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We produce a direct Quillen equivalence between two models of (co, 2)—categories: the complete Segal
®,—spaces due to Rezk and the 2—complicial sets due to Verity.
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Introduction

The language of higher categories provides a way to describe many phenomena in areas of mathematics
as diverse as topology, algebra, geometry, and mathematical physics. In a higher categorical structure,
we not only have functions between objects, but functions between those functions and possibly further
iterations of this idea, encoded by the notion of a ki—morphism between (k—1)—morphisms. One might
initially assume that these higher morphisms should satisfy conditions like associativity in the usual
way, but for many natural examples they only hold up to isomorphism or, in topological settings, up to
homotopy. In the latter situation, it is convenient to work in the setting of (00, n)—categories, in which
we have k—morphisms for arbitrarily large k, but they are all weakly invertible for £ > n. These higher
invertible morphisms provide a means for conveniently encoding the “up to isomorphism” data in the
lower morphisms.

There have been many different approaches to realizing (oo, n)—categories as concrete mathematical
objects; such realizations are often called models for (oo, n)—categories. A natural question, then, is
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whether these different models really do encode the same information, namely, whether we can establish
an appropriate equivalence between them. Much work has been done in this direction, but there are still
proposed models for which we do not have such comparisons. In some other cases, we know by general
results that models must be equivalent, but do not have an explicit equivalence.

The motivation for this paper is the desire for an explicit comparison between two of these models, the
complete Segal ®,—spaces as defined by [Rezk 2010] and the n—complicial sets as defined by [Verity
2008b] (see also [Ozornova and Rovelli 2020; Riehl 2018]); we give such a comparison when n = 2, for
which more tools are available. Let us give a brief description of these two models.

A complete Segal ®;—space is described by a diagram of spaces indexed by 2—categories freely generated
by pasting diagrams such as

which the expert reader may recognize as the generic element of Joyal’s cell category ®,. In contrast, a
2—complicial set is given by a simplicial set with a suitable marking in which a k—simplex represents a
diagram indexed by a truncated oriental, which is a free 2—category generated by a standard simplex,

AL - X

A common way to show that two models are equivalent is to show that appropriate model categories for

such as

LN
A

each are Quillen equivalent to each other. In this paper, we seek to establish such a Quillen equivalence
op

between the model structure sffetgz(oo, 2) for complete Segal ®,—spaces and the model structure msJer (o 2)

for 2—complicial sets.

Combining several prior results by different groups of authors, we already know that the two model
categories are Quillen equivalent via a rather lengthy zigzag of Quillen equivalences between different
models. Although we do not expect the reader to be familiar with all these models of (oo, 2)—categories,
to give an idea of the complexity of the comparison Figure 1 shows a diagram of an essentially optimal
zigzag of Quillen equivalences, extracted from [Gagna et al. 2022].

To simplify the comparison, the goal of this paper is to produce the following direct Quillen equivalence.

Theorem There is a Quillen equivalence between complete Segal ®,—spaces, presented by the model
ey
t

category sJe p.(00.2)’

and 2-complicial sets, presented by the model category msJet (oo 2).
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o7 Set
msJje
sl (00,2) (00,2)
2 [Rezk 2001] [Gagna et al. 2022] | 2
®5" sSets€
S%ti,(oo,Z) (00,2)
2 | [Bergner and Rezk 2020] [Lurie 2009b] | 2
(A X A)Op (Gat +
S‘(feti,(oo,Z) sPet (oo 1)
2 | [Bergner and Rezk 2020] [Lurie 2009a] | 2
AP —~—_ %at ., Aop —~—  %at., aor
PCat(sFet™ ") p (c0,2) == "Usserl,, == Setlog 1)

[Bergner and Rezk 2013] [Joyal and Tierney 2007]
Figure 1

In addition to providing a more transparent comparison between the two models, this direct comparison
facilitates the transport of constructions between these model structures. We now briefly illustrate the
advantages of each model structure via the examples of duals and joins, and we refer the reader to
Section 4 for a more detailed treatment of these cases, as well as other applications.

The structure of the category ®; makes the description of duals straightforward in ®;—spaces, thanks to
the globular shape of the objects. We can think of 1-dimensional duals as given by reversing the direction
of the arrows, and 2—dimensional duals as given by similarly reversing the direction of 2—cells. Describing
such 2—dimensional duals in the simplicial framework is more complicated, due to the triangular shape of
the cells.

On the other hand, the join construction has been described for 2—complicial sets by [Verity 2008b] and
is similar to familiar join constructions for simplicial sets. One can adjoin 1-simplices connecting the
vertices of the two simplicial sets being joined, and higher-dimensional simplices analogously. In this
case, working in a simplicial framework is much more straightforward than that of ®,.

While the existence of such a direct Quillen equivalence follows formally, for example using methods of
[Dugger 2001], we find it valuable to have an explicit description.

Let us now describe the main ingredients of the proof of our main theorem.

(i) We use the compatibility of the 2—categorical nerve valued in marked simplicial sets, established
by [Ozornova and Rovelli 2022], to construct a left Quillen functor

L: sffetfﬁiz) — msJet(oo,2)-

(i) To show that this left Quillen functor is in fact a Quillen equivalence, we use a result of [Barwick
and Schommer-Pries 2021] to reduce the problem to showing that it preserves cells in dimensions
0, 1, and 2. In Section 3 we use the intermediate comparisons of models from the diagram above
to identify these cells in each model and thereby show that L does indeed preserve cells.
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The outline of the paper is as follows. In Section 1 we recall some necessary results about model structures
for 2—categories, ®,—spaces, and simplicial sets with marking, as well as functors between them, such
as suspension and nerve functors. In Section 2 we construct the adjunction between ®,—spaces and
simplicial sets with marking and we show that it is a Quillen pair. We then describe how it follows from
[Barwick and Schommer-Pries 2021] that this adjunction is indeed a Quillen equivalence, modulo an
explicit identification of the cells in the two models. In Section 3 we then provide the desired identification
of the cells in the two models. In Section 4 we discuss some applications of the main theorem.
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1 Models of (00, 2)—categories

We assume the reader is familiar with the basics of strict 2—category theory (see eg [Borceux 1994]) and
with the language of model categories (see eg [Hirschhorn 2003; Hovey 1999]), and we now recall some
further preliminary material that we need in this paper.

1.1 Strict 2—categories

The category 2%€at of 2—categories is defined as the category whose objects are (small) categories enriched
over the category %at of 1—categories. In particular, a 2—category 9 consists of a set of objects and, for
any objects x and x’, a 1-category Homg (x, x’) together with a horizontal composition that defines a
functor of hom-categories o: Homg (x, x") x Homg,(x’, x”") — Homg (x, x”').

We consider the following model structure on 26at that was constructed by [Lack 2002, Theorem 3.3]
(with a correction in [Lack 2004, Theorem 4]).
Theorem 1.1 The category 26at of 2—categories supports a model structure in which

e all 2—categories are fibrant, and

¢ the weak equivalences are precisely the biequivalences of 2—categories.

An important source of examples of 2—categories is given by suspending 1—categories, as follows.
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Definition 1.2 Let 9 be a 1—category. The suspension of & is the 2—category X% in which

(a) there are two objects x and xT;
(b) the hom-1-categories are given by

9 ifa=x, and b = xT,
Homyg(a,b) := {[0] ifa=>b,
@ fa=xtandb=x;

(c) there is no nontrivial horizontal composition.

This construction extends to a functor X: 6€ar — 2%at4 « valued in the category of bipointed categories,
namely categories endowed with a pair of (possibly equal) specified objects, and basepoint-preserving
functors.

The 2—categorical suspension X% appears in [Barwick and Schommer-Pries 2021], where it is denoted
by o(@). It is also often described in the literature as a special case of a simplicial suspension. For
instance, applying the nerve to hom-categories of the suspension X% gives a simplicial category Ny (X9D)
that agrees with what was denoted by U(N %) in [Bergner 2007b], as S(N %) in [Joyal 2007], as [1]ng
in [Lurie 2009a], and as 2[N %] in [Riehl and Verity 2020].

Notation 1.3 We record some notation for the following (nondisjoint) families of 2—categories.

e For m > —1, we denote by [m] the finite ordinal with m + 1 elements.

e For j =0,1,2, we denote by C; the free j—cell. These 2—categories can be pictured as

e Form > 0 and ky,...,k»n > 0, we denote by [m|ky,..., k] a generic object of Joyal’s cell
category ®;, namely the full subcategory ®, of 2€ar from [Joyal 1997].

¢ We denote by I the free-living isomorphism category. This category can be pictured as

@
R~

IT=oe o

1.2 Complete Segal spaces as a model for (oo, 1)—categories

We briefly recall the theory of complete Segal spaces, as first defined by [Rezk 2001], of which the next
model we discuss for (0o, 2)—categories is a generalization.
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First, consider functors X : A°? — sYer. For any n > 1, consider the Segal map

Xp— X1 X - X Xy
Xo Xo
~————
n

induced by the inclusion

All] LI A[1] LT -+ IT Al A
(1 A1 - L AL = Al

n

of the spine of the n—simplex into the n—simplex Aln].

Definition 1.4 A Segal space is a functor X : A°? — sJer such that the Segal maps are weak equivalences
of simplicial sets for all n > 1.

The idea is that a Segal space behaves something like a category, with simplicial sets of objects and
morphisms, but with composition defined only up to homotopy.

However, to have a model for (oo, 1)—categories, we do not want a simplicial set of objects, as in an
internal category, but instead a discrete set of objects. The most straightforward way to get such a model
is to ask for the simplicial set X to be discrete.

Definition 1.5 A Segal precategory is a functor X : A°? — sJet such that X is a discrete simplicial set.
We denote by P%at the full subcategory of sder®” spanned by all Segal precategories. A Segal category
is a Segal precategory that is also a Segal space.

There are two model structures for Segal precategories, the first of which has all objects cofibrant and is
originally due to [Pellissier 2002, Theorem 6.4.4]; another proof is given in [Bergner 2007a, Theorem 5.1].
However, in this paper we make use of the following model structure that has cofibrations defined similarly
to those in the projective model structure.

Theorem 1.6 [Bergner 2007a, Theorem 7.1; Bergner 2007c, Theorem 4.2] The category P%at of Segal
precategories admits a model structure in which

e the fibrant objects are the projectively fibrant Segal categories, and

e the cofibrations are projective cofibrations.
We denote this model structure by P€at (o 1).
However, from the point of view of homotopy theory, asking for discreteness is awkward. The completeness
condition that we now describe can be more convenient from this perspective.

Let N1 denote the nerve of the groupoid I, and denote by Xpeq the simplicial set Hom(N I, X'), which is
sometimes called the space of homotopy equivalences of X . The unique map N1 — A[0] induces a map

Xo — Xheq-
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Definition 1.7 A Segal space is complete if this map Xo — Xpeq is a weak equivalence of simplicial sets.
Rezk builds a supporting model structure for the homotopy theory of complete Segal spaces.

Theorem 1.8 [Rezk 2001, Theorem 7.2] The category s%et®” of simplicial spaces admits a model

structure in which

¢ the fibrant objects are the injectively fibrant complete Segal spaces, and
e the cofibrations are the monomorphisms.

AP

We denote this model structure by sﬂ’et( .
00,1)

This model structure can be obtained by taking the left Bousfield localization of the injective model
structure on s9er®” with respect to the following set of maps:
(1) the Segal acyclic cofibrations

All] D A1} O --- I Afl A
[ AL L - 1AL~ Al]

n
forn > 1, and
(2) the completeness cofibration, given by either inclusion of the form
A[0] - NT.
AOP

(o0

spaces that are local with respect to the maps of type (1) and (2).

Complete Segal spaces, the fibrant objects in s¥et )» are then precisely the injectively fibrant simplicial

Remark 1.9 As briefly addressed in [Rezk 2010, Section 10], in presence of the maps of type (1), for the
purpose of the localization one could replace the map of type (2) as completeness acyclic cofibration with

(2) either inclusion of the form

A[0] — A[O]AI[JI]AB]AI[JI]A[O],

where the right-hand side is the colimit of the diagram
A[0] < A[1] 22 AR} <2 A[1] — A[0].

The following theorem establishes that the homotopy theories of Segal categories and complete Segal
spaces are equivalent.

Theorem 1.10 [Bergner 2007a, Theorems 6.3 and 7.5] The inclusion functor from the category of
Segal precategories to the category of simplicial spaces induces a left Quillen equivalence

I': Pat(o,1) — sFel(y, 1.
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1.3 Complete Segal ©®,—spaces as a model of (oo, 2)—categories

We now recall the notion of complete Segal ®,—spaces, which give a model for (oo, 2)—categories.

Let ®; be Joyal’s cell category. For a precise account on how ©; is defined, we refer the reader to
the original source [Joyal 1997], or to [Berger 2007, Definition 3.3] or [Rezk 2010, Section 1.1] for an
inductive approach; we give a brief review here.

Recall that O is a full subcategory of 2%6ar and that a generic object of ®; is a 2—category [m|kq, ..., km]
generated by gluing horizontally the suspensions of [k;] fori = 1,...,m. An example is the 2—category
[3]2, 0, 1], which is generated by the following data:

s m
Y
X Uﬂ >y > Z > w
h

Definition 1.11 A ®,—set is a presheaf 4: ©3” — Jer, and we denote the category of ®,—sets and natural
transformations by Set®7 Similarly, a ®,—space is a simplicial presheaf 4: ©3" — set, and we denote
the category of ®,—spaces by sFet®7.

Remark 1.12 The reader familiar with [Rezk 2010] might observe that we are using the term “®;—space”
in a more general sense than he does. His ®;—spaces satisfy additional Segal and completeness conditions
that we discuss below; we further specify such objects by calling them “complete Segal ®,—spaces”.

Remark 1.13 The canonical inclusion Yet < sJet of sets as discrete simplicial sets induces a canonical
. . op ® L . - .

inclusion %12 < s%¢®2 which is both a left and right adjoint. In particular, we often regard ®,—sets
as discrete ®;—spaces without further specification.

Notation 1.14 For any object 6 of ©,, we denote by ©;[6] the ®,—set represented by 6.
Remark 1.15 As a special case of [Ara 2014, Section 3.1], given any ®,-set A and any space B one
can consider the ®;—space A X B, which is defined levelwise as the simplicial set
(AX B)g := Ag x B.
The construction extends to a bifunctor
K: $or9% x sSet — sFer®?
that preserves colimits in each variable.
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In preparation for a localization on the category s%te)gp, we introduce the following class of maps. The
reader may notice the analogy with the maps treated in Section 1.2.

Definition 1.16 An elementary acyclic cofibration is a map of discrete ®;—spaces of the following kinds.
(1) A vertical Segal acyclic cofibration is given by, for some k > 1, the canonical map
©2[11] O Os[1[1] — Oa[l]k].
®2[1|0] ®2[1|0]

(2) A horizontal Segal acyclic cofibration is given by, for some m > 1 and k; > 0, where 0 <i <m,

the canonical map

Ofl|ky] L --- L Oafllkpm] — Ozmlky. ... kn].
02[0]  ©>[0]
(3) The horizontal completeness acyclic cofibration is either of the inclusions of the form
©2[0] — ©2[0] HI ]92[3|0 0,0] I[ll ]®2[0],
1/0
where the right-hand side is the colimit of the dlagram

©2[0] < ©[110] 22> ©5[3]0,0, 0] < ©[10] — O;[0].
(4) The vertical completeness acyclic cofibration is the canonical map
©2[1]0] > O[1]0] H| ©[1]3] H| ]®z[1|0],

induced by suspending the previous one.

We now describe two model structures on the category sffet(agp, both established by [Rezk 2010, Section
2.13, Proposition 11.5]. Our description, in terms of the elementary acyclic cofibrations defined above,
differs slightly from his, but is designed to facilitate some of our proofs in the next section. We explain in
Remark 1.21 why the two approaches give the same model structures.

Theorem 1.17 The category s$et®% of ®,—spaces supports the following two cofibrantly generated
model structures:
e the model structure

®np

sEJ’etl (00.2)

0

obtained by taking the left Bousfield localization of the injective model structure sffetmJ with
respect to the set of elementary acyclic cofibrations from Definition 1.16, and

e the model structure

sif’etp (oo 2)

obtained by taking the left Boustield localization of the projective model structure sE;f’etpmJ with

respect to the set of elementary acyclic cofibrations from Definition 1.16.
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Although the model structure sEf’et ( 2) is more common in the literature, for technical reasons that we
P
discuss in Remark 2.3, in this paper we focus more on set®2 p.(00.2)" In this model structure

¢ the projectively fibrant objects, which we call complete Segal ®,—spaces, are precisely the pro-
jectively fibrant ®,—spaces that are local with respect to the elementary acyclic cofibrations from
Definition 1.16, and

¢ the cofibrations are precisely the projective cofibrations.

Remark 1.18 Combining [Hirschhorn 2003, Theorem 11.6.1 and Definitions 11.5.33 and 11.5.25], we
can obtain an explicit description of the generating cofibrations and generating acyclic cofibrations of

sSf’etpmJ In particular,

(1) a set of generating cofibrations for the projective model structure on 590197 s given by all maps
of the form

O[] R IA[(] — O2[A]R A[f] for 6 € Ob(®5) and £ > 0;

(2) a set of generating acyclic cofibrations for the projective model structure on 590197 is given by all
maps of the form

@2[0] R AK[(] > ©,[0] R A[€] for 6 € Ob(O,) and 0 < k < {.

The following equivalence between the two model structures can alternatively also be seen as a direct
application of [Hirschhorn 2003, Theorem 3.3.20].

Theorem 1.19 [Rezk 2010, Sections 2.5-2. 13] The identity functor defines a Quillen equivalence
op

(SF
sEf’et (OO 2y & sEf’etl (00.2)"

We want to consider the suspension of a simplicial space to a ®;—space. In [Rezk 2010, Section 4.4],
the notation V[1](X) is used for what we denote here by £ X to emphasize the analogy with similar
constructions we have discussed.

Definition 1.20 The suspension £ X of a simplicial space X is the ®,—space obtained by applying the
cocontinuous functor : s$er®” — sdet, : defined on representable simplicial spaces as
Y(Ak]X A[L]) := Oz[11k] X A[€].
This construction extends to a functor : s%er®” — sffet?’gj valued in bipointed ®;—spaces.
Remark 1.21 In the original construction from [Rezk 2010, Section 2.13, Proposition 11.5], two model

op : . S o .
structures on s%er®2 are obtained by localizing the injective and projective model structure with respect
to the set of maps of the following kinds:

(1) a family of maps that can be recognized to be precisely the family of vertical Segal acyclic
cofibrations, using [Rezk 2010, Proposition 11.7];
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(2") a family of maps that can be recognized to be precisely the family of horizontal Segal acyclic
cofibrations, using [Rezk 2010, Proposition 11.7];

(3") the unique map
N®2[ — ©,[0];

(4") the map
SN O] — ©,[1(0]

obtained by suspending the map from (3').

However, in presence of the maps of type (1) and (2), it is shown in [Rezk 2010, Section 10] and also
in [Barwick and Schommer-Pries 2021, Section 13] that for the purpose of the localization the maps of
type (3) and (4) are equivalent to the maps of type (3’) and (4'), respectively. It follows that, although

op
presented differently, these two model structures in fact agree with the model structures sEPet?(zoo 2) and

@Sp s ’
sffetp’(oo’z) from Theorem 1.17.

1.4 Complicial sets as a model of (0o, 2)—categories

The next model of (0o, 2)—categories that we consider is based on the following structure, originally
referred to as a simplicial set with hollowness in [Street 1987] and later as a stratified simplicial set in
[Verity 2008a].

Definition 1.22 A simplicial set with marking is a simplicial set endowed with a subset of simplices of
strictly positive dimensions that contains all degenerate simplices, called thin or marked. We denote by
msJet the category of simplicial sets with marking and marking-preserving simplicial maps.

We want to consider a model structure on the category of simplicial sets with marking, in which the
fibrant objects, called 2—complicial sets, provide a model for (co, 2)—categories. The idea is that, in a
2—complicial set, the marked k—simplices are precisely the k—equivalences. We refer the reader to [Riehl
2018] for further elaboration on this viewpoint.

Remark 1.23 As discussed in [Verity 2008a, Observation 97], the underlying simplicial set functor
msJet — sJet fits into an adjoint triple
(X
/J_\
msJet ————— sTet.
‘\i_/
(-)F
For any simplicial set X, the left adjoint X b (sometimes also denoted simply by X) is obtained by
marking only the degenerate simplices of X, and the right adjoint X* is obtained by marking all simplices
in positive dimensions.
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Remark 1.24 As described in detail in [ Verity 2008a, Observation 109], the category msJet of simplicial
sets with marking is complete and cocomplete, with limits and colimits constructed as follows.

¢ The underlying simplicial set of a limit lim;ey X; of simplicial sets with marking is the limit of the
corresponding underlying simplicial sets of X;, and a simplex is marked in a limit of simplicial
sets with marking lim;<7 X; if and only if it is marked in each component X; fori € I.

¢ The underlying simplicial set of a colimit colim;c7 X; of simplicial sets with marking is the colimit
of the corresponding underlying simplicial sets of X;, and a simplex is marked in a colimit of
simplicial sets with marking colim;c; X; if and only if it admits a marked representative in X; for
somei € 1.

The following model structure is one instance of the family of model structures constructed by [Verity
2008b, Theorem 100], and is described in more detail in [Riehl 2018, Section 3.3].

Theorem 1.25 [Ozornova and Rovelli 2020, Theorem 1.25] The category msYet of simplicial sets with
marking supports a cofibrantly generated cartesian closed model structure in which

e the fibrant objects are the 2—complicial sets, as recalled in [Ozornova and Rovelli 2020, Definition
1.21], and

¢ the cofibrations are precisely the monomorphisms on underlying simplicial sets.

We denote this model structure by msJet (o 2).

We warn the reader that the fibrant objects in this model structure have been given different names in
the literature, and could perhaps more accurately be called “2—trivial saturated weak complicial sets”.
We have chosen to call them “2—complicial sets” for the sake of brevity; in what follows we do not
make explicit use of their definition. We recall the key results we need, in particular about the weak
equivalences in this model structure, in the remainder of this section.

Remark 1.26 Because of the way the model structure msJet( ) is constructed, if A[3].q denotes the
3—simplex A[3] in which the nondegenerate marked 1-simplices are precisely the one between the vertices
0 and 2 and the one between the vertices 1 and 3, and all simplices in dimension 2 or higher are marked,
the canonical map A[3]q — A[3]* is a weak equivalence. Indeed, the model structure msdet(o,2) 1s a
Cisinski—-Olschok model structure (in the sense of [Olschok 2011]) for which the map A[3]eq — A3 is
an anodyne extension.

Lemma 1.27 The functor
(—)ﬂ: sdet (00,0) —> MsTet(o,2)

is a left Quillen functor, where sYet(o,0) denotes the Kan—Quillen model structure on the category sJet.

Proof The fact that the functor admits a right adjoint, often called the core functor, is discussed in
[Riehl and Verity 2022, Definition D.1.2]. It is straightforward from its description that the functor (—)#
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preserves cofibrations, and it is shown in [Ozornova and Rovelli 2020, Lemma 2.16] that it also sends
acyclic cofibrations of set(«, o) to weak equivalences of msJet (o 7). It follows that (—)* defines indeed
a left Quillen functor between the desired model categories. |

For n = 2, the Street nerve was studied in detail by [Duskin 2001], and can be described explicitly as
follows.

Definition 1.28 The nerve N% of a 2—category & is the 3—coskeletal simplicial set in which

(0) a O-simplex consists of an object of %:
X3

(1) a l-simplex consists of a I-morphism of %:
X T) v

(2) a2-simplex consists of a 2—cell of % of the form ¢ = boa:

(3) a 3-simplex consists of four 2—cells of 9 that satisfy the relation

S
N
S
}
N

/
Ny

1N}
[

\
V4

“
&l
<
“
<

and in which the simplicial structure is as indicated in the pictures.

Definition 1.29 [Verity 2008a, Chapter 10] The Roberts—Street nerve of a 2—category 9 is the simplicial
set with marking NRS%, defined by the following properties.

(0) The underlying simplicial set is the Duskin nerve N %.
(1) Only degenerate 1—simplices are marked.

(2) A 2-simplex of N9 is marked in N®3% if and only if corresponding 2-morphism ¢: ¢ = boa is
an identity.

(3) Any m-simplex of N% for m > 3 is marked in NR5%,
This construction extends to a functor N®S: 2%6at — msJet.
The Roberts—Street nerve is a right adjoint functor, but, as proved by the second- and third-named authors,

does not preserve fibrant objects on the model structures we want to consider. However, it is a homotopical
functor between model categories, in the sense that it preserves weak equivalences.
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Proposition 1.30 [Ozornova and Rovelli 2022, Proposition 1.18] The Roberts—Street nerve defines a
homotopical functor of model categories

NBS:2¢ar — msJet(o0,2)-

The following two technical results essentially tell us that horizontal and vertical composition of 2—cells
can be encoded via Segal-type maps that are acyclic cofibrations in the model structure for 2—complicial
sets.

Theorem 1.31 [Ozornova and Rovelli 2022, Corollary 2.10] Forany m >0 and k; >0 fori =1,...,m
there is a canonical map of simplicial sets with marking

N®[1k] O -+ I N®kpu] = NS[mlky, ... kmn]
NRS[O] NRS[()]

that is an acyclic cofibration, and in particular a weak equivalence, in mset (s 2).

Theorem 1.32 [Ozornova and Rovelli 2022, Corollary 2.11] For any k > 0 there is a canonical map of
simplicial sets with marking

NBS[I1] O -+ 1O NB[11]— NR9[1]k]
NRS[1] NRS[1]

that is an acyclic cofibration, and in particular a weak equivalence, in msJet (s ).

Note that, when taking the nerve we simply write N R®3[1] rather than N R3[1|0], since the 2—category [1|0]
is just the category [1] thought of as a 2—category.

An important construction in this paper is the suspension of a simplicial set with marking. We conclude
this section with the definition and some key results about it.

Definition 1.33 [Ozornova and Rovelli 2022, Definition 2.6] The suspension ¥ X of a simplicial set
with marking X is the simplicial set with marking defined as follows.

¢ It has precisely two O—simplices that we denote by x; and x.

e The set of m—simplices for m > 0 is given by all k—simplices of X for 0 <k <m — 1, as well as
the m—fold degeneracies of the two O—simplices x| and xT, namely

(EX)m = {sg x 1} T Xpp—g -+ 1T Xo LI {sg"x7}.
¢ The simplicial structure can be read off from [Ozornova and Rovelli 2022, Definition 2.6].

¢ The set of nondegenerate m—simplices for m > 0 is given by the nondegenerate (m—1)-simplices
of X.

¢ A nondegenerate m—simplex ¢ is marked in X X if and only if it is marked as an (m—1)-simplex
of X.

This construction extends to a functor X: msYet — msJety » valued in bipointed marked simplicial sets.
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We now recall that this functor can be upgraded to a left Quillen functor of model categories. Recall
from [Hirschhorn 2021] that, given any cofibrantly model category ., there is a model structure on the
category Jl« « of bipointed objects in [, in which cofibrations, fibrations, and weak equivalences are
created in JL.

Lemma 1.34 [Ozornova and Rovelli 2022, Lemma 2.7] Regarding ¥ X as a simplicial set with marking
bipointed on x| and xT, the marked suspension defines a left Quillen functor
X msTet(oo,2) —> (MsSet(50,2)) %

In particular, it is homotopical and it respects connected colimits as a functor ¥ : msJet — msJet.

Finally, we recall that the suspension of a marked simplicial set is homotopically compatible with the
Roberts—Street nerve, as one would expect.

Theorem 1.35 [Ozornova and Rovelli 2022, Theorem 2.9] For any 1—category 9% there is a canonical
map
TNRg - NRSxg

that is a weak equivalence in msJet (o 2).

2 The comparison of models of (0o, 2)—categories

In this section, we set up our explicit comparison between the two models for (oo, 2)—categories that we
are considering. We first establish the desired Quillen pair of functors between the unlocalized model
structure on the category of ®,—spaces and the model structure on simplicial sets with marking, then
show that it is still a Quillen pair after localization of the former model category. We then show that it is
a Quillen equivalence, deferring some steps in the proof to later sections.

2.1 The Quillen pair before localizing

Let us begin by defining the functor that we use to make our comparison.

Construction 2.1 The functor ®; x A C s9et®% — msSet given by
(6,[€]) = (B2 x A)[B, £] = O[] K A[] > NRS6 x Ale)?
induces an adjunction

o5
L:sYet™? 2 msJet :R.

Roughly speaking, for any ®;—space W, the simplicial set with marking LW is obtained by gluing
together a copy of the Roberts—Street nerve of 6, for any 6 in ®, that maps to W. While describing this
gluing explicitly is complicated, it is essentially specified by the definition of left Kan extension.
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We now show that these adjoint functors define Quillen pair on unlocalized model categories.

Proposition 2.2 The adjunction

op
L:setor 2 msPet(o,2) : R

is a Quillen pair.

Proof We want to show that the functor L preserves cofibrations and acyclic cofibrations. From
Remark 1.18 we know that

(1) a set of generating cofibrations for the projective model structure on s9et®7 is given by all maps

of the form
O[] X IA[] — O1[0] X A[€] for 6 € ®, and £ > 0;

(2) a set of generating acyclic cofibrations for the projective model structure on 590197 is given by all
maps of the form

O,[0] K AK[(] > ©,[0] R A[€] for 6 € @ and 0 < k < {.

Using the facts that (—)# commutes with colimits, which is a consequence of Lemma 1.27, and that the
box product X preserves colimits in each variable, which was recalled in Remark 1.15, we see that

(1) the image of the generating cofibration via L is the map
NSO x JA[() — NRS9 x A[¢]*  for 6 € ©, and £ > 0;
(2) the image of the generating acyclic cofibration via L is the map
NRSG x AR[0F > NRSOx A[()* for 6 € ®, and 0 <k < £.

Since the model structure msJet (o, ) is cartesian closed by Theorem 1.25 and (—)ﬁ is a left Quillen
functor by Lemma 1.27, we conclude that

(1) the map NRSO x JA[(]* — NRS@ x A[¢]# is a cofibration, and
(2) the map NRS x AK[(]# — NRS@ x A[£]* is an acyclic cofibration.

It follows that L preserves cofibrations and acyclic cofibrations, so it is a left Quillen functor, as desired. O

Remark 2.3 One might wonder, in contrast with much of the literature on the subject, why we have
chosen to use the projective, rather than the injective, model structure on sFet®? | However, it is not clear
whether the functor

L: sﬂ’et?m.gp — msJet (oo,2)
is a left Quillen functor, since we do not know whether it preserves cofibrations. More precisely, it is

unclear whether L sends the injective cofibration

00,[3]1,0, 1] = O;[3]|1,0, 1]

to a cofibration of msJer (o 7).
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2.2 The Quillen pair after localizing

We now show that we still have a Quillen pair after localizing the projective model structure on sFet®7 |

Theorem 2.4 The adjunction
L: sffet ( 2) 2 msdet(0o,2) - R

is a Quillen pair.

Since cofibrations are unchanged by localization, it suffices to prove that L preserves acyclic cofibrations.
We do so by proving that L preserves all elementary acyclic cofibrations, in the following sequence of
propositions.

Proposition 2.5 The functor L sends the vertical Segal acyclic cofibrations

®,[1]1] o 1 Oy[1]1] = O[1|k] fork =0
oatlo) @il

from Definition 1.16 to weak equivalences in msJet s ).

Proof The functor L sends the elementary acyclic cofibration

O[1[1] - I Oa[l]1] — O[1]K]
oaio) el

to the canonical inclusion

NBS[I1] O - I NBS[1]1]— NBS[1]k],
NRS[1] NRS[1]

which is an acyclic cofibration by Theorem 1.32. |

Proposition 2.6 The functor L sends the horizontal Segal acyclic cofibrations

O[1kq] I --- O Oz[llkm] — Oz[mlky, ..., ky) form>0andk; >0
©:00]  ©s[0]

from Definition 1.16 to weak equivalences in msJet s ).

Proof The functor L sends the elementary acyclic cofibration

O,[1k - O O,[1lk ® ki,....km
2[1] 1]@2[0] o 2[1km] = Oa[m|k, ]

to the canonical inclusion

N®[Mk] O - I N®kpu]— NS[mlky,. ... knl
NRS[O] NRS[O]

which is an acyclic cofibration by Theorem 1.31. O
Proposition 2.7 The functor L sends the horizontal completeness acyclic cofibration

02[0] = ©2[0] HI ©,(3(0,0, 0] HI ©2[0]

from Definition 1.16 to a weak equivalence in msJet o 7).
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To prove this proposition, we need the following preliminary lemma.

Lemma 2.8 The unique map
AJ0] LT NRS[3] LI A[0] = A[0]
All] All]

is a weak equivalence in msJet (oo 2).

Proof We observe that this map fits into a commutative diagram of simplicial sets with marking

A[0] LI NRS[3] H]A[O] — A[0]

T T

# S #
Afl] A%]NR Bl ] U A[1] Al3leq — A[3]

where A[1]# denotes the standard 1-simplex with the maximal marking. In this diagram, we observe that

¢ the bottom horizontal map is an acyclic cofibration by Remark 1.26;

o the left vertical map is a map between (homotopy) pushouts induced by the identity of N®5[3] and
two copies of the weak equivalence A[1]* — A[0]; and

¢ the right vertical map is a weak equivalence since (—)# preserves weak equivalences by Lemma 1.27.

It follows by two-out-of-three that the top horizontal map is a weak equivalence, as desired. |
We can now use this lemma to prove Proposition 2.7.

Proof of Proposition 2.7 The functor L sends the map

02[0] = ©,[0] U| ©,(3(0,0, 0] HI ]®2[ ]

to a map

s RS
A[0] — A[0] I[lllN [3]AL[11]A[0]

that we want to show is a weak equivalence. However, we can conclude this fact by the two-out-of-three

property, since we know from Lemma 2.8 that the unique map

RS
[O]AI[JI]N 3] 4 A[O] — A[0]

is a weak equivalence in msJet(o,2). O
To complete the proof of Theorem 2.4, it remains to show that L preserves one more acyclic cofibration.

Proposition 2.9 The functor L sends the vertical completeness acyclic cofibration

O2[110] > ©:[1]0] | LI ©>[1[3] ©,[110]
®2[1]1] oal1 1]

from Definition 1.16 to a weak equivalence of msJet ().
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Proof The functor L sends the map
O[110] > O[1]0]_ U O[13] U @x[1]0]

to a map

N“mmﬁN“UM NRS[1]3] NB®[1)0],
S[1|1] NRS[1|1]

which we want to show is a weak equivalence. By the two-out-of-three property, it suffices to show that

the map

NBS[1]0] NBS[13] 1O N®S[1]0] — NBRS[1]0],
NR3[1|1] NBS[1]1]

induced by the unique map [1|3] — [1|0] in ® that is bijective on objects, is a weak equivalence in
msJet(x0,2). This map can be rewritten in terms of suspensions of 1—categories, as in Definition 1.2, as

NBST0] O NBSz[E] O NRSE[0]— NRSZ[0].
NERSY[1] NRS3[1]
By Theorem 1.35, this map fits into a commutative diagram of simplicial sets with marking

NRSZ0] I NBSE[3] IO NBSZ[0] —— NRSZ0]
NRS3Z[1] NRS3[1] T

1

INRS[0] O INBS[3] I ENRS|0] —— ZNRS0]
S NRS[1] S NRS[1]

~

in which the two vertical maps are weak equivalences. Note that for the left-hand map we are using the
fact that these pushouts are actually homotopy pushouts. In particular, by the two-out-of-three property,
to prove the theorem it is enough to prove that the bottom map is a weak equivalence. Using the fact that
suspension commutes with pushouts by Lemma 1.34, this map can be rewritten as

RS
E(A[O]AITII]N [3]AI[11]A[0]) — T A[0],

namely the suspension of the map

RS
AfO] 1L N3] T AJ0] — A

which was shown in Lemma 2.8 to be a weak equlvalence. Since suspension is a left Quillen functor by
Lemma 1.34, we are done. O

2.3 The Quillen equivalence

It remains to show that this Quillen pair is in fact a Quillen equivalence. Our proof, however, is not done
directly via the definition, but instead uses some machinery due to [Barwick and Schommer-Pries 2021]
that we now briefly recall.

The first thing we need to consider is their criterion for when a model category is a “model of (oo, 2)—
categories”. We begin with some notation.
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Notation 2.10 Given a model category ., we denote by M the underlying (oo, 1)—category of M.
While we do not need one here, for explicit (different but equivalent) constructions of Jls in the model
of quasicategories, we refer the reader to [Hinich 2016] or [Lurie 2009a, Section A.2].

Notation 2.11 Given a Quillen pair F: M 2 M’ :G between model categories .l and A, we denote by
Foo: Moo 2 M :Goo
the adjunction that (F, G) induces at the level of underlying (co, 1)—categories.

On objects, the value of Fo, on any object of Jl can be computed up to equivalence in Jl, by applying
F to any cofibrant replacement of the given object. Similarly the value of G, on any object of M’ can
be computed up to equivalence in Jls, by applying G to any fibrant replacement of the given object.
Moreover, if (F, G) is a Quillen equivalence, the induced adjunction (Fso, Goo) is an equivalence of
(00, 1)—categories. For more details on how to obtain this adjunction of (oo, 1)—categories in the model
of quasicategories we refer the reader to [Hinich 2016, Proposition 1.5.1].

Definition 2.12 (Barwick—Schommer-Pries) A model category Jl is a model of (0o, 2)—categories if the
underlying (oo, 1)—category is equivalent to the colossal model K from [Barwick and Schommer-Pries
2021, Section 8], namely if there exists an equivalence of (0o, 1)—categories

Moo =K.

The colossal model is constructed as an (oo, 1)—category in [Barwick and Schommer-Pries 2021, Section 8].

As we discuss in the appendix, with standard techniques one can also present the colossal model as the

underlying (oo, 1)—category of a model category. More precisely, we show as Theorem A.3 that it is the
TP

underlying (oo, 1)—category (sEPet(oo 2)) of a model category s%t( 2"

In any case, for the main purpose of this paper the arguments are packaged in a way that no explicit

construction for the colossal model is needed.

0]

Theorem 2.13 The model categories sSJ’etS{

o
%.2) and sEl’etl.’(

00,2 Are models of (oo, 2)—categories.

op
Proof The fact that sffet?(zoo 2 is a model of (0o, 2)—categories is shown in [Barwick and Schommer-Pries
2021, Section 13] and there is an equivalence

(Sg)etp (o0, 2)) (Syetz (oo 2))

induced by the Quillen equivalence from Theorem 1.19. |
Theorem 2.14 The model category msJet (o 2y is a model of (0o, 2)—categories.

Proof An equivalence of (o0, 1)—categories
(msJet(o0,2)) 00 = (sff’etl (Oo 2))
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can be obtained combining several equivalences of (oo, 1)—categories induced by Quillen equivalences
due to [Bergner and Rezk 2013; 2020; Gagna et al. 2022; Joyal and Tierney 2007; Lurie 2009b], as we
recalled in Figure 1. =]

Next, we recall the definition of a j—cell in a model of (oo, 2)—categories.

Definition 2.15 Let Il be a model category that is a model for (oo, 2)—categories. An object of .l is a
representative of the j—cell for j =0, 1, 2 if it corresponds to the j—cell of the colossal model through

. . TP
any equivalence of (oo, 1)—categories Moo (sEJ’et( 2 2))00.

For completeness, the definitions of the 0—, 1— and 2—cells in the colossal model are recalled in the
appendix, but will not be needed explicitly.

Remark 2.16 The object in Jl that represents the j—cell is unique up to equivalence in Jls, and also
up to isomorphism in Ho Jl, the homoggpy category of Al. The definition makes sense in particular
because any auto-equivalence of (sff’et(oi’z))oo preserves j—cells for j =0, 1,2, as shown in [Barwick
and Schommer-Pries 2021, Theorem 7.3].

op
The following statements describe j—cells in sffetl(?%oo and mset (o, 2)-

2)
op
2

(00.2) the object ©,[C;j] is a representative of the j—cell for j =0, 1, 2.

Proposition 2.17 In s&’etl(?
Proposition 2.18 In msJet( ) the object N RSC ' is a representative of the j—cell for j = 0,1, 2.

Although the two statements are not surprising, the argument to identify cells in mset(,2) requires
significant work and makes use of many external results. We therefore postpone both proofs to Section 3.
Finally, the following theorem is the key ingredient to prove that the functor L is a Quillen equivalence.
Theorem 2.19 [Barwick and Schommer-Pries 2021, Proposition 15.10] Let Jt and N be model cat-
egories that are models for (0o, 2)—categories, and L: M 2 N : R a Quillen pair between them. Then

the Quillen pair (L, R) is a Quillen equivalence if and only if the derived functor of L sends j—cells to
j—cellsfor j =0,1,2.

Once the proofs of Propositions 2.17 and 2.18 are provided in Section 3, we can then apply Theorem 2.19
to the Quillen pair from Theorem 2.4 to conclude the desired Quillen equivalence.

Theorem 2.20 The adjunction
op
L: sﬂ’et[(zz(oo’z) 2 msJet(o0,2) : R
is a Quillen equivalence, and in particular induces an equivalence of (oo, 1)—categories
ey
Loo: (S%tp,z(oo,z))oo 2 (msTet(o0,2)) 00 : Roo-
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3 Recognizing cells in models of (co, 2)—categories

op
The goal of this section is to identify the j—cells in sﬁi’etl(?%oo 2)°

msdet(x0,2), as defined in Definition 2.15. The structure of the argument involves the identification of the

and most importantly the j—cells in

j—cells in several established model categories that are models of (oo, 2)—categories.

In Figure 2, we display the equivalences used to identify the cells in the marked simplicial sets, and the

propositions displayed show how the cells behave under the corresponding equivalence.

While it is impractical to make this section completely self-contained, we have included precise references
for all relevant constructions and definitions.

Lemma 3.1 Suppose that a functor F: M — M’ is a left (resp. right) Quillen equivalence between models
of (o0, 2)—categories, and an object X is cofibrant (resp. fibrant) in M. Then X is a j—cell in A for some
0<j <2ifandonlyif F(X) isa j—cell in A'.

Proof Consider the induced functor Fog: Moo — M, which is an equivalence of (oo, 1)—categories.
It follows that, for any j =0, 1,2 and j—cell X; of Jl, the object Foo(X;) is a cell in M, either by
direct verification, or by appealing to Theorem 2.19. Now, an object X is a j—cell in Al if and only if
there is an isomorphism X = X; in HoJl. Again using the fact that Fo; is an equivalence, this statement
is equivalent to saying that there is an isomorphism Foo(X) = Foo(X;) in Ho(A'). But the existence
of such an isomorphism is equivalent to having Fuo(X) being a j—cell of A, because Foo(X) is one.
Since F(X) computes Foo(X), the result follows. m|

3.1 Recognizing cells in @;—models of (oo, 2)—categories

We now begin the work of identifying j—cells in different models for (co, 2)—categories. We begin with
ey

the j—cells in sJet which have been identified by Barwick and Schommer-Pries.

i,(00,2)’
(O
msJet
$Felp (00.2) (00.2)
2 Proposition 2.17 Proposition 2.18 2
o5F SptSC
sJtet
s‘%ti,(oo,z) (00,2)
2 Proposition 3.5 Proposition 3.22 2
(AxA)°P Cat ., +
S‘(feti,(oo,Z) sFet (oo 1)
2 Proposition 3.8 Proposition 3.18 2
A°P —_—~— (Gat AP —~— C@Clt AOP
PGat(sSet™ ") p.(00,2) —= stetleg |, = Setlso 1)
Proposition 3.12 Proposition 3.16
Figure 2

Algebraic € Geometric Topology, Volume 24 (2024)



An explicit comparison between 2—complicial sets and ®,—spaces 3849

op
2
,(O0

Proposition 3.2 [Barwick and Schommer-Pries 2021, Section 13] In sff’etl(a( 2) the object ©,[C;] is a
representative of the j—cell for j =0, 1, 2.

op
192

We can now prove Proposition 2.17, which identifies the cells in s¥e p.(00.2)°

Proof of Proposition 2.17 Consider the identity functor on sS"et@)gp, which by Theorem 1.19 defines a

left Quillen equivalence

ey
— sdet, .
i,(00,2)

op
By Proposition 3.2 we know that ®,[Cj]is a j—cell in sSf’etl®(2

/,(00,2)
©,[C;] is projectively cofibrant by [Hirschhorn 2003, Proposition 11.6.2], since it is representable. It

O

id: sSer®
1a: s etp’(ooyz)

for j =0, 1, 2. Moreover, the object

. . . 05"
then follows from Lemma 3.1 that ®,[Cj] is a j—cell in S%Ip,z(oo,z)'

3.2 Recognizing cells in multisimplicial models of (0o, 2)—categories

We now turn to identifying j—cells in multisimplicial models of (co, 2)—categories. Because we have not
yet considered these models in this paper, we describe them briefly as we go.

Theorem 3.3 [Barwick 2005, Chapter 2] The category sPet BXA)* of bisimplicial spaces admits a
model structure in which

e the fibrant objects are the injectively fibrant complete Segal objects in complete Segal spaces; and

¢ the cofibrations are the monomorphisms, and in particular every object is cofibrant.

(AxA)P

We denote this model structure by set; (00.2) *

The idea behind complete Segal objects in complete Segal spaces is that we apply similar Segal and
completeness conditions to functors A% — s%er®”, where the target category is equipped with the
complete Segal space model structure. Thus, the Segal and completeness maps are now equivalences
in this model structure, rather than equivalences of simplicial sets. For more details on the definition of
complete Segal objects in complete Segal spaces, see [Barwick 2005, Chapter 2; Bergner and Rezk 2020,
Definition 5.3; Lurie 2009b].

There is an explicit equivalence of model categories between this model structure and the one for complete
Segal ®,—spaces. See also [Barwick and Schommer-Pries 2021] for a different proof of this equivalence.

Theorem 3.4 [Bergner and Rezk 2020, Corollary 7.1] The functord: A x A — ©, given by
[m, k) [mlk, ..., k]

induces a left Quillen equivalence

* . 03 (AxA)P
d .sﬂ’eti’(oo’z) — s9’eti’(oo’2) .

(AxA)°P

In particular, sS’eti’ (00.2)

is a model for (oo, 2)—categories. We now characterize the j—cells in this model.
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(AxA)°P

Proposition 3.5 In s%et; 1(00.2) the object d*®,[C;] is a representative of the j—cell for j = 0,1, 2.

Proof We consider the functor d*, which defines a left Quillen equivalence

(AXA)P

d* sffet i(00.2)

y (oo 2~ sSet;

By Proposition 3 2 for j =0, 1,2, the object ®,[Cj]is a j—cell in set®? Moreover, every object is

cofibrant in s%er>2 (Oo o It follows from Lemma 3.1 that d*®,[C}] is al ](Zgl)l in sEfet(?XAz)) " a
We can now generalize the notion of Segal precategory to this context; in analogy with the notion of
complete Segal objects described above, we can define Segal precategory objects in complete Segal
spaces, given by functors X : A% — s%er®” such that X, is a discrete object and the Segal maps are
weak equivalences in the complete Segal space model structure. See [Bergner and Rezk 2013, Section 6]
for more details.

Let us briefly describe the comparison with complete Segal objects, which is analogous to Theorem 1.10.
We denote by P@at(%et®”) the full subcategory of sFer(A*A)” given by Segal precategory objects in
simplicial spaces, namely those bisimplicial spaces X : A% — s%er®” for which X is discrete, and we
denote by I: P@at($et®”) — s%et®*2)” the inclusion functor.

Theorem 3.6 [Bergner and Rezk 2013, 6.12] The category P%at(s$er®”) of precategories in simplicial
spaces admits a model structure in which
 the fibrant objects are the projectively fibrant Segal category objects, and

e the cofibrations are the projective cofibrations.

We denote this model structure by P@at(s$er®™) 2,(00,2)-
This model was compared to the previous ones by [Bergner and Rezk 2020].

Theorem 3.7 [Bergner and Rezk 2020, Theorem 9.6 and Propositions 7.1 and 9.5] The natural inclusion
functor from [Bergner and Rezk 2020, Section 9] induces a left Quillen equivalence

(AxA)°P

I: P6at(sSer™ )p (00,2) —> set; (00.2) *

In particular, P6at(s%et®”) p.(00,2) 18 @ model for (co, 2)—categories.

(AXA)°P

For each j = 0, 1, 2, the bisimplicial space d*©;[C;], a priori an object of sJet , is actually a

precategory, so it can be regarded as an object of P@ar(s%et®™).

Proposition 3.8 In P%at(sYet®”) p.(c0,2) the object d*®,[C;] is a representative of the j—cell for
j=0,1,2.

To prove this result, we make use of the following lemma.
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Lemma 3.9 In P6at(s%et®™) , (00,2) the object d*®,[C;] is a cofibrant for j = 0,1, 2.

Proof If A[@] denotes the initial bisimplicial space, we show that the canonical map A[@] — d*©,[C;]
is a cofibration in Pcéat(sﬂ’etmp)p,(oo,z) for j =0,1,2.

For j =0 and j = 1, the object d*®,[C;] is representable as an object of sPet(BXB)T o by [Hirschhorn

2003, Proposition 11.6.2] the map A[@] — d*®,[C;] is a projective cofibration and hence d*©,[C;] is
cofibrant in P@at(sYet®™) 2,(00,2)-

For j = 2, we recall from [Bergner and Rezk 2013, Section 6.2] that any map of the form A, — B,

A°P

where p > 0 and A — B is a cofibration of S‘%t(oo,l)’ is a cofibration in P@at(s%et®”) p.(c0,2)- Recall

that A[p] is defined as the pushout in PCat(s%et™™)

AR (A[pDo — AKX A[p]

| !

A[O]X (A[pho —— App)

for any p > 0 and any simplicial space A. We can now write the map A[@] — d*®,[C;] as the following
composite of three cofibrations:

A[@] — d*®2[C0] = A[O][o] — (A[O] I A[O])[o] =~ A[@][l] — A[l][l] =~ d*®2[C2],

concluding the proof. a
We can now prove the proposition.

Proof of Proposition 3.8 We consider the inclusion functor, which defines a left Quillen equivalence

(AxA)°P

. A°P
I: P6at(sYet™ ") p.(00,2) = S%ti,(oo,z) .

For j =0, 1, 2, by Proposition 3.5 we know that /(d*®,[Cj]) is a j—cell in sffetl(?;Az);p. Moreover, the

object is cofibrant in P€at(sFer®™) p.(c0,2) by Lemma 3.9. It follows from Lemma 3.1 that d*®,[C;] is
a j—cell in P6at(s%et®™) ) (c0.2)- o

3.3 Recognizing cells in enriched models of (co, 2)—categories

We now turn to recognizing cells in models that are given by enriched categories. Many model structures
on enriched categories can be obtained by the following general result of Lurie.

Theorem 3.10 [Lurie 2009a, Theorem A.3.2.24] Let V" be an excellent monoidal model category, in
the sense of [Lurie 2009a, Definition A.3.2.16]. The category of small categories enriched over V" admits
a model structure in which

e the fibrant objects are the locally fibrant categories, ic the enriched categories C such that for any
pair of objects ¢, ¢’ in C, the mapping object Hom¢ (¢, ¢’) is fibrant in V';
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e the weak equivalences, which are described in [Lurie 2009a, Definition A.3.2.1] and [Lawson
2017], are enriched functors F': C — D such that
(1) for every pair of objects ¢, ¢’ of C, the map induced by F of mapping objects

F. 4:Homc(c,c’) — Homp (Fe, Fc'),

is a weak equivalence in V', and
(2) the functor induced by F on (underlying categories) of Ho V—categories is essentially surjective;

e the cofibrations are those described in [Lurie 2009a, Proposition A.3.2.4].

We denote this model structure by ‘Gatsy .

To give an idea, the technical condition for a combinatorial monoidal model category to be excellent
requests a closure property for cofibrations and weak equivalences, in addition to compatibility of the
model structure with the monoidal structure. Lurie’s original definition also requires a further condition,
known as “invertibility hypothesis”, which was shown to follow from the other conditions by [Lawson
2017, Theorem 0.1].

We specialize this construction to the following situations.

e Let V' = “at be the canonical model structure on the category 6at of small categories from [Rezk
1996], which is seen to be excellent using the fact that the nerve functor creates weak equivalences
and commutes with filtered colimits. We then obtain precisely the model category €atq, = 2€at
as discussed in [Berger and Moerdijk 2013, Example 1.8].

o Let V' = s¥et (o, 1) be the Joyal model structure on the category ser of simplicial sets from [Joyal
2008, Theorem 6.12], which is excellent by [Lurie 2009a, Example A.3.2.23]. We then obtain the
model category 6atsger o ;-

o LetV = sﬂ’et(Ao(:’ 1 be Rezk’s model structure from Theorem 1.8 on the category s%er®”™ of simplicial
spaces, which is discussed to be excellent [Bergner and Rezk 2013, Theorem 3.11]. We then obtain
the model category %atsge,(%‘;fl).

o LetV = sﬂ’et&’l) be Lurie’s model structure on the category sdet™ of marked simplicial sets from
[Lurie 2009a, Proposition 3.1.3.7], which is excellent by [Lurie 2009a, Example A.3.2.22]. We
then obtain the model category %atsge,:go e

We now turn to an explicit Quillen equivalence between one of these enriched models and one of the

models we have already discussed.

Theorem 3.11 [Bergner and Rezk 2013, 7.1-7.6] The enriched nerve functor from [Bergner and Rezk
2013, Definition 7.3], obtained by regarding a bisimplicial category as a simplicial object in simplicial
spaces, defines a right Quillen equivalence

. A°P
R: %atsg,etézp’l) — PGat(sJet™ ") p (c0,2)-
In particular, %ats%fﬁ;p,l) is a model for (0o, 2)—categories.
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Now, we would like to identify the j—cells in the model structure %atsgpe,é‘jl), for which we make use of
the discrete nerve functor N 95¢: Gar — s%er®™ considered in [Rezk 2001]. Since it preserves products,
being a right adjoint functor, it induces a functor N35¢: Gate, — @at s, given by applying N 45¢ to
each mapping category.

Proposition 3.12 In ‘éatsye,é‘: b the object N3disC ' is a representative of the j—cell for j =0, 1, 2.

Before proving this proposition, we establish two lemmas that tell us more about the structure of these
discrete nerves.

Lemma 3.13 Forany j =0, 1,2, the sFet®” —enriched category Nfi“@z[Cj] is fibrant in %atsye,gop]).

Proof For j = 0,1, 2, all hom-categories of C; are of the form @ = [—1], [0], or [1]. So all hom-

bisimplicial sets of NJ5@,[C;] are of the form N9s[—1], N9is[0] or N 95¢[1], which are all complete
A

(c0,1)
isomorphisms. O

Segal spaces, namely fibrant in sYet since the categories [—1], [0], and [1] do not have any nontrivial

Lemma 3.14 For any 0 in ®,, there is an isomorphism of precategories
R(NIs¢9) =~ d*0,[0).

Proof Fori, j,k > 0, we first compute the set (RNfiSCG)[i],[j]’[k]. If 9 is a bisimplicial category with
object set 9y, and @; denotes the bisimplicial space
P = ]_[ Homg (a, b),
a,be%g
by definition of R (as given in [Bergner and Rezk 2013, Definition 7.3]) for any i > 0 there is an
isomorphism of bisimplicial sets

(RQD)[,] ~%; X Py X -+ X Dy
Do

Do Do

i
that is natural in i. When specializing to the case @ = NJ°d, we obtain a natural isomorphism

(RNGO)y = (NS0 x  (NJO) > oo (N0)y.
(N{56)o (N<0)g  (N*6)o

i
In particular, if 6y denotes the set of objects of 6 and 6; denotes the category

0, := ]_[ Homyg(a, b),

a,b€90
for any j, k > 0 we have a bijection

(RN Otk = NjOr X Njfhy x -+ x Njby,
6o 6o 0o

i
that is natural in i, j, k.
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Next, for i, j, k > 0, we compute the set (d*®2[0])[;1,(j1,(x]- By definition of 4*, and using the fact that
0, is a full subcategory of 26at, we have bijections

(d*O2[0D .11k = Home, ([i| j. /..., j].0)
—
l
%Honga[([ilj,j,...,j],e)
I3

= Homyeq ([1]/]L[1]7]1LL--- LI[1] 7], 6)
[0 "0} o]

i

= Homye, ([1] /], 0) Homaa ([117]. 6)

X cee X
Homoegqr ([0] » 0) Homoegq ([0] 5 9)

i

= Homou ([1]/]. 0) X -+ x Homaeq (111, 0)
6o 6o

i
that are natural in i, j, k.
Finally, we show that there is a bijection
Homyey ([1]/],0) = Njb,
that is natural in j, from which the lemma follows. To do so, we observe that there are natural bijections

Homye([11/].6) = [ ] Homaea, . ([11/].(6,a,b))

a,bEQo

~ [] Homeu((/]. Homgy(a, b))
a,beeo

;Hom%a,([j], ]_[ Homg(a,b))

a,befy
= HOm%al([j]’ 91) = Nf 01,

as desired. O

Proof of Proposition 3.12 Consider the right Quillen equivalence

. A°P
R: (Gats%t(%«;pgl) — P%Gat(sJet )p,(oo,z)-

By Proposition 3.5 and Lemma 3.14, we know that for any j =0, 1, 2, the object d*®,[Cj] = R(NI¢C;)
isa j—cellin PGar(sFer®™) p,(c0,2)- Moreover, by Lemma 3.13 the object NdiseC 'j is fibrant in %atsyeté‘;f’ .
It follows from Lemma 3.1 that NfiSCC i isa j—cell in %atsye,(AoiPl), as desired. O

We now compare the model structure for categories enriched in complete Segal spaces to the model
structure for categories enriched in quasicategories.
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Theorem 3.15 The functor induced by taking (—)o on each hom-simplicial space defines a right Quillen
equivalence
Gat

Ao —> @at., aop
s&"et(ooql) H’et(oovl)

In particular, C(%atge,éipl) is a model for (0o, 2)—categories.

Proof The functor p: A x A — A, defined by [m, n] — [m], induces an adjoint triple

D
AP L p* (AxA)°P AP
Set — et = s%et> ",
L

D+
where p* is given by precomposition with p, while p; and ps are the left and right Kan extensions
along p, respectively. In particular, the functor p* is (strong) monoidal with respect to cartesian product
because it is a right adjoint. Moreover, it is shown as [Joyal and Tierney 2007, Theorem 4.11] that the
adjunction

p*: H’et(Ao(j’l) pxd sEf’et(Ag’l) D Px
is a Quillen equivalence. One can then apply [Lurie 2009a, Remark A.3.2.6] to obtain the desired Quillen
equivalence, observing that py is the functor (—)y. |

We can now use this equivalence to identify the j—cells in C(éatyeté‘;"”.

Proposition 3.16 In ‘@atgne,é‘;*’l) the object N«C;j is a representative of the j—cell for j =0,1,2.

Proof Consider the right Quillen equivalence from Theorem 3.15

Gat

Ao — Gat., aop
sﬂ’et(oo’l) %t(oo.l)

By Proposition 3.12 and Lemma 3.13 we know that for each j = 0, 1, 2, the object NJis¢C jisa j—cell in
C@atsye,(Ag b and is fibrant. It follows from Lemma 3.1 that N«Cj, the image of NfiSCC 7 under the above

Quillen equivalence, is a j—cell in %atye,éj”. O

We now make a similar comparison between categories enriched in quasicategories and categories enriched
in marked simplicial sets.

Theorem 3.17 The functor induced by taking the underlying simplicial set U on each mapping object
defines a right Quillen equivalence

Uy:%at ., + —)%al‘sye,(oovl).

sEf’el(oo! 1

In particular, %atsge,:go b is a model for (0o, 2)—categories.
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Proof The desired right Quillen equivalence is an instance of [Lurie 2009a, Remark A.3.2.6] applied to
the right Quillen equivalence
. ot AP
U: sﬂ’et(oo’l) — Felioo 1)

from [Lurie 2009a, Theorem 3.1.5.1]. O

Once again, our goal is to identify the j—cells in this model structure. To do so, consider the flat nerve
functor N”: Gat — sFert, obtained by regarding the nerve of a category in which the marked 1-simplices
are precisely those corresponding to identity morphisms in the category. One can check that the functor
NP preserves finite cartesian products, from which we obtain an induced functor Nf :Catgy — Cat g+,
given by applying N b to each mapping category.

Proposition 3.18 In (Gatsgfe,:go b the object Nf C; is a representative of the j—cell for j = 0,1, 2.
We begin with a lemma establishing that these objects are fibrant.
Lemma 3.19 For j =0, 1,2, the object NJij is fibrant in %atsye,(to .

Proof For j =0, 1,2, all hom-marked simplicial sets of N2C ' are of the form N b[—1], N*[0] or NP[1],
which are naturally marked quasicategories, and therefore fibrant in C@atsye,(to b since the categories [—1],
[0] and [1] have no nontrivial isomorphisms. ad

Proof of Proposition 3.18 We consider the right Quillen equivalence

U*:cﬁat

sEf’el:’;o m - (gatsy)et(oo.l)‘

By Proposition 3.16 we know that for each j = 0, 1,2, the object U*Nfcj >~ N.Cj is a j—cell in
Catser (oo, 1,» and Nf C; is fibrant in C@atsgpet(to b by Lemma 3.19. It follows from Lemma 3.1 that NJZ Cj
isa j—cell in %atsgpe,(*;m). O
3.4 Recognizing cells in simplicial models of (0o, 2)—categories

Finally, we want to identify the j—cells in the model of marked simplicial sets. To aid in doing so, we
look first at the related model of scaled simplicial sets. A scaled simplicial set is a simplicial set with a
collection of marked 2—simplices including degenerate 2—simplices.

Theorem 3.20 [Lurie 2009b, Theorem 4.2.7] The category sJet’¢ of scaled simplicial sets admits a
model structure in which

e the fibrant objects are the co—bicategories from [Lurie 2009b, Definition 4.2.8], and
e the cofibrations are the monomorphisms (and in particular every object is cofibrant).

We denote this model structure by s%tic .
00,2)
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Lurie enhances the classical homotopy coherent nerve functor IM: €Gaty,; — sJet to the context of scaled
simplicial sets by taking into account the marking, obtaining a scaled homotopy coherent nerve functor
MN: Cat g+ — sTet* .

Theorem 3.21 [Lurie 2009b, Theorem 0.0.3] The scaled homotopy coherent nerve functor from [Lurie
2009b, Definition 3.1.10] defines a right Quillen equivalence

SC . SC
W Cat gt o ) > SFel(5 )

)

In particular, sffetf is a model for (0o, 2)—categories. We now describe the j—cells in this model

C
00,2)
structure.

The description of the j—cells in this model structure makes use of a similar scaled nerve construction, in
the form of a functor N*¢: 26at — sJet*“, as described in [Gagna et al. 2022, Definition 8.1]. Given any
2—category 9, the scaled nerve N*¢% is given by the Duskin nerve of & together with the marking of all
2—simplices arising from 2—isomorphisms.

Proposition 3.22 In sH’eti the object N*“Cj is a representative of the j—cell for j =0, 1,2.

Cc

00,2)

Proof As a preliminary observation, we mention that there is an isomorphism of scaled simplicial sets
sc ~ ISC ATD .

N*“Cj =" N, C;

for j =0, 1,2. This fact can be deduced combining [Gagna et al. 2022, Definition 8.1] together with
[Gagna et al. 2022, Proposition 8.2].

Consider now the right Quillen equivalence
SC . SC
W Batygy+ o, ) = 59l (g 2)-

By Proposition 3.18 we know that for each j =0, 1, 2, the object Nij is a j—cell in %atsyet(to b We
have also proved that Nf C; is fibrant in C@atsye,(to b in Lemma 3.19. It follows from Lemma 3.1 that
N¥¢Cj = NENLC; is a j—cell in sSeriS, ). O

Finally, we can compare the models of scaled simplicial sets and marked simplicial sets.

Theorem 3.23 [Gagna et al. 2022, Theorem 7.7] The forgetful functor defines a right Quillen equiva-
lence
U: msYet(o0,2) = sEfetfgo’z).

We can now prove Proposition 2.18, which characterizes the cells in msJet o 2).

Proof of Proposition 2.18 We consider the right Quillen equivalence
U: msYet(o0,2) = sEfetfgo’z).
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By [Gagna et al. 2022, Definition 8.1] we know that UNRSC i = N*°Cj for each j =0, 1, 2. Moreover,
we know that N*Cj is a j—cell in s&”et( 2) by Proposition 3.18 and that it is fibrant in msYet (o 2) by
[Ozornova and Rovelli 2020, Theorem 5.1(1)]. It follows from Lemma 3.1 that NRSC jisa j—cell in
msﬂ’et(oo’z). O

4 Applications

Here we discuss four situations in which one can exploit the explicit Quillen equivalence

4-1) L: sg)et

2, (oo 2) < msEf’et(oo,z) 'R

from Theorem 2.20 to produce new theorems, new proofs or export constructions given some existing
ones. Precisely, we show the following.

(1) The nerve construction for 2—categories is compatible with the suspension construction and the
wedge constructions in an appropriate sense in the globular setting, using the analogous statement
proven in the complicial setting in [Ozornova and Rovelli 2022].

(2) The nerve construction for 2—categories is compatible with the cone construction in an appropriate
sense in the globular setting, using the analogous statement proven in the complicial setting in
[Gagna et al. 2023].

(3) The nerve construction for 2—categories is compatible with the co-dual construction in an appropriate
sense in the complicial setting, using the analogous statement that is formal in the globular setting.

(4) Weak equivalences can be tested on homotopy categories and homs in the complicial setting, using
the analogous statement for the globular setting from [Bergner and Rezk 2020].

We expect that similar techniques can be applied to translate any new results from the setting of complicial
sets to that of ®,—spaces, and vice versa.

As a preliminary preparation that is common to many of the applications, we define the complicial nerve
to be the homotopical functor

NP 2%ar — El’et’(?:pz) — msYet(0,2)

obtained as a composite of the right Quillen functor N": b 2%ar — fy”et’iA 2) from [Ozornova and Rovelli

2021, Theorem 4.12] with the left Quillen functor Refl: S’et@o )~ msJet(oo,2). Similarly, we consider
the globular nerve construction to be the right Quillen functor

op np

— s%t®

al. 5 C})
N .2‘6at—>9’etoo )—>s8’et p.(00.2)

i,(00,2)

obtained by composing the right Qu111en nerve N : 26at — E/’et( 2) from [Campbell 2020, Theorem 5.10]

with the right Quillen equivalence Sfet( 2y~ sfet, (p from [Ara 2014, Corollary 8.8] and the identity

2)
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op op
viewed as a right Quillen equivalence id: sFet2? — s%et®? . The two nerve constructions N &'
i,(00,2) p,(00,2)

and N ™ induce functors at the level of (0o, 1)—categories that have the “correct” universal property,
namely they realize the (0o, 1)—category of strict 2—categories as a localization of the (oo, 1)—category of
(00, 2)—categories, as in [Moser et al. 2022, Remark 6.37].

The globular and complicial nerves are compatible in the following sense.

Proposition 4.1 For every 2—category 9 there is a natural weak equivalence

L((N#@)*") => N™g

op
192

in msYet(o,2), where (N glggyeol denotes a functorial cofibrant replacement of N 8% in se D (00.2)"

Proof As apreliminary fact, we observe that with techniques analogous to the ones employed to construct
the Quillen equivalence (4-1), one could also show that there is a Quillen equivalence

’ Gl IAP |t
L 'ngetp,(oo,Z) = Efet(oogz) ‘R

by setting, for all 8 in ®, and k > 0,
L'(©,[0] R Alk]) := N¥(6) x Ak

Here, S’etifoopz) denotes the model structure from [Ozornova and Rovelli 2020, Theorem 1.28], and it is
useful to recall that, by [Ozornova and Rovelli 2020, Proposition 1.35], there is a Quillen equivalence

Refl: Efetifoipz) 2 msdel(oo,2).
By construction, one then has L = Refl L’. Now, for all f in ®, and k > 0, we have a commutative

diagram in 2€at
cANE(@) ¢« INK(B)

N

Here, c&': s$e1®7 - 2@ar and c: S AT — 2%ar denote the left adjoint functors to N gl and N,
respectively, and the top map is adjoint to N¥(eq: & N€(0) — 0) with respect to the adjunction cf 4 N1,
and the vertical maps can be seen to be weak equivalences in 26at combining [Ara 2014, Corollary 8.8;
Campbell 2020, Section 5.1; Ozornova and Rovelli 2021, Theorem 4.10]. So there is a weak equivalence

AO[0] = BN (0) <= IN©O) = L' O[]

in 2%6at. Applying [Dugger 2001, Lemma 9.7] on the left Quillen functors

op op

cgl,cuL’:s%tl,,2 — sSet 2

p(c02) 2%at,

it follows that, for all W cofibrant in (sffet(agp) p.(c0,2)- there is a natural weak equivalence
AW = ALw
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in 2%€at. By [Hovey 1999, Corollary 1.4.4], it follows that for every (necessarily fibrant) 2—category &
we obtain a natural equivalence
N&% =5 R' N

np

in ser2? p.(00.2)" Hence using that the left Quillen functor L’ preserves weak equivalences between cofibrant

objects in sYet 2 5.(00.2) and that the derived counit of L' 4 R’ at N9 is a weak equivalence in Efet’(A pz),

we obtain that there are weak equivalences
L'(N#2)®") =5 L'((R'N'a)°h) = N
in EfetéA g 2 Finally, using that the functor Refl is homotopical we obtain a weak equivalence
L((N®%)*) = Refl L' (N D)) => Refl N'% = NG

in msJet (o ,2), as desired. O

4.1 Compatibility of the suspension and wedge constructions with the nerve

We consider the following two constructions in the globular setting:
(1) the globular suspension construction from Definition 1.20
ve: sSer? (Oo 1 (sEi’et (Oo 2))* *s

which is a left Quillen functor; and
(2) the globular wedge construction
oy
vel: (9t (o0 5))x X (st ) (0032))* — (sSfez (oo )%
defined by

wvelz.=w U Z,
©,[0]

which is a left Quillen bifunctor.

These constructions induce functors at the level of underlying (oo, 1)—categories that have the following
recognized universal properties.

(1) The suspension construction induces precisely the construction studied in [Gepner and Haugseng
2015, Definition 4.3.21].

(2) The wedge construction induces the (oo, 1)—categorical coproduct in the (0o, 1)—category of pointed
(00, 2)—categories.

The analogous constructions can also be implemented in the complicial context as well, as
(1) the complicial suspension construction from [Ozornova and Rovelli 2022, Definition 2.6]
TP msSet(oo,1) = (MsTet(00,2)) %,
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(2) the complicial wedge construction from [Ozornova and Rovelli 2022, Definition 4.7]
VP (msTet(00,2)) 5 X (MsTet (0o 2)) 5 — (MsTet(x0,2)) -
We record a precise relation between the globular and complicial suspension and wedge.

As a preliminary fact, we observe that with techniques analogous to the ones employed to construct the
Quillen equivalence (4-1), we could also show that there is a Quillen equivalence
. AP tAP
L] . szetp’(oo’l) (_—> 9361‘(00’1) Rl
by setting, for all m, k > 0,
Ly(A[m] R Alk]) := N®S(m]) x AkJF = thy (A[m]) x AT,

Here, sffetﬁ?';o 1 denotes the model structure for complete Segal spaces obtained by localizing the
projective model structure, msYet(,1) denotes the model structure for saturated 1-complicial sets, and
thy: msJet (oo, 1) = Mset(xo,2) is the left Quillen functor from [Verity 2008b, Notation 13].
Proposition 4.2  (a) Forall W cofibrant in (s$et®”) p.(c0,1) there is a weak equivalence
TP WSS LYW
iH (msffet(oo’z))*’*.
(b) Given any W and Z in sffet*@)zp, there is an isomorphism in msJet
LWVEZ)y= LW V™ LZ.

Proof (a) By [Ozornova and Rovelli 2022, Theorem 2.9], there is a natural weak equivalence in
(msJet(o0,2))+,+ given by the composite

L380,[m] = LO,[1|m] = N™P[1|m] = NP X[m] <= TP NP[1p] = TP L, A[ml].

The first three isomorphisms are given by the definitions of X!, L, and X, respectively, and the last
is given by the definition L. The weak equivalence was established in [Ozornova and Rovelli 2022,
Theorem 2.9]. Now, using [Dugger 2001, Lemma 9.7] on the functors

Lxe, P sff’etﬁolD — sff’etﬁ’z’o,l) — (msJet(50,2)) %,
it follows that for all W cofibrant in (s%er2™) p,(co0,1) there is a weak equivalence
TP WSS LYW
in (msJet(oo,2)) % -
(b) Given any W and Z in s9’et*®gp, there is an isomorphism in msJet
LWV Z)=L(W I Z)=LW ULZ=LWV™LZ,
©2[0] Alo]

concluding the proof. O
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Remark 4.3 By [Hovey 1999, Corollary 1.4.4], for all (Y, ¢, d) fibrant in (msYet(co,2))«,« there is a
weak equivalence

(4-2) Homﬂy(c, d) => R, Hom$™(c, d)
in sEf’et ( n (and hence also in sSf’et ( 1)) where

Hom¢: (sffet (Oo 2))* = sSerd (oo 1
denotes the right Quillen adjoint functor to X&', and similarly
Hom™™P: (msYet(o0,2)) %, = msJet(oo,1)

denotes the right Quillen adjoint to P,

Recall that there are functors implementing the strict suspension construction
X Cat — 2Caty x
and the strict wedge construction
Vi 2%ats X 28ats — 2@at.

As an application of Theorem 2.20, combined with results from [Ozornova and Rovelli 2022], we can
prove the following corollary, asserting that the suspension and wedge construction along a sieve/cosieve
object are both compatible with the globular nerve of 2—categories. Recall from [Ozornova and Rovelli
2022, Definition 4.3] the definition of sieve and cosieve object in a 2—category, which are used to determine
which 2—categories can be wedged together.

Corollary 4.4 (a) Given any 1—category 9, there is a weak equivalence

xeNeg =5 Nexg
IH (nget 2))* %

(b) Given 2—categories i and % endowed with a sieve and a cosieve object, respectively, there is a
weak equivalence in (sﬂ’et 2))*,

Nesgve Neg =5 Ne (s v B).

Proof We prove (b) and leave (a) to the interested reader.

First, in the commutative square

NRSﬂ \/mp NRS% = . N CMP of \/CMpP ATCMPgp

. !

NRS(AVB) ————— NP(sd v B)
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the left vertical map is a weak equivalence in mset (o, 2) by [Ozornova and Rovelli 2022, Theorem 4.9].
The two horizontal maps are weak equivalences in msJet . 2), which can be seen by combining [Ozornova
and Rovelli 2021, Theorem 5.2] and [Ozornova and Rovelli 2020, Proposition 1.31]. By the two-out-of-
three property, the right-hand map is then a weak equivalence in msJet (o 7).

Next, in the commutative square
L((Nglﬂ)cof) \/mp L((Ngl%)cof) = N CMP gf \/CMP AJCMPap
L((N&(A vV B))©) —————— N™(s{ v B)

the two horizontal maps are weak equivalences in mset(, 2) by Proposition 4.1. By the two-out-of-three
property, the left vertical map is a weak equivalence.

We have the commutative triangle

L((Ngl.ﬂ)mf Vg] (Ngl%)cof) = s L((Ngl&ﬁ vg] Ngl%)cof)

\ l
L((N¥ (A v B))*r)
By [Hovey 1999, Corolla(l)?/ 1.3.16], the left Quillen equivalence L creates weak equivalences between
(00,2
(N ve Nelgyeol =y (N&(sh v R))cer
l* l*

Nelgvel Nelgg —» Nel(of v B)

cofibrant objects in se so we obtain a commutative square

as desired. By the two-out-of-three property, the bottom map in the square is a weak equivalence in
op

s%er22

p.(00.2)> 3 desired. O

While (a) can be essentially read off from [Rezk 2010], tackling directly (b) within the globular setting
would require significant combinatorial work.

4.2 The cone construction and compatibility with the nerve

In the globular setting there does not seem to be a straightforward way to define join constructions, or
even cone constructions, which play an important role in the development of the theory of limits and
colimits. By contrast, the complicial setting is well-suited to implementing formal join constructions in
general, and cones in particular. A cone construction

Cone™ := A[0] x —: msTet (oo, 1) = (MsFet(00,2))
is defined in [Gagna et al. 2023] in the form of a left Quillen functor.
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Given any W in (sEI’etG)gp) p.(co0,1)» taking advantage of the explicit Quillen equivalence (4-1), it is possible
to define the cone construction for W in terms of the one for L W, by setting

Cone2' W := R((Cone™ (L (W °f)))fity.

While the formula is fairly complicated, there is currently no competing way of treating cones in ®,—
spaces.

Remark 4.5 For every W cofibrant in (nget(%%") p.(00,2) there is a zigzag of weak equivalences
L((Cone®! W)*") = L((R((Cone*™ (L1 (W)))™))*") => (Cone™ (L (W)™

<= Cone™P (L (W*°r))

=5 Cone™(L; W)
in msJet (o 2)-
Recall that there is a functor implementing the strict cone construction Cone: 6at — 2%at«. As an
application of Theorem 2.20, combined with results from [Gagna et al. 2023], we can prove the following
corollary, asserting that the cone construction is compatible with the nerve construction in a suitable sense

in the globular setting for 1-categories that are freely generated by a loop-free graph. Such 1—categories
are called strong Steiner in [Ara and Maltsiniotis 2020, Section 2.15].

Corollary 4.6 Given any 1—category 9 that is freely generated by a loop-free graph, there is a zigzag of
weak equivalences in (sffet®3p )p,(00,2)5

NE&Cone® ~ Coned! N&g,

Proof There is a zigzag of weak equivalences
L((NCone®)*°") => N°™PCone%
<= Cone®™P N “™Pgj
<= Cone®™P L, (N&%)°f) ~ [ (Cone? (N &'geor)eorh)
in mset o ) given by Proposition 4.1, [Gagna et al. 2023, Theorem 5.5], Proposition 4.1 for Ly, and

Remark 4.5, respectively. Given that the left Quillen equivalence L creates weak equivalences between
cofibrant objects, we obtain a zigzag of weak equivalences in (sffet®2p) p,(00,2)

N&Cone® ~ (Coned N¥%)®f ~ (Cone?! (N &%)°°f))°f =5 Coned (N &%)*°") =5 Cone?' N&%,
as desired. O
4.3 Dual constructions and compatibility with the nerve

It is determined in [Barwick and Schommer-Pries 2021, Theorem 7.3] that there are four types of dualities
for (o0, 2)—categories: identity; op-dual, which reverses the direction of the 1-morphisms; co-dual, which
reverses the direction of the 2—morphisms; and co-op-dual, which reverses both.
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In the complicial setting, one can implement the op-dual construction (—)°P: msJet (o 2) — MmsJet (oo 2) in
a straightforward way. However, there is no formal way to define the co-dual construction in msJet (o 2),
and a co-dual construction (—)“° was only proposed recently in [Loubaton 2022, Proposition 4.2.7] in the
form of a (highly nontrivial) left Quillen functor (—)°: msJet (oo 2) — MmsSet (o, 2).

By contrast, the globular setting is well-suited to implementing all four dualities; see [Haugseng 2021]. In
particular, the co-dual construction can be realized as an isomorphism that is both a left and right Quillen
equivalence for both the projectively-based and injectively-based model structures,

op P (’P

o e,
(—)°: sdet,, 2 —>s9’etp( ;) and (- —)<°: sSer2 i (oo )—>s5fetl (50.2)"

00,2)

Given the Quillen equwalence (4-1), for all Y fibrant in msYet (o, 2), there is a zigzag of weak equivalences

(4-3) Y =~ L(((RY)®)™),

in msJet (o 2), allowing one to express the co-dual construction of Y in terms of the one for RY .

Remark 4.7 For every fibrant object Y in msJet (2, by (4-3) there is zigzag of weak equivalences
L(((RY)CO)COf) ~ Yy°¢o

in msYet (7). By taking a functorial fibrant replacement in msJer (o, ), we obtain a zigzag of weak
equivalences between fibrant objects in msYet (oo, 2)

(L(((Ry)CO)COf))ﬁb (YCO)flb
Applying R then gives a zigzag of weak equivalences

R(L(((RY)*)®)®) = R((Y*)™)

in sffetp (00.2)"

a zigzag of weak equivalences

By composing with the component of the derived unit of L 4 R on ((RY)°)°°f, we obtain

(RY)CO ~ ((RY)CO)COf ~ R((YCO)ﬁb)

in sﬂ’etp (00.2)"

As an application of Theorem 2.20, we can prove the following corollary, asserting that the co-dual
construction is compatible with the nerve of 2—categories in the complicial setting.

Corollary 4.8 Given any 2—category %, there is a zigzag of weak equivalences in msJet (oo, 2)
N CmPGHCO ~ (Ncmp@)co.
Proof There a zigzag of weak equivalences
RNCmp(@CO) ~ Ngl(@m) ~ (Nglgb)co ~ (RNcmp@)co ~ R((Ncmpgb)w)ﬁb)
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in (s%t@)gp )p.(c0,2)» Where the weak equivalences are given by Proposition 4.1, inspection, Proposition 4.1,
and Remark 4.7, respectively. By [Hovey 1999, Corollary 1.3.16], the right Quillen equivalence R creates
weak equivalences between fibrant objects in (sSfethp )p,(c0,2)» SO We obtain a zigzag of weak equivalences

N CMPGo ~ ((Ncmp@)CO)ﬁb (Ncmp@)co

in msJet (o 2), as desired. a

4.4 A fundamental theorem for 2—complicial sets
We define the globular hom construction

1.
Hom?®': (sSPet (oo, 2))* « — sYet p (oo 1

as the right (Quillen) adjoint functor of the suspension X¢'. Similarly, we define the globular homotopy
category construction

Hot': sYet % —>‘6at

to be given by
Ho® X = htg X,
where /1: s$er®” — @at is the homotopy category functor from [Rezk 2010, Section 7.3] and
9. A=0; >0,

is the functor defined by tg[m] = [m]([0], ..., [0]) from [Bergner and Rezk 2020, Section 3.2]; it is also
defined in [Rezk 2010, Section 4.1] in more generality.

The following statement, which is essentially in [Bergner and Rezk 2020], can be thought of as a
Sfundamental theorem for (0o, 2)—categories, referring to the terminology from [Rezk 2022], where the
(00, 1)—categorical case is treated in the model of quasicategories.

op

Proposition 4.9 Let W and Z be fibrant in sSet 2

(00.2)" Amapf:W—>Z1'ns$fiet®2 ) Is a weak

ps(c0
equivalence if and only if

(1) the map f is essentially surjective, meaning that it induces an essentially surjective functor of

homotopy categories
Ho# f:Ho¥ W — Ho? Z;

(2) the map f is homotopically fully faithful, namely that it induces a weak equivalence

Jed: Hom%;,(c, d) ~ Hom‘%(fc, fd)

A%

in sYe .
D,(00,1)

Proof As a consequence of [Bergner and Rezk 2020, Theorem 6.4], the functor

Ch (AxA)°P
d* s%l‘p (02) S Ef’etp (00.2)
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creates weak equivalences, so saying that /: W — Z is a weak equivalence in sffet is equivalent

(oo 2)
to saying that
d*f:d*W —d*Z

. .. oF
is a weak equivalence in sEfet(A(:oA;) Let us take a functorial fibrant replacement of d* f in s%t, > , and

denote it by (d* f)P': (d*W)P' — (d* Z)P'. Using the fact that d* preserves fibrant objects [Bergner
and Rezk 2020, Proposition 6.3], we can deduce that d* f': d*W — d*Z is a weak equivalence in

s9’et — sSf’et(A A)?

5.(00.2) .(00.2) if and only if

(d* [P (d*W)P' — (d*Z)
is a weak equivalence in sEf’et(A( A" Since (d*W)P and (d* Z)P" are fibrant in sYer
that (d* f)P' is a weak equlvalence in sSPet(A( A;)
sS’et(AXA) Using the fact that Dwyer—Kan equivalences between complete Segal objects are precisely

levelwise weak equivalences [Bergner and Rezk 2020, Proposition 8.17 and Definition 8.2], the map

(d* f)P! is a weak equivalence in set'® (o0 XA)® 2) if and only if

(AxA)°P
3(m 2) ?
if and only if the same map is a weak equivalence in

we know

(1") the map
Ho((d* f)*): Ho((d* W)*) — Ho((d* Z)")
is an essentially surjective functor on homotopy categories, where Ho denotes the homotopy
category from [Bergner and Rezk 2020, Section 8.1]; and
(2') the map

(@™ )M ap: M gyys(@* LI (@) (d* ITB)) = MG g (d* (). (d* £)P(B)

is a weak equivalence in s¥er® where M2 denotes the mapping object from [Bergner and

Rezk 2020, Section 8.1].

,(00 1)’

Given the natural equivalence of categories
Ho((d*W)P") ~ hty W = Ho®' W
and the natural weak equivalence
MEyryn(a.b) ~ MJ.y (a. b) = Homsy, (. b)

from [Bergner and Rezk 2020, Proposition 3.10] in s%er® we then obtain an equivalence to the

(00 1y
conditions (1) and (2) from the statement, as desired. O

Aiming at providing a proof of the fundamental theorem for (oo, 2)—categories in the complicial context,
recall the complicial hom construction
Hom ™ : (msJet(00,2)) x,x — msSet(o, 1),
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as the right (Quillen) adjoint functor of the suspension X", and the complicial homotopy category
construction
Ho®"™P: msYet (oo 2) — Gat
given by
Ho*™ X = c?splX,

where sp; : msJet — msJet is the right Quillen functor of [ Verity 2008b, Notation 13] and cE :msJet — Bat
is the left adjoint functor to the 1-dimensional natural nerve functor.

The homotopy category and hom constructions for the globular and complicial setting are compatible as
follows:
Lemma 4.10 Given a fibrant object X in msJet(« 2), there is an isomorphism of categories

Ho? RX =~ Ho“™ X.

Proof Given a fibrant object X in msYet (o), there is an isomorphism of categories
Hot' RX = hty RX = hRysp; X = clsp X = Ho™ X,
as desired. d

Using the Theorem 2.20, combined with Proposition 4.9, we can prove the following fundamental theorem
for (0o, 2)—categories in the complicial setting.

Theorem 4.11 Let X and Y be fibrant in msYet(o 7). A map f: X — Y in msJet( 2) is a weak
equivalence if and only if

(1) the map f is essentially surjective, meaning f induces an essentially surjective functor of
homotopy categories
Ho™ f: Ho™™ X ~ Ho""™Y;

(2) the map f is homotopically fully faithful, namely f induces a weak equivalence in msJet (oo, 1),

Jed: Hom;np(c, d) ~ Hom;np(fc, fd).

Proof A map f: X — Y is a weak equivalence in msJet( ) if and only if, by (4-1), the map
op
Rf: RX — RY is a weak equivalence in sEfetI(?%oo 2

Rf is a Dwyer—Kan equivalence, in that the map

By Proposition 4.9, we can equivalently say that

- gl 1 1 .

(Rf)";”d : Hom% (¢, d) — Hom%y (fc, fd)

is a weak equivalence in (s%er®”) p.(c0,1) forall ¢, d € (RX)g,[o] and that
Ho® Rf:Ho® RX ~ Ho¥ RY
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is an essentially surjective functor of homotopy categories. By Remark 4.3, these conditions are equivalent
to having the analogous ones for R{( f"P), namely, that the map

Rl(fcmp) Ry Homy™(c,d) — RyHom}™(fc, fd)
is a weak equivalence in msJet (o 1) for all ¢, d € Xy and that the map
Ho® Rf:Ho® RX — Ho® RY

is essentially surjective. Then applying Lemma 4.10, we can equivalently say that f°™P is a Dwyer—Kan
equivalence, in that the map

fcmp Homcmp(c d)— Homcmp(fc fd)
is a weak equivalence in msJet (o 1) for all ¢, d € X, and that
Ho®™ f: Ho“"™ X — Ho“™Y

is an essentially surjective functor of homotopy categories, as desired. O

A proof of this fact internal to the complicial setting was outlined in [Campbell 2019], and provided
recently in [Loubaton 2022, Corollary 3.2.11], but it relies on highly nontrivial combinatorics. Using our
comparison with the ®,-model gives a much less technical proof.

Appendix The colossal model of (oo, 2)—categories

In this section, we give a model categorical variant of the colossal model by Barwick—Schommer-Pries.

In order to recall the original definition of the colossal model, we fix the following notations. We denote
by T the indexing category for the colossal model, namely the full subcategory of 2€at as described
by [Barwick and Schommer-Pries 2021, Definition 6.2]. In particular, (TZOP)Oo is the (00, 1)—category
obtained by regarding the category T2°p as an (0o, 1)—category. We denote by $» the (00, 1)—category
of spaces, namely ¥ oo = (s¥et(0,0)) 00-

Definition A.1 [Barwick and Schommer-Pries 2021] The colossal model is the (co, 1)—category

Peo (g;(T )oo)

’

ToP
obtained by localizing the presheaf (co, 1)—category 8’( 2 )0

Schommer-Pries 2021, Notation 8.3].

at the set of maps from [Barwick and

From the definition, we see that the colossal model is obtained by considering the (co, 1)—category
of spaces, taking a presheaf (0o, 1)—category valued in it, and then localizing. By contrast, one could
instead present the same (oo, 1)—category by considering the Quillen model structure, which presents
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the (oo, 1)—category of spaces, taking the injective model structure on a presheaf category of functors
valued in the Quillen model structure, and then a left Bousfield localization of it. More precisely, one can
consider the following model structure.

Proposition A.2 The category sFetY? of Y, —spaces supports a cofibrantly generated model structure

obtained by taking the left Bousfield localization of the injective model structure setX2 with respect to

inj

the set of elementary acyclic cofibrations from [Barwick and Schommer-Pries 2021, Notation 6.5]. We
op
denote this model structure by sﬂ’et 2

We want to prove that this model structure does present the colossal model, in the sense of the following
theorem.

Theorem A.3 There is an equivalence of (00, 1)—categories

P
Poo ((sFet (o0, 0))( 2 )°°) (sfz”et(oo 2))

The proof is an application of the following result, which guarantees that one can build localizations of
presheaf categories either as model categories or directly as (oo, 1)—categories.

Proposition A.4 Let s be a category, M a left proper combinatorial simplicial model category, and A a
set of maps in M**. There is an equivalence of (oo, 1)—categories

OO(‘/M“&QOO) = (‘Eg(‘/‘/‘“mj))OOa

) denotes the Bousfield localization of the injective model structure ./l/tff] at A, and Lo (M, %")

where L (M.

inj
denotes the localization of the (oo, 1)—category Ji/too at A.

The proof of the proposition requires the following two ingredients.

Theorem A.5 [Lurie 2009a, Proof of Proposition A.3.7.8] Let N be a left proper combinatorial simplicial
model category, and A be a set of maps in N. There is an equivalence of (oo, 1)—categories
where N denotes the Bousfield localization of the model structure N at A, and £-N s denotes the
localization of the (0o, 1)—category Noo at Ao.
Theorem A.6 [Lurie 2009a, Proposition 4.2.4.4] Let s be a category and Al a combinatorial simplicial
model category. There is an equivalence of (oo, 1)—categories

‘A/L&QOO = (‘A/tm_])oo’

where Mﬁj denotes the injective model structure on M.

We can now prove the proposition.
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Proof of Proposition A.4 Combining Theorems A.5 and A.6, we obtain an equivalence of (oo, 1)—
categories
Foo (M35°) = Loo (Moo = (LM™))os.

as desired. d
We can now prove the theorem.

Proof of Theorem A.3 Applying Proposition A.4 with M = & = sFet(0,0), 4 = Y," and A = S, the set
of maps in s%tsz from [Barwick and Schommer-Pries 2021, Notation 8.3], we obtain the equivalence of
(00, 1)—categories

op op op op
0o (P52 %) = Lo (sFet (00,0 02 ) (&B(sﬂ)et&’())))oo = (sffet&,z))oo,

as desired. O

References

[Ara 2014] D Ara, Higher quasi-categories vs higher Rezk spaces, J. K-Theory 14 (2014) 701-749 MR Zbl

[Ara and Maltsiniotis 2020] D Ara, G Maltsiniotis, Joint et tranches pour les co—catégories strictes, Mém. Soc.
Math. France 165, Soc. Math. France, Paris (2020) MR Zbl

[Barwick 2005] C Barwick, (co, n)—Cat as a closed model category, PhD thesis, University of Pennsylvania
(2005) Available at https://www.proquest.com/docview/3056445747

[Barwick and Schommer-Pries 2021] C Barwick, C Schommer-Pries, On the unicity of the theory of higher
categories, J. Amer. Math. Soc. 34 (2021) 1011-1058 MR Zbl

[Berger 2007] C Berger, Iterated wreath product of the simplex category and iterated loop spaces, Adv. Math.
213 (2007) 230-270 MR Zbl

[Berger and Moerdijk 2013] C Berger, I Moerdijk, On the homotopy theory of enriched categories, Q. J. Math.
64 (2013) 805-846 MR Zbl

[Bergner 2007a] J E Bergner, Three models for the homotopy theory of homotopy theories, Topology 46 (2007)
397-436 MR Zbl

[Bergner 2007b] J E Bergner, A model category structure on the category of simplicial categories, Trans. Amer.
Math. Soc. 359 (2007) 2043-2058 MR Zbl

[Bergner 2007c] JE Bergner, A characterization of fibrant Segal categories, Proc. Amer. Math. Soc. 135 (2007)
4031-4037 MR Zbl

[Bergner and Rezk 2013] J E Bergner, C Rezk, Comparison of models for (0o, n)—categories, I, Geom. Topol. 17
(2013) 2163-2202 MR Zbl

[Bergner and Rezk 2020] JE Bergner, C Rezk, Comparison of models for (oo, n)—categories, 11, J. Topol. 13
(2020) 1554-1581 MR Zbl

[Borceux 1994] F Borceux, Handbook of categorical algebra, I: Basic category theory, Encycl. Math. Appl. 50,
Cambridge Univ. Press (1994) MR Zbl

Algebraic € Geometric Topology, Volume 24 (2024)


https://doi.org/10.1017/S1865243315000021
http://msp.org/idx/mr/3350089
http://msp.org/idx/zbl/1322.18002
https://doi.org/10.24033/msmf.472
http://msp.org/idx/mr/4146146
http://msp.org/idx/zbl/1473.18001
https://www.proquest.com/docview/305445747
https://doi.org/10.1090/jams/972
https://doi.org/10.1090/jams/972
http://msp.org/idx/mr/4301559
http://msp.org/idx/zbl/1507.18025
https://doi.org/10.1016/j.aim.2006.12.006
http://msp.org/idx/mr/2331244
http://msp.org/idx/zbl/1127.18008
https://doi.org/10.1093/qmath/hat023
http://msp.org/idx/mr/3094501
http://msp.org/idx/zbl/1282.18006
https://doi.org/10.1016/j.top.2007.03.002
http://msp.org/idx/mr/2321038
http://msp.org/idx/zbl/1119.55010
https://doi.org/10.1090/S0002-9947-06-03987-0
http://msp.org/idx/mr/2276611
http://msp.org/idx/zbl/1114.18006
https://doi.org/10.1090/S0002-9939-07-08924-1
http://msp.org/idx/mr/2341955
http://msp.org/idx/zbl/1126.55003
https://doi.org/10.2140/gt.2013.17.2163
http://msp.org/idx/mr/3109865
http://msp.org/idx/zbl/1273.18031
https://doi.org/10.1112/topo.12167
http://msp.org/idx/mr/4186138
http://msp.org/idx/zbl/1461.18017
https://doi.org/10.1017/CBO9780511525858
http://msp.org/idx/mr/1291599
http://msp.org/idx/zbl/0803.18001

3872 Julia E Bergner, Viktoriya Ozornova and Martina Rovelli

[Campbell 2019] A Campbell, Equivalences of complicial sets, handwritten notes (2019) Available at https://
acmbl.github.io/equivcompnotes.pdf

[Campbell 2020] A Campbell, A homotopy coherent cellular nerve for bicategories, Adv. Math. 368 (2020)
art.id. 107138 MR Zbl

[Dugger 2001] D Dugger, Universal homotopy theories, Adv. Math. 164 (2001) 144-176 MR Zbl

[Duskin 2001] J W Duskin, Simplicial matrices and the nerves of weak n—categories, I: Nerves of bicategories,
Theory Appl. Categ. 9 (2001) 198-308 MR Zbl

[Gagna et al. 2022] A Gagna, Y Harpaz, E Lanari, On the equivalence of all models for (0o, 2)—categories, J.
Lond. Math. Soc. 106 (2022) 1920-1982 MR Zbl

[Gagna et al. 2023] A Gagna, V Ozornova, M Rovelli, Nerves and cones of free loop-free w—categories, Tunis. J.
Math. 5 (2023) 273-326 MR Zbl

[Gepner and Haugseng 2015] D Gepner, R Haugseng, Enriched co—categories via non-symmetric co—operads,
Adv. Math. 279 (2015) 575-716 MR Zbl

[Haugseng 2021] R Haugseng, On lax transformations, adjunctions, and monads in (0o, 2)—categories, High.
Struct. 5 (2021) 244-281 MR Zbl

[Hinich 2016] V Hinich, Dwyer—Kan localization revisited, Homology Homotopy Appl. 18 (2016) 27-48 MR
Zbl

[Hirschhorn 2003] P S Hirschhorn, Model categories and their localizations, Math. Surv. Monogr. 99, Amer.
Math. Soc., Providence, RI (2003) MR Zbl

[Hirschhorn 2021] P S Hirschhorn, Overcategories and undercategories of cofibrantly generated model categories,
J. Homotopy Relat. Struct. 16 (2021) 753-768 MR Zbl

[Hovey 1999] M Hovey, Model categories, Math. Surv. Monogr. 63, Amer. Math. Soc., Providence, RI (1999)
MR Zbl

[Joyal 1997] A Joyal, Disks, duality and ®—categories, preprint (1997) Available at https://ncatlab.org/
nlab/files/JoyalThetaCategories.pdf

[Joyal 2007] A Joyal, Quasi-categories vs simplicial categories, preprint (2007) Available at http://
www.math.uchicago.edu/~may/IMA/Incoming/Joyal/QvsDJan9 (2007) .pdf

[Joyal 2008] A Joyal, The theory of quasi-categories and its applications, preprint (2008) Available at http://
mat.uab.cat/~kock/crm/hocat/advanced-course/Quadern45-2.pdf

[Joyal and Tierney 2007] A Joyal, M Tierney, Quasi-categories vs Segal spaces, from “Categories in algebra,
geometry and mathematical physics”, Contemp. Math. 431, Amer. Math. Soc., Providence, RI (2007) 277-326
MR Zbl

[Lack 2002] S Lack, A Quillen model structure for 2—categories, K—Theory 26 (2002) 171-205 MR Zbl
[Lack 2004] S Lack, A Quillen model structure for bicategories, K-Theory 33 (2004) 185-197 MR Zbl

[Lawson 2017] T Lawson, Localization of enriched categories and cubical sets, Theory Appl. Categ. 32 (2017)
art.id. 35 MR Zbl

[Loubaton 2022] F Loubaton, Dualities in the complicial model of oco—categories, preprint (2022) arXiv
2203.11845

[Lurie 2009a] J Lurie, Higher topos theory, Ann. of Math. Stud. 170, Princeton Univ. Press (2009) MR Zbl

Algebraic € Geometric Topology, Volume 24 (2024)


https://acmbl.github.io/equivcompnotes.pdf
https://acmbl.github.io/equivcompnotes.pdf
https://doi.org/10.1016/j.aim.2020.107138
http://msp.org/idx/mr/4088416
http://msp.org/idx/zbl/1451.18038
https://doi.org/10.1006/aima.2001.2014
http://msp.org/idx/mr/1870515
http://msp.org/idx/zbl/1009.55011
http://www.tac.mta.ca/tac/volumes/9/n10/9-10abs.html
http://msp.org/idx/mr/1897816
http://msp.org/idx/zbl/1046.18009
https://doi.org/10.1112/jlms.12614
http://msp.org/idx/mr/4498545
http://msp.org/idx/zbl/1518.18020
https://doi.org/10.2140/tunis.2023.5.273
http://msp.org/idx/mr/4596736
http://msp.org/idx/zbl/1520.18019
https://doi.org/10.1016/j.aim.2015.02.007
http://msp.org/idx/mr/3345192
http://msp.org/idx/zbl/1342.18009
https://doi.org/10.21136/HS.2021.07
http://msp.org/idx/mr/4367222
http://msp.org/idx/zbl/1483.18004
https://doi.org/10.4310/HHA.2016.v18.n1.a3
http://msp.org/idx/mr/3460765
http://msp.org/idx/zbl/1346.18024
https://doi.org/10.1090/surv/099
http://msp.org/idx/mr/1944041
http://msp.org/idx/zbl/1017.55001
https://doi.org/10.1007/s40062-021-00294-4
http://msp.org/idx/mr/4343079
http://msp.org/idx/zbl/1484.55023
http://msp.org/idx/mr/1650134
http://msp.org/idx/zbl/0909.55001
https://ncatlab.org/nlab/files/JoyalThetaCategories.pdf
https://ncatlab.org/nlab/files/JoyalThetaCategories.pdf
http://www.math.uchicago.edu/~may/IMA/Incoming/Joyal/QvsDJan9(2007).pdf
http://www.math.uchicago.edu/~may/IMA/Incoming/Joyal/QvsDJan9(2007).pdf
http://mat.uab.cat/~kock/crm/hocat/advanced-course/Quadern45-2.pdf
http://mat.uab.cat/~kock/crm/hocat/advanced-course/Quadern45-2.pdf
https://doi.org/10.1090/conm/431/08278
http://msp.org/idx/mr/2342834
http://msp.org/idx/zbl/1138.55016
https://doi.org/10.1023/A:1020305604826
http://msp.org/idx/mr/1931220
http://msp.org/idx/zbl/1017.18005
https://doi.org/10.1007/s10977-004-6757-9
http://msp.org/idx/mr/2138540
http://msp.org/idx/zbl/1069.18008
http://www.tac.mta.ca/tac/volumes/32/35/32-35abs.html
http://msp.org/idx/mr/3695491
http://msp.org/idx/zbl/1373.18006
http://msp.org/idx/arx/2203.11845
http://msp.org/idx/arx/2203.11845
https://doi.org/10.1515/9781400830558
http://msp.org/idx/mr/2522659
http://msp.org/idx/zbl/1175.18001

An explicit comparison between 2—complicial sets and ®,—spaces 3873

[Lurie 2009b] J Lurie, (00, 2)—categories and the Goodwillie calculus, I, preprint (2009) arXiv 0905.0462

[Moser et al. 2022] L Moser, V Ozornova, M Rovelli, Model independence of (00, 2)—categorical nerves, preprint
(2022) arXiv 2206.00660

[Olschok 2011] M Olschok, Left determined model structures for locally presentable categories, Appl. Categ.
Structures 19 (2011) 901-938 MR Zbl

[Ozornova and Rovelli 2020] 'V Ozornova, M Rovelli, Model structures for (0o, n)—categories on (pre)stratified
simplicial sets and prestratified simplicial spaces, Algebr. Geom. Topol. 20 (2020) 1543-1600 MR Zbl

[Ozornova and Rovelli 2021] 'V Ozornova, M Rovelli, Nerves of 2—categories and 2—categorification of (00, 2)—
categories, Adv. Math. 391 (2021) art. id. 107948 MR Zbl

[Ozornova and Rovelli 2022] 'V Ozornova, M Rovelli, Fundamental pushouts of n—complicial sets, High. Struct.
6 (2022) 403-438 MR Zbl

[Pellissier 2002] R Pellissier, Categories enrichies faibles, PhD thesis, Université de Nice Sophia Antipolis (2002)
arXiv math/0308246

[Rezk 1996] C Rezk, A model category for categories, preprint (1996) Available at https://ncatlab.org/
nlab/files/Rezk_ModelCategoryForCategories.pdf

[Rezk 2001] C Rezk, A model for the homotopy theory of homotopy theory, Trans. Amer. Math. Soc. 353 (2001)
973-1007 MR Zbl

[Rezk 2010] C Rezk, A Cartesian presentation of weak n—categories, Geom. Topol. 14 (2010) 521-571 MR Zbl

[Rezk 2022] C Rezk, Introduction to quasicategories (2022) Available at https://rezk.web.illinois.edu/
quasicats.pdf

[Riehl 2018] E Riehl, Complicial sets: an overture, from “2016 MATRIX annals”, MATRIX Book Ser. 1, Springer
(2018) 49-76 MR Zbl

[Riehl and Verity 2020] E Riehl, D Verity, Recognizing quasi-categorical limits and colimits in homotopy coherent
nerves, Appl. Categ. Structures 28 (2020) 669-716 MR Zbl

[Riehl and Verity 2022] E Riehl, D Verity, Elements of oco—category theory, Cambridge Stud. Adv. Math. 194,
Cambridge Univ. Press (2022) MR Zbl

[Street 1987] R Street, The algebra of oriented simplexes, J. Pure Appl. Algebra 49 (1987) 283-335 MR Zbl

[Verity 2008a] D Verity, Complicial sets characterising the simplicial nerves of strict w—categories, Mem. Amer.
Math. Soc. 905, Amer. Math. Soc., Providence, RI (2008) MR Zbl

[Verity 2008b] D R B Verity, Weak complicial sets, I: Basic homotopy theory, Adv. Math. 219 (2008) 1081-1149
MR Zbl

Department of Mathematics, University of Virginia
Charlottesville, VA, United States

Max Planck Institute for Mathematics
Bonn, Germany

Department of Mathematics and Statistics, University of Massachusetts at Amherst
Ambherst, MA, United States

jeb2md@virginia.edu, viktoriya.ozornova@mpim-bonn.mpg.de, mrovelli@umass.edu

Received: 26 September 2022 Revised: 2 August 2023

Geometry & Topology Publications, an imprint of mathematical sciences publishers :.msp


http://msp.org/idx/arx/0905.0462
http://msp.org/idx/arx/2206.00660
https://doi.org/10.1007/s10485-009-9207-2
http://msp.org/idx/mr/2861071
http://msp.org/idx/zbl/1251.18003
https://doi.org/10.2140/agt.2020.20.1543
https://doi.org/10.2140/agt.2020.20.1543
http://msp.org/idx/mr/4105558
http://msp.org/idx/zbl/1441.18032
https://doi.org/10.1016/j.aim.2021.107948
https://doi.org/10.1016/j.aim.2021.107948
http://msp.org/idx/mr/4301487
http://msp.org/idx/zbl/1477.18050
https://doi.org/10.21136/HS.2022.09
http://msp.org/idx/mr/4456600
http://msp.org/idx/zbl/1502.18050
http://msp.org/idx/arx/math/0308246
https://ncatlab.org/nlab/files/Rezk_ModelCategoryForCategories.pdf
https://ncatlab.org/nlab/files/Rezk_ModelCategoryForCategories.pdf
https://doi.org/10.1090/S0002-9947-00-02653-2
http://msp.org/idx/mr/1804411
http://msp.org/idx/zbl/0961.18008
https://doi.org/10.2140/gt.2010.14.521
http://msp.org/idx/mr/2578310
http://msp.org/idx/zbl/1203.18015
https://rezk.web.illinois.edu/quasicats.pdf
https://rezk.web.illinois.edu/quasicats.pdf
https://doi.org/10.1007/978-3-319-72299-3_4
http://msp.org/idx/mr/3792516
http://msp.org/idx/zbl/1409.18018
https://doi.org/10.1007/s10485-020-09594-x
https://doi.org/10.1007/s10485-020-09594-x
http://msp.org/idx/mr/4114996
http://msp.org/idx/zbl/1456.18003
https://doi.org/10.1017/9781108936880
http://msp.org/idx/mr/4354541
http://msp.org/idx/zbl/1492.18001
https://doi.org/10.1016/0022-4049(87)90137-X
http://msp.org/idx/mr/920944
http://msp.org/idx/zbl/0661.18005
https://doi.org/10.1090/memo/0905
http://msp.org/idx/mr/2399898
http://msp.org/idx/zbl/1138.18005
https://doi.org/10.1016/j.aim.2008.06.003
http://msp.org/idx/mr/2450607
http://msp.org/idx/zbl/1158.18007
mailto:jeb2md@virginia.edu
mailto:viktoriya.ozornova@mpim-bonn.mpg.de
mailto:mrovelli@umass.edu
http://msp.org
http://msp.org

ALGEBRAIC & GEOMETRIC TOPOLOGY
msp.org/agt

EDITORS

PRINCIPAL ACADEMIC EDITORS

John Etnyre
etnyre @math.gatech.edu
Georgia Institute of Technology

Kathryn Hess
kathryn.hess @epfl.ch
Ecole Polytechnique Fédérale de Lausanne

BOARD OF EDITORS

Julie Bergner

Steven Boyer

Tara E Brendle

Indira Chatterji
Alexander Dranishnikov
Tobias Ekholm

Mario Eudave-Mufioz
David Futer

John Greenlees

Tan Hambleton
Matthew Hedden
Hans-Werner Henn
Daniel Isaksen
Thomas Koberda

Markus Land

University of Virginia
jeb2md@eservices.virginia.edu
Université du Québec a Montréal
cohf@math.rochester.edu
University of Glasgow
tara.brendle @ glasgow.ac.uk
CNRS & Univ. Cote d’ Azur (Nice)
indira.chatterji @math.cnrs.fr
University of Florida
dranish@math.ufl.edu

Uppsala University, Sweden
tobias.ekholm @math.uu.se
Univ. Nacional Auténoma de México
mario @matem.unam.mx

Temple University
dfuter@temple.edu

University of Warwick
john.greenlees @warwick.ac.uk
McMaster University
ian@math.mcmaster.ca
Michigan State University
mhedden @math.msu.edu
Université Louis Pasteur
henn@math.u-strasbg.fr

Wayne State University

isaksen @math.wayne.edu
University of Virginia
thomas.koberda@virginia.edu
LMU Miinchen

markus.land @math.Imu.de

Christine Lescop
Robert Lipshitz
Norihiko Minami
Andrés Navas
Robert Oliver
Jessica S Purcell
Birgit Richter
Jéréme Scherer
Vesna Stojanoska
Zoltan Szabo
Maggy Tomova
Chris Wendl
Daniel T Wise

Lior Yanovski

Université Joseph Fourier
lescop@ujf-grenoble.fr
University of Oregon
lipshitz@uoregon.edu

Yamato University
minami.norihiko @yamato-u.ac.jp
Universidad de Santiago de Chile
andres.navas @usach.cl
Université Paris 13

bobol @math.univ-paris13.fr
Monash University
jessica.purcell@monash.edu
Universitit Hamburg
birgit.richter @uni-hamburg.de
Ecole Polytech. Féd. de Lausanne
jerome.scherer@epfl.ch

Univ. of Illinois at Urbana-Champaign
vesna@illinois.edu

Princeton University

szabo @math.princeton.edu
University of Towa
maggy-tomova@uiowa.edu
Humboldt-Universitit zu Berlin
wendl @math.hu-berlin.de
McGill University, Canada
daniel.wise@mcgill.ca

Hebrew University of Jerusalem
lior.yanovski @ gmail.com

See inside back cover or msp.org/agt for submission instructions.

The subscription price for 2024 is US $705/year for the electronic version, and $1040/year (4-$70, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Algebraic & Geometric Topology is
indexed by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Algebraic & Geometric Topology (ISSN 1472-2747 printed, 1472-2739 electronic) is published 9 times per year and continuously online, by
Mathematical Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.
Periodical rate postage paid at Oakland, CA 94615-9651, and additional mailing offices. POSTMASTER: send address changes to Mathematical
Sciences Publishers, c¢/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.

AGT peer review and production are managed by EditFlow® from MSP.
PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing

https://msp.org/
© 2024 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/agt
mailto:etnyre@math.gatech.edu
mailto:kathryn.hess@epfl.ch
mailto:jeb2md@eservices.virginia.edu
mailto:cohf@math.rochester.edu
mailto:tara.brendle@glasgow.ac.uk
mailto:indira.chatterji@math.cnrs.fr
mailto:dranish@math.ufl.edu
mailto:tobias.ekholm@math.uu.se
mailto:mario@matem.unam.mx
mailto:dfuter@temple.edu
mailto:john.greenlees@warwick.ac.uk
mailto:ian@math.mcmaster.ca
mailto:mhedden@math.msu.edu
mailto:henn@math.u-strasbg.fr
mailto:isaksen@math.wayne.edu
mailto:thomas.koberda@virginia.edu
mailto:markus.land@math.lmu.de
mailto:lescop@ujf-grenoble.fr
mailto:lipshitz@uoregon.edu
mailto:minami.norihiko@yamato-u.ac.jp
mailto:andres.navas@usach.cl
mailto:bobol@math.univ-paris13.fr
mailto:jessica.purcell@monash.edu
mailto:birgit.richter@uni-hamburg.de
mailto:jerome.scherer@epfl.ch
mailto:vesna@illinois.edu
mailto:szabo@math.princeton.edu
mailto:maggy-tomova@uiowa.edu
mailto:wendl@math.hu-berlin.de
mailto:daniel.wise@mcgill.ca
mailto:lior.yanovski@gmail.com
http://dx.doi.org/10.2140/agt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
https://msp.org/
https://msp.org/

ALGEBRAIC & G

Volume 24 Issue 7 (page

Geography of bilinearized Legendrian contact homology
FREDERIC BOURGEOIS and DAMIEN GALANT
The deformation spaces of geodesic triangulations of flat tori

YANWEN LUO, TIANQI WU and XIAOPING ZHU

Finite presentations of the mapping class groups of once-stabilized Heegaard splittings
DAIKI IGUCHI
On the structure of the top homology group of the Johnson kernel
IGOR A SPIRIDONOV
The Heisenberg double of involutory Hopf algebras and invariants of closed 3—manifo
SERBAN MATEI MIHALACHE, SAKIE SUZUKI and Y UJI TERASHIMA
A closed ball compactification of a maximal component via cores of trees
GIUSEPPE MARTONE, CHARLES OUYANG and ANDREA TAMBURELLI
An algorithmic discrete gradient field and the cohomology algebra of configuration sp:
EMILIO J GONZALEZ and JESUS GONZALEZ
Spectral diameter of Liouville domains
PIERRE-ALEXANDRE MAILHOT
Classifying rational G—spectra for profinite G
DAVID BARNES and DANNY SUGRUE
An explicit comparison between 2—complicial sets and ®>—spaces
JULIA E BERGNER, VIKTORIYA OZORNOVA and MARTINA ROVELLI
On products of beta and gamma elements in the homotopy of the first Smith—Toda sp
KATSUMI SHIMOMURA and MAO-NO-SUKE SHIMOMURA
Phase transition for the existence of van Kampen 2—complexes in random groups
TSUNG-HSUAN TSAI
A qualitative description of the horoboundary of the Teichmiiller metric
AITOR AZEMAR
Vector fields on noncompact manifolds
TSsuYOsHI KATO, DAISUKE KISHIMOTO and MITSUNOBU TSUTAYA
Smallest nonabelian quotients of surface braid groups
CINDY TAN
Lattices, injective metrics and the K (7, 1) conjecture
THOMAS HAETTEL
The real-oriented cohomology of infinite stunted projective spaces
WILLIAM BALDERRAMA
Fourier transforms and integer homology cobordism
MIKE MILLER EISMEIER
Profinite isomorphisms and fixed-point properties
MARTIN R BRIDSON
Slice genus bound in D T'S? from s—invariant
QIUYU REN
Relatively geometric actions of Kihler groups on CAT(0) cube complexes

COREY BREGMAN, DANIEL GROVES and KEJIA ZHU


http://dx.doi.org/10.2140/agt.2024.24.3571
http://dx.doi.org/10.2140/agt.2024.24.3605
http://dx.doi.org/10.2140/agt.2024.24.3621
http://dx.doi.org/10.2140/agt.2024.24.3641
http://dx.doi.org/10.2140/agt.2024.24.3669
http://dx.doi.org/10.2140/agt.2024.24.3693
http://dx.doi.org/10.2140/agt.2024.24.3719
http://dx.doi.org/10.2140/agt.2024.24.3759
http://dx.doi.org/10.2140/agt.2024.24.3801
http://dx.doi.org/10.2140/agt.2024.24.3827
http://dx.doi.org/10.2140/agt.2024.24.3875
http://dx.doi.org/10.2140/agt.2024.24.3897
http://dx.doi.org/10.2140/agt.2024.24.3919
http://dx.doi.org/10.2140/agt.2024.24.3985
http://dx.doi.org/10.2140/agt.2024.24.3997
http://dx.doi.org/10.2140/agt.2024.24.4007
http://dx.doi.org/10.2140/agt.2024.24.4061
http://dx.doi.org/10.2140/agt.2024.24.4085
http://dx.doi.org/10.2140/agt.2024.24.4103
http://dx.doi.org/10.2140/agt.2024.24.4115
http://dx.doi.org/10.2140/agt.2024.24.4127

	Introduction
	Acknowledgements

	1. Models of (,2)–categories
	1.1. Strict 2–categories
	1.2. Complete Segal spaces as a model for (,1)–categories
	1.3. Complete Segal `2–spaces as a model of (,2)–categories
	1.4. Complicial sets as a model of (,2)–categories

	2. The comparison of models of (,2)–categories
	2.1. The Quillen pair before localizing
	2.2. The Quillen pair after localizing
	2.3. The Quillen equivalence

	3. Recognizing cells in models of (,2)–categories
	3.1. Recognizing cells in `2–models of (,2)–categories
	3.2. Recognizing cells in multisimplicial models of (,2)–categories
	3.3. Recognizing cells in enriched models of (,2)–categories
	3.4. Recognizing cells in simplicial models of (,2)–categories

	4. Applications
	4.1. Compatibility of the suspension and wedge constructions with the nerve
	4.2. The cone construction and compatibility with the nerve
	4.3. Dual constructions and compatibility with the nerve
	4.4. A fundamental theorem for 2–complicial sets

	Appendix. The colossal model of (,2)–categories
	References
	
	

