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Slope norm and an algorithm to compute the crosscap number
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STEPHAN TILLMANN

We give three algorithms to determine the crosscap number of a knot in the 3–sphere using 0–efficient
triangulations and normal surface theory. Our algorithms are shown to be correct for a larger class of
complements of knots in closed 3–manifolds. The crosscap number is closely related to the minimum
over all spanning slopes of a more general invariant, the slope norm. For any irreducible 3–manifold M

with incompressible boundary a torus, we give an algorithm that, for every slope on the boundary that
represents the trivial class in H1.M IZ2/, determines the maximal Euler characteristic of any properly
embedded surface having a boundary curve of this slope. We complement our theoretical work with an
implementation of our algorithms, and compute the crosscap number of knots for which previous methods
would have been inconclusive. In particular, we determine 196 previously unknown crosscap numbers in
the census of all knots with up to 12 crossings.

57K10, 57K31; 57K32

1 Introduction

Let K be a knot in the 3–sphere with knot exterior M . The crosscap number c.K/ of K denotes the
smallest genus of a nonorientable surface S �M such that @S DK. It is a classical knot invariant that
is defined for all knots in the 3–sphere.

Our main contributions are algorithms to compute the crosscap number of a knot in the 3–sphere. Efforts
to compute the crosscap number of a knot have been at the centre of various other research projects using
a variety of techniques. Among these is a formula for the crosscap number of torus knots by Teragaito
[2004], an algorithm for alternating knots developed by Adams and Kindred [2013], and upper and
lower bounds for the general case via the Jones polynomial by Kalfagianni and Lee [2016]. Recent work
by Ito and Takimura [2018; 2020a; 2020b] establishes various further bounds. The KnotInfo database
[Livingston and Moore 2021], and in particular their page on crosscap numbers, gives a detailed overview
and results for specific knots.

Our work completes an approach put forward by Burton and Ozlen [2012]. Our starting point is Jaco
and Sedgwick’s generalisation [2003] of a celebrated result by Hatcher [1982]: they showed that in any
orientable irreducible 3–manifold with incompressible boundary a torus, there are only finitely many
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boundary slopes of geometrically incompressible and @–incompressible surfaces. This paper rests on
a technical observation in [Jaco and Sedgwick 2003] that concerns fundamental surfaces (stated here
as Proposition 12). We refer the reader to [Burton and Ozlen 2012; Jaco and Rubinstein 2003; Jaco
and Sedgwick 2003; Matveev 2007] for the definitions and basic properties of normal surface theory in
(singular) triangulations, [Burton and Ozlen 2012; Jaco and Rubinstein 2003] for basic facts concerning
0–efficient triangulations used herein, and [Burton and Tillmann 2018; Tillmann 2008; Tollefson 1998]
for basic properties of working with quadrilateral coordinates only.

In Sections 2–4, we first develop our algorithms using standard coordinates for normal surfaces under
varying hypotheses on the triangulations. We then extend the theory to work in quadrilateral coordinates
in Section 5, and report on our computational results within this framework in Section 6. Throughout this
paper, a fundamental surface is a normal surface whose normal coordinates are fundamental in standard
(triangle–quadrilateral) normal surface space, and a Q–fundamental surface is a connected normal surface
whose normal Q–coordinates are fundamental in quadrilateral space.

Slope norm The dual tree to the Farey tessellation of the hyperbolic plane is used to organise the set of
all boundary slopes of properly embedded surfaces with a single boundary curve. This allows us to give
an algorithm that, for an irreducible 3–manifold with boundary a torus and a slope on the boundary that
represents the trivial class in H1.M IZ2/, determines the maximal Euler characteristic of any properly
embedded connected surface having connected boundary of this slope (Theorem 15). We call the negative
of this number the norm of the slope, and the minimum over all these norms the slope norm of M . This
norm is used in forthcoming work to apply the complexity bounds given in [Jaco et al. 2020b; 2020a;
2009] to infinite families of Dehn fillings. The existence of such an algorithm goes back to Schubert
[1961]; see also Matveev [2007, Theorems 4.1.10 and 4.1.11]. Our new contribution is that we do not
need to adapt a triangulation to the slope. Similar results to our slope norm algorithm were obtained
independently by Howie [2021], and used for different applications. Our work here on slope norm feeds
into the proof of the main theorem. We later show that there is an algorithm to determine the slope norm
of M and the set of all minimising slopes in quadrilateral space (Corollary 22).

Crosscap number We next give two algorithms to determine the crosscap number of a knot in the
3–sphere (Theorems 1 and 3). Both use standard coordinates for normal surfaces, but they make different
assumptions on the underlying triangulation. Our algorithms are shown to be correct for a larger class of
complements of knots in closed 3–manifolds N that represent the trivial class in H1.N IZ2/, including
all that have a complete hyperbolic structure of finite volume.

Burton and Ozlen [2012] introduce triangulations that contain no normal 2–spheres and have an edge
in the boundary that represents the meridian. These triangulations are called efficient suitable, and they
guarantee the existence of fundamental spanning surfaces of maximal Euler characteristic. Efficient suitable
triangulations can be constructed from any input triangulations, and we outline the algorithm in Section 3.1.
Burton and Ozlen describe a procedure (Algorithm 3), where on input a knot in the 3–sphere the output
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is either one integer (the crosscap number) or a pair of consecutive integers (one of which is the crosscap
number). Theorem 1 shows that in the latter case, the crosscap number is the larger integer. The apparent
difficulty of determining the crosscap number algorithmically lies in the case where every maximal Euler
characteristic fundamental spanning surface is orientable. This is solved in Lemma 19. The following
result thus improves and generalises [loc. cit., Algorithm 3], and the result is given in Algorithm 18.

Theorem 1 Let M be the exterior of a nontrivial knot K in a closed 3–manifold N with ŒK� D

0 2H1.N IZ2/. Suppose that M is irreducible and contains no embedded nonseparating torus and no
embedded Klein bottle. Let T be an efficient suitable triangulation of M . Then c.K/Dmin.A;B/, where

ADminf1��.S/ j S is a nonorientable fundamental spanning surface for Kg;

B Dminf2��.S/ j S is an orientable fundamental spanning surface for Kg;

and we let min∅D1.

Theorem 1 has the following consequence when a knot has no orientable spanning surface:

Corollary 2 Let M be the exterior of a nontrivial knot K in a closed 3–manifold N with ŒK� D

0 2 H1.N IZ2/ and ŒK� ¤ 0 2 H1.N IZ/. Suppose that M is irreducible and contains no embedded
nonseparating torus and no embedded Klein bottle. Let T be an efficient suitable triangulation of M . Then

c.K/Dminf1��.S/ j S is a fundamental spanning surface for Kg:

For arbitrary 0–efficient triangulations (which do not contain properly embedded nonvertex linking normal
spheres or discs), we give a more general algorithm (Theorem 3) that uses the slope norm algorithm. The
basic idea is that Burton and Ozlen’s suitable triangulations ensure that minimal spanning surfaces can be
found amongst the normal surfaces even though in general they may be @–compressible. In an arbitrary
triangulation, there may be no nonorientable normal spanning surfaces of maximal Euler characteristic,
but our slope norm algorithm keeps track of optimal boundary compression sequences. To do this we
define what we call the even integral subtree distance as the length d.@S;Fe/ of the shortest path from
a given boundary slope @S to the subtree Fe corresponding to the slopes of spanning surfaces; see
Section 3.3 for details.

Theorem 3 Let M be the exterior of a knot K in a closed 3–manifold N with ŒK�D 0 2H1.N IZ2/.
Suppose that M is irreducible and contains no embedded nonseparating torus and no embedded Klein
bottle. Let T be a 0–efficient triangulation of M and suppose that the coordinates for a meridian for K

on the induced triangulation T@ of @M are given. Then c.K/Dmin.A;B;Z/, where

ADminf1��.S/ j S is a nonorientable fundamental spanning surface for Kg;

B Dminf2��.S/ j S is an orientable fundamental spanning surface for Kg;

Z Dmin
˚
1��.S/C d.@S;Fe/

j S is a fundamental nonspanning surface with connected essential boundary
	
;

and we let min∅D1.
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Since d.@S;Fe/D 0 for a spanning surface S , the above theorem could have been stated using two terms
rather than three, but we wanted to keep the notation in line with Theorem 1. Again, when there is no
orientable spanning surface, this specialises to:

Corollary 4 Let M be the exterior of a nontrivial knot K in a closed 3–manifold N with ŒK� D

0 2 H1.N IZ2/ and ŒK� ¤ 0 2 H1.N IZ/. Suppose that M is irreducible and contains no embedded
nonseparating torus and no embedded Klein bottle. Let T be a 0–efficient triangulation of M and suppose
that the coordinates for a meridian for K on the induced triangulation T@ of @M are given. Then

c.K/Dminf1��.S/C d.@S;Fe/ j S is a fundamental surface with connected essential boundaryg:

Knot genus As an interlude, we show in Section 4 that in our framework one can give a short proof of
Schubert’s classical result that the genus of a knot is realised by one of the fundamental surfaces. Schubert
[1961] originally proved this in the context of normal surfaces with respect to handle decompositions.

Theorem 5 Let M be the exterior of a nontrivial knot K in a closed 3–manifold N with ŒK� D

0 2H1.N IZ/. Suppose that M is irreducible and let T be a 0–efficient triangulation of M . Then an
orientable spanning surface of maximal Euler characteristic is amongst the fundamental surfaces.

Quadrilateral space All results up to this point were stated in the context of normal surface theory with
standard coordinates. For computations, it is of advantage to be able to work with quadrilateral coordinates
only, as this makes otherwise impossible calculations feasible. In Section 5, we give some extensions of
the previous results in this context; see for instance [Burton and Tillmann 2018] for similar results for
closed normal surfaces. For definitions and basic properties of working with quadrilateral coordinates
only, we refer to [Burton and Tillmann 2018; Tillmann 2008; Tollefson 1998]. The following is the main
result of this paper; whilst the previous results were given for either efficient suitable triangulations or for
0–efficient triangulations, we now need to combine these properties:

Theorem 6 Let M be the exterior of a nontrivial knot K in a closed 3–manifold N with ŒK�D 0 2

H1.N IZ2/. Suppose M is irreducible and contains no embedded nonseparating torus and no embedded
Klein bottle. Let T be a 0–efficient suitable triangulation of M . Then c.K/Dmin.A0;B0/, where

A0 Dminf1��.S/ j S is a nonorientable Q–fundamental spanning surface for Kg;

B0 Dminf2��.S/ j S is an orientable Q–fundamental spanning surface for Kg:

Computations We use our methods to determine the crosscap numbers of 196 knots with up to 12
crossings for which the crosscap number was previously not known. As a result, crosscap numbers of
all knots up to and including ten crossings are now known. Our algorithms give a theoretical method to
determine the crosscap numbers of knots with a unified method, where previously different techniques
were needed. From a practical viewpoint, using our algorithm in standard coordinates allows us to handle
triangulations of up to about 26 tetrahedra. Making use of our results in quadrilateral space allows us to
push this limit to about 30 tetrahedra. See Section 6 for our computational results.
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2 The norm of an even slope

Throughout this section let M be an orientable compact irreducible 3–manifold with @M a single
incompressible torus. Suppose T is a (singular or semisimplicial) triangulation of M with the property
that the induced triangulation T@ of @M has exactly one vertex. For instance, a 0–efficient triangulation
has this property [Jaco and Rubinstein 2003]. In the following, we choose the single vertex of T as the
basepoint for the fundamental group of M and omit it in the notation.

We first show that every connected essential curve c � @M with Œc�D 0 2H1.M;Z2/ bounds a properly
embedded connected surface S �M with @S D c (Corollary 10). We then use a result by Jaco and
Sedgwick (Proposition 12) to conclude that if T is 0–efficient and S is of maximal Euler characteristic
amongst all connected surfaces with this slope and @–incompressible, then a surface of equal boundary
slope and Euler characteristic must be represented by a fundamental surface in T . This then leads to
Algorithm 16, which computes the smallest norm of a given boundary slope on @M with respect to a
given framing.

Lemma 7 Let � W �1.M /!Z2 be a homomorphism with the property that �.m/D 1 for some primitive
peripheral element m 2 im.�1.@M /! �1.M //. Then for every primitive peripheral element 
 2 ker.�/,
there is a properly embedded surface S in M with @S a single boundary curve that satisfies Œ@S �D 
˙1

as free homotopy classes of unoriented loops. In particular , Œ
 �D 0 2H1.M;Z2/.

The proof of the lemma introduces the way we will use the Farey graph in our later algorithms.

Proof Note that there is l 2 im.�1.@M /! �1.M // with �.l/D 0 and hm; li D im.�1.@M /! �1.M //.
The primitive peripheral elements in ker � are precisely m2k lq , where k 2 Z and gcd.2k; q/D 1. Since
the boundary of M is incompressible and has abelian fundamental group, we have

(2-1) im.�1.@M /! �1.M //Š �1.@M /ŠH1.@M;Z/:

We therefore identify all groups and freely switch between additive and multiplicative notation for
peripheral elements. Since we are only interested in unoriented isotopy classes of primitive elements, we
always choose mplq with q � 0.

We first show that there is a surface for some peripheral element in the kernel. Our 0–efficient triangulation
T of M has exactly one vertex. Hence every edge is a loop and represents an element of �1.M /. This
maps to either 0 or 1 under �. Place a normal corner on an edge if and only if the corresponding element
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Figure 1: Labelling of edges and canonical normal curves and surfaces.

maps to 1. As observed in [Jaco et al. 2009], this results in a normal surface in M having at most a single
triangle or a single quadrilateral in each tetrahedron, as shown in Figure 1. Since �.m/D 1, this normal
surface has a single boundary curve Œ@S �D m2k0

lq
0

for some q0 � 0 and gcd.2k 0; q0/D 1. This single
boundary curve meets each boundary triangle in a single normal arc.

We now show how all other boundary curves m2k lq , where q > 0, k 2 Z and gcd.2k; q/ D 1, can be
obtained by adding saddles to S . To this end, we use the layering procedure (see [loc. cit.] and Figure 3)
in conjunction with the Farey tessellation as an organising principle for the set of isotopy classes of
triangulations of the torus with a marked point. This is different from the L–graph used in [loc. cit.].

We treat the single vertex in the induced triangulation T@ of @M as a marked point, and give the torus
@M a Euclidean structure with the property that the marked point lifts to the integer lattice via a universal
covering map R2! @M . Moreover, up to the action of the Deck group, we may assume that m and l lift
to horizontal and vertical lines, respectively. The map

mplq 7!
p

q

gives a bijection between the set of isotopy classes of primitive curves and Q[f1g. Now the isotopy
classes of triangulations with a single vertex at the marked point correspond to the orbit of the triple�

1
0
; 0

1
; �1

1

�
under the action of SL.2;Z/ by Möbius transformations. Identifying R [ f1g with the

boundary of the Poincaré disc model of the hyperbolic plane and each triple with an ideal triangle gives
the well-known Farey tessellation.

Each triple .p0=q0, p1=q1, p2=q2/ contains precisely one fraction with even numerator, say p0=q0. Note
that the corresponding primitive element is in the kernel of �, whilst the other two are mapped to 1. The
normal curve resulting from our above procedure of assigning 0 or 1 to each edge, when applied to the
corresponding marked triangulation of the boundary, results in a normal curve of slope mp0 lq0 . We call
p0=q0 the even slope of the triple.

The dual 1–skeleton to the Farey tessellation is an infinite trivalent tree. Any two triangulations that
correspond to triangles sharing an edge in the tessellation are related by an edge flip. If one of the
triangulations corresponds to T@, then, as an operation on the triangulation T of M , one can layer a
tetrahedron � on T along the edge that is being flipped; see Figure 3. This results in a new triangulation
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Figure 2: The Farey tessellation. Each ideal triangle corresponds to an isotopy class of 1–vertex
triangulations of the torus. The ideal vertices are labelled with the slopes of the edges, and each
ideal triangle is labelled with its unique even slope. The base triangle is marked in green, and the
canonical triangles for the even slopes in yellow. Adjacent triangles differ by an edge flip.

T 0 D T [ � of M with the property that the isotopy class of the triangulation of the boundary has
changed. Since the trivalent tree is connected, one observes that all isotopy classes of triangulations of
@M can be realised as the induced triangulations of the boundary of M . In particular, every even slope is
an edge in some triangulation of the boundary of M . It remains to relate this information to triangulations
of M and boundary curves of properly embedded surfaces.
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Figure 3: Layering on a boundary edge adds a tetrahedron to the triangulation of M .

Each triangulation of @M allows three distinct flips, corresponding to the three edges of the ideal triangle
in the Farey tessellation. Layering a tetrahedron on the triangulation has the effect of changing the normal
surface S to a normal surface S 0 by adding a quadrilateral. If the corresponding ideal edge in the Farey
tessellation has endpoint at the even slope, then the layering adds a pinched annulus to S and maintains
its boundary slope. If the ideal edge does not have an endpoint at the even slope, then a punctured and
pinched Möbius strip (which we call a saddle) is added to S . Hence its Euler characteristic is lowered by 1,
and its slope changes to the even slope of the adjacent triangle in the Farey tessellation. Topologically, the
relationship between the surfaces is that for two of the three layerings, S is obtained from S 0 by deleting
a pinched annulus, whilst for the last, S is obtained from S 0 by performing a boundary compression. The
three possibilities are shown in Figure 4.

This completes the proof of the lemma, since starting with S , for every even slope, this constructs a
properly embedded surface with boundary that slope. This construction and our observations about the
Farey tessellation are key to the algorithm given in Theorem 15.

The inclusion map induces a homomorphism H1.@M;Z2/!H1.M;Z2/, which we precompose with
the natural map H1.@M;Z/!H1.@M;Z2/ to obtain ' WH1.@M;Z/!H1.M;Z2/. The next lemma
shows that the homomorphism in the hypothesis of Lemma 7 exists and is unique:

Lemma 8 We have H D im.' WH1.@M;Z/!H1.M;Z2//Š Z2.

It follows from the lemma that we may choose a basis .m2; l2/ of H1.@M;Z/ with the property that
'.m2/¤ 0D '.l2/. We say that the basis .m2; l2/ is a 2–torsion framing of @M and call m2 a 2–meridian
and l2 a 2–longitude.

First proof (geometric topology) First assume that H D im.' W H1.@M;Z/! H1.M;Z2// D f0g.
Let .m; l/ be any basis of H1.@M;Z/. Choose a sufficiently fine simplicial triangulation of M so that
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Figure 4: The three possible layerings on the boundary torus. Two add a pinched annulus to the
surface and do not change the boundary slope. The last adds a saddle and changes the boundary
slope according to the labelling of the associated ideal triangles in the Farey graph.

we may choose a simple closed curve L in the 1–skeleton in @M that is isotopic to l. Since '.l/D 0,
there is a 2–chain C in the 2–skeleton with @C DL. Since we are working with Z2 coefficients, C is an
assignment of 0 or 1 to each 2–simplex in the triangulation. We add a product collar to @M and add the
annulus L� Œ0; 1� to C . We let M and C denote the resulting manifold and chain again.

Each 1–simplex in the interior of M meets C in an even number of 2–simplices. Hence, away from the
vertices, we can resolve the 2–simplices in pairs to obtain a properly embedded but possibly singular
surface S 0 in M with the property that its singularities are contained in the set of interior vertices of the
triangulation of M . Now a small regular neighbourhood N of the union of all vertices meets S 0 in a
union of circles. Hence, we replace S \N with a union of discs, giving a properly embedded surface S

in M with @S DL.
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Since m meets l in a single point, the intersection pairing implies that '.m1/¤ 0 2H1.M;Z2/. But
this contradicts our hypothesis that H D f0g.

Hence H ¤ f0g. It now follows from Lemma 7 that the rank of H cannot be two, so it must be one.

Second proof (algebraic topology) First assume that H D im.' WH1.@M;Z/!H1.M;Z2//D f0g.
Glue a solid torus to M , resulting in a closed 3–manifold N . Since N is closed, the Euler characteristic
of N is zero and we have b1.N;Z2/D b2.N;Z2/. Consider the following part of the Mayer–Vietoris
long exact sequence in homology with Z2 coefficients:

� � � !H1.@M;Z2/!H1.M;Z2/˚H1.S
1
�D2;Z2/!H1.N;Z2/! � � � :

Since H D f0g, we have H1.N;Z2/ŠH1.M;Z2/. Now H D f0g also implies that there is a relative
Z2–chain in M that attaches to the meridian disc of the solid torus. The intersection pairing with the core
curve of the solid torus implies that the rank of H2.N;Z2/ is one larger than the rank of H2.M;Z2/. In
particular, b1.M;Z2/D b2.M;Z2/C 1.

Now consider the long exact sequence for the pair .M; @M / with Z2–coefficients. We obtain

0!H2.M;Z2/!H2.M; @M;Z2/!H1.@M;Z2/! 0:

Using Poincaré–Lefschetz duality and the universal coefficient theorem, we have

H1.M;Z2/ŠH 1.M;Z2/ŠH2.M; @M;Z2/ŠH2.M;Z2/˚H1.@M;Z2/

This gives b1.M;Z2/D b2.M;Z2/C 2, contradicting the calculation in the first paragraph.

Hence H ¤ f0g. It now follows from Lemma 7 that the rank of H is one.

Remark 9 The standard half-lives half-dies argument [Hatcher 2023, Lemma 3.5] implies for homology
with rational coefficients that one may choose a basis hm1; l1i D H1.@M;Z/ with the property that
m1 maps to an element of infinite order whilst l1 maps to an element of finite order under the inclusion
map to H1.M;Z/. In particular, l1 is uniquely determined up to sign, whilst m1 is only well defined
up to sign and a power of l1. We call l1 the homological longitude and m1 a homological meridian.

It is not necessarily the case that one may choose .m2; l2/ D .m1; l1/. To make this statement less
mysterious, we give a third proof of the lemma that does not appeal to a contradiction:

Third proof (geometric topology) Suppose the order of l1 is m in H1.M;Z/. The significance of
the order is that m1 maps to an element of the form amh 2 H1.M;Z/, where a generates a free Z

summand and h is a torsion element. A geometric interpretation of this algebraic relationship arises
from a construction due to Stallings [1961] that produces a properly embedded connected oriented
surface S in M with Œ@S �D l˙m

1 dual to the action of �1.M / on R associated with a homomorphism
�1.M /!H1.M;Z/!Z with a 7! 1. Moreover, S has exactly m boundary components, which implies
that all have the same induced orientation, and the meridian has algebraic intersection number ˙m with
the surface.
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Note that if one connects any two adjacent boundary components with a boundary parallel annulus, then
one obtains a (nonorientable) surface. In particular, if m is odd, then one may connect (possibly zero)
pairs of boundary components with annuli to obtain a properly embedded surface S in M with a single
boundary curve Œ@S �D l˙1

1 . In particular, m1 maps to a generator of the image and l1 is contained in
the kernel of ' WH1.@M;Z/!H1.M;Z2/. Hence we may choose m2 Dm1 and l2 D l1.

If m is even, the same construction of connecting boundary components in pairs results in a closed
nonorientable surface in M . Since m is the order of l1 in H1.M;Z/, there are two cases, depending on
whether '.l1/ maps to zero or not.

First assume that mD 2 and '.l1/ is the generator of a Z2–summand. Then there is a homomorphism
� W �1.M / ! Z2 with �.l1/ D 1. So then �.
 / D 0, where either 
 D m1 or 
 D m1l1. Now
Œ
 �D 0 2H1.M;Z2/ according to Lemma 7. It follows that we may choose m2 D l1 and l2 D 
 .

The remaining case is that '.l1/D 0. In this case, the construction from the first proof of the surface S

with Œl1�D Œ@S �D 0 2H1.M;Z2/ can be applied, and we let l2 D l1. Since m1 meets l1 in a single
point, '.m1/¤ 0 2H1.M;Z2/. So we let m2 Dm1.

We use the following terminology and notation for unoriented isotopy classes of nontrivial simple closed
loops on the boundary torus. Let ˛ 2 im.�1.@M /! �1.M //. Recalling the identification (2-1), consider
Œ˛� 2H1.@M;Z/. If Œ˛�Dm

p
2
l
q
2

is a nontrivial primitive class in H1.@M;Z/ with q � 0, then we call ˛
a slope. We may therefore identify a slope with an unoriented isotopy class of a nontrivial simple closed
loop on the torus. Conversely, each such unoriented isotopy class arises from a unique slope. A slope ˛
is an even slope if ˛ maps to zero in H1.M;Z2/. We remark that this is consistent with the terminology
concerning even slopes in the Farey construction in Lemma 7, and that the notion of an even slope is
independent of the chosen 2–torsion framing.

Given a surface S with connected boundary, we give @S the unique orientation that makes Œ@S � 2 �1.M /

a slope. Now Lemmas 7 and 8 imply:

Corollary 10 Let ˛ 2 im.�1.@M /! �1.M // be a slope. There is a properly embedded surface S in
M with Œ@S �D ˛ if and only if ˛ is an even slope.

The norm of an even slope ˛ is defined as

k˛k Dminf��.S/ j S is a properly embedded surface in M with Œ@S �D ˛g:

Since @M is incompressible, k˛k � 0 for all even slopes. We say that S is taut for ˛ if S is connected,
Œ@S �D ˛ and k˛k D ��.S/.

Remark 11 We emphasise here that the slope norm is defined on isotopy classes of simple closed
connected curves on the boundary of M , and that it gives the maximal Euler characteristic of a surface
with connected boundary of this slope. A related approach, which we do not take, would be to also
consider surfaces with multiple boundary components.
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The slope norm of M is defined as

kM k Dminfk˛k j ˛ is an even slopeg:

Each even slope ˛ satisfying k˛k D kM k is called a minimising slope for M .

We will use key results of Jaco and Sedgwick [2003, Proposition 3.7 and Corollary 3.8]. We require a
few definitions in order to state them. We refer readers unfamiliar with the concepts in normal surface
theory that are mentioned here to either of [Jaco and Rubinstein 2003; Jaco and Sedgwick 2003].

The boundary curves of a normal surface S form a collection of normal curves on @M . It is shown in
[Jaco and Sedgwick 2003] that two normal curves are normally isotopic with respect to T@ if and only if
they are isotopic on @M , and that a normal curve is trivial if and only if it is vertex linking. It follows
that we can identify a slope with the normal isotopy class of a nontrivial normal curve on the torus. For a
collection C of pairwise disjoint normal curves on the torus containing at least one nontrivial component,
the slope of C is the isotopy class of a nontrivial component. Two slopes are complementary if their
Haken sum is a collection of trivial curves.

Jaco and Sedgwick [2003, Proposition 3.7] show that if two normal surfaces are compatible and meet
@M in nontrivial slopes, then these slopes are either equal or complementary. This allows the possibility
that some or all boundary curves of a normal surface are trivial. The projective solution space of normal
surface theory is denoted by P.T /. Given a normal surface S , its carrier is the unique minimal face
C .S/�P.T / that contains the projectivised normal coordinates of S .

Proposition 12 [Jaco and Sedgwick 2003, Corollary 3.8] Let M be an orientable compact connected
3–manifold with @M a single torus. Suppose T is a triangulation of M that restricts to a one-vertex
triangulation of @M . Suppose S is a normal surface and @S ¤ 0. Assume also that @S contains at least
one essential curve. There are at most two slopes (complementary ones) for all surfaces in the carrier
C .S/�P.T /.

Lemma 13 Let M be an orientable compact irreducible 3–manifold with @M a single incompressible
torus. Let T be a 0–efficient triangulation of M and let ˛ 2 im.�1.@M /! �1.M // be an even slope. If
there is an incompressible and @–incompressible surface S in M with Œ@S �D ˛ and �.S/D�k˛k, then
there is a fundamental surface F of T with Œ@F �D ˛ and �.F /D�k˛k.

Proof Let S be an incompressible and @–incompressible surface S with Œ@S �D ˛ and �.S/D�k˛k.
Since M is irreducible and has incompressible boundary, we can isotope S to be a normal surface. If S

is not fundamental, then S is a sum of fundamental surfaces. Now S has boundary a single curve. It
follows from Proposition 12 that there is only a single summand, F , with nonempty boundary and all
other summands are closed normal surfaces. To see this, note that otherwise S would have disconnected
boundary or a trivial curve in the boundary, whence Œ@F � D Œ@S � D ˛. Since �.S/ D �k˛k, we have
�.F /� �.S/. Since Euler characteristic is additive under Haken sums and the triangulation is 0–efficient,
this forces �.F /D �.S/.
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Corollary 14 Let M be an orientable compact irreducible 3–manifold with @M a single incompressible
torus. Let T be a 0–efficient triangulation of M . Then ˛ is a minimising slope for M if and only if there
is a fundamental surface F of T with Œ@F �D ˛ and �.F /D�kM k.

Proof Suppose ˛ is a minimising slope for M . Then there is a surface S in M with Œ@S � D ˛ and
�.S/D�kM k. Since kM k is minimal, there is no surface in M with a single boundary component and
larger Euler characteristic than S . Hence S is incompressible and @–incompressible. The result therefore
follows from Lemma 13.

The above corollary gives an algorithm to compute kM k and the set of all minimising slopes. This can
be improved to compute the norm of every even slope:

Theorem 15 Let M be an orientable compact irreducible 3–manifold with @M a single incompressible
torus. Suppose T is a 0–efficient triangulation of M , and .m2; l2/ a 2–torsion framing of @M .

There is an algorithm that , upon input T with a 2–torsion framing and an even slope , computes the norm
of this slope.

Proof Let ı be an even slope and S be a taut surface for ı. Hence S has a single boundary curve of
slope ı, is incompressible, and satisfies kık D ��.S/. If S is not @–incompressible, we can perform
boundary compressions on S until we have an incompressible and @–incompressible surface. Denote the
resulting sequence of surfaces S D S0, S1; : : : ;Sn with boundary slopes ı D ı0; ı1; : : : ; ın, where Sn

is an incompressible and @–incompressible surface, and Si is obtained from Si�1 by a single boundary
compression. In particular, �.Si/D �.Si�1/C 1.

Let ıi be the slope of Si . Since S D S0 is a taut surface for ı0, it follows inductively that Si is a taut
surface for ıi , since otherwise reversing the process of boundary compressions by adding saddles to a taut
surface would result in a surface of higher Euler characteristic. It now follows from Lemma 13 that Sn is
isotopic to a fundamental surface with respect to the 0–efficient triangulation T .

A priori, there are infinitely many possibilities for the slope ı1 that result from a boundary compression
on S0, as can be seen from the Farey tree described in Figure 2. However, the facts that we have a
sequence of boundary compressions terminating at a fundamental surface (and hence at one of only a
finite list of slopes) and that the set of boundary slopes can be organised via the trivalent tree that is the
dual 1–skeleton of the Farey tessellation, makes the problem of determining �.S/ finite.

In order to compute the norm of the given even slope ı, we first compute the (finite) set of all fundamental
surfaces. This is equivalent to enumerating a Hilbert basis on the projective solution space. Amongst
these, we select the surfaces with connected boundary. Denote these surfaces by Fi and their slopes by ˛i .
We remark that Fi may not be taut for ˛i . For all the surfaces in the list that have the same slope, we
only keep one of maximal Euler characteristic.

Consider the Farey tessellation associated with the framing .m2; l2/. Recall that the dual 1–skeleton is an
infinite trivalent tree. We use this to define distances between ideal triangles (equivalently, isotopy classes
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of 1–vertex triangulations). For every slope, there are infinitely many ideal triangles with a vertex at this
slope. We canonically (but arbitrarily) choose, for each slope ˛i of a fundamental normal surface Fi , the
ideal triangle �.˛i/D .˛i ; ˇi ; 
i/ that is at shortest distance from the base triangle

�
1
0
; 0

1
; �1

1

�
. This is

characterised by the relationship ˛i D ˇi ˚ 
i in Farey addition (whereby numerators and denominators
are simply added). Note that the set of all ideal triangles with ˛i as an ideal vertex corresponds to an
infinite path in the dual tree; see Figure 9 for a number of these infinite paths in the case where ˛i is an
integral even slope.

The effect of a boundary compression on the slope of a surface is exactly one step in the dual tree between
triangles with distinct even slopes. The reverse step is the addition of a saddle. Hence the sequence
S DS0, S1; : : : ;Sn described above corresponds to a path without backtracking between �.ı0/ and �.ın/
in the dual tree. The difference �.Sn/��.S0/ is the number of edges in this path that have endpoints in
triangles of different even slopes. This difference is well defined since the dual 1–skeleton of the Farey
tessellation is a tree.

Given even slopes ˛ and ˇ, let d.˛; ˇ/ be the number of edges in the shortest path between �.˛/ and
�.ˇ/ that have endpoints in triangles of different even slopes. Note that this is independent of the choice
of �.˛/ and �.ˇ/ as triangles with those even slopes. It follows that

kık D ��.S/Dmin
Fi

f��.Fi/C d.˛i ; ı/g:

The proof leads to the following algorithm:

Algorithm 16 Compute the norm of a given even slope.

Input:
(1) T , a 0–efficient triangulation of M

(2) .m2; l2/, a 2–torsion framing of @M
(3) p=q, an even boundary slope
compute fundamental surfaces of T

for S fundamental surface with connected boundary do
compute boundary slope of S with respect to .m2; l2/

if boundary slope already in Farey tessellation data structure then
update normDmin.norm;��.S/)

else
insert boundary slope and norm into Farey tessellation data structure

end if
end for
insert p=q into boundary slope into Farey tessellation data structure
return minimum of (distance + norm) of p=q to boundary slopes in the Farey tessellation data structure
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Remark 17 (Farey tessellation data structure) In the proof, we have chosen to associate a canonical
triangle in the Farey tessellation with an even slope. In practice, one may use any triangle with the
slope, thus saving some computations. If the norms of many slopes are to be computed, then it would be
worthwhile to first set up a data structure containing the norm for each slope of a fundamental surface.

It is important to note that we do not have to deal with the infinite object that is the Farey tessellation, but
with a finite tree that is modelled on the dual 1–skeleton of the Farey tessellation. The nodes of our data
structure are those of the dual 1–skeleton corresponding to even boundary slopes realised as boundary
slopes of fundamental surfaces. Arcs are established between nodes along edges in the dual 1–skeleton
of the Farey tessellation. This is an efficient procedure thanks to the Euclidean algorithm. It may add
auxiliary nodes that are common to paths coming from different nodes. The arcs are assigned weights
equal to the number of edges in the dual 1–skeleton of the Farey tessellation that have endpoints in
triangles of different even slopes. With this setup, providing a query boundary slope amounts to inserting
this extra slope into the data structure (exactly as before), and computing weighted path lengths without
backtracking to all other nodes.

3 Crosscap number of knots

We now restrict our view to knot exteriors with the following special property. Suppose N is a closed
orientable 3–manifold, and K �N a knot with ŒK�D 0 2H1.N IZ2/.

Let �.K/ be an open regular neighbourhood of K. We assume that the exterior M D N n �.K/ is
irreducible and contains no embedded nonseparating torus and no embedded Klein bottle. For instance,
this is the case for any knot in N D S3, and it is the case for any hyperbolic knot in N, ie when M has a
complete hyperbolic structure of finite volume.

The knot K is trivial in N if there is a properly embedded disc in M that has nontrivial slope on @M . In
particular, K is nontrivial if and only if M has incompressible boundary.

The crosscap number c.K/ of a nontrivial knot K �N is defined by

c.K/Dminf1��.S/ j S is a nonorientable spanning surface for Kg:

The crosscap number of a trivial knot is defined to be zero. The subtle difference between crosscap number
and slope norm is that the crosscap number is not simply obtained by computing the minimal norm over
all slopes of spanning surfaces, since it also takes into account the orientability class of a taut surface.

3.1 Geometric framings and spanning surfaces

The closure of �.K/ is a solid torus, and the curve mg on @M bounding the meridian disc for this solid
torus is the geometric meridian for K. This information allows us to pass between .N;K/ and .M;mg/.

A spanning surface for K in N is an embedded connected surface S in N with @S D K. If S is a
spanning surface for K in N , then F D S \M has the property that @F has algebraic intersection
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number ˙1 with mg on the boundary torus (after choosing orientations for both curves). Conversely,
suppose F is a properly embedded surface in M with a single boundary component. If @F has algebraic
intersection number ˙1 with mg, then F extends to a spanning surface of K in N .

The condition that ŒK� D 0 2 H1.N IZ2/ implies that K has a (possibly nonorientable) spanning
surface. The intersection pairing with the meridian shows that mg maps to a nontrivial element of
im.H1.@M;Z/!H1.M;Z2//, and hence is a 2–meridian.

Recall the definition of a homological framing in Remark 9. In the setting here, it is more natural to
define a geometric framing that includes the class of the boundary of the meridian disc as a generator.

Geometric framing, I Suppose K has an orientable spanning surface S . Then the boundary of S is the
homological longitude of M and, due to the intersection pairing, the geometric meridian is a homological
meridian. In particular, K has an orientable spanning surface if and only if ŒK� D 0 2 H1.N IZ/. By
the discussion above, in this case, every nonorientable spanning surface has boundary slope of the form
m2k

g l1 (recall that we represent isotopy classes of unoriented curves by choosing a representative with
nonpositive longitudinal coordinates). Any orientable spanning surface can be turned into a nonorientable
spanning surface by attaching a saddle, and iteratively adding saddles shows that the set of all slopes of
spanning surfaces is precisely the set

S.K/D fm2k
1 l1 j k 2 Zg

for any homological meridian m1. Alternatively, one may define a geometric longitude lg D l1, and
hence

S.K/D fm2k
g lg j k 2 Zg

is the set of all boundary slopes of spanning surfaces. See Figure 9 for the subtree of spanning slopes
sitting inside the dual of the Farey tessellation.

Geometric framing, II Now suppose K has no orientable, but a nonorientable spanning surface S . This
is the case if and only if ŒK�D 0 2H1.N IZ2/ and ŒK�¤ 0 2H1.N IZ/. The “only if” direction follows
from the existence of S and the discussion above, and the “if” direction from the construction given in
the proof of Lemma 7. By the above, we have Œ@S �Dm2k0

1 l
q0
1 for some q0; k0 2 Z, q0 and 2k0 coprime,

and q0 > 0. Since this is isotopic to the core curve of �.K/, mg D mr0
1ls0
1, where 2k0s0 � q0r0 D˙1.

Each slope of a nonorientable surface is zero in H1.M IZ2/ and meets the geometric meridian once
algebraically. Again, by adding saddles to S , one can obtain all possible slopes that arise this way, and
we conclude that the slopes of all spanning surfaces are precisely the set

S.K/D fm2k
g .m2k0

1 l
q0
1/ j k 2 Zg:

To obtain a more pleasing description, we define a geometric longitude lg as follows. Fix a Euclidean
norm on H1.@M;Z/ with the property that kl1k D 1 and kmgk D 1. Then define lg to be a shortest
curve in S.K/. It then follows that

S.K/D fm2k
g lg j k 2 Zg:
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Figure 5: The figure-8 graphs and their orientations for the three types of essential normal curves.

Computing intersection numbers Suppose T is a triangulation of M with the property that the induced
triangulation T@ of @M is a two-triangle triangulation of the torus. The purpose of this section is to show
how to set up the equations to determine whether a given normal surface is a spanning surface.

Given a normal surface S with nonempty boundary, we obtain @S D c as a (not necessarily connected)
normal curve in T@. The normal curve c is connected if and only if the greatest common divisor of its
coordinates equals one. Hence S can only be a spanning surface if this is the case.

We assume that the geometric meridian mg is given as a normal curve with respect to T@. We now explain
how to compute the minimal number of intersections between the isotopy classes of any two essential
connected normal curves (such as mg and @S D c). This makes use of the fact that, on the torus, the
geometric and the algebraic intersection numbers of oriented curves coincide.

Represent the triangulation T@ as the identification space of a square with a diagonal and label the normal
coordinates, as in Figure 5. It was shown in [Jaco and Sedgwick 2003] that the normal coordinates
.x1;x2;x3/ of one triangle determine the normal coordinates in the second triangle, as indicated in
the figure. A connected essential normal curve contains no vertex linking curves, and hence its nor-
mal coordinates satisfy xi D 0 for at least one i 2 f1; 2; 3g. Again, we check that @S D c satisfies
this requirement.

It follows that an essential normal curve can be isotoped to be in the neighbourhood of a figure-8 graph
on the torus that is composed of four normal arcs. There are three such graphs, as shown in Figure 5. The
normal coordinates can be viewed as weights on the edges of this graph. It was observed in [Bachman
et al. 2016] that each essential normal curve can be given a canonical orientation which depends only
on which normal coordinate is zero. This in turn can be viewed as an orientation of the edges of the
corresponding figure-8 graph as shown in Figure 5.

In particular, the oriented intersection numbers between an oriented normal curve and two oriented edges
ev and eh of the triangulation T@ can be read off from the normal coordinates. We call them oriented edge
weights. Hence the intersection number of two essential normal curves can be computed as a determinant
in these oriented edge weights. With respect to the labelling shown in Figure 5, the normal coordinates
x D .x1;x2;x3/ result in the oriented edge weights .x2Cx3;x3/ if x1 D 0, .x3;x1Cx3/ if x2 D 0 and
.x2;�x1/ if x3 D 0. The intersection number between two oriented essential normal curves is then the
determinant of the 2�2 matrix with these oriented edge weights as columns. For example, if xD .0;x2;x3/

and y D .y1; 0;y3/, then the intersection number is .x2Cx3/.y1Cy3/�x3y3 D x2y1Cx2y3Cx3y1.

Algebraic & Geometric Topology, Volume 24 (2024)



4324 William Jaco, Joachim Hyam Rubinstein, Jonathan Spreer and Stephan Tillmann

The upshot of this discussion is that given a normal curve with respect to T@ that represents the meridian,
we have an algorithm to determine whether a normal surface is a spanning surface.

Efficient suitable triangulations One of the tools used in [Burton and Ozlen 2012] is the following
concept. We say that T is an efficient suitable triangulation of M if there is no normal 2–sphere with
respect to T , the induced triangulation T@ of the boundary has a single vertex, and the geometric meridian
is isotopic with a boundary edge. As in [loc. cit.], it follows easily from [Jaco and Rubinstein 2003,
Proposition 5.15 and Theorem 5.20] that if K is a nontrivial knot in N , then M has an efficient suitable
triangulation and that this can be constructed algorithmically from any triangulation of M . Namely, one
first constructs a 0–efficient triangulation of M . If one of the edges in the boundary is isotopic with
the geometric meridian, then we are done. Otherwise, we layer tetrahedra on the triangulation until
one of the edges is the geometric meridian. A minimal layering sequence can be determined from the
Farey tessellation. Now a 0–efficient triangulation has no normal 2–spheres. Consider a step in the
layering procedure. If the triangulation before layering a tetrahedron on the boundary has no normal
2–sphere, then so does the triangulation after layering a tetrahedron, since any normal surface that meets
the new tetrahedron in a disc has nonempty boundary. So it follows inductively that an efficient suitable
triangulation can be obtained from a 0–efficient triangulation.

Normalisation An excellent discussion of the procedure that constructs normal surfaces from properly
embedded surfaces transverse to a triangulation can be found in Matveev’s book [2007, Section 3.3.3].
See also [Burton and Ozlen 2012] for a similar discussion to what follows. Normalisation moves are
isotopies, removal of trivial components, compressions along circles of intersection of the surface with
triangles of the triangulation, or boundary compressions along discs that have part of their boundary in
the interior of boundary edges of the triangulation.

Suppose S is a properly embedded surface in M that is incompressible and transverse to the triangulation.
Since M is irreducible, any normalisation move that would result in a 2–sphere or properly embedded disc
split off from S can be avoided by a suitable isotopy of S that is supported in a regular neighbourhood
of a ball bounded by the 2–sphere or cobounded by the disc. In particular, this isotopy removes some
intersection points of S with the edges or some intersection circles of S with the triangles (possibly both).
Instead of a normalisation move of this type, we perform the associated isotopy. If S can be transformed
to a normal surface in this way, then we say that S normalises by isotopies.

The only normalisation moves that cannot be replaced by an isotopy are boundary compressions where
the boundary compression disc D is contained in a 3–simplex � of the triangulation and @D D 
 [ 
 0

with the property that 
 is an arc contained in the interior of an edge e � @M of � and 
 0 is an arc
contained in S . Moreover, D n
 is contained in the interior of �. Note that such a boundary compression
decreases S \ e by two points and leaves the intersections with all other boundary edges unchanged. The
normalisation procedure may involve multiple boundary compressions. The upshot of this discussion is
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that if S meets one boundary edge in a single point, then this is also true of any surface obtained from S

by applying the normalisation procedure (with or without the modification of using isotopies).

3.2 Crosscap number via suitable triangulations

Theorem 1, which is proved in this section, is a result about the crosscap number of certain knots in closed
3–manifolds, which, in particular, gives an algorithm to compute the crosscap number of an arbitrary knot
in S3. The result requires the use of efficient suitable triangulations, as defined in the previous section.
Theorem 3 in Section 3.3 is the equivalent result for arbitrary 0–efficient triangulations. Both results
share Lemma 19, which is why forward references to Theorem 3 and Section 3.3 appear in this section.

The proof of Theorem 1 shows that the following algorithm to compute the crosscap number is correct:

Algorithm 18 Compute the crosscap number of the knot K in the 3–manifold M , satisfying the
conditions of Theorem 1.

Input:
(1) T , an efficient suitable triangulation of M with boundary T@

(2) m, a meridian of K represented by an edge of T@

compute S0, the set of fundamental surfaces of T

compute S1 D fS 2 S0 j @S \mD 1g, the set of spanning fundamental surfaces
compute xDmaxf�.S/ j S 2 S1g, maximum Euler characteristic of all spanning fundamental surfaces
if x D 1 then

return c.K/D 0

end if
if x D 0 then

return c.K/D 1

end if
compute S2 D fS 2 S1 j �.S/D xg, the set of maximal Euler characteristic spanning fundamental
surfaces
if S2 contains nonorientable surface then

return c.K/D 1�x

else
return c.K/D 2�x

end if

Proof of Theorem 1 Let So be an orientable spanning surface of maximal Euler characteristic and Sn be
a nonorientable spanning surface of maximal Euler characteristic. Then c.K/Dmin.1��.Sn/; 2��.So//.
If there is no orientable spanning surface, then c.K/D 1��.Sn/. The definitions imply that c.K/ �

min.A;B/, since any orientable spanning surface can be turned into a nonorientable spanning surface by
adding a saddle appropriately.

Algebraic & Geometric Topology, Volume 24 (2024)



4326 William Jaco, Joachim Hyam Rubinstein, Jonathan Spreer and Stephan Tillmann

Both So and Sn are incompressible due to the maximality condition on the Euler characteristic.

Since @M is a torus and So is orientable, this also implies that So is @–incompressible. We may therefore
assume that So is normal in M . By [Jaco and Sedgwick 2003, Corollary 3.8], two compatible normal
surfaces with nonempty boundary either have the same slope (and hence their sum has at least two
boundary curves) or complementary boundary curves (and hence their sum has boundary containing a
trivial curve). Therefore only one of the fundamental surface summands, Go, yielding So has nonempty
boundary and @So D @Go. Since Euler characteristic is additive and there are no normal 2–spheres,
�.So/� �.Go/. Since @So D @Go, Go is also a (not necessarily orientable) spanning surface.

If �.Sn/<�.So/, then Go must be orientable.1 Also, �.Sn/<�.So/ implies c.K/D2��.So/�1��.Sn/.
Since Go is an orientable spanning surface, �.Go/D �.So/, and therefore c.K/D 2��.Go/�B. Thus
c.K/D B.2

Hence assume �.Sn/� �.So/. In this case c.K/D 1��.Sn/ < 2��.So/.

Now Sn may not be @–incompressible. We use the following argument from [Burton and Ozlen 2012].
Since @Sn has algebraic intersection number one with the geometric meridian mg, we may isotope Sn in
M so that it meets the edge in T@ that represents mg in exactly one point. We now isotope Sn so that it
is transverse to the triangulation. This still meets mg in exactly one point. As noted above, any surface
obtained by applying the normalisation procedure to Sn results in a surface meeting mg in exactly one
point, and hence a spanning surface.

In particular, any nontrivial boundary compression involved in putting Sn into normal form results in
a spanning surface of larger Euler characteristic. Since �.Sn/ � �.So/, this surface must again be
nonorientable, which contradicts the maximality of the Euler characteristic of Sn. Hence Sn can be
normalised by isotopies. As above, we see that only one of the fundamental surface summands, Gn,
yielding Sn has nonempty boundary. Since Euler characteristic is additive, �.Sn/ � �.Gn/. Since
@Sn D @Gn, Gn is also a spanning surface.

We now have the following cases:

If �.Sn/ > �.So/, then Gn must be nonorientable. This forces �.Gn/D �.Sn/, and we have c.K/�A,
which implies c.K/DA< B.

If �.Sn/ D �.So/, then �.Go/ D �.Sn/ D �.So/ D �.Gn/. The proof is continued with Lemma 19,
where it is shown that there is at least one nonorientable fundamental spanning surface with this maximal
Euler characteristic. Hence c.K/DA< B.

Lemma 19 Suppose M and T are as in the hypothesis of Theorem 1 or Theorem 3. Also assume , in the
case of Theorem 3, that c.K/ <Z.

1See the proof of Theorem 5 for an argument that Go is always orientable if So is of least weight in its isotopy class.
2Note that in this case, we either have c.K/D B <A or c.K/D B DA. See Section 6 for examples of both cases.
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Suppose So is an orientable spanning surface of maximal Euler characteristic , and Sn is a nonorientable
spanning surface of maximal Euler characteristic. If �.Sn/D�.So/, then there is at least one nonorientable
fundamental spanning surface F with �.F /D �.Sn/D �.So/.

Proof We prove this by contradiction. We know that every nonorientable spanning surface of maximal
Euler characteristic is isotopic to a normal surface (since we either assume that the triangulation is suitable
or that c.K/ <Z). We also know (from the last paragraph in the proof of both Theorems 1 and 3) that
there is at least one fundamental spanning surface of Euler characteristic �.Sn/D �.So/. Suppose every
such fundamental spanning surface is orientable, and hence Sn is isotopic to a nontrivial Haken sum S of
normal surfaces. We then show that this implies that S must be orientable as well, a contradiction.

Here is the outline of our proof:

(1) Setup Let S be a nonorientable normal spanning surface with �.S/D �.Sn/ that is of least weight.

(2) Setting up the Haken sum for S We show that S DRCT , where T is a torus, R is connected
(incompressible), and no patch is a disc.

(3) R meets T an even number of times We show that R\T is an even number of essential curves on T .

(4) All components of R nT above T are annuli We show that any patch of R in the component of
M nT that does not contain @M must be a (separating) annulus.

(5) RCT is orientable We use the above statements to conclude that RCT must be orientable.

Setup Suppose x D �.Sn/D �.So/ is the maximum Euler characteristic of a fundamental spanning
surface. We assume that all fundamental spanning surfaces with maximum Euler characteristic are
orientable. Since K is nontrivial, none of these is a disc. Since there are no orientable spanning surfaces
of Euler characteristic 0, we can assume for the remainder of the proof that all orientable fundamental
spanning surfaces have strictly negative Euler characteristic.

We know that a nonorientable normal spanning surface S with �.S/ D x exists. Furthermore, we
may assume that S has least weight amongst all nonorientable normal spanning surfaces with Euler
characteristic x.

By hypothesis, S is not fundamental.

Setting up the Haken sum for S By Proposition 12, two compatible normal surfaces with nonempty
boundary either have the same slope (so their sum has at least two boundary curves) or complementary
boundary curves (so their sum has boundary containing a trivial curve). Hence only one of the fundamental
surface summands, F , yielding S has nonempty boundary and @F D @S . In particular, F is a spanning
surface for K and has negative Euler characteristic.

By hypothesis, T does not admit any normal spheres, and since M is irreducible with nonempty boundary
a torus it does not admit any embedded RP2. Hence every surface in the Haken sum giving S has
nonpositive Euler characteristic. Since F is a spanning surface and Euler characteristic is additive in Haken
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sums, the maximality of Euler characteristic x amongst all spanning surfaces forces �.F /D x, and all
other summands have Euler characteristic zero. Since F is a fundamental spanning surface and �.F /D x,
it follows that F is orientable. Since M contains no Klein bottles, all other summands are fundamental tori.

Note that removing any normal torus from any Haken sum with result S must produce an orientable
surface, since S is least-weight.

Let R be such an orientable surface, and let T be the missing torus such that RC T D S . There
are potentially many such decompositions, and we claim that for at least one of them R is connected.
Assume that we have RCT D S with R disconnected. Then R must consist of one spanning surface of
maximal Euler characteristic, and a number of tori. Since RCT D S is connected, all of these extra
torus components of R must intersect T . Pick one of these tori, denote it by T 0, and use the remaining
components of R to form the Haken sum R0 D .R n T 0/C T . By construction, S D R0 C T 0 and
R0\T 0 �R\T is a proper subset. Iterating this process eventually yields a decomposition S DRCT

with R connected.

Since R is an orientable spanning surface of maximal Euler characteristic, it is incompressible and
boundary incompressible.

As is customary when talking about Haken sums, we call the connected components of .R[T /n�.R\T /

patches. Every patch is a compact orientable subsurface of S with nonempty boundary. Since both R

and T are orientable, the patches are connected on S by annuli contained on the frontier of �.R\T /.
These are called the exchange annuli. The core curve of an exchange annulus is called a trace curve.
Note that a trace curve corresponds to the boundary curves of patches on both R and T that are joined by
the corresponding annulus.

The complementary annuli on the frontier of �.R\T / are the irregular annuli. Let 
 �R\T . Attaching
the exchange annuli to the patches is called a regular exchange at 
 , and attaching the irregular annuli to
the patches is called an irregular exchange.

Amongst all ways to write S DRCT , where R is an orientable normal spanning surface of maximal
Euler characteristic and T is a normal torus, we assume we have chosen one with the least number of
patches. Note that jR\T j ¤∅ as S is nonorientable.

No patch of S D RC T is a disc This follows almost verbatim from the proof of [Jaco and Oertel
1984, Lemma 2.1]. We repeat a slightly adapted version of the beginning of the proof here, as our setup
is slightly different. However, the endgame remains the same.

Suppose 
 �R\T and denote the two associated trace curves by 
 0 and 
 00. Suppose 
 0 bounds a patch
D0 that is a disc on S . Since a disc is 2–sided in M , there is an embedded disc D �M with interior
disjoint from S and boundary curve 
 00. Since S is incompressible, this implies that 
 00 also bounds a
disc D00 on S . Since D0 is a patch, D00 ª D0. We claim that D00 is not a patch.

If D0 �D00, then D00 is clearly not a patch.
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RCT
RCT

Figure 6: Cross section of the intersection of T and R together with the transverse orientation of
R and marked potential obstructions to orientability of the resolution realised by the Haken sum
S DRCT .

Hence assume that D0 ª D00. Then D0\D00 D∅. Perform an irregular exchange along 
 and regular
exchanges along all other curves in RCT . If an irregular annulus does not join D0 and D00, then we can
construct a 2–sphere in M that separates S , a contradiction since S is connected. Hence the union of
D0, D00 and an irregular annulus is an embedded 2–sphere in M . Now if both D0 and D00 are patches,
then we may perform a regular exchange along only 
 and no other component of R\T to obtain new
normal surfaces R0 and T 0 with S DR0CT 0. Moreover, R0 is isotopic with R and T 0 is isotopic with T .
So R0 C T 0 still satisfies our hypothesis on the Haken sum that R0 is an orientable normal spanning
surface of maximal Euler characteristic and T 0 is a normal torus. Now R0CT 0 has two patches fewer
than RCT , since D0 and D00 are now contained in patches. It follows that D00 is not a patch.

So in either case, we establish that D00 is not a patch. To conclude, we know that for each patch D0 that is a
disc there is an associated disc D00 on S which is not a patch and with the property that the boundary curves
of D0 and D00 are associated with the same curve in R\T . Now the construction and argument given in
the last four paragraphs in the proof of [loc. cit., Lemma 2.1] results in a surface of lower weight than S

and isotopic with S . Hence no patch is a disc, and in particular, no patch is of positive Euler characteristic.

Irregular exchanges Recall that we have established that R\T is a collection of essential curves on T

slicing up T into a set of annuli. Any such situation can be fully reconstructed from the schematic picture
shown in Figure 6, where the horizontal line represents the torus T , and the vertical lines represent R

slicing through T . Every possible Haken sum is then described by an orientation at each intersection for
how the Haken sum operates, and the transverse orientation for every sheet of R.

Suppose any nonempty subset of components of R\T are resolved via irregular exchanges, whilst all
other components are resolved via regular exchanges. This results in a surface that is not normal, has
nonempty boundary and is not necessarily connected. However, it contains a component C that is a
maximum Euler characteristic spanning surface. Since we have performed at least one irregular exchange,
we know that C is not a normal surface and hence normalises to a normal surface of lower weight than S .

We claim that C is orientable. This is the only place where we have different arguments given the
hypotheses of the theorems:
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First assume the hypotheses of Theorem 1. Since @C D @S , the surface C is a maximum Euler
characteristic spanning surface that meets the meridian edge in exactly one point and hence normalises
by isotopies. In particular, the resulting normal surface is again a spanning surface. The minimality of the
weight of S implies that this spanning surface (and therefore C ) is orientable.

Next assume the hypotheses of Theorem 3 and that c.K/ <Z. If C is nonorientable, then it normalises
by isotopies. But this contradicts the minimality of S . Hence C is orientable.

This proves the claim. It follows that if we perform at least one irregular exchange, then there is a
component C that is a maximum Euler characteristic spanning surface and that normalised to an orientable
spanning surface of maximal Euler characteristic. We will repeatedly make use of this observation.

R meets T an even number of times Since RCT is nonorientable and R and T are orientable, every
orientation-reversing loop in RCT must pass through patches of both R and T . Take one such loop
c �RCT that minimises the number of times it intersects the exchange annuli between patches of R

and T . We claim that c intersects each exchange annulus in at most one arc from one boundary component
to the other.

To see this, first note that if c intersects an exchange annulus in an arc going back to the same boundary
component we can simply isotope it out of the exchange annulus. This is a contradiction to the assumption
that c minimises intersections with exchange annuli.

If c intersects the same exchange annulus in more than one arc, take two such arcs that are next to each
other and isotope them into a small disc containing a section of the exchange annulus and a piece of R

and T on either side. Delete the two arcs meeting the disc and connect the four ends outside the exchange
annulus to obtain a curve c0 meeting the exchange annuli of RCT fewer times than c (see Figure 7).

We show that one component of c0 must still be orientation reversing. Referring to Figure 7, we start at
end 1, which can be connected to ends 2, 3 or 4.

� If it is connected to end 2, we immediately obtain a contradiction to the assumption that c is connected;
see Figure 7, first row.

� If it is connected to end 3, then end 2 must connect to end 4. Tracing transverse orientations through
both arcs and connecting them in the disc leaves us with no, one or two orientation-reversing components
of c0. We can now check that if neither or both components were orientation reversing, then c would have
been orientation preserving, which is a contradiction. Hence exactly one of them is orientation reversing,
a contradiction to the assumption that c intersects the exchange annuli of RCT a minimum number of
times; see Figure 7, middle row.

� If it is connected to end 4, then end 2 must be connected to end 3. Similarly to the case before, we
can trace orientations through c0, thereby checking all four choices. As before, in each case we obtain
contradictions to either c being orientation reversing or c having minimal intersection with the exchange
annuli of RCT ; see Figure 7, bottom row.
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Figure 7: Top row: 1 is connected to 2 and c is not connected. Middle row: 1 is connected to 3.
Two cases of 16 for choosing orientations on c near 1, 2, 3 and 4 are shown. The others follow by
flipping R and T , top and bottom, and direction of all arrows. Bottom row: 1 is connected to 4.
Again, only two out of 16 cases are shown and the others follow by symmetry.

Altogether it follows that c intersects every exchange annulus at most once.

Now assume that c is disjoint to the two exchange annuli coming from some component of R\T . If this
is the case, we can make an irregular exchange along that component and regular exchanges along all
other components of R\T . Then the resulting new surface still contains an orientation-reversing loop c,
and hence is nonorientable — a contradiction to S being least-weight, as explained above.

Next, assume that c intersects both exchange annuli coming from some component of R\T . Consider
the solid torus D2�S1 that is a regular neighbourhood of this component and contains the two exchange
annuli. Choose an open regular neighbourhood of the two exchange annuli on S . There is an isotopy of c
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on S that is the identity on the complement of this neighbourhood, and has the effect that the intersection of
c with these exchange annuli is contained in some disc DDD2�fxg. In D we now have a similar picture
as before, and we refer to Figure 7. Performing an annular exchange yielding a new surface .RCT /0 cuts
c open along two small arcs with ends 1, 2, 3 and 4. Connecting ends 1 and 3 and ends 2 and 4 through
the newly added annuli yields another curve c0 in the changed surface. An analysis of how orientations
can be traced on c0 results in an orientation-reversing loop, assuming that c was orientation reversing. It
follows that .RCT /0 must be nonorientable, a contradiction to the assumption that RCT is least-weight.

Altogether we conclude that c must meet exactly one of the two exchange annuli coming from a component
of R\ T for every such component. Running through c, we meet patches of R or T and exchange
annuli in an alternating fashion. Moreover, a patch of R, followed by an exchange annulus, must then be
followed by a patch of T and vice versa (ie c runs through patches of R and T in an alternating fashion
as well). In particular, c must run through an even number of exchange annuli. But since the number of
exchange annuli meeting c is in bijection to the components of R\T , we conclude that the number of
components of R\T must be even.

All patches of S on one side of T are annuli The Euler characteristic of S equals the sum of the
Euler characteristics of all patches on S . Since no patch is a disc, the Euler characteristic of any patch is
nonpositive. We already know that all patches of S contained on T are annuli. Since T is separating in M

we say that the component of M nT containing @M is below T and that the other component is above T .

Since jR\T j is even, we now perform (possibly irregular) exchanges on R\T so that we obtain a new
surface S 0 that is isotopic to a surface disjoint from T . This is achieved by alternating the exchanges
so that patches on R above T are joined via annuli on T with patches above T , and patches below T

with patches below T . This results in one surface, R0, below T and one surface, T 0, above T . As above,
�.R0/D �.S/, and this forces all patches that are not contained on R0 to be annuli.

RCT is orientable Every properly embedded annulus above T is separating in M nT , since otherwise
we have a nonseparating torus in M . Take an innermost annulus patch of S , ie a patch contained in a
component C of R nT with the property that the frontier of C bounds an annulus on T that does not
contain any components of R\T . There are four possibilities for how the Haken sum RCT connects
the patch on C with patches on T . One of them produces a separate connected torus component, and
hence contradicts the connectedness (least-weight) assumption for RCT (see Figure 8, top right). Two
solutions give us the opportunity to resolve the Haken sum in the opposite way on one of the crossings,
producing an extra torus component and not changing the nonorientability of the rest of the Haken sum
(see Figure 8, bottom row). This leaves us with the last option, which is an exchange of annuli between
the summands (see Figure 8, top left).

Given that all components of R nT on the side of M not containing @M are separating annuli, we can
iterate this argument stating that the entire Haken sum can be resolved this way. But then RC T is
disconnected, which is a contradiction.
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Figure 8: Resolving a separating annulus in all four possible ways.

We conclude that there is no nonorientable normal spanning surface S with �.S/D�.So/. This contradicts
our hypothesis that �.So/D �.Sn/ and the hypothesis that Sn is normal.

3.3 Crosscap number via arbitrary 0–efficient triangulations

A trade-off in the previous algorithm is that one cannot apply it to arbitrary 0–efficient or minimal
triangulations.

Even integral subtree With respect to the geometric framing .mg; lg/, construct the Farey tessellation.
We claim that the dual 1–skeleton restricted to all ideal triangles that are labelled with the slopes of
spanning surfaces is connected. These are precisely the ideal triangles with labels of the form 2k=1,
where k 2 Z. For each fixed k, these triangles correspond to an infinite path in the dual 1–skeleton. The
path corresponding to .2k � 2/=1 then connects to the path corresponding to 2k=1 through a single arc
to form what we call the even integral subtree of the dual 1–skeleton of the Farey tessellation, denoted
by Fe. A portion of this tree is shown in Figure 9.

In more detail, first suppose k > 0. There is a Farey triangle with vertices 1=0, 2k=1 and .2k � 1/=1.
This is since we can act by the element �

1 2k

0 1

�
on the base triangle with vertices 1=0, 0=1 and �1=1. Then flipping across the ideal edge Œ1=0; .2k�1/=1�

gives the triangle with vertices 1=0, .2k � 1/=1 and .2k � 2/=1. Travelling along the path corresponding
to .2k � 2/=1, we arrive at the triangle with vertices 1=0, .2k � 2/=1 and .2k � 3/=1. Hence inductively
we arrive at the base triangle with even slope 0=1.
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Figure 9: The even integral subtree Fe representing spanning slopes in the dual of the Farey
tessellation. Every spanning slope is represented by an infinite path of a given colour, and paths
are connected by a single saddle attachment (black arcs). Only a small portion of Fe is shown.

Now suppose k < 0. Then there is a Farey triangle with vertices 1=0, 2k=1 and .2k C 1/=1. This is
obtained by acting by �

1 2k

0 1

�
on the triangle with vertices 1=0, 0=1 and 1=1. Again, flipping across the ideal edge Œ1=0; .2kC 1/=1�

gives a triangle with even slope .2kC 2/=1. So inductively we arrive at the ideal triangle with vertices
1=0, 0=1 and �1=1, which shares an edge with the base triangle. This completes the proof that the even
integral subtree is connected.

For any slope p=q, we define its even integral subtree distance d.p=q;Fe/ to be the number of edges in
the shortest path between �.p=q/ and Fe that have endpoints in triangles of different slopes.

Proof of Theorem 3 It follows from the definitions that c.K/�A and c.K/� B. Note that if S is a
fundamental nonspanning surface for K with connected essential boundary, then adding d.@S;Fe/ saddles
according to the corresponding shortest path in the Farey tessellation gives a nonorientable spanning
surface of Euler characteristic �.S/� d.@S;Fe/ for K. Hence c.K/ � Z. So c.K/ � min.A;B;Z/,
and we need to show equality.

Let So be an orientable spanning surface of maximal Euler characteristic, and let Sn be a nonorientable
spanning surface of maximal Euler characteristic. We have c.K/Dmin.1��.Sn/; 2��.So//.
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As in the proof of Theorem 1, So is incompressible and @–incompressible, and hence may be normalised
using isotopies. As before, there is a fundamental surface Go with �.So/��.Go/ and @SoD @Go. Hence
Go is also a spanning surface. If �.Sn/ < �.So/, then Go must be orientable. This forces �.Go/D �.So/,
and we have c.K/D B.

Hence assume �.Sn/� �.So/. In this case c.K/D 1��.Sn/ < 2��.So/� B.

Note that Sn is incompressible, but Sn may not be @–incompressible.

Normalisation of Sn may involve a finite number of nontrivial boundary compressions resulting in surfaces
that are not spanning surfaces. Each nontrivial boundary compression increases Euler characteristic by
one. Suppose Sn normalises to the normal surface S 0n, and, topologically, the latter is obtained from the
former by performing k > 0 nontrivial boundary compressions. Then �.Sn/D �.S

0
n/� k. Now if S 0n is

not fundamental, then we obtain a fundamental surface Gn with @Gn D @S
0
n and �.S 0n/ � �.Gn/. The

maximality of �.Sn/ implies that �.S 0n/D �.Gn/ and k D d.@Gn;Fe/ since any surface obtained by
adding saddles to Gn is nonorientable (regardless of whether Gn is orientable or not). Hence

c.K/D 1��.Sn/D 1��.Gn/C d.@Gn;Fe/�Z;

and so c.K/DZ.

We may therefore assume that c.K/<min.B;Z/. So �.Sn/��.So/ and every nonorientable fundamental
spanning surface with maximal Euler characteristic �.Sn/ normalises by isotopies. As above, we obtain
a fundamental surface Gn with @Gn D @Sn and �.Sn/� �.Gn/.

If �.Sn/ > �.So/, then Gn must be nonorientable. This forces �.Gn/D �.Sn/, and we have c.K/�A,
which implies c.K/DA.

If �.Sn/ D �.So/, then �.Go/ D �.Sn/ D �.So/ D �.Gn/. The proof is continued with Lemma 19,
where it is shown that there is at least one nonorientable fundamental spanning surface with this maximal
Euler characteristic. Hence c.K/DA.

Remark 20 It is known from work by Clark [1978] that a knot in the 3–sphere has crosscap number
zero or one if and only if it is a .2; 2kC1/–cable of a knot for k 2Z. Hence, one corollary of Theorem 3
is that a given 0–efficient triangulation of a nontrivial knot complement in the 3–sphere is that of a
.2; 2kC1/–cable of a knot if and only if one of the fundamental surfaces is a Möbius strip.

4 Genus of knots

In our setting it is not difficult to recover a special case of a more general result of Schubert [1961] (which
was originally proved in the context of normal surfaces with respect to handle decompositions). Namely,
there is an algorithm to determine the genus of a knot using normal surface theory.

Proof of Theorem 5 Suppose So is an orientable spanning surface of maximal Euler characteristic.
Since @M is a torus and So is orientable, this also implies that So is @–incompressible. We may therefore
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assume that So is normal in M . Amongst all maximal Euler characteristic orientable normal spanning
surfaces, we choose a surface S of least weight.

By [Jaco and Sedgwick 2003, Corollary 3.8], two compatible normal surfaces with nonempty boundary
either have the same slope (and hence their sum has at least two boundary curves) or complementary
boundary curves (and hence their sum has boundary containing a trivial curve). Therefore only one of the
fundamental surface summands, F , yielding S has nonempty boundary and @S D @F .

Since Euler characteristic is additive and there are no normal 2–spheres, �.S/� �.F /. We also note that
the weight of F is strictly less than the weight of S unless S D F .

These two observations imply that if F is orientable then S D F , and hence S is fundamental.

Suppose that F is nonorientable. In this case, S DFCG is a nontrivial Haken sum with G ¤∅ a closed
normal surface. We give all patches of F CG the induced orientation from S . Since F is nonorientable,
there is a closed curve 
 in F\G where the induced orientations from S on the two patches on F meeting
in 
 do not agree. Since the Haken sum is orientable, it is also the case that the induced orientations on G

do not agree. It follows that if one performs an irregular exchange at 
 and regular exchanges at all other
intersection curves, then one obtains an orientable spanning surface with the same Euler characteristic
(and boundary) as S but which is not normal. Hence a normalisation of this surface will have lower
weight than S . This is a contradiction, and so F is indeed orientable.

5 Quadrilateral space

We now provide some results that allow us to obtain minimising slopes and crosscap numbers of knots
using computations in quadrilateral space.

We begin with some general observations that will then be adapted under varying hypotheses. We assume
that M is an orientable compact irreducible 3–manifold with @M a single incompressible torus, and that
T is a 0–efficient triangulation of M .

For a normal surface F , denote by ŒF �Q the normal Q–coordinates of F . If F is not a vertex linking
disc, then ŒF �Q¤ 0. If ŒF �Q¤ 0 is not fundamental, then we write ŒF �QD

P
ŒFi �Q, where the ŒFi �Q are

fundamental normal Q–coordinates (with possible repetitions), and each of the corresponding normal
surfaces Fi is connected and not a vertex link. Such an Fi is called a Q–fundamental surface. With
respect to standard coordinates, fFig is a compatible set of normal surfaces since triangle coordinates do
not affect compatibility, and each Fi is a fundamental normal surface that is not a vertex linking disc.

Let D be a vertex linking disc. Then F CkD D
P

Fi as a Haken sum of normal surfaces. The boundary
of Fi may consist of essential curves and trivial curves, only consist of trivial curves, or be empty.
Since the Fi are compatible normal surfaces, [Jaco and Sedgwick 2003, Corollary 3.8] implies that
essential curves of at most two different slopes appear in the Haken sum, namely the slope of @F and its
complementary slope (which depends on the triangulation of the boundary).
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Since the triangulation is 0–efficient, �.Fi/� 0. Let fFigD fGj g[fHng be a partition into two nonempty
sets. Then there are normal surfaces G and H with the property that none of their connected components
is a vertex linking disc, and integers k 0 and k 00 such that GCk 0DD

P
Gj and H Ck 00DD

P
Hn. Now

F C kD D
X

Fi D

X
Gj C

X
Hn DGCH C .k 0C k 00/D;

since vertex linking discs can be isotoped to be disjoint from a Haken sum. Similarly k�k 0Ck 00. Note that

�.G/D �.F /C .k � k 0� k 00/��.H /� �.F /;

since �.H / D
P
�.Hn/ � 0. We write k D Qk C Ok, where Ok is the total number of trivial boundary

components of the Fi . As in [loc. cit.], let �.@F / be the maximal normal arc coordinate of the slope @F .
We have that Qk equals �.@F / times the total number of essential boundary components of complementary
slope in the Fi . To see this, note that forming the Haken sum of normal surfaces with boundary slopes
@F and its complementary slope produces �.@F / copies of the trivial curve. In particular, Qk is a multiple
of �.@F /, and hence either Qk D 0 or Qk � �.@F /.

Suppose @F is a single essential boundary curve. Since @FCk@D consists of kC1D . QkC1/C Ok curves,
[loc. cit., Corollary 3.8] implies that the essential boundary curves of the surfaces fFig are 1C Qk=�.@F /

connected curves of the slope of F and Qk=�.@F / connected curves of the complementary slope.

In particular, if k D 0, then there is exactly one surface, say F1, with @F1 ¤ ∅. Hence we have F1

fundamental, @F1 D @F a connected essential curve, �.F1/ � �.F / (by choosing G D F1), and since
there are no vertex linking discs in the sum, F1 has lower weight than F unless F D F1. Also, F1 has
lower Q–weight than F unless F D F1. Here weight still refers to the number of intersections of a
normal surface with the 1–skeleton, and Q–weight is the total number of quadrilateral discs.

5.1 Minimising slopes

Proposition 21 Let M be an orientable compact irreducible 3–manifold with @M a single incompressible
torus. Suppose T is a 0–efficient triangulation of M .

Let S be a connected surface of maximal Euler characteristic amongst all properly embedded surfaces
in M with boundary a single essential curve on @M . Then there is a Q–fundamental surface F with
@F D @S and �.F /D �.S/.

Proof Suppose S is a surface of maximal Euler characteristic amongst all properly embedded surfaces
with boundary a single essential curve in M . Then S must be incompressible and @–incompressible, and
hence normalises by isotopies. Amongst all normal surfaces with a single essential boundary component
of the same slope as S and the same Euler characteristic as S , choose one of least weight. Call this surface
F (noting that F may not be isotopic with S ) and apply the preliminary observations. In particular, since
F is of least weight, either ŒF �Q is fundamental or k > 0.

So suppose k > 0. If Qk=�.@F / is odd, let fGj g be the subset of surfaces in fFig with slope complementary
to @F . If Qk=�.@F / is even (and hence 1C Qk=�.@F / is odd), let fGj g be the subset of surfaces in fFig
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with the same slope as @F . It follows that the surfaces in fGj g all have the same slope, and possibly some
trivial curves as boundary. Thus GC Ok 0D D

P
Gj , @G consists of an odd number of essential curves

(and may have some trivial curves), and Ok 0 is bounded above by the total number of trivial curves in the
boundaries of the Gj .

In particular, we may attach annuli to pairs of essential boundary components of G so that (after a small
isotopy) we obtain a properly embedded surface G0 with a single essential boundary component and
�.G0/D �.G/. Note that G0 may not be connected. Denote by G00 the component of G0 with boundary
containing the essential curve. Since the triangulation is 0–efficient and no component of G0 is a vertex
linking disc, each component of G0 has nonpositive Euler characteristic, and hence �.G00/� �.G0/. If
G00 has any boundary components that are trivial, we cap these off with disc, and denote the resulting
surface again by G00. This still satisfies �.G00/� �.G0/.

Similarly
P

Hn has boundary a family of parallel essential curves, and hence H C Ok 00D D
P

Hn,
where Ok 00 is bounded above by the total number of trivial curves in the boundaries of the Hn. We have
Ok 0C Ok 00 � Ok, which implies

F C . QkC Ok/D D F C kD D
X

Fi D

X
Gj C

X
Hn DGCH C . Ok 0C Ok 00/D:

If Qk > 0, then �.G00/��.G0/D�.G/D�.F /C. QkC Ok� Ok 0C Ok 00/��.H / >�.F /D�.S/, contradicting
the maximality of the Euler characteristic of S amongst all surface with boundary a single essential curve.

Hence Qk D 0. But then there is a unique surface in fFig with an essential curve in its boundary. Without
loss of generality, assume this is F1. If F1 only has one boundary component, then �.F1/� �.F / and
either the weight of F1 is less than that of F (which would be a contradiction) or FDF1 is Q–fundamental.
If F1 has more than one boundary component, then the other boundary components are trivial, and hence
we may cap them off with discs, obtaining a surface F 0 with @F 0 D @F and �.F 0/ > �.F / D �.S/,
contradicting the maximality of the Euler characteristic of S . Hence ŒF �Q is fundamental.

Corollary 22 Let M be an orientable compact irreducible 3–manifold with @M a single incompressible
torus. Suppose T is a 0–efficient triangulation of M . Then ˛ is a minimising slope for M if and only if
there is a Q–fundamental surface F of T with Œ@F �D ˛ and �.F /D�kM k.

The above corollary gives an algorithm to compute kM k and the set of all minimising slopes from the
Q–fundamental solutions. However, in the presence of incompressible and @–incompressible surfaces at
slopes other than the minimising slopes, we only obtain an upper bound on the norm of any slope if only
the Q–fundamental solutions and not all fundamental solutions are computed.

5.2 Crosscap number

This section gives a proof of Theorem 6. We organise the proof in three stages. It follows from the
previous section that the crosscap number can be computed from the Q–fundamental solutions if a
spanning slope is a minimising slope for M . This is immediate in the case where a nonorientable surface
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achieves the minimising slope (Corollary 23), and requires a little more effort when all these surfaces are
orientable (Proposition 24). The proof is then completed by showing that we can always compute the
crosscap number from the Q–fundamental solutions that are spanning surfaces.

Corollary 23 Let M be the exterior of a nontrivial knot K in a closed 3–manifold N with ŒK� D

0 2H1.N IZ2/. Suppose that M is irreducible and contains no embedded nonseparating torus and no
embedded Klein bottle. Let T be a 0–efficient triangulation of M and suppose that the coordinates for a
meridian for K on the induced triangulation T@ of @M are given.

Suppose that amongst the Q–fundamental surfaces with a single boundary component , the maximal Euler
characteristic is achieved by a nonorientable spanning surface S for K. Then c.K/D 1��.S/.

Proof Suppose So is an orientable spanning surface of maximal Euler characteristic, and Sn is a
nonorientable spanning surface of maximal Euler characteristic. Then c.K/Dmin.1��.Sn/; 2��.So//.

It follows from Proposition 21 that there is no spanning surface in M of larger Euler characteristic than
the surface S in the hypothesis. Hence �.So/� �.S/D �.Sn/, and therefore c.K/D 1��.S/.

In order to break up the proof of our main theorem, we offer the following improvement to the previous
corollary in the context of a 0–efficient and suitable triangulation. This result is an auxiliary step towards
our main result Theorem 6.

Proposition 24 Let M be the exterior of a nontrivial knot K in a closed 3–manifold N with ŒK� D
0 2H1.N IZ2/. Suppose that M is irreducible and contains no embedded nonseparating torus and no
embedded Klein bottle. Let T be a 0–efficient suitable triangulation of M .

Suppose that amongst the Q–fundamental surfaces with a single boundary component , the maximal Euler
characteristic is achieved by a spanning surface S for K. Then c.K/Dmin.A0;B0/, where

A0 Dminf1��.S/ j S is a nonorientable Q–fundamental spanning surface for Kg;

B0 Dminf2��.S/ j S is an orientable Q–fundamental spanning surface for Kg:

Proof Suppose So is an orientable spanning surface of maximal Euler characteristic, and Sn is a
nonorientable spanning surface of maximal Euler characteristic. The surface So (if it exists) is isotopic to
a normal surface. Since the triangulation is suitable, the same is true for Sn. We may therefore assume
that Sn and So are least-weight normal representatives amongst all normal spanning surfaces in the same
orientability class and with maximal Euler characteristic.

In the preliminary observation, let F be a normal spanning surface of maximal Euler characteristic. First
suppose Qk > 0. We let fGj g be the subset of surfaces in fFig with boundary curves of the same slope as F ,
and fHng be the complementary set. As in the proof of Proposition 21, we write GC Ok 0DD

P
Gj , where

Ok 0 is bounded above by the total number of trivial curves in the boundaries of the Gj and G does not contain
any vertex linking discs. Hence @G consists of Qk=�.@F /C 1 essential curves and some trivial curves.
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Similarly
P

Hn has boundary a family of Qk=�.@F / parallel essential curves of complementary slope and
some trivial curves, and we write H C Ok 00D D

P
Hn, where no component of H is a vertex linking disc

and Ok 00 is bounded above by the total number of trivial curves in the boundaries of the Hn. This implies

F C . QkC Ok/D D
X

Fi D

X
Gj C

X
Hn DGCH C . Ok 0C Ok 00/D:

Since Ok � Ok 0C Ok 00 and we assume Qk > 0, we have �.G/D �.F /C . QkC Ok � Ok 0� Ok 00/��.H / > �.F /,
and similarly �.H / > �.F /. Now either G or H has an odd number of essential boundary components,
and hence a connected component X with an odd number of essential boundary components. By
capping off trivial boundary components of X by discs and connecting essential boundary components in
pairs, we obtain a properly embedded surface X 0 with boundary a single essential simple closed curve,
and �.X 0/ � �.X / > �.S/. It follows that X 0 is not a spanning surface since F is a maximal Euler
characteristic spanning surface. For future reference we note that

�.X 0/��.X /��.H /��.F /C. QkC Ok� Ok 0� Ok 00/��.G/��.F /C Qk��.G/��.F /C�.@F />�.F /;

and @X 0 is a single curve of complementary slope to @F . We will analyse this in detail in the proof
of Theorem 6.

Note that Proposition 21 implies that there is a Q–fundamental surface Y of larger Euler characteristic than
�.F / and with a single boundary curve (which is possibly not of complementary slope). The existence of
Y contradicts our hypothesis that amongst the Q–fundamental surfaces with a single boundary component,
the maximal Euler characteristic is achieved by a spanning surface S for K.

Hence Qk D 0 and
F C OkD D

X
Fi

We may assume that the boundary curves of the Fi are pairwise disjoint since they are a single essential
curve and a finite number of trivial curves. There is exactly one surface, say F1, with @F � @F1. Now

�.F1/D �.F /C Ok �
X
i�2

Fi � �.F /C Ok:

If @F D @F1, then F1 is a spanning surface. Since F is a spanning surface of maximal Euler characteristic,
this implies Ok D 0 and �.F1/D �.F /. If @F1 also contains trivial curves, then we may cap these off with
discs to obtain a spanning surface F 0

1
with �.F 0

1
/ > �.F1/� �.F /, which is a contradiction.

Hence Ok D 0 and we have @F1 D @F and �.F1/D �.F /. So for every normal spanning surface F of
maximal Euler characteristic

F D
X

Fi ;

where the Fi are Q–fundamental and, without loss of generality, F1 is a normal spanning surface of
maximal Euler characteristic. In particular, for each i � 2, we have �.Fi/D 0 and @Fi D∅.

If �.Sn/ > �.So/, then F1 is nonorientable and c.K/D 1��.F1/DA0 < B0.

Similarly if �.So/ > �.Sn/, then F1 is orientable and c.K/D 2��.F1/D B0 �A0.
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Hence suppose �.So/D�.Sn/, and let FDSn. Again, if F1 is nonorientable, then c.K/D1��.F1/DA0.
Therefore suppose that amongst all Q–fundamental spanning surfaces there is no nonorientable surface
with Euler characteristic equal to �.Sn/. In particular

Sn D F1C

X
i�2

Fi ;

where F1 is orientable and
P

i�2 Fi is a closed surface of Euler characteristic zero, and hence a union
of separating tori. We are therefore in the setting of the proof of Lemma 19. The arguments therein
hinge on Sn being of least weight and equalling a Haken sum of the form F1C

P
i�2 Fi , but do not

depend on whether the Fi are fundamental. Hence we obtain a contradiction, and there must be a
nonorientable Q–fundamental spanning surface F 0 with Euler characteristic equal to �.Sn/. Therefore
c.K/D 1��.F 0/DA0 and we are done.

Proof of Theorem 6 There is only one place in the proof of Proposition 24 where we used the
hypothesis that, amongst the Q–fundamental surfaces with a single boundary component, the maximal
Euler characteristic is achieved by a spanning surface S for K.

Hence suppose F is a spanning surface of maximal Euler characteristic, and that there is a nonspanning
surface X 0 with a single boundary curve of complementary slope to @F and satisfying

�.X 0/� �.F /C Qk � �.F /C�.@F /:

Let 
 D @F and 
? D @X 0. Since F is a spanning surface of maximal Euler characteristic, we have

�.F /� �.X 0/� d.
?;Fe/

Hence
�.F /C d.
?;Fe/� �.X

0/� �.F /C�.
 /;

and so

(5-1) d.
?;Fe/� �.
 /:

This reduces our proof to a calculation in the Farey tessellation, with the aim of obtaining a contradiction
to the above inequality. The boundary slope of F is 
 Dm2m

g lg for some m 2 Z. The complementary
slope 
? depends on the boundary pattern of the triangulation of @M .

There is p � 0 such that the oriented boundary edges represent the classes mg, mp
g lg and m

pC1
g lg. Hence

the signed edge weights of 
 with the three edges are

hmg; 
 i D 1; hmp
g lg; 
 i D p� 2m and hmpC1

g lg; 
 i D pC 1� 2m:

This determines the signed edge weights of 
 with respect to the framing, as shown in Figure 10. Using
the convention from Figure 5, we can compute the normal arc coordinates of 
 from this information. We
then compute the normal arc coordinates of 
?, and hence the slope of 
? with respect to our framing.
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mpl

mpC1l

p� 2m

pC 1� 2m

1

x1

x1

x2

x2

x3

x3

m

Figure 10: The boundary pattern and arc coordinates, and signed edge weights of 
 .

Since 
? is not a spanning slope, we show below that p=1< 
? < .pC 1/=1. Now exactly one of p=1

or .pC 1/=1 is a spanning slope. This implies that we can compute d.
?;Fe/ as the saddle distance of

? to this spanning slope. Our proof is completed by showing that in each case, (5-1) cannot be satisfied.

We remark that at this point one could change the framing to simplify some of the notation, but we choose
not to, as it does not simplify the argument.

Case 1 First suppose that p� 2m� 0. Then the normal arc coordinates of 
 are .p� 2m; 1; 0/, and so
�.
 /Dmax.1;p� 2m/.

If p�2mD0, then the complementary slope has normal arc coordinates .1; 0; 1/, and hence 
?Dm
pC2
g lg

is a spanning slope. This is a contradiction.

If p�2mD1, then the complementary slope has normal arc coordinates .0; 0; 1/, and hence 
?Dm
pC1
g lg,

which again contradicts 
? not being the slope of a spanning surface.

Hence p� 2m> 1 and so �.
 /D p� 2m. Then the complementary slope has normal arc coordinates
.0;p� 2m� 1;p� 2m/, and hence satisfies

hmg; 

?
i D 2p� 4m� 1; hmp

g lg; 

?
i D 2m�p and hmpC1

g lg; 

?
i D p� 2m� 1;

and so (switching to additive notation) we have


? D .2p2
� 2m.1C 2p//mgC .2p� 1� 4m/lg:


 
?

p�2m

2p�4m�1

p�2mC1

p�2mD 0

1 1 1

p�2m

p�2m

1

1

p�2m

p�2mD 1 p�2m� 2

2m�p

2m�p

1 1 1

1
1

1 1

1

1

�1

�1

�1�2

�2

2p�4m�1

p�2m�1

p�2m

p�2m

p�2m�1

p�2m�1

Figure 11: Normal coordinates of 
 and its complementary curve in the first case.
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To determine the distance to the even slope tree, we flesh out a part of the Farey tessellation. The continued
fraction expansion determines a path of edges to 
? in the Farey tessellation. We compute:

2p2� 2m.1C 2p/

2p� 1� 4m
D pC

1

2C 1=.2m�p/
D pC Œ2; 2m�p�:

Note that, since p=1˚ .pC 1/=1D .2pC 1/=2 and

det
�

p 2pC 1

1 2

�
D�1;

there is a triangle � with vertices p=1; .2pC 1/=2 and .pC 1/=1. Let


j D
pC 1

1
˚ j

2pC 1

2
;

where j 2 f0; : : : ; j0g and j0 D p� 2m� 2. Note that

pC 1

1
D 
0 > 
1 > � � �> 
j0

> 
? >
2pC 1

2
>

p

1
:

We have


j0
D

2p2� .2mC 1/.1C 2p/

2p� 3� 4m
:

Then since

det
�

2p2� .2mC 1/.1C 2p/ 2pC 1

2p� 3� 4m 2

�
D 1

and 
j0
˚ .2pC 1/=2D 
?, there is a triangle � 0 in the Farey triangulation with vertices 
j0

; 
? and
.2pC 1/=2. It follows from the expression for 
j , that there are j0 D p� 2m� 2 triangles between the
triangles � and � 0 with pivot around the common vertex .2pC 1/=2.

pC 1

1
D 
0


2


1


j0�1


?

� � �


j0

2pC 1

1

p

1

pC 1

1
D 
0

2pC 1

1

p

1


2


j0�1


?


j0


1

� � �

Figure 12: Relevant part of the Farey tessellation in the first case (not drawn to scale) if p is even
(left) and if p is odd (right). Even slopes and arcs adding saddles are marked in red.
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?

p�2m

p�2m pC2�2m

pC2�2m

p�2mC1

1

1

1

1 1

1

1 1

1

2

p�2m�1

p�2m�1

2m�p�1D 0

2m�p�1
2m�p�2

2m�p�2

2m�p�1

2m�p�1D 1 2m�p�1� 2

1

1

1

1

1

11

1

4m�2p�3

4m�2p�3

2m�p�1

Figure 13: Normal coordinates of 
 and its complementary curve in the second case.

If p is even d.
?;Fe/D j0=2C 1D .p� 2m/=2. Hence

p� 2m

2
D d.
?;Fe/� �.
 /D p� 2m:

This is impossible since p� 2m> 1.

If p is odd d.
?;Fe/D .j0� 1/=2C 1D .p� 2m� 1/=2. Hence

p� 2m� 1

2
D d.
?;Fe/� �.
 /D p� 2m:

This is also impossible since p� 2m> 1.

Case 2 Suppose that p�2m< 0, or equivalently 2m�p � 1. Then the normal arc coordinates of 
 are
.2m�p� 1; 0; 1/, and so �.
 /Dmax.1; 2m�p� 1/.

If 2m�p D 1 then 
? Dm
pC1
g lg is a spanning slope. This is a contradiction.

If 2m�p D 2 then 
? Dm
p
g lg is a spanning slope. This is a contradiction.

Hence 2m�p � 3 and so �.
 /D 2m�p�1. Then the complementary slope has normal arc coordinates
.0; 2m�p� 1; 2m�p� 2/, and hence we have

hmg; 

?
i D 4m� 2p� 3; hmp

g lg; 

?
i D pC 2� 2m and hmpC1

g lg; 

?
i D 2m�p� 1:

This gives (again shown in additive notation)


? D .2m.1C 2p/� 2.pC 1/2/mgC .4m� 2p� 3/lg:

Now

? D pC 1C

1

�2C 1=.2m�p� 1/
D pC 1C Œ�2; 2m�p� 1�:

Let

j D

p

1
˚ j

2pC 1

2

for j 2 f0; : : : ; j0g, where j0 D 2m�p� 3. In particular,


j0
D

4mpC 2m� 6p� 2p2� 3

4m� 2p� 5
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and we have
pC 1

1
>

2pC 1

2
> 
? > 
j0

> � � �> 
2 > 
1 > 
0 D
p

1
:

We observe that 
? D 
j0
˚ .2pC 1/=2 and that

det
�

4mpC 2m� 6p� 2p2� 3 2pC 1

4m� 2p� 5 2

�
D�1;

and so there is a triangle in the Farey tessellation with vertices 
?, 
j0
and .2pC 1/=2. As above, this

allows us to compute the slope distance of 
? to the nearest spanning slope from the triangles pivoting
about .2pC 1/=2.

If p is even d.
?;Fe/D .j0� 1/=2C 1D .2m�p� 2/=2. Hence

.2m�p� 2/=2D d.
?;Fe/� �.
 /D 2m�p� 1:

This is impossible since 2m�p � 3.

If p is odd d.
?;Fe/D j0=2C 1D .2m�p� 1/=2. Hence

2m�p� 1

2
D d.
?;Fe/� �.
 /D 2m�p� 1:

This is also impossible since 2m�p � 3.

Since in each case the existence of X 0 with complementary slope to @F gives a contradiction to the
maximality of �.F / amongst all spanning surfaces, this completes the proof.

pC 1

1
2pC 1

2


j0


1

� � �


2


j0�1


?

p

1
D 
0


2

p

1
D 
0

2pC 1

2

pC 1

1


j0

� � �


1


j0�1


?

Figure 14: Relevant part of the Farey tessellation in the second case (not drawn to scale) if p is
even (left) and if p is odd (right). Even slopes and arcs adding saddles are marked in red.

Algebraic & Geometric Topology, Volume 24 (2024)



4346 William Jaco, Joachim Hyam Rubinstein, Jonathan Spreer and Stephan Tillmann

6 Implementation and computational results

According to the KnotInfo database [Livingston and Moore 2021], crosscap numbers are known for all
knots with fewer than 10 crossings due to work of [Burton and Ozlen 2012; Kindred 2020; Murakami and
Yasuhara 1995; Hirasawa and Teragaito 2006; Teragaito 2004]. But there are 5 knots with 10, 96 knots
with 11, and 668 knots with 12 crossings for which only bounds have been known for the crosscap number.

Here we present 196 crosscap numbers of knots, for which crosscap numbers were previously unknown.
This includes all five such 10–crossing knots, 45 of the missing 96 crosscap numbers for 11–crossing
knots, and 146 of the missing 668 crosscap numbers for 12–crossing knots. As a result, crosscap numbers
for all knots up to and including ten crossings are now known.

6.1 Implementation

Our implementation uses out-of-the-box Regina functions. It is based on Proposition 24, rather than the
stronger Theorem 6, because we were also interested in the Euler characteristic of nonspanning surfaces
with connected boundary.

Algorithm 25 Compute crosscap numbers using Q–coordinates and Proposition 24.

Input:
(1) T , a 0–efficient suitable triangulation of M with boundary T@

(2) m, a meridian of K represented by an edge of T@

compute S0, the set of Q–fundamental surfaces of T

compute S1 D fS 2 S0 j @S ¤ ∅ is connected and nontrivialg, Q–fundamental surfaces with single
essential boundary component
compute B0 Dminf2��.S/ j S 2 S1 orientable; j@S \mj D 1g

compute A0 Dminf1��.S/ j S 2 S1 nonorientable; j@S \mj D 1g

compute N 0 Dminf1��.S/ j S 2 S1; j@S \mj> 1g

if N 0 <min.A0;B0/ then
return cannot determine crosscap number

else
return min.A0;B0/

end if

The main computational effort is in Regina’s enumeration algorithm for Q–fundamental surfaces [Burton
et al. 1999–2024], which in turn runs a Hilbert basis enumeration on a high-dimensional polytope.
The verification of the correctness of the input also takes up significant — but smaller amounts of —
computational resources. The first verification is the test for 0–efficiency of the triangulation. The second
verifies the meridian edge. Here we perform a Dehn surgery along this edge, and then use Regina’s
3–sphere recognition routine to check that the resulting 3–manifold is indeed the 3–sphere.
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DT c.K/ nOr or nSp DT c.K/ nOr or nSp DT c.K/ nOr or nSp

10157 4 �3 �5 �7 10159 4 �3 �5 �4 10164 4 �3 �3 �6

10158 4 �3 �5 �6 10163 4 �3 �5 �6

11n2 4 �3 �5 �6 11n59 4 �3 �5 �5 11n120 4 �3 �7 �6

11n3 4 �3 �3 �5 11n75 4 �3 �5 �6 11n121 4 �3 �5 �6

11n4 4 �3 �5 �6 11n76 3 �2 �7 �6 11n123 4 �3 �3 �7

11n7 4 �3 �5 �6 11n77 4 �3 �7 �5 11n124 4 �3 �5 �6

11n11 4 �3 �5 �7 11n78 3 �2 �7 �5 11n130 4 �3 �5 �8

11n22 4 �3 �5 �6 11n83 4 �3 �3 �6 11n134 4 �3 �3 �4

11n25 4 �3 �5 �6 11n86 4 �3 �5 �6 11n137 4 �3 �5 �5

11n29 4 �3 �3 �5 11n87 4 �3 �5 �7 11n158 4 �3 �7 �5

11n33 4 �3 �5 �6 11n89 4 �3 �5 �5 11n162 4 �3 �3 �6

11n39 4 �3 �3 �5 11n93 4 �3 �5 �5 11n164 4 �3 �5 �6

11n45 4 �3 �5 �6 11n100 4 �3 �3 �5 11n170 4 �3 �3 �6

11n47 4 �3 �7 �6 11n109 4 �3 �5 �6 11n172 4 �3 �5 �5

11n52 4 �3 �5 �7 11n112 4 �3 �5 �6 11n173 4 �3 �7 �6

11n54 4 �3 �5 �5 11n114 4 �3 �3 �7 11n175 4 �3 �5 �5

11n55 4 �3 �5 �6 11n117 3 �2 �3 �4 11n180 4 �3 �5 �6

Table 1: New 10– and 11–crossing crosscap numbers.

6.2 Computational results

Supporting material for [Burton and Ozlen 2012] contains a list of triangulations of all knot complements
up to 12 crossings that are 0–efficient, with real boundary and one of the boundary edges running parallel
to the meridian m (ie 0–efficient suitable triangulations). This list is available from the webpage of the
first author. Using this list of triangulations, we applied the implementation outlined in Section 6.1.

The results are summarised in Tables 1 and 2. Here “nOr” is the maximal Euler characteristic of a
nonorientable Q–fundamental spanning surface, “or” that of an orientable Q–fundamental spanning
surface and “nSp” that of a Q–fundamental nonspanning surface with single boundary component. As
an additional check, we also ran our algorithm for a larger collection of knots for which computations
are feasible.

We ran our computations on a machine with 2�24 Intel Xeon Gold6240R processors and 192GB of
memory. Computations were feasible for triangulations of up to 30 tetrahedra (on a standard laptop,
triangulations up to 27 tetrahedra can still be handled). We used roughly six months of CPU time to
obtain the data in Tables 1 and 2. We only tried Regina’s default choice of Hilbert basis algorithm.

6.3 Surfaces realising crosscap number

One interesting aspect of our algorithms is the relationship between our numbers A and B from Theorem 1
and A0 and B0 from Theorem 6. We have min.A;B/ D c.K/ D min.A0;B0/. Since Q–fundamental
surfaces are fundamental surfaces, A�A0 and B � B0.
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DT c.K/ nOr or nSp DT c.K/ nOr or nSp DT c.K/ nOr or nSp

12n1 5 �4 �5 �6 12n195 3 �2 �5 �6 12n423 4 �3 �5 �7
12n7 4 �3 �5 �5 12n203 4 �3 �5 �5 12n425 5 �4 �7 �6
12n8 4 �3 �7 �6 12n210 4 �3 �5 �6 12n430 4 �3 �3 �4
12n10 4 �3 �5 �6 12n211 4 �3 �5 �7 12n437 4 �3 �5 �6
12n11 4 �3 �3 �6 12n215 3 �2 �5 �6 12n442 4 �3 �3 �5
12n16 3 �2 �7 �5 12n220 4 �3 �7 �6 12n452 4 �3 �3 �6
12n19 3 �2 �5 �6 12n225 4 �3 �3 �8 12n469 3 �2 �5 �6
12n20 5 �4 �5 �6 12n229 4 �3 �7 �5 12n476 4 �3 �5 �5
12n24 4 �3 �5 �6 12n230 3 �2 �5 �5 12n479 4 �3 �3 �7
12n38 5 �4 �5 �7 12n237 4 �3 �5 �7 12n484 4 �3 �5 �6
12n40 5 �4 �7 �7 12n241 4 �3 �5 �5 12n494 4 �3 �7 �5
12n42 4 �3 �5 �5 12n247 3 �2 �3 �5 12n495 4 �3 �5 �7
12n43 4 �3 �7 �7 12n257 3 �2 �5 �5 12n509 4 �3 �7 �5
12n45 5 �4 �5 �6 12n261 4 �3 �7 �6 12n526 4 �3 �7 �7
12n51 4 �3 �3 �6 12n271 4 �3 �5 �6 12n535 4 �3 �3 �6
12n53 4 �3 �3 �7 12n274 4 �3 �3 �6 12n547 4 �3 �3 �7
12n56 4 �3 �5 �6 12n276 4 �3 �5 �6 12n552 3 �2 �5 �6
12n63 4 �3 �5 �6 12n278 4 �3 �3 �7 12n554 4 �3 �3 �7
12n64 4 �3 �7 �5 12n279 4 �3 �3 �7 12n566 4 �3 �3 �5
12n67 4 �3 �7 �6 12n280 4 �3 �5 �6 12n572 4 �3 �5 �5
12n68 4 �3 �7 �6 12n285 4 �3 �5 �6 12n573 4 �3 �5 �5
12n71 4 �3 �7 �4 12n290 4 �3 �5 �7 12n580 4 �3 �3 �6
12n73 4 �3 �5 �6 12n304 4 �3 �5 �6 12n585 4 �3 �5 �6
12n74 4 �3 �7 �6 12n308 4 �3 �5 �5 12n601 4 �3 �5 �6
12n78 4 �3 �3 �6 12n311 4 �3 �3 �6 12n605 4 �3 �7 �6
12n82 4 �3 �5 �7 12n312 4 �3 �5 �7 12n607 3 �2 �5 �6
12n84 4 �3 �5 �7 12n324 4 �3 �3 �7 12n610 4 �3 �7 �7
12n89 4 �3 �7 �7 12n327 4 �3 �7 �6 12n623 4 �3 �7 �6
12n93 4 �3 �7 �6 12n331 3 �2 �5 �4 12n630 4 �3 �5 �5
12n97 4 �3 �5 �6 12n334 4 �3 �3 �5 12n641 4 �3 �7 �6
12n104 4 �3 �7 �6 12n341 4 �3 �5 �6 12n642 4 �3 �3 �4
12n106 4 �3 �7 �5 12n342 4 �3 �3 �5 12n643 3 �2 �5 �7
12n116 4 �3 �5 �6 12n343 4 �3 �3 �5 12n650 4 �3 �3 �5
12n124 4 �3 �3 �6 12n345 4 �3 �7 �6 12n674 4 �3 �7 �6
12n129 4 �3 �5 �6 12n354 4 �3 �5 �5 12n688 4 �3 �9 �6
12n134 4 �3 �7 �5 12n355 3 �2 �5 �5 12n699 4 �3 �3 �6
12n146 4 �3 �3 �6 12n359 4 �3 �3 �7 12n709 4 �3 �7 �5
12n150 4 �3 �7 �6 12n360 4 �3 �3 �6 12n718 4 �3 �5 �6
12n152 4 �3 �5 �6 12n362 4 �3 �5 �6 12n719 4 �3 �5 �6
12n154 4 �3 �5 �5 12n366 4 �3 �5 �6 12n726 4 �3 �3 �5
12n160 4 �3 �5 �6 12n377 4 �3 �5 �5 12n730 4 �3 �5 �6
12n162 4 �3 �5 �5 12n379 4 �3 �5 �6 12n739 3 �2 �7 �5
12n170 4 �3 �3 �6 12n381 4 �3 �3 �6 12n764 4 �3 �5 �5
12n179 4 �3 �5 �7 12n383 4 �3 �3 �5 12n797 4 �3 �3 �6
12n185 4 �3 �7 �5 12n388 4 �3 �5 �5 12n808 4 �3 �5 �5
12n187 4 �3 �7 �7 12n390 4 �3 �5 �6 12n824 4 �3 �5 �7
12n188 4 �3 �7 �6 12n397 4 �3 �5 �6 12n870 3 �2 �5 �5
12n190 4 �3 �7 �5 12n407 3 �2 �5 �5 12n884 4 �3 �3 �7
12n193 3 �2 �5 �6 12n418 3 �2 �7 �5

Table 2: New 12–crossing crosscap numbers.
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Our computations give rise to the following observations:

(1) A0 < B 0 and A0 DA �B �B 0 This is the most common case for small crossing knots. Smallest
examples are the trefoil and the figure-8 knot. Moreover, the gap between A0 and B0 can be arbitrarily
large, as can be seen from the torus knots T .2; 2kC 1/ for k � 1: the crosscap number of these knots
is 1, whereas the knot genus is k. In other words, we have A0 DAD 1< 2kC 1D B � B0.

(2) A0DB 0 and A0DADB DB 0 Here the crosscap number is realised by a @–compressible surface
obtained from a minimum-genus Seifert surface with a Möbius band attached, but the existence of a
@–incompressible nonorientable spanning surface realising it is not excluded. Smallest knots with this
property are 7a6 (74) and 8a18 (83). All such knots must necessarily have genus k and crosscap number
2kC 1. It is worthwhile to mention that 7a6 is known not to admit a @–incompressible nonorientable
spanning surface realising the crosscap number; see [Ichihara et al. 2002].

(3) A0 > B 0 and A0 �A �B DB 0 Interesting examples from our calculations are:

(a) The case A0 >AD B0 D B occurred for the 11–crossing knot 11a362 of genus one and crosscap
number three, where A0 D 4 > 3 D A D B D B0 for the suitable triangulation with Regina
isomorphism signature

uLLvMPvwMwAMQkcacfgihjmklnnrqstrqrtnkvjhavkbveekgjxfcvp:

In standard coordinates, fundamental normal surfaces realising the spanning punctured torus T

and a spanning nonorientable surface S of Euler characteristic �2 have complementary boundary
slopes, and �.@T / D 1 D �.@S/. In quadrilateral coordinates S CD D AC T , where A is a
fundamental boundary parallel annulus with boundary curves parallel to @S , and D is the vertex
linking disk. In particular, using the notation from Section 5, Qk D 1, Ok D 0, Fi DA, Gj D S and
Ok 0 D Ok 00 D 0.

(b) The case A0 DA> B D B0 occurred for the 11–crossing knot 11n139. This knot has genus one
and crosscap number three, but A0 DAD 4> 3D B D B0.

(4) For 112 knots we computed A, A0, B and B0, and observed B D B0.
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