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Spectral diameter of Liouville domains

PIERRE-ALEXANDRE MAILHOT

The group of compactly supported Hamiltonian diffeomorphisms of a symplectic manifold is endowed
with a natural bi-invariant distance, due to Viterbo, Schwarz, Oh, Frauenfelder and Schlenk, coming from
spectral invariants in Hamiltonian Floer homology. This distance has found numerous applications in
symplectic topology. However, its diameter is still unknown in general. In fact, for closed symplectic
manifolds there is no unifying criterion for the diameter to be infinite. We prove that for any Liouville
domain this diameter is infinite if and only if its symplectic cohomology does not vanish. This generalizes a
result of Monzner, Vichery and Zapolsky and has applications in the setting of closed symplectic manifolds.
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1 Introduction and results

Liouville domains are a special kind of compact symplectic manifold with boundary. They are char-
acterized by their exact symplectic form w = dA and the fact that their boundary is of contact type.
Liouville domains allow us to study under a common theoretical framework many important classes of
symplectic manifolds. Examples of such manifolds include cotangent disk bundles over closed manifolds,
complements of Donaldson divisors [Giroux 2017], preimages of some intervals under exhausting
functions of Stein manifolds [Cieliebak and Eliashberg 2012], positive regions of convex hypersurfaces
in contact manifolds [Giroux 1991] and total spaces of Lefschetz fibrations.

A key invariant of a Liouville domain D is its symplectic cohomology SH*(D). It was first defined
in [Floer and Hofer 1994; Cieliebak et al. 1995] and later developed in [Viterbo 1999]. Symplectic
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cohomology allows one to study the behavior of periodic Reeb orbits on the boundary of D. It is defined
in terms of the Floer cohomology groups of a specific class of Hamiltonian functions on the completion D
of D which results from the gluing of the cylinder [1, co) x dD to dD.

The primary goal of this paper is to relate symplectic cohomology and spectral invariants, an important tool
in Hamiltonian dynamics. When defined on a symplectic manifold (M, w), spectral invariants associate
to any pair (o, H) € H*(M) x C2°(S! x M) a real number c (e, H) that belongs to the spectrum of the
action functional associated to H.! Spectral invariants were first defined in R?” from the point of view of
generating functions in [Viterbo 1992]. They were then constructed on closed symplectically aspherical
manifolds in [Schwarz 2000] and general closed symplectic manifolds in [Oh 2005] (see also [Usher 2013]).

Frauenfelder and Schlenk [2007] constructed spectral invariants on Liouville domains. These spectral
invariants are homotopy invariant in the Hamiltonian term in the following sense. If two compactly
supported Hamiltonians H and F generate the same time-1 map, ¢g = ¢F, then c(a, H) = c(, F).
Thus c(c, ) descends to the group of compactly supported Hamiltonian diffeomorphisms Ham. (D).
This allows one to define a bi-invariant norm y on Ham. (D), called the spectral norm, by

y(@)=c(lg)+c(lg™h).

One key feature of the spectral norm y is the fact that it acts as a lower bound to the celebrated Hofer
norm [1990] (see [Lalonde and McDuff 1995] and the book [Polterovich 2001] for further developments
in the subject). It is thus natural to ask whether the spectral diameter

diamy (M) = sup{y(¢) | ¢ € Ham.(M)}

is finite or not. In particular, if diam, (M) = +oo then the Hofer norm is assured to be unbounded.
Further links between the spectral norm and Hofer geometry are discussed in Section 1.4.

1.1 Main results

We find a characterization of the finiteness of diam,, (D) in the case of a Liouville domain (D, dA) in
terms of its symplectic cohomology.

Our main technical result shows that if SH*(D) # 0 then ¢(1, H) can be made arbitrarily large. This,
combined with the converse implication which was proved in [Benedetti and Kang 2022], implies:

Theorem A1 Let (D, 1) be a Liouville domain. Then diam,, (D) = +oo if and only if SH*(D) # 0.
As an intermediate step to proving Theorem A1, we show the following auxiliary result.

Lemma B Let H be a compactly supported Hamiltonian on a Liouville domain (D, A). Then,
c(1,H)>0.

L At least if the Hamiltonian satisfies certain technical conditions.
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Lemma B is a cohomological adaptation for Liouville domains of a result of [Ganor and Tanny 2023,
Lemma 4.1]. They show that ¢([pt], /) < 0 for Hamiltonians F supported in certain incompressible
domains of closed aspherical manifolds. It follows from [loc. cit., Section 5.1], that this inequality extends
to Liouville domains. We remark that the inequality ¢([M], F) > 0 for the same class of Hamiltonians F'
was already shown by Humiliere, Le Roux and Seyfaddini [Humiliere et al. 2016]. It follows directly
from [loc. cit., Theorem 45]. The main difference in Lemma B here is that we consider spectral invariants
on Floer cohomology (instead of Floer homology) with respect to the unit (instead of the point class).
Furthermore it applies to general Liouville domains without any ambient symplectic manifold. The proof
uses an adaptation to Floer cohomology on Liouville domains of the barricade construction introduced in
[Ganor and Tanny 2023].

In fact, when the symplectic cohomology of a Liouville domain is nonvanishing, the implication of
Theorem Al follows from a sharper result. Denote by dy (¢, ¥) = y(¢ o 1) the spectral distance on
Ham (D) and by dj, the standard Euclidean distance on R.

Theorem A2 Let (D, A) be a Liouville domain such that SH* (D) # 0. Then there exists an isometric
group embedding (R, dgy) — (Ham¢(D), dy).

The proof of Theorem A2 uses an explicit construction of an isometric group embedding. This construction
is a generalization of the procedure used by Monzner, Vichery and Zapolsky to prove Theorem 3 below.
The construction of the aforementioned embedding relies primarily on the computation of spectral
invariants of Hamiltonians which are constant on the skeleton of D, a special subset of Liouville domains
which we define in Section 2.1.

Lemma C Suppose (D, L) is a Liouville domain such that SH* (D) # 0. Let H be a compactly supported
autonomous Hamiltonian on D such that
HlSk(D):_A and —A§H|D§0
for a constant A > 0. Then
c(l,H) = A.

1.2 What is already known for Liouville domains

Following the [Benedetti and Kang 2022], it is known that the spectral diameter of a Liouville domain D
is bounded if its symplectic cohomology vanishes. This result was achieved using a special capacity
derived from the filtered symplectic cohomology of D. To better understand how this is done, let us give
an overview of the construction of SH*(D) following [Viterbo 1999].

Consider the class of admissible Hamiltonians H : D — R which are affine in the radial coordinate on
the cylindrical part of D.2 We can define the filtered Floer cohomology groups HFZ“a b)(H ) of such

2See Definition 7 for the precise conditions.
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Hamiltonians by considering only the 1—periodic orbits with action inside the interval (a, b).3 Taking
an increasing sequence of admissible Hamiltonians {H;}; with corresponding slopes {t;}; satisfying
T; — 400, one can define the filtered symplectic cohomology SH’(ka b)(D) of D as

H;
It follows from the above definition that for @ < a’ and b < b’ there is a natural map

b HY, , (D) — SHY,, (D).

Moreover, the full symplectic cohomology SH* (D) = SH oo oo)(D) comes with a natural map
v*:H*(D) — SH*(D)

called the Viterbo map. The failure of v* to be an isomorphism signals the presence of Reeb orbits on the
boundary of D. Thus, SH*(D) is a useful tool to study the Weinstein conjecture [1979], which claims
that on any closed contact manifold the Reeb vector field should admit at least one periodic orbit. For
instance, Viterbo [1999] proved the Weinstein conjecture for the boundary of subcritical Stein manifolds.

We can extend any compactly supported Hamiltonian H € CZ°(S 1 x D) to an admissible Hamiltonian
with small slope H® and define its Floer cohomology as HF* (H) = HF*(H?). A key property of Floer
cohomology on Liouville domains is that if an admissible Hamiltonian F has a slope close enough to
zero, then we have an isomorphism ® g : H* (D) — HF*(F). Thus, the Floer cohomology of compactly
supported Hamiltonians on D is well-defined.

Let H be a compactly supported Hamiltonian. Following [Frauenfelder and Schlenk 2007], the spectral
invariant associated to (o, H) € H*(D) x C2°(S 1 % D) corresponds to the real number

c(a, H) =inf{c e R | Dy (a) € im (=},
where

1=¢ = Lc_;rooooo HFE‘ co.c

)(H ) — HF*(H)
is the map induced by natural inclusion of subcomplexes.
Now, define the SH-capacity of D as

csp(D) =inf{c > 0| L_Oo 0o =0} € (0, 00],
where, for € > 0 sufficiently small,

Eo0—00" SH{ o, (D) — SH{_, (D).

It is known that csy (D) is finite if and only if SH* (D) vanishes. Using this, Benedetti and Kang proved the
following upper bound on spectral invariants of compactly supported Hamiltonians with respect to the unit.

3See Section 2.2.1 for details on the action convention we use in this paper.
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Theorem 1 [Benedetti and Kang 2022] Let (D, d)) be a Liouville domain with SH*(D) = 0. Then,
sup{c(1, H)} < csu(D) < 400,
where the supremum is taken over all compactly supported Hamiltonians in D.
In particular, by the definition of the spectral norm, if SH*(D) = 0, then for any compactly supported
Hamiltonian H generating ¢y € Ham. (D), we have
(@) =c(l.g) +c(l.9™h) < 2esn(D) < +00.
Therefore, Theorem 1 provides the only if part of Theorem Al.

On the other hand, symplectic cohomology is known to be nonzero in many cases [Seidel 2008, Section 5].
Since we will be using Z, coefficients throughout this article, one case of particular interest to us is the
following.

Proposition 2 [Viterbo 1999] Suppose D contains a closed exact Lagrangian submanifold L. Then,
SH*(D) # 0.

This result of Viterbo can be used, in conjunction with Theorem A1, to prove that the spectral diameter is
infinite for quite general classes of Liouville domains.

1.2.1 Cotangent bundles Monzner, Vichery and Zapolsky [Monzner et al. 2012] showed the following.

Theorem 3 Let N be a closed manifold. There exists an isometric group embedding of (R, dy) in
(Ham (T*N).d,).

Note that Theorem 3 follows directly from Theorem A2 and Proposition 2. Indeed, since the zero section
N C DT*N is an exact closed Lagrangian submanifold, Proposition 2 assures us that SH*(DT*N) # 0.
Therefore, Theorem A2 guarantees the existence of an isometric group embedding

(R, dy) — (Ham¢(T*N), dy).

Theorem 3 immediately implies:
Corollary 4 Let N be a closed manifold. Then diam, (DT*N) = +ooc.
Similarly to Theorem 3, Corollary 4 follows directly from Proposition 2 and Theorem Al.

1.3 The spectral diameter of other symplectic manifolds

It has been known for a long time [Entov and Polterovich 2003] that for (C P, w FS),

diam,, (CP") 5[ wFS.
CP!

Algebraic € Geometric Topology, Volume 24 (2024)



3764 Pierre-Alexandre Mailhot

The above upper bound was latter optimized in [Kislev and Shelukhin 2021, Theorem G] to

However, for a surface X ¢ of genus g > 1, the spectral diameter is infinite. This case is covered by the
following theorem [Kislev and Shelukhin 2021, Theorem D], which is a sharpening of [Usher 2013,
Theorem 1.1].

Theorem 5 Let (M,w) be a closed symplectic manifold that admits an autonomous Hamiltonian
H € C°°(M,R) such that

(U1) all the contractible periodic orbits of X are constant.

Then diamy, (M) = +o0.

Theorem 5 allows one to prove that the spectral diameter is infinite in many cases. A list of examples
in which condition (U1) holds can be found in [Usher 2013, Section 1]. As mentioned above, surfaces
of positive genus satisfy (U1). Also, if (N, wy) satisfies (U1) then so does (M x N, wpr @ wy) for any
other closed symplectic manifold (M, wyy).

Kawamoto [2022b] proved that the spectral diameters of the quadrics Q2 and Q# (of real dimensions 4
and 8 respectively), and certain stabilizations of them, are infinite.

1.3.1 Symplectically aspherical manifolds Recall that a symplectic manifold (M, wps) is symplecti-
cally aspherical if both wps and the first Chern class ¢1 (M) of M vanish on 72 (M ); namely, for every
continuous map f:S? — M,

([oa], £[S?]) = 0= (c1(M), fx[S?]).

An open subset U C M is said to be incompressible if the map 71 (U) — 71 (M) induced by the inclusion
is injective.

As pointed out in [Buhovsky et al. 2021], it has been conjectured that diam,, (M) = 400 on all closed
symplectically aspherical manifolds. Here, we prove that conjecture in the case of the twisted product
(M x M, » & —w) of a closed symplectically aspherical manifold (M, @) with itself. But first, a more
general result.

Proposition D Let (M, w) be a closed symplectically aspherical manifold of dimension 2n. Suppose
there exists an incompressible Liouville domain D of codimension 0 embedded inside M with SH* (D) #0.
Then, diamy (M) = +o00.
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Proof Let H be a compactly supported Hamiltonian in D and denote by ¢: D — M the embedding. By
a cohomological analogue of [Ganor and Tanny 2023, Claim 5.2], we have that
cp(B.H)= max cy(a, H)
aeH* (M)
()=8
for all B € H*(D), where c¢p and cjy are the spectral invariants on D and M respectively. In particular,

we know that the unit 137 € H*(M) is sent to the unit 1p € H*(D) under the map (*: H*(M) — H*(D).
Moreover, it is well known that the spectral invariant with respect to the unit can be implicitly written as

em(Iy, H) = max cpy(a, H)
aeH* (M)

(see Lemma 26). Therefore, fixing § = 1p, we have
cp(Ip, H) =cm(lp. H).

Using Theorem A1, the above equation thus yields the desired result. |

Corollary E Let (M, ®) be a closed symplectically aspherical manifold. Then,
diamy, (Ham(M x M, w ® —w)) = +o0.

Proof Consider the closed Lagrangian given by the diagonal L = A inside (M x M, wpy & —wpr).
By virtue of the Weinstein neighborhood theorem, there exists an open neighborhood U of L and a
symplectomorphism ¢ : U — D.T*L such that ¢(L) coincides with the zero section of an e-radius
codisk bundle D T*L over L. The Liouville structure on DT *L pulls back to a Liouville structure
on U. Note that, inside M x M, L is incompressible; ie the map 71 (L) — w1 (M x M) of first homotopy
groups induced by the inclusion L — M x M is injective. Therefore, by homotopy equivalence, U and
D T*L are also incompressible. The desired result follows directly from Proposition D. |

1.4 Hofer geometry

As hinted at above, the finiteness of the spectral diameter plays a role in Hofer geometry. In particular, it
can be used to study the following question posed in [Le Roux 2010]:

Question For any A > 0, let
Eq(M. ) :={¢ € Ham(M, 0) | dg (1d, ¢) > A}
be the complement of the closed ball of radius A in Hofer’s metric. For all A > 0, does E4(M, w) have

nonempty C °—interior?

Indeed, in the case of closed symplectically aspherical manifolds with infinite spectral diameter, a positive
answer to the Question above was given by Buhovsky, Humiliere and Seyfaddini (see also [Kawamoto
2022a; 2022b] for the positive and negative monotone cases).
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Theorem 6 [Buhovsky et al. 2021] Let (M, w) be a closed, connected and symplectically aspherical
manifold. If diamy, (M) = +oo0, then E4(M, ) has nonempty C °~interior for all A > 0.

Using Theorem 6 in conjunction with Corollary E, we directly obtain the following answer to the Question
above in the specific setting of Corollary E.

Corollary F Let (M, w) be a closed symplectically aspherical manifold. Then, E4(M x M, ®w & —w)
has a nonempty C®—interior for all A > 0.
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2 Liouville domains and admissible Hamiltonians

In this subsection we recall the definition of Liouville domains, specify the class of Hamiltonians we will

restrict our attention to and describe how their Floer trajectories behave at infinity.

2.1 Completion of Liouville domains

A Liouville domain (D,dA,Y) is an exact symplectic manifold with boundary on which the vector
field Y, defined by Y 1dA = A and called the Liouville vector field, points outwards along dD. Denote by
D=DU [1, 00)xdD the completion of D and (r, x) the coordinates on [1, 00)xdD. Here, we glue dD and
{1} x D with respect to the reparametrization Wiﬁ” of the Liouville flow generated by Y. Given § > 0, let

D¥ =yl (D) = D\ (8, 00) x dD.
We extend the Liouville form A to D by defining A:TD —>Ras
Ap=A and |5 p=ra,

where o = A|yp. The cylindrical portion [1, co) x dD of D is thus equipped with the symplectic form
o = d(ra). See Figure 1.
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w = da w=d(ra)

Figure 1: A Liouville domain with its completion.

The skeleton Sk(D) of (D,dA,Y) is defined by
Sk(D)= () ¥y (D).

O<r<l1

Denote by R, the Reeb vector field on dD associated to o, meaning
Ry 1da =0, «a(R)=1.

We define Spec(dD, o) to be the set of periods of closed characteristics, the periodic orbits generated
by Ry, on dD and put

To = min Spec(dD, A).
As a subset of R, Spec(dD, «) is known to be closed and nowhere dense. For any A € R, let n4 denote

the distance between A and Spec(dD, A).

2.2 Admissible Hamiltonians and almost-complex structures

2.2.1 Periodic orbits and action functional Given a Hamiltonian H: S! x D — R, one defines its
time-dependent Hamiltonian vector field X%, : D—>TD by

X}y 1w =—dH;,

where H;(p) = H(t, p). We denote by ¢}, : D — D the flow generated by X7,. The set of all contractible
1—periodic orbits of <pfq is denoted by P(H). An orbit x € P(H) is said to be nondegenerate if

det(id — dx 0y ppy) # 0

and transversally nondegenerate if the eigenspace associated to the eigenvalue 1 of the map d x(o)gol is of
dimension 1.

Let £D be the space of contractible loops in D. For a Hamiltonian H: S x D — R, the Hamiltonian
action functional Ag : £D — R associated to H is defined as

Ag(x) = /le*i - /OlHt(x(t)) dr.

Algebraic € Geometric Topology, Volume 24 (2024)
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h(r)

po i ;
/ 1\/ o

Figure 2: An ro—admissible Hamiltonian.

It is well known that the elements of P(H) correspond to the critical points of Ag; see [Audin and
Damian 2014, Section 6]. The image of P(H) under the Hamiltonian action functional is called the
action spectrum of H and is denoted by Spec(H ). For an open set U C D we define

Puv(H)={xeP(H)|imx CU}.

2.2.2 Admissible Hamiltonians The completion of a Liouville domain is obviously noncompact. We
thus need to control the behavior at infinity of Hamiltonians we use in order for them to have finitely
many l—periodic contractible orbits.

Definition 7 Let ro > 1. A Hamiltonian H is ro—admissible if there exists pg € (0, o) such that
e H(t,x,r)=h(r)on D \ DPo,

e h(r)=Tir + 15 on (ro, +00) for Ty € (0,00) \ Spec(dD, @),

e H is regular: every element of Ppo(H ) is nondegenerate and every element of 775\ po(H) is
transversally nondegenerate.

We denote the set of such Hamiltonians by H,,. See Figure 2.

We will also consider the set H(r)o C Hp, of ro—admissible Hamiltonians which are negative on D. In
some cases, it is not necessary to specify ro as long as it is greater than 1. For that purpose, we define

H= ) Hr. #H'=[]JH.

ro>1 ro>1
Remark 8 Suppose H e H. If x ¢ P D\Dro (H) is nonconstant, then it is necessarily transversally

nondegenerate. Indeed, since H is time-independent there by definition, for any ¢ € R, we know x (f —c)
is also a 1—periodic orbit of H.

Lemma9 If H € H, then |Ppoo(H)| is finite and P b\ peo (H) consists of a finite number of periodic
orbits and S families of periodic orbits.

Proof Since D*o is compact and elements of Ppro (H) are nondegenerate, there is a finite number of
1—periodic orbits of H inside it.
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h(r)

A (r')

—AH (V/)

Figure 3: Action value of a periodic orbit contained in {r’} x dD.

Next, we look at the elements of Pﬁ\Dﬁo (H). On D \ DPo, we know that H = h(r) and w = dx.

Therefore, on D \ DPo
Xgow=Xg 2(dr Aa+ rda)

=dr(Xg)a —a(Xg)dr +rXg 2 da
and dH = 1’(r)dr. Hamilton’s equation thus yields
dr(Xg)=0= Xy ada, o(Xg)=H(r).
The three equations above imply the following two facts:
e On D\ DP, Xy = I (r)Ry.
e If x e P(H) is such that x N D \ DP0 £ &, then imx C {r} x dD for some r > py.

We conclude that a 1-periodic orbit x of H which lies inside {r} x dD corresponds to a Reeb orbit of
period A’(r). Notice that since g ¢ (0, +00) N Spec(dD, ), we have Pﬁ\DQO (H) = Ppro\pro (H).
Therefore, since D0 \ D0 is compact and every element of Ppro\ peo (H ) is transversally nondegenerate
by definition, Ppro\ pro (H) is finite. m]

Remark 10 The fact that admissible Hamiltonians are radial on the cylindrical part of D allows us to
express the action of the 1—periodic orbits inside D \ D in terms of that radial function. To see this, we
fix H € H and compute the action of a nonconstant orbit x € P(H) N (13 \ D) which we suppose lies
inside {r} x aD for r > 1:

AH(x)zjolx*i—/OlHoxdz :/OIroz(XH)dt—/Olh(r)dtzrh’(r)—h(r).

The function Ag (r) = rh’(r) — h(r) on the right-hand side of the above equation has a nice geometric
interpretation. Looking at the graph of &, we notice that Ag (r’) corresponds to minus the y—coordinate
of the intersection of the tangent at the point (r’, 2(r’)) and the y-axis. See Figure 3.

2.2.3 Monotone homotopies We will need to also restrict the types of Hamiltonian homotopies we
consider to the following class.

Algebraic € Geometric Topology, Volume 24 (2024)
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Definition 11 Let Hy = { Hy}scRr be a smooth homotopy from Hy € H,, to H_ € 7—[,6 We say that H
is a monotone homotopy if the following conditions hold:

e There exists S > 0 such that Hy = H_ for s’ < —S and Hy = H, for s’ > S.
e Hg=hgs(r)on D\ D” for p = max{po, Lo}
 For R = max{ro. r}}, we have hs(r) = tgr + s on (R, +00) for smooth functions y, 15 of s.

e OyHy(t, p) <Ofor (1, p.s) € S' x D xR.

For Hy € Hy,and H_ € Hr(’) such that H < H_ pointwise everywhere on D, we can explicitly construct
a monotone homotopy in the following way. Fix a positive constant S > 0. Let 8: R — [0, 1] be a smooth
function such that S(s) =0 for s < —S8, B(s) =1 for s > S and B'(s) > 0 for all s € (=S, S). Define

Hy=H_+ B(s)(Hy — H-).
Notice that, since 8'(s) > 0 and Hy < H_, we have

dsHy = p'(s)(H4 — H-) 0.
For R = max{ry, r(’)} we have, on D \ DR

H(t,r, p) = (B(s)(t4 — =) + T)r + B(s)(n+ —n-) + n— = hs(r)
as desired and
(1 ds0rhs(r) = B(s) (t4 —1-) <0.

This inequality will be needed for the maximum principle of Section 2.3.2. Equation (1) also holds for
general monotone homotopies. Indeed, by definition, H(r) decreases in s and H,(r) is affine for r > R.

2.2.4 Admissible almost-complex structures Let J be an almost-complex structure on D. Recall
that J is w—compatible if the map gj: TM ® TM — R defined by

gr(w,w) =w, Jw)
is a Riemannian metric. To control the behavior of w—compatible almost-complex structures at infinity,

we make the following definition.

Definition 12 Let J be an w—compatible almost-complex structure on D. We say that J is admissible if
J1=J]| P\D is of contact type. Namely, we ask that

A

JiA =dr.

We denote the set of such almost-complex structures by J. A pair (H, J), where H € H,, and J € 7, is
called an ro—admissible pair.
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2.3 Floer trajectories and maximum principle

In this subsection, we recall some analytical aspects of Floer theory on Liouville domains. Issues regarding
transversality will be dealt with in the next section.

2.3.1 Floer trajectories Consider a Hamiltonian H : S x D — R and two 1—periodic orbits xo+ € P(H).
Let J be an w—compatible almost-complex structure on D. A Floer trajectory between x_ and x4 is a
solution u: R x S — D to the Floer equation

dsu +J(du—Xg) =0
that converges uniformly in ¢ to x_ and x4 as s — +o00:

lim u(s,t) =xx().
s—too

We denote the moduli space of such trajectories by M’(x_, x+; H). We may reparametrize a solution
u € M'(x—, x4; H) in the R—coordinate by adding a constant. Thus, Floer trajectories occur in R—families.
The space of unparametrized solutions is denoted by M(x_, x4; H) = M'(x_, x4+; H)/R. When the
context is clear, we will drop H from the notation and simply write M (x—, x4).

If we replace H with a monotone homotopy H, = { Hs}s;cRr, then we can instead consider solutions
u:RxS!— D to the s-dependent Floer equation

osu + J(0;u—Xpg,) =0

that converge uniformly in ¢ to x4 € P(H+) as s — Fo0o. The moduli space of such trajectories is denoted
by M(x—, x4+; H,). Unlike the s—independent case, M (x_, x+; H,) does not admit a free R—action by
which we can quotient.

2.3.2 Maximum principle To define Floer cohomology of D, we need to control the behavior of
the Floer trajectories. In particular, we have to make sure they do not escape to infinity. Admissible
Hamiltonians and admissible complex structures allow us to achieve that requirement. The first result in
that direction is the maximum principle for Floer trajectories. In what follows we say that v is a local
Floer solution of (H, J) in D \ D if

v=ul, “limunD\D)— D\ D

~1(imunD\D) " ¥
for some u € M(x—, xy; H).
Lemma 13 (generalized maximum principle [Viterbo 1999]) Let (H, J) be an ro—admissible pair on D.

Suppose v is a local Floer solution of (H, J) in D \ D", Then, the r—coordinate r o v of v does not admit
an interior maximum unless r o v is constant.
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Remark 14 The generalized maximum principle still holds if we replace H € H by a monotone homotopy
H between Hy € H,, and H_ € Hyy and if v is a local solution of the s—dependent Floer equation

dsv+J(0v—XpH,) =0
inside D \ DR, where r = max{r, ry}. Here it is crucial that 950, hs(r) < 0 for large enough r. From
the maximum principle above, we immediately obtain the following corollary which guarantees that Floer
trajectories do not escape to infinity.
Corollary 15 Let (H, J) be an ro—admissible pair on D and let x4 € P(H). Ifu € M(x—, x4), then
imu ¢ DR for R = max{r ox_,r ox4,ro}.

If Hy is a monotone homotopy between H_ € H,, and H € Hyy and u is a solution to the s—dependent
Floer equation between x_ € P(H-) and x4 € P(H4), then

imu c DR, for R = max{r ox_,rox4,ro. 1y}

2.3.3 Energy Animportant quantity which is associated to a Floer trajectory is its energy. It is defined as

1 2 2

E(u) = E/Rxsl (195ul? + |9,u — Xgr|3) ds Adr,
where |- |7 is the norm corresponding to gy. Using the Floer equation, we can write
10cu — Xgr |5 = w(Jdsu, —d5u) = w(dsu, Jdsu) = |dsul3.
Thus, the energy can be written more compactly as
2
E(u) = /Rxsl |05u|? ds A di.

It is often useful to estimate the difference in Hamiltonian action of the ends of a Floer trajectory in terms
of the energy of that trajectory. This can be achieved using the maximum principle and Stokes’ theorem.

Lemma 16 Let (H, J) be an ro—admissible pair and letu € M'(x_, x+; H) for x4 € P(H). Then,
0<Eu)=Ag(x4)—Ag(xo).

If Hy is a monotone homotopy between H € H,, and H_ € 7—[,6 that is constant in the s—coordinate for
s > |S| then

0<E@) <Ap,(x4)—Ag_(x-)+ sup  0dsH;(, p),
se[—S,S],
teS!, peDR

— /
where R = max{r ox_,r ox4,rg, 1}
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3 Filtered Floer and symplectic cohomology

We present in this section a brief overview of Floer cohomology for completions of Liouville domains
and their symplectic cohomology. For more details we refer the reader to [Cieliebak et al. 1995; 1996;
2010; Viterbo 1999; Weber 2006; Ritter 2013].

3.1 Filtered Floer cohomology

3.1.1 The Floer cochain complex Let (H, J) be an admissible pair. As mentioned in Remark 8, the
1—periodic orbits of H on D \ DP0 come in a finite number of S'—families, which we denote by %;. To
break each X; in a finite number of isolated periodic orbits, we first choose an open neighborhood U; of
each X; such that U; NU; = @ for i # j. Then, we define on each X; a Morse function f; having exactly
two critical points: one of index 0 and another of index 1. We extend each f; to its corresponding U;.
When added to H, these perturbations, which can be chosen as small as we want, break each of the
S !_families into two critical points. By virtue of the action formula derived in Remark 10, the actions of
the new critical points are as close as we want to the action of their original S!—family. We denote by H
the Hamiltonian resulting from this procedure. By abuse of notation we will write P(H ) for the set of
1-periodic orbits of Hj.

We define the Floer cochain group of H as the Z,—vector space®

CF*(H)= P Za(x).
xeP(H)

As the notation above suggests, CF*(H) is in fact a graded Z,—vector space. Assuming that the first
Chern class ¢ (w) € Hz(ﬁ; Z) of (Tl3, J) vanishes on nz(ﬁ), the Conley-Zehnder index CZ(x) € Z
of a 1—periodic orbit x € P(H) is well-defined [Salamon and Zehnder 1992]. We can therefore equip
CF*(H) with the degree
x| = 1 dim D — CZ(x)
and define
CF*(H)= @ Za(x).
x€P(H)
|x|=k
Here, CZ is normalized such that for a C2—small time-independent admissible Hamiltonian F,

CZ(x) = 1 dim D —ind(x),

where ind(x) corresponds to the Morse index of x € Crit(F) = P(F). In particular, if x is a local
minimum of F, then |x| = 0. This convention therefore ensures that the cohomological unit has degree 0.

4We use Z, coefficients here for simplicity but the cohomological construction that follows can be carried out with any coefficient
ring.
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Figure 4: The differential in Floer cohomology goes from right to left.

For a generic perturbation of J, the space M(x—, x; H) is a smooth manifold of dimension
dim M(x—,x4+; H) =CZ(x4+) —CZ(x-) — 1.

In the case where |[x—| = |x4+| + 1, Corollary 15 and Lemma 16 allow us to use the standard compactness
arguments, as in [Audin and Damian 2014, Chapter 8], to show that M (x_, x4+; H) is a compact manifold
of dimension 0. Knowing that, we define the coboundary operator 9: CF* (H) —> CFk+1 (H) by

oxy = Z HoM(x—, xy: H)x_,
|x—|=k+1

where #, M (x_, x4+; H) is the count modulo 2 of components in M(x_, x4+, H). See Figure 4.

Using once again Corollary 15, d o d = 0 holds by standard arguments which appear in [Audin and
Damian 2014, Chapter 9]. The pair (CF*(H ), ) is thus a graded cochain complex that we call the Floer
cochain complex of H.

3.1.2 Filtered Floer cochain complex The Hamiltonian action functional induces a filtration on the
Floer cochain complex. For a € (R U {£00}) \ Spec(H ), we define

CFL ()= (D Za(x).
xeP(H)
lx|=k, Ar(x)<a
By definition, we have CF*(H) = CFZ__  (H). Lemma 16 assures that d decreases the action. Thus, the
restriction 0«4 : CF’i JH)— CFILZI (H ) of the coboundary operator is well-defined and (CF% ,(H ), 0<4)
is a subcomplex of (CF*(H), d). Now, for a, b € (R U {400}) \ Spec(H) such that a < b, we can define
the Floer cochain complex in the action window (a, b) as the quotient

CFL,(H)

CF(, py(H) = —>"—,
i) = gz, )

on which we denote the projection of the coboundary operator by
. CRk k+1
d(a,p): CF(a,b) (H) — CF(a,b)(H)'
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Therefore, for a, b, c € (RU{z£oo})\ Spec(H ) such that a < b < ¢, we have an inclusion and a projection

(H) — CF?b,c)(H)

b, . e
La,fz . CF:a,b) (H) — CF?Q,C) (H)’ n;,; : CF?a,c)

that produce the short exact sequence

G o'k
0 — CFy, , (H) % CFy, . (H) = CF}y . (H) — 0.

+o00,c

For simplicity, we define t=¢ = (155" and 71~y = g oS

—00,b
3.1.3 Filtered Floer cohomology Leta,b € (RU{%o0o})\Spec(H ) such thata < b. The above filtered
cochain complexes allow us to define the Floer cohomology group of H in the action window (a, b) as

ker 04 p)
HF* , (H) = — 49
@) =505

The full Floer cohomology group of H is defined as HF*(H) = HF’("_oo " Oo)(H ). Fora,b,c €
(RU{=£o00}) \ Spec(H) such that a < b < ¢, the short exact sequence on the cochain level induces a long

exact sequence in cohomology:
HEf, 5 (H)

%

2) [+1] HF, . (H)

HF*

(b,¢) (H)

For C2-small admissible Hamiltonians with small slope at infinity, the Floer cohomology recovers the
standard cohomology of D.

Lemma 17 [Ritter 2013, Section 15.2] Let H € H be a C?—small Hamiltonian with tg < Ty for
Ty = min Spec(dD, A). Then, we have an isomorphism

&y :H*(D) — HF*(H).
Remark 18 We can endow HF*(H) with a ring structure [Ritter 2013] where the product is given b
g p g y

the pair of pants product. The unit in HF*(H ), which we denote by 1z, coincides with ®g (ep), where
ep is the unit in H*(D).

3.1.4 Compactly supported Hamiltonians We can define the Floer cohomology of compactly sup-
ported Hamiltonians on Liouville domains by first extending to affine functions on the cylindrical portion
of D.
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he(r)

\

! ro—¢& ro—ls/z ro

Figure 5: The t—extension of a compactly supported Hamiltonian.

Definition 19 Denote by C(D) the set of Hamiltonians with support in S! x (D \ dD). Let H € C(D).
For 7 € (0, 00) \ Spec(dD, 1), we define the T—extension H* € H; of H as follows. Fix 0 <& < 1 and
ro>1sothatl <rg—e,

e H*=HonD and H* =0o0n D"°7¢\ D,
e HT =hy(r)on D\ D0,

o hg(r) is convex for r € [rg—e&, ro], with hgk)(l) =0forallk >0, hl(14+¢) =1 and hge)(l +£)=0
forall £ > 1,

o he(r)=1t(r—(ro—¢&/2)) forr € [rg, +00).
We perturb H® so that it is ro—admissible. The Floer cohomology of H is defined as

HFZJ,b) (H) == HFZJ,b) (Ht),

where 0 < 7 < Ty. See Figure 5.

Since we take a slope T smaller than the minimum Reeb period to define HF ?a b) (H), the above definition
doesn’t depend on the choice of 7, &€ and ryp, as we will see in Lemma 20 below.

3.1.5 Continuation maps Let K € H,, and F € HT{) such that F < K. Consider a monotone
homotopy H, from F to K. Then from Corollary 15 and Lemma 16 in the case of homotopies, we
can apply the techniques shown in [Audin and Damian 2014, Chapter 11] to show that, for x_ € P(K)
and x4 € P(F) with |x_| = |x4+]|, M(x—, x4+; H,) is a smooth compact manifold of dimension 0. The
continuation map ®He CF* (F)— CF* (K) induced by H on the cochain level is defined as

O (xp)= ) Mo xsi Hxo,
|x—|=k

where #, M (x—, x4+; H,) is the count modulo 2 of components in M(x_, x4+; H,). The map
[®He]: HF* (F) — HF*(K)
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is independent of the chosen monotone homotopy and we can denote it by [®#%-F]. Consider the monotone
homotopy
Hy = K + B(s)(F — K)

described in Section 2.2. We note that dg Hy < 0 since F < K and B’ > 0. Thus the action estimate given
by Lemma 16 for homotopies yields
Ag(x=) < Ag(x4)+  sup  0dsHs(1, p) < Ag(x4)

se[-S,S5],
teS! peDR

for x_ € P(K) and x4 € P(F). Therefore, the continuation map decreases the action and hence induces
maps

K.F .
[© g ) HE () (F) — HE( ) (K)

that commute with the inclusion and restriction maps as follows [Ritter 2013, Section 8]:

[e:6] . 29 .
(a,C')(F) —_— HF(b,C)(F) —_—p e

*
a,
3) l[é{i’,,’;] ‘@551 1[9’2151

.o * _— * _— * “en
= HF ) (K) o HF o (K) —— o HIy ) (K) ——

Suppose we are given another Hamiltonian H > K. Then we have the commutative diagram

K.F H.K
@ml (@4 )]

HFy, ) (F) ———— HF{, ;) (K) ———— HF{, , (H).
\ J

H.F
[(D(a,b)]

As opposed to the closed case, for completion of Liouville domains, continuation maps do not necessarily
yield isomorphisms. One case in which they do is when both Hamiltonians have the same slope.

Lemma 20 [Ritter 2009, Section 2.12] Let F, K € H and suppose tr and tg are both contained in an
open interval that does not intersect Spec(dD, o). Then, if T < tx,

[®K-F|: HF*(F) — HF*(K)

is an isomorphism. Under [®X-F], 1 and 1k are identified.
In action windows, we have the following isomorphisms.

Lemma 21 [Viterbo 1999, Proposition 1.1] Let H, be a monotone homotopy between H1 € H that is
constant in the s—coordinate for |s| > S > 0. Suppose as, bs: R — R are functions which are constant
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outside [—S, S| and ay, bs ¢ Spec(Hj) for all s. Then,

[@H—-H+]: HF

(s by ) ——HEG, , \(H-)

foraq4 = limg_, o0 ag and by = limg_, 4 o by.
3.2 Filtered symplectic cohomology

Equip the set of admissible Hamiltonians #° negative on D with the partial order
H=<K <= H( p) <K p) foral (s, p)eS! x D.

Let {H;}ic; C H° be a cofinal sequence with respect to <. We define the symplectic cohomology of D
as the direct limit
SH’(ka’b)(D) = li_n)lHF’("a’b)(H,-)
H;
taken with respect to the continuation maps

HjaHi

[P a5

]: HF?a,b)(Hi) — HF?a,b)(HJ')

fori < j. We let SH*(D) = SHZ‘_ ot oo)(D). The long exact sequence on Floer cohomology carries
through the direct limit and we also have a long exact sequence on symplectic cohomology:

SH’("a’b)(D)

%])

[+1] SH(, (D)

SHZ‘b’ o) (D)

The Viterbo map Let F € # and consider H € H° with tiz = tF. Then, by Lemma 20, we have
HF*(F) =~ HF*(H) and there exist, by the definition of symplectic cohomology, a map

4) JjF:HF*(F) =~ HF*(H) — SH*(D)
sending each element of HF* (H ) to its equivalence class. Now, for H € #° with slope 7y < Ty we can

define, by Lemma 17, the map v*: H*(D) — SH* (D) first introduced in [Viterbo 1999] by

H* (D) —, HF* (H) —2" s SH*(D).
N v

v*

This map induces a unit on symplectic cohomology. Recall that 1z denotes the unit in HF*(H) (see
Remark 18).

Algebraic € Geometric Topology, Volume 24 (2024)



Spectral diameter of Liouville domains 3779

Theorem 22 [Ritter 2013] The ring structure on HF*(H) induces a ring structure on SH* (D). The
unit on SH* (D) is given by the image of the unit ep € H* (D) under the map v*. Moreover,

v*(ep) € im([1265,00]: SH{ o0 (D) — SH{ o, o)(D)).

4 Spectral invariants and spectral norm

4.1 Spectral invariants

Denote by Ham (D, dA) the group of compactly supported Hamiltonian diffeomorphisms of (D, dA) and
by Symp,. (D, d}) the group of compactly supported symplectomorphisms of (D, dA). The Hofer norm
of a compactly supported Hamiltonian H € C(D) is defined as

1
|H ) = [ (sup H(t. p)— inf H(t.p))dr.
0 peD peD

Using the Hofer norm, we can define a bi-invariant metric [Hofer 1990; Lalonde and McDuff 1995] on
Ham, (D, dA) by
du(p.¥) = du(ey™"id), du(p,id) =inf{|H| | ¢ = ¢u}.

Recall that C(D) forms a group under the multiplication

H#K(t.p)=H(t.p) + K(t. (¢j) " (P).
with the inverse of some H € C(D) given by H (¢, p) = —H(t, @ (D).

From Lemma 17 and by the definition of HF*(H) for H € C(D), we know that HF* (H) =~ H*(D). For
B € H*(D), we define, following [Schwarz 2000], the spectral invariant of H relative to 8 as

c(B.H)=inf{l eR | Dy (B) €im([(ET _o]: HF{_ ,(H) — HF*(H))},

—00,—00
which is, by exactness of the long exact sequence (2), equivalent to
c(B, H) =inf{l eR | [xZ7]0 Py () = 0}.

The following proposition gathers all the properties of spectral invariants we need for the rest of the text.
Proofs of these properties can be found” in [Frauenfelder and Schlenk 2007, Section 5].

Proposition 23 Let8,n€ H*(D) and let H, K € C(D). Then:
o Continuity /01 mingep(K — H)dt <c(B,H)—c(B,K) < fol maxyep (K — H)dt.
e Spectrality c(8, H) € Spec(H).
o Triangle inequality c(f—n, H#K)<c(B, H)+ c(n, K).
e Monotonicity If H(t,x) < K(t,x) forall (t,x) € [0, 1] x D, then c(8, H) > c(8, K).

3 Note that the signs for continuity and monotonicity differ from [Frauenfelder and Schlenk 2007, Section 5] because of differences
in sign conventions.
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Remark 24 The continuity property of Proposition 23 allows us to define spectral invariants of compactly
supported continuous Hamiltonians H € C2([0, 1] x D). They satisfy continuity, the triangle inequality
and monotonicity.

4.1.1 Additional properties of ¢ The following lemma assures us that spectral invariants are well-
defined on Ham, (D, dA). The proof relies on the spectrality and the triangle inequality.

Lemma 25 Let H, K € C(D) such that iy = ¢k and let B € H*(D). Then,

c(B.H) =c(B.K).
Proof We have ¢y ,% = o = id and in that case Spec(H # K) = {0}. Now, by spectrality of spectral
invariants, ¢ (8, H # K) = 0. Thus, the triangle inequality yields
c(BH)=c(B, H#K#K)<c(B, H#K)+c(B,K) =c(B, K).
Repeating the same argument with K # H instead of H # K, we obtain c(B8, K) < ¢(f, H), which

concludes the proof. O

The spectral invariant with respect to the cohomological unit admits an implicit definition which depends
on the spectral invariants with respect to all other cohomology classes in H*(D). This follows directly
from the triangle inequality.

Lemma 26 Let H € C(D). Then,
c(1,H) = ﬂenl_}g?D) c(B, H).
Proof Let f € H*(D). By the definition of the unit and the concatenation of Hamiltonians, we have
c(B,H)=c(B—1,H)=c(B—1,0#H).
Then, since c(8, 0) = 0, the triangle inequality guarantees that
c(B,H)Y=c(B—1,0#H)<c(B,0)+c(1,H)=c(1,H).
The choice of B being arbitrary, this concludes the proof. |
4.1.2 The symplectic contraction principle We conclude this section by recalling the symplectic

contraction technique introduced in [Polterovich 2014, Section 5.4]. This principle allows one to describe
the effect of the Liouville flow {w;’g "Vo<r<1 on spectral invariants.

First, we need to describe how the Liouville flow acts on the symplectic form @ of D and on compactly sup-
ported Hamiltonians on D. Since Ly » = w, we have that the Liouville flow contracts the symplectic form:

(W;?gr)*a) =ro.
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Now, consider a Hamiltonian H € C(D) supported in U C D. For fixed 0 < r < 1 define the Hamiltonian

rH(t, (Y271 (x) if x ey (U),
0 if x ¢ Yy (U).

It then follows from the two previous equations that Spec(H;) = r Spec(H ). This allows one to prove:

&) Hy(1,x) =

Lemma 27 [Polterovich 2014] Suppose H € C(D) and let H, € C(D) be as in (5). Then,
c(1,H))=rc(1, H).
4.2 Spectral norm

We define the spectral norm y(H) of H € C(D) as
y(H)y=c(1,H)+c(1,H).
For ¢ € Ham, (D, dA) such that ¢ = ¢g, define
() = y(H).

By virtue of Lemma 25, this is well-defined.
From [Frauenfelder and Schlenk 2007, Section 7], we have the following theorem which justifies calling
y anorm.
Theorem 28 Let ¢, € Ham (D, dA) and let x € Symp,.(D,dA). Then:

¢ Nondegeneracy vy(id) =0 and y(¢) > 0 ify #id.

e Triangle inequality y(pV) < y(¢)+ y(¥).
o Symplectic invariance y(yoqpo x~') = y(p).

Symmetry y(¢)=y(p™").
Hofer bound y(¢p) <dg(¢,id).

5 Cohomological barricades on Liouville domains

Ganor and Tanny [2023] introduced a particular perturbation of Hamiltonians compactly supported inside
contact incompressible boundary domains (CIB) of closed aspherical symplectic manifolds. For instance,
if U C M is an incompressible open set which is a Liouville domain, then U is a CIB. In Floer homology,
the aforementioned Hamiltonian perturbation, which is called a barricade, prohibits the existence of
Floer trajectories exiting and entering the CIB. We consider barricades in the particular case of Liouville
domains and adapt them to Floer cohomology.

In the present setting, we define barricades for a special class of admissible Hamiltonians.
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h(r)

Figure 6: An ro—barricade-admissible Hamiltonian.
Definition 29 A Hamiltonian H is said to be ro-barricade-admissible if H € H,, and the following
conditions hold:
e H(t,x,r)=nh(r)on D \ D®0 for some pg € (0, 1).
e h(r)is C?—small on (1,rg —¢).
e h(r) is strictly convex on (rg — &, rg).

(See Figure 6.) Here ¢ > 0 is small enough so that 1 < rg—¢. We denote the set of ro—barricade-admissible
Hamiltonians by .

We say that (F., J) is an ro-barricade-admissible pair if F, is a monotone homotopy such that Fy € H,

for all s and J is an admissible almost-complex structure.

Remark 30 By Definition 19, the extension H® of any Hamiltonian H compactly supported in D can
be chosen so that it is ro—barricade-admissible.

Definition 31 Letrg>1and 0 <e <ro—1. Define By, = D%\ D, where, for p>0, D” = \IJ];,)gp(D).
Suppose (F,, J) is an ro—barricade-admissible pair from F_ to F_. We say that (F,, J) admits a barricade
on By, ¢ if for every x+ € P(F4+) and every Floer trajectory u: R x st D connecting x, we have,
for Dy := D"07% = D U By, ¢:

(1) If x— € D, then im(u) C D.
(2) If x4+ € Dy, then im(u) C Dy,

Remark 32 In the language of [Ganor and Tanny 2023], a barricade on By, ¢ as described above would
be called a barricade in D"™¢ around D.

5.1 How to construct barricades

To construct barricades, we need to consider special classes of pairs of Hamiltonians and almost-complex
structures. These are defined using a refinement of Definition 3.5 in [Ganor and Tanny 2023].
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D\ (ByyeUD) D\ (ByyeUD)

allowed Floer trajectories forbidden Floer trajectories

Figure 7: Floer cylinders in a barricade. The arrows follow the direction of the Floer differential
and the continuation map: from x to x_.

Definition 33 Let ro > 1, 0 € (0, 400) \ Spec(dD, A1) and 0 < ¢ < rg — 1. An ro—barricade-admissible
pair (F,, J) admits a cylindrical bump of slope o on B ¢ if:
(1) F=00n0B,,xS!xR.
(2) JY = Ry for Y the Liouville vector field on D, on a neighborhood of 0B ¢; ie J is cylindrical
near 0By, = 0D U ({ro —&} x dD).
(3) VyF =oY near ({1} x3D)x S! xR and V; F = —oVY near ({ro—e} xdD) x S xR. Here, V
denotes the gradient induced by the metric g .
(4) All 1-periodic orbits of F4 contained in By, ¢ are critical points with values in the interval (—o, o).
(In particular, o < Ty.)
A cohomological adaptation of Lemma 3.3 in [Ganor and Tanny 2023] yields the following action
estimates for pairs with cylindrical bumps.
Lemma 34 Suppose that the ro—barricade-admissible pair (F, J) admits a cylindrical bump of slope o
on By, .. For every finite-energy solution u connecting x4+ € P(Fx):
(1) imx_ C D andimx4 C D\ D = Af, (x4) > 0.
(2) imx4 C Dy andimx_ C D\ Dy = Ap_(x_) < —o0.
See Figure 7.

Lemma 34 and the maximum principle are all we need to prove that every pair with a cylindrical bump
admits a barricade. More precisely, we have:

Proposition 35 Let (F, J) be an ro—barricade-admissible pair with a cylindrical bump of slope o on By, ¢.
Then, (F, J) admits a barricade on By ¢.

Proof Suppose u:R x S! — D is a Floer trajectory between x4 € P(F+). We only need to study the
case where im x_ C D and the case where im x4 C Dy,
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Suppose that im x_ C D. We first establish that x4 must lie inside D. Indeed, if im x4 C D \ D, part (1)
of Lemma 34 assures us that Ap, (x+) > o, which contradicts the fact that orbits on D \ D must have
action in the interval (—o, o) by the construction of the cylindrical bump. Therefore, imxy C D as
desired. Now, since im x4+ C D, the maximum principle guarantees that imu C D.

To finish the proof, we look at the case where im x4 C Dy. Similarly to the previous case, we prove
that x_ also lies inside Dy. If imx_ C D \ Dy, part (2) of Lemma 34 imposes Ar_(x—) < —o, which
is again impossible by construction of the cylindrical bump. Therefore, im x_ C Dy and the maximum
principle implies imu C Dy, |

Given a pair (F, J) and o > 0 small, we can add to F a C®°—small radial bump function y with support
inside By, ¢ such that (F 4 y, J) has a cylindrical bump of slope o on By, . By Proposition 35, the
perturbed pair will also admit a barricade on By, ¢. A second perturbation of the Hamiltonian term at its
ends, under which the barricade survives, allows us to achieve Floer regularity for the pair. This procedure
is carried out carefully in [Ganor and Tanny 2023, Section 9] and yields the following.

Theorem 36 [Ganor and Tanny 2023] Let F, be a monotone homotopy. Then, there exists a C>°—small
perturbation f, of F, and an almost-complex structure J such that the pairs ( f,,J) and (f1, J) are
Floer-regular and have a barricade on By ¢.

5.2 Decomposition of the Floer cochain complex

Let us investigate what structure barricades impose on the Floer cochain complex. Let H € H,, and
suppose the pair (H, J) admits a barricade on By, ¢. For an open subset U C D, denote by C*(U, H) the
set of 1—periodic orbits of H in U. By the definition of the differential d on Floer cohomology, C*(Dy, H)
is closed under 0 and it therefore forms a subcomplex of CF*(H ). Moreover, for D, = D \ Dy, we also

have that *
CF*(H)

C*(Dy, H)
is a well-defined cochain complex. In terms of vector spaces, we have the decomposition

CF*(H) =~ C*(Dy, H) ® C*(D, H).

C*(DC’H) =

The direct product gives us injections Lf , Lf’ and projections an , JTCH for which the diagram
C*(Dv, H)
id
i an 0
H

C*(Dy, H) —— CF*(H) = C*(De H)

Cc
H
TT,

C*(DC’H)

Algebraic € Geometric Topology, Volume 24 (2024)



Spectral diameter of Liouville domains 3785

commutes and the equation
H H H H
lp ©Ty (Q)+tc O T, (9)=q¢

H
c

holds for any ¢ € CF*(H). Here, the projection 7* coincides with the canonical projection
CF*(H)
C*(Dy, H)'
The differential d, on C*(Dy) is simply the restriction of the differential d of CF*(H) on C*(Dy). The
differential . on C*(D.) is the quotient complex differential defined by

BCJTCH (p) = nCH(ap).

CF*(H)

5.2.1 Continuation maps Let (F,,J) be an ro—barricade-admissible pair that admits a barricade
on By, ¢. Then, since the continuation map ®, : CF*(F) — CF*(F-) counts Floer trajectories of F
connecting 1—periodic orbits of F; to 1-periodic orbits of F_, it restricts, due to the barricade, to a chain
map

@Y : C*(Dy, F4) — C*(Dy, F-).

Moreover, in virtue of Lemma 38 below, ® r projects to a chain map
P%: C*(De, Fy) — C*(De, F-)

such that the following diagram commutes

o7,
CF*(F}) ——= CF*(F.)

l l

C*(De. Fi) ——— C*(De, F-)

Feo

) F _
where we write er+ =n, " and n; =m,

5.2.2 Chain homotopies Let (Fi, J) be ro—barricade-admissible pairs that admit cylindrical bumps
of slope 0 on By, ¢ such that F; and F_ have the same slope 7+ = 7_ at infinity. Consider the linear

homotopy
Fy= F-+ B(s)(F+ — F),
where f: R — [0, 1] is a smooth function such that 8(s) =0 for s < —1, B(s)=1fors >1and B'(s) >0
for all s € (—1, 1). Denote by F, the inverse homotopy defined by Fy = F_g. For p > 1 large, we define
the concatenation F # F, as
(F#F)s _ Ijs_,_p for s <0,
Fg_p fors>0.

Using the definition of F, and F,, we can simply write
(F#F)s=F_+ By(s)(F+ — F-)
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for B,(s) = B(—|s|+p). The homotopy F#F, generates the composition of continuation homomorphisms
O o ®p: CF*(F-) — CF*(F-), which is chain homotopic to the identity on CF*(F_),

@F.OCDF-.—id_:a_o\D_—\Il_oa_

for W_: CF*(F_) — CF*1(F_) and d_ the differential on CF*(F_). The chain homotopy W_ is built
by counting Floer solutions of the homotopy {I"*},¢[o,1] between F # F . and the constant homotopy F_,
which is defined by

T = F_+kBy(s)(Fy — F).

For x € P(F-) and y € P(F4), define
MP (. y) = {(k,u) [k €0, 1], u € M(x, y: ).

We can perturb I' with a C°°—small function in order to make it regular [Audin and Damian 2014,
Chapter 11]. Now, since the pairs (F4, J) admit cylindrical bumps of slope o on By, ¢, and thus have
barricades on By, ¢, solutions to the parametric Floer equation for I'* also admit cylindrical bumps of
slope o on By, . and have barricades on B, .. To see this, first fix « € [0, 1], We need to show that I'“
satisfies conditions (1) through (4) of Definition 33. For (1), we have, on 0B;, ¢ x S I ¥R,

I =F_+kBp(s)(Fy —F-) =0+ kB,(s)(0—0) =0.
Condition (2) is automatically satisfied since J is fixed. For condition (3), we have on ({1} x9D)x S! xR,
VJFK =V F_ +K/3p(S)(VJF+ —VjF_)=o0Y +/<,8p(s)(oY —oY)=o0Y

and, by the same computation, V;I'* = —gY on ({ro —e} x D) x S x R. Condition (4) is also satisfied
since I'f = F_. All of this still holds with regular perturbations of I".

Lemma37 Let F_, Fy € H,, with same slope at infinity and suppose they both admit barricades on By, .
Furthermore, suppose that solutions to the parametric Floer equation for I'* also admit barricades on By .
Then, for any C °°—small perturbation I'" of T" which satisfies P(F!) = P(F<+), Floer trajectories in MY
follow the rules of the barricade on By ¢.

Proof The proof follows the same ideas as the proof of Proposition 9.21 in [Ganor and Tanny 2023]. By
Gromov compactness, any sequence (ky, U, ) € ML (x_, y4) of solutions to the parametric Floer equation
converges, up to taking a subsequence, to a broken trajectory (k, v), where v = (v, ..., Vg, W, V], ..., vé)
connects two orbits x4 € P(F4). The fact that F4 both admit a barricade on B . assures us that

e x_eD=vCD,

® X+ €D = v C Dp.
Now, consider a sequence of regular homotopies {I',}, with ends limg_, 4 o0 I's,n = F,+ converging to I’

such that P(Fy,+) = P(F+) for all n. Then, the above two implications regarding broken trajectories
imply that every trajectory (ky,,u),) € MF/(x_, x4), for x4 € P(F4), obey the rules of the barricade. O
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Thus, W_ restricts to a map wh . C*(Dy, F_) — C* 1 (Dy, F_) and by Lemma 39 below, we can define
its projection WC : C*(De, F_) — C* (D, F_).

Technical lemmas When adapting computations from homology to cohomology, we often have to rely
on quotient complexes instead of subcomplexes. Here are a few simple results from homological algebra
which will be useful in that regard. Let (A4, d4) and (C, d¢) be cochain complexes and let B C A and
D C C be subcomplexes.

Lemma 38 Suppose f: (A, B) — (C, D) is a chain map. Then, there exists a unique chain map
f : A/B — C/D such that the following diagram commutes

a—7L ¢

A/B———C/D
7

for mp and mp the canonical projections. It follows that, on cohomology, we have the following

commutative diagram:

14— woy

[ﬂB]l l[ﬂD]

H*(4/B) ——— H*(C/D)
[f]
Proof Define, for all x € A4, .
S (7B (x)) = mp(f(x)).
We first need to show that f_ is well-defined. Suppose x’ = x + b for x € A and b € B. Then, since f
restricts to a map from B to D, there exists d € D such that f(b) = d and we have
frp(x") =np(f(x +b)) =np(f(x)+d) =np(f(x)).
Thus, f is well-defined.

To prove uniqueness, we simply use the definition of f . Suppose we have another map g: A/B — C/D
which makes the above diagram commute as well. Then, for all x € 4,

f (B (x)) = g(mp(x)) = mp (f(x)) —7p (f(x)) =0. O
Lemma 39 Suppose f: (A, B) — (C, D) and g: (C, D) — (A, B) are chain maps such that f o g is

chain homotopic to the identity

fog—idc =dcoy —yodc,
where the chain homotopy is a map ¥ : (C, D) — (C, D). Then, f og: C/D — C/D is also chain
homotopic to the identity.
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Proof Since the chain homotopy v : (C, D) — (C, D) is a chain map of pairs, Lemma 38 allows us to
define its projection ¥ : C/D — C/D. Thus, forall y € C,
fo&p () —ide/p(p(y)) = f omp(g(y)) —7p(ide(y))
=7np(f o g(y)) —np(idc(y))
=7np((dcoy —yodc)(y))
=(dc/pompoy —mpoyodc)(y)
=dc/p oy (mp(y))—V¥ odc/p(Tp ()
which proves that f o g is chain homotopic to the identity on C /D since any z € C/D is of the form
z=np(y). 0

6 Proofs of main results

6.1 Proof of Theorem A1l

Fix A € (0,00) \ Spec(dD, A). The idea of the proof is to construct a special admissible Hamiltonian
for which c¢(1,-) is bounded from below by A — ¢ for ¢ a small constant which depends on A. This
construction is inspired by [Cieliebak et al. 2010, Proposition 2.5]. Then, we use the fact that ¢(1,-) >0
to conclude.

6.1.1 Construction of the Hamiltonian Fix some rg > 1. For any § € (0, 1) and ¢ € (0, Tp), we define
the Hamiltonian Hg 4 as follows:

* Hj 4 is the constant function A(§ —1) on DS,
* Hs 4(r,x)=A(r—1) on D\ DS,
* Hs 4(r,x)=0o0n D\ D.
* Hs 4(r,x)=0(r—ro) onIS\D’O.
See Figure 8. We add a small perturbation to Hy 4 so that it lies in Hr,- Denote by hs 4 the function

of one variable for which Hs 4 = hs 4or on D€ If y is a 1-periodic orbit of hs_4 inside the level set
{r} x aD, its action can be written as

AH&A (V) = AH&A (r) = rh:S',A(r) _h(g,A(r)'

The 1-periodic orbits of Hg 4 can be classified into three different categories. Recall that n4 denotes the
distance between A and Spec(dD, «).

(I) Critical points in D? with action close to ry := (1-68)A.

(II) Nonconstant 1—periodic orbits near {§} x dD with action in a small neighborhood of the interval
I = [8T0 +(1-686)A,A— 87714]
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Hs 4
) 1
: * ‘ r
I ro
AG—-1) ----
Figure 8: Radial portion of the Hamiltonian Hs 4.
rw I ry In
—¢  E— | . I
0 A—e
P k + t
TO NA—¢€ g— 8A 8T0

Figure 9: Distances that separate the action windows under consideration.

(IIT) Nonconstant 1—periodic orbits near {1} x dD with action in a small neighborhood of the interval
Im = [To, A —nal.
(IV) Critical points in D"° \ D with action close to ryy := 0.

Note that there are no nonconstant 1—periodic orbits near {ro} x dD, since the slope of the Hamiltonian

there ranges from O to o, which is less than 7 by assumption.

We now want to construct a Floer complex Cf 1 Which will contain the orbits of type (I) and (II) and
another complex CELIV containing orbits of type (IIT) and (IV). To that end, pick 0 < § < 1 small enough
so that 4 < n4. Now choose € > 0 such that

0A <& < ny4.
Then, we have the inequalities

rlv<lm<A—8<7‘1<In.

As shown in Figure 9, ry, Iy, Iy and ry are all separated by distances which depend only on Ty, A4, 14,
d and &. Thus, we can choose the perturbation we add to Hs 4 to be small enough so that, in terms of
action, we have

V) <) < A—e < (I) < (ID).
Therefore, since the Floer differential decreases the action, we can define the Floer cochain complexes as
CF*(Hs, 4)

Ch = CF(4s,00) (H5,4)
LIV

CEI,IV = CF?—oo,A—s)(HS A)» CEII =
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AG—1) - - -

Figure 10: Homotopy from Hjs 4 to [:I\g,A.

and they yield the Floer cohomology groups

H* (CTII,IV) = HF:(k—OO,A—B) (Hs,4), H* (Cfn) = HF?A_E,OO) (Hs,4)-

A quick look at the action windows under consideration informs us that the above complexes fit into the
short exact sequence

A= = +oo +00.+00
—00,A—¢

0—— CIII v e CF*(Hs.4) Cf I 0,

which in turn yields an exact triangle in cohomology:

A55)
H* (Cjip.1v) HF*(Hs 4)
k Casegyiod
H*(C[p)

6.1.2 Factoring a map to SH*(D) We now build maps ¥ and Wy such that the diagram

00,00

(AR
HF* (Hs 4) ——2—"— H*(C}y)
(6) l‘l’m
v

SH*(D)

commutes. We need to construct W so that it coincides with the map jg, ,: HF*(Hs 4) — SH*(D)
(see (4)). By virtue of Theorem 22, this assures us that W is a map of unital algebras.

First, we construct Wy in three steps.

Step1 [®]: H*(Cyp) = HFZ‘M —e.00)(Hs,4+ A(1=38)). This isomorphism follows from a simple shift
of A(1 —4) in the Hamiltonian term, which translates to a shift of A(§ — 1) in action (see Figure 10). In
what follows, we let }AI&A = Hs 4+ A(1-9).
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Figure 11: Radial portion of the Hamiltonian K, ;.
For the next steps, we need to define another special family of Hamiltonians. Given r; € (0, +00) and
7 € (0,00) \ Spec(dD, 1), define the Hamiltonian K, ; as follows (see Figure 11):
e K, 7 is the constant zero function on D"!.
Ky «(x,r)=1t(r—ry) on D \ D"

We add a small perturbation to K, r so that it r1—admissible. The 1—periodic orbits of K, ; fall in two
categories:

(I') Critical points in D"! with action near zero.
(I") Nonconstant 1-periodic orbits near {ry} x dD with action in a small neighborhood of the interval
[r1To, 11T —rine].

By the same argument used for Hs_y4, the action windows (I') and (II') are separated if we choose a small
enough perturbation.

Step 2 [®,]: HFZSA e c><))(H&A) >~ HF* (K5, 4). Consider the homotopy

Fy = (1-B(s)Ks.a + () Hs 4.
where B:R — [0, 1] is a smooth function such that B(s) =0 fors <—1, B(s) =1 fors>1and 8'(s) >0
for all s € (—1, 1) (see Figure 12). Denote by
®F, : CF*(H3,4) — CF*(Ks,4)
the continuation map generated by Fj.

Notice that since Hs 4 < K5 _4 we can restrict the continuation map on the action window (64 — ¢, 00).
Thus,

[PF,]: HF(SA —e oo)(HS 4) — HF(gA e oo)(KS,A)

is well-defined. Moreover, since §4 —& < 0, Kjs_4 has no orbits outside the action window (84 — ¢, 00)
and thus

HF7,

(6A—¢ oo)(K(S,A) — HF* (KS,A)

[5A soo]

is an isomorphism. We define [®,] to be the composition [t o §A—s. oo] [®F,]-
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5 i ro

Figure 12: Homotopy from I-AIg,A to Ks 4.
Step 3 Recall from (4), that we have a natural map

Jks 4 HF* (K5 4) — SH*(D).
We define Wy y: H*(Cfy) — SH* (D) to be the composition
Wi = jks 4 © [P2] o [P1].
The morphism W is built in a similar fashion. We define it as the following composition of maps:
HF* (Hs,4) — 5 HF (Hs.4)
l[%] .

HF* (K5 4) — ", SH*(D)

Here, the isomorphism [®,] follows from the fact that lzoth Hs 4 and ﬁg, 4 have the same slope at infinity.
We defined [®)] to be the continuation map [®Ks.4H5.4] The last map is given, just as in Step 3, by
Jks 4 HF*(Ks 4) — SH*(D). By construction, we therefore have

V= jKa,A © [q>,2] © [CD/I] = st,A o [CDK,;’AI'?&A] © [CD/I] = sz,A
as desired.

Now, we need to prove that diagram (6) commutes. Writing the maps ¥ and Wy explicitly, we have the

following diagram:

EANagHind

HF* (Hs, 4) e H*(Chy)
l[‘b/l] ot [@1]
HF* (A ) — = RS ()
@ l[q)KS,A s 4] [®2]
HF* (K3, 1) < HF* (K, 4)
ks
SH*(D)

Algebraic € Geometric Topology, Volume 24 (2024)



Spectral diameter of Liouville domains 3793

The top square in diagram (7) commutes because, since I:\Ig’ A4 = Hs 4, there exists a continuation map
from HF* (H; 4) = HFZSA—a,oo) (Hs 4) to HFZSA—a,Jroo) (Hs, 4), where the isomorphism follows from the
fact that Hg 4 has no orbits outside the action window (§4 —¢&, 00). Now, since the projection [Jriroo’;iof ]
s oo, &
commutes with continuation maps (see diagram (3)), the bottom square in diagram (7) also commutes.

Therefore, we can conclude that diagram (6) commutes.

6.1.3 Spectral invariant and spectral norm of Hs 4 Recall that, by definition,

c(1, Hs 4) =inf{ e R | [z 120 L1 1(1) = 0}.

00,4 —00,—00

Since W is a morphism of unital algebras, the commutative diagram (6) assures us that

[ %)Ly ) #0
A—e,+00

since we assume that SH*(D) # 0. Thus, from the exact triangle in cohomology induced by [1Z55"" 55

+00,+00 A—g,+00

and [z " "], we have 1 ¢ im[1Z "o | and therefore

c(1,Hs 4) > A—e.

Now, we turn our attention to the spectral norm y(Hs_4). We know from Lemma B that
¢(1, Hs 4).c(1, Hs 4) > 0.
It thus follows from the previous inequality that
y(Hs ) =c(l, Hs o) +c(1, Hs 4) > A—¢

as desired. This completes the proof.
6.2 Proof of Lemma B

We give a proof of Lemma B which relies on the decomposition of the Floer complex induced by the
barricade. We expect that Lemma B could also be proven using Poincaré duality between filtered Floer
cohomology and filtered Floer homology (as in [Cieliebak and Oancea 2018, Section 3]) and Lemma 4.1
of [Ganor and Tanny 2023].

Let H € H,, with slope 0 <ty < Tp. Consider a linear homotopy F, from F; = K, 1, (see Figure 11) to
F_ = H. There exists a small perturbation f, of F, and an almost-complex structure J such that the pairs
(fe,J) and (f+, J) admit a barricade on B, for € > 0 small enough. Fix § > 0. The construction of
Theorem 36 allows us to choose J time independent [Ganor and Tanny 2023, Remark 3.7] and f such that
—55/1 min (f-— H)dt <.
0 xeD\(rg,+00)xdD
We may assume further that f has a local minimum point p € D, = D \ Dy, since f4 is C?—small
there. It follows from Lemma 17 that 17, = [p] € HF*(f%) is the image of the unit ep € H*(D) under
the isomorphism @y : H*(D) — HF*(f4). Moreover, since f and f_ have the same slope at infinity,
Lemma 20 assures us that the isomorphism [®y,]: HF*( f4) — HF*( f~) induced by the continuation
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morphism @y, : CF*(f) — CF*(f-) preserves the unit. To summarize, we have

Qs (ep) =[pl=1p, and [P (p)]=[Pr]l(1y)=1f.

By the continuity of spectral invariants, we know that

c(l,H)—c(l,f_)z/Ol min (f-—H)dr.

ro
Therefore, by our choice of f—, we have c(1, H) > —§ + c¢(1, f—). To complete the proof, it suffices to
show that c(1, f—) > —k4 for kK > 0 independent of f_. However, the definition of spectral invariants
guarantees the existence of ¢ € CF*( f~) cohomologous to 1 for which c(1, f=) > As (g) — 8. We thus
only need to prove that Ay (g) > —§. In the case where ¢ is a combination g1 + - - - + g of orbits, the
action of ¢ is defined as
Ar_(q) =max Ayr_(qi).

Recall from Section 5.2 that the barricade construction assures that we have, in terms of vector spaces,

the decomposition
CF*(fx) = C*(Dy, f+) ® C*(Dc, f+)

with inclusions and projections respectively given by
1S:C*(Do, fu) — CF*(fy) and nd:CF*(fy) — C*(Do, fi)

for © € {b, c}. Moreover, Floer trajectories starting in D}, must have ends in D}, and Floer trajectories
starting in D, can have ends in Dy, and D.. Thus,

Qs (p) =pot+pe and g = pp+ pc+(ro +1c)
for pp,rp € imiy and p,rc € im¢_ . Furthermore,
8(rb) =rpp and a(rc) =Treb + Fec,

where ryp, rep € imy and rec € im . See Figure 13 for an illustration of the Floer trajectories under
consideration here.

Notice that since f_ is C2?—small on D, we have Asr_(pc +71ec) = —6. Thus, if pe + rec # 0, we have
Ar (@) = Ar_(po+ pe+rob +reb +Tec) = Ar_ (pe + Tee) = —0.

We now prove that p. + rec 7 0. This is equivalent to showing that the class [ (pc)] in H*(De, f-) is
nonzero. Indeed, if p. + r.c = 0, we have, by the definition of r¢., p. = —dr. and thus

[7e (pe)] = [ (=0re)] = [8em. (re)] = 0.
Denote by & A CF*(f_) — CF*( f4) the continuation map generated by the inverse homotopy f; = f—s.
We know that both ® A @y, and Oy, 0 @ 7, are chain homotopic to the identity:
CIDJ;.OCIJf.—id+ =dyoWy —W, o004,

®po®; —id = oW —W_od
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Figure 13: The possible trajectories for the differential of ry, r. and the continuation map applied
to p according to the rules of the barricade.

for the differentials 9 : CF*( f1) — CF*T1( f1) and chain homotopies W4 : CF*( fi1) — CF* 71 (f4).
(In fact, for our purpose here, we only need the first homotopy relation.) Since Wy also obey the rules
of the barricade by Lemma 37, the composition of the projections @}.: C*(De, f+) — C*(De, f-)
and CD;-. :C*(De, f—) = C*(De, f+) is chain homotopic to the identity on C*(D, f+) by Lemma 39.
Therefore, on cohomology, the morphism

[©% 0 %] H*(De, f4+) = H*(De, f+)
is given by the identity. Moreover, recall that by definition, p € D., which guarantees that, as a cycle,
p €im} and since [p] = 17, , we have [ (p)] # 0. Therefore,

[1e (po)] = [®F, 0 7" (p)] = [, ([ (p)]) # 0.

This concludes the proof.

6.3 Proof of Lemma C

Let 0 < 6 < 1 be small enough so that
A <3A+ 3814 < na.

Then, following the proof of Theorem A1 with ¢ = §(A + n4), we have that
c(1,Hs 4) > A—8(A+na).

Notice that Hs_4 converges uniformly as § — 0 to the continuous function Hg 4 (see Figure 14). Then,
by continuity of spectral invariants and the previous equation, we have

c(1,Hp,4) = lim c(1, Hs 4) > lim (A —6(A+n4)) = A.
§—0 ’ §—0
Moreover, since Hp 4 > —A, continuity of spectral invariants yields
c(1,Hy,4) <max—Hy 4 = A,
x€D
which allows us to conclude that ¢(1, Hp,4) = A.
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Figure 14: The continuous Hamiltonian Hy 4.

Figure 15: The Hamiltonians F, F,, and H.

First, we prove the lemma for Hamiltonians which are constant on an open neighborhood of the skeleton
of D. Consider an autonomous Hamiltonian H € C(D) such that H|y = —A and —A < H < 0 for an
open neighborhood V' of Sk(D) and a constant A > 0. The last condition on H allows us to use continuity

of spectral invariance to conclude that
(8) c(l1,H) < A.
All we need to do now is prove that A bounds c(1, H) from below.

Define F' € C(D) to be the continuous autonomous Hamiltonian that agrees with Hy 4/, on D for some
0 <r’ < 1. Since H|y = —A, we can choose r’ so that the r'—contraction F,s of F under the Liouville
flow (see (5) and Figure 15) has support in V' and —A < F,» < 0. Therefore,

9) Fr(x)> H(x) forall x € D.
From the contraction principle stated in Lemma 27 and the computation of ¢(1, Hy, 4) above, we have
c(1,Fy=r"c(1,F)=r'c(l, Ho 4/r) = A.

This computation and (9) yield, by virtue of the monotonicity of spectral invariants, the lower bound
A=c(l, Fy) <c(1, H) as desired. In conjunction with (8), we conclude that c¢(1, H) = A.
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Now, we prove the lemma in general. Suppose H [sx(p) = —A4 and —A4 < H < 0. For any ¢ € (0, 1),
there exists a compactly supported Hamiltonian H such that H,|y, = —A for an open neighborhood V;
of Sk(D) and H, < H everywhere. Indeed, define H, as follows: He|si(p) = —A,

H8|D€\Sk(D) = Be(r)H + (1 = Be(r))(—A),
where B¢: (0, 1) — R is such that

° :88|(O,8] =0,
o Bile,2¢/3) > 0,
* Belesn=1.

Then, H, satisfies the required conditions and converges uniformly to H as ¢ — 0. We have c(1, H;) = A
by the previous computation, and by continuity of spectral invariants, we can conclude that

c(1,H)y=c(1,H,) = A.
This completes the proof.

6.4 Proof of Theorem A2

Let H € C(D) be an autonomous Hamiltonian such that H |y = —1 and —1 < H < 0 everywhere for an
open neighborhood V' of Sk(D).

Define ¢: R — Ham.(D) as
L(S) = QDSH»
where ;g € Ham( (D) is the time-1 map associated to s H. We claim that ¢ is the desired embedding.

We first bound dy ((s), ((s")) from above. If F € C(D), then y(¢r) < || F||. Moreover, since H is
autonomous, sH #s'H = (s —s’) H. Therefore,

dy(1(5),¢(s") = y () = s =sHHI = s =],

Now, we bound dy, (t(s), t(s")) from below. Since d,, is symmetric, we can assume that s > s’. Then, by
Lemmas B and C, we have

dy((s),u(s)) = c(,(s—s"H)=5s—5,

which completes the proof.
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