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Projective twists and the Hopf correspondence

BRUNELLA CHARLOTTE TORRICELLI

Given Lagrangian (real, complex) projective spaces K1, ..., K, in a Liouville manifold (X, w) satisfying
a certain cohomological condition, we show there is a Lagrangian correspondence (in the sense of
Wehrheim and Woodward (2012)) that assigns a Lagrangian sphere L; C K of another Liouville manifold
(Y, Q) to any given projective Lagrangian K; C Xfori =1,...,m.

We use the Hopf correspondence to study projective twists, a class of symplectomorphisms akin to
Dehn twists, but defined starting from Lagrangian projective spaces. When this correspondence can be
established, we show that it intertwines the autoequivalences of the compact Fukaya category Fuk(X)
induced by the projective twists tx; € mo(Symp, (X)) with the autoequivalences of Fuk(Y') induced by
the Dehn twists 7z, € mo(Symp.(Y)) fori =1,...,m.

Using the Hopf correspondence, we obtain a free generation result for projective twists in a clean plumbing
of projective spaces and various results about products of positive powers of Dehn/projective twists in
Liouville manifolds.

The same techniques are also used to show that the Hamiltonian isotopy class of the projective twist
(along the zero section in 7*CP") in Symp, (T *CP") does depend on a choice of framing for n = 19.
Another application of the Hopf correspondence delivers smooth homotopy complex projective spaces
K ~ CIP” that do not admit Lagrangian embeddings into (T *CP”", dAcpr) forn = 4,7.
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4140 Brunella Charlotte Torricelli

1 Introduction

1.1 Questions

Given a symplectic manifold (M, w) with contact boundary, an interesting object of study is the group
Symp, (M) of compactly supported symplectomorphisms that are the identity in a neighbourhood of the
boundary. Its quotient o (Symp (M )) by the relation of symplectic isotopy is the symplectic mapping
class group, and is already a highly nontrivial object. When H(M;R) = 0, a symplectic isotopy is
automatically Hamiltonian, and 7o (Symp,(M)) coincides with the quotient Symp_ (M )/Ham¢ (M)
by the subgroup Ham¢ (M) C Symp, (M) of (compactly supported) Hamiltonian symplectomorphisms
(namely time-1 maps of compactly supported Hamiltonian flows).

The symplectic mapping class group carries a (forgetful) comparison map
(1) ¢: o(Sympy (M) — mo(Diff} (M))

to the (compactly supported and orientation-preserving) smooth mapping class group of M. In general,
the map is neither injective nor surjective. Its kernel is of particular interest as it captures phenomena
which are exclusively symplectic and not visible in the smooth mapping class group. The question of
whether a symplectomorphism ¢ € Symp_ (M) is a nontrivial element of the kernel of ¢ (ie is smoothly
isotopic to the identity but not symplectically so) is called the symplectic isotopy problem.

In dimension two, the kernel of ¢ is always trivial, and the symplectic mapping class group is isomorphic
to the smooth mapping class group g (Diff;’tr (M)); this is a consequence of Moser’s argument [1965].

Dehn twists often provide examples of nontrivial symplectomorphisms that lie in the kernel of (1). Given
a sphere L (and a choice of parametrisation, called a framing; see Definition 2.7), the periodicity of the
(co)geodesic flow can be used to construct a compactly supported symplectomorphism of the cotangent
bundle 77, € Symp, (T *L) (see Definition 2.8), called a standard Dehn twist.

The standard Dehn twist has infinite symplectic order, ie infinite order in 7o (Symp (7 *S")) [Seidel
2000] and, for n = 2, it generates the entire mapping class group o (Symp, (7 *S?)) [Seidel 1998].

Given a general symplectic manifold (M, w) and an embedded Lagrangian sphere L C M, the local
construction of the standard Dehn twist can be implanted in a neighbourhood of L via Weinstein’s
neighbourhood theorem, to yield a compactly supported symplectomorphism t7, € Symp_ (M ). When
dim(L) is even, the Dehn twist has finite order in Diff;{ (M) but often has infinite order in Symp_, (M).
Seidel’s early investigations provided the first global examples of (symplectically) nontrivial Dehn twists,
in particular nontrivial elements of the kernel of the comparison map (1). For example, for a K3-surface
(M, ®) containing two disjoint Lagrangian spheres L1, L, C M, the class of 77, has infinite order in
7o(Symp,(M)), and hence in that case ¢ has infinite kernel [Seidel 2000]. Other important examples in
which the kernel of ¢ is large include Dehn twists in Milnor fibres of any isolated hypersurface singularity
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[Keating 2014] and Dehn twists in projective hypersurfaces of degree d > 2 (and more general divisors
[Tonkonog 2015]).

One of the widely employed methodologies used in these investigations is symplectic Picard—Lefschetz
theory. In this context, Dehn twists are regarded as the class of symplectomorphisms that encode
symplectic monodromy maps associated to nodal degenerations, ie monodromies of Lefschetz fibrations
(see Section 2).

For an exact symplectic manifold (M, @), any Dehn twist 77, along a Lagrangian sphere L C (M, ®) can
be realised as the local monodromy of an exact Lefschetz fibration (with exact smooth fibre (M, w) and
exact base). One important result that has been proved recently in [Barth et al. 2019] (an alternative proof
of which can be found in this paper) is that the global monodromy of such Lefschetz fibrations can never
be isotopic to the identity in the symplectic mapping class group.

Theorem A [Barth et al. 2019, Theorem 1.4] Let (M, w) be a Liouville manifold, andlet L1, ..., Ly, C
M be Lagrangian spheres. Let ¢ = ]_[f-;l L, € Symp (M), ji € {1,...,m} be a positive word of Dehn
twists. Then ¢ is not compactly supported isotopic to the identity in Symp(M).

As a result, Dehn twists represent an extremely important source of (symplectically) nontrivial symplectic
automorphisms of exact symplectic manifolds.

In a more general setting, we can consider both positive as well as negative powers of Dehn twists. In
this case, the intersection pattern of the Lagrangians generating the twists determines the behaviour of a
product of such twists. For example, if L and L’ are two Lagrangian spheres of a Liouville manifold
(M, w) which intersect in a single point, then the corresponding twists 7z, tz, € Symp, (M) satisfy the
braid relation, an isotopy t7, T tr, =~ tr/ 71,71 in Symp (M) [Seidel 1999; Seidel and Thomas 2001]. In
a general situation, Keating showed that the suitable quantifier that obstructs the possibility of a nontrivial
relation between the twists 7 and 77 is the rank of the Floer cohomology group HF(L, L’), as follows:

Theorem 1.1 [Keating 2014, Theorems 1.1 and 1.2] Let (M, w) be a Liouville manifold of dimension
greater than 2, and L, L’ C M be two Lagrangian spheres satisfying rank HF(L, L") = 2 and that are such
that L and L' are not quasi-isomorphic in the Fukaya category. Then the Dehn twists 17, and 17, generate
a free subgroup of mo(Symp, (M )), and the associated functors Ty, and T; generate a free subgroup of
Auteq(Fuk(M)).

Note that the two-dimensional case holds via a result due to Ishida [1996].

Seidel [2000] introduced a class of symplectomorphisms defined from Lagrangian submanifolds with
periodic geodesic flow. This type of Lagrangian includes spheres—in which case the symplecto-
morphisms are squared Dehn twists — and projective spaces. This paper focuses on the latter class of
symplectomorphisms, which we call projective twists (the appellation Dehn will be associated exclusively
to Dehn twists along spheres). The complex projective analogues of Dehn twists are always contained in
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the kernel of the comparison map (1) [Seidel 2000, Proposition 4.6], which means that they are a class
of symplectomorphisms which are never detectable by the smooth structure. Similarly to Dehn twists,
projective twists arise as local monodromies of fibration-like structures [Perutz 2007]; these fibrations are
called Morse—Bott—Lefschetz fibrations and their singularities are Morse—Bott degenerations.

Unlike their spherical counterparts, projective twists have not been in the spotlight of research in symplectic
topology, and this is for a number of reasons. The definition of projective twist requires the existence of
a Lagrangian embedding of a projective space in the ambient symplectic manifold, which can result in
strong topological restrictions. Moreover, the symplectic Picard—Lefschetz theory of [Seidel 2008a] does
not have such immediate applications as for Dehn twists.

Nevertheless, a series of recent results indicates that projective twists do have interesting properties of the
calibre of Dehn twists [Evans 2011; Harris 2011; Mak and Wu 2018].

The results of the present research are driven by the following questions, which in the existing literature
have been considered for Dehn twists exclusively:

Questions 1 Let (M, w) be a Liouville manifold.

(a) Can a reduced word of projective twists be symplectically isotopic to the identity (ie are there
twists satisfying any nontrivial relations) in Symp_(M)?

(b) Can areduced positive word (ie a product of positive powers) of projective twists be symplectically
isotopic to the identity in Symp (M )?

1.2 Methods: the Hopf correspondence

How can we study projective twists? Because much of the scholarship that emerged from the study of
Dehn twists is the result of successful applications of symplectic Picard—Lefschetz theory, a first intuitive
move is to approach the study of projective twists by means of their presentation as monodromies of
Morse—Bott-Lefschetz fibrations. One strategy could be to adapt some of the arguments originally tailored
for Dehn twists to a more general Picard—Morse—Bott-Lefschetz theory, as developed in [Wehrheim
and Woodward 2016]. However, this setting presents serious complications related to a potential loss of
compactness of the moduli spaces of pseudoholomorphic curves of these fibrations (the total space of
Morse—Bott-Lefschetz fibrations is in general not exact, and the singular locus — a smooth manifold of
the singular fibre — often admits rational curves).

To examine the properties of these symplectomorphisms, in this paper we adopt a strategy that allows

to reduce the study of projective twists to that of Dehn twists in an auxiliary Liouville manifold; this is
made possible via the theoretical device of Lagrangian correspondences.

A Lagrangian correspondence between two symplectic manifolds (W, ) and (Y, Q) is a Lagrangian
submanifold of the product W™~ x Y := (W x Y, —w & Q). By [Wehrheim and Woodward 2012; 2010a;
2010b; Gao 2017a; 2017b], under suitable conditions, a Lagrangian correspondence induces a functor
which associates a Lagrangian in Y to a Lagrangian in W.

Algebraic & Geometric Topology, Volume 24 (2024)
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In a first stage, we define an appropriate Lagrangian correspondence that relates a set of Lagrangian
projective spaces in a given Liouville manifold (W, w) to a set of Lagrangian spheres in an auxil-
iary manifold (Y, Q2) expressly built under some cohomological conditions. Fix a tuple (A, k, %, R) €
{(R,0,1,Z/27),(C,1,2,7Z)}. Assume there are Lagrangian projective spaces AP* =~ K;,..., K, CW
and a nontrivial class « € H*(W; R) such that «|g, generates H*(AP”; R). Then there is a Liouville
manifold (Y, Q), realised as a T*S k_bundle q: Y — W, which contains an S k_fibred coisotropic
submanifold V' — W, defining a Lagrangian correspondence I' := {(¢(v),y) |y € V} C W™ x Y in the
sense of [Perutz 2008]. Over each projective Lagrangian K; C W, the correspondence yields a Lagrangian
sphere L; C Y fori =1,...,m (Sections 3.1 and 3.2). We name I" the Hopf correspondence.

Once the Hopf correspondence is constructed, we use Ma’u—Wehrheim—Woodward theory and Gao’s
extension for nonclosed correspondences to show that there is an induced functor Or : Fuk(W) — Fuk(Y)
between the compact Fukaya categories (see Section 4.2). We then prove the existence of a commuting

diagram (Section 4.4)
Ty,
Fuk(Y) ——— s Fuk(Y)
@ or| or|
Tk,
Fuk(W) ——— Fuk(W)

where Tk, € Auteq(Fuk(W)) and Ty, € Auteq(Fuk(Y')) are the twist functors induced by the graphs of
the respective twists tg; € Symp (W) and 77, € Symp_(Y).

1.3 Results

1.3.1 Free groups generated by projective twists In Section 5 we consider Question 1(b) and give a
first answer to it. We consider a clean plumbing (see Definition 5.1) of Lagrangian projective spaces: a
symplectic construction in which two copies of cotangent bundles 7*AP” are glued along a common
submanifold of the zero sections, and prove the following:

Theorem B Let W :=T*AP" #,p: T*AP" be a clean plumbing of (real, complex) projective spaces
along a linearly embedded subprojective space AP! ¢ W, A € {R,C}. Let K1, K» = AP" C W denote
the Lagrangian core components of the plumbing. Then the projective twists g, and tg, generate a
free group inside mo(Symp,(W)), and the associated functors Tk, and Tk, generate a free subgroup of
Auteq(Fuk(W)).

In the complex case, this theorem yields a new criterion for projective twists to generate a free subgroup
of the kernel of the comparison map (1).

We prove Theorem B using the Hopf correspondence to relate the functors Tk, , Tk, € Auteq(Fuk(W)) to
functors 77,,, 71, € Auteq(Fuk(Y')) induced by Dehn twists in a Liouville manifold (Y, €2) constructed
as a T*S¥—bundle over W for k € {0, 1}. This is made possible via the commuting diagram (2).
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We can then apply Keating’s result (Theorem 1.1) to our setting to obtain a free generation result for 77,
and 77, which we translate into a free generation result for Tk, and Tk, via the Hopf correspondence.

Remark 1.2 The case W := T*C IP’II ot T*C IP’21 can be obtained with the current literature [Seidel
1999; Seidel and Thomas 2001; Khovanov and Seidel 2002], by considering W as an A,—configuration
and using the isotopies Tcp} = r;z (see Remark 5.2). <

1.3.2 Positive products of twists in Liouville manifolds In Section 6.3, we restrict our attention to
products of positive powers of twists, ie Question 1(b). In a first instance, we analyse this question for
Dehn twists, and we present an alternative proof of Theorem A, which was originally proved (by Barth,
Geiges and Zehmisch [Barth et al. 2019]) via techniques involving open book decompositions. Our proof
is implemented using Picard—Lefschetz theory. The idea is to build a Lefschetz fibration 7: £ — C with
smooth fibre the Liouville manifold (M, w) and vanishing cycles the given Lagrangian spheres involved
in the product ¢ € Symp (M ). In that way, the monodromy of 7 is given by ¢. Assuming that there
exists an isotopy ¢ ~ Id as in the statement, we extend 7 to a fibration over CP'!, and, by analysing the
moduli space of pseudoholomorphic sections (following [Seidel 2003]), obtain a contradictory statement.

It can happen that a product of Dehn twists, despite being necessarily not (compactly supported sym-
plectically) isotopic to the identity, preserves some Lagrangian submanifolds of M. The question arises
whether one can find a Lagrangian 7" C M such that there can be no compactly supported symplectic
isotopy ¢ (7)) ~ T. The existence of such a Lagrangian would result in a stronger version of Theorem A.
In Section 6.2, we address this question. We find one possible candidate Lagrangian 7" C M with the
above properties, but unfortunately cannot prove that such a Lagrangian always exist.

A Lagrangian T C M is called conical if it is an exact, properly embedded Lagrangian that is preserved
by the Liouville flow over the cylindrical ends of M.

Theorem C Let (M?", w) be a Liouville manifold containing embedded Lagrangian spheres L1, . .., Ly,
and a conical Lagrangian disc T intersecting one of the spheres L; transversely in a point. Let ¢ :=
]‘[fle T, € Symp (M) with j; € {1,...,m} be a positive word of Dehn twists involving 1 ;. Then the
Lagrangians T and ¢ (T') are not isotopic via a compactly supported Lagrangian isotopy.

Example 1.3 For m > 0, consider an iterated transverse plumbing
M = T*Sm #pt T*Sm #pt T*Sm #pt . '#pt T*Sm

(see Section 5.1 for the definition of plumbing). Let ¢ € Symp (M) be a product of Dehn twists along
the Lagrangian spheres of M such that ¢ contains the Dehn twist along the j sphere. In this case, there
is at least one conical Lagrangian disc 7 C M as in Theorem C; any cotangent fibre of the j" summand
will do. <
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The arguments we use in the proof of Theorem C are centred around the same principles as the method
used for Theorem A, with some necessary adjustments due to the noncompactness of the Lagrangian
TCM.

At last, in Section 6.3, we turn to applications related to projective twists. Using the Hopf correspondence,
we prove a result that can be considered the (real) projective counterpart to Theorem A.

Theorem D Let (W?", w) be a Liouville manifold containing Lagrangian real projective spaces
Ki,...,Kp with K; = RP". Suppose that there is a class « € H'(W;Z/27) such that, for every
i=1,....,m,a|k, generates H*(RP";Z/2Z). Let ¢ € Symp (W) be a positive word in the subset of
projective twists {Tg; }ie{1,...,m}- Then ¢ is not isotopic to the identity in o (Symp. (W)).

Using the cohomological assumption of the theorem, we establish the Hopf correspondence and prove the
theorem by contradiction. The idea is that, in these circumstances, there exists a product of Dehn twists
XS Sympct(W) in the symplectic double cover ¢ : (W, @) — (W, w) such that g o¢p = ¢ 0¢g. Then an
isotopy ¢ ~ Id in Symp_, (W) can be lifted to an isotopy ¢ ~ 1d in Sympct(I;IV/), contradicting Theorem A.

Unfortunately, the same techniques do not yield a result for complex projective twists; in that case, the
auxiliary manifold (Y, 2) defines a C*~bundle ¢: Y — W and a compactly supported isotopy on W
does not lift to a compactly supported isotopy on Y, so that the arguments used for Theorem D do not
apply here.

1.3.3 Framing of projective twists and Lagrangian embeddings of homotopy projective spaces
The last section uses the Hopf correspondence to examine the ways in which the symplectic structure
interferes with the underlying topological structures, such as diffeomorphism and homeomorphism class,
of Lagrangian homotopy projective spaces. In this paper, a manifold that is homeomorphic but not
diffeomorphic to a standard (real or complex) projective space is called an AD projective space. A
manifold that is homotopy equivalent but not homeomorphic to a standard (real or complex) projective
space is called an AT projective space. Similarly, an AD sphere is a sphere that is homeomorphic but not
diffeomorphic to the standard sphere (we decide to drop the usual epithet exotic; see Definition 7.6).

A notorious conjecture, the nearby Lagrangian conjecture, states that, given a closed smooth manifold Q,
any closed exact Lagrangian submanifold of (7*Q, dA ) is Hamiltonian isotopic to the zero section.
This conjecture has generated a lot of interest in the symplectic community, but its statement is currently
confirmed only up to simple homotopy equivalence [Abouzaid 2012b; Kragh 2013; Abouzaid and Kragh
2018]; in Section 7.1 we summarise the state of the art of this conjecture. For a homotopy sphere L,
it is known that the choice of smooth structure can be an obstruction to the existence of a Lagrangian
embedding L < T*S". Namely, for n > 4 odd, AD spheres which do not bound parallelisable manifolds
admit no Lagrangian embedding into 7*S” [Abouzaid 2012a; Ekholm et al. 2016].
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Using the existing literature about S'-actions on AD spheres [Bredon 1967; James 1980; Kasilingam
2016], we find, in Section 7.1, examples of nonstandard homotopy complex projective spaces which
do not admit Lagrangian embeddings into 7*CP”. These results are compatible with the predictions
derived from the nearby Lagrangian conjecture.

Theorem E There is a manifold P homotopy equivalent to CIP# and with the same first Pontryagin class
such that neither P nor P # X3 admits an exact Lagrangian embedding into T*CP*.

Theorem F  There is an element $'* in the group of homotopy 14—spheres ©14 such that CP7 # %14
does not admit an exact Lagrangian embedding into T*CP7.

On the other hand, in Section 7.2, we present new results which prove that, in general, the Hamiltonian
isotopy class of projective twists does depend on a choice of framing, ie a choice of smooth parametrisation
f:CP" — L (see Definition 2.7). It was proved by Dimitroglou Rizell and Evans [2015] that a nonstandard
parametrisation S” — L of a Lagrangian sphere can give rise to a Dehn twist that is not isotopic to the
standard Dehn twist Tgn.

We use classical homotopy theory and the Hopf correspondence to transpose the existence of nonstandard
parametrisations of Dehn twists of [Dimitroglou Rizell and Evans 2015] into instances of projective twists
depending on their framing.

Theorem G The CP"—twist depends on the framing when n = 19, 23,25, 29,

This shows that, in general, Symp (7 *CP") is not generated by the standard projective twist along the
zero section tcpn (see Corollary 7.26). Moreover, we also note that the use of advanced topological
technology (topological modular forms) can prove the existence of infinitely many nonstandardly framed
(complex) projective twists (Proposition 7.24).

Organisation of the paper

The rest of the paper is organised as follows.

Sections 3 and 4 are the two theoretical cores that support the arguments throughout the paper. After
recalling the principal properties of twists in Section 2, in Section 3 we prove commutative diagrams
involving Dehn twists, the Hopf map and projective twists in the geometric setting. In Section 4, we
define the Hopf correspondence and its applications for diagrams of functors of the Fukaya category
induced by Dehn/projective twists.

The central body of the paper is divided in three parts, in which we apply the methods developed. We
prove a free group generation criterion for projective twists in plumbings in Section 5, we study positive
products of twists in general Liouville manifolds in Section 6, and we study framings of projective twists
as well as Lagrangian embeddings of homotopy projective spaces in Section 7.
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May we remember that mathematics is a verb, conjugated plurally.

2 Twists

This section provides the contextualisation necessary for studying Dehn twists and projective twists in
symplectic topology; it can be skipped by the expert reader. We summarise the constructions of twists
from a geodesic flow perspective (Section 2.1), and as local monodromies of fibrations (Section 2.2).
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2.1 Twists from geodesic flow

In this section we recall the definitions of Dehn and projective twists that employ the periodicity of
the geodesic flow of spheres and projective spaces (the main references are [Seidel 2003, Section 1.2;
2000, Section 4.b; Mak and Wu 2018, Section 2.1]). Let (K, g) be a closed connected Riemannian
manifold admitting a periodic cogeodesic flow ®% : 7* K — T* K on its cotangent bundle (T* K, d A7+ k)
such that each geodesic of length 27 is closed (so that the shortest period of a unit-speed geodesic is 27).
Let || - || x be the norm associated to the given Riemannian metric g. The normalised cogeodesic flow
satisfies @%{” = Id and can be extended to a Hamiltonian S!-action 6/ on T*K \ K, with moment map

H:T*K\K —>R, Hv) = |v|k.

Definition 2.1 Let K be diffeomorphic to S”. For ¢ > 0, define an auxiliary smooth cut-off function
re: RT — R such that 0 < r¢(¢) < 7 for all f < & and
—t ift ke,

ifr > e.

3) re(t) = { ’OT

The model Dehn twist r}?‘:: T*K — T*K is defined as

o el ® ifEEK,

loc _
@ E {—g if§ e K. 4

Definition 2.2 Let K be diffeomorphic to AP” for A € {R,C, H}. For ¢ > 0, let rg: RT - Rbea
smooth cut-off function such that 0 < r¢(¢) < 27 for all # < & and

—t ifre,
ift >e.

2
) re(t) = { 0”

The model projective twist r}‘gc: T*K — T*K is defined as

H .
(©) () = {"ransnm@) ifs ¢ K,
& if£ e K. <
Remark 2.3 Our choice of cut-off functions r, follows [Mak and Wu 2018, Section 2.1], but the
construction is independent of such choices, up to suitable isotopy [Seidel 2000]. <

Theorem 2.4 [Seidel 2000, Corollary 4.5] Let (K, g) be a Riemannian manifold admitting a periodic
(co)geodesic flow and satisfying H'(K;R) = 0. Then the symplectomorphisms r}gc have infinite order
in 7o (Symp (T *K)).

loc

Theorem 2.5 [Seidel 2000, Proposition 4.6] The symplectomorphism T, of Definition 2.1 is isotopic
to the identity in Diff (T *CP").

loc

Remark 2.6 We will often denote the standard twists by Tgn := 7 g); or, for Ae{R,C,H}, tppn = fj&%,,,.

With the conventions (3) and (5), the isomorphisms S I~ RP!, §2 ~ CP! and S* ~ HP! induce

2~

isotopies réz,] >~ TRpl, r§2 ~1ept and Tg,

P!, respectively (see [Seidel 2000; Harris 2011]). <
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Now suppose (L, g) is a Riemannian manifold admitting a Lagrangian embedding L C M into a general
symplectic manifold (M, w).

Definition 2.7 Let K € {S”,RP", CP"*, HP"}. A framed Lagrangian sphere/projective space is a
Lagrangian submanifold L C M together with an equivalence class [ /] of diffeomorphisms f: K — L,
where f1 ~ f> if and only if f2_1 /1 is isotopic, in Diff(K), to an element of the isometry group Iso(K, g).
An equivalence class [ f] as above is called a framing. <

Definition 2.8 Let (L,[f]) be a framed Lagrangian sphere/projective space in (M, ®). Using Wein-
stein’s neighbourhood theorem, extend a framing representative f: K — L to a symplectic embedding
1: DyT*K — M, where DyT*K = {v € T*K | |[v|x < s} for s > 0. There is a model twist 71,
supported in the interior of DyT* K, and we define

loc 1

totgfolt™" onlIm(y),

T, =
L Id elsewhere.

In the case where L is a sphere, the map 7z is the well-known Dehn twist. When L is a projective space,
the resulting map is called a projective twist. In this paper, the term Dehn twist is exclusively reserved for
twists that are constructed from a Lagrangian sphere. <

Remark 2.9 (1) A Dehn twist along an exact Lagrangian sphere, or a projective twist along an exact
projective Lagrangian in an exact symplectic manifold, is an exact symplectomorphism in the
sense of Definition 2.11. The same holds for products of such twists. This follows by construction
(for direct computations, see for example [Barth et al. 2019, Lemma 4.4; Chiang et al. 2016,
Lemma 2.1]).

(2) Theorem 2.5 implies that, given a symplectic manifold (M, w), any Lagrangian L = CP" C M
will define an element 77, € Symp_ (M) that is isotopic to the identity in Diff (M ). <

As shown by Dimitroglou Rizell and Evans [2015], the choice of framing does play a role in determining
the symplectic isotopy class of a spherical Dehn twist. In Section 7, we prove that this is also the case for
projective twists. Before then, any given Lagrangian submanifold involved in the construction of a twist
is assumed to be endowed with a choice of framing and we omit mentioning this datum, as the results of
this paper, up to the last section, are independent of such choices. This is because the autoequivalence of
the Fukaya category induced by a Dehn twist (see Section 2.3) is independent of the choice of framing
(as a consequence of the shape of the functor; see [Seidel 2008a, Corollary 17.17]). The same is true for
the functor induced by the projective twist [Mak and Wu 2018, Theorem 6.10].

2.2 Twists as monodromies

This section approaches twists from a different perspective, one that presents these symplectomorphisms
as monodromy maps of fibration-like structures. Dehn twists occur as (local) monodromies of Lefschetz
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fibrations, and this is one of the features that has made the study of Dehn twists particularly productive.
On the other hand (it is a lesser known fact that) projective twists can be modelled as local monodromies
of Morse—Bott—Lefschetz fibrations, another class of fibrations admitting more degenerate singularities,
which we will not discuss here.

Below we give a brief review of Lefschetz fibrations (mainly following [Seidel 2008a; Maydanskiy and
Seidel 2010]) on Liouville manifolds, aimed at setting the notation for future sections, and recall the
well-known Picard—Lefschetz theorem.

Definition 2.10 A Liouville manifold of finite type is an exact symplectic manifold (W, w = dAw),
where Ay € Q1 (W) is called the Liouville form, such that there exists a proper function iy : W — [0, 00)
and ¢¢ > 0 with the following property: for all ¢ € (co,00) and x € hﬁ,l (c), the vector field Zy dual
to Aw, called the Liouville vector field, satisfies dhw (Zw)(x) > 0.

For a regular value ¢ of iy, a closed sublevel set M := h;VI ([0, c¢]) of a Liouville manifold (W, dAw)
is a compact symplectic manifold with contact type boundary (X := h;VI (¢),Aw|x), and it is called a
Liouville domain. <

Definition 2.11 An exact symplectomorphism between two Liouville manifolds (W7,d A1) and (W>,d A»)
is a diffeomorphism v : Wy — W, satisfying ¥ *A, — A1 = df for a compactly supported function
f: W1 — R. 4

Definition 2.12 Now let (M, dA) be a Liouville domain with contact boundary (¥ = M, o = A|y).
The negative Liouville flow identifies a collar neighbourhood C(X) of the boundary with (—e, 0] x M, so

that A|¢(z) = e’«. An almost complex structure J of contact type near the boundary is one that satisfies
de'oJ = —A. <

Definition 2.13 Given a Liouville domain (M, dA) as above, we can use the identification of the collar
neighbourhood C(X) to glue an infinite cone and define the symplectic completion of M,

(7) (W, ow) := (M U[0, 00) x IM, d(e'a)),

where 7 is the coordinate on (0, 00), such that the Liouville flow extends to Zy with Zy |9, c0)xam = ;-

An almost complex structure J of contact type extends to an almost complex structure Jw on the
completion satisfying:

e Jw(d/0t) = Ry, where R, is the Reeb vector field associated to «.
e Jw is invariant under translations in the f—direction.
s Jwlm =J.

This kind of almost complex structure will be called cylindrical. <
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We will only consider Liouville manifolds that are complete (ie with complete Liouville vector field) and
of finite type, which we can identify as the union of a Liouville domain with a cylindrical noncompact
end, equipped with an almost complex structure cylindrical at infinity.

Let (E 2nt2 Qp, A E) be a Liouville manifold, with a compatible almost complex structure Jg, and
consider the complex plane with its standard symplectic form and complex structure jc. Let w: E — C
be a map with finitely many critical points, which are all nondegenerate, and contained in a compact set
of E. Denote by Crit(rr) := {x € E | Dy = 0} the set of critical points, and by Crit v(;) := 7 (Crit(r))
the set of critical values.

Definition 2.14 A Lefschetz fibration on (the Liouville manifold) £ is a (Jg, jc)-holomorphic map 7,
ie Do Jg = jc o Dm, with the above properties and the following additional features:

(1) Forall x € E \ Crit(x), ker(D,m) C Ty E is symplectic.
(2) Every smooth fibre is symplectomorphic to the completion of a Liouville domain (M, d Aps).

(3) There is an open neighbourhood U C E such that w: E \ U" — C is proper and 7|yn can be
trivialised via an isomorphism f: U h~C x ([0, 00) x M) such that

(8) f*(lE)=)&(C —{—et)LM. <

For more details about how this fibration is modelled outside of a neighbourhood of the critical points,
see [Maydanskiy and Seidel 2010, (2.1)].

By the first point above, there is a symplectic splitting
) TwE =ker(Dym) ® Tx E",

where Ty E" is the symplectic complement of ker(D ) with respect to Qg. The decomposition
in (9) defines a canonical connection over C \ Crit v(rr). By the triviality condition (3), for every path
y:[0,1] — D\ Crit(r), there are well-defined parallel transport maps h,, : E, ) — E, (1) which yield
symplectomorphisms between smooth fibres.

Definition 2.15 A pair (Jg, jc) is said to be compatible with r if the following holds:
e DnolJg=jcoDm.
e There is a local Kéhler structure Jo such that Jg = Jy in a neighbourhood of Crit(r).

e On the neighbourhood U", Jg is a product, f*(Jg) = (jc.J??), where J' is a cylindrical
almost complex structure compatible with d(e’Ay7).

e QEp(-,Jg-) is symmetric and positive definite. <
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Remark 2.16 This choice of almost complex structure is not generic. However, the space of compatible
almost complex structures on the total space of an exact Lefschetz fibration is contractible [Seidel 2003,
Section 2.1], and the moduli spaces we will consider still meet the usual regularity requirements [Seidel
2003, Section 2.2]. <

For a Lefschetz fibration on a Liouville manifold (E, Q g), the proper fibration obtained as £ \ U h_C
for an open neighbourhood U h < E as above carries the same symplectic information as m with the
difference that its fibres are Liouville domains, and as a result the total space admits a nontrivial horizontal
boundary, given by the union of the boundaries of all fibres.

In most of the paper we will employ this latter type of Lefschetz fibration (for notational simplicity), and,
unless specified, an exact Lefschetz fibration will denote a fibration obtained in this way.

Now let 7: E — C be an exact Lefschetz fibration, with smooth fibre given by the Liouville domain
(M, d). By the triviality assumption of Definition 2.14, there is a neighbourhood of U? C E of the
horizontal boundary 8" E that is isomorphic to an open neighbourhood of the trivial bundle C x dM,

(10) Ud=Cx M™cCxM,

where M°" C M is a collar neighbourhood of dM. The isomorphism is compatible with the Liouville
forms and the almost complex structures.

Let w: E — C be a Lefschetz fibration with exact compact fibre (M, @) and distinct critical values
Critv(m) = {wo, ..., Wn} C DR, where D C C is a disc of radius R. Fix a basepoint z« € R such that
z+« > R, and an identification 77! (z,) = M. In what follows we will frequently use the fact that, via
parallel transport, any fibre 7! (z) for z € C with Re(z) > R can be symplectically identified with the
smooth fixed fibre M via parallel transport.

Definition 2.17 (1) A vanishing path associated to a critical value w; € Critv(x) is a properly
embedded path y;: RT — C with yl._l(Critv(n)) = {0}, i (0) = w; and lim;_ o, Re(y(?)) = oo
such that, outside of a compact set containing the critical values, the image of y; is a horizontal
half ray at height a; € R:

(1D AT >0 Vet >T Re(yi(t)) > R and Im(y; () = a;.

(2) A distinguished basis of vanishing paths for 7 is a collection of m+-1 disjoint paths (yo, - . ., Ym) CC
defined as above, with pairwise distinct heights satisfying ag < a; < -+ < dp.

(3) The corresponding basis of Lefschetz thimbles is the unique set of Lagrangian discs (Ay,, ..., Ay,,)
in E, where A, is defined as the set of points which under the limit  — 0 of the parallel transport
maps over y; are mapped to the critical point in 77! (w;) (the proof of uniqueness can be found in
[Seidel 2008a, (16b)]). Given a general Lefschetz thimble £, define its height a(L£) as the value
defined in (11). For a pair of thimbles (Lo, £1), set Lo > L1 if a(Lo) > a(L1).

Algebraic & Geometric Topology, Volume 24 (2024)



Projective twists and the Hopf correspondence 4153

Figure 1: A distinguished basis of vanishing paths (yo, ..., ¥m)-

(4) There is an associated basis of vanishing cycles (Vp, ..., Vi) where, foralli =0,...,m,

(using the above identification for smooth fibres). Every vanishing cycle V; C M is an exact
Lagrangian sphere which comes with an equivalence class in of diffeomorphisms S” — V; defined
up to the action of O(n + 1) (called a framing). This is induced by the restriction of a diffeomorphism
D"t 5 A; (which is canonical; see [Seidel 2003, Lemma 1.14]). N

Definition 2.18 The global monodromy is the symplectomorphism ¢ € Symp_, (M) whose Hamiltonian
isotopy class is defined by the anticlockwise parallel transport map around a loop through the basepoint z
encircling all the critical values of the fibration. (Typically, this loop is defined as the smoothing of the
concatenation of the loops centred at z, going around a single critical value as in Figure 1.) N

The symplectic Picard-Lefschetz theorem [Arnold 1995] states that the global monodromy ¢ is isotopic
to the product of the Dehn twists along the vanishing cycles (Vp, ..., Vi),

(12) ¢ = 1y, - Ty, € Sympy (M),
and the Hamiltonian isotopy class is independent of the choice of basis of vanishing paths.

On the other hand, given the data {(M, w), (Vo, ..., Vin)}, there is an exact Lefschetz fibration 7: E — C
with fibre (M, w), and vanishing cycles (Vp, ..., V;;) C M, unique up to exact symplectomorphism
[Seidel 2008a, (16¢)].

Remark 2.19 Lefschetz fibrations can be viewed as a special case of Morse—Bott—Lefschetz (abbreviated
MBL) fibrations, a class of fibrations which allows nonisolated singularities. The monodromies of such
fibrations are symplectomorphisms called fibred twists [Perutz 2007], which naturally generalise Dehn
twists. Projective twists are a special type of fibred twists, and therefore also admit a presentation as local
monodromies. However, in this paper, we won’t study projective twists from this perspective. <
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2.3 Functor twists

This section only contains the notation (and the general notions involved) that we will use for the functors
of the Fukaya category that are induced by twists.

Let (M, w) be a Liouville manifold and let k be a field of characteristic 2. Given two closed exact
Lagrangian submanifolds Lo, L1 C M the Floer complex is freely generated as a vector space by the
intersection points of the (perturbed) Lagrangians CF(Lg, L1;k) 1= @, onL, k{x). The boundary
operator d: CF(Lg, L1;k) — CF(Lg, L1;k) counts Jps—holomorphic strips with boundary conditions
on (Lo, L1) and asymptotic conditions on intersection points. For a compatible cylindrical almost
complex structure Jps, the moduli spaces of such curves are compact oriented manifolds [Seidel 2008a,
Sections 8-9] and the operator d squares to zero [Seidel 2008a, (9¢)], so that (CF(Lg, L1;k),d) is a
well-defined cochain complex whose cohomology is the Floer cohomology ring HF(Lg, L1; k). Floer
cohomology is designed to be invariant under Hamiltonian isotopies; if ¢ is the flow of a Hamiltonian
vector field, then HF(Lg, ¢ (L1)) = HF (Lo, L1).

Very simply put, the compact Fukaya category, Fuk(M ), is an A,—category whose objects are closed exact
Lagrangian branes, which are Lagrangian submanifolds with additional algebraic data, and morphisms the
Floer cochain groups between transversely intersecting Lagrangians [Seidel 2008a, (9j) and (12g)]. This
category encodes intersection data associated to all its objects, including the Floer differential 9 = !,
the Floer cup product p? and higher-order products ,uk (see eg [Seidel 2008a, (9j) and (12g)]). It is well
defined for any Liouville manifold (see [Seidel 2008a]).

Two Lagrangians that are Hamiltonian isotopic are quasi-isomorphic objects in the Fukaya category,
which means they are isomorphic objects of the associated cohomological category, which we denote
by H(Fuk(M)). We denote the automorphisms of H(Fuk(M)) (ie the automorphisms of the Fukaya
category up to quasi-isomorphism) by Auteq(Fuk(M)).

Let Tw(Fuk(M)) be the category of twisted complexes in Fuk(M) (see [Seidel 2008a, (3k)]), and
DY Fuk(M) := H(Tw Fuk(M)) the cohomology category of Tw(Fuk(M)).

There is a map
(13) ®: Symp,, (M) — Auteq(D" Fuk(M))

to the group of auto-equivalences of the Fukaya category (modulo quasi-isomorphism) such that, given
¢ € Symp (M), ®(¢) sends a Lagrangian L C M to another Lagrangian ¢(L) C M (we avoid dis-
cussing a graded situation in this context). The map factors through the quotient by the subgroup
Ham (M) C Symp, (M) of compactly supported Hamiltonian diffeomorphisms, so, given an exact
Lagrangian sphere/projective space L and its associated twist 7, ®(tz) defines a well-defined element
of Aut(D® Fuk(M)), which we denote by 7} .
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Seidel [2003] showed that, for a Dehn twist 7z, the induced functor Ty, € Aut(D® Fuk(M)) fits into an
exact triangle (see [Seidel 2008a, (17j)]).

Recently, there have been generalisations of Seidel’s triangle for a wider class of symplectomorphisms,
achieved through a range of different techniques. Wehrheim and Woodward [2016] proved the existence
of an exact triangle for fibred twists using quilt theory adapted to Morse—Bott Lefschetz fibrations.

Mak and Wu [2018] treated the case of projective twists, using Lagrangian cobordism theory as developed
in [Biran and Cornea 2013; 2014]. They proved that the autoequivalence induced by a (real, complex,
quaternionic) projective twist is isomorphic to a double cone of functors in Aut(Tw Fuk(M)) [Mak and
Wu 2018, Theorem 6.10].

Under the appropriate circumstances, the mirror symmetry conjecture gives conjectural descriptions
of such functors. If a symplectic manifold (M, w) has a mirror complex manifold (X, J), there are
autoequivalences of the Fukaya category of M that are induced by autoequivalences of the derived
category of coherent sheaves of X (we call such autoequivalences algebraic twist functors, and will only
refer to them in Remark 4.15).

3 Commuting diagrams of twists

In this section we introduce the geometric ideas underpinning the philosophy of the Hopf correspondence.
We prove a criterion for relating projective twists in a Liouville manifold (W, @) to Dehn twists in another
Liouville manifold (Y, ©2).

3.1 Complex projective Lagrangians

We begin by considering Lagrangian complex projective spaces.

§27+1 with norm || - || s, and consider the free S'—action on S2”*1 by complex

Fix the round metric on
multiplication. The orbits of the action are great circles (“Hopf circles”), hence geodesics, and the action

is isometric.

Consider the quotient map /: S?"*t1 — CP”, which is the (generalised) Hopf fibration. It is a Riemannian
submersion that uniquely defines the Fubini-Study metric gp on CP”. Identify the tangent bundles with
their corresponding cotangent bundles 782"+! o~ T*§2"*1 and TCP" = T*CP" via the canonical

isomorphism induced by the metrics.

The Hopf action on ST lifts to a Hamiltonian S —action on the cotangent bundle (7*S?"*1, wrgn)
[Guillemin and Sternberg 1990]. Let j: T*S2?"*T! — R be the moment map of this action. Assume 0 is
a regular value of y and consider the level set V := u~1(0) € T*S?"*1, which has the structure of a
principal S'-bundle p: V — T*CP”" over the symplectic quotient T*S2"+1 /Sl .= V/S! =~ T*CP".
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Lemma 3.1 Let tg2nt1 € Symp, (T*S?"T1) and tcpr € Symp, (T*CP") be the model Dehn and
projective twists, respectively. Let p: V := u~1(0) — T*CP" be the symplectic quotient map as above.
There is a commuting diagram

v Tgon+1lv v
(14) lp lp
T*CPp" — 2", p*Cpn

Proof The Hopf action is isometric, ie for any g € S, the induced map Ve € Diff(S 2n+1y is an isometry.
This implies that the differential maps on the tangent bundles Dy g : Ty S n+l Ty, (x)S 2n+1 commute
(for any x € S2"*1) with the geodesic flow.

The cogeodesic flow ®%; on 7*S2"*1 is induced by the Hamiltonian function
(15) H:T*S?>" T SR, (x,8) > [£]s.

This is S—invariant, so there is a Hamiltonian function H : T*CP” — R defined on the quotient with
respect to the submersion metric g p, which induces the (co)geodesic flow on T*CP”. Since p is induced
by a Riemannian submersion, we have the relation p o QD’H ly = <I>;I o p|v, and, for any choice of cut-off
function r as in Section 2.1,

(16) Poo 1) &) = 0 p@l) 0 PE). €V C TS

where GtH and OtH are the Hamiltonian S'-actions induced by H and H, respectively, as in Section 2.1.

Any geodesic connecting a point on S2"*1 to its antipode projects, under p, to a closed geodesic of
minimal period on CIP” (it cannot collapse to a point since the Hopf action is isometric), so the definitions
of the twists in Section 2.1 imply that p o tg2u+1|y = tcpr © ply. a

We now extend the above discussion to a more global situation; in order to do that it is necessary to set
the following assumption:

Assumption (CX) Let (W, ®) be a 4n—dimensional Liouville manifold with a homology class « €
H?(W;Z) and Lagrangian complex projective spaces K1, ..., K, C W such that

alk, =x € H*(CP";Z) forall i,
where x = ¢1(Ocpn(—1)) is the generator of the cohomology ring H*(CP";Z) = Z[x]/x" 1.
Proposition 3.2 Let (W, ) be a 4n—dimensional Liouville manifold containing embedded Lagrangian

complex projective spaces K1, ..., K;; C W. Assume there exists a class o € H?(W;Z) satisfying
Assumption (CX). Then there is a (4n+2)—dimensional Liouville manifold (Y, <2) with Lagrangian
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spheres L1, ..., Ly C Y, a coisotropic submanifold V C Y with the structure of an S 1_fibre bundle
p:V — W such that, for eachi € {1,...,m}, L; C V, and there is a commuting diagram

v T lv v
(17) l ) l )

TK;
W —m-—--—W

The class « € H?(W;Z) restricts to a generator x € H2(CP";Z) on each Lagrangian K;, so there
is a complex line bundle £ — W satisfying ¢1(£) = « which is modelled on the tautological line
bundle Ocpn(—1) over K; fori = 1,...,m. Fix a metric || - ||z on £, and for u € £ define a function
r(u) :=|ullz. Set V:={ueL, r(u) =1}. Over K;, V defines a sphere L; := Vg;.

Lemma 3.3 The C*-bundle associated to L is a Liouville domain, where the spheres L; are embedded
as Lagrangian submanifolds.

Proof enote this bundle by ¢: Y — W. Following [Ritter 2014, Section 7.2], we build a symplectic form
Q2 on Y, making the spheres L; Lagrangian, and find the appropriate vector field which will be Liouville
with respect to €2.

The metric induces a connection one-form ¥ on £ \ 0 satisfying
(18)  yVlgy =0, yVirge=y forall ue£\0,  [dy']=—¢"(c1(£)) = —¢* (@),

where H,Y £ is the horizontal distribution associated to the connection V at u, T,V £ the vertical distribution,
and y the fibrewise angular form defined by the metric. Let  := g*w + d(f(r)y") for a function
J € C®°(R) with

f(1) =0, f'(r)y>0 forall r €R.

Then Q2 defines a symplectic form in a neighbourhood of {r = 1}, and L; is Lagrangian with respect to 2.
Let A be the Liouville one-form on W with dA = w. Define Ay := g*A + f(r)y", so that d(Ay) = Q.
Then (Ay, Q) defines a Liouville structure near {r = 1} (the symplectic dual to Ay points outwards along
a small neighbourhood of {r = 1}). Therefore, a symplectic completion along this neighbourhood yields
a Liouville manifold that is diffeomorphic to Y, containing the Lagrangian spheres L1, ..., Ly,. a

Proof of Proposition 3.2 Let £ — W be the complex line bundle we have constructed above with
c1(£) = a. For each Lagrangian projective space K; C W, the restriction of the bundle £L|g, is modelled
on the tautological line bundle, which implies that L; — K; is modelled on the Hopf quotient map
h: §2"+1 _ CP”. The commutativity of (17) follows by the local commuting diagram of cotangent
bundles (14). O
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Example 3.4 Without Assumption (CX), Proposition 3.2 is in general not true, as the following example
illustrates. Consider the manifold W obtained by attaching a 3—handle to the contact boundary of
DsT*CP? (s > 0) such that H2(W;Z) = 0. On one hand, W contains a nontrivial Lagrangian
K = CP? C W coming from the zero section (which is preserved by the handle attachment, since it is
disjoint from the boundary; note that the handle attachment is subcritical, so in fact the whole wrapped
Fukaya category is preserved; see [Ganatra et al. 2024]). However, as there is no nontrivial 2—cohomology
class on W, there is no nontrivial S!'-bundle over W that can be used to build a sphere over K. <

3.2 Real projective Lagrangians

A similar procedure can be applied to a Liouville manifold containing real projective Lagrangians with
an appropriate cohomology criterion. First recall the following.

Let S® = 7 /27 act on the sphere S” by the antipodal map. The quotient map /: S” — RP” is in this case

a covering map, and induces a symplectic double cover g: T*S" — T*RP" with ¢*wr+rpr = or*gn.

Lemma 3.5 [Mak and Wu 2018, Lemma 2.4] Let trpn € Symp (T *RP") be the RP"—twist defined
as in Section 2.1. Then the diagram

Trsn " pxgn
(19) lq Jq
T*RP" — BP" prRpn

commutes.

Assumption (RE) Let (W, ®) be a 2n—dimensional Liouville manifold with a homology class « €
HY(W;Z/2Z) and Lagrangian real projective spaces K1, ..., K,, C W such that

alg, =x € H' (RP";Z/2Z) for all i,
where x = e()/1 n+1) is the Euler class of the real tautological bundle )/ng’” 1 L RP” and generator of
the cohomology ring H*(RP";Z/27) = 7./2Z[x]/x" 1.

Proposition 3.6 Let (W, ®) be a 2n—dimensional Liouville manifold containing embedded Lagrangian
real projective spaces K1, ..., Ky C W. Assume there is a class o € HY(RP";7/27) satisfying

Assumption (RE). Then there is a 2n—dimensional Liouville manifold (I/I~/ @) containing Lagrangian
spheres L1,..., Ly C W and a commuting diagram

W— W

(20) l l
179

—_— W
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Proof In this case, the class @ € H!(W;Z/2Z) defines a symplectic double cover g: (W, o) —> (W, w).
Each Lagrangian K; = RP” then lifts to its double cover L;, which is a sphere S” C W. Let A be the
Liouville form on W. As ¢ is symplectic, @ = ¢*(w) = ¢*(dA) = d(¢* (1)), and A= q* (M) defines a
Liouville form on W, which gives W the structure of a Liouville manifold. Then the result follows by the
local case, illustrated by Lemma 3.5. |

Remark 3.7 1t is possible to obtain an analogous diagram for the quaternionic twist as follows. Consider
the free S3 ~ Sp(1)-action on S#”*3 inducing the quotient map /: S*”*3 — HP”. This is a submersion
as in the complex case, and the same arguments (with the natural metrics) yield the local commuting

diagram
- Tsant3ly-10)
©1(0) ()
21) lp P
T*HP? — P prppr

where p: u~1(0) — T*HP" is the S3—fibre bundle induced given by the symplectic quotient map of the
Hamiltonian action induced on 7*S§4*+3,

Given an 8n—dimensional symplectic manifold (W, w) containing quaternionic projective Lagrangians,
one would hope to find a cohomological condition to ensure the existence of a symplectic (8n+6)—
dimensional manifold (Y, 2) with corresponding Lagrangian spheres, as we did for the real and complex
cases. However, homotopy classes of maps W — HP* = Sp(1) do not classify quaternionic line bundles
over W, so there is no analogue of Assumptions (CX) and (RE) to ensure the existence of such a manifold
and a commuting diagram of the form of (17). N

4 The Hopf correspondence

In this section we discuss the main theoretical device in action in this paper; Lagrangian correspondences.
We begin by reviewing the main concepts from Wehrheim—Woodward Lagrangian correspondence theory
(Section 4.1). The rest of the section is then focussed on the correspondence that will be used in our
applications, the Hopf correspondence. Given a real/complex projective Lagrangian K C W in a Liouville
manifold (W, w) satisfying (RE)/(CX), the Hopf correspondence associates to it a Lagrangian sphere
L C Y in an auxiliary Liouville manifold (Y, 2). The key use of the Hopf correspondence in this
section is aimed at achieving a categorical version of the commuting diagrams of the previous section.
To do this, we first show that the Hopf correspondence I' C W™ x Y induces a well-defined functor
Or: Fuk(W) — Fuk(Y) (Sections 4.2 and 4.3). We then show that the functors of Fuk(W) induced
by projective twists are entwined, via the correspondence, with the functors of Fuk(}') induced by the
Dehn twists (Section 4.4). In Section 4.5, we show that the Hopf correspondence can be used to build a
symplectic Gysin sequence as established in [Perutz 2008].
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4.1 Lagrangian correspondences

We summarise the basic definitions and results associated to Lagrangian correspondences in the setting of
[Wehrheim and Woodward 2012; 2010a; 2010b; Ma’u et al. 2018]. For the entire section we let k be a
coefficient field of characteristic two.

Definition 4.1 [Wehrheim and Woodward 2010b] A Lagrangian correspondence between two sym-
plectic manifolds (Mg, wg) and (Mg 41, wg41) (“from My to My,1”) is a Lagrangian submanifold
Lig+1 C (M- X Miq1) := (Mg X M1, —0k ® 0k +1)- A cycle of Lagrangian correspondences of
length r > 1 is a sequence of symplectic manifolds (Mo, ..., M,+1 = My) together with a sequence of
Lagrangian correspondences L := (Lo1, L12, .-, L(z—1)r, Lro) such that L1y C My~ X My, for
k=0,...,r. <

For example, a Lagrangian submanifold L of a symplectic manifold (M, w) is a trivial example of
Lagrangian correspondence, seen as L C {pt}~ x M = M (see other examples below).

Definition 4.2 [Wehrheim and Woodward 2010a, Definition 2.0.4] Let (M;,w;) for i = 0,1,2 be
symplectic manifolds and Loy C My x My and L12 C M| x M3 be Lagrangian correspondences.

(1) The correspondence transpose to L1 is defined as L61 :={(m1,mo) |(mo,m1) € Lo1} C M{ xMoy.
Note that, for a simple Lagrangian L C M of a single symplectic manifold M, we won’t distinguish
L from its conjugate.

(2) The composition of Lg; and L5 is defined as
(22) Lo1oLyz:={(mo,mp) € My x My | (mo,my) € Lo1, (m1,mz) € L1, for some my € M}
C My xM,

and it is called embedded if it defines an embedded Lagrangian submanifold of My x M>. <
Example 4.3 [Perutz 2008, 1.1] Let (M 2", ) be a symplectic manifold with a coisotropic embedding
t: V < M. If the foliation defined by the integrable distribution 7V is a fibration p: V — B, then the
leaf space is a symplectic manifold (B, wp) satisfying p*wp = t*(wps). The (transpose) graph of p,

I:={(p),v)|veV}C(BxM,—wp dwy),

is a Lagrangian correspondence. <

A special case of Example 4.3 is when the coisotropic submanifold is obtained as a level set of a moment
map induced by a Hamiltonian action:

Example 4.4 [Wehrheim and Woodward 2010b, Example 2.0.2(e)] Let (M, wps) be a symplectic
manifold. Let G be a compact Lie group acting on M Hamiltonianly with moment map pu: M — g*.
If G acts freely on " 1(0), the latter is a smooth G—fibred coisotropic over the symplectic quotient
W :=MJ/G = u~1(0)/G. W is a symplectic manifold with symplectic structure wpmy G given by the
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Marsden—Weinstein theorem (see for example [McDuff and Salamon 2017, Section 5.4]). The graph of
the quotient map p: u~!(0) — W is a Lagrangian submanifold of (M x W, —wps ® ww) and defines a
Lagrangian correspondence, relating Lagrangians of M with Lagrangians of its symplectic quotient. <

4.2 Induced functors

Wehrheim and Woodward [2010a; 2010b] introduced a Floer cohomology theory adapted to cycles of
closed Lagrangian correspondences L := (L1, ..., Lro), called quilted Floer cohomology and denoted
by HF(L; k). Pseudoholomorphic quilts are a generalisation of the usual pseudoholomorphic strips used
in standard Lagrangian Floer theory, and the quilted invariant is defined by counting pseudoholomorphic
quilts with boundary constraints defined by the Lagrangian correspondences [Wehrheim and Woodward
2010b, Section 5]. It can be viewed as a Floer theory in product symplectic manifolds (we refer to
[Wehrheim and Woodward 2010b, Section 4.3] for definitions).

One of the main features is that, given a cycle L of Lagrangian correspondences, quilted Floer cohomology
is invariant under embedded composition (as in Definition 4.2) of subsequent Lagrangians in L.

Theorem 4.5 [Wehrheim and Woodward 2010b, Theorem 5.4.1] Let L = (Lo1, ..., Lro) be a cyclic
sequence of closed, exact embedded and oriented Lagrangian correspondences between Liouville
manifolds (M, ..., My1+1 = Mp) such that L;_y); o L;i;4+1) is embedded for each i. Then, for
L :=(Lo1,....L(j—1); ©Lj(j+1)-- - Lro), there is an isomorphism HF(L; k) = HF(L'; k).

Ma’u et al. [2018] proved that, under certain assumptions, a Lagrangian correspondence Ip; between
given symplectic manifolds (Mo, wo) and (M1, w;) defines an Aoo—functor Or,, between Fuk(Mp) and
the dg-category of Ax,—modules over Fuk(M;). The functor is realised as the geometric composition
(+) o To1 of Lagrangians submanifolds of M with the correspondence, and this important result relies
on the invariance of Theorem 4.5. If for every Lagrangian in My the composition outputs an embedded
Lagrangian of M1, the induced functor is between Fukaya categories.

Theorem 4.6 [Ma’u et al. 2018, Theorem 1.1] Assume My and M are Liouville manifolds, and let
To1 C My x My be a closed, exact and embedded correspondence such that, for any closed embedded
Lagrangian Ko C My, the geometric composition

(23) Li:=Kgoly ={my € My | (mg,my) € Ty for somemg € Ko} C My

is a closed embedded Lagrangian in M. This assignment defines an A—functor

(24) Ory, : Fuk(Mp) — Fuk(M1), Or,, (Ko)= L.

In the above theorem, the correspondences are required to be closed, exact (or satisfy suitable monotonicity

conditions) and embedded. Gao [2017a; 2017b] developed noncompact generalisations of Theorem 4.6,
including noncompact Lagrangian correspondences, in the setting of wrapped Fukaya categories.
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In both cases, the main theoretical device at work behind a result such as Theorem 4.6 (or Gao’s equivalent)
is quilted Floer theory, which, in [Gao 2017b], was adapted to a version suitable for noncompact
correspondences. In this work we focus on a Lagrangian correspondence in a setting that features some
properties of both theories. Before introducing our setting (see below), we review the types of Lagrangians
that are admitted in a Gao’s setting.

Let (Mg, wg) and (M1, w1) be Liouville manifolds with cylindrical almost complex structures Jo and J;
and Liouville flows Zy and Z, respectively. The product manifold (Mg x M1, —wg X w1) is a Liouville
manifold with respect to the product almost complex structure Jo; := —Jp x J1 and Liouville flow
Zo1 :=ny(Zo) + 1y (Zy) for the projections 7; : Mo x My — M; fori =1,2.

Let ¥ C My x M; be the contact hypersurface given in [Gao 2017b, Section 2.2], so that we can fix a
choice of cylindrical end that is compatible with the choices above. In other words, there is a compact
set U C Mo x M; bounded by X such that there is a diffeomorphism My x M\ U = [0, 00) x ¥ [Gao
2017b, (2.9)].

Definition 4.7 A Lagrangian submanifold is said to be conical if it is an exact, properly embedded
Lagrangian which is preserved by the Liouville vector field over the cylindrical end. <

Definition 4.8 [Gao 2017b, Definition 3.9] A Lagrangian submanifold I'yy C M, x M is called
admissible if it is

(1) either a product of conical Lagrangian submanifolds of M and M,

(2) or a Lagrangian that is conical with respect to the cylindrical end X x [0, +00). <

Gao [2017b, Theorem 1.5] defines geometric composition for this type of Lagrangian correspondences
and proves the analogue of Theorem 4.5. Moreover, he shows the open version of Theorem 4.6, namely
that such a Lagrangian correspondence induces a functor of wrapped Fukaya categories [Gao 2017a,
Theorem 1.2].

Below we focus on the type of correspondences we consider in this paper, which arises as a special
case of Example 4.3 for a noncompact coisotropic. It is a class of exact, embedded, but not closed
correspondences between Liouville manifolds.

Setting Let (Mg, wo) and (M1, 1) be Liouville manifolds such that there is a fibration g : M; — My
with Liouville fibres.

Let I'yy C M x My be a Lagrangian correspondence obtained as the (transpose) graph of a proper
fibration p: V — My, where V C M is a fibred coisotropic as in Example 4.3, and ¢|y = p.

On M x My set the product almost complex structure Jo; = —Jo x Jy for cylindrical almost complex
structures on Mg and M1, so that the fibration (id, g): My x M1 — M x My is (Jo1. Joo)—holomorphic
for Jo() = —J() X J().
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Then Ip; = {(p(v),v) | v € V} is properly fibred over the diagonal Ay, := {(p(v), p(v)) [ve V} C
M x My, which is a conical Lagrangian correspondence in M~ x My. However, the original correspon-
dence Ip; is not conical, or more generally admissible in the sense of Definition 4.8.

Consequently, the above setting doesn’t exactly fit either the compact or the open quilted theories, but it is
a combination of the two: it depicts a class of noncompact correspondences which nevertheless induces a
functor of compact Fukaya categories.

Axiom 1 The type of Lagrangian correspondence Io; C M x My defined in the above setting induces
a functor

(25) Ory, : Fuk(Mo) — Fuk(M1), Or,, (Ko)= L.

Experts will recognise the validity of the above statement that we have set as an axiom. Proving it as
a theorem would require a lengthy digression necessary to fill in all details covered in [Wehrheim and
Woodward 2010a; Gao 2017b; 2017a]. In Lemma 4.9, we restrict to proving the invariance of quilted
Floer cohomology under Lagrangian correspondences. Given invariance, the results of [Wehrheim and
Woodward 2010a] yield a functor on the cohomological category. The extension to an As.—functor, which
would turn Axiom 1 into a theorem, can then be obtained by considering higher A,—products, which we
omit here.

Lemma 4.9 Let K C My and L’ C M be closed exact Lagrangians and consider the cycle of correspon-
dences (K, To1, L") C (pt, My, My). Then the quilted Floer cohomology group HF(K, Tp1, L') is well
defined and satisfies the invariance property

(26) HF(K, To1, L) =~ HF(K o Tp1, L) = HF(L, L").

Proof By definition (see [Wehrheim and Woodward 2010b, Section 4.3]), the generators of the cochain
complex CF(K, Ty, L') are given by the generators of CF(K x L, Ip1). These intersection points must be
contained in a compact region, since K C My and L’ C M are closed Lagrangians. By [Wehrheim and
Woodward 2012, Proposition 2.2.1], the cochain groups CF(K oIy, L") =CF(L, L) and CF(K x L, Tp1)
are isomorphic.

We now analyse the Floer trajectories involved in the computation of HF(K, Iy, L').

By the maximum principle, the only noncompactness phenomenon that could occur would be a Jo;—
holomorphic curve escaping a compact set on the noncompact boundary condition Iy;. However, all such
curves, and any Floer trajectory of interest, are contained in a compact set, as we now explain.

By assumption, Jo;—holomorphic curves with boundary conditions on (K, Ip1, L’) project under (id, ¢)
to Joo—holomorphic curves involved in the complex for the tuple (K, Apy,, K'), where K’ 0Ty, = L'
and (id, ¢)(To1) = Ap,.
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The (quilted) Floer cohomology group for the cycle of Lagrangian correspondences (K, Ay, K') C
(pt, Mo, My) can be defined as the Floer cohomology group HF(K, Ay, K') := HF*(K x K', Ap,)
[Gao 2017b, Lemma 4.8]. Moreover, by [Gao 2017a, Theorem 1.2], Ay, induces the identity functor, so
clearly all the Jop—holomorphic strips involved in the complex CF(K, Apy,, K’) are well behaved, and
moreover we have HF(K, Ay, K') = HF(K, K').

Because of properness of (g, id)|r, : To1 = Mo x My, if there were any Jo1—holomorphic curve escaping
to infinity at the boundary condition 1, then it would project to a Jop—holomorphic curve escaping to
infinity at the boundary condition on Ay, which cannot happen. |

Remark 4.10 Let K, K/ C (Mg, wp) be closed exact Lagrangians. For any conical correspondence (not
just the diagonal) Tpo C M x My, compactness of moduli spaces of curves involved in the quilted
complex CF(K, I'pg, K’) (for compact Lagrangians K, K’ C My) is preserved. Namely, all intersection
points lie in a compact region, so, by exactness, both energy and symplectic area are bounded. We can
apply a reverse isoperimetric inequality, according to which the length of the boundary of such a curve is
bounded by a quantity proportional to its area [Groman and Solomon 2014, Theorem 1.4].

This ensures that the boundary of all pseudoholomorphic curves is contained in a compact set, which can
then be determined by using a monotonicity lemma in the likes of [Seidel and Smith 2005, Lemma 13].
Again, by exactness there is no bubbling, so the moduli spaces of such curves are compact. <

4.3 The Hopf correspondence

We can finally introduce the correspondence of interest, the Hopf correspondence. This is a Lagrangian
correspondence obtained as the graph of a spherically fibred coisotropic submanifold as in Example 4.3.

We use the discussions of Sections 3.1 and 3.2 to explain how, for each type of Lagrangian projective space
K =~ AP" C W with A € {R, C} in a Liouville manifold (W, w) satisfying the appropriate cohomology
assumption (RE) or (CX), there is a Lagrangian correspondence relating K to a Lagrangian sphere L in
an auxiliary Liouville manifold (Y, €2).

4.3.1 Lagrangian CP" Let (W*" ®) be a Liouville manifold admitting Lagrangian submanifolds
K; ~CP" < W fori =1,...,m. Assume there is a class o € H>(W; Z) satisfying Assumption (CX).
The discussion of Section 3.1 delivers a C*~bundle g: Y — W (associated to the complex line bundle
L — W with ¢ (£) = @), whose total space is a Liouville manifold (Y, 2) (proof of Proposition 3.2). Set
V :=Y|{=1}, the unit length bundle (determined by the metric on ¥ induced by a choice of hermitian
metric on £). If V < Y is the inclusion, then, by construction, t*Q = g*w|y, so the symplectic reduction
of VV by S is given by (W, w), and V is a fibred coisotropic submanifold of (¥, Q) with S!—fibre bundle
structure p =¢q|y: V — W.

For any Lagrangian projective space K; C W, the restriction V' |g, — K; is a Lagrangian sphere L; =
S2n+1 cvY.
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Definition 4.11 The (transpose) graph
@7 [i={(p(»).y),yeViC W xY

defines a Lagrangian correspondence [Perutz 2008, Proposition 1.1], which we call the Hopf correspon-
dence. By construction, for K; = CP”" C {pt} x W, the correspondence maps K; to the embedded La-
grangian sphere L; := K; o' = §?"T1 C {pt}xY =Y fori =1, ..., m via geometric composition. <

Remark 4.12 This Lagrangian correspondence can equivalently be thought of as a correspondence of
the type of Example 4.4, where the coisotropic V' is a regular level set of a Hamiltonian S! “Hopf” action,
and (W, w) its symplectic quotient (note that the local models (14), (19) and (21) are obtained from this
perspective). This explains the choice of name for the correspondence. N

4.3.2 Lagrangian RP" Let (W?", w) be a Liouville manifold admitting Lagrangian embeddings
K; = RP" < W fori = 1,...,m. Assume there is a cohomology class « € H'(W;Z/27) satisfying
Assumption (RE).

Then there is a Liouville manifold (¥, Q) = (WZ” , @) obtained as the symplectic double cover of W and
containing Lagrangian spheres L1,..., Ly, C W. The double cover q: W — W defines an S fibration
over W, and in this case the “coisotropic submanifold” is the total space itself. As above, we define the
Hopf correspondence as T" := {(¢(y),y) | y € WN/} cCW—xW.

4.4 Commuting diagrams of functors

Let (W, w) and (Y, ) be Liouville manifolds and Ki,..., K;; C W be real/complex projective La-
grangians satisfying (RE)/(CX). Let g: Y — W be the fibration we constructed in the previous subsections,
and I' C W~ x Y be the Hopf correspondence obtained as the graph I' = {(p(v),v) | v € V} of the
spherically fibred coisotropic p = q|y : V — W. This correspondence is properly fibred over the diagonal
Aw ={(p(v), pw)) |veV}C W™ xW,via (id,q): W xY — W x W, and satisfies the conditions of
Axiom 1. Therefore, there is a well-defined functor

(28) Or: Fuk(W) - Fuk(Y), Or(K)=Kol =:L.

Let Ly,..., L, CY be the Lagrangian spheres associated to K1, ..., K through the correspondence.
Foreachi =1,...,m, let T, € Auteq(Fuk(W)) and T, € Auteq(Fuk(Y)) be the (geometric) twist
functors induced by the graphs of the respective twists tg; € Symp. (W) and 7z, € Symp(Y).

Corollary 4.13 There is a commuting diagram at the level of compact Fukaya categories

Tr.
Fuk(Y) ———— Fuk(Y)

(29) 64 ] @FT

Fuk(W) ——=1 Fuk(W)
In particular, iterative applications of this diagram yield

(30) oro[[78 =[] 7 oor.
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Proof Consider the functors Tk, and 77, as correspondences induced by the graphs of the respective
twists tg; € Symp. (W) and 17, € Symp,(Y). Then we have to check that the compositions of corre-
spondences Or o Tk, = Ty, o Or, as Lagrangians in W~ x Y, coincide. By construction, this equality
amounts to the commutativity of the diagram (17) or (20), respectively. |

Remark 4.14 For a coefficient field of characteristic zero, the functor associated to the real projective
twist has a different shape which produces a different diagram [Mak and Wu 2019, Corollary 1.3]. N

Remark 4.15 Given a hypothetical mirror pair (X, M) for a symplectic manifold (M, w) with c; (M) =0
and complex manifold (X, J), we can make the following observation.

Huybrechts and Thomas [2006] conjectured that the functors induced by projective twists on the derived
Fukaya category DP(Fuk(M)) should be mirror to a class of autoequivalences of D’(X), induced by
so-called P—objects (see [Huybrechts and Thomas 2006, Definition 1.1]). This is the analogue of the
statement proved by Seidel that autoequivalences of D"(]—" uk(M)) induced by Dehn twists should be
mirror to autoequivalences of D(X) induced by “spherical objects” (see [Seidel and Thomas 2001,
Definition 1.1]).

From this perspective, we can view the diagram 4.13 as a conjectural mirror to the following situation.

By [Huybrechts and Thomas 2006, Proposition 1.4], a P—object P € DP(X) in the central fibre of
an algebraic deformation j: X <> X and satisfying 0 # A(P) - k(X) € Ext?(P, P) has an associated
spherical object given by j«(P) € D(X). Here, A(P) € Ext'(P,P ® Q1)) is the Atiyah class of P
and k(X) € H'(X, Tx) the Kodaira—Spencer class of the family X'. Furthermore, the autoequivalences
associated to each object (also called “twists”), Tp and Tj,p, are related by a commutative diagram
[Huybrechts and Thomas 2006, Proposition 2.7]

Db (x) — P pb(y)

31) jrp ym

Db (X) — P pb(x) 4

4.5 Lagrangian Gysin sequence

Let I' C W™ x Y be the Hopf correspondence. Given real/complex projective Lagrangian submanifolds
K, K’ C W and their corresponding spherical lifts L, L’ C Y through the functor ®r, a version of
Perutz’s Gysin sequence [2008] can be used to establish a relationship between the ranks of the Floer
cohomology groups HF(K, K’) and HF(L, L"). We will need this relation in the next section for the
proof of Theorem B.

Let V — W be the S¥—fibred coisotropic defining the correspondence, k € {0, 1}, with Euler class
o € H**Y (W R), R € {Z /27, 7} and Lagrangian projective spaces K, K’ C W satisfying (RE)/(CX),
respectively.
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Let L=0Or(K)=KoI'CY and L' = ®Or(K’) = K'oI' C Y be the associated Lagrangian spheres
given by the correspondence.

Lemma 4.16 There is an exact triangle of the shape

HF* (K, K/) al- HF*+k+1 (K, K/)

(32) \ /
I

HF*+k+1 (L L/)

Proof This exact sequence follows from the Gysin triangle proved by Perutz [2008, Theorem 1], which
has the more general form

(33) . > HF*(K, K') 299, gpeth+t (g gy Do gpetk+ L g T T K >
where the last group is the quilted Floer cohomology group of the cycle of Lagrangian correspondences
L:=(K,T,T", K') C (pt, W, Y, W), satisfying HF(K, ', T'!, K’) x HF*(K o', K' o ') = HF(L, L").

The isomorphism follows from Axiom 1 (in particular Lemma 4.9 applied to a sequence of four Lagrangian
correspondences). The compositions L = KoT' and L’ =T o K’ = K’ o I" are embedded, and coincide
with the spheres (which are Lagrangian in W) in the sphere bundle V over K and K’, respectively.

The first map in the original exact sequence (32) is the quantum cup product with the Euler class
e(V) e QH*(W). In this case the exactness assumptions on the ambient symplectic manifold W ensure
the well-definedness of the operation and, as QH* (W) =~ H*(W) is a ring isomorphism, there is no
quantum deformation involved and we obviously have e(V) = o € H*(W). The second map, Tk, is
induced by the Lagrangian correspondence, and needs to be understood in the context of quilted Floer
theory. We refer the reader to [Perutz 2008, Section 4.1] for a more refined description of the maps (in
the setting of Hamiltonian Floer theory). O

Corollary 4.17 The Gysin sequence produces the rank inequality

(34) hf(L, L") :=rank HF(L, L") < 2rank HF(K, K').

In Section 5, we will need to compare functors induced by (projective and Dehn) twists to the identity
functor. In particular, it will be necessary to distinguish objects of Fuk(WW) with their image under the
twist functors. The following lemma gives a helpful criterion:

Lemma 4.18 Let K’ and K’ be quasi-isomorphic objects in Fuk(W). Then the maps
f1: CF*(K, K') 225 CF*tA (K, K') and  f»: CF*(K, K') 225 cP*HR+1 (K K)
have quasi-isomorphic mapping cones.

Proof Consider the long exact sequences associated to the mapping cones of the cup product maps
f1:CF*(K,K') — CF*T**1(K K’) and f>: CF*(K,K') — CF*tk+t1(K K).
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These sequences fit in a diagram of the shape

CF*(K,K') — L=V, CR*+k+1(K K’y — % Cone(f;) — CE*tk+1(K K7

| | | !

CF*(K,K') — =Y, CP*+k+1(K,K') — Cone(fs) — s CE*tk+1(K K/
Since K’ and K’ are quasi-isomorphic objects in Fuk(W), there is a characteristic element n € HF(K’, K')
which induces an isomorphism HF(K, K’) — HF(K, K') (the Floer product with 7; see [Seidel 2008a,
(8K)]). Therefore, the vertical maps CF*(K, K’) — CF*(K, K’) are well defined, and they are quasi-
isomorphisms. By the five lemma, the mapping cones Cone( f1) and Cone( f2) are also quasi-isomorphic.

O

5 Free groups generated by projective twists

In this section we apply the Hopf correspondence to prove our first result about products of projective
twists.

Consider a transverse plumbing W := T*AP”" #, T*AP" of cotangent bundles of projective spaces
for A € {R, C}. Then the main result of this section (Theorem B) shows that the Lagrangian cores of
the plumbing define two projective twists which generate a free subgroup of 7o(Symp.(W)). In fact,
Theorem B is a stronger statement, which holds not only for transverse plumbings but also, more generally,
for clean plumbings along subprojective spaces (see Definition 5.1).

For the proof, we use the Hopf correspondence to reduce the statement of Theorem B to a statement
about Dehn twists, and apply Keating’s free generation result [2014] (Theorem 5.3) for Dehn twists.

As a corollary, we show that there are infinitely many Lagrangian isotopy classes of embeddings CP” < W
which are smoothly isotopic, but pairwise not Lagrangian isotopic.

5.1 Clean Lagrangian plumbing

We first recall a construction from [Abouzaid 2011, Appendix A] of clean Lagrangian plumbing of
two Riemannian manifolds O and Q, along a submanifold B C Q; for i = 1,2. Fix three closed
smooth manifolds B, Q1 and Q,, for each i = 1,2 an embedding B — (Q;, and an isomorphism
0:VB/0, —> Vp /0, from the normal bundle v,/ g, to the conormal bundle vy /0y

Pick a Riemannian metric on B, an inner product and a connection on vg, g, = vg /0, (which induces an
inner product and connection on vg,g, = vy /04 ). This data induces a metric on the total spaces vg/g,,
and a neighbourhood U; of B C Q; can be identified with a disc subbundle Dzvp/ o, of radius & > 0.
With this identification we write x € U; as x = (a,b) for b € B and a € D¢(vp,g,)p (the fibre over b).
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For each x = (a, b) € U, the connection gives a decomposition of the fibres 7 Q; = T, B @ (vg / Qi)b’
We get an identification of a neighbourhood of B C T*Q; as

35) D¢vp/g, EBDST*BEBDSv;/Q,.

Let V; be a neighbourhood of Q; C T*Q; which in (35) coincides with D,T*B & D.v5, over

U, = DEUB/Q,..

B/Q;

Definition 5.1 (1) As a smooth manifold, the clean plumbing of Q1 and Q5 along B, denoted by
M :=D(T*Q1#pT*Q>), is defined by gluing V7 to V3 along Dcvp /o, ® DT BEBngB/Q
V1 identified with stB/Qz @® D;T*B & Dgvp/ g, via (0,idr+p, —0"). Its Liouville completion
will be denoted by T*Q1#5 T* Q>.

(2) The plumbing construction inherits an exact symplectic structure, since the identification maps
of (1) preserve the canonical structures on D*Q;. Let Z; be the standard radial Liouville vector
field on V;. We define a Liouville vector field Z on the plumbing by letting Z = p1Z1 + p2Z, for
smooth functions p; : M — [0, 1] supported on V; such that p; + p» = 1. This endows M with the
structure of an exact symplectic manifold. <

In the next sections, we will apply this plumbing construction to cotangent bundles of projective spaces
and spheres. We will work with (ungraded) Floer cohomology groups HF(Q1, O»2, k), where k is a
coefficient field of characteristic two. Note that, by exactness of the Lagrangians and the manifold W,
the Floer differentials in CF(Q;, Q;) vanish, and, as O and Q, intersect cleanly along B, there is an
isomorphism HF(Q1, Q») =~ H*(B) [Pozniak 1994].

5.2 Proof of Theorem B
We now prove the main theorem of this section.

Theorem B Let W :=T*AP" #,p: T*AP" be a clean plumbing of (real, complex) projective spaces
along a linearly embedded subprojective space AP! ¢ W, A € {R,C}. Let K1, K» = AP" C W denote
the Lagrangian core components of the plumbing. Then the projective twists g, and tg, generate a
free group inside mo(Symp(W)), and the associated functors Tk, and Tk, generate a free subgroup of
Auteq(Fuk(W)).

Remark 5.2 The case W := T”‘(CIP’1 #ot T”‘(C]P’1 can be deduced from the existing literature by consid-
ering X as an Ap—configuration and the isotopies Tcp! = 72 52 of Remark 2.6. There is a homomorphism
[Seidel 1999, Proposition 8.4] p: Brz3 — mg (Sympct(W)) sendmg the generators of the braid group o; to
o(oi) = Ts2 for i = 1, 2. The associated homomorphism p: Brz — Auteq(Fuk(W)) fits in the diagram

Bry ———— mo(Sympy,(W))
(36) \ l
Auteq(Fuk(W))
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and its injectivity [Seidel and Thomas 2001] implies the injectivity of p. Then, as (012, 022) =~ Freey, it
follows that (tg, , Tk, ) = Free,.

Also note that p is in fact an isomorphism [Wu 2014], so o (Symp, (7 *S? #ot T*S?)) = Brs. <
Theorem B takes inspiration from Keating’s free generation result for Dehn twists in Liouville manifolds.

Theorem 5.3 [Keating 2014, Theorem 1.1 and 1.2] Let (Y, Q) be a Liouville manifold of dimension
greater than 2, and L, L’ C Y be two Lagrangian spheres satisfying rank HF(L, L) = 2 and such that
L and L’ are not quasi-isomorphic in Fuk(Y). The Dehn twists Ty , 17, generate a free subgroup of
mo(Symp,(Y)), and the associated functors Ty, Ty, € Auteq(Fuk(Y)) generate a free subgroup of
Auteq(Fuk(Y)).

Keating proves the geometric part of Theorem B by making a categorical detour, first proving that the
associated functors 77, 71/ € Auteq(Fuk(Y)) induced by the Dehn twists generate a free subgroup of
Auteq(Fuk(Y)), so that the composition

37 Free, — moSymp,(Y) — Auteq(Fuk(Y))

is injective.

By identifying a Dehn twist with its associated functor, Keating exploits the algebraic properties of the
latter to arrive at the following rank inequalities (which are central in her final proof):

Lemma 5.4 [Keating 2014, Lemma 8.1] Let L.L,L'CY be Lagrangians such that Lisa sphere,
L % L in the Fukaya category, and hf(z, L):= rank(HF(Z, L")) = 2. Then, for all n # 0,

(38) hf(L, L') > hf(L, L") = hf(L, t} (L") <hf(L,t}(L")).

Lemma 5.5 [Keating 2014, Claim 8.2] Let L, L’ CY be two Lagrangian spheres in an exact symplectic
manifold as in Theorem 5.3 satisfying hf(L, L") = 2. Then, for all m # 0,

(39) hf(L', L) =hf(L', t]7L) <hf(L, 7]’ L).

We will apply these inequalities to Lagrangian spheres obtained from the Hopf correspondence, to produce
similar results for projective twists and prove Theorem B.

5.2.1 Strategy The plumbing (W, w) and its real/complex projective Lagrangian cores K1, Ko C W
satisfy the cohomological conditions (RE)/ (CX).

In the case in which W is a transverse plumbing (which retracts to the wedge sum of the two spheres),
there is a ring isomorphism (with A € {R,C} and R € {Z/2Z,7})

H*(W:R)~ H*(K1; R) ® H*(K2; R) =~ H*(AP"; R) ® H*(AP": R),
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s0 it is immediate to see the existence of a class o = (ot1, ) € HX(W'; R) restricting in K and K> to the
generator of H*(AP"; R) for k € {1,2}. For a clean plumbing along a linearly embedded subprojective
space AP!, this restriction property still holds because the “difference” map of the Mayer—Vietoris
sequence is always zero.

By Propositions 3.2 and 3.6, the cohomological condition ensures the existence of a Liouville manifold
(Y,2) - (W, w) and a Hopf correspondence I' C W™ x Y that gives rise to associated Lagrangian
spheres S >~ L; = K; o' C Y fori = 1,2 and commuting diagrams of twist functors (29). Then, given
a product (a word in tg, and tg,) ¢ € Symp, (W) of projective twists, the Hopf correspondence yields a
corresponding product of Dehn twists (a word in 7z, and 7z7,,) ¢ € Symp_(Y).

In the real projective case, the geometric statement of Theorem B can be obtained by an isotopy-lifting
argument using the geometric diagrams of Section 3 (the strategy adopted in Section 6.3). Assuming the
projective twists do satisfy a relation, this procedure lifts the isotopy to Symp(Y'), producing a relation
between Dehn twists, which cannot hold, by Keating’s theorem. However, this geometric argument does
not give a statement at the level of Fukaya categories, for which the use of the Hopf correspondence at
the level of functors in Auteq(Fuk(W)) is necessary (Sections 4.4 and 4.5).

The spheres L1, L, =~ S™ intersect cleanly along a subsphere S” for a tuple (A, m, r) that is one of
R,n,l)or (C,2n+ 1,2l + 1)} (n,l € N*), and, as noted before, HF(L1, L,: k) =~ H*(S"; k). Since
L; CY are exact spheres, HF(L;, L;; k) =~ H*(S™; k) [Floer 1988] and therefore

(40) rank HF(Ly, L) =rankHF(L;, L;) =2 fori =1,2.

In the following sections we will study the ranks of the Floer cohomology groups HF(-, ¢(-)) and show
that there is always a Lagrangian K C W such that

1) HF(K, K) 2 HF(K, ¢(K)).

As aresult, K and go(f ) are not quasi-isomorphic objects in Fuk(W), and therefore the functor induced
by ¢ cannot be isomorphic to the identity in Auteq Fuk(W). This will also rule out the possibility of ¢
being isotopic to the identity in Symp . (W).

We prove (41) by applying the rank inequalities (38) and (39) to Lagrangian spheres in (Y, £2) obtained via

the correspondence I', in combination with the symplectic Gysin sequence associated to I' (Corollary 4.17).

In the following section, we rederive a part of Keating’s proof of Theorem 5.3 using the rank inequalities
(38) and (39), which hold for the word of Dehn twists ¢ € (zz,,,77,) associated to ¢ via the Hopf
correspondence. This will clarify the methods used in proving the analogous statement for projective
twists (namely Theorem B) in Section 5.2.3.

5.2.2 Associated word of Dehn twists Let ¢ € (t7,,1,) C Symp, (W) be a word of projective twists
as in the statement of Theorem B. Consider the Hopf correspondence I' C W™ x Y and the associated
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word of Dehn twists ¢ € Symp,,(Y') as above. In this section we replicate the last steps in Keating’s proof
of the injectivity of the homomorphism

Free, — Auteq(Fuk(W)).

We first make the following observation about a word of twists and its conjugates:

Lemma 5.6 Let ¢ € Symp(Y') be a symplectomorphism which has the shape of a global conjugate, ie
¢ =y~ ¢y fory, ¢’ € Symp,,(Y) not isotopic to the identity. Then there is a closed Lagrangian Lcy
such that HE(L, ¢ (L)) 22 HE(L, L) if and only if ¢’ satisfies HF(L, ¢’ (L)) 2 HF(L, L) for some closed
Lagrangian Lcy.

Proof Assume there is a Lagrangian L CY such that HF(]:, ¢’ (Z)) £ HF(]:, Z,) Then, by invariance of
Floer cohomology under symplectomorphisms, HE(y 'L, v ~'¢/y (y "' L)) =« HF(y 'L,y ' (¢'L) =
HF(i, ¢/Z) £ HF(Z, E), so, for L := Y1 (Z), we have HF(L, ¢(Z)) % HF(L, L). The other direction

1s similar. O

We will apply the above lemma to a word of Dehn twists ¢ € Symp,,(Y) which in its reduced has the shape
of a global conjugate, ie a word ¢ = ¥~ ¢’ for two reduced words v, ¢’ € (L, tL,) C Symp.(Y)
not isotopic to the identity. Then the lemma shows that it is always possible to switch between ¢ and
its conjugate, as the correct choice of Lagrangian keeps track of the Floer cohomological action of the
original word.

Without loss of generality, we can therefore use this conjugation argument to restrict the focus on reduced
words ¢ € (t1,,, 71.,) which are either (for i, j € {1,2})

(1) apower of a single Dehn twist, ie ¢p = rii, s € Z* (Lemma 5.7); or

(2) a word starting with a power of 77; and ending in a power of 7z, withi # j (Lemma 5.9).

Lemma 5.7 Let ¢ = tii € Symp(Y') be a reduced word of Dehn twists which is a power of a single
Dehn twist, with i € {1,2} and s € Z*. The associated functor is not isomorphic to the identity in
Auteq(Fuk(Y)), so, in particular, ¢ cannot be isotopic to the identity in Symp(Y).
Proof We show that there exists a closed Lagrangian L C Y such that
HF(L.¢(L)) £ HF(L. ).

For ¢ = rii, a possible candidate is given by L= Ljfori,je{l,2}andi # j.
Namely, the rank inequality stated by Lemma 5.5, gives

2= hf(Lj, Lj) = hf(Ll', Lj) = hf(L,', ‘CI‘iiLj) < hf(Lj, Tzi LJ’). O

Remark 5.8 The geometric result of the above lemma can also be proven independently from Keating’s
results, as a corollary to Theorem A (see Section 6.1). <
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Lemma 5.9 Let ¢ € (t1,,11,) C Symp,(Y) be a reduced word of Dehn twists around the Lagrangian

(spherical) cores which is a product where the first and last factors are powers of distinct Dehn twists.

Then the functor associated to ¢ is not isomorphic to the identity in Auteq(Fuk(Y')), so, in particular, ¢

cannot be isotopic to the identity in Symp_(Y').

Proof We show that there is a closed Lagrangian L C Y such that HF(Z, ¢Z) £ HF(Z, i).

We can assume without loss of generality that the first factor of ¢ is a power of 77, and the last is a power

of 7z, (otherwise consider ¢_1), so that we have a word of shape
(42) ¢ = fﬁ’;rz”l( . rlljlerl aj,bj e Z* for 1 <i <k.
In the case we are considering, we have hf(L1, L;) = 2. Apply Lemma 5.5 to get
2 =hf(L1.Ly) =hf(Ly. Ly) = hf(Ly. 1) 7§ Ly) <hf(L1. 7} 7§ Ly).
Now apply Lemma 5.4 (with n = a, L=L,,L=L,and L' = rL ‘L’Ll L1) and get
hf(L1, '[21 ‘L'ZlLl) =hf(L;, .[tleTL rLl L1) <hf(L,, tzz'cfl 'cLlLl)

Apply Lemma 5.4 again (withn = by, L =L, L = L; and L' = lefllleZiLl)

hf(Lz,rL ‘L’L ‘L'LlLl)_hf(Lz,‘L'L TL sztL‘Ll) <hf(L1,rLer szrL‘Ll).

Continue to apply Lemma 5.4 iteratively until the final step

hf(La. 18 oph o) o Ly) <hf(Ly, 1k ops o o Ly).
Then
hf(Ly. tp8eft o) o Ly) > 2+ 2k — 1 = 2k + 1.

So, setting L = Ly, we have HF(L, ¢(L)) £ HF(L, L).

O

Corollary 5.10 Let ¢ € (t1,,71,) C Symp(Y) be a word of Dehn twists that is a product of the

shape (42). Then there is a Lagrangian L C Y such that

lim rank HF*(L, ¢*(L)) = 0o
§S—>00
Proof Let ¢ be of the shape (42). Then

bx _a a
¢ —(ILerl TLerl)( )('“)(TLI;ELII{ TLZTLi)

has “factor length” k - s (in the sense of (42)). By the proof of Lemma 5.9, the rank of HF (L, ¢(L1))

depends on the number k € N appearing in the factor decomposition of ¢p. Therefore,

hf(L1,¢°(L1)) > 2ks + 1,

sowecanset L := Lj.
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5.2.3 Proof We now go back to the original word ¢ € (tk,, 1k,) C Symp (W) of projective twists in
the statement of Theorem B, and we show that it cannot induce the identity functor in Auteq(Fuk(W)).
Lemma 5.6 holds for any symplectomorphism, so, by the same conjugation argument explained before,
we can focus the attention on words that are either (for i, j € {1,2})

(1) apower of a single twist ¢ = rIS('_, s €Z*, or

(2) a mixed product of the shape ¢ := tlb(’[‘_' r}?j‘ rIb(i TI%- € Symp (W) with i # j and as,, by, € Z*

forl <m <k.

Proposition 5.11 Letp = TIS(I, € (tk, . Tk,) C Symp (W) be a reduced word of projective twists which
is a power of a single twist with i € {1,2} and s € Z*. Then the functor induced by ¢ is not isomorphic to
the identity in Auteq(Fuk(W)), and in particular ¢ cannot be isotopic to the identity in Symp(W).

Proof Let ¢y = r1s<l_ € Symp, (W) with s € Z*. Assume by contradiction that the functor induced by ¢
(still denoted by ¢) is isomorphic to the identity, so that any Lagrangian KcWis quasi-isomorphic, as
an object of Fuk(W), to (p(I?).

By Lemma 4.18, there is a quasi-isomorphism of the mapping cones of the cup product maps
f1:CF*(K,K) > CF*t**1(K,K) and f»: CF*(K,¢(K)) — CF*T*T1(K, ¢(K))

(we are considering ungraded Floer cohomology groups, so technically the degrees are irrelevant here).
Therefore, by the exact triangle of Lemma 4.16, if LCY isthe Lagrangian lift of K through the correspon-
dence I' and ¢ € Symp,(Y') the symplectomorphism associated to ¢, then HF(Z, Z) ~ HF(Z,, ¢(f,)).

So, if we set K := K; with j # i, by assumption we have HF (K, ¢(K;)) = HF(K;, K;) and the above
argument yields HF(L;, ¢(L;)) = HF(L;, 7/ (L;)) = HF(L;, L), which is clearly in contradiction to
(the proof of) Lemma 5.7 (according to which these two groups have distinct ranks). Hence, ¢ cannot be
isomorphic to the identity functor in Auteq(Fuk(W)). a

Proposition 5.12 Let ¢ € (tk,, 1k,) C Symp (W) be a reduced word of projective twists around the
Lagrangian cores which is a product where the first and last factors are powers of distinct projective twists.
Then the functor induced by ¢ is not isomorphic to the identity in Auteq Fuk(W); so, in particular, ¢ is
not isotopic to the identity in Symp_ (W).

Proof By the analogous discussion in the proof of Lemma 5.9, it is enough to prove the statement for a
word whose reduced form is of the shape

b b
(43) @ =Tt Tl i € Sympy (W), am,bm € ZF, 1 <m < k.

Denote the product of twist functors induced by (43) also by ¢ € Auteq(Fuk(W)). By iteratively using
commutativity of the functors in diagram (29), one can define the corresponding composition of (Dehn)
twist functors ¢ € Auteq(Fuk(Y)), which, by Theorem 5.3, cannot be isomorphic to the identity functor.
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Moreover, Corollary 5.10 shows that, not only is HF(L 1, ¢ (L)) nonisomorphic to HF(L1, L1), but also
limg— 00 hf(L1, ¢*(L1)) — 00.

The Lagrangian L, = I" o K7 C Y is the Lagrangian associated to K; via the Hopf correspondence,
and the symplectic Gysin exact sequence (Corollary 4.17) applied to the Hopf correspondence gives the

inequality
(44) hf(L1,¢(L1)) < 2hf(K1, 9(K1)),
which implies that rank hf(K1, ¢*(K7)) also grows at least linearly with s. a

Corollary 5.13 Let ¢ € (tk,. tk,) C Symp. (W) be a word of projective twists of the shape (43). Then
there is a Lagrangian K C W such that

lim rank HF* (K, ¢*(K)) = oo. O
S§—>00
Finally, we can summarise the proof of Theorem B.

Proof of Theorem B Let ¢ € (1g,, 1x,) C Symp (W) be a word in the projective twists along the
Lagrangian cores of W.

(1) If the word has the shape ¢ = rlsg € Symp, (W) withi € {1,2} and s € Z*, then its induced functor
is not isomorphic to the identity in Auteq(Fuk(W)) by Proposition 5.11.

(2) If the word has the shape ¢ := rIb{’,f tl‘é’; ---tllg, rl‘g € Symp (W) with i, j € {1,2} and i # j,
and an,, by, € Z* for 1 < m < k, then its induced functor is not isomorphic to the identity in

Auteq(Fuk(W)) by Proposition 5.12.

(3) If ¢ has any other form, then it must be a conjugate of a word of shape (1) or (2) and hence the
induced functor is not isomorphic to the identity by Lemma 5.6. O

5.3 Knotted Lagrangian projective spaces

The phenomenon that a single (smooth) isotopy class of submanifolds contains infinitely many Lagrangian
isotopy classes is called Lagrangian “knottedness” [Seidel 1999; Evans 2010; Hind 2012; Li and Wu
2012; Wu 2014]. Often, the quest for knottedness is intimately related to the study of isotopy classes of
Dehn twists.

In the plumbing of spheres L; = S?and Y :=T*L, #ot T*L,, we know that, for any r € Z, ‘E]%; (L) is

smoothly isotopic to the identity, but not symplectically; as first shown by Seidel [1999, Theorem 1.1],
none of the powers tig (L1) are Hamiltonian isotopic. Our results yield the analogue for plumbing of

complex projective spaces (of any dimension):

Corollary 5.14 Let W := T*CP" #cp: T*CP” be a clean plumbing along a projective subspace
CP! ¢ CP". Each Lagrangian core K; = CP" of W defines a smooth isotopy class which contains
infinitely many symplectic isotopy classes of Lagrangian projective spaces.
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Proof Let K1, K; = CP" C W be the two Lagrangian cores of the plumbing. For i, j € {1,2} with
i # J, define the element ¢ := tk; 7k ;. Then, by Proposition 5.12,

(45) lim rank HF(K;, ¢*(K;)) = oo,
§—>00

which, in particular, means that ¢« (K) is not Lagrangian isotopic to ¢>*? (K) for any s, # sp, despite
being smoothly isotopic (by Theorem 2.5). |

Remark 5.15 The low-dimensional case n = 1 corresponds to a transverse plumbing of spheres W :=
T*Ly#y T*Ly and L; =~ S2. In that case, the symplectic mapping class group mo(Symp(W)) is
generated by the Dehn twists 77, and 77, (see Remark 5.2). Moreover, Hind [2012] proved that, for any
Lagrangian sphere L C W, there is a word t € (11, 71.,) such that (L) is isotopic to one of the cores
Lqor L. <

6 Positive products of twists in Liouville manifolds

The present section covers our results about products of positive powers of Dehn and projective twists.

In the first part, Section 6.1, we analyse products of (positive powers of) Dehn twists. We reprove a
theorem by Barth, Geiges and Zehmisch (Theorem A) asserting that, in a Liouville manifold (M, w), no
product ¢ € Symp,, (M) of positive powers of Dehn twists can be symplectically isotopic to the identity.
We provide an alternative proof that was suggested by Paul Seidel. Based on symplectic Picard—Lefschetz
theory, the argument for the proof relies on a count of pseudoholomorphic sections of a Lefschetz fibration
constructed from the data given by ¢ and the Lagrangian spheres associated to the Dehn twists.

Using similar tools, we then prove Theorem C (Section 6.2), which can be interpreted as a relative version
of Theorem A. This states that a Liouville manifold (M, w) containing Lagrangian spheres and a conical
Lagrangian disc T' (Definition 4.7) intersecting one of the spheres transversely at a point cannot admit a
positive product of Dehn twists preserving 7' up to compactly supported symplectic isotopy.

In Section 6.3, we explore the analogous questions for projective twists, by means of the tools developed
in Section 4. After setting the necessary conditions to ensure the existence of the Hopf correspondence,
we use Theorem A to prove a comparable result for real projective twists.

6.1 Alternative proof of Theorem A

In this section, we reprove the following theorem:

Theorem A [Barth et al. 2019, Theorem 1.4] Let (M, w) be a Liouville manifold, andlet L1, ..., Ly, C
M be Lagrangian spheres. Let ¢ = ]_[f-c=1 L, € Symp. (M), ji € {1,...,m} be a positive word of Dehn
twists. Then ¢ is not compactly supported isotopic to the identity in Symp (M ).
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Example 6.1 The exactness condition of Theorem A is necessary, as the following examples show:

(a) Consider the 2—torus M := T2, andleta,b C M represent the longitude and meridian of M. Then
the associated Dehn twists satisfy (z,75)® = Id in 7o(Symp,(M)). This is a classical result; see
for example [Farb and Margalit 2012] (see [Auroux 2003, Section 3.1] for the same example in a
symplectic setting).

(b) Let (M := 5% x5?% wg> @ wg2), and consider the antidiagonal A := {(x,y) € S2x S? |x +y =
0} C M. Then the Dehn twist 5 is symplectically isotopic to an involution (x, y) = (y, x), which
implies ‘L’i = Id in 7o (Symp,(M)) (see [Seidel 2008b, Example 2.9]). <

Remark 6.2 (1) The two-dimensional case of Theorem A (for a product of Dehn twists in a Riemann
surface) is a consequence of [Smith 2001, Theorem 1.3].

(2) The outcome of Theorem A is strictly geometric, and may not hold for the compact Fukaya category:
we are not able to obtain information about the functors associated to the Dehn twists. Consider
a punctured torus M := T2\ {*} (the same applies to a punctured genus g surface), and the
two (Lagrangian) circles a and b, representatives of the homological generators. In the closed
case, the composition (t,7p)° is isotopic to the identity by the example above. In the punctured
torus, there is an isotopy (7,75)® ~ 14, where 1 is the Dehn twist along the boundary curve d
encircling the puncture (this is a consequence of the chain relation; see [Farb and Margalit 2012,
Proposition 4.12]). But, since the support of 74 is disjoint from any exact compact circle in M, the
product (t,7p)8 still acts as the identity on objects of the compact Fukaya category Fuk(M). <

The original proof of [Barth et al. 2019] relies on the theory of open book decompositions, whereas the
proof below uses Picard—Lefschetz theory. To simplify notation we prove the version of the theorem
where (M, w = dAjy) is a Liouville domain.

Let ¢ = ]_[f-c=1 T, € Symp (M) with j; € {1,...,m} be the word in positive powers of Dehn twists in
the given collection, and assume by contradiction that this product is compactly supported Hamiltonianly
isotopic to the identity (recall ¢ is an exact symplectomorphism).

Let : (E,QE,Ag) — (C, Ac) be the exact Lefschetz fibration determined by the data
{(M,Ap). (Lj,,....Lj)}

as in Section 2.2. Let z, € C be the basepoint, so that 7! (z4) = M, and ¢ € Symp_,(M) be the total
monodromy of .

Let jc be the standard complex structure on C.

By assumption, the monodromy of = is isotopic to the identity via a compactly supported Hamiltonian
isotopy (¢1)se[0,1] With ¢o = ¢ and ¢ = Id. Then 7 can be extended to a fibration 7 : E — CP! as
follows. Let Dr C C be a large circle of radius R > 0 passing through z, and containing all the critical
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values. Define a fibration E’ — D g1 by extending E|p, to a larger disc D g4 such that, for 7 € [0, 1],
the monodromy around D g, is ¢; € Symp, (M ). Then E is obtained after gluing E’ to a trivial fibration
with fibre (M, w) over a disc neighbourhood of the point at “infinity”, 2 € C U {oo} >~ CP!,

Moreover, as the symplectic connection around the fibre 771 (2) is trivial, 7 : E — CP! has the following
properties:

(1) There is a closed (possibly degenerate) two-form ﬁﬁ on E satisfying §E|ﬁ71 (2) = QE|z—1(z)
for all z € CP1\ 2,

(2) A neighbourhood of the horizontal boundary V D 3" E can be trivialised as V =~ CP! x M,
where M°" C M is an open neighbourhood of the boundary of the smooth fibre.

Definition 6.3 The set of almost complex structures compatible with 7, denoted by J (E T, ), 1S
defined as follows. An element J € j(ﬁ, 7, j) satisfies:

e DiolJ = j o D, where j is the standard complex structure on CP!.
e There is an integrable almost complex structure Jo such that J=Jyina neighbourhood of Crit(7).

e Forall z € CP!, the restriction J*V := J |#-1(z) 1 an almost complex structure of contact type
compatible with the Liouville form Az, and its restriction to V' is isomorphic to a product j x J VY.

.« Q 5 J -) is symmetric and positive definite. <
The form ﬁﬁ can be modified to a symplectic form Q:=Qp+ 7*(pB) that tames J for B e Q2(CP)
(similar to [Seidel 2003, Lemma 2.1; McDuff and Salamon 2017, Theorem 6.1.4]).

From now onwards, we fix a generic element J e J (E , 7, J), so that, by the same arguments as in
[Seidel 2003, Lemma 2.4], all the moduli spaces we encounter satisfy the necessary regularity conditions.

Consider the moduli space of closed (f , J )-holomorphic sections
(46) M; ={u:CP' - E | #ou=idcp1. J o Du= Duo j}.
The moduli space has a nonempty boundary, but, as we explain below, this does not cause compactness

issues, as the only sections reaching the boundary must be trivial.

Lemma 6.4 The space M ;3 is not empty. Moreover, there is a compact subset K C E \ " E such that,
for allu € M, either Im(u) C K oru is a trivial (constant) section.

Proof Let g € V a point in a neighbourhood 3" E C V of the horizontal boundary as in (2) above. Via
the trivialisation of this neighbourhood, one obtains a trivial section s: CP! — E with s(z) = q for all
z € CPP!, which is a regular (f , J)-holomorphic section, so M ; is not empty. The rest of the proof
follows from a maximum principle as in [Seidel 2003, Lemma 2.2]. O
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We can adapt the argument of [Seidel 2003, Lemma 2.3] to the case of closed curves to show that, for
our choice of almost complex structure J, the moduli space M 3 is a compact smooth manifold with
boundary. The only issue that could possibly occur is a loss of compactness for the component containing
sections outside the compact part K, which, by Lemma 6.4, can only be trivial sections. These elements
have bounded energy, as they are all in the same homology class. By the Gromov compactness theorem,
the only noncompact phenomenon that can occur in this case is sphere bubbling. The next lemma shows
how to discard bubbles.

Lemma 6.5 Let us, be the limit of a (sub)sequence of pseudoholomorphic sections (1, ),ecN Of the
Lefschetz fibration 7. A component of U is either an element in the class [u;] (fori € N) or is contained
in a single fibre. In the latter case, the component is a bubble.

Proof Let vy, vs,..., v, be the components of #s,. The limiting curve u is assumed to be (f, J)-
holomorphic and nonconstant, so it has to have degree one, as Z}‘:l [Tov;] =[mous] =[CP!]. It
follows that the degrees of its components sum up to one. All degrees are nonnegative, so there is only
one component with degree one. If in addition there were a bubble, it would be represented in a degree
zero component and therefore would have to be entirely contained in a fibre (note that, by positivity of
intersections, the bubble cannot intersect other fibres).

Since the fibres are exact, there can be no bubbling of the type of Lemma 6.5, so the moduli space M 7 is
compact. d

Lemma 6.6 Through each point of the smooth fibre M there is at least one holomorphic section s € M 3.

Proof As in the proof of Lemma 6.4, we consider a neighbourhood of the horizontal boundary V' O ME
and g € V such that 7(g) =: Zgen € C P!\ Critv(7) and the trivial section through ¢ is s: CP! — E.
Consider

M(J.q) = {ueM;|qeIm@)} C M;.
It is a smooth compact manifold (by the same arguments as for M 7). Moreover, by Lemma 6.4, the only
element in M(f ,q) is the trivial J- —holomorphic section s: CP! — E through gq.

Let pen™! (Zgen) be any other point in the fibre of ¢, and consider a path «: [0, 1] - M with «(0) = p and
a (1) =gq. For every point « (), t € [0, 1], define M(f, a(?), [s):={u e Mj|a()€Im(u) and [u] =[s]}.
Clearly, M(J, a(1), [s]) = M(J . q).
Consider
(47) Meon:= | M, a(),[s]) c M.

t€fo0,1]

The boundary components of (47) are given by dMop = M(f , D, [shu M(f ,q). We want to show that
the space M.qp 1S compact, so that it defines a one-dimensional cobordism between /\/l(f , P, [s]) and
/\/l(f ,q). As before, since JeJg (E , 7, j) is chosen to be generic, M op is @ smooth manifold.
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To show that Mcop is compact, the same strategy applies as in the case of M 7. In particular, consider a
sequence #; C [0, 1] and for each i a section u; € M(T,a(ti), [s]) C Meop.

All the sections of the sequence we are considering belong to the same homology class, by definition. In
particular, they have the same area, so Gromov’s theorem applies. Consequently, as #; tends to a limit
value 70, the sequence u; converges to a stable map uo,. As before (in the proof of Lemma 6.5), if
sphere bubbling occurred, bubbles would have to be “vertical” (meaning entirely contained in the fibres),
which is impossible by the exactness of the fibres.

It follows that M.}, is compact, and hence /\/l(f , P, [s]) and /\/l(f ,q) are indeed cobordant. Since the
signed count of the boundary components of a one-dimensional compact manifold is zero, the zero-
dimensional components of the two spaces have the same cardinality. In particular, for any p € 77! (Zgen)-
M(f , P, [s]) is not empty, which means there is at least one element in M 7 that passes through p. O

Corollary 6.7 The map induced by the evaluation map

(48) eV:MjX(C]P’l—>E, (u,z) —~>evz(u) =u(z),

is surjective.

Proof By Lemma 6.6, the image of the map (48) is dense, since each point on a smooth fibre has a

preimage. As M 3 is compact and the mapping is continuous, the result extends to all points of E and
hence (48) is surjective. O

Proof of Theorem A Assume by contradiction that the product ¢ = 17, 5L, is isotopic to the
identity, and build the fibration 7 : E — CP! and the moduli space M 3 as above. By Corollary 6.7, the
evaluation map ev: M 7 X CP! > E is surjective. Consider the commuting diagram

M;xCP! —= E
pra l .
T
CP!
where pry: M 7 X CP! — CP! is the projection to the second factor.

Let x € Crit() C E be any point in the critical set. By the surjectivity of ev, there is a pair (u, w) €
M5 x CP! such that u(w) = x, so that w € CP! is the critical value associated to x. From the diagram,
we obtain

D(u,w) (prp) = D(u,w) (7 oev), D(u,w) (prp) = Dxﬁ'D(u,w) (ev).

As x is a critical point, D7 =0, which forces D, 4,)(pr5) to be the zero map. But this is in contradiction
with D, ) (pry) being surjective. m]

Corollary 6.8 There is no exact Lefschetz fibration with global monodromy symplectically isotopic to
the identity, except for the trivial fibration. |
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6.2 Relative version

Let
49) M = T*Sm#ptT*Sm#ptT*Sm#pt---#ptT*Sm

be a “multiplumbing” of m spheres (an iterated construction of transverse plumbing of spheres; see
Section 5.1 for the definition of plumbing). By Theorem A, we know that no product ¢ € Symp_, (M) of
Dehn twists along the core spheres can be compactly supported symplectically isotopic to the identity.
However, the theorem, a priori, doesn’t prevent such a product from acting trivially on some Lagrangian
submanifolds of M. Is it possible to tell whether there are Lagrangians that detect the nontriviality of ¢?
Let T be a cotangent fibre of the j™ 7*S”—summand for j € {1,...,m}. The theorem we prove in this
section shows that any product of positive Dehn twists along Lagrangian cores and involving the j
sphere does not preserve 7" up to compactly supported symplectic isotopy.

Theorem C Let (M 2", w) be a Liouville manifold containing embedded Lagrangian spheres L1, . .., Ly,
and a conical Lagrangian disc T intersecting one of the spheres L; transversely in a point. Let ¢ :=
]_[f=1 L, € Symp. (M) with j; € {1,...,m} be a positive word of Dehn twists involving 7y ;. Then the
Lagrangians T and ¢ (T') are not isotopic via a compactly supported Lagrangian isotopy.

We prove the statement of Theorem C in the equivalent version where (M, w = dAyy) is a Liouville
domain and T C M is a Lagrangian disc preserved by the Liouville flow near the boundary dM (so that
dT C dM). This is only chosen so that the Lefschetz fibrations involved have exact compact fibres.

As in the statement, write ¢ = ]_[f-cz1 L, with j; € {1, ..., m}. By assumption, there is at least one index
l€{l,...,k}suchthat j; = j. Assuming ¢(T) >~ T via a compactly supported isotopy, we arrive at the
contradictory statement j ¢ {ji,..., ji}.

From the data (M, (Lj,,...,Lj,,...,Lj,)), build an exact Lefschetz fibration =’: (E’,QE/,Ag/) —
(C, Ac) with smooth fibre the Liouville domain (M, d1), basepoint z, € R with z, > 0 such that
the k critical values Critv(n’) = {wj,,...,wj,,..., w;j, } are ordered vertically on the imaginary line,
Critv(mr) C iR with a basis of vanishing paths (y;,, ..., yj,) [Seidel 2008a, (16e)].

Let (Ay;, ..., Aj) be the corresponding basis of Lefschetz thimbles and Vj, := 7~ (z4) N Ay, for
i =1,...,k, be the associated vanishing cycles, which, under the identification P (z+) = M, correspond
to Lj,. Leta: S — C be a loop encircling all critical values.

Build a new exact fibration 7: (E, QEg,Ar) — (C, A¢) associated to the data
(M, (Vs Vi Vi Vi)

with basepoint z« € C, an extra critical value w; +1 € Critv(r) C iR and an extra vanishing path y;, . |
such that Im(y;,, ;) N Im(c) = @ (all the other choices are the same as for 7”).
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Figure 2: The new fibration 7 has an extra critical value wj, , , and a matching sphere that fibres

over the smoothing §; of the red arc 8 .

Compared to 7, there are now two critical points wj, and wj, |, associated to the same vanishing cycle V.
Therefore, there is a matching path 6, : [0, 1] — C with §; (0) = wj, and 8(%) = Zx, 6; (1) = wj,, whose
parallel transport is a Lagrangian matching sphere §; =~ §"+1 c E (Section 2.2 and [Seidel 2008a,
(16g)]) fibred by Lagrangians isomorphic to L; (see Figure 2). Let z’ € Im(§;) N Im(0), and, via parallel
transport, identify T C 7~ !(z4) with a copy of the Lagrangian in 7~!(z’).

By construction, the monodromy around o is given by the product ¢p. By assumption, there is an isotopy
¢ (T) >~ T, so parallel transport of T along o yields a well-defined Lagrangian Py C E. For z € Im(0), let
T, C w~1(2) be the exact fibres of Py. Then Qg|p, = dfy + 7*(ks) for a function f5 € C®(P,, R)
such that, for every z € Im(0), fo|,-1 (z) makes T exact and k5 € Ql(Im(a)) [Seidel 2003, Lemma 1.3].

Lemma 6.9 The Lagrangian P, defines a nontrivial class in Hy,+1(E, 0E;Z).

Proof The matching sphere S; and the disc bundle P, are properly embedded Lagrangian submanifolds
meeting transversely at the point y € L; lying over the intersection between o and the matching path
associated to S;. Their homological intersection, which is the image of a nondegenerate pairing

Hn+1(E; Z) X Hn_|_1(E, 3E, Z) — 7,
is one, so, in particular, P, represents a nontrivial homology class in H,41(E,d0E;7Z). |
6.2.1 Proof of Theorem C Let D € C be the disc bounded by the loop ¢ in the base of 7. The idea
for the proof of Theorem C is based on a section count which follows the same principles as Section 6.

In this context, however, we consider pseudoholomorphic sections defining boundary conditions for E|p
on P;.

Let J(m, E, jc) be the set of almost complex structures compatible with 7 (see Definition 2.15), where
Jjc is the standard complex structure on C. For a generic element J € J(x, E, jc), let

(50) M(J, Py) :={u: (D,dD) — (E, Py) | mou =idp, J o Du = Duo jc|p}

be the moduli space of pseudoholomorphic sections with boundary condition on Py-.
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The Lagrangian Py is fibred by copies of the exact Lagrangian T C M, and therefore Py N " E # @, ie
it is not disjoint from the horizontal boundary. As a result, the moduli space M(J, Py) is not compact,
but fortunately its noncompact ends are very well behaved.

Below, we show that, for a generic almost complex structure in 7 (7, E, jc), the “noncompact” elements
(those sections reaching the horizontal boundary) of the moduli space (50) are regular. We do this by
showing that such sections must be trivial — and the trivial section can be made regular, as the almost
complex structure is product-like near 3" E. For all the other holomorphic sections, which are entirely
contained in the compact region, the same regularity arguments as in [Seidel 2003] apply.

Lemma 6.10 There is J € J (w, E, jc) with the following property: there is no J —holomorphic
section v: (D,dD) — (E, Py) with boundary condition on P, such that there are z1,z, € 0D with
v(z1) € Py \ (Py NO"E) and v(z5) € Py NO"E.

Proof We show that any generic element J € J(m, E, jc) can be deformed to an almost complex
structure J € J (m, E, jc) as in the statement. To do that we use a reverse isoperimetric inequality from
[Groman and Solomon 2014] that applies to the Liouville completion of E.

Identify a collar neighbourhood of 8" E with C(3" E) := C x ((—e, 0] x dM)), and consider the Liouville
completion of E, (E, wg), obtained by gluing a cylindrical end U h'.= C x ([0, 00) x IM) along a
collar neighbourhood of the horizontal boundary 3" E, such that o zlun = d(Ac + €' Apr|anr) for the
coordinate ¢ on [0, 00).

Let (M, @) be the generic smooth fibre of E, and T C M the Lagrangian obtained from 7 by gluing
a conical end at the boundary. Accordingly, let P, C E be the “completion” of P, C E in E. This
Lagrangian can be trivialised outside of a compact set as D x U® C C x U® C E, where U® C M is
a neighbourhood of the cylindrical end of 7. Extend J to a cylindrical almost complex structure J on E
(see Definition 2.12).

By [Ganatra et al. 2020, Lemma 2.43], (E, wg) has bounded geometry in the sense of [Ganatra et al.
2020, Definition 2.42], which is equivalent to the notion of bounded geometry of [Groman and Solomon
2014, Section 1.4]; see [Ganatra et al. 2020, page 104]. The same holds for the Lagrangian P, C E, as it
is compact in the base direction, and conical in the fibre direction (see the proof of [Ganatra et al. 2020,
Lemma 2.43]). Bounded geometry implies that for any J—holomorphic section u: (D, dD) — (E, Py)
there is a reverse isoperimetric inequality [Groman and Solomon 2014, Theorem 1.4]

(51) L(u|sp) <a(u)-C,

where £ is the length function associated to a J—compatible metric g 7> C > 0is a constant depending
on E, and a(u) is the area of the curve.

LetA:= [, ap Ko (for kg € 2 1(Im(0)) as above), and set R := A-C. For R > 0, consider a piece of symplec-
tisation (ER+1:= EUC X ([0, R+ 1]x M), wg+1) wWith or+1|g = wg and ®r+1lcx((0,R+1]xaM) =
d(Ac + €' Apr), and a compatible almost complex structure Jry1 = J|g,,, of contact type. Clearly
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E C ERr4+1 C E, and there is a diffeomorphism ¥ : Eg41 — E that is the identity on E \ C(3" E) and
compresses C x ((—&, R+ 1] x M) to C x ((—e&, 0] x dM) via the negative Liouville flow.

Every J-holomorphic curve u: (D, dD) — (E, Py) such that there are z;, z, € 9D with u(z;) € Int(E)
and u(zp) € E \ Egy 1 satisfies d(u(z1),u(z2)) > A - C and the inequality (51)

Now set J := Y« (JRr+1). This satisfies the requirements of the lemma.

Namely, let v: (D, 0D) — (E, Py) be a J —holomorphic section as in the statement, ie such that there are
21,22 € 0D with v(z1) € Py \ (P, N3"E) and v(z2) € P,N3" E. Then we certainly have d(v(z1), v(z2)) <
£(v|yp) for the distance function ¢ and the length £ associated to a compatible metric g 7. On the other
hand, the area of v is bounded by a fixed upper bound since a(v) = fD VQE = fD dWw*Ag) =
faD v*(Ag) = faD kg = A by exactness of Qg and fibrewise exactness of P .

By stretching the neck in a neighbourhood of the boundary of E to Eg+1, the pullback ¥ *(v) pro-
duces a contradiction, since d(w*(v(zl)), w*(v(zz))) <L(Y*(|gp)) <a(yP*(v))-C = A-C, but also
d(y*(v(z1)), ¥*(v(z2))) > A- C by construction of Egy1. ]

From now onwards, fix an almost complex structure JeJ (m, E, jc) as in Lemma 6.10. The above
results imply that the only possible scenario left to consider in the case of a nonconstant section with
boundary condition on P intersecting " E is to be entirely contained in the horizontal boundary of the
fibration.

Lemma 6.11 Letu: D — E bea f—holomorphic section such that Im(u) C O" E. Then u is a constant
section.

Proof Assume there is a nonconstant section u: D — E such that Im(u) C E. Identify (via a
trivialisation as in (8)) a neighbourhood of ME as U? >~ C x M ¢ C x M for a collar neighbourhood
M°" C M of dM. Then the projection of Im(u) to M defines a nonconstant J |ar—holomorphic disc
u:(D,dD) — (M, T), which, by the exactness assumptions on M, cannot exist. Therefore, ¥ must be a
constant section. |

We now prove that there are no compactness issues. The moduli space M(f , P5) has noncompact end,
but by the regularity discussion above, the only sections reaching it are the constant ones, and all elements
of M(f , P5) have bounded energy so that the Gromov compactness theorem applies. The bubbles in
the Gromov limit of a sequence of (f , jc )-holomorphic sections in M(f , Ps) are either spheres in the
fibres over D, or discs in the fibres 7~ 1(z) for z € Im(o’) with boundary condition on 7. Both options
can be discarded by exactness of E and fibrewise exactness of Pg.

Lemma 6.12 The evaluation map
(52) ev:./\/l(f, Po)xD —E, (u,z)—u(z),

(i) is proper;

(ii) restricts to a surjective map ./\/l(f , Py) x 0D — P, of degree one.
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Proof (i) To prove this property is enough to show that every sequence of sections {u }xen in M(J, Py)
whose image under ev lies in a relatively compact set of E has a convergent subsequence. Consider such
a sequence. If its image under (52) lie in a compact set, then, by exactness, there is an upper bound to the
energy of all elements in the sequence (which is bounded by a finite value determined by the maximum
among all areas of the curves). Then, by the Gromov compactness theorem, {u }; admits a subsequence
converging to a stable map, which, in the absence of bubbles, can only be another section.

(i1)) To prove the second point, we show that the algebraic count of sections through every point
of Py is one. Let U? D 3" E be a neighbourhood of the horizontal boundary as in the proof of the
previous lemma and ¢ € U N 77 1(0). Since ¢ is compactly supported in a neighbourhood of the
vanishing cycles, the monodromy around o preserves ¢. By Lemmas 6.10 and 6.11, the moduli space
/\/l(f, q)={uce M(f, Ps)|q €elm(u)} C /\/l(f, P5) is compact and only contains the constant section
s: D — E through q.

Given another point p € Py, consider the path «: [0, 1] = M with «(0) = p and «(1) = ¢, and define
M(T, Py, a(2). [s]) :={u € M(J, Py) | a(t) € Im(u) and [u] = [s]}.
Clearly, M(J, Py, (1), [s]) = M(J. q).
Consider
(53) Moy = | MU, Po.a(t).[s]) € M(J. Py).
t€[0,1]
All elements in M}, are in the same homology class so that the same compactness arguments apply as
above. Compactness implies that, for every p € P, the moduli space M(f , Ps, p,[s]) is cobordant to
the moduli space M(f ,q). Therefore, by the same reasoning as in the proof of Lemma 6.6, through each

point of Py there is algebraically a unique section in M(f , Py), so the restriction M(f , Po)xdD — Py
is surjective and of degree one. a

Proof of Theorem C Under the assumption that ¢(7") >~ T, we have proved that P, represents a
nontrivial class in H,4+1(E,dE) (Lemma 6.9). The same assumption however also yields Lemma 6.12,
which in particular implies that vy (M 7(E, Pg) xdD) = [Ps] € Hy+1(E, OE) is realised as the boundary
of the chain ev«(M 7(E, Pg) x D) € Cp42(E, IE). This is a contradiction. O

6.3 Product of projective twists

We continue the investigation on positive products of twists in Liouville manifolds, this time focussing on
projective twists. Ideally, one would try to generalise as many results from the previous sections to this
situation.

The previous section heavily relied on the link between Dehn twists and Lefschetz fibrations, and many
constructions we used depended on section-count invariants of Lefschetz fibrations.
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Perutz [2007] showed that any fibred twist admits a representation as the local monodromy of a Morse—
Bott-Lefschetz (MBL) fibration. Projective twists can be thought of as an example of S!—fibred twists,
so we could envisage extending the mechanisms behind the proof for the spherical case to the setting
of MBL fibrations (following [Perutz 2007; Wehrheim and Woodward 2016]) to show the analogous
statement for projective twists.

Question 2 Let ¢ € Symp (W) be a nonempty composition of positive powers of projective twists on a
Liouville manifold (W, @) of dimension at least four. Can ¢ be isotopic to the identity in Symp(W)?

Unfortunately, the section-count strategy presents a route filled with obstacles, the central problem being
the lack of compactness of moduli spaces of sections of MBL fibrations. The critical locus Crit(r) of
such a fibration is a compact symplectic submanifold of the total space, and in general contains rational
curves. The total space of a MBL fibration : £ — C associated to a projective twist cannot be made
into an exact symplectic manifold, so bubbling phenomena can become an issue when considering moduli
spaces of pseudoholomorphic sections.

Instead, the idea remains, as in Section 5, to use the Hopf correspondence to translate a situation involving
projective twists into one involving Dehn twists.

Theorem D Let (W?", w) be a Liouville manifold containing Lagrangian real projective spaces
Ki,...,Kpy with K; = RP". Suppose that there is a class o € H'(W;Z/27) such that, for every
i=1,....,m,a|g, generates H*(RP";Z/27Z). Let ¢ € Symp (W) be a positive word in the subset of

projective twists {Tg; }ie(1,...,m}- Then ¢ is not isotopic to the identity in 7wo(Symp . (W)).

Proof Asin Section4.3.2,1letq: (W, @) — (W, w) be the symplectic double cover given by the class o and
Li,....LmCW Lagrangian spheres obtained as double cover of K1, ..., K;;; C W. The composition of
projective twists ¢ € Symp, (W) lifts to a composition of spherical Dehn twists ¢ € Sympct(ﬁ;). Assume
there is an isotopy (¢r)o<s<1 connecting the composition of projective twists gg = ¢ to the identity
¢1 = Id. The isotopy lifts to a family of compactly supported maps (¢;)o<r<1 in the double cover W,
where ¢9 = ¢ is the lift of ¢. Then ¢; covers the identity and can therefore only be either the identity or a
deck transformation. The latter type would define a noncompactly supported symplectomorphism, hence
¢1 must be the identity. It follows that ¢ € Sympct(W) is a composition of Dehn twists in a Liouville
domain which is isotopic to the identity, contradicting Theorem A. O

Remark 6.13 A similar argument fails when applied to complex projective twists. Let (W*", w) be a
symplectic manifold with complex projective Lagrangians K7y, ..., K, satisfying Assumption (CX). The
fibration (Y, Q) — (W, w) constructed from the cohomological condition is not proper, so an isotopy in
Symp, (W) cannot be lifted to an isotopy in Symp,(¥'). <
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7 Epilogue: framings of projective twists, homotopy projective Lagrangians

As a last application of the Hopf correspondence, we examine homotopy projective Lagrangians. We
prove two nonembedding results for Lagrangian projective spaces in nonstandard homeomorphism/diffeo-
morphism classes (Theorems E and F), and, for n > 19, the existence of projective twists obtained from a
nonstandard choice of framing that are not Hamiltonian isotopic to the standard zcp» € Symp (7 *CP"):

Theorem G The CP"—twist depends on the framing whenn = 19, 23, 25, 29.

Embedding theorems are obtained in Section 7.1 using homotopy theory results combined with the
existing state of the art of the nearby Lagrangian conjecture, and the use of the Hopf correspondence.

We subsequently investigate the question of framings for projective twists in Section 7.2. For that purpose,
we utilise the current literature on framing of Dehn twists, a pairing constructed by Bredon, and the Hopf
correspondence. This enables us to obtain instances in which the (Hamiltonian isotopy class of the) local
projective twist does depend on a choice of framing of the associated Lagrangian projective space. With
the additional use of topological modular forms, we explain why there should be infinitely many such
examples.

7.1 Lagrangian nonembeddings of projective spaces

The nearby Lagrangian conjecture states that, given a closed smooth manifold Q, any closed exact
Lagrangian submanifold of (7*Q, d ) is Hamiltonian isotopic to the zero section. If this conjecture
were true, the existence of another closed exact Lagrangian embedding L < T*Q would yield a
diffeomorphism L =~ Q. By Weinstein’s neighbourhood theorem, the latter version of the statement can
also be read as: if (7* L, dAr~r) is symplectomorphic to (T*Q,dAr+g), then L is diffeomorphic to Q.

The conjecture has been verified for some specific examples (7*S? and 7*RP? by [Hind 2012; Li and
Wu 2012] and 7*T? by Dimitroglou Rizell, Goodman and Ivrii [Dimitroglou Rizell et al. 2016]), and
weaker versions of it have been proved. Currently, the most general feature one can deduce from an exact
Lagrangian embedding in (7*Q, d A7+ ) is (simple) homotopy equivalence:

Theorem 7.1 [Abouzaid 2012b; Kragh 2013; Abouzaid and Kragh 2018] If L C T*Q is a closed,

exact Lagrangian embedding, then the projection L C T*Q -£> Q is a (simple) homotopy equivalence.

Remark 7.2 If L c T*Q -£5 Q is a Lagrangian as in the above statement, then TL @ C = p*(TQ ® C).
The Pontryagin classes p; € H*¥(-) satisfy 2p; (L) = 2p;(Q). Moreover, the (rational) Pontryagin
classes p; are homeomorphism invariants [Novikov 1965]. <

Equipped with the connected sum operation, the set of A—cobordism classes of homotopy m—spheres @,
has an abelian group structure (where the standard sphere plays the role of neutral element). We will
always assume m > 5, in which case the elements of ®,, correspond to diffeomorphism classes of
m—spheres.
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The group O, fits in an exact sequence [Kervaire and Milnor 1963]
(54) 0 — bPpt1 — O, > coker(Jy) — bPy.

Here bP,,+1 = ker(yy) C ©,, denotes the subgroup of homotopy m—spheres bounding an (m+1)—
dimensional parallelisable manifold, and Jy,: 71, (0) — 7, (S) is a map from the m™" stable homo-
topy group 7, (0) = lim;_, o 7, (SO(1)) to the m™ stable homotopy group of spheres m,,(S) :=
limy s o0 41 (S Iy (see eg [Levine 1985, Section 3]). This group is also called the m™ stable stem.

Throughout the section, we will repeatedly use the following fact about the sequence (54):

Theorem 7.3 [Kervaire and Milnor 1963, Theorem 5.1] If m is an odd integer, bP,, = 0. Consequently,
for any odd m, vy : ©,, — coker(J,,) is surjective.

In the symplectic setting, homotopy spheres are good candidates to test the nearby Lagrangian conjecture.

Theorem 7.4 [Abouzaid 2012a] (extended by [Ekholm et al. 2016]) Let m > 4 odd. If ¥, %' € O,
and T*X is symplectomorphic to T*Y/, then [X] = £[¥'] € Oy, /bPp41.

It will be practical to paraphrase the above theorem as follows:

Corollary 7.5 If m > 4 is odd and ¥ € ©,, \ bP,,+1, then ¥ does not admit a Lagrangian embedding
intoT*S™.

Definition 7.6 We choose to depart from the classic terminology of exotic manifolds. Instead, we will
call a smooth manifold that is homeomorphic, but not diffeomorphic, to the standard sphere an AD
sphere (AD stands for alternative differentiable structure). Correspondingly, a smooth manifold that is
homeomorphic, but not diffeomorphic, to the standard CIP” will be called an AD projective space. Finally,
a smooth manifold that is homotopy equivalent, but not homeomorphic, to the standard projective space
will be called an AT projective space (where AT stands for alternative topological structure). <

7.1.1 Results The results of this section hinge on the existence of homotopy projective spaces that are
obtained as the reduced space of a circle action on an AD sphere. It is not always possible to relate an
n—dimensional AD/AT projective space to a (2n+1)—dimensional AD sphere in this way. Below, we start
by exploring a few facts about AD/AT projective spaces, after which we can discuss three interesting
examples where the desired phenomenon is observed (the spaces of Theorems E and F).

Definition 7.7 [Kawakubo 1969] The inertia group /(M) of an oriented closed smooth manifold M is
the subgroup of ®,, consisting of homotopy spheres S € ®,, such that the connected sum M # S is in
the same diffeomorphism class as M. <
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If I/(CP") =0 and ®5, is nontrivial, one can build an AD projective space as follows. Given an AD sphere
3 € O3, the connected sum CPP” # X (a zero-dimensional surgery) is another manifold homeomorphic
to CPP” but not diffeomorphic to it. For n > 8, there are examples for which the inertia group /(CP")
is nontrivial (see [Kawakubo 1969]); in those cases the smooth structure of the resulting manifold is not
automatically distinct from the standard smooth structure on CP”. In dimension four, we know:

Theorem 7.8 [Kasilingam 2016] There are two possible distinct smooth structures on a manifold
homeomorphic to CP*: the standard CP*—structure, and the one on CP* # X8, where X8 € Og is the
unique AD 8—sphere.

In contrast, it is known that there is an abundance of AT projective spaces: for even integers n = 4, there
are infinitely many AT projective spaces, distinguished by the first Pontryagin class p; € H*(CP";Z)
[Hsiang 1966].

Is there a way to associate an AD sphere to an AD/AT projective space? Given an AD/AT projective
space K, the unit bundle of the line bundle £ — K satisfying ¢1(£) = ag (where ax € H*(K;7Z) is
the cohomology generator) could still be diffeomorphic to a standard sphere. Note that, in the special
case where the projective space is a surgery of the form K = CPP” # X, for an AD sphere X € ©,,, the
(2n+1)—sphere obtained as the unit bundle of £ — K is given by stab(X) € ©,, 4+ (where stab is the
map constructed in Section 7.2; see Remark 7.17).

On the other hand, one could examine S '—quotients of AD spheres Se ®2,41. A priori this is not always
a successful strategy, as not all homotopy spheres admit a smooth free circle action. But, if such an action
exists, then the quotient P := S /S resulting from it is an AD or AT projective space. Namely, this
reduced space is necessarily homotopy equivalent to a projective space [Hsiang 1966], but it is at least not
diffeomorphic to the standard CIP” (since circle bundles over P are classified by elements of H2(P;Z),
and, if P were the standard projective space, then the total space of the line bundle would have to be a
standard sphere).

Theorem 7.9 [James 1980, Sections 2-3] There is a homotopy 9—sphere S such that:
(i) S ¢bPygx=2Z/27.
(i) S admits a free action of S1.
(iii) The quotient P := S /81 is not homeomorphic to CP*#.
(iv) P and the standard CIP* have the same tangent bundles.

Remark 7.10 James [1980, Section 3] notes that there is another S'-action on S with quotient space
P # %8 The latter is an AT projective space that is not diffeomorphic to P. <

We now have enough material to state and prove the results of this section.
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Theorem E  There is a manifold P homotopy equivalent to CP* and with the same first Pontryagin class
such that neither P nor P # X% admits an exact Lagrangian embedding into T*CP*4.

Proof Consider the homotopy 9—sphere S admitting a free S !—action of Theorem 7.9. We let P := S /851
and prove it is the right candidate to satisfy the claim. The quotient P is homotopy equivalent to CP4, but,
by Theorem 7.9(iii), it is not homeomorphic to it. The first Pontryagin classes of P and CP# coincide by
Theorem 7.9(iv). Assume there is a Lagrangian embedding P < T*CP#. The Hopf correspondence (see
Lemma 3.1) lifts P to S, giving an exact Lagrangian embedding S <> T*S°. However, by Theorem 7.9,
S €0 \ bPj9, so the existence of the Lagrangian embedding contradicts Corollary 7.5.

The same argument applies to prove that P # X8 does not embed as Lagrangian into 7*CP#. Namely,
the Hopf correspondence would, in that case too, lift (via the S'-action of Remark 7.10) P # X8 to S
[James 1980, Section 3]. O

Remark 7.11 Our techniques do not allow to prove whether the AD projective space CP* # £8 of
Theorem 7.8 does admit a Lagrangian embedding into 7*CIP# or not. <

Theorem F  There is an element X4 in the group of homotopy 14—spheres ©14 such that CP7 # $14
does not admit an exact Lagrangian embedding into T*CP7.

Proof First note that ®14 =~ 7Z /27 and bP;5 = 0 [Kervaire and Milnor 1963], so there is a unique
AD 14—sphere. We define '# to be this AD 14—sphere and prove it is the right candidate to satisfy
the claim. By [Bredon 1967, Theorem 4.6], there is an AD sphere s \ bP1¢ admitting a free
S1-action, with quotient P := CP7 # 14, If P admitted a Lagrangian embedding in T*CP”, the Hopf
correspondence would yield a Lagrangian embedding X1° < T*S15 But 15 ¢ bP;¢, which would
contradict Corollary 7.5 (for the same reasons as in the proof of Theorem E). |

7.2 Framing of projective twists

The background material that we use to examine the question of framing of projective twists is based on
[Dimitroglou Rizell and Evans 2015], in which it is proved that the Hamiltonian isotopy class of a Dehn
twist does in general depend on a choice of framing.

Let (M, w) be a symplectic manifold. Given a framing of a Lagrangian sphere L C M, ie a diffeomorphism
S — L (see Section 2.1), the precomposition with an element F € Diff(S") yields another framing.

Consider the symplectomorphism F*: T*S™ — T*S™ induced by the lift of F to the cotangent bundle
T*S™. The standard model twist T¢y, € Symp(T*S™) can be replaced by F* o t¢s, o (F~1)*, and the
latter can be implanted in a Weinstein neighbourhood as in Definition 2.8 to produce a new element in
Symp,(M). To study framings of twists, we can then restrict to these parametrisations of the standard
model twist Tgm := f}sf’,i, € Symp  (T*S™).
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A core fact for the study of parametrisations of twists is the isomorphism o (Difft (5™)) = ©,,41
[Kervaire and Milnor 1963; Cerf 1970]. In particular, given a nontrivial diffeomorphism F € Diff™ (S™),
there is an (m+1)—dimensional AD sphere constructed as follows:

Definition 7.12 Let F € Diff(S"™) be a diffeomorphism not isotopic to the identity. Then X :=
Dm+tlyp DM+l e 3,11 is an (m+1)—dimensional homotopy sphere obtained by gluing two (m+1)—
discs along their boundary S twisted by F. In the notation of [Dimitroglou Rizell and Evans 2015,
Definition 1.4] (which is more apt to visualise the Lagrangian suspension we utilise in Section 7.2.2), this

is equivalent to
Yr = (D" x 5% Ug S™ %0, 1]

glued along S x SO via ®@: §™ x S0 — S™ x §0, d(x, y) = (F(x), y). <

Also recall there is an isomorphism o (Diff ™ (S™)) = 7o (Diffj; (D™)) induced by a map Diff;’t' (D™) —>
Difft (S™) which extends all elements of Diff;'tr (D™) over a capping disc.

Dimitroglou Rizell and Evans proved the existence of Dehn twists, whose Hamiltonian isotopy class
depends on the choice of framing.

Definition 7.13 [Dimitroglou Rizell and Evans 2015, Definition 1.1] Fix a cotangent fibre A C T*S™
and let £,, C ©,, be the subset of homotopy spheres which admit a Lagrangian embedding into 7*S™
with the additional requirement that the embedding intersects A transversely in exactly one point. <

Theorem 7.14 [Dimitroglou Rizell and Evans 2015, Theorem A] Let F € Difft(S™) be such that
YF ¢ Lm+1. Then IE,}, o (F*otgm o (F~Y)*) is not trivial in o (Symp (T *S™)).

In the rest of the section, we analyse the analogous problem for reparametrisations f € Diff(CP") of
projective twists. We prove that there exist n € N such that the twist 77 := f* o 7cpn o (f —hy* s
not isotopic to the standard projective twist in 7o(Symp (T *CP")), where f*: T*CP" — T*CP”"
is the symplectomorphism induced by the lift of f to the cotangent bundle. We will not directly use
Theorem 7.14 but an intermediary result (Proposition 7.15 below) that Dimitroglou Rizell and Evans
proved (using [Abouzaid 2012a; Abouzaid and Kragh 2018; Ekholm and Smith 2014]) to support their
arguments.

Proposition 7.15 [Dimitroglou Rizell and Evans 2015, Proposition 1.2] There is an inclusion L, C
bPyy1.

Remark 7.16 There is a slight abuse of terminology in the entirety of the section. A framing will
be employed (as in the rest of the paper) in the nonstandard sense a la Seidel to signify a smooth
parametrisation of a sphere. The classical topological notion of framing (as a trivialisation of the normal
bundle) is also needed in this section, and, in order to avoid a conflict of nomenclature, we call the latter
a normal framing. <
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7.2.1 Bredon’s pairing We begin by introducing an essential component of the arguments of this
section: a map

(55) stab: ©,, — Oy
obtained as a special case of a homomorphism ®,, ® 7;(S) = ©,,4; studied in [Bredon 1967].

Consider the linear action of SO(2) >~ S! on S”*1 C R™*2 via the representation

A
SO(2) > SO(m+2), A—>gd)=| 4 ,

with 1 in the right-hand bottom corner if m is odd. This is the linear S !-action on $™*!, which is free if
m even (in which case it is the standard Hopf action), and whose fixed-point set is S if m odd.

For X € ®,,, Bredon’s construction [1967, Sections 1 and 4] yields a homotopy (/- 1)—sphere as follows.
Let IV C X be an open neighbourhood of a point p € X, and g: (V, p) — (R, 0) an orientation-reversing
diffeomorphism. Let B := g~ !(D™) C V C X, where D™ C R™ is the unit disc.

Let C = S! ¢ S™*1 be a principal orbit of the SO(2)-action on S”*1, equipped with a normal framing
F:CxRM— gm+l

Define
(56) stab() := ST\ (F(Cx D™))UC x (= \ B),

where the two pieces are glued along their boundaries, which can be identified via a diffeomorphism
F(Cx (R™\{0})) =Cx(V\{p}) as in [Bredon 1967, page 435].

The normally framed orbit (C, F) represents an element y € 7, 41(S™) == 74(S3) = Z/27Z via the
Thom—Pontryagin construction (see [Milnor 1965, Section 7]). With this identification in mind, the map
stab is derived from a pairing @, X 7y, +1(S™) = Opmy1, (X, y) > stab(X) = (X, y) (see [Bredon
1967, (1)]). The latter induces a homomorphism [Bredon 1967, (2)]

(57) Om @ m1(S) = Opmt1.

To determine the class y, we follow [Bredon 1967, (4.1)] and find that y = nj , where n € m1(S) :=

74(S3) = Z /27 is the nontrivial element in the stable stem 71 (S) and

%m if m even (ie the action on S 11 is free),

/= %(m —1) if m odd (ie the action ST is not free).

Intuitively, if a normally framed Hopf circle in S3 represents the class 1 € 74(S?3), then y is determined
by the number of times (mod 2) that this normal framing fits in the normal bundle to C C S 1,
Form+1=2n+4+1andm+1=2n+2, we have j =n and

n if n odd,

58 =n" =
(58) Y= 0 ifn even.
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Remark 7.17 For an even-dimensional homotopy sphere ¥ € ®,,, the image stab(X) can also be
described as follows (this remark is relevant for Section 7.1). Consider the surgery CPP” # ¥ and the
complex line bundle £ — CP" # X associated to the generator of H?(CIP" # X; Z). Then stab(X) is the
homotopy sphere obtained as the unit circle bundle of L. <

We now focus on the case m + 1 =2n + 2.
Lemma 7.18 The map O3, 1 — ®@25,42/bP2j,+3 is nontrivial forn = 19,23, 25, 29.

Proof There is a commuting diagram (see [Bredon 1967, Corollary 2.2]) obtained from the exact
sequence (54),

stab

®2n+ 1 ®2n +2
(59) lw lw
coker(J2n+1) Sl coker(J2n+2)

where (—) - 1" : coker(Jan+1) — coker(Ja,+2), is a map descending from the multiplication 755, +1(S) X
71(S) = m2n+42(S) with the class n € m1(S) = Z /27, which is well defined since, for [ + 1 < m,
Im(Jp,) - Im(J;) € Im(Jy,47), the image of the J—homomorphism is preserved under multiplication with
elements of the stable stems.

By (58), we know that a necessary requirement for the map stab to be nontrivial is to have n = 2k + 1
for some k € N so that n” = 7 is nontrivial. In that case, we get

stab

Ouk+3 Osk+1)

(60) Jw l"'
=)n

coker(Jy43) ———— coker(J4(k+1))

The vertical maps are both surjective since ¥ is always surjective in odd dimensions and when m =0 mod 4
(see [Levine 1985, Theorem 5.4]).

The exact sequence (54) implies that coker(J4x44) = O4r14/ker(¥) = Oyx 44, and the nontriviality
of the composition ¥ o stab: O4x 3 — O4r+4 is equivalent to the nontriviality of the multiplication
(—) - n: coker(J4x+3) = coker(J4x44). This amounts to looking for elements in the stable stems whose
n—multiples are not in the image of J. As 7 is of order two, this information can be found in the “two-
primary part” of the stable stems, the subgroups obtained after quotienting all elements of odd order.
These are tabulated in a diagram in [Hatcher 2002, page 385], where the elements of interest appear to be
in degrees 2n + 1 € {39, 47, 51, 59}, which means that n € {19, 23, 25,29}. O

The rest of the section is dedicated to explaining how to relate a parametrisation f € Diff T (CPP") of the
standard projective twist to a parametrisation F € Diff ™ (S2"*1) of the standard Dehn twist.
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Lemma 7.19 Let n be an odd integer and f € Diff* (CIP") an orientation-preserving diffeomorphism.
There exists a diffeomorphism F € Diff* (§2"+1) satisfyingho F = f oh, ie F is the lift of f by the
Hopf bundle map.

Proof Let i: §?**1 — CP” the Hopf bundle map. A diffeomorphism f: CP" — CP” induces a
continuous function F: f*(§2"*T1) — §27+1 covering f such that the diagram

f*(52n+1) F S2n+1
61) J"’ Jh
CP" ! CP”

commutes, where /’: f*(S2" 1) — CP” is the pullback bundle of / by f. The map induced by f on the
second cohomology f: H2(CP")— H2(CP") is +Id. Therefore, the Euler classes of /1: §27+1 — CP"
and i': f*(§2"T1) — CP" coincide up to sign, so these principal S'-bundles must have diffeomorphic
total spaces. It follows that F: f*(S§2"T1) — §27*1 i5 in fact a diffeomorphism F: §2"+1 — §2n+1
covering f satisfying ho F = foh. |

Lemma 7.20 Let n be an odd integer and f € Diff™ (CIP") be an orientation-preserving diffeomorphism
supported in an open chart, ie f is induced by an element of Diff;{ (D?"), and let s € ©2p41 be the
homotopy (2n+1)—sphere associated to f.

Let F e Difft (S2"*1) be the S '—equivariant lift of f of Lemma 7.19 and . g € ®,, 1, the corresponding
homotopy (2n+2)—sphere. Then stab(Xy) = ZF.

Proof The lift F e Difft(S2”*+1) is supported in a tubular neighbourhood of a Hopf circle in §27+1,
To build X, identify S2"+! with an equator in S2*2, and consider the above circle as a normally
framed circle C C S2"*2. That requires a choice of trivialisation of the normal bundle to a Hopf circle, a
normal framing F: C x R2"*T1 — §27+2 that defines the support of the gluing map for the construction
of :on F(Cx D?"T1), F acts as id x f. By the same arguments as in the beginning of this section,
the normal framing of this Hopf circle corresponds to the class n" € 71(S), so X = stab(X¢) by the
construction (56). O

7.2.2 Results We first mention an auxiliary result from [Dimitroglou Rizell and Evans 2015] we will
need in the proof of Theorem G.

Lemma 7.21 [Dimitroglou Rizell and Evans 2015, Proposition 2.5] Consider (T*S?" 1, d A« gon+t1)
equipped with the well-known structure of a Lefschetz fibration T*S$?"+! — C with smooth fibre
(T*S?", dAy+g2n) and two singular fibres. Let L C T*S?" 1 be the standard Lagrangian embedding of
the zero section. There is an open symplectic embedding

(62) e: T*S2" Tl x T*[0,1] » T*§2" 12

such that:
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e L x[0, 1] is sent to a subset of the zero section S?"+2 C T*S§2"*2 (the matching sphere).

e The image of the embedding is disjoint from a particular cotangent fibre A C T*S?"%2 (a Lefschetz
thimble).

Proposition 7.22 If the map stab: ©2,4+1 — ©O2y42 is nontrivial and n is odd, then the CP" —twist
depends on a choice of framing.

Proof Choose a framing f € Difft (CP”"), coming from an element of Diffg: (D?") extended by
the identity on the projective space. Let F € Difft(§2"*1) be the S'—equivariant lift of f as in
Lemma 7.19, supported in a tubular neighbourhood of a Hopf circle F: = S! x D?" C $?"*1, Let
3¢ € Ozp+1 be the sphere associated to f,and ¥ € Oy, 4> that associated to F. By Lemma 7.20,
Y =stab(Zy) = (Zr,n") € Ozp42. Since n is odd, n" = nand L = stab(X ) € O34 is nontrivial.

The map f* induced by f on the cotangent bundle is not compactly supported, but can be used to define
the compactly supported conjugation

(63) 1= f*orcpno(f1)*: T*CP" — T*CP”"
of the projective twist tcp» € Symp (7T *CP").

We next show below that 7 belongs to a Hamiltonian class distinct from that of the standard projective
twist:

Lemma 7.23 The twist 1y defined in (63) is not isotopic to the standard twist tcp» € Symp, (T *CP").

Proof Assume by contradiction that T(E]%»n ot is (Hamiltonian) isotopic to the identity in Symp (7" *CP").
Let (¢1):e[0,1] be an isotopy connecting the two symplectomorphisms in Symp, (7*CP") such that there
are s’ > 5 € (0, 1) with

(64) ¢t =

I(Eﬁ,,n oty ifr <y,

Id ift >,

Let H: T*CP" x [0, 1] — R be the generating Hamiltonian function. Define the Lagrangian embedding
(65) YK x[0,1] - T*CP" xT*[0,1], (x,t) = (¢:(x), 1, —H(¢:(x),1)),

where K C T*CP” is the standard Lagrangian embedding of the zero section. By construction, near
the ends of the interval, K x [0, 1] is preserved by (65) in the sense that /(K x [0, s]) C K x [0, s] and
V(K x[s',1]) Cc K x [s/,1].

On each fibre T*CP”" of T*CP”" x T*[0, 1], apply the Hopf correspondence to lift the image of (65) to
a Lagrangian embedding

(66) W:Lx[0,1] - T*S?>" 1« T*[0,1]

(where L € T*S?"*1 is the standard Lagrangian embedding of the zero section) such that L x I is
preserved by W near the ends of the interval.
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By Lemma 7.21, we can replace e(L x [0, 1]) C T*S2"*2 by the Lagrangian suspension W(L x [0, 1]),
so that the ends of W(L x [0, 1]) are “capped” into a (2n+2)—dimensional sphere diffeomorphic to
Y F € Oy,42 (see [Dimitroglou Rizell and Evans 2015, Section 3.3]) which intersects a cotangent fibre
once transversely and is therefore contained in £5,4>. By Proposition 7.15, £, 42 C bP2,43 and since
bP2,+3 = 0 (this holds for all odd integers; see [Kervaire and Milnor 1963]), ¥ r has to be the standard
sphere. However, as we have seen above, Xf = (1", Xr) € @2, is nontrivial as n is odd. This is

a contradiction, which proves Lemma 7.23; 74 cannot be isotopic to the standard projective twist in
Symp (T *CP"). O

This also concludes the proof of Proposition 7.22. a
The above results are sufficient to prove the following:

Theorem G The CP"—twist depends on the framing whenn = 19, 23,25, 29.

Proof The statement is proved by combining Lemma 7.18 with Proposition 7.22. O
Proposition 7.24 The CP"—twist depends on the choice of framing for infinitely many dimensions n.

Proof One way to obtain infinite families of nontrivial multiples of 7 which are not contained in the
image of J is by detecting them in topological modular forms, denoted by tmf (we refer to [Henriques
2014] for a survey on the subject). There is a “Hurewicz homomorphism” 74 (S) — 7« (tmf) between the
ring of stable homotopy groups of spheres and the homotopy ring of tmf, and the two primary components
of the ring of homotopy groups have a certain kind of periodicity of degree 192. Therefore, if we can
identify an element in one of the homotopy groups 4% 43 (tmf) that is also in the image of the Hurewicz
homomorphism and arises as a product of 1, we obtain a periodic family of elements to which the
argument of Lemma 7.18 applies.

A (partially conjectural) diagram depicting the two-primary components can be found in [Henriques
2014] and it is helpful to first identify a potential candidate. Degree 39 = 4- 9 + 3 presents an element
which has been confirmed to be the image of a nontrivial multiple of 1 (see [Hopkins and Mahowald 2014,
Corollary 11.2 ], there the element in question is called u# and arises as image of a product of k, v, n and «;
all of these are standard names of generators of stable homotopy groups stems). It follows that, in every
dimension m = 39 mod 192, there is an element for which the map (—) - n: coker(J;,) — coker(Jy,+1)
and hence stab: ®,, — 0, are not trivial. Recall that m = 4k +3 =2nr+ 1, so that, by Proposition 7.22,
the projective twist depends on the framing for n# = 19 mod 96. Further scrutiny of the literature would
provide other such elements, eg for m = 59 (n = 29). m]

Remark 7.25 1t is very likely that a version of Theorem G holds for HIP”—twists as well. Bredon
[1967, page 446] computes the class that would be associated to a framing of S3 C 413, which is a
power of v € w3(S) = limy,; 7, 43(S™) = m8(S?) = Z14. Nontriviality results for the map stab in this
case would not only depend on the parity of n, so a nonvanishing criterion would be harder to obtain.
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But such a criterion could then be combined with the existence of smooth semifree actions of S3 on
homotopy (4k+3)—spheres explicitly computed in [Bredon 1967, Theorems 4.4 and 4.7] (also note that
there are infinitely many inequivalent free S3—actions on homotopy S 4k +3_spheres, by [Hsiang 1966,
Theorem 3]). Then the above strategy could be applied to obtain infinitely many dimensions in which the
HIP”—twist would depend on the framing. <

Corollary 7.26 In the above dimensions, Symp. (T *CP") £ Z.

Proof If tcpr € mo(Symp (T *CP")) is the standardly framed twist along the zero section, then
we claim that Z{tcpr) & mo(Symp,(T*CP")). Let f € Diff} (CP") be a framing such that the

projective twist 7y € Symp (T*CP") defined using f is not isotopic to zcp», as in Theorem G. Then
tfl o gopn cannot be isotopic to any power ‘L’(IEPH for any k € Z. This is because Tcpn, viewed as a
graded symplectomorphism, acts nontrivially on the grading of the zero section, viewed as a graded
Lagrangian (see [Seidel 2000, Lemma 5.7]), whereas rf_l o tcpr acts trivially on the grading (see also

[Dimitroglou Rizell and Evans 2015, Remark 1.5]). O
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On keen weakly reducible bridge spheres

PUTTIPONG PONGTANAPAISAN
DANIEL RODMAN

A bridge sphere is said to be keen weakly reducible if it admits a unique pair of disjoint compressing
disks on opposite sides. In particular, such a bridge sphere is weakly reducible, not perturbed, and not
topologically minimal in the sense of David Bachman. In terms of Jennifer Schultens’ width complex, a
link in bridge position with respect to a keen weakly reducible bridge sphere is distance one away from a
local minimum. We give infinitely many examples of keen weakly reducible bridge spheres for links in b
bridge position for b > 4.

57K10, 57K20, 57K30

1 Introduction

Suppose that we have a decomposition of the 3—sphere S = V. Ux V_ where V. and V_ are 3-balls and
¥ is a 2-sphere. A link L C S3 intersecting X transversely is said to be in bridge position with respect
toXif LNVy =ay and L NV_ = a_, where a4 and o are b—strand trivial tangles. The punctured
sphere X7, = X\ L is called a b—bridge sphere. To each bridge sphere, we can assign a disk complex
(X 1), which is a simplicial complex whose vertices are isotopy classes of compressing disks in S3\ L
for X7 and whose k simplices are spanned by k + 1 vertices with pairwise disjoint representatives.

We say that Xy, is topologically minimal if one of the following holds:
(1) a(SL) = 2.
(2) There exists i € N U {0} such that the i homotopy group of %(X;) is nontrivial.

The topological index of Xy, is defined to be 0 if @(Xy,) = @, or the smallest i such that ;1 (9(Xy)) is
nontrivial if @(X1,) # . The notion of topological minimality was introduced by David Bachman [2010]
as a generalization of useful concepts such as incompressibility and strong irreducibility of surfaces in a
3—manifold. It turns out that topologically minimal surfaces possess desirable properties. For instance, in
an irreducible 3—manifold, a topologically minimal surface can be isotoped to intersect an incompressible
surface in such a way that any intersection loop is essential in both surfaces. Furthermore, the concept of
topological minimality gave rise to examples of 3—manifolds containing arbitrarily many nonminimal
genus, unstabilized Heegaard surfaces that are weakly reducible [Bachman 2013]. Moriah [2007] dubbed
these examples “the nemesis of Heegaard splittings” as they are difficult to find.
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Conjecturally, there is a special and mysterious relationship between topologically minimal surfaces and
geometrically minimal surfaces, which are surfaces whose mean curvature is identically zero. Every
geometrically minimal surface has a Morse index, which roughly speaking counts the maximal number
of directions the surface can be deformed so as to decrease its area. Freedman, Hass and Scott [Freedman
et al. 1983] showed that every surface of topological index zero is isotopic to a geometrically minimal
surface of Morse index zero. By works of Pitts and Rubinstein [1987] and of Ketover, Liokumovich, and
Song [Ketover et al. 2019], a Heegaard surface of topological index one is isotopic to a geometrically
minimal surface of Morse index at most one. Campisi and Torres [2020] showed that the genus two
Heegaard surface of the 3—sphere has topological index three. By Urbano [1990], this Heegaard surface
must have Morse index at least six. Thus, it is not true in general that a surface of topological index k is
isotopic to a surface of Morse index at most k, but the precise connection is not well understood.

One can ask the interesting question of which surfaces are topologically minimal. Several authors have
given examples of topologically minimal Heegaard surfaces [Bachman and Johnson 2010; Campisi and
Rathbun 2018; Campisi and Torres 2020; Lee 2015] and bridge surfaces [Lee 2016; Pongtanapaisan and
Rodman 2021; Rodman 2018]. Heegaard surfaces that are not topologically minimal have also been
studied by several authors who constructed keen weakly reducible Heegaard surfaces. That is, each of
these surfaces possesses a unique weak reducing pair, a pair of compressing disks on opposite sides
of the surface whose boundaries are disjoint. By a result of McCullough [1991], the disk complex of
the boundary of a handlebody is contractible. Thus having a unique pair of weak reducing disks on
distinct sides of a Heegaard splitting means that in the disk complex, there is a unique edge connecting
the two contractible subcomplexes corresponding the two handlebodies, resulting in a contractible disk
complex for the Heegaard surface. The examples of keen weakly reducible Heegaard surfaces in the
literature with simple descriptions include the canonical Heegaard surface of a surface bundle whose
monodromy has sufficiently high translation distance by Johnson [2012], some Heegaard surfaces arising
from self-amalgamations by E and Lei [2014], and certain unstabilized genus three Heegaard surfaces in
irreducible and orientable 3—manifolds by Kim [2016]. More complicated constructions of keen weakly
reducible Heegaard surfaces of genus g > 3 can also be found in [E 2017; Liang et al. 2018].

The goal of this paper is to provide infinitely many examples of nontopologically minimal bridge spheres,
which are lacking in the literature, by verifying that the canonical bridge sphere for certain links in plat
position is keen weakly reducible. Such links are obtained by “amalgamating” two types of links whose
canonical bridge spheres are topologically minimal. Keen weakly reducible bridge spheres also belong to
a family of surfaces with finitely many pairs of disjoint compressing disks [E and Zhang 2023], which is
interesting in its own right.

Theorem 1.1 There exist infinitely many links with keen weakly reducible bridge spheres.

This paper is organized as follows. In Section 2, we discuss properties of a keen weakly reducible bridge
sphere related to perturbations of bridge spheres, thin position of links, and essential surfaces in the link

Algebraic & Geometric Topology, Volume 24 (2024)



On keen weakly reducible bridge spheres 4203

exterior. In Section 3, we define the notion of a plat position for a link, consider a particular family of
links in plat position, and describe useful positions of curves on a punctured sphere with respect to a train
track. In Section 4, we characterize the behaviors of curves that bound disks above or below the bridge
sphere. In Section 5, we use a criterion presented in [Cho 2008] to show that keen weakly reducible
bridge spheres are not topologically minimal.
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2 Consequences of being keen weakly reducible

In this section, we discuss some consequences of putting a link in bridge position with respect to a keen
weakly reducible bridge sphere. We remark that a priori keen weakly reducible bridge spheres are not
necessarily canonical bridge spheres for links in plat position.

2.1 Unperturbed bridge spheres

Let L be a link in bridge position with respect to 3. Then L N V4 = a4 is a collection of disjoint
embedded arcs with the property that there exists an isotopy (rel do™) taking oy into X. For each arc ai
of a4, the trace of such an isotopy is a disk called a bridge disk D ’+ From each bridge disk D ’+ we can
obtain a compressing disk d D!, called the frontier of D!, using the construction d D', = (dN (D! ))NV.
Analogous definitions can be made for L N V_ = .

We say that a bridge sphere Xy, is perturbed if there exist two bridge disks D}r C V4 and DL C V_ such
that Di N D! is a single point contained in L. It is an interesting problem to search for unperturbed
bridge spheres for a link up to isotopy since a perturbed bridge can always be obtained from a bridge
sphere that is not perturbed by an isotopy which introduces a maximal point and a minimal point as
shown in Figure 1. In some cases, the only destabilized bridge sphere is the one that realizes the bridge
number [Otal 1985; Ozawa 2011; Zupan 2011]. Another common way to show that a bridge sphere X1,
for a nontrivial link L is unperturbed is to show that there is no weak reducing pair for ¥; . Being keen
weakly reducible implies the following.

Proposition 2.1 If X is keen weakly reducible, then ¥y, is unperturbed.

It is well known that a perturbed bridge sphere has a weak reducing pair; we prove that result here, and
show that such a bridge sphere in fact has at least two weak reducing pairs.
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/ 7 M

Figure 1: Introducing a canceling pair of critical points.

Proof If ¥; is a perturbed bridge sphere for a link L in 2-bridge position, then L must be the unknot and
there exists a unique compressing disk D above and a unique compressing disk £ below. Furthermore,
D N E # @, which implies that X7 does not admit a weak reducing pair, and therefore X7, cannot be
keen weakly reducible. To complete the proof, we consider perturbed bridge spheres for links in b—bridge
position, where b > 3.

Suppose that 37, is perturbed. By definition, there exist bridge disks Dle C V4 and D! C V_ such that
D_lIr N D! ={p} e L. Let sis be aset of b disjoint bridge disks for X, each corresponding to one of the
components of o, and suppose further that D_li_ € A 4. Let sd— be a similarly defined set of bridge disks
below ¥ with D! € sl_. (We are able to define {1 and s_ after D_lIr and D! by [Scharlemann 2005,
Lemma 3.2].) The elements of s{_ may or may not intersect the interior of the arc D}r N 3. Below, we
describe how if they do, we can replace them with another set of b disjoint bridge disks below X, each of
which is disjoint from the interior of D_li_ nx.

Suppose that the elements of s{_ intersect the interior of D_lIr N X. Consider a point ¢ of intersection
closest to p. Let D’ € si_ denote the bridge disk containing ¢g. We perform a surgery on D’ as depicted
in Figure 2, resulting in a new disk D” . Notice that D” is disjoint from the other elements of #{_, and
D’ and D” both correspond to the same bridge arc. In slight abuse of notation, we will replace D’ with
D” in the collection s{_. After this replacement, s{_ remains a collection of pairwise disjoint bridge
disks for the bridge arcs below X. The difference is that now, the elements of s{_ intersect the interior of
D} N in one fewer point.

>

Figure 2: Bridge disks below Xk can be isotoped to intersect D_lF in two points in K.
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We can repeatedly perform such surgeries until the bridge disks of s{_ are all disjoint from the interior of
D_lIr N X. It follows that the bridge disks of &{_ intersect D_lIr only in the two points of D_lIr N LNZX,each
of which intersects a bridge disk of s{_. Since L is in a b bridge position with b > 2, these two bridge
disks must be distinct. In addition to these two, there must be at least one more bridge disk D? € o_
since b > 3, and so D? is disjoint from D}r. Therefore, d Di and d D? comprise a weak reducing pair
for Xp..

Now consider d D!. We can mimic the trick in the previous paragraph so that a particular set of b pairwise
disjoint bridge disks above ¥ intersects D! only in the two points of D1 N L N . Then there is some
bridge disk D_2|_ disjoint from D!, which means that dD! and d Di comprise another weak reducing
pair for X7 . Therefore, a perturbed bridge sphere never admits a unique weak reducing pair and can
never be keen weakly reducible. |

2.2 Width complex

Suppose that L is a link and /: S — R is the standard Morse function. Assume also that /|y, is a Morse
function. Suppose that ¢; <--- < ¢, are critical values of &|z. Consider A~ (r;), where r; is a regular value
between ¢; and c; 1. We say that a level sphere 21 (r;) is a thin level if |h=Y(r;—y) N L| > |k~ Y(r;) N L|
and |h=1(r;) N L| < |[h~Y(r;i31) N L|. On the other hand, a level sphere h~1(r;) is a thick level if
|h=Y(ri—)NL| < |h~Y(r;)N L] and |h=Y(r;) N L| > |h~ ' (ri31) N L|. We say that a disk D € S3\L is
a strong upper (resp. lower) disk with respect to h=!(r;) if

(1) 0D =« U B where o C L contains exactly one maximal (resp. minimal) point and S is an arc in
h=1(r;), and

(2) the interior of D contains no critical point with respect to the height function /.

If there exists a strong upper disk and a strong lower disk intersecting in exactly one point lying in L (see
Figure 1, for instance), then there is an isotopy that cancels a maximal point and a minimal point. We call
such a move a type I move. On the other hand, if there exists a strong upper disk and a strong lower disk
that are disjoint, then there is an isotopy that interchanges a maximal point and a minimal point. We call
such a move a type Il move.

Schultens [2009] associated to a knot K a graph called the width complex of K to understand the structure
of the collection of Morse embeddings of a fixed knot K. Two embeddings k and k” of K are considered
to be equivalent if their thin and thick levels are isotopic. With this definition of equivalence, each vertex
of the width complex is an equivalence class of embeddings of K such that /2|g is a Morse function. An
edge connects two vertices representing embeddings k and &’ if k differs from £’ by one of the following
moves: a type I move, the inverse of a type I move, a type II move, or the inverse of a type II move.
Schultens proved the following interesting result.

Theorem 2.2 [Schultens 2009] The width complex of a knot is connected.
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The proof of Theorem 2.2 uses the fact that projections of k and k’ to the vertical plane differ by a finite
number of Reidemeister moves and planar isotopy. Furthermore, each of these local moves either affects
an embedding by a type I or a type II move or does not alter the equivalence class at all. As any two
projections of a multicomponent link L are also related by Reidemeister moves and planar isotopy, it
follows that the width complex of a multicomponent link is also connected.

A vertex that is particularly interesting is one representing an embedding that admits no type I or type II
moves. Such an embedding is said to be in locally thin position.

Proposition 2.3 Suppose that [ is an embedding of a link L in bridge position with respect to a keen
weakly reducible bridge sphere. In the width complex of L, there is an edge between | and an embedding
" of L in a locally thin position.

Proof Let D C V4 and E C V_ be a weak reducing pair for a keen weakly reducible bridge sphere X .
Claim 0D and 0F each cut out a twice punctured disk from X .

Proof of claim Suppose that dD cuts X7 into two components F; and F5, where each component is a
punctured disk containing more than two punctures. The loop dF is contained in one of the components,
say Fp. There exists at least one bridge disk D_lF such that (‘)DJIr =o U where o« C L and B C F5. Then,
d D_li_ and E give rise to a weak reducing pair distinct from D and E, which is a contradiction. The same
argument also implies dE cuts out a twice-punctured disk from Xy . |

Observe that D cuts off a 3—ball containing a unique bridge disk, which is a strong upper disk disjoint
from a strong lower disk contained in a 3-ball cut off by E. This pair of disks gives rise to a type Il move.
After the type II move is performed, there are neither type I nor type II moves left to perform because
any pair of strong upper disk and strong lower disk (intersecting in one point of L or mutually disjoint)
that emerges after the type Il move on D and E will yield a distinct pair of strong upper disk and strong
lower disk on X7, and hence ¥; admits more than one weak reducing pair, which is a contradiction. O

After a type Il move is performed along D and E, a thin level emerges. This thin level is incompressible
because a compressing disk for this level would imply the existence of another weak reducing pair
different from D and E. Thus, we obtain the following corollary.

Corollary 2.4 A link with a keen weakly reducible bridge sphere contains an essential meridional surface
in its exterior.

3 Setting

In this section, we redevelop and summarize several tools and concepts of Johnson and Moriah [2016].
Specifically, Section 3.1 is a brief summary of Johnson and Moriah’s plat links and accompanying tools
such as their 0; and my projection maps. Then in Section 3.3, we develop Johnson and Moriah’s taos,
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Figure 3: A (6, 5)—plat structure.

eyelets, and train tracks and adapt them slightly to our situation. Finally in Section 3.4 we define the
concepts of carried and almost carried arcs, loops, and graphs in a manner very similar to that of Johnson
and Moriah, differing only in some minor ways that suit our purposes.

3.1 Plat positions

Consider the standard Morse function 4: S3 — R with exactly one maximum, 400, and one minimum,
—o0. Let @ C S3 be a strictly increasing arc such that do = {4o00}. We identify S3\o with R with
Cartesian coordinates (x, y, z) in such a way that the xz—plane lies in #~!(0), and more generally, for
each ¢ € R, the plane y = ¢ lies in A~ !(#). We orient our perspective so that the x—axis is horizontal,
the y—axis is vertical, and the z—axis points towards the reader. (This allows us to use terms like “up”,
“down”, “left”, and “right”.) We denote 2~ 1(t) by P;.

For each y € R, and k € Z, let ¢, i be the circle of radius % in Py, centered at x = k + %, z = 0. The
plat tube A;_ ; is defined to be the annulus
A = Uye[i,i+1] Cy,2j if i is even,
l,j - . ..
Uye[i,i—H] cy2j+1 ifiis odd.

Forn,m € {2,3,4,...}, the (n, m)—plat structure is the union of the plat tubes A; ; where i ranges from
1ton—1 and j either ranges from 1 to m or 1 to m — 1 depending upon whether i is even or odd,

respectively.

For n,m € {2,3,4,...}, an (n,m)—plat braid is a union of 2m pairwise disjoint arcs in R> whose
projections to the y—axis are monotonic, satisfying the following properties:

(1) One endpoint of each arc lies in P; and the other endpoint lies in P;,.
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Figure 4. The upper gray box contains D, a 4—twisted (2m—4, m)—plat braid, where m > 4. The
lower gray box contains Dp a 4—twisted (n, m—1)—plat braid.

(2) Each arc can be cut into subarcs, each of which is contained either in the (n, m)—plat structure or
in one of the vertical lines x =2 or x = 2m + 1 in the xy—plane.

(3) The intersection of the braid with each plat tube consists of a pair of arcs which intersect the plane
z = 0 in a minimal number of components and whose endpoints lie in z = 0.

Observe that the plane z = 0 cuts 4; ; into two disks. Here we define the twist number a; ;. If the
braid intersects A4; ; in vertical arcs, then we define a; ; = 0. Otherwise, the disk with nonnegative
z—coordinates contains some number of arcs of the plat braid whose projection to the plane z = 0 is a set
of parallel line segments. We define |a;, ;| to be this number of parallel arcs. The sign of a; ; is defined
to be the sign of the slope (Ay/AXx) of the line segments. The integer a; ; is called the twist number
for A;,;.

For our purposes, we will only consider (7, m)—plat braids with n even. In this case, we can obtain a link
from an (n, m)—plat braid by first connecting the point (27, 1,0) to (2j +1, 1, 0) for each 1 < j <m with
the unique (up to isotopy) arc in the portion of the plane z = 0 which lies below the line y = 1. Similarly,
for each 1 < j < m, we also connect the point (2, n,0) to the point (2j + 1, n, 0) with the unique arc
in the portion of plane z = 0 above the line y = n. These 2m arcs can be isotoped in the plane z = 0
(with respect to their endpoints) so that each is injective when projected to the x—axis and each contains
either a single maximum or minimum point (with respect to /), with the result that the set of 2m arcs is
pairwise disjoint. The embedding of a link constructed as the union of the plat braid and these 2m arcs in
this way is said to be an (n, m)—plat position of a link. If a link has an (n, m)—plat position, it is called an
(n,m)—plat link. A plat link is called k—twisted if |a; ;| > k for every twist number a; ;.

Throughout the rest of the paper, when discussing plat links, Ot_lIr ...t will refer to the bridge arcs above
Py, labeled from left to right. Likewise, let ol ... be the bridge arcs below Py, labeled from left to
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Figure 5: A (10,5)-platlink L € &.

right. Let L! be the link component that contains aiL. (Of course, since an m—bridge link may have fewer
than m components, it may be that the component containing afi_ also contains a_]|_ for some j # i, and
so L' =1L7)

There are two types of projection maps that we will often refer to. The first type of projection map
is the Euclidean projection map o; : R3 — R3 defined by o;(x, y,z) = (x,i,z). The second type of
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projection map is the map my : R x [1,n] x R — Py, which sends each component of the plat braid to the
corresponding point (j, y, 0), and extends to a homeomorphism from Py’ to P, for each y" € [1,n]. (Ina
slight abuse of notation, we will refer to this homeomorphism as y.)

3.2 The family of links we consider

Let D, be a 4—twisted (n4, m)—plat position of a link L, such that m > 4 and n, = 2m —4, and let Dy, be
a 4—twisted (nyp, m—1)-plat position of a link Lj. Position D, above Dy as shown on the left of Figure 4.
Let D,y be an (ng,+np, m)—plat position obtained from D, LI Dy by replacing each of the O-tangles in
the dashed ovals with vertical half-twists as shown on the right of Figure 4. (Note: the subscripts a and
b are used for “above” and “below”.) We define & to be the family of links constructed in this fashion
which have the following additional properties.

(1) The rightmost twist regions of every row alternate in sign from row to row. That is, the sign of the
rightmost nonzero twist region of each row is opposite to the sign of the rightmost nonzero twist
regions of any adjacent rows.

(2) The sign of a,—1 2, the twist number for the second twist region in the top row of Dy, is even, and
every other twist region that involves L3 has an odd twist number. (This forces L3 to be an unknot
component containing the bridge arcs (>t_3Ir and o.)

(3) The signs of the twist numbers for the twist regions involving L™ are chosen so that L™ contains
1

the lower left bridge arc «

(4) The rest of the twist numbers for D, are chosen so that D, is an m—component link and so that
the bridges o} and ol are contained in the same link component, namely L™. (It follows that for
eachi, j € {l,...,m}, withi # j, L' is a distinct link component from L/.)

(5) Excluding the pair {L!, L3}, every pair of link components comprises a two-bridge nonsplit sublink.

(Note: The sublink L' U L3 will always be split no matter what set of twist numbers is chosen.)

Below in Proposition 3.1, we will show that & is a nonempty set. First, observe that &£ is a family of links
in (n, m)—plat position for m > 4 and n = n, + np with the following conditions on the twist numbers:
(1) Fori > nyp, |a; ;| > 4 for all possible values of j.
(2) Ifiisodd, 1 <i <np,and 1 < j <m—2, (resp. j =m — 1), then |a; ;| > 4 (resp. a;,; = 0).
(3) Ifiiseven,1 <i <mnp,and 1 <j <m—1, (resp. j =m), then |a; ;| > 4 (resp. a; ; = 0).
(4) Ifa; « denotes the rightmost nonzero twist number in row 7, then a; «-a;—1,« <0and a; x-a; +1,x <O0.

In other words, the signs of the rightmost nonzero twist numbers alternate from row to row.

Figure 5 shows an example of what L € & may look like. In this case, n = 10, and m = 5. It follows
from the definition of the family & that for any L € &, L3 is the component containing the lower right
bridge arc o™.
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Figure 6: This figure illustrates Proposition 3.1, showing an example a 7-bridge link in &. The
seven different colors and line styles represent seven different link components. Each rectangle
represents a twist region, and the integer inside each rectangle is the twist number indicating the
number and sign of half twists present in that twist region.
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Proposition 3.1 For each integer m > 4, the family & contains infinitely many links of bridge number m.

Proof It is not difficult to satisfy properties (1) and (2). We need to show that properties (3), (4), and (5)
can be satisfied. We will do this by constructing an infinite family of examples for each bridge number
m > 4.

Fix m > 4. Let D, and Dy be a (2m—4, m)-plat link and an (2m—2, m—1)—plat link. We will show that
the right choices of the parities and magnitudes of the twist numbers of D, and Dy will allow us to fulfill
the conditions given above.

First, after choosing odd numbers for the particular twist numbers in D, prescribed by property (2),
choose all even numbers for the rest of the twist numbers in D,. Then choose any integers of magnitude
at least four (regardless of parity) for the row of twist regions between D, and Dj. The twist number
choices we have made so far guarantee that at level ny, the punctures of P, occur in pairs corresponding
to the link components in this order, from left to right: LY, L2 14 1> ...,L™ L3 Thatis, they are
arranged in numerical order from left to right except that the punctures of L3 appear at the end of the line.

Then for every twist region below P, (ie the twist numbers corresponding to D), we choose all odd
twist numbers. This guarantees that the punctures of P; occur in pairs corresponding from left to right to
the link components L™, L=l L L4 L2 LY, L3, Thatis, they area arranged in reverse numerical
order, except that again, the punctures of L3 are at the end of the line. Thus L is an m—component link
whose lower left bridge arc is contained in L™, satisfying conditions (3) and (4).

Since every twist number in Dy, is odd, it follows that for each pair {L?, L/} of distinct link components
from the set {LY, L2, L*, ..., L™} (the set of all link components excluding L3), there are exactly four
twist regions in D, which involve both L’ and L/. The choices of twist numbers in D, guarantees that
there is one twist region containing arcs of both L2 and L3, and there are exactly four twist regions
containing arcs of both L3 and L/ for each j > 4. Now let {L?, L/} be any pair of link components
except for the pair {L!, L3}. To satisfy condition (5), simply choose twist numbers such that the linking
number of L’ U L/ is nonzero. For example here is one way to do so. There will be some positive
number N of twist regions that involve strands from both L' and L. For these twist regions, choose
twist numbers 771,25, ...,y such that || > 21127:2 |tk |- m]

Proposition 3.2 Each link in the family & is nonsplit.

Proof Let L € &, and assume S is a splitting sphere for L.
Case 1 The link components L' and L? are both on the same side of S.

In this case, let L/ be a link component on the other side of S. Then by condition (5) of the definition
of £, L?> U L/ is a nonsplit link which is split by S, a contradiction.

Case 2 The link components L' and L? are not both on the same side of S.

Then S is a splitting sphere for the nonsplit link L' U L2, another contradiction. |

Algebraic & Geometric Topology, Volume 24 (2024)



On keen weakly reducible bridge spheres 4213

To say that a given compressing disk C is a cap is to say that there exists some bridge disk D such that
C =dD. If « is the bridge arc corresponding to D, then we say that C is a cap for «. It follows that
dC cuts the bridge sphere into two components, one of which is a twice-punctured disk, where the two
punctures are the intersection points of the bridge sphere with «.

Proposition 3.3 Let D and E be compressing disks above and below P, respectively. If {D, E} is a
weak reducing pair for P, then D is a cap for a}r, and E is a cap for a™.

Proof The loop dD C P partitions the link components of L into two nonempty sets, A and A’ (based
on which side of D the punctures of each link component lie). Let A be the set containing L. The loop
OF also partitions the link components into two nonempty sets, B and B’. Let B be the set containing 3.
If A contains L’ for any i # 1, then {D, E} is a weak reducing pair for the sublink L’ U L3, a nonsplit
2-bridge link, a contradiction. Similarly, if B contains L/ for any j # 3, then {D, E} is a weak reducing
pair for the sublink L' U L/, a nonsplit 2-bridge link, another contradiction. Therefore D is a cap for a_li_,
the bridge arc above P contained in L, and E is a cap for o™, the bridge arc below P contained in L3. O

The rest of the paper will be devoted to proving that each L € & admits a keen weakly reducible bridge
sphere. The reason Proposition 3.3 does not immediately imply this is because for any given bridge arc,
there are infinitely many distinct caps for that bridge arc, provided there are at least three bridges on each
side of the bridge sphere, which is the case for all of the links in &£.

3.3 Plat train tracks

Speaking generally, let 37 denote a bridge sphere, and let / denote a closed unit interval. A train track
T is a compact subsurface of ¥; whose interior is fibered by open intervals and the fibration extends
to a fibration of t by closed intervals except for at finitely many intervals called singular fibers. Let o
be a singular fiber, and denote its closed neighborhood in 7 by N («). Then there is a homeomorphism
fiN()— (I x I)\((%, %) X (%, 1]) such that f(a) =1 x {%} We will refer to the inverse image of
(7 < {ID\((Z x [0, 1]) U (2 x[2.1])) under f as a switch of t; see Figure 7.

Figure 7: A train track at a singular fiber. The closed red line segment is a switch.
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Figure 8: At left, a left-handed tao diagram. At right, a right-handed tao diagram.

In this paper, we will assign a train track t; to each bridge sphere P; fori =1,2,...,n—1. (There is no
need for a train track at the top level P,.) To this end, we will construct a certain trivalent graph, called a
train graph, on each bridge sphere based on the parity of i and the twist numbers a; ; for the row. The
train track will then be constructed from the train graph in a natural way.

We define a train graph to be a connected trivalent graph with the property that the three edges incident
to each vertex are tangent to each other at the vertex, and not all three edges emanate from the vertex in
the same direction. (See the left side of Figure 14.) Below, we will construct a specific train graph T;
embedded in P; foreachi =1,2,...,n— 1, and these train graphs will have the property that P;\T;
consists of 2m once-punctured disks and one (nonpunctured) disk. We will informally express this by
saying that each puncture is “surrounded by” 7;.

To construct each train graph, there are various cases to consider. Recall from Section 3.2 that & is a
family of links in (n, m)—plat position forn =n,+np. Ifi isoddandn—1>1i >np+1 (resp. i <np+1),
we define ¢; ; to be the circle in P; centered at (2]' + %, i, 0) with radius % for j =1,2,...,m—1
(resp.for j =1,2,...,m—=2). Ifi isevenand n —2>i > np + 1 (resp. i <np+ 1), we define ¢; ; to be
the circle in P; centered at (Zj + %,i,O) with radius % forj =1,2,...,m(resp. j =1,2,...,m—1).

Now, each ¢; ; cuts out a twice-punctured disk from P;. We will distinguish two types of arcs that
separate the two punctures. If ¢; ; is directly below a positive twist region, then we draw a right-handed
tao arc separating the two punctures as shown on the right of Figure 8. In the case where ¢;_; is directly
below a negative twist region, we instead draw a left-handed tao arc. The union of a left-handed tao arc
(resp. right-handed tao arc) with ¢; ; will be called a left-handed tao diagram (resp. right-handed tao
diagram). An important aspect of these tao diagrams is that at a tao arc’s endpoints, the circle and the tao
arc are tangent to each other as pictured.

(D@

QG
Q&
QIO

Figure 9: The way we add an edge between two adjacent tao diagrams depends on their handedness.
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Figure 10: Adding eyelets to “leftover” punctures that are adjacent to a tao diagram.
At this point we have constructed various disconnected tao diagrams in each P;. We next connect each
pair of adjacent tao diagrams with an edge in one of the four ways pictured in Figure 9, depending on the

handedness of each tao diagram. If 7 is even and i > np + 1, the result of this procedure is a train graph
which we call T;.

In all other cases (ie if i is odd and/or i < np + 1), begin the construction of the train graph as above,
combining tao diagrams and connecting edges; however, after doing so, there will be “leftover” punctures
that are not surrounded by any tao diagrams. If any such puncture is adjacent to a puncture surrounded by
a tao diagram, then we modify our graph according to Figure 10, adding a vertex and two edges to the
graph in a way that depends on which side of the tao diagram the puncture is on and the handedness of
the tao diagram. The newly added subgraph consists of two edges, one forming a loop around a puncture,
and the other connecting the loop to a tao diagram. We refer to such a subgraph as an eyelet. If i is odd
and i > np + 1, this procedure gives a connected trivalent graph containing two eyelets, surrounding all
the punctures. We call this train graph T;.

For 1 <i <mnp + 1, there are still “leftover” punctures that are not surrounded by a tao diagram or eyelet.
Since the sign of the rightmost nonzero twist region of a row is opposite to the sign of the rightmost

Promy * s /
Promn s /

Figure 11: Adding eyelets to “leftover” punctures on P; for 1 <i < np + 1. If the rightmost tao
in Py,_(2m—4) is left-handed (resp. right-handed), we add eyelets according to the left (resp. right)
picture.
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Figure 12: A fibration of N (e) by intervals.

nonzero twist region of adjacent rows, there are only two possibilities for the rightmost tao and the eyelet
adjacent to it. These are depicted in gray in Figure 11. If a,—1 »—1 < 0, we add the eyelets according to
the left of Figure 11. If an—1 m—1 > 0, we add the eyelets according to the right of Figure 11. The newly
added eyelets are colored gold. After doing so, we have a train graph that surrounds all the punctures for
each P; for 1 <i <n— (2m —4), and we call this train graph 7;.

We have constructed a train graph 7; on each bridge sphere P;. Now we will use each train graph T;
to construct a train track 7; on each sphere P;. Let V; and E; be the vertex set and the edge set for T,
respectively. For each vertex v € V;, let N (v) be a closed regular neighborhood of v in P;.

Let ¢’ denote the connected component of 7;\ Uyey, N (v) corresponding to the edge e. Let N'(e’)
be a closed regular neighborhood of ¢’ in P;, and then define N (e) = N’(e')\ Uver, N (v). Notice
that (UveV,- ]V(v)) L (UeeEi ]V(e)) is a regular neighborhood of 7; which we call N (7;), and the set
{N(e), N(v) | e € E;j,veV;}is apartition for N (T}).

We fiber each set N (e) with interval fibers, each one intersecting e’ transversely exactly once as in
Figure 12. Then we impose a singular fibration on each N (v) containing exactly one singular fiber, as in
Figure 13. This makes N (v) into a neighborhood of a switch in a train track. The surface N (7;), together
with the singular fibration, is a train track which we call t;, constructed from the train graph 7;. This
construction process is illustrated in Figure 14.

3.4 Carried and almost carried

We want to isotope certain objects in the bridge sphere P; to a position that behaves nicely with respect
to the train track ;.

Definition 3.4 For an arc « (not necessarily properly) embedded in P;, 7; is said to almost carry « if
the following are true.

|
LT

T

Figure 13: A singular fibration on N (v) containing one singular fiber.
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Figure 14: Constructing a train track 7; from the train graph 7;.

(1) For each point p € «, either p ¢ 7; or p is a transverse intersection point of & with an interval fiber
of 7;.

(2) No point of « is an endpoint of an interval fiber of z;.
(3) No connected component &’ of a\roi is parallel (rel do’) into a switch.
(4) No connected component o’ of o\ 7; is parallel (rel do’) into an arc o” C d7; with the property

that o” is partitioned into three subintervals: the outer two being subintervals of switches and the
middle subinterval of &” being an interval of fiber endpoints of 7; (see Figure 15).

Remark 3.5 It follows from Definition 3.4 that if 7; almost carries an arc ¢, and an endpoint of « lies
in dt;, then that endpoint lies in the interior of a switch.

Remark 3.6 If an arc « satisfies conditions (1), (2), and (3) of Definition 3.4, then each arc of « N (P;\7})
which is properly embedded in P;\7; but which does not satisfy condition (4) can be isotoped into the
train track, as illustrated in Figure 15. This results in a position of o which is now almost carried.

Definition 3.7 A loop £ C P; is said to be almost carried by the train track t; if every connected
component of 7; N £ and every connected component of (P;\7;) N £ is an arc which is almost carried
by 7;.

Remark 3.8 An arc or loop in P; which is completely disjoint from t; still satisfies the definition of
being almost carried by ;.

i

Figure 15: The red shaded arc is &” from Definition 3.4.
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Figure 16: The black graph is T, the vertical gray lines are fibers of o, and N (T), the closed
regular neighborhood of 7', is outlined with dashed lines. On the right, we see that a slight isotopy
of N(T) makes it into a train track diagram t with fibers inherited from o. That is, every fiber of
7 is a subinterval of a fiber of 0.

Definition 3.9 A train graph T is said to be almost carried by the train track t; if each edge of T is
almost carried by ;.

As a simple example, for each i, the train graph 7; is almost carried by the train track ;.

Definition 3.10 Let 7/ be a subgraph of the train graph 7; (eg a tao), and let 7] C 7; be the sub train
track constructed from 77/ following the instruction in Section 3.3. If £ is a loop or train graph, then £ is
said to cover T} if £ is almost carried by 7/ and £ intersects every interval fiber of /.

Definition 3.11 Let t and o be two different train tracks contained in the same bridge sphere P;. Then
o is said to almost carry t if for each interval fiber I of t, I is disjoint from o or [ is contained in the
interior of some interval fiber of o.

Proposition 3.12 Let T be a train graph in the bridge sphere P, corresponding to train track diagram t,
and let o be another train track diagram in P. If T is almost carried by o, then t is almost carried by o.
Furthermore, if p is a point in T which lies in the interval fiber I C 7, and p also lies in the interval fiber
JCo,thenl C J.

Proof Our strategy here is to reexamine the construction of t and see that it has the desired properties.
Let T be a train graph in P, almost carried by o, and let N (7') be a closed regular neighborhood of 7.

By definition, every point of 7 is either disjoint from o or lies in the interior of a fiber interval of o. It
follows that N (T') is disjoint from the fiber endpoints of o

Near each vertex v of T which lies in o, we perform a slight isotopy of N (T) (pictured in Figure 16) as
follows. We locate an arc A of 9N (T') located between the two edges of T which emanate from v in the
same direction. We isotope N (T) so that A is a subinterval of one of the fiber intervals of o.
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Next we allow the portion of N (T') which lies inside o to inherit a fibering from o this way: if J is a
fiber of o, then J N N (T) is a (possibly empty) set of fibers of N (7).

After extending this fibration to the rest of N (T') which lies outside of o, N (T'), endowed with a fibration,
is now a train track diagram t with the desired properties. |

4 How compressing disks meet train tracks

It is desirable to isotope a simple closed curve to intersect a train track in a way over which we can have
some control.

For future convenience, we partition the compressing disks into two disjoint sets. Consider aj_, the
leftmost bridge arc above P,. A vertical isotopy of oz_lF into bridge sphere Py, traces out a bridge disk D_lir.
Let B=d D_IF; that is, B is the cap which is the frontier of a regular neighborhood of D}r in V4. Similarly,
consider o”, the rightmost bridge arc below P;. The bridge arc o’ gives rise to a bridge disk D"
and a corresponding caps B’ = d D™. We will refer to these two isotopy classes of caps as blue disks.
Compressing disks for P; that are not blue will be referred to as red disks.

Proposition 4.1 [Johnson and Moriah 2016, Lemma 8.4] If D is a compressing disk above Py, then
n—1(0D) covers at least one tao of 7,1, and away from those one or more taos, w,—1(dD) intersects
T,—1 In almost carried arcs or in fiber intervals.

Definition 4.2 A subgraph 7/ of T; is called a mini-graph of T; if it has the following properties.

(1) T/ is a union of taos, connecting arcs, and eyelets of the train graph 7;.
(2) Two adjacent taos of 7; are contained in Tl/ if the taos’ connecting arc is contained in Tl.’ .

(3) Aneyelet E C T; is contained in 7 only if both the tao T" nearest to E in T; and every other eyelet
between E and T are also contained in 7.

Definition 4.3 Let 7/ be a mini-graph of 7;. The mini-graph directly below T} is defined to be the
unique mini-graph Tl/_l of T;_1 with the following properties.

(1) If T € T/ is a tao or an eyelet and 0; 1 (T') intersects a tao T’ of T;_y, then 7" C T/_,.

(2) If T T/ isatao and 0;—1(T) intersects two taos of T;_y, say T’ and 7", then the connecting arc

between T’ and 7" is contained in 7/_,.

(3) If T C T/ is atao and 0,1 (T) intersects an eyelet E' of T;_y, then E’' C T/_,.

@) If T C Tl.’ is an eyelet and 0,1 (7') is an eyelet of 7T;_1, then o;_1(T) is also an eyelet of Tl.’_l.
Leti,i—je{l,2,...,n—1}, withi >i—j. Let T/ and Tl/_j be mini-graphs of 7; and 7;_ ;, respectively.
We say that 7;_; is below T} if and only if there exists a sequence of mini-graphs 7/, 7/_,. T/_,..... T}

’ l—j
such that for k = 1,2,..., j, the mini-graph Tl./_ x— s directly below T;_g. Naturally, we will say that a

mini-graph 7} lies (directly) above a mini-graph 7;_; if and only if 7;_, lies (directly) below T}.
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Figure 17: Illustration of Proposition 4.1. In this and following figures, an arc with a label (such
as the arc coming out of the bottom of the second picture in the bottom row, marked with an r),
represents not just one, but a number of parallel arcs, according to the label. The box at the bottom
of the figure illustrates that the small squares placed at various places in this and following figures
represents a set of parallel arcs separating into two different sets of parallel arcs. In particular, the
square does not represent a vertex of a graph.

Observation 4.4 If 7/ and T/ are mini-graphs of 7;, then 7/ U T, is a mini-graph of T; as well.

Observation 4.5 Suppose that 7/ and T} are mini-graphs of T;, that 7/_, and T} | are mini-graphs of
Ti—1, that T/_, is below 7}/, and that T;” | is below ;. Then T;_, UT/” , is the mini-graph below T/ UT/".

Proposition 4.6 First, if T,;_l is the leftmost tao of T, —1, and if Tl/ is the mini-graph of T} constructed
by excluding from T only the rightmost two eyelets, then T, _, is above T|. Second, if T,’_, is any other
tao of T,y besides the leftmost tao, then T,’_, is either above T} itself or above some mini-graph T{' of
T1 constructed by excluding from T the leftmost eyelet and/or the rightmost eyelet.

In reading through the following proof, the reader may find it helpful to use the example link in Figure 5
to help locate and visualize the various mini-graphs we discuss.
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Proof We will need to define a few more specific mini-graphs. Define T/ 41 to be the mini- graph
constructed from 7, 11 by excluding from it the rightmost eyelet, tao, and connectlng arc. Define 7, t b

be the mini-graph of 7, consisting of all of the taos and connecting arcs of 7, but excluding both eyelets.
Now the reader can observe that by virtue of the dimensions of the link L, that is, since na =2m—4,
the tao 7,,_, is above the mini-graph T,;b . Further, observe that T 41 is directly above T}, ,» Which is
above T7. Therefore, T, _, is above T7.

For the next part of the proof, suppose that 7, is a tao of T,,—1, but not the leftmost one. Appealing
again to the dimensions of Lg, the tao 7, ; is above some mini-graph 7}, | of Ty, +1 which includes
at least all of the taos of Ty, 11 but the leftmost one. That is, while 7,/ 41 Mmay contain the leftmost tao
of Ty +1, T,:’h 41 does contain all the other taos of Ty, +1. It follows that T, | +1 is directly above some
mini-graph T,;’b of Ty, which contains at least all but the leftmost tao of 7;, and also the first of the two
eyelets on the right side of 7;,. Going down another level, T” must be directly above a mini-graph
T/ ! _y of Ty, —1 which contains all the taos and connecting arcs of T, —1 as well as the first and second

(but not necessarily the third) eyelet on the right.

If np =2, then Ty, 1 = T1, and we can define T} = T,;/b _1» in which case the proof is finished, for the
tao T, is above T;’, which has been shown to have the desired properties.

If np > 2, then observe that at each level from level n, — 1 down to level 1, T,;/b _y will be above a
mini-graph consisting of all of the level’s taos and connecting arcs as well as all of the level’s eyelets,
possibly excluding the leftmost eyelet and/or the rightmost eyelet. Therefore T,;/b _, is above some
mini-graph 7" with the desired properties, which finishes the proof. O

Definition 4.7 It will be helpful to name a few special types of mini-graphs.

(0) If T is atao, we will call T a fype O mini-graph.

(1) A type 1 mini-graph consists of a final eyelet of 7; and an adjacent tao.

(2) A type 2 mini-graph consists of a final eyelet E», an eyelet £ adjacent to E5, and a tao adjacent
to E1.

(3) A type 3 mini-graph consists of a final eyelet E3, an eyelet E» adjacent to E3, an eyelet £ adjacent
to E», and a tao adjacent to E.

(4) Collectively we will refer to mini-graphs of type 0, 1, 2, or 3 as typed mini-graphs.

Observation 4.8 If 7/ is a mini-graph of T;, then for some positive integer k, T/ can be decomposed
. . ;o . . .
into a union 77 =t Ut U--- U Uc, where tq,12, .. ., I are typed mini-graphs and ¢ is a (possibly
empty) union of connecting arcs.

Observation 4.9 Suppose 77 is a mini-graph of 7;, and 7;_, is the mini-graph directly below 77. Let
T/ be decomposed into a union 7/ =ty Ut U--- Ut Uc, where #1, 12, . . ., i are typed mini-graphs and
¢ is a union of connecting arcs. For each j € {1,2,...,k}, let u; be the mini-graph directly below ¢;.
Then T/_; =u; Uua U---Uug.
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Figure 18: A type 0 mini-graph (ie a tao) covers the mini-graph directly below it. In each picture
which includes both red and blue arcs, only either the blue arcs or the red arcs will be present,
depending on the handedness of the tao.

Proposition 4.10 Foreach i =2,3,...,n— 1, if T/ is a mini-graph of T;, then ;1 (T}) covers the
mini-graph directly below T .
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Figure 19: A type 1 mini-graph may lie directly above two taos and their connecting arc. If so,
the type 1 mini-graph will cover the two taos and their connecting arc. The dashed lines of the
train track diagram and of the train graph are either both present or both absent.

Figure 20: A type 1 mini-graph may lie directly above a type 2 mini-graph, in which case the
former will cover the latter.
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Figure 21: A type 2 mini-graph always lies directly above and covers a type 3 mini-graph.

Proof Fix2<i <n—1.LetT/C T; be amini-graph, and let 7/_, be the mini-graph directly below 7.
We will prove this proposition by proving several special cases which will lead us to the general result.

To begin, consider the case in which 77 is a type 0 mini-graph (a tao). The mini-graph 7;_, may consist
of two adjacent taos and their connecting arc, as in the first or second column of pictures in Figure 18, or
T/_, may instead be a type 1 mini-graph, as depicted in the third column of pictures in Figure 18. In any
case, the result of the isotopy of the bridge sphere from level i to level i — 1 is shown from the top row of
pictures to the second row, or from the fourth row of pictures to the fifth row.

Observe that an isotopy of ;1 (Tl/ ) in P;_1 (the result of which is shown in the third and sixth rows of
pictures in Figure 18) shows how we may push m;_{ (Tl.’ ) into t;—1 so that 7r;_; (Tl.’ ) covers Tl.’_l.

Next, if 7 is a type 1 mini-graph, then either 77/_, is a pair of taos (pictured in Figure 19) or T/_, is a
type 2 mini-graph (pictured in Figure 20). Either way, the figures illustrate that 7r; 1 (7}) covers T/_,.

Now suppose 77 is a type 2 mini-graph. In this case, 7/_; must be a type 3 mini-graph. Figure 21 depicts
this case and shows that 7; 1 (77) covers T;_;.

Finally, suppose T is a type 3 mini-graph. It follows that 7/_, is a type 2 mini-graph, as depicted in
Figure 22, which shows that as before, ;1 (T}) covers T}_,.
Observation 4.11 Notice that in each of the cases above, if ¢ is a connecting arc of 7; which is attached

to Tl/ at vertex v, then the connected component of ¢ N 7;_; which contains v is almost carried by 7;_1.

Algebraic & Geometric Topology, Volume 24 (2024)



On keen weakly reducible bridge spheres 4225

Figure 22: A type 3 mini-graph always lies directly above and covers a type 2 mini-graph
(assuming there exists a level below the level of the type 3 minigraph).

Now that we have proven the proposition for cases in which 7} is a typed mini-graph, we are ready to prove
it in the general case where 7} is an arbitrary mini-graph. According to Observation 4.8, we can view T}
as a union Tl.’ =t Ut U---Utr Uc of typed mini-graphs and connecting arcs. For each j € {1,2,...,k},
define u; to be the mini-graph of 7;_1 below ¢;. By Observation 4.9, Tl/_l =uyUupsU---Uug. The
special cases above demonstrate that for each j € {1,2,..., k}, the mini-graph u; is covered by ¢;, so it
follows that u; Uup U---Uuy is covered by m;—1(t; Uta U- - - Uty ). Further, if ¢ is one of the connecting
arcs of ¢, then by Observation 4.11, ¢y is also almost carried by 7; ;. Therefore, since u; Uup U---Uuy is
covered by ;1 (¢ Utp U---Utg) and c¢ is almost carried by t;—1, we can conclude that u; Uuy U---Uuy
is covered by m;—1 (¢ Utp U--- U Uc), or more simply, Tl/_l is covered by 7'[,-_1(Tl/). O

Corollary 4.12 Let { be a loop which covers a mini-graph T C T;, and let T]_, be the mini-graph
directly below T/. The loop m;—1(£) covers T/_;.

Proof Let J be an interval fiber of /_, that 7/_, intersects. By Proposition 4.10, 7z;—1 (/) covers T/_,
and so by the definition of covering, J is also intersected by ;1 (7).

Let p be a point of (7;—1(7/)) N J, and let I be the interval fiber of 7; 1 (r;) which contains p. By
Proposition 3.12, I € J. Further, since £ covers Ti’ , £ must by definition intersect /. It follows that since
I C J, [ intersects J. O

Corollary 4.13 Let iy <i, and let T/ < T;, be the mini-graph below a mini-graph T;, € T;,. If L is a
loop which covers T}, € Ti,, then mj, (€) covers T} .
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Recall the notation of Proposition 4.6. The leftmost blue disk B above P, is the only disk whose boundary
loop covers 7, _, but no other taos. In contrast, the boundary of every red disk above P, must cover at
least one of the other taos. The next corollary then follows from Proposition 4.6 and Corollary 4.13.

Corollary 4.14 The boundary of the blue disk B above P, covers T, (the mini-graph defined in
Proposition 4.6), and the boundary of every red disk above P covers either Ty or some mini-graph T}’
constructed from Tp by excluding the leftmost and/or the rightmost eyelet of T .

An almost carried loop £ that covers enough taos and eyelets is very beneficial in the sense that its presence
allows us to predict the behavior of loops which are disjoint from £.

Remark 4.15 The following is [Johnson and Moriah 2016, Lemma 6.5].

Lemma 4.16 If { is a loop in P; that covers a mini-graph T;” of T;, and if £ is another loop in P;
disjoint from £, then £’ can be isotoped to be almost carried by t/’, the train track diagram corresponding
toT/.

1

Proof Let N(£) be an open regular neighborhood of £ disjoint from £'. Since 7]’ is covered by ¢, every
interval fiber of 7/ intersects N(£).

We perform a small isotopy of z;” with the following properties:

(1) The image of each interval fiber of 7" at each moment of the isotopy is a subinterval of the original
interval fiber.

(2) The endpoints of each interval fiber of 7" never intersect £ throughout the isotopy.

(3) After the isotopy, both endpoints of every interval fiber of z/’ lie in N({).

The result of this isotopy is illustrated in Figure 23. The point is that each arc of dt;" consisting of
endpoints of interval fibers gets pushed into N(£). Now each component of z/"\N({) is a band in P;
fibered by intervals (each of which is a subinterval of the original interval fibers of z;"). The two interval
fibers contained in the boundary of a band will be referred to as exits. Note that topologically, each of
these bands is a closed disk.

Now we isotope ¢’ in P;\N({) to intersect these bands minimally. Suppose £’ N 7/’ = @&. Then by
Remark 3.8, £’ is almost carried by /. If £’ N (P\%.") is empty (that is, £’ lies completely in a band),
then we can perform an isotopy of £, pushing it out of the band through an exit, contradicting minimality.

Assume then that both ¢’ Nt/ and £’ N (P; \%") are nonempty. Consider a component & of £/ N (t/\N(£)).
The component & must be an arc properly embedded in a band. Since £’ N N(£) is empty, the endpoints
of o must lie in exits. Further, the endpoints of o must lie on different exits, for otherwise o could be
isotoped out of the band, reducing the number of components of £’ N (z/"\N({)), again contradicting
minimality. Thus « is an arc that travels through a band from one exit to another, so it follows that the
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v

Figure 23: The loop £, shown in blue, covers the train track ;. We perform a small isotopy of 7;”
which takes each arc of dz;” consisting of fiber endpoints into a regular neighborhood N ({) of £.

arc « can then be made transverse to each fiber of the band, and thus ¢’ fulfills conditions (1) and (2) of
the definition of almost carried. (Note that ¢ also vacuously fulfills condition (3).)

Now let 8 be a component of £ N (P;\%"). The endpoints of f lic on dt/’. Since the interval fiber
endpoints of 7/’ all lie in N(£) and £’ N N(£) is empty, the endpoints of B must lie in exits. Clearly then,
satisfies conditions (1) and (2) of the definition of almost carried. The arc 8 cannot be parallel in P;\ N(£)
to a subarc of an exit, for the parallelism would guide an isotopy of £’ through a band of ;"\ N(£), thereby
removing two components of intersection between £’ and the bands, once again contradicting minimality.
Thus ¢’ fulfills condition (3) of the definition of almost carried.

We have shown that each arc of £ N ;" and each arc of £ N (Pi\zgi//) satisfies conditions (1), (2) and (3)
of Definition 3.4. Remark 3.6 tells us that each such arc can be isotoped to be almost carried by /.
Therefore £’ is by definition almost carried by /" O

Henceforth, on P,, we label the punctures as p1, p2,..., pam in order from left to right. We label the
straight arcs connecting the puncture labeled p,;_; to the puncture labeled p,j as ,Bk . Finally, we label
the straight arcs connecting the puncture labeled p, to the puncture labeled p,x . as yk .

Lemma 4.17 As above, let T{ be the mini-graph of Ty constructed by excluding the rightmost two
eyelets, and let t| be the train track diagram corresponding to T|. Let T|' be a mini-graph of T;
constructed by possibly excluding the leftmost and/or rightmost eyelet of Ty, and let t{ be the train
track diagram corresponding to T|’. Neither t{ nor t{" almost carries the boundary of any red cap for the
rightmost bridge arc o™ .

Proof We prove this by contradiction. Let R be a red cap for o« (which implies R is not isotopic to the
blue cap B’ = d D™), and assume 0R is almost carried by 7| or t;. Assume R is in minimal position
with respect to the vertical bridge disks below Pj.
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We will first establish that R must intersect a lower vertical bridge disk. Let ['; be the unique straight line
segment in P; which both contains all of the punctures and has p; and p»,, as endpoints. If R does not
intersect I'1, then R is trivial, a contradiction. So R must intersect I'y. Suppose dR passes between the
i™ and the (i +1)* vertical bridge disks fori € {1,2,...,m —3,m —2}. (This is equivalent to supposing
that dR intersects o1 (y;).) Since o1(y;) is surrounded by a tao, and since dR is almost carried by the
train track t; or 7/, the loop OR is forced to intersect one of the lower vertical bridge disks. Suppose dR
passes between the (m—1)% and m' vertical bridge disk. If R does not also pass between some other
pair of bridge disks, then R is the blue disk B’, a contradiction. Then dR must pass between two of the
other bridge disks, and so according to the argument above, dR will intersect one of the lower bridge
disks. Thus we have established that R is not disjoint from the vertical bridge disks.

Let A=RnN (U:'n=1 Di_), which is nonempty, as shown above. Since R is in minimal position with
respect to the bridge disks, A contains no loops of intersection, and so A is a collection of arcs. Let
y € A be an outermost arc in R, cutting off an outermost disk R,y from R. Define ¢ = Roy N P;. Then
q is an arc in P; with endpoints on B; for some i. Let 8+ be the subarc of 8; which shares its endpoints
with g.

We examine what ¢ can look like (and eventually arrive at a contradiction). First if ¢ never crosses the
arc I'1, then ¢ would define an isotopy of R through which we could decrease the number of components
of A, contradicting the fact that R is in minimal position with respect to the lower vertical bridge disks.
Since the interior of g is by definition disjoint from the lower vertical bridge disks, ¢ must therefore
intersect o1 (y*) for some k. If g passes between the j™ and the (j+1)* vertical bridge disks for
je{l,2,...,m—3,m—2}, then as above, since ¢ is almost carried and since the point ¢ N o1 (yx) is
surrounded by a tao, the train track 7 or 7] (whichever is relevant) will force ¢ to intersect two distinct
vertical bridge disks, a contradiction. Therefore ¢ must pass between the (m—1)* and the m™ bridge
disks.

Suppose that dR is almost carried by 7{'. There are five ways that ¢, as an almost carried arc, can pass
between the (m—1)* and the m™ bridge disks, and they are illustrated in Figure 24. In cases 1 and 2,
since ¢ is almost carried, the endpoints of ¢ must lie on both the (m—1)* and the (m—2)"! bridge disks,
but that contradicts the definition of ¢, for both endpoints of ¢ must lie on the same vertical bridge disk.
Similarly, in cases 4 and 5, the endpoints of ¢ must lie on both the (m—1)* and the m™ bridge disks,
which contradicts the definition of ¢ in the same way. Therefore the only case remaining is case 3, in
which we see ¢ must enter a switch of 7{" and go on to intersect the (n—1)*" bridge disk. By the definition
of ¢, the other endpoint of ¢ must also intersect the (m—1) bridge disk on the same side. Thus ¢ has
these properties:

e The arc ¢ has both endpoints on the (m—1)* bridge disk.

e Of the two bands of 7}’ going through the (m—1) bridge disk, an endpoint of g is contained in the
rightmost one.
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Figure 24: There are only five ways for a loop or arc to pass between the rightmost two bridge
arcs while remaining almost carried by 7. The leftmost and rightmost eyelets in this figure are
shaded a lighter color to remind the reader that they may or may not be present in ty’.

* The arc ¢ is almost carried by 7}’
¢ The interior of ¢ does not intersect any bridge disks below P;.

e The arc ¢ leaves the (m—1)" bridge disk in the same direction from both endpoints.

Up to isotopy, there is only one arc that has these properties, and it is depicted in Figure 25. Let a and b
be the left and right endpoints, respectively, of ¢.

The loop g U B« cuts P; into two punctured disks, one of which contains exactly two punctures: the
endpoints of 8,,. Call this 2—punctured disk Q (see Figure 25). Observe that dR must intersect 8,,, or
else R would be isotopic to B’, contradicting the definition of R. Further, since both endpoints of
must be on the same side of dR, there must be an even number of points of intersection between B,
and 0R. Tt follows that along the interior of B, there must be at least four points of intersection with dR.
Along B, let ¢ be the point of B, N JR nearest to a, and let d be the point of S5 N IR nearest to b.

Since R is a cap, R cuts a 2—punctured disk Fg out of Py (see Figure 26). Consider the components of
(Ul'-":1 DL ) N FR. There are two components which are arcs that connect a puncture in Fg to dR at points
we will call x and y. All of the rest of arcs are parallel arcs which separate the two punctures of Fg.

The points x and y cut dR into two arcs, one of which must contain both endpoints of ¢; otherwise ¢
would intersect S, at point x or at point y, contradicting the definition of ¢g. Now in Fg, a and b are

Figure 25: The arc ¢ and the disk Q.
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c 7 d

Figure 26: The arc ¢ in relation to the disk Fg. The outer circle is dR, and the red vertical arcs
are subarcs of f..

connected via arcs of dR to the points ¢ and d, respectively. These two arcs in Fr with endpoints a, b, c,
and d, along with the arc ¢ and another arc of dR form a quadrilateral in Fr whose interior is disjoint
from U;"zl D' (clear from Figure 25). Let the side of this quadrilateral whose endpoints are ¢ and d be
called ¢’.

Now ¢’ is parallel to g. But at this point we could repeat this argument, focusing on ¢’ instead of on ¢,
which would lead us to accept the existence of another parallel arc ¢”, and we could repeat this infinitely
many times, each time obtaining another arc of dR with endpoints on 8,,—1, each of which is nested
inside the last one. But this contradicts general position; it cannot be the case that 8,,—1 cuts dR into
infinitely many subarcs. Therefore we conclude that R cannot be almost carried by 77'.

Assume then that dR is almost carried by 7. In this case, there are more options for what the arc ¢ may
look like, but ¢ still must be an arc with endpoints on a S—arc and with interior disjoint from any S-arcs
(see Figure 27). The arc ¢ cannot have its endpoints on 8, as in Figure 28, because that would force

Figure 27: When 0R is almost carried by 77, there are many possibilities for the arc ¢. Three are
illustrated here (each with a different stroke style.)
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Figure 28: Pictured here are the only nonisotopic possibilities for what g could look like, given
that its endpoints lie on f8,,. Either way, dR\¢g must contain an arc that cobounds a bigon with §,,,
contradicting minimality.

dR\q¢ to contain an arc which bounds a bigon with B,; in other words, dR would not be in minimal
position with respect to 8,,. Then since dg lies in 8; for some i € {1,2,3,...,m — 1}, then g U B4
bounds a disk Q C Fgr which contains ,,. At this point we can apply the same logic as above, leading
us to assert the existence of an infinite set {g, q’, ¢"”.q"", ...} of pairwise disjoint arcs of dR cut out by f;,
which again contradicts general position. Therefore, we may conclude that dR cannot be almost carried
by 11 either. O

Lemma 4.18 The blue disks B and B’ are a weak reducing pair for the bridge sphere.

Proof Observe that for all points along dB, the y—coordinates are all less than 4. (We will speak
informally this way even though technically we mean that an isotopy class of dB in P, has the property
that all the y—coordinates are less than 4.) Moving down a level, 7,,—1(dB) is a loop in P,—; whose
y—coordinates are all less than 5. Similarly, 7,—>(dB) is a loop in P,_, whose y—coordinates are all less
than 6, and so on. In general, for the levels corresponding to Dg, 7,1 (dB) is a loop in P,_j; whose
y—coordinates are all less than 4 + k. Recall thatn =ng +np,sonp+1=n—ng+1=n—(ng—1).
Therefore 7,,,4+1(0B) = my—(n,—1)(0B) is a loop in Py,_(,,—1) whose y—coordinates are all less than
4 4+ ng — 1. Since the dimensions of D, were chosen so that n, = 2m — 4, it follows by substitution that
the y—coordinates of 1, +1(0B) are all less than 4 + (2m —4) —1 = 2m — 1. This means that 77,,, +1(9B)
is completely to the left of the rightmost two punctures of Py, 1 1. Thus my,41(3dB) is disjoint from
On,+1(Bm) (the straight line segment connecting those two punctures).

Consider the w—projections of dB at consecutively lower levels. For 1 <t < ny, 7;(dB) will remain
disjoint from o (fB,,) because the isotopy 7; from P;1; to P; fixes the two rightmost punctures of the
bridge sphere pointwise. Observe that o1 (8,,) = B = D™ N Py. Therefore 1 (dB) is disjoint from B,
which implies that 771 (0B) N dB’ = &, and so {B, B} are a weak reducing pair. O

Observation 4.19 In general, if we compress the cap R for a bridge arc « along a boundary compressing
disk A, the result will be two disjoint compressing disks whose boundary loops cut the bridge sphere into
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two punctured disks and a twice-punctured annulus, the latter of whose punctures correspond to «. This
means that neither of the resulting compressing disks are caps for «.

Lemma 4.20 The blue cap B for aj_ intersects all of the red disks below P.

Proof First, by Proposition 3.3, we already know that B intersects all of the red disks below P; which
are not caps for «””, so it only remains to show that B also intersects all the red caps for o””.

Observe that dB’ cuts P; into a disk F; with two punctures and another disk F, with 2m — 2 punctures.
By Corollary 4.14, 1 (dB) covers T (the mini-graph defined in Proposition 4.6 consisting of all of T
except the rightmost two eyelets). It follows from Lemma 4.18 that 7r1 (dB) is contained in F5.

Let R be a red cap for @, and assume by way of contradiction that {B, R} is a weak reducing pair.
Arrange for R to be in minimal position with respect to the bridge disk D*. An outermost disk A on
D™ cut out by an outermost arc of D™ N R must be a boundary compressing disk for R, or else D™ and
R would not be in minimal position. We perform a boundary compression of R along A, resulting in a
disjoint union R; Ul R, of two nonparallel compressing disks for P;. Since R was disjoint from dB, and
the boundary compression happened away from dB, both Ry and R, are also disjoint from B. Further, by
Observation 4.19, neither Ry nor R, are caps for o”, and so we have two weak reducing pairs, {B, Ry}
and {B, R,} which both contradict Proposition 3.3. a

Lemma 4.21 If R, and Ry, are red disks above and below the bridge sphere (respectively), then {R,, Rp}
is not a weak reducing pair.

Proof Assume to the contrary that {R,, Rp} is a weak reducing pair of red disks. By Proposition 3.3,
R, and Ry, are caps for odr and o, respectively. By Corollary 4.14, the loop 71 (dR,) covers either T
or some mini-graph 7" constructed from 7' by excluding the leftmost and/or the rightmost eyelet of 7.

Suppose IR}, is disjoint from 711 (0R,). Then by Lemma 4.16, dR}, is isotopic to an almost carried loop,
which contradicts Lemma 4.17. O

The following lemma is an immediate corollary of [Pongtanapaisan and Rodman 2021, Theorem 5.10]
since the upper braid D, of our link is a (n,4, m) plat link with n, = 2m — 4.

Lemma 4.22 The cap B’ is disjoint from all red disks on the other side of the bridge sphere.

We have now shown that B and B’ are the only weak reducing pair, and so we have proved our main
theorem.

Theorem 1.1 There exist infinitely many links with keen weakly reducible bridge spheres.

Since a bridge sphere X of a link L induces a Heegaard surface 1 for the 2—fold cover of S3 branched
along L, it is natural to ask whether T satisfies properties that X7 possesses. In our situation, the answer
is no.
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P

Figure 29: The purple curve bounds a once-punctured disk Q above the bridge sphere and
dQ N 9B’ = @. To visualize Q, imagine a hemisphere shaped disk whose boundary is the purple
loop and which is punctured by the second pictured bridge arc.

Proposition 4.23 Keen weakly reducible bridge spheres in this paper do not lift to keen weakly reducible
Heegaard surfaces.

Proof The blue compressing disk B’ is not only disjoint from B, but dB’ is also disjoint from a curve
bounding a once-punctured disk O above ¥ (see Figure 29). Such a once-punctured disk lifts to a
compressing disk for one of the handlebodies of the Heegaard splitting of the double branched cover.
Since B’ lifts to a compressing disk in the other handlebody whose boundary is disjoint from lifts of both
B and Q, the Heegaard surface 31 is not keen. |

5 Nontopologically minimal bridge spheres

One of the main motivations of this article is to search for examples of bridge spheres that are not
topologically minimal. The following criterion is needed for our construction of links with nontopologically
minimal bridge spheres.

5.1 Cho’s criterion

For a link in bridge position, we have that V1 \ N(«4) is homeomorphic to a handlebody. Therefore, the
complex spanned by compressing disks for the bridge sphere for L in V1 \N(x4) is a full subcomplex of
the disk complex of the handlebody. We recall the following criterion by Cho [2008]:

Theorem 5.1 If & is a full subcomplex of the disk complex of the handlebody X (Vi \N(«+)) that
satisfies the following condition, then ¥ is contractible:

Let D and E be disks representing vertices of & and suppose that D N E # @. We assume that D
intersects E minimally and transversely. If A C D is an outermost subdisk cut off by an outermost arc of
D N E, then at least one of the disks obtained from surgery on E along A is also a vertex of &.

Proposition 5.2 The disk complex of (V1,4 ) is contractible

Proof Suppose that compressing disks D and E in (Vi, a4 ) intersect transversely and minimally. Then
the boundary of one of the disks that arises from surgery on £ along A defined as in Theorem 5.1 must
enclose at least two punctures. Otherwise, D N E would not be minimal. |

Using Cho’s criterion and Theorem 1.1, we obtain the following corollary.
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Corollary 5.3 There is an infinite family of nontrivial links with bridge spheres that are not topologically
minimal.

Proof Since the bridge sphere P; for each link L € & contains a unique pair of disjoint compressing disks
on opposite sides of Py, there is exactly one edge connecting the contractible disk complex of (V4, a4)
to the contractible disk complex of (V_, @—) showing that the disk complex of P; is contractible. O
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Upper bounds for the Lagrangian cobordism relation on Legendrian links

JOSHUA M SABLOFF
DAVID SHEA VELA-VICK
C-M MICHAEL WONG

Lagrangian cobordism induces a preorder on the set of Legendrian links in any contact 3—manifold. We
show that any finite collection of null-homologous Legendrian links in a contact 3—manifold with a
common rotation number has an upper bound with respect to the preorder. In particular, we construct
an exact Lagrangian cobordism from each element of the collection to a common Legendrian link. This
construction allows us to define a notion of minimal Lagrangian genus between any two null-homologous
Legendrian links with a common rotation number.

57K33; 53D12, 57K10

1 Introduction

The relation =< defined by (exact, orientable) Lagrangian cobordism between Legendrian submanifolds
in the symplectization of the contact manifold raises a host of surprisingly subtle structural questions.
While the Lagrangian cobordism relation is trivially a preorder (ie is reflexive and transitive), it is not
symmetric [Baldwin and Sivek 2018; Chantraine 2010; Cornwell et al. 2016]; it is unknown whether
the relation is a partial order. Further, not every pair of Legendrians is related by Lagrangian cobordism,
with the first obstructions coming from the classical invariants: for links A+ in R3, if A_ < A4 via the
Lagrangian L C R x R3, then r(A ) = r(A_) and tb(A 1) — tb(A_) = —x(L) [Chantraine 2010]. A
growing toolbox of nonclassical obstructions has been developed to detect this phenomenon; see, just to
begin, [Baldwin et al. 2022; Baldwin and Sivek 2018; Ekholm et al. 2016; Golla and Juhasz 2019; Pan
2017; Sabloff and Traynor 2013].

If two Legendrians are not related by a Lagrangian cobordism, one may still ask if they have a common
upper or lower bound with respect to <. Implicit in the work of Boranda, Traynor and Yan [Boranda et al.
2013] is that any finite collection of Legendrian links in the standard contact R3 with the same rotation
number has a lower bound with respect to <. In another direction, Lazarev [2020] has shown that any
finite collection of formally isotopic Legendrians in a contact (2n+1)-manifold with #» > 2 has an upper
bound with respect to a moderate generalization of <.

The goal of this paper is to find both lower and upper bounds for finite collections of Legendrian links in
any contact 3—manifold. On one hand, in contrast to the diagrammatic methods of [Boranda et al. 2013],

© 2024 The Authors, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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Figure 1: An upper bound for the maximal right-handed trefoil and an m2(5;) knot.
our topological techniques allow us to find lower bounds in any contact 3—manifold, though we also
present a refinement of the proof in [Boranda et al. 2013] that better suits our goal of constructing upper

bounds. On the other hand, in contrast to Lazarev’s use of an sh—principle, which restricts his results to
higher dimensions, our direct constructions of upper bounds work for Legendrian links in dimension 3.

Theorem 1.1 Let A and A’ be oriented Legendrian links in a contact 3—manifold (Y, ), and suppose that
there exist Seifert surfaces ¥ and X' for which rs1(A) = ryz/](A’). Then there exist oriented Legendrian
links Ax C (Y,&) suchthat A- < A <Ajand A_ < A" < Ay.

Remark 1.2 For Legendrian links in R?, the rotation number may be defined without reference to Seifert
surfaces, and the hypotheses merely require r(A) = r(A’).

Remark 1.3 If A_ and A+ are connected, then all Lagrangians constructed in the proof of Theorem 1.1
will be connected as well.

Example 1.4 In Figure 1, we display an upper bound for the maximal Legendrian right-handed trefoil
and a Legendrian m(5;,) knot. These two Legendrian knots are not related by Lagrangian cobordism. To
see why, note that any Lagrangian cobordism between them must be a concordance since they have the
same Thurston—Bennequin number, but no such concordance exists even topologically.

Example 1.5 In Figure 2, we display an upper bound for the maximal Legendrian unknot and the
maximal Legendrian figure-eight knot. Once again, these two Legendrian knots are not related by
Lagrangian cobordism. The fact that the figure-eight has lower Thurston—-Bennequin number shows that
there cannot be a cobordism from the unknot to the figure-eight; the fact that the figure-eight has two
normal rulings shows that there cannot be a cobordism from the figure-eight to the unknot [Cornwell
et al. 2016, Theorem 2.7].

In fact, we prove the following strengthened version of Theorem 1.1.

Algebraic & Geometric Topology, Volume 24 (2024)
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Figure 2: An upper bound for the maximal unknot and the maximal figure-eight knot. The colors
in the diagram of the upper bound are only meant to distinguish components of the link to improve
readability.

Proposition 1.6 Under the same hypotheses of Theorem 1.1, there exist oriented Legendrian links
A_, Ay CY and oriented exact decomposable Lagrangian cobordisms L and L’ from A_ to A +, such
that

e the Legendrian link A appears as a collared slice of L;
e the Legendrian link A’ appears as a collared slice of L’; and

e L and L' are exact-Lagrangian isotopic.

Remark 1.7 There are statements analogous to Theorem 1.1 and Proposition 1.6 that hold for unoriented
Legendrian links and unoriented (and possibly nonorientable) exact Lagrangian cobordisms, for which
there are no requirements on the rotation number.

The main theorem has several interesting consequences. First, we recall that not every Legendrian knot has
a Lagrangian filling. The figure-eight knot in Figure 2 is one such example. By transitivity, this implies
that not every Legendrian knot lies at the top of a Lagrangian cobordism from a fillable Legendrian. On
the other hand, we have the following corollary of the main theorem:

Corollary 1.8 For any Legendrian link A, there exists a Legendrian link A  with a Lagrangian filling
and a Lagrangian cobordism from A to A 4.

The proof simply requires us to apply Theorem 1.1 with A being the given Legendrian and A’ being the
maximal Legendrian unknot. The upper bound A is Lagrangian fillable since there is a cobordism to it
from the unknot.

Algebraic & Geometric Topology, Volume 24 (2024)
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A second consequence of the main theorem is that we are able to define a notion of the minimal
genus of a Lagrangian cobordism between any two Legendrian links with the same rotation number.
Roughly speaking, we define a Lagrangian zigzag-cobordism between A and A’ to be a sequence
A = Ao, Aq,..., Ay = A’ of Legendrian links together with upper (or lower) bounds between each
of A; and A;4. The genus of the zigzag-cobordism is the genus of the (smooth) composition of the
underlying Lagrangian cobordisms between the A; and their bounds; we may then define g7 (A, A’) to be
the minimal genus of such a Lagrangian zigzag-cobordism. When there is a Lagrangian cobordism from
A to A’ and A is fillable, g7 (A, A’) agrees with the relative smooth genus gs(A, A’); see Lemma 6.7.

The remainder of the paper is organized as follows. In Section 2, we review key ideas in the definition
and construction of Lagrangian cobordisms between Legendrian links. We also define the notion of a
Legendrian handle graph, which will form the basis of our later constructions. In Sections 3 and 4, we
prove that any two Legendrians in a contact 3—manifold have a lower bound with respect to <, and encode
the Lagrangian cobordisms involved with Legendrian handle graphs. We present two approaches to this
goal: in Section 3, we prove the claim for general contact 3—manifolds using convex surface theory, while
in Section 4, we provide a diagrammatic proof in R3, refining a proof of [Boranda et al. 2013]. We then
proceed in Section 5 to prove Proposition 1.6, and hence Theorem 1.1. We end the paper in Section 6 by
beginning an exploration of Lagrangian zigzag-cobordisms and their genera, finishing with some open
questions.
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2 A description of Lagrangian cobordisms

In this section, we describe Lagrangian cobordisms, how to construct them, and how to keep track of
those constructions.

2.1 Lagrangian cobordisms

We begin with the formal definition of a Lagrangian cobordism between Legendrian links.

Algebraic & Geometric Topology, Volume 24 (2024)
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Definition 2.1 Let A_ and A4 be Legendrian links in the contact manifold (Y, &), where & = ker(«)
for a contact 1-form «. An (exact, orientable) Lagrangian cobordism L from A_ to A4 is an exact,
orientable, properly embedded Lagrangian submanifold L C (R x Y, d(e’«)) that satisfies the following:

e there exists 74 € R such that L N ([T4,00) xY) =[T4,00) X A+;
e there exists 7— < T4 such that L N ((—oo, T_]x Y) = (—o0, T_] x A_; and

e the primitive of (e’)|y, is constant (rather than locally constant) at each cylindrical end of L.

Note that the last condition enables us to concatenate Lagrangian cobordisms while preserving exactness.

We will use three constructions of Lagrangian cobordisms in this paper, which we will call the elementary

Lagrangian cobordisms:

e (-handle Adding a disjoint, unlinked maximal Legendrian unknot T to A induces an exact
Lagrangian cobordism from A to A LY [Bourgeois et al. 2015; Ekholm et al. 2016].

o Legendrian isotopy A Legendrian isotopy from A to A’ induces an exact Lagrangian cobordism
from A to A’, though the construction is more complicated than simply taking the trace of the
isotopy [Bourgeois et al. 2015; Ekholm et al. 2016; Eliashberg and Gromov 1998].

e Legendrian ambient surgery We describe this construction in more detail in Section 2.2, and
we will develop a method for keeping track of a set of ambient surgeries in Section 2.3.

2.2 Legendrian ambient surgery

Our next step is to explain Dimitroglou Rizell’s [2016] Legendrian ambient surgery construction in the
3—dimensional setting. Similar constructions appear in [Bourgeois et al. 2015; Ekholm et al. 2016],
though Dimitroglou Rizell’s more flexible language is best suited for our purposes. In dimension 3,
Legendrian ambient surgery begins with the data of an oriented Legendrian link A C (Y, ) and an
embedded Legendrian curve D with endpoints on A that is, in a sense to be defined, compatible with
the orientation of A. The construction then produces a Legendrian A p, contained in an arbitrarily small
neighborhood of A U D, that is obtained from A by ambient surgery along D. Further, the construction
produces an exact Lagrangian cobordism from A to A p.

More precisely, given A C (Y, £) with contact 1-form «, a surgery disk is an embedded Legendrian arc
D C Y such that

(1) DNA=09D;

(2) the intersection D N A is transverse; and

(3) the vector field H C T, A defined for all p € dD (up to scaling) by da(G, H(p)) > 0 for all
outward-pointing vectors G in T}, D either completely agrees with or completely disagrees with
the framing on dD induced by the orientation of A.

Algebraic & Geometric Topology, Volume 24 (2024)
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N

N
>

Figure 3: Left: the standard model in (R3, ag) of a surgery disk Do with endpoints on a Legen-
drian Ag. Top right: another example of a surgery disk. Bottom right: a disk that fails condi-
tion (3).

For an unoriented surgery, we need not specify a framing for dD, and the last condition is no longer
relevant.

The standard model for such a surgery disk appears in Figure 3, left. In fact, up to an overall orientation
reversal on A, there is a neighborhood U of D in Y that is contactomorphic to a neighborhood of the
standard model for Ay and Dy [Dimitroglou Rizell 2016, Section 4.4.1]. Working in the standard model,
we may replace Ag by the Legendrian arcs A as in Figure 4, a process that realizes the ambient surgery
on Ag along Dy. Pulling this construction back to the neighborhood of D in Y, we call the resulting link
Legendrian ambient surgery on A along D.

Theorem 2.2 [Dimitroglou Rizell 2016] Given an oriented Legendrian link A and a surgery disk D, let
A p be the Legendrian link obtained from A by Legendrian ambient surgery along D. Then there exists
an exact Lagrangian cobordism from A to A p arising from the attachment of a 1-handle to (—oo, T] x A.

Figure 4: Surgery on the standard model Ay U D yields a new Legendrian A;.

Algebraic & Geometric Topology, Volume 24 (2024)
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v v
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Figure 5: Reidemeister moves for Legendrian graphs in R3.

Remark 2.3 The construction of Legendrian ambient surgery and the associated Lagrangian cobordism is
local. In particular, for a small neighborhood U of D, the surgery construction does not alter AN (Y \ U),
and the cobordism L outside of R x U is cylindrical over AN (Y \ U).

2.3 Legendrian handle graphs

In this section, we introduce a structure for keeping track of independent ambient surgeries. We use the
notion of a Legendrian graph, following the conventions in [O’Donnol and Pavelescu 2012].

Before we begin, recall from eg [O’Donnol and Pavelescu 2012] that two Legendrian graphs in (R3, £y) are
Legendrian isotopic if and only if their front diagrams are related by planar isotopy and six Reidemeister
moves, as seen in Figure 5.

Definition 2.4 A Legendrian handle graph is a pair (G, A), where G C (Y, §) is a trivalent Legendrian
graph and A C (Y, &) is a Legendrian link (called the underlying link), such that

e ACG;

¢ the vertices of G lie on A; and

e G\ A is the union of a finite collection of pairwise disjoint Legendrian arcs yy, ..., Ym Whose

closures satisfy the conditions of surgery disks for A.

We also say that G is a Legendrian handle graph on A. The set of closures of the components of G \ A is
denoted by #.

See the bottom of Figure 6 for an example of a Legendrian handle graph whose underlying Legendrian
link is a Legendrian Hopf link in (R3, &).

Definition 2.5 Let (G, A) be a Legendrian handle graph and let ¥, be a subset of the arcs in #. The
Legendrian ambient surgery Surg(G, A, ¥) is the Legendrian handle graph (G’, A’) resulting from
performing Legendrian ambient surgery along each arc in ¥, as described in Section 2.2.

Algebraic & Geometric Topology, Volume 24 (2024)
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Figure 6: The Legendrian link at the top of the figure is the Legendrian ambient surgery on the
Legendrian handle graph (G, A) at the bottom.

We will, at times, abuse notation and refer to the underlying Legendrian link A’ by Surg(G, A, #y); we
will also use Surg(G, A) when ¥y = . For example, in Figure 6, the Legendrian link at the top is
Surg(G, A) for the Legendrian handle graph (G, A) at the bottom.

By the work of Dimitroglou Rizell [2016] as described in Section 2.2, Legendrian ambient surgery on any
given Legendrian arc corresponds to an exact Lagrangian cobordism. This implies that, given an order
0= (¥j,---»Vjn) of the components of ¥, one obtains an exact Lagrangian cobordism L(G, A, ¥, 0)
from A to Surg(G, A, #,) by performing Legendrian ambient surgery in the order given by o. The order,
in fact, does not matter.

Proposition 2.6 Suppose (G, A) is a Legendrian handle graph, and o1 and o0, are orders of the com-
ponents of #. The Lagrangian cobordisms L(G, A, ¥, 01) and L(G, A, ¥y, 0,) are exact-Lagrangian
isotopic.

Proof It suffices to consider the case where 01 and o0, differ by an adjacent transposition

Vi1»Viz) = (Wias Viy)-

The cobordism L(G, A, ¥y, 0) is defined by composing the elementary Lagrangian cobordisms associated
to the arcs y1,..., ¥m. Since there are finitely many of these, by shrinking the neighborhoods of y;
as in Remark 2.3, we may assume the neighborhoods to be pairwise disjoint. This implies that the
elementary Lagrangian cobordisms associated to y;, and y;, may be constructed simultaneously and
shifted past each other along the cylindrical parts of the cobordism. Thus, the parameter given by the
relative heights of these two cobordisms gives an exact Lagrangian isotopy between L(G, A, ¥, 01) and
L(G, A, %y, 07). m

Algebraic & Geometric Topology, Volume 24 (2024)
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_

e ——

Figure 7: The surgery joining the two inner cusps cannot be performed until after the surgery
joining the two outer cusps.

Proposition 2.6 allows us to associate an isofopy class L(G, A, 3€) of exact Lagrangian cobordisms to a
Legendrian handle graph (G, A) and %, C #.

Remark 2.7 It would be extremely surprising if every decomposable cobordism can be described using
a Legendrian handle graph. As shown in Figure 7, one may need to perform one ambient surgery in order
for another to be possible; this would violate Proposition 2.6. We emphasize here the particularity of those
decomposable cobordisms that can be described by a Legendrian handle graph, as much of Sections 3
and 4 revolves around ensuring the cobordisms we are building belong to this class.

3 Lower bounds via contact topology

In this section, for a pair of Legendrian links with the same rotation number, we construct a pair of exact
Lagrangian cobordisms from a common lower bound, encoded by Legendrian handle graphs with the
same underlying link.

Proposition 3.1 Let A and A’ be oriented Legendrian links in a contact manifold (Y, &) and suppose
that there exist Seifert surfaces % and X' for which rx)(A) = 11x/1(A’). Then there exists an oriented
Legendrian link A_ C (Y, &) and Legendrian handle graphs G and G’ on A_ such that Surg(G, A_)
(resp. Surg(G’, A_)) is Legendrian isotopic to A (resp. A').

Our proof of Proposition 3.1 relies on convex surface theory applied to the Seifert surfaces X and X’. To
accomplish this, we require two basic results. The first is a lemma extending the work of Boranda, Traynor,

Algebraic & Geometric Topology, Volume 24 (2024)
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Ay

Figure 8: A handle graph giving rise to a Lagrangian cobordism from S4 o S_(A) to A.

and Yan [Boranda et al. 2013] by placing their result in the context of Legendrian handle graphs. The
second translates Dimitroglou Rizell’s [2016] Legendrian ambient surgery into a convex surface-theoretic
model.

Lemma 3.2 (cf [Boranda et al. 2013, Lemma 3.3]) Let A be an oriented Legendrian link in a contact
manifold (Y, £), and S+ oS_(A) the result of successive negative and positive stabilization on a component
of A. Then there is a Legendrian handle graph G on S+ o S_(A) such that Surg(G, S+ o S_(A)) is
Legendrian isotopic to A.

Proof The proof is essentially contained in Figure 8, which explicitly identifies a local model for the
desired Legendrian handle graph. |

Our next task is to describe an explicit, convex surface-theoretic local model for Legendrian ambient
surgery. In service of this goal, consider the Legendrian graph G depicted in the left part of Figure 9,
which will serve as our local model below. The graph G contains three distinguished subsets:

(1) a max-tb unlink A of two components, consisting of the two blue arcs and the two black cusps at
the two ends;
(2) adotted red arc D joining the two components of A; and

(3) alarge, black max-tb unknot A’.
Importantly, one can identify A" with Surg(G, A) in this local model.

The right part of Figure 9 illustrates a convex disk bounded by A’ and containing the Legendrian graph
G as an explicit subset. The key observation is that the above actually yields a convex surface-theoretic
local model of the Legendrian ambient surgery operation.

A more general situation is illustrated in Figure 10. On its right, this figure depicts a portion of a convex
surface X, bounded by a Legendrian link A’, and containing a Legendrian graph G. The graph G is the
union of A’, the two blue arcs, and the dotted red arc D, and we let A be the union of the two blue arcs

Algebraic & Geometric Topology, Volume 24 (2024)
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7 )

-

Figure 9: Left: a planar Legendrian graph depicting the Legendrian ambient surgery operation
performed on a max-tb unlink. Right: a corresponding convex surface-theoretic interpretation;
here, the green arc represents the dividing set.

and A’, minus the two black boundary arcs between the blue arcs. Then, as in the simpler case above, we
have a Legendrian graph G that lies on a convex surface X, together with distinguished subsets A, D,
and A’, colored blue/black, red, and black respectively. We now claim that this convex surface-theoretic
picture corresponds to Legendrian ambient surgery as illustrated on the right of Figure 10.

Lemma 3.3 Let X, G, A, A, and D be as described in the paragraph above. Then A’ can be identified
with Surg(G, A, {D}).

Proof This follows immediately from the observation that Legendrian ambient surgery is itself a local
operation [Dimitroglou Rizell 2016]. In other words, since Lemma 3.3 is true for a single example —
where A is a max-tb unlink of two components, D is a trivial arc joining them, and A’ is a max-tb
unknot) — it must be true in general. a

Remark 3.4 While the configuration depicted in Figure 10 provides one possible convex surface-theoretic
local model for the Legendrian ambient surgery operation, it is not necessarily unique.

Lemma 3.5 Let A be an oriented, null-homologous Legendrian link in a contact manifold (Y, £). Then
there exists an oriented Legendrian unknot Ay C (Y, &) and a Legendrian handle graph G on Ay such
that Surg(G, Ay ) is Legendrian isotopic to A.

Proof Suppose that X is a Seifert surface for A. Applying Lemma 3.2 to successively double-stabilize
each component of A if necessary, we obtain a Legendrian handle graph (G, A) and a Seifert surface

|

1

Figure 10: A convex surface-theoretic local model for Legendrian ambient surgery. Again, the
green arcs represent the dividing set.

Algebraic & Geometric Topology, Volume 24 (2024)
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Ay

X

Figure 11: The convex Seifert surface X,, dividing set I's;, and arc basis, viewed in disk-band form.

3 for Ay isotopic to X, such that the twisting of £ relative to X along each component of 0¥ = A,
is negative, and Surg(G, A1) is Legendrian isotopic to A. Below, we will denote this first condition by
the shorthand notation tw(&, 1) < 0, and similarly for other surfaces.

By work of Kanda [1998], since tw(&, 1) < 0, there is an isotopy of X relative to d%; = Ay such that
the resulting surface 3, is convex. (While we will not use this, we may assume that this isotopy is a
C? perturbation near the boundary, followed by a C® perturbation of the interior.) Further, by possibly
Legendrian-isotoping the handle arcs of G'{, we obtain a Legendrian handle graph (G5, A, = A1) whose
handle arcs G, \ A, intersect X, transversely in a finite number of points.

To aid the discussion to follow, we picture the convex Seifert surface X, in disk-band form, meaning that
we view it as the union of a 0-handle (disk) and a number g of 1-handles (bands); see Figure 11. Below,
we shall fix a particular choice of disk-band decomposition. The cocores ay, ..., ag of the 1-handles
form an arc basis for ¥,. (Note that Figure 11 is an abstract diagram of X,; as X, is embedded in ¥,
the bands may be “linked”.) Since tw(&, X;) < 0, the dividing set must intersect each component of A.

To obtain the desired Legendrian handle graph (G, Ay ), our strategy is to cut the bands of ¥,. More
precisely, let {ay, ..., ag} be an arc basis for X, consisting of a collection of properly embedded arcs
in X5, such that the intersection of each a; with G, \ A, is empty. Figure 12 depicts a band of ¥, and a
corresponding basis arc a;.

A

aj

Figure 12: A band of the convex Seifert surface ¥, and a corresponding basis arc a;.
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T

{—

Figure 13: A double-stabilization A3 of A, whose new Seifert surface X3 contains an arc basis
disjoint from its dividing set.

Now construct a (not necessarily Legendrian) link A, 5 as follows: Take a parallel push-off of A, in
X, and, for each basis arc a; that intersects the dividing set I's,, perform a finger move of the pushoff
across each of the dividing curves involved and back, as shown in Figure 13. We may choose to perform
this finger move from either end of a; — and it is sufficient to perform it on only one side —and we
may choose to turn either left or right on the way back; these choices are immaterial. The goal of the
finger move is to obtain a curve that is smoothly isotopic to A, such that instead of a; (whose ends are
on A,), we may choose a cocore a;. (with ends on the new curve) that does not intersect the dividing set.
Since a; N (G, \ A,) = @ for each i, we may assume that the finger moves avoid all intersection points
between G, \ A, and X5.

Recall that the Legendrian realization principle (LeRP) states that, given a convex surface S and a
multicurve C C S that is transverse to I'g, if each component of S \ C intersects I'g, then S can be
isotoped to another convex surface ¢ (.S) such that ¢ (C) is Legendrian (see [Kanda 1998; Honda 2000,
Section 3]). Here, since tw(&, X,) < 0, each component of X, \ A, s intersects I's;,, and so we can apply
the LeRP to A, 5 C X, to obtain an isotopy of X, to a convex surface X, 5 with 0¥, 5 = A,, such that
the image A3 of A, 5 under the isotopy is Legendrian, and I's, . is the image of I's,.

A closer look at the proof of [Kanda 1998; Honda 2000, Section 3] reveals that the LeRP in fact applies
more generally to graphs G C § satisfying the complement condition. We will need this fact towards the
end of this proof.

Since the finger moves giving rise to A, s —and hence A3 — each involved isotoping across elements of
the dividing set an even number of times, we have that the Legendrian link A3 is necessarily an iterated
double-stabilization of A,. In fact, A3 is Legendrian isotopic to A, outside of a tubular neighborhood U,
of the a;’s. We now construct a Legendrian handle graph on A as follows: First, extend the Legendrian
isotopy between A, \ U, and A3\ Uy to a local contact isotopy, and apply the local contact isotopy to the
Legendrian handle arcs in G \ A5, obtaining Legendrian handle arcs that are attached to A 3. Second, by
Lemma 3.2, we may add a collection #3 of Legendrian handle arcs to this collection to obtain a Legendrian
handle graph (G3, A3) such that Surg(Gs, A3, #3) is Legendrian isotopic to (G, A ;). In particular, this
means that Surg(G3, A3) is Legendrian isotopic to A. As before, by possibly Legendrian-isotoping the

Algebraic & Geometric Topology, Volume 24 (2024)



4250 Joshua M Sabloff, David Shea Vela-Vick and C-M Michael Wong

No R

S

LN

Figure 14: The result A4 of iteratively doubly stabilizing A3, whose Seifert surface X4 contains
an arc basis, each component of which intersects the dividing set in exactly four points.

handle arcs of G3, we may assume that the Legendrian handle arcs in (G3, A3) intersect X, s transversely
in a finite number of points. (Note that, by Figure 8 in the proof of Lemma 3.2, the Legendrian handle
arcs of #3 can be taken to be contained in an arbitrarily small tubular neighborhood of the a;’s, implying
that the complication in Remark 2.7 does not arise, since the Legendrian handle arcs in 33 are contained
in a neighborhood disjoint from G, 5\ A3.)

Let X3 be the closure of the component of ¥, 5\ A3 that does not intersect 03, 5. Then we have obtained
a Legendrian link A3 bounding a convex Seifert surface X3 that contains an arc basis {a}, ..., a,} that
does not intersect the dividing set I's;,, and a Legendrian handle graph G3 on A3 such that Surg(G3, As)
is Legendrian isotopic to A.

We have one final preparatory step before we construct the desired unknot and the accompanying
Legendrian handle graph. In this step, we double-stabilize A3 at each point where it intersects the arc
basis {a,... ,a/g}. The result is a Legendrian link A4 bounding a convex Seifert surface ¥4 whose
dividing set differs from that of X3 by a collection of nested pairs of boundary-parallel dividing curves,
as shown in Figure 14. We again produce an arc basis {a7, ... ,ag} which now intersects each of the
newly added dividing curves exactly once. As in two paragraphs above, we obtain a Legendrian handle
graph G4 on A4 by applying a local contact isotopy to the Legendrian handle arcs in G3 \ A3, and then
adding the handle arcs required to perform the double-stabilizations.

We are now ready to construct the unknot Ay and the desired Legendrian handle graph G on Ay. We do
this in two steps. First, see Figure 15. Let G4 5 be the graph consisting of
(1) the Legendrian link A 4;

(2) the curves bi1 and bl.z fori € {1,..., g}, which are topologically parallel to the arc basis elements
a’! but have endpoints shifted as in Figure 15; and

(3) the arcs D; fori € {1,..., g}, each joining bl.l to bi2 and intersecting the dividing set once.

Since each component of the complement X4 \ G4 5 contains elements of the dividing set, we can apply
the LeRP to isotope X4 rel boundary to obtain a convex surface 5 containing A4 5 as a Legendrian
graph G.
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Ay

Figure 15: An identification of the convex surface-theoretic local model in X5 for Legendrian
ambient surgery.

Finally, we build Ay = A s by taking the segments of A4 in the complement of the short arcs joining the
b; arcs (black in Figure 15) together with the b; arcs. By construction, this is a Legendrian knot which is
topologically trivial.

The key observation is that the Legendrian graph G satisfies the hypotheses of Lemma 3.3 — the “par-
allelogram” in the center of Figure 15 between the b; arcs is isotopic to Figure 10. Thus, Legendrian
ambient surgery of Ay along the collection of arcs { Dy, ..., Dg} is precisely 0X4 = Ay.

We add to the collection { Dy, ..., Dg} the handles in G4 to obtain G = G's. Thus, we obtain a Legendrian
handle graph (G, Ay) such that, by construction, Surg(G, Ay) is Legendrian isotopic to A, completing
the proof. a

We are now ready to prove the main result of this section.

Proof of Proposition 3.1 According to Lemma 3.5, there are oriented Legendrian unknots Ay and A’U
and Legendrian handle graphs G and G’, such that Surg(G, Ay) (resp. Surg(G’, A;)) is Legendrian
isotopic to A (resp. A').

Since 17x)(A) = ris(A"), it follows that r(Ay) = r(Ay,). This also implies that th(Ay) and th(Aj;)
differ by a multiple of 2. Without loss of generality, assume that tb(Ay) > tb(A7,); then by successively
applying Lemma 3.2 to Ay if necessary, we obtain a Legendrian handle graph (G, Ay) such that
th(Ay) = tb(A7,) and Surg(G, Ay) is Legendrian isotopic to G. Again, by Figure 8 in the proof
of Lemma 3.2, the Legendrian handle arcs of G can be taken to be contained in an arbitrarily small
neighborhood of a point; thus, we may combine these Legendrian handle arcs with those of G, as in the
proof of Lemma 3.5 to obtain a Legendrian handle graph (5, Ay) such that Surg(é, Ay) is Legendrian
isotopic to A.

Now Ay and A, are unknots in the contact 3—manifold (Y, &) with the same Thurston-Bennequin
and rotation numbers. We claim that, possibly after further applying Lemma 3.2 until the Thurston—
Bennequin numbers of both unknots are negative, there exists a contact isotopy ¢; of (Y, §) taking Ay
to A/U. If (Y, &) is tight, the existence of such an isotopy follows from Eliashberg and Fraser’s [2009,
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Figure 16: Left: moving a triple point off of a cusp using a Reidemeister VI move from [O’Donnol
and Pavelescu 2012]. Right: clearing a cusp of A for a Reidemeister I move.

Theorem 1.5] classification of Legendrian unknots in tight contact manifolds. If (Y, £) is overtwisted,
then our assumption that the Thurston—-Bennequin numbers are negative allows us to apply [Eliashberg
and Fraser 2009, Proposition 4.12] to find the desired isotopy.

We now apply the isotopy ¢; to the Legendrian handle graph G and perturb the result so that the attached
Legendrian handles are disjoint from those of G’. We then obtain a pair of Legendrian handle graphs for
the unknot A’U, surgery along which yields Legendrian links isotopic to A and A’ respectively. |

4 Lower bounds via diagrams

In this section, we reprove Lemma 3.5 for Legendrian links in the standard contact R3 using diagrammatic
techniques rather than convex surface theory. This proof refines that of [Boranda et al. 2013] to produce
a handle graph as well as a Lagrangian cobordism from an unknot. While this section is not logically
necessary for the proof of Theorem 1.1 given our work in the previous section, the techniques introduced
herein are essential for the understanding and practical application of the main ideas of this paper, as
justified in Examples 5.1 and 6.3 below.

We begin with a sequence of lemmas that reduce the number of crossings of the front diagram of the
Legendrian link in a Legendrian handle graph at the expense of increasing the number of handles. But
first, we state a technical general position result.

Lemma 4.1 For any Legendrian handle graph (G, A), there exists a C°—close, isotopic Legendrian
handle graph (G’, A") such that all singular points of the front diagram of G have distinct x—coordinates.

Proof While this lemma simply expresses general position for the graph G, we note in Figure 16, left,
that moving a triple point off of a cusp of A is tantamount to using a Reidemeister VI move. |

First, we remove negative crossings.
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(G, Ay)

>

(G-.A-)

Figure 17: The Legendrian handle graph (G_—, A_) has one fewer negative crossing than
(G+, A+). Red curves represent surgery disks, ie cores of handles, while green curves represent
cocores.

Lemma 4.2 Given a Legendrian link A 1, whose front diagram has a negative crossing, and a Legendrian
handle graph G4 on A 4, there exists a Legendrian handle graph (G_, A_) and a subset ¥ of handles
of G_, such that Surg(G—-, A_, ¥,) is Legendrian isotopic to (G+, A +), and the front diagram of A _
has one fewer negative crossing than that of A 4.

After applying Lemma 4.1 to isolate negative crossings, the proof of Lemma 4.2 is contained in Figure 17.

Next, we remove positive crossings.

Lemma 4.3 Given a Legendrian link A 4, the leftmost crossing of whose front diagram is positive, and a
Legendrian handle graph G4+ on A 4, there exists a Legendrian handle graph (G—, A_) and a subset ¥
of handles of G_, such that Surg(G_, A_, #y) is Legendrian isotopic to (G+, A +) and the front diagram
of A_ has one fewer positive crossing than that of A 4.

Proof Apply Lemma 4.1 to isolate crossings and cusps of A 4 from handles of G. Consider the leftmost
crossing Xy of A4. Without loss of generality, we may assume that A is oriented from right to left
on both strands of Xy. The upper-left strand incident to Xy must thus next return to Xy; the same is
true for the bottom-left strand. Since there are no crossings of A to the left of X, either the upper
left strand must next cross the x—coordinate of X above X or the lower left strand must next cross the
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(G, Ay)

(G-.A-)

Figure 18: The Legendrian handle graph (G_, A_) has one fewer positive crossing than
(G4, A+). Red curves represent cores of handles, while green curves represent cocores.

x—coordinate of X below X,. Without loss of generality, assume that this holds for the upper left strand
as in the upper-right portion of Figure 18. Let —n C A 4 be the compact 1-manifold that starts at Xy and
traverses along the upper-left strand of X until returning to the same x—coordinate, and let n be —n with
the orientation reversed, so that Xy is at the end of 7.
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As in the second diagram down in Figure 18, create a finger of A 4 parallel to n using a Reidemeister I
move at the initial point of 1 and next to every cusp of n along with Reidemeister II moves to pass the
lead cusp of the finger through handles of G that are incident to . Move the end of the finger just
to the right of Xj. Place a cocore of a handle inside the finger just below each crossing created by a
Reidemeister I move. Place two additional cocores from the finger to the original link on either side of
the crossing Xj.

Finally, replace the cocores by surgery disks to create a new Legendrian handle graph as in the third
row of Figure 18. Isotope the new Legendrian handle graph as at the bottom of Figure 18, using a
combination of the move in Figure 16, right, to move the handles away and Reidemeister I moves to
remove the crossings. The result is a Legendrian handle graph that has many more surgery disks, but
whose underlying Legendrian link has one fewer crossing than before. |

The procedure above may produce a disconnected Legendrian link. We next see how to join these
components.

Lemma 4.4 Let (G4, A+) be a Legendrian handle graph, where A 4 has n > 2 components, which are
mutually disjoint in the front diagram. Suppose that there exists a path y in the front diagram of G that
starts on component A/Jr C A4, endson A’J’r C A4+, and does not intersect A 4+ otherwise. Then there exists
a Legendrian handle graph (G_, A_) and a subset ¥ of handles of G_, such that Surg(G_—, A_, #,)
is Legendrian isotopic to (G, A4), one component of A_ is topologically the connected sum of A’+
and A", the other components of A _ match the remaining components of Ay, and none of the components
of A_ intersect in the front diagram.

Proof We may assume that y intersects A’, and A’, away from triple points, crossings, and cusps.
Create a finger of A/+ that follows y, starting with a Reidemeister I move and using Reidemeister 11
moves to cross handles of G4 and additional Reidemeister I moves when y has a vertical tangent; see
the middle diagram of Figure 19. Stop the finger just before y intersects A/_l’_, performing an additional
Reidemeister I move if necessary to ensure that the orientations of parallel strands of the finger and A’}
are opposite. Place a cocore of a handle between those two parallel strands. Finally, replace the cocore by
a core of a handle to create a new Legendrian handle graph (G—, A_) as in the bottom-left portion of
Figure 19.

That the new component of A is the connect sum of A’, and A’/ comes from the facts that the diagrams
of A/, and A’[ are disjoint and that y is disjoint from the diagram of A 4 on its interior. The final two
conclusions of the lemma follow immediately from the construction. |

With the tools above in place, we are ready to reprove Lemma 3.5 using the diagrammatic techniques of
this section.

Diagrammatic proof of Lemma 3.5 in (R3,£() Given a Legendrian A, use Lemma 4.2 repeatedly, and
then Lemma 4.3 repeatedly, to obtain a Legendrian handle graph (G, A1) such that the front diagram of
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Figure 19: The Legendrian link A_ has a component that is topologically the connected sum of
two components of A .

A1 has no crossings, and Surg(G1, A1) is Legendrian isotopic to A. Use Lemma 4.4 to find a Legendrian
handle graph (G,, A,) with a subset ¥ of handles, such that A, is connected, and Surg(G,, A,, #g)
is Legendrian isotopic to Surg(G1, A1), which implies that Surg(G,, A,) is Legendrian isotopic to A.
Finally, note that A, is a smooth unknot since it is the connected sum of smooth unknots. O

S Upper bounds

With constructions of a common lower bound and corresponding handle graphs for A and A’ in hand, we
are ready to find an upper bound. The structure of the following proof parallels that of Lazarev [2020] in

higher dimensions.
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Proof of Proposition 1.6 Given oriented Legendrian links in A and A’ in (Y, £), Proposition 3.1 implies
that there exist an oriented Legendrian link A_ and Legendrian handle graphs (G, A—) and (G', A_)
such that Surg(G, A—) (resp. Surg(G’, A_)) is Legendrian isotopic to A (resp. A”).

We Legendrian isotope the handles %’ of G’ to be in general position with respect to the handles ¥ of G.
In particular, we may assume that the Legendrian handle graph (G’, A_) has 9 is disjoint from %, with
Surg(G’, A_) still Legendrian isotopic to A’.

Define the Legendrian graph G4+ = G U G’; it is clear that (G4, A_) is a Legendrian handle graph.
Note that Surg(G+, A—, ¥) is Legendrian isotopic to a Legendrian handle graph (G4 i, A); similarly,
Surg(G4+, A—, %) is Legendrian isotopic to a Legendrian handle graph (G4 2, A’).

Observe that both Surg(G4 1, A) and Surg(G+ 2, A’) are Legendrian isotopic to Surg(G 4, A_), which
we denote by A . Let L: A_ — A be the concatenation of L(G, A_) with L(G4 1, A); similarly, let
L': A_ — A be the concatenation of L(G’, A—) with L(G4 >, A’). Then it is clear that A (resp. A”)
appears as a collared slice of L (resp. L’). At the same time, Proposition 2.6 implies that L and L’
are exact-Lagrangian isotopic, since they are both obtained from the same Legendrian handle graph
(G+, A-) by Legendrian ambient surgery, only in a different order — in other words, they both belong to
the isotopy class L(G4, A_). |

Example 5.1 Figures 20 and 21 display the full process of creating the upper bounds in Figures 1 and 2,
respectively.

6 The Lagrangian cobordism genus

In this section, we use the construction of upper and lower bounds for a pair of Legendrian knots to define
a new quantity, the relative Lagrangian genus, and a new relation, Lagrangian zigzag-concordance. We
explore foundational properties and immediate examples, leaving deeper explorations, as embodied in the
list of open questions at the end, for future work. For ease of notation, we work with Legendrian links
in the standard contact R, though our definitions may easily be adapted to Legendrians in any contact
3—manifold.

6.1 Lagrangian quasicobordism
We begin with a definition that undergirds the two concepts referred to above.

Definition 6.1 A Lagrangian zigzag-cobordism between Legendrian knots A and A’ consists of an
ordered set of n 4+ 1 Legendrian links

A=(A=Ag,A1,....Ay=AN),
another ordered set of n nonempty Legendrian links

A* = (A%,... D),

n
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Figure 20: The handle graph at the bottom of the figure is used to create the upper bound of the
trefoil and an m(5;) knot that appeared in Figure 1.

such that A} is an upper or lower bound for the pair (A;_;, A;), and connected Lagrangian cobordisms
L=(L7.L7.L7.L7,....L;.L;)

that realize the upper or lower bound constructions.
There are several quantities associated to a Lagrangian zigzag-cobordism.

Definition 6.2 Given a Lagrangian zigzag-cobordism (A, A*, L), its length is one less than the number
of elements in A, while its Euler characteristic x(A, A*,L) is the sum of the Euler characteristics of the
Lagrangians in L and its genus g(A, A*, L) defined, as usual, in terms of the Euler characteristic.

Further, we define the relative Lagrangian genus gr (A, A’) between the Legendrian knots A and A’ as
the minimum genus of any Lagrangian zigzag-cobordism between them. Two Legendrian knots A and
A’ are Lagrangian zigzag-concordant if gp (A, A’) = 0.

Example 6.3 Let Y be the maximal Legendrian unknot, and let A be a maximal Legendrian representative
of m(6,). Note that both T and A have Thurston—Bennequin number —1 and that the smooth 4—genus of
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Figure 21: The handle graph at the bottom of the figure is used to create the upper bound of the
figure eight knot and the unknot that appeared in Figure 2. Note that the Legendrian knots in the
handle graphs in the middle level are isotopic to the unknot (left) and the figure eight (right).

6, is equal to 1 [Livingston and Moore 2021]. It follows from the behavior of the Thurston—-Bennequin
invariant under Lagrangian cobordism that there cannot be a Lagrangian cobordism joining Y and A
in either direction. Nevertheless, there is a genus-1 Lagrangian zigzag-cobordism between the two; see
Figure 22.

Lagrangian zigzag-cobordism induces an equivalence relation on the set of isotopy classes of Legendrian
links. As in the smooth case, this equivalence relation is uninteresting, as shown by the following
immediate corollary of Theorem 1.1 or Proposition 3.1, together with Remark 1.3:

Corollary 6.4 Any two Legendrian knots with the same rotation number are Lagrangian zigzag-cobordant.
In fact, the zigzag-cobordism may be chosen to have length 1.

The corollary shows that the relative Lagrangian genus is defined for any two Legendrian knots of the
same rotation number.
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Figure 22: A genus 1 Lagrangian quasicobordism between the maximal unknot Y and a maximal

oo
N S

representative A of the mirror of the 6, knot. The zigzag-cobordism was produced using the ideas
in [Boranda et al. 2013, Section 5], especially Figures 25 and 27.

On the other hand, Lagrangian zigzag-concordance also clearly induces an equivalence relation on the set
of isotopy classes of Legendrian knots. The relative Lagrangian genus descends to Lagrangian zigzag-
concordance classes. Using [Chantraine 2010] and the connectedness of the Lagrangians, we see that both
the rotation number and the Thurston—Bennequin number are invariants of Lagrangian zigzag-concordance,
though nonclassical invariants coming from Legendrian contact homology or Heegaard Floer theory will
have a more complicated relationship with zigzag-concordance.

6.2 Relation to smooth genus

To connect the relative Lagrangian genus to smooth constructions, note that we may define the smooth
cobordism genus between two smooth knots K; and K, to be the minimum genus of all cobordisms
between them; we denote this by gs(K, K;). Chantraine [2010] proved that Lagrangian fillings minimize
the smooth 4-ball genus of a Legendrian knot, and so one might ask if this minimization property extends
to gr.. We begin with a simple lemma.

Lemma 6.5 Given Legendrian knots A and A’, we have gg(A, A') < gr. (A, \).

Proof Let (A, A* L) be a Lagrangian zigzag-cobordism between A and A’. Assume for ease of notation
that each A* € A* is an upper bound. Let Ei> be the smooth cobordism from A} to A; obtained from
reversing L ; note that El? is not, in general, a Lagrangian cobordism. Since Euler characteristic is
additive under gluing, the smooth cobordism L7 o L JoL o--0 L7 has genus g(A, A*, L), and hence
gs(A,A) < gp (A, A). m
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It is natural to ask under what conditions on A and A, —as Legendrian or as smooth knots —is the
inequality in Lemma 6.5 an equality? On one hand, we cannot expect to achieve equality in all cases.

Example 6.6 Let A be any Legendrian knot, and let A’ be a double stabilization of A with the same
rotation number as A. Since A and A’ have the same underlying smooth knot type, we have gs(A, A’) =0.
On the other hand, let (A, A*,L) be a Lagrangian zigzag-cobordism between A and A’. Note that
x(L7), x(L7) < 0 for all i, since each of L and L] is connected and has at least two boundary
components. Since tb(A) > tb(A’), some pair A;, A;+1 in A must have different Thurston—Bennequin
numbers. In particular, the bound A} must have a different Thurston-Bennequin number than at least
one of A; or Ajyq. It follows that x(L;) + x(L;) < 0, and hence that x(A,A*,L) < 0. Since A
and A’ are knots, this implies that g(A, A*, L) > 0. In particular, we have g7 (A, A’) > 0 even though
gs(A,A) =0.

On the other hand, there is a simple sufficient condition for equality in the lemma above.

Lemma 6.7 If the Legendrian knot A has a Lagrangian filling, and there exists a Lagrangian cobordism
from A to A’, then gs(A, A') = gr. (A, N).

Proof We begin by setting notation. Let L be the Lagrangian filling of A and let L7 be the Lagrangian
cobordism from A to A’. Taking L7 to be the trivial cylindrical Lagrangian cobordism from A’ to itself,
and taking AT = A’, we see that

(1 grL(A,A) < g(LY).

Let X be the smooth cobordism from A to A’ that minimizes the smooth cobordism genus. We know
that Lo o L is a Lagrangian filling of A’, and hence that g(Loo L]) < g(Lg o X). Since A is a knot,
the genus is additive under composition of cobordisms, and we obtain

(2) g(LT) < g(®).
Combining (1) and (2), we obtain
gL(AA) = g(2) = gs(A, A).

The lemma now follows from Lemma 6.5. O

6.3 Open questions

We end with a list of questions about Lagrangian zigzag-cobordism and zigzag-concordance beyond the
motivating question above about the relationship between the relative Lagrangian genus and the relative
smooth genus.

(1) Building off of Example 6.3, is there an example of a pair A and A’ that are Lagrangian zigzag-
concordant but not Lagrangian concordant?
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(2) Taking the previous question further, for two Lagrangian zigzag-concordant Legendrians A and A’,
what is the minimal length of any Lagrangian zigzag-concordance between them? Are there
examples for which this minimal length is arbitrarily high?

(3) Even more generally, define g7 (A, A’, n) to be the minimal genus of any Lagrangian zigzag-
cobordism between A and A’ of length at most 7. The sequence (g (A, A’, n));2, decreases to
and stabilizes at g7 (A, A’). Are there examples for which the number of steps it takes the sequence
to stabilize is arbitrarily long?

(4) Can gr(A,A")— gs(A, A) be arbitrarily large when A and A both have maximal Thurston—
Bennequin invariant?

(5) Can the hypotheses of Lemma 6.7 be weakened to A having only an augmentation instead of a
filling?

(6) Is there a version of this theory for Maslov 0 Lagrangians, which would better allow the use of
Legendrian contact homology, especially the tools in [Pan 2017]?
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Interleaving Mayer—Vietoris spectral sequences

ALVARO TORRAS-CASAS
ULRICH PENNIG

We discuss the Mayer—Vietoris spectral sequence as an invariant in the context of persistent homology.
In particular, we introduce the notion of e—acyclic carriers and e—acyclic equivalences between filtered
regular CW—complexes and study stability conditions for the associated spectral sequences. We also look
at the Mayer—Vietoris blowup complex and the geometric realization, finding stability properties under
compatible noise; as a result we prove a version of an approximate nerve theorem. Adapting work by
Serre, we find conditions under which e—interleavings exist between the spectral sequences associated to
two different covers.

55N31, 55T99

1 Introduction

One of the benefits of homology as a topological invariant over, for example, the homotopy groups, is
its computability via long exact sequences. The classical Mayer—Vietoris exact sequence has been used
in countless examples to compute Hy (X) from a decomposition of a space X into two open subsets U
and V. When we generalise this concept to open covers (U;);ey consisting of more than just two subsets,
the relations between the parts Hy (U;) become more intricate and are encoded in the Mayer—Vietoris
spectral sequence. These sequences first appeared in work of Leray and later Serre, and they proved to be
one of the most powerful tools in pure algebraic topology. Applications of spectral sequences in applied
algebraic topology, however, is still a young subject.

In [Torras-Casas 2023] it was proven that the persistence Mayer—Vietoris spectral sequence can be used
to compute persistent homology. The starting point is a filtered simplicial complex X together with a
cover by subcomplexes U. Then, one computes PH; (U ) for all i > 0 and o € Ng;. Here, notice that
Ny is the nerve of the cover U whose simplices o € Nq, are subsets from AU; this leads to the notation
WUs = (Nyes U- The Mayer—Vietoris spectral sequence starts from these groups and the morphisms
induced by inclusions and converges to PH; (X). As pointed out in [ Yoon and Ghrist 2020], the additional
insight gained from the cover U can be used, for example, for multiscale feature detection. Similar
information was also explored much earlier in [Zomorodian and Carlsson 2008] in the form of localized
homology.

Motivated by these results, we study the spectral sequence £ ;’ 4(X. W) and answer the following questions:
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e Leta pair (X, ) consist of a space, X, and a cover for X, U. The Mayer—Vietoris spectral sequence
E, ,(X,U) converges to PH.. (A" (X)). Is PH4 (A" (X)) stable? Can this result be generalised?

e Suppose that the data in each covering set Uy for o € Nq; is modified slightly. If the underlying
cover AU is ignored, then we would not expect £ ;7 ¢(X, W) to be stable. Are there natural coherence
conditions between changes in the sets U that imply stability? If so, what do we mean by stability
of spectral sequences?

 Let U and V" be covers of the same space X . Can we compare E, ,(X,U) and E; (X, V) up to
e—interleavings?

To explain why the first question is important and how it is linked to spectral sequences, we note
that E;’q (X,U) converges to the target persistent homology PH4(A"(X)) (this is usually denoted
by E;"q (X,%) = PH.(A"(X))). The blowup complex A"(X) already appeared in the context of
topological data analysis in [Lewis and Morozov 2015] and [Zomorodian and Carlsson 2008]. It is
homotopy equivalent to a homotopy colimit, and therefore enjoys good properties with respect to local
homotopy equivalences. For example, if we assume that AU is contractible for all o € Nq;, then we can
use [Hatcher 2002, Proposition 4G.2] to recover Leray’s nerve theorem. That is, there are homotopy

equivalences
X ~ AMX) ~ AV (%) = N(W),

where *x denotes the constant complex of spaces on U; see [Hatcher 2002, Appendix 4.G]. The fundamental
importance of this result in applied topology is underlined by the persistent nerve lemma presented in
[Chazal and Oudot 2008]. It is worth mentioning the approximate nerve theorem [Govc and Skraba
2018] and the generalised nerve theorem [Cavanna 2019], which are approximate versions of the Leray
theorem within the context of persistence. In particular, in [Govc and Skraba 2018] the spectral sequence
E ;, ¢(X,U) = PH,(X) is examined, and it is studied how much it differs from another spectral sequence
E ;;, 4 (. W) = PH«(N(W)), by careful inspection of all pages as well as the extension problem.

Throughout the paper we focus on the category RCW-cpx of regularly filtered regular CW—complexes
as well as the subcategory FCW-cpx of filtered regular CW—complexes; see Section 2.1. Instead of
restricting our attention to a space X together with a cover AU, we look at regular diagrams % in RCW-cpx
over a simplicial complex K. There is a natural replacement for the Mayer—Vietoris blowup complex
in this setting, denoted by Ax (%), as explained in [Hatcher 2002, Appendix 4.G]. This object also
appears in the context of semisimplicial spaces, where it is called the geometric realization [Ebert and
Randal-Williams 2019]; in fact, it has an associated spectral sequence [Ebert and Randal-Williams 2019,
Section 1.4]. As we explain in Section 3, there are good reasons why it is worth taking this more general
perspective. In particular, we consider the spectral sequence

E} /(@) = PHp 4 (AkD).

In order to address the first two questions, we introduce the notion of acyclic carriers to define e—acyclic
equivalences. Using the acyclic carrier theorem we show the following: Let X and Y be two objects
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in RCW-cpx. If there exists an e—acyclic equivalence F€: X =2 Y, then PH,(X) is e—interleaved with
PH.(Y) (see Corollary 4.7 and Proposition 4.2 for a stronger statement in FCW-cpx). These equivalences
provide a very flexible notion that works in different contexts as Examples 4.5, 4.6 and 4.8 show.

We address the first question in the following way. Let 9 and & be two diagrams over the same simplicial
complex K and assume that for all 0 € K there are e—acyclic equivalences FZ: %(0) = £(o) which
satisfy a compatibility condition with respect to composition in the poset category associated to K;
see Theorem 5.2 for details. Then, there is an g—acyclic equivalence F¢: Ag (D) = Ag(¥). This
result implies stability in the targets of convergence of the spectral sequences. We use this result to
show a “strong approximate multinerve theorem” in Corollary 5.3. Later, in Section 6, we introduce
(&, n)—interleavings, which are given by spectral sequence morphisms that start at some page n together
with a shift by a persistence parameter & > 0. Assuming the same conditions as in the geometric realization
case, we can obtain a (e, 1)—interleaving between E ;, ¢(@) and E ;,q (£); see Theorem 5.2. This result
appears in Theorem 6.5 and a specialised strong statement for covers of spaces in FCW-cpx is given in
Proposition 6.4.

As for the third question about the comparison of the spectral sequences associated to two covers U and V" of
a space X, we rely on work of Serre [1955], in which he studied the relation between the Cech cohomology
of two different covers; here we adapt this work in the context of cosheaves and cosheaf homology. Take
a cosheaf % of abelian groups on X and assume that there is a refinement V" < AU. Serre showed that the
refinement morphism induced on Cech homology p™: T V,F) — s (U, %) is independent of the
particular choice of morphism in the cochains. In [Serre 1955] it was also shown that /06w can be factored
through a construction that uses a double complex associated to both covers Cp 4 (U, V'; F), see [Serre
1955, Proposition 4, Section 29]. This construction introduces two double complex spectral sequences
IE;’q (W, V; F) and "E;’q (U, V; F), both of which converge to Fs UNYV; %F) ~ T (V; %). Here one
might study conditions on HE;,q (U, V; F) to find when an inverse of p"'V exists. As an application,
Serre [1955, Theorem 1, Section 29] obtained an analogous result to the Leray theorem in the context of
sheaves.

We start our analysis of the third question in Section 7. In case " < AU there is a unique morphism induced
by the refinement map on the second page

PV EX (X)) = Ex (X, ).

On the other hand, Theorem 7.10 tells us under what conditions there exists an e—shifted morphism
Vi Ep (X, W) — E; (X, V)[e] such that oV and v form an (e, 2)—interleaving between E g (X, )
and E ;’q (X, ). Finally, in Proposition 7.12 we give a means of obtaining an (&, 2)—interleaving be-
tween E ;’ ¢(X, W) and E ;" ¢(X., V) through the computation of local Mayer-Vietoris spectral sequences
E ;;,q (Ug, Vo, ) for all o € No. Since the open regions AUy are assumed to be “small” in comparison
to X, this gives a means of using local calculations to deduce the interleaving. As Corollary 7.14 we
present the case when V" does not need to refine AU.
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2 Background

2.1 Regular CW-complexes with filtrations

Recall the definition of CW—complex from [Hatcher 2002, Chapter 0]. In contrast to the usual treatment
of CW—complexes, but in line with the structure we are dealing with in TDA, we consider the cell
decomposition as part of the data of our CW—complexes. For a CW—complex X, if ¢ is an open cell
in X we follow the notation from [Cooke and Finney 1967] and denote this by ¢ € X. We denote by
X" the set of n—dimensional cells from X and we denote by X =" the n—skeleton from X. Recall that
X has a natural filtration given by its skeleta X© € X=! c... € X=N ... and a cellular morphism
f: X — Y respects this filtration, in the sense that it restricts to morphisms f: X=" — Y =" for all
m > 0. We work with regular CW—complexes, which are CW—complexes where the attaching maps are
homeomorphisms. It is recommended to consult [Cooke and Finney 1967; Massey 1991] for properties
and results related to regular CW—complexes. An intuitive way of understanding incidences of cells in
regular complexes is through the barycentric subdivision, as explained in [Ellis 2019, Section 2.1]. Given
a pair of cells a € X" and b € X"~!, we denote by [b : a] the degree of attaching map da — b/ db.

Definition 2.1 A cellular morphism f: X — Y is a regular morphism whenever the closure f(a) is a
subcomplex of Y for all cells a € X. For such a morphism and a pair a € X" and b € Y, we denote by
[b: f(a)] the degree of the morphism f restricted to the open cell @ and mapping into the open cell b.

We write CW-cpx to denote the category of finite regular CW—complexes and regular morphisms. Denote
by R the ordered category (R, <) of real numbers. We focus on functors X : R — CW-cpx which we
call regularly filtered CW—complexes, and we denote their category by RCW-cpx. We say that an object
X € RCW-cpx is tame, whenever X is constant along a finite number of right open intervals decomposing
the poset R. For X € RCW-cpx, we write X, for the regular CW—complex X(r) for all » € R. On
the other hand we write X(r < s) to denote the morphisms X, — X for all r < s in R; we call such
morphisms structure maps. The reader might find an example of such a regularly filtered complex in the
appendix. If the morphisms X (r <s): X, — X, are injections preserving the cellular structure for all
r <sin R, then we call X a filtered CW-complex, denoting by FCW-cpx the corresponding subcategory
of RCW-cpx. Notice that objects in FCW-cpx can be seen as a pair (colim X, f) where colim Xy is a
regular CW—complex and f: colim X« — R is a filtration function.

Throughout this text, we work with a fixed field F. Given X € RCW-cpx, we define the persis-
tent homology in degree n as the functor PH,(X): R — vect given by computing cellular homology
PH,(X), = H(X,;F) for all r € R. As X, is finite, the vector space PH, (X); is finite dimensional
for all r € R. If in addition X is tame, PH, (X) only changes at a finite number of points r € R. We call
the category of functors R — vecty persistence modules and denote it by PMod. Given a € (0, co) and
X € RCW-cpx, we write X [a] for the element of RCW-cpx such that X[a], = X;44 for all r € R. We
use X¢ to denote the e—shift functor %¢: RCW-cpx — Hom(RCW-¢px) which sends X € RCW-cpx to
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>¢X: X — X|[e], where ¢ > 0. Also, for any morphism of filtered CW—complexes f: A — B, one can
check that f[g]o 24 = X°B o f, where we use f[g]: A[e] — B]e]. Similarly, there are shift functors
for persistence modules ¢: PMod — Hom(PMod) for ¢ > 0.

Remark 2.2 Notice that the standard algorithm for the computation of persistent homology cannot be
applied to objects in RCW-cpx. However, if X is tame and one successfully computes the coefficients
for the morphisms CS'(X,) — C&U(X;) for all < 5 in R, then one can use [Torras-Casas 2023,
Algorithm 2 image_kernel] to obtain a barcode basis for the filtered cellular complex C'(X). Then
we compute homology of the persistence morphisms given by the differentials dy, : CS(X) — Clje_nl (X)
by the use of image_kernel. See [Torras-Casas 2023] for an explanation.

2.2 Acyclic carriers

Fix a field F. We say that X € CW-cpx is F-acyclic if the reduced homology H* (X;F) with F—
coefficients vanishes in all dimensions; as the field is understood from the context, we just say that X is
acyclic. Consider two objects ® and I' from CW-cpx with their respective pairs of chains and differentials
(CN(P), 8%) and (CN(T), 8T). Let (-,-) and (-, )1 denote the inner products on C!(P) and
C&(T"), where the cells form an orthonormal basis. We define a relation < on ® by setting t < o if
(r,8®(0))® # 0 and by taking the transitive closure. We denote by < the partial order generated by <.
Thus, 7 < o does not necessarily imply dim(z) + 1 = dim(o). Also, notice that (z,§®(0))e = [t : 0];
see the cellular boundary formula from [Hatcher 2002, Section 2.2].

Definition 2.3 A carrier F: ® = I' is a map from the set of cells of ® to subcomplexes of I" that is
semicontinuous in the sense that for any pair 7 < ¢ in ®, F(t) C F(0). A carrier F: ® = I is called
acyclic, if for every o € ®, F (o) is a nonempty acyclic subcomplex of T

Given a chain map wp: CISCH(CID) — C;‘f,l_lr (I') of degree r = 0, 1, we say that it is carried by F if for all

cells 0 € Op,
{y € Tp4r [ {wp(0), y)r # 0} € F(0),

where we followed the notation from [Nanda 2012].

The next statement is an application of [Munkres 1984, Theorem 13.4]. In Proposition 4.2 we prove a
version of this statement that applies to filtered CW—complexes. Notice that this theorem works for carriers
which are F—acyclic and which do not necessarily need to be Z-acyclic; see the proof of Proposition 4.2.

Theorem 2.4 Let F: ® = I" be an acyclic carrier between CW—complexes ® and I'. Then:

e Existence There is a chain map carried by F.

e Equivalence If F carries two chain maps ¢ and ¢, then F carries a chain homotopy between ¢
and ¢.
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Given two acyclic carriers F, G: ® = I, we write ' C G whenever F (o) C G(o) for all 0 € ®. Given
another pair of acyclic carriers F': ® = T" and G': ' = W, we also define the composition carrier
G'o F': ® = W, where each 0 € ® is sent to

G oF'(0):= U H(7).
T€F(0)
In particular, notice that if f is carried by F’ and g is carried by G’, then g o f is “carried” by G’ o F’.
However, this composition does not need to be acyclic.

Example 2.5 Consider a regular morphism f: ® — I'. We define the (not necessarily acyclic) carrier
Fr: ® = T induced by f that sends 0 € ® to £ (o). By continuity of £, for any pair T < o in ®, we
have that f(t) € f (o). Also, f(0) # & since it must contain at least a point. Given an acyclic carrier
G:T = W, we denote by G( f(0)) the composition of carriers G o Fr (o) for all o € ®. This comes
up very often in this text and whenever we are looking at the composition G o Fy we assume that it is
acyclic. Note that Fy is acyclic if f is an embedding of the regular CW—complex ® as a subcomplex
of I'. The hypothesis that f is regular is key to define the carrier F. If we considered a more general
continuous morphism f: ® — T', a possible strategy would be to use outer approximations [Kaczynski
et al. 2004; Nanda 2012]. However, for simplicity, we restrict to regular morphisms in this article.

2.3 Regular diagrams of filtered complexes

First, recall a few gluing constructions that one can perform in algebraic topology. For a brief introduction
to these, see [Hatcher 2002, Appendix 4.G]. They are also relevant in Kozlov’s approach [2008], where
diagrams of spaces over trisps are studied.

Let K be a simplicial complex. We view K as a category whose objects are given by the simplices
o € K. For any pair of simplices 7,0 € K such that t < o, there is a unique arrow 7 — o in K. We
are particularly interested in K°P, the opposite category of K whose arrows are given by reversing the
arrows of K. The example one should have in mind here is the case where K is the nerve of a cover of a
cellular complex. Splitting the input data up by the cover then provides a diagram over the nerve where
higher intersections of covering sets are included into smaller degree intersections. We formalise these
constructions in the following definition.

Definition 2.6 Let K be a simplicial complex. A functor &: K°° — CW-cpx is called a regular diagram
of CW—complexes and its category is denoted by RDiag(K); notice here that, for any pair of simplices
7 <0 of K, the morphism @(t < 0): D(0) — D(7) is regular; we call such morphisms face maps. Given
a pair of diagrams 9, &£ € RDiag(K), a morphism of diagrams ¢: % — & is a natural transformation; ie
the commutativity relation

B(r20)op(0) =¢(r)od(r 20)

holds for any pair T < o of simplices in K.
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Example 2.7 Let L be a simplicial complex and suppose that it is covered by a pair of nontrivial
subcomplexes Lo and Lj. Consider a pair of vertices v, w € Lo N L1 and suppose that both are connected
by a pair of paths yg and y; within the respective 1-skeletons of Lo and L. Further, we ask that these
paths are simple, in the sense that they do not self intersect. Now, consider a diagram % € RDiag(A!)
given by the closures of the paths on the vertices %(0) = o and @(1) = ¥y, while %([0, 1]) = A, the
standard one-simplex. We define the face maps of %, fori =0, 1, as the regular morphism mapping 0 — v
and 1 — w, while [0, 1] is sent to ;. On the other hand, we consider a diagram ¥ € RDiag(A') which
is given by the cover {Lg, L1}; that is, we define £(0) = Lo and (1) = L1, while ([0, 1]) = Lo N Ly;
also, the face maps of & are given by inclusions. Then, we might consider a morphism of diagrams
¢: % — £ given by inclusions @(0) < £(0) and %(1) — £(1), while %([0, 1]) = Al is sent to some
path within Lo N L so that ¢ is well defined. In fact, ¢ can only be well defined whenever yg = y1.
Later, in Definition 5.1, we introduce (e, K)—acyclic carriers; in this case, one might be able to consider
such a carrier F¢:% = & so that y¢ and y; are only required to lie within some acyclic complex.

The main object of study in this work are diagrams of filtered CW—complexes. These arise naturally in
topological data analysis, for example whenever point clouds come equipped with a cover. We therefore
make the following definition:

Definition 2.8 A regularly filtered regular diagram of CW—complexes @ over K is a functor
%: K°° - RCW-cpx;

we denote this category by RRDiag(K). As in RDiag(K), morphisms in RRDiag(K) are given by
natural transformations. We might consider the subcategory of RRDiag(K) given by functors

%: K°° —- FCW-cpx,

which we call filtered regular diagrams of CW—complexes, denoting the corresponding category by
FRDiag(K). If for a diagram & € FRDiag(K) the face maps %(z < o) are inclusions respecting the
cellular structures for all T < o from K, then we call 9@ a fully filtered diagram of CW—complexes, whose
category we denote by FFDiag(K).

Example 2.9 Consider a filtered CW—complex X covered by filtered subcomplexes A. We define X
over the nerve Ny, as X (o) =, for all o € Ng. This diagram X is part of FFDiag(Ny,) since all
morphisms X% (t < o) are actually embeddings of subcomplexes. On the other hand, we can define the
constant diagram * " as *(0), = * if X"(0), # @ or *"(0), = @ otherwise; for all ¢ € Ny, and all
r € R. We also have that *" is in FFDiag(Ns,). Then, there is an obvious epimorphism of diagrams
X" — %", Continuing with the same example, we can also define the complex of spaces ng” given by
JT(O)u (0) = mo(Uy) for all o € Nqy; where for each r € R, 7¢(Uy (7)) denotes the discrete topological space
given by the connected components of U, (7). Thus, each m¢(Uy) is a disjoint union of points that are
identified with each other as the filtration value increases and so it cannot be an element in FCW-cpx,
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but rather an element from RCW-¢px. Thus, in this case ngL € RRDiag(K). For all r € R, there is an
epimorphism X (r) — 9™ (r) sending each cell from X" (r) to its respective connected component
from 79" (r); these morphisms are consistent along R. Altogether we have a sequence of epimorphisms

a a

XU — 7ot — xU,

2.4 Geometric realization

For an abstract simplicial complex K, we denote by | K| its underlying topological space. Given a simplex
o € K, we write |o| to denote the number of vertices of 6. We use dim(o) for the dimension of a
simplex o, that is dim(co) = |o| — 1. We denote by A” the topological space associated to the standard
n—simplex. Given a simplex o € K, we use the notation A? := Adm(@) for simplicity. Given a pair T < o
in K, we have a corresponding inclusion AT < A%. As a special case of a CW-complex, we denote by
K™ and K=" the set of n—cells and the n—skeleton respectively.

Definition 2.10 Let 9 € RDiag(K). The geometric realization Ax% of 9 is the object in CW-cpx
defined as

AgD = | | A7 x%(0)/~
oceK
where, for any pair T < o in K, the relation identifies a pair of points

(AT = A7) (x) x y ~x xB(T 2 0)(y)
for each pair of points x € A% and y € @(0). This Ax% has a natural filtration given by
FPAR9 = | ) A x%(0)
oceK=>

for all p > 0. A cell t x ¢ is a face of another cell o x a if and only if t < ¢ and also ¢ € %(t < 0)(a).
If the underlying simplicial complex K is clear from the context, we write A% instead of Ax%.

Notice that Definition 2.10 also applies to diagrams % € RRDiag(K). We define Ax% by setting
(AxD), := Ag(@,) for all r € R. Notice that our gluing conditions are consistent in this case as

B(r 20) 0 'B(0)(y) = E'D(r) 0 D(r 2 0)(y)

for any pair 7 < ¢ from K and all ¢ > 0 and all points y € %(o). Altogether we obtain Ag (%) € RCW-cpx.
Given a regular morphism %: % — & of diagrams in RRDiag(K), there is an induced morphism on the
geometric realization which we denote by A%. Denote by *® the diagram given by
if % ,

o)y =|* 12O 7
& otherwise.
and note that there is a homotopy equivalence A(x?), ~ |K;|, where K? is the filtered simplicial
complex with the same underlying vertex set as K and o € KED if and only if @(0), # @. The projection
onto the simplex coordinates gives a base projection py: A% — A(x?) ~ |K?|.
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Example 2.11 Let % € FRDiag(K). We define the multinerve of % as
MNerv(D) = A(o(D)).

This object was first introduced in [Colin de Verdiere et al. 2014] in the case of nf}i for a space X covered
by U. In [Colin de Verdiere et al. 2014] it was defined as a simplicial poset, a notion that is equivalent to
that of a A—complex. There are epimorphisms A% — MNerv(%) — A(x?) ~ |K]|.

Remark 2.12 Let 9 be a diagram of CW—complexes over the simplicial complex K. We can extend
% to a diagram %' on the barycentric subdivision Bd(K) by defining 9'(to < -+ < 1) = 9(t) on an
n—simplex 79 < 1] < -+ < 7, in Bd(K). A nonidentity morphism in Bd(K) that has 79 < 71 < -+ < 1
as its codomain must have the same flag with one of the 7 left out as its domain. The diagram %’ maps
such a morphism to the identity in case k # n or the morphism %(t,—1 < t,) in case k = n. It is clear
from the definition of the homotopy colimit via the simplicial replacement that the geometric realization
A(@') coincides with the definition of hocolim &; see [Dugger 2008, Section 4] and also [Kozlov 2008,
Definition 15.8]. Notice that in the category K, each flag is to be interpreted as a sequence of arrows
T9 < T1 < -+ < T,. A modified version of the homotopy equivalence |K| ~ |Bd(K)| shows that
A(D) ~ A(9'). Hence, we could have worked with homotopy colimits all throughout, but we chose to
work with the geometric realization since it is technically easier to handle and because in some instances
it is the Mayer—Vietoris blowup complex, which has already appeared before in TDA [Zomorodian
and Carlsson 2008]. An instance of a homotopy colimit in TDA can be found in [Cavanna et al. 2017,
Appendix B].

Proposition 2.13 Let %: % — & be a morphism of diagrams in RDiag(K). If %(o) is a homotopy
equivalence for all o € K, then AF: AYD — AZ is a homotopy equivalence.

One way to see this is to view A% as a homotopy colimit (see Remark 2.12), which is a homotopy
invariant functor on diagrams. Also, a proof of this result in the more general context of diagrams of
spaces can be found in [Hatcher 2002, Proposition 4G.1].

Example 2.14 Let X € CW-cpx covered by 9l and recall the diagram X from Example 2.9. In this
case A(X™) is the Mayer—Vietoris blowup complex associated to the pair (X, W) and it can be described
as a subspace of the product X x [Ng|. This leads to the fiber projection pr: A(X ) — X and to the
base projection pp: A(X™) — |Na|. As shown in [Hatcher 2002, Proposition 4G.2], Py is a homotopy
equivalence A(X") ~ X. If each X" (o) is contractible for all ¢ € Ny, then pp is also a homotopy
equivalence by Proposition 2.13.

An interesting direction of research would be to use Proposition 2.13 to define compatible collapses, such
as in discrete Morse theory (see [Bauer 2011; Nanda 2012; Skoldberg 2006]) and end up with a diagram
of regular CW-complexes. This motivates the study of spectral sequences associated to such diagrams.
We see further reasons in Section 3. On the other hand, given the importance of Proposition 2.13, we
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would like to adapt it to an approximate version in the context of diagrams in RRDiag(K). Instead of
studying homotopy equivalences, we consider equivalences induced by acyclic carriers. This is done in
Section 5.

2.5 Spectral sequences of bounded filtrations

Let A4« be a graded module with differentials d,,: A, — A,—1 for all n > 1, and such that 4,, = 0 for
all m < 0. Assume that there is a filtration 0 = F 1A, C FOA, C Fl4,C..-C FN A, = Ay of Ax
that is preserved by the differentials dx in the sense that d, (F? A) C F? A for all p > 0. We say that A
is a filtered differential graded module and denote this by the triple (A, d, F'). Then there is a spectral
sequence

Ey, =Hg(FPAx/FP71Ay) = Hpyg(As)

for all p,q > 0; see [McCleary 2001, Theorem 2.6]. A morphism of spectral sequences is a sequence
of bigraded morphisms f": E} , — E ».q that commute with the spectral sequence differentials, ie
dyo fT =d,o f" forall r > 0. Apart from that, these morphisms satisfy f”+t1 = H(f7) for all r > 0.

Suppose that (A, d, F) is another filtered differential graded module together with its corresponding spec-
tral sequence E .q- Consider a morphism f': Ax — By that commutes with the differential f od = do f
and also preserves filtrations f(F? Ay) C F?(A) for all p > 0. This induces a morphism of spectral
sequences

r r
Epg—Epg

by [McCleary 2001, Theorem 3.5]. We denote by SpSq the category of spectral sequences, and we denote
by PSpSq the category of functors F: R — SpSq.

3 Spectral sequences for geometric realizations

Recall the persistent Mayer—Vietoris spectral sequence [Torras-Casas 2023] associated to a pair (X, U) of
a space with a cover:

(1) E, ,(X.,) = @ PH,(X"(0)) = PHp44(AX™) ~ PH,44(X).
oeNY

For the details about this spectral sequence in the persistent case we refer the reader to [Torras-Casas
2023]. There are some limitations to the applicability of this spectral sequence to Vietoris—Rips complexes
that were already pointed out in [ Yoon and Ghrist 2020]: if we choose a cover of a point cloud X and
then deduce a cover AU of the associated Vietoris—Rips complex VR, (X) by subcomplexes, then we
can only recover PHy (VR(X)) from PHy (AVR, (X)) for filtration parameters below an upper bound
R determined by the overlaps of the covering sets. In this section we present a regular diagram of
CW-complexes that avoids this upper limit problem completely; see Example 3.6.
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Before we solve our problem, we need to introduce some chain complexes. We come back to the case of
filtrations later, but for now we focus on regular diagrams instead. Given a diagram % in RDiag(K), we
denote by %(t < o) the induced morphism of cellular chain complexes C (% (o)) — CEN(%(1)). The
cellular chain complex C*"'(A%, §2) associated to A% is defined as follows: For all m > 0 we have that
CM(AD) is a vector space generated by cells o x ¢ with dim(o') = p and ¢ € % ()4 so that p +¢q = m.
On such a cell o x ¢ the differential §2 is given by

Z(—l)f( > [a:QD(Gi50)(6)]Uixa)+(—l)dim(0) > bicloxb

oi <o ac%(o; <o) (c) beé\c

where the first sum runs over the faces 0; of 0. As shown in the proof of Lemma 3.1, the map §2 is
indeed a differential. In addition, notice that the filtration of Ag (%) carries over to CS!'(Ax %) by taking
FPCy(AgD) := Cx(FPAgD) for all p > 0.

Now, consider the double complex (Cp 4 (D), d V. dH) given by
Cpg(@) = P C5(@(0))
gekK?
for all p,g > 0. The vertical differential is defined by the direct sum of chain differentials
Vo _
dpq = (=17 @ dc?
oek?

where d2 denotes the differential from C£'(%(0)) for all o € K?; of course d ¥ od” = 0. The horizontal
differential is given by the Cech differential d ;’Iq which is defined for a cell a € @ (o) as

> (=D)%(0; < 0)x(a),

0; <0
where @ (0; < o) denotes the induced chain morphism C(%(0)) — C£M (% (07)) for all faces o;
from o. Also, d® odH = 0 by functoriality of C!(-) and the fact that B(p < 1)« D(T <0)+« =D(p <0 )«
for any three simplices p < 7 < 0. Note that for each pair of indices i < j, the face map % (0;; < 0)«
appears twice with respective coefficients (—1)’ (—1)7 and (—1) (—1)7~!; which have opposite sign and
cancel out. On the other hand, anticommutativity d" o d® = —d ™ o dV follows since I (t < )« is a
chain morphism for all T < o from K.

Now, we consider the double complex spectral sequence from [McCleary 2001, Section 2.4]. Given & in
RDiag(K) there is a spectral sequence

E}) @) = @ Hy(@(0)) = Hp14(S(D))
oeK?
where STY(%) is the total complex defined as

SP@) = @B Cpy@)

p+q=n
Algebraic & Geometric Topology, Volume 24 (2024)



4276 Alvaro Torras-Casas and Ulrich Pennig

together with a differential d™' = dV + d . Also, recall that the total complex has a filtration induced
by the vertical filtration on C, 4 (%) given by

F"SP@) = @ Cpg@)

p+q=n
p<m

for all integers m > 0; see [Torras-Casas 2023] for an explanation. Next, we relate this total complex to
the geometric realization from Definition 2.10.

Lemma 3.1 There is an isomorphism CS (A%, §%) ~ SI°Y(%) which preserves filtration. That is,
FPCEN(AD, §8) ~ FP ST D) for all p > 0.

Proof First we define a chain morphism v/ : CS(A%) — ST°(%) generated by the assignment: a cell
o xc € (AD),, witho € KP and ¢ € 9(0)? for integers p+¢q =m, is sentto ¥ (o x¢) = (¢)g € STUD);
where by (c), we refer to the vector from S;1°'(%) which is zero in all components except at the component
indexed by o, where it is equal to ¢. On the other hand, v is a chain morphism since we have the equality

Y2 xc) =Y (=1) ( > (a0 = o)(c)]a>a,.) + (=D N (b2 c]b)g
0i=0 a€%(o; <o)(c) bec\c
=Y (=1 (@(0i 206)x(c))g; + (=)™ (@Z (c))o
g; <0
= @" +d")((c))
=d™((¢)o).
One can see that ¥ is injective, and admits an inverse ¥~ !: ST°(%) — C,ﬁf”(AQD) that sends (o), to
o x c. Notice that by definition ¥ sends a chain in F?C*'(AD) to a chain in F?S1°Y(%) for all p >0
and in particular it preserves filtration. |

Remark 3.2 Continuing with Remark 2.12, as both Apq(x)@" and hocolim(%) refer to the same space,
we could have considered the homotopy colimit spectral sequence

E) ,(Bd(K). %)= @ Hy(@(0)) = Hpiy(hocolim D).
oeBA(K)?

Let us construct a diagram of spaces whose geometric realization is homeomorphic to | K| for any finite
simplicial complex K. We start by taking a finite partition % of the vertex set V(K) and denote by K(U)
the maximal subcomplex of K with vertices in U € P. We denote by A” the standard simplex with
vertices in %. For a simplex 7 € K, we define () € A? to be the simplex consisting of all partitioning
sets U € &P such that t N U # &. In particular if U € P(t), then it determines a standard simplex
7(U) € K(U) of dimension [t N U|—1 > 0 whose vertices are precisely those from 7 N U, so that there
is an inclusion A™W) < |K(U)|. For a vertex v € K, we denote by ?(v) the partitioning set from %
which contains v.
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We define the (K, ?)—join diagram }5 : (A”)°P — FCW-cpx for all 0 C P by assigning the subspace
formed by the union of products of images
o) = |J J]m@ar® < kW)

peK Ueo
P(p)=0

for all o € A?; by definition, notice that a@g (0) €[ lyes |KU)|. Additionally, }g(U) = |K(U)]| for all
U €%. However, }g (o) could even be empty for 0 € A? with dim(c) > 0. For any pair t <o in A?, we
consider the projection 7¢<¢: [ [7eq | K(U)| = [[7e, | K(U)] that forgets all product components which
are indexed by vertices of o that are not vertices of 7. We claim that <4 restricts to a well-defined face
map }glf (r <0): }g (o) > ;‘eg (7). In order to show this, we consider an arbitrary simplex p € K such
that P(p) = 0. Next, we consider the face A(t) < p which is spanned by the vertices from p N U for all
U € 1, so that ?(A(r)) = 7 and also A(7)(U) = p(U) for all U € P. Then, we obtain the equality

reso ( [T ma"® < K@) = [T @O K@),

Ueo Uer
so the face maps are well defined, as claimed.

Lemma 3.3 Let K be a simplicial complex together with a partition % of its vertex set V(K). There is a
CW-complex homeomorphism A(}QIE )~ |K]|.

Proof Consider the continuous map f: A(}g ) — | K| defined by mapping a point

) (
( Z yUU’(X:XUU)Ue@(r))GA@(r . l_[ A* U)/N

Ue?(1) velU UeP(7)

0 ) er Vo) Xv¥ in AT forall T € K, where we have values 0 < yy <l and 0 < x, < 1forall U € P(r)
and all v € U, and such that } yeg(;y yu =1 and 3, ey Xy = 1 for all U € . On the other hand, let
Y ver Xv¥ € AT be a point such that 0 < x,, <1 for all v € A" and such that ) _, ., x, = 1. Then we can

define the inverse continuous map
4 I(Z xvv) ( Z (Z v) ’(w (Z vv))U )
VET Ued(zr) “vel VET €?(1)

where we consider a map Y : AT — AT given by
Xy .
Yo (Z xvv) _ Zver(U)(—Zver(U) xv)v if Zver(u) Xy #0,
veT x e ATU) otherwise, where * denotes any point (see below).

By the equivalence relation used to define A(}g ), the product factor AT is collapsed to a single point
for the subset of points whose U—coordinate in A?®) vanishes. If Y er(U) Xv = 0, then x, = 0 for all
v € t(U) and the U—coordinate of the point ), .. X, v in A?@ i5 0. It is straightforward to check that
f and f~! are well defined and consistent along K. O
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U 14 2X(1/A%)

X

.
9K (U)/ . \95 (V)
,%' \ Q/
i
;:-' [ i
. U [U, V] 1%

Figure 1: Depiction of K, }5 and A%,( from Example 3.4. Over the edge [U, V], we consider
}g ([U, V] C |K@U)| x|K(V)|, where we add dashed lines to illustrate the embedding into the
product. On the bottom left we depict A}g , where each red dashed line and each green line is
collapsed to a single point.

Example 3.4 Consider the simplicial complex K depicted in the top left part of Figure 1, formed by
gluing a 2-simplex to a 4—simplex along an edge. We consider a partition of the vertex set of K into the
two subsets = {U, V'}, where points in U are indicated by black circles and points in V' are indicated by
red squares. In the top right of Figure 1, we depict the standard 1-simplex A” together with the diagram
JQ{( over it. In particular, notice that Jg{< ([U, V]) is a subset of the product |K(U)| x |K (V)| and that the
morphisms JX ([U, V]) = JX (V) = |K(V)| and JX (U, V]) = JX(U) = |K(U)| are both projections.
In addition, notice that }g{( ([U, V]) has five vertices corresponding to the five different edges connecting
vertices from U to V, five edges corresponding to five 2—simplices containing vertices in both U and
V and a single 2—cell corresponding to the unique 4-simplex in K. Finally, the bottom left of Figure 1
shows the geometric realization AJQ{< .

Observe that }g is a diagram of prodsimplicial complexes as in [Kozlov 2008, Definition 2.43], which are
in particular regular CW—complexes. By the observations above we can therefore consider the associated
double complex spectral sequence
E) ,(95) = €D Hy(95 (0)) = Hpig(AFE) ~ Hp iy (K).
oEA?

Next, we show that the “size” of K is the same as the “size” of the diagram gg . For this, recall that each
simplex o € K corresponds to a unique simplex %(o) € A?. This is different to the case of a cover 9
for K, where a simplex in K might correspond to several simplices from the nerve No,. Here, we write
#L for the number of cells in a complex L.
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Proposition 3.5 #K = Z #}g (0).

oeEA?
Proof Consider an assignment ¥: K — | |, cp }5(0) given by sending p € K to (p(U))yep(p) in
X (@(p)). where (p(U)vepo) € [Trep(p) | K(U)|. By the definition of $X, v is well defined and
surjective. Also, v is injective as the vertex set from p € K is uniquely determined by the simplices p(U)
for all U € P(p). |

Now, let us consider a filtered simplicial complex K, € FCW-cpx such that its vertex set V(Kx) is
fixed throughout all values of R. Let % be a partition of V(K). We define the filtered regular diagram
}g € FRDiag(%) by sending r € R to }g ". These diagrams inherit the shift morphisms X Ky from Ky
in the following way: Let 0 € A? and notice that we have restrictions X5~" Kiy:|K-(U)| = |Ks(U)|
for all U € o, so that we have induced morphisms

[] =7 Ku: 957 (0)— 95 (0)

Ueo
for all o € A”. In turn, these induce a shift morphism on A}g which respect filtrations, so that we have
a commutative diagram

E;,q(}gpr) = A$y" — Ky

! Lo

Eyq(35°) == Agy” —— K

and thus PH. (A ;églf ) ~ PH4(K4). For each simplex o € A? one can see }QIP{ (0) as a filtered simplicial

complex, so that
E) ,(95)= €D PHy(F5 (0)) = PHpiy(K).
oge(A?)P
Example 3.6 Consider a point cloud X, a partition % and consider its Vietoris Rips complex VR (X) in
FCW-cpx. In this case we have a fixed partition of the vertex set of VR (X), which allows us to consider
the spectral sequence

VR,k X VR« (X
E} (355 = @ PHy (955 (0)) = PHp.44 (VR4 (X))
oeA?
This is very convenient as it avoids the main difficulties with the Mayer—Vietoris blowup complex
associated to a cover. Namely, one recovers PH (K) completely without any bounds depending on the

VR«

cover overlaps. In addition, notice that A $,, X) has the same number of cells as VR« (X), contrary to

the Mayer—Vietoris blowup complex, whose number of cells is much larger, as shown in Proposition 3.5.

The (K, %)—join diagram is related to [Robinson 2020, Example 4]. There the motivation behind
the filtrations is given by a consistency radius and a filtration based on the differences between local
measurements. The same example appears (without a filtration) as one of the opening examples in
[Hatcher 2002, Appendix 4.G].
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4 e-acyclic carriers

The following definition encodes our notion of “noise”.
Definition 4.1 Let X,Y € RCW-cpx. An g—acyclic carrier Ff: X« =2 Y[¢]s« is a family of acyclic
carriers F?: X4 =3 Y44, for all a € R such that
Y(a+e<b+e)Fi(c) C Ff(X(a<b)(c))
for all cells ¢ of X, and a,b € R with a < b.
The proposition below is an adaptation of [Munkres 1984, Theorem 13.4] or [Cooke and Finney 1967,
Lemma 2.4] to the context of tame filtered CW—complexes.
Proposition 4.2 Let X, Y« € FCW-cpx be tame, and assume that there exists an e—acyclic carrier
Ff: Xy =3 Y[e].

Then there exist chain morphisms f7: Cx(Xg) — C«(Ya4¢) carried by F} for all a € R, so that
Y(a+e<b+e)o f; = fyoX(a <b). Furthermore, given another such sequence of morphisms
8o Cx(Xa) = Cx(Yaie), there exist chain homotopy equivalences HE: g5 ~ f? which are carried by
F} foralla € R.

Proof Let b € R and assume that f;7 has already been defined for all values a < b, where we allow for
b = —oo. We first define f;° on all cells which are in the image of X(a < b) for any a < b using the
definition

fpoX@<b)y=Y@a+e<b+e)of;.

Notice that the assumption that X, € X3 is crucial for this to work. By hypotheses, given a cell
¢ € Im(X(a < b)), its image f;;(c) is then contained in

Y(a+e<b+e)F;(C) S Fy(X(a<b)(©)),
where ¢ € X, is such that ¢ = X(a < b)(C). Hence, f; satisfies the carrier condition. Next we define f;

)”ibsz\(U X(a<b)).

a<b

on the remaining cells in

We proceed to prove this by induction. First, choose a O—cell f;(v) € Fy (v) for each remaining 0—cell
v € Xp, and notice that dx f (v) = 0 = f;(dxv), where we use dx for the chain complex differentials.
Next, by induction, assume that for a fixed p > 0, the p—cells s € X}, have image f;;(s) carried by
F¢(s) and such that dx o f7(s) = f; o dx(s). We would like to extend f; to the (p+1)—cells. By
semicontinuity, given such a cell ¢ € Xj, its boundary dxc is contained in F;(c). On the other hand,
notice that by linearity and the induction hypotheses dx f; (dxc) = f; (d«xdxc) = 0; thus f;(d«c) is a
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cycle in C«x(Fj (¢)). By acyclicity, there exists h € C«(Fy; (c)) such that d«xh = f;’(d«c) and thus we can
define f;(c) = h. Altogether, we have defined a chain morphism f;7 which is carried by Fy;.

Since X« is tame, there exist a finite sequence of values a1 <as <--- <ap such that X; = X, for all
s € (aj—1,a;) where we define ap = —oo and ay +1 = co. We apply the construction of fbg for all values
b ranging over a; from i = 1 up toi = N. This determines the chain morphism f.f: Csx(Xx) = Cx (Y [€]4),
where we set f = f; forall s € (a;—1,a;] wherei =1,2,..., N and also f = f; forallt >ap.

Now, assume that g7 is also carried by F,’ for all b € R. Following [May 1999, Section 12.3], we define
the chain complex $ given by $¢ = ([0], [1]) and $; = ([0, 1]) and $ = O for k > 2. This is the cellular
chain complex of the unit interval / decomposed into two O—cells and one 1—cell. A chain homotopy
hy: f ~ g, corresponds to a chain map hj : Cel(Xp) ® 9 — CE(Yy) such that hy (x, [0D) = f7(x)
and hy (x, [1]) = gg (x) for all x € Xj. Let Hy(c,i) = Fj(c) for acell (¢,i) € X x I. By assumption,
H®: X x I =Y is an e—acyclic carrier. Note that C£(Xp) ® 9 2= C (X, x I). Replicating the first
part of the proof we can now extend any map hj : Cel(Xp) ® $9 — C(Yp) with the above properties
to all cells of X x I. |

Definition 4.3 Let X, Yx € RCW-cpx. A shift carrier is an e—acyclic carrier Iy : Xsx = Xxy, carrying
the standard shift X% X . Let two e—acyclic carriers

F83X*3Y*+s, GSiY*:;X*-i—e»

together with shift carriers / )%8 and [/ %8. We say that X, and Y. are e—acyclic equivalent whenever we
have inclusions G¢ o F¢ C I)%a and Fé o G¢ C I%s.

The motivation for the definition of e—acyclic equivalences is the following lemma:

Proposition 4.4 Let X, and Y, be two tame elements from FCW-cpx which are e—acyclic equivalent.
Then PH(X ) and PH(Y) are e—interleaved.

Proof By Proposition 4.2 we know that there exist two chain maps ff: Cx«(Xx) = Cx(Yi4,) and
g% Cx(Yy) = Cx(Xxye) carried by F? and G? respectively. By hypothesis the compositions g€ o f¢
and f¢ o g are carried by corresponding shift carriers /3¢ and I2°. Thus, using the second part of
Proposition 4.2 we obtain chain homotopies g o & ~ £2¢Cy(X) and f€ o0 g® ~ £2¢C,(Y). Altogether,
in homology these compositions are equal to the corresponding shifts, and PH«(X«) and PH.(Y) are
e—interleaved. O

Example 4.5 Consider two finite metric spaces X and Y. Let dg (X, Y) be their Hausdorff distance
and set ¢ = 2dy(X,Y). Given a subcomplex K C VR(X), we denote its vertex set by X(K) C X.
Likewise for a simplex 0 € VR(X), we write X(0) C X for the vertices spanning o. Define a carrier
F?: VR(X) = VR(Y) by mapping a simplex o € VR(X), to

F®(0) = [sup{K € VR(Y)a+s | du(X(0), Y(K)) < &/2}].
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This is clearly semicontinuous. If vy, ..., v, are vertices in F¢(c), then by definition {vg, ..., v,} is
an n—simplex in F?(c0). Therefore we have F®(0) ~ A" for some N € Zs¢, which is acyclic. In
particular, F¢ is an e—acyclic carrier. Interchanging the roles of X and Y we also obtain an e—acyclic
carrier G®: VR(Y) =2 VR(X). Similarly, we define for a simplex 6 € VR(X), the shift carrier

I§°(0) = |sup{K € VR(X)a+2¢ | du(X(0), X(K)) < e}].

Analogously one defines I%f . Since G®o F¢ C 15%8 and F¢o G® C I%{S , Proposition 4.4 implies that
PH.(VR(X)) and PH«(VR(Y)) are e—interleaved. This is similar to the proof using correspondences;
see [Oudot 2015, Proposition 7.8, Section 7.3].

Example 4.6 Consider RY together with a 1-Lipschitz function f: R¥ — R with constant & > 0.
On the other hand, consider the lattices Z~ and rZ”~ + [ for a pair of vectors r,/ € R" such that the
coordinates of r satisfy 0 < r; <1 forall 1 <i < N. Then we take their corresponding cubical complexes
@(ZN) and €(rZ"N + 1) thought as embedded in RY. The function f induces a natural filtration for
these cubical complexes: a vertex v € 6(Z") is contained in ¢(Z") #(v)> While a cell a € @(ZN) appears
at the maximum filtration value on its vertices. There is an e—acyclic carrier F¢: €(ZN) =2 €(rZN +1)
sending each cell a € €(Z™) to the smallest subcomplex F®(a) containing all b € 6(rZ~ + 1) such
that b Na # @. In an analogous way the inverse acyclic carrier can be defined, and the compositions
F?0G® and G® o F® define the shift carriers. Thus, using Proposition 4.4, one shows that PH, (€(Z"))
and PH, (6(rZ"N +1)) are e—interleaved.

An important assumption of Proposition 4.2 is that we are dealing with tame filtered CW—complexes.
However, what if we considered a pair of elements X4, Y« € RCW-cpx instead? In this context, we
notice that given an e—acyclic carrier F®: X, — Yi[g], it is not necessarily true that the compositions

Y(a+e<b+e)F;(c) and F;(X(a <b)(c))

are still acyclic for all pairs a < b from R. Thus, whenever we talk about e-acyclic carriers F'¢: Xy — Yi[g]
in this context we assume that F;;(X(a < b)(c)) is acyclic for all pairs a, b € R with a < b and all cells
c € X(a).

Corollary 4.7 Let X«, Y« € RCW-cpx be a pair of elements such that both are e—acyclic equivalent in
the above sense. Then dj (PH«(X«), PH«(Yy)) <e.

Proof For each persistence value a € R, we use Theorem 2.4 twice to obtain a pair of chain morphisms
fa:CSMN(X)—C 5118 (Y)and gg+.:C ;‘EEE(Y) —C 5112 .(X). Ina similar way we obtain a pair of chain ho-
motopies gq+0 fu = (Z2°CLN(X))g and fy4e084 = (Z26CEN(Y)), so that we have equalities between
the induced homology morphisms [ga+¢]o [ fa] = [(E**C5™(X))a] and [ fa+elo[gal = [(Z**C(Y))a]
for all a € R. Now, for a pair of values a < b from R, it is not necessarily true that

Ya+e<b+e)o fo= froX(a=<Dh).
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However, since Y(a + & < b +¢)o fg and fp o X(a < b) are both included in F;(X(a < b)(c)) by
hypotheses, then by applying Theorem 2.4 again there is a chain homotopy equivalence

Y(a+e<b+e)o fu~ froX(a<bh),
which implies
Y(a+e=b+e)]olfal =[fplo[X(a=b)],

and we have defined a persistence morphism [ fx]: PHx«(Xx) — PHx(Y«[e]). Similarly, we can also put
together the g, for all a € R so that we obtain a morphism [gx«]: PH«(Yx) — PH.(X«[e]). This leads to
the claimed e—interleaving. a

Example 4.8 In the appendix, we describe a filtered CW—-complex X, a regularly filtered CW-complex Y,
together with a pair of O—acyclic carriers (ie e =0) F: Y =2 X and G: X =2 Y which, together with
the compositions G o F and G o F as shift carriers, define a O—acyclic equivalence between Y and X.
Therefore, by Corollary 4.7 we obtain isomorphisms PH, (X) = PH,, (Y) for all n > 0. In this case, notice
that Y is much smaller than X; thus it is worth considering the regularly filtered complex Y in place of X.
Next, we briefly describe how one could use e—equivalences. In this case, one could have considered a
filtered complex X which is equal to X outside the intervals (i —e&,i + ¢) for values i = 1,2,3,4 and
for some € < 1/2. Notice that in this case one should be able to obtain an e—acyclic equivalence between
X and Y, so that by Corollary 4.7 PH,, (X) and PH,,(Y) are e—interleaved for all n > 0.

Remark 4.9 Notice that our notion of acyclicity is different from that in [Cavanna 2019] and [Govc and
Skraba 2018]. In [Govc and Skraba 2018] a filtered complex K is called e—acyclic whenever the induced
homology maps H«(K;) — H.(K;+¢) vanish for all » € R. In this case, one can still (trivially) define
acyclic carriers between * and K. The problem arises when defining the shift carrier / I‘ée for some
constant A > 0, which does not exist in general. One can however, adapt the proof of Proposition 4.2 so
that there is a chain morphism ¥ *@m&N+D: €, (K,) — Cy(K; te(@im(k,)+1)); and that this coincides
up to chain homotopy with the composition through C.(x). One does this by following the same proof
as in Proposition 4.2, but increasing the filtration value by ¢ each time we assume that some cycle lies in
an acyclic carrier. Thus, if we have dim(K) = sup, cg (dim(K;)) < oo, then one could say that there is
an e(dim(K)+ 1)—approximate chain homotopy equivalence between C(*) and C(Kx).

5 Interleaving geometric realizations

Next, we focus on acyclic carrier equivalences between a pair of diagrams %, ¥ € RRDiag(K). We start
by taking e—acyclic carriers FZ: % (o) =2 £¥(o) for all 0 € K which have to be compatible in the sense
that for any pair t < o and any cell ¢ € %(0), there is an inclusion

2 L(r 20)(Fg(c)) € F(B(r 2 0)(c))
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and we assume in addition that F£(%(t < 0)X"%(0)(c)) is acyclic for all » > 0. This compatibility leads
to “local” diagrams of spaces. That is, given a pair of values a € R and r > 0 and a cell ¢ € %(0),, we
consider an object Fyx, € RDiag(A%). It is given by the space Fyx.(t) = F£(D(r < 0)Z"%(0)(c))
for all faces T < 0. For any sequence p < 7 < o in K, there are morphisms in F,. given by restricting
morphisms from &:

T —— Fake(t) == F{(2(r 20)X"D(0)(c))
ﬁT l léf(pﬁr)
p—— Fie(p) == F5(@(p < 0)Z'9(0)(c))

Using condition (2) repeatedly on the cells from L = %(t < 0)X"%(0)(c), we see that we have an
inclusion
L(p < ) (FF (L)) C Fg(B(p < 1)(L)).

Thus the diagram F_%, is indeed well defined, and we may consider the geometric realization A F, ..
By hypothesis, each Fj%.(t) is acyclic for all ¢ < o, so the first page of the spectral sequence
Ey (Foxe) = Hpig(AFgy,) is equal to

@TE(AG)p ]F ifq - O,

1 re N _ r,e —
Ep,q(Foxc) = @ Hy (Fg%c (1)) = 0 otherwise.

Te(A%)P
In fact, computing the homology with respect to the horizontal differentials on the first page corresponds
to computing the homology of A?. Thus, F pz’ q(Fg’fC) is zero everywhere except at p = g = 0 where it
is equal to F. Thus, the spectral sequence collapses on the second page, and A Fo, is acyclic. We use
the notation F£, . = Fyz..

Definition 5.1 Let 9 and & be two diagrams in RRDiag(K). Suppose that there are e—acyclic carriers
Ff:9(0) = £(o) for all 0 € K, and that

L(r 20)(Fy(c)) € Fg(@(r 2 0)(c))
for all ¢ € @(o) and in addition Ff(2(r < 0)XZ"%(0)(c)) is acyclic for all » > 0. Then we say that the
set { F¢}sek is an (e, K)—acyclic carrier between & and £. We denote this by F°: % = <.

Theorem 5.2 Let % and & be two diagrams in RRDiag(K). Suppose that there are (g, K)—acyclic
carriers F¢: 9% = % and G*®: ¥ =2 9, together with a pair of shift (¢, K)-acyclic carriers IQ%S: G =29
and | 5%8: ¥ = &, and such that these restrict to acyclic equivalences

Gio Ff C(12%); and FEfoGEtcC (12°),

for each simplex © € K. Then there is an e—acyclic equivalence F®: A% = A¥ which preserves filtration.
That is, there are e—acyclic equivalences FP F¢: FPAYD = FPAY forall p > 0.
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Proof Leto xc € AD be a cell, where ¢ is an m—cell in @(0). Define an acyclic carrier Fé: A% = AZ
by sending o x ¢ to the acyclic carrier AFZ, ., which is a subcomplex of A¥. Let us first check
semicontinuity. For any pair of cells T Xxa < o X ¢ in A%, the cell a is contained in the subcomplex
9(t < 0)(c), and by continuity of @(p < t) we have that 9(p < 7)(a) C 9(p < 0)(c). Thus there are
inclusions

FE@(p < 7)(@) S FE@(p < 0)(0) = FS(@(p < 0)(c))

for all p < t. More concisely, Ff,,(p) € F,.(p) for all p < 7. As a consequence AFf, , C AFf,,

and semicontinuity holds.

Next, notice that F&(X" A% (o x ¢)) = Fé(o x £"%(0)(c)) = AF,%. which is an acyclic carrier. In
order for F¢ to be an e—acyclic carrier, it remains to show the inclusion X" A¥ o F& C Ffo 3" A% for
all » > 0. For this, take o0 x ¢ € A% and see that

Y'ALo Fé(oxc)= E'Aéﬁ( U Tx FE(D(r < 0)(0)))

=<0

= U X T L(1)(F{ (@(x 2 0)(c)))

=<0

c U T x FE(Z"D(0)D(r < 0)(c))

= | tx F£(9(r < 0)"%(0)(c))

=F%(oxX"%(0)(c)) = FEo X" A% (0 X ¢).

Similarly, one can define an e—acyclic carrier G®: AL = A% sending 0 xc € A¥L to AGE .. In addition,

we define respective shift e—acyclic carriers Ig%s: A% = A% and [ 0%8: AY¥ = AY sending, respectively,
oXc€EADto A(Ig%s)gxc and T xXa € A¥ to A(lés),xa. Then we have

G®o F®(o xc¢) =G*(AF.,,)

= Gs( | e x FE@( = o)(c)))

=<0

= U »xGi(Ep =0 F@(x 20)(0)))

p=T=0

€ |J pxGFS(@(p = 0)(0) € AU )oxe = 13°(0 x 0).
p=0
where we have used the commutativity condition and equivalence of F; and G;. Consequently,
G*® o F¥¢ C 12¢; the other inclusion F¢ o G® C I2¢ follows by symmetry. Altogether, we have obtained
an e—equivalence F¢: A% = AZ. Finally, notice that for all p > 0 and for each cell 0 x ¢ € FP A%,
its carrier AF¢, . is contained in F” A% and so it preserves filtration. The same follows for the other
acyclic carriers. |
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Let X € FCW-cpx together with a cover . Recall the definitions of the diagrams X" and nSL over No
from Example 2.9. Let df (PH* (X"(0)), PH, (ngi(o))) < ¢ for all 0 € Ny,. This example has been of
interest before; see for example [Govc and Skraba 2018] or [Cavanna 2019]. As mentioned in Remark 4.9,
our notion of e—acyclicity is much stronger than that from [Govc and Skraba 2018]. This is why we obtain
a result closer to the persistence nerve theorem from [Chazal and Oudot 2008] than to the approximate
nerve theorem from [Govc and Skraba 2018].

Given a diagram % € FRDiag(K), recall the diagram 7¢% from Example 2.11. We may define an
(&, K)—acyclic carrier 5% : % =3 mo% where we send cells to their corresponding connected component
classes. The compatibility condition 7o (2 (7 < 0))(w§D(D(0))) S 75D (D (7)) also follows for any pair
of simplices 7 < o from K.

Corollary 5.3 (strong approximate multinerve theorem) Consider a diagram % in FRDiag(K). Assume
that there is a (e, K)—acyclic carrier F®: mo% = 9 such that the composition F; o m{%, carries the
shift morphism $%¢%,, for all o € K. Then, there is an e—acyclic equivalence F¢: MNerv(%) = A%.
Consequently,

d; (PH.(MNerv(%)), PH, (AD)) < &.

Proof The shift (2¢, K)—carrier Iﬁ(f@ sends points to points, while the other 12¢ is defined as the
composition Fy o %, which is a (2e, K)—acyclic carrier by hypotheses. Thus, by Theorem 5.2 there
exists an e—acyclic equivalence F¢: MNerv(2) = A9. m|

Example 5.4 Consider a filtered simplicial complex L« together with a partition of its vertex set . As-
sume that the (L., %)—join diagram O@éﬁ * is such that there exists a (¢, K'))—acyclic carrier F'®: w9 $5,* = $5*
such that FJ o %5 (0) is a carrier for 2 }é* (o) for all o € AP . Then, by Corollary 5.3, there is an
e—acyclic equivalence Amg (}é )= A}é * such that

dr (PH.(MNerv($5*)), PHx (L)) <e.
Acyclic carriers have been used in [Kaczynski et al. 2004] and in [Nanda 2012] for approximating
continuous morphisms by means of simplicial maps. Here we have used the same tools to obtain an
approximate homotopy colimit theorem. The acyclic carrier theorem is an instance of the more general

acyclic model theorem; see [Eilenberg and MacLane 1953, Section 2]. An interesting future research
direction would be to see how that general result can bring new insights into applied topology.

6 Interleaving spectral sequences

Definition 6.1 Let s¢ and % be from SpSq. A n—spectral sequence morphism f: s§ — % is a spectral
sequence morphism f: s — %B which is defined from page n.
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Definition 6.2 Given two objects & and %B in PSpSq. We say that s{ and % are (&, n)—interleaved
whenever there exist two n—morphisms v : d — B[e] and ¢: B — s[e] such that the diagram

A B
sa] $>5 [

3) Ale] Ble]
E%@[e]lw[g]\ \‘ﬁ[g] lEs%[S]
Al2¢] B[2e]

commutes for all pages r > n. This interleaving defines a pseudometric in PSpSq,

df (s, B) :=inf{e | o6 and B are (e, n)-interleaved}.

Proposition 6.3 Suppose that 4 and B are (¢, n)—interleaved. Then these are (¢, m)—interleaved for all

m > n. In particular, we have that
df" (A, B) < dj (s, RB)

for any pair of integers m > n.
Proof This follows directly from the definitions. a

We start now by considering Mayer—Vietoris spectral sequences. Under some conditions which are a
special case of Theorem 5.2, one can obtain one-page stability. In fact, this stability is due to morphisms
directly defined on the underlying double complexes, which is a very strong property.

Proposition 6.4 Let X and Y be two tame elements in FCW-cpx together with a pair of respective finite
covers AU and V" by subcomplexes such that K = Noy = N+. Suppose that there are (¢, K)—acyclic carriers
F&: X" =YV and G*: YV = X", together with a pair of shift (¢, K)-acyclic carriers 135 : X" = X"
and [ }z,i : YV =3 Y7, and such that these restrict to acyclic equivalences

GEoFf C(Igf): and FfoGEcC (Iy5).
for each simplex t € K. Then there is a pair of double complex morphisms

$°: Cane(X. ) = Cu (Y, V)[e] and Y°: Cun(Y,V) = Crn(X,U)[e]

inducing a first page interleaving between Ey (X, W) and ES (Y, ).

Proof Unpacking the definitions, this means we have to give chain homomorphisms

@5)r: Cx (X" (0)r) = Co(YV (0)r4e)s  (¥5)r: Co(Y T (0)r) = Cu(X " (0)r+e)

that are natural in 0 € K and in r € R. Since K is a poset category, these can be constructed inductively as
follows: As in Proposition 4.2 we may define ¢Z on all simplices 0 € K of dimension dim(0) = dim(KX).
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Note that (¢), is carried by (FZ), for all r € R. Assume by (reverse) induction that ¢ are defined
and carried by F/ for all € K with n < dim(r) < dim(K) in such a way that for all cofaces t < o
the naturality condition ¢ o X(t < o) = Y " (r < 0)[¢] 0 ¢¢ holds. Now let T € K have dimension
dim(r) = n — 1 > 0. The naturality condition on the simplices fixes ¢¢ on the filtered subcomplex
XT = Up<o Im(X U(t < 0)), where the union is taken over all cofaces o of 7. Here notice that we
can assume that ¢¢ is well defined since the previous choices of ¢¢ for all cofaces t < o are consistent
due to the fact that for each cell ¢ € X7 there exists a unique maximal simplex o € Ng such that
¢ € X"(0). In addition, notice that by hypotheses YV (t < 0)((F£)(c)) € FE(X"(t < 0)(c)) for all
a € Rand ¢ € X"(0), so that our definition of ¢¢ in X is indeed carried by F¢. We then proceed as in
Proposition 4.2 to define (¢¢), on all simplices in the subset X (), \ X7 for all a € R. The resulting
chain map (¢¢), is carried by (F¢), for all @ € R. Since X is tame, we only need finitely many steps
to obtain a morphism ¢¢: C« (X" (7)) — C«(Y " (7)[¢]) that satisfies the induction hypotheses.

Thus, we obtain double complex morphisms ¢p 1 Cp 4 (X, U) — Cp 4 (Y,V)[e] for all p, g > 0 by adding
up our defined local morphisms
$5. P o5 P (XM 0) — P C YV ()l
oceK? oceEK?P oeEK?

Notice that the ¢7 , commute both with horizontal and vertical differentials since we assumed that each
¢¢ is a chain morphism and these satisfy a naturality condition with respect to K. Thus, this double
complex morphism induces a spectral sequence morphism ¢, ,: E, /(X W E q(Y ")[¢]. By doing
the same construction, we can obtain local chain morphisms ¥&: Cx(Y " (0)) — C« (X" (0))[¢] so that by
Proposition 4.2 we have equalities [{/&]o[¢] = [Z2Cx (X "(0))] and also [pE]o[yE] = [Z26Cx(Y 7 (0))]
for all o € K. Then we can construct a double complex morphism /7 . : Cp g (Y, V) = Cp q(X,U)]e]
inducing an “inverse” spectral sequence morphism ¢, @ E ;" )~ E ;, ¢(X,W)[e]. These are such
that from the first page, ¢; , and ¥§ , form a (g, 1)-interleaving of spectral sequences. m|

Notice that the proof of Proposition 6.4 relies heavily on the fact that the diagrams we are considering
come from a cover. This allows us to define a pair of double complex morphisms that are compatible
along the common indexing nerve. However, in Theorem 5.2 we observed that, under some conditions,
the geometric realizations of regularly filtered regular diagrams are stable. Does this stability carry over
to the associated spectral sequences? The next theorem shows that this is indeed the case.

Theorem 6.5 Let % and & be two diagrams in RRDiag(K). Suppose that there are (g, K)—acyclic
carriers F¢:9% =% ¥ and G®: ¥ =3 %, together with a pair of shift (¢, K)—acyclic carriers 1@28: D=D
and [ 6%8: ¥ = &, and such that these restrict to acyclic equivalences

GEo FEC (I2%), and FfoGEC (I3),

for each simplex t € K. Then
d} (E@.K).E(£.K)) <e.
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Proof Recall from Theorem 5.2 that there is a filtration-preserving e—acyclic carrier F¢: Ax% =2 Ag <.
Given r € R, this implies that there is a chain complex morphism f,°: Cx(A9D), — C«(AZ), ¢ carried by
F} and which respects filtrations in the sense that f,°(F?Cx(A9D),;) € FPCx(A%)r4¢ forall p > 0. By
Lemma 3.1 this defines a morphism f,¢: ST(®), — SI°Y(£), ;. which respects filtrations. Altogether
we deduce that f,° determines a morphism of spectral sequences f,°: E ;, ¢@D)r —>E ;, ¢(Lr+e. Similarly
as in Corollary 4.7, the commutativity

(4) ESE;,q(‘gg)r-i-Eofrs = r+sOZSE*q(gD)r

does not need to hold for all » € R and all s > 0. However, by definition of e—acyclic carrier, there
is an inclusion ¥YA¥ o F® C F® o %A% where the superset is acyclic, so Z*Cx(AZL),4¢ 0 f,f and

10 X7Cy(AD), are both carried by the filtration preserving acyclic carrier F'® o X¥ A%, This implies
that there exist chain homotopies h%: C, (AD), — Cpy1(AL)r 45+ Which respect filtrations and satisfy

e 0T Cu(AD), — D5 Co(AL)p1e 0 fF =8B 0 hE 4 hE 0 82,
for all » € R and all s > 0. Recall that the zero page terms are given as quotients on successive filtration
terms Eg’q(@)r = FPS;S;q(Qb)r/Fp_ngﬂﬁq(éb)r, for all r € R and all integers p,q > 0. Thus, by

Lemma 3.1, these chain homotopies carry over to S,°(%), and the commutativity relation from (4) holds
from the first page onwards.

Similarly, we can define spectral sequence morphisms g&: E» g (Dr = E Ij" ¢(D)r+¢ for all r € R which
commute with the shift morphisms from the first page. Also, by inspecting the shift carriers, we can obtain
equalities of 1-spectral sequence morphisms g2, o f,f = Z**EX (%), andalso ff, ogé =S*Ey (¥£),
for all r € R, and the result follows. O

Example 6.6 Consider a pair of point clouds X, Y € R¥, together with partitions % and 2 for X and Y
respectively. Also, assume that there is an isomorphism ¢: A” — A? such that dg (X NV, Y Np(V)) <e
for all V € %. As defined in Example 4.5, there are e—acyclic carrier equivalences

F5: VR.(XNV) = VR(Y N V)

for all V' € U. Now suppose that, for some 7 > 0, if }VR* X) (0)r # @ then }VR*(Y)(d) (0))r+4y # @ for
alloc € A” and all r € R. For any o € A?, one can define (e417)—-acyclic carriers

F'(s—f-r]) . };R* X) (0)= jg\z/R*(Y) )

by sending a cell [Tycy v € $o* (0 10 [Ty eo E”VR* (Y NV)(FE(ty)) € gVR*( )(0)r 4 (ey) for
all r € R. Similarly, we assume the converse that }VR*( (6), # @ implies }VR* (gi)‘l(é))ﬂr,7 * g
for all & € A? and all » € R. With an analogous definition to that of F§8+"), we obtain “inverses” for
the carriers ﬁ§8+"), so that these become (¢+1n)—acyclic equivalences. One can check that these are
compatible along A? and A?, so by Theorem 6.5

dHEL (g3 A7), EX (93 A%) <e 4.
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7 Interleavings with respect to different covers

7.1 Refinement induced interleavings

In the previous sections we considered general diagrams in FRDiag(K) for some simplicial complex K.
We now focus on the situation where we have a filtered complex X together with a cover U, which
provides a diagram X"*: No, — FCW-cpx. The associated spectral sequence is denoted by E :,*(X ,U),
as done at the start of Section 3. We want to measure how E ,(X,U) changes depending on U and
follow ideas from [Serre 1955] to achieve this. First we consider a refinement 4" < A, which means
that for all V' € V', there exists U € U such that V' € U. In particular, one can choose a morphism
,oou’o'/: Noyy — Nq, such that 'y C AU,y for all o € Ny, This choice is of course not necessarily unique.
We would like to compare the Mayer—Vietoris spectral sequences of both covers. For this, we recall the
definition of the Cech chain complex outlined in the introduction of [Torras-Casas 2023], which leads to

the following isomorphism on the terms from the O—page:

S Ep (X0 =% ¢ = @ MUy = @ A7 (N a%e M),

geNY seXx4
Here, o(s,) is the simplex of maximal dimension in Nq, such that s € X (o (s,9)), and
fo(s,ﬂu): Ao(s,ou) s NGIL
denotes the inclusion. The isomorphism in (5) is given by sending a generator
(a)s € @ C(;eu(ouc)
oENY

to its transpose (0)g4, for all cells @ € X and all o € Ny.

Returning to a refinement " < AU and a morphism p""": Ny — Ng, there is an induced double complex
morphism p?)f};/: Cpqg(X, V) = Cpq(X,U) given by
AT (o = | 0" Oa I dim(5" Vo) = p.
P-4 “ 0 otherwise,
for all generators (0), € Cp¢(X, V) witho € Nolﬁ’ and a € X1,

Lemma 7.1 piL:/ is a morphism of double complexes. Thus, it induces a morphism of spectral sequences

ppd  Ep (X)) — Ex (X,)

dependent on the choice of p™".

Proof Let§” and 8" denote the respective Cech differentials from G p (V' C ;e“) and 6 p(U; C ;e“). The
refinement p" : N4 — Ny induces a chain morphism po}f’v: CE(Ny) — CM(Nqy), so that we have
commutativity poffzf 08V =8"%0 p?,f;'/ . This implies that p?f:/ commutes with the horizontal differential d .
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For commutativity with d "V, we consider a generating chain (0), € E 3’ ¢(X. V) witho € ch and a € X1.
Then, if dim(p™V o) = p,

P 0dY ((0)a) = o, ((—1)1’ > :a]a)b)

b=a
=(=D? > ([b:alp"™ 0)p = (=1)Pd;" (0" 0)a) =d” 0 pyy ((0)a)
b=a
and for dim(p""o) < p commutativity follows since both terms vanish.

A morphism of double complexes gives rise to a morphism of the vertical filtration. By [McCleary 2001,
Theorem 3.5] this induces a morphism of spectral sequences pi}f:/ . |

Since p»": Nov — Ny is not unique, the induced morphism ,o?‘f;'/ on the 0—page does not need to be
unique either. We have, however, the following:

Proposition 7.2 The 2—-morphism obtained by restricting pfy:f is independent of the particular choice of
refinement map p™»" : Ny — No.

Proof We have to show that pofl/ is independent of the particular choice of the refinement morphism.
First, define a carrier R: Ny = Nq, by the assignment

o+ R(o)={veNy| Vs CU,}

The geometric realization of the subcomplex R(o) is homeomorphic to a standard simplex, in particular
contractible, so R is acyclic. Note that pi{’:/ is carried by R. Hence, by Theorem 2.4 for any pair of
refinement maps ,oou’c'/, 7 WYV: Ny — Ng, there exists a chain homotopy kx: Cp(Ny) = Cp41(Ny) carried
by R such that

kw8 +8Vky = 1V — p bV

for all n > 0 and where ‘E? ¥ and ,oiL’OV are induced morphisms of chain complexes Cx(Nv) = Cx(Nyy). In

particular, using the same notation, this translates into chain homotopies k«: E g, X V) —>E g tlg (X,u)
on the 0—page such that

k8" + 8"y =1 — i
Thus, r?: ;V = ,o?fif from the second page onward. O

Example 7.3 Consider a filtered cubical complex %.. At value 0, %, is given by the vertices on R?
at the coordinates a = (0,0), b = (1,0), ¢ = (2,0), d = (3,0),e =(0,1), f =(1,1), g = (2,1) and
h = (3, 1), together with all edges contained in the boundary of the rectangle adhe. Then, at value 1
there appears the edge bf with the face ab fe. At value 2 the edge gc with the face fgch, and finally
at value 3 the face ghdc appears. This is depicted on Figure 2. Then, consider the cover Uy by three
subcomplexes on the squares A = (a, b, f,e), B=(b,c, g, f)and C = (c,d, h, g). Also, we consider
the cover AU; given by A and C U B, and AU, given by all €. The induced morphisms on second-page
terms at different filtration values are either null or the identity, as illustrated on Figure 3.
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Figure 2: Cubical complex €, at values 0, 1, 2 and 3.

A consequence of Proposition 7.2 is that if we have a space X together with covers U < V" < AU, then by
uniqueness the morphism on the second page induced by the consecutive inclusions coincides with the
identity. This gives rise to the next result.

Proposition 7.4 Suppose a pair of covers W and V' of X are a refinement of one another. Then there is a
2—spectral sequence isomorphism E f’*(X L) ~ E2(X, V).

This implies that for any cover U of X, the cover U U X obtained by adding the extra covering element
X is such that the second page E 1%,11 (X,U% U X) has only the first column nonzero.

Lemma 7.5 Consider a cover AU of a space X, and suppose that X € U. Then E 1%, ¢(X. ) = 0 for all
p>0.

Proof This follows from the observation that the cover {X} consisting of a single element satisfies
{X} < U< {X}. Using Proposition 7.4 we therefore obtain isomorphisms E 53 X, W)~ E 3’ (X AXD),
and the result follows. d

Suppose that none of the two covers V" and AU refines the other. One can still compare them using the
common refinement V' NU = {V N U }y ey, yeq Which is a cover of X. Thus, there are two refinement

morphisms
2 Pra " 2 ppia" 2

©6) E; (X, W) «—— E; (X.VNWU) —— E (X, 7).
Ou() Oul Ouz

0y

0

[ Ida

 —e—
e .

B BEE NEEE
[ [ [

Figure 3: Cubical complex 6, with covers Ug, U and U,, and with filtration values 0, 1 and 2.
Blue dots represent classes in £ 12,0 (6,U;) and red loops represent classes on E§,1 (€,U;), for
i=0,12.

2
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(V1N Va)NUs (V1N Va)NUs

L
0! EEO

inUy, inUy VanU, Vin U NUy) mintUy, inUy Va,NU, V1N U NU,)

Ll

—o
e

Figure 4: Cp 4(V', U, PHy) at filtration values O and 1.

Following [Serre 1955, Section 28] we can now build the double complex C, 4, (7', U, PHy) which, for
each k > 0, is given by

(_1)p+180u
P PHL (Vo NU) P PH(Vo N )
oeNf+l UGN;‘fH'l
TeN,! re]\lﬂ""

b v

— 178%1
P PH (Vo nU) 22 P PH(Ve Ny

oeNy oENY
q 1
‘L’GN(M reNq‘{J’_

for any pair of integers p,q > 0. From this double complex we can study the two associated spectral

sequences
'Ep (V. WPHy) = @D T,(Vo N PH),
oeN}t
"E, (V.U PHy) = €D 96, (" N U PHy)
p’q ) ) D T k ’
tGNﬁ

whose common target of convergence is %76,, (V" N ou; PHg) with p + ¢ = n. For details about the
spectral sequence associated to a double complex, the reader is recommended to look at [McCleary 2001,
Theorem 2.15].

Example 7.6 Consider the cubical complex €. from Example 7.3. Set U = AUy, that is, U is the cover
by the sets Uy = A and U, = B U C. On the other hand, consider V" to be formed of V1 = AU B and
V2 = C. The double complex C, 4 (7", U, PHy) is illustrated on Figure 4 for filtration values 0 and 1, and
for k = 0. We encourage the reader to work out the refinement morphisms from (6) and see that these are
actually projections.

Consider the nerve Neynq, as a subset of the product of nerves Ny x Ng. We have then two projections
77 Norpaw = Noy and 7% Noyay — Nay, both of which induce chain morphisms yrjf :Cx(Nynay) = Cx (Nvy)
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and 77, : C (Nynar) = Cx(Nay). Forexample, ) is given by ) (0 x1) =0 if dim(r) =0 or ) (0 x7) =0
otherwise, for all 0 € Ny and 7 € Nou. These induce a pair of morphisms

P o) <2 P Ve nun) 5 P Gy,
oeN} oeNS teN]

TGN(,]({

for any pair of integers p, g > 0. The induced map JTZ © on Cr (Ve NAU) satisfies

7,1 (0 X T)a) = (1, (0 X T))a

forall o € qu) ,T€ Ny and all a € (V4 NU)K. The map JT,G.ZL’* acts similarly. By definition 712{* and

JT;V,* both commute with the Cech differentials §" and §" respectively. Let o € Ne,f and 7 € Nog. Then
we have

v
Ty, s

(0X1)g > (0)a
b e
Ypealbraloxt)y ——= > pca([b:alo)y
forall cellsa € (Vs N Ouf)k This implies that n* « commutes with d,, and the same holds for JT* « We

obtain a morphlsm e ok -G p (V' NAU; C Cell) N » (V' C Ceu) commuting with dy and §V"" and SCV This
induces k" Dk CGP(°V mou PHy) — %p(V PHy,) and, in turn, this induces

9;“,:“”% S, (V N U PHy) — 96, (V; PHy).

v, me

There is a Very natural way of understanding how much 9 fails to be an isomorphism. To start,

notice that Kp’ & 1s equal to the composition
G, (V NU; PHE) — "EQ o (V, U PHk) <ép(°V PHy).

where the first morphism forgets the summands with t ¢ N; the second morphism is the restriction
of KZ « to the remaining terms. Next, we take for each simplex o € N. 7 the Mayer—Vietoris spectral
sequence for V¢ covered by V' NAU

M7 (Vo NAU) = PHy 4 (Vo),

where we changed the notation from E ; Vo, Ve NU) to qu (Ve NAU) as it helps distinguishing this
spectral sequence from 'E ;’ 4 Then, we write more compactly

'Ey (V. UPH) = @ M2, (Vo NU).

oeNf
Taking 'E ;,o(on a; PHy) as a chain complex, Inj,/’ « induces a chain morphism
v 1 >
"7y 1 'E p (V.U PHy) — €, (V' PHy)
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for all p > 0. In particular, the restriction of IJT;/’ & to the summand M(i (Ve M) equals the composition
Mg (Vo NU) = M5 (Vo NU) = PHE (Vo).

Notice that PHy is a cosheaf, and in this case M& o(Ve NAU) =PHo(Vy) for all o € NO{‘;7 . This implies
that In;/’ o 18 an isomorphism for all p > 0. By the same argument, there is another chain morphism for
allg >0,

e W E g, (V.9 PHy) — G4 (U; PHy).
Going back to the morphism G;V,’I:mm, it is given by the composition

1

o I
dp (V' N PHE) — "ESS (V. PHy) — "E2 (V' 0, PHy ) =245 3¢, (V' PHy).

Using Lemma 7.5, if ¥ < U then M? k(“V(, NaL) =0 for all ¢ > 0 and "7 Dk becomes an isomorphism.

In addition, 'E 1’ = 0 for all g > 0 and the first two arrows in the above factorisation of HDV,:V n

9°V °m<>u) 1

are isomorphisms. Altogether, the inverse ( is well defined, and by composition we define

morphisms Oouko‘/ = HZL]:V o (90'/ Omou)_ Here notice that GSL,:V " is defined in an analogous way
to 0;/ ,ZV ™ but it factors through Hn 4 instead of ' I ;/ The following proposition should also follow

from applying an appropriate version of the universal coefficient theorem to [Serre 1955, Proposition 4.4].
Instead, we prove the dual statement of this proposition by means of acyclic carriers.

Proposition 7.7 Suppose that V" < A, and let p""" denote a refinement map. The morphism
u
O, E2 (X, ) = E] (X, )
coincides with the standard morphism induced by p'-"
Proof Since V" < U, the morphism Q;Cimou: §€p (V'Nna,PHg) — %76,, (v, PHy) is an isomorphism. Now

consider the diagram

a, v
Pp.k

%, (V; PH) > %€, (U; PHy)

~ .,
T_ T Tpk

%p(V N U; PHE) —» TESS (1, PHy) —— NE3 (V. PHy)

To check that it commutes we study triangles of acyclic carriers

Nyna
F Py,

R \
Ny ¢ Ny

where R is defined in Proposition 7.2. The carrier F is given for every o € Ny by F(0) = A% x |R(0)|.
In fact, F defines an acyclic equivalence by considering the inverse carrier Py : Nyng, = Ny sending
o x T to A°. In this case the shift carrier I+-: Ny = Ny is given by the assignment o — A9, and
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Iyaa: Nynay =2 Nopnag is given by o X T — A% X ATV where t/ € Ny is such that |R(0)| = AT C Ny
Here, we need to show that A% x A™V7 js a subcomplex of Nyng. First notice that, by hypotheses,
Ve NAU, # @ and, by definition of R(c), we have ¥V C AUy. Consequently Vg N (U N Uy ) # &,
which accounts for A9 x ATV being a subcomplex of Nyqq;.

Since F is acyclic, there exists vy : Cx(Ny) — Cx(Nynq) carried by F and inducing a chain morphism
fx: %I, v, C,ge“) — Cép(W N, C,‘C’CH) by the assignment (0)s — (v«(0))s for all cells s € X and all

Vv, rnau
g’

o € N+v. On the other hand, recall that ok is induced by JT;V &> Which is given as an assignment

(0 x1)s = (1) (0 X 7))s.
As 7 is carried by Py and, as noted earlier, F defines an acyclic equivalence, it follows that ) o v,
is the identity in C«(N+v) up to boundary. Thus, np & © Jx is the 1dent1ty in <6p o, C Cell) up to the
Cech boundary 8. This implies that fy = (QOV CWW) 1" as morphisms % (V,PHy) — %p (V"N ou, PHg).
Consequently, GZL};V is induced by the assignment (0)s — (! o v4(0))s for all 0 € Ny and all s € X,

where 7' o vy is carried by Py F = R. Altogether, as p'" is carried by R, we obtain the equality

QSL;V = O“Z as morphisms %761)(“1/, PHy) — %p(ou, PHy). =
Still assuming that V" < U, we now look for conditions for the existence of an inverse of 921;3/,
v
O+ Ep (X, W) — Ep (X, V).

Proposmon 7 8 Suppose that V" < W. If M? 2 (VNAUe) =0 forall p >0,k >0andall v € NI, then
the maps 9* % Induce a 2—isomorphism of spectral sequences

E;,*(X, OLL) ~ E;,*(X, OV).

Proof By Propositions 7.2 and 7.7 we can choose a refinement map p"" : Ny» — Nq, giving a morphism

of spectral sequences
pad t EZZ(X.V) —> EZZ(X, W)

that coincides with 647 . Our assumption about M ; ;. implies I Elzj, 4V, PH) = 0 for all p > 0, which
in turn, gives

(7 Ker (964 ( N U: PHE) — "Eq, (V,U: PHy)) =
and
(8) Coker("Eg., (V,; PH) <> "Eg (1,9, PHy)) = 0.

Now note that Hn;u,k yields an isomorphism ng? 0.q(V, U, PH) =~ %q (U, PHy ). This shows that o k is
a composition of isomorphisms; thus the statement follows. a

We now relax the conditions in Proposition 7.8 and use the relations of left-interleaving and right-
interleaving of persistence modules (denoted by ~7 and ~%, respectively) to achieve this (see [Govc and
Skraba 2018, Section 4]). We have to adapt [Govc and Skraba 2018, Proposition 4.14].
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Lemma 7.9 Suppose that we have persistence modules A, B and C, and a parameter ¢ > 0 such that
A ~% B and B ~7 C. Denote by ® the morphism ®: A — C given by the composition A —> B — C.
Then there exists W: C — A[2¢] such that ® and W define a 2e—interleaving A ~*¢ C.

Proof By hypothesis, we have a sequence

¢ —>ALsBEsC %

which is exact in A and C and where €1 ~% 0 and €, ~¢ 0. Then, let v € C and notice that X¢C(v) € Im(g).
Thus, there exists a unique vector w € B such that g(w) = X°C(v). On the other hand, there exists
z € A, not necessarily unique, such that f(z) = w. This defines a unique element X¢A(z) € A. To
see this, suppose that another z’ € A4 is such that f(z’) = w. Then f(z —z’) = 0 and z — z’ € Ker(f),
which implies 0 = X A(z —z) = X A(z) — X¥A(Z’), and then Z°A(z) = Z¥A(Z’). Altogether, we set
¥ =340 ! oXeC, which is well defined. m

Recall that for V' < AU we have that §€q (V; PHg) ~ §€q (V'Nnou; PHy) for all k > 0 and g > 0. There is a
natural way to relax (7) and (8) to the persistent case. We assume that for ¢ > 0, there are right and left
interleavings

) T, (O N PHy) ~% "E o, (V.U PHy) ~5 "Eg (VU PHy).

If we define @, 4: 96,(V N AU;PHy) — "E aq (7,9, PHg) to be the composition of the associated
persistence morphisms as in Lemma 7.9, then there exists

W, i VEg (1,9, PHy) — 96, (7 N U; PHy)[2¢]

such that @, ; and W, ; define a 2e—interleaving. We repeat this argument for the local Mayer—Vietoris
spectral sequences. Assume that for some v > 0 there are interleavings

1
(10) NEq (V.U PH) ~ % €D MGV NU) ~; €D PHE (Uy).

reNq(f reNU,(f

Let ITy  : ng (l)’q (v, U, PHg) — ¢ NY PH; (W) be the composition of the associated morphisms. By
Lemma 7.9 there exists &, such that I1, ; and &, define a 2v—interleaving. By slight abuse of
notation we continue to denote the induced 2v—-interleaving between ' E 3, ¢ (V. AU, PHy) and §€q (°U; PHy)
by I, x and & k. Altogether we have that

w, v _ v, vnay —1
Qq,k - ank °© (Dq:k ° (eq,k )

. . . . . , , N - S .
and in this situation there is an “inverse’ W;V ]iu = 9;/ ];V o W, k © E4.k» which increases the persistence
values by 2(e + v).

Theorem 7.10 Suppose that V' < AU and for ¢ > 0 and v > 0 the interleavings in (9) and (10) hold. Then
Vo't Epg(X.0) = Ej (X, 7)[2(e +v)]
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B

Figure 5: Cubical complex €, at values 0, 1 and 1 + ¢.

is a 2—-morphism of spectral sequences such that 9;“ g and Wp q " define a second page 2(e+v)—interleaving
between E, ,(X,U) and E; ,(X, ).

Proof The only thing that remains to be proved is that w;,V,éu commutes with the spectral sequence
differentials dj, for all n > 2. Since these differentials commute with the shift morphisms 22(8+”), this
follows from considering the diagram

dn
Eg’q(X, ou) E;Jl n,g+n—1

v o

v dn
Vpld E;’},q(X’ V) — Eg—n,q+n—1(X’ 1) ‘”Zqiz a+n—1

E} (X, 7)[2(e +v)] . >

(X, W)

7 gin 1 (X V)20 + V)]

in which the two trapeziums and the two triangles commute. |

Example 7.11 Consider a cubical complex €. as shown in Figure 5, together with the covers
¥ ={A,B,C,D} and U={AUB,CUD};
see Figure 5 for the cells A, B, C and D. In this case, we have
961 (V; PHg) ~ 961 (V NU; PH) ~1(0, 1 4+ &) ®I(1,1 + &) ~° 1(0, 1) ~ IIE§,1(°V, aL, PHo)

and also .
TEgo(V. U PH) ~0~*I(1, 1+ 2) @11, 1+6) >~ 5 PHi(Uy).
dim(z)=0
These interleavings are shown in Figure 6. Theorem 7.10 implies that there is a 4¢—interleaving between
E, (X, ) and E; ,(X,V). Notice that in this example, the nontrivial interleaved terms are in different
positions of the spectral sequences. Therefore we can improve the upper bound to 2¢. We use this

observation later in Proposition 7.12.

[ 1] ]
LI

Figure 6: Morphisms 9?’%‘/ along [0, 1) and along [1, 1 + ¢&).

0

—_—

|1
LIL]
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7.2 Interpolating covers and spectral sequence interleavings

Consider X € FCW-cpx, together with a pair of covers W and U such that W < AU. Motivated by the
interleaving constructed in Theorem 7.10 we take a closer look at the following finite sequence of covers
interpolating between W and a cover that both refines and is refined by 9. Let the strict ' intersections
of U be the family of sets U" = {WU¢ }reny for all r > 0. We define the (r, W', WU)—interpolation as the
covering set W = W UAU". In particular, note that the (0, W, U)—interpolation has the property that
WO < < WO, and consequently E 1%’ (X, a) ~ E 1%, q (X, W9). In addition if U is a finite cover, then we
have UN = & for N > 0 sufficiently large and consequently WV ="

Proposition 7.12 (local checks) Let W < U be a pair of covers for X, where AU is finite. Let N > 0 be
such that WY = @. For every 0 <r < N, we assume that there exist &, > 0 and v, > 0 such that for all
T € Ny,

E§ e, W) ~ g EQG (e, W) ~]7 PHg (W),

and also
d]( (out’wr'f‘l) O)<8r

for all p > 0 and g > 0. Then we have that
di(Ey (X, W), Ex (X, W) < 2max(e,, vy).

Therefore, by using the triangle inequality, we obtain
AP (Ey (X, ). Ey (X, W)) <) 2max(er. vy).

Proof We need to consider the spectral sequence HE 2 g W 1 9"; PHy ). Note that, by the construction
of W7, for each 7 € Ngy» with dim(z) > O the set °W§ is contained in one of the open sets from W’ +1 By
Lemma 7.5 this implies that HE;’q (WTHL W PHy) = 0 for all p>0,q>0and k > 0. Moreover, we
have that "Ej (W +!, W"; PHy) = @reN;{, PHy (W) for all ¢ > 0 and k > 0. The resulting spectral
sequence is shown in Figure 7.

As a consequence of these observations condition (10) holds for these indices with v = 0. In addition,
HEg,q (WL W PHy) = qu & (X, WT) holds for all ¢ > 2 and k > 0 (see Figures 7 and 8). In particular,

TEL (W1, W7 PH) 0 0

UEL o (W™, W"; PHy) 0 0 0

UES oW1 W PHy) «—— €D PHR(W]) +— @ PH,(W]) «+— €D PHi(W?)
ZGN%}V,, rEN rEN‘

Figure 7: First page of HE;,q (WL W PHy).
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~ & 0 0
d
~ & > 0 0
d>
HEg o (W, W PHy) TE g (W1 W PHy) EZ (X, W) E2 (X W)

Figure 8: Second page of HE;’ W +1 997; PHy) together with higher differentials.

there is only one possible nontrivial differential for each entry in the bottom row as indicated in Figure 8.
Note that our hypothesis dy (E ;’q (U, °Wr Jrl) 0) <&, applies to the entries in the first column with p > 0
and gives left and right interleavings of the form

g (WL OWT PHE) ~ TESS (WL W PHy) ~7 MEG (W W PHy)
for all ¢ > 0 and k > 0. Hence, condition (9) holds with value &,.

Let us look now at the case ¢ = 0. Here we have 9o (W" ! N W”:PHy) = IIEg’o(ﬁ/i/’“ﬁl/t/’; PHy)
and consequently (9) holds with value ¢ = 0. Next, by hypothesis, for all k > 0 we have right and left

interleavings
Mg 1 Qe OVWTT) S50 MES (U W) ~ 77 PHE (W),

for all = € Ny,. Thus by taking the direct sum of these interleavings we obtain

TEG oW T W PH) ~% @D MGG WL n Wty ~Jr B (X, W),

teN,(/f,r

and condition (10) also holds for ¢ = 0. The result now follows from Theorem 7.10.

Notice that we can slightly improve the statement of Theorem 7.10 here: for each term in the bottom
row of the spectral sequence in this particular example only one of the two conditions (9) and (10) is
nontrivial, and the proof of Theorem 7.10 carries over with 2 max(e,, v, ) replacing 2(g; + v,). O

Remark 7.13 Notice that for reasonable cases the parameters v, are bounded above by K¢, for some
constant K > 0 by a result from [Govc and Skraba 2018]. Nevertheless, we would like to keep v, and &,
separated here, since we hope to compute it from M * k(OlL,, °Wr+1) for T € Ny, hereby get more accurate
estimates. Intuitively, asking for &, and v, to be small is equlvalent to asking for cycle representatives in
covers from W7 to be approximately contained in covering sets from W’ 1.

Finally, we would like to compare two separate covers U and V" and have an estimate for the interleaving
distance between the associated spectral sequences. The main idea of Proposition 7.12 is to translate this
comparison problem into a few local checks that can be run in parallel. We formalize this in the following
corollary.

Corollary 7.14 (stability of covers) Consider two pairs (X, ) and (X, %), where X is a space and U
and V" are covers. Let W = AU NV and denote by W, and W, the respective (r,'W,WU) and (r, W,V
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interpolations. For every 0 <r < N, we assume that there exist ¢, &, > 0 and v, v, > 0 such that for all
7 € Ny and o € Ny,
EZ (U, Wity b SO (@, Wity ~Vr PH, (U
o,q( ©, Vo )NR o,q( T Wo )NL q( r),
E} (Vo WIF) ~ 3 ESS (Vo WIFY) ~7 PHy (Vo).
for all r > 0, and also
d1(E (e, WHYY),0) <&, di(Ep (Vo WiT),0) <&
for all p > 0, and g > 0. Then we have that
AP (Ep ,(X.W), Ey (X, V) < R(U,Y)
where R(U, V") = max(ZﬁLo 2 max (&, vy), Zﬁ\]:o 2max(e), v})).
Proof By Lemma 7.1 there are double complex morphisms given by the refinement maps
. aw v
cgp(gu’ C;ell) Pp.q (GP(OW, C;ell) Pp.q Cgp(o‘/’ chell).

In turn, these induce 2-morphisms of spectral sequences

L, W VW
2 Pr.a 12 Pp.q 2
E, (X, W) <= E, (X, W) == E, (X,).
Let W;L, ;;W and W;/, ’,;W be the “inverses” of pgf’;w and p;,/,’;w, respectively, witnessing the interleavings of the
two spectral sequences (see Theorem 7.10 and Proposition 7.12). The result follows from considering the
commutative diagram

U, W VW

2 , Pp.q 2 Pp.q N

E, (X, ) < E, (X, W) > Ep o (X,T)
W yat
lz RCV,0) < lﬁ) RCr,0) o lz RO
) Py o Ppid | o
E; (X, WROV, W] «—— E, (X, W[RO, W] —— E, (X, N[RV, W)]
where all arrows are 2—-morphisms of spectral sequences. O
8 Outlook

We expect spectral sequences associated to the geometric realizations of diagrams of CW—complexes
to have a natural use in the distributed computation of persistent homology. The first future research
direction is to develop further examples and use cases that benefit from the theory developed in this
article.

The e—acyclic carriers and equivalences which we introduced here in the context of persistent homology
are of course based on acyclic carriers, which are similar to the ones used for example in [Bjorner 2003,
Theorem 6] to prove a generalisation of the nerve theorem. A possible future research direction might
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be to ask for conditions on the acyclic carriers with the goal of obtaining similar results as those from
[Bjorner 2003] within the category of regularly filtered diagrams.

The bounds obtained in Section 7 for the interleavings between the second pages of two spectral sequences
can certainly be improved; one possible direction is to explore similar examples as those in [Govc and
Skraba 2018, Section 9] where the authors found sharp bounds.

In general, we think that spectral sequences deserve a more prominent role in applied algebraic topology
and hope that the tools we developed here will motivate further study.

Appendix Example of acyclic equivalence in RCW-cpx

Consider a filtered regular CW—complex X which is constant along R, except at values 1, 2, 3 and 4,
where it changes; see Figure 9. In order to describe X, we use the notation (CD); for the edge between
C and D, (FGI1J), for a two cell whose vertices are F, G, [ and J, and so on. By regularity of X, and
since we do not define multiple edges between the same pair of vertices, X is determined by

X1={A,B,C,D.E, F, H}U{(AH)1,(BC)1,(CD)1. (EF)1},

X2 = X1U{G}U{(AB)1,(DE)1,(FG)1,(GH)1},

X3 =X UL, JYU{(BI)1, (CI)1, (FI)1,(GI)1, (1)1 }UL(FGLT )2},

X4 = X3U{K}U{(AK)1, (CK)1, (EK)1, (GK)1}U{(ABCK)2, (CDEK)2, (EFGK)2, (AKGH )2},

where Xo = J; this is shown in Figure 9, which illustrates X. Of course, as X is a filtered complex,
the structure maps of X are given by inclusions X; < X; for all s <t from R. Next, we describe the
regularly filtered CW—complex Y, which is constant along R, except at values 1, 2, 3 and 4, where it
changes; this is also depicted in Figure 9. We define Y, by

Y1 ={a. By},
Yo =Y1 U{(ef)1, (@y)r. (By)i},
Y3 =2\ {(ay)1}) U{8, T} U{(y o)1, (z8)1, (@)1, (BS)1, (BT)1},
Yy =Y3\{a, (@B)1, (@)1},
and Yy = 9.

The structure maps of Y are defined as follows, where we use the overline notation * to denote the closure
of some cell:
e Y(1 <2)is an inclusion,
e Y(2 < 3) restricts to an inclusion in the subcomplex (aB); U (By)1, while (ay); is sent to
(@8)1 U (§7)1 U (xy)1.
e Y(3 < 4) restricts to the identity in Y3 \ {(@8)1, @, («d)1} while it maps the vertex « to y, the edge
(@)1 to (By)1 and the edge (@8)1 to {(y7)1, 7, (T8)1}-
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Figure 9: The spaces Y; are shown at the top and X; are at the bottom for values i = 1,2,3,4. In
filtration value 4, a cone with vertex in K is attached along the octahedron at the boundary of X3;
notice that we used 2—cells which are not 2—simplices.

One might check that Y is well defined according to Section 2.1. Next, we proceed to define an acyclic
carrier F': Y == X, which we depict in Figure 10, as follows:
« Fi(@)=(AH)1, F1(f) = (BC)1 U(CD)1, Fi(y) = (EF)1,
e Fa((@f)1) = Fi(a) U F1(B) U{(AB)1}, Fa((ay)1) = Fi(e) U Fi(y) U{(HG)1, G, (FG)1},
F>((By)1) = Fi(B) U Fi(y) U{(DE)1},
« F3(8)=G, F3(t)=F, F3((@8)1)=(AH)1U(HG)1, F3((61)1) = (IJFG)2, F3((y7)1)=(EF)1,
F3((88)1) = (BC)1U(CD)1 U(BI)1U(IG)1, F3((B1)1) = (BC)1U(CD)1 U(CJ)1U(JF),
* Fa(y) = Fa((By)1) = Fa((y1)1) = St(K).
If we did not define a carrier, this is because we assume it is continued from an earlier definition. On the
other hand, we define the carrier G: X == Y as follows:
* Gi(A)=Gi1(H)=Gi((AH)1) =, G1(E) = G1(F) = G1((EF)1) =y, G1(B) = G1(C) =
G1(D) =G1((BC)1) =G1((CD)1) =B,
* G2((AB)1) = (@B)1, G2((DE)1) = (By)1. G2((HG)1) = G2(G) = G2((GF)1) = (ay)1.
e Define A3 ={I,J,G,(IJ)1,(GI)1,(FJ)1,(HG)1,(GF)1,(FGIJ)3}; then for all 0 € A3, we
have G3(0) = (@8)1 U (§0)1 U (t)1, G3((BI)1) = (Bd)1, G3((CI)) = (B,
o forallo € X4\ {(BI)1,(CI)1}, Ga(0) = (By)1 U (y0)1 U (td)1.
We define the shift carriers on X and ¥ by composition, that is, / O _—GoFand ]/ )9 = F o G, which in
this particular case lead to well-defined acyclic carriers as one can check; to illustrate this, we write a

couple of compositions:

G3 0 F3((B1)1) = (@)1 U (§7)1 U (ty)1 U (Bo)1,
F30G3((IJ)1) =(AH)1 U(HG)1 U(IJFG)2 U (EF);.
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4 ¥, (By)1, (yoh

e
3,4 (yoh

3 5] 2 ~ (ay)
@ || @ H
G
F
E
=

Figure 10: We depict the acyclic carriers from F. For each acyclic carrier we include its initial
filtration value within a square on the top left while we write the cell(s) it corresponds to within
a square on the top right; sometimes we write a pair of numbers a, b to indicate that the carrier
applies for the filtration values in [a, b) and that a new carrier is defined at b. Solid lines connecting
the middle top of a box to the middle bottom of another box indicate that the containment relation
must hold, where the carrier in the lower box needs to be embedded into the carrier on the
upper box. We use dashed lines for containment relations involving a union of carriers, eg

F3((ad)1) S Fa((yt)1) U Fa((87)1).

One can check that the conditions from Definition 4.3 are satisfied and so by Corollary 4.7 we obtain
isomorphisms PH, (X) = PH.(Y).
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