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On products of beta and gamma elements

in the homotopy of the first Smith—-Toda spectrum

KATSUMI SHIMOMURA
MAO-NO-SUKE SHIMOMURA

We determine the first cohomology of the monochromatic comodule M. 21 at an odd prime, and apply the
results to show nontrivialities of some products of beta and gamma elements in the homotopy groups
of the Smith—Toda spectrum V(1). The cohomology for a prime greater than three was previously
determined by the first author. Here we verify them and determine the cohomology at the prime 3 by
elementary calculation. The cohomology will be a stepping stone for computing the cohomology of the
monochromatic comodule M03, which we hope to determine for a long time.

55Q45; 55Q51, 55T15

1 Introduction

Let p be an odd prime number and S(,) denote the stable homotopy category of p-local spectra. Let
S € §(p) denote the sphere spectrum. Then the mod p Moore spectrum M and the first Smith-Toda
spectrum V(1) are given by the cofiber sequences

(1.1) SESiLMliss and TIM % ML ya) L nitiy.

Here p € mo(S) = Z(,), and o € [M, M ], denotes the Adams map. Hereafter we put

q=2p—-2€Z.
To study the homotopy groups 7« (X)) of a spectrum X, we adopt the Adams—Novikov spectral sequence
(1.2) ES'(X) = H" BPy(X) = m—s(X).
Hereafter we abbreviate as
H*'M = Extg, o (BPsx, M)
for a BP«(BP)—comodule M over the Hopf algebroid
(1.3) (BP«,BP«(BP)) = (Z(p)[vi,va2,...]. BP«[t1. 12, .. .])

based on the Brown—Peterson spectrum BP € S(,,). We note that the v; are Hazewinkel’s generators and
the degrees of v; and #; are |v;| = 2p’ —2 = |t;|; see Miller, Ravenel and Wilson [2, (1.1)].

Let
1.4) In=(p,vi,...,0p—1) and Jj =(p,v1,vg

© 2024 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://dx.doi.org/10.2140/agt.2024.24.3875
http://www.ams.org/mathscinet/search/mscdoc.html?code=55Q45, 55Q51, 55T15
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

3876 Katsumi Shimomura and Mao-no-suke Shimomura

for v9 = p denote the invariant ideals of BP. Since BP« () = vy, the cofiber sequences (1.1) induce the
short exact sequences
(1.5) 0 — BP, & BP, BP./I; — 0 and 0— BP./I; Y% BP./I, LGIEN BPy«/I, — 0
along with the isomorphisms

BP.(S) =BPx, BP«(M)=BP,/I; and BP.(V(1)) =BP./I,.

Furthermore, we have a short exact sequence

(1.6) 0> BP,/I, 2 BPy/I, U5 BPy/J; — 0
for j > 1. We denote by
8o: HBPy/I; — HT'BP,, §,: H'BP./I, — HT'BP,/I|, §&;: H'BP./J; — H*T1BP,/I,

the connecting homomorphisms associated to the short exact sequences (1.5) and (1.6). We define the
Greek letter elements by

Bi=81(v3) € EX(M)= H'BP,/I;  for vi e H'BP,/I,,

Bs = 8081(v3) € E2(S) = H? BP, for v € H°BP, /15,

Vs, =8j(v3) € Ey(V(1)) = H'BPy/I, for v§ € HBPy/Jj,

and y{' = _s”/l € EJ(V(1)). We notice that 1 < j < p" if p" | s, so that v§ € H* BP,/J;.
Let Z and N denote the set of all integers and its subset consisting of all nonnegative integers, respectively.
We denote by Z(P) (= Z \ pZ) and N (= N\ pN) the sets of the integers prime to p, and decompose

7P into the three summands
2P =70 ][2:]] 2.

Zo={s€ZP :pt(s+ 1)}, Z;={seZP:p?|(s+ D}
Zy={seZP :p|(s+1)and p>}(s+ 1)}

for
(1.7)

We consider subsets of N:
2N.o={seN:siseven >2}, N; :{SEN(I’) p*t(s+p+Dor pP|(s+p+ 1),
2N = {s € N : 5 is odd}, Ny ={se NP :pt(s+2)or p*| (s +2)(s +2+ p)}.
Furthermore, we put Z;" = Z; NN for i = 0,1,2. We introduce the subsets U;, U, U, and U, of
N x N given by
U = (N® x2N)U(Z§ x N),
Ul = (N® x {0}) U (N} x 2N=0) U (ZF NNp) x N) U (ZF x {1}),
Up =Ny x2N)U((Z§ NNp)UZT) x N) U (NP x {1}),
Uy = (N; x{0) U((N® x ({1} U2N5)) U (Zg UZT) x N).
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Our main result is the following:

Theorem 1.8 Let p be an odd prime. In the Adams—Novikov E,—term for computing m«(V (1)),

B1 and B, act on the gamma elements _s’;,/j (for (s,r) e NP x N and 1 < j < p”) by

)7;;,/].,31 #0 for (s,r) €U, if p>5, and for (s,r) € U] if p =3,
)7;;,‘/1.,3_2 #0 for (s,r)e Uy if p>5, andfor(s,r) e Uy if p =3,
in E3(V(1)).

There is a way to define s’;,/j for j <a, (a, is defined in (2.7)) so that vg_lys’;)r/j = ys’;,, and the
theorem holds for such extended gamma elements. Also ,8_ s = (i) vé_z ,32 +s5s(2— s)vg_1 ,E 1 mod I, (see

Oka and Shimomura [5, Lemma 4.4]), and so

o131 = (5) T sg-10aB2 1@ =073y B
Thus Theorem 1.8 implies nontriviality of the products of _s’ ; rj and ,3_ £
The Adams—Novikov differential d; is 0 if ¢ 4 (r — 1) by the sparseness of the spectral sequence (1.2).
This shows that the products in the theorem are not in the image of any differentials d,. It is well known
that the elements 81 and B, converge to the homotopy elements B;, 82 € m«(S), respectively, in the
spectral sequence (1.2) for X = S.

Corollary 1.9 Let p be an odd prime. If ] ; 1 €E 5 (V(1)) is a permanent cycle detecting ys’; r)j €

m«(V (1)), then s’;r/jﬁ,- # 0 fori = 1, 2 in the homotopy groups 7w« (V (1)) for (s, r) given in Theorem 1.8.

Toda [12, Theorem 1] and Oka [4, Theorem 4.2] showed that y,’ and ys’;} /, are permanent cycles for p > 7.

Corollary 1.10 Let p > 7, and r and s be integers with (s,r) € N®) x N. Then, in 4 (V (1)),
Vapr jB1 #0 if risevenor pt(s+1),
Vear ;B2 #0 if pPH(s+p+1)orp®[(s+p+1),

VeartijB2 70 for r=1if pt(s+1)(s +2), p* | (s +1) or p>| (s +2)(s + 2+ p),

and )/S’;/j,Bz # 0, where j = 1,2.

Theorem 1.8 follows from Theorem 2.9, which states the structure of the first cohomology of the
monochromatic comodule M. 21 The cohomology H' M. 21 was determined by the first author [10] based
on the computation in [9] at a prime > 5. Here we determine the cohomology based on elementary
calculation at an odd prime. The generators are explicitly given so that we can use the result easily in further
computation. This result will be a stepping stone for determining the long-desired cohomology H™* M, 03 .

This paper is organized as follows: In Section 2, we state the main result, Theorem 2.9, which gives the
structure of H'! le In Section 3, we prove Theorems 2.9 and 1.8 assuming Lemma 3.4, whose proof
will be given in the Section 6. Section 4 is devoted to introducing some formulas, cochains and relations
for the following sections. We refine the elements x3 ; given by Miller, Ravenel and Wilson [2, (5.11)] to
define x;, which induce the cochains yy ;, y;,i € Q1 E(3)4 in Section 5.
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2 The structure of H'M 21

In this section, we state the structure of H'! M21 for an odd prime p. The structure was given in [10] for
primes p > 5.

We begin with defining the monochromatic BP«(BP)—comodules N, and M, inductively by
Ny =BPx/In, My =vil,N,.

for the ideal I, in (1.4) and the short exact sequence

@.1) 0— NS a5 pfs Ka, NSHL g

see [2, Section 3.A]. Since BPy is a BP4(BP)—comodule with structure map n g, the right unit map of the
Hopf algebroid BP« (BP), these monochromatic comodules have the structure maps induced from 7 g.

Let £(3) denote the third Johnson—Wilson spectrum, which yields a Hopf algebroid
(EQ)s. EQ)«(E(3))) = (Z(p)[v1. v2.v3,v5 '], E(3)+ ®pp, BP«(BP) ®pp, E(3)s).

Its structure maps are induced from the Hopf algebroid (BP«, BP«(BP)) in (1.3). Since we have the
Miller—Ravenel change of rings theorem

for a v3-local BP,(BP)—comodule M [1, Theorem 3.10], we denote the cohomology of an E(3)«(E(3))-
comodule M also by

By virtue of the change of rings theorem, we denote simply by M, the E(3)«(E(3))—comodule
E(3)« ®pp, M,;. We consider the Ext group as the cohomology group of the cobar complex

(2.2) QM =M QEg@3), EG)«(E(3)) ®EG). ~ ®E@). EG)«(E(3))
for s factors of E(3)«(E(3)), with well-known differentials d,: Q"M — Q"1 M ; see (4.1).

The cohomology H' M} of the monochromatic comodules with s 4+ 7 = 3 are determined in the following
cases (see [8, Theorems 6.3.12 and 6.3.14; 2, Theorem 5.10]):

HM) = K(3)+,
H'MJ = K(3)xl{ho. h1, h2,E3},

(2.3) H>M} = K(3)s{gi ki, bi, hits i € Z/3},
HOM} = KQ):/k@s® @ k@/03)x]/05).
120,52 P
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Indeed, we read off HS M = K(3)x ® H*S(3) from [8, Proposition 6.2.1], where S(3) is the Hopf
algebra defined in [8, Section 6.2]. The cohomology groups H* M 30 and HOM 12 for p > 5 are also
determined by Ravenel [8, Theorem 6.3.34] and Nakai [3], respectively. Here

kQ)x«=1Z/plva], K(2)x =Z/plvs,v3'] and  K(3)s =Z/plvs, v3'],

where K(3)« = E(3)«/I3 = M30. The elements x; (= x3 ;) are introduced in [2, (5.11)] and are such
that x; = vf " mod I 3 (see Lemma 5.1), and the generators 4;, {3, g;, k; and b; are defined by cocycles
in the cobar complex Q* E(3)« /I3 as follows:

24 hi=[tl'], ¢=I[Z). g =IGil. ki=[Ki] and b; =[by;].
Hereafter [x] denotes the cohomology class represented by a cocycle x, and the representatives in (2.4)
are defined by
7 — -] LA oY Sy V.Y LSRN (PN D D) P
=—U3 Cl3+V; Ty Ut I —v T, i=1 ®L +37 ,
(2.5) : i1 . i1 p—1 ) )
Y Ly L 1.0 o 2P _ L (P\,kp' o (p—K)p'
K=t @7 + 7 o7, mJ_E:;Q)q ®1 :

k=1
Here ct3 is the Hopf conjugation of #3 (see Lemma 4.3). We notice that G;, K; and b; ; are also cocycles
of Q*E(3)«/ 15, and of Q* BPy /I, in [2, (1.9)].

Remark 2.6 The generators g; and k; in (2.3) are given by the Massey products (%;, h;41,h;) and
(hit1,hit1, hi), respectively, in [8, Theorem 6.3.4]. These are represented by cocycles

" pi pi—i-l pi i pi
Gl =ty @t  +1t] ®ct,
and K7 in (4.20) in the cobar complex Q% E(3)+/I5, since these Massey products have no indeterminacy.

By (4.21), K] is homologous to K;. Also d; (tlpl tzpl) = —2G; — G/, and G/ is homologous to —2G;.
Since p is odd, we may replace generators g; and k; by [G;] and [K;], and set as in (2.4).

We introduce integers e(n), a,, js,n and js”n for integers n(> 0) and s by

pr—1
p—1
1 forn =0,
an=3p"+ (P ' =1)/(p+1) foroddn=>1,
P +p(p"2—=1)/(p+1) forevenn>2,

e(n) =

for n >0,

2.7) 2 for s € Zy and n = 0,
2p2—p+1 fors € Zgandn =2,
. 2an+i for s € Z, evenn > 4,
Jsin = Ap+2 —Apgq for s € Z1 and even n > 0,
p+1 fors € Z(P) andn =1,
e3)p" 2 —p+1 forseZ® and odd n > 3,

Algebraic € Geometric Topology, Volume 24 (2024)
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2 for pts(s—1),
2p fors=tp+1land pte(t—1),

g p>+1 fors=tp?+1and pit,

Is0 = an+p fors=tp"+1withn>2and p}t,
an+1 fors=1p" +e(n)withevenn>2and pt(t—1),
anp+2 fors=1tp"+e(n)withoddn>2and pt(t—1),
2p fors € Zgand n =1,
2pay—1+p for s € Zo and odd n > 3,

Js.n =3 Pdn+1— pan fors € Z; and odd n > 1,
p>4p fors € Z(P) and n = 2,
e(3)p"2—1+1 forseZP andevenn > 4.

Here 1 = 0 if p>5and 1if p =3, the Z; are the subsets of the integers Z defined in (1.7), and the
integers ap are asz , in [2, (5.13)]. We note that

28) an+ap_1=eB)p"?—1 forn=>2 and P +ay_n—pt3=a, forn>3.
Theorem 2.9 Let p be an odd prime. Then H 1M21 is the direct sum of the k(2)x—module Bso =
K(2)«/k(2)4{ho, h1,82, C3} and the k(2)«—cyclic modules generated by
(&3)spnja, for (s,n) € ZP) x N,
(ho)spnyj,, for (s,n) € (ZoUZ1)x 2N) U (ZP) x 2N),
(h)spnyjr, for (s.n) € (ZoUZy) x 2N) U (ZP) x 2N) \ {(1,0)}),
(h2)ip—1/p—1 fort €.

There is a little difference between the cases for p > 5 and p = 3. In the theorem, E 2 (= (hy)1) denotes
the homology class of z in (4.18) (see also (3.8)), and the generators (§),/; for § =[X]in H! M30 denote

(€)= [V5X /0] + %]

for a cocycle v X/ vg + * of the cobar complex €' M) with an element * killed by vg ~!. The element
vy acts on (§)/; by

(2.10) v2(8)s/j = (E)syj—1 and  v2(§)g/1 =0,

and so (§),/; generates a cyclic k(2)«—module isomorphic to k(2)x/ (vg):
k@) {(E)/7} = k2)+/ ).

3 Proofs of Theorems 2.9 and 1.8

In this section, we assume Lemma 3.4, which will be verified by a routine calculation in Section 6.
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3.1 Proof of Theorem 2.9

For the monochromatic comodules defined in Section 2, we have a short exact sequence
(3.1 0— ML M) 2 M, —0,
where n(x) = x/v, (see [2, (3.10)]), which induces the long exact sequence
(3.2) RN 0 VAN 7 5 VAR ENG 7 05 VARLENY FAN VARKING FL3 VAN
From [2, (5.18)], we read off the following:
Proposition 3.3 The cokernel of 8o: H' M. 21 — H'M 30 is a 7./ p—module generated by (h¢)o, (h1)o,
(ho)sp2x for s € LoUZy,  (ho)ypons1 fort € 2P, (hy)ox for t € 2P,
(h1)gp2i+1 for s € ZoUZy, (h2)ip—1 fort €Z, (&3); forteZ,
fork = 0. Here Z; is a subset of Z given in (1.7), and (§)s = v3& for & € {h;, {3 :i € Z/3}.
Let (x)s € Q! E(3), denote a cochain satisfying
(x)s =vix mod I3.
Lemma 3.4 The following cochains exist in Q' E(3)«/I>:

(1) (t))sp2x and (1])g,2x+1 fors € Zg such that

s(s+1)v§s lsz k=0,
di((1))sp2x) = o szp 2ap+1( £l 2_21;‘6;1 -l

“3s(s 4 1392k pPDPT K k>2,p>5,

—2s(s—|—1)v2az"+1 ; 1(3S_2)(b1,0+tf’(X)Z’) k>2,p=3,

D)y = |76 DU 6o k=0,
1] )gp2r+1) = (s+l)vipazk-i—pvgsp—Z)kabl’1 k=1,

(2) (#;)sp2x and (ZP)SPZk-H fors =tp* — 1 € Z, such that
2k+1 2642

dl((t) 2k) va2k+2—a2k+1 (tP Dp blO dl((t ) 2k+1) vpa2k+2 Pazc+1 (tp Dp b11
5P o Y sp - .1

fork >0,
(3) (#))sp2x+1 and (Zf))spzk for s € ZP) such that
t(t—l)v2 PPl G, k=1,
_tP 241 (tp l)pG1 k=2
dl((llp)tpk-q-l) = 2a,+ (tp—1)pk—1!
—2tv)" pv3p "Gy oddk >3,

_ k—1
2tvak+p (tp Dp Ky evenk >4,

— ak+1 tp k4 pe(k—2)
Ay () 1pk +eh)) = (6 =1 oy S et ot 2)G evenk =2,
—(t = Doyt T TP bt odd k=3,
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s(s — vy 2K, k=0,
2
(D) =] 2 s k=1,
o) = 2k—2_ 2 o 1y p2k—2
P Jsp “3sv ;’:3)21’ ! gsPZkPZ VPR p=5.k=2,
—sv; PTG 0+ 2701y p=3.k=2,

—svf“vgs 2)pK2 k=0,

di((t))gp2+1) = 2k=1_ 21y 2k—1
sp sv;(3)p p+1v§sp p—Dp biy k=1,

2 2 — —
@ (1] )ip—1 such that dy (1] )ip—1) = v3 ™ v by 5

Here G;, K; and b, ; are the cocycles of Q2E3)«/1, in (2.5), Z' is an element in Lemma 5.1, and
x = v§y denotes the congruence modulo J, 1.

Letdi((x);) = vgy mod J; 41 be a congruence in Lemma 3.4. Then 6; (([x]);/;) =[] for the connecting
homomorphism &; in (3.2). Here ([x]);/; (= [(x):/ vg DeH 1M21 denotes the cohomology class of the
cocycle (x)s/ vé of Qlel. Thus the cochains in Lemma 3.4 give rise to elements (/9)spr/j, , and
(h1)spryj;, of H 1 le as well as their §;—images. Furthermore, we have elements

(§3)tp"/an = xn§3/va" eH M1

for the elements x, (= x3 ) introduced in [2, (5.11)] (see Lemma 5.1) with

(h283) -1 n=0,
3-5) 81((83)epn/a,) = | (ho83)(tp—1)pn—1 1 is 0dd,
(h183)(tp—1)pn—1 M iseven >2,

by [2, (5.18)] (or Lemma 5.1). As a k(2)s«—module, K(2)«/k(2)«{&} = Z/pi(§)osj : J = 1} with
v2(§)o/j = (§)oyj—1 and v2(§)o/1 = 0; see (2.10).

Let B be the k(2)+—module of the theorem. Each direct summand of B is a submodule of H'! M. 21, which
defines a k(2)s—module map f: B — H'! le Furthermore, assigning (§)s/1 € B to the generator (§); of
the cokernel of 8y, we have a homomorphism 7, : H' M. 30 — B by Proposition 3.3. These homomorphisms
fit in the commutative diagram

Nx V2 8;

H'M) —— H'M} B B H>M}
8o )
HOM} —— H'M? — H'M} —— H'M} —— H*M?

where we define 87 by 6; /. It suffices to show that the upper sequence is exact by [2, Remark 3.11].
By the deﬁnltlon of B, the subsequence H OM LING 72 M; 0 I, p Y2, B s exact and the composite
B B H 2M 0 is zero.
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Suppose that the §]—images of the generators are linearly independent, and take & € Ker§] to be a
homogeneous element. Then

£= Z ckér  for generators £ of B and scalars ¢ € k(2)4 and 0=251(8) = ZEkS’I (&x)
k

for the image ¢ of ¢ under the projection k(2)« — Z/ p sending v, to zero. Since the &/ (£) are linearly
independent we see ¢; = 0, and so we have ¢; € k(2)x such that ¢ = vac; . Therefore

&= Z Vo & € Imuy,
k

and we see that the upper sequence of the above diagram is exact if the 8/1—images of the generators are
linearly independent.

The §}—image is a Z/p-submodule of H 2M3° in (2.3) with generators of the form (p)s for p €
{gi, ki, bi,hi3 :i € 7Z/3} by Lemma 3.4 and (3.5). Moreover, Lemma 3.4 and (3.5) show that the
§1—image of each generator &; has only one summand of form (p)s,

(ho83)ep—1)p2ns  (M183)ep—1)p2n-1,  (h283)i—1,  (g2)s—1-p>

(k1)s—2.  (k2)(s=2)p>  (bo)gp—1)p2n+1 for p =5, (b2)1p—p,

except for
2o (g0)sp—2 (80)(tp—1) p2n
g1 (&1)(sp—2)p (€D @p—1)p (gl)tp2"+pe(2n—2)
ko (kO)(sp—Z)pZ”_l (kO)(tp—l)pZ"_l (kO)(sz—p—l)pZ" (p >5)
ko | (ko)szn-13i—1y  (ko)os—4 (p=3)
bo | (bo)szn—1(35—2) (bo)s2n+13i—1)  (Do)32n—2(95—4) (p=3)
by (O1)sp-2)p2n (B @p—1yp2ntz (D1)sp2ntiy pean—1) (01)(sp2—p—1)p2n—1

These show that the §]—images &/ (£ ) for the generators &, of B are different from each other, and so
they are linearly independent. a

3.2 Proof of Theorem 1.8

Let 5(2) H *N21 — H*TIN, 20 be the connecting homomorphism associated to the short exact sequence (2.1),
and consider the diagram

(k)

8
H>*M? —= H2N} —— H3>NQ = E3(V(1))

ls
8 *
2L VAR ; £ VLN S £ VA
of exact sequences for §; in (3. 2). The connectmg homomorphism 8 associated to (1.6) is factorized into

the composite 5J H’BP./J; & UR HSN1 5 HT1 N0 for the homomorphism I; given by I (x) = x/v2
It follows that

(3.6) Vi =05 Jv)) e H'NY = EX(V(1) for v /v] € HON;.

Algebraic € Geometric Topology, Volume 24 (2024)
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Since 52 is a k(2)x—module map, we have
1 _
(3.7) vy Pl s = s S Jud) = 830 i Jud) = 8303 Jva) = Ty
It is well known that
Bi=—bo =[-b1o] and B, =2ko=[2Ko]€ H>Ny

for the cocycles by o and Ky in (2.5); see [5, Lemma 4.4]. This defines elements vgp ' B,- /v, € H 2N21 for
i=1,2,and
8337 Bi/v2) = vy Bi € E3(V(1))  (by (3.6)).

We also see that for vgpr,f},- € H2M0
U*(ng :3 ) - Lz(v3p ,3,/1)2) € HZMI

From Lemma 3.4, the elements v3 /31 = —(bo)spr and v /32 = 2(ko)spr € H2M° may be in the
image of 47 if
p=5 and (s,r)e(ZfUZf)x2N

or
p=3 and (s.r)€ (N;x2N5o)U((Z] UZS)x2N)U (N, x 2N+ ),
and if
p=5 and (s,r) e (N x2N)U(ZF x2N51) U (N, x 2N )
or

p=3 and (s,r)e(N;x{0})U (Z;Ir x 2N 1),
respectively. Here N; = N(P) \ N;j for i = 1,2. Therefore, if a pair (s, r) satisfies the condition of
the theorem, then the element v;p ' Bi is not in the image of §;, and survives to Lé(vgp ' Bi/v) under the
homomorphism 7. Thus vgp ' Bi/va£0e H 2N21 under the conditions.

Ravenel determined in [8, Theorem 6.3.24; 7, Theorem 3.2] that
21,0 _ K(2)x{hoCa, 18y, bo, by, €} p=3,
H"M, = 2 2
K(2)x{ho82,h182.80.813 P =5,
where §2 = vé’ +l ¢, = [—z] for {; in [2, Proposition 3.18)] and z in (4.18). This shows that the elements

,3 /vy fori = 1,2 are not in the image of (KO)*, and hence survive to Vsprﬂi € E;’(V(l)). Moreover,

Sp v Bi#0eE3 > V(1)) if vJ ! S’; v Bi = ysp + Bi is not zero, where the equality follows by (3.7). O

3.8)

4 Some cochains in the cobar complex 2* E(3),

In the rest of this paper, we consider E(3)4(E(3))—comodules whose structure maps are induced from
the right unit map ng: E(3)x — E(3)«(E£(3)). We consider the cobar complex Q* M of a comodule M
in (2.2), whose differentials are given by

4.1) do(v) =nr(W)—veQ'EB)s, and di(x)=1@x—A(X)+x®1e€Q>E(3)4
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forve QUE(B)s = E(3)« and x € Q' E(3)« = E(3)+(E(3)). For the differentials dy and d;, we have
relations (see [11, (2.3.2)])
do(vv') = vdo (V') + do (V)R (V).
di(vx) = do(v) ® x + vd;(x),
di(xy)==x®y—y®x+di(x)Ay+ (x® 1 +1®x)d1(y),
di(xnr(v)) = di(x)(1 @ nr(v)) —x @ do(v),

for v,v' € E(3)« and x, y € E(3)«(E(3)). A formula for the Hopf conjugation ¢ : BP«(BP) — BP.(BP)
is given in [6, (3)], and immediately implies the following:

4.2)

Lemma 4.3 The Hopf conjugation c: E(3)«(E(3)) > E(3)«(E(3)) acts as

2
ety =—t1, cta=t'""—1, and ct3 =007 —tyet? — 13 mod I.

For the right unit g : BP, — BP.(BP), we have a well-known formula (see [6, (11)])

n—1
4.4) NR(Un) = vn +vu—1ty  —vP 1ty mod I,_;.

A routine calculation using (4.1) and (4.4) shows the following:

B 2k _p2k+1 2k
Lemma 4.5 Put o, = Y }_} vy kTP P € E(3)4. Then

2n—2

2n
tp aZn—ltl

do(oy) = vé’ RV mod /5.

In E£(3)«(E(3)) we have ng(vs) = 0 = ng(vs), which give rise to relations
3 2 2 3 2 2 3
(4.6) v3llp EzlnR(v3)p—v2lf —I—Ué’ t, and v3tf =tng(v3)? —vzlép —vzwp+vf t3 mod I

(see [6, (12) and (16); 8, Corollary 4.3.21]), where w € E(3)«(E(3)) (= wl(v3,v2tf2,—vé’t1) in
[8, Corollary 4.3.21]) is an element defined by

4.7 pw=v? 0Pt PP L P p(ny)?

for y € (p,vy) in ng(v3) = v3 + vztlp2 — vé’tl + y; see (4.4).

The diagonal A: E(3)«(E(3)) — E(3)«(E(3)) ® £(3), £(3)«(£(3)) of the Hopf algebroid E(3)«(£(3))
acts on the elements #; and ct; by
At =1 ®1+1®1,
AlL)=t,®14+14 ®tlp +1®t—vib1p mod (p, v%),
“8) A)=t:014+1 ®zf’2 +6 Q7 +1®13—v2by; mod I,
Aty =t4®14+13 ®zf’3 +t2®t§’2 +1®t; +1®1t4—v3by, mod I3,
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(see [6, Theorem 8; 8, Corollary 4.3.15 ]) and so
di(cty) = —t] @11,
4.9) dq(ct3) Eclzp®t1 —|—Zf’2®cl2—v2b1,1 mod 15,
di(cty) = tlp3 ® ct3 —ctf2 & cty + ctép ®t —v3b;, mod I3,
since A(cx) = (¢ ® ¢)TA(x) for the switching map 7" given by T'(x ® y) = y ® x, where by j is the
cocycle in (2.5).

k+1
The fact d; (tf’ ) = —pb;  mod (p?) implies not only that the cochain bix € Q2E(3)«/(p) is a
cocycle, but also the following lemma:

Lemma 4.10 The cochain w in (4.7) satisfies
—1 p2 2
w E—vzvf ltf’ mod J, and di(w) E—vé’bl,z—i-vf by,0 mod /5.

2i+2

2i L i
Corollary 4.11 Put W, = Y "Z1 P 92n=2i=P"""",p* Thep

i=0 "2

2n

-1
di(Wy) = —Ué, b1,2n + Ulzlznblg() mod 1.

We generalize the relations (4.6) and obtain the following proposition from [8, (4.3.1) and Lemma 4.3.11];
6, Theorem 1] (see [9, Proposition 2.1]):

Proposition 4.12 There exist elements Ty, for n > 0 satistying T,, = l,f’ mod I3 and

k

+1 k 2
v kg1 Fienr(3)?P =01 Thegn + vaka + 3T mod (p, v7)

for k > 0. In particular, To = 1, T1 = tf, T, = t2p and T3 = t3p +w mod /5.

Proof We begin by recalling some notation from [8, Section 4.3]. For a sequence J = (1, ja,..., jm) of
positive integers we set |J| =m and || J|| = Y7L, ji, and an element vy € E(3)4 is defined recursively by
V(j,J)=Vj vfl . Let wy (S) for a set S be symmetric polynomials of degree p” such that wo(S) =) ", ¢ X
and ) cg xP" = S o pkwk(S)Pn_k. We then define sets S, out of a set S = {a;_ ;} recursively by

. . ITI=IJ1
Sn=Aaij:i+j=nU | wrws(Spoys? J-

|J|>0
By [8, (4.3.1) and Lemma 4.3.11],
F i F i
(4.13) wo(Ca) = Y umr@)” = Y vit! =wo(Dy) mod (p)
i+j=n i+j=n

for the sets ‘ .
C ={mr))P'} and D= {vit] }.

In E(3)+(E(3)), put

ITI=IJ1
w(Sn) = Y vf w41 (Sueps))? and Ty, =t —w(Cy) + w(D).
J
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Then the proposition follows from (4.13) and the congruences

n—2 n—3 2
wo(Cn) =08tz + 1a—3nr(V3)”  + V1wW(Chey) + V2w (Cr2)? + V3w (Crz)?”,
wo(Dp) = vy 1” r? P’ D Dy_2)? Dy_3)"

o(Dn) = vit,_; +vat,_, +v3t,_ 5+ 01w (Dp—1) + v2w(Dy—2)” + v3w(Dp—3)"",
seen by the relation

plDI=IGk. DI pIIJH—IJH-k—l.

k
Ve, /) W, s )| (Sn—1 e, )] = 0] w1 (Suk—p 7))

Lemma 4.14 Forn > 0,

p—1 e(n) ¢ n—i p’“e(n i)+p—1 e(t) p p
)= (-1 —v

P p—2 2
Uyl — 0y Wy +01v, “wuyp mod (p, ).

nr(v;

Here

n j — .
(4.15) wy = Y (1) 0 T2 ),
i=1

Proof In thlS proof, every congruence is considered modulo (p, v 2) By Proposition 4.12, ;1 R(v ) =
k 2
Tk — v2 tk+1 for Tk Vi Tgyo + 02 Tk+1 +v3 TP, which implies inductively

nnr@P™) = Z( DD T2 (T,
i=1
and hence

@16) 1R2™) = —v1v; " s vy Pwly | — 3wl (1) E
1—
—vlvzp (t1 nr(v3) — Uztp)T]R(v3e(n))+v —p, p (v3e(n))

Now we prove the lemma by induction. For n = 0, it follows from the facts ng(v,) = vy + vy llp by (4.4)

and wy; = —tf’.

Assuming the case for n, we obtain the case for n + 1 from (4.16) and

— _ _ 2
nr(vy~ (n+1))_ P*+2p- "oy nr(vy lvi("))f’+v§’ l(vzfp +v1lp)77R(v§’e(n))
2p—1 +1
_vzp MR (v3 ()) U1 vé’ 77 (3(n ))

given by UR(Uz_ v3) = v2 (v3 + vzlp vfll + vllzp) — vlvé’_zllan(vg,). Here ng(v3) is given in
(2, (5.D)]. i

Evaluate the congruence in Lemma 4.14 under d, and compare the v;—multiples. Then we deduce the
following corollary; see [9, Proposition 2.3]. Indeed, if v1v2 d1 (Wp41) = A+ v B mod (p, 2) for
some A and B involving no vy, then 4 = 0 mod (p, f) and v2 dl(wn+1) = B mod 1.
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Corollary 4.17 For the elements w;, in (4.15),

n—1
dy(wap1) == D (0" D @i - ()5 b, mod I,
i=0
Here b, is an element in d(t,) = a, + v1b, mod (p, vf) for a, and b, involving no vy. In particular,
by = by,0 by (4.8).
We have the cocycle z in Q! E(3)4/1, given by
(4.18) z= vgtlp + vzctp - vé’tz = t{’nR(v3) — vzlzp + vé’ctz =—w, + vé’ctz,

which represents the element —v? +‘§ € H'MY; see [2, Proposition 3.18(c)] and (3.8). In particular,

4.19) tl nr(v3) =z+ vztzp — vfclz mod 1.

We further have cocycles G} and K € Q?E(3)+/1, for i €{0,1,2} defined by

@200  Gl=c? @’ + 17 @ and K=" @l + 137 @
which are homologous to G; and K; in (2.5), respectively. Indeed,

4.21) di(gi) = Gl{ —G; and di(&) = Kl{ — K; mod I,

for i € {0, 1,2}, and for g;, ¢; € Q! E(3)4 given by

4.22) TERT 7 QU VT e PPV A G v S

We also have a similar relation
(4.23) di(tT)=—tF @t +ct, ®t7)—2Ko mod I,.
Lemma 4.24 In Q' E(3)., put

w1 = nRr(V3)ty — vat3 + vé’tltz, Wy = %UR(U3)112 — v, Peo and @y = —w3 — pe(z)tpt
Then, modulo 15,

di(w)=—1 ®z— v%bm —2v§G0, di(wy) = —Zf’ Qz—vG1 + vaO,
di (@) = vé’zz ® tlp + 2v52+pK0 + v§(3)b1,0

Proof In this proof we consider congruences modulo /. A routine calculation shows the congruence
for dy (w1):

di(np(v3)r) =—-11 ®(z + vztp + vé)tz — vptlerl) H® (vztf’ —y 1 1), (by (4.2) and (4.19))
Ta ¢ b d
2
di(—v213) = 02(t1 ® 1) + 1, 1] —v2by 1), (by (4.8))
a b
diint) =l @+ +12 @t +n el (by (4.8) and (4.2))
d c

Here the underlined terms with the same label cancel each other and the wavy underlined terms
make —2v§ Gy.
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For dq(w;), we calculate
2
A 3nae) =i ©(-+vaf o)~ ? @1+ 7 o1, oy 42)na 419)
G K’ G K’
Add d, (—vf o), and we obtain the desired congruence by (4.21).
We verify d;(w,) by

di(w3) =— pe(z)w ®t2+v§2w2®tp—v2(3)b (by Corollary 4.17)
= D’y @1+0F (—z+v2clz)®tp—v2(3)b10, (by (4.18) and (4.15))
a b
dy WP PP 1)) = PP (1P @1y + ety @ 1F) +2Ko). (by (4.23)) O
a b

5 The elements x; and deriving elements y; and y/

In [2, (5.11)], Miller, Ravenel and Wilson introduced elements x3 ; € v;lBP*. We refine them, and define
the elements x; € E(3)« by

xi:vé’l fori =0,1,2,

_wp_ . p-1 (p 1)p2+1
X3 =X, — v2

2)p3—p—1 —e(2))p? 1
x4=x§’—ve( )p3—p v(p e(2)p +tptl

_ D pax—1, (p=1)p e(3)p?k—1—e(3) (p?—e(2))p*~1+p+1
X2k+1 = X — Uy Xok—1 V37V, U3 ’

e(3)p?k—e(3) (p*—e(2)) p*+p+1
X2k+2 = x2k+1 =21, U3 ,
for k > 2.

Lemma 5.1 (see [9, Proposition 3.1]) In Q! E(3)4, we have
Y LR )
do(xg) = U2t — U, t1 mod I,
2
do(x1) = vivy~ ltl—v§+1v3ltf mod J3,
do(xi) = v¥ (P3P + Bi) mod J,) 2 for i >2.

Here g; = %(l + (—=1)?), and the B; are given by

i 2 3 2k 2k +1
B, vag(z)tz 'U2 (3)(2 Uf 1P+1) v221 a4 (Zk)(z t) vazl §(2k+1)(22—vé)€lz)

forc(k) = (p*—p—1)p*=2. Fori > 4, add vgi_l +l vg(i)Z/ to B; if we consider the congruence modulo

Je3)pi—2+1- Here Z' is a cocycle homologous to aZ for some a € 7./ p.
Proof This follows from a routine calculation: For i < 2, it follows from (4.4) and from (4.6).
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We obtain dg(x3) from (4.19) and

— 2 _ 2 2
doP™ Py =0TV ptf” — ) —u§2e VPP (1 R (vs) — vh 1) mod sy

by (4.2), (4.4) and the congruence on dy(x,). We note that nR(vp+1) = vf“ +v221’—v§ z by [2, (3.20)],
and obtain
do (v(pz—e(z))p2+p+1)
_ 2 2 _ 2
= gp e(2))p (vzzl’—vé’ 2)— vgzvgp e(2)) p>—p p(vp+1 +v Zp)+vp 2+p (p —-e(2)p t, mod Jo(3).
The congruence on dg(x4) follows from this and the congruence on do(x3), together with the definition
of the element x3.

Inductively suppose that

ax P=1 Py e(3)p2" 2—e(2) (p 2—e(2)) p?F— 2(

do(x2x) = v, x5, 11 —v3t) mod Jo(3) pak—2.

Then we calculate

p paz, (p=1)p p? | e(3)pHFTl-e(@)p (p 2_¢(2)) p2k—1 »2.p
do(xzk) =, 2k 2k 1 [1 + v, (Zp —vf tz )
a c

-1 1
d( vPQZA ;i I)Pv3)

paxc—1_(p—Dp,  p> e)p*~1—p—1_p>—p-1 p_.p,
v, Xyk_1 (v2t1 —v2t)+v Xap_y (z2+uvaty —vych),

a c

where the second congruence follows by (4.2) and (4.19), and

2k—1_ 2_ 2k—1 2k—1_ 2_ 2k—1 2
do(—SDP T e @ PP me @I T bl e (P e @) (P me @ T ) 27
b
Therefore
2k—1_ _ 2k—
do(xzk+1)EUfa2k+p 1 gi i)pt +ve(3)p e(2) (p e(2)p (22—v§’ct2).
Also
1 3 2k _ 2 —e(2 2k 2
dO(x2k+1)—v;a2k+l gz 1)17 tp+ e( )p~*—e(2)p (p e(2)p (2Zp_v§7 czf)
1 1 3 2k _ 2 2_ 2 2k 2
_vémzk-i-l( 2k+1 é’aZk gi lp )pv )tf—kv;( )p~—e( )pvgp e(2))p (221’—115 c[;)
e _ K _
_v§a2k+l 2k+1t +ve(3)p2 e(2)p (p e(2)) p? (2Zp_v§72 1 vf 24 p— 1t)
and
2k _ 2_ 2k 2k _ 2_ 2k 2
do(—2v‘2"(3)p e(3)v§p e(2))p +p+1)E_2vf23(3)p e(3)v§p e(2))p (vzzp—vé’ 2).
Therefore . .
3 —e(2 —e(2
do(Xak12) = vp Zkagk-:llf + ve( )p~t—e(2) (p e(2)p (z — ptz)'

These complete the induction.

Put dy(x;) = v (xp ltp : + B; +va’ 1+1C) mod J,(3) pi—141 for a cochain C. It is easy to see
dy (vgi (xl.__1 tf] N + Bi)) =0 mod J,3)pi-14-
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It follows that C is a cocycle of Q' M2, and so C represents a cohomology class avg(i)§ ;e H'M 30 for
some a € Z/ p by (2.3). |

Put
do(x;) = vgiA,' + v;" B; for A; = xip__lltlpgi,

where &; = %(1 + (=1)%). We introduce elements y;; and Vi € QLE@3)4 by

£it1 s—p+lp

. — xStP —
Vi =Xt SX;

i+1 and y;,i:xftlp + 1svgixi Tt Ay tp'.
Lemma 5.2 For the elements y,; and yy ;.
2 2
di(ys5,0) = s(s+ Doy P71 Ga. di(ps,1) = s+ D3P v %G,

dy(ys,2) =—s(s + l)vzp pv;” 21’(11” ®z—vlx),

di5ea) —s(s 4 Doy PSP @ 2y Go) i=2k+1,
y’. E .
O P e ;ijl(zzl’@z Kl) i=2k+2,

’ p+1p2p p+PSP —p—1
a’l(ysl)z—sv2 (X K>, dl(ys 2)——sv2 vy Ko,

+
011(ys3)—svz3 »? p3p - Plzen—vx"),
2k—2

sve(3)pl PPl p=p=p (Z ®1 —viKo) i=2k
di(yg) = e(3)p’ 2—p—1 ?sp —p—1)p*k ’ ~
(2Z®tl _szo) i=2k+1.
Here x = (1, +tf’+1)®zf’+tf®tf+l +%112p®t1 and x' = tlp+l ®hH +5tf®t12, and these congruences
are considered modulo J, 41, where a is the largest power of v, in each congruence. Furthermore, replace
K{ and K in the congruences on dy (yg 2k +2) and d; (y;’zk) by K{+ vatf ® Z' and Ko +v2,Z' @17,
respectively, if we consider the congruences modulo J, 4 ;.
Proof We note that
_ gi+1
di(Bis1) = —di(Air1) = —do(xP™H @7 mod I,
1

s -; )xis_zdo(xi)2 mod J3g;.
Indeed, do(x¥) = sx3$~1do(xi) + (5)x 572y (x;)* mod Jsg,. Also,

di(Ait?" ) =do(xP Y @ —2xP NP @iP T =dog(xPTY @ —24; @17 mod Juy 4.

do(x;?) +SX;+1_pd0(xip_l) = (

Then we calculate

&i41 _ _ B sit1
di(ys) =do() @1 —sdo(x] ") ® Bigy s3] do (P @1 (by (4.2))
sH+1Y s Sit1 _
E( ’ )x,«s 2do(xi)2®tf’ —s(s+ Dx; Pdo(xi) ® Biy1 mod Jog, 4 p.

d (v, = sxi o) @1 4+ Lsvdi i o (P @ 77 —sudixi T A @0 (by (4.2))
—svg’ S=1(B; ®sz + do(x )®112p ) mod J,3)pi—241-

Now we obtain the lemma from Lemma 5.1. O
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6 Proof of Lemma 3.4

i
In this section, we define the cochains (tf’ )s and verify their d{—differential.

6.1 The cochains (7,),,2« and (t]),,2x+1 for s € Zy

We define the cochains by

(s = ¥s0- (D)sp = Voo ()2 = yp = s(s + D37 Pu Py,
(tlp)sp2k+1 = ys’2k+1 —S(S =+ 1)U2a2k+1 pxsz 2(/01,
2 2
()gpat2 = Yshra —5(s+ DU 34277723072 (035, 0% 2zt 4 02ty)).
for k > 1. Then the lemma for this case follows immediately from Lemmas 5.2, 5.1 and 4.24 together
with (4.21). Note also 2a,x+1 — p + 2 = 2payy + p. For example, for the case p =3 and k > 2, we
compute modulo J34,, +2
dy (1) 3265) = dy (35 20) — (s + D3 23873 d, 2, + 03221 +v3k0))
=—s(s+ l)vzaz" 3x§’,s€ 21(211 ®z—v2(K/ +ut3 ®Z'))— s(s—l—l)vzaz" lzxglsc -

a b
(23 2®1] +20)2 Ko+ v3°b1,0) + 03 (—2(z®1; +1 ®2) +v3 (Ko — Ko))).
c d c a b d

where the second equivalence follows by Lemmas 5.2 and 4.24, and Equation (4.21)

6.2 The cochains (7,),,2« and (t]),,2x+1 for s € Z;

We put s = tp? — 1, and define the cochains (t)(¢p2—1) p2x and (Zf’)(tpz_l)pzkﬂ by

azk+

(—1)p2k+2 2kt 2UHI_p2k=2 (1p2_1) p2k
v, (Zl)(tpz_l)pzk = —V; w v

—do (v} Ok )

2k+2_ 2k—1 2k+1
P -p @Ep—Dp
+ v} v, Wi,
p _ p
(11 )(tpz—l)ka'H = (11)(,172_1)1)21(’

for the elements o in Lemma 4.5, w in (4.7) and W), in Corollary 4.11. Then this case follows from

Lemmas 4.5 and 4.10, Corollary 4.11 and (2.8). We also use relations w?™" ' = —UPZkJrl v§2k+2 - t1p2k
mod Jgy, ,,+1 by Lemma 4.10 and (4.6), and b7 = by 2443 = vgp—m’”‘“bl o mod I by (4.6).
For example,
V) (pr1y ok = vgt P (vak+l v§72k+2_p2klf’2k) (by Lemma 4.5)
_ vszk—i-l _p2k—2 vgtPZ_l)ka (v2p2k—211ka _ v;2k—l [1)
= vgzkﬂ Canla ty mod Jazk+1+1 ’
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2k+1

since p — p2k—2 +dzp—1 = dag+1 in (2.8), and

a2k+1

di ((l )(tp2 1)p2/\)
2k+2 2k+2 2k+1 2k+2 2k—1 2k+1 2k—1
_..D -Dp p p -p (tp—1)p p azy
=v; vy bl’2 +v; vy (=v5 b2k +v,%b1,0) mod Jay, 41

a a
2k+2

by Lemma 4.10 and Corollary 4.11. Since p - pzk—1 + drx = ask 4 in (2.8), we obtain the case

for (7)) spax -
6.3 The cochains (t,),,2«+1 and (t7);,2« for s € Z®

We begin by defining
(tlp)s = vgtlp +sv2v§_lct2p —s(s— 1)v§v§_2{%1.

Then we calculate by (4.2), (4.4), (4.8) and (4.22), and obtain
di((t7)s) = s(s —Dv3v§ 2Ky mod J3.
Now we consider the cases for p |s(s —1).

6.3.1 The cochains (¢]),,« 11 for k =1 We define the cochains by

+1 ¢
(t Vip+1 —v3 Z+tv2vpt —tvp v3p pctf

a> (tp—1)p
(zl )tp2+1 = xzz + 10,70, w3,
P Az2k+1 (tp 1) p?k are+p+1,..p
(ll )tp2k+1+1 x2k+lz —+ [1)2 w1 + tv2 (ll )(tpz—l)ka_l’

P azk+2—p* (tp—l)pz’”rl
(1) p2retayy = x2k+2Z +tv,

in Q'EQB)s fork > 1,1 € ZP), x, in 5.1, z in (4.18) and w; in Lemma 4.24. We verify this case by a
routine calculation using (4.2), (4.4), (4.18), (4.8) and (4.9). We see that

2
~ p>_.p
(w3 + vy zty),

3 3 3 1 2
llp ®ZE7’]R(U3)IIP ®tf+v2tlp ®ctp—v§vf 11 ®t, and r)R(v3)tp —v3t1+vzct2p mod Jp, 14

by (4.18), (4.4) and (4.6). It follows that z” ® z = —d(vi12) + vadi(ct}) mod Jpy, and then
dy (v;pz) = tvagp_p(—dl (Vi 12) + vad; (ctp)) + (5 )v2 v3p t12 ® t¥ mod J;p41. Thus we obtain
dy (1] ep41)-

The congruences on d; ((tlp )ipk +1) for k = 2 follow directly from Lemmas 5.1 and 4.24 and the results
on d4 ((tf) )(tp2—1) p2k—1) shown in the previous subsection. For example,

dl((t )tp2"+1+1) —dl(X2k+1)®Z+tU22k+l (tp Dp* dl(a)l)+lva2k+p+1d1((tlp)(tpz_l)pzk—l)

azic41 (tp 1) p2k azi+1 (tp—1)p?* 2 p
=1v, 11 ®z+1v, O (=11 ® z—v3b1,1 —2v; Go)

a a b
1 — 1. (tp—1) p3k
+tvgzk+p+ +paszi—pasy lvgp )p b1

mod Ja2k+1+p+1,

b
where the second equivalence follows by Lemmas 5.1, 4.24 and 3.4(2).
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6.3.2 The cochains (1] ),k 1o x) for k =2 Weputr =2n—1+¢ (¢ €{0,1}), and

P pr2

(tlp);p’-i-e(r) Xy (Wr g1 +v; w’nR(Un 1)+v2 w’tp )

for wy in (4.15). Note that wy = 0Dy, = 20D mod J, by (4.15) and (4.18). Then

(Z tp,+e(r) =xlw, 4 = —vgp Felr), lp mod /3. Furthermore, we calculate
&

dl((zf’);p,+e(r)) = ng,vgtp Dp llp ® Wy 41 (by Lemmas 5.1 and 4.5 and Corollary 4.17)

r r—1 r—3 2n—4+¢ 2n—2+¢ Anyp_ e

(g we e ol T e i)

a a b
& &

—v W @ ] B u)

b
= —(1— 1)y v, tp" +pelr= 2)tp€ ®z mod Jg,4p

together with (4.2) and (2.8). This case now follows from Lemma 4.24 by setting (zf’ Vip" +e(r) =
() oy + (=D V50 e

6.3.3 The cochains (tf)spzk for k > 1 and (t)sp2x+1 for k >0 We define (tfi)spi by
(Zl)sp = y;’p (l‘p)sp2 = J’; 2 (t )sp3 - ys 3 +SU2(3)p Pl gsp b 1)p(Ztl —6()1),

p e(3)p>—p>—p—1 (SP —p—1)p? p
(¢ )sp4=y;4 2sv (@5 — v2 zl ),

e(3 2k—1_ 1 0 1 2k—1
(t))sp2r-+1 _ys 2k+1 T 250, @) P §” —p=bp (zt1 —wy),

3 2k _ 1 1

(tl )Sp2k+2 = ys’2k+2 S'U;( )P P e gSP —P— )P 602,

where @), = @, — Ué’ +P[Pt 8(3)v3—p
from Lemmas 5.2 and 4.24 with (4.2).

2
ctf . Except for d; ((tf )sp+)» the lemma for this case follows

For d; ((tlp )sp+), we make a calculation:

Wy = —W3 (by Lemma 4.24)
= tpn (v ) — v2t2 17R(v3 )+ vp+1tp (by (4.15) and Proposition 4.12)
= (z + vaty —vyct)nr(v]) —vatd nR(W) + 05 T ef (by (4.19))
a a
=3 Pz + vftz) ct3p mod Jp4 5. (by (4.4))

Applying the Hopf conjugation ¢ to the congruences of (4.6) shows the relations
3 2 3 2 2
(6.1) Zf’ nr(v3) = vle + vzctzp and ctf nr(v3) = vf cty — vzct3p mod Jp4 .
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Then, modulo J,»,

4 4
Zf ®v§’z Etlp nr(3)? @z

= (vpztp+vpclp3)®z (by (6.1))
=3 tp®z+v2(:tp nR(U3)®tp+vp+lctp3®ctf (by (4.18))
EU3 tp®z—|—v (v3 ctz—vzctp )®tp+vp+lct2p3®ctp, (by (6.1))

4
1l @vyvin =vjtf nR(v3)”®t2 (by (6.1))

_ .p.p*.p
= Uz v3 tl ® tz.
Therefore

1 1
dy (v t”zz+v”+ tp)——v2v3  ®u+ne1 + i

a

®F +1217)

p+1, p* P p3 P P P
+vy (] Qcty —cty Qcty, +cty R —v3 2)

b c d
o~ p*.p p? p, ,p+l p3 P
ty ®wy=v;y 1 ®z+v (v3 chy—vacty )@t +vy cty Qcty
R T f
p+1 p* P
+v2v3 ®l 2=V, 4 R cty,
a b

where the first equation follows from (4.2), (4.8) and (4.9). The sum of the wavy underlined terms is
2 2
2o Q@ +1,®127) = —vPv?” Ko, and b, = v?” P by o mod I by (4.6). Then, modulo J, 42,

p+1

(6.2) tlp4®&32+d1(v2v3 tptz—i—v ctp)_v3 tp®z—2vzv3 Ko—v2 lvfzbl,o.

Now we calculate d; ((tll))sp4) mod J,(3)p24; for odd prime p as

dl(ys4)_sv2(3)p —pr-l (“’ el @l —vi(Ko+v2Z2' ®10))  (by52)

a

and
d (_%Sv;(S)pz—pz—p—l vgspz—p—l)pz (5£_U522tp))
E%Sv;(ﬂpz—p—lvgspz—p—z)pzm 2Sv§(3)p —p2—p—1 gsp —p—1)p? (by Lemma 4.24)
(WP z@tP 4200 HP Ky o2 P sz (zt? +17 ®2))
= %Svg(S)pz—p—lvgspz—p—Z)pz (vfztlp®z—2vé’v§)2 Ko—v§+1v§’2b1,0) (by (6.2))
b
2sv2(3)p —p?—p] (sp —p=1p’ (v2 Z®tp+2v§ +pK —I—vp +p+1b ,O—I—vé’z(m}i’%—tlp@ﬂ).
a a b
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6.4 The cochains (¢/ 2),,,_1 fort € Z

Put

2
P _ _,—1 @=Dp
(1] Vep—1 = —v; v, w.

Then the lemma for this case follows from Lemma 4.10.
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