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On products of beta and gamma elements
in the homotopy of the first Smith–Toda spectrum

KATSUMI SHIMOMURA

MAO-NO-SUKE SHIMOMURA

We determine the first cohomology of the monochromatic comodule M 1
2

at an odd prime, and apply the
results to show nontrivialities of some products of beta and gamma elements in the homotopy groups
of the Smith–Toda spectrum V .1/. The cohomology for a prime greater than three was previously
determined by the first author. Here we verify them and determine the cohomology at the prime 3 by
elementary calculation. The cohomology will be a stepping stone for computing the cohomology of the
monochromatic comodule M 3

0 , which we hope to determine for a long time.

55Q45; 55Q51, 55T15

1 Introduction

Let p be an odd prime number and S.p/ denote the stable homotopy category of p–local spectra. Let
S 2 S.p/ denote the sphere spectrum. Then the mod p Moore spectrum M and the first Smith–Toda
spectrum V .1/ are given by the cofiber sequences

.1.1/ S
p
�! S i

�!M
j
�!†S and †qM ˛

�!M
i1
�! V .1/

j1
�!†qC1M:

Here p 2 �0.S/Š Z.p/, and ˛ 2 ŒM;M �q denotes the Adams map. Hereafter we put

q D 2p� 2 2 Z:

To study the homotopy groups ��.X / of a spectrum X , we adopt the Adams–Novikov spectral sequence

.1.2/ E
s;t
2
.X /DH s;t BP�.X /) �t�s.X /:

Hereafter we abbreviate as
H s;tM D Exts;tBP�.BP/.BP�;M /

for a BP�.BP/–comodule M over the Hopf algebroid

.1.3/ .BP�;BP�.BP//D .Z.p/Œv1; v2; : : : �;BP�Œt1; t2; : : : �/

based on the Brown–Peterson spectrum BP 2 S.p/. We note that the vi are Hazewinkel’s generators and
the degrees of vi and ti are jvi j D 2pi � 2D jti j; see Miller, Ravenel and Wilson [2, (1.1)].

Let

.1.4/ In D .p; v1; : : : ; vn�1/ and Jj D .p; v1; v
j
2
/
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for v0 D p denote the invariant ideals of BP�. Since BP�.˛/D v1, the cofiber sequences (1.1) induce the
short exact sequences

.1.5/ 0! BP�
p
�! BP�

i��! BP�=I1! 0 and 0! BP�=I1
v1�! BP�=I1

.i1/����! BP�=I2! 0

along with the isomorphisms

BP�.S/D BP�; BP�.M /D BP�=I1 and BP�.V .1//D BP�=I2:

Furthermore, we have a short exact sequence

.1.6/ 0! BP�=I2
v

j

2
�! BP�=I2

Nij
�! BP�=Jj ! 0

for j � 1. We denote by

ı0 WH
sBP�=I1!H sC1BP�; ı1 WH

sBP�=I2!H sC1BP�=I1; Nıj WH
sBP�=Jj !H sC1BP�=I2

the connecting homomorphisms associated to the short exact sequences (1.5) and (1.6). We define the
Greek letter elements by

Ň0
s D ı1.v

s
2/ 2E1

2.M /DH 1 BP�=I1 for vs
2 2H 0 BP�=I2;

Ň
s D ı0ı1.v

s
2/ 2E2

2.S/DH 2 BP� for vs
2 2H 0 BP�=I2;

x
 00s=j D
Nıj .v

s
3/ 2E1

2.V .1//DH 1 BP�=I2 for vs
3 2H 0 BP�=Jj ;

and x
 00s D x

00
s=1
2E1

2
.V .1//. We notice that 1� j � pn if pn j s, so that vs

3
2H 0 BP�=Jj .

Let Z and N denote the set of all integers and its subset consisting of all nonnegative integers, respectively.
We denote by Z.p/ .DZnpZ/ and N.p/ .DN npN/ the sets of the integers prime to p, and decompose
Z.p/ into the three summands

Z.p/ D Z0

a
Z1

a
Z2;

for

.1.7/
Z0 D fs 2 Z.p/ W p−.sC 1/g; Z1 D fs 2 Z.p/ W p2

j .sC 1/g;

Z2 D fs 2 Z.p/ W p j .sC 1/ and p2 −.sC 1/g:

We consider subsets of N:

2N>0 D fs 2N W s is even� 2g; N1 D fs 2N.p/
W p2 −.sCpC 1/ or p3

j .sCpC 1/g;

2N D fs 2N W s is oddg; N2 D fs 2N.p/
W p−.sC 2/ or p3

j .sC 2/.sC 2Cp/g:

Furthermore, we put ZCi D Zi \N for i D 0; 1; 2. We introduce the subsets U1, U 0
1
, U2 and U 0

2
of

N.p/ �N given by

U1 D .N
.p/
� 2N/[ .ZC

0
�N/;

U 01 D .N
.3/
� f0g/[ .N1 � 2N>0/[ ..Z

C

0
\N2/�N/[ .ZC

0
� f1g/;

U2 D .N1 � 2N/[ ...ZC
0
\N2/[ZC

1
/�N/[ .N.p/

� f1g/;

U 02 D .N1 � f0g/[ .N
.3/
� .f1g[ 2N>0//[ ..Z

C

0
[ZC

1
/�N/:
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Our main result is the following:

Theorem 1.8 Let p be an odd prime. In the Adams–Novikov E2–term for computing ��.V .1//,
Ň
1 and Ň2 act on the gamma elements x
 00

spr =j
(for .s; r/ 2N.p/ �N and 1� j � pr ) by

x
 00spr =j
Ň
1 ¤ 0 for .s; r/ 2 U1 if p � 5; and for .s; r/ 2 U 01 if p D 3;

x
 00spr =j
Ň
2 ¤ 0 for .s; r/ 2 U2 if p � 5; and for .s; r/ 2 U 02 if p D 3;

in E3
2
.V .1//.

There is a way to define 
 00
spr =j

for j � ar (ar is defined in (2.7)) so that vj�1
2


 00
spr =j

D 
 00spr , and the
theorem holds for such extended gamma elements. Also Ňs �

�
s
2

�
vs�2

2
Ň
2C s.2� s/vs�1

2
Ň
1 mod I2 (see

Oka and Shimomura [5, Lemma 4.4]), and so

x
 00spr =j
Ň
t D

� t

2

�
x
 00spr =j�tC2

Ň
2C t.2� t/x
 00spr =j�tC1

Ň
1:

Thus Theorem 1.8 implies nontriviality of the products of x
 00
spr =j

and Ňt .

The Adams–Novikov differential dr is 0 if q−.r � 1/ by the sparseness of the spectral sequence (1.2).
This shows that the products in the theorem are not in the image of any differentials dr . It is well known
that the elements Ň1 and Ň2 converge to the homotopy elements ˇ1; ˇ2 2 ��.S/, respectively, in the
spectral sequence (1.2) for X D S .

Corollary 1.9 Let p be an odd prime. If x
 00
spr =j

2 E1
2
.V .1// is a permanent cycle detecting 
 00

spr =j
2

��.V .1//, then 
 00
spr =j

ˇi¤0 for iD1; 2 in the homotopy groups ��.V .1// for .s; r/ given in Theorem 1.8.

Toda [12, Theorem 1] and Oka [4, Theorem 4.2] showed that 
 00s and 
 00
sp=2

are permanent cycles for p� 7.

Corollary 1.10 Let p � 7, and r and s be integers with .s; r/ 2N.p/ �N. Then , in ��.V .1//,


 00spr =jˇ1 ¤ 0 if r is even or p−.sC 1/;


 00
sp2r =j

ˇ2 ¤ 0 if p2 −.sCpC 1/ or p3
j .sCpC 1/;


 00
sp2rC1=j

ˇ2 ¤ 0 for r � 1 if p−.sC 1/.sC 2/; p2
j .sC 1/ or p3

j .sC 2/.sC 2Cp/;

and 
 00
sp=j

ˇ2 ¤ 0, where j D 1; 2.

Theorem 1.8 follows from Theorem 2.9, which states the structure of the first cohomology of the
monochromatic comodule M 1

2
. The cohomology H 1M 1

2
was determined by the first author [10] based

on the computation in [9] at a prime � 5. Here we determine the cohomology based on elementary
calculation at an odd prime. The generators are explicitly given so that we can use the result easily in further
computation. This result will be a stepping stone for determining the long-desired cohomology H�M 3

0
.

This paper is organized as follows: In Section 2, we state the main result, Theorem 2.9, which gives the
structure of H 1M 1

2
. In Section 3, we prove Theorems 2.9 and 1.8 assuming Lemma 3.4, whose proof

will be given in the Section 6. Section 4 is devoted to introducing some formulas, cochains and relations
for the following sections. We refine the elements x3;i given by Miller, Ravenel and Wilson [2, (5.11)] to
define xi , which induce the cochains ys;i ;y

0
s;i 2�

1E.3/� in Section 5.
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2 The structure of H 1M 1
2

In this section, we state the structure of H 1M 1
2

for an odd prime p. The structure was given in [10] for
primes p � 5.

We begin with defining the monochromatic BP�.BP/–comodules N s
n and M s

n inductively by

N 0
n D BP�=In; M s

n D v
�1
sCnN s

n ;

for the ideal In in (1.4) and the short exact sequence

.2.1/ 0!N s
n
�sn�!M s

n
�s

n�!N sC1
n ! 0

see [2, Section 3.A]. Since BP� is a BP�.BP/–comodule with structure map �R , the right unit map of the
Hopf algebroid BP�.BP/, these monochromatic comodules have the structure maps induced from �R.

Let E.3/ denote the third Johnson–Wilson spectrum, which yields a Hopf algebroid�
E.3/�;E.3/�.E.3//

�
D .Z.p/Œv1; v2; v3; v

�1
3 �;E.3/�˝BP� BP�.BP/˝BP� E.3/�/:

Its structure maps are induced from the Hopf algebroid .BP�;BP�.BP// in (1.3). Since we have the
Miller–Ravenel change of rings theorem

H�M D Ext�BP�.BP/.BP�;M /Š Ext�E.3/�.E.3//.E.3/�;E.3/�˝BP� M /

for a v3–local BP�.BP/–comodule M [1, Theorem 3.10], we denote the cohomology of an E.3/�.E.3//–
comodule M also by

H sM D ExtsE.3/�.E.3//.E.3/�;M /:

By virtue of the change of rings theorem, we denote simply by M s
n the E.3/�.E.3//–comodule

E.3/�˝BP� M s
n . We consider the Ext group as the cohomology group of the cobar complex

.2.2/ �sM DM ˝E.3/� E.3/�.E.3//˝E.3/� � � � ˝E.3/� E.3/�.E.3//

for s factors of E.3/�.E.3//, with well-known differentials dr W�
r M !�rC1M ; see (4.1).

The cohomology H tM s
n of the monochromatic comodules with sCnD 3 are determined in the following

cases (see [8, Theorems 6.3.12 and 6.3.14; 2, Theorem 5.10]):

.2.3/

H 0M 0
3 DK.3/�;

H 1M 0
3 DK.3/�fh0; h1; h2; �3g;

H 2M 0
3 DK.3/�fgi ; ki ; bi ; hi�3 W i 2 Z=3g;

H 0M 1
2 DK.2/�=k.2/�˚

M
i�0;s2Z.p/

k.2/�=.v
ai

2
/fxs

i =v
ai

2
g:
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Indeed, we read off H sM 0
3
D K.3/�˝H sS.3/ from [8, Proposition 6.2.1], where S.3/ is the Hopf

algebra defined in [8, Section 6.2]. The cohomology groups H�M 0
3

and H 0M 2
1

for p � 5 are also
determined by Ravenel [8, Theorem 6.3.34] and Nakai [3], respectively. Here

k.2/� D Z=pŒv2�; K.2/� D Z=pŒv2; v
�1
2 � and K.3/� D Z=pŒv3; v

�1
3 �;

where K.3/� DE.3/�=I3 DM 0
3

. The elements xi .D x3;i/ are introduced in [2, (5.11)] and are such
that xi � v

pi

3
mod I3 (see Lemma 5.1), and the generators hi , �3, gi , ki and bi are defined by cocycles

in the cobar complex ��E.3/�=I3 as follows:

.2.4/ hi D Œt
pi

1
�; �3 D ŒZ�; gi D ŒGi �; ki D ŒKi � and bi D Œb1;i �:

Hereafter Œx� denotes the cohomology class represented by a cocycle x, and the representatives in (2.4)
are defined by

.2.5/

Z D�v�1
3 ct3C v

�p
3

t
p
3
C v
�p2

3
t
p2

3
� v
�p
3

t
p
1

t
p2

2
; Gi D t

pi

1
˝ t

pi

2
C

1
2
t
2pi

1
˝ t

piC1

1
;

Ki D t
pi

2
˝ t

piC1

1
C

1
2
t
pi

1
˝ t

2piC1

1
; b1;i D

p�1X
kD1

1

p

�p

k

�
t
kpi

1
˝ t

.p�k/pi

1
:

Here ct3 is the Hopf conjugation of t3 (see Lemma 4.3). We notice that Gi , Ki and b1;i are also cocycles
of ��E.3/�=I2, and of �� BP�=I2 in [2, (1.9)].

Remark 2.6 The generators gi and ki in (2.3) are given by the Massey products hhi ; hiC1; hii and
hhiC1; hiC1; hii, respectively, in [8, Theorem 6.3.4]. These are represented by cocycles

G00i D t
pi

2
˝ t

piC1

1
C t

pi

1
˝ ct

pi

2

and K0i in (4.20) in the cobar complex ��E.3/�=I2, since these Massey products have no indeterminacy.
By (4.21), K0i is homologous to Ki . Also d1.t

pi

1
t
pi

2
/ D �2Gi �G00i , and G00i is homologous to �2Gi .

Since p is odd, we may replace generators gi and ki by ŒGi � and ŒKi �, and set as in (2.4).

We introduce integers e.n/, an, js;n and j 0s;n for integers n.� 0/ and s by

.2.7/

e.n/D
pn� 1

p� 1
for n� 0;

an D

8<:
1 for nD 0;

pnC .pn�1� 1/=.pC 1/ for odd n� 1;

pnCp.pn�2� 1/=.pC 1/ for even n� 2;

js;n D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

2 for s 2 Z0 and nD 0;

2p2�pC 1 for s 2 Z0 and nD 2;

2anC
N1 for s 2 Z0; even n� 4;

anC2� anC1 for s 2 Z1 and even n� 0;

pC 1 for s 2 Z.p/ and nD 1;

e.3/pn�2�pC 1 for s 2 Z.p/ and odd n� 3;

Algebraic & Geometric Topology, Volume 24 (2024)
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j 0s;0 D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

2 for p−s.s� 1/;

2p for s D tpC 1 and p− t.t � 1/;

p2C 1 for s D tp2C 1 and p− t;

anCp for s D tpnC 1 with n> 2 and p− t;

anC 1 for s D tpnC e.n/ with even n� 2 and p−.t � 1/;

anC 2 for s D tpnC e.n/ with odd n> 2 and p−.t � 1/;

j 0s;n D

8̂̂̂̂
<̂̂
ˆ̂̂̂:

2p for s 2 Z0 and nD 1;

2pan�1Cp for s 2 Z0 and odd n� 3;

panC1�pan for s 2 Z1 and odd n� 1;

p2Cp for s 2 Z.p/ and nD 2;

e.3/pn�2� 1C N1 for s 2 Z.p/ and even n� 4:

Here N1 D 0 if p � 5 and 1 if p D 3, the Zi are the subsets of the integers Z defined in (1.7), and the
integers an are a3;n in [2, (5.13)]. We note that

.2.8/ anC an�1 D e.3/pn�2
� 1 for n� 2 and pn

C an�2�pn�3
D an for n� 3:

Theorem 2.9 Let p be an odd prime. Then H 1M 1
2

is the direct sum of the k.2/�–module B1 D

K.2/�=k.2/�fh0; h1; Q�2; �3g and the k.2/�–cyclic modules generated by

(�3/spn=an
for .s; n/ 2 Z.p/ �N;

.h0/spn=js;n
for .s; n/ 2 ..Z0[Z1/� 2N/[ .Z.p/ � 2N/;

.h1/spn=j 0s;n
for .s; n/ 2 ..Z0[Z1/� 2N/[ ..Z.p/ � 2N/ n f.1; 0/g/;

.h2/tp�1=p�1 for t 2 Z:

There is a little difference between the cases for p � 5 and p D 3. In the theorem, Q�2 .D .h1/1/ denotes
the homology class of z in (4.18) (see also (3.8)), and the generators .�/s=j for � D ŒX � in H 1M 0

3
denote

.�/s=j D Œv
s
3X=v

j
2
C��

for a cocycle vs
3
X=v

j
2
C� of the cobar complex �1M 1

2
with an element � killed by vj�1

2
. The element

v2 acts on .�/s=j by

.2.10/ v2.�/s=j D .�/s=j�1 and v2.�/s=1 D 0;

and so .�/s=j generates a cyclic k.2/�–module isomorphic to k.2/�=.v
j
2
/:

k.2/�f.�/s=j g Š k.2/�=.v
j
2
/:

3 Proofs of Theorems 2.9 and 1.8

In this section, we assume Lemma 3.4, which will be verified by a routine calculation in Section 6.
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3.1 Proof of Theorem 2.9

For the monochromatic comodules defined in Section 2, we have a short exact sequence

.3.1/ 0!M 0
3
�
�!M 1

2
v2
�!M 1

2 ! 0;

where �.x/D x=v2 (see [2, (3.10)]), which induces the long exact sequence

.3.2/ � � � !H 0M 1
2
ı0
�!H 1M 0

3
��
�!H 1M 1

2
v2
�!H 1M 1

2
ı1
�!H 2M 0

3 ! � � � :

From [2, (5.18)], we read off the following:

Proposition 3.3 The cokernel of ı0 WH 0M 1
2
!H 1M 0

3
is a Z=p–module generated by .h0/0, .h1/0,

(h0/sp2k for s 2 Z0[Z1; (h0/tp2kC1 for t 2 Z.p/; (h1/tp2k for t 2 Z.p/;

(h1/sp2kC1 for s 2 Z0[Z1; (h2/tp�1 for t 2 Z; (�3/t for t 2 Z;

for k � 0. Here Zi is a subset of Z given in (1.7), and .�/s D vs
3
� for � 2 fhi ; �3 W i 2 Z=3g.

Let .x/s 2�1E.3/� denote a cochain satisfying

.x/s � v
s
3x mod I3:

Lemma 3.4 The following cochains exist in �1E.3/�=I2:

(1) .t
1
/sp2k and .tp

1
/sp2kC1 for s 2 Z0 such that

d1..t1/sp2k /�

8̂̂̂̂
<̂
ˆ̂̂:

s.sC 1/v2
2
v

s�1�p
3

G2 k D 0;

s.sC 1/v
2p2�pC1
2

v
sp2�2p
3

G1 k D 1;

�3s.sC 1/v
2a2k

2
v
.sp�2/p2k�1

3
K0 k � 2; p � 5;

�2s.sC 1/v
2a2kC1
2

v
32k�1.3s�2/
3

.b1;0C t
p
1
˝Z0/ k � 2; p D 3;

d1..t
p
1
/sp2kC1/�

(
s.sC 1/v

2p
2
v

sp�2
3

G0 k D 0;

s.sC 1/v
2pa2kCp
2

v
.sp�2/p2k

3
b1;1 k � 1;

(2) .t
1
/sp2k and .tp

1
/sp2kC1 for s D tp2� 1 2 Z1 such that

d1..t1/sp2k /� v
a2kC2�a2kC1

2
v
.tp�1/p2kC1

3
b1;0; d1..t

p
1
/sp2kC1/� v

pa2kC2�pa2kC1

2
v
.tp�1/p2kC2

3
b1;1;

for k � 0,

(3) .t
1
/sp2kC1 and .tp

1
/sp2k for s 2 Z.p/ such that

d1..t
p
1
/tpkC1/�

8̂̂̂̂
<̂
ˆ̂̂:

t.t � 1/v
2p
2
v

tp�1
3

G0 k D 1;

�tv
p2C1
2

v
.tp�1/p
3

G1 k D 2;

�2tv
akCp
2

v
.tp�1/pk�1

3
G0 odd k � 3;

2tv
akCp
2

v
.tp�1/pk�1

3
K0 even k � 4;

d1..t
p
1
/tpkCe.k//�

(
�.t � 1/v

akC1
2

v
tpkCpe.k�2/
3

G1 even k � 2,

�.t � 1/v
akC2
2

v
tpkCpe.k�2/
3

b1;1 odd k � 3,

Algebraic & Geometric Topology, Volume 24 (2024)



3882 Katsumi Shimomura and Mao-no-suke Shimomura

d1..t
p
1
/sp2k /�

8̂̂̂<̂
ˆ̂:

s.s� 1/v2
2
vs�2

3
K1 k D 0;

�sv
p2Cp
2

v
sp2�p�1
3

K0 k D 1;

�3sv
e.3/p2k�2�1
2

v
.sp2�p�1/p2k�2

3
K0 p � 5; k � 2;

�sv
32k�2e.3/
2

v
.9s�4/32k�2

3
.b1;0CZ0˝ t

p
1
/ p D 3; k � 2;

d1..t1/sp2kC1/�

(
�sv

pC1
2

v
.s�2/p
3

K2 k D 0;

sv
e.3/p2k�1�pC1
2

v
.sp2�p�1/p2k�1

3
b1;1 k � 1;

(4) .t
p2

1
/tp�1 such that d1..t

p2

1
/tp�1/� v

p�1
2

v
tp�p
3

b1;2.

Here Gi , Ki and b1;i are the cocycles of �2E.3/�=I2 in (2.5), Z0 is an element in Lemma 5.1, and
x � va

2
y denotes the congruence modulo JaC1.

Let d1..x/t /� v
j
2
y mod JjC1 be a congruence in Lemma 3.4. Then ı1..Œx�/t=j /D Œy� for the connecting

homomorphism ı1 in (3.2). Here .Œx�/t=j .D Œ.x/t=v
j
2
�/ 2H 1M 1

2
denotes the cohomology class of the

cocycle .x/t=v
j
2

of �1M 1
2

. Thus the cochains in Lemma 3.4 give rise to elements .h0/spr =js;r
and

.h1/spr =j 0s;r
of H 1M 1

2
as well as their ı1–images. Furthermore, we have elements

.�3/tpn=an
D xt

n�3=v
an

2
2H 1M 1

2

for the elements xn .D x3;n/ introduced in [2, (5.11)] (see Lemma 5.1) with

.3.5/ ı1..�3/tpn=an
/D

8<:
.h2�3/t�1 nD 0;

.h0�3/.tp�1/pn�1 n is odd;

.h1�3/.tp�1/pn�1 n is even � 2;

by [2, (5.18)] (or Lemma 5.1). As a k.2/�–module, K.2/�=k.2/�f�g D Z=pf.�/0=j W j � 1g with
v2.�/0=j D .�/0=j�1 and v2.�/0=1 D 0; see (2.10).

Let B be the k.2/�–module of the theorem. Each direct summand of B is a submodule of H 1M 1
2

, which
defines a k.2/�–module map f WB!H 1M 1

2
. Furthermore, assigning .�/s=1 2B to the generator .�/s of

the cokernel of ı0, we have a homomorphism x�� WH 1M 0
3
!B by Proposition 3.3. These homomorphisms

fit in the commutative diagram

H 0M 1
2

ı0
// H 1M 0

3

x��
// B

v2
//

f

��

B
ı0

1
//

f

��

H 2M 0
3

H 0M 1
2

ı0
// H 1M 0

3

��
// H 1M 1

2

v2
// H 1M 1

2

ı1
// H 2M 0

3

where we define ı0
1

by ı1f . It suffices to show that the upper sequence is exact by [2, Remark 3.11].
By the definition of B, the subsequence H 0M 1

2

ı0
�! H 1M 0

3

x��
�! B

v2
�! B is exact and the composite

B
v2
�! B

ı0
1
�!H 2M 0

3
is zero.
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Suppose that the ı0
1
–images of the generators are linearly independent, and take � 2 Ker ı0

1
to be a

homogeneous element. Then

� D
X

k

ck�k for generators �k of B and scalars ck 2 k.2/� and 0D ı01.�/D
X

k

Nckı
0
1.�k/

for the image Nck of ck under the projection k.2/�!Z=p sending v2 to zero. Since the ı0
1
.�k/ are linearly

independent we see Nck D 0, and so we have c0
k
2 k.2/� such that ck D v2c0

k
. Therefore

� D
X

k

v2c0k�k 2 Im v2;

and we see that the upper sequence of the above diagram is exact if the ı0
1
–images of the generators are

linearly independent.

The ı0
1
–image is a Z=p–submodule of H 2M 0

3
in (2.3) with generators of the form .�/s for � 2

fgi ; ki ; bi ; hi�3 W i 2 Z=3g by Lemma 3.4 and (3.5). Moreover, Lemma 3.4 and (3.5) show that the
ı0

1
–image of each generator �k has only one summand of form .�/s ,

.h0�3/.tp�1/p2n ; .h1�3/.tp�1/p2n�1 ; .h2�3/t�1; .g2/s�1�p;

.k1/s�2; .k2/.s�2/p; .b0/.tp�1/p2nC1 for p � 5; .b2/tp�p;

except for

g0 .g0/sp�2 .g0/.tp�1/p2n

g1 .g1/.sp�2/p .g1/.tp�1/p .g1/tp2nCpe.2n�2/

k0 .k0/.sp�2/p2n�1 .k0/.tp�1/p2n�1 .k0/.sp2�p�1/p2n .p � 5/

k0 .k0/32n�1.3t�1/ .k0/9s�4 .p D 3/

b0 .b0/32n�1.3s�2/ .b0/32nC1.3t�1/ .b0/32n�2.9s�4/ .p D 3/

b1 .b1/.sp�2/p2n .b1/.tp�1/p2nC2 .b1/tp2nC1Cpe.2n�1/ .b1/.sp2�p�1/p2n�1

These show that the ı0
1
–images ı0

1
.�k/ for the generators �k of B are different from each other, and so

they are linearly independent.

3.2 Proof of Theorem 1.8

Let ı0
2
WH�N 1

2
!H�C1N 0

2
be the connecting homomorphism associated to the short exact sequence (2.1),

and consider the diagram

H 2M 0
2

.�0
2
/�
// H 2N 1

2

ı0
2
//

�1
2
��

H 3N 0
2
DE3

2
.V .1//

H 1M 1
2

ı1
// H 2M 0

3

��
// H 2M 1

2

of exact sequences for ı1 in (3.2). The connecting homomorphism Nıj associated to (1.6) is factorized into
the composite Nıj WH sBP�=Jj

O�j
�!H sN 1

2

ı0
2
�!H sC1N 0

2
for the homomorphism O�j given by O�j .x/D x=v

j
2

.
It follows that

.3.6/ x
 00spr =j D ı
0
2.v

spr

3
=v

j
2
/ 2H 1N 0

2 DE1
2.V .1// for vspr

3
=v

j
2
2H 0N 1

2 :
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Since ı0
2

is a k.2/�–module map, we have

.3.7/ v
j�1
2
x
 00spr =j D v

j�1
2

ı0
2.v

spr

3
=v

j
2
/D ı0

2.v
j�1
2

v
spr

3
=v

j
2
/D ı0

2.v
spr

3
=v2/D x


00
spr :

It is well known that

Ň
1 D�b0 D Œ�b1;0� and Ň

2 D 2k0 D Œ2K0� 2H 2N 0
3

for the cocycles b1;0 and K0 in (2.5); see [5, Lemma 4.4]. This defines elements vspr

3
Ň
i=v2 2H 2N 1

2
for

i D 1; 2, and
ı0

2.v
spr

3
Ň
i=v2/D 


00
spr
Ň
i 2E3

2.V .1// .by (3.6)/:

We also see that for vspr

3
Ň
i 2H 2M 0

3
,

��.v
spr

3
Ň
i/D �

1
2.v

spr

3
Ň
i=v2/ 2H 2M 1

2 :

From Lemma 3.4, the elements vspr

3
Ň
1 D �.b0/spr and vspr

3
Ň
2 D 2.k0/spr 2 H 2M 0

3
may be in the

image of ı1 if
p � 5 and .s; r/ 2 .ZC

1
[ZC

2
/� 2N

or
p D 3 and .s; r/ 2 .N1 � 2N>0/[ ..Z

C

1
[ZC

2
/� 2N/[ .N2 � 2N>1/;

and if
p � 5 and .s; r/ 2 .N1 � 2N/[ .ZC

2
� 2N>1/[ .N2 � 2N>1/

or
p D 3 and .s; r/ 2 .N1 � f0g/[ .Z

C

2
� 2N>1/;

respectively. Here Ni D N.p/ nNi for i D 1; 2. Therefore, if a pair .s; r/ satisfies the condition of
the theorem, then the element vspr

3
Ň
i is not in the image of ı1, and survives to �1

2
.v

spr

3
Ň
i=v2/ under the

homomorphism ��. Thus vspr

3
Ň
i=v2 ¤ 0 2H 2N 1

2
under the conditions.

Ravenel determined in [8, Theorem 6.3.24; 7, Theorem 3.2] that

.3.8/ H 2M 0
2 D

�
K.2/�fh0

Q�2; h1
Q�2; b0; b1; �g p D 3;

K.2/�fh0
Q�2; h1

Q�2;g0;g1g p � 5;

where Q�2 D v
pC1
2

�2 D Œ�z� for �2 in [2, Proposition 3.18)] and z in (4.18). This shows that the elements
v

spr

3
Ň
i=v2 for i D 1; 2 are not in the image of .�0

2
/�, and hence survive to 
 00spr

Ň
i 2E3

2
.V .1//. Moreover,


 00
spr =j

Ň
i ¤ 0 2E3

2
.V .1// if vj�1

2

 00

spr =j
Ň
i D 


00
spr
Ň
i is not zero, where the equality follows by (3.7).

4 Some cochains in the cobar complex ��E.3/�

In the rest of this paper, we consider E.3/�.E.3//–comodules whose structure maps are induced from
the right unit map �R WE.3/�!E.3/�.E.3//. We consider the cobar complex ��M of a comodule M

in (2.2), whose differentials are given by

.4.1/ d0.v/D �R.v/� v 2�
1E.3/�; and d1.x/D 1˝x��.x/Cx˝ 1 2�2E.3/�
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for v 2�0E.3/� DE.3/� and x 2�1E.3/� DE.3/�.E.3//. For the differentials d0 and d1, we have
relations (see [11, (2.3.2)])

.4.2/

d0.vv
0/D vd0.v

0/C d0.v/�R.v
0/;

d1.vx/D d0.v/˝xC vd1.x/;

d1.xy/D�x˝y �y˝xC d1.x/�yC .x˝ 1C 1˝x/d1.y/;

d1.x�R.v//D d1.x/.1˝ �R.v//�x˝ d0.v/;

for v; v0 2E.3/� and x;y 2E.3/�.E.3//. A formula for the Hopf conjugation c W BP�.BP/! BP�.BP/
is given in [6, (3)], and immediately implies the following:

Lemma 4.3 The Hopf conjugation c WE.3/�.E.3//!E.3/�.E.3// acts as

ct1 D�t1; ct2 D t
pC1
1
� t2 and ct3 � t2t

p2

1
� t1ct

p
2
� t3 mod I2:

For the right unit �R W BP�! BP�.BP/, we have a well-known formula (see [6, (11)])

.4.4/ �R.vn/� vnC vn�1t
pn�1

1
� v

p
n�1

t1 mod In�1:

A routine calculation using (4.1) and (4.4) shows the following:

Lemma 4.5 Put �n D
Pn�1

kD0 v
p2ka2n�2k�1�p2kC1

2
v

p2k

3
2E.3/�. Then

d0.�n/� v
p2n�2

2
t
p2n

1
� v

a2n�1

2
t1 mod I2:

In E.3/�.E.3// we have �R.v4/D 0D �R.v5/, which give rise to relations

.4.6/ v3t
p3

1
� t1�R.v3/

p
�v2t

p2

2
Cv

p2

2
t2 and v3t

p3

2
� t2�R.v3/

p2

�v2t
p2

3
�v2w

p
Cv

p3

2
t3 mod I2

(see [6, (12) and (16); 8, Corollary 4.3.21]), where w 2 E.3/�.E.3// .D w1.v3; v2t
p2

1
;�v

p
2

t1/ in
[8, Corollary 4.3.21]) is an element defined by

.4.7/ pw D v
p
3
C v

p
2

t
p3

1
� v

p2

2
t
p
1
Cyp

� �R.v3/
p

for y 2 .p; v1/ in �R.v3/D v3C v2t
p2

1
� v

p
2

t1Cy; see (4.4).

The diagonal� WE.3/�.E.3//!E.3/�.E.3//˝E.3/�E.3/�.E.3// of the Hopf algebroid E.3/�.E.3//

acts on the elements ti and cti by

.4.8/

�.t1/D t1˝ 1C 1˝ t1;

�.t2/� t2˝ 1C t1˝ t
p
1
C 1˝ t2� v1b1;0 mod .p; v2

1/;

�.t3/� t3˝ 1C t2˝ t
p2

1
C t1˝ t

p
2
C 1˝ t3� v2b1;1 mod I2;

�.t4/� t4˝ 1C t3˝ t
p3

1
C t2˝ t

p2

2
C t1˝ t

p
3
C 1˝ t4� v3b1;2 mod I3;
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(see [6, Theorem 8; 8, Corollary 4.3.15 ]) and so

.4.9/

d1.ct2/��t
p
1
˝ t1;

d1.ct3/� ct
p
2
˝ t1C t

p2

1
˝ ct2� v2b1;1 mod I2;

d1.ct4/� t
p3

1
˝ ct3� ct

p2

2
˝ ct2C ct

p
3
˝ t1� v3b1;2 mod I3;

since �.cx/D .c˝ c/T�.x/ for the switching map T given by T .x˝ y/D y˝ x, where b1;k is the
cocycle in (2.5).

The fact d1.t
pkC1

1
/ � �pb1;k mod .p2/ implies not only that the cochain b1;k 2 �

2E.3/�=.p/ is a
cocycle, but also the following lemma:

Lemma 4.10 The cochain w in (4.7) satisfies

w ��v2v
p�1
3

t
p2

1
mod J2 and d1.w/��v

p
2

b1;2C v
p2

2
b1;0 mod I2:

Corollary 4.11 Put Wn D
Pn�1

iD0 v
p2i a2n�2i�p2iC2

2
wp2i

. Then

d1.Wn/��v
p2n�1

2
b1;2nC v

a2n

2
b1;0 mod I2:

We generalize the relations (4.6) and obtain the following proposition from [8, (4.3.1) and Lemma 4.3.11];
6, Theorem 1] (see [9, Proposition 2.1]):

Proposition 4.12 There exist elements Tn for n� 0 satisfying Tn � t
p
n mod I3 and

v
pkC1

2
tkC1C tk�R.v3/

pk

� v1TkC2C v2T
p

kC1
C v3T

p2

k
mod .p; v2

1/

for k � 0. In particular , T0 D 1, T1 � t
p
1

, T2 � t
p
2

and T3 � t
p
3
Cw mod I2.

Proof We begin by recalling some notation from [8, Section 4.3]. For a sequence J D .j1; j2; : : : ; jm/ of
positive integers we set jJ jDm and kJkD

Pm
iD1 ji , and an element vJ 2E.3/� is defined recursively by

v.j ;J /Dvjv
pj

J
. Letwk.S/ for a set S be symmetric polynomials of degree pn such thatw0.S/D

P
x2S x

and
P

x2S xpn

D
Pn

kD0 pkwk.S/
pn�k

. We then define sets Sn out of a set S D fai;j g recursively by

Sn D fai;j W i C j D ng[
[
jJ j>0

fvJwjJ j.Sn�kJ k/
pkJk�jJj

g:

By [8, (4.3.1) and Lemma 4.3.11],

.4.13/ w0.Cn/�
X

iCjDn

F
ti�R.vj /

pi

�

X
iCjDn

F
vi t

pi

j � w0.Dn/ mod .p/

for the sets
C D fti�R.vj /

pi

g and D D fvi t
pi

j g:

In E.3/�.E.3//, put

w.Sn/D
X

J

v
p
J
wjJ jC1.Sn�kJ k/

pkJk�jJj and Tn D tp
n �w.Cn/Cw.Dn/:
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Then the proposition follows from (4.13) and the congruences

w0.Cn/� v
pn�2

2
tn�2C tn�3�R.v3/

pn�3

C v1w.Cn�1/C v2w.Cn�2/
p
C v3w.Cn�3/

p2

;

w0.Dn/� v1t
p
n�1
C v2t

p2

n�2
C v3t

p3

n�3
C v1w.Dn�1/C v2w.Dn�2/

p
C v3w.Dn�3/

p2

;

seen by the relation

v.k;J /wj.k;J /j.Sn�k.k;J /k/
pk.k;J/k�j.k;J/j

D vkv
pk

J
wjJ jC1.Sn�k�kJ k/

pkJk�jJjCk�1

:

Lemma 4.14 For n� 0,

�R.v
p�1
2

v
e.n/
3

/�

nX
iD0

.�1/n�iv
piC1e.n�i/Cp�1
2

v
e.i/
3

t
pi

n�i � v
p
2
wp

n C v1v
p�2
2

wnC1 mod .p; v2
1/:

Here

.4.15/ wn D

nX
iD1

.�1/iv
e.i�1/
2

Ti�R.v
pi�1e.n�i/
3

/:

Proof In this proof, every congruence is considered modulo .p; v2
1
/. By Proposition 4.12, tk�R.v

pk

3
/�

zTk � v
pkC1

2
tkC1 for zTk D v1TkC2C v2T

p

kC1
C v3T

p2

k
, which implies inductively

t1�R.v
pe.n/
3

/��

nX
iD1

.�1/iv
p2e.i�1/
2

zTi�R.v
piC1e.n�i/
3

/C .�1/nv
p2e.n/
2

tnC1;

and hence

.4.16/ t1�R.v
pe.n/
3

/��v1v
�p�1
2

wnC2C v
1�p
2

w
p
nC1
� v3w

p2

n C .�1/nv
p2e.n/
2

tnC1

� v1v
�p�1
2

.t
p
1
�R.v3/� v2t

p
2
/�R.v

pe.n/
3

/C v
1�p
2

t
p2

1
�R.v

pe.n/
3

/:

Now we prove the lemma by induction. For nD 0, it follows from the facts �R.v2/� v2C v1t
p
1

by (4.4)
and w1 D�t

p
1

.

Assuming the case for n, we obtain the case for nC 1 from (4.16) and

�R.v
p�1
2

v
e.nC1/
3

/� v
�p2C2p�1
2

v3�R.v
p�1
2

v
e.n/
3

/pC v
p�1
2

.v2t
p2

1
C v1t

p
2
/�R.v

pe.n/
3

/

� v
2p�1
2

t1�R.v
pe.n/
3

/� v1v
p�2
2

t
p
1
�R.v

e.nC1/
3

/;

given by �R.v
p�1
2

v3/� v
p�1
2

.v3C v2t
p2

1
� v

p
2

t1C v1t
p
2
/� v1v

p�2
2

t
p
1
�R.v3/. Here �R.v3/ is given in

[2, (5.7)].

Evaluate the congruence in Lemma 4.14 under d1, and compare the v1–multiples. Then we deduce the
following corollary; see [9, Proposition 2.3]. Indeed, if v1v

p�2
2

d1.wnC1/ �AC v1B mod .p; v2
1
/ for

some A and B involving no v1, then A� 0 mod .p; v2
1
/ and vp�2

2
d1.wnC1/� B mod I2.
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Corollary 4.17 For the elements wn in (4.15),

d1.wnC1/��

n�1X
iD0

.�1/n�iv
piC1e.n�i/
2

wiC1˝ t
pi

n�i � .�1/nv
e.nC1/
2

bn mod I2:

Here bn is an element in d1.tn/� anC v1bn mod .p; v2
1
/ for an and bn involving no v1. In particular ,

b2 D b1;0 by (4.8).

We have the cocycle z in �1E.3/�=I2 given by

.4.18/ z D v3t
p
1
C v2ct

p
2
� v

p
2

t2 D t
p
1
�R.v3/� v2t

p
2
C v

p
2

ct2 D�w2C v
p
2

ct2;

which represents the element �vpC1
2

�2 2H 1M 0
2

; see [2, Proposition 3.18(c)] and (3.8). In particular,

.4.19/ t
p
1
�R.v3/� zC v2t

p
2
� v

p
2

ct2 mod I2:

We further have cocycles G0i and K0i 2�
2E.3/�=I2 for i 2 f0; 1; 2g defined by

.4.20/ G0i D ct
pi

2
˝ t

pi

1
C

1
2
t
piC1

1
˝ t

2pi

1
and K0i D t

piC1

1
˝ ct

pi

2
C

1
2
t
2piC1

1
˝ t

pi

1
;

which are homologous to Gi and Ki in (2.5), respectively. Indeed,

.4.21/ d1.gi/�G0i �Gi and d1.ki/�K0i �Ki mod I2;

for i 2 f0; 1; 2g, and for gi ; ki 2�
1E.3/� given by

.4.22/ gi D t
pi

1
t
pi

2
�

1
2
t
piC1C2pi

1
and ki D t

piC1

1
t
pi

2
�

1
2
t
2piC1Cpi

1
:

We also have a similar relation

.4.23/ d1.t
p
1

t2/��.t
p
1
˝ t2C ct2˝ t

p
1
/� 2K0 mod I2:

Lemma 4.24 In �1E.3/�, put

!1 D �R.v3/t2� v2t3C v
p
2

t1t2; !2 D
1
2
�R.v3/t

2p
1
� v

p
2
k0 and z!2 D�w3� v

pe.2/
2

t
p
1

t2:

Then , modulo I2,

d1.!1/��t1˝ z� v2
2b1;1� 2v

p
2

G0; d1.!2/��t
p
1
˝ z� v2G1C v

p
2

K0;

d1.z!2/� v
p2

2
z˝ t

p
1
C 2v

p2Cp
2

K0C v
e.3/
2

b1;0:

Proof In this proof we consider congruences modulo I2. A routine calculation shows the congruence
for d1.!1/:

d1.�R.v3/t2/��t1˝ .zC v2t
p
2

a

C v
p
2

t2
::::

� v
p
2

t
pC1
1
c

/� t2˝ .v2t
p2

1

b

� v
p
2

t1
d

/; .by (4.2) and (4.19)/

d1.�v2t3/� v2.t1˝ t
p
2

a

C t2˝ t
p2

1

b

� v2b1;1/; .by (4.8)/

d1.v
p
2

t1t2/��v
p
2
.t1˝ t2

:::::
C t2˝ t1

d

C t2
1 ˝ t

p
1

::::::

C t1˝ t
pC1
1

c

/: .by (4.8) and (4.2)/

Here the underlined terms with the same label cancel each other and the wavy underlined terms
make �2v

p
2

G0.
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For d1.!2/, we calculate

d1

�
1
2
�R.v3/t

2p
1

�
��t

p
1
˝ .zC v2t

p
2

::::

G

� v
p
2

ct2
:::::

K 0

/� 1
2
v2t

2p
1
˝ t

p2

1
::::::::::::

G

C
1
2
v

p
2

t
2p
1
˝ t1:

:::::::::::

K 0

.by (4.2) and (4.19)/

Add d1.�v
p
2
k0/, and we obtain the desired congruence by (4.21).

We verify d1.z!2/ by

d1.w3/��v
pe.2/
2

w1˝ t2Cv
p2

2
w2˝ t

p
1
�v

e.3/
2

b1;0 .by Corollary 4.17/

��v
pe.2/
2

.�t
p
1
/˝ t2

a

Cv
p2

2
.�zCv

p
2

ct2
b

/˝ t
p
1
�v

e.3/
2

b1;0; .by (4.18) and (4.15)/

d1.v
pe.2/
2

t
p
1

t2/��v
pe.2/
2

..t
p
1
˝ t2
a

Cct2˝ t
p
1

b

/C2K0/: .by (4.23)/

5 The elements xi and deriving elements yi and y 0
i

In [2, (5.11)], Miller, Ravenel and Wilson introduced elements x3;i 2 v
�1
3

BP�. We refine them, and define
the elements xi 2E.3/� by

xi D v
pi

3
for i D 0; 1; 2;

x3 D x
p
2
� v

p3�1
2

v
.p�1/p2C1
3

;

x4 D x
p
3
� v

e.2/p3�p�1
2

v
.p2�e.2//p2CpC1
3

;

x2kC1 D x
p

2k
� v

pa2k�1
2

x
.p�1/p

2k�1
v3� v

e.3/p2k�1�e.3/
2

v
.p2�e.2//p2k�1CpC1
3

;

x2kC2 D x
p

2kC1
� 2v

e.3/p2k�e.3/
2

v
.p2�e.2//p2kCpC1
3

;

for k � 2.

Lemma 5.1 (see [9, Proposition 3.1]) In �1E.3/�, we have

d0.x0/� v2t
p2

1
� v

p
2

t1 mod I2;

d0.x1/� v
p
2
v

p�1
3

t1� v
pC1
2

v�1
3 t

p2

2
mod J2p;

d0.xi/� v
ai

2
.x

p�1
i�1

t
p"i

1
CBi/ mod Je.3/pi�2 for i � 2:

Here "i D
1
2
.1C .�1/i/, and the Bi are given by

i 2 3 2k 2kC 1

Bi �v
p
2
v

c.2/
3

t2 v
p2�p
2

v
c.3/
3

.z� v
p
2

t
pC1
1

/ v
a2k�1�p
2

v
c.2k/
3

.z� v
p
2

t2/ v
a2k�p
2

v
c.2kC1/
3

.2z� v
p
2

ct2/

for c.k/D .p2�p�1/pk�2. For i � 4, add vai�1C1
2

v
c.i/
3

Z0 to Bi if we consider the congruence modulo
Je.3/pi�2C1. Here Z0 is a cocycle homologous to aZ for some a 2 Z=p.

Proof This follows from a routine calculation: For i � 2, it follows from (4.4) and from (4.6).
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We obtain d0.x3/ from (4.19) and

d0.v
.p�1/p2C1
3

/� v
.p�1/p2

3
.v2t

p2

1
� v

p
2

t1/� v
a2

2
v
.p�1/p2�p
3

.t
p
1
�R.v3/� v

p
2

t2/ mod Je.3/

by (4.2), (4.4) and the congruence on d0.x2/. We note that �R.v
pC1
3

/Dv
pC1
3
Cv2zp�v

p2

2
z by [2, (3.20)],

and obtain

d0.v
.p2�e.2//p2CpC1
3

/

�v
.p2�e.2//p2

3
.v2zp

�v
p2

2
z/�v

a2

2
v
.p2�e.2//p2�p
3

t
p
1
.v

pC1
3
Cv2zp/Cv

p2Cp
2

v
.p2�e.2//p2

3
t2 mod Je.3/:

The congruence on d0.x4/ follows from this and the congruence on d0.x3/, together with the definition
of the element x3.

Inductively suppose that

d0.x2k/� v
a2k

2
x

p�1

2k�1
t
p
1
C v

e.3/p2k�2�e.2/
2

v
.p2�e.2//p2k�2

3
.z� v

p
2

t2/ mod Je.3/p2k�2 :

Then we calculate

d0.x
p

2k
/� v

pa2k

2
x
.p�1/p

2k�1
t
p2

1
a

C v
e.3/p2k�1�e.2/p
2

v
.p2�e.2//p2k�1

3
.zp

b

� v
p2

2
t
p
2

c

/

d0.�v
pa2k�1
2

x
.p�1/p

2k�1
v3/

��v
pa2k�1
2

x
.p�1/p

2k�1
.v2t

p2

1
a

� v
p
2

t1/C v
e.3/p2k�1�p�1
2

x
p2�p�1

2k�1
.zC v2t

p
2

c

� v
p
2

ct2/;

where the second congruence follows by (4.2) and (4.19), and

d0.�v
e.3/p2k�1�e.3/
2

v
.p2�e.2//p2k�1CpC1
3

/��v
e.3/p2k�1�e.3/
2

v
.p2�e.2//p2k�1

3
.v2zp

b

� v
p2

2
z/:

Therefore

d0.x2kC1/� v
pa2kCp�1
2

x
.p�1/p

2k�1
t1C v

e.3/p2k�1�e.2/
2

v
.p2�e.2//p2k�1

3
.2z� v

p
2

ct2/:

Also

d0.x
p

2kC1
/�v

pa2kC1

2
x
.p�1/p2

2k�1
t
p
1
Cv

e.3/p2k�e.2/p
2

v
.p2�e.2//p2k

3
.2zp
�v

p2

2
ct

p
2
/

�v
pa2kC1

2
.x

p�1

2kC1
�v

pa2k�1
2

x
.p2�p�1/p

2k�1
v3/t

p
1
Cv

e.3/p2k�e.2/p
2

v
.p2�e.2//p2k

3
.2zp
�v

p2

2
ct

p
2
/

�v
pa2kC1

2
x

p�1

2kC1
t
p
1
Cv

e.3/p2k�e.2/p
2

v
.p2�e.2//p2k

3
.2zp
�v

p2�1
2

z�v
p2Cp�1
2

t2/

and

d0.�2v
e.3/p2k�e.3/
2

v
.p2�e.2//p2kCpC1
3

/��2v
e.3/p2k�e.3/
2

v
.p2�e.2//p2k

3
.v2zp

� v
p2

2
z/:

Therefore
d0.x2kC2/� v

pa2kC1

2
x

p�1

2kC1
t
p
1
C v

e.3/p2k�e.2/
2

v
.p2�e.2//p2k

3
.z� v

p
2

t2/:

These complete the induction.

Put d0.xi/� v
ai

2
.x

p�1
i�1

t
p"i

1
CBi C v

ai�1C1
2

C / mod Je.3/pi�1C1 for a cochain C . It is easy to see

d1.v
ai

2
.x

p�1
i�1

t
p"i

1
CBi//� 0 mod Je.3/pi�1C1:
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It follows that C is a cocycle of �1M 0
3

, and so C represents a cohomology class av
c.i/
3
�3 2H 1M 0

3
for

some a 2 Z=p by (2.3).

Put
d0.xi/� v

ai

2
Ai C v

ai

2
Bi for Ai D x

p�1
i�1

t
p"i

1
;

where "i D
1
2
.1C .�1/i/. We introduce elements ys;i and y0s;i 2�

1E.3/� by

ys;i D xs
i t

p"iC1

1
� sx

s�pC1
i BiC1 and y0s;i D xs

i t
p"i

1
C

1
2
sv

ai

2
xs�1

i Ai t
p"i

1
:

Lemma 5.2 For the elements ys;i and y0s;i ,

d1.ys;0/� s.sC 1/v2
2v

s�p�1
3

G2; d1.ys;1/� s.sC 1/v
2p
2
v

sp�2
3

G0;

d1.ys;2/��s.sC 1/v
2p2�p
2

v
sp2�2p
3

.t
p
1
˝ z� v

p
2

x/;

d1.ys;i/�

(
�s.sC 1/v

2a2kC1�p

2
x

sp�2

2k
.t1˝ z� v

p
2

G0/ i D 2kC 1;

�s.sC 1/v
2a2kC2�p

2
x

sp�2

2kC1
.2t

p
1
˝ z� v

p
2

K0
0
/ i D 2kC 2;

d1.y
0
s;1/��sv

pC1
2

v
sp�2p
3

K2; d1.y
0
s;2/��sv

p2Cp
2

v
sp2�p�1
3

K0;

d1.y
0
s;3/� sv

a3Cp2�p
2

v
sp3�p2�p
3

.z˝ t1� v
p
2

x0/;

d1.y
0
s;i/�

(
sv

e.3/pi�2�p�1
2

v
.sp2�p�1/p2k�2

3
.z˝ t

p
1
� v

p
2

K0/ i D 2k;

sv
e.3/pi�2�p�1
2

v
.sp2�p�1/p2k�1

3
.2z˝ t1� v

p
2

G0
0
/ i D 2kC 1:

Here xD .t2Ct
pC1
1

/˝t
p
1
Ct

p
1
˝t

pC1
1
C

1
2
t
2p
1
˝t1 and x0D t

pC1
1
˝t1C

1
2
t
p
1
˝t2

1
, and these congruences

are considered modulo JaC1, where a is the largest power of v2 in each congruence. Furthermore , replace
K0

0
and K0 in the congruences on d1.ys;2kC2/ and d1.y

0
s;2k

/ by K0
0
C v2t

p
1
˝Z0 and K0C v2Z0˝ t

p
1

,
respectively, if we consider the congruences modulo JaC2.

Proof We note that

d1.BiC1/��d1.AiC1/��d0.x
p�1
i /˝ t

p"iC1

1
mod I2;

d0.x
s
i /C sx

sC1�p
i d0.x

p�1
i /�

�
sC 1

2

�
xs�2

i d0.xi/
2 mod J3ai

:

Indeed, d0.x
s
i /� sxs�1

i d0.xi/C
�

s
2

�
xs�2

i d0.xi/
2 mod J3ai

. Also,

d1.Ai t
p"i

1
/� d0.x

p�1
i�1

/˝ t
2p"i

1
�2x

p�1
i�1

t
p"i

1
˝ t

p"i

1
� d0.x

p�1
i�1

/˝ t
2p"i

1
�2Ai˝ t

p"i

1
mod Jai�1C2:

Then we calculate

d1.ys;i/� d0.x
s
i /˝ t

p"iC1

1
� sd0.x

sC1�p
i /˝BiC1C sx

sC1�p
i d0.x

p�1
i /˝ t

p"iC1

1
.by (4.2)/

�

�sC1

2

�
xs�2

i d0.xi/
2
˝ t

p"iC1

1
� s.sC 1/x

s�p
i d0.xi/˝BiC1 mod J2aiCp;

d1.y
0
s;i/� sxs�1

i d0.xi/˝ t
p"i

1
C

1
2
sv

ai

2
xs�1

i d0.x
p�1
i�1

/˝ t
2p"i

1
� sv

ai

2
xs�1

i Ai ˝ t
p"i

1
.by (4.2)/

� sv
ai

2
xs�1

i .Bi ˝ t
p"i

1
C

1
2
d0.x

p�1
i�1

/˝ t
2p"i

1
/ mod Je.3/pi�2C1:

Now we obtain the lemma from Lemma 5.1.
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6 Proof of Lemma 3.4

In this section, we define the cochains .tpi

1
/s and verify their d1–differential.

6.1 The cochains .t
1
/sp2k and .t

p

1
/sp2kC1 for s 2 Z0

We define the cochains by

.t1/s D ys;0; .t
p
1
/sp D ys;1; .t1/sp2 D ys;2� s.sC 1/v

2p2�p
2

v
sp2�2p
3

!2;

.t
p
1
/sp2kC1 D ys;2kC1� s.sC 1/v

2a2kC1�p

2
x

sp�2

2k
!1;

.t1/sp2kC2 D ys;2kC2� s.sC 1/v
2a2kC2�p2�p

2
x

sp�2

2kC1
.2z!2C v

p2

2
.2zt

p
1
C v

p
2
k0//;

for k � 1. Then the lemma for this case follows immediately from Lemmas 5.2, 5.1 and 4.24 together
with (4.21). Note also 2a2kC1 �pC 2D 2pa2k Cp. For example, for the case p D 3 and k � 2, we
compute modulo J2a2kC2

d1..t1/32ks/� d1.ys;2k/�s.sC1/v
2a2k�12
2

x3s�2
2k�1d1.2z!2Cv

9
2.2zt3

1 Cv
3
2k0//

��s.sC1/v
2a2k�3
2

x3s�2
2k�1.2t3

1 ˝z
a

�v3
2.K

0
0

b

Cv2t3
1 ˝Z0//�s.sC1/v

2a2k�12
2

x3s�2
2k�1

�
�
2.v9

2z˝ t3
1

c

C2v12
2 K0

d

Cv13
2 b1;0/Cv

9
2.�2.z˝ t3

1
c

C t3
1 ˝z

a

/Cv3
2.K

0
0

b

�K0

d

//
�
;

where the second equivalence follows by Lemmas 5.2 and 4.24, and Equation (4.21)

6.2 The cochains .t
1
/sp2k and .t

p

1
/sp2kC1 for s 2 Z1

We put s D tp2� 1, and define the cochains .t
1
/.tp2�1/p2k and .tp

1
/.tp2�1/p2kC1 by

v
a2kC1

2
.t1/.tp2�1/p2k D�v

.t�1/p2kC2

3
wp2kC1

� d0.v
p2kC1�p2k�2

2
v
.tp2�1/p2k

3
�k/

C v
p2kC2�p2k�1

2
v
.tp�1/p2kC1

3
Wk ;

.t
p
1
/.tp2�1/p2kC1 D .t1/

p

.tp2�1/p2k ;

for the elements �k in Lemma 4.5, w in (4.7) and Wk in Corollary 4.11. Then this case follows from
Lemmas 4.5 and 4.10, Corollary 4.11 and (2.8). We also use relationswp2kC1

��v
p2kC1

2
v

p2kC2�p2k

3
t
p2k

1

mod Ja2kC1C1 by Lemma 4.10 and (4.6), and b
p2kC1

1;2
� b1;2kC3 � v

.p�1/p2kC1

3
b1;2k mod I3 by (4.6).

For example,

v
a2kC1

2
.t1/.tp2�1/p2k � v

.t�1/p2kC2

3
.v

p2kC1

2
v

p2kC2�p2k

3
t
p2k

1
/ .by Lemma 4.5/

� v
p2kC1�p2k�2

2
v
.tp2�1/p2k

3
.v

p2k�2

2
t
p2k

1
� v

a2k�1

2
t1/

� v
a2kC1

2
v
.tp2�1/p2k

3
t1 mod Ja2kC1C1;
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since p2kC1�p2k�2C a2k�1 D a2kC1 in (2.8), and

v
a2kC1

2
d1..t1/.tp2�1/p2k /

�v
p2kC2

2
v
.t�1/p2kC2

3
b

p2kC1

1;2

a

Cv
p2kC2�p2k�1

2
v
.tp�1/p2kC1

3
.�v

p2k�1

2
b1;2k

a

Cv
a2k

2
b1;0/ mod Ja2kC2C1

by Lemma 4.10 and Corollary 4.11. Since p2kC2�p2k�1C a2k D a2kC2 in (2.8), we obtain the case
for .t

1
/sp2k .

6.3 The cochains .t
1
/sp2kC1 and .t

p

1
/sp2k for s 2 Z.p/

We begin by defining
.t

p
1
/s D v

s
3t

p
1
C sv2v

s�1
3 ct

p
2
� s.s� 1/v2

2v
s�2
3 k1:

Then we calculate by (4.2), (4.4), (4.8) and (4.22), and obtain

d1..t
p
1
/s/� s.s� 1/v2

2v
s�2
3 K1 mod J3:

Now we consider the cases for p j s.s� 1/.

6.3.1 The cochains .t
p

1
/tpkC1 for k� 1 We define the cochains by

.t
p
1
/tpC1 D v

tp
3

zC tv
p
2
v

tp
3

t2� tv
pC1
2

v
tp�p
3

ct
p
3
;

.t
p
1
/tp2C1 D xt

2zC tv
a2

2
v
.tp�1/p
3

!2;

.t
p
1
/tp2kC1C1 D xt

2kC1zC tv
a2kC1

2
v
.tp�1/p2k

3
!1C tv

a2kCpC1
2

.t
p
1
/.tp2�1/p2k�1 ;

.t
p
1
/tp2kC2C1 D xt

2kC2zC tv
a2kC2�p2

2
v
.tp�1/p2kC1

3
.z!2C v

p2

2
zt

p
1
/;

in �1E.3/� for k � 1, t 2 Z.p/, xn in 5.1, z in (4.18) and !i in Lemma 4.24. We verify this case by a
routine calculation using (4.2), (4.4), (4.18), (4.8) and (4.9). We see that

t
p3

1
˝z��R.v3/t

p3

1
˝t

p
1
Cv2t

p3

1
˝ct

p
2
�v

p
2
v

p�1
3

t1˝t2 and �R.v3/t
p3

1
�v

p
3

t1Cv2ct
p2

2
mod JpC1

by (4.18), (4.4) and (4.6). It follows that t
p3

1
˝ z � �d1.v

p
3

t2/ C v2d1.ct
p
3
/ mod JpC1, and then

d1.v
tp
3

z/ � tv
p
2
v

tp�p
3

.�d1.v
p
3

t2/C v2d1.ct
p
3
//C

�
t
2

�
v

2p
2
v

tp�1
3

t2
1
˝ t

p
1

mod J2pC1. Thus we obtain
d1..t

p
1
/tpC1/.

The congruences on d1..t
p
1
/tpkC1/ for k � 2 follow directly from Lemmas 5.1 and 4.24 and the results

on d1..t
p
1
/.tp2�1/p2k�1/ shown in the previous subsection. For example,

d1..t
p
1
/tp2kC1C1/� d1.x

t
2kC1/˝ zC tv

a2kC1

2
v
.tp�1/p2k

3
d1.!1/C tv

a2kCpC1
2

d1..t
p
1
/.tp2�1/p2k�1/

� tv
a2kC1

2
v
.tp�1/p2k

3
t1˝ z

a

C tv
a2kC1

2
v
.tp�1/p2k

3
.�t1˝ z

a

� v2
2b1;1

b

� 2v
p
2

G0/

C tv
a2kCpC1Cpa2k�pa2k�1

2
v
.tp�1/p2k

3
b1;1

b

mod Ja2kC1CpC1;

where the second equivalence follows by Lemmas 5.1, 4.24 and 3.4(2).
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6.3.2 The cochains .t
p

1
/tpkCe.k/ for k� 2 We put r D 2n� 1C " (" 2 f0; 1g), and

.t
p
1
/0tprCe.r/ D xt

r .wrC1C v
pr�pr�3

2
wr�R.�

p"

n�1
/C v

ar

2
wr t

p"

1
/

for wr in (4.15). Note that wr � v
pe.r�2/
3

w2 � �v
pe.r�2/
3

z mod Jp by (4.15) and (4.18). Then
.t

p
1
/0
tprCe.r/

� xt
rwrC1 ��v

tprCe.r/
3

t
p
1

mod I3. Furthermore, we calculate

d1..t
p
1
/0tprCe.r//� tv

ar

2
v
.tp�1/pr�1

3
t
p"

1
˝wrC1

::::::::::::::::::::::::

.by Lemmas 5.1 and 4.5 and Corollary 4.17/

Cxt
r

�
v

pr

2
wr ˝ t

pr�1

1
a

� v
pr�pr�3

2
wr ˝ .v

p2n�4C"

2
t
p2n�2C"

1
a

� v
a2n�3C"

2
t
p"

1

b

/

� v
ar

2
.wr ˝ t

p"

1

b

C t
p"

1
˝wr

::::::::

/
�

��.t � 1/v
ar

2
v

tprCpe.r�2/
3

t
p"

1
˝ z mod JarCp

together with (4.2) and (2.8). This case now follows from Lemma 4.24 by setting .tp
1
/tprCe.r/ D

�.t
p
1
/0
tprCe.r/

C .t � 1/ v
ar

2
v

tprCpe.r�2/
3

!1C".

6.3.3 The cochains .t
p

1
/sp2k for k� 1 and .t

1
/sp2kC1 for k� 0 We define .t"i

1
/spi by

.t1/sp D y0s;1; .t
p
1
/sp2 D y0s;2; .t1/sp3 D y0s;3C sv

e.3/p�p�1
2

v
.sp2�p�1/p
3

.zt1�!1/;

.t
p
1
/sp4 D y0s;4�

1
2
sv

e.3/p2�p2�p�1
2

v
.sp2�p�1/p2

3
.z!02� v

p2

2
zt

p
1
/;

.t1/sp2kC1 D y0s;2kC1C 2sv
e.3/p2k�1�p�1
2

v
.sp2�p�1/p2k�1

3
.zt1�!1/;

.t
p
1
/sp2kC2 D y0s;2kC2� sv

e.3/p2k�p2�p�1
2

v
.sp2�p�1/p2k

3
z!2;

where z!0
2
D z!2� v

p2Cp
2

t
p
1

t2� v
e.3/
2

v
�p2

3
ct

p
4

. Except for d1..t
p
1
/sp4/, the lemma for this case follows

from Lemmas 5.2 and 4.24 with (4.2).

For d1..t
p
1
/sp4/, we make a calculation:

z!2 ��w3 .by Lemma 4.24/

� t
p
1
�R.v

pC1
3

/� v2t
p
2
�R.v

p
3
/C v

pC1
2

t
p
3

.by (4.15) and Proposition 4.12/

� .zC v2t
p
2

a

� v
p
2

ct2/�R.v
p
3
/� v2t

p
2
�R.v

p
3
/

a

C v
pC1
2

t
p
3

.by (4.19)/

� v
p
3
.zC v

p
2

t2/� v
pC1
2

ct
p
3

mod JpC2: .by (4.4)/

Applying the Hopf conjugation c to the congruences of (4.6) shows the relations

.6.1/ t
p3

1
�R.v3/� v

p
3

t1C v2ct
p2

2
and ct

p3

2
�R.v3/� v

p2

3
ct2� v2ct

p2

3
mod JpC1:
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Then, modulo JpC2,

t
p4

1
˝ v

p
3

z � t
p4

1
�R.v3/

p
˝ z

� .v
p2

3
t
p
1
C v

p
2

ct
p3

2
/˝ z .by (6.1)/

� v
p2

3
t
p
1
˝ zC v

p
2

ct
p3

2
�R.v3/˝ t

p
1
C v

pC1
2

ct
p3

2
˝ ct

p
2

.by (4.18)/

� v
p2

3
t
p
1
˝ zC v

p
2
.v

p2

3
ct2� v2ct

p2

3
/˝ t

p
1
C v

pC1
2

ct
p3

2
˝ ct

p
2
; .by (6.1)/

t
p4

1
˝ v

p
2
v

p
3

t2 � v
p
2

t
p4

1
�R.v3/

p
˝ t2 .by (6.1)/

� v
p
2
v

p2

3
t
p
1
˝ t2:

Therefore

d1.v
p
2
v

p2

3
t
p
1

t2C v
pC1
2

ct
p
4
/��v

p
2
v

p2

3
.t

p
1
˝ t2
a

C t2˝ t
p
1
C t

pC1
1
˝ t

p
1
C t1˝ t

2p
1

:::::::::::::::::::::::::::

/

C v
pC1
2

.t
p4

1
˝ ct

p
3

b

� ct
p3

2
˝ ct

p
2

c

C ct
p2

3
˝ t

p
1

d

� v
p
3

b
p
1;2
/;

t
p4

1
˝ z!2 � v

p2

3
t
p
1
˝ zC v

p
2
.v

p2

3
ct2

::::::

� v2ct
p2

3

d

/˝ t
p
1
C v

pC1
2

ct
p3

2
˝ ct

p
2

c

C v
p
2
v

p2

3
t
p
1
˝ t2

a

� v
pC1
2

t
p4

1
˝ ct

p
3

b

;

where the first equation follows from (4.2), (4.8) and (4.9). The sum of the wavy underlined terms is
�v

p
2
v

p2

3
.2t2˝t

p
1
Ct1˝t

2p
1
/D�v

p
2
v

p2

3
K0, and b

p
1;2
� v

p2�p
3

b1;0 mod I3 by (4.6). Then, modulo JpC2,

.6.2/ t
p4

1
˝ z!2C d1.v

p
2
v

p2

3
t
p
1

t2C v
pC1
2

ct
p
4
/� v

p2

3
t
p
1
˝ z� 2v

p
2
v

p2

3
K0� v

pC1
2

v
p2

3
b1;0:

Now we calculate d1..t
p
1
/sp4/ mod Je.3/p2C1 for odd prime p as

d1.y
0
s;4/� sv

e.3/p2�p�1
2

v
.sp2�p�1/p2

3
.z˝ t

p
1

a

� v
p
2
.K0C v2Z0˝ t

p
1
// .by 5.2/

and

d1

�
�

1
2
sv

e.3/p2�p2�p�1
2

v
.sp2�p�1/p2

3
.z!02�v

p2

2
zt

p
1
/
�

�
1
2
sv

e.3/p2�p�1
2

v
.sp2�p�2/p2

3
t
p4

1
˝z!2

:::::::

�
1
2
sv

e.3/p2�p2�p�1
2

v
.sp2�p�1/p2

3
.by Lemma 4.24/

�.v
p2

2
z˝t

p
1
C2v

p2Cp
2

K0Cv
p2CpC1
2

b1;0�d1.v
p2Cp
2

t
p
1

t2Cv
e.3/
2

v
�p2

3
ct

p
4
/

:::::::::::::::::::::::::::

Cv
p2

2
.z˝t

p
1
Ct

p
1
˝z//

�
1
2
sv

e.3/p2�p�1
2

v
.sp2�p�2/p2

3
.v

p2

3
t
p
1
˝z

b

�2v
p
2
v

p2

3
K0�v

pC1
2

v
p2

3
b1;0/ .by (6.2)/

�
1
2
sv

e.3/p2�p2�p�1
2

v
.sp2�p�1/p2

3
.v

p2

2
z˝t

p
1

a

C2v
p2Cp
2

K0Cv
p2CpC1
2

b1;0Cv
p2

2
.z˝t

p
1

a

Ct
p
1
˝z

b

//:
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6.4 The cochains .t
p2

1
/tp�1 for t 2 Z

Put
.t

p2

1
/tp�1 D�v

�1
2 v

.t�1/p
3

w:

Then the lemma for this case follows from Lemma 4.10.
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