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On the structure of the top homology group of the Johnson kernel

IGOR A SPIRIDONOV

The Johnson kernel is the subgroup K, of the mapping class group Mod(X,) of a genus-g oriented
closed surface X, generated by all Dehn twists about separating curves. We study the structure of the
top homology group Hy,_3(Kg, Z). For any collection of 2g — 3 disjoint separating curves on X, one
can construct the corresponding abelian cycle in the group H,¢_3(Kg, Z); such abelian cycles will be
called simple. We describe the structure of a Z[Mod(X2,)/Kg]-module on the subgroup of H g3 (K, Z)
generated by all simple abelian cycles and find all relations between them.

20F34; 20F36, 20J05, 57M07

1 Introduction

Let ¢ be a compact oriented genus-g surface. Let Mod(X,) = mg (Homeo™ (T ¢)) be the mapping class
group of Xg, where Homeo™ (X ¢) is the group of orientation-preserving homeomorphisms of Xg. The
group Mod(X¢) acts on H = H;(Xg, 7). This action preserves the algebraic intersection form, so we
have the representation Mod(2¢) — Sp(2g, Z), which is well known to be surjective. The kernel Z, of
this representation is known as the Torelli group. This can be written as the short exact sequence

(1) 1 - Iy, - Mod(Xg) — Sp(2g,Z) — 1.

The Johnson kernel KCg is the subgroup of 7, generated by all Dehn twists about separating curves.
Johnson [15] proved that the group K¢ can also be defined as the kernel of the surjective Johnson
homomorphism t: Ly — NH /H, where the inclusion H — N H is givenby x > x AQ and Q € N H
is the inverse tensor of the algebraic intersection form. Therefore we have the short exact sequence

2) 1> Ky >T, - NH/H—1.

Denote by G, the quotient group Mod(Xg)//K¢. The exact sequences (1) and (2) imply that G, can be
presented as the extension

1 — /\3H/H—>gg — Sp(2g,Z) — 1
of the symplectic group by the free abelian group N H /H . The group H«(Kg, Z) has the natural structure
of a Gg—module.

In the case g = 1 the representation Mod(X;) — Sp(2, Z) = SL(2, Z) is an isomorphism, so the group
7, is trivial. Mess [16] proved that the group 7, = K, is free with a countable number of generators.
Therefore below we assume that g > 3 unless explicitly stated otherwise.
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A natural problem is to study the homology of the group K¢ for g > 3. The rational homology group
H;(Kg, Q) was shown to be finitely generated for g > 4 by Dimca and Papadima [7]. This group was
computed explicitly for g > 6 by Morita, Sakasai and Suzuki [17] using the description due to Dimca,
Hain and Papadima [6]. Recently Ershov and Sue He [8] proved that K is finitely generated in the case
g > 12. This result was extended to any genus g > 4 by Church, Ershov and Putman [5]. This implies
that the group H;(Kg, Z) is finitely generated, provided that g > 4. It is still unknown whether /C3 and
H{(K3,7Z) are finitely generated.

Bestvina, Bux and Margalit [2] computed the cohomological dimension of the Johnson kernel cd(Cg) =
2g — 3. Gaifullin [11] proved that the top homology group H,g_3(Kg, Z) contains a free Z[ N H /H ]—
module of infinite rank. In particular, Hy¢_3(Kg, Z) is not finitely generated.

Recall that for n pairwise commuting elements /1, ..., /i, of the group G, one can construct the abelian
cycle A(hy, ..., hy) € Hy(G,Z) defined as follows. Consider the homomorphism ¢: Z" — G that maps
the generator of the i factor to /;. Then A(hy., ..., hn) = ¢« (iin), Where 1, is the standard generator
of H,(Z", 7).

By a curve we always mean an essential simple closed curve on X,. By an (oriented) multicurve we
mean a finite union of pairwise disjoint and nonisotopic (oriented) curves on Xg. An ordered multicurve
is a multicurve with a fixed order on its components. Usually we will not distinguish between a curve or
a multicurve and its isotopy class. We denote by T, the left Dehn twist about a curve y.

Definition 1.1 An S—multicurve is an ordered multicurve consisting of 2g — 3 separating components.

For example, the multicurve ; U---Udg Uey U---U€g_» in Figure 1 is an S—multicurve. To an
S—multicurve M = y; U --- U yy,_3 we assign the abelian cycle A(M) = A(Ty,,...,Ty,,_3) €
Hyg_3(Kg,Z). If an S—multicurve M’ is obtained from M by a permutation 5 of its components,
then A(M') = (sign)A(M). An easy computation of the Euler characteristic implies that any S—
multicurve separates X into g one-punctured tori and g — 3 three-punctured spheres. Throughout the
paper we assume that the components of any S—multicurve are ordered so that the curves with numbers
1,..., g bound one-punctured tori from X.

Abelian cycles of the form A(M) € H,g_3(Kg,Z) for some S—multicurve M will be called simple
abelian cycles. Denote by Ag € Hye_3(Kg, Z) the subgroup generated by all simple abelian cycles. The
author does not know the answer to the following question, which is an interesting problem itself:

Question 1.2 Is the inclusion Ag € Hy4_3(Kg, Z) strict for some g > 37

The natural problem is to study the structure of the group Ag. Let us identify X, with the surface shown
in Figure 1 and fix the multicurve A =§; U---Udg Uey U---Ueg_p on Xg. Denote by Py C A, the
subgroup generated by all simple abelian cycles A(M), where M =§; U---UdgUey U---U e;,_z for

s / /
some separating curves €500 e 6g—2‘
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Figure 1: The surface X.

By an unordered symplectic splitting we mean an orthogonal (with respect to the intersection form)
decomposition of H into a direct sum of g subgroups of rank 2. Write N = 6; U--- U g, and for
each i let X; be the one-punctured torus bounded by ;. Set V; = H{(X;,Z) C H. Consider the
corresponding unordered symplectic splitting H = @, V;. The group Sp(2g. Z) acts on the set of all
unordered symplectic splittings. Denote by Hg = SL(2, Z)*€ xS, the stabilizer of the unordered splitting
V={Vi,...,Vu}in Sp(2g, Z), where Sg is the symmetric group.

The group Stabyoa(z,) (V) preserves the splitting V; therefore the image of the natural homomorphism
Stabyoa(s,) (V) — Sp(2g, Z) coincides with Hg. Consider the corresponding mapping

n: StabMOd(Eg)(N) —> Hg.
We check in Proposition 2.1 that ker(n) € Kg, so we have the commutative diagram

1 Kg Mod(Ey) Ge 1

T

Sp(2g.7Z)

"

3)

J
an

1 —— Staby, (N) —— Stabyteq(s,) (V)

Algebraic & Geometric Topology, Volume 24 (2024)
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2 3 g—2 g—1

l® L 24

Figure 2: The dual tree 7o = 7 (A) to the S—multicurve A.

Therefore we have the maps Hg — Gg. Since the inclusion Hg < Sp(2g, Z) passes through G, we have
the inclusion Hg <> G,. The second row of (3) implies that the group Hg = SL(2, Z)*8 xS, acts on Pg.
The action of SL(2, Z)*# is trivial, and therefore Py is an Sg—module. The first part of the main result is
as follows:

Theorem 1.3 There is an isomorphism of Gg—modules

~ Tnd%
Ag = IndSL(Z,Z)XgXSg Pg.
In order to describe the Sg—module Pg, we need to introduce some notation. Denote by T, the set of
trees 7 such that

(D 7T has g leaves (vertices of degree 1) marked by 1,..., g, and

(IT) degrees of all other vertices of 7 equal 3.

We consider such trees up to an isomorphism preserving marking of the leaves. One can prove that
|Tg|=1-3-5-----(2g —5). For example, T3 consists of a single element.

For each S—multicurve M we consider the dual tree T (M), ie the graph that has a vertex for each
connected component of X, \ M and where two vertices are adjacent if and only if the corresponding
connected components are adjacent to each other. Since each component of M is separating, it follows
that 7 (M) is a tree. The tree T (M) has g leaves corresponding to one-punctured tori; degrees of all
other vertices equal 3. By definition components of M are ordered, so we also have an order on the set of
curves that bound one-punctured tori on X . Each leaf of 7 (M) corresponds to a component of M with a
number from 1 to g. Therefore the leaves of 7 (M) are numbered from 1 to g. Hence 7 (M) is an element
of Tg. For example, the dual tree 7o = 7 (A) for the multicurve A in Figure 1 is shown in Figure 2.

Recall that we have the fixed curves §;,...,8¢ on X4 as in Figure 1. For each 7 € T, we can find a
multicurve &, U---U&g_, disjoint from 6y, ..., dg and consisting of separating components such that 7°
is the dual tree to the multicurve Ay =§; U---Udg Uy U---UEg_». Such a multicurve £, U---U&,_»
is not unique, but we will prove that all such multicurves §; U---Udg U&, U---U&g_» belong to the
same Cg—orbit; see Proposition 2.4. Therefore the simple abelian cycle A7 = A(A7) € Hyg3(Kg, Z)
is defined uniquely up to a sign. The sign of A7 depends on the ordering of the curves &;,...,&g_».

Algebraic & Geometric Topology, Volume 24 (2024)
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N ’ N ’ N ’ N s N ’ N ’

Figure 3: A cyclic triple of trees.

Lethy=1,hy,hs3,...€Sp(2g,Z) be representatives of all left cosets Sp(2g,7Z)/Hg and let hy.hy, i;3, ...€
Mod(Z¢) be mapping classes that go to /iy, /3, hs3,... under the natural surjective homomorphism
Mod(Xg) — Sp(2g,Z). Gaifullin [11, Theorem 1.3] proved that the abelian cycles

fls-.Aﬁ) for s =1,2,3,...

form a basis of a free Z[/\3 H/H ]—submodule of Hyg_3(Kg,Z). In particular, these simple abelian
cycles are nonzero and generate a free abelian group.

Definition 1.4 A triple of trees {77, 72, T3} € Ty is called cyclic if they differ only as shown in Figure 3
(upper and lower vertices in Figure 3 can be either leaves or not).

Theorem 1.5 The abelian group Pg has a presentation where the generators are { A1 | T € Tg} and the
relations are

4 {Ar, + Ap + A = 0| {71, T2, T3} is a cyclic triple}.

Remark 1.6 Recall that the signs of the simple abelian cycles A7 depend on the order of the components
of the corresponding S—multicurve. If {77, 7>, T3} is a cyclic triple, then the corresponding S—multicurves
A7, A7, and A7, differ by only one component. In (4) we mean that the components of these three
S—multicurves are ordered so that the orderings coincide at 2g — 4 positions.

Remark 1.7 The “hard part” of Theorem 1.5 is the fact that any relation between simple abelian cycles
follows from (4). However, the existence of such relations is not hard. For example, one can deduce (4)
from the Lantern relation; see Farb and Margalit [9, Proposition 5.1]. Our proof is based on Arnold’s
relations in the cohomology of the pure braid group.

Also, we find an explicit basis of Pg. For each tree 7 € T we say that the leaf with number g is the root,
so 7T is a rooted tree. In this case, for each vertex the set of its descendant leaves is well defined.

Definition 1.8 Let 7 € T,. A vertex of 7 of degree 3 is called balanced if the paths from it to the two
descendant leaves with the two smallest numbers have no common edges. The tree T is called balanced
if all its vertices of degree 3 are balanced. The set of all balanced trees is denoted by T gb CT,.

Algebraic & Geometric Topology, Volume 24 (2024)
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3 5 6

Figure 4: An example of a balanced tree in the case g = 7.

An example of a balanced tree for g = 7 is shown in Figure 4.
Theorem 1.9 The simple abelian cycles {A+ | T €T éf’ } form a basis of Pg, and 1k Pg = |T, gb |=(g—2).
Theorems 1.3, 1.5 and 1.9 provide a complete description of the group Ag.

Acknowledgments The author would like to thank his advisor Alexander A Gaifullin for stating the
problem, useful discussions, and constant attention to this work. The author is a winner of the all-Russian
mathematical August Mobius contest of graduate and undergraduate student papers and thanks the jury
for the high praise of his work.

The author was partially supported by the HSE University Basic Research Program and by the Simons
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2 Preliminaries and sketch of proof

2.1 Mapping class group of a surface with punctures and boundary components

Let ¥ be an oriented surface, possibly with punctures and boundary components. We do not assume
that X is connected. However, we require Hy (X, Q) be a finite-dimensional vector space. The mapping
class group of ¥ is defined as Mod(X) = mo(Homeo™ (X, X)), where Homeo™ (X, 9%) is the group of
orientation-preserving homeomorphisms of X that restrict to the identity on 0X. By PMod(X) € Mod(X)
we denote the pure mapping class group of 3, ie the subgroup consisting of those elements fixing each of
the punctures and each of the connected components. We have the exact sequence

(5) 1 = PMod(=? ) > Mod(25 ) — Sy — 1,

where Eg’n denotes the connected genus-g surface with n punctures and b boundary components. For
example, the pure mapping class group of the disk with # punctures is precisely the pure braid group
PB, = PMod(Z; ).

Algebraic & Geometric Topology, Volume 24 (2024)
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2.2 The Birman-Lubotzky—McCarthy exact sequence

Let M be a multicurve on Xg. Then, denoting by G(M ) the group generated by Dehn twists about the
components of M, we have the Birman-Lubotzky—McCarthy exact sequence (see [3, Lemma 2.1])

(6) 1 - G(M) — Stabyog(z,) (M) — Mod(Zg \ M) — 1.

Take N = 6; U---Udg as in Figure 1 and consider the group Stabyjoq(z,) (V). We have g \ N =
Yo,g U Xy U---UXg, where X; is the one-punctured torus bounded by 6;. Since Mod(X;) = SL(2, Z),
(5) and (6) imply the existence of the following commutative diagram:

kerr] *************** » PMOd(EO,g)
¢
|
J
(7) I —— G(N) — Stabyjoq(s,) (N) — SL(2, Z)*€ xMod(Zg,g) — 1

\ l
SL(2.7Z)*% x S,

This yields the exact sequence

8 1 - G(N) — kern — PMod(Zo¢) — 1.

Proposition 2.1 The following sequence is exact:
9) 1 = Staby, (N) = Stabyjoa(s,) (V) > SL(2,Z)* 1 Sg — 1.
Proof First let us show that Staby, (V) C kern. Indeed, any element ¢ € Staby, (V) stabilizes each

component of NV, so it also stabilizes each Xj. Since Ky is contained in the Torelli group, it follows that
the restriction of ¢ to Mod(X;) = SL(2,7Z) C Sp(2g, Z) is trivial for all i.

Let us prove the opposite inclusion. The groups G(M) and PMod(Zg ,) are generated by Dehn twists
about separating curves. The exact sequence (8) implies that the same is true for ker 5, and therefore
kern C Kg. Hence kern C Staby, (V). |

Lemma 2.2 There is an isomorphism
(10) Staby, (N) = Z8 ! x PB,_; .
Proof We need the following fact:

Fact 2.3 [9, Section 9.3] The center of the group PB,_ is the infinite cyclic group, which is generated
by the Dehn twist about the boundary curve. Moreover, we have the split exact sequence

1 - Z 25 PB,_; — PMod(Zg4) — 1.
where j; is the inclusion of the center of PBg_.

Algebraic & Geometric Topology, Volume 24 (2024)
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Figure 5

Consider the obvious map

JiZ8 =78 ' X7 — 787 x PB,_y,
where the restriction of j on the first factor is the identity isomorphism and the restriction of j on the
second factor is j;. Fact 2.3 along with the exactness of (8) implies that in order to finish the proof

of Lemma 2.2 we need to construct the map v : Z€~! x PB g—1 — Stabg, (V) such that the following
diagram commutes:

1 VA3 Z8 ' xPBg_; — PMod(Zg ¢) — 1
|
| » |
3
1 G(N) Staby, (N) —— PMod(Zg,g) — |

We define ¥ as follows. The generator of the i™ factor of Z8~! maps to Ts,. In order to define the
restriction of ¥ on the factor PBg_1, let us identify X, with the surface shown in Figure 5. We have the

disk bounded by §; with g — 1 handles bounded by §;,...,8,_;. We can replace all these handles by

1
0,g—1

the mapping classes in PMod(Z (1) g—l) to the handles so that the handles do not rotate.

punctures and identify the group PB,_; with the corresponding group PMod (X ). Then we extend

Since the pure braid group is generated by Dehn twists about separating curves it follows that the image
of ¥ is contained in Kg. The 5-lemma completes the proof of Lemma 2.2. a

2.3 Simple abelian cycles

Recall that for an S—multicurve M = y; U---U y»,_3 on X, there is the corresponding simple abelian
cycle AMM) = A(Ty,, ..., Ty,,_3) € Hyg_3(Kg,Z). We have already constructed the simple abelian
cycles A7 = A(Ar) for T € Tg.

Proposition 2.4 Let Ax =8, U---USgUE U U pand Al =8 U---USg UE] U---Uéig_z be
two S—multicurves with the same dual tree 7. Then A7 and A’- belong to the same Kg—orbit (up to a
permutation of the components). In particular, the simple abelian cycles { A1 | T € Tq} are well defined.

Algebraic & Geometric Topology, Volume 24 (2024)
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Proof Since A7 and A’ have the same dual tree, there is an element ¢ € Mod(Xg) such that after a
permutation of &, ...,&,_» we have ¢(&) = £ and ¢(6;) = §; forall i and j. Also, we can assume
that ¢|x; =id for all 1 < j < g. Then ¢ € kern (see the exact sequence (9)), so ¢ € Kg. Therefore
all such S—multicurves A belong to the same Kg—orbit, so the simple abelian cycle A7 = A(Ar) €
Hye 3(K(Zg, Z)) is defined uniquely up to a sign. a

Proposition 2.5 The simple abelian cycles { A1 | T € Tq} generate Ag as a Z[Gg|-module.

Proof Consider an S—multicurve M’ = y; U---U y5,_3. We can assume that the curves yy, ..., yg
bound one-punctured tori on Xg. There is an element ¢ € Mod(X) such that ¢(y;) = 6; for all j. Then
¢ AM') = £ Arpry, 0 AM') = £¢~1 - Ar(prr). This implies the proposition. O

2.4 Sketches of the proofs of Theorems 1.3, 1.5 and 1.9

By Lemma 2.2 we can consider the simple abelian cycles {A7 | T € Tg} as elements of the group
H,g3(Stab, (N),Z) = Hyg—3 (281 x PBg_1). The following proposition will be proved in Section 3.
Its proof is based on Arnold’s relations in the cohomology of the pure braid group.

Proposition 2.6 The abelian group Hy,_3(PBy_1 XZ8 —1.7) is generated by the elements A7, where
T € T,. All relations among this generators follows from the relations

A +An + A =0
for each cyclic triple {Ty, T2, T3 }.

The next result will be proved in Sections 4 and 5. The proof is based on the spectral sequence for the
action of KCg on the contractible complex of cycles, introduced by Bestvina, Bux and Margalit in [2], and
certain new complexes which will be constructed below.

Proposition 2.7 Let f; = 1, f2, f3,... € Gg be representatives of all left cosets Gg/Hg and let
J1. f2. f3.... € Mod(Xg) be their lifts in Mod(Xg). Then the inclusions
is:StabK;g(fs-N)f—HCg for s e N

induce an injective homomorphism

(1) P Hag_s(Staby, (fs - N).Z) = Hag_3(Kg. Z).
sEN

Proof of Theorem 1.5 By Proposition 2.7, the map
i1: Hyg—3(Stabi, (N),Z) <> Hyg—3(Kg,Z)

is injective. Since Pg = i1 (Hyg—3(Stabk, (N), Z)), Proposition 2.6 implies the required result. a

Proof of Theorem 1.3 By Propositions 2.7 and 2.5, (11) induces an isomorphism

P Hag-s(Staby, (fs - N).Z) = A,
seN

Algebraic & Geometric Topology, Volume 24 (2024)
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SO

Ag =P fs-Ps.

seN

Therefore, by the definition of an induced module, we have

Ag = Py ®1y, L[Gg] = Indj Py. O

Theorem 1.9 will be deduced from Proposition 2.6 in Section 3.

3 Proof of Proposition 2.6

3.1 Cohomology of the pure braid group

In order to prove Proposition 2.6 we conveniently consider the pure braid group on g — 1 strands
q1,-..,qg—1. Letus recall Arnold’s results on the structure of the ring H*(PBy_;, Z). The group PB,_,
has a standard set of generators a; ; for 1 <i < j < g — 1. These elements are the Dehn twists about
curves enclosing the i and j™ strands (see Figure 6). Denote by hi,j € H{(PBg_1, Z) the corresponding
homology classes. We denote by {w;,;} the dual basis of H'(PB ¢—1-2Z). These cohomology classes can
be interpreted as the homomorphisms

(12) w;i,j:PBg_1 —PBy =7
given by forgetting all strands besides ¢; and ¢;. It is convenient to put w;j ; = wj,;.
Theorem 3.1 [I, Theorem 1] The ring H*(PBy_,Z) is the exterior graded algebra with (57")
generators w;,; of degree 1, satisfying (g ;1) relations
Wi 1 Wl,m + Wi m Wk + W kW1 =0
foralll <k <l <m<n.
Corollary 3.2 [1, Corollary 3] The products
(13) Wiyl Whols *** Wy, where k; <l andl; <--- <,

form an additive basis of H*(PBg_1,7Z).

Figure 6: The element a; ; is the Dehn twist about the shown curve.
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Corollary 3.2 implies that the products
(14) Wk 2Why,3 " Why_p,g—1 where k; <i

form an additive basis of H¢~2(PB g—1,Z). We denote the cohomology class (14) by Wy = Wy, k. ,,
where k = (ky,...,kg_>). We denote by K the set of all sequences k = (ky,...,kg_>) satisfying

1<k <i.

3.2 Abelian cyclesin H,_>(PB,_;,7Z)

Corollary 3.2 implies that cd(PB,, Z) > n — 1. In fact cd(PB,) = n — 1. Indeed, let M,, be the ordered
configuration space of n points on the disk. This space is aspherical, and M, ~ K(PB,, 1). We have
the fiber bundle M, — M,_,, where the fiber is homotopy equivalent to the wedge of n — 1 circles.
Hence, by induction, we obtain that M,, is homotopy equivalent to an (7—1)—dimensional CW—complex.
Therefore cd(PB,,7Z) <n—1.

So the isomorphism (10) implies
(15) Hag_3(Stabx, (N),Z) = Hyg 3(Z8 ' xPBg_1,Z) = Hy_»(PBg_1, Z).

Let us recall the construction of the isomorphism Staby,(N) = Z¢ -1 x PB,_;. We consider the
surface 2(1)’ g—1° given by replacing the boundary components corresponding to the curves dy,...,8,_1 on

Xo,g C Xg by the punctures g1, ..., gg—1. Hence we obtain the pure braid group PBg_; = PMod(E(l) g—l)‘

The i factor in Z&~! is generated by Ts,.
Consider a simple abelian cycle

Ar=ATs,, ... Ts,, Ty, ., Tg,_,) € Hag—3(Staby, (N), Z)
for some 7" € Tg. Isomorphism (15) sends A7 to the abelian cycle

A(T(sg, TEZ’ ey TEg—z) € Hg_z(PBg_l,Z),
Let us set §; = 6 and

Ar = A(Tg, Tty ... Ti, ) = A(Ts,. Tty .. Ts, ,) € Hg—2(PBg_1.Z).

Any simple closed curve on 2(1)’ a—1 divides it into two parts. We say that a puncture ¢ is enclosed by a

1
0,g—1

k € Kg, define the matrix Xy 7 € Mat(g_2)x(g—2)(Z) by

curve y on X if ¢ is contained in the part which does not contain the boundary component. For

1 if the punctures gy, and g; 4 are enclosed by &;,

16 Xi )i =
(16) Xk {0 otherwise.

Lemma 3.3 Let k € K, and T € Tg. Then (Wi, A7) = (—1)(*27) det(X 7).

Algebraic & Geometric Topology, Volume 24 (2024)
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Proof Consider a free abelian group Z8~2 = (cy, ..., cg—2) and the homomorphism f: Z8~2 — PBy_;
given by ¢; = Tg,. Denote by g5 the standard generator of the group Hy_ > (Z# —2,7). We have

(Wi, A7) = (Wi, fu(tig—2)) = (f* Wi prg—2) = ((f*wi, 2) -+ (f *Wky_p 0—1)- g—2)
= (D) det(( S Hwp i1 DE 2, = (D) det((wg i e )E 2,
= (D)2 det((wiy 1. T, DE 72, = (D2 det(Xy ).
The last equality comes from the following corollary of (12):

1 if the punctures g and g; are enclosed by &;,
0 otherwise. |

(Wi, Tg; ) = {

Let us denote by {Dy € Hg_>(PBg_1,Z) | k € K} the dual basis to {Wj | k € Kg}.
Corollary 3.4 Let T € Tg. Then A7 = Yy e, (—1)(2) det(Xp 1) Dy

3.3 Balanced trees

Recall that we consider the elements of T, as marked trees such that the leaf with number g is the
root. Also, we have already defined the subset T, ber ¢ of balanced trees. Take any k € Kg. Our
goal is to construct a balanced tree 7 € Tg such that .A7;€ = (— 1)( 2 )Dk and the map k +— T is a
bijection between the sets K¢ and T b First let us construct the map k > 7T (then we will check that
AT =(— 1)( 2 )Dk, see Theorem 3. 6)

Construction 3.5 We constructcurves &y, ..., &g such that fln =ATg, . Tg,, ... T Eg_z) by induction
on g. The case g = 3 is trivial since |T 3b | = |T3] = |K3] = 1. Let us prove the induction step from
g—1to g. Consider any k = (ky,...,kg_2) € Kg with g > 3. Let £,_, be a curve enclosing exactly
two points gk, , and gg—1. Let us remove the curve £, with its interior and denote the corresponding
puncture by q;cgiz. Also take g; = ¢g; fori < g—2andi # kg_,. We obtain a disk with g — 2 punctures

qi.--- ,qig_z and k" = (ky,...,kg—3) € Kg_y. The induction hypothesis implies that there is a balanced
tree Ty € T ;_1 corresponding to k" given by some curves £;,...,£g_3. Now consider the curves
€1,....6¢—3,&¢—> and denote the dual tree by T; € Tg. It remains to show that 7 is balanced. Indeed,

since the vertex gg—1 has the greatest number, all common vertices of 7y, and Ty are balanced. Also, this
property holds for the vertex of 7 corresponding to the curve £,_5, because it has only two descendant
leaves. This implies the induction step.

Since for different k, k’ € K the corresponding trees T and T} are also different, it follows that the map
k +— Ty given by Construction 3.5 is injective. Moreover, direct computation shows that |Kg| = (g —2)!.
Therefore in order to prove that this map is a surjection to T2, it suffices to show that |T ;| =(g—-2)
We use induction on g; the base case g = 3 is trivial. Consider a balanced tree 7 € T, gb with g > 4. Let
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q1,...,q4g—1 beits leaves (besides the root). Let p be the vertex adjacent to ¢go—1. Since 7 is balanced,
another descendant vertex of p is a leaf ¢; for some 1 <i < g — 2. Let us remove the vertices ¢g; and
gg—1 (with the incident edges) and set ¢; = p; denote the obtained tree by 7. Then 7' € T gb—l' Since
|Tgb_1| = (g — 3)! and there are g — 2 ways to choose i, we have |Tgb| = (g — 2)!. This implies the

induction step.
Theorem 3.6 Suppose that k € Kg. Then A\Tk = (—1)(g52) Dy,.

Proof By Corollary 3.4 it suffices to show that for any kK’ € K, we have det(Xy 7, ) = 1 if k = k" and
det(Xy 7, ) = 0 otherwise.

Lemma 3.7 Let k € Kg. Then det(Xy 7)) = 1.

Proof Let £;,...,£, > be a multicurve with dual tree 7;. By Construction 3.5 the punctures g,
and ¢; 41 are enclosed by the curve §&; for all 1 <i < g — 2. Indeed, for i = g — 2 this follows from
the construction of the curve &;_», and for i < g — 2 this follows by the induction on g. Therefore
(Xk,7.)i,i = 1 forall i.

Now let us check that (X 7, )i,; = 0 whenever i < j. Indeed, for j = g — 2 this follows from the
construction of the curve §;_5, and for j < g — 2 this follows by the induction on g. Therefore X} 7, is
lower unitriangular, so det(Xy 7, ) = 1. O

Lemma 3.8 Let k, k" € Kg and k # k'. Then det(Xy: 7,) = 0.

Proof Define s = max{i | k; # k;}. Let us check that the matrix X}/ 7, has the following form, where
the s™ column is highlighted:

(% % - %000 - 0
* % - x 000 ---0
¥ x -+« x 000 .- 0
a7 X =]**-- %0000
¥ % -+ k% 1 0 --- 0
* % -+ ok %k x | --- 0

This will immediately imply det(Xy/ 7, ) = 0. We have k; = k for all i > s, so similar arguments as in
the proof of Lemma 3.7 show that the last g —2 — s columns have the required form.

Let T be given by curves &y, ...,£,_> as in Construction 3.5. Recall the construction of the curve &;.

At this step we have the punctures ¢, ... Some of them coincide with the ¢;, others are identified

/e
with the interiors of some curves &;, with i > s 4+ 1. Nevertheless, ¢; is enclosed by &; if and only if ¢; is

enclosed by & forall 1 <i <s+4 1.
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By Construction 3.5, & is a curve enclosing exactly two punctures ¢, and q;cs from the set {q{, ..., q;, ,}.
Therefore it does not enclose gy as well as q;c§, which implies (Xj/ 7; )s,s = 0. Take any j with 1 < j <.
The curve & encloses precisely one puncture among ¢, ..., ¢j, and so it also encloses precisely one
puncture among ¢i,...,¢s. Consequently, the curve & cannot enclose the punctures ¢ and gy
J
simultaneously since j + 1 <s and kj/. < 5. Hence, by formula (16), we have (X 7,)j,s = 0.

Therefore (X/ 7, )j,s =0for1 < j <s. |
Theorem 3.6 immediately follows form Lemmas 3.7 and 3.8. O

Corollary 3.9 The abelian cycles {,17- | T e T;} form a basis of the group Hy_>(PBg_1,7Z). For any
T € T we have Ay = Y, (D)2 det(Xg 1) A7y

Proof The result follows from Corollary 3.4 and Theorem 3.6. |

Proof of Theorem 1.9 By Proposition 2.7 and the first part of Corollary 3.9 there is an isomorphism
Pg = Hyg 3(Z8 ' xPBg_1,Z) = Hy—»(PBg_1, Z),

which maps A7 to ﬂfr for all 7 € Tg. The theorem follows from the second part of Corollary 3.9. O

3.4 Relations

Let {71, 72,73} € T be a triple of trees. For / =1, 2, 3 denote by 5{, cees Sé—z the corresponding sets of
curves given by Construction 3.5. As before, the leaves of 77, 7, and T3 (besides the root) are identified
with the corresponding punctures and marked by g1, ...,gg—1. One can check that the trees 77, 7>
and 73 form a cyclic triple if and only if, after some permutations of the corresponding sets of curves, the
following conditions hold:

(a) There exists s with 1 < < g — 2 such that 5,-1 = 512 = §i3 fori #sand 1 <i <g-—2.

(b) There exists ¢t # s with 1 < ¢ < g — 2 and pairwise disjoint nonempty subsets By, B, B3 C
{41, -..,qg—1} such that the set of punctures enclosed by the curve & } =& = £} coincides with
B U B, U Bj.

(c) The set of punctures enclosed by ésl coincides with B, U Bj.

(d) The set of punctures enclosed by ész coincides with B3 U Bj.

(e) The set of punctures enclosed by §S3 coincides with By U Bj.
Lemma 3.10 Let {71,7;2, 73} € Tg be a cyclic triple of trees. Then
(18) Ap 4+ Ag, + Ag, = 0.
Proof It suffices to prove that
(19) (Wi, A7, + Ap, + A7) =0
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for all k € K. The formula (19) is equivalent to
(20) det(Xy 7;) + det(Xg, 7;) + det(Xg,75) = 0.

We can assume that (a)—(e) hold. The matrices Xy 7;, Xk 7, and Xy r; coincide everywhere besides the
s™ column. Therefore the left-hand side of (20) equals the determinant of the matrix Y defined as follows.
The s column of Y is the s™ column of the matrix Xy 7; + Xk 7; + Xx 75 and all other columns are the
corresponding columns of X} 7, (or, equivalently, X 7, or Xi ;). By (c)—(e) we have

1 ifieB,UBs, 1 ifieB3UBy, 1 ifieB{UB,,
0 otherwise, 0 otherwise, 0 otherwise.

(Xk,73)is = {

Therefore,

(Xk,Tz)i,s = { (Xk,7'3)i,s = {
2 ifi €e BjU B, U B3,
Yis = (X, + Xieorn + Xie13)ins = i
0 otherwise.

By (b) we have
1 ifi631U32UB3,

Yi: = (X] it =
b = Ko ia {O otherwise.

Therefore the matrix Y has two proportional columns, so det(Y) = 0. This implies (20). O
Lemma 3.11 All relations between the abelian cycles {As | T € T, ¢ follow from (18).

Proof Consider the abelian cycle ftfr for some 7 € Tg. Corollary 3.9 implies that it suffices to decompose
/AXT into a linear combination of abelian cycles {flT |TeT éf’ } using (18).

Recall that a vertex of 7 of degree 3 is called balanced if the paths from it to the descendant leaves with
the two smallest numbers have no common edges. If all vertices of 7 are balanced there is nothing to
prove. Otherwise take any nonbalanced vertex v with the largest height (distance to the root) /(v). Let
v and v, be its closest descendants and let w be its closest ancestor. Without loss of generality we may
assume that the paths from v to the two descendant leaves with the smallest numbers start with the edge
(v,v1). Let uy and u, be the closest descendants of v;.

Consider the trees 7’ and 7" that differ from 7 as shown in Figure 7. The triple {7, 7', T"} is cyclic, so
;lT = —flw — /AlTu. Note that the vertex v; is balanced in 7, and therefore the vertex v is balanced in 7’

w g w
v v v
U1 U1 U1
V2 e V2
@
Uy Us Ui U 1231 25)

Figure 7: The trees 7, 77 and 7".
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and 7”. Consequently, 7’ and 7" have fewer nonbalanced vertices of height /(v) and no nonbalanced

vertices of greater height. Repeating this operation, we decompose flT into a linear combination of

abelian cycles {Ay | T € Té’} using (18). ad

Proof of Proposition 2.6 By Proposition 2.7 and the first part of Corollary 3.9 there is an isomorphism
Pg = Hzg_j,(Zg_l X PBg_l , Z) = Hg—Z(PBg—l , Z),

which maps A7 to ftT for all 7 € T,. The abelian cycles {flT | T € Ty} generate Hy_>(PBy_1,7Z).
Therefore the required assertion follows from Lemmas 3.10 and 3.11. |

4 The complex of cycles and the spectral sequence

Consider the commutative diagram

1 — N H/H Gg — 2 Sp(2g.7) — 1

/

Mg = SL(2.7)"% % S,

Let us choose elements /1; =1, /3, h3, ... € Gg such that 1 = p(hy), p(h2), p(h3),... € Sp(2g,Z) are
representatives of all left cosets Sp(2g,Z)/Hg. Let hy, ha, h3, ... € Mod(Zg) be mapping classes that
goto hiy, hy, hs, ... under the natural surjective homomorphism Mod(Zg) — Gp.

It is convenient to denote by Uy the abelian group N H /H with multiplicative notation. For each u € Ug
let &i € Z, be the mapping class that goes to # under the Johnson homomorphism t: Z, — Ug. Let
J1 =1, fa, f3.... € Gg be representatives of all left cosets Gz /4. Let fl, fz, f3, ... €Mod(Xg) be
mapping classes that go to f1, f2, f3,... under the homomorphism Mod(X¢) —> G,. For any s € N the
element f; can be uniquely decomposed as fy = u -/, for some u € Ug and r € N. We can choose f;
such that fs =1u -fz,.

For each r € N denote by G the subgroup of H,g_3(Cg, Z) generated by the images of homomorphisms
1) Hag—3(Stabyc, (it /i, - N), Z) — Hag—3(Kg,Z) for u € Ug.

In this section we prove the following result:

Lemma 4.1 The inclusions
Gy, — H2g—3(’<:gs Z) for r e N

induce an injective homomorphism

@ G, — Hzg_3(’Cg, Z)
reN

In our proof we follow ideas of [11].
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4.1 The complex of cycles

Bestvina, Bux and Margalit [2] constructed a contractible CW—complex By called the complex of cycles
on which the Johnson kernel acts without rotations. “Without rotations” means that if an element /1 € ICg
stabilizes a cell o setwise, then / stabilizes o pointwise. Let us recall the construction of Bg. More
details can be found in [2; 13; 12; 10].

We denote by C the set of all isotopy classes of oriented nonseparating simple closed curves on Xg. Fix
any nonzero element x € H. The construction of By = B, (x) depends on the choice of the homology
class x, however the CW—complexes Bg(x) are pairwise homeomorphic for different x.

A basic 1—cycle for a homology class x is a formal linear combination y = Y 7_, k;yi, where y; € C and
k; € N, such that

(I) the homology classes [y1], ..., [ys] are linearly independent,
(D Y7 kilyi] = x, and
(IIT) the isotopy classes y1, ..., yg contain pairwise disjoint representatives.

The oriented multicurve y; U---U yg is called the support of y.
Denote by M(x) the set of oriented multicurves M = y; U --- U y;s such that
(1) no nontrivial linear combination of the homology classes [y1], . . ., [ys] with nonnegative coefficients
equals zero, and
(i1) foreach 1 <i <y there exists a basic 1-cycle for x whose support is contained in M and contains y;.
For each M € M(x) let us denote by Pys C R;O the convex hull of the basic 1-cycles supported in M.
We have that Pjs is a convex polytope. By definition, the complex of cycles is the regular CW—complex

given by Bg(x) = Upse M(x) Pm- Denote by Mg (x) S M(x) the set of supports of basic 1-cycles for x.
Then { Pas | M € Mo(x)} is the set of O—cells of Bg(x).

Theorem 4.2 [2, Theorem E] Let g > 1 and 0 # x € H{(Zg, Z). Then Bg(x) is contractible.
4.2 The spectral sequence

Suppose that a group G acts cellularly and without rotations on a contractible CW—complex X, let
C« (X, Z) be the cellular chain complex of X and let R, be a projective resolution of Z over ZG.
Consider the double complex B, ; = Cp(X, Z) ® g R4 with the filtration by columns. The corresponding
spectral sequence (see (7.7) in [4, Section VIIL.7]) has the form
(22) Ey .= @D Hy(Stabg(0).Z) = Hp4(G. 7).

OEX)
where &), is a set containing exactly one representative in each G-orbit of p—cells of X. Let us remark

that for an arbitrary CW—complex X, the spectral sequence (22) converges to the equivariant homology
Hﬁrq (X, Z). So for a contractible CW—complex X it converges to HpG+q (X.Z) = Hy14(G, Z).
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q
2g -3 <<_
2¢—4 I~
2g -5 RS
N
N e
N
0 1 2 2¢—3 P

Figure 8

Now let E , be the spectral sequence (22) for the action of kg on Bg (x) for some 0 # x € Hi(Xg,Z).
The fact that g acts on Bg without rotations follows from a result of Ivanov [14, Theorem 1.2]: if an
element /1 € Z, stabilizes a multicurve M then / stabilizes each component of M . Bestvina, Bux and
Margalit proved [2, Proposition 6.2] that for each cell o € Bg(x) we have

dim(o) + cd(Stabg, (o)) < 2g — 3.

This immediately implies E ;’ g = 0for p+¢g>2g—3. Hence all differentials 1.d?,... to the group
Eé,Zg—3 are trivial (see Figure 8, where the group Eé,Zg—} is shaded), so Eé,Zg—} = E(C)>?2g—3' Therefore
we have the following result:

Proposition 4.3 [11, Proposition 3.2] Let 9T € Mg(x) be a subset consisting of oriented multicurves
from pairwise different Kg—orbits. Then the inclusions Staby, (M) € Kg, where M € 9, induce an
injective homomorphism

P Hag—3(Stabe, (M), Z) > Hag 3(Ky). Z).
MeMm

Proof of Lemma 4.1 Denote by X,; C X, the one-punctured torus bounded by fzr&- and V,; =
H;(X,,;.Z) C H. Then for each r we have the symplectic splittings H = P, V};. Denote this unordered
splitting by V, = {V, 1,..., V,¢}. Since Hy is the stabilizer of V; in Sp(2g, Z), it follows that the V),
are pairwise distinct.

Algebraic & Geometric Topology, Volume 24 (2024)



On the structure of the top homology group of the Johnson kernel 3659

Assume the converse to the statement of Lemma 4.1 and consider a nontrivial linear relation

k
(23) > &b =0 for A, €Z and 6, € G,.

r=1
For any homology class x € H; (X, Z) and for any 1 <r < k we have a unique decomposition

g
X = Zxr,,- for x,; € V.
i=1
The following result is proved in [11]:

Proposition 4.4 [11, Lemma 4.5] There is a homology class x € H such that

(I) all homology classes x,; are nonzero forl <r <k and 1 <i < g, and

(II) forall 1 <= p#q =<k wehave{xp1,....Xp g} #{Xq,1,...,Xq,g} as unordered sets.

Take any x € H satisfying the conditions of Proposition 4.4. For any 1 <r <k and 1 <i < g we have
Xr,i =ny;ay; where a,; € H is primitive and n,; € N. Let us check that for all 1 < p # g < k we have
{ap1,....apg} #1aq.1.-...aq,¢} as unordered sets. Indeed, assume that there is a permutation 7 € Sg
with ap ; = a4 7(;). Therefore we have

g
(24) > (pi = np2i)api =0.

i=1
Since ap 1, ..., ap, are linearly independent, (24) implies np; = np, ;) for all 1 <i < g. Hence
Xp,i = Xp z@) forall 1 <i < g, which contradicts Proposition 4.4(II).

Forany 1 <r <k and 1 <i < g let a,; be a simple curve on X, ; with [o; ;] = a,; € H. Consider the
oriented multicurve 4, = a1 U--- U, g. By construction A, € Mg(x).

Proposition 2.6 implies that the group H,3(Staby, (i hy N ), Z) is generated by the primitive abelian
cycles {u -h r- A7 | T € Tg}. Therefore for each u € Uy the homomorphisms (21) can be decomposed as

(25) Hzg_g, (Stab;Cg (12 . },l\r -N),7Z) — H2g—3 (Stab;cg (A7), Z) — Hzg_g, (Kg, 7).

Consequently there exists 6, € Hpg_3(Stabi, (4,), Z) which maps to 6, under the second homomorphism
in (25).

Proposition 4.3 implies that the inclusions Stabyc, (4,) € KCg for r € N induce the injective homomorphism

D Hag—s(Stabr, (4y). Z) > Hag—3(Kg. Z).

reN
So (23) implies that Zle Ar8;, = 0 as an element of the direct sum @, .y Hag—3(Staby, (4,),Z).
Therefore A, = 0 for all , which gives a contradiction. |
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S Proof of Proposition 2.7
In this section we prove the following lemma, which implies Proposition 2.7. Recall that G, is the
subgroup of Hjg_3 (Kg,Z) generated by the images of homomorphisms
Hag—3(Stabyc, (it /iy - N), Z) — Hag—3(Kg,Z) for u € Ug.
Lemma 5.1 Let r € N. Then the inclusions
Stabyc, (@t -hy - N) <> Ky for u € Ug
induce an injective homomorphism

P Hag—3(Stabe, (@i hy - N).Z) = G,.

ueUly

Proof of Proposition 2.7 We can prove Proposition 2.7 for an arbitrary choice of fs, SO wWe can assume
that f; = it - h, for some u € Uy and r € N. Combining Lemmas 4.1 and 5.1, we obtain

(26) P P Hag—s(Stabe, (@t-h, - N). Z) = @D Gr — Hag_3(Kg. Z).
reNueUg reN
Then the sets {s € N} and {7 - hy | u € Ug, r € N} coincide, so (26) implies (11). |

To prove Lemma 5.1 we need to construct a new CW-complex, which will be called the complex of
relative cycles. The idea is to introduce an analogue of B, that makes sense for a sphere (ie the g =0
case) with punctures.

5.1 The complex of relative cycles
Recall that X¢ >, denotes a sphere with 2g punctures. In order to construct the complex of relative cycles

Bo,2¢ we need to split the punctures into two disjoint sets: P = {py,..., pg}and Q ={q1,...,qg}-

By an arc on X, we mean an embedded oriented curve with endpoints at punctures. By a multiarc we
mean a disjoint union of arcs (common endpoints are allowed). We always consider arcs and multiarcs
up to isotopy.

Denote by D the set of isotopy classes of arcs starting at a point in P and finishing at a point in 0. A
relative basic 1-cycle is a formal sum y = y| +--- + yg where y; € D such that

M o(XF_, vi) =% (qi— pi),and
(II) the isotopy classes y1, ..., yg contain pairwise disjoint representatives.
The multiarc y; U--- U yyg is called the support of y.
Denote by £ the set of multiarcs L = y; U--- U y;, (for arbitrary ) such that
(i) for each 1 <i < s there exists a relative basic 1-cycle, whose support is contained in L and

contains y;.
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For each L € £ we denote by Py, C REO the convex hull of all relative basic 1—cycles supported in L.
We have that Py is a convex polytopg. By definition, the complex of relative cycles is the regular
CW—complex given by By 2¢ = |Jre, Pr. Denote by Ly € L the set of supports of all relative basic
I—cycles. Then { Py | L € Ly} is the set of O—cells of By »g.

Remark 5.2 By construction, By, > is the subset of Rg consisting of the points (formal sums) Z;;l kiyi
where y; € D and k; € R>( satisfying the following conditions:

M iy kivi) = 25 (qi — pi).

(II) The isotopy classes vy, ..., Y contain pairwise disjoint representatives.

5.2 Contractability
Theorem 5.3 Let g > 1. Then By . is contractible.

In our proof we follow ideas of [2, Section 5]. Let us define an auxiliary complex 5’0,2 ¢- Denote by D
the union of D and the set consisting of the isotopy classes of all oriented simple closed curves on X 5,
(including contractible curves). Let us define 30,2 ¢ as the subset of Rgo consisting of all points (formal
sums) Z;;l kiy; where y; € D and ki € R>¢ satisfying the following conditions:

M Iy kivi) =D 5_,(qi — pi)-

(I) The isotopy classes y1, ..., ¥, contain pairwise disjoint representatives.

Remark 5.2 implies that By 2g € Eo,zg. Denote by Drain: 5’0,2 ¢ = Bo,2¢ the retraction induced by the

natural projection Rgo — Rgo.

Let d and d’ be two points of By »g Rgo and 7 €[0, 1]. The pointc =td + (1—1)d’ € Rgo may not
belong to By ¢, because the arcs can have intersection points. We now explain how to do surgery to
convert ¢ into a point Surger(c) € Eo,z ¢ © REO which is canonical up to isotopy.

Let ¢ = ) j_, kic; where the ¢; € D are in minimal position and k; € R>o. We have 3(}_/—, ki¢;) =
Z}'g:1 (¢i — pi). Now it is convenient to replace the punctures pi,..., pg,q1,...,qg by closed disks
Pi,....Pg,0q,..., Qg. Wethicken each ¢; to arectangle R; =[0, 1]x[0, k;] of width k; with coordinates
x; €[0, 1] and #; € [0, k;] such that the curves #; = const for different i are transverse to each other. We
assume that the sides of R; given by x = 0 and x = 1 are subsets of dP, and 00}, respectively, where
d¢i = qp — Pa-

For a path «: [0, 1] & g4, define p;(«) = [, dt; and (o) = Y j_; pi(er). Here we assume that
dt; = 0 outside R;. Let us fix an arbitrary point yo € Xg 2¢. For each point y € g 54 choose a path a,
from y¢ to y and consider the map ¢p: X¢ 25 — S! =R/Z given by ¢(») = (ar) mod 1.

Let us check that the map ¢ is well defined. We have that ¢(x) depends only on the homotopy class
of ax. Therefore it suffices to check that ((dP;) € Z and w(0Q;) € Z for all i. This follows from the

fact that 9(}_j—; kici) = Y 5_, (qi — pi).
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g
i=1
Therefore the map ¢ has a finite number of critical values separating S! into a finite number of intervals

The set of zeros of d¢ is precisely X 24 \ |J;_; Ri, thatis, a finite disjoint union of connected open sets.
wi, ..., w;. Forany 1 < j </ take any point y; € w;. The preimage n; = ¢~ (y;) C ¥0,2¢ 1s a smooth
I-dimensional oriented submanifold, where the orientation on 7; is defined so that at each point of n;
the vector d/d¢; and the positive tangent vector to 1y form a positive basis of the tangent space to the
sphere. Moreover, 11, ..., n; are pairwise disjoint. Define Surger(c) as the formal sum ijl lwj|n;.

We claim that Surger(c) € R?O. It suffices to show that each connected component of n; is either closed
or its initial point belongs to dP, for some a and its terminal point belongs to dQj for some b. This
follows from the orientation argument. Indeed, for all i the restrictions ¢[sp, and ¢ |50, have degrees —1
and 1, respectively. Hence ¢|p, can only contain initial points of components of 7;, while ¢|3¢0, can
only contain terminal points of components of 1;. Consequently, no component of Surger(c) connects
0P with 9Py or dQ, with Q. Moreover, since the restrictions ¢ |3p, and ¢ |50, have degrees —1 and 1,

respectively, we obtain d(Surger(c)) = Z}g:l (gi — pi), so Surger(c) € EO,Zg'

Proof of Theorem 5.3 Take a point ¢ € By »g. Then the map
d + Drain(Surger(zc + (1 —t)d))

is a deformation retraction from By >, to the point c. O

5.3 Stabilizer dimensions
Proposition 5.4 The group PMod(X,»¢) acts on By, >, without rotations.

Proof Assume the converse and consider an element ¢ € PMod(X,»¢) and a cell corresponding to a
multiarc y =y U- - -Uys such that ¢ (y;) = y(;) for a nontrivial permutation 7. Without loss of generality
can assume that there exist arcs yq, ¥, and y3 from p € P to g € Q satisfying y; # ¥, and y, # y3
(and possibly y1 = y3), such that ¢(y1) = ¥, and ¢(y2) = y3. Denote by Wi C X 2, and W, C X »g
the subsurfaces bounded by the loops Yy, and y,y3, respectively (y; denotes the arc y; with opposite
direction). We assume that W; and W, are located on the left sides of 19, and y, Y3, respectively.

By construction of By >, we see that y is not isotopic to y, so W; contains a nonempty set of punctures
@# 271 CPUQ. Define @ # Z, C PUQ in a similar way. Since y, separates Wy from W, we have
Z1 # Z,. The map f preserves the orientation, therefore f(W;) = W, and so f(Z;) = Z,. However,
J € PMod(Xy,»,) preserves the punctures, so we come to a contradiction. |

Theorem 5.5 Let o be a cell of By 4. Then
dim(0) + cd(Stabpmod(z, 2,) (0)) = 2g — 3.

Proof The cell o is given by a multiarc y; U ---U yg. Consider the planar graph Y on the sphere with
the vertices py,..., pg.q1,...,qg and the edges y1, ..., yg. It is convenient for us to denote the number
of vertices by V = 2g. Also let us denote by C the number of connected components of Y and by F the
number of its faces (ie the number of connected components of X 24 \ ).
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Lemma 5.6 We have
27 dim(o) = dim(H;(T,R)) = E -V + C.

Proof The condition B(ZiEzl ki )/i) = Zligzl (gi — pi) is a nonhomogeneous system of linear equation
in RE. The affine space of its solutions has the same dimension as the space of solutions of the
homogeneous system S(Z,E:l ki yi) = 0. This space is precisely H; (Y, R). The cell o is given by the
intersection of this affine space with Rfo. Condition (i) in the construction of By », implies that o
contains a point in the interior of Rgo. Therefore dim(o) = dim(H; (Y, R)). The second equality in (27)
is trivial. |

Denote by Y7, ..., YF the connected components of X 2, \ Y. We have Y; = X , for some k;. Recall
that Z’g denotes the sphere with & boundary components.

Proposition 5.7 Stabpytod(5g 2) (@) 2= Mod(EE") x - - x Mod(ZF).

Proof By construction we have Stabpnod(z, »,)(0) = Stabpmod(z, ) (T)- Denote by Y; the closure of
Y; = Xk, in the sphere. Let ¥; =~ 3 * be the compactification of ¥; given by replacing each puncture
by a boundary component. Let p;: f’; — Y; be the natural projection. Then we have the corresponding
mapping ®;: Mod(ﬁ-) — Stabpyod(z ,,) (1)- It suffices to prove that the obvious mapping

®: Mod(¥;) x -+ x Mod(YF) = Stabpytod(s, o) (1)

is an isomorphism. We use the Alexander method; see [9, Proposition 2.8]. In the proof we need to
distinguish between mapping classes and their representatives; the mapping class of a homeomorphism
is denoted by [v].

First we prove the surjectivity of ®. Let [{/] € Stabpmoa(z, ,,) (). Then ¥(§) is isotopic to § for each
arc § of Y. All such arcs are disjoint, so the Alexander method implies that there is a representative
¥’ € [y] such that ¥'(§) = & for each arc § of Y. Set ¢} = 1/f’|7i. Since ¢/ is identical on Y, there exist
¢i € Homeo™ (Y;) such that p; o ¢; = ¢} o pi. Hence ®([¢1].....[¢F]) = [V]

Now we prove that ® is injective. Let ®([¥1],...,[¥F]) = [id]. Since for each i the mapping v; |317}'
is identical, there exists ¥/ € Homeo™ (¥;) such that p; o ¥; = ¥/ o p;. Consider the mapping ¥’ €
Homeo™ (Z¢,2¢) such that y’ Iy, = ¥ for all i. By assumption ' is isotopic to the identity map.

Let T be a planar graph on the sphere obtained from T by adding several arcs such that each face of Y
is a disk. Let us show that there is an isotopy W;: X 2, — Xo,2¢ With Wy = 9’ such that W restricts
to the identity on Y and W;(y¥'(8)) = 6 for each arc § of Y. It suffices to prove the existence of this
isotopy in the case when we add only one arc y to Y. Let Y/ = Y U {y}. We can assume that ¥'(y)
is transverse to y. If ¥/(y) is disjoint from y then these two arcs bound a disk on X¢ .. This disk is
contains no punctures, so it is disjoint from Y. Hence in this case such an isotopy exists. If ¥/(y) and y
intersect, they form a bigon (see [9, Proposition 1.7]) that is disjoint from Y for the same reason. So we
can decrease the number of intersection points of y and ¥/ (y).
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Set ¢’ =Wy, ¢] = ¢/|I7,- and W] = W|y,. There exist homeomorphisms ¢; € Homeo(Y;) and isotopies U;
of ¥; such that pio¢i = ;o p; and p; oW; = W o p;. Therefore ¥; is an isotopy between v/; and ¢;. By
construction ¢; is identical on a collection of arcs that fill )~’, (fill means that each connected component
of the complement to this collection is a disk). Hence the Alexander method implies that ¢; is isotopic to
the identity for each i. Therefore ; is also isotopic to the identity. |

For k > 2 we have Mod(Z(l) x—1) = PBg_1. If we replace the punctures on the disk Sé by boundary
components, the corresponding mapping class groups will by related to each other via the following exact
sequence (see [9, Proposition 3.19]):

1 — Z*¥1 - Mod(2k) — Mod(=] , ) — 1.

Since the tangent bundle to the disk is trivial, this sequence splits. Therefore Mod(Zlg ) =~ 7%= xPB k—1-
Since cd(PBy_1) = k —2 we have cd(Z*~! x PBy_) = 2k —3. When k = 1 we have cd(Mod(Z})) = 0.
Denote by D the number of Y; that are homeomorphic to the disk. Proposition 5.7 immediately implies

the following result: -

Corollary 5.8 cd(Stabppod(z ,,) (0)) = Z(2k,~ —-3)+ D.
i=1
Let us finish the proof of Theorem 5.5. By Lemma 5.6 and Corollary 5.8 we have
F F
dim(0) + cd(Stabppod(zy ) (0) = E=V +C+ > (2ki=3)+D=E-V+C+D—-3F+2) ki.

i=1 i=1

Let ®y, ..., ®¢ be the connected components of Y. Note that
F C
(28) > ki =|{(¥;.0;) | ¥; is adjacent to ©;}| = Y _ (dim(H;(6;,R)) + 1)

i=1 j=1

=dim(H(T,R)+ C=E—-V +2C.
Therefore

F
E-V+C+D-3F+2) ki=E-V+C+D-3F+2(E—-V+2C)
i=1
=3FE-3V4+5C-3F+D=2C+D-3(V—-E+F-C).
By Euler’s formula we have

29) V—E+F-C=1.
Therefore
(30) dim(0) + cd(Stabppoda(z, 5, (0)) = 2C + D —3.

In order to finish the proof of Theorem 5.5 we need the following result:
Lemma 5.9 Let a planar graph Y represent a cell of By o and g > 2. Then2C + D < 2g.
Proof We proceed by induction on the number of connected components of T with only one edge.
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Base case: T does not have a connected component with only one edge Since D < F and V =2g, it
suffices to check that

(31) 2C+F<=V.

Note that T is a bipartite graph and does not contain isotopic edges. Since T does not have a connected
component with only one edge, if Y; is adjacent to ®; for some i and j, then ¥; is adjacent to at least
four edges of ®;. Then by (28) we have
F
E > 2Zk,- =2E -2V 4+4C =2C +2F -2.

i=1
The last equality follows from (29). Since C > 1 we have

E>2C+2F-2>2F+C—-1.
We can rewrite this as

(32) 2C+F=<14+C-F+E.
Equation (29) implies that the right-hand side of (32) equals V. Therefore (31) holds.

Induction step: Y has a connected component with only one edge In the case g = 2 the graph T
is a disjoint union of two closed intervals, so C = 2 and D = 0; in this case the required inequality
2C + D =< 2g is obvious. Hence we can assume that g > 3. Let p; and ¢; form such a component, that
is, p; and g; are vertices of Y of degree 1 connected by an edge o. Assume that after removing this
component the remaining graph Y; will not contain isotopic edges (and, consequently, will represent
some cell of By 2g—2). Then C; = C — 1 is the number of connected components of Y. Denote by D;
the number of faces of Y homeomorphic to the disk. We have D; < D + 1, since at most one disk can
appear. The graph Y has fewer connected components with only one edge than Y. Since g —1 > 2, by
the induction assumption we have

20+ D<2C;+Dy+1<2g-2+1<2g.

Now assume that our previous assumption does not hold, that is, after removing the component consisting
of one edge, the remaining graph will contain isotopic edges. This means that there exist punctures p,
and g5 and edges B and B, between them such that p; and g; are the only vertices of T located inside
of the disks bounded by f; and fB,. There exists an arc y; from p; to ¢; and an arc y, from p, to g;
such that y; and y, are disjoint from Y and from each other. Consider the graph Y’ obtained from Y by
adding the edges y; and y,. Note that Y’ has fewer connected components with exactly one edge than Y
and also represents a cell of By »,. Then C' = C — 1 is the number of connected components of Y’ and
D’ = D + 2 is the number of faces of Y’ homeomorphic to the disk. Therefore 2C + D < 2g if and only
if 2C’ + D’ < 2g. The induction assumption concludes the proof. O

Lemma 5.9 and (30) imply that
dim(0) + cd(Stabpmod(z, ,,) (7)) = 2g — 3. |
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5.4 The spectral sequence

Let K € PMod(Xy,5,) be a subgroup. Denote by E jf* the spectral sequence (22) for the action of K on
Bo,2¢- Since cohomological dimension is monotonic, Theorem 5.5 implies that for any cell o of By 5,
we have

dim(o) + cd(Stabg (o)) <2g — 3.

This immediately implies E ;,q = 0 for p + ¢ > 2g — 3. Hence all differentials d!,d?,... to the

group E (1) 2g—3 are trivial (Figure 8 is also applicable here, where the group Eé 203 is shaded), so
E é 20-3 = E 802 g—3" Therefore we have the following result:

Proposition 5.10 Let £ C L be a subset consisting of multiarcs from pairwise different K—orbits. Then
the inclusions Stabg (L) € K, L € £ induce the injective homomorphism

P Hag—3(Stabg (L). Z) — Hyg_3(K). Z).
Leg

Proof of Lemma 5.1 It suffices to prove that the inclusions
Ju:Stabg, (it - N) — Kg for u € Uy
induce the injective homomorphism

P Hao—3(Stabe, (@ N). Z) > Gy € Hyg3(Kg. Z).

ueUy

Assume the converse and consider a nontrivial linear relation

k
(33) > hs(ug)x(Bs) =0 for Ay € Z and 65 € Hyg_3(Staby, (s - N). Z)
s=1
for some pairwise different uy,...,us € Ug. Foreachi =1, ..., g take an essential simple closed curve

Bi = B1,i on the one-punctured torus X;. Denote by b; =[B1,;] € H; (X4, Z) the corresponding homology
class. For each s € A/ denote by X, s,i C Xg the one-punctured torus bounded by i, - §;. Since il; belongs
to the Torelli group Zg, we have H; (A?s,,', 7) = H; (A’}t,i, Z) forall 1 <s,t < k. Denote by B,; a unique
curve on X, s,i representing the homology class b;.

Let By = 5,1 U---UBsq. Let {Bg,,...,Bg,} C{Bi,..., By} be the maximal subset consisting of the
multicurves from pairwise distinct Kg—orbits. Take the homology class x = Zle b; and consider the
complex of cycles Bg(x). Proposition 4.3 implies that the inclusions

lj: Stab;cg (Bd,') — ]Cg
induce the injective homomorphism

l
(34) (D Hag—3(Stabic, (Ba,). Z) — Hag—3(Kg. Z).

i=1

Algebraic & Geometric Topology, Volume 24 (2024)



On the structure of the top homology group of the Johnson kernel 3667
Since the curves fBs,; can be chosen in a unique way, we have the inclusions

fus : Stabyc, (15 - N') < Stabg, (Bs).
Since ju; =0 fui, (34) and (33) imply that for eachi = 1,...,/ we have

(35) Yo aUu)s(6) =0,

{z| B €0rbrc, (By;)}

Equality (35) implies that it is sufficient to prove the statement of the lemma in the case where the
multicurves By, ..., B belong to the same Kg—orbit. Since we can prove Lemma 5.1 for an arbitrary
choice of U , then by choosing the lifts # we can assume that By =--- = By = B. Let {5 ; be a curve on

Xj,; intersecting B; once and let Ly = {51 U---U s . Consider the surface X4\ B = X 4. Denote by
pi and g; the punctures on X ¢ corresponding to the two sides of the curve f;.

Consider the exacts sequence (6) in the case M = B. We have
1— (Tﬂl N Tﬂg) —> StabMOd(Eg) (B) —> MOd(Z(),zg) — 1.

Since the intersection (T, , . . ., Tg, ) NKg is trivial, we have the inclusion K = Staby, (B) <> Mod(Zo,2¢).
The action of g on the homology of X is trivial, so the image of this inclusion is contained in
PMod(Zg,2¢). We have K < PMod(X,»,). Denote by (;l the arc on X ¢ from p; to g; corresponding
to the curve {,; and let Ly = {; | U---U{ .. Let us show that L', ..., L} belong to pairwise distinct

s,1
K—orbits.

Assuming the converse, f(L') = L/, for some f € K. Then f (LU B) = L, U B. Note that the surface
¥¢ \ (Ls U B) has g punctures, and each component of i - N is homotopic into a neighborhood of
its own puncture. Therefore the corresponding components of the multicurves f(it; - N) and i - N
are homotopic into a neighborhood of the same puncture. Consequently, the multicurves f(ii; - N) and
il - N are isotopic. Since i1, il € Zg, we obtain ﬁ;l Sy € Stabz, (N). It follows from the exactness
of (9) that Stabz, (N) € K. Hence ﬁ;l f1i1 € Kg and we obtain

P AN ~ ~
0=rt(iy firn) =7(iy) —(ir),
where 7 is the Johnson homomorphism. This implies 1 = u;, giving a contradiction.

Therefore L', ..., L;{ belong to pairwise distinct K—orbits. Proposition 5.10 implies that the inclusions
Stabg (L)) € K, L’ € £ induce the injective homomorphism

P Hag—3(Stabg (L}). Z) > Hyg3(K.Z).
N

By Proposition 4.3 we also have the inclusion Hyg_3(K,Z) < Hyg_3(Kg,Z) and so Stabg (L}) =
Staby, (éis - N'). Therefore (33) implies As = 0 for all 5. This contradiction proves Lemma 5.1. O
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