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Hyperbolic groups with logarithmic separation profile

NIR LAZAROVICH
CORENTIN LE Coz

We prove that hyperbolic groups with logarithmic separation profiles split over cyclic groups. This shows
that such groups can be inductively built from Fuchsian groups and free groups by amalgamations and
HNN extensions over finite or virtually cyclic groups. However, we show that not all groups admitting
such a hierarchy have logarithmic separation profile by providing an example of a surface amalgam over a
cyclic group with superlogarithmic separation profile.

20E06, 20F65, 20F67, 20F69, 51F30; 14H30

1 Introduction

The separation profile was first introduced by Benjamini, Schramm and Timadr [1] in 2012. It measures
large scale connectivity of infinite graphs, in the spirit of the celebrated theorem of Lipton and Trajan for
planar graphs [12].

Definition 1.1 (Benjamini, Schramm and Timar [1]) Given a finite graph I' = (VT, ET), we shall
say that a set of vertices C C VT cuts (or separates) the graph I' if the connected components of the
subgraph induced by VT — C contain at most %|VF| vertices.

We define the cut of the graph I', denoted cut I', as the minimal size of a separating set.

We define the separation profile of a bounded degree infinite graph G as the following nondecreasing

function from N* to N*;
sepg(n) = sup cutl.
I'cG

[VT|<n
We shall consider such function endowed with the partial order defined by g < / if and only if there exists
D > 0 such that g(rn) < Dh(Dn) + D for any n > D. We denote by < and < the associated equivalence
relation and strict partial order, respectively.

As noticed in [1], the factor % does not play an important role in the previous definition. Replacing it by
any B € (0, 1) would give an equivalent profile.
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40 Nir Lazarovich and Corentin Le Coz

The separation profile is a coarse-geometric monotone invariant (see Proposition 3.1). To our knowledge,
the only such invariants that were previously defined are volume growth and asymptotic dimension; see
Gromov [8]. The separation profile is a much finer invariant and has been generalized by Hume, Mackay
and Tessera [10] into a spectrum of profiles called Poincaré profiles. For a survey on this topic, we refer
to the first part of the thesis of the second author [11].

It is proved in [1] (see also Hume and Mackay [9]) that if a hyperbolic group has sepg (n) < log(n) then
sepg (n) is bounded and G is virtually free.

In this paper we investigate the smallest possible nonvirtually free case, namely sepg (n) =< log(n).

Theorem A Let G be a hyperbolic group with sepg (1) < log(n). Then G is Fuchsian or splits over finite
or virtually cyclic subgroups.

This theorem is proved in Section 2, but let us give here a sketch of proof. The first step consists in
showing that the spheres of G have bounded separating sets. This is done by projecting the separating set
of some suitable annulus. Then, we make these sphere separating sets converge in dG. This implies the
existence of local cut points in dG, and the conclusion follows from Bowditch [3].

Corollary 1.2 Let G be a hyperbolic group without 2-torsion. If sepg(n) < log(n) then G can be
inductively built from Fuchsian groups and free groups by amalgamations and HNN extensions over finite
or virtually cyclic groups.

Proof We can apply Theorem A to G. Either G is Fuchsian and we are done, or G splits over virtually
cyclic groups. The edge groups are virtually cyclic, hence quasiconvex in G. This implies that the vertex
groups of this splitting are quasiconvex and hence hyperbolic. By the monotonicity of the separation
profile, the separation profile of the vertex groups H is sepg (n) = sepg(n) < log(n). Therefore, we can
successively apply Theorem A to split G over virtually cyclic subgroups. Using the strong accessibility
by Louder and Touikan [13] this process terminates. O

A group with conformal dimension at least one always has a separation profile bounded below by log,
from [9]. Using a recent result of Carrasco and Mackay [5] giving a characterization of hyperbolic groups
with conformal dimension one, we get the following corollary.

Corollary 1.3 Let G be a one-ended hyperbolic group with no 2-torsion. If the (Ahlfors regular)
conformal dimension of G is strictly greater than 1, then its separation profile is strictly greater than log.

In this generality, to our knowledge this improves the previously known lower bounds. We do not know
if this is sharp.

Lower bounds on separation profiles can be obtained from Poincaré inequalities in the boundary at infinity
of hyperbolic groups, see Hume, Mackay and Tessera [10, Theorem 13]. Finding general Poincaré
inequalities is an important challenge and this corollary can be seen as a step in this direction.
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The following theorem shows that the converse of Theorem A (and the subsequent corollaries) is false.

Theorem B Let S be the surface amalgam obtained by gluing two closed orientable hyperbolic surfaces
along a closed filling curve in each. Then, sep, g(n) > log(n).

From Carrasco and Mackay [5], such a group has conformal dimension equal to 1.

From [10], a hyperbolic group with conformal dimension one always have a separation profile bounded
above by any n€, with € > 0. To our knowledge, this is this is the first example of such a group whose
separation profile is not logarithmic. This implies in particular that the conformal dimension is not attained
[10, Theorem 11].

We believe that when the curves are not filling, the separation profile is actually log.

Question 1.4 Let S be a simple surface amalgam obtained by gluing two closed hyperbolic orientable
surfaces along simple curves. Do we have sep,, g < log?

From Hume, Mackay and Tessera [10] study of relations between conformal dimension and separation
profiles, we as well can formulate the following question:

Question 1.5 If a hyperbolic group has a separation profile bounded above by n€ for every positive ¢,
does it imply that it has conformal dimension one?
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2 Proof of Theorem A

Let G be a one-ended hyperbolic group. By abuse of notation let us denote by G also the Cayley graph
of G with respect to some fixed finite generating set, and assume it is §-hyperbolic. We denote by o the
identity element of G. For every R > 0, Bg denotes the ball, and Sg the sphere, of radius R centred at o.
We denote by A[g, gr,] the annulus Bg, — Bg, 1.

Definition 2.1 For each R > 0, let 7 : G — Bg — Sg be a projection defined by 7, (y) = [0, y] N Sk,
where [0, y] is some choice of geodesic joining o and y.

For any « > 0, we call an a-step path any family of vertices vy, ..., vg such that d(v;, v;+1) < « for any
i=1,....,k—1.

Algebraic € Geometric Topology, Volume 25 (2025)
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Figure 1: Shadows and sectors.

Fact2.2 ¢ Forall R>0,ify, y’ are two geodesics from o to points x, y € G— Bg then d(y (R), y'(R)) <
d(x,y) + 2. In particular, d (75 (x), mx(y)) < d(x, y)+ 26 for all x, y € G — Bg.

e If y,y’ are two geodesic rays from o that represent the same point at infinity then d(y (R), y’(R)) < 26.

e Since G is one-ended, there is a constant §; such that the §;-neighbourhood of any sphere in G is
connected.

Proof The first two assertions are a straightforward consequence of the §-slimness of geodesic triangles
in G. Let us prove the third assertion: Let zq, z, € Sg. From [2, Lemma 3.1], there is some ¢ such that
there exist infinite geodesic rays ¢y, ¢, from o in G such that d(z;, {;(R)) <c fori = 1,2. Since G is
one-ended, dG is path connected [4; 14], and so there is a continuous path from {7 to {». By extending 7rp
to G, we can “project” any continuous path in dG to a (26+1)-step path in Sg. In particular the vertices
¢1(R) and §>(R) in Sg can be joined by a (26+1)-step path in Sg, and hence the vertices z;, z, in Sg can
be joined by a (c+28+1)-step path. If we set §; = ¢ + 28 + 1, then it follows that the §;-neighbourhood
of any sphere of G is connected. |

From now on, we will assume that §; stands for the constant of Fact 2.2.

Definition 2.3 The shadow X of a point x € G is that set of all points y € G such that a geodesic from
o to y passes through x. For every subset Q C G denote its shadow by X g = Uer Y. For a point x
and T > 0 denote by Xy ; = X p(x 1) its T-shadow where B(x, 7) is the ball of radius 7 around x in G.
Similarly, for @ € G and t > 0, denote by X . = ¥(@), its T-shadow. Finally, for a subset 4 C X we
will denote by E;‘} the intersection ¥, N A, and similarly =4, £4 Z‘é’ . (see Figure 1).

X,T°
We will need the following strengthening of Fact 2.2.
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Fact 2.4 For every t there exists 7’ such that for every x € G and r > d(o0, x), the set Zx ; N S, is
contained in a single connected component of Xx ;N (Sy)s, -

Proof For any fixed o/ € G, geodesic ray & : [0,00) — G starting from o/, R > § and k > 26,
define V(0',&, R, k) to be the set in dG of all (equivalence classes of) geodesic rays ¢ from o’ such
that d(C(R),E(R)) < k. The sets {V(0',&, R, k)}grso form a neighbourhood basis for the ideal point
corresponding to £ in dG. By [4; 14], the Gromov boundary dG is locally path connected. Therefore,
for every geodesic ray & from o’ and R there exists L = L(0’, &, R, k) such that V(¢o', &, R+ L,k + 496)
is in a path component of V (o', &, R, k). Since dG is compact, there exists L’ = L’(0o’, R, k) such that
V(o',&, R+ L',k + 46) is in a component of V(0',&, R, k) for every geodesic ray £ starting from o’.
Note that by G-equivariance, L’ does not depend on o’. Our next goal is to show that L" does not depend
on R as well:

For a fixed kg > 45 + 1 and Ry > 7,6, let A = L'(Ro, ko — 268), then by §-slimness,
V(0.& R+ A, ko) S V(E(R— Ro).&|[R—Ry.00)» Ro +A.ko+28) forall R> Ry.

By the above,
V(§(R— Ro). El[R-Rg,00)s Ro + A, ko + 26)

is in a path component of V(§(R— Ry), &, Ry, ko—28) which by §-slimness is contained in V' (0, &, R, ko).
Therefore, we have shown that there exists A, such that V(o,&, R + A, ko) is in a path component of
V(0,&, R, ko) for all geodesic rays £ € dG and R > §.

Observing the trivial inclusion V' (0, &, R, ko) S V(0,&, R+A, ko+2)), we getthat V(0,&, R+A, ko) isin
a path component of V (o, &, R+A, ko+2A) for all sufficiently large R and geodesic ray £. Or equivalently,
V(o,£&, R, ko) is in a path component of V (0, &, R, ko + 2X) for all sufficiently large R and geodesic ray &.

We proceed as in the proof of the previous fact. Set R = d(0, x), and let r > R. By [2, Lemma 3.1],
there exists ¢ such that for every two points z1,z; € Xx N S, there exist two geodesics rays {y, {; from
o such that d(z;, §;(r)) < c¢ fori = 1, 2. By the inequality in Fact 2.2, d (4(z;), §;(R)) < ¢ + 28. Since
zi € Xx,r we get that d(§;(R), x) < ¢+ 25+ t and hence d ({1 (R), {2(R)) < 2(c + 26 + 7). If we set
ko =2(c+25+ 1) we see that {1, &, are in V(o, {1, R, ko). Thus, by the above, they can be connected by
a continuous path in V (o, {1, R, ko + 2A). Projecting this path using 7, gives rise to a (26+1)-step path
in S, between ¢ (r) and {,(r). and hence a §;-step path between z{, z», where §; = ¢ + 26 + 1 (as in
Fact 2.2). Replacing each §; step by a path of length §; in (S,)s, we get a path p between zy, z5. Using
the inequality in Fact 2.2, we see that if we further project the path p to Sg, we see that 7, o p stays in
the ball of radius " = ko + 2A + §; + 26 around x. Thus, the path p is contained in Xx - N (S;)s,. O

Fact 2.5 There exist constants « > 1 and 7y > 0 such that for all T > g there exists K such that:

e For all 0 < R, we have
K 'a® < |Sg| < KaR.
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e Forall 0 < R; < R,, we have
K_l(()tR2 —ole) < |A[R1,R2]| < K(ozR2 —oeRl).
e Forall R,R'>0and D C Sg, we have
K~ 'a®|D| < |Sp N Sper| < KaX|D].
e Forall R>0,R, > Ry >0and D C Sg, we have
K (@R —a®)|D| < |3p N Aigy gy R4 Ro1| < K@ —a®)| D]

Proof The first two items are immediate consequences of estimates of cardinality of balls given by
Coornaert [6, théoreme 7.2].

The third item is an immediate consequence of properties of the Patterson—Sullivan measure on dG'; see
Coornaert [6, Proposition 6.1]. The properties that are needed are detailed in Gouézel, Mathéus and
Maucourant [7, inequality 2.9 from the proof of Lemma 2.13, and the fact that the covering number of
shadows is finite (item (1) on page 1216)].

The fourth item is obtained by summing up the inequalities given by the previous item for R’ € [R{, R;]. O
Definition 2.6 We say that G has bounded sphere separation if for every € > 0 there exists a number M
such that for all R there exists a set Pr C Sg such that | Pr| < M, and each component of (Sg)s, —(Pr)s,

has size at most €|(Sg)s, |, where §; is the smallest integer satisfying that the §;-neighbourhood of any
sphere in G is connected.

Remark 2.7 According to Fact 2.2, the constant §; in the definition above exists.
We are now able to state our key lemma.
Lemma 2.8 If G is hyperbolic and sepg (n) < log(n), then G has bounded sphere separation.

Proof Let e > 0. Let 7, @ be as in Fact 2.5, set T = 19 + 261 and let K be the constant of Fact 2.5. Let
16 and 7/ be the constants of Fact 2.4 corresponding to 7o and t, respectively. Without loss of generality
by enlarging either 7 or t/, we may assume that 7’ = 7, + 26.

Let A = A(R) be the annulus A, g 3g]- For B € (0, 1), to be determined later, let C C A(R) be such that
each connected component of A(R) — C contains at most 8| A(R)| vertices. By Fact 2.5, |A(R)| < o3&,
and from the assumption that sep; =< log, we can suppose |C| <glog(|4(R)|) =g R. Concretely, let

2-1) |C| <cR
for some ¢ (which depends on the choice of f).
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Let Pr C Sg be the set of all x such that Xy o N (S;)s, N C # @ forall r € 2R+ 6;,3R—§;]. If
X € Pg, there are at least (R —281)/268; values of r € [2R + 61, 3R 81] for which (S;)s, are disjoint,
and £4 .o N C is assumed to meet all of them. Therefore we have =4 ,NC|>(R—-281)/25;. As long
as R > §; this implies

x,t/

(2-2) 134 nCl= R/38:.

Since the 7’-shadows corresponding to vertices in Sg that are 21’ + 4§ apart are disjoint, it follows from
(2-1) and (2-2) that

(2-3) | PR| <3¢d1|Byyyas| =: M

So, there is a uniform bound M (that depends on ) on the size of Pg. It remains to show that upon
choosing B small enough we can ensure that (Pg)s, separates (Sg)s, into components of size at most

€[(SR)s, |-

Claim 2.9 There exists K’ > 0 such that for every R > 0, if x € Sg — Pg then Ef’r — C has a subset
Ty of size |Tx| > % | E;‘J| which is contained in a connected component of A(R) —C.

Proof Since x ¢ Pg, there exists r € [2R +81,3R —§;] such that X » N (S;)s, NC = . By Fact 2.4,
Yx,z N Sy is contained in a path component of Xy » N (Sy)s,, hence also in a path component E of
A(R) — C. Let Tx be the intersection £ N Ef,r.

It remains to show the lower bound on |Tx|. To do so, we will use to-shadows of points y € Xy ;, N S2r.
Note that X, ¢, is contained in X ; (since T = 1o + 26).

Let Qx be the collection of all points y € X ¢, N Sz g such that EA N C # @. For each point z € C
there are at most |Bt/ 12| many y € Xy ¢ NSk such that z € 2;1 Together with the assumption that
|C| < c¢R it follows that |Ox| < chB,/+25| =g R. Since [Xx ¢, N S2R| = aR, the complementary set
0 = (Zx,7o N Sar) — O satisfies

(2-4) 10| = 31Zx.c N S2gl.
for any large enough R >4 0.

For points y € Q’,, by Fact 2.4, EA is contained in a connected component of EA " and so in a
—C (since v/ = r + 26) and intersects X r N .S,. Thus, by the deﬁnmon of Ty we
=U,eo, Zitey C T Thus, [Tx| > |2A&J0|.

component of %4 o

have Eﬁm C T for all y € Q',.. Or equivalently, x4 0% 0

Similar to Fact 2.5, we have a constant K’ such that any subset Q C X 7, N S, g satisfies

A
|Q| <K/|EQ,‘E()|
|2x,r N S2R| B |E§?,r|

(2-5)

By (2-5) and (2-4) we get |Tx| > 55|54 . o
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Let D' C (Sg)s, — (Pr)s, be a connected subset. We need to show | D’| < €|(Sg)s, |. Let D be the set
of elements of Sg that are at distance at most §; from D’. Define Tp = | J,cp Tx, with T given by
Claim 2.9.

Claim 2.10 T is in a connected component of A(R) — C.

Proof Since Ds, is connected, it suffices to show that for any x, x” € D at distance at most 2§; from
each other then 7 and T intersect.

Let then x, x” € D be such that d(x, x") <28;. Then, Xx ¢, N S2g € Xx,r N Ty, N Sag and by Fact 2.5
contains > a® points. As in the proof of Claim 2.9 we see that if R is large enough, there exists a point
Y € Xx ¢ N Xy N Sy which is in the complement of both O, and Q. As before, this implies that
54, isin both Ty and Ty O

By assumption on C, this implies that we have

(2-6) [Tp| = BIA(R)|.

Claim 2.11 We have

27 D |Tal < Bacyasl I Tpl.

xeD

Proof Let us show that there exists a map ¢: D — D such that

* d(x,¢(x)) <2t and in particular [¢~" (¢(x))| = |Bar+asl,
o |TX|§|T¢(X)|,and
e ify#)y elm¢then T, NTy = 2.

Assuming we have constructed such a map, the claim follows by the following inequality:
(2-8) > Tl < |Bargasl Y |Tyl <|Bacyas||Tol.
xeD y€lm¢

To construct the map ¢, let x € D be a point maximizing |Tx|. Let Z C D be the collection of all points
x’ € D satisfying Ty N Ty # &. Define ¢ on Z by ¢(x’) = x. Note that if d(x, x") > 27 + 46 then
Yx,r N Xy, =2 and hence Tx N Ty, = &. It follows that if x’ € Z then d(x, x") < 21 + 44, and by the
choice of x, |Ty/| < |Tx|.

Remove all the points in Z from D, and iterate the construction above until ¢ is defined on all D. O
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We deduce that for large enough R >>g 0 we have

|D'| <|Bs,|1D]
<|Bs,|Ka 28|27 | (from Fact 2.5)
< |Bs,|[Ka 2R " |24 |
xeD
<2K'|Bs, | Ka R > " |T| (from Claim 2.9)
xeD
<2|Bs, || Byrtas| KK'a K| Tp|  (from (2-7))
<2|Bs, || Baryas| KK'a > RBIA(R)|  (from (2-6))
<2|Bs,||Byr+a5| K> K'B|Sg| (from Fact 2.5)

=< 2|Bs, || Bactas| K2 K'BI(Sk)s, |-
Let w = 2|Bs, || Bs, | | Byr 45| K?K', this is a constant that depends only of G. Thus, we get
(2-9) |D'| < wBl(Sr)s, |-

For every € > 0, set f = <. By (2-3) there exists M such that for every R, the set P C Sg that
we constructed satisfies | Pr| < M, and by (2-9) each component D’ of (Sg)s, — (Pr)s, has size
|D'| < €|(Sr)s, | for large enough R >>g 0. We have proved the bounded sphere separation property for
large enough R. This completes the proof of Lemma 2.8. |

Definition 2.12 Let X be a connected topological space. We say that a subset F' topologically separates
X if X — F is not connected.

Lemma 2.13 If G has bounded sphere separation, then 0G has a finite topologically separating set.

Proof Following Definition 2.6, let §; is the smallest integer satisfying that the §;-neighbourhood of any
sphere in G is connected. We start with the following claim.

Claim 2.14 There exist K > 0 and t; > §; such that for any R < R, if (Pg’)s, separates (Sg’)s, into
connected components of size at most %l(SR/)(;1 |, then (7p(PR'))r, separates (Sg)s, into connected
components of size at most %|(SR)81 |.

Proof For the constant 7 of Fact 2.5 let T = ¢ + 281, and let 7’ be the corresponding constant from
Fact 2.4. Let 1y = v/ +26;. If x € Sg — (g (PR'))r, then PN Xy o = @. It follows from Fact 2.4 that
Yx,z N Sg is in a component of Xy . N (Sg/)s, and so in a component of (Sg/)s, — (Pr’)s, - If we have
two points d(x, y) < 2§; then the sets Xx ; and X, ; intersect. This implies that for every connected
subset D’ of (Sg)s, — (g (Pr'))z, the set X p o, N Sgr is connected in (Sgr)s, — (Prr)s,» where D is
the set of points in Sy at distance at most §; from D’. The conclusion of claim follows from the fact that
sizes of D and D’ differ by some constant factor, as in Fact 2.5. O
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Claim 2.15 For each large enough R, we can choose Pp C Sg such that

(1) (PR)«, separates (Sg)s, into connected components of size at most %|(SR)51 [,
(2) Pg, = TR, (Pr,), forevery Ry < R,.

Proof We can assume without any loss of generality that the projection maps are chosen so that we have
TR, (x) = T, © nRz(x) forevery Ry < R; and x € G — Bg,.

From the assumption of bounded sphere separation, for every large enough R’ >0, Pg C Sgs of bounded
size M satisfying that (Pgs)s, separates (Sg)s, into connected components of size at most %|(SR/)5 s
where K is given by Claim 2.14.

From Claim 2.14, for every R < R/, the set Pg := mp(Pg/) satisfies property (1). Now, for every
Ry <Ry < R, wehave Pg, = TR, (Pr,) since TR, = TR, © g,

Since the spheres of G are finite, we can proceed to an extraction to obtain a sequence R), such that
for every R > 0 the sequence (75 (Pg;))n>0 is constant (it is only defined when R; > R). Without any
loss of generality we can assume that we have Pr = 5 (Pg; ). We finally get the desired property that
Pg

| = T[RI(PRZ) for every Ry < R;. O

Now the sequence Pg has a limit P C dG as R — o0o. To complete the proof of Lemma 2.13 it remains
to show that P topologically separates dG.

From above, there exist £, 7 € dG such that 774 (§) and 75 (n) are in different components of (Sg)s, —(Pr)s,
for all large enough R. Assume for contradiction that & and # are in the same component of dG — P. The
boundary dG is path connected, let y be a path in dG — P connecting £ and 7. There exists € > 0 such
that the path y avoids the e-neighbourhood of P in dG. Let R be big enough so that 75 L(x28 ) NaG is
of diameter < ¢/2 for each x € Sg.

Thus, 775 oy is a 26 -step path in Sg which avoids (Pg),s,. Completing it with a collections of geodesic
arcs of length at most 61, we get a path in (Sg)s, which avoids (Pg)s,, and connects g (&) and 74(n).
A contradiction. This ends the proof of Lemma 2.13. O

Proof of Theorem A By Lemmas 2.8 and 2.13 we see that dG is topologically separated by a finite set
of points. It therefore has a local cut point. It follows from Bowditch [3] that G splits over a virtually
cyclic group or G is a Fuchsian group. |

3 Proof of Theorem B

In this section, we construct a hyperbolic group with superlogarithmic separation profile whose boundary
has conformal dimension one. Let us start by giving the following proposition.

Proposition 3.1 [1, Lemma 1.3] Let G and H be bounded degree infinite graphs such that there exists
a coarse embedding G — H. Then, sep; = sepgy.
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Figure 2: The set X of Proposition 3.2.

Recall that quasi-isometric embeddings are examples of coarse embeddings. This proposition implies
that the separation profile is invariant under coarse equivalences and quasi-isometries. In particular we
can consider separation profiles more generally for metric spaces that are coarsely equivalent to graphs of
bounded degree. This is what we will do in this section for the hyperbolic plane.

Let X and X’ be two closed hyperbolic orientable surfaces, and y C X, ¥y’ C ¥’ be two closed filling
geodesic curves. Recall that a curve on a surface is said to be filling when its complementary is
homeomorphic to a union of disks. Let S = (X LI ¥’)/y =~ y’ be the space obtained by gluing ¥ and ¥’
along y and y’.

The universal cover S of S consists of copies of hyperbolic planes, that we will call sheets, glued together
along the geodesic lines which correspond to the lifts of y and y’.

Let F be one of the sheets covering X. For a lift ) C F of y let Fi be the adjacent sheet covering X’
which is glued to F along ¥.

Let R > 0. Let Bg (resp. Bg/3) be the balls of radius R (resp. R/3) in F centred around o. Let us
consider

X=BrU |J Br05.R/3)CS
YNBR/3#2

where the union ranges over all lifts J of y that intersect Bg/3 and B Fy (03, R/3) is the ball of radius
R /3 in the sheet F5 centred at the point 05 on y which is closest to 0. See Figure 2.

Proposition 3.2 The set X satisfies cut X > R.

Let us prove how Theorem B can be deduced from this proposition.
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Proof of Theorem B The fundamental group 71 S is quasi-isometric to the universal cover S. Thus,
we can compute the separation profile of S instead of that of 1S, and the theorem follows from
Proposition 3.2. O

Proof of Proposition 3.2

Claim 3.3 Most of the volume of X lies in the ball Bg C F"

vol(X') =< vol(Bg).

Proof The volume of a ball B(o, r) of radius r in the hyperbolic plane is
vol(B(o,r)) = 2m(cosh(r)—1) < e”.
The number of lifts of a geodesic that intersect a ball B(o,r) is < e”. Thus,

vol(B(o, R)) <X vol(X) X vol(B(o, R)) + eR/3 vol(B(o, R/3)) < vol(B(o, R)). |

Let C be a (1-thick) cutset of X, that is every connected component of X — C has volume at most
a vol X for some o < 1. Up to taking a small enough «, C has to separate the ball Bg. We want to show
that C must have volume strictly bigger than log vol(X) < log vol(B(o, R)) < R. Let us assume for a
contradiction that we have (up to constants), vol C <X R.

Let A = dC. The total length of A is O(R): indeed, C has volume R and can be chosen to be a union
of balls of radius 1 in a given net and so the length of their boundary component has to be O(R).

The components of A are either proper arcs or simple closed curves in Bg. Let A be the collection of
geodesics with the same endpoints as the arcs of A. Let C’ be the union of the components of X — A
that include C N 0Bg. See Figure 3.

Lemma34 (i) vol(CAC’) <XR.

(ii) Every component E of Bg — C of size = R corresponds to a unique component E’ of Bg — C’
such that vol(E AE’) < R, and vice versa.

Proof (i) The difference between the sets C and C’ has boundary in A U A. Then, since the total
length of A and A s O(R), it follows from the isoperimetric inequality on the hyperbolic plane, that
vol(CAC’) < length(A UA) < R.

(ii) By the isoperimetric inequality, a component £ of Br — C of size > R must intersect d Bg. There
is a component E’ of Bg — C’ with E NdBg = E’ N dBg. The difference EA E’ comprises of sets
which are bounded by A and A. The volume of this difference can be bounded by < R again by the
isoperimetric inequality. O
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SEON w\ |
\\ s \/Aendpoints of A
A-— A/Q\’Qt/

Figure 3: The separating set C of the hyperbolic ball.

Let A’ be a set of geodesics in A that meet Bgr/3 = BFr (0, R/3). Any geodesic in A" must have a segment
joining 0Bg /3 and dBg, and thus must have length at least 2R /3. Since length(/A\) =< R there are O(1)
many geodesics in A’. Let k be the number of geodesics in A’.

Let m(x, y, z) denote the centre of the geodesic triangle spanned by a triple points x, y, z € H?. Let
M ={m(o,x,y)|x,y € AN Bg}.
There are at most (2k)? points in M .

Divide Bg/3 into 3((2k)? + 1) radial annuli of same width, called layers. By the pigeonhole principle,
there exist three consecutive layers A_, A, A4 that do not contain a point of M .

Claim 3.5 For R large enough, we have:

(i) The intersection A’ N A consists of geodesics joining the inner and outer boundaries of A.

(ii) If a is a component of A’ N A, and « is a subarc of A € A, then « is at Hausdorff distance at most §
from the arc of intersection of one of the two geodesics connecting o and oA with A.

(iii) If a1, ap are components of A’ N A, then either the Hausdorff distance dg (a1, ) < 38 or they
are at distance \/ﬁ apeurt.1

Proof (i) Otherwise, a component & of A’ N A is a geodesic arc connecting the outer boundary of A
to itself. Let p be the point on & closest to o, let A be the geodesic of A’ to which « belongs, and let
X, y be the endpoints of A in Sg(o, R). Then, m(o, x, y) € M is at distance § from p, contradicting the
assumption that A_ U A U A4 does not include points of M.

IThe function /R can be replaced by any function o(R).

Algebraic € Geometric Topology, Volume 25 (2025)



52 Nir Lazarovich and Corentin Le Coz

(i) Consider the geodesic triangle consisting of the geodesic A and the two geodesics connecting its
endpoints to 0. By assumption, the centre of this geodesic is not in A— U A U A4, hence by slimness of
triangles in H? the segment « is §-close to one of the sides.

(iii) Letay, oy be components of A’N A. Let A (resp. A;) be the geodesic in A containing oy (resp. o3).
By (ii), a (resp. ap) is 8-close to a radial geodesic )‘/1 (resp. )\’2) connecting o and one of the endpoints
of Ay (resp. Ap). Let @y = A N A (resp. oy, = A%, N A). It suffices to prove that dp (e}, oy) < 8, or they
are at distance /R + 28 apart.

Let pi,q; € o (resp. pa,q> € ) be the intersection of o/} (resp. ) with the inner and outer boundaries
of A, respectively. If d(q;.q2) < & then dy (af, ;) < § by the convexity of the metric. Similarly, if
d(pi1., p2) = ~/R + 268 then o, o), are at least V'R + 28 apart. Otherwise, d(p;, p2) < ~/R + 28 and
d(q1.q2) > 8, then the centre of the triangle with sides A/, A/, is at distance at most V'R + 36 from of.
For R large enough, such a point must be in A_ U A U A4 in contradiction to the assumption. |

From the claim above it follows that A’ N A consists of at most 2k geodesic segments connecting the
inner and outer boundaries of A and the relation defined by oty ~ a5 if dgr (o1, 02) < 38 is an equivalence
relation. Let W be a set of representatives of the classes of this relation. We call the elements in W walls.
We call the connected components of A —W regions. By the claim, the walls bounding each region are at
distance /R apart.

Claim 3.6 Let D be a region in A, then there exists a (unique) component E of X — C such that
vol(D— E) < R.

Proof Let a;,a; be the walls bounding D. Let o, &), be the inner most arcs in D which belong to the
equivalence classes of a1, oy, respectively. Let E’ be the connected component of X — A which includes
the section of A4 between o, a. This section is contained in D, and D — E’ consists of two regions
which are contained in the 38-neighbourhood of @y U a5. Therefore, vol(D — E’) < R. The set C’ is
bounded by geodesics in A. It cannot contain the component E’, as otherwise vol(C’) > vol(E’) > R.
Thus E’ is a component of X — C’. By Lemma 3.4, E’ corresponds to a unique component £ of X — C,
and vol(D — E) <vol(D— E’') + vol(E'— E) < R. O

Claim 3.7 No component E of X — C contains more than % of the layer A.

Proof Let E be a component of X —C. Assume for contradiction that vol(£ N A) > % vol(A). For every
x € ENA consider theray x* =R>;xNBg ={tx € Bg |t >1}. Let E; ={x € E | x*NC = &}. Since
vol(C) consists of O(R) balls of radius 1, the set E — E; consists of at most O(R) 1-neighbourhoods
of arcs of length O(R). Whence, vol(E — E;) < R?. Consider the set ET = Ux€E1 x*. Thus
vol(Eq) > % vol(A), and therefore also vol(£7) > % vol(Bg). The set E¥ C E, thus vol(E) > % vol(Bg).
We get a contradiction to the assumption that the volume of components of X —C are at most % vol(Bg). O
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By the previous two claims there are two regions D, D_ of A — )W which correspond to two different
components £, E_ of X —C. We may assume that D; and D, are adjacent, and are separated by a
wall . Let o, be the middle third subarc of «.

Claim 3.8 There is k =< R, and disjoint lifts y1, ..., J; of v such that y; N oy, # 3.

Proof Consider the union I' = | J ¥ of all the lifts ¥ of y to the universal cover F of X. Since y is
filling in X, the connected components of F — I are one of finitely many types of convex hyperbolic
nonideal polygons. Let d be the maximal diameter of these polygons. There exists an angle 6 such that
every geodesic line intersecting one of the polygons, forms an angle 6 with at least one of its sides. Let
i > 0 be such that if two geodesic lines /1, [, in the hyperbolic plane intersect a third geodesic line / at
points of distance > p and at angles > 6, then /1, /; do not meet.

Let £ = length(a,,) < R. Every segment of length 2d on «y, intersects a lift  of y in an angle > 6.

Thus, the geodesic segment o, intersects at least k = £/(u + 2d) lifts 1, ..., ¥x of y in an angle > 6.
Note that k£ < £ < R. By the choice of u, 1, ..., J are disjoint. m|
Let 91, ..., ¥ be the disjoint lifts as in Claim 3.8. The geodesic segments 7; N Dy have length at

least > +/R by Claim 3.5 and by the choice of a,,. The circles around the point 7; N oy, in F5, form
O (+/R) disjoint paths connecting points in D to points in D_. Considering these paths for all 7;, we
get O(R3/2) disjoint paths connecting D4 to D—. By Claim 3.6, vol(D+ — E+) < R, and so we have at
least > R3/2 — O(R) disjoint paths connecting E 4 to E_. Since E and E_ are different components
of X —C, each of these paths meets C. We get vol(C) > R3/2 which contradicts vol(C) < R. This ends
the proof of Proposition 3.2. a
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