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On products of beta and gamma elements

in the homotopy of the first Smith-Toda spectrum

KATSUMI SHIMOMURA
MAO-NO-SUKE SHIMOMURA

We determine the first cohomology of the monochromatic comodule M. 21 at an odd prime, and apply the
results to show nontrivialities of some products of beta and gamma elements in the homotopy groups
of the Smith-Toda spectrum V(1). The cohomology for a prime greater than three was previously
determined by the first author. Here we verify them and determine the cohomology at the prime 3 by
elementary calculation. The cohomology will be a stepping stone for computing the cohomology of the
monochromatic comodule M03, which we hope to determine for a long time.

55Q45; 55Q51, 55T15

1 Introduction

Let p be an odd prime number and S(,) denote the stable homotopy category of p—local spectra. Let
S € §(p) denote the sphere spectrum. Then the mod p Moore spectrum M and the first Smith-Toda
spectrum V(1) are given by the cofiber sequences

(1.1) SPSsiMiiss and TIM % ML vy L natiyg,

Here p € mo(S) = Z(,), and o € [M, M ]; denotes the Adams map. Hereafter we put

q=2p—-2€Z.
To study the homotopy groups 7« (X) of a spectrum X, we adopt the Adams—Novikov spectral sequence
(1.2) ES'(X) = H" BPy(X) = m—s(X).
Hereafter we abbreviate as
H>' M =Extyp pp) (BPx, M)
for a BP4 (BP)—comodule M over the Hopf algebroid
(1.3) (BP«,BP«(BP)) = (Zp)[v1, v2,...]. BP«[t1, 12, ... ])

based on the Brown—Peterson spectrum BP € S(,,y. We note that the v; are Hazewinkel’s generators and
the degrees of v; and #; are |v;| = 2p’ —2 = |t;|; see Miller, Ravenel and Wilson [2, (1.1)].

Let
1.4) I, =(p,vi,...,v4—1) and sz(p,vl,vé
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3876 Katsumi Shimomura and Mao-no-suke Shimomura
for vg = p denote the invariant ideals of BP,. Since BP4 (o) = vq, the cofiber sequences (1.1) induce the
short exact sequences
(1.5) 0 — BP, &> BP, i—*>BP*/11 —0 and 0— BP./I; Y5 BP,/I; LUIEN BP./I, — 0
along with the isomorphisms

BP«(S) =BP«, BP«(M)=BP,/I; and BP«(V(1)) =BPs/I>.

Furthermore, we have a short exact sequence

j -
(1.6) 0 — BPy/I, 2> BPy/I, > BP,/J; — 0
for j > 1. We denote by
8o: HBPy/I; — HT'BP., §8,: H'BP./I, - HT'BP,./I;, §&;: H'BP./J; — H*V1BP./I,

the connecting homomorphisms associated to the short exact sequences (1.5) and (1.6). We define the
Greek letter elements by

Bi=8(v5) e EX(M)= H"BP,/I; for vi e H°BP,/I,,

Bs = 8081 (v3) € E3(S) = H*BPs for v§ € HOBPy/ 1,

Vey; =8j(v3) € Ey(V(1)) = H'BP4/I, for v§ € H'BPx/Jj,

and y]' = _s”/l € E21(V(1)). We notice that 1 < j < p™if p"|s, so that v] € H°BP./J;.
Let Z and N denote the set of all integers and its subset consisting of all nonnegative integers, respectively.
We denote by Z(P) (= Z\ pZ) and N (= N\ pN) the sets of the integers prime to p, and decompose

7.(P) into the three summands
2P =702 ]]2..

Zo={s€ZWP : ph(s+ 1)}, Zi={seZP:p*|(s+ D)}
Zo={s€ZP:p|(s+1)and p*}(s+ 1)}

for
1.7)

We consider subsets of N:
2Nsg={seN:siseven>2}, N z{seN(p):p2+(s+p+1)orp3|(s—|—p+1)},
2N = {s € N : 5 is odd}, Ny, ={se NP :pts+2)orp?|(s+2)(s+2+ p)}.

Furthermore, we put Z;" = Z; NN for i = 0,1,2. We introduce the subsets Uy, U{, U, and U, of
N() x N given by

Ui = (NP x2N) U (ZF xN),

Ul = (N® x {0}) U (N} x 2N=0) U (ZF NNp) x N) U (ZF x {1}),
Uy = (N; x2N) U (Z§ NNp) UZT) x N) U (NP x {1}),

Uy = (N; x {0}) U(N® x ({1} U2Nso)) U((ZF UZT) x N).
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Our main result is the following:

Theorem 1.8 Let p be an odd prime. In the Adams—Novikov E,—term for computing . (V (1)),

B1 and B, act on the gamma elements _S’;,/j (for (s,r) e N x N and 1 < j < p”) by

)7;;,,./1-5_1 #0 for (s,r)e Uy if p>5, and for (s,r) € U| if p =3,
)73{;’/]13_2 #0 for (s,r)e Uy if p>5, andfor (s,r) € Uy if p =3,
in E3(V(1)).

sp"/j

There is a way to define y” , . for j <a, (a, is defined in (2.7)) so that vg_lys’;,/j = y;lpr, and the
theorem holds for such extended gamma elements. Also B s = (;) v;_z ,8_ > +s2— s)v;_1 Bl mod 7, (see

Oka and Shimomura [5, Lemma 4.4]), and so
_ ~ 1\ _ = _ =
ys/;’/jﬂ’ - (2)ys/;’/j—t+2ﬂ2 + l(z_t)ys/;’/j—tﬂﬂl-
Thus Theorem 1.8 implies nontriviality of the products of )75/ ;) rj and ,3_ ‘-

The Adams—Novikov differential d, is 0 if ¢ 4 (r — 1) by the sparseness of the spectral sequence (1.2).
This shows that the products in the theorem are not in the image of any differentials d,. It is well known
that the elements B, and B, converge to the homotopy elements 1, 82 € 7«(S), respectively, in the
spectral sequence (1.2) for X = §.

=/

Corollary 1.9 Let p be an odd prime. If sp" )

7« (V (1)), then s/,p"/j'Bi =0 fori = 1,2 in the homotopy groups 7. (V (1)) for (s, r) given in Theorem 1.8.

€ E;(V(1)) is a permanent cycle detecting Yepr/j €

Toda [12, Theorem 1] and Oka [4, Theorem 4.2] showed that y;" and y; ; /, are permanent cycles for p > 7.

Corollary 1.10 Let p > 7, and r and s be integers with (s,r) € N x N. Then, in 7+(V (1)),
ys/;,/jﬂl #0 ifrisevenorp}(s+1),
Vear ;B2 # 0 if p24(s+p+1)orp* | (s+p+1),

Vo Ba#0 for r = Lif ph(s+1)(s +2), p2|(s+1) or p* | (s +2)(s + 2+ p).

and s/;)/j'BZ # 0, where j = 1,2.

Theorem 1.8 follows from Theorem 2.9, which states the structure of the first cohomology of the
monochromatic comodule M. 21 The cohomology H'! M21 was determined by the first author [10] based
on the computation in [9] at a prime > 5. Here we determine the cohomology based on elementary
calculation at an odd prime. The generators are explicitly given so that we can use the result easily in further
computation. This result will be a stepping stone for determining the long-desired cohomology H* MO3 .

This paper is organized as follows: In Section 2, we state the main result, Theorem 2.9, which gives the
structure of H!'M. 21 In Section 3, we prove Theorems 2.9 and 1.8 assuming Lemma 3.4, whose proof
will be given in the Section 6. Section 4 is devoted to introducing some formulas, cochains and relations
for the following sections. We refine the elements x3 ; given by Miller, Ravenel and Wilson [2, (5.11)] to
define x;, which induce the cochains yj ;, y;’i € Q1 E(3)4 in Section 5.
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2 The structure of H'M 21

In this section, we state the structure of H' M. 21 for an odd prime p. The structure was given in [10] for
primes p > 5.

We begin with defining the monochromatic BP«(BP)—comodules N,J and M,; inductively by
N2 =BP«/I,, M} =v;]},N:,

for the ideal I, in (1.4) and the short exact sequence

@.1) 0— NS a5 AfS Ka, NS+

see [2, Section 3.A]. Since BP is a BP,(BP)—comodule with structure map 7 g, the right unit map of the
Hopf algebroid BP, (BP), these monochromatic comodules have the structure maps induced from 7 g.

Let E(3) denote the third Johnson—Wilson spectrum, which yields a Hopf algebroid
(EG)x. EG)+(E(3))) = (Z(p)lv1, v2, v3.v3 '], E(3)« ®pp, BP«(BP) ®pp, E(3)x).

Its structure maps are induced from the Hopf algebroid (BP«, BP«(BP)) in (1.3). Since we have the
Miller—Ravenel change of rings theorem

for a v3—local BP,(BP)—comodule M [1, Theorem 3.10], we denote the cohomology of an E(3)«(E(3))-
comodule M also by

By virtue of the change of rings theorem, we denote simply by M, the E(3)+«(E(3))—comodule
E(3)« ®pp, M,. We consider the Ext group as the cohomology group of the cobar complex

(2.2) QM =M QE@3), EQ)«(EQ3)) ®EG). - ®E@3), E(B)«(E(3))
for s factors of E(3)«(E(3)), with well-known differentials d,: Q"M — Q"1 M ; see (4.1).

The cohomology H' M, of the monochromatic comodules with s + 7 = 3 are determined in the following
cases (see [8, Theorems 6.3.12 and 6.3.14; 2, Theorem 5.10]):

H'M] = K(3)x,
H1M30 = K(3)«{ho, h1, h2, {34,

HOM) = K2 /k@s® @ kQ@)/05)x] /05,
i>0,5€ZP)

Algebraic & Geometric Topology, Volume 24 (2024)



On products of beta and gamma elements in the homotopy of the first Smith-Toda spectrum 3879

Indeed, we read off HSM30 = K(3)x ® H*S(3) from [8, Proposition 6.2.1], where S(3) is the Hopf
algebra defined in [8, Section 6.2]. The cohomology groups H *M30 and H 0M12 for p = 5 are also
determined by Ravenel [8, Theorem 6.3.34] and Nakai [3], respectively. Here

k@)« =Z/plva). K(2)x =Z/plvs,v3'] and  K(3)s = Z/plvs, v3'],

where K(3)« = E(3)x/13 = M30. The elements x; (= x3,;) are introduced in [2, (5.11)] and are such
that x; = vf " mod I 3 (see Lemma 5.1), and the generators /;, {3, g;, k; and b; are defined by cocycles
in the cobar complex Q* E(3)«/ I3 as follows:

(24) hi=[t]], ¢=I[Z], g =IGil, ki=[Ki] and b; =[by;].
Hereafter [x] denotes the cohomology class represented by a cocycle x, and the representatives in (2.4)
are defined by
— —p2 p2 _ 2 i i i i+1
Z =—vilety + g Pl 1P i PP Gi=dP @k + 1P o,
(2.5) : i1 . i1 p—1 ) )
Y L & 1.0 o 2P _ 1 (PN kp' o (p—K)p'
Ki=tl' o + L@ bl,,-_Z;(k)zl R PP,

k=1
Here ct3 is the Hopf conjugation of 3 (see Lemma 4.3). We notice that G;, K; and b; ; are also cocycles
of Q*E(3)«/ 15, and of Q* BP, /I, in [2, (1.9)].

Remark 2.6 The generators g; and k; in (2.3) are given by the Massey products (%;, h;41, h;) and
(hix1,hit+1,h;), respectively, in [8, Theorem 6.3.4]. These are represented by cocycles

n_ pi pi+1 pi pi
Gl =1, @t  +1] ®ct,
and K7 in (4.20) in the cobar complex 2* E(3)4/I>, since these Massey products have no indeterminacy.

By (4.21), K] is homologous to K;. Also d; (tlpl tfl) = —2G; — G/, and G} is homologous to —2G;.
Since p is odd, we may replace generators g; and k; by [G;] and [K;], and set as in (2.4).

We introduce integers e(n), ay, js,n and js/,n for integers n(= 0) and s by

n

pr—1

e(n) = P

for n >0,

1 forn =0,
an=3p"+ ("1 -1)/(p+1) foroddn=>1,
ph+p(p"2—=1)/(p+1) forevenn>2,

2.7 2 for s € Zy and n = 0,
2p2—p+1 fors € Zogandn =2,
_— 2an+I for s € Zy, evenn > 4,
Jon = Ap+2 — Apy1 for s € Z1 and even n > 0,
p+1 fors € Z(P andn =1,
e3)p"2—p+1 forseZ® and odd n > 3,

Algebraic & Geometric Topology, Volume 24 (2024)
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2 for pts(s—1),
2p fors=tp+1land ptt(t—1),

g p>+1 fors=tp>+1and pit,

Js.0 = anp+p fors=tp"+1withn>2and p#tt,
an+1 fors=tp" +e(n)withevenn>2and pt(t—1),
anp+2 fors=1tp" +e(n)withoddn >2and p}(—1),
2p fors € Zgandn =1,
2pay—1+p for s € Zy and odd n > 3,

jsl’n = 4 pan+1— pan fors € Z{andoddn > 1,
p>4p for s € Z(P) and n = 2,
e(3)p"2—1+1 forseZP andevenn > 4.

Here 1 = 0 if p = 5and 1l if p =3, the Z; are the subsets of the integers Z defined in (1.7), and the
integers an are asz , in [2, (5.13)]. We note that

28) ap+ap_1=eB3)p"? -1 forn>2 and P +apo—p"3=a, forn>3.
Theorem 2.9 Let p be an odd prime. Then H 1M21 is the direct sum of the k(2)x—module Boo =
K(2)«/k(2)«{ho, h1, &2, ¢3} and the k(2)«—cyclic modules generated by
(83)spnja, for (s,n)e ZP) x N,
(ho)spn/j,n  for (s,n) € (Zo UZ;)x2N) U (ZP) x 2N),
(h)spnyjs,  for (s.m) € (Zo UZy) x 2N) U (ZP) x 2N) \ {(1,0)}),
(h2)ip—1/p—1 fort € Z.

There is a little difference between the cases for p > 5 and p = 3. In the theorem, f > (= (h1)1) denotes
the homology class of z in (4.18) (see also (3.8)), and the generators (§),/; for § =[X]in H 'M 30 denote

()s/j = W3 X /0] + #]
for a cocycle v X/ vg + * of the cobar complex Q! M, with an element x killed by vg ~!. The element
vy acts on (§)/; by

(2.10) v2(8)s/j = (E)szj—1 and  v2(§)g/1 =0,

and so (§),/; generates a cyclic k(2)«—module isomorphic to k(2)/ (vg):
kQ){(E)g/} = k2)+/ ).

3 Proofs of Theorems 2.9 and 1.8

In this section, we assume Lemma 3.4, which will be verified by a routine calculation in Section 6.

Algebraic & Geometric Topology, Volume 24 (2024)
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3.1 Proof of Theorem 2.9

For the monochromatic comodules defined in Section 2, we have a short exact sequence
(3.1 0— ML M) 2 M) —0,
where n(x) = x /v, (see [2, (3.10)]), which induces the long exact sequence
(3.2) RN AN VAINY AR VN S 43 VARKENY S ) VARKING /23 VAL
From [2, (5.18)], we read off the following:
Proposition 3.3 The cokernel of §: H°M21 — H! M30 is a 7./ p—module generated by (h¢)o, (h1)0,
(ho)sp2x for s € ZoUZy,  (ho)yponsr fort € ZP),  (hy)ox for t € 2P,
(hy)spar+1 for s € ZoUZy, (h2)ip—1 fort €Z, (¢3); forteZ,
fork = 0. Here Z; is a subset of Z given in (1.7), and (§)s = v3& for & € {h;, {3 :i € Z/3}.
Let (x)s € Q! E(3), denote a cochain satisfying
(x)s =v3x mod I3.
Lemma 3.4 The following cochains exist in Q' E(3)«/I:

(1) (#)sp2x and (flp)spzk—i—l for s € Z such that

s(s+1)v2S1pG2 k=0,
() S(s + 12 TP ‘ZPG k=1,
k) = k—
i sp? —3s(s+1)v2a2" (sp=2)p* Ko k=2, p=5,
32k—1(39_12
—2s(s + l)vzaz"+1 (35— )(b o +t!®Z) k=2 p=3,

» s(s + l)vipvgp 2G0 k=0,
di (1)) spart1) = 2pasi+ (s 2) p2k
(S+1)Up2k PyIp==)p bl,l k>1,
(2) (#;)sp2r and (lf’)spzk+1 fors = tp* — 1 € Z such that

_  @kya—azt1, (tp—1)p?t! p _  Paz42—pazc+1, (tp—1)p?k+2
di((t))sp2r) = v, V3 bro, di((t])spar+1) = v, vy bi.1,

fork >0,
(3) (#))sp2x+1 and (tf)spzk for s € Z'P) such that
t(t—l)v2 vgp 1GO k=1,
—tv? +1v(tp 1)‘DG k=2
—2tv," " GO odd k > 3,

_ k—1
2tva"+p (tp Dp Ky evenk >4,

(t = Dv, a"+1 gp Hpelk= 2)G evenk > 2,

4 J—
di () pk te(h)) = {_(Z_ v ak+2vtp Frek=2p  odd k > 3
Uy 3 ’ -7
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s(s—l)vg 72K, k=0,
p*+p spz—p—l
— K k=1,
dl (([11))3]121() = svze(3) 1)23;( 2_q (s g_ -1) 2k—2
—3s50% p v3p PO g p>5.k>2,
2k— _ 2k—2
sy T 4 200y p =3k =2,

—Svfﬂvgs 2)pK2 k=0,

di((t))sp2u+1) = {sv§(3)p2k 1_”Jrlvgsl)z_p_l)p%_lb1,1 k>1,

2 2
@) (7 )ip—1 such that dy (17 )ip—1) = v2 WP 7Pby 5.

Here G;, K; and by ; are the cocycles of QZE(3)*/12 in (2.5), Z' is an element in Lemma 5.1, and
X = vy denotes the congruence modulo Jg 1.

Letd{((x);) = vgy mod J; 11 be a congruence in Lemma 3.4. Then 6 (([x]);/;) =[] for the connecting
homomorphism &7 in (3.2). Here ([x]);/; (= [(x):/ vg ) e H! le denotes the cohomology class of the
cocycle (x);/ vé of QIMZI. Thus the cochains in Lemma 3.4 give rise to elements (/9)spr/j, , and
(h1)spryj;, of H M 21 as well as their §;—images. Furthermore, we have elements

(£3)1pn ja, = X4¢3/v5" € H' M)
for the elements x, (= x3,) introduced in [2, (5.11)] (see Lemma 5.1) with

(7283)1—1 n=0,
(3.5) 81((83)pnja,) = | (ho83) (tp—1)pn—1 1 is odd,

(h183)(tp—1)pn—1 miseven >2,
by [2, (5.18)] (or Lemma 5.1). As a k(2)x—module, K(2)«/k(2)«t&} = Z/pi(§)oy; : j = 1} with
v2(§)o/j = (§)oyj—1 and v2(§)o/1 = 05 see (2.10).

Let B be the k(2)+—module of the theorem. Each direct summand of B is a submodule of H'! M. 21, which
defines a k(2)x—module map f: B — H' M 21 Furthermore, assigning (§)s/1 € B to the generator (&) of
the cokernel of 8o, we have a homomorphism 77, : H' M — B by Proposition 3.3. These homomorphisms
fit in the commutative diagram

HOM) s MY~ g B d H>MY
) 8
HOM) == H'M? " H'M} —= H'M} ——— H>M?

where we define §7 by &; /. It suffices to show that the upper sequence is exact by [2, Remark 3.11].
By the deﬁmtlon of B, the subsequence H OM LN M; 0 T+, B Y2, B i exact and the composite
B2l > H>M? is zero.

Algebraic & Geometric Topology, Volume 24 (2024)



On products of beta and gamma elements in the homotopy of the first Smith-Toda spectrum 3883

Suppose that the §}—images of the generators are linearly independent, and take & € Ker§] to be a

homogeneous element. Then

&= Z ¢ for generators & of B and scalars ¢ € k(2)« and 0= 5’1 &) = Z Ek(S’l r)
k k

for the image ¢x of ¢ under the projection k(2)« — Z/ p sending v, to zero. Since the & (&) are linearly
independent we see ¢x = 0, and so we have ¢; € k(2)« such that ¢, = v,c; . Therefore

£= Y vacie € Imus,
k

and we see that the upper sequence of the above diagram is exact if the 8’1 —images of the generators are
linearly independent.

The §)—image is a Z/p-submodule of H 2M3° in (2.3) with generators of the form (p)s for p €
{gi, ki, bi,hits : i € Z/3} by Lemma 3.4 and (3.5). Moreover, Lemma 3.4 and (3.5) show that the
§1—image of each generator &; has only one summand of form (p)s,

(ho83)@p—1yp2ns (M8 p—1yp2n—1,  (h283)1—1.  (82)s—1-p;

(k1)s—2,  (k2)s—2)p> (Do) (tp—1)p2n+1 for p =5, (b2)ip—p,

except for
g0 (g0)sp—2 (80)(tp—1) p2n
g1 (gl)(sp—z)p (gl)(tp—l)p (gl)tp2"+pe(2n—2)
ko | (ko)(sp—2yp2n—1 (ko)p—1)p2n—1  (K0)(sp2—p—1)p2n (p=53)
ko | (ko)z2n—1(3¢—1) (ko)9s—a (p=3)
bo | (bo)s2n-135—2) (bo)szn+t13i—1)  (Do)32n—2(95—4) (p=3)
by (bl)(sp—Z)pZ" (bl)(tp—l)p2"+2 (bl)tp2"+1+pe(2n—1) (bl)(spz—p—l)pz”_1

These show that the §]—images &/ (€ ) for the generators £, of B are different from each other, and so
they are linearly independent. |

3.2 Proof of Theorem 1.8

Let 8(2) :H*N. 21 — H*TIN 20 be the connecting homomorphism associated to the short exact sequence (2.1),
and consider the diagram

)+ 59
e H2N} — H*N? = E3(V(1))

1

H'M} — H*M? —— H>M)

H*M) ——

of exact sequences for §; in (3. 2) The connectlng homomorphism 8 associated to (1.6) is factorized into
5

the composite 8 H’BP./J; & UR Hle H“‘“N0 for the homomorphism 7; given by i; (x) = )c/v2

It follows that

(3.6) Vepr /j —5°(v31’ /v))e H'N? = EX(V(1)) for ugp v} e HON.

Algebraic & Geometric Topology, Volume 24 (2024)
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Since 52 is a k(2)x—module map, we have
3.7) o] 7' =l TS vl = 830 v ) = 820 Jva) = e
It is well known that

Bi=—bo=[-b1] and B, =2ko=[2Ko]€ H>N;

for the cocycles by o and Ky in (2.5); see [5, Lemma 4.4]. This defines elements v;pr ,3,-/1)2 € H2N21 for
i=1,2, and
833" Bi/v2) = vipr Bi € E3(V(1))  (by (3.6)).
We also see that for v”;pr ,B_i € H2M3°,
N« (v Bi) = 5 (v3F Bifva) € H* M.
From Lemma 3.4, the elements P’ 8, = —(bo)spr and P 8, = 2(ko)spr € H2M? may be in the
3 p 3 D 3 y

image of §; if
p=>5 and (s,r)€ (ZTUZ;)X2_N

or
p=3 and (s.r)€ (N;x2N5o)U((Z] UZS)x2N)U (N, x 2N+ ),
and if
p=5 and (s,r) € (Nyx2N)U(Z] x2N5 1)U (N, x2N+)
or

p=3 and (s,r)e(N;x{0}HU (Z;r x2N51),
respectively. Here N; = N \ N; for i = 1,2. Therefore, if a pair (s, r) satisfies the condition of
the theorem, then the element vgp ' Bi is not in the image of §;, and survives to Lé(v;p ' Bi/v2) under the
homomorphism 7. Thus vgp ' Bi/va£0e H 2N21 under the conditions.

Ravenel determined in [8, Theorem 6.3.24; 7, Theorem 3.2] that

MO — {K(Z)*{hoé,h@z,bo,b1,s§} p =3,
2 T KQ@udhola hiba, g0, 817 p =S,
Where Z , =v? +1§2 = [—z] for ¢, in [2, Proposition 3.18)] and z in (4.18). This shows that the elements

(3.8)

v3 ,3 /v forz =1, 2 are not in the image of (Kz)*, and hence survive to ysp, Bi € E;(V(l)). Moreover,
Sp v Bi £0eE? > V(1)) if v] ! S’; v Bi = )/Sp, Bi is not zero, where the equality follows by (3.7). O

4 Some cochains in the cobar complex 2* E(3),

In the rest of this paper, we consider E(3)«(E(3))—comodules whose structure maps are induced from
the right unit map ng: E(3)x — E(3)«(E(3)). We consider the cobar complex 2* M of a comodule M
in (2.2), whose differentials are given by

4.1) do() =nrW)—v e QIEB)x, and di(x)=1®0x—AKX)+xQ®1eQ*E®3).
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forve QPEB)s = E(3)x and x € QU E(3)« = E(3)+(E(3)). For the differentials dy and d;, we have
relations (see [11, (2.3.2)])

do(vv') = vdo (V") + do (V)R (V),

di(vx) =dy(v) ® x + vd;(x),

di(xy) =—x®y—yQx+di(x)Ay + (x® 1 +1®x)d;(y),
di(xngr()) =di1(x)(1 @ nr(v)) —x ®do(v),

for v,v' € E(3)x and x, y € E(3)«(£(3)). A formula for the Hopf conjugation ¢ : BP«(BP) — BP,(BP)
is given in [6, (3)], and immediately implies the following:

4.2)

Lemma 4.3 The Hopf conjugation c: E(3)«(E(3)) > E(3)«(£(3)) acts as

2
cti=—t1, cty=t'""—1, and ct3 =107 —tyet? —t3 mod 1.

For the right unit 5 : BP, — BP.(BP), we have a well-known formula (see [6, (11)])
n—1

(4.9) NR(Un) = vn +vu—1ty  —vP t; mod I,_;.

A routine calculation using (4.1) and (4.4) shows the following:

_ 2k _ n2k+1 2k
Lemmad4.5 Puto, =Y j_o v =2k P € E(3)«. Then

2n—2 2n

do(o,) = vf tlp - vg”’*ltl mod I,.

In E£(3)«(E(3)) we have ng(vs) = 0 = ngr(vs), which give rise to relations
3 2 2 3 2 3
(4.6) v3llp Et17]R(U3)p—U2Z2p —|—v2p t, and v312p Elan(v3)p2—vzt3” —v2wp—|—v§ t3 mod I,

(see [6, (12) and (16); 8, Corollary 4.3.21]), where w € E(3)«(E(3)) (= wl(v3,v2tlpz,—v§t1) in
[8, Corollary 4.3.21]) is an element defined by

4.7) pw = v3p + vfllp3 — vfztf’ + y? —nr(v3)?

for y € (p,v1) in ng(v3) = v3 + vztf’z — vftl + y; see (4.4).

The diagonal A: E(3)«(E(3)) — E(3)«(E(3)) ® E(3), £(3)«(£(3)) of the Hopf algebroid E(3)«(£(3))
acts on the elements ¢; and ct; by
At =11 +1®1,
Al =6, 14+14 ®tf’ +1®t,—vib; o mod (p, vf),
(45) AB) =61 +6H® zf’z +6®12 4116 —v2by; mod I,
Aty)) =401 4+13 ®z{’3 +z2®z§’2 +1 Q1 +1®1t4—v3b, mod I3,
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(see [6, Theorem 8; 8, Corollary 4.3.15 ]) and so
di(ctr) = -1 ®11,
4.9) dq(ct3) Ectf®t1 +tf’2®ctz—v2b1,1 mod 15,
di(cty) = tf’S ® ct3 —czfél72 & cty + ctf ®t —v3b; 2 mod I3,

since A(cx) = (¢ ® ¢)TA(x) for the switching map 7" given by T'(x ® y) = y ® x, where by j is the
cocycle in (2.5).

K+
The fact d; (tlp 1) = —pby x mod (p?) implies not only that the cochain bix € Q2E(3)+/(p)isa
cocycle, but also the following lemma:

Lemma 4.10 The cochain w in (4.7) satisfies

—1 p2 2
E—v2v§’ lllp mod J, and di(w) E—v§b1,2+v§ b1,0 mod 7.
_ 2i _p2i42 g
Corollary 4.11 Put W, = Y1— ) vF™ @2n=217P""",P™  Then

_ ! azn
di(W,) = —V; b1,2n +v, bl,() mod 1.

We generalize the relations (4.6) and obtain the following proposition from [8, (4.3.1) and Lemma 4.3.11];
6, Theorem 1] (see [9, Proposition 2.1]):

Proposition 4.12 There exist elements T, for n > 0 satisfying T,, = ¥ mod I3 and
k+1 k 2
vy lpr HanrRW3)? =01 To+ 0T +usTP mod (p. )
for k > 0. In particular, Ty = 1, T} = tf’, T, = tzp and T5 = tf + w mod I,.
Proof We begin by recalling some notation from [8, Section 4.3]. For a sequence J = (j1, ja2,..., jm) of
positive integers we set |J| =m and || J|| =Y/~ ji, and an element vy € E(3)y is defined recursively by

V(j,J) =Vj vfj . Let wy (S) for a set S be symmetric polynomials of degree p” such that wo(S) =), cg X
and ) g x?" = Yo pkwk(S)Pn_k. We then define sets S, out of a set S = {a;_ ;} recursively by

. . IT=1J1
Sp=Aaij:i+j=nU | wrws(Suysp)? -

|J|>0
By [8, (4.3.1) and Lemma 4.3.11],
F i F i
(4.13) wo(Co) = Y tnr@)” = Y wit! =wo(Dy) mod (p)
i+j=n i+j=n

for the sets . )
C ={tmr))?'} and D ={vit] }.

In E(3)«(E(3)), put

Ti=1J1
w(Sn) = Y vi w141 (Supsp)”
7

and T, =tP —w(Cy) + w(Dy).
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Then the proposition follows from (4.13) and the congruences

n—2 n—3 2
wo(Cn) =08 thez + 1a—3nr(V3)”  +01wW(Chey) + V2wW(Crez)? + V3w (Cp3)?”,
2 3 2
wo(Dp) = vith | +vatl” ) +v3t? +viw(Dy—y) + v2w(Dy—2)? + v3w(Dy—3)?",
seen by the relation

pllGDI=Itk. DI pHJH—IJ\-‘rk—l.

k
VG, )W, )| (Sl e, 1)) = 0oy w1 Snek—p))

Lemma 4.14 Forn > 0,

n
— i+1 —
nr(vy lvg(n))z E (=D of e(n=i)+p= lvg(’)t: i —viwl +vvf *wyq1 mod (p, vi).

Here

n . .
(4.15) wy = S (=)D Ty el D),
i=1

Proof In this proof, every congruence is considered modulo (p, v2) By Proposition 4.12, #;n R(v3 ) =

pk+1
Tk—v2 tet1 foer—vlTk+2+v2T

P v3TF", which implies inductively

nr(Ee™) = - Z( D2 0D Fip gl om0y 4 (cayl ey,
i=1
and hence

@.16) 1R ™) = —v10y P Wi + 0y Pwl, | —vswd + (—1)"F ey

n+
1-
_vlvz (tl nR(v3)—U2ZP)nR(U3 e(n))+v —-p P (v3 e(n))
Now we prove the lemma by induction. For n = 0, it follows from the facts ng(vy) = vy + Ultlp by (4.4)

and wy = —tf’.

Assuming the case for n, we obtain the case for n + 1 from (4.16) and

— — _ 2
L T e L O T LT )
2 1 2 +1
—v2p 1R (v peln )) V1 vé’ r] (v3(n ))

given by nR(v§_1v3) = vé’_l(v3 + v2t1p2 — vftl + vltzp) — vlvf_ztlan(m). Here ng(v3) is given in
[2, 5. D] O

Evaluate the congruence in Lemma 4.14 under d;, and compare the v;—multiples. Then we deduce the
following corollary; see [9, Proposition 2.3]. Indeed, if vy v2 d1 (Wp+1) = A+ vy B mod (p, 2) for
some A and B involving no vy, then 4 = 0 mod (p, vf) and v2 d1 (Wp+1) = B mod 1.
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Corollary 4.17 For the elements w, in (4.15),
n—1
di(warr) == 3 (=12 0Dy @ — (1) Ve, mod 1.
i=0
Here by, is an element in d(t,) = a, + v1b, mod (p, vlz) for a,, and b, involving no v;. In particular,
bz = bl,O by (48)

We have the cocycle z in Q! E(3)4/I, given by
(4.18) z= v3tf’ + vzctf - vfrz = llan(v3) - vzté’ + vgctz =—wy + vé’ctz,

which represents the element —vf +1§ » € H'MDY; see [2, Proposition 3.18(c)] and (3.8). In particular,

4.19) tfr]R(vg,) =z+ vzlzp — vé’clz mod /5.

We further have cocycles G} and K € Q?E(3)+/1 for i € {0, 1,2} defined by

@200  Gl=c @ + 47 92 and Kj=1"" @ + 127 @il
which are homologous to G; and K; in (2.5), respectively. Indeed,

4.21) di(gi)) =G;—G; and di(t)=K;—K; mod I,

for i € {0, 1,2}, and for g;, €; € Q! E(3)4 given by

(4.22) g =12 4P g gy =P L2

We also have a similar relation
(4.23) di(il)=—t @+ ctr,®17)—2Ky mod 1.
Lemma 4.24 In Q! E(3),, put

w1 =nNR(V3)t — vtz + vé’tltz, Wy = %77R(v3)tl2 — ) Pto and @y =—w;3— pe(z)tpt
Then, modulo I,,

di(@1) = —t1 ® z—v3b1 1 — 208 Gy, di(w2) = —tf ® z—v,G1 + v K,
dy(@y) = o2 2@t + 207 PR+ Pby

Proof In this proof we consider congruences modulo /. A routine calculation shows the congruence

for dq(w1):

di(nr(v3)r) =-11 R (z+ v2t + v2 I =, lf’“) —H® (vztf — vyl ) (by (4.2) and (4.19))

Ta T b d
2
di(—va13) = v2(t1 1y + 1, @1 — by 1), (by (4.8))
a b
diwlnn) =@ +uen +i el +n @, (by (4.8) and (4.2))
d c

Here the underlined terms with the same label cancel each other and the wavy underlined terms
make —21)5 Gy.
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For d; (w,), we calculate
2
dy(Anr3)EEP) = =17 ® (z + vyt? ) —M + m (by (4.2) and (4.19))
G K’ G K’
Add d, (—vé’ £y), and we obtain the desired congruence by (4.21).
We verify d; (@w,) by

di(w3) = —vé’e(z)wl Rt + vfzwz ® llp — v§(3)b1,0 (by Corollary 4.17)
= Oy @n +07 (—z+ v et) @1 —vEPb1 o, (by (4.18) and (4.15))
a b
dy (PP 1P 1y) = PP @1y + et ®17) +2Ko). (by (4.23)) O
a b

5 The elements x; and deriving elements y; and y!

In [2, (5.11)], Miller, Ravenel and Wilson introduced elements x3 ; € v3_1 BP.. We refine them, and define
the elements x; € E(3). by
X; = vfl fori =0,1,2,

p_ . pi-l1 (p—l)p2+1

X3 =X, =V, Uz ,
X4 = x5 — v;(Z)p —p-1 gl’ —6(2))p2+p+1’
Xoppr = XD — vl POy v;(3)1)2"‘1—e(3)vgpz—e(z))ka—1+p+1,
Xok42 = XD, _2v§(3)1’2"—8(3)U§P2—e(2))p2"+p+1,

for k > 2.

Lemma 5.1 (see [9, Proposition 3.1]) In Q! E(3),, we have
PP
do(xp) = Vol — V50 mod 15,
2
afo(xl)—vé’vgJ ltl vf+1v3llf mod J;,,
do(x;) = v (xp lzpl + Bi) mod Jo3)pi—2 fori=2.

Here ¢; = %(1 + (—=1)%), and the B; are given by

i 2 3 2k 2k +1
B; vag(z)lz vf (3)(2 v2 p+1) vzzk 1—p (2k)(Z t) vaz/‘ pv§(2k+1)(2z—vé’ctz)

forc(k) = (p>— p—1)p*=2. Fori > 4, add v?““ vg(i)Z’ to B; if we consider the congruence modulo
Je(3)pi—2+1- Here Z' is a cocycle homologous to aZ for some a € Z/ p.

Proof This follows from a routine calculation: For i < 2, it follows from (4.4) and from (4.6).
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We obtain dy(x3) from (4.19) and

—1)p2 12
do(v§P Dp +1)_vgp Dp (vztlp

(p—1p? p(l

-V, 2t — v2 V3 L MR(v3) —v; ?t,) mod Je(3)

by (4.2), (4.4) and the congruence on d(x,). We note that nR(vp+1) = vpJrl —i—vzzl’—vé7 z by [2, (3.20)],

and obtain
do (vgpz—e(Z))szerrl)

_ v§p2—6(2))p2 (vy2?

—vé’zz) vgzvgp —e(2)) p?—p p(vp+1 T Zp)+UP 2+p (p —6(2))p2[2 mod J,3).
The congruence on dg(x4) follows from this and the congruence on do(x3), together with the definition

of the element x3.

Inductively suppose that

azi . .p— lt”

2k—2__ _ 2k—2
do(xox) = vy x5, (1] +v 9(3)1’ e(2) (P e(2)p (

Z—vé’lz) mod J,(3) p2k—2.
Then we calculate

do(x k)_vpaka(p Dp,p? 1o 6(3)172" '—e@)p, (p*—e(2)p*~ l(z_l’—vpzzp)

2%k—1 U U3
a C
pazr—1 (p Dp
do(—vy " Xy vs)
_ _.pay—1_(p—Dp,  p> e(3)p2k=1—p—1 p —p—1 p_.p
= —v; Xy (v f t)—l—v X5 (Z4vaty —vych),
a C

where the second congruence follows by (4.2) and (4.19), and

do(_v§(3)p2k—1—e(3)v§P2—e(2))P2k_1+P+1) _ _U§(3)p2k_1—e(3)v§172—e(2))172k_1 (vz? — véﬂz)‘
Therefore ’
do(X2k+1)_vpa2k+p 1 % 1)1J T e(3)p2" '—e(2) (p 2—e(2)) p* 1(2z—v§ct2).
Also
do(xzkﬂ)—vfay‘ﬂ éi i)p (7 v 623(3)P2k—e(2)Pv(PZ—e(Z))sz(2Zp_vé72€tél7)
Evé’azkﬂ(x;k—ll_vfazk—l gz e Np, )Zp+Ue(3)p2"'—e(2)pv§p2—e(2))112"(2Zp_vgzctzp)
_v2pa2k+1 fk—:lllp-’_ve(S)ka_e(Z)P (» —e(2))P2k(2Zp_vé92—lz v22+p ')
and
do(_2v§(3)p2k—e(3)vgpz—e(Z))p2k+p+1) _ _2v§(3)p2"—e(3)vgpz—e(Z))pz" (vyz? — vgzz)'
Therefore

paz;, p—1 .p e(3)p2"—e(2) P 2—e(2)) p?< p
do(Xakt2) =vy a1+ v, (z—vi1).

These complete the induction.
Put do(x;) = v2 (xp ltp gus B; + vz’ 1+l C) mod J,(3) pi—144 for a cochain C. It is easy to see

dl(v (xp 1tp'—l-B,-))EO mod J,(3ypi—141-
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It follows that C is a cocycle of ! M2, and so C represents a cohomology class avg(i)é‘ seH 1M30 for
some a € Z/ p by (2.3). |

Put
do(x;) = vg"A,- + v‘zli B; for A; = xp ltp "
where &; = %(1 + (—1)). We introduce elements Vs,i and ys,i e QE3)4 by
Vs.i =xl-stlpgﬂrl —sxl“.v_pHBiH and  yy; =xl~st1p + ZsvyixiT T4, 1! “
Lemma 5.2 For the elements y; ; and y; i

dy(ys,0) = s(s + l)vgvg PG, dy (¥s,1) =s(s+ l)vgpvgp 2Go,

di(ys,2) = —s(s+ 1)U2p pv;p 2p(tp ®z—v§x),

d ( ) S(S + 1)v2a2/ c+1—P SP 2([1 ®Z vz GO) l — 2k + 1,
1Us,i) = .
o —s(s + D, 2a2"+2 p ;Z:I(th@z /) i =2k +2,
1 2 1
d, (y; D= —sv§+ PTEPK, . dy (ys ) = —své7 >+p ;p P K,

dl(ys3)_sv23+p p;p - p(z®t1—v x’),

e(®)p'2—p—1 (sp —p—1)p*= 2(z®tp—v2 Ko) i =2k,

() =1"2
1 i—2_ 2k—1

o "(3)1’ o (”’ PP 2z @0 PGl i=2k + 1.
Here x = (1 +1, )®Zp —i—zp Qi+ %ZIZP ®t and x' = ZIPH Rt + Ellp ®112, and these congruences
are considered modulo J, 1, where a is the largest power of v, in each congruence. Furthermore, replace
Kj and K in the congruences on dy (g 2 +2) and d, (y;,zk) by K+ votf ® Z' and Ko +v,Z' @17,
respectively, if we consider the congruences modulo J, 5.

p+1 p+1

Proof We note that
_ &i41
di(Bit1) = —di (A1) = —do(xP ) @1F mod I,

s+ 1
2

Indeed, do(x¥) = sx¥~1do(xi) + (3)xf 2do(xi)* mod Jsg,. Also,
di(Ait?" ) =do(xP Y @ 2P —2xP NP @iP T = do(xPT Y@ —24; @17 mod Juy 1o

do(x;‘)+sx;‘+1‘1’do(x;"1)s( )xis_zdo(x,-)z mod Jsg, .

Then we calculate
pt+

di(ys.0) = do$) @17 —sdo(x] TP @ By +5x] T T Pdo (P T @] (by (4.2))
E(S-;:l)xf_zdo(xi)z@tp S+ DX Pdo(x) ® Bigy mod Jag, 4.

di (L) = sxi oy @7 + Lsvi i T do (P @ 7P —sulixi T A @ (by (4.2))
= sy x{ 1 (B; ®tp + 1do(xP7, )®l2pl) mod J,(3) pi—241-

Now we obtain the lemma from Lemma 5.1. O
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6 Proof of Lemma 3.4

In this section, we define the cochains (tlp l )s and verify their d—differential.

6.1 The cochains (7,),,2« and (t]),,2x+1 for s € Zg

We define the cochains by

-2
s = Vs,0, sp = Vs,1» sp2 = Vs,2 — s»? pwz,
(t)s = Ys,0.(])sp =¥ (t)sp2 = Vo2 —s(s + 2P 7P}
2ask 2
(t )spz""‘1 = Vsak+1—S(s + 1) fan pXZi @1,
2 2
(t))spar+2 = Ysok42 —S(s + v @2k +2=P P ;,€+1(2w2 +vf (Zth +v7%)),

for k£ > 1. Then the lemma for this case follows immediately from Lemmas 5.2, 5.1 and 4.24 together
with (4.21). Note also 2a3x41 — p + 2 = 2payx + p. For example, for the case p = 3 and k > 2, we
compute modulo J54,, +2

di((t1)32k5) = di (75,20) =5 (s + D3 7 a3 73d1 (28, +v3 (2217 +v3to)

—s(s—i—l)vzaz" -3 ;’,’; 21(2t1 ®z— vz(K/ + i ®Z')) —s(s + l)vzaz" lzx;}; 2

a b
-(2(v§z®t13 +2v52K0 +v;3b1,0)+v§(—2(z®tl3 —I—t13 ®z) —{—v%(l(é—ﬁ)))),
c d c a b d

where the second equivalence follows by Lemmas 5.2 and 4.24, and Equation (4.21)

6.2 The cochains (7,),,2« and (t]),,2x+1 for s € Z;

We put s = tp? — 1, and define the cochains (1)) (tp2—1) p2x and (tf’)(,pz_l)pycﬂ by

Ok)

242 p2k—1 (4p—1) p2k+1
+v§ p vgp )p Wy,

azii1 (t— 1)p2k+2 P2+l p2kH1_p2k=2 (;p2_ 1) p2k
v, (tl)(tpz—l)ka = U, —d ( v, Vs

(tlp)(tpz—l)pz""‘1 = (tl)(’;pz_l)pzk’

for the elements o in Lemma 4.5, w in (4.7) and W}, in Corollary 4. 11 Then this case follows from
2k+1 2k+42__ 2k 2k
Lemmas 4.5 and 4.10, Corollary 4.11 and (2.8). We also use relations w?>* —vf vf p le
2k+1

mod Ja,, . ,+1 by Lemma 4.10 and (4.6), and bl,2 = by ks =0 P by o mod I3 by (4.6).
For example,
2k+2 2k+1 2k+2_ 2k 2k
-Dp ( v p tlp
2k+1_ ,2k— 2 2_1 2k 2k—2 2k -
—vf P vgtp )p (vé’ tlp _ngk ')

a 1p2—1) p2k
Evzz"+lv§p )p t7 mod J,

vyt () (ep2—1) p2k =3 (by Lemma 4.5)

2k+1+1>
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since p2k+1 — ka_z + azj—1 = daj+1 in (2.8), and
Azk+1
U2 d] ((ll)(tPZ_l)PZk)
2k+2 2k+2 2k+1 2k+2 2k—1 2k+1 2k—1
— P (t—=Dp P P -p (p—Dp P ax
=Y U3 by, ) Vs (—vy b1+, bio) mod Jay s
a a
2k+2 _

by Lemma 4.10 and Corollary 4.11. Since p p2k_1 + arkx = dsk47 in (2.8), we obtain the case

for (,)spax-
6.3 The cochains (,),2+1 and (t7),,2« for s € Z®

We begin by defining
t])s = vyt + svzvg_lctf —s(s — Dvsvy 28y,

Then we calculate by (4.2), (4.4), (4.8) and (4.22), and obtain

di((t7)s) = s(s — l)vgvg_zKl mod J3.
Now we consider the cases for p |s(s —1).
6.3.1 The cochains (tf )epk +1 for k =1 We define the cochains by

4 _p p. tp p+1 tp—p .p
(t))tp+1 = vy 2+t 05 L —tvy vy Ty,

D _ ot ax (tp—1)p
(17)tp241 = X32 + 10,70, @2,
p ot asziy1_ (tp—1)p2k ark+p+1,,p
(4 )tp2k+1+1 = Xpp 412 T 1V, vy w1 +1v, (4 )(tpz_l)pzk—l,

—_p2 _ 2k+1
p .t aze+2—p°_ (tp—1)p
(tl )tp2k+2+l = x2k+22 + tvz U3

in QIE(3)* fork>1,te7®, Xp in 5.1, z in (4.18) and w; in Lemma 4.24. We verify this case by a
routine calculation using (4.2), (4.4), (4.18), (4.8) and (4.9). We see that

2
(@2 + vy zty),

tlp3®z = nR(vg,)tlp3 ®tlp+v2lf’3 ®ct2p—v§v§’_lt1 ®t, and 77R(v3)tfv3 = vﬁ’tl —H)zclzp2 mod Jj 4
by (4.18), (4.4) and (4.6). It follows that zf’3 ® z = —d; (v 12) + vadi(ctf) mod Jpyq, and then
dq (vgpz) = tvé’v;p_p(—dl (vflz) + vody (ct:f)) + (;)ngvgp—ltlz ® tlp mod J5, 1. Thus we obtain
di (1)) ep+1)-

The congruences on d; ((tlp )epk+1) for k =2 follow directly from Lemmas 5.1 and 4.24 and the results
on d; ((tlp )(tp2—1) p2k—1) shown in the previous subsection. For example,

— t a tp—1) p2k ari+p+1
dy (1)) spax+1 1) = di (X ) @ 2 + 10, ! v§ PP (wy) + 10 TP AN () 1 p2—1y 1)
— 2k : _ 2k
= ZU;2k+l vgtp Dp HhH®z+ tvgz'”rl vgtp Dp (-1 ®z— v%blgl - 2v§G0)
a a b

azic+p+1+pazi—pazi—1 , (tp—1) p?*
+lv2 ¢ U3 bl,l mod Ja2k+1+P+1’

b
where the second equivalence follows by Lemmas 5.1, 4.24 and 3.4(2).
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6.3.2 The cochains (1]),k o) for k =2 We put r =2n—1+¢ (¢ € {0,1}), and

r r—3

&
(tlp);pr+e(r) = x;{(wr-l—l + v, ’ wr’?R(Un 1) + U2 wrtp )

for w, in (4.15). Note that w, = v?*" " Dw, = —v?*C" 2 mod J, by (4.15) and (4.18). Then
(tlp);p”re(r) xlw,yq = —vgp +e(r) p mod 73. Furthermore, we calculate

d = pp2r PPt by L 5.1 and 4.5 and Corollary 4.17
1((t )tp,+e(r)) W (by Lemmas 5.1 and 4.5 and Corollary 4.17)

r r—1 r_ ,r—3 2n—4+e ,2n—2+e¢ e

+x! (vf wy ® tlp — vf 7w, ® (vf tlp — vgz”%“tp )

a a b
O+ ©u)
b

together with (4.2) and (2.8). This case now follows from Lemma 4.24 by setting (tlp Vip" +e(r) =

. -2
(t P’+e(r)+(t D va tP e @lte:

6.3.3 The cochains (tf)spzk for k > 1 and (¢,),,2x+1 for k =0 We define (fo)spi by

(t)sp = y; 1° (tp)spz = y; . (1 )sp3 = ys 3 +Sve(3)p p-l (SP P l)p(Ztl —wy),
([111)SP4 ys a1 e(3)p —p?-p-1 gSP —p—1)p? (a)z _ v ztlp),

(1) sp20+1 = Vg gty +2sve(3)P2k ot §”’ P — ),

G )sprit2 = ys 2k+2 _Sv§(3)p2k_p e gsp Eaule @3,
where @), = @, — vf +ptpl e(3)v3_pzctf. Except for d; ((tf’)sp4), the lemma for this case follows
from Lemmas 5.2 and 4.24 with (4.2).
For d; ((Zf’ )sp4), we make a calculation:

Wy = —w3 (by Lemma 4.24)
= tpn (vp+1) — vztzan(v )+ vp+1tp (by (4.15) and Proposition 4.12)
= (z + vty —victr)nr(v]) —vatd nR(WY) + 0 Y (by (4.19))
a a
= 1; Pz + vé’tz) P+lczf mod Jp 4. (by (4.4))

Applying the Hopf conjugation ¢ to the congruences of (4.6) shows the relations
3 2 3 2 2
(6.1) tf’ nr(v3) = vfll + vzclzp and ctf nr(v3) = vf cty — vzczf mod Jp4 1.

Algebraic & Geometric Topology, Volume 24 (2024)



On products of beta and gamma elements in the homotopy of the first Smith-Toda spectrum 3895

Then, modulo J, 1,

4 4
le ®v§’zztlp nr(3)? ®z

2 3
=yl +vleal)®: (by (6.1))
= v3 tp ®z -+, ctp ngr(vs3) ®tp + varlctl73 ®ctf (by (4.18))
EU3 tf’@z—i—v (v3 ctz—vzctp )®tp+vp+1ctfs®ctp, (by (6.1))

4 4
1 @uivln = vl nr(v3)? ®1n (by (6.1))
= v2 v3 tp Rtr.
Therefore

1 1 2
dy(vivy lpt2+vp+ ct]) =—viv? (t”®t2+t2®z1’+t”+ @il +n®47)
a

p+1 p P’ P p? o .p
(Z ®cl3 —cty, Qcty +ct; Q1 —v3 2)

b c d
3
tp ® @y = v¥ lp®z—|—v§(v3 clz—vzctp )®tp+vp+1clf ® ctd
R T - ¢
4
ol P @t — PP g er?,
a b

where the first equation follows from (4.2), (4.8) and (4.9). The sum of the wavy underlined terms is
P2 p2=
—v2 v3 (2t2 ®tp +1 ®t2p) = —v2 v3 Ky, and bp2 = v pbl,o mod /3 by (4.6). Then, modulo J, 5,

4 ~ +1 . 2 +1 2
(6.2) zf’ ®a)2+d1(v l t2+vp ctf):vf tf’®z—2v§v§’ Ko—vf vf b1,0-

Now we calculate d; ((llp)sp4) mod J,(3) 24 for odd prime p as
3 2_ —1 2_ -1 2
dy (y;,4) = svg( )p==p vgsP p=Dp z® tlp — vf(Ko +1Z'® tlp)) (by 5.2)

a
and

2_p2_,_ 2 o 1yp2 2
dl(—% e(3)p*—p~—p—1 (sp p l)p( ’—vf th))

E% e(3)p —p—1 (sp —p—2)p? iﬁ% Sv;(3)p —p?—p—1 (sp -p—1)p? (by Lemma 4.24)
(v2 Z®tp—|—2v§ +pK +v p +p+1 m+v2 (Z®tp—|—tp®z))
= %svga)pz_p_lvgst_P_z)pz(vlef’®z—2v§v§’2Ko—vé’Hv;’zbl,o) (by (6.2))
b
2sv;(3)p —p*-p-l (SP —p=1)p? (v2 Z®l‘p—|—2l}§ J”DK —|—vp Jrpr ,0+v§2(z®;tf+llp®z)).
a a b
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6.4 The cochains (tfz),p_l fort € Z

Put

2
P _ _.,—1 @=Dp
(1] Vip—1 = —v; V3 w.

Then the lemma for this case follows from Lemma 4.10.
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