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Profinite isomorphisms and fixed-point properties

MARTIN R BRIDSON

We describe a flexible construction that produces triples of finitely generated, re51dua11y finite groups
M — P — I', where the maps induce isomorphisms of profinite completions M = P=~T,but M and
I" have Serre’s property FA while P does not. In this construction, P is finitely presented and I" is of
type Foo. More generally, given any positive integer d, one can demand that M and I' have a fixed point
whenever they act by semisimple isometries on a complete CAT(0) space of dimension at most d, while
P acts without a fixed point on a tree.

20E18, 20F67, 20J05; 20E08

1 Introduction

In the quest for profinite invariants of discrete groups, fixed-point properties have been a source of
disappointment. For example, Aka [1] proved that the profinite completion of a finitely generated,
residually finite group does not determine whether the group has property (T), ie whether the group
can act without a global fixed point as a group of affine isometries of a Hilbert space. Cheetham-West,
Lubotzky, Reid and Spitler [13] proved a similar theorem for actions on trees: they construct pairs of
finitely presented, residually finite groups G| and G, such that @1 = @2 but G has Serre’s property FA
whereas G, does not. (Here, CA?,- denotes the profinite completion of G;.)

In the present paper, we will improve upon this last result in two ways. First, we construct groups with
these properties for which (G, G1) is a Grothendieck pair, ie the isomorphism él = @2 is induced by a
monomorphism of discrete groups G < G5 (cf. [13, Question 4.1]). Secondly, we extend this result from
actions on trees (the 1-dimensional case) to actions on d—dimensional CAT(0) spaces, with d > 1 arbitrary.

We say that a group G has property Fixy if G fixes a point whenever it acts by semisimple isometries
on a complete CAT(0) space of covering dimension at most d. Every isometry of a simplicial tree is
semisimple, so Fix; implies Serre’s property FA (and extends it to cover actions on complete R—trees).

Theorem A For every integer d > 1, there exist triples of residually finite groups M <> P <!> T such
that

(1) i and j induce isomorphisms M~Pcx f‘;
(2) M is finitely generated, P is finitely presented, and I' is of type Foo;
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4104 Martin R Bridson

(3) M and T have property Fixy4, but

(4) P is a nontrivial amalgamated free-product and therefore acts on a simplicial tree without a global
fixed point.

An artefact of our proof is that although M and I" have Fix,;, they each contain a subgroup of finite index
that can act on a tree without fixing a point (Remark 6.1).

The fixed-point properties required in the above theorem will be established using the following criterion,
which is drawn from the circle of ideas developed in [6; 4].

Theorem B (Corollary 5.5) If A is a finitely generated group with finite abelianisation and B is a finite
group, then A? B has Fixy ford = |B|— 1.

The first steps in our construction of the triples M < P — I" in Theorem A follow the template for
constructing finitely presented Grothendieck pairs that originates in [10] and is explicit in Section 8 of [7].
We craft finitely presented groups Q that enjoy an array of properties relevant to our aims (Section 3.1);
we use a suitably adapted form of the Rips construction (Proposition 3.1) to produce short exact sequences
1 - N — G — Q — 1 with G finitely presented and residually finite, N finitely generated, and both N
and G perfect; and we take a fibre product of several copies of G — Q to produce N dey p,esGY
with P, finitely presented. (A novel feature here is that we take the fibre product of several copies of
G — @, not just two.) The triples M s P <5 T we seek are obtained by taking finite extensions of N d
Py and G% ina way that allows us to apply Theorem B.

There is a great deal of flexibility in this construction — see Section 7.

2 Preliminaries

In this section we gather the basic definitions and facts we need concerning profinite completions of
groups and isometries of CAT(0) spaces.

2.1 Profinite completions

If M| < M, are normal subgroups of finite index in a group G, then there is a natural map G/ M| — G/ M.
Thus the finite quotients of G form a directed system. The profinite completion of G is the inverse limit

of this system:

G:= lim G/ M.
The natural map i : G — G is injective if and only if G is residually finite. If G is finitely generated
then, for every finite group Q, composition with i defines a bijection Hom(@, Q) — Hom(G, Q) that
restricts to a bijection on the set of epimorphisms. In particular, G and G have the same set of finite
images, which we denote by §(G). Thus G 1= Gz implies §(G1) = §(G,). Less obviously, for finitely
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Profinite isomorphisms and fixed-point properties 4105

generated groups, §(G1) = §(G,) implies 61 o~ éz —see [17, pages 88—89]. (Note that Gl ~ Gz does
not imply that there are any nontrivial homomorphisms Gy — G5.)

A property ‘B of finitely generated, residually finite groups is said to be a profinite invariant if @1 =~ Gz
implies that G, has 3 whenever G has 3. Theorem A shows that Fix; is not a profinite invariant.

A pair of finitely generated, residually finite groups G <> G, is called a Grothendieck pair [15] if the
induced map {: @1 — @2 is an isomorphism. For fixed G, there can be infinitely many nonisomorphic
subgroups G such that G; < G, is a Grothendieck pair, even if one requires both G| and G, to be
finitely presented [8].

2.2 Isometries of CAT(0) spaces

We refer the reader to [11] for basic facts about CAT(0) spaces. We write Isom(X) for the group of
isometries of a CAT(0) space X and Fix(H) for the set of points in X fixed by each element of a subset
H C Isom(X). Note that Fix(H) is closed and convex.

If X is complete, each closed, nonempty bounded subset is contained in a unique smallest ball; see [11,
page 178]. If the bounded subset is an orbit of a subgroup H < Isom(X'), then the centre of the ball will
be fixed by H. This proves the following standard proposition.

Proposition 2.1 If X is a complete CAT(0) space, then every finite subgroup of Isom(X') fixes a point
in X.

By combining the preceding bounded-orbit observation with the fact that Fix(H) is itself a CAT(0) space,
one can prove the following standard fact—see [6, Corollary 2.5], for example.

Proposition 2.2 Let X be a complete CAT(0) space. If the subgroups Hy, ..., H, <Isom(X) commute
and Fix(H;) is nonempty fori = 1,. .., n, then (); Fix(H;) is nonempty.

For an isometry y € Isom(X),

Min(y) :={pe X [d(p.y.p) =Irl}
where |y| := inf{d(x, y.x) | x € X}. By definition, y is semisimple if Min(y) is nonempty. Every
isometry of a complete R—tree is semisimple. Semisimple isometries are divided into hyperbolics (also
called loxodromics), for which |y| > 0, and elliptics, which are the isometries with Fix(y) # @. If y
is hyperbolic then there exist y—invariant isometrically embedded lines R < X on which y acts as a
translation by |y |; each such line is called an axis for y. The union of these axes is Min(y). The following
extract from pages 229-231 of [11] summarises the properties of Min(y) that we require.

Proposition 2.3 Let X be a complete CAT(0) space and let y € Isom(X') be a hyperbolic isometry.
Then:

(1) Min(y) splits isometrically Min(y) = Y xR, where Y x {0} is a closed, convex subspace of X .
(2) y acts trivially on Y and acts as translation by |y| on each of the lines {y} x R.
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(3) The centraliser C(y) < Isom(X) Ieaves Min(y) and its splitting invariant, acting by translations of
the second factor.

(4) Ifé§ € C(y) is hyperbolic, then Min(y) contains an axis for §.

3 A Rips construction and input groups

The purpose of this section is to produce the short exact sequences 1 - N — G — Q — 1 described in
the introduction.

3.1 The input groups Q

Our constructions require as input a group Q with the following properties:
e (Q is of type F3 (ie has a classifying space K(Q, 1) with finite 3—skeleton).
e H(Q,Z)=0.

~

- 0=1

e ( is a nontrivial amalgamated free product (and therefore does not have FA).

There are many ways to concoct groups Q with these properties. Indeed, every finitely presented group can
be embedded (explicitly, with controlled geometry) into a finitely presented group that has no nontrivial
finite quotients [3]; by replacing this enveloping group with its universal central extension one can force
it to have trivial second homology; and by taking a free product of two copies of the resulting group one
obtains a group Q satisfying all but the first of the above properties. If the group that one starts with is
of type F3, then so is Q. Likewise for type F (having a finite classifying space) and type Fo, (having a
classifying space with finite skeleta).

One can also find explicit groups of the desired form in the literature. For example, from [10] one could
take
0 =la.b.e.plba2b7'a pa2p7'a’, [pab™ . a)p". [Bap . alp ).

3.2 A convenient version of the Rips construction

There are many refinements of the Rips construction in the literature, with various properties imposed on
the groups constructed. The following version suits our needs.

Proposition 3.1 There exists an algorithm that, given a finite presentation (X | R) of a group Q, will
construct a finite aspherical presentation (X U {a,a,} | RU V') for a group G so that

(1) G is hyperbolic, residually finite, of type F, and virtually special;
(2) N :=/{ay,a,) isnormal in G,
(3) G/ N is isomorphic to Q;
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(4) G is perfect if Q is perfect;

&) ifQ =1and Hy(Q,Z) =0, then N and G are both perfect.
Proof With the exception of item (5), the proof is covered by Proposition 2.10 of [9]. The crucial
property of residual finiteness is due to Wise [18; 19].

For item (5), we consider the 5-term exact sequence extracted from the corner of the LHS spectral
sequence for| > N -G — Q — 1:

Hy(Q.Z) — Ho(Q. Hi(N.,Z)) - H\(G.,Z) — H(Q.Z) — 0.

As all the other terms are zero, Hy(Q, H;(N, Z)) = 0. By definition, Hy(Q, H(N,7Z)) is the group of
coinvariants for the action of Q on Hi (N, Z) that is induced by conjugation in G. As the abelian group
H{(N,Z) is finitely generated, its automorphism group is residually finite. As Q has no nontrivial finite
quotients, its action on H; (N, Z) must be trivial. Therefore H,(N,Z) = Ho(Q, Hi(N,Z))=0. 0O

4 Fibre products

Our proof of Theorem A relies on the various properties of fibre products that we establish in this section.
These properties cover three topics: the finiteness properties of fibre products, their behaviour with respect
to profinite completions, and their interaction with wreath products.

4.1 Fibre products and finiteness properties

Fori =1,...,d,let pi: G; — Q be an epimorphism of groups. The fibre product of this family of maps
is
Pd = {(g17---7gd) | pl(gl):p](gj)s l’J = lssd} <G1 X"'XGd'

The case p; =--- = pg will be of particular interest in this article.
P, is the preimage of the diagonal subgroup
07 =1, @) g€ 0} <Qx---xQ
and there is a short exact sequence
4-1) 1->N9D - p;— 04 -1,
where N; = ker p; and N@ = Ny x...x Ny.
We need a criterion to ensure that P; is finitely presented; we will deduce this from the following

Asymmetric 1-2-3 Theorem [12].

Theorem 4.1 [12] Fori = 1,2, let | - N; — G; £5> Q — 1 be a short exact sequence of groups.
If G| and G, are finitely presented, Q is of type F3, and at least one of the groups N, N, is finitely
generated, then the fibre product P < G| x G is finitely presented.
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Corollary 4.2 Suppose d > 2 and let | — N; — G; £5 O — 1 be a short exact sequence of groups, for
i=1,...,d. If the groups G; are all finitely presented, the groups N; are finitely generated, and Q is of
type F3, then the associated fibre product Py < G x --- x G is finitely presented.

Proof We proceed by induction on d; the case d = 2 is covered by the theorem. Let P; < Gy x--- X Gy
be the fibre product of pi,..., pg. For the inductive step, first note that
Py < Pj1xGg < Gy x---xGy

is the fibre product of the map py: Gy — Q@ and the composition P;_; — Qﬁ_l — O, where
Py — Qﬁ_l is the map from (4-1) and Qﬁ_l — Q is the isomorphism (g, ..., q) — ¢. To complete
the proof, we apply the theorem, noting that P;_ is finitely presented, by induction. a

We shall also need the following more elementary result.

Lemmad4.3 Fori=1,...,d, let pj: Gi = Q be an epimorphism of groups. If the groups G; are finitely
generated and Q is finitely presented, then the fibre product P; < G X --- X G is finitely generated.

Proof As in the preceding proof, induction reduces us to the case d = 2. We fix a finite presentation
Q=(ay,....an|r1,...,rm) and for i = 1,2 choose a;; € G; such that p;(a;;) = a;. We then add a
finite set of elements B; C ker p; to obtain a finite generating set for G;, and denote by p;; the word
obtained from r4 by replacing each a; with a;;. It is easy to check that the fibre product P < G; x G3 is
generated by

{(bls, 1)’ (labzs)a (aljvaZj)’ (Iolk’ 1) | J = 1’ e ’n; k = 17 . 7m; biS € Bl} O
4.2 Fibre products and Grothendieck pairs

The idea of constructing Grothendieck pairs using fibre products originates in the work of Platonov and
Tavgen [16] and was extended in [2; 8; 10].

Lemma 4.4 [10, Lemma 2.2] Letl - N — G — Q — 1 be an exact sequence of finitely generated
groups. If Q =1and Hy(Q,Z) =0, then N — G induces an isomorphism of profinite completions.

The following variant of the Platonov-Tavgen argument will be useful.

Proposition 4.5 [8, Theorem 2.2] Let p1: G; — Q and p; : Gy — Q be epimorphisms with G; and
G, finitely generated and Q finitely presented. Let P < G x G, be the associated fibre product. If Q =1
and Hy(Q,Z) = 0, then P — G x G, induces an isomorphism of profinite completions.

We need an extension to the case of d > 2 factors.

Theorem 4.6 Fori =1,...,d, let p;: G; — Q be an epimorphism of finitely generated groups, and
let P; < T := Gy x---x Gy be the associated fibre product. If Q is finitely presented, Q =1 and
H,(Q,7) =0, then P; — T induces an isomorphism of profinite completions.
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Proof We argue by induction on d, as in the proof of Corollary 4.2. In the inductive step, we appeal to
Lemma 4.3 to ensure that Py_ is finitely generated. We can then apply Proposition 4.5 to py: Gz — Q
and Py_; — Q ?—1 =~ (, noting that P; is the fibre product of these maps. |

4.3 Fibre products and wreath products

Given groups 4 and B, with B finite, the wreath product A2 B is the semidirect product A8 x B, or more
precisely (@beB Ab) x B, with fixed isomorphisms g : A — Ap so that b € B acts on Ay as [Upp o,u;/l.
We identify A2 < A x---x A with its image under (up)pep- The following trivial observation will play
an important role in what follows.

Lemma 4.7 (A%, B) < A B is the direct product A® x B>~ A x B.

Given B and a short exact sequence of groups 1 - N — G — Q — 1, we take the direct product of | B]
copies of the sequence, indexed by the elements of B, and let B permute these copies by its left action on
the indices. The resulting semidirect products give us a (nonexact) sequence of groups

N:B<>G!B—» Q:B.

The action of B preserves the fibre product Pg < GB = @Dy p Gp of the maps G, — Qp, giving a
semidirect product
PBXIB:(PB,B)<GZB

and a (nonexact) sequence of groups

N:B<> PgxB— (0 B)< 0B.
From Lemma 4.7 we deduce:
Lemma 4.8 With the notation established above, there is surjection

PB><|B—»QA2Q.

S Fixed point criteria

In this section we present criteria that guarantee fixed points for group actions on complete CAT(0) spaces
of finite dimension. These criteria are extracted from the more general criteria explained in [4; 6].

The following result is a special case of [6, Corollary 3.6].
Proposition 5.1 Let d be a positive integer and let X be a complete CAT(0) space of dimension less
thand. Let Sy, ..., Sg Clsom(X) be conjugates of a subset S C Isom(X) with[s;,s;] =1 for all s; € S;

and sj € S; withi # j. If every element of S (hence S;) has a fixed point in X, then so does every finite
subset of S (hence S;).
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Corollary 5.2 Let d be a positive integer, let X be a complete CAT(0) space of dimension less than d,
and let Hy, ..., H; <Isom(X) be conjugate subgroups that pairwise commute. If each H; is generated
by a finite set of elliptic elements, then D = (H1, ..., Hy) has a fixed point in X .

Proof Let S = S be a finite set of elliptics generating H;. We conjugate S to obtain a generating set
S; for each H;. The proposition says that Fix(S;) = Fix(H;) is nonempty, whence Fix(D) is nonempty,
by Proposition 2.2. |

For n € N, an n—flat in a metric space X is an isometrically embedded copy of Euclidean space E” — X.

Lemma 5.3 If K,..., K; are groups with Hom(K;,R) = 0 and X is a complete CAT(0) space that
does not contain any (d +1)—flats, then there does not exist an action p: Ky x --- x Kz — Isom(X) such
that each p(K;) contains a hyperbolic isometry.

Proof We shall prove the lemma by induction, the case d = 0 being trivial. Assume that the lemma is
true for d’ < d — 1. The induction will be complete if we can derive a contradiction from the assumption
that there are hyperbolic isometries y; € p(K;) fori =0, ..., d. If this were the case, then, according to
Proposition 2.3, the subspace Min(y,) would split isometrically as ¥ x R and the centraliser C(yq) of
o in Isom(X') would preserve Min(yy) and its splitting, acting by translations on the second factor of
Y x R. The group of translations is R and Hom(K;,R) =0, so K; x---x K; must act trivially on the
second factor. Thus we obtain an action of K1 x---x Kz on Yy = Y x {0}. Part (1) of Proposition 2.3
assures us that Yy C X is closed and convex, hence a CAT(0) space, and part (4) tells us that y; € K;
acts as a hyperbolic isometry of Yy, fori = 1,...,d. But Y x R = Min(yy) embeds isometrically in X,
so Yo does not contain a d—flat. This contradicts our inductive hypothesis. O

Theorem 5.4 Let G be a group and suppose that there is a subgroup D = Hy x--- x Hz < G with H;
conjugate to Hy in G fori =1, ..., d. If Hy is finitely generated and has finite abelianisation, then D has a
fixed point whenever G acts by semisimple isometries on a complete CAT(0) space of dimension at most d .

Proof The hypothesis dim(X) < d is stronger than requiring that X contains no (d+1)-flat, so the
preceding lemma tells us that there are no hyperbolic elements in the subgroups H;. Because Hj is
finitely generated, Corollary 5.2 completes the proof. O

The following result was stated as Theorem B in the introduction.

Corollary 5.5 If A is a finitely generated group with finite abelianisation and B is a finite group, then
A B has Fix;z, where d = |B|— 1.

Proof Let G = A!B = (Ppcp Ap) x B and D = @, g Ap. Theorem 5.4 tells us that D has a fixed
point whenever A? B acts by semisimple isometries on a complete CAT(0) space X with dim(X) <|B|—1.
Because B < A? B normalises D, it leaves its set of fixed points Fix(D) C X invariant. Fix(D) is closed
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and convex, hence a complete CAT(0) space. Proposition 2.1 provides a point in Fix(D) that is fixed by
B and hence by A? B = (D, B). |

6 Proof of Theorem A

Let Q be a group satisfying the conditions listed in Section 3.1. By Proposition 3.1, there is a short exact
sequence
I1>N—>G—>0—1

with N finitely generated and perfect, and G hyperbolic (hence type Fo), residually finite and perfect.
Given d > 2, we fix a finite group B with |B| = d + 1. Proceeding as in Section 4.3, we take the direct
product of | B| copies of this sequence, indexed by the elements of B, and take the fibre product of the
maps G — Q to obtain

NB Pp — GE.

The action of B permuting the direct factors of G2 leaves N2 and Pp invariant, so the above inclusions
extend to
N!B<> PgxB<GB.

We claim that this triple of groups has the properties required in Theorem A.

Towards showing that i induces an isomorphism of profinite completions, note first that Lemma 4.4
applies to N B < Pp, because N £ is normal in Pp with quotient Q. Likewise, Theorem 4.6 assures us
that Pg < GB, the restriction of j, induceiin isomorphi/sg of profinite completions. Thus the maps
NB < pPp s GB/i\nduce isomorphisms N8 =~ Pp =~ GB. The action of B permuting the factors
of GB extends to GB, where it preserves the dense subgroups Pg and N B. Since the operations of
profinite completion and semidirect product with a finite group commute, we conclude that 7 and f give
isomorphisms XT\B X B =~ 7’; X B =~ 5? x B. This establishes Theorem A(1).

N ¢ B is finitely generated, since N is. Corollary 4.2 assures us that Pp is finitely presented, whence the
finite extension Pp x B is too. And since G is of type Foo, s0 is G ¢ B. (Indeed, Proposition 3.1 produces
a group G that is of type F, ie has a finite classifying space, so G2 is of type F and G ? B is virtually of
type F.) This establishes Theorem A(2).

N and G are finitely generated and perfect, so Corollary 5.5 tells us that N ¢ B and G ¢ B have Fix,,
since |B| =d + 1. In contrast, Pg X B maps onto Q, as in Lemma 4.8, and therefore it is a nontrivial
amalgamated free product —in particular it does not have property FA or Fix,. a

Remark 6.1 We remarked in the introduction that although M = N ¢ B and I' = G ¢ B have Fix;, where
d = |B| — 1, they each have a subgroup of finite index that can act without a fixed point on a tree. For I
this is obvious, since GB < I" maps onto Q via projection to G. More indirectly, from Proposition 3.1
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we know that G is virtually special and hence large, ie there is a finite-index subgroup Gy < G that maps
onto a nonabelian free group, say jt: Gy — L. Thus we can map G B, which has finite index in T, onto
L to produce fixed-point-free actions on trees.

For M, we consider Ny = N N Gy, noting that as w(Ng) < L is finitely generated and normal, @ (Np) is
either trivial or of finite index, since L is free. In fact, £ (Ng) must be the whole of L: as O has no finite
quotients, the restriction of G — Q to Gy is onto and Go/ Ny = Q, which means that Gy/ Ny cannot
map onto L /1(Ny) if the latter is a nontrivial free or finite group. It follows that N B, which has finite
index in M, maps onto L.

7 Flexibility and a decision problem

It is clear from the discussion in Section 3.1 that there is a great deal of flexibility in how one chooses the
input groups Q. Consequently, one is free to impose various extra conditions on the Grothendieck pairs
P x B < (G ¢ B that we have constructed. In particular, the range of pairs that one obtains is sufficient
to accommodate many of the undecidability phenomena described in [5] and elsewhere. For example,
by following the proof of [5, Theorem B] we obtain the following theorem. Similar results hold with
condition Fix; in place of FA.

Theorem 7.1 There does not exist an algorithm that, given a finitely presented res1dua]1y finite group I’
that has property FA and a finitely presentable subgroup u: P < I" with i : P—Tan isomorphism, can
determine whether or not P has property FA.

Proof As in [5], one can enhance the groups constructed in [14] to obtain a recursive sequence of
finite presentations Q) = (S | R“) for groups Q) with S and |R"| fixed, so that (i) there
is no algorithm to determine which of the groups are trivial, but (i) if Q) % 1 then it satisfies the
properties listed in Section 3.1. We apply the algorithm of Proposition 3.1 to the presentations Qm)
to obtain G — QU™ with an explicit presentation for G and hence G x G . The fibre
product P «s G x G is given by the finite generating set described in Lemma 4.3, with B;
the given relators of G . Theorem 4.1 assures us that P is finitely presentable. We pass from
P s GO 5 G 16 4y,,: PO 5(Z/2) < G (Z/2) and then argue as in the proof of Theorem A
to see that u,, induces an isomorphism of profinite completions, that G (z /2) has property FA (in
fact Fix; ), and that P x (Z/2) maps onto Q™.

Note that the groups G ¢ (Z/2) are given by a recursive sequence of presentations and the maps
are given by a recursive sequence of generating sets for the subgroups P x(Z /2).

If QU =£ 1 then P % (Z/2) does not have FA, since it maps onto Q. But if Q™ = 1 then u,, is
an isomorphism, so P does have FA. And by construction, there is no algorithm to decide which of
these alternatives holds. |
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