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Rational homology ribbon cobordism is a partial order

STEFAN FRIEDL
FiLip MISEV
RAPHAEL ZENTNER

We show that ribbon rational homology cobordism is a partial order within the class of irreducible
3-manifolds. This makes essential use of the methods recently employed by Ian Agol to show that ribbon
knot concordance is a partial order.

57K10, 57K31, 57K40

1 Introduction

It was recently proved by Agol [1] that ribbon concordance of knots is a partial order. We prove an
analogous statement for the preorder on irreducible, closed, connected, oriented 3-manifolds that is given
by rational homology cobordisms.

Let Yy and Y7 be closed, connected, oriented 3-manifolds. We say that a compact, connected, oriented,
smooth 4-manifold W is a cobordism from Yy to Y if W = Y; U (—Yy). A cobordism W is called a
Q-homology cobordism from Y to Y7 if the inclusions of Yy and Y; into W both induce an isomorphism
in homology with Q-coefficients. Finally we say that W is a ribbon cobordism from Yy to Y1 if W is
built from Yy x [0, 1] by attaching only 1-handles and 2-handles.

We write Y; > Y if there exists a ribbon Q-homology cobordism from Yy to Y;. Clearly this defines a
preorder, ie the relation > is reflexive and transitive. It is less clear whether this is antisymmetric and so
defines a partial order, ie if Yy > Y7 and Y7 > Y, are then Y, and ¥; homeomorphic?

The following conjecture was formulated by Daemi, Lidman, Vela-Vick, and Wong [3, Conjecture 1.1]:
Conjecture 1.1 The preorder on the set of homeomorphism classes of closed, connected, oriented
3-manifolds given by ribbon Q-homology cobordism is a partial order, ie if one has Yo > Y| and Y; > Y
then Yy and Y| are homeomorphic.

We prove this conjecture for irreducible 3-manifolds.

© 2025 The Authors, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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Theorem 1.2 The preorder > is a partial order on the set of homeomorphism classes of irreducible,
closed, connected, oriented 3-manifolds. In particular, it Yo > Y and Y; > Y, then Yy and Y7 are
homeomorphic.

In fact for aspherical 3-manifolds we can prove a refinement.

Theorem 1.3 The preorder > is a partial order on the set of orientation-preserving homeomorphism
classes of aspherical, closed, connected, oriented 3-manifolds. In particular, if Yo > Y7 and Y1 > ¥,
then there exists an orientation-preserving homeomorphism from Y, to Y.

It is not clear to us whether the conclusion of Theorem 1.3 also holds for irreducible 3-manifolds that are
not aspherical. This leads us to the following question. To formulate it, we call an oriented 3-manifold
chiral if it does not admit a self-homeomorphism which is orientation-reversing.

Question 1.4 Does there exist a chiral spherical oriented 3-manifold Y withY < —Y?

In the proofs of Theorems 1.2 and 1.3 we make essential use of the methods employed by Agol to prove
that ribbon concordance is a partial order. More precisely, Agol’s methods apply to the situation we are
considering and provide us with the following theorem.

Theorem 1.5 Suppose Y is a closed, connected, oriented 3-manifold. Suppose W is a ribbon Q-
homology cobordism fromY_ =Y toYy = Y,ie Yy > Y_ (and so from Y to itself). Then the inclusion
t4+: Y4 — W induces an isomorphism on fundamental groups.

Using Theorem 1.5 one can easily prove the following corollary which is the key ingredient in the proofs
of Theorems 1.2 and 1.3.

Corollary 1.6 Suppose Wj is a ribbon Q-homology cobordism from Yy to Y7, so that Y1 > Y. Suppose
that W, is a ribbon Q-homology cobordism from Y7 to Yy, so that Yo > Y;. Then the injection ty: Y1 — Wy
induces an isomorphism of fundamental groups, and likewise for the injectionty: Yy — Wj.

Remark We use the convention of [3], in which Conjecture 1.1 has been formulated, where Y; > Yy
means that there is a ribbon cobordism from Y, to Y7, as defined above. We would like to point out
that this may result in some confusion when comparing with Gordon’s initial convention [5] and the
one employed in [1], where a ribbon concordance goes from K; to Ky if the exterior E(C) of the
concordance C is obtained by adding only 1-handles and 2-handles to E(Kg) x [0, 1]. In other words,
in their convention, a ribbon cobordism goes from the more complex object to the simpler one.

Outline 1 In Section 2 we will state and prove some auxiliary results that we will need for the proof of
our main results, Theorems 1.2 and 1.3. In Section 3 we provide the proof of Theorem 1.3. Afterwards
in Section 4 we will use Theorem 1.3 as an ingredient in our proof of Theorem 1.2. Finally Section 5
contains a sketch of proof of Theorem 1.5 which is almost verbatim identical to Agol’s proof in the
context of knot complements, together with the proof of Corollary 1.6.
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2 Preparations

In this short section we collect a few basic facts that we will use in the proof of Theorem 1.2. The
following appears as [3, Proposition 2.1].

Proposition 2.1 (Daemi, Lidman, Vela-Vick, Wong) Let Yy and Y; be closed, connected, oriented
3-manifolds and let W be a cobordism from Y to Y;. We denote by 1y: Yo — W and ¢;: Y; — W the
obvious inclusion maps.

(1) If W is a ribbon cobordism, then the map (t1)«: 71 (Y1) — 71 (W) is an epimorphism.

(2) If W is aribbon Q-homology cobordism, then the map (t¢)«: 71 (Yy) = 71 (W) is a monomorphism.

By definition, a ribbon cobordism W from Yj to Y; is obtained from Y, x [0, 1] by attaching 1-handles
and 2-handles. Flipping W upside down, we see that W can equivalently be viewed as Y7 x [0, 1] with
some 2-handles and 3-handles attached. This immediately implies the first statement. For the second
statement, Daemi, Lidman, Vela-Vick, and Wong use Gersenhaber and Rothaus’ Theorem 2 in [4], much
in the same way as initially done by Gordon in [5, Proof of Lemma 3.1], using the residual finiteness of
3-manifold groups.

The next proposition gives us some homological information about (Q-homology cobordisms.

Proposition 2.2 Let Yy and Y; be closed, connected, oriented 3-manifolds. We consider their funda-
mental classes [Yo] € H3(Yy;Z) and [Y1] € H3(Y1;Z). Let W be a cobordism from Yy to Y. If W is a
Q-homology cobordism, then the maps (to)«: H3(Yo;Z) — H3(W;Z) and (11)«: H3(Y1;Z)— H3(W; Z)
are both isomorphisms. Furthermore (1)« ([Yo]) = (t1)«([Y1]) € H3(W; Z).

Proof Leti € {0, 1}. We have the following commutative diagram:

)

s Hy (W Y5 ) — Hy(Yi ) — 2 Hy(Wi Z) — Hy (W, Yi Z) — -

Lo

H3(Yi; Q) ——— H3(W;Q)
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Since W is a QQ-homology cobordism we know that the bottom horizontal map is an isomorphism. It
follows from this observation and the universal coefficient theorem that the kernel and the cokernel of
the map (¢;)«: H3(Y;; Z) — H3(W; Z) are finite. But by Poincaré duality and the universal coefficient
theorem we see that

Hy(W,Y;;Z) = H! (W, Y1_i;Z) xHom(H{(W,Y1_;:Z),Z) ® Ext(Hy(W, Y1_i;: 7Z), Z)
is torsion-free. Similarly, we see that Hy(W, Y;; Z) is torsion-free, since
Hy,W,Y;;Z) =~ HO(W, Yi—i:Z) =Hom(Hy(W, Y 1_;;72), 7).

In summary, we see that the two maps (tg)«: H3 (Yo; Z) — H3(W; Z) and (¢1)«: H3(Y1; Z) — H3(W; Z)
are isomorphisms.

It remains to show that (o)« ([Yo]) = (t1)«([Y1]) € H3(W;Z). We consider the long exact sequence of
the pair (W, YO U Y])I

o> Hy(W, Yo U Y1 Z) 2 Hy(YoUY:Z) — Hy(W:Z) — -+ .

It is well known that d([W]) = [0W]. Since W is a cobordism, we have dW = Y; U (—Y}); in particular
[0W] = [Y1]—[Yo]. Since the sequence is exact we see that the image of [Y]—[Yo] is zero in H3(W; Z),
ie we have (10)«([Yo]) — (t1)«([Y1]) =0 € H3(W;Z). m

Lemma 2.3 Suppose that we have a continuous map g: X — Z, between path-connected topological
spaces X and Z which admit the structure of a CW-complex. Then for any k the following diagram

commutes:
Hy(X:Z) —5— H(Z:7)

(JX)*\L l(lz)*

Hi (1 (X); Z) —5 Hy(m1(Z); Z)

Here the group homology H;(G;Z) of a group G is defined to be the singular homology of its as-
sociated K(G, 1)-space: H;(G;Z) := H;(K(G,1);Z). Furthermore jx: X — K(m1(X),1) and
jz:Z — K(m(Z), 1) are the natural maps of the respective spaces to the Eilenberg—Mac Lane space
associated to their fundamental groups.

Proof We denote by K(g): K(w1(X), 1) — K(r1(Z), 1) the map induced by the group homomorphism
g«:1m1(X) = m1(Z). By construction this map induces the map
gx: m1(X) =5 1 (K(1 (X), 1) = m1(K(71(2)), 1) =5 71(2).

Therefore, the two maps K(g) o jx and jz o g induce the same maps on the fundamental group. Since
their image space K(mw(Z), 1) is aspherical, these two maps are homotopic by Whitehead’s theorem,
and hence induce the same maps in homology. O
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Theorem 2.4 Let Y, and Y7 be irreducible, closed, orientable 3-manifolds and let «: w1 (Yy) — 71 (Y1)
be an isomorphism.

(1) If Yy and Y7 are not lens spaces, then Yy and Y; are homeomorphic.

(2) If Yy and Y7 are not spherical, then there exists a homeomorphism g: Yy — Y; which induces o,
ie which satisfies g« = «: w1 (Yy) — w1 (Y7).

Proof The theorem is stated as [2, Theorem 2.1.2]. It is a consequence of the geometrization theorem,
the Mostow rigidity theorem, work of Waldhausen [11, Corollary 6.5] and Scott [10, Theorem 3.1], and
classical work on spherical 3-manifolds (see [9, page 113]). |

We conclude our section of preparations with the following theorem, recently proved by Huber [7].

Theorem 2.5 (Huber) Let L(p1,q1) and L(p2,q>) be lens spaces. If L(p1,q1) < L(p2,q>), then one
of the following holds:

(1) The Ilens spaces are homeomorphic.
(2) There exists ann > 2 with L(p1,q1) = L(n, 1) and p,/q, € Fy,, where
2
nm
F 1= —\ k>0, ged(m, k) =1¢.
" {nmk+1 m > k>0, ged(m. k) }
3) L(pi.q) =S°.

3 Proof of Theorem 1.3

We first provide the proof of Theorem 1.3, since the statement of Theorem 1.3 gives us also most of
Theorem 1.2.

Proof of Theorem 1.3 Let Y, and Y; be aspherical, closed, connected, oriented 3-manifolds. We
assume that Yy > Y7 and that Y; > Y. We need to show that there exists an orientation-preserving
homeomorphism from Yy to Y.

Let W be a ribbon Q-homology cobordism from Y, to Y;. We denote by to: Yo — W and ¢;: Y1 - W
the obvious inclusion maps. Since we also assume that Y7 > Y,, we obtain from Corollary 1.6
that (t1)«: m1(Y7) = w1 (W) is an isomorphism. Furthermore by Proposition 2.1(2) we know that
(to)x: w1 (Yo) — (W) is a monomorphism. We write o := ((t1)%) ! 0 (t9)«: w1 (Y) = w1 (Y1).

Since Y7 is aspherical, there exists amap f: Yy — Y; with fx = o : 71 (Yy) — 71 (Y7). We will show that
this map f has degree equal to £ 1. For this we consider the following diagram, which is commutative

by Lemma 2.3: o) )
lo) % L)%
Hy(Yo; 2) —=— Hy(W;Z) +—=2— H3(Y1:Z)

(1) (jo)*l% l(jW)* ) zl(jn*

(o)« (t1)«
Hy(my (Yo); Z) = Hy(my(W): Z) =~ Hi(my(Y1); Z)
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Here, jo: Yo < K(1(Yp), 1) is the natural map of Y} to the Eilenberg—MacLane space of its fundamental
group, and likewise j; and jy- are defined.

It follows from our hypothesis that W is a Q-homology cobordism and Proposition 2.2 that the horizontal
maps in the first line of this diagram are isomorphisms. By hypothesis Y, and Y7 are already aspherical,
ie they are Eilenberg—MacLane spaces. Therefore, the maps (jg)« and ( /1)« are isomorphisms.

Now by commutativity of the right square in the diagram (1), the vertical map (jp )« induced by the
inclusion map jp must be an isomorphism. Therefore, by commutativity of the left square in this diagram,
we conclude that the map (1) «: H3 (1 (Yy): Z) — Hs (w1 (W); Z) is an isomorphism.

As in the proof of Lemma 2.3 above, we denote by K(¢): K(G,1) - K(H, 1) the map induced on
Eilenberg—MacLane spaces by a group homomorphism ¢ : G — H. In our situation, we have the two maps
f:Yy— Y and K((t1)31) o K((19)«): Yo — Y1, where we identify Y and Y; with Eilenberg-MacLane
spaces of their respective fundamental groups. Both induce the same map at the level of fundamental
groups. Since Y7 is aspherical, these maps are homotopic by Whitehead’s theorem. Therefore, they
induce the same map on homology. By the above observation that the bottom maps in diagram (1) are
isomorphisms, we conclude that fi: H3(Yy) — H3(Y7) is an isomorphism, and therefore f has degree +-1.

By a standard argument a map f: Yo — Y7 of degree 1 induces an epimorphism of fundamental
groups. Since we already know that fi = « is a monomorphism, we see that fi: w1 (Yy) — 71(Y7) is an
isomorphism. Thus it follows from Theorem 2.4(2) that there exists a homeomorphism g: Yy — Y7 that
induces fix = «. It remains to show that g is orientation-preserving. To do so we consider the following
commutative diagram:

H3(Yo: Z) Lg)*) Hy(W:Z) % H3(Y1:Z)
(jo)*v% l(jw)* %v(jl)*
Hy (1 (Y0): Z) 225 Hy(ry (W): 2) <25 Hy (1 (11): 2)
(2) id\/ id\r
Hs (1 (Yo): Z) az)e s Hy(m1(V1): Z)
=~ Go)x e
H;(Yo: Z) = > Hy(Yy:2)

We already know that the top part of the diagram (2) commutes. The center part of diagram (2) commutes
since & = ((¢1)+) " o (t9)«. The bottom part of diagram (2) commutes again by Lemma 2.3. Finally by
design we have o = fix = gx.

By Proposition 2.2 we know that (1) «([Yo]) = (¢t1)«([Y1]) € H3(W; Z). But by the above this implies
that g« ([Yo]) = [Y1]- m
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4 Proof of Theorem 1.2

Proof of Theorem 1.2 Let Y and Y; be irreducible closed connected oriented 3-manifolds. We assume
that Yo > Y7 and that Y7 > Yy. We need to show that Yy and Y; are homeomorphic. If 7;(Yy) and
1 (Y1) are infinite, it follows by a standard argument, using the sphere theorem, that Y is aspherical;
see [2, page 48]. Thus we see that the statement follows from Theorem 1.3.

Therefore it suffices to consider the case that 71 (Yy) or 7 (Y7) is finite. We assume that Y, > Y; and
that Y1 > Y,. We need to show that Yy and Y; are homeomorphic. By symmetry we can assume that
1 (Y1) is finite.

Let Wy be a ribbon Q-homology cobordism from Y to Y7 and let W be a ribbon Q-homology cobordism
from Y7 to Yy. By Corollary 1.6 we know that the inclusion-induced maps 7;(Y7) — 71(Wy) and
11(Yo) — 71 (W) are isomorphisms, and by Proposition 2.1 we know that the inclusion-induced maps
w1 (Yy) = w1 (Wy) and 71 (Y1) — 71 (W) are monomorphisms.

It follows that |71 (Y7)| < |m1(W)| = |71 (Yo)| < |1 (Wp)| = |1 (Y1)]. Since 71 (Y7) is finite we see
that we have equalities throughout and we see that all the inclusion-induced maps are isomorphisms. In
particular we see that 1 (Yy) = 71 (Y7).

First we consider the case that 771 (Yp), and thus also 71 (Y1), is not cyclic. In this setting it follows from
Theorem 2.4 that Y, is homeomorphic to Yj.

Finally we consider the case that 71 (Yy), and thus also 71 (Y7), is cyclic. It follows from [2, page 25]
that neither Y, nor Y; are lens spaces. But it follows almost immediately from Theorem 2.5 that if for
two lens spaces Yy and Y7 we have Y7 > Y and if they have isomorphic fundamental groups, then Y
and Y7 are homeomorphic. |

5 Sketch of proof of Theorem 1.5

In this section we provide a sketch of proof of Theorem 1.5 and Corollary 1.6, both of which are essentially
due to [1], although his formulation is in the context of knot complements.

Sketch of proof of Theorem 1.5 This follows almost verbatim in the same way as in all but the last
paragraph of [1, Proof of Theorem 1.2]. The only comment to make is that his proof uses residual
finiteness of fundamental groups of knot complements. This is due to [6], using Thurston’s proof of his
geometrization conjecture for Haken manifolds. In our situation, we need the fact that all fundamental
groups of 3-manifolds are residually finite, and this uses the full geometrization conjecture, together with
Hempel’s result. We will outline this proof for the sake of completeness.

Suppose that W is a rational ribbon homology cobordism from Y_ to Y, where both Y} and Y_
are homeomorphic to Y. For a finitely presented group , Agol considers the representation variety
Ry () = Hom(mr, SO(N)) for some N > 1, and in the case of a path-connected topological space X,
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he defines Ry (X) := Ry (mw1(X)). This representation variety is a real algebraic set. Since the in-
clusion ¢4 : Y4+ — W defines a surjection at the level of fundamental groups, we obtain an injection
y: Ry (W) — Ry (Y4) by precomposition of representations with (t14)«: 71 (Y4) — 71 (W). In fact,
since there is a presentation of 71 (W) obtained by one from 71 (Y4) by only possibly adding relations,
but no generators, one can realize Ry (W) as an algebraic subset of Ry (Y+), Ry(W) € Ry(Y4).

On the other hand, the inclusion (—: Y_ — W induces an injection of fundamental groups, and Daemi,
Lidman, Vela-Vick, and Wong [3, Proposition 2.1] showed that the induced map (t—)*: Ry (W) —
R (YZ) is surjective. Both of these results build on work of Gerstenhaber and Rothaus: the first statement
uses [4, Theorem 2], using the residual finiteness of 1 (Y_), and the second statement builds on [4,
Theorem 1], where it is essential that the Lie group that Agol considers, the group SO( ), is compact.

At this stage, Ry (Y—) and R (Y+) have a priori been considered using different presentations, but a
sequence of Tietze moves between the presentations induces a polynomial isomorphism ¢: Ry (Y—-) —
R (Y+) between these. Together with the statement in the last paragraph, one obtains a surjective
polynomial map ¢ o (t—)*: Ry(W) — Ry (Y4). At this stage Agol uses the following algebraic-
geometric lemma [1, Lemma A.2]: if X and Z are real algebraic sets, with X C Z, and if there is
a surjective polynomial map ¢: X — Z, then X = Z. Applied to our problem, this implies that
Ry (Y4+) = Ry (W), induced by the inclusion (t4)*: Ry (W) — Ry (Y4). Finally, by using residual
finiteness of 71 (Y+) again, and by the fact that any finite group embeds into some SO(N) for sufficiently
large N, we conclude as in Agol’s situation that (t4)«: 71 (Y+) — 71 (W) is an isomorphism, using
Rn(Y4) = Rn(W). O

Proof of Corollary 1.6 Suppose that W}, is a ribbon Q-homology cobordism from Yj to Y7, and that
W1 is a ribbon Q-homology cobordism from Y; to Y. We denote by ¢1¢: Y7 — W, the natural inclusion.
We form a Q-homology ribbon cobordism from Y_ := Y7 to Y := Y7 by gluing Wy and W; along Y,
and we denote by (: Y4 — W the natural inclusion. Finally, we denote by j: Wy — W the natural
inclusion. Then clearly (4 = j ot;¢. This induces a commutative diagram between fundamental groups:

m1(Y1)

(3) @o-| \

1 (Wo) —L5 7y (W)

By Theorem 1.5, the map (¢4 )x is an isomorphism. Since W}, is a ribbon Q-homology cobordism from
Yy to Y; it follows from Proposition 2.1(1) that the map (t1¢)« is a surjection. By commutativity of the
diagram we conclude that (¢1¢)+ is a monomorphism. Thus in summary it is in fact an isomorphism. O
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