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WILLIAM JACO

JOACHIM HYAM RUBINSTEIN

JONATHAN SPREER

STEPHAN TILLMANN

Let M be a compact 3-manifold with boundary a single torus. We present upper and lower complexity
bounds for closed 3-manifolds obtained as even Dehn fillings of M . As an application, we characterise
some infinite families of even Dehn fillings of M for which our method determines the complexity of
their members up to an additive constant. The constant only depends on the size of a chosen triangulation
of M , and the isotopy class of its boundary.

We then show that, given a triangulation T of M with 2-triangle torus boundary, there exist infinite
families of even Dehn fillings of M for which we can determine the complexity of the filled manifolds
with a gap between upper and lower bounds of at most 13jT jC7. This result is bootstrapped to obtain the
gap as a function of the size of an ideal triangulation of the interior of M , or the number of crossings of a
knot diagram. We also show how to compute the gap for explicit families of fillings of knot complements
in the 3-sphere. The practicability of our approach is demonstrated by determining the complexity up to a
gap of at most 10 for several infinite families of even fillings of the figure-eight knot, the pretzel knot
P .�2; 3; 7/, and the trefoil.

57K10, 57K31, 57K32, 57Q15

1 Introduction

We define the complexity of a triangulable manifold M to be the minimum number of top-dimensional
simplices in a semisimplicial triangulation of M . For closed irreducible manifolds in dimension 3 — the
focus of this work — this notion coincides for all but three manifolds with Matveev’s complexity [23]
that was defined in terms of spines. The notion of complexity is an important organising principle when
studying manifolds through the lens of low-dimensional topology. For any given n; d 2N there are only a
finite number of d -manifolds of complexity � n, and systematic census enumeration using triangulations
naturally generates all triangulations up to a certain complexity. In this very precise sense, complexity is
to manifolds what the crossing number is to knots.

Determining the complexity of a given manifold is a hard problem in general. Before we discuss closed
3-manifolds, note that several results on the complexity of 3-manifolds with boundary exist; see for
instance Frigerio, Martelli, and Petronio [9], Ishikawa and Nemoto [12], Jaco, Rubinstein, Spreer, and
Tillmann [16], and Rubinstein, Spreer and Tillmann [29] for complexity bounds on ideal triangulations,
and Jaco, Johnson, Spreer, and Tillmann [13] for complexity bounds on triangulations with real boundary.
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In the closed case, early lower bounds on complexity use an analysis of homology and fundamental groups
(see Matveev and Pervova [24] and Pervova and Petronio [27]), or hyperbolic volume computations (see
Matveev, Petronio, and Vesnin [25] and Petronio and Vesnin [28]). Bounds in terms of hyperbolic volume
are only sharp in very special cases; see Fominykh, Garoufalidis, Goerner, Tarkaev, and Vesnin [8] and
Vesnin, Tarkaev, and Fominykh [31]. Cha [4, Corollary 1.11] gave lower bounds in terms of Cheeger–
Gromov �-invariants. A recent approach developed by Lackenby and Purcell [21] gives complexity
bounds for hyperbolic 3-manifolds that fibre over the circle using the monodromy of the bundle. Census
enumeration trivially determines the complexity of all manifolds in a given census, and hence a lower
bound for all manifolds that do not appear in that census. Currently, this determines the complexity of
all closed irreducible orientable 3-manifolds up to complexity 13 (see Matveev and Tarkaev [26]) — an
impressive algorithmic and computational achievement.

Upper bounds usually arise from the explicit construction of triangulations, and the difficulty lies in
closing the gap between upper and lower bounds. For instance, for the Weber–Seifert dodecahedral space,
it is currently only known that its complexity lies between 14 (since it does not appear in the current
census) and 23 (by an explicit construction of Burton, Rubinstein, and Tillmann [2]).

Here we build on observations on least-genus surface representatives of Z2-homology classes to produce
new complexity bounds. This is the only approach currently known to provide exact complexity bounds for
infinite families of closed 3-manifolds — more precisely, spherical 3-manifolds (see Jaco, Rubinstein, and
Tillmann [18; 19]) and 3-manifolds modelled on BSL2.R/ (see Jaco, Rubinstein, Spreer, and Tillmann [15]).
It also certifies complexity for some infinite classes of cusped hyperbolic 3-manifolds [16; 29].

Our new contributions to this line of work are complexity bounds up to a practical additive constant for
infinite families of closed 3-manifolds obtained by Dehn filling. We prove:

Theorem 5 Let M be an orientable compact irreducible 3-manifold with boundary an incompressible
torus , and let T be a triangulation of M with a 2-triangle torus boundary. Then there exist infinite
families of even Dehn fillings M.˛k/ of M for ˛k 2Q[f1g and k � 0, such that

2k � c.M.˛k//� 2kC 13jT jC 7:

In particular, for each once-cusped hyperbolic 3-manifold M of finite volume, this gives an infinite family
of closed hyperbolic 3-manifolds whose volumes converge to the volume of M and whose complexity is
known up to an additive constant that only depends on M . We remark that at the time of writing, there is
no infinite family of closed hyperbolic 3-manifolds for which the complexity is known exactly.

The gap in the above bound, denoted by gap.M.˛k//, is the difference between the upper and lower
bounds on the complexity of M.˛k/. Hence the above theorem provides an infinite family where the gap
is 13jT jC 7. In particular,

gap.M.˛k//

c.M.˛k//
2O

�
1

c.M.˛k//

�
:
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We extend Theorem 5 to similar statements with input an ideal triangulation (Corollary 6) or a knot
diagram (Corollary 7). None of these three results explicitly describes the filling slopes ˛k . Knots in the
3-sphere have a canonical framing, and our methods can be used to determine explicit bounds for infinite
families of even fillings where the gap is only a function of the number of crossings of a knot projection.
A sample result of this form is:

Theorem 8 Let K be a knot distinct from the unknot , and let D be a reduced diagram of K with n

crossings. Moreover , let M D S3 nN.K/ be the knot exterior of K with the standard framing on @M .

Let m0 D 1401.n� 1/, n0 Dm027m0C2, and k > n0. Then for the complexity of M.2k=1/,

2.k � n0/� c.M.2k=1//�m0C 2k � 1:

The proof of Theorem 8 can be adapted to give a bound for other families of even fillings, and those
families giving rise to a bound up to an additive constant are easily identified. Since every 3-manifold can
be obtained from Dehn filling on a link in the 3-sphere (see Lickorish [22] and Wallace [32]), Theorem 8
can be applied in a quite broad setting. The above result is complementary to similar bounds for integral
surgeries obtained by Cha [3; 5].

The reader should think of the theoretical results discussed so far as a flexible toolkit that can be applied
to specific families of examples. While Theorem 8 cites a very large constant, this constant is much
smaller in practical settings. We present three extended examples, analysing various families of Dehn
fillings of the figure-eight knot in Section 5.1, the pretzel knot P .�2; 3; 7/ in Section 5.2, and the trefoil
in Section 5.3. In several cases of infinite families of fillings allowing a constant gap, this gap is in the
single digits. The goal of this extended list of examples is to demonstrate that, given a knot and very little
extra information, we can determine practical upper and lower complexity bounds for infinite families of
even Dehn fillings using out-of-the-box software such as Regina [1] or SnapPy [6].

Acknowledgements Jaco is partially supported by the Grayce B Kerr Foundation. Research of Rubinstein,
Spreer, and Tillmann is supported in part under the Australian Research Council’s Discovery funding
scheme (project DP190102259). The main result was conceived whilst the authors were supported through
the programme Research in pairs by the Mathematisches Forschungsinstitut Oberwolfach in 2017. The
authors would like to thank the staff at MFO for an excellent collaboration environment. The authors
would also like to thank the referee for very useful remarks that improved the presentation of the paper.

2 Background

We refer to [15] for background and standard definitions, and only recall the following two key definitions:
Given a closed 3-manifold M , we define the complexity of M to be the minimum number c.M / of
tetrahedra in a triangulation of M . The norm k�k of a nontrivial class � 2H 1.M;Z2/ is the negative of
the maximal Euler characteristic of a properly embedded surface S , no component of which is a sphere
or projective plane, representing the Poincaré dual of �.
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2.1 3-manifolds with torus boundary and the Farey tessellation

Let M be an orientable compact irreducible 3-manifold with @M consisting of a single incompressible
torus boundary component. Let .m; l/ be a framing of @M . Since @M is incompressible and has
abelian fundamental group, im.�1.@M /! �1.M //Š �1.@M /ŠH1.@M;Z/. As is usual for the torus,
we freely move between isotopy, homotopy, and homology classes depending on context and most
efficient notation. Hence, for an isotopy class of nontrivial simple closed loops on the boundary torus
˛ 2 im.�1.@M /! �1.M //, we refer to the nontrivial primitive class ˛ 2H1.@;Z/, where ˛ D mqlp,
as a slope, and vice versa. A slope is an even slope if it maps to zero in H1.M;Z2/.

Proposition 1 [17, Corollary 10] Let ˛ 2 im.�1.@M /! �1.M // be a slope. There is a properly
embedded surface S in M with Œ@S �D ˛ if and only if ˛ is an even slope.

This motivates the definition of the norm of an even slope ˛ in M as

k˛k Dminf��.S/ j S is a properly embedded surface in M with Œ@S �D ˛g:

We say that S is taut for ˛ if S is connected, Œ@S �D ˛, and k˛k D ��.S/.

Let T be a 0-efficient triangulation of M . Then T has a single vertex, and the induced triangulation
T@ of @M has exactly two triangles and necessarily contains this vertex. We briefly sketch how the
fundamental normal surfaces fFig of T , together with the dual graph of the Farey tessellation — as an
organising principle of boundary slopes on T@ — can be used to compute the slope norm for an arbitrary
even slope ˛ of M . We refer to [17, Section 2] for details.

Consider the Farey tessellation F associated with the framing .m; l/ for @M ; see Figure 1. Each ideal
triangle � corresponds to an isotopy class of 1-vertex triangulations of T@. Its ideal vertices are labelled
with the slopes .˛; ˇ; 
 / of the edges for T@, and each ideal triangle is labelled with its unique even slope,
say ˛, which is referred to as the even slope of � . The base triangle is marked in green, and the canonical
triangles for the even slopes in yellow. A canonical triangle is characterised by the property that the ideal
vertex carrying the even slope lies between the two other ideal vertices on the boundary of the tessellation.

The dual graph to the Farey tessellation �.F / is an infinite trivalent tree. Travelling across an arc in
�.F / corresponds to flipping an edge in T@ yielding another isotopy class of 2-vertex triangulations
of the torus. On the level of the triangulation T of M , this edge flip is realised by layering an extra
tetrahedron on top of T@, increasing the size of the triangulation by one.

Every isotopy class of 2-triangle triangulations of @M can be realised as the boundary of some triangulation
of M , and hence every even slope of @M is an edge in some triangulation of M .

Related to this organising principle, there are two measures of distance on �.F / of interest to us. Let �
and � 0 be two ideal triangles of the Farey tessellations. By abuse of notation, we refer to their corresponding
nodes in �.F / by � and � 0 as well. Let ˛ and ˛0 be the even slope labels of � and � 0, respectively. By
dF .�; �

0/ we denote the length of the unique shortest path in �.F / between � and � 0. By d.˛; ˛0/ we
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Figure 1: The Farey tessellation.

denote one less than the number of distinct even slope labels we see on the unique shortest path in �.F /
from a triangle labelled ˛ to a triangle labelled ˛0. Moreover, for ˛ an arbitrary even slope, we define
d.Œ1�; ˛/D1, where Œ1� 2 im.�1.@M /! �1.M // denotes the trivial loop. By construction, we have
2d.˛; ˛0/� dF .�; �

0/, and this bound is the best possible, as can be seen by following a path in �.F /
alternating between yellow and white ideal triangles in Figure 1.

In [17] it is shown that for some even slope ˛, the slope norm of ˛ equals

(2-1) k˛k D ��.S/Dmin
Fi

f��.Fi/C d.Œ@Fi �; ˛/g;
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where the minimum is taken over all fundamental surfaces Fi of T . Note that it is enough to minimise
over the set of incompressible and @-incompressible fundamental surfaces of M with connected essential
boundary.

Let M.˛/ be the Dehn filling of M along ˛. Moreover, let S �M be taut for ˛. Consider the union of S

and the meridian disk of the filling torus in M.˛/, and denote its Poincaré dual by �˛ 2H 1.M.˛/;Z2/.
By construction k�˛k D k˛k� 1.

3 Complexity bounds on even Dehn fillings

In this section we first deduce lower and upper bounds for the complexity of M.˛/. We then describe
infinite families of Dehn fillings for which the gap between these bounds is constant.

3.1 Lower bound

A balanced lens space is a lens space M with even fundamental group that satisfies c.M /D 1C 2k'k,
where ' is a generator for H 1.M IZ2/. With the setup from Section 2 and the following theorem
from [15], we directly obtain a lower bound for the complexity of M.˛/.

Theorem 2 [15, Corollary 2] Let M be a closed orientable irreducible connected 3-manifold not
homeomorphic with a balanced lens space and suppose that 0¤' 2H 1.M IZ2/. Then c.M /� 2C2k'k.

Corollary 3 Let M be an orientable compact irreducible 3-manifold with boundary an incompressible
torus , and let ˛ be an even filling slope of M such that M.˛/ is not a balanced lens space. Then

(3-1) c.M.˛//� 2k˛k;

where k˛k denotes the slope norm of ˛ in M .

Proof Since M.˛/ is not a balanced lens space, it follows from Theorem 2 that c.M.˛//� 2C2k�˛kD

2C 2.k˛k� 1/D 2k˛k.

3.2 Upper bound

Let M be an orientable compact irreducible 3-manifold with boundary an incompressible torus. Fix a
framing .m; l/ on @M and let T be a triangulation of M with a 1-vertex 2-triangle torus boundary T@.
Let � be the node in �.F / corresponding to the isotopy class of T@.

We can turn T into a triangulation of a Dehn filling of M by folding T@ over one of its three boundary
edges. That is, the two triangles in T@ are identified in such a way that one obtains a Möbius band. The
edge that one folds over becomes the boundary of the Möbius band, and the other two edges are identified;
see Figure 2. The kernel of the induced map on fundamental groups from the torus to the Möbius band is
generated by the associated filling slope. This can be worked out from the identification of the two edges
of T@ by the folding operation as follows:

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 2: Left: the torus boundary T@ of isotopy class .a=b; c=d; .aC c/=.bC d//. The arrow
indicates the folding over the diagonal and the dotted line indicates the target filling slope. Right:
corresponding ideal triangle(s) in the Farey tessellation. The arrow indicates source and target
triangle and the bold vertex indicates the target filling slope.

Suppose we fold over the diagonal edge in Figure 2, left. This yields the filling slope .c � a/=.d � b/,
which is the opposite diagonal, and hence a triangulation of the manifold M..c � a/=.d � b//. Folding
over the even edge produces a closed nonorientable surface of the same Euler characteristic as the negative
of the current slope norm. This means there are two ways to relate the slope norm of an even boundary
slope ˛ to the Z2-norm of the associated class in the Dehn filled manifold M.˛/:

(1) layering on an ideal triangle labelled ˛, thereby adding an additional saddle (decreasing Euler
characteristic by one), and then capping off the bounded taut surface with a disk in M.˛/ (increasing
the Euler characteristic by one), or

(2) layering on one ideal triangle before a triangle labelled ˛, and closing the bounded taut surface by
antipodal identification (leaving the Euler characteristic invariant).

Given T and a target even Dehn filling slope ˛, we can use the Farey tessellation to work out how to
layer on T@ to obtain a triangulation of M.˛/ via folding: From � , the node of �.F / corresponding to
the isotopy class of T@, layer on T@ following the unique shortest path from � to one step before a node
labelled ˛ (if � is already labelled ˛, perform one layering to obtain an isotopy class of the boundary not
labelled ˛). Denote this target node by � 0. Now folding over the even boundary edge yields a triangulation
T˛ of M.˛/; see Figure 2, left, for ˛ D .c � a/=.d � b/.

By construction,

(3-2) c.M.˛//� jT˛j D jT jC dF .�; �
0/:

Note that this upper bound does not only depend on jT j, but also on the isotopy class of T@ (in (3-2)
this information is incorporated in �). This plays a role in the bound derived in Section 4, and again in
Section 5, where we look at different triangulations of the figure-eight knot complement and the pretzel
knot P .�2; 3; 7/ to minimise the gap between upper and lower bounds for Dehn fillings of this manifold.

Algebraic & Geometric Topology, Volume 25 (2025)
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Remark 4 Whenever we want to calculate the norm of an even boundary slope we must work with a
0-efficient triangulation, because this way, for every boundary slope bounding an incompressible and
@-incompressible surface, a norm-minimising surface with this slope is amongst the fundamental surfaces
in the triangulation; see [17, Lemma 13]. However, here and in the following sections we only need a
guarantee that for every boundary slope of an incompressible and @-incompressible surface, there exists a
fundamental normal surface in the triangulation with a single boundary component realising this slope.
By virtue of [20, Proposition 3.7 and its corollaries], this is satisfied as soon as the triangulation has a
2-triangle torus boundary.

3.3 Families of filling slopes with constant gap

Let T be a triangulation of M with 2-triangle torus boundary, let fFig be the finite set of fundamental nor-
mal surfaces of T , and let S be the (finite) subset of vertices of �.F / associated with the boundary slopes
of those fFig with a single nontrivial boundary curve in T@. Denote the vertex of �.F / corresponding to
the isotopy class of T@ by �0. Choose a framing .m; l/ on @M such that �0 D �.0=1; 1=0;�1=1/.

In �.F /, starting at node �0 D �.0=1; 1=0;�1=1/, follow any infinite path �k for k � 0 in �.F / where
the even slope labels change at every second node. Equivalently, follow a path that alternates between
nodes corresponding to white and yellow triangles; see Figure 1.

Let � 0 2S be the last node of S along the path, with even slope label ˛0. Replace the path by truncating
its beginning: start at � 0, and remove the portion from �0 to � 0. Refer to every even slope ˛ as admissible
if ˛ is an even slope label on the path and the previous even slope label ˛00 of a node � 00 on the original
path is still on the truncated version of the path. Note that

(3-3) 2d.˛0; ˛00/� dF .�
0; � 00/� 2d.˛0; ˛00/C 1:

For ˛ admissible, and if M.˛/ is not a balanced lens space, we have for the difference between upper
and lower bounds

0� jT˛j � 2k˛k D jT jC dF .�; �
00/� 2k˛k(3-4)

� jT jC dF .�; �
0/C dF .�

0; � 00/� 2k˛k(3-5)

� jT jC dF .�; �
0/C dF .�

0; � 00/� 2d.˛0; ˛00/(3-6)

� jT jC dF .�; �
0/C 1:(3-7)

Here (3-4) is the difference between (3-2) and 2k˛k. This is nonnegative by virtue of Corollary 3.
Equation (3-5) is a simple application of the triangle inequality for dF . Equation (3-6) follows from the
setup of the path between � 0 and � 00, the definition of k � k in (2-1), and the assumption that the slope
norm of the slope corresponding to the second even slope label on the truncated path is 0. Finally (3-7)
implements the more pessimistic case of (3-3).

Since neither jT j nor dF .�; �
0/ depend on the choice of admissible slope ˛, this determines the complexity

of the infinite family of closed manifolds fM.˛/g for ˛ admissible, up to a constant.
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Note that, if all members of fM.˛/g are hyperbolic, we can decrease the constant by one, accounting
for the fact that the norm of the first slope must be positive. Also note that this bound can be improved
by looking at different triangulations T with different isotopy classes of T@. In particular, the choice of
triangulation affects both jT j and dF .�; �

0/.

4 An upper bound for the constant gap

As above, let M be an orientable compact irreducible 3-manifold with boundary an incompressible torus.
Moreover, as above, let T be a triangulation of M with a 2-triangle torus as boundary. In this section
we compute upper bounds for jT j and dF .�; �

0/ from Section 3.3, and hence the gap in complexity, for
infinite families of Dehn fillings with constant gap of M . Our bounds only depend on jT j (Theorem 5),
the number of tetrahedra in an ideal triangulation T 0 of the interior of M (Corollary 6), or the number of
crossings of a knot diagram D of a knot K � S3 in the case M D S3 nN.K/ (Corollary 7).

In addition, we give an improvement of Corollary 7, where we have control over the knot-theoretic
framing of @M . This allows us to determine constant gaps for explicitly chosen families of even Dehn
fillings of knot exteriors only depending on the crossing number of a diagram of a knot (Theorem 8).

Theorem 5 Let M be an orientable compact irreducible 3-manifold with boundary an incompressible
torus , and let T be a triangulation of M with a 2-triangle torus boundary. Then there exist infinite
families of even Dehn fillings M.˛k/ of M for ˛k 2Q[f1g and k � 0, such that

2k � c.M.˛k//� 2kC 13jT jC 7:

Proof Since M is a 3-manifold with a single torus boundary component, every incompressible and
@-incompressible surface in M has one of finitely many boundary slopes [11]. Since the triangulation T

has exactly two boundary triangles, for every boundary slope of an incompressible and @-incompressible
surface, there exists a fundamental normal surface in T with a single boundary component realising this
slope [20, Proposition 3.7 and its corollaries].

Let jT j D n. By the work of Hass, Lagarias, and Pippenger [10], a fundamental surface F can have
at most n27nC2 normal arcs per boundary normal arc type. Choose a framing on M with one edge of
T@ following the meridian m and one following the longitude l, such that the isotopy class of T@ is
.0=1; 1=0;�1=1/. It follows that @F intersects each of m and l at most 2n27nC2 times.

Construct an infinite path in the dual of the Farey tessellation �.F /: Starting at node �.0=1; 1=0;�1=1/

go to a node � 0 that we will choose in the course of the proof, which will have associated even slope
˛D 2p=q with 2p > 2n27nC2D n27nC3. Then proceed away from �.0=1; 1=0;�1=1/ and � 0 with a new
even slope in every second node. In the language of Section 3.3, we call the truncated path starting at � 0

the admissible path: � 0 is the last node on the path possibly still contained in S � �.F /. Denote the
associated even slopes of the admissible path by ˛k for k � 0, where ˛0 D ˛.

Algebraic & Geometric Topology, Volume 25 (2025)
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Claim We have c.M.˛k//� 2k for the complexity of M.˛k/.

Proof of the claim Let � be a node in S ��.F /, and let �� be the smallest negative Euler characteristic
of a surface with slope the even slope of � . Following [17, Algorithm 16], we compute the slope norm of ˛k

by taking the minimum of�� plus the number of even slopes (¤˛k) observed on a path in�.F / from � to a
node with even slope label ˛k , ranging over all nodes � 2S . (Note that it would be enough to only consider
nodes � associated to the slope of an incompressible @-incompressible surface in M .) By construction this
path must pass through � 0. To see this, note that�.F / is a tree and hence there is a unique shortest path from
� to a node labelled ˛k . Assume that this path does not contain � 0. Observe that the unique shortest path
from � to �.0=1; 1=0;�1=1/ cannot contain � 0 because all even slope labels on this path have numerator at
most n27nC3. Hence, it follows that the path from �.0=1; 1=0;�1=1/ to a node labelled ˛k (containing � 0),
the segment between nodes labelled ˛k , the segment from the second node labelled ˛k to � , and the segment
from � to �.0=1; 1=0;�1=1/ form a (not necessarily simple) cycle in the tree �.F /. This is a contradiction.

However, this implies that we see at least kC 1 distinct even slopes on the admissible path, and we have
k˛kk � k. It then follows from Corollary 3 that c.M.˛k//� 2k, provided M.˛k/ is not a balanced lens
space. But M.˛k/ cannot be a balanced lens space because of the nonempty sequence of layerings along
the Fibonacci path described below.

On the other hand, we can triangulate M.˛k/ by starting with T and layering tetrahedra along the shortest
path of �.0=1; 1=0;�1=1/ to � 0. We then need 2k�1 more tetrahedra to layer onto the boundary to reach
a boundary isotopy class that yields a triangulation T˛k

of M.˛k/ by folding the even boundary edge.
Hence, in order to compute a bound for the gap up to which we can determine the complexity of M.˛k/,
it remains to bound dF .�.0=1; 1=0;�1=1/; � 0/; see (3-2).

The shortest path from �.0=1; 1=0;�1=1/ to some node � 0 with even slope coefficients larger than n27nC3

is the following path:

�.0=1; 1=0;�1=1/ �.1=1; 1=0; 0=1/ �.2=1; 1=1; 1=0/ �.3=2; 2=1; 1=1/ �.5=3; 3=2; 2=1/

� � � �.Fl=Fl�1;Fl�1=Fl�2;Fl�2=Fl�3/; �.FlC1=Fl ;Fl=Fl�1;Fl�1=Fl�2/:

Here F0D 0, F1D 1, and Fi DFi�1CFi�2 for i � 2 is the Fibonacci sequence. As described above, we
choose � 0 and associated even slope ˛ D FlC1=Fl , where FlC1 is an even Fibonacci number such that
FlC1 > n27nC3. By construction, the length of the path from �.0=1; 1=0;�1=1/ to this � 0 is exactly l .

We have Fi D
�
�i=
p

5C 1
2

˘
for � D 1

2
.1C
p

5/� 1:618. Observe that 1
2
�l �

�
�i=
p

5C 1
2

˘
for l � 2.

Since n� 1, we have n27nC3 � 1024, and l � 2 can safely be assumed. It follows that we need to bound l

so that 1
2
�l > n27nC3. This translates to

l >
1

log2.�/
.log2.n/C 1C 7nC 3/:

Since n> log2.n/ we can instead compute l to satisfy l > .8nC4/= log2.�/� 1:4404201.8nC4/. Since
every third Fibonacci number is even, l D 12nC 8 satisfies the bound.
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Altogether, this means we can triangulate M.˛k/ by starting with T , layering 12nC 8 tetrahedra on
its boundary to obtain a triangulation with boundary isotopy class .FlC1=Fl ;Fl=Fl�1;Fl�1=Fl�2/,
followed by layering 2k � 1 additional tetrahedra on its boundary before folding over the boundary.

We thus have the upper bound

c.M.˛//� nC 12nC 8C 2k � 1D 13nC 7C 2k:

Corollary 6 Let M be an orientable compact irreducible 3-manifold with boundary an incompressible
torus , and let T 0 be an ideal triangulation of the interior of M . Then there exist infinite families of even
Dehn fillings M.˛k/ of M for ˛k 2Q[f1g and k � 0, such that

2k � c.M.˛k//� 2kC 1
3
.143jT 0jC 151/:

Proof Let nD jT 0j be the number of ideal tetrahedra in T 0. According to [14, Section 4.4], inflating the
ideal vertex of T 0 along frame ƒ in the vertex link of T 0 produces a triangulation T of the compact core
of M with jT j D jT 0j C e.ƒ/CX.ƒ/C 2. Here e.ƒ/ is the number of edges in frame ƒ and X is a
correction term accounting for the fact that conflicting diagonals of quadrilateral faces may be introduced
in the inflation process, requiring extra tetrahedra to be inserted.

The vertex link of T 0 is a triangulated torus with 2n vertices (points on edges of T 0), 6n edges (normal
arcs in triangles of T 0), and 4n triangles (normal triangles in tetrahedra of T 0). The frame ƒ is a
collection of edges of the vertex link with Euler characteristic �1. Hence ƒ can have at most 2nC 1

edges, and so e.ƒ/� 2nC 1.

Since edges in ƒ are normal arcs in triangles of T 0, every triangle t � T 0 can contain between zero
and three edges of the framing. In the case of two or three edges, inflating at t corresponds to adding
a triangulated pyramid over a quadrilateral or a triangulated prism over a triangle. The diagonal in the
pyramid can be freely chosen, but for the prism only six of the eight combinations of diagonals are possible.
As a result, for every such t containing three edges of the frame, we may need an additional tetrahedron to
flip a conflicting diagonal. In the worst case this adds another X.ƒ/�

�
1
3
e.ƒ/

˘
�

�
1
3
.2nC1/

˘
tetrahedra

to T .

Altogether we have
jT j � nC 2nC 1C

�
1
3
.2nC 1/

˘
C 2�

�
1
3
.11nC 10/

˘
:

Applying Theorem 5 to T proves the result.

Corollary 7 Let K be a knot distinct from the unknot , and let D be a diagram of K with n crossings.
Moreover , let M D S3 nN.K/ be the knot exterior of K.

Then there exist infinite families of even Dehn fillings M.˛k/ of M for ˛k 2Q[f1g and k�0, such that

2k � c.M.˛k//� 2kC 1
3
.572nC 723/:

Proof A well-known construction due to Weeks [33, Section 3] produces an ideal triangulation T 0 from
an n-crossing diagram of a link with one cusp per link component and 4nC 4 tetrahedra. Applying
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the inflation in the proof of Corollary 6 to T 0 hence produces a triangulation T with a 2-triangle torus
boundary with jT j �

�
1
3
.44nC 54/

˘
tetrahedra. Applying Theorem 5 to T proves the result.

For the final statement of this section, we say that a diagram D of a knot K is reduced, if it does not allow
reducing Reidemeister moves of type I or II. We call the pair of essential curves .mK ; lK / on @M the
knot-theoretic framing if mK bounds a disk in N.K/, and lK intersects mK once and has linking number
zero with K in S3. Determining the knot-theoretic framing first, we can give bounds for explicitly chosen
infinite families of Dehn fillings of M . Here we prove this in the special case of filling slopes 2k=1 for k

sufficiently large.

Theorem 8 Let K be a knot distinct from the unknot , and let D be a reduced diagram of K with n

crossings. Moreover , let M D S3 n N.K/ be the knot exterior of K, and let m0 D 1401.n � 1/,
n0 Dm027m0C2, and k > n0.

Then we have for the complexity of M.2k=1/

2.k � n0/� c.M.2k=1//�m0C 2k � 1:

Remark 9 The focus on fillings 2k=1 is arbitrary. Using the identical method, we can compute explicit
bounds for other families of filling slopes with constant gap (as presented in Section 3.3).

Proof The proof of this statement has the following main steps and ingredients:

(1) Construct a triangulation T of M with boundary T@ a torus containing mK and lK as simple closed
loops of edges meeting in a single vertex.

(2) Turn T into a triangulation T 0 with boundary T 0
@

a 2-triangle torus of isotopy class .0=1; 1=0;�1=1/

with respect to the knot-theoretic framing. In particular, one boundary edge runs along the meridian and
one boundary edge runs along the longitude of the knot-theoretic framing of @M . This step takes up the
bulk of the proof.

(3) As in Theorem 5 invoke Hatcher [11], Jaco and Sedgwick [20], and Hass, Lagarias, and Pippenger [10].

(4) Use the Farey tessellation and the known isotopy class of T 0
@

to show k2k=1k � k � c for some
constant c. The complexity of M.2k=1/ is bounded above by the size of T 0 and the length of a path in
the dual graph of the Farey tessellation.

The triangulation T We apply a slightly revised construction of [10, Lemmas 7.1 and 7.2] to D. In [10],
the authors first turn D into a maximal planar graph (with crossings as vertices), possibly by introducing
extra vertices at bigons of D — which they call special vertices — and edges. Since in our case D is
reduced, the number of special vertices is bounded above by n itself, and we have for the total number of
vertices in the subdivided planar graph m � 2n (instead of m � 5n in [10]). The process is illustrated
in Figure 3: On the left, add special vertices, giving the planar graph shown in the second step. The
third step shows the result of completing to a triangulation. This yields a maximal planar graph, or
planar triangulation, with � 4n� 5 bounded triangular regions — or triangles. We take the union of these
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z

y

� P

x

Figure 3: From D to P . The blue lines denote the edges representing K.

triangles cross an interval to obtain a collection of � 4n� 5 triangular prisms, denoted by P . This is
shown in the fourth step of Figure 3.

Combining [10, Lemmas 7.1 and 7.2] we only consider one layer of such prisms P (instead of three in [10])
and subdivide them into 14 tetrahedra each (with one vertex in the centre of each quadrilateral, coning over
a vertex in the centre of P ) to obtain a triangulation P 0 of P with at most 14.4n�5/D 56n�70 tetrahedra,
and at most 2.4n�5/C12D8nC2 triangles in its boundary @P 0. This is shown in Figure 4. Coning @P 0 to
a single point at infinity, this yields a triangulation S of the 3-sphere with�64n�68<64.n�1/ tetrahedra.

By construction, S contains the knot K as a simple closed loop L in its 1-skeleton: Follow the top (bottom)
edge of a prism for an arc of D from an overcrossing (undercrossing) to an overcrossing (undercrossing).
Follow the two edges in a diagonal of a quadrilateral prism face for an arc in D from an overcrossing to
an undercrossing, or an undercrossing to an overcrossing, respectively. Whenever we encounter a special
vertex, we first follow the appropriate edge of a triangular prism face before following the appropriate
diagonal of the next quadrilateral prism face. It follows that the length of L is bounded above by 6n.

Placing P 0 into R3 with the planar triangulations parallel to the xy-plane, and the interval in the z-direction
(see Figure 3, right), we can see that D can be recovered from L by projecting a regular neighbourhood
of P 0 in S into the xy-plane from the z-direction.

Removing a small regular neighbourhood of L from S produces either tetrahedra with neighbourhoods
of zero, one, two, or three vertices removed, or tetrahedra with the neighbourhood of one edge, and zero
or one vertices removed. To see this note that since D is reduced and hence does not admit any reducing

x
y

z

� P 0

Figure 4: The triangulation P 0. Subdivisions are mostly omitted for readability.
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L

L

LL

L

L

L LL

L

Figure 5: Removing a small neighbourhood of L from a tetrahedron followed by triangulating
the resulting truncated tetrahedron. Top row: L meets the tetrahedron in an edge and a vertex.
This results in a subdivision into 9C 3D 12 tetrahedra. Bottom row: L meets the tetrahedron in
three vertices. This results in 13C 3D 16 tetrahedra.

Reidemeister II moves, at most one edge per tetrahedron in S is in L, and each tetrahedron in S has
exactly one vertex that either lies at the centre of a triangular prism, or at infinity, and hence away from L.

Triangulating the boundary of these truncated tetrahedra produces at most 16 triangles. (See Figure 5
bottom row for the case realising 16 triangles. All other types of truncated tetrahedra can be triangulated
with fewer tetrahedra; see for instance Figure 5, top row.) Coning these over a single vertex in its centre
produces a triangulation T of the knot exterior of K with at most 16 �64.n�1/D 1024.n�1/ tetrahedra.
Note that at most three triangles per triangulated boundary of a truncated tetrahedron are in the boundary
T@ of T ; see Figure 5 for some details about constructing T .

Looking at the construction of T and its boundary, we can identify the geometric meridian mK of the
knot exterior as a loop of six edges in the link of a special vertex. If no special vertex exist, we can create
one at the beginning of the construction, and since we assume that we have as many special vertices as
original vertices in our construction, this does not change our bound. We can also identify the geometric
longitude lK as a simple closed path in T@: we simply run along edges in the direction of L, and realise
linking number 0 with L by walking around meridian curves at nonspecial vertices as needed. Since mK

lives in a neighbourhood of a special vertex, mK and lK are edge-disjoint and meet in a single vertex.

The triangulation T 0 In the next step of the construction, we turn T into a triangulation T 0 with
a 1-vertex, 2-triangle boundary torus of isotopy class .0=1; 1=0;�1=1/. That is, with one of its three
boundary edges running parallel to mK , and another one running parallel to lK .

From our calculations about the number of triangles in the truncated tetrahedra (see above), we conclude
that T@ has at most 3 �64.n�1/D 192.n�1/ triangles and hence at most 9

2
64.n�1/D 288.n�1/ edges,

and, since it is a torus, 96.n� 1/ vertices. In particular, its average vertex degree is 6 and we can always
find a vertex v with degree � 6 in T@.

Algebraic & Geometric Topology, Volume 25 (2025)



Complexity of 3-manifolds obtained by Dehn filling 315

e

v

e

v

e

v
v

e0

e0e0e0

Figure 6: Turning a degree-1 vertex (left) or a degree-2 vertex (second from the left) into a vertex
of degree 3 with two or one flips, respectively. Note that edges e and e0 must be distinct because
T@ is not a 2-sphere.

If v is of degree 1 or 2, we can layer two tetrahedra or one tetrahedron, respectively, onto the triangles
adjacent to v, as shown in Figure 6, to turn v into a vertex of degree 3. Note that this is always possible since
T@ is not a sphere (and hence the boundary of the two triangles around a vertex of degree 2 must consist of
two distinct edges). If mK or lK ran through v (only possible in the case that v initially was of degree 2),
we can find a shorter curve on the boundary of the altered triangulation isotopic to the original one.

If v is of degree 4, 5, or 6, we have three main cases:

Case 1 (the simple closed paths following mK and lK do not run through v) Here we have three subcases:

Case 1.1 (all triangles of T@ contain v at most once) We can add one, two, or three tetrahedra,
respectively, onto the triangles adjacent to v, as shown in Figure 7, left, to turn v into a vertex of degree 3.

Case 1.2 (there exists a triangle containing v twice, but no triangle contains v three times) At least two
triangles contain v twice and, locally, we must have the picture shown in Figure 7, right. Moreover, since
T@ is not a sphere, v must be of degree at least 5. Gluing one tetrahedron, as shown in Figure 7, right,
decreases the degree by 2, and causes v to have two fewer triangles containing v twice (actually, since
the degree of v is at most 6, then all remaining triangles must be distinct).

Case 1.3 (there exists a triangle occurring three times) Then either we have a 1-vertex 2-triangle torus
and the simple closed paths following mK and lK pass through v, or the degree of vertex v must be at
least 7. Either way this is a contradiction.

Case 2 (one of mK or lK runs through v) Without loss of generality, let mK contain v, and let lK be
disjoint from v. Since v is disjoint from lK , it follows that mK is of length at least 2, and intersects the
triangles adjacent to v in exactly two edges and at least one vertex distinct from v.

Since v has degree at most 6, it occurs in triangles on one side of mK at most five times. Fix one side.
It follows from Case 1.3 that no triangle on this side contains v three times. Moreover, if an edge e

contains v twice, it cannot be contained in mK . Hence we can layer over e as in Case 1.2 to reduce the
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v

v

v

Figure 7: Left: reducing the degree of a boundary vertex v with only distinct triangles around it
by one. Right: reducing the degree of a boundary vertex v contained twice in two triangles by two.
The layered edge is drawn dashed, and the new boundary edge is drawn in red. Vertex linking
normal curves are drawn in green. New arcs of the vertex linking curve are drawn in blue, and old
arcs are dashed.

degree of v by 2 without covering an edge contained in mK . If no triangle contains v more than once, we
proceed as in Case 1.1, noting that we can always avoid covering an edge contained in mK in the process.

Case 3 (both mK and lK run through v) In this case, we do not touch this vertex. It must be of degree
at least 6, and hence we can find another vertex of degree at most 6 to perform the above process on.

Altogether, after adding at most three tetrahedra to T we obtain a triangulation containing a vertex with
exactly three distinct triangles around it. Hence, we can glue one additional tetrahedron to the three
triangles surrounding this vertex to produce a triangulation with this vertex no longer in its boundary.
Note that this is possible whenever T@ has more than one vertex, and that the boundary of this new
triangulation is smaller by one vertex, three edges, and two triangles. Moreover, by construction, it still
contains simple closed paths of edges running along mK and lK of equal or shorter length.

Iterating this procedure hence necessarily produces a triangulation T 0 with only two triangles in its
boundary. Since T has at most 96.n� 1/ vertices in its boundary, the above procedure adds at most
4.96.n� 1/� 1/D 384.n� 1/� 4 extra tetrahedra to T to produce T 0. It follows that T 0 contains at
most .384C 1024/.n� 1/� 1< 1408.n� 1/DWm0 tetrahedra.

This part of the proof is completely analogous to the proof of Theorem 5. We sketch the argument again
for the reader’s convenience:

(1) Due to Hatcher, every incompressible and @-incompressible surface in M has one of finitely many
boundary slopes [11].

(2) Due to Jaco and Sedgwick, for every boundary slope of an incompressible and @-incompressible
surface, there exists a fundamental normal surface F in T 0 with a single boundary component realising
this slope [20, Proposition 3.7 and its corollaries].

(3) Due to Hass, Lagarias, and Pippenger [10] F can have at most n0 D m027m0C2 normal arcs per
boundary normal arc type. Since the isotopy type of the boundary of T 0 is .0=1; 1=0;�1=1/, it follows
that @F intersects each of mK and lK at most 2n0 times.
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Deduce upper and lower bounds for the complexity of M.2k=1/ Starting at node �.0=1; 1=0;�1=1/,
consider the following path in the dual of the Farey tessellation �.F /:

�.0=1;�1=1; 1=0/ �.0=1; 1=1; 1=0/ �.2=1; 1=1; 1=0/ �.2=1; 3=1; 1=0/ �.4=1; 3=1; 1=0/

� � � �..2k � 2/=1; .2k � 3/=1; 1=0/ �..2k � 2/=1; .2k � 1/=1; 1=0/:

Layering on top of T 0
@

along this path and then folding over the even boundary edge produces a triangulation
of M.2k=1/ with m0C 2k � 1 tetrahedra.

Let � 0D�..2n0�2/=1; .2n0�1/=1; 1=0/ be the node corresponding to the isotopy class of the triangulation
obtained from T 0 by layering 2n0� 1 times on T 0

@
along the path above. In the language of Section 3.3,

call the truncated path starting from � 0 the admissible path. By construction, the even slopes of the
admissible path are 2k=1 for k > n0.

Claim Let k > n0. Then c.M.2k=1//� 2.k � n0/.

Proof of the claim Let � be a node in �.F / associated to the slope of an incompressible @-incompressible
surface in M , and let �� be the negative Euler characteristic of this surface. Following [17], we compute
the slope norm of 2k=1 by taking the minimum of �� plus the number of even slopes 2k=1 for k > n0,
observed on a path in �.F / from � to node �..2k�2/=1; .2k�1/=1; 1=0/, ranging over all such nodes � .
By construction, this path must always pass through � 0, observing at least k � n0 distinct even slopes
(note that 2k=1 is not one of them). Hence k˛kk � k � n0. It then follows from Corollary 3 and the fact
that M.2k=1/ is not a balanced lens space that c.M.2k=1//� 2.k � n0/.

On the other hand, we can triangulate M.2k=1/ by starting with T 0 and layering 2k�1 tetrahedra along
the shortest path of �.0=1; 1=0;�1=1/ to �..2k � 2/=1; .2k � 1/=1; 1=0/. Folding the boundary then
produces a triangulation T2k=1 of M.2k=1/.

Altogether we have
2.k � n0/� c.M.2k=1//�m0C 2k � 1

for any k > n0.

It is important to note that while the constant in Theorem 8 is prohibitively large, it can be made quite
small in explicit examples. This is mainly due to the following two observations:

(a) boundary edges running parallel to mK and lK seem to be common in small triangulations T 0 of
the knot exterior, and hence jT 0j is typically very far from the upper bound given in the proof of
Theorem 8, and

(b) fundamental normal surfaces often have boundary patterns with far fewer normal arcs than the
bound given by Hass, Lagarias, and Pippenger.

We make this precise in Section 5 by providing examples of the actual gap in the cases of the figure-eight
knot, the .2; 3; 7/-pretzel, and the trefoil.
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5 Examples

5.1 Dehn fillings of the figure-eight knot complement

Throughout this section, let M be the complement of the figure-eight knot endowed with the knot-theoretic
framing. It is well known (see for instance [30]) that, with respect to this framing, M contains three
incompressible @-incompressible surfaces: a once-punctured torus with boundary slope .0; 1/, and two
Klein bottles with boundary slopes .˙4; 1/. Let ˛ be an even boundary slope on @M . We are interested in
the associated Dehn filling M.˛/. Note that since the figure-eight knot is amphichiral, M.˛/ŠM.�˛/.

Using a search through the Pachner graph of ideal triangulations of M , truncating and simplifying in
every step, we obtain 82 combinatorially inequivalent triangulations of the compact core of M , each with
ten tetrahedra and a single vertex contained in their 2-triangle boundaries. Each of them is 0-efficient. Let
T be one of these triangulations, and let S be one of its normal surfaces. The boundary pattern .a; b; c/
of S records the intersection numbers of S with the three boundary edges of T@.

Following [17], we know that the boundary slopes of both Klein bottles and the punctured torus must
appear in the fundamental normal surfaces of T . This allows us to determine the isotopy class of the
boundary T@. As a result, the 82 triangulations exhibit four distinct isotopy classes in their boundaries;
see Figure 8 for details.

Fix one of the 82 triangulations and denote it by T . Let � be the ideal triangle (node) in the (dual of the)
Farey tessellation corresponding to the isotopy class of T@. Folding over the even boundary edge of T@

realises the even Dehn filling with slope the even slope of the ideal triangle � 0 adjacent to � opposite the
even slope vertex of � ; see Section 3.2 and Figure 2 for details. Also, recall that layering over boundary
edge e of T@ produces a triangulation with boundary of isotopy class the one corresponding to the adjacent
ideal triangle of the Farey tessellation opposite the ideal vertex labelled with the slope of e.

In our example, all incompressible and @-incompressible surfaces and their boundary slopes are known,
and we will never encounter triangulations of balanced lens spaces. Hence, following the instructions
for folding above, obtaining the lower bound for complexity for M.˙˛/ is straightforward: it is twice
the smallest number of even slopes encountered on the unique shortest path in the dual of the Farey
tessellation from one of the slopes 0=1 and ˙4=1 to a node labelled ˙˛ (note that the slope norm of all
of 0=1 and ˙4=1 is one).

name # triangulations T isotopy class of T@ .0; 1/ @-pattern .4; 1/ @-pattern .�4; 1/ @-pattern

class I 24 .1=0; 1=1; 2=1/ .1; 1; 2/ .1; 3; 2/ .1; 5; 6/

class II 41 .1=0; 0=1; 1=1/ .1; 0; 1/ .1; 4; 3/ .1; 4; 5/

class III 4 .1=0; 3=1; 4=1/ .1; 3; 4/ .1; 1; 0/ .1; 7; 8/

class IV 13 .1=0; 2=1; 3=1/ .1; 2; 3/ .1; 2; 1/ .1; 6; 7/

Figure 8: The 82 triangulations of the compact core of the figure-eight knot complement with 10

tetrahedra. The boundary patterns and isotopy class triples follow the same order.
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Figure 9: Slope norms and upper bounds per boundary isotopy class of triangulations for the
compact core of the figure-eight knot complement. For 10-tetrahedron triangulations, the class
numbers I, II, III, and IV are given. Due to the amphichirality of the figure-eight knot, reversing
the orientation of the meridian (swapping the left and right of the picture) gives identical slope
norms and upper bounds. Boundary slopes of incompressible and @-incompressible surfaces are
marked in green.

At the same time, a triangulation of M.˙˛/ obtained from T via layering and folding yields the upper
bound: it is the size of T plus the length of the unique shortest path between � and the node before the
first node labelled ˛. Note that this upper bound depends on the choice of triangulation T .

Figure 9 shows the first few triangles of the Farey tessellation, locating the four isotopy classes of the
boundaries of the 82 triangulations. In the following, we use this figure to conveniently obtain lower and
upper bounds for infinite families of Dehn fillings of M : Every ideal triangle in Figure 9 is decorated
with a pair of numbers .a; b/. The first one, a, denotes the slope norm of the even slope at this ideal
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triangle, and the second one, b, denotes the minimum size of a (known) triangulation with this isotopy
type in the boundary. The latter is obtained from layering, starting from the closest triangulation along
the unique shortest path in the dual of the Farey tessellation.

As an example, we can fold over the even edge of a triangulation of class I (see Figure 9) to obtain a
10-tetrahedron triangulation of M.0=1/ D T � I=

�
2
1

1
1

�
. We refer to the base triangle of class I with

vertices .1=0; 1=1; 2=1/ as the source triangle, while we refer to the triangle with vertices .0=1; 1=1; 1=0/
as the target triangle. The lower bound in complexity for M.0=1/ from Corollary 3 is 2 (it is twice the
first parameter in the target triangle) and the upper bound is 10, while its actual complexity is 7.

Similarly, we can fold over the even boundary edge of class IV to obtain a 10-tetrahedron triangulation of

M.4=1/D SFSŒD W .2; 1/; .2; 1/�[�
0
1

1
0

� SFSŒD W .2; 1/; .3; 1/�:

Again, the lower bound in complexity for M.4=1/ from Corollary 3 is 2 and the upper bound is 10, while
its actual complexity is 7.

We now consider class III with boundary isotopy class .1=0; 3=1; 4=1/ and layer on its boundary along
the path

�.4=1; 3=1; 1=0/ �.4=1; 5=1; 1=0/ �.6=1; 5=1; 1=0/ �.6=1; 7=1; 1=0/

� � � �..2k � 2/=1; .2k � 3/=1; 1=0/ �..2k � 2/=1; .2k � 1/=1; 1=0/:

Folding over the even boundary edge of slope .2k � 2/=1 of the resulting triangulation yields M.2k=1/.
This results in a lower bound in complexity from Corollary 3 of 2k � 2 (note that M.2k=1/ for k � 3 is
hyperbolic and hence not a lens space), and an upper bound from the triangulation of 2kC 5 for k � 3.
Experimentally, the actual complexity seems to be 2kC 4 (proven for k D 3).

Similarly, we can do this for all infinite paths in the dual of the Farey tessellation that have a new even
slope in every second step. Some of these infinite paths are straightforward: For an ideal triangle with
even slope label ˛, pick the odd slope ˇ on the outside (eg ˛D 2=1 and ˇD 1=1 in Figure 9). Walk along
the infinite path of ideal triangles containing ˇ (the blue path in Figure 9). This way all even slopes of type
˛k D˛˚2kˇ are encountered, where˚ denotes Farey addition (in our example, ˛k D .2kC2/=.2kC1/).
For any infinite family of slopes obtained this way, the gap between upper and lower bounds in complexity
for M.˛k/ can be directly computed from the labels of the starting ideal triangle � :

Let .a; b/ be the label of � as given in Figure 9. Provided that M.˛k/ is not a balanced lens space, the
lower and upper bounds in complexity for M.˛k/, with k > 0, are then given as

2.kC a/� c.M.˛k//� 2kC b� 1:

(See above for details, and note that these bounds are not valid for the starting point k D 0 itself.) The
gap in complexity for M.˛k/, with k > 0, is hence .2kC b� 1/� 2.kC a/D b� 2a� 1.

Remark 10 In this example we only consider infinite families of Dehn fillings of M with a constant
gap in complexity. More broadly, we can use the same description and method to produce upper and
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lower bounds in complexity for families of arbitrary even fillings. The only difference is that the gap is
potentially widening. This is due to the lower bound only taking into account new even slope labels on
the path of fillings, while the upper bound grows with every step.

5.2 Even Dehn fillings of the pretzel P.�2 ; 3; 7/

In this example we compute lower and upper complexity bounds for even Dehn fillings of the pretzel knot
with parameters �2, 3, and 7. Here we only work with information that is known for large collections of
knots. In particular, everything we do in this example can be done for many knots in the SnapPy [6] census.

For most of our calculations, software can be used out-of-the box [1; 6]. Some calculations require small
scripts or moderate levels of human interaction. For instance, determining the knot-theoretic framing is
done using data on exceptional fillings for census knots [7], as well as Regina’s capabilities to recognise
Seifert fibred spaces [1].

Let M be the complement of the pretzel knot P .�2; 3; 7/ (eg the underlying space of triangulation m016
in the SnapPy [6] census). We show how to establish the following bounds of gaps between 6 and 8:

kC 2� c.M.�2.k � 1/=.2k � 1///� 2kC 8 for k � 1;(5-1)

2k � c.M.�2k=1//� 2kC 7 for k � 1;(5-2)

2kC 2� c.M.�.6kC 2/=.2kC 1///� 2kC 10 for k � 1:(5-3)

Using the same search through the Pachner graph of ideal triangulations of M as in the previous example,
we obtain 93 triangulations of the compact core of M , each 0-efficient, with ten tetrahedra and a single
vertex contained in their 2-triangle boundaries.

Looking at the boundary patterns of the Seifert surface, these 93 triangulations split into three classes, as
indicated in Figure 10. Since each triangulation T is 0-efficient, it follows from [17, Theorem 5] that the
boundary pattern of the Seifert surface is determined as the boundary pattern of a fundamental orientable
normal surface of T with boundary a single essential curve (and such a surface always exists). Even
more, there must be such a surface with maximum Euler characteristic (realising the genus of the knot).

Let T be the unique triangulation of the pretzel knot exterior with boundary pattern of the Seifert surface
.1; 19; 20/. This has Regina [1] isomorphism signature kLvKwIPQcfeghijijjllmgwneflp.

We first need to determine the knot-theoretic framing. Observe that folding over the even boundary edge
of T yields the lens space L.18; 5/DM.0=1/. Moreover, layering over the even boundary edge and
then folding back over the resulting degree-1 even boundary edge yields a graph manifold homeomorphic

name # triangulations T @-pattern of Seifert surface

class 1 29 .1; 17; 18/

class 2 63 .1; 19; 18/

class 3 1 .1; 19; 20/

Figure 10: The 93 triangulations of the pretzel knot exterior.
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with M.�2=1/. Hence the even boundary edge of T has slope �2=1, and the ideal triangle of the Farey
tessellation encoding the isotopy class of T@ is adjacent to a triangle with even slope label 0=1. It follows
that the boundary edges of T have slopes 1=0, �2=1, and �1=1, where the order corresponds to the
pattern .1; 19; 20/.

The triangulation T has 75 fundamental normal surfaces in standard coordinates. These contain the
orientable Seifert surface, and nonorientable surfaces with boundary a single essential curve of eight
distinct slopes. Their boundary patterns, boundary slopes, maximum Euler characteristic, and slope norm
are summarised in Figure 12. Once the knot-theoretic framing is known, all of this information can be
computed directly from the fundamental normal surfaces of T and the Farey tessellation, following the
procedure to compute the slope norm from [17] and from Sections 3.1 and 3.2.

From Figure 11 and extensions into the Farey tessellation we can now directly read off lower and upper
bounds for c.M.˛//, where ˛ is any given even slope ˛:

(1) Layer on top of T@ along the unique shortest path in the dual of the Farey tessellation from the base
triangle .1=0;�1=1;�2=1/ labelled T in Figure 11, to one layering before the target triangle. That is,
one layering before the first triangle containing the target slope ˛ as one of its ideal vertices. The result is
a triangulation T 0 with number of tetrahedra ten plus number of layerings.

(2) Fold over the even boundary edge of T 0 to obtain a triangulation of M.˛/.

(3) The Z2-norm of the unique Z2-torsion class of M.˛/ is one less than the slope norm in the target
triangle.

(4) The difference of twice the Z2-norm plus two (if our triangulation is not a balanced lens space) and
the size of T 0 (one less than the upper bound recorded in the target triangle) yields the gap up to which
we can determine c.M.˛//.

From the above calculations, we deduce the upper and lower bounds in complexity for infinite families of
Dehn fillings of M . In particular, this gives the bounds stated in (5-1)–(5-3).

The above procedure does not work for M.0=1/. Here we first need to layer once to obtain a different
isotopy class in the boundary, and then fold back over the even edge. In this case, a better gap can be
obtained by starting with a triangulation with a different isotopy class in the boundary.

5.3 Even Dehn fillings of the trefoil knot complement

In this section we discuss a nonhyperbolic knot. More specifically, we look at three infinite families of
even Dehn fillings of the trefoil knot complement. For each of them we can determine their complexity
up to a gap of two.

We start with the 2-tetrahedron triangulation of the right-handed trefoil knot complement M with Regina
isomorphism signature cPcbbbadu. A search through the Pachner graph yields two triangulations of the
compact core of M with four tetrahedra. Their Regina isomorphism signatures are eHLObcdddwun and
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Figure 11: Slope norms and triangulation sizes for the compact core of the pretzel knot as
calculated based on triangulation T . Green diamonds indicate (even) slopes of fundamental
normal surfaces of T .

eHLObcdddwuj, respectively. For the remainder of this section we refer to them as T1 and T2. Both
triangulations are 0-efficient.

See Figure 13 for consistent choices of framings, and boundary patterns of fundamental normal surfaces
for both T1 and T2. See Figure 14 for a marked Farey tessellation containing slope norms (as computed
via [17, Theorem 5]) and triangulation sizes based on layering on T1 and T2, respectively.

Starting at an ideal triangle associated to the isotopy class of the boundary of either T1 or T2, there are a
total of three infinite paths through the dual graph of the Farey tessellation with a gap of b� 2a� 1D 2.
As in previous examples, we describe these families in terms of their filling slopes ˛k D ˛˚ 2kˇ. The
layerings are determined by starting at one of the two base ideal triangles in Figure 14 and following
the path in the dual of the Farey tessellation around the ideal vertex with label ˇ 2 f1=0;�1=1; 1=1g. In
each step, a line of the Farey tessellation is crossed into a new ideal triangle. To obtain a triangulation
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orientable @-pattern � @-slope ˛ .a; b/

no .1; 1; 0/ �1 �2=1 .1; 10/

no .1; 1; 2/ �2 0=1 .2; 11/

no .5; 3; 2/ �6 �8=5 .2; 13/

no .1; 3; 2/ �2 �4=1 .2; 12/

no .1; 3; 4/ �1 2=1 .1; 13/

no .3; 1; 4/ �3 �2=3 .3; 13/

no .3; 5; 2/ �4 �8=3 .2; 13/

no .11; 3; 8/ �9 �14=11 .3; 15/

yes .1; 19; 20/ �9 18=1 .9; 29/

Figure 12: Boundary pattern, Euler characteristic, and boundary slope of fundamental normal
surfaces of triangulation T of the compact core of the pretzel knot. Rightmost column: tuple
.a; b/ of slope norm and upper bound for complexity for triangulations with even boundary edge
of the given slope.

with boundary of isotopy class the class of the new ideal triangle, we layer over the boundary edge of the
existing triangulation with slope the label of the opposite ideal vertex in the old ideal triangle.

� The first family is given by ˛k D .�2=1/˚ 2k.�1=1/ for k � 0. We have for the topological type
M.˛k/D SFS.S2 W .2; 1/; .3; 1/; .2kC2;�1//. The single Z2-torsion class of M.˛k/ has norm k. This
leads to c.M.˛k//� 2kC 2, via the norm, and c.M.˛k//� 2kC 4, via the layering construction.
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Figure 13: Boundary patterns and choices for framings for @T1 (top) and @T2 (bottom), and
triangulations of the compact core of the trefoil knot. The choices for longitude and meridian are
topologically equivalent for @T1 and @T2.
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(a) SFS.S2 W .2; 1/.3; 2/.2kC 2;�1//

(b) SFS.S2 W .2; 1/.3; 2/.2kC 2;�2k � 1//

(c) SFS.S2 W .2; 1/.3; 1/.2kC 2;�1//
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.1; 5/
.1; 6/

.2; 7/

.2; 8/

.3; 9/

Figure 14: Slope norms and triangulation sizes giving lower and upper bounds for three infinite
families of even Dehn fillings of the trefoil complement. Slopes of fundamental normal surfaces
in T1 and T2 are marked in green. The slope of the Seifert surface is �6=1.

� The second family is given by ˛k D .2=1/ ˚ 2k.1=0/ for k � 0. Here the topological type is
M.˛k/D SFS.S2 W .2; 1/; .3; 2/; .2kC 2;�2k � 1//, the norm is again k, and we have for complexity
2kC 2� c.M.˛k//� 2kC 4.

� The third family is given by ˛k D .2=1/˚ 2k.1=1/ for k � 0. The topological type is M.˛k/ D

SFS.S2 W .2; 1/; .3; 2/; .2kC 2;�1//, the norm is k, and for complexity, 2kC 2� c.M.˛k//� 2kC 4.

In all three cases, the upper bound is conjectured to be the actual complexity.

The three walks in the dual of the Farey tessellation corresponding to the above families are marked in
Figure 14. For the first family, we start with triangulation T1, while for the other two families we start
with T2. Note that family M.˛k/ with ˛k D .�2=1/˚2k.1=0/ has a larger gap due to the Seifert surface
being on this path. This reduces the Z2-norm and hence the lower bound in complexity for subsequent
members of the associated infinite family of Dehn fillings.
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