L;D; �/

L
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�

�
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L
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�

�
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�

�
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�

�

Hxb
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xb
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�
xa

x1
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�

�

Hxb

Hxa

�
xb
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1 2 3

456

Figure 11: An example of the moduli space of labeled pseudoholomorphic pearly flow lines of
type � . The moduli space is represented by the dotted line, and the diagrams represent the image of
ui .T / and ui .@S/ inside of L for various maps ui . We also mark critical points x1, x2, xa and xb
of a Morse function h WL!R, as well as level setsHxi . The projection CP .Mun

P .X;L;D; �// to
the moduli space of types (drawn in Figure 10) is represented by the dotted line in that figure, with
the circled numerals 1–6 identifying the combinatorial type of each of these pseudoholomorphic
treed disks.

Given a regularizing perturbation datum, one can define P.�P /–perturbed pseudoholomorphic treed
disks, which are maps u W CP !X satisfying the conditions of [10, Definition 4.13].

Definition B.1.2 (modification of [10, Definition 4.17]) A stable prebroken pseudoholomorphic treed
disk u W CP ! X with boundary on L is adapted to D and h if it satisfies the (a) stable surface and
(b) leaf axioms from [10, Definition 4.17], and additionally:

(c) Prebroken axiom Each prebroken point ti 2CP with label xi is mapped to theHxi . Furthermore,
each connected component of u�1.Hxi / contains a prebroken point ti with label xi .

One upshot of using labeled treed disks is that, as � contains the data of which critical points of h
its flow lines limit to, we may now define ind.�/, the expected dimension of the moduli space of
labeled treed holomorphic disks. We denote by MP.X;L;D; h; �P / the moduli space of P–perturbed
pseudoholomorphic prebroken labeled treed disks which are adapted toD and h. Because the perturbations
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that we choose for Morse functions are still required to be transverse to the level sets Hxi for xi 2Crit.h/,
transversality for the conditions imposed by the prebroken axiom are automatically satisfied on the interior
of MP.X;L;D; h; �P /. As before, we write the forgetful map CP WMP.X;L;D; h; �P /!M.�P /.
We say that the perturbation datum P.�P / is regular if the moduli space MP.X;L;D; h; �P / is cut out
transversely.

Remark B.1.3 Suppose that �P is a combinatorial type with prebreakings. Let Mun
P .X;L;D; �P / be

the moduli space of pseudoholomorphic treed disks which are adapted to D, but only satisfy the following
weakening of the prebroken axiom:

(c0) Weak prebroken axiom Each prebroken point ti 2 CP with label xi is mapped to the Hxi .

We note that if P 0 � P is a subset of labels, and P.�P / arises from P.�P 0/ by pullback under forgetting
prebreakings, then every adapted P.�P / pseudoholomorphic disk is an example of a P.�P 0/ weakly
adapted pseudoholomorphic disk, simply given by forgetting the position of the marked points in P nP 0.
Since the prebroken axiom determines the positions of these marked points uniquely, we obtain an inclusion

MP.X;L;D; h; �P /�Mun
P .X;L;D; �P 0/:

which is a diffeomorphism onto its image.

We will want perturbations that are chosen consistently between different labeled combinatorial types. Let
T denote the set of all prebroken combinatorial types for .L; h/, and use I � T to denote a subset of the
prebroken combinatorial types. A perturbation system PI is a choice of perturbation datum PI.�P / for
every prebroken combinatorial type �P 2 I. If PT is a perturbation system for all prebroken combinatorial
types in T , we will call PT a full perturbation system. For a fixed perturbation system PI and prebroken
combinatorial type �P 2 I, we write MPI .X;L;D; h; �P / for the moduli space of PI.�P /–perturbed
pseudoholomorphic treed disks.

Adopting notation from the discussion preceding [10, Theorem 4.19], we write � 0P 0 � �P if

� there exists a morphism of combinatorial types � 0P 0!�P corresponding to collapsing edges/making
an edge or weight finite or nonzero, or

� there exists a morphism of combinatorial types �P ! � 0P 0 given by cutting edges, or

� �P D �
1
P1
[�2

P 2
is a disconnected type and � 0P 0 D �

1
P1

or �2P2 , or

� there exists a morphism of combinatorial types �P ! � 0P 0 given by forgetting prebroken labels.

Definition B.1.4 If I satisfies the property that �P 2 I and � 0P � �P implies � 0P 2 I, then we say that I

is downward closed.

Definition B.1.5 (following [10, Definition 4.12]) We say that P.�/ and P.� 0/ are coherent over
� 0P 0 � �P if:
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(a) if there is a morphism of type “collapsing edges/making an edge nonzero” � 0P 0!�P with �P ; � 0P 0 2I,
then P.� 0P / is the pullback of the perturbation P.�P /, or

(b) if there exists a morphism of cutting edges �P ! � 0P 0 we require that P.� 0P / is the pushforward of
the perturbation P.�P /, or if � 0P 0 is a disjoint union of �1

P 1
and �2

P 2
then we require that the perturbation

arises as pullback,

(c)–(d) they satisfy the locality and forgettable edges axiom from [10, Definition 4.12].

In addition to these coherence conditions, we modify the condition for breaking (so that it now incorporates
the prebreaking point) and add a new condition for forgetting labels:

(e) Coherence under making an infinite edge finite Suppose that � 0P 0!�P is a morphism of making
an edge finite. Recall that we have an identification M.� 0P 0/� Œ0; �

�
�
�
1
2
; `.e/� 1

2

�
�M.�P /, where

P 0 has one more prebreaking than P . Given ts 2
�
1
2
;1

�
t
�
�1;�1

2

�
, consider the inclusion

its WM.� 0P 0/ ,!M.�P / given by C 7! .C; 0; ts/:

Denote by its W U.� 0P 0/ ,! U.�P / the corresponding inclusion of the universal curve. We require that
P.� 0P 0/D i

�
ts
P.�P / for all ts , so that near the boundary the perturbation is not dependent on the position

of ts .

(f) Coherence under forgetting labels When P 0�P , so that we have a forgetful map UP 0<1=4.�P /!
UPnP 0.�PnP 0/, we require the perturbation datum to arise as the pullback over the forgetting premarkings
map, that is

PjUP 0<1=4.�P /D res�P 0�P P.�PnP 0/:

We say that PI is coherent if I is downward closed, and PI is coherent over all relations � 0P 0 � �P 2 I.

Remark B.1.6 The revised condition (e) states that if ti belongs to an edge that is about to break, then
perturbations do not depend on the position of ti .

Note that (f) means that near the region where a prebreaking ti approaches the boundary of an edge, the
perturbation system is not allowed to depend on the position of the prebreaking ti .

B.2 From coherent perturbations to Floer cohomology

We say that a stabilizing perturbation system PI is regular if it is regular for all labeled types �P 2 I with
ind.�P /� 1. Suppose we have a regular coherent perturbation system. Then by (f) and Remark B.1.3,

MPI .X;L;D; h; �P /jMP 0<1=4.�P /
�Mun

PI
.X;L;D; �PnP 0/:

Furthermore, when these spaces are regularly cut out, this is a diffeomorphism onto its image. We say,
for prebreakings P1 and P2 and curves ui 2MPI .X;L;D; h; �Pi /jMP<1=4.�/, that u1 � u2 if they have
the same image in Mun

PI
.X;L;D; �/. Property (f) allows us to construct a moduli space of PI–perturbed

pseudoholomorphic disks which do not have boundary components arising from prebreakings moving to
the boundary of flow lines; see Section B.0.2(ii). In summary:
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Claim B.2.1 Suppose that PI is a regular coherent perturbation system. For a labeled type � , we can
define a moduli space

MPI .X;L;D; �/ WD
[

labelings P for �

MPI .X;L;D; h; �P /=�

which is a smooth manifold.

See Figure 11 in conjunction with Figure 10 for how MPI .X;L;D; �/ is assembled from charts consisting
of prebroken types.

B.2.1 Extending perturbation systems When proving the existence of a full perturbation system, it is
desirable to construct a regular coherent perturbation system for some small collection of types I, and
then extend this regular coherent perturbation system to a full perturbation system.

Definition B.2.2 Let I be a collection of types, and PI be a perturbation system. We say that PJ extends
PI if I � J and, for every �P 2 I,

PI.�P /D PJ .�P /:

We will assume that [10, Theorem 4.19] extends to prebroken treed disks.

Assumption B.2.3 (existence of pearly model for labeled types) LetL�X be a Lagrangian submanifold
and D � X be a weakly stabilizing divisor. Suppose we have already picked PI a regular coherent
perturbation system for a downward closed set of combinatorial types I. Then there exists a regular full
coherent perturbation system PT extending PI . Additionally, PT can be chosen so that whenever we have
Gromov compactness for choices of perturbations and pseudoholomorphic treed disks, and ind.�/� 1,
the moduli spaces of a regularly coherent and weakly stabilized perturbation system have appropriate
tubular neighborhoods providing a compactification. The orientations of these neighborhoods agree with
the boundary stratification (following [10, Theorem 4.19]):

(16) @MPT .X;L;D; �/D
[

�1ı�2D�

MPT .X;L;D; �
1/�MPT .X;L;D; �

2/:

Here �2 ı�1 is the concatenation of labeled trees where the outgoing label of �1 matches an incoming
label for �2.

The differences between [10, Theorem 4.19] and Assumption B.2.3 come from prebreakings. With regards
to coherence over the morphism of making an infinite edge finite (which has been modified), we note
that the new coherence condition (Definition B.1.5(e)) forces the perturbation to be independent of the
position of prebreaking in a neighborhood of where breaking occurs. As a consequence, the argument for
producing the boundary stratification is no different than in the domain (and label) independent setting.

B.2.2 From coherence to A1 relations Let PT be a full coherent regular perturbation system for
.X;L;D/. For ˇ 2 H2.X;L/, let MPT .X;L;D; �; ˇ/ be the set of pseudoholomorphic treed disks
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where the sum of the homology classes of the disk components is ˇ. For fixed x a set of labels, and
ˇ 2H2.X;L/, we denote by

MPT .X;L;D; x; ˇ/D
[

�with labels x

MPT .X;L;D; �; ˇ/=�

where these spaces are glued along their matching boundary components (corresponding to making an
edge length nonzero). Whenever these moduli spaces have expected dimension less than or equal to one,
we have a boundary stratification

(17) @MP.X;L;D; y; ˇ/D
[

x1ıkx2Dy

ˇ1Cˇ2Dˇ

MPT .X;L;D; x1; ˇ1/�MPI .X;L;D; x2; ˇ2/;

where x1 ık x2 D y is the concatenation of the outgoing label of x2 with the kth incoming label of x1.
The count of treed disks in these moduli spaces allows us to construct the pearly model of L.

Definition B.2.4 (following [10, Definition 4.28]) Suppose that L is a Lagrangian submanifold as in
Assumption B.2.3, and let PT be a full coherent regular perturbation system. The pearly Floer cohomology
of L is the A1 algebra CF�.L/ WDƒhCrit.h/i, whose A1 structure coefficients are given by [10, (4.34)]

hmk.x1; : : : ; xk/; x0i WD
X

ˇ2H2.X;L/

.�1/~.�.u/Š/�1T !.ˇ/ � #MP.X;L;D; x; ˇ/;

where x D fx0I x1; : : : ; xkg, # is the count of 0–dimensional components of the moduli space with
orientation, �.u/ denotes the number of interior marked points and ~D

Pk
iD1 i jxi j.

B.2.3 Remarks on relation to abstract perturbation techniques Given the large number of different
approaches to regularizing Floer theory, we provide some context for where this framework fits in with
respect to other constructions. Regularization techniques can be characterized by how “uniform” or
“dependent” they are. Generally, the uniform regularizations retain much of the underlying geometric
data of the symplectic manifold and almost complex structure chosen, and so they can be useful for
computations. However, this must be balanced against the additional flexibility that comes with using
dependent regularizations, which is necessary for achieving regularity in some settings and can be
advantageous for proving abstract properties of Floer cohomology. We give a list of different regularization
techniques below, ordered from “most uniform” to “most dependent”.

� Global perturbations of almost complex structures place us in the most geometric setting and therefore
provide us with the best tools for explicit computations of moduli spaces of pseudoholomorphic treed
disks. One can hope with the right choice of global perturbations that techniques like the open-mapping
principle still hold, and thereby use geometric principles to characterize the moduli spaces contributing
to the structure coefficients of the A1 structure. Problematically, global perturbations are not flexible
enough to give us regularization in examples we consider (in particular, the nonmonotone setting).
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� Domain-dependent perturbations give us all the flexibility we need to construct perturbations for
defining the pearly Floer cochains in the nonmonotone setting. However, it is difficult to explicitly
construct a domain-dependent perturbation.

� Domain and label-dependent perturbations (what we use here) give us slightly more flexibility. The
upshot is that one may be able to use geometric perturbations for particular labeled combinatorial types
contributing to particular structure constants in the Floer cohomology.

� Abstract perturbation techniques (from polyfolds and Kuranishi structures) give us the greatest flexibility.
The gain is that it is possible to be extremely precise about what kinds of perturbation you want to take.
However, the perturbations will generally not come from any kind of geometric source, making some
portions of the theory more difficult to work with.

It is a general expectation that one should be able to use a regularizing perturbation datum from one of
these “uniform” regularization techniques inside the framework of a “dependent” regularization technique.
For instance, one could construct a “domain-dependent” perturbation by just defining it everywhere to be
given by a global perturbation of almost complex structure.

The trick, which we now exploit, is to use uniform perturbations where you need to use geometric
properties for computations, then later use dependent perturbations to achieve regularity and coherence
more broadly.4 For our applications, domain and label-dependent perturbations prove to be flexible
enough that we can choose the perturbations we want where we want them.

B.3 Application of domain and label-dependent perturbations: explicit computation of
structure coefficients

We now give an application of using domain and label-dependent perturbations.

Consider the situation from Section 2.2.1. Recall that the hypothesis stated that there was a unique
J 0–regular holomorphic disk uex with one intersection with the stabilizing divisor. We assumed that uex

intersected all upward and downward flow spaces of critical points transversely. We also looked at two
Morse critical points x1 and x0 in degrees 1 and 2, respectively, without a flow line between them. From
this we concluded that treed disks with combinatorial type in

I�1�Ix0 WD f�P j ind.�P /� 0; input is empty or x1, output is x0, at most 1 interior marked pointg

are regularly cut for P0, the trivial perturbation determined by J 0 and h. We can additionally prove from
the hypothesis that there are no broken flow trees with output on x0 and one interior marked point.

Case 1 V.�/D 0 Let � be the labeled combinatorial type of treed disks with one vertex labeled with
the class of uex and root labeled with x0, as in Figure 12, top. As the disk u has the minimal number of
stabilizing interior marked points, the only kinds of broken configurations which may occur are those
where the semi-infinite edge breaks (as indicated by � 0 in the right-hand side of Figure 12, top). As the

4In polyfold theory, Katrin Wehrheim explained this once as the Obamacare principle, based on the idea that “if you like the
plan you have, you can keep it” [26].
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Figure 12: Possible breakings of flow trees between x1 and x0 with a single marked point.
Top: possible breakings of a pearly flow line between x0 and x1 which has a minimal energy disk.
Bottom: possible breakings of type with output on x0.

disk uex is transverse to all upwards and downward flow spaces and is regular, the configuration with
output on y is a regular configuration; this implies that y has degree 2. This means that the flow line
between x0 and y0 has expected dimension �1; since the function h is Morse–Smale, there are no such
flow lines. Therefore, there are no broken configurations of the type � 0.

Case 2 V.�/ D 1 In the case that we are looking at pearly trajectories between x0 and x1, the
combinatorial types of breaking which can occur (due to the minimal interior marked point conditions)
are listed in Figure 12, bottom. By the same reasoning as the case with one output, the first two types of
breaking (of combinatorial type) �1 and �2 cannot occur. Without additional conditions, the combinatorial
type �3 or �4 may occur (for instance, if there are nonregular Morse flow trees with inputs x1 and y and
output x0). As we assumed that there are no Morse flow lines from x1 to x0, there are no unperturbed
Morse flow trees that contain x1 as input and x0 as an output. Therefore the moduli space of unperturbed
pearly flow trees of type �3 or �4 is empty.

From this we conclude that P0I�1�Ix0
is regular for broken types in I�1�Ix0 as well.

Definition B.3.1 Let I be a collection of types, and P0I be a perturbation system defined for combinatorial
types in I. We say that PJ weakly agrees with P0I if, for every � 2 I\J with ind.�P /�0, the perturbation
data agree in a small neighborhood of the labeled combinatorial types contained in these moduli spaces.
That is, we require that

CP .MP0I
.X;L;D; h; �P //D CP .MPJ .X;L;D; h; �P //
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and there exists an open neighborhood U � Cp.MPI .X;L;D; h; �P // such that for all CP 2 U and
x 2 CP ,

PJ .�P /.CP ; x/D P0I .�P /.CP ; x/:

We say that PJ weakly extends P0I if they weakly agree and I � J .

Lemma B.3.2 Let P0I�1�Ix0
be the trivial perturbation on the set of combinatorial types from the above

discussion. There exists a full regular coherent perturbation system P which is a weak extension of P0I�1�Ix0
.

The remainder of the section will construct P . We describe the construction of the perturbation datum
in steps. Let I0yIz denote the combinatorial types of flow lines with no disks from y to z. For any
�P 2

S
y;z2Crit.h/ I0yIz , take P.�P / to be the trivial perturbation datum. The trivial perturbation is

coherent. Since h is Morse, P.�P / is regular. The choices made for P so far agree weakly with P0I�1�;x1
.

We now pick a perturbation datum P.�P / for �P 2
S
z2Crit.h/ I1z , the types of index 0 with one internal

marked point and one output.

Claim B.3.3 The perturbation datum P.�P / can be picked for prebroken combinatorial types �P 2 I1z
in such a way that it is regular , weakly agrees with P0I�1�;x1

on the combinatorial types � 2 I1x0 , and is
coherent with previously made choices over

S
y;z2Crit.h/ IyIz .

Proof The definition of the perturbation depends on the number of prebreaking points (ie critical values
of h) on the flow line between the boundary of the disk uex and critical point x0. We discuss the case
where there are 0 or 1 prebreaking points; the remaining cases are similar.

� Suppose that the single P0–pseudoholomorphic curve of type �P 2 I1x0 from Figure 12, top, has no
prebreaking. Then fI1x0g is downward closed, and we can choose a perturbation datum for this type freely.
Then choose perturbation data for the rest of

S
z I1z .

� Suppose that the single P0–pseudoholomorphic curve of type �P 2 I1x0 has a single prebreaking, and
let CP be the prebroken disk domain. We assume that this prebreaking has distance of at least 1

4
from

the disk (so that the coherence condition for forgetting prebreakings does not hold near this prebroken
combinatorial type). Choose P.� 0P 0/ for all � 0P 0 2

S
z2Crit.h/ I1z with no prebreakings. We can choose

this perturbation to be as close to P0 as desired. Having chosen these P.� 0P 0/, we now define P.�P /.
The moduli space M.�P / is a 1–dimensional ray that measures the distance of the prebroken label to the
marked point on the disk uex.

LetU �M.�P / be a small neighborhood ofCP . Choose P.�P /which interpolates between P0.�P / over
the neighborhood U and the previously chosen perturbations P� 0

P 0
as the distance of the prebreaking goes

to infinity. The moduli of P.�P /–curves with domain belonging to the complement of U is empty, since

– P.� 0P 0/ was chosen close to P0,

– the moduli spaces of P0–curves with domain in the complement of U is empty, and

– emptiness is preserved under small changes of perturbation datum.
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Figure 13: The three remaining tree types.

So P.�P / agrees with P0.�P / in a neighborhood of the domains which are represented by pseudoholo-
morphic treed disks, which is to say that P.�/ weakly agrees with P0.�P /.

The proof is similar for examples where there are several prebreakings on the domain CP representing
the single P0–pseudoholomorphic curve of type I1x0 .

We now handle the types of Morse flow trees. Denote by I0x;yIz the moduli space of Morse flow
trees with inputs x and y and output z. We pick the perturbation datum P for types in

S
x;y;z I0x;yIz .

The only coherence conditions we need to worry about are coherence conditions from Morse flow
lines; in particular, regular and coherent P can be chosen to weakly extend P0 on

S
y Ix1;yIx0 . Here,

obtaining a weak agreement is easy: any sufficiently small choice of perturbation P will do the trick, as
MP0.X;L;D; �/D∅ for � 2

S
y Ix1;yIx0 . The same argument holds for types � 2

S
y Iy;x1Ix0 .

We now extend P to I1x1Ix0 , the set of treed disks with input on x1, output on x0 and one interior marked
point. This contains three combinatorial types which have expected dimension 0, which are highlighted
in Figure 13. On the moduli spaces of types �2 and �3, we choose the perturbation datum which

� satisfies the coherence conditions for P as we go to broken configurations, and

� agrees with P0 as we go towards the ghost-bubbled configuration which forms a common boundary
with �1 (which is also forced by coherence).

We note that if we previously chose P to be sufficiently small, MP.X;L;D; �
i / will remain empty for

i 2 2; 3, as the emptiness of moduli spaces is an open condition in the space of perturbations. On �1, we
take P.�1/D P0.�1/.

We have now defined regular and coherent P on a downward closed set of types containing I�1�Ix0 . By
construction, P is a weak extension of P0I�1�Ix0

. By [9, Theorem 4.19], we can extend this to a regular and
coherent perturbation on all types.
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Appendix C Stabilizing divisors and pearly model for Lagrangian
cobordisms

In this appendix, we drop the requirement that !.�2.X// < 0. For simplicity of exposition, we assume
that X is compact, H1.L/ is torsion free and that Œ!� 2H 2.X;Z/.

C.1 Stabilizing divisors: background and summary

We use J� .X; !/ to denote the space of !–tame almost complex structures. A symplectic divisor is a
symplectic hypersurface D �X . If ŒD� is Poincaré dual to kŒ!�, we say that the degree of D is k. We
say that J is adapted to D if J.TD/D TD.

A weakly stabilizing divisor [10, Definition 3.8] for a Lagrangian L�X is a symplectic divisor D �X
disjoint from L and for which there exists a JD 2 J� .X; !/ adapted to D so that every JD–holomorphic
disk or sphere intersects D in at least one point.

A divisor is of sufficiently large degree for an almost complex structure JD and a Lagrangian L if, for all
JD–holomorphic spheres uS2 and disks uD2 with boundary on L,

PD.ŒD�/.ŒuS2 �/� 2c1.X/.ŒuS2 �/C dim.X/C 1 and PD.ŒD�/.ŒuD2 �/� 1:

Lemma [9, Lemma 3.9] Let L be a Lagrangian submanifold and J be an almost complex structure.
There exists a constant km such that , for every 0 < � < 1, there exists a k� > 0 such that for all k > k�
we can find a �–approximately J –holomorphic divisor D of degree kmk which is of sufficiently large
degree for L.

Note that the complex structure JD for which D is weakly stabilizing will likely not be the structure J
we start with. To use weakly stabilizing divisors for the purposes of constructing open Gromov–Witten
invariants, one needs the divisor to transversely intersect JD–holomorphic curves; additionally, one would
like an open set worth of JDs to use as domain-dependent perturbations.

Definition C.1.1 [10, Definition 4.24] For E > 0, an almost complex structure JD 2 J� .X/ is E–
stabilized by D if and only if whenever u W .†; @†/! .X;L/ is a nonconstant JD–holomorphic curve
(where † 2 fD2; S2g/ of energy less than E, we have:

� Nonconstant spheres There are no spheres u W†!X whose images are contained in D.

� Sufficient intersections Each sphere (resp. disk) has at least three (resp. one) intersection points
with the divisor D.

Lemma [10, Lemma 4.25] For � sufficiently small , suppose that D has sufficiently large degree for
every JD which is �–close to J . For each energy E > 0, the set of E–stabilized tame almost complex
structures which are D–adapted and �–close to J is open and dense (in the set of tame almost complex
structures which are D–adapted and �–close to J ).
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C.1.1 Comparison to previous work We adapt the following lemmas to the setting of Lagrangian
cobordisms:

� [9, Lemma 3.9] and [12, Lemma 8.11], which show that there exist weakly stabilizing divisors for
pseudoholomorphic disks and spheres, and

� [10, Lemma 4.25], itself an extension of [12, Proposition 8.14 and Corollary 8.20], which shows
that for a fixed energy bound we can find a dense set of stabilized almost complex structures.

Let K WLC L� be a Lagrangian cobordism. Denote by V �C the open set with compact closure such
that Kj��1C .CnV / contains only the ends of the Lagrangian cobordism.

Lemma C.1.2 (weakly stabilizing divisors for Lagrangian cobordisms) Let K W LC  L� be a
Lagrangian cobordism. Pick an almost complex structure JX � � for X �C. There exists a constant km
such that , for every 0< � < 1, there exists a k� >0 such that for all k >k� we can find a �–approximately
J –holomorphic divisor D of degree kmk which is of sufficiently large degree for K. Furthermore , this
divisor can be chosen so that Dj��1C .CnV / DDX � .C nV / for some divisor DX �X .

For this divisor, we can find JD which are weakly stabilized by D and belong to

J�;V .X �C; !C!C/ WD fJ 2 J� .X �C; !/ j 9Jz 2 J� .X; !/ with J D Jz � � outside ��1C .V /g;

the set of almost complex structures on X �C which are split and constant outside of a given compact
subset V . There exists a restriction map res W J�;V .X �C; !C!C/! J� .X; !/ given by restricting to a
fiber X � fzg with z … V .

Lemma C.1.3 (density of E–stabilized almost complex structures) Given K WLC L�, choose � and
D as above. Then for E > 0 there exists an open and dense subset of almost complex structures

J �V .X �C;D; J; �; E/� J�;V .X �C;D; J; �/

of almost complex structures which are E–stabilized by D.

C.2 Background: divisors in the complement of a Lagrangian

We first recall the construction of weakly stabilizing divisors for Lagrangian submanifolds L�X where
X is compact. Portions of this algorithm will come into play when we construct weakly stabilizing
divisors for Lagrangian cobordisms K �X �C.

The primary method (employed in [2; 14]) for constructing symplectic divisors is to present them as the
zero sets of some line bundle. For J 2 J� .X; !/, let EX!X be a Hermitian line bundle with connection
rE whose curvature is i!. The zero sets of transverse sections of EkX will be Poincaré dual to kŒ!�.
When we have a J –holomorphic section s WX !E which is transverse to the zero section, the zero set
s�1.0/ is a symplectic divisor. The condition of being J –holomorphic can be weakened substantially
while still preserving the symplecticity of the divisor. A common way to weaken this construction is
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to consider a sequence of sections sk W X ! Ek which are asymptotically holomorphic and uniformly
transverse to 0; then for sufficiently large k, the sections s�1

k
.0/ will give symplectic divisors of degree k.

Theorem 3 of [2] provides a tool for constructing asymptotically holomorphic sections.

Definition C.2.1 Let V �X be a subset. We say that sections sk WX !Ek fall off from V if there exist
constants C; � > 0 such that jsk.x/j< C exp.��d.y; V /2/, where d is the metric induced by ! and J .

A section is concentrated at V if there exists a constant c such that jsk.x/j > c for all x 2 V , and the
sections sk fall off from V .

Sections which are concentrated along a subset V can be perturbed to make them transverse to the zero
section without losing transversality over V . This is because if a section is concentrated at V , it is “highly
transverse” to the zero section (in the sense that it is very nonzero!). This idea can be extended to sections
which intersect the zero section.

Definition C.2.2 [14, Definition 17] We say that sections sk WX !Ek are �–transverse to zero over V
if, for all x 2 V , whenever jsk.x/j < � the covariant derivative rsk.x/ W TxX ! Ekx is surjective with
bound jrsk.x/j> k1=2�. The metric we use here is the metric induced by ! and J .

Sections sk W X ! Ek have a neighborhood of �–transversality over V 0 if sk is �–transverse over all
x with d.x; V 0/ < 4k�1=3. We say that a section is transversely extendible over U if U has compact
closure and sk has a neighborhood of �–transversality over @U .

Given U a set, let UD WD fx 2 U j d.x; @U / > 4k�1=3g.

From the definition, it is immediate that if sk W X ! Ek is concentrated at V then it is transversely
extendible over X D U nV . The notion of transversely extendible is based on the following theorem:

Theorem C.2.3 (adapted from [2, Theorem 3]) Fix �>0. Given sk WX!E asymptotically holomorphic
sections and any open subset U �X with compact closure , there exist asymptotically holomorphic sections
Qsk WX !Ek and Q� > 0 such that

� the sections are Q�–transverse over UD,

� jQsk � skj< � and jr Qsk �rskj< k1=2�, and

� sk.x/D Qsk.x/ on the complement of U .

An immediate corollary employed in [5] is that whenever X is compact and sk;V WX !Ek are asymp-
totically holomorphic sections concentrated on V , there exist �–transverse holomorphic sections which
are nonvanishing on V . A small modification allows us to replace “concentrated” with “transversely
extendible in the complement”.

Corollary C.2.4 Suppose that sk;out WX !Ek is asymptotically holomorphic , transverse to zero over
X nU and transversely extendible over U . Additionally assume that s�1

k;out.0/jXnU is a symplectic divisor
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over X nU for k� 0. There exists Q� > 0 and asymptotically holomorphic sections Qsk WX !C, agreeing
with sk overX nU and QQ� transverse to zero over U . In particular , Qs�1

k
.0/ is a symplectic divisor for k� 0.

Proof By definition of transverse extendibility, sk;out has a neighborhood of �–transversality along @.U /.
This implies that sk;out is �–transverse in U nUD.

Pick � small enough that � < 1
2
�. By Theorem C.2.3, we can construct sections Qsk with � specified which

are Q�–transverse over all points in UD � U . As sk;out is �–transverse in U nUD, jQsk � skj < � and
jr Qsk �rskj< k

1=2�, we obtain that Qsk is at least .���/–transverse over U nUD. Therefore the Qsk are
QQ�Dmin

�
Q�; 1
2
�
�
–transverse over U .

It follows that, for k � 0, Qs�1
k
.0/jU is a symplectic hypersurface. Since Qs�1.0/jXnU D s�1.0/jXnU

(which is symplectic for k � 0 by assumption), we obtain that, for k � 0, Qs�1.0/ is a symplectic
hypersurface.

We now return to the problem of finding D disjoint from L; this amounts to constructing asymptotically
J –holomorphic and �–transverse sections sk such that sk.x/¤ 0 for all x 2 L.

Lemma 3.9 of [10] observes that these sections must satisfy an additional requirement if we would like
Dk D s

�1
k
.0/ to be weakly stabilizing. Suppose that Dk is given as the zero set of sections sk WX !Ek ,

which are nonvanishing on L. The sections determine trivializations �k of Ek ! L; the connection
1–form written in this trivialization determines a class ˛�k 2H

1.L;R/. We can compute the intersection
number of Dk with a class of disk u W .D2; @D2/! .X;L/ by

(18) Œu� � ŒDk�D k

Z
D2
u�! �

Z
Œ@D2�

u�˛�k :

The only way we can hope for this to be positive is if the connection 1–forms ˛�k are bounded; we call
such a selection of trivializations bounded. Lemma 3.9 of [10] proves that for fixed L, boundedness of
˛�k is a sufficient condition for the divisors Dk to be of sufficiently large degree for large enough k.

The bounded curvature form requirement following (18) can be accommodated in the construction of [5],
which we now recall. The construction of sk;L starts by finding a constant CL and picking trivializations
�k W L!Ek with

j�k.x/j D 1 and jr�k.x/jg < CL:

These trivializations can additionally be chosen so that their connection 1–forms ˛�k are bounded.
Associated to p 2 L a point, [5] constructs asymptotically holomorphic and uniformly bounded sections

sk;p;L.x/ WD
�k.p/

jsk;p.p/j
sk;p.x/;

where sk;p.x/ is the asymptotically holomorphic section concentrated at a point p.
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Consider a finite set of points P.k/�K with the property that the radius 1=
p
k balls centered at x 2P.k/

cover K \��1C .V /, and the radius 1=.3
p
k/ balls around the x 2 P.k/ are disjoint from each other and

K\��1C .C nV /. By construction, the arguments of sk;p;L.x/ do not differ by much; see (19). Therefore

sk;L WD
X

p2P.k/

sk;p;L.x/

is an asymptotically holomorphic section concentrated along L. To obtain a section which is �–transverse
everywhere (giving us symplectic divisors), we apply Corollary C.2.4 to perturb by a small amount in the
complement of L.

C.3 Construction of weakly stabilizing divisors for Lagrangian cobordisms

We adapt the constructions above for Lagrangian cobordisms K �X �C. Again, we assume that X is
compact, H1.K/ is torsion free and that Œ!� 2H 2.X;Z/.

C.3.1 Toy case: cobordism with empty ends We start with a toy case: let K �X �C be a compact
Lagrangian submanifold, and suppose that X is compact. We construct a weakly stabilizing divisor for K.

Take V WD fz j jzj<Rg �C a compact subset such that the ends of K are disjoint from V . Additionally,
choose J D JX � � a split almost complex structure. We now sketch how to construct a symplectic divisor
in the complement of K. The approach is similar to the one before. Consider the bundle E D .EX�EC/,
with connection rEX �rEC whose curvature form is !X C!C . We take trivializations �k WK! Ek

which satisfy the connection 1–form bound following (18). By application of [5] we can construct an
�–transverse asymptotically J –holomorphic section sk;K WX �C!E which is concentrated along K.

We cannot from here immediately proceed using the construction of [5], as we need to perturb over
a noncompact set to achieve transversality. However, we can find a perturbation sk;out W X �C! Ek

which is transverse (but not �–transverse!) and asymptotically holomorphic outside of the region V .
Consider the section sk;R WC!EC modeled after the section which is asymptotically holomorphic and
concentrated on S1R from [5, page 746]; this can be explicitly written in coordinates as

sk;R.z/D �k exp
�
1
2
k.R� jzj/2

�
;

where �k WC!R is a bump function equal to 1 outside a small neighborhood of the origin. The sk;R.z/
define asymptotically holomorphic sections which are nonvanishing outside of jzj > R. Furthermore,
sk;R.z/ is concentrated along the boundary of S1R.

Now pick sk;X WX !E a section which is asymptotically holomorphic and �–transverse. This gives us
the section sk;out WD sk;X � sk;R WX �C!Ek . For .x; z/ 2X �C with jjzj �Rj< k�1=3, we have

jsk;outjC jr
E sk;outj D jsk;X j � jsk;RjC jr

EX sk;X j � jsk;RjC jsk;X j � jr
ECsk;Rj

> .jsk;X jC jr
EX sk;X j/jsk;Rj>

1
3
�:

So, sk;out is 1
3
�–transverse in a neighborhood of jzj DR.
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This means sk;outC sk;K is 1
3
� transverse in a neighborhood of the boundary of @.X n .K[��1C .C nV //,

which means that it is transversely extendible over the complement of K [��1C .C nV /. Since the zero
locus of sk;outCsk;K restricted to K[��1C .C nV / is symplectic for k� 0, by Corollary C.2.4 we obtain
a section Qsk WX �C!Ek whose zero sets s�1

k
.0/ are symplectic for k� 0 and agree with the zero set

of sk;outC sk;K over K [��1C .C nV /. That portion is

s�1k .0/j��1C .CnV / D s
�1
k;out.0/j��1C .CnV / D s

�1
k;X .0/� .C nV /:

C.3.2 Full case: construction of Donaldson divisors for Lagrangian cobordisms We first note that
there is a flat trivialization of �k;R WR!EkC for the Lagrangian R�C. Pick an almost complex structure
JX � � for X �C. As in the construction from [5], we take trivializations �k;K WK! Ek; we ask that
they satisfy the following additional properties:

� The sections satisfy the bounds from [5, Lemma 2].

� There exist choices of trivializations �˙
k
WL˙!EkX such that �k splits as �˙

k
� �R when restricted

to the ends of the cobordism, LC � ŒtC;1/ and L� � .�1; t��.

� Additionally, the trivializations �C and �� chosen above satisfy �C.x/D ��.x/ at each x 2LC\L�.

The last condition can be achieved with the argument of [10, Lemma 3.11(b)].

The divisor we construct will be the zero set of a transverse �–approximately holomorphic section
sk WX �C!Ek which is nonvanishing on K. The restriction skjK WK!Ek provides a trivialization
homotopic to the sections �k;K . Provided that these have bounded connection forms (following the
discussion of (18)), the resulting divisors we construct will become weakly stabilizing when k � 0;
see [9, Lemma 3.9].

Using the construction of [5] there exist constants C; � > 0 and asymptotically JX–holomorphic �–
transverse sections sk;X WX !Ek which have the property that sk;X .x/ > C for all x 2 LC[L�; the
section arises as a perturbation of a section concentrated on LC [L�. For any given � > 0, we can
choose the perturbation small enough that for large k and any x 2 LC[L� the argument of the section
sk;X is within � of the argument of �˙

k
[5, page 746], ie

(19) sup
x2L˙

ˇ̌̌̌
arg
�
sk;X .x/

�˙
k
.x/

�ˇ̌̌̌
< �:

Take � < 1
8
� in the above construction, and define the section sk;X�C;out WD sk;X � sk;R WX �C!Ek .

The section is asymptotically .JX��/–holomorphic, transverse to the zero section outside a noncompact
set and nonvanishing over the ends of the Lagrangian cobordism. Additionally, sk;X�C;out has the property
that, for sufficiently large k, the argument of this section approximates (up to �) the argument of �k;K
over X � .C nV /.
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It remains to modify this section so that it is nonvanishing over the entirety of K and add further
perturbations to obtain Q�–transversality over ��1C .V /. Consider locally concentrated perturbations whose
arguments are approximately determined by �k:

sk;p;K.x; z/ WD
�k.p/

jsk;p.p/j
sk;p.x; z/:

For each k, consider a subset of points P.k/�K whose radius 1=
p
k balls cover K \��1C .V / and are

distance at least 1=.3
p
k/ from each other. By [5], we have that

sk;K;int.x/ WD
1
6
�
X

p2P.k/

sk;p;K.x/

is concentrated at K n��1.U /. Furthermore, for any � and k sufficiently large,

sup
x2Kn��1C .V /

ˇ̌̌̌
arg
�
sk;K;int.x/

�k.x/

�ˇ̌̌̌
< �:

Therefore, for sufficiently large k, the sections sk;K;int.x/ and sk;X�C;out.x/ have arguments agreeing
up to error of 2� D 1

4
� over all x 2K \��1C .V /; therefore the sum jsk;K;intC sk;X�C;outj is at least 1

6
�

over K \��1.V /.

In summary, we have constructed a section sk WD sk;K;int C sk;X�C;out which is �–transverse over a
neighborhood of @.X�V nK/, and s�1

k
.0/ is a symplectic divisor over a neighborhood ofK[��1C .CnV /

for k � 0. From here we apply Corollary C.2.4 to construct asymptotically holomorphic sections
Qsk WX �C!Ek whose zero set is symplectic for k� 0; as in the toy case,

Qs�1k .0/jX�.CnV / D s
�1
k .0/jX�.CnV / D s

�1
k;X .0/� .C nV /:

It follows from [9, Lemma 3.9] and [12, Lemma 8.11] that for k sufficiently large, Qs�1
k
.0/ is a divisor of

sufficiently large degree for K. This completes the proof of Lemma C.1.2.

C.3.3 Weak stability We now show that for k sufficiently large, the Donaldson divisors D constructed
as the zero sets of Qsk W X �C! Ek described in Section C.3.2 are weakly stabilizing. The argument
follows [9, Section 4.5].

Given J 2 J�;V .X �C; ! C !C/, we use Section C.3.2 to construct D � X �C which splits in the
complement of ��1C .V /, is �–approximately holomorphic and has sufficiently large degree k. This
restricts to fibers X �fzg for z …K to give us divisors DX which are �–approximately holomorphic with
respect to the almost complex structure JX .

Denote by

J� .X;DX ; JX ; �/ WD fJX;DX 2 J� .X; !/ j kJX �JX;DXk< � and JX;DX .TDX /D TDXg;

J�;V .X �C;D; J; �/ WD fJD 2 J�;V .X �C; !C!C/ j kJ �JDk< � and JD.TD/D TDg;

the almost complex structures which are �–close and adapted to the divisor D. There is a restriction map
res WJ�;V .X�C;D; J; �/!J� .X;DX ; JX ; �/. The argument of [9, Lemma 3.9] carries over here, so for
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� > 0 there exists d0.�/ such that if D has degree d0.�/ then D is sufficiently large [9, Definition 4.24]
for all almost complex structures which are �–close to J .

Proof of Lemma C.1.3 As in [9, Lemma 4.9] and [10, Lemma 4.25], the proof is similar to that of
[12, Proposition 8.14]. The argument in [9, Lemma 4.9] first shows that J �V .X �C;D; J; �; E/ is open.

Consider a convergent sequence J i in the complement of J�;V .X � C;D; J; �; E/ where there are
J i–holomorphic spheres ui which are contained in D. Then at least one of the following two holds:

� There is an infinite subsequence of J i–holomorphic ui with Im.�C ıu
i /� V . Since the images of

these spheres are contained in a compact set, we may apply Gromov compactness to show that a limiting
subsequence converges to u with Im.u/ � D. Therefore, the limit of the J i is in the complement of
J �V .X �C;D; J; �; E/.

� There is an infinite subsequence of J i–holomorphic ui with Im.�C ıu
i /š V . By the open mapping

principle, the �C ı u
i are constant, and so we obtain a subsequence of J iX–holomorphic maps with

image �X ı ui in DX . The same Gromov compactness argument shows that the limit of the J iX is
in the complement of J �.X;DX ; JX ; �; E/. Therefore the limit of the J i is in the complement of
J �V .X �C;D; J; �; E/.

Next, we show that J �V .X�C;D; J; �; E/ is dense. This is done by showing that J �V .X�C;D; J; �; E/

contains J reg
V .X�C; J; �; E/, the set of almost complex structures such that all simple holomorphic curves

up to energy E are regular. The argument that these regularizing complex structures are E–stabilized is
identical to the proof given in [9, Lemma 4.9], which follows the ideas of [12, Proposition 8.11]. The
portion which differs between our setting and the one considered in [9] is proving that the regularizing
almost complex structures J reg

V .X �C; J; �; E/ are comeager in J�;V .X �C;D; J; �/.

The standard proof, which we use here, is to show that the universal Cauchy–Riemann operator

N@X�C
W B.K/�J�;V .X �C;D; J; �/! EX�C given by .u; J / 7! N@X�C

J .u/

is transverse to 0. Here B.K/ is the Banach manifold of disks with boundary on K, and EX�C is the
Banach bundle whose fiber at u 2 B is sections of �0;1.u�T .X �C//. Given a pair .u; J /, we break
into two cases: if Im.u/ is disjoint from ��1C .V /, or if u� ��1C .V /.

(i) Im.� ıu/\V D¿ The open mapping principle implies that N@X�C
J .u/D 0 only when �C.u/ is

constant. From this setting, we apply [10, Lemma 4.25] to show that N@X WB.L˙/�J� .X;DX ; JX ; �/!EX
is a submersion. It follows that the map N@X�C is a submersion as well.

(ii) Im.� ıu/\V ¤¿ We fall into the setting described by [12, Definition 5.5]. Then [12, Lemma 5.6]
states5 that the universal Cauchy–Riemann operator is transverse to 0 when restricted to variations of J
fixed over the complement of U D ��1.V / as long as the image of u is not contained within U .

5In [12] there is different notation: their set V is our set U .
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Thus, the universal Cauchy–Riemann operator is transverse to 0. By Sard–Smale the set of regular J ,
J reg
V .X �C; J; �; E/, is comeager.

C.4 Compactness

The above constructions allow us to define regular moduli spaces of P–pseudoholomorphic treed disks
with boundary on a Lagrangian cobordism K. Let X be a rational symplectic manifold, K �X �C a
Lagrangian cobordism andD�X�C chosen so that Lemma C.1.3 holds. We say a that perturbation datum
is stabilizing and cobordism admissible if it is chosen from the neighborhoods J �V .X �C;D; J; �; E/.
The perturbation system is called admissible if it is coherent, regular, stabilizing and cobordism admissible.
We now need the cobordism analogue of [9, Theorem 4.27].

Proposition C.4.1 Let PI be an admissible perturbation system. For any � of ind.�/� 1, the moduli
space MPI .X �C; K;D; �/ is compact , and its boundary components are given by Morse flow line
breaking in K.

Proof The only modification needed from [9, Theorem 4.27] is to address the use of Gromov compactness
in the setting of X �C. We give a brief recap of the argument used by [6]. Consider a domain-dependent
pseudoholomorphic map u W †! X . Since we choose domain-dependent almost complex structures
from J�;V .X �C; !C!C/, the map �C ıu is holomorphic for points whose image lies outside of V .
As a result, we may apply the maximum principle to show that holomorphic disks with boundary on a
Lagrangian cobordism K either

� have image contained in X �V , or

� live in a fiber of the projection so that �C.u/ is constant.

By choosing a Morse function whose gradient flow points outwards along the ends of the Lagrangian
cobordism, we can show that the image of a holomorphic treed disk is contained within X � V (see
Lemma C.5.3 for a full argument). We can therefore apply Gromov compactness.

By [10, Theorem 4.19] there exists an admissible perturbation datum.

Corollary C.4.2 Let X be a compact rational symplectic manifold. Let K W LC L� be a spin and
graded Lagrangian cobordism and h WK!R an admissible Morse function. There exists a comeager set
of perturbation data such that CF�.K; h;P/ defines a filtered A1 algebra.

C.5 Pearly model for Lagrangian cobordisms

The main result of this section is the matching of moduli spaces of pseudoholomorphic disks for LC

with those of K. Given a prebroken type �P for LC �X , denote by .iC� /�P the type for K �X whose
underlying tree has combinatorial type � and whose prebreakings and labels are determined by the
identification iC� Crit.hC/� Crit.h/. Denote by IC

C
WD iC� TLC the set of prebroken combinatorial types
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of .K; h/ whose labels come from the pushforward of labels on .L; hC/. Let IC denote the trees which
have an outgoing edge labeled by a critical point in iC� Crit.hC/� Crit.h/.

Theorem C.5.1 (compatibility of pearly model of cobordisms) Let K W L� LC be a Lagrangian
cobordism , and h WK!R be a compatible Morse function. There exist admissible perturbations systems
P for K and .iC/�P for LC such that , for any labeled combinatorial type �P 2 IC,

MP.X �C; K;D; �P /D

�
M.iC/�P.X;L

C;DX ; �
0
P / if IC

C
3 �P D i

C
� �
0
P ;

∅ if �P 2 IC n IC
C
:

Proof The admissibility of the pullback perturbation .iC/�P is proven in Corollary C.5.4. The charac-
terization of the moduli spaces is (20) and Claim C.5.5.

An algebraic corollary of this statement is the pearly model equivalent of Proposition 2.1.4:

Corollary C.5.2 Let K W LC L� be a Lagrangian cobordism. Then the projections

CF�.K; h/

CF�.L�; h�/ CF�.LC; hC/

ˇ� ˇC

are filtered A1 homomorphisms.

Proof The conditions on the moduli spaces imposed by Theorem C.5.1 show, whenever fxig is a sequence
of Floer cochains with at least one xi corresponding to a critical point in Crit.h/ n iC� Crit.hC/, that

mk.x1˝ � � �˝ xk/ 2ƒhCrit.h/ n iC� Crit.hC/i � CF�.K; h/:

This proves that ƒhCrit.h/ n iC� Crit.hC/i is an A1 ideal and that CF�.K; h/=hCrit.h/ n iC� Crit.hC/i is
an A1 homomorphism. Also, by Theorem C.5.1, the A1 product on CF�.K; h/=hCrit.h/n iC� Crit.hC/i
matches the A1 structure on CF�.LC; hC/.

The same argument holds on the negative end as well.

C.5.1 Proof of compatibility of moduli spaces

Lemma C.5.3 Let P be an admissible perturbation datum for K. Consider a combinatorial type � 2 IC
C

and u 2MP
I
C
C

.X �C; K;D; �/. We claim that �C.u/D t
C.

Proof Let 
e W .s�e ; s
C
e /!K be the Morse flow lines of u, and let uv W .D2v ; @D

2
v/! .X �C; K/ be the

P–regular holomorphic disks of u, where v and e denote vertices and edges of � , respectively. We make
two observations:
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� If �C ı 
.sC/D t
C, then �C ı 
.s

�
e /D t

C because grad hC points away from tC.

� As the composition uı�C WD
2!X �C!C is holomorphic outside of V , if there exists a point

z0 2D
2 such that �C ıuv.z0/D t

C, then �C ıuv.z/D t
C by the maximum principle.

At the root of the tree �C.
e0.s
C
e //D �C.x0/D t

C. Recursively working upwards through the tree from
the root and applying the observations shows that �C.u/D t

C.

From this, we can draw two conclusions:

Firstly, given �P for LC�X and admissible perturbation P.iC� �P / for the corresponding type on K, we
obtain a domain-dependent perturbation of almost complex structure .iC/�P.�P / by using the restriction
map res W J�;V .X �C;D; J; �/! J� .X;DX ; JX ; �/. Every P–pseudoholomorphic disk u of type iC� �P
lies completely inside X � ftCg, and (by compatibility of our two perturbation systems) gives rise to an
.iC/�P.�P /–pseudoholomorphic disk �X .u/ with boundary on LC �X . Therefore (as a set)

MP.X �C; K;D; iC� �P //�M.iC/�P.X;L;DX ; �P /:

Because the gradient flow of an admissible Morse function points outwards at tC, and P is regular and
split in a neighborhood of X � ftCg, we have that �X .u/ is a regular disk for .iC/�P .

Similarly, the lift of any u 2M.iC/�P.X;L;DX ; �P / to u� ftCg is a solution for the P–perturbed N@
equation. This shows that

(20) MP.X �C; K;D; iC� �P /DM.iC/�P.X;L;DX ; �P /:

Since P is regular, u�ftCg is a regularly cut out treed disk, so �X .u�ftCg/D u is regular. We conclude
that .iC/�P is a regular perturbation system.

Corollary C.5.4 Let PTK be an admissible perturbation system for K. Then .iC/�PTL is an admissible
perturbation system for LC.

Secondly, let IC n IC
C

denote the set of labeled trees with outgoing label in iC� Crit.hC/, but at least one
incoming label in Crit.h/ n iC� Crit.hC/.

Claim C.5.5 If �P 2 IC n IC
C

, then M.X �C; K;D; h; �P /D∅.

Proof For all �P 2 IC n IC
C

, �P has an input label which does not belong to iC� Crit.hC/. Suppose
for contradiction that we have a pseudoholomorphic treed disk u of type �P . Since the output label of
�P does still belong to iC� Crit.hC/, we may apply Lemma C.5.3 and conclude that �C.u/ D tC.
However, this implies that all the labels of �P belong to iC� Crit.hC/, a contradiction. Therefore
MP.K;X �C;D; �P /D∅.
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