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A relatively hyperbolic group G is said to be QCERF if all finitely generated relatively quasiconvex
subgroups are closed in the profinite topology on G.

Assume that G is a QCEREF relatively hyperbolic group with double coset separable (eg virtually poly-
cyclic) peripheral subgroups. Given any two finitely generated relatively quasiconvex subgroups Q, R< G
we prove the existence of finite-index subgroups O’ <y Q and R’ <y R such that the join (Q’, R’) is
again relatively quasiconvex in G. We then show that, under the minimal necessary hypotheses on the
peripheral subgroups, products of finitely generated relatively quasiconvex subgroups are closed in the
profinite topology on G. From this we obtain the separability of products of finitely generated subgroups
for several classes of groups, including limit groups, Kleinian groups and balanced fundamental groups of
finite graphs of free groups with cyclic edge groups.
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1 Introduction

Any group can be equipped with the profinite topology, whose basic open sets are cosets of finite-index
subgroups. A subset of a group is said to be separable if it is closed in the profinite topology. The trivial
subgroup of a group G is separable if and only if the profinite topology is Hausdorff; in this case G is
said to be residually finite. If every finitely generated subgroup of G is separable then G is called LERF
(or subgroup separable), and if the product of any two finitely generated subgroups is separable, G is
said to be double coset separable.

In this paper we will be interested in various separability properties of relatively hyperbolic groups. The
notion of a relatively hyperbolic group was originally suggested by Gromov [25] as a generalisation
of word hyperbolic groups. The concept was further developed by Farb [20], Bowditch [8], Drutu and
Sapir [17], Osin [46], and Groves and Manning [26], whose various definitions were later shown to be
equivalent by Hruska [30]. Relative hyperbolicity is a relative property of a group G in the sense that
one must specify a collection of peripheral subgroups {H, | v € N} with respect to which G is relatively
hyperbolic (see Definition 5.3). Typical examples of relatively hyperbolic groups include geometrically
finite Kleinian groups, fundamental groups of finite-volume manifolds of pinched negative curvature,
and small cancellation quotients of free products. Respectively, these groups are hyperbolic relative to
their maximal parabolic subgroups, their cusp subgroups and the images of the free factors (see, for
example, [46]).

1.1 Quasiconvexity of virtual joins

Since general finitely generated subgroups of word hyperbolic (relatively hyperbolic) groups can be quite
wild and need not be separable, it is customary to restrict one’s attention to quasiconvex (respectively,
relatively quasiconvex) subgroups.
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Quasiconvexity of virtual joins and separability of products in relatively hyperbolic groups 401

Quasiconvex subgroups play a central role in the study of word hyperbolic groups. They are precisely the
finitely generated quasi-isometrically embedded subgroups, and, hence, they are hyperbolic themselves
and are generally well behaved.

If QO and R are two quasiconvex subgroups of a hyperbolic group G then the intersection S = Q N R is
also quasiconvex (see, for example, Short [57]) but the join (@, R) need not be. This can be remedied
by considering a virtual join of Q and R, which is defined as (Q’, R’), for some finite-index subgroups
Q' <y Q and R’ <r R. The existence of a quasiconvex virtual join (Q’, R’) was proved by Gitik [23]
under the assumption that S = Q N R is separable in G. More precisely, Gitik’s theorem states that there
exist finite-index subgroups Q' <y Q and R’ <y R such that QN R’ = § and the virtual join (Q’, R")
is quasiconvex in G; moreover, (Q’, R’) will be naturally isomorphic to the amalgamated free product
Q' xs R’. This theorem was an important ingredient in the proof that double cosets of quasiconvex
subgroups are separable in LERF hyperbolic groups (see [22; 43]).

In the setting of relatively hyperbolic groups, the natural subobjects are the relatively quasiconvex
subgroups, which are themselves relatively hyperbolic in a way that is compatible with the ambient
group. Basic examples of relatively quasiconvex subgroups are maximal parabolic subgroups (that is,
conjugates of the peripheral subgroups), parabolic subgroups (subgroups of maximal parabolics) and
finitely generated undistorted (equivalently, quasi-isometrically embedded) subgroups (see [30]).

In [30], Hruska proved that the intersection of two relatively quasiconvex subgroups is again relatively
quasiconvex. However, until now the existence of a relatively quasiconvex virtual join (Q’, R’), for two
relatively quasiconvex subgroups Q and R in a relatively hyperbolic group G, such that S = Q N R is
separable in G, was only known in special cases:

e Martinez-Pedroza [37] proved it in the case when R < P, for some maximal parabolic subgroup
P of G, suchthat Q N P C R;

e Martinez-Pedroza and Sisto [38] proved it when Q and R have compatible parabolics (that is, for
every maximal parabolic subgroup P of G either QNP C RNPorRNP C QO NP);

¢ Yang [60] (unpublished; see also McClellan’s thesis [40]) proved it when R is a full subgroup of G
(that is, for every maximal parabolic subgroup P in G, RN P is either finite or has finite index
in P).

Similarly to Gitik’s theorem [23], in all three cases above the authors establish an isomorphism between
the virtual join (Q’, R') and the amalgamated free product Q’ s/ R’, where S’ = Q"N R’ <¢ S.

The extra assumptions on Q and R in each of the above results from [37; 38; 40; 60] imply that O and R
have almost compatible parabolics (see Definition 1.5 below). Unfortunately this is still a significant
restriction and a more general result is desirable. Moreover, in the absence of almost compatibility one
cannot expect a virtual join to split as an amalgamated free product of Q" and R’. Indeed, for example if
both Q and R are subgroups of an abelian peripheral subgroup of G then any virtual join (Q’, R’) would
again be abelian.

Algebraic & Geometric Topology, Volume 25 (2025)



402 Ashot Minasyan and Lawk Mineh

One of the goals of the present paper is to establish quasiconvexity of virtual joins without making
any compatibility assumptions on Q and R. However we need to impose stronger assumptions on the
properties of the profinite topology on G than just separability of S = Q N R: we will require the finitely
generated relatively quasiconvex subgroups to be separable and the peripheral subgroups to be double
coset separable.

Definition 1.1 (QCERF) We will say that a relatively hyperbolic group G is QCERF if every finitely
generated relatively quasiconvex subgroup in G is separable.

Theorem 1.2 Let G be a finitely generated relatively hyperbolic group. Suppose that G is QCERF and
the peripheral subgroups of G are double coset separable. It Q, R < G are finitely generated relatively
quasiconvex subgroups and S = Q N R then there exist finite-index subgroups Q' <y Q and R’ <r R,
with Q' N R’ = S, such that the virtual join (Q’, R') is relatively quasiconvex in G.

More precisely, there exists L <y G, with S C L, such that for any L <y L, satisfying S C L', we
can choose Q' = Q N L' <y Q, and there exists M <y L', with Q" € M, such that for any M’ < M,
satisfying Q' € M', we can choose R" = RN M’ <y R.

One can observe that the choice of R’ <y R in the above theorem depends on the choice of Q' < Q. In
the case when the peripheral subgroups are abelian the situation is easier:

Theorem 1.3 Let G be a finitely generated group hyperbolic relative to a finite collection of abelian
subgroups. Assume that G is QCERFE. If Q, R < G are relatively quasiconvex subgroups and S = Q N R
then there exists a finite-index subgroup L <y G, with S C L, such that the virtual join (Q’, R’) is relatively
quasiconvex in G, for arbitrary subgroups Q' <y Q N L and R" <y RN L, satisfying Q'NR" = S.

In fact, one can slightly weaken the assumptions in Theorem 1.3 by requiring the peripheral subgroups of
G to be virtually abelian instead of abelian; see Corollary 14.2.

Unlike the previous results from [38; 60], Theorem 1.2 does not require any (almost) compatibility of
parabolics from the subgroups Q and R. To work in this general setting, we develop a novel approach
which uses the profinite topology on G to carefully select the finite-index subgroups Q' <y Q and
R’ <y R satisfying certain metric properties (see Sections 3.1, 3.2 and 11). We also give a new and
simple criterion for establishing separability of double cosets in amalgamated free products in Section 12.

Theorem 1.2 applies to a wide class of relatively hyperbolic groups, including all limit groups, all Kleinian
groups and many groups acting on CAT(0) cube complexes. Regarding QCERF-ness, Manning and
Martinez-Pedroza [36] proved that the following two statements are equivalent:

(a) every finitely generated group hyperbolic relative to a finite collection of LERF and slender
subgroups is QCEREF;
(b) all word hyperbolic groups are residually finite.

Algebraic & Geometric Topology, Volume 25 (2025)



Quasiconvexity of virtual joins and separability of products in relatively hyperbolic groups 403

Recall that a group is called slender if every subgroup is finitely generated. The question of whether
statement (b) is true is a well-known open problem. If the answer to it is positive then, for example, all
finitely generated groups hyperbolic relative to virtually polycyclic subgroups will be QCERF.

Large classes of relatively hyperbolic groups have already been proved to be QCERF. One of the first
results in this direction is due to Wilton [58], who established QCERF-ness of limit groups. The ground-
breaking work of Haglund and Wise [28] and Agol [2] implies that any word hyperbolic group acting
geometrically on a CAT(0) cube complex is QCERF. One of the consequences of this result is that all
finitely generated Kleinian groups are QCERF. More recently, Einstein and Groves [18] and Groves and
Manning [27] extended this theory to relatively hyperbolic groups acting (weakly) relatively geometrically
on CAT(0) cube complexes. Einstein and Ng [19] used it to show that full relatively quasiconvex subgroups
of C’(1/6)-small cancellation quotients of free products of residually finite groups are separable. In the
case when the free factors are LERF and slender the latter result can be combined with a theorem of
Manning and Martinez-Pedroza [36, Theorem 1.7] to conclude that such small cancellation free products
are QCERF.

By a theorem of Lennox and Wilson [33] all virtually polycyclic groups are double coset separable; hence
the assumption about peripheral subgroups in Theorem 1.2 is automatically true in many relevant cases.
However whether this assumption is actually necessary is less obvious. It is required in our approach, but
it would be interesting to see whether the theorem remains valid without it. As expected from the results
in [38; 60], it is not needed if the relatively quasiconvex subgroups Q and R have almost compatible
parabolics; see Theorem 14.5 below.

1.2 Separability of double cosets

In group theory, knowing that double cosets of certain subgroups are separable is often quite useful. For
example, the separability of double cosets of hyperplane subgroups was used by Haglund and Wise in [28]
to give a criterion for virtual specialness of a compact non-positively curved cube complex. Separability
of double cosets of abelian subgroups in Kleinian groups was an important ingredient in the theorem
of Hamilton, Wilton and Zalesskii [29] that fundamental groups of compact orientable 3-manifolds are
conjugacy separable.

Double coset separability of free groups was first proved by Gitik and Rips [24]. Shortly after, Niblo [44]
came up with a new criterion for separability of double cosets and applied it to show that finitely
generated Fuchsian groups and fundamental groups of Seifert-fibred 3-manifolds are double coset separable.
Separability of double cosets of quasiconvex subgroups in QCERF word hyperbolic groups was proved
by the first author in [43]. Martinez-Pedroza and Sisto [38] generalised this to double cosets of relatively
quasiconvex subgroups with compatible parabolics in QCEREF relatively hyperbolic groups; Yang [60]
and McClellan [40] treated the case when at least one of the factors is full. Our proof of Theorem 1.2
almost immediately yields the following.
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Corollary 1.4 Let G be a finitely generated group hyperbolic relative to a finite collection of subgroups
{H, | v € N}. Suppose that G is QCERF and H,, is double coset separable, for every v € N. Then for all
finitely generated relatively quasiconvex subgroups O, R < G, the double coset QR is separable in G.

Clearly the assumptions of Corollary 1.4 are the minimal possible. This result is powerful enough to
prove a conjecture of Hsu and Wise from [31]; see Corollary 2.3.

In the case when the relatively hyperbolic group G admits a weakly relatively geometric action on a
CAT(0) cube complex, Corollary 1.4 was proved by Groves and Manning [27]. Groves and Manning’s
argument uses Dehn fillings to approximate G by QCERF word hyperbolic groups; thus reducing the
statement to separability of double cosets in hyperbolic groups from [43]. Our approach is completely
different as we always work within G.

In the following definition we will use a preorder <X on the sets of subsets of a group G, introduced by
the first author in [42]:

given U,V C G we will write U < V if there exists a finite subset ¥ € G such that U C V'Y.

If dy is the word metric on G, corresponding to a finite generating set X, and U and V are subsets of G
then U < V if and only if U is contained in a finite dx-neighbourhood of V. If U and V are subgroups
of G then U < V is equivalent to |U : (U NV)| < oo (see [42, Lemma 2.1]).

Definition 1.5 (almost compatible parabolics) Let Q and R be subgroups of a relatively hyperbolic
groups G. We will say that Q and R have almost compatible parabolics if for every maximal parabolic
subgroup P of G either QNP < RNPorRNP<xQONP.

Clearly if G is a relatively hyperbolic group and Q and R are subgroups with compatible parabolics then
they have almost compatible parabolics. The same is true if at least one of Q or R is a full subgroup of G.

In the case when the relatively quasiconvex subgroups Q and R have almost compatible parabolics, the
assumption that the peripheral subgroups H, are double coset separable can be dropped from Corollary 1.4,
allowing us to recover the double coset separability results from [38; 40; 60].

Corollary 1.6 Suppose that G is a finitely generated QCERF relatively hyperbolic group. If Q and R
are finitely generated relatively quasiconvex subgroups of G with almost compatible parabolics then the
double coset QR is separable in G.

1.3 Separability of products of quasiconvex subgroups

The third part of this paper is dedicated to proving separability for more general products Fj - -- Fg, where
s € N is arbitrary and F1, ..., Fs are relatively quasiconvex subgroups in a relatively hyperbolic group.

Definition 1.7 (RZ; and product separability) Let P be a group and let s € N. We say that P has
property RZ; if for arbitrary finitely generated subgroups E1p,..., Es < P the product E;--- Eg is
separable in P. If P has property RZ; for all s € N, we say that P is product separable.
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Thus RZ; means that the group is LERF and RZ, is equivalent to double coset separability. The definition
of RZ; is due to Coulbois [14]; he named it after Ribes and Zalesskii, who proved in [53] that free groups
are product separable, confirming a conjecture of Pin and Reutenauer from [49]. Pin and Reutenauer
showed that product separability of free groups implies Rhodes’ type II conjecture from semigroup theory
(see [48; 49] for the background).

In [43], generalising the result of [53], the first author proved that the product of finitely many quasiconvex
subgroups is separable in a QCERF word hyperbolic group. Moreover, in [14] Coulbois showed that, for
every s € N, free products of groups with property RZ; also have property RZ;. Taken together, these
facts motivate the following theorem.

Theorem 1.8 Let G be a finitely generated group hyperbolic relative to a finite collection of subgroups
{Hy, |v e N}, and let s € N. Suppose that G is QCERF and H, has property RZ;, for eachv € N. If
Fy, ..., Fs < G are finitely generated relatively quasiconvex subgroups of G, then the product Fy - - - F
is separable in G.

We note that separability of products of full relatively quasiconvex subgroups in a QCERF relatively
hyperbolic group was proved by McClellan [40].

Finitely generated virtually abelian groups are product separable. Therefore, Theorem 1.8 applies to finitely
generated QCERF relatively hyperbolic groups with virtually abelian peripheral subgroups. Examples of
such groups include limit groups, geometrically finite Kleinian groups and C’(1/6)-small cancellations
quotients of free products of finitely generated virtually abelian groups (see [51]). We discuss some
applications of Theorem 1.8 in Section 2.2, and give a brief outline of the proof at the beginning of
Part I11.
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2 Applications

In this section we list some applications of the main results from the introduction.

2.1 Geometrically finite virtual joins

A Kleinian group is a discrete subgroup of the (orientation-preserving) isometries of the real hyperbolic
3-space, Isom(H?). Recall that a Kleinian group G has an induced action on the ideal boundary 9H?> of
hyperbolic space by homeomorphisms, under which the smallest G-invariant compact subset, AG, is
called its limit set. A subgroup P < G is called parabolic if it has a single fixed point p in 9H?3 and setwise
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fixes some horosphere centred at p. We say that G is geometrically finite if every point of AG is either a
conical limit point or a bounded parabolic point (see [7] for definitions). Examples of geometrically finite
Kleinian groups include the fundamental groups of finite-volume hyperbolic 3-manifolds.

As noted in the introduction, geometrically finite Kleinian groups are relatively hyperbolic with respect
to conjugacy class representatives of their maximal parabolic subgroups (which are virtually abelian).
Moreover, geometrically finite subgroups are exactly the relatively quasiconvex subgroups of geometrically
finite Kleinian groups [30, Corollary 1.6].

Baker and Cooper [5] showed, using geometric methods, that if G is a finitely generated Kleinian group
and Q and R are geometrically finite subgroups of G with almost compatible parabolics, then there are
finite-index subgroups Q" <y Q and R’ <s R such that the join (Q’, R’) is geometrically finite. In [38]
Martinez-Pedroza and Sisto recover this result for geometrically finite Kleinian groups as a special case
of their work, using techniques closer to those in the present paper. Using Theorem 1.2, we are able to
eliminate the hypothesis of compatible parabolic subgroups in these results:

Corollary 2.1 Let G be a geometrically finite Kleinian group, and suppose that Q, R < G are geomet-
rically finite subgroups of G. Then there are finite-index subgroups Q' <y Q and R’ <y R such that
(Q’, R') is a geometrically finite subgroup of G.

Proof The group G is geometrically finite, so it is finitely generated [50, Theorem 12.4.9] and hyperbolic
relative to a finite collection of finitely generated virtually abelian subgroups [8; 30]. Agol proved that all
finitely generated Kleinian groups are LERF [2, Corollary 9.4]; in particular, this means that they are
QCEREF. Therefore G is a QCEREF relatively hyperbolic group with double coset separable peripheral
subgroups. By Hruska’s result [30, Corollary 1.6], a subgroup of G is geometrically finite if and only if it
is relatively quasiconvex. We may now apply Theorem 1.2 to obtain the desired conclusion. |

2.2 Product separability

Recall that a group G is product separable if the product of finitely many finitely generated subgroups
is closed in the profinite topology on G. Until now, few examples of groups were known to be product
separable: free abelian groups, free groups [53], groups of the form F x Z, where F is free [61], and
locally quasiconvex LERF hyperbolic groups [43] (eg, surface groups). Additionally, the class of product
separable groups is closed under taking subgroups, finite-index supergroups and free products [14].
However, this class is not closed under direct products (eg, the direct product of two non-abelian free
groups is not even LERF [4]). It also does not contain some polycyclic groups: in [33] Lennox and
Wilson proved that the integral Heisenberg group H3(Z), which is polycyclic (in fact, finitely generated
nilpotent of class 2), is not product separable as it does not have property RZs.

We use Theorem 1.8 to establish product separability for many more groups.
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Theorem 2.2 The following groups are product separable:
(i) limit groups;
(ii) finitely generated Kleinian groups;

(iii)) fundamental groups of finite graphs of free groups with cyclic edge groups, as long as they are
balanced.

Recall that a group G is called a limit group if it is finitely generated and fully residually free (that is, for
every finite subset A C G, there is a free group F and a homomorphism ¢: G — F that is injective when
restricted to A). Limit groups played an important role in the solutions of Tarski’s problems about the
first order theory of free groups by Sela [54] and Kharlampovich and Myasnikov [32].

Following Wise, we say that a group G is balanced if for every infinite order element g € G the conjugacy
between g™ and g” implies that n = £m. In [59], Wise proved that the fundamental group G of a finite
graph of free groups with cyclic edge groups is LERF if and only if it is balanced if and only if G does
not contain any non-Euclidean Baumslag—Solitar subgroups BS(m,n) = (a,t | ta™t~! = a"), with
m,n € Z\ {0} and n # £m.

Part (iii) of Theorem 2.2 generalises a result of Coulbois [13, Theorem 5.18], who proved that the free
amalgamated product of two free groups along a cyclic subgroup is product separable. Theorem 2.2(iii)
confirms (in a strong way) a conjecture of Hsu and Wise [31, Conjecture 15.5], which states that a
balanced group splitting as a finite graph of free groups with cyclic edge groups is double coset separable.

Corollary 2.3 Suppose that G splits as a fundamental group of a finite graph of finitely generated free
groups with cyclic edge groups. If G is balanced then it is virtually compact special; in other words, G
has a finite-index subgroup which is isomorphic to the fundamental group of a compact non-positively
curved special cube complex (in the sense of Haglund and Wise [28]).

Proof Hsu and Wise [31, Theorem 10.4] proved that G admits a proper cocompact action on a CAT(0)
cube complex ¥. By Theorem 2.2, G is double coset separable; hence, by a result of Haglund and Wise
[28, Theorem 9.19], G has a finite-index subgroup K such that K\¥ is a special cube complex. m]

After the completion of this paper the authors learned of a recent result of Shepherd and Woodhouse [56,
Theorem 1.2], which gives an alternative proof of Corollary 2.3, using different methods.

One of the original motivations for considering product separability of groups came from semigroups and
automata theory. Pin and Reutenauer [49] used this property to characterise the profinitely closed rational
subsets of free groups.

Recall that for a monoid M, the rational subsets Rat(M) C 2 form the smallest collection of subsets

of M satisfying the following conditions:

(1) @ eRat(M) and, for each m € M, {m} € Rat(M);
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(2) if A, B € Rat(M), then AB € Rat(M) and AU B € Rat(M);
(3) if A eRat(M), then A* € Rat(M), where A* is the submonoid of M generated by A.

We refer the reader to [49] for an account of the basic theory of rational subsets.

In a group G it makes sense to consider the subgroup closure instead of the *-closure. Thus we define
the set Rat®(G) € 2C as the smallest collection of subsets of G containing all finite subsets, closed under
finite unions, products and subgroup closure. It is easy to see that Rat?(G) consists of all subsets of
the form gF; --- F;, where s € Ng, g € G and F1,..., F; are finitely generated subgroups of G [49,
Proposition 2.2]. Evidently Rat’(G) C Rat(G); moreover, it is not difficult to show that Rat’(G) =Rat(G)
if and only if G is torsion.

The following theorem was proved by Pin and Reutenauer [49, Corollary 2.5] in the case of free groups
(see also [52, Section 12.3] for a slightly different argument); however the proof is readily seen to remain
valid in all product separable groups.

Theorem 2.4 (Pin and Reutenauer) If G is a product separable group then Rat’(G) is precisely the
class of all separable rational subsets of G.

Corollary 2.5 If G is a group from one of the classes (i)—(iii), described in Theorem 2.2, then the set of
separable rational subsets of G coincides with Rat®(G).

3 Plan of the paper

3.1 The metric quasiconvexity theorem

Let G be a relatively hyperbolic group generated by a finite set X, and let Q and R be relatively
quasiconvex subgroups of G. The technical heart of this paper is Theorem 3.5 below, which, given some
relatively quasiconvex subgroups Q' < Q and R’ < R, provides sufficient metric conditions for the
relative quasiconvexity of the join (Q’, R’).

Definition 3.1 (miny) Let G be a group with finite generating set X, and let ¥ € G. Then we denote
the number min{|g|x | g € Y } by miny (Y), with the usual convention that minimum over the empty set
is 4-00.

Let S = Q N R and A > 0 be some constant. We will be interested in finding subgroups Q' < Q and
R’ < R satisfying the following properties:

(P1) if Q" and R’ are relatively quasiconvex in G then so is the subgroup (Q’, R');
(P2) miny ({(Q', R')\ S) > 4;
(P3) miny (Q(Q’,R')R\ OR) > A.
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Remark 3.2 ¢ Quasiconvexity of Q" and R’ is only required in property (P1).
e Property (P2) says that all “short” elements of (Q’, R’) belong to S.

e Property (P3) is the key ingredient for proving that the double coset QR is separable in G in
Corollary 1.4.

Let us now describe the metric conditions used to establish the above properties. Given a finite collection
% of maximal parabolic subgroups of G, constants B, C > 0 and subgroups Q' < Q and R’ < R, we
will consider the following conditions:

(Cl) Q'NR =S5;
(C2) miny(Q(Q’, R)Q\ Q) > B and miny (R(Q', R')R\ R) > B;
(C3) miny((PQ’'U PR")\ PS) > C, for each P € %.

Moreover, if not all of the subgroups in % are abelian then we will need two more conditions (here for
subgroups H, P < G, we use Hp to denote the intersection H N P < P):

(C4) 0pN(Q%p.Rp)= Q% and Rp N(Q%.R}) = R, for every P € P;
(C5) miny(¢(Q%.Rp)Rp \qQpRp) > C, foreach P e P andallq € Qp.

Remark 3.3 If the peripheral subgroups of G are abelian then condition (C4) follows from (C1) and
condition (C5) is trivially true.

Indeed, if P is abelian, then, in the notation of (C4), (Q’», Rp) = Q' Rp; hence
Op SOPN(Qp.Rp)=0pNQpRp =0p(0pNRp) S OpSp = 0p,
where the last equality used that Sp = S N P € Q by (Cl). The second equality of (C4) can be proved
in the same fashion.
Similarly, if g € Qp then ¢{(Q%.Rp)Rp =qQpRpRp = qQp Rp, 50
miny (¢(Qp. Rp)Rp \qQp Rp) = miny (&) = +o0;
thus (C5) holds.

Remark 3.4 In this paper we will be primarily interested in the existence of finite-index subgroups
Q' <y Q and R’ <y R satisfying the above conditions. This may be easier to interpret through the lens
of the profinite topology on G (see Section 11):

 Conditions (C1) and (C4) can be ensured by choosing any finite-index subgroup M <y G with
S C M, andsetting Q'=0NM,R =RNM.

* The existence of finite-index subgroups Q' <y Q and R’ <y R satisfying condition (C2) can be
deduced from separability of Q and R in G.

* The existence of finite-index subgroups Q' <y Q and R’ <y R satisfying condition (C3) can be
deduced from separability of the double coset PS in G.
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o If Q% <y Qp is already chosen then R}, <y Rp, satisfying (C5), can be constructed with the help
of separability of the double coset Q) Rp in P. Indeed, if Qp = U7=1 a; Q' then the inequality
in (C5) can be rewritten as miny (a;(Q%, Rp)Q,Rp \a; Qp Rp) > C, forevery j = 1,...,n.
Thus our approach to establishing (C5) will be to choose R” <r R after Q" <y Q has already been
constructed (in other words, R” will depend on Q).

Theorem 3.5 (metric quasiconvexity theorem) Let G be relatively hyperbolic group generated by
a finite set X . Suppose that Q, R < G are relatively quasiconvex subgroups and denote S = Q N R.
There exists a finite collection % of maximal parabolic subgroups of G such that for any A > 0O there are
constants B, C > 0 satisfying the following.

Suppose that Q' < Q and R’ < R are subgroups of G satistying conditions (C1)—(C5). Then these
subgroups enjoy properties (P1)—(P3) above.

Rough sketches of the proofs of Theorems 3.5 and 1.2 are given in the beginning of Part II of the paper.

3.2 The separability assumptions

As the reader may notice, our main results in the introduction assume that the underlying relatively
hyperbolic group G is QCERF and the peripheral subgroups of G are double coset separable. Indeed, the
essence of our method is in finding (sufficiently many) finite-index subgroups Q' <y Q and R’ <f R
satisfying conditions (C1)—(C5) by using properties of the profinite topology. However, a careful analysis
of the arguments reveals that instead of the full QCERF assumption it is possible to require the separability
only of certain finitely generated relatively quasiconvex subgroups related to Q and R. For example,
the proof of Theorem 1.2 relies on the separability conditions (S1)—(S3) from Theorem 11.3, which are
established in Section 13 using the separability of relatively quasiconvex subgroups Q, R, K, (K, T)
and (K,V), where K <y P € P, T <r Q,V <y R and ® = P is a finite collection of maximal
parabolic subgroups of G that depends on Q and R (see Notation 10.2). The exact requirements for
double coset separability of the peripheral subgroups are easier to trace: it suffices to look at condition (S4)
of Theorem 11.3.

3.3 Section outline

This paper is structured as follows. There are three parts: Part I contains background material and useful
preliminary results (Sections 4-5), Part II is dedicated to the proof of the metric quasiconvexity theorem
and the double coset separability results that follow from them (Sections 6-15), and Part III is essentially
dedicated to the proof and applications of Theorem 1.8 (Sections 16-21).

Section 4 covers generalities and Section 5 covers definitions and results specific to relatively hyperbolic
groups. In Section 6 we introduce the terminology of path representatives, their associated types, and
make some observations about path representatives that have minimal type. Sections 7 and 8 are devoted to
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controlling certain instances of backtracking in minimal type path representatives. In Section 9 we describe
the “shortcutting” of a broken line, and establish its quasigeodesicity under some technical assumptions.
Section 10 contains the proof of Theorem 3.5. In Sections 11 and 13 we show how finite-index subgroups
Q' <y Q and R’ <y R satisfying conditions (C1)~(C5) can be obtained using separability, with the help
of a new criterion for separability of double cosets in amalgamated products from Section 12. Section 14
contains proofs of Theorems 1.2 and 1.3, while Section 15 contains the proof of Corollary 1.6.

In Section 16 we generalise the content of Section 6 to the setting of products of subgroups, as well
as introducing new metric conditions (C2-m) and (C5-m). Sections 17 and 18 are product analogues
to Section 8; similarly, Section 19 generalises Section 11. Finally, Section 20 contains the proof of
Theorem 1.8, and Section 21 establishes new examples of product separable groups, proving Theorem 2.2.

PartI Background

In this part we will present the definitions and basic results that will be necessary for the rest of the paper.

4 Preliminaries

4.1 Notation

We write N for the set of natural numbers {1,2,3, ...}, and No for N U {0}.

Let G be a group. If H is a finite-index (respectively, finite-index normal) subgroup of G, then we
write H <y G (respectively, H <l G). For a subgroup 7' < G and elements a,b € G we will write
T =aTa ' <G and b* =aba™' € G.

By a generating set & of G we will mean a set s together with a map ¢ — G such that the image of
under this map generates G.

If o is a generating set for G, then we denote by I'(G, o) the (left) Cayley graph of G with respect to .
The standard edge path length metric on I'(G, s{) will be denoted by dy(-,-). After identifying G with
the vertex set of I'(G, s), this metric induces the word metric associated to sd: dy(g, h) = |g~ h|y for
all g, h € G, where |g|y denotes the length of the shortest word in s¢*! representing g in G.

Abusing the notation, we will identify the combinatorial Cayley graph I'(G, s§) with its geometric
realisation. The latter is a geodesic metric space and, given two points x and y in this space, we will
use [x, y] to denote a geodesic path from x to y in I'(G, ). In general T'(G, s{) need not be uniquely
geodesic, so there will usually be a choice for [x, y], which will either be specified or will be clear from
the context (eg, if x and y already belong to some geodesic path under discussion, then [x, y] will be
chosen as the subpath of that path).

If Y C G is asubset of G and K > 0, we denote by
Ny(Y,K)={g€G|da(g.Y) =K}
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the K-neighbourhood of Y with respect to d. Note that when o is a finite generating set, the metric
dy is proper. However, in this paper we will also be working with infinite generating sets; see Section 5
below, where generating sets of the form & = X U % are considered.

The following general fact will be used quite often.
Lemma 4.1 Let G be a group generated by a finite set . If A, B < G are subgroups of G then for
every K > 0 there is a constant K' = K'(A, B, K) > 0 such that for any x € G we have

Ny(xA, K)NNy(xB,K) € Ny(x(AN B),K').

Proof After applying the left translation by x~!, which preserves the metric d, we can assume that
x = 1. Now the statement follows, for example, from [30, Proposition 9.4]. O

Suppose that y is a combinatorial path (edge path) in I'(G, s). We will denote the initial and terminal
endpoints of y by y_ and y4 respectively. We will write £()) for the length (that is, the number of edges)
of y. We will also use y~! to denote the inverse of y, which is the path starting at y, ending at y_ and
traversing y in the reverse direction. If y1,..., y, are combinatorial paths with (y;)+ = (¥i+1)—, for
eachi € {l1,...,n — 1}, we will denote their concatenation by 1 - - y5.

Since I'(G, s) is a labelled graph, every combinatorial path y comes with a label Lab(y), which is a
word over the alphabet s4*!. We denote by 7 € G the element represented by Lab(y) in G. Finally,
we write |y |q = [V]u = du(y—, y+). Note that Lab(y~!) is the formal inverse of Lab(y), so that and

ly s =|ylaand y~t =y~ L

4.2 Quasigeodesic paths

In this section we assume that I" is a graph equipped with the standard path length metric d( -, -).

Definition 4.2 (quasigeodesic) Let A > 1 and ¢ > 0 be some numbers and let p be an edge path in .
Recall that p is said to be (A, ¢)-quasigeodesic if for every combinatorial subpath g of p we have

l(g) =Ad(g-.q+) +c.

Lemma 4.3 Suppose that s = rpt is a concatenation of three combinatorial paths r, p and t in I" such
that £(r) < D and £(t) < D, for some D > 0, and p is (A, ¢)-quasigeodesic, for some A > 1 and ¢ > 0.
Then the path s is (A, ¢")-quasigeodesic, where ¢/ = ¢ +2(A+ 1)D.

Proof Consider an arbitrary combinatorial subpath g of s. We need to show that

(4-1) tlg) =Ad(g-.q+) +c+2(A+1)D.

If ¢ is contained in r or in ¢ then the desired inequality follows from the assumptions that £(r) < D and
£(t) < D. Therefore we can further suppose that g_ is a vertex of rp and g4+ is a vertex of pr. The
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bounds on the lengths of r and ¢ imply that there is a combinatorial subpath a of p such that there are at
most D edges of s between g— and a— and between a4 and g+. Thus d(¢—,a—) < D, d(g+,a+) <D
and £(q) < {(a) +2D

The assumption that p is (A, ¢)-quasigeodesic implies that
4-2) L(q) <l(a)+2D <Ad(a—,a4+)+c+2D.

The triangle inequality gives d(a—,a+) <d(g—, q+) + 2D, which, combined with (4-2), shows that (4-1)
holds, as required. O

Lemma 4.4 LetA > 1,c¢ >0 and K € N. Suppose that p is a combinatorial path in T" and let p’ be
a path obtained by replacing some edges of p with combinatorial paths of length at most K. If p is
(A, ¢)-quasigeodesic then p’ is (KA,2K?) 4+ Kc + 2K)-quasigeodesic.

Proof Let g be any combinatorial subpath of p” and write ¢— = x and g+ = y. We need to show that
(4-3) 0(q) < KAd(x,y) +2K*A+ Kc +2K.

If g does not contain any vertices of p then £(g) < K and (4-3) holds. Otherwise, let z and w be the first
and the last vertices of ¢ that lie on p respectively, and let r be the subpath of p starting at z and ending
at w. The assumptions imply that d(x,z) < K, d(y, w) < K and

4-4) l(q) < KL(r) +2K.
Using the quasigeodesicity of p and the triangle inequality, we obtain
0r) < Ad(z,w)+c <Ad(x,y)+2KA +c,
which, combined with (4-4), gives (4-3). O
4.3 Hyperbolic metric spaces
In this subsection let (T, d) be a geodesic metric space.

Definition 4.5 (Gromov product) Let x, y,z € I" be points. The Gromov product of x and y with
respect to z is

(x7 y)Z = %(d(x’ Z) + d()’»Z) _d(x’ Y))
It is easy to see that the Gromov products satisfy

dx,y) =(y,2)x +(x,2)y, d(y,2) =(x,2)y + (X, y)z, d(z, %) ={x,y)z + (¥ 2)x.

The following elementary property of Gromov products is an immediate consequence of the triangle
inequality.

Remark 4.6 Suppose that x, y and z are points in I, u is a point on any geodesic segment [x, z], from
X to z, and v is a point on any geodesic segment [z, y], from z to y. Then

(u,v)z; <(x,y)z.
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Definition 4.7 (§-thin triangle) Let A be a geodesic triangle in I with vertices x, y and z, and let
§ > 0. Denote by T the (possibly degenerate) tripod with edges of length (x, y)z, (¥, z)x and (z, x),
respectively. There is an map from {x, y, z} to the extremal vertices of Ta, which extends uniquely to a
map ¢: A — Ta, whose restriction to each side of A is an isometry. If the diameter in I of ¢~ ({t}) is
at most §, for all 1 € T, then A is said to be §-thin.

Definition 4.8 (hyperbolic space) The space I' is said to be a hyperbolic metric space if there is a
constant § > 0 such that every geodesic triangle in I is §-thin.

The above definition of §-hyperbolicity is not the most commonly used in the literature, though it is well-
known to be equivalent to other definitions after possibly increasing §; see, for example, [9, IIL.H.1.17].
For technical reasons we will always assume that § is chosen to be sufficiently large so that all the
definitions in this reference are satisfied.

In the remainder of this subsection we assume that I" is a §-hyperbolic graph, for some § > 0, and d(-,-)
is the standard path length metric on I.

Definition 4.9 (broken line) A broken line in I is a path p which comes with a fixed decomposition

as a concatenation of combinatorial geodesic paths py,...,p, in I', so p = p1ps--- ps. The paths
P1,- .., pn Will be called the segments of the broken line p, and the vertices
p—=(pD)- (PD+=(P2)— . (Pn-D)+ = (Pn)— (Pn+1)+ = P+

will be called the nodes of p.

The following statement is a special case of [41, Lemma 4.2], applied to the situation when each p; is
geodesic (so, in the notation of that lemma, we can take A=1,é=0andv = 8). Note that due to a
slightly different definition of quasigeodesicity used in [41], a (A, ¢)-quasigeodesic in the sense of [41] is
(1/A, ¢/A)-quasigeodesic in the sense of Definition 4.2 above, and vice versa.

Lemma 4.10 Let cg, ¢1 and ¢, be constants such that co > 148, ¢1 =12(co+8)+1 and co = 10(6+c¢1).

Suppose that p = p1 - - - pp is a broken line in I, where p; is a geodesic with (p; )— = x;—1 and (p;)+ = X;
fori=1,...,n. If d(xj—1,x;)>cyfori =1,...,n,and (x;j—1,Xj4+1)x; <co foreachi =1,...,n—1,
then the path p is (4, c2)-quasigeodesic.

We will need an extension of the above lemma which allows the first and the last geodesic segments p;
and p, to be short.

Lemma 4.11 For any constant cq satisfying co > 146, let
c1=c1(co) =12(co+8)+1 and c3=c3(co) =105+ 2c1).

Suppose that p = p; - - py is a broken line in I', where p; is a geodesic with (p;)— = x;—1 and (p;)+ = X;
fori=1,...,n. Ifd(xi—1,x;)>cy fori=2,...,n—1,and (x;—1,X;4+1)x; <co foreachi =1,...,n—1,
then the path p is (4, c3)-quasigeodesic.
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Proof This follows easily by combining Lemma 4.10 with Lemma 4.3. Indeed, there are four possibilities
depending on whether or not d(xg, x1) > c¢1 and d(x,—1, x) > c1. Since all of these cases are similar, let
us concentrate on the situation when d(xg, x1) <c¢1 and d(xp—1, X5) > c1. Then the path ¢ = pap3--- px
is (4, c2)-quasigeodesic by Lemma 4.10, where ¢, = 10(§ + ¢1). Since £(p1) = d(x9, x1) < c1, wWe
can apply Lemma 4.3 to deduce that the path p = p1--- p, = p1g is (4, c3)-quasigeodesic, where
¢3 =c2 + 10c; = 10(8 4 2¢1), as required. O

4.4 Profinite topology and separable subsets

Let G be a group. The profinite topology on G is the topology 7 (G) whose basis consists of left cosets
to finite-index subgroups of G.

A subset Z C G is called separable (in G) if it is closed in T (G). Evidently finite unions and arbitrary
intersections of separable subsets are separable. It is easy to see that a subset Z C G is separable if
and only if for every g € G \ Z, there is a finite group Q and a homomorphism ¢: G — Q such that
©(g) € (Z) in Q. A subgroup H < G is separable if and only if it is the intersection of the finite-index
subgroups of G containing it.

The following observation stems from the fact that the group operations of taking an inverse and multiplying
by a fixed element are homeomorphisms with respect to the profinite topology.

Remark 4.12 Let Z be a separable subset of a group G. Then for every g € G the subsets Z~!, gZ
and Z g are also separable.
Lemma 4.13 Suppose that A is a subgroup of a group G.

(a) Every subset of A which is closed in ?J (G) is also closed in T (A).

(b) If every finite-index subgroup of A is separable in G then every closed subset of PJ (A) is closed
in PT(G).

Proof Claim (a) immediately follows from the observation that the intersection of A with any basic
closed subset from PJ (G) is either empty or is a basic closed subset of T (A).

If each finite-index subgroup of A is separable in G then, in view of Remark 4.12, every basic closed set
in T (A) is closed in the profinite topology of G. Claim (b) of the lemma now follows from the fact that
any closed subset of A4 is the intersection of basic closed sets. O

Lemma 4.14 Let G be a group with subgroups A and B. Suppose that A’ <s A, B’ <y B and A’B’ is
separable in G. Then AB is separable in G.

Proof Let A=|[L;a;A"and B =] [;_, B'b;. Then
m n
AB=J|Jaa'B'Y;.
i=1j=1

which is separable in G by Remark 4.12. |
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The next two lemmas use the notation introduced in Sections 1.2 and 3.1.

Lemma 4.15 Let A and B be subgroups of a group G such that A < B. If B is separable in G then so
are the double cosets AB and BA.

Proof By [42, Lemma2.1] AN B has finite index in A, s0 A = |_|l'~n=1 a;(ANB), forsomeay,...,am € A.
It follows that AB = | J/—, a; B, so it is separable by Remark 4.12. The same remark also implies that
BA = (AB)~! is separable in G. a

The main use of the profinite topology in this paper stems from the following elementary facts.
Lemma 4.16 Let G be a group generated by a finite set X, and let P < G be a subgroup. Suppose that

Z is a separable subset of P.

(a) If a finite subset U C P is disjoint from Z then there is a normal finite-index subgroup N <y P
such that U N ZN = &. Thus the image of U in the quotient P/ N will be disjoint from the image
of Z.

(b) For every constant C > 0 there is a finite-index normal subgroup N <\y P such that
miny (ZN\ Z)>C.
(c) For any finite subset A € P and any C > 0 there exists N <y P such that
miny (aZN \aZ)>C forall a € A.
Proof For (a), let U = {uy,...,u,} € P. Since u; ¢ Z and Z is separable in P, there exists N; <y P

such that u; N; N Z = @, foreachi = 1,...,m. Weset N = /L, N; <y P,sothatu;N N Z = @.
Thatis, u; ¢ ZN foralli =1,...,m. Therefore U N ZN = @& and (a) has been proved.

Claim (b) follows by applying claim (a) to the finite subset U = {g € P\ Z | |g|lx < C} of P.

To prove (c), suppose that A = {ay,...,ax} € P. By Remark 4.12, a; Z is separable in P, for every
J =1,...,k, so, according to part (b), there exists N; <y P such that

miny(a;ZNj\a;Z)>C foreach j=1,... k.

It is easy to see that the normal subgroup N = ﬂle N; <y P enjoys the required property. a
The following statement is well known; we include a proof for completeness.

Lemma 4.17 Let G be a group with subgroups K <y H < G. If K is separable in G, then there is
L <y Gsuchthat LNH = K

Proof Since K is of finite index in H, we can write
H=KUKhU---UKhy,
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for some hy,...,h, € H\ K. The subgroup K is separable in G, meaning that it is closed in T (G).
Following Remark 4.12, the union KA1 U---U Khyy, is also closed in 27 (G). Thus the subset

(G\H)UK =G\ (Kh1U---UKhp)

is open in 7 (G) and contains the identity. It follows from the definition of the profinite topology that
there is a finite-index normal subgroup N <y G with N € (G \ H) U K. Observe that Kh; NN = &, for
everyi=1,...,m,so NNH < K. Nowset L=KN <7 G. Then LNH=KNNH=K(NNH)=XK,
as required. a

S Relatively hyperbolic groups

In this section we define relatively hyperbolic groups and collect various properties that will be used
throughout the paper.

5.1 Definition
We will define relatively hyperbolic groups following the approach of Osin (for full details, see [46]).

Definition 5.1 (relative generating set, relative presentation) Let G be a group, X € G a subset and
{H, | v € N} a collection of subgroups of G. The group G is said to be generated by X relative to
{H, |veN}ifitis generated by X L9, where % = | |, (Hy \ {1}) (with the obvious map X U# — G).
If this is the case, then there is a surjection

F = F(X)* (xyexHy) > G,

where F(X) denotes the free group on X. Suppose that the kernel of this map is the normal closure of a
subset R C F. Then G can equipped with the relative presentation

(5-1) (X, Hy,veN|R).

If X is a finite set, then G is said to be finitely generated relative to {H, | v € N}. If R is also finite,
G is said to be finitely presented relative to { H, | v € N} and the presentation above is a finite relative
presentation.

With the above notation, we call the Cayley graph I'(G, X U %) the relative Cayley graph of G with
respect to X and {H, | v € N'}. Note that when X is itself a generating set of G, dyuy (g, h) < dx(g.h),
forall g,h € G.

Definition 5.2 (relative Dehn function) Suppose that G has a finite relative presentation (5-1) with
respect to a collection of subgroups { H, | v € N'}. If w is a word in the free group F (X L %), representing
the identity in G, then it is equal in F to a product of conjugates

n
F -1
w = Ha,-r,-al- s

i=1
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where a; € F and r; € R, for each i. The relative area of the word w with respect to the relative
presentation, Area™ (w), is the least number n among products of conjugates as above that are equal to
win F.

A relative isoperimetric function of the above presentation is a function f: N — N such that Area™ (w)
is at most f(Jw|), for every freely reduced word w in F(X U ¥) representing the identity in G. If an
isoperimetric function exists for the presentation, the smallest such function is called the relative Dehn
function of the presentation.

Definition 5.3 (relatively hyperbolic group) Let G be a group and let {H,, | v € N} be a collection of
subgroups of G. If G admits a finite relative presentation with respect to this collection of subgroups
which has a well-defined linear relative Dehn function, it is called hyperbolic relative to {H,, | v € N}.
When it is clear what the relevant collection of subgroups is, we refer to G simply as a relatively hyperbolic
group. The groups {H, | v € N} are called the peripheral subgroups of the relatively hyperbolic group G,
and their conjugates in G are called maximal parabolic subgroups. Any subgroup of a maximal parabolic
subgroup is said to be parabolic.

Lemma 5.4 [46, Corollary 2.54] Suppose that G is a group generated by a finite set X and hyperbolic
relative to a collection of subgroups {H, | v € N'}, and let 3% = |_|,c(Hy \ {1}). Then the Cayley graph
I'(G, X U¥) is §-hyperbolic, for some § > 0.

In the remainder of this section (namely, in Sections 5.2-5.4, we will assume that G is a group generated
by a finite subset X and hyperbolic relative to a finite collection of subgroups { H,, | v € N}. As usual, we

will let % = ||, (Hy \ {1}).
5.2 Geodesics and quasigeodesics in relatively hyperbolic groups

Definition 5.5 (path components) Let p be a combinatorial path in I'(G, X U ¥). A non-trivial
combinatorial subpath of p whose label consists entirely of elements of H, \ {1}, for some v € N, is
called an H, -subpath of p.

An H,-subpath is called an H,-component if it is not contained in any strictly longer H,-subpath. We
will call a subpath of p an ¥-subpath (respectively, an #-component) if it is an H,,-subpath (respectively,
an H,-component), for some v € N

Definition 5.6 (connected and isolated components) Let p and ¢ be edge paths in I'(G, X U ¥) and
suppose that s and ¢ are H,-subpaths of p and g respectively, for some v € N. We say that s and ¢ are
connected if s_ and t_ belong to the same left coset of H,, in G. The latter means that for all vertices u of
s and v of ¢ either u = v or there is an edge e in I'(G, X U¥) with Lab(e) € H,\{l} and e = u,e4 =v.

If s is an H,,-component of a path p and s is not connected to any other H,,-component of p then we say
that s is isolated in p.
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Definition 5.7 (phase vertex) A vertex v of a combinatorial path p in I'(G, X U ) is called non-phase
if it is an interior vertex of an #-component of p (that is, if it lies in an #-component for which it is not
an endpoint). Otherwise v is called phase.

Definition 5.8 (backtracking) If all #-components of a combinatorial path p are isolated, then p is
said to be without backtracking. Otherwise we say that p has backtracking.

Remark 5.9 If p is a geodesic edge path in I'(G, X U 3) then every #-component of p will consist of
a single edge, labelled by an element from #. Therefore every vertex of p will be phase. Moreover, it is
easy to see that p will be without backtracking.

The following is a basic observation about the lengths of paths in the relative Cayley graph whose
d¢-components are uniformly short.

Lemma 5.10 Let p be a path in I' (G, X U ¥) and suppose there is a constant ® > 1 such that for any
#-component h of p, we have |h|x < ©. Then |p|x < OL(p).

Proof We can write p as a concatenation p = aghiay ---an—1hna,, where hy,..., h, are the ¥-
components of p and aq, . . ., a, are subpaths of p all whose edges are labelled by elements of X 1,

It follows from the triangle inequality that

plx = dx (-, p+) < Y dx (@), (@)+) + Y dx ((hi)-, (hi)+).

i=0 i=1
Since each edge of a; is labelled by an element of X *!1, we have that dy ((¢;)_, (a;)+) < £(a;), for all
i =0,...,n. Moreover, dy ((h;)—, (hj)+) = |hilx < ©L(h;), foreachi =1,...,n, by the hypothesis
of the lemma, as £(h;) > 1.

Combining the above three inequalities with the fact that ® > 1, we obtain

ply =3 €@+ 3 0th) < @(Zaa» "
i=0 i=0

i=1

Zz(h,-)) = OL(p). O

i=1

Lemma 5.11 [46, Lemma 3.1] There is a constant M > 1 such that if hq,...,h; are isolated ¥-
components of a cycle g in I'(G, X U %), then

n
> Jhilx < ML(q).
i=1

Lemma 5.12 Forany A > 1, ¢ > 0 and A > 0 there is a constant n = n(A,c, A) > 0 such that the
following is true.

Suppose that p is a (A, ¢)-quasigeodesic path in T'(G, X U ¥) possessing an isolated #-component h
such that |h|xy > n. Then |p|x > A.
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Proof Let M > 1 be the constant from Lemma 5.11, and set
(5-2) n=MA+A)A+ Mec.

Let ¢ be a path in ['(G, X U %), labelled by a word over X *1, with endpoints ¢_ = p_ and ¢4 = p+,
such that £(q) = | p|x.

1

Consider the cycle r = pg™" in T'(G, X U %), formed by concatenating p and the inverse of g. By the

quasigeodesicity of p, £(p) < A|plxux + ¢ < A|plx +¢. Now £(r) = £(p) + £(q); therefore
(5-3) r) < (1+A)|plx +c.

Since 4 is isolated in p it must also be an isolated #-component of the cycle r (because all edges of ¢
are labelled by letters from X *1). Hence |h|x < M £(r) by Lemma 5.11, so (5-3) implies that

1 1
5-4 > ——U(r)—c) = ———(lhlx — Mo).
(5-4) |P|X_1+A((”) C)—M(1+A)(| lx —Mc)
Combining the above inequality with (5-2) and the assumption that |#|xy > 71, we obtain the desired bound
Iplx = A. O

Proposition 5.13 [47, Proposition 3.2] There is a constant L > 0 such that if A is a geodesic triangle in
I'(G, X U¥) and some side p is an isolated ¥-component of A then |p|x < L.

Lemma 5.14 There is a constant L > 0 such that if py and p, are geodesic paths in T' (G, X U ¥) with
(p1)+ = (p2)—, and s and t are connected H, -components of py and p, respectively, for some v € N,
then dx (s+,t-) < L.

Proof Let L > 0 be the constant provided by Proposition 5.13.

Since the component s of pp is connected to the component ¢ of p,, we know that & = (s)~t_ € H,.
If h =1 then s+ = ¢_ and there is nothing to prove, otherwise s+ and 7_ are endpoints of an edge e
labelled by £ in I'(G, X U %).

Consider the geodesic triangle A with vertices s+, (p1)+ and z—, where the sides [s+, (p1)+] and
[(p1)+,t—] are chosen to be subpaths of p; and p, respectively, and the side [s,7_] is the edge e.

If v € [s+,(p1)+] is a vertex belonging to the left coset s+ H,, then dxyy(s—,v) = 1 and s+ € [s—, v]
in py. Since dxux(s—, s+) = 1 and p; is geodesic, we can conclude that v = s. Similarly, the only
vertex of [(p1)+, -] which belongs to the left coset 1_ H), = s4 H,, is ¢t_. It follows that the edge e is an
isolated H\,-component of A. Hence dy (s+,7—) < L by Proposition 5.13. |

Proposition 5.15 [46, Theorem 3.26] Let A be a combinatorial geodesic triangle in T'(G, X U ¥) with
sides p, q and r. There is a constant 0 = o(G, ¥, X) € Ny such that for any vertex u € p, there is a
vertex v € ¢ Ur with dy (u,v) <o.

Definition 5.16 (k-similar paths) Let p and g be paths in I'(G, X U ), and let kK > 0. The paths p
and ¢ are said to be k-similar if dx (p—,q—) <k and dx (p+,q+) <k.
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Proposition 5.17 [46, Proposition 3.15, Lemma 3.21 and Theorem 3.23] Forany A > 1 and ¢, k > 0 there
is a constant k = k(A, ¢, k) > 0 such that if p and q are k-similar (A, ¢)-quasigeodesics in I'(G, X U )
and p is without backtracking, then

(1) for every phase vertex u of p, there is a phase vertex v of q with dx (u,v) <k;

(2) every #-component s of p, with |s|x > k, is connected to an ¥-component of q.
Moreover, if q is also without backtracking then

(3) if s and t are connected J¢-components of p and q respectively, then
max{dy (s—,1-),dx (s+.14+)} < k.
5.3 Quasigeodesicity of paths with long components
One of the tools for proving Theorem 3.5 will be the next result of Martinez-Pedroza from [37].

Proposition 5.18 [37, Proposition 3.1] There are constants {o > 0 and Ao > 1 such that the following

holds. It ¢ = rgsy -+ rpSp+1 is a concatenation of geodesic paths rg, S1, ..., n,Sp+1 in I'(G, X U %)
such that
(1) s; is an ¥-component of q, foreachi =1,...,n+1,

Q) |silx = o, foreveryi =1,...,n+1,

(3) s; is not connected to s; 41, foreveryi =1,...,n,

then ¢ is (Ag, 0)-quasigeodesic in I' (G, X U ¥) without backtracking.
We will actually need a slightly more general version of Proposition 5.18, as follows.

Proposition 5.19 There exist constants A > 1 and ¢ > 0 such that for every p > 0 there is {1 > 0
such that the following holds. Suppose that p = agbiay --- bpay is a concatenation of geodesic paths
ag,b1,...,by,an in T'(G, X U %) such that

(1) b; is an ¥-subpath of p, foreachi =1,...,n,

(2) |bilx =&y, foreachi =1,...,n;

(3) b; is not connected to bj 41, foreveryi =1,...,n—1;

(4) if b; is connected to a component h of a; or a;—y then |h|xy <p,i =1,...,n.

Then p is a (A, ¢)-quasigeodesic without backtracking.

Proof The argument below employs the following trick: for each i = 1,...,n, we replace the -
component of p containing b; by a single edge s;, and then embed the resulting path p’ into a larger
path ¢ to which Proposition 5.18 can be applied. Since a subpath of a (A, ¢)-quasigeodesic path without
backtracking is again (A, ¢)-quasigeodesic and without backtracking, this will complete the proof. In
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order to construct the path ¢ we add an extra infinite peripheral subgroup Z by embedding G into a larger
relatively hyperbolic group Gi.

Let us consider the free product G; = G * Z, where Z = (z) is an infinite cyclic group. Since G
is hyperbolic relative to the family {H, | v € N}, the group G is hyperbolic relative to the union
{Hy | v € N} U{Z} (this can be fairly easily deduced from the definition or from many existing
combination theorems for relatively hyperbolic groups, eg [45, Corollary 1.5]).

Note that G embeds in G and G is generated by the finite set X’ = X L {z}. Let #' = ¥ U Z \ {1}, so
that the Cayley graph I'(G, X U %) is naturally a subgraph of the Cayley graph I'(G1, X' U%’). Therefore
we can think of p as a path in I'(G1, X' U %/).

The normal form theorem for free products [35, Theorem IV.1.2] implies that the embedding of G into
G is isometric with respect to both proper and relative metrics; more precisely,

(5-5) dx(g.h) = dx/(g.h) and dxux(g.h) = dxuw(g.h) forall g.heG.

An alternative way to see this is to use the retraction r: G; — G, such that r(x) = x for all x € X and
r(z)=1.Thenr(X')= X U{l1}, r(H,) = Hy, forall v € N, and r(Z) = {1}.

Let {o > 0 and A¢ > 1 be the constants provided by Proposition 5.18 applied to the group Gy, its finite
generating set X’ and its Cayley graph I'(G1, X' U%). Set &y =0 +2p+ 1> 0.

Foreachi =1,...,n, lett; denote the H,,-component of p containing the edge b;, v; € N. Note that
t1,..., I, are pairwise distinct by condition (3), in particular no two of them share a common edge. In
view of Remark 5.9, for every i = 1,...,n we can represent #; as a concatenation t; = h;_1b; f;, where

* h;_1 is either the last edge and an H,,-component of a; 1 if ¢;—1 ends with an H,,-component,
or h;_1 is the trivial path, consisting of the vertex (a;—1)+, if a;—1 does not end with an H,,-
component;

e f; is the first edge and an H,,-component of a; if a; starts with an H,,-component, or f; is the
trivial path, consisting of the vertex (a;)—, if a; does not start with an H,,-component.

Note that for eachi = 1,...,n we have |h;—1|x < p and | fi|x < p, by condition (4). By (2) and the
triangle inequality we get

(5-6) ltilx = |bilx —2p=>Co+1 fori=1,...,n.
Therefore p decomposes as a concatenation
P =rolir1 - Intn,
where r; is a subpath of a;, i =0,...,n, such that ag = roho,a1 = firihi,...,an = fatn.

By (5-6) the endpoints of the H,,-component #; of p must be distinct; hence there is an edge s; joining
them in I'(G, X U %), with Lab(s;) € H,; \{1},i =1,...,n. Now, (5-6) and (5-5) imply that

Isilx = |tilx’ = |tilx =Co fori=1,...,n.
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Choose k € N so that |z%|x/ > ¢y and let 5,41 be the edge in ['(Gy, X' U %), starting at p4 = (ry)+
and labelled by zX. Observe that |s,4+1|x’ = |z¥|x’ > .

Consider the path ¢ in T'(Gy, X’ U %), defined as the concatenation ¢ = roSy -+ rpSp+1. By (5-5)
the paths rg, ..., ry are still geodesic in I'(G1, X' U %), and s1,. .., sy+1 are #’'-components of ¢, by
construction. Finally, s; is not connected to s;4+1, for i = 1,...,n — 1, because elements of G that
belong to different H,-cosets continue to do so in G, and s, is not connected to s, 41 because H,,
and Z are distinct peripheral subgroups of G1. Therefore all of the assumptions of Proposition 5.18 are
satisfied, which allows us to conclude that the path ¢ is (19, 0)-quasigeodesic without backtracking in
G, X' U¥).

Consequently, the path p’=rgs171--- s, is (Ag,0)-quasigeodesic without backtracking in I'(G1, X'U%),
as a subpath of ¢. Since p’ only contains vertices and edges from I'(G, X U %), we see that p’ is also
(Ao, 0)-quasigeodesic without backtracking in I'(G, X U ¥).

Now, the original path p can be obtained by replacing the edges sy, ...,s, of p’ by paths #1, ..., ,, each
of which has length at most 3. Hence, by Lemma 4.4, p is (319, 1819 + 6)-quasigeodesic. Since p’
is without backtracking and every #-component of p is connected to an #-component of p’ (and vice
versa), by construction, the path p must also be without backtracking.

Thus we have shown that the path p is (A, ¢)-quasigeodesic without backtracking in I'(G, X U %), where
A =3A¢and ¢ = 184¢ + 6. O

5.4 Quasiconvex subsets in relatively hyperbolic groups

In this paper we shall use the definition of a relatively quasiconvex subgroup given by Osin in [46]. For
convenience we state it in the case of arbitrary subsets rather than just subgroups.

Definition 5.20 (relatively quasiconvex subset) A subset Q C G is said to be relatively quasiconvex
(with respect to {H,, | v € N}) if there exists € > 0 such that for every geodesic path ¢ in I'(G, X U %),
with g_, g+ € Q, and every vertex v of ¢ we have dy (v, Q) <e.

Any number & > 0 as above will be called a quasiconvexity constant of Q.
Osin proved that relative quasiconvexity of a subset is independent of the choice of a finite generating set

X of G; see [46, Proposition 4.10] — the proof there is stated for relatively quasiconvex subgroups but
actually works more generally for relatively quasiconvex subsets.

We outline some basic properties of quasiconvex subsets and subgroups of G in the next two lemmas.

Lemma 5.21 Let Q be a relatively quasiconvex subset of G. Then
(a) the subset g Q is relatively quasiconvex, for every g € G;

(b) if T C G lies at a finite dx -Hausdorff distance from Q then T is relatively quasiconvex.
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Proof Claim (a) follows immediately from the fact that left multiplication by g induces an isometry of
G with respect to both the proper metric dy and the relative metric dy .

To prove claim (b), suppose that ¢ > 0 is a quasiconvexity constant of Q and the dy-Hausdorff distance
between Q and T is less than k € N. Consider any geodesic path ¢ in I'(G, X U¥) withz_,ty € T,
and take any vertex v of . Then there are x, y € Q such that dy(x,7—) <k and dx(y,t+) < k. Let
g be any geodesic connecting x with y. Then ¢ is k-similar to z, hence there is a vertex u of ¢ such
that dy (v, u) <k, where k = k(1,0, k) > 0 is the global constant given by Proposition 5.17 applied to
k-similar geodesics. By the relative quasiconvexity of Q, there exists w € Q such that dx (u, w) < ¢.
Moreover, dy (w, T') <k by assumption. Therefore dx (v, T) <« +e&+k, thus T is relatively quasiconvex
inG. |

Lemma 5.22 Suppose that Q < G is a relatively quasiconvex subgroup. Then forallg € G and Q' <y Q

1

the subgroups gQg~" and Q' are relatively quasiconvex in G.

Proof By claim (a) of Lemma 5.21, the coset gQ is relatively quasiconvex and the dy-Hausdorff

1 -1

distance between this coset and gQg~" is at most |g|x; hence gQg™" is relatively quasiconvex in G by

claim (b) of the same lemma.

Suppose that Q = | J"; Q’h;, where h; € Q,i =1,...,m. Then the dx-Hausdorff distance between Q
and Q' is bounded above by max{|h;|x | 1 <i <m}, so Q' is relatively quasiconvex by Lemma 5.21(b). O

Corollary 5.23 Any parabolic subgroup of G is relatively quasiconvex.

Proof Let H = gQg~! be a parabolic subgroup, where g € G and Q < H,, for some v € N. The
subgroup Q is relatively quasiconvex in G (with quasiconvexity constant 0), because any geodesic
connecting two elements of Q consists of a single edge in I'(G, X U ¥). Therefore H is relatively
quasiconvex by Lemma 5.22. m]

Lemma 5.24 Let P be a maximal parabolic subgroup of G and let Q be a finitely generated relatively
quasiconvex subgroup of G. Then the subgroups P and Q N P are finitely generated.

Proof The fact that each H,, is finitely generated, provided G is finitely generated, was proved by Osin
in [46, Theorem 1.1].

Now, Hruska [30, Theorem 9.1] proved that every quasiconvex subgroup Q of G is itself relatively
hyperbolic and maximal parabolic subgroups of Q are precisely the infinite intersections of Q with
maximal parabolic subgroups of G. In other words, if P < G is maximal parabolic, then Q N P is either
finite or a maximal parabolic subgroup of Q. Combined with Osin’s result [46, Theorem 1.1] mentioned
above we can conclude that if Q is finitely generated then so is Q N P, as required. |

The following property of quasiconvex subgroups will be useful.
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Lemma 5.25 Let Q, R < G be relatively quasiconvex subgroups of G. For every { > 0 there exists a
constant . = 1(¢) > 0 such that the following holds.

Suppose x € G,a € Q and b € R are some elements, [x, xa] and [x, xb] are geodesic paths in ' (G, X U¥),
and u € [x, xa] and v € [x, xb] are vertices such that dy (u,v) <. Then there is an element z € x(Q N R)
such that dx (u,z) < u and dx (v, z) < u.

Proof Denote by ¢ > 0 a quasiconvexity constant of the subgroups Q and R. After applying the left
translation by x~1, which is an isometry with respect to both metrics dy and dyyug, we can assume that
x=1.Let K'= K'(Q, R, &+ ) be the constant given by Lemma 4.1.

Sincex =1€ QNR, xa=a € Q and xb = b € R, by the relative quasiconvexity of Q and R
we know that u € Nx(Q,¢) and v € Nx(R,¢). By the assumptions dy (u,v) < ¢, it follows that
u € Nx(Q,e+0)NNx(R,s+¢); hence u € Ny(QNR, K’') by Lemma 4.1.

Thus there exists z € Q N R such that dy (u,z) < K’, and, hence, dx (v,z) < K’ + ¢ by the triangle
inequality. Therefore the statement of the lemma holds for u = K’ 4 ¢. O

The next combination theorem was proved by Martinez-Pedroza.

Theorem 5.26 [37, Theorem 1.1] Let G be a relatively hyperbolic group generated by a finite set X .
Suppose that Q is a relatively quasiconvex subgroup of G, P is a maximal parabolic subgroup of G
and D = Q N P. There is a constant C > 0 such that the following holds. If H < P is any subgroup
satisfying

(1) HNQ =D, and

(2) miny(H\D)=C,
then the subgroup A = (H, Q) is relatively quasiconvex in G and is naturally isomorphic to the amalga-
mated free product H xp Q.

Moreover, for every maximal parabolic subgroup T of G, there exists u € A such that either

ANT CuQu™' or ANT CuHu !

Part II Quasiconvexity of virtual joins
This part of the paper is mostly devoted to the proofs of Theorems 3.5 and 1.2. Let us start by giving
brief outlines of the arguments.

Suppose G is a group generated by finite set X and hyperbolic relative to a collection of subgroups
{H, |v eN}. Denote % =| |,y Hv \ {1} and take any A > 0. Consider two finitely generated relatively
quasiconvex subgroups @, R < G. Set S = Q N R and suppose that O’ < Q and R’ < R are subgroups
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satisfying conditions (C1)—(C5) from Section 3.1, with some finite collection of maximal parabolic
subgroups % of G (which is independent of A) and parameters B and C that are sufficiently large with
respect to A.

Every element g € (Q’, R’) can be written as a product of elements of Q" and R’, which gives rise to
a broken geodesic line in I'(G, X U #) (not necessarily uniquely), whose label represents g in G. We
choose a path p from the collection of such broken lines, representing g, that is minimal in a certain
sense. The path p may fail to be uniformly quasigeodesic, as it may travel through H, -cosets for an
arbitrarily long time. We do, however, have some metric control over such instances of backtracking,
using the fact that Q' and R’ satisfy conditions (C1)—(C5) and the minimality of p.

We construct a new path from p, which we call the shortcutting of p, that turns out to be uniformly
quasigeodesic. Informally speaking, the shortcutting of p is obtained by replacing each maximal instance
of backtracking in consecutive geodesic segments of p with a single edge, then connecting these edges in
sequence by geodesics. The resulting path can be seen to satisfy the hypotheses of Proposition 5.19. It
follows that the shortcutting of p is uniformly quasigeodesic, and hence (Q’, R’) is relatively quasiconvex.
Properties (P2) and (P3) also follow from this quasigeodesicity, giving us Theorem 3.5.

Now suppose that G is QCERF and its peripheral subgroups are double coset separable. In Theorem 11.3
we use the separability assumptions on G and {H, | v € N} to deduce the existence of a finite-index
subgroup M <y G such that Q' =Q NM <y Q,R'= RN M <y R satisfy conditions (C1)-(C5) with
constants B and C large enough to apply Theorem 3.5 (as suggested in Remark 3.4). Conditions (C1) and
(C4) are essentially automatic. Conditions (C2), (C3) and (C5) can be assured to hold for the subgroups
Q' and R’ using Lemma 4.16 by the QCERF condition on G, separability of double cosets PS (where
P is one of finitely many maximal parabolic subgroups) and double coset separability of the peripheral
subgroups, respectively.

The remaining technical difficulty is in showing that the double cosets of the form PS as above are
separable in G. To this end, we prove a general result about lifting separability of certain double cosets in
amalgamated free products. This is then combined with a result of Martinez-Pedroza (Theorem 5.26),
allowing us to deduce Theorem 1.2 from Theorem 3.5.

6 Path representatives

Let us set the notation that will be used in the next few sections.

Convention 6.1 We fix a group G, generated by a finite set X, which is hyperbolic relative to a finite
family of subgroups {H, | v € N}. We let # = | |, (Hy \ {1}). It follows that the Cayley graph
I'(G, X U ) is §-hyperbolic, for some § € N (see Lemma 5.4).

Furthermore, we assume that O, R < G are fixed relatively quasiconvex subgroups of G, with a quasi-
convexity constant € > 0, and denote S = Q N R.
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In this section Q" and R’ will denote some subgroups of Q and R respectively. We will introduce path
representatives of elements in (Q’, R’) and will order such representatives by their types. This will be
crucial in our proof of Theorem 3.5.

Definition 6.2 (path representative, ) Consider an arbitrary element g € (Q’, R’). Let p = p1 -+ pn
be a broken line in T'(G, X U %) with geodesic segments py, ..., p,, such that p = g and p; € Q" U R’
foreachi € {1,...,n}. We will call p a path representative of g.

To choose an optimal path representative we define their types.

Definition 6.3 (type of a path representative, I) Suppose that p = p;--- p, is a broken line in
I'(G, XU%). Foreachi =1,...,n,let T; denote the set of all ¥-components of p;, andlet T = U?:1 T;.
We define the type t(p) of p to be the triple

() = (m ). 2l ) < N

teT
where £(p) = Y 7_; £(p;) is the length of p.

Definition 6.4 (minimal type) Given g € (Q’, R’), the set & of all path representatives of g is non-empty.
Therefore the subset 7(¥) = {t(p) | p € ¥} € No>, where No? is equipped with the lexicographic order,
will have a unique minimal element.

We will say that p = pq --- py is a path representative of g of minimal type if T(p) is the minimal element
of 7(9).

Remark 6.5 If p; and p, are paths with (p1)+ = (p2)— whose labels both represent elements of Q’
(or, respectively, both of R’), then the label of any geodesic [(p1)—, (p2)+] also represents an element
of Q' (respectively, R"). Hence in a path representative of g € (Q’, R’) of minimal type, the labels of
the consecutive segments necessarily alternate between representing elements of Q' \ (Q' N R’) and
R\ (Q' N R’), whenever g is not itself an element of Q' N R’.

The minimality of the type of a path representative is thus a numerical condition on the total lengths
of the paths p; and the total lengths of their components. In the next few sections we will study local
properties induced by this global condition. The first such property is stated in the next lemma.

Notation 6.6 Let x, y,z € G. We will write (x, y) = %(dxu%(x, z)+dxux(y,z) —dxux(x, y)) to
denote the Gromov product of x and y with respect to z in the relative metric dy .
Lemma 6.7 (Gromov products are bounded) There is a constant Co > 0 such that the following holds.

Let Q' < Q and R’ < R be subgroups satisfying condition (C1). If p = py -+ py, is a minimal type path
representative of an element g € (Q’, R') and fy, ..., f, € G are the nodes of p (that is, fi—1 = (p;)—,
fori =1,...,n,and f, = (pn)+) then (ﬁ_l,ﬁﬂ)}? <Cqforeachi=1,...,n—1.
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fi+1

Figure 1: We obtain a different path representative for g by replacing p; and p;4; with geodesics
from f;_j toz to fitq.

Proof Let o € Ny be the constant from Proposition 5.15 and let 4 = pu(o) > 0 be given by Lemma 5.25.
Set Co = u + 8§ + 20 + 2, and assume that p = p; --- p, is a path representative of g € (Q’, R’) of
minimal type.

Take any i € {1,...,n —1}. Choose vertices u € p; and v € p; 41 so that
dxu(fiu) = dxun(fi, v) = L{fi-1, fiv1)§' ).
As T'(G, X U %) is §-hyperbolic, we must have dyygye(u, v) < 6.

If ( fi—1, fl-+1)}‘°f] < Cp then we are done, so suppose otherwise. Then dxyug(u, fi) >6+c+ 1€ N, so
there is a vertex u; on the subpath [u, f;] of p; such that

dyuxui,u)=864+0+ 1.

Applying Proposition 5.15 to the geodesic triangle A with sides [u, f;], [ fi, v] and [u, v] (here we choose
[ fi, v] to be a subpath of p;11), we can find some vertex vy € [u, v] U [ fi, v] with dy (vi,uy) <o. If
v1 € [u, v], then, by the triangle inequality,

dxuse(ur, u) < dxuyw(r, v1) +dxuw(,v) <o +8,
which would contradict the choice of u1. Therefore it must be that vy € [ f;, v] (see Figure 1).
Since the path representative p has minimal type, in view of Remark 6.5 we must have either p; € Q'
and pijyq1 € R or p; € R' and pj41 € Q'. Without loss of generality let us assume the former. We
can apply Lemma 5.25 to find z € f;(Q N R) with dx(u1,z) < pu and dx(vi,z) < . Let p] be a
geodesic path in I'(G, X U ¥) joining f;—; = (p;)— with z and let plf_H be a geodesic path joining z
with fi+1 = (pi+1)+. Observe that f;_1 € /; O’ and Q N R C Q' by (C1), whence

pi=/Zze Q' T (QNR) =0
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Similarly, p;_ ; € R’. Tt follows that the path p’ = py--- pi—1p; p; || Pi+2 "+ Pn is also a path represen-
tative of the same element g € (Q’, R').

Since p has minimal type, by the assumption, it must be that £(p;) +€(pi+1) < £(p;) +€(p;, ), which
can be rewritten as

(6-1) dxus(fi-1, fi) +dxux(fi, fi+1) <dxuu(fi-1,2) +dxuu(z, fi+1)-
Since u; € p;, we have dxyuse(fi—1, fi) = dxuw(fi—1,u1) +dxus(u1, fi). On the other hand,
dxuw(fi-1,2) <dxus(fi—1,u1) +dxuw(ur, 2) < dxuu(fi-1,u1) + 1,
by the triangle inequality. Similarly,
dxu(fi, fi+1) = dxuw(fi.v1) +dxuw(vr, fi+1) and  dxuwx(z, fi+1) <dxux(vr, fi+1) + 1.
Combining the above inequalities with (6-1), we obtain
(6-2) dxuw(ur, fi) +dxuw(fi,v1) < 2u.
Now, by construction, we have
(6-3) dxun(ur, fi) = dxun, fi) —dxur@i,u) = [(fim1, fi+1)5 ] =@+ 0 +1).
On the other hand, since dx g (v1,u1) < o, we achieve
6-4)  dxun(fi,v1) = dxuxeur, fi) —dxua(vi,un) = [(fio1, fis1) ] — (6 +20 + 1),
After combining (6-3), (6-4) and (6-2), we obtain
20(fie1s fi41)§ ] — (28 4+ 30 +2) < 2u.
Therefore, we can conclude that { fi—1, fi+1 )}eil <u—+8+420+2=Cy, as required. a

7 Adjacent backtracking in path representatives of minimal type

In this section we continue working under Convention 6.1. Our goal here is to study the possible
backtracking within two adjacent segments in a minimal type path representative.

Lemma 7.1 For all non-negative numbers { and & there exists t = 1({, £) > 0 such that the following
holds.

Suppose that Q' < Q and R’ < R are subgroups satistying (C1), g € (Q', R’) and p = py -+ p, is a path
representative of g of minimal type. If for some i € {1,...,n— 1}, s and t are connected ¥-components
of p; and p; 4+ respectively, such that dx (s—,t+) < ¢ and dx (s+, (p;i)+) <&, then |s|x <t and |t|x <T.

Proof Let u = p(¢) > 0 be the constant from Lemma 5.25. Since |X| < oo and |N'| < co we can define
the constant k > 0 as

7-1) k=max{K'(QNR,cHy,c L+ ) |veN, ceG, |c|x <&},
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-
(pi)-€xQ’ z€x(QNR) (pi+1)+ € xR’
Figure 2: Illustration of Lemma 7.1.
where for each ¢ € G and v € N the constant K’(Q N R, cH,c™ !, £ 4+ ) is given by Lemma 4.1. Let
L > 0 be the constant from Lemma 5.14 and set T =2k +2§ + ¢+ L > 0.

Let p = p1--- pn be a path representative of some g € (Q’, R’) of minimal type. Suppose that s and ¢
are connected H,,-components of p; and p; 4+ respectively, for some i € {I,...,n—1} and v € N, such

that dx (s—,1+) < ¢ and dx (s+, (pi)+) =§.

Note that, by Lemma 5.14,

(7-2) dx(st+.1-) < L.

Denote x = (p;i)+ = (pi+1)—- € G,a =x"'sy € G and b = x~'1_ € G; see Figure 2.

Note that

(7-3) aH, = bH,, hence aH,a ' =bH,bh7 ',

because the H,-components s and ¢ are connected. Using the lemma hypotheses and (7-2) we also have
(7-4) lalx =dx(x,s4) <§ and |bly <dx(x.s4)+dx(s4+.1-) <§+L.

In view of Remark 6.5, without loss of generality we can assume that Lab( p;) represents an element of
Q' and Lab(p;+1) represents an element of R’ in G (the other case can be treated similarly). Applying
Lemma 5.25, we can find z € x(Q N R) such that dx (s—, z) < u.

1 1

Consider the element u = s_a~! = xa§"'a~! € xaH,a™', and observe that dy (s—,u) = |a~!|x <&.
On the other hand, dy (s—, x(Q N R)) < dx(s—, z) < u, whence

s_ € Ny(x(QNR),E+p) NNy (xaH,a 1 &+ ).
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Therefore, according to Lemma 4.1, there exists w € x(Q N RN aHva_l) such that
(7-5) dy (s—,w) <k,
where k > 0 is the constant defined in (7-1).

Let « be the subpath of p; from s; = xa to (p;)+ = x. Choose the geodesic path [wa, w] as the
translate wx L. Observe that s € xaH, and wa € xaHya 'a = xaH, lie in the same H,-coset.
Thus dx g (s—, wa) < 1; if s_ = wa we let e be the trivial path in I'(G, X U #) consisting of the single
vertex s—, and otherwise we let e be the edge of I'(G, X U %) labelled by an element of H,, \ {1} that
joins s— to wa. Define the path ¢ in I'(G, X U ¥) as the concatenation

(7-6) q = [(pi)-.s-le[wa, w],
where [(p;)—, s—] is chosen as the initial segment of p;.
Since £(e) <1 =dxux(s—, s+), we can bound the length of the path ¢ from above as follows:
(7-7) €q) = dxux((pi)—s-) + L(e) + dxux(wa, w)
< dxu((pi)-.s-) + dxuwx(s—. s4+) + dxux(xa, x) = £(p;).

Now we construct a similar path from w to (p;+1)+. Let B be the subpath of p; 4+ from (p;j+1)— = x
to 7— = xb. Choose the geodesic path [w, wb] as the translate wx~! 8. Recall that 7 € xbH,, and note
that the inclusion w € xaH,a ™!, together with (7-3), imply that wh € xbH,, also. If t; = wbh then let
f be the trivial path in I'(G, X U ¥) consisting of the single vertex 74, otherwise let f be the edge
in I'(G, X U %) joining the vertices wh and ¢4 with Lab(f) € H, \ {1}. We now define the path r in
I'(G, X U ¥) as the concatenation

(7-8) r=[w, wb]ft+, (pi+1)+],

where ¢4+, (pi+1)+] is chosen as the ending segment of p; ;. Similarly to the case of ¢ we can estimate
that

(7-9) £(r) < (pi+1).

Note that since g— = (pj)—- = xp; ' € xQ’', g4 =w e x(QNR)and QN R C Q', we have g € Q'.
Similarly, 7 € R’.

Let p] be a geodesic path from g— = (p;)— to ¢+ = w, and let p; 1 be a geodesic path from w = r_ to
(Pi+1)+ =r4. Since p; =g € Q"and p; , =7 € R’, the broken line p’ = p1--- pi—1p; {1 Pi+2" " Pn
is a path representative of the same element g € G.

If at least one of the paths ¢, r is not geodesic in I'(G, X U %), then, in view of (7-7) and (7-9) we have
E(p) +L(piyq) <€q) +L(r) <L(pi) +E(pi+1):
hence £(p) = Y.7_; £(pi) > £(p’), contradicting the minimality of the type of p.
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Hence both ¢ and r must be geodesic in I'(G, X U %), so we can further assume that p; = ¢ and
Pj+q = 1. Moreover, the inequality £(p) < £(p’) must hold by the minimality of the type of p. Therefore
L(pi)+L(pi+1) <L(q)+L(r), which, in view of (7-7) and (7-9), implies that £(q) =£(p;), £(r) =L(pi+1)
and £(p) = £(p’). In particular, e and f are actual edges of I'(G, X U %) (and not trivial paths).

The definition (7-6) of ¢ implies that Lab(g) can differ from Lab(p;) in at most one letter, which is the
label of the H,-component ¢ in Lab(g) and the label of the H,-component s in Lab(p;). Indeed,

Lab(p;) = Lab([(pi)—, s—]) Lab(s) Lab(ex) and Lab(q) = Lab([(p;)—, s—]) Lab(e) Lab(x),

where we used the fact that [wa, w] is the left translate of «, by definition, and hence it has the same label

as o.

Similarly, (7-8) implies Lab(r) can differ from Lab(p;) in at most one letter which is the label of f in r
and the label of ¢ in p;+1. The minimality of the type of p therefore implies that

(7-10) slx +t]x <lelx +|f|x-
Now, using the triangle inequality, (7-5) and (7-4) we obtain
(7-11) lelx = dx (s—, wa) < dx(s—. w) +dx(w, wa) <k +|alx <k +§.
To estimate | f |y we also use the inequality dy (s—,?4+) < :
(7-12) | flx = dx (14, wb) < dx (t4+,w) + |b|x
<dy(ty.s-)+dy(s—,w)+E+L<C+k+E+L.
Combining (7-10)—(7-12) together, we achieve
max{ls|x, |[t[x} <lelx +|flx <2k +26+(+L=r1.
This inequality completes the proof of the lemma. O
The following auxiliary definition will only be used in the remainder of this section.
Definition 7.2 Let Cy > 0 be the constant provided by Lemma 6.7, let L > 0 be the constant given by
Lemma 5.14 and let « = k (1,0, L) > 0 be the constant from Proposition 5.17.
Define the sequences ({;);eN, (§;)jen and (7;),en of non-negative real numbers as follows.
Set {1 =«, & = Co+ 1 and 11 = max{x, ({1, 1)}, where 7(¢1, &1) is given by Lemma 7.1.
Now suppose that j > 1 and the first j — 1 members of the three sequences have already been defined.

Then we set .
Jj—1

G=k. &=Co+l+Y mw. 7 =max{x,t( &)
k=1
where 7({;, §;) is given by Lemma 7.1.

Algebraic & Geometric Topology, Volume 25 (2025)



Quasiconvexity of virtual joins and separability of products in relatively hyperbolic groups 433

Lemma 7.3 There exists a constant C1 > 0 such that the following is true.

Let Q' < Q and R’ < R be subgroups satistfying (C1) and let p = pj --- p, be a minimal type path
representative for an element g € (Q’, R’). Suppose that, for some i €{1,...,n—1}, g and r are connected
d¢-components of p; and p; 4+ respectively. Then dx (q+, (pi)+) < C1 anddx ((p;)+,r—) < Cy.

Proof Denote x = (p;)+ = (pi+1)— € G. First, let us show that
(7-13) dxus(q+.x) = Co+ 1,

where Cp > 0 is the global constant provided by Lemma 6.7. Indeed, the latter lemma states that
((pi)=, (Pi+1)+)™ < Cy. Since g+ and r_ are points on the geodesics p; and p;+1, Remark 4.6 implies
that

(g, 705 < ()= (Pi+1)+)5 < Co.
Consequently,
Co = (q+.7-)%" = 3 (dxune(x. q+) + dxuse(x.r-) — dxus(q+.r-))
> L (2dxun(x. q4) —2dxus(qs.r-)) = dxus(x.q4) — 1,

where the last inequality used the fact that dx s (¢+, 7—) < 1, which is true because ¢ and r are connected
d¢-components. This establishes the inequality (7-13).

Let « denote the subpath of p; starting at g4+ and ending at x, and let 8 denote the subpath of p;4;
starting at x and ending at r—. Let s1,...,s;, [ € Ny, be the set of all #-components of « listed in the
reverse order of their occurrence. That is, s is the last #-component of « (closest to ¢+ = x) and s; is
the first #-component of « (closest to «— = g4 ). Note that, by (7-13),

(7-14) [ <l(e) = dxug(x,q+) < Co+ 1.
Let L > 0 be the constant given by Lemma 5.14, then
(7-15) dx(a—, B+) =dx(q+.r-) < L.

It follows that the geodesic paths o and B~ are L-similar in I'(G, X U %). Let k = k(1,0, L) > 0 be
the constant provided by Proposition 5.17.

We will now prove the following.

Claim 7.4 Foreach j =1,...,/ we have

(7-16) sjlx =7,
where 7; > 0 is given by Definition 7.2.

We will establish the claim by induction on j. For the base of induction, j = 1, note that if |s1 |y <«
then the inequality |sq|xy < t1 will be true by definition of t;. Thus we can suppose that |s1|x > k.
In this case, by Proposition 5.17, s; must be connected to some #-component of 1. Claim (3) of
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the same proposition implies that there is an ¥-component #; of 8, such that 51 is connected to 71 and
dx ((s1)=, (t1)+) < k. Note that, by construction, s; and #; are also connected #-components of p; and
Pi+1 respectively.

Observe that the subpath of « from (s1)4 to x is labelled by letters from X! because it has no ¥-
components. Therefore dx ((s1)+, x) <£(a) < Cp+ 1. Consequently, we can apply Lemma 7.1 to deduce
that |s1|x < 7({1,£1), where {1 =k and §1 = Cp + 1.

Thus we have shown that |s1|xy < t1, where 1y = max{k, t({1, 1)}, and the base of induction has been
established.

Now, suppose that j > 1 and inequality (7-16) has been proved for all strictly smaller values of ;.
If |sj|x < « then are done, because t; > k by definition. So we can assume that |s;[x > k. As
before, we can use Proposition 5.17, to find an J¢-component ¢; of 8 such that s; is connected to #; and
dx ((sj)—. (1j)+) = .

By construction, s1,...,s;—1 is the list of all 3-components of the subpath [(s;)+, x] of «; hence

Jj—1 j—1
dX((Sj)-i—»x) <{(x) + Z Iselx <Co+ 1+ Z T,
k=1 k=1

where the second inequality used (7-14) and the induction hypothesis. This allows us to apply Lemma 7.1
again, and conclude that |s;|x < 7({;,§;), where {; =k and §; = Co+ 1+ Zi;ll Tk

Thus, |s;|x <max{k,7({;,&;)} = 1;, as required. Hence the claim has been proved by induction on ;.

We are finally ready to prove the main statement of the lemma. Since s1,...,s; is the list of all ¥-
components of &, we can combine the inequalities (7-14) and (7-16) to achieve

l l [Co+1]
dx G+ (p)+) = lelx <€@) + Y lsjilx <Co+1+Y 5 <Co+1+ Y. 1.
j=1 j=1 j=1

On the other hand, by the triangle inequality and (7-15), we have
[Co+1]
dx((pi)+.r-) L +dx(q+. (p)+) <L+ Co+ 14+ > 1.
j=1
We have shown that the constant C; = L+Co+ 1+ ZJLS’{HJ 7; > 0is an upper bound for dx (¢+, (pi)+)
and dx ((p;i )+, r—); thus the lemma is proved. |

Definition 7.5 (consecutive, adjacent and multiple backtracking) Let p = p;--- p, be a broken line
in I'(G, X U ). Suppose that for some i and j, with 1 <i < j <n, and v € N there exist pairwise
connected H\,-components h;,h;41,...,h; of the paths p;, pi+1,..., pj, respectively. Then we will
say that p has consecutive backtracking along the components #;,...,h; of p;,..., p;. Moreover, if
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j =i+ 1, we will call it an instance of adjacent backtracking, while if j > i 4+ 1 will use the term
multiple backtracking.

The next lemma shows that, among path representatives of minimal type, instances of adjacent backtracking
where at least one of the components is sufficiently long with respect to the proper metric dy must have
initial and terminal vertices far apart in dy.

Lemma 7.6 (adjacent backtracking is long) For any { > 0 there is ®y = ®¢({) € N such that the
following holds.
Let Q' < Q and R’ < R be subgroups satisfying (C1) and let p = py --- p, be a minimal type path
representative for an element g € (Q’, R’). Suppose that for some i € {1,...,n — 1} the paths p; and
pi+1 have connected ¥-components q and r respectively, satisfying

max{|q|x.|r|x} = Oo.
Thendx (q—,r+) = §.
Proof For any ¢ > 0 we can define ®¢ = [7(¢, C1)] + 1, where Cj is the constant from Lemma 7.3 and
(¢, Cy) is provided by Lemma 7.1.

It follows that if dy(g—,r+) < ¢ then |g|x < ®¢ and |r|x < ®¢, which is the contrapositive of the
required statement. ad

8 Multiple backtracking in path representatives of minimal type

As before, we keep working under Convention 6.1. In this section we deal with multiple backtracking in
path representatives of elements from (Q’, R"). Proposition 8.4 below uses condition (C3) to show that
any instance of multiple backtracking essentially takes place inside a parabolic subgroup. In order to

achieve this we first prove two auxiliary statements.

Notation 8.1 Throughout this section C; > 0 will be the constant given by Lemma 7.3 and % will
denote the finite collection of parabolic subgroups of G defined by

P ={tHyt  [velN, |ty <Ci}.

Consider the subset O ={0o € PS | P € P1, |o|x <2C1} of G. Since | 0| < oo, we can choose and fix a
finite subset 2 C S such that every element 0 € O can be written as 0 = fh, where f € P, for some
P € Py, and h € Q2. We define a constant E by

(8-1) E =max{|h|x | h € Q} > 0.

Lemma 8.2 There exists a constant D > 0 such that the following holds.

Let v € N and b € G be an element with |b|y < C1, so that P = bH,b~ Y € P, and let p be a geodesic
pathinT'(G, X U¥) withp € Q UR.
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Figure 3: Illustration of Lemma 8.2.

Suppose there is a vertex v of p and an element u € P such that ve Pb=bH, andu"'p_c S =QNR.
Then there exists a geodesic path p’ in I'(G, X U %) such that

e pl =uanddx(pl .v)<D;

e ifpe Qthenp’ € QN P, otherwise p’ € RN P.
Proof Let K = max{Cy, e} > 0, where ¢ is the quasiconvexity constant of Q and R, and let
(8-2) D =max{K'(Q,P.K),K'(R,P,K) | P € P},
where K'(Q, P, K) and K'(R, P, K) are obtained from Lemma 4.1.

Denote x = p_ € G and assume, without loss of generality, that p € Q (the case p € R can be
treated similarly). By the quasiconvexity of Q, we have that dx (v, xQ) < e. Moreover, xQ = uQ as
ulxeSco.

By the assumptions, vh~! € P; hence dx (v, P) < |b|x < C;. Since uP = P we see that
ve Ny(u@,e)N Ny (upP, Cy).
Applying Lemma 4.1, we find w € u(Q N P) such that dy (v, w) < D (see Figure 3).
Let p’ be any geodesic in I'(G, X U ¥) starting at u and ending at w. It is easy to see that p’ satisfies all
of the required properties, so the lemma is proved. O

The next lemma describes how condition (C3) is used in this paper.

Lemma 8.3 Assume that subgroups Q' < Q and R’ < R satisfy conditions (C1) and (C3) with constant
C and family % such that C > 2C; + 1 and 1 C®. Let P =bH,b~! € Py, forsomev € N and b € G,
with |b|x < Cy, and let p be apathinT'(G, X U¥) with p € Q' UR’.

Suppose that there is a vertex v of p and an element u € P satisfying u='p_ € S, v € Pb, and
dx (v, p1) < C1. Then there exists a geodesic path p' such that (p')— =u, p’ € P, (p");'py € S and
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Figure 4: Illustration of Lemma 8.3.

dx((p")+, p+) < E, where E is the constant from (8-1). In particular, if p € Q' (respectively, p € R')
then p’ € Q' N P (respectively, p’ € R’ N P).
Proof Denote x=p_, y=p4 andz=vh~! € P (see Figure 4). Thenu~'ze€ Pandx~ 'y =pec Q'UR’.
Since u~!x € S = Q' N R, we obtain
uly=w'x)(x"'y)e Q'UR,

whence 271y = (z7lu)(u™'y) € P(Q’ U R’). Now, observe that

|27 ylx = dx(z.y) <dx(z.v) +dx(v.y) <|blx + C1 <2C; < C.
Condition (C3) now implies that z=!y € PS. Thatis, z~'y = fh for some f € P and h € Q, where Q
is the finite subset of S defined above the statement of the lemma. Let p’ be a geodesic path starting at u
and ending at zf € P. Then p' =u~'zf € P,

(P)i'pr=f""z"'y=heS and dx((p')+.p+)=I|hlx <E.
The last statement of the lemma follows from (C1) and the observation that

Pr=ut (P =u"p_p(p) NP+ € SPS. O

Proposition 8.4 Let D > 0 is the constant provided by Lemma 8.2, and let E be given by (8-1). Suppose
that Q' < Q and R’ < R are subgroups satistying (C1) and (C3), with constant C > 2Cy + 1 and family
PDOP.

Let p = py--- pn be a path representative for an element g € (Q’, R’) with minimal type. If p has
consecutive backtracking along #-components h;, . .., h; of the subpaths p;, ..., p; respectively, then
there is a subgroup P € %y and a path p’ = p; --- pj/. satistying the following properties:

) p;c is geodesic with p~;€ e P forallk=i,...,J;
(i) (pD+ =P+ P (pK)+ € S and dx ((p})+. (pk)+) < E, forall k =i +1,....j—1;
(iil) dx(p_.(hj)-) < D anddx(p'..(hj)+) < D;
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/
Pi—1

Figure 5: The new path p’ constructed in Proposition 8.4. The dotted lines between p and p’ are
paths whose labels represent elements of S.

(v) p;eQNPifp;eQ’ andp; € RNP if p; € R'; similarly, ﬁ} €eQNPifpje, andﬁj’- eERNP
if pj € R';
(v) foreachked{i+1,...,j—1}, Lab(p,’c) either represents an element of Q' N P or an element of
R'NP.
Proof Figure 5 below is a sketch of the path p” above the subpath p; p;1--- pj—1p; of p.
Note that claim (v) follows from claim (ii) and condition (C1), so we only need to establish claims (i)—(iv).

By the assumptions, there is v € N such that for each k € {i, ..., j}, the path p; is a concatenation
Pr = aphyby, where hy is an Hy,-component of p; and ay, by are subpaths of py.

According to Lemma 7.3, we have

(8-3) lbplx <C1 for k=i,...,j—1.

After translating everything by ( p,-):L1 we can assume that (p;)+ = 1. From here on, we let b = 151._ leG
and P = bH,b~!. As noted in (8-3), |b|x = |bi|x < C1,s0 P € P.

Since the components /; and hy, are connected, forevery k =i+1,..., j, the elements (h;)+ = (b;)—=b
and (/) + all belong to the same left coset bH, = Pb; thus

(8-4) (hg)+ € Pb forall k=i+1,...,]J.

The rest of the argument will be divided into three steps.

Step 1 Construction of the path p!.

Set u; = (pi)+ = 1 and v; = (h;)—. Then v; = l;i_lﬁl._l € bH,, = Pb, so the path pl._l, its vertex v;
and the element u; = 1 € P satisfy the assumptions of Lemma 8.2. Therefore there exists a path g with
qg— =ui,dx(q+,v) <D andsuchthatge QNP if p;e Qandge RN P if p; € R.

1

It is easy to check that the path p; = ¢~ enjoys the required properties.
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Step 2 Construction of the paths p;, fork =i +1,...,j — 1.

We will define the paths pl/c by induction on k. For k =i + 1 we consider the path p; 41, its vertex
Vi+1 = (hj+1)+ and the element u; = 1 = (pj4+1)—. Since vi4+1 € Pb by (8-4) and

dx (vi+1, (pi+1)+) = [bi+1lx = C1

by (8-3), we can apply Lemma 8.3 to find a geodesic path p; 1 starting at u; and satisfying the required
conditions.

Now suppose the required paths p; FRTRURS Py, have already been constructed for some me {i +1, ..., j—2}.
To construct the path p; . ,, let vy 41 be the vertex (fu+1)+ of pm+1 and set u; = (py,)+. Then
Um € P and u,,' (pm+1)— = (p;n)jr1 (pm)+ € S by the induction hypothesis. In view of (8-4) and (8-3),
Um+1 € Pb and dx (Vm+1, (Pm+1)+) < Cy; therefore we can find a geodesic path p;, , ; with the desired
properties by using Lemma 8.3.

Thus we have described an inductive procedure for constructing the paths p;c, fork=i+1,...,j—1.
Step 3 Construction of the path p}.

This step is similar to Step 1: the path p} will start at u; 1 = (p]/._l)+ € P and can be constructed by
applying Lemma 8.2 to the path p; and the elements v; = (h;)+ € Pb,uj_; € P.

We have thus constructed a sequence of geodesic paths p/, ..., p} whose concatenation p’ satisfies all
the properties from the proposition. |

We will now prove the main result of this section, which states that the initial and terminal vertices of an
instance of multiple backtracking in a minimal type path representative must lie far apart in the proper
metric dy, provided Q' < Q and R’ < R satisfy (C1)-(C5) with sufficiently large constants.

Proposition 8.5 (multiple backtracking is long) For any { > 0 there is a constant C» = C»(¢) > 0 such
that if Q" < Q and R’ < R are subgroups satisfying conditions (C1)—(C5) with constants B > C, and
C > C; and a family % 2 %, then the following is true.

Let p = py --- pn be a minimal type path representative for an element g € (Q’, R’). If p has multiple
backtracking along ¥-components h;,...,hj of p;,..., p;j thendx ((h;)—, (hj)+) > ¢.
Proof Let ¢ > 0 and define C»(¢) = max {2Cy,{ + 2D} + 1, where D > 0 is the constant obtained from

Lemma 8.2.

In view of the assumptions we can apply Proposition 8.4 to find a path p’ = p;--- pj’. and P € &
satisfying properties (i)—(v) from its statement. Let o be a geodesic with ¢— = (p})_ and ¢y = (p;)—,
and let = pi -+~ p;_;. We will denote x; = py and x; = p;, foreachk € {i,..., j}, and z = @.
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Condition (C1), together with claim (ii) of Proposition 8.4, tell us that z € S = Q' N R/, and claim (v)
yields that

(8-5) B=xiy1xj_1 €(Qp. Rp)

(as before, for a subgroup H < G we denote by Hp < G the intersection H N P).
Now suppose, for a contradiction, that dy ((h;)—, (h;)+) <. Then

(8-6) 1p'Ix =dx(p_, ply) <{+2D < C, <min{B,C},

by claim (iii) of Proposition 8.4. There are four cases to consider depending on whether p; and p; are
elements of Q' or R’

Casel x;=p; e Ql ande =p~j S Q/.
Then, by claim (iv) of Proposition 8.4, both x/ and x;. are elements of Qp. It follows that

p'€0p(0p, Rp)Op CO(Q". R)Q.
By (8-6) and (C2), there is ¢ € Q such that p’ = g. Therefore

(8-7) B = x{_lﬁ/)g}_l = x{_qu}_l €.

1
Combining (8-7) with (8-5) and using condition (C4), we get
BeQN(Qp. Rp)=0pN(Qp. Rp) = Q.

Let y be any geodesic path in I'(G, X U ¥) starting at (p;)— and ending at (p;)+. Then y shares the
same endpoints with the path p; Bap;; therefore their labels represent the same element of G,

7 =xiPzxj € 0'0p50 = 0",
Thus we can use y to obtain another path representative for g through py--- pi—1ypj+1--- pn, which

consists of strictly fewer geodesic subpaths than p = p; --- p,. This contradicts the minimality of the
type of p, so Case 1 has been considered.

Case 2 Both p; and p; are elements of R'.
This case can be dealt with identically to Case 1.
Case3 x; =p;€ Q' andx; = p; € R

Then x; € Qp and xj’. € Rp by claim (iv) of Proposition 8.4. Hence Lab(p’) represents an element of
x/(Q'p, Rp)Rp with x] € Q p. In view of (8-6), we can use condition (C5) to deduce that 5’ € x; Q% Rp.
It follows that

B=0C)T ()T e OpRp,
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so there exist ¢ € Q' and r € Rp such that ,é = gqr. Combining this with (8-5) we conclude that
r=q ' eRpN(Q)p,Rp),s0r € Ry by condition (C4), whence
(8-8) B=qreQpRb.
Observe that the paths y = p; --- p; and p; Bap; have the same endpoints; hence their labels represent
the same element of G,

7 =xipzx; € Q'QpRpSR' C Q'R’.

Therefore there are elements g1 € Q’ and r; € R’ such that 7 = ¢yry.

Let y1 be a geodesic path in ['(G, X U %) starting at y_ = (p;)— and ending at y_g; and let y, be a
geodesic path starting at (y1)+ and ending at (y1)+7r1 =Y+ =(pj)+. Since 1 =¢q1 € Q" and pp =r1 € R’
the path py--- pi—1y1y2pj+1--- pn 1s a path representative of g. Moreover, it consists of fewer than
n geodesic segments because j > i 4 1 (by the definition of multiple backtracking), contradicting the
minimality of the type of p. This contradiction shows that Case 3 is impossible.

Cased x; =p; e R’ ande' =]5j S Q/.
Then x; € Rp while x; € O p, which implies that 7 € Rp(Q, Rp)x}, hence 5’ € (x}) ™' (Qp. Rp) Rp.
By (8-6), we can use (C5) to conclude that 5’ ~! € (x]’.)_1 Qb Rp, thus p’ € Rp Q},xJ’.. The rest of the

argument proceeds similarly to the previous case, leading to a contradiction with the minimality of the
type of p. Hence Case 4 is also impossible.

We have arrived at a contradiction in each of the four cases, so dx ((h;)—, (h;)+) > {, as required. O

9 Constructing quasigeodesics from broken lines

In this section we detail a procedure that takes as input a broken line and a natural number, and outputs
another broken line together with some additional vertex data. We show that if a broken line satisfies
certain metric conditions, then the new path constructed through this procedure is uniformly quasigeodesic.

We assume that G is a group generated by a finite set X and hyperbolic relative to a finite family of
subgroups {H, | v € N'}. As usual we set # = | |, (Hv \ {1}), and by Lemma 5.4 we know that the
Cayley graph I'(G, X U %) is §-hyperbolic, for some § > 0.

The outline of the construction is as follows. We begin with a broken line p = py--- p,, in I'(G, X U ¥).
Starting from the initial vertex p_, we note in sequence (along the vertices of p) the vertices marking
the start and end of maximal instances of consecutive backtracking in p involving sufficiently long
d¢-components. Once we have done this, we construct the new path by connecting (in the same sequence)
the marked vertices with geodesics.
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Procedure 9.1 (®-shortcutting) Fix a natural number ® € N and let p = p1 -+ p, be a broken line in
I'(G,X U¥). Let vy, ..., v be the enumeration of all vertices of p in the order they occur along the
path (possibly with repetition), so that vg = p—, vg = p+ and d = £(p).

We construct a broken line X (p, ©), called the ®-shortcutting of p, which comes with a finite set
V(p,®)C{0,...,d} x{0,...,d} corresponding to indices of vertices of p that we shortcut along.

In the algorithm below we will refer to numbers s, ¢, N €{0, ...,d} andasubset VC{0,...,d}x{0,...,d}.
To avoid excessive indexing these will change value throughout the procedure. The parameters s and ¢
will indicate the starting and terminal vertices of subpaths of p in which all #-components have lengths
less than ®. The parameter N will keep track of how far along the path p we have proceeded. The set 1/
will collect all pairs of indices (s, #) obtained during the procedure. We initially take s = 0, N =0 and
V=a.

Step 1 If there are no edges of p between vy and v, that are labelled by elements of ¥, then add the
pair (s, d) to the set V' and skip ahead to Step 4. Otherwise, continue to Step 2.

Step2 Lett €{0,...,d} be the least natural number with # > N for which the edge of p with endpoints

v; and vy 4 18 an d-component /; of a geodesic segment p; of p, for some i € {1,...,n}.

If i =n orif h; is not connected to a component of p; 41 then set j =i. Otherwise, let j € {i +1,...,n}
be the maximal integer such that p has consecutive backtracking along #-components A;,...,h; of
segments p;, ..., pj. Proceed to Step 3.

Step3 If

max{|hilx |k =1i,...,]} >0,

then add the pair (s, 7) to the set V' and redefine s = N in {1,...,d} to be the index of the vertex (/)
in the above enumeration vy, ..., vg of the vertices of p. Otherwise let N be the index of (%;)+, and
leave s and V' unchanged.

Return to Step 1 with the new values of s, N and V.

Step4 Set V(p,®) = V. The above constructions gives a natural ordering of V(p, ®),
V(p.©) ={(s0.70). ..., (Sm.m)},

where s <ty <sk41,forallk =0,...,m— 1. Note that so = 0 and t,, = d. Proceed to Step 5.

Step5 Foreach k =0,...,m,let f; be a geodesic segment (possibly trivial) connecting vy, with vy, .
Note that when k < m, vy, and vy, ,, are in the same left coset of H,, for some v € N. If vy = vy,
then let ex 4 be the trivial path at v, otherwise let ex; be an edge of I'(G, X U ¥) starting at vy, ,
ending at vs,_ , and labelled by an element of Hy, \ {1}.

We define the broken line X (p, ®) to be the concatenation foeq f1e2 -+ fm—1€m fm-

Algebraic & Geometric Topology, Volume 25 (2025)



Quasiconvexity of virtual joins and separability of products in relatively hyperbolic groups 443
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Figure 6: An example of a shortcutting of a path p in I'(G, X U ¥). The path p contains long
d¢-components, some of which are involved in instances of consecutive backtracking, as indicated
by the dashed lines. The path X (p, ®) = foeq f1e2 f>e3 f3 is drawn on top of p.

Remark 9.2 Let us collect some observations about Procedure 9.1.
(a) Since p has only finitely many vertices and N increases at each iteration of Step 3 above, the
procedure will always terminate after finitely many steps.

(b) The newly constructed broken line X (p, ®) has the same endpoints as p, and each node of X (p, ©)
is a vertex of p.

(c) By construction, for any k € {0, ..., m} the subpath of p between vy, and v,, contains no edge
labelled by an element & € ¥ satisfying |h|xy > ©.

Figure 6 sketches an example of the output of Procedure 9.1.

In the next definition we describe paths that will serve as input for the above procedure.

Definition 9.3 (tamable broken line) Let p = p;--- p, be a broken line in ['(G, X U %), and let

B,C,{>0and ® € N. We say that p is (B, C, ¢, ©®)-tamable if all of the following conditions hold:
1) |pilx = B,fori =2,...,n—1;

Gi) {((pi)-, (pi+1)+)r(3)+ <C,foreachi=1,...,n—1;
(iii) whenever p has consecutive backtracking along ¥-components /;, ..., h;, of segments p;, ..., p;,

such that
max{|hi|lx |k =i,...,]} >0,

it must be that dx ((h;)—, (h;j)+) > ¢.

The remainder of this section is devoted to showing the following result about quasigeodesicity of
shortcuttings for tamable paths with appropriate constants.

Proposition 9.4 Given arbitrary cy > 148 and n > 0 there are constants A = A(co) > 1,¢ =c¢(co) >0
and ¢ = {(n, co) > 1 such that for any natural number ® > ¢ there is By = By (0, co) > 0 satisfying the
following.

Algebraic & Geometric Topology, Volume 25 (2025)



444 Ashot Minasyan and Lawk Mineh

Let p = p1--- pn be a (By, co, ¢, ®)-tamable broken line in I'(G, X U ¥) and let ¥ (p, ®) be the ©-
shortcutting, obtained by applying Procedure 9.1 to p, X(p, ®) = foe1 f1-+* fm—1€m fm- Then ey is
non-trivial, foreach k = 1,...,m, and X(p, ®) is (A, ¢)-quasigeodesic without backtracking.

Moreover, for any k € {1, ..., m}, it we denote by e;c the #-component of X (p, ®) containing ey, then
e Ix = 1.
The idea of the proof will be to show that under the above assumptions the broken line X (p, ®) satisfies

the hypotheses of Proposition 5.19.

Notation 9.5 For the remainder of this section we fix arbitrary constants co > 146 and n > 0. We let
o =k(4,c3,0), where c3 = c3(co) > 0 is the constant from Lemma 4.11 and «(4, c3, 0) is the constant
obtained by applying Proposition 5.17 to (4, ¢3)-quasigeodesics. Let £; > 0, A > 1 and ¢ > 0 be the
constants given by Proposition 5.19, applied with constant p. Note that the constants A and ¢ only depend
on c¢p and do not depend on 7.

We now define the constant ¢ by

9-D ¢ =max{{1,n}+2p+ 1.

Finally we take any natural number ® > ¢ and

(9-2) Bo =max{(12co + 126 + 1)®, (4 +¢3)0® + 1}.

The proof of Proposition 9.4 will consist of the following four lemmas. Throughout these lemmas we
use the constants defined above and assume that p = p; --- py is a (By, g, {, ®)-tamable broken line in
I'(G, X U%). As before, we write vy, ..., v for the set of vertices of p in the order of their appearance.

We let (p, ®) = foe1 f1-+- fm—1€m fm be the ®-shortcutting and V(p, ®) = {(s0,%0), ..., (Sm,tm)}
be the set obtained by applying Procedure 9.1 to p.

Lemma 9.6 Foreach k =1,...,m, we have |eg|x > { > 0.

Proof By the construction in Procedure 9.1, there are pairwise connected J(-components Ay, ..., h; of
consecutive segments of p, such that j > 1, (h1)— = (ex)—, (hs)+ = (ex)+ and

max{|h|x |1 =1,....j} = O.

If j =1 we see that |ex|x = |h1]x = ©® > ¢, and if j > | then we know that |eg|x > ¢ by property (iii)
from Definition 9.3. O

Lemma 9.7 The subpaths of p between v, and vy, for k =0, ..., m, are (4, c3)-quasigeodesic.

Proof We write ¢; = c1(co) = 12¢9 + 126 + 1, as in Lemma 4.11.

Choose any k € {0, ..., m} and denote by p’ be the subpath of p starting at vs, and terminating at vy, .
If vs, and v;, are both vertices of p;, for some i € {1,...,n}, then p’ is geodesic and we are done.
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Otherwise p’ = p; pi41--- pj—1p}, forsomei, j €{l,...,n}, withi < j, where p] is a terminal segment
of p; and p} is an initial segment of p;.
By Remark 9.2(c), the paths p;11,..., pj—1 contain no #-components i with |h|y > ©. Since p is

(Bo, co, ¢, ®)-tamable, |p;|x > B foreach/ =i +1,...,j —1 by condition (i). Thus we can combine
Lemma 5.10 with (9-2) to obtain

1 B . .
dxua((p)— (P)+) = Up) = Glpilx = 5 = er foreach e fi+1.....j—1}.

Again, from the assumption that p is (By, co, {, ®)-tamable, we have that
((P)= (pr4D)+)(,y, <co forall I =i,....j—1,

using condition (ii). In view of Remark 4.6,

rel

((PD— (Pit1) ), =co and ((pj—1)— (PP +)(p, ), = Co-

Therefore we can use Lemma 4.11 to conclude that p’ is (4, ¢3)-quasigeodesic, as required. O
Lemma 9.8 Ifk €{0,...,m— 1} and h is an 9-component of fj or fi, that is connected to ey 1,
then |h|x < p.

Proof Arguing by contradiction, suppose that /4 is an ¥-component of f; connected to ex4; and
satisfying |h|xy > p (the other case when / is an #-component of fi is similar). Remark 5.9 tells us
that / is a single edge of f. Moreover, since /& and eg 41 are connected and ( fx)+ = (ex+1)—, we have
dxuw(h—, (fr)+) < 1. The geodesicity of f; in I'(G, X U #) now implies that # must in fact be the last

edge of fi,sothat hy = (fx)+ = vyy.

Let p' = plpit1 -~~pj_1p} be the subpath of p with p’ = vy, and p/. = v, , where p; and p]’. are
non-trivial subpaths of p; and p; respectively. By Lemma 9.7, p’ is (4, c3)-quasigeodesic.

Since |h|x > p =« (4, c3,0) we may apply Proposition 5.17 to find that / is connected to an ¥-component
of p’ (which may consist of multiple edges, each of which is an #-component of a segment of p). We
write i’ for the final edge of this #-component and denote by u the edge of p with endpoints vy,
and vy, 41 (see Figure 7). Procedure 9.1 and the assumption that / is connected to ex, imply that u is
an ¥-component of a segment of p and /4’ and u are connected as ¥-subpaths of p.

Suppose, first, that p} is a proper subpath of p;, so that u belongs to the segment p;, as shown on
Figure 7. Then there are the following possibilities.

Case 1 £’ isan edge of p;.

In this case &’ and u are connected distinct ¢-subpaths of p;, which is a geodesic. This contradicts the
observation of Remark 5.9, that geodesics are without backtracking and #-components of geodesics are
single edges.
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Figure 7: Illustration of Lemma 9.8.

Case 2 7’ is an ¥-component of p;_;.

Let 7 €{0,...,d} be such that v; = h’_, and note that

(9-3) Sp <t <tg.

By the construction from Procedure 9.1, there are pairwise connected J¢-components A, ..., h j+1, of

segments pj, ..., pjy1, with (exy1)— = (hj)— = vy and (ex41)+ = (hj47)+ = Vs, such that
max{|hjlx,....|hjyilx} = O

and [ €{0,...,n— j} is chosen to be maximal with this property. Then the components &', hj, ..., hj

constitute a larger instance of consecutive backtracking, starting at 2’ = v;, with
max{|1'|x. hjlx.....|hj+1lx} = ©.

In view of (9-3), this contradicts the choice of #; and the inclusion of (s, ) in the set V(p, ®) at Steps 2
and 3 of Procedure 9.1.

Case 3 /' is an J-component of one of the paths p!, p;t1,..., pj—2.

Then the subpath ¢ of p’ from h’+ to p/+ = vy, contains all of p; 1. By Remark 9.2(c), p;—1 contains
no #(-components ¢ satisfying |¢|x > ®. Therefore, in view of Lemma 5.10 and the assumption that
p is (Bo, co, {, ©)-tamable, we can deduce that @{(p;_1) > |pj—1|x = Bo. Combining this with the
(4, c3)-quasigeodesicity of p’, we obtain

dxuniy. pl) = 20@) —cs) = L~ = 12~ D >,
where the last inequality follows from (9-2). On the other hand, the fact that 2" and & are connected gives

dxus(W'_, p') = dxuy(h!y, hy) < 1, contradicting the above.

In each case we arrive at a contradiction, so it is impossible that |i|x > p if pj/- is a proper subpath of p;.
If pj’. is instead the whole subpath p;, we may carry out a similar analysis. In this situation it must be
that u is an #-component of the segment p;11. We now have only two relevant cases to consider: A’ is
an J¢-component of p; or 4’ is an ¥-component of one of the paths p;, pj+1,..., pj—1. Both of them
will lead to contradictions similarly to Cases 2 and 3 above.

Therefore it must be that ||y < p, as required. |
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Lemma 9.9 Foreach k €{1,...,m— 1}, the #-subpaths e} and ey, of X (p,®) are not connected.

Proof Suppose that e; is connected to e for some k € {1,...,m — 1}. As before, according to
Procedure 9.1, there exist two sets of pairwise connected #-components of consecutive segments of p,

hi,....hiandqy,...,q;,suchthat (h1)— = (ex)—, (hi)+ = (ex)+, (q1)— = (€x+1)—> () + = (€k+1)+
and

maxi|hylx,....|hilx} > 0O, max{|qi|x.....|qj|x} > ©O.

Since ex and ey 4 are connected, #; and g1 will be connected #-subpaths of p; in particular they cannot
be contained in the same segment of the broken line p by Remark 5.9. If /; and ¢; are ¢-components
of adjacent segments of p, then the components /1, ...,h;,q1,...,q; constitute a longer instance of
consecutive backtracking in p, which contradicts the construction of ey in Procedure 9.1.

Therefore it must be the case that the subpath p’ of p between

(ex)+ = (hi)+ =vs, and  (ex41)- = (q1)— = vy

contains at least one full segment p; (with 1 </ <n). By Remark 9.2(c) the path p’ has no #-components /
satisfying ||y > ®. Therefore we can combine Lemma 5.10 with the fact that p is (B, co, {, ®)-tamable
to deduce that

©-4) Up) = ey = 20X 5 Bo

® ~ 0
Moreover, by Lemma 9.7 the path p’ is (4, ¢3)-quasigeodesic, so

L(p') < 4dxun((er)+, (ek+1)-) +c3 <4 +c3,
where the last inequality is true because e; and ey are connected. Combined with (9-4), the above

inequality gives By < (4 4+ ¢3)®, which contradicts the choice of By in (9-2).

Therefore e; and ex cannot be connected, for any k € {1,...,m —1}. |

Proof of Proposition 9.4 The construction, together with Lemmas 9.6, 9.8 and 9.9, show that the
®-shortcutting X (p, ®) = foer f1 -+ fm—1€m fm satisfies the hypotheses of Proposition 5.19 and ey, is
non-trivial, for each k = 1,...,m. Therefore X (p, ®) is (4, ¢)-quasigeodesic without backtracking.

For the final claim of the proposition, consider any k € {1, ..., m} and denote by e;c the H\,-component of
2 (p, ©) containing ey, for some v € N. Lemma 9.9 implies that e; is the concatenation h1eh2, where
h1 is either trivial or it is an Hy,-component of f;_;, and &5 is either trivial or it is an H,-component
of fr. Combining the triangle inequality with Lemmas 9.6 and 9.8 and equation (9-1), we obtain

leglx = lexlx —hilx —lh2lx = ¢—2p =1,

as required. |
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10 Metric quasiconvexity theorem

This section comprises a proof of Theorem 3.5, and, as usual, we work under Convention 6.1. First we
will show that if some subgroups Q' < Q and R’ < R satisfy conditions (C1)—(C5) with appropriately
large constants, then minimal type path representatives of (Q’, R’) meet the conditions of Proposition 9.4.
We will then use the quasigeodesicity of shortcuttings of these path representatives to obtain properties
(P1)—(P3).

Lemma 10.1 Suppose that Q' < Q and R’ < R satisfy (C2) with constant B > 0. Then

miny (Q"UR)\ §) = B.
Proof Letge (Q'UR)\S.Ifge Q' theng¢ Ras g ¢ S. Therefore g€ Q' \ R C R(Q’, R)R\ R,
hence |g|x > B by (C2). Similarly, if g € R’ then g € Q(Q’, R')Q \ Q, and (C2) again implies that
lglx = B. m
Notation 10.2 For the remainder of this section we fix the following notation:

e () is the constant provided by Lemma 6.7;

e ¢o = max{Cy, 146} and c3 = c3(co) is the constant obtained by applying Lemma 4.11;

A = A(cp) and ¢ = c(cp) are the first two constants from Proposition 9.4;

C1 > 0 is the constant from Lemma 7.3;

%1 is the finite family of parabolic subgroups of G defined by

Py ={tHyt ' |veN|tlxy <Ci}.
Lemma 10.3 For each n > 0 there are constants C3 = C3(n) >0, =¢(n) > 1,01 =01(n) € N and
B1 = Bj1(n) = 0 such that the following is true.

Suppose that Q' < Q and R’ < R are subgroups satisfying conditions (C1)—(C5) with constants B > B
and C > C3 and family # 2 P;. If p = p1 -+ pn is a minimal type path representative for an element
g €(Q’', R’ then p is (B, co, ¢, ©®1)-tamable.

Moreover, let X(p, ®1) = foe1 f1- -+ fm—1€m fm be the ®1-shortcutting of p obtained from Procedure 9.1
and let e;c be the #-component of ¥ (p, ®1) containing ej, fork = 1,...,m. Then X(p,01) isa (A,c)-
quasigeodesic without backtracking and |e, |x > 1, foreach k =1,...,m.
Proof We define the following constants:

e ¢ =1¢((n,co) >0, the constant provided by Proposition 9.4;

e (3 =C3(¢) =0, where C»(¢) is given by Proposition 8.5;
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e O =max{®¢({), {}, where Oy is the constant of Lemma 7.6;
e By =max{By(0O1,cp), C2({)} > 0, where By is the remaining constant of Proposition 9.4.

Let B > B; and C > C3. Suppose that Q’, R’, g and p are as in the statement of the lemma. In view of
Remark 6.5, p; € (Q’"UR’)\ S, foreveryi = 2,...,n— 1. Therefore, by Lemma 10.1, we have

(10-1) |pilx =B foreach i=2,...,n—1.

On the other hand, Lemma 6.7 tells us that

(10-2) ((pi)—» (p,-+1)+)8i)+ <Co<co foreachi=1,...,n—1.
Now suppose that p has consecutive backtracking along ¥-components /;, ..., h; of segments p;, ..., p;
satisfying

max{|h;|x,...,|hjlx} > O1.

If j =i+ 1 then Lemma 7.6 and the choice of ®; give that dx ((h;)—, (h;j)+) > {. Otherwise
Proposition 8.5 gives the same inequality. The above together with (10-1) and (10-2) show that p
is (B, co, ¢, ®1)-tamable.

The remaining claims of the lemma follow from Proposition 9.4. o
We can now deduce the relative quasiconvexity of (Q’, R’) by applying Lemma 10.3 with n = 0.

Proposition 10.4 Let 81 = B1(0) and y; = C3(0) be the constants provided by Lemma 10.3 applied to
the case when n = 0.

Suppose that Q' < Q and R’ < R are relatively quasiconvex subgroups of G satisfying conditions (C1)—
(C5) with family % 2 % and constants B > B1 and C > y;. Then the subgroup (Q’, R’} is relatively

quasiconvex in G.

Proof By assumption the subgroups Q' and R’ are relatively quasiconvex, with some quasiconvexity
constant ¢’ > 0. For any element g € (Q’, R") consider a geodesic 7 in I'(G, X U %) with 7— = 1 and
7+ = g. Let u be any vertex of 7.

Since g € (Q’, R’), it has a path representative p = pj --- p,, of minimal type, with p_ = 1. Let
X(p,®) = foe1 /1 fm—1em fm be the ®-shortcutting of p obtained from Procedure 9.1, where
® = 01(0) is provided by Lemma 10.3. This lemma implies that p is (B, co, {, ®)-tamable and X (p, ®) is
a (A, ¢)-quasigeodesic without backtracking, where A > 1 and ¢ > 0 are the constants fixed in Notation 10.2.
Therefore, by Proposition 5.17, there is a phase vertex v of X (p, ®) with dy (u,v) <«k(4,c,0).

Since each e; is a single edge, the vertex v lies on the geodesic subpath f; of X(p,®), for some
i €{0,...,m}. The subpath of p sharing endpoints with f; is (4, ¢3)-quasigeodesic by Lemma 9.7.
Hence there is a vertex w of p such that dy (v, w) < «(4, c3,0), by Proposition 5.17.
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Now w is a vertex of a subpath p; of p, forsome j €{1,...,n}. Letx = (p;)—, and note that x € (Q’, R').
Without loss of generality, suppose that p; € Q’ (the case when p; € R’ can be treated similarly). Then
by the relative quasiconvexity of Q’, dx (w,xQ’) <&, whence dx (w, (Q’, R')) < &. Therefore
dx (u,(Q', R')) < dx(u,v) +dx (v,w) +dx(w, (Q", R))
<k(A,c,0)+«(4,c3,0)+ ¢,

so (Q', R’} is a relatively quasiconvex subgroup of G, with the quasiconvexity constant

k(A,c,0)+«(4,c3,0)+¢€. O

We will next show that properties (P2) and (P3) will be satisfied if one chooses the constants B and C of
(C1)—(C5) to be sufficiently large with respect to A.

Lemma 10.5 For any A > 0 there exist constants 5 = f2(A) > 0 and y, = y2(A) > 0 such that if
0’ < Q and R’ < R satisty conditions (C1)—(C5) with constants B > 8, and C > y, and family % D P,
then

miny ((Q’, R')\ §) > A.

Proof Givenany A >0let n=n(A,c, A) be the constant provided by Lemma 5.12. Using Lemma 10.3,
set

©=01(17). y2=0Cs3(n), P2=max{B1(n),(4A4+c3)0}.

Suppose that Q’ and R’ satisfy conditions (C1)—(C5) with constants B > f, and C > y,, and let
g €(Q’, R') be any element with |g|x < A. Let p = p; --- p, be a path representative of g with minimal
type. By Lemma 10.3, p is (B, cg, ¢, ®1)-tamable, the ®-shortcutting X (p, ®) = foe1 f1-- - fm—1€m fm
is (4, ¢)-quasigeodesic without backtracking, and, for each k = 1,...,m, el’c, the #-component of
3 (p, ®) containing ey, is isolated and satisfies |e,/c lx >n.

If m > 1, then, according to Lemma 5.12, |g|x = |Z(p,B®)|x > A, contradicting our assumption.
Therefore it must be the case that m = 0 and X (p, ®) = fy. Since p— = (fo)— and p+ = (fo)+,
Lemma 9.7 tells us that p is (4, c3)-quasigeodesic. Moreover, following Remark 9.2(c), we see that p;
has no #-component # with |h|xy > ©, foreachi =1,...,n.

Now, arguing by contradiction, suppose that ¢ ¢ S. Then p; € (Q’ U R’)\ S (by Remark 6.5), so
|p1lx = B > B2, by Lemma 10.1. Lemma 5.10 now implies that

Up1) = B2/O >4A+ c3.
Since £(p) > £(p1), the (4, c3)-quasigeodesicity of p yields
A>|glx = Iglxus = |plxux = (L(p) —c3) > A,
which is a contradiction. Therefore g € S and the lemma is proved. |
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In order to prove that property (P3) holds for the subgroups Q' and R’, we need to consider path
representatives of elements g € Q(Q’, R’)R. These path representatives will necessarily have to be
slightly different from those in Definition 6.2.

Definition 10.6 (path representative, II) Let g be an element of Q(Q’, R’)R, and suppose that
P =qp1--- par is a broken line in I'(G, X U %), satisfying all of the following conditions:

*P=g

e geQand7€eR;

e pie Q'UR foreachi €{l,...,n}.

Then we say that p is a path representative of g in the product Q (Q’, R')R.
Similarly to Definition 6.3, we can define types for such path representatives.

Definition 10.7 (type of a path representative, II) Suppose that p = gp; --- pnr is a path representative
of some g € Q(Q’, R')R, as described in Definition 10.6. Let ¥ denote the set of all #-components of
the segments of p. We define the fype of the path representative p to be the triple

“(p) = (n,e(p), ) |y|X) €N
yeY

Remark 10.8 Note that, by Definition 10.6, a path representative p = ¢gpj - pnr, of an element
g € Q(Q', R')R\ OR, must necessarily satisfy n > 0. Moreover, if p has minimal type (so n is the
smallest possible) then p; € R\ S, pn, € Q' \ S and the labels of pq,..., p, will alternate between
representing elements of R’ \ S and Q' \ S. It follows that the integer n must be even, so n > 2.

For example, if g € R’Q’\ QR then a minimal type path representative of g will have the form gp; pr,
where ¢ and r are trivial paths, p; € R’ and p, € Q.

It is not difficult to check that the results of Sections 6, 7, and 8 hold equally well for minimal type path
representatives of the above form for elements g € Q(Q’, R’)R \ QR, with only superficial adjustments
to the proofs in those sections. It follows that Lemma 10.3 also remains valid in these settings.

Lemma 10.9 In the statement of Lemma 10.5 we can add that
miny (Q(Q'. R)R\ OR) > A.

Proof For any A > 0 we define the constants 7, ®, y, and B> exactly as in Lemma 10.5.

Suppose that for some element g € Q(Q’, R')R\ QR we have |g|x < A. Let p = gp1--- pnr be a
minimal type path representative of g, of the form described in Definition 10.6.

Arguing in the same way as in Lemma 10.5, we can deduce that p is (4, ¢3)-quasigeodesic and for each
i =1,...,n, p; has no #-component i with |h|x > ©.
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According to Remark 10.8, n > 2 and p; € R’\ S. So, by Lemma 10.1, |p1|x > B > B>. The same
argument as in Lemma 10.5 now yields that |g|x > A, leading to a contradiction. Therefore it must be
that |g|x > A forany g € Q(Q’, R’)R\ OR. O

We are finally able to prove Theorem 3.5.

Proof of Theorem 3.5 Choose % to be the finite family %1, defined in Notation 10.2. Given any 4 > 0,
we apply Proposition 10.4 and Lemma 10.5 to define the constants

B =max{f1,f2(4)} and C =max{yr,r2(4)}.

Suppose that O’ < Q and R’ < R are subgroups satisfying conditions (C1)—(C5) with constants B and
C and the finite family of parabolic subgroups ?. Then property (P1) holds by Proposition 10.4, while
properties (P2) and (P3) are satisfied by Lemmas 10.5 and 10.9 respectively. O

11 Using separability to establish the conditions of the quasiconvexity
theorem

In this section we will show how one can prove the existence of finite-index subgroups Q' <y Q and
R’ <y R, satisfying the conditions (C1)—~(C5) from Section 3.1, using certain separability assumptions.
We start with finding such assumptions for establishing (C2) and (C3).

Proposition 11.1 Let G be a group generated by a finite subset X, let Q, R < G and S = Q N R, and let
% be a finite collection of subgroups of G. Suppose that Q and R are separable in G and PS is separable
in G, foreach P € P.

Then for any constants B, C > 0 there exists a finite-index subgroup L <f G, with S C L, such that

conditions (C2) and (C3) are satisfied by arbitrary subgroups Q' < QN Land R" < RN L.

Proof Combining the separability of Q and R in G with Lemma 4.16, we can find Ey, E> <y G such
that miny (QE1 \ Q) > B and miny (RE> \ R) > B. Set No = E1 N E> <1y G and observe that

OSNoQ = ONoQ = Q0ONo = ONo € QEq,
as @ is a subgroup containing S and normalising N in G. Similarly, RSNoR = RNy € RE>; therefore
(11-1) miny (QSNoQ\ Q)>B and miny(RSNoR\R) > B.

Let ® = {P1,..., Pr}. The assumptions imply that for every i € {1,...,k} the double coset P;S is
separable in G; hence we can apply Lemma 4.16 again to find finite-index normal subgroups N; <y G
satisfying

(11-2) miny (P; SN; \ P;S)>C foreach i =1,... k.
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Now set L = ﬂf:(, SN; <r G, and choose arbitrary subgroups Q' < Q N L and R' < RN L. Then
SCLand (Q/,R')CLCSN;, foralli =0,...,k, by construction; hence (C2) holds by (11-1) and
(C3) holds by (11-2), as desired. O

To establish condition (C5) we need to be able to lift certain finite-index subgroups of a maximal parabolic
subgroup P < G to finite-index subgroups of G in a controlled way. The next statement shows how a
double coset separability assumption can help with this task.

Lemma 11.2 Let G be a group, P, Q <G be subgroups of G and let K <y P be a finite-index subgroup
of P, with QN P C K. If KQ is separable in G, then there is a finite-index subgroup M <y G such that
OQCMandMNPCK.

Proof Let P=KUKhU---UKhy,, where hy,...,hy, € P\K. Notethat KONP =K(QNP)=K,
so hy,...,hy ¢ KQ. The double coset KQ is profinitely closed, so, by Lemma 4.16(a), there exists

N <f G such that
{hi,....hm}N KON = &.

Let M = QN <y G, so that the above implies KhiNnM = &, foreachi = 1,...,m. We then have
Q CMand MNP C K, as required. a

We are now in position to prove the main result of this section.

Theorem 11.3 Assume that G is a group generated by a finite set X, Q, R < G are subgroups of G,

and denote S = Q N R. Let % be a finite collection of subgroups of G such that for every P € % all of

the following hold:

(S1) Q and R are separable in G;

(S2) the double coset PS is separable in G;

(S3) forall K <y P and T <y 0, satistying S €T and T N P C K, the double coset KT is separable
in G,

(S4) forallU <y QN P, withS NP C U, the double coset U(R N P) is separable in P.

Then, given arbitrary constants B, C > 0, there exist finite-index subgroups Q' <y Q and R’ <s R such
that conditions (C1)—(C5) are all satisfied.

More precisely, there exists L <y G, with S C L, such that for any L' <y L, satisfying S C L', we
can choose Q' = Q N L' <y Q and there exists M <y L', with Q" € M, such that for any M’ <s M,
satisfying Q' € M’, we can choose " = RN M’ <y R.

Proof The idea is that (S1) will take care of condition (C2), (S2) will take care of (C3), and (S3) and
(S4) will take care of (C5). The subgroups Q' and R’ will satisfy Q' = Q N M’ and R = RN M’, for
some M' <y G, with § € M’, which will immediately imply (C1) and (C4).
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Let % ={P1,..., Pt} Arguing just like in the proof of Proposition 11.1 (using the assumptions (S1)
and (S2)), we can find finite-index normal subgroups N; <y G,i =0, ... ,k, such that

miny (QSNoQ \ Q) > B, miny(RSNoR\ R) > B,
minX(P,-SN,-\P,-S)zC fori=1,...,k.

We can now define a finite-index subgroup L <y G by L = ﬂ?:o SN;. Note that S € L by construction,
and for each i € {1,...,k} we have

(11-3) miny(QLQO\ Q) > B, ming(RLR\ R)> B, miny(P;L\P;S)>C.

Choose an arbitrary finite-index subgroup L’ <y L, with § € L', and define Q" = Q N L', so that
S<Q0'<r0.

To construct R' <y R, consider any i € {1,...,k} and denote
Qi=0NP;, Ri=RNP, Ql/'=Q/mPi<fQi-

Choose some elements a;1,...,d;n; € Q; such that Q; = |_|7’:1 aij Q; Condition (S4) implies that the
subset Q;Ri is separable in P;; hence, by claim (c) of Lemma 4.16, there exists F; </y P; such that

(11-4) minX(ailefRiFl-\a,-jQ;Ri)ZC for j =1,...,n;.

Define K; = Q;Fl‘ <y P;. Then o'NP; = Q; CKianda;; K;R; =a;j Q;R,-F,-,foreachj =1,...,n;.
Therefore, from (11-4) we can deduce that

(11-5) minX(ain,-R,-\aingR,-)ZC for all j=1,...,n;.

By (S3), the double coset K; Q' is separable in G, so we can apply Lemma 11.2 to find M; <y G such
that Q, CM;and M; N P; CKj.

We now let M = ﬂf;l M;NL"and observe that Q' < M <y L"and M N P; C K; foreachi €{1,... k}.
Inequality (11-5) yields

(11-6) minX(a,-j(MﬂPi)R,- \aile{Rl-) >C foralli=1,....,kand j =1,...,n;.

We can now choose an arbitrary finite-index subgroup M’ < M, with Q" € M’, and define R" = RN M.
Observe that M" <y G, by construction, hence R’ <r R.

Let us check that the subgroups Q' and R’ obtained above satisfy conditions (C1)—(C5). Indeed, by
construction, S = QNRC Q',50 S C RNM’' = R’; hence

SCO'NRCONR=S.
Thus (C1) holds. We also have Q' = QO NL ' =QNM', as Q' C M’ C L’; hence
0'con(0 RyconM'=0"
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Thus Q N(Q’, R') = Q. After intersecting both sides of the latter equation with an arbitrary P € P, we
get Qp N(Q', R') = Q%; hence

0p S OpN(Qp.Rp) S 0pN(Q". R) = Qp.
Thus Qp N(Q%.Rp) = Q. Similarly, Rp N (Q%. R}p) = R}, so condition (C4) is satisfied.
Conditions (C2) and (C3) hold by (11-3), because Q’, R’ C L by construction.

To prove (C5), take P; € P forany i € {1,...,k},anddenote Q; = QNP;, 0, =Q'NP;, R =RNP;
and R; = R’ N P;, as before. For any g € Q; there exists j € {1,...,n;} such that ¢ € a;; Q. It follows
that

(11-7) q(Qf, R)Ri = a;j(Q;, Ri)R; and qQ}R; =a;; Q;R;.
Since (Q}, R}) < M N P;, we can combine (11-7) with (11-6) to deduce that
miny (¢(Q;. R)Ri \qQ;Ri) = C.
which establishes condition (C5). O

12 Double coset separability in amalgamated free products

In this section we develop a method for establishing the separability assumptions (S2) and (S3) of
Theorem 11.3 using amalgamated products. The idea is that when G is a relatively hyperbolic group,
P is a maximal parabolic subgroup and Q is a relatively quasiconvex subgroup of G, we can apply the
combination theorem of Martinez-Pedroza (Theorem 5.26) to find a finite-index subgroup H <y P such
that A = (H, Q) = H *xgng Q, so proving the separability of PQ in G can be reduced to proving the
separability of HQ in the amalgamated free product A.

The next proposition gives a new criterion for showing separability of double cosets in amalgamated free

products. This criterion may be of independent interest.

Proposition 12.1 Let A = B xp C be an amalgamated free product, where we consider B, C and D as
subgroups of A with BN C = D. Suppose that D is separable in A, and U C B and V C C are arbitrary
subsets.

If the product UD (respectively, DV') is separable in A then the product UC (respectively, BV) is
separable in A.
Proof We will prove the statement in the case of UC, as the other case is similar.

If U = @ then UC = &, so we can suppose that U is non-empty. Take any u € U. According to
Remark 4.12, without loss of generality we can replace U with u~!U to assume that 1 € U.

Consider any element g € A\ UC; since 1 € U, we deduce that g ¢ C. We will construct a homomorphism
from A to a finite group L which separates the image of g from the image of UC.
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Since g ¢ D, it has a reduced form g = xj x5 --- x§, where x; belongs to one of the factors B or C, for
each i, consecutive elements x; and x; 4+ belong to different factors, and x; ¢ D foralli =1,...,k (see
[35, page 187]).

Since D is separable in A, by Lemma 4.16(a) there is a finite group M and a homomorphism ¢: A — M
such that

(12-1) o(x;)¢e(D)in M forevery i =1,... k.

Denote by B, C and D the g-images if B, C and D in M respectively. We can then consider the
amalgamated free product A = B D C, together with the natural homomorphism v : A — A, which is
compatible with ¢ on B and C (in other words, ¥ |gp = ¢|p and ¥ |c = ¢|c). It follows that ¢ factors
through . That is, ¢ = @ oy, where @: A — M is the natural homomorphism extending the embeddings
of B and C in M. Equation (12-1) now implies that

(12-2) V(x;)¢ Din A forevery i =1,...,k.

Denote X; = ¥ (x;) € A, i = 1,...,k. In view of (12-2), ¥(g) = X1 - - - X¢ is a reduced form in the
amalgamated free product A. We will now consider several cases.

Case 1 Assume that k > 3.

Then the above reduced form for 1/ (g) has length k > 3, so by the normal form theorem for amalgamated
free products [35, Theorem IV.2.6], it cannot be equal to an element from ¥ (UC) = ¥ (U)C < BC,
which would necessarily have a reduced form of length at most 2 in A. Therefore ¥ (g) ¢ ¥ (UC) in A.

Since B and C are finite groups, their amalgamated free product A is residually finite (in fact, A
is a virtually free group —see [55, Proposition 2.6.11]), so the finite subset ¥ (UC) is closed in the
profinite topology on A. Hence there is a finite group L and a homomorphism n: A — L such that
n(¥(g)) ¢ n(¥(UC)) in L. The composition noy: A — L is the required homomorphism separating
the image of g from the image of UC, and the consideration of Case 1 is complete.

Case 2 Suppose that k =2,x; € C\ D and x5 € B\ D.

Then X; € C\ D and X, € B\ D by (12-2), so ¥ (g) = X1 X5 is a reduced form of length 2 in A. Again, the
normal form theorem for amalgamated free products implies that v (g) ¢ BC in A; hence ¥ (g) ¢ ¥ (UC)
and we can find the required finite quotient L of A as in Case 1.

Case3 g =bc,where b€ B\UD and ¢ € C (here we allow ¢ € D, so this case also covers the situation
when k = 1).

This is the only case where we need to use the assumption that UD is separable in A. This assumption
implies that we can find a finite group M and a homomorphism ¢: A — M satisfying

¢(b) ¢ 9(UD) in M.
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As above, we can construct the amalgamated free product A = B * D C, together with the natural
homomorphism 1 : A — A, such that ¢ factors through . It follows that

(12-3) Y(b) ¢y (UD)=y(U)D in A.
Observe that ¥/ (g) ¢ ¥ (UC) = ¥ (U)C in A. Indeed, otherwise we would have

y(b) =y (@Y (c ) ey(U)CNB=y(U)CNB)=y(U)D,

which would contradict (12-3) (in the first equality we used the fact that B is a subgroup of A containing
the subset ¢ (U)). We can now argue as in Case 1 above to find a homomorphism from A to a finite
group L separating the image of g from the image of UC.

It is not hard to see that since g ¢ UC in A, the above three cases cover all possibilities; hence the proof
is complete. d

In the next two corollaries we assume that A = B xp C is the amalgamated free product of its subgroups
B and C,with BNC = D.

Corollary 12.2 Suppose that D is a separable subgroup in A. Then B, C and BC are all separable in A.

Proof The separability of C and B in A follows from Proposition 12.1, after choosing U = {1} and
V ={1}.

The separability of BC is also a consequence of Proposition 12.1, where we take U = B (so that
UD = BD = B). a

We will not need the next corollary in this paper, but it may be of independent interest and can be used to
strengthen some of the statements proved in Section 13.

Corollary 12.3 Suppose that U C B and V C C are subsets such that UD and DV are separable in A.
Then the triple product UDV is separable in A.

Proof If either U or V are empty then UDV is empty, and, hence, separable in A. Thus we can
suppose that there exist some elements # € U and v € V. By Remark 4.12. the subsets u~!UD C B and
DVv~l C C are separable in A. Since both of them contain D, we see that D = u 'UD N DVv L
thus D is separable in A.

By Proposition 12.1, the products UC and BV are separable in A, so the statement follows from the

observation that
UCNBV =UDV in A. O

In the case when U and V are subgroups, the above corollary shows that we can use separability of
double cosets UD and DV to deduce separability of the triple coset UD V. Moreover, if both U and V
are subgroups containing D, Corollary 12.3 implies that the double coset UV = UDYV is separable in A,
as long as U and V are separable in A.
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13 Separability of double cosets when one factor is parabolic

Throughout this section we will assume that G is group generated by a finite subset X and hyperbolic
relative to a collection of peripheral subgroups {H,, | v € N}, with |N| < oco.

Our goal in this section will be to establish separability of double cosets required by conditions (S2)
and (S3) of Theorem 11.3. All statements in this section will assume that finitely generated relatively
quasiconvex subgroups of G are separable —that is, G is QCERF (see Definition 1.1).

Lemma 13.1 Suppose that G is QCERE If A is a finitely generated relatively quasiconvex subgroup of
G then every subset of A which is closed in PJ (A) is also closed in PT (G).

Proof By Lemma 5.22 every subgroup of finite index in A is finitely generated and relatively quasiconvex;
hence it is separable in G as G is QCERF. The claim of the lemma now follows from Lemma 4.13(b). O

The following statement is essentially a corollary of the combination theorem of Martinez-Pedroza
(Theorem 5.26).

Proposition 13.2 Suppose that G is QCERE Let P be a maximal parabolic subgroup of G, let Q < G be
a finitely generated relatively quasiconvex subgroup and let D = P N Q. Then there exists a finite-index
subgroup H <y P such that all of the following properties hold:

e HNQ = D;

e the subgroup A = (H, Q) is relatively quasiconvex in G;

e A is naturally isomorphic to H xp Q;

e D is separable in A;

e cvery subset of A which is closed in PJ (A) is also closed in PT (G).

Proof Let C > 0 be the constant provided by Theorem 5.26, applied to the maximal parabolic subgroup
P and the relatively quasiconvex subgroup Q. By QCERF-ness, Q is separable in G, so by Lemma 4.16
there exists N <y G such that miny (QN \ Q) > C. Therefore, after setting H = PN QN <y P, we
getminy (H \ D) =miny(H \ Q) >C.

Note that since D = PN Q € H C P, we have H N Q = D. Hence we can apply Theorem 5.26 to
conclude that A = (H, Q) is relatively quasiconvex in G and is naturally isomorphic to the amalgamated
free product H *p Q.

Recall, from Lemma 5.24 and Corollary 5.23, that P is finitely generated and relatively quasiconvex
in G; hence it is separable in G by QCERF-ness. It follows that D = P N Q is separable in G, which
implies that it is separable in A by Lemma 4.13.

Observe that H and Q are both finitely generated, hence A is finitely generated and relatively quasiconvex
in G. Therefore Lemma 13.1 yields the last assertion of the proposition, that every subset of A which is
closed in J (A) is also closed in PT(G). O
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By combining Proposition 13.2 with Proposition 12.1 we obtain the first double coset separability result
when one of the factors is parabolic and the other one is finitely generated and relatively quasiconvex.

Proposition 13.3 Assume that G is QCERFE Let P be a maximal parabolic subgroup of G, let R < G be
a finitely generated relatively quasiconvex subgroup of G. Suppose that D < P is a subgroup satistying
the following condition:

(13-1) for each U <y D the double coset U(P N R) is separable in P.

Then the double coset DR is separable in G.

Proof According to Proposition 13.2, there exists H <y P such that the subgroup 4 = (H, R) is
naturally isomorphic to the amalgamated free product H *g R, where £E = P N R = H N R is separable
in A, and every closed subset from PJ (A) is separable in G.

Denote U = DN H <y D. By assumption (13-1), UE is separable in P. Since P is finitely generated and
relatively quasiconvex in G, we can conclude that UE is separable in G by Lemma 13.1. AsUE C A <G,
UE will also be closed in 29 (A4), so we can apply Proposition 12.1 to deduce that the double coset UR
is closed in 7 (A). It follows that this double coset is separable in G and, since U <y D, Lemma 4.14
implies that DR is separable in G, as desired. |

We can now prove that (S3) of Theorem 11.3 holds as long as the relatively hyperbolic group G is QCERF.

Corollary 13.4 Suppose that G is QCERF, P is a maximal parabolic subgroup of G and Q < G is
a finitely generated relatively quasiconvex subgroup. Then for all finite-index subgroups K <y P and
T <y Q the double coset KT is separable in G.

Proof Note that 7T is finitely generated and relatively quasiconvex in G by Lemma 5.22. Hence, to apply
Proposition 13.3 we simply need to check that for any U <y K the double coset U(P N T) is separable
in P. The latter is true because U(P N T) is a basic closed set in T (P), being a finite union of right
cosets to U <y P. Therefore KT is separable in G by Proposition 13.3. |

The proof of (S2) of Theorem 11.3 is slightly more involved because the intersection of two finitely
generated relatively quasiconvex subgroups need not be finitely generated.

Proposition 13.5 Let P be a maximal parabolic subgroup of G, let O, R < G be finitely generated
relatively quasiconvex subgroups, let S = Q N R and D = P N Q. Suppose that G is QCERF and
condition (13-1) is satisfied. Then the double coset PS is separable in G.

Proof Proposition 13.3 tells us that the double coset DR is separable in G, and G is QCERF so Q is
separable in G. Now, observe that DRN Q = D(RN Q) = DS, because D < Q. It follows that the
double coset DS is separable in G.
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According to Proposition 13.2, there exists a finite-index subgroup H <y P such that H N Q = D,
A= (H,Q)= H xp Q, D is separable in A and every closed subset in T (A) is closed in PT(G).
The double coset DS is separable in A by Lemma 4.13, so HS is closed in ?J (A) by Proposition 12.1.
It follows that H S is closed in ?J(G), which implies that the double coset PS is separable in G by
Lemma 4.14. |

14 Quasiconvexity of a virtual join from separability properties

In this section we will prove Theorems 1.2 and 1.3 from the introduction. The latter follows from the
following result and the observation that a finite-index subgroup of a relatively quasiconvex subgroup is
itself relatively quasiconvex (see Lemma 5.22).

Theorem 14.1 Let G be a group generated by a finite set X and hyperbolic relative to a finite collection
of abelian subgroups. Assume that G is QCEREFE. If Q, R < G are relatively quasiconvex subgroups and
S = Q N R then for every A > 0 there exists a finite-index subgroup L <y G, with § C L, such that
properties (P1)—(P3) from Section 3.1 hold for arbitrary subgroups Q' < Q N L and R’ < RN L satistying
O'NR' =8.

Proof By combining the assumptions with Lemma 5.24, we know that maximal parabolic subgroups
of G are finitely generated abelian groups. Since such groups are slender, all relatively quasiconvex
subgroups of G are finitely generated (see [30, Corollary 9.2]). Moreover, finitely generated abelian
groups are LERF, and hence, they are double coset separable (because the product of two subgroups is
again a subgroup). Therefore the double coset PSS is separable in G for any maximal parabolic subgroup
P < G by Proposition 13.5.

In view of Proposition 11.1, for any finite collection %, of maximal parabolic subgroups of G, and any
B, C >0 there exists L <y G, with S € L, such that any subgroups Q' < Q N L and R' < RN L satisfy
conditions (C1)—(C3), as long as Q' N R’ = S. Remark 3.3 tells us that these subgroups automatically
satisfy conditions (C4) and (C5). Thus we can obtain the desired statement by applying Theorem 3.5. O

Corollary 14.2 Suppose that G is a QCERF group generated by a finite subset X and hyperbolic relative
to a finite family { H, | v € N} of virtually abelian subgroups. Let Q, R < G be relatively quasiconvex
subgroups and let S = Q N R. Then there exists L <y G such thatif Q' < QN L and R"< RN L are
relatively quasiconvex subgroups of G satisfying Q' N R’ = S N L then the subgroup (Q’, R’} is also
relatively quasiconvex in G.

Proof By the assumptions for each v € N there exists a finite-index abelian subgroup K, <y H,. Since
G is QCEREF, each K, is separable in G (it is finitely generated by Lemma 5.24 and it is relatively
quasiconvex by Corollary 5.23). Thus, in view of Lemma 4.17, for every v € N there exists L, <y G
such that L, N H, = K,,.
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Since |N| < oo, the intersection (), ¢ Ly has finite index in G, hence it contains a finite-index normal
subgroup G1 <1y G. Note that for any g € G and any v € N' we have

(14-1) G N gva_l =g(G1N Hv)g_l Cg(LynN Hv)g_l = gKvg_l,

where the first equality follows from the normality of G, the middle inclusion follows from the fact
that G; € L,, and the last equality is due to the fact that L, N H, = K,,. By Lemma 5.22, G; is
finitely generated and relatively quasiconvex in G; hence, by [30, Theorem 9.1] it is hyperbolic relative
to representatives of G1-conjugacy classes of the intersections G; N gH, g~ !, g € G. Thus, in view of
(14-1), all peripheral subgroups in G; are abelian.

By [30, Corollary 9.3], a subgroup of G is relatively quasiconvex in G (with respect to the above
family of peripheral subgroups) if and only if it is relatively quasiconvex in G. Therefore G is QCERF
and Q1 = Q NGy < Q, Ry = RN Gy <y R are finitely generated relatively quasiconvex subgroups
of G1 by Lemma 5.22. After denoting S1 = S N G; = Q1 N Ry, we can apply Theorem 1.3 to find
a finite-index subgroup L <y G such that Sy C L (thus, S; = S N L) and the subgroup (Q’, R') is
relatively quasiconvex in G, for arbitrary Q' < Q1 NL=Q N L and R’ < Ry N L = RN L satisfying
QO'NR = Q1N Ry =S81. We can use [30, Corollary 9.3] again to deduce that (Q’, R’) is relatively
quasiconvex in G. |

The following collects the results of the previous sections, allowing us to find subgroups Q' and R’ to
which Theorem 3.5 can be applied.

Proposition 14.3 Let G be a finitely generated QCEREF relatively hyperbolic group with double coset
separable peripheral subgroups, and let Q and R be finitely generated relatively quasiconvex subgroups.
Then for any B, C > 0, and finite family % of maximal parabolic subgroups of G, there are finite-index
subgroups Q' <r Q and R' <y R satisfying (C1)-(C5) with constants B and C and family P.

More precisely, writing S = Q N R, there exists L <y G with S C L such that for any L' <y L satisfying
S C L', we can choose Q" = Q N L' <r Q and there exists M <y L’ with Q" € M such that for any
M’ <y M satisfying Q' € M', we can choose " = RN M' <y R.

Proof We check that all the assumptions of Theorem 11.3 are satisfied for every P € %. Indeed, (S1)
holds because G is QCERF and (S3) is true by Corollary 13.4.

Note that the subgroups D = Q N P and RN P are finitely generated by Lemma 5.24, hence condition
(13-1) follows from the double coset separability of P; thus (S4) is satisfied. Finally, (S2) holds by
Proposition 13.5.

The statement now follows by applying Theorem 11.3. a

Theorem 14.4 Let G be a group generated by a finite set X and hyperbolic relative to a finite collection
of subgroups { H, | v € N'}. Suppose that G is QCERF and H, is double coset separable, for eachv € N.
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If O, R < G are finitely generated relatively quasiconvex subgroups and S = Q N R then forevery A > 0
there exist finite-index subgroups Q" <y Q and R’ <y R which satisfy properties (P1)—~(P3).

More precisely, there exists L <y G with S C L such that for any L' <y L satisfying S € L', we can
choose Q' = QNL' <y Q and there exists M <y L' with Q' € M such that for any M’ <y M satisfying
Q' € M’, we can choose R" = RN M’ <y R.

Proof Let % be the finite collection of maximal parabolic subgroups of G provided by Theorem 3.5.
The statement follows immediately from a combination of Theorem 3.5 with Proposition 14.3. O

Recall that Q and R are said to have almost compatible parabolics if for every maximal parabolic subgroup
P <G,either QNP <RNPor RNP =< QN P. Wefind that in the case when Q and R have almost
compatible parabolics, it is actually not necessary to assume that the peripheral subgroups are double
coset separable:

Theorem 14.5 Suppose that G is a finitely generated QCERF relatively hyperbolic group, O, R < G are
finitely generated relatively quasiconvex subgroups with almost compatible parabolics and S = Q N R.
Then for every A > 0 there exist finite-index subgroups Q" <y Q and R’ <y R which satisfy properties
(P1)—(P3).

More precisely, there exists L <y G, with S C L, such that for any L' <y L, satisfying S C L', we
can choose Q' = Q N L' <y Q and there exists M <y L', with Q" € M, such that for any M’ <s M,
satisfying Q' € M’, we can choose " = RN M’ <y R.

Proof As before, we will be verifying the assumptions of Theorem 11.3. Let P be an arbitrary maximal
parabolic subgroup of G. Condition (S1) follows from the QCERF-ness of G and (S3) follows from
Corollary 13.4.

Let D =Q NP and U <¢ D. Since Q and R have almost compatible parabolics and Q N P < U,
we know that either U < RN P or RN P < U. Note that both U and R N P are finitely generated by
Lemma 5.24 and relatively quasiconvex by Corollary 5.23, so they are separable because G is QCERF.
Lemma 4.15 now implies that the double coset U(R N P) is separable in G, thus condition (13-1) is
satisfied by Lemma 4.13. This shows that (S4) of Theorem 11.3 is satisfied; furthermore, (S2) holds by
Proposition 13.5.

We can now deduce the theorem by combining Theorem 3.5 with Theorem 11.3. a

15 Separability of double cosets in QCERF relatively hyperbolic groups

In this section we prove Corollary 1.4 from the introduction.

Proof of Corollary 1.4 Let X be a finite generating set of G. Consider any g € G \ OR, and set
A =|g|x + 1. By Theorem 14.4 there are subgroups Q' < Q and R’ <y R satisfying properties (P1)
and (P3). The latter property, combined with the definition of A4, implies that g ¢ Q(Q’, R')R.
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On the other hand, property (P1) tells us that H = (Q’, R’) is relatively quasiconvex in G. Clearly it is
also finitely generated, hence it must be separable in G by QCERF-ness. Observe that since Q’ and R’
are finite-index subgroups in Q and R respectively,

n m
OHR =) | JaiHb;.
i=1j=1
where ay, ..., a, are left coset representatives of Q" in Q, and by, ..., by, are right coset representatives
of R" in R. Recalling Remark 4.12, we see that the subset Q HR is separable in G; thus it is a closed
set containing QR but not containing g. Since we found such a set for an arbitrary g € G \ OR, we can
conclude that QR is closed in T (G), as required. O

Corollary 1.6 from the introduction can be proved in the same way as Corollary 1.4, except that one needs
to use Theorem 14.5 instead of Theorem 14.4.

Part III Separability of products of subgroups

This part of the paper is dedicated to proving Theorem 1.8 from the introduction. In order to do this we
must generalise the discussion of path representatives in Sections 6—8, adapting the arguments there to
deal with additional technicalities. Let us give a summary of the argument.

Let G be a QCEREF finitely generated relatively hyperbolic group with a finite collection of peripheral
subgroups {H, | v € N}. Suppose that, for each v € N, the subgroup H, has property RZ;. Let
Fy, ..., Fs < G be finitely generated relatively quasiconvex subgroups. In order to show that the product
Fy --- Fs is separable, we proceed by induction on s. The case that s = 1 is the QCERF condition and
s = 2 is Corollary 1.4, so we may assume s > 2. For ease of reading we now relabel the subgroups
Fi=0,Fb=R, F3=T,...,Fs=T,,wherem =s—2>0.

We approximate the product QRT - - - T, with sets of the form Q(Q', R')RT} - -- Ty, where Q' <5 Q
and R’ < R are finite-index subgroups of Q and R respectively. Observe that we can write these sets as
finite unions

(15-1) Q(Q".RRT -+ T =_Jai(Q', R)b; Ty - T,

i?j
where the elements a; and b; are coset representatives of Q" and R’ in Q and R respectively. Note that
the products on the right-hand side of (15-1) now involve only s — 1 subgroups. By Theorem 1.2, the

subgroups Q' and R’ can be chosen so that {(Q’, R’} is relatively quasiconvex, hence we can apply the
induction hypothesis to show that such products are separable in G.

It then remains to prove that the product QRT; --- Ty, is, in fact, an intersection of subsets of the
form Q(Q’, R')RTy --- Ty, as above. To this end, we study path representatives gpy - -+ pnrty -« -ty of

Algebraic & Geometric Topology, Volume 25 (2025)



464 Ashot Minasyan and Lawk Mineh

elements of Q(Q’, R')RT; --- Ty, in a similar manner to Part II. The main additional difficulty comes
from controlling instances of multiple backtracking that involve segments in the #; - - - #,, part of the path.
We introduce new metric conditions (C2-m) and (C5-m) to deal with these technicalities.

16 Auxiliary definitions

Convention 16.1 We write G for a group generated by a finite set X and hyperbolic relative to a family
of subgroups {H, | v € N}, |[N] < oco. Let % = | |,c(Hv \ {1}) and choose § € N so that the Cayley
graph I'(G, X U %) is §-hyperbolic (see Lemma 5.4).

We will assume that Q, R, T1,...,T;n < G are fixed relatively quasiconvex subgroups of G, with
quasiconvexity constant € > 0, where m € Ng. Denote S = Q N R.

Throughout this section we use Q' and R’ to denote subgroups of Q and R respectively. We will also
assume that Q"N R’ = Q N R =S (thatis, Q' and R’ satisfy (C1)).

16.1 New metric conditions

Suppose B, C > 0 are some constants, % is a finite collection of maximal parabolic subgroups of G, and
U is a finite family of finitely generated relatively quasiconvex subgroups of G. We will be interested in
the following generalisations of conditions (C2) and (C5) to the multiple coset setting:

(C2-m) miny(R(Q',R)RTy---T;\RTy---Tj) > B, foreach j =0,...,m;

(C5-m) miny (¢(Q%, Rp)Rp(Un)p -+~ (Uj)p \ ¢Qp Rp(U1)p -+ (Uj)p) = C, for each P € P, all
q € Qp,any j €{0,...,m} and arbitrary Uy, ..., U; € U, where (Uj))p =U; NP < P.

Remark 16.2 Let us make the following observations.

e When j = 0, the inequality from condition (C2-m) reduces to miny (R(Q’, R’)R\ R) > B, which
is a part of (C2); on the other hand, the inequality from condition (C5-m) simply becomes (C5). In
particular, for each m > 0, (C5-m) implies (C5).

e In our usage of (C5-m), the set U will consists of finitely many conjugates of 77, ..., Ty,; in fact,
U = Tfﬂforsomeai eG,i=1,...,m.

Remark 16.3 Similarly to conditions (C1)—(C5), the above conditions are best understood with a view
towards the profinite topology.

» To prove separability of products of relatively quasiconvex subgroups we argue by induction on the
number of factors. That is, we assume that the product of m + 1 relatively quasiconvex subgroups is
separable and then deduce the separability of the product of m + 2 relatively quasiconvex subgroups.
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The existence of finite-index subgroups Q' <y Q and R’ <y R realising condition (C2-m) will be
deduced from this inductive assumption.

e The existence of finite-index subgroups Q’ < Q and R’ <y R realising condition (C5-m), given
a finite family U, will be deduced from the assumption that the peripheral subgroups {H,, | v € N}
of G each satisfy the property RZ,, 4.

16.2 Path representatives for products of subgroups

In this subsection we define path representatives for elements of Q(Q’, R’YRT --- Ty, similarly to the
path representatives for elements of Q(Q’, R’) R from Definition 10.6 and discuss their properties.

Definition 16.4 (path representative, IIT) Let g be an element of Q(Q’, R'YRT} - -- Ty,. Suppose that
P =(qp1--- Pally-- -ty is a broken line in I'(G, X U ¥) satisfying the following properties:

*P=8

e geQand7€eR;

e pi€e Q'UR foreachi €{l,...,n};

e 1 €T;foreachi €{l,...,m}.

Then we say that p is a path representative of g in the product Q(Q’, R'YRTy - -+ Tpy,.
The type of a path representative is defined as before (cf Definitions 6.3 and 10.7).

Definition 16.5 (type and width of a path representative, III) Let g € Q(Q’, R')RT; --- Ty, and let
P =(qp1-:- Pntt1 -ty be a path representative of g in the sense of Definition 16.4. Denote by Y the
set of all #-components of the segments of p. We define the width of p as the integer n and the type of

)= (m ). X Iyl ) € Mo,

yeY

p as the triple

The following observation will be useful.

Remark 16.6 Suppose g € Q(Q’, R')RT} --- Ty, can be written as a product

§=XY1: " YnZU1 " Um,
where x € O, y1,...,yn € Q’"UR’, z € Rand u; € T;, foreachi = 1,...,m. Then g has a path

representative of width n.

Similarly to path representatives of elements of (Q’, R’) (in the sense defined in Section 6), we will be
interested in path representatives whose type is minimal (as an element of N> under the lexicographic
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ordering). Given an element g € Q(Q’, R')RTj --- Ty, such a path representative is always guaranteed
to exist. Let us make the following observation (cf Remark 10.8).

Remark 16.7 Suppose that p = gp; -+ purt; -+ - 1, is a minimal type path representative of an element
g€ Q(Q',R)RTy--- Ty, such that g ¢ QRTy---Tp,. Thenn >0, p; € R'\ S, pp € Q' \ S and the
labels of pq,..., p, alternate between representing elements of R’ \ S and Q' \ S. In particular, the
integer n must be even.

Note that in Definition 16.4 the geodesic paths ¢, r and 1, ..., t, are always counted as segments of
the path p, even if they end up being trivial paths. For example a minimal type path representative of
an element g € R'Q'Ty--- Ty, \ QRT} --- Ty, will be a broken line p = gpyparty -ty with m + 4
segments, where ¢ and r are trivial paths.

The proofs of the main results from Sections 6 and 7 can be easily adapted to apply to minimal type path
representatives of elements g € Q(Q’, R'YRTy -+ Ty, \ OQRT} --- Ty, (in the sense of Definitions 16.4
and 16.5), with only superficial differences, so the proofs of the following generalisations of Lemmas 6.7,
7.3 and 7.6, respectively, will be omitted.

Lemma 16.8 There is a constant Co > 0 such that the following holds.

Assume that Q" < Q and R’ < R are subgroups satisfying condition (C1). Consider any element
g€ Q(Q,R)RT,--- Ty, withg ¢ QRTy---Ty,. Let p =qpy -+ pprty -+ -ty be a path representative
of g of minimal type, with nodes fo, ..., fu+m+2 (thatis, fo =q—, fi = (pi)—, foreachi € {1,...,n},

fn+1 =r_, fn+1+j = (tj)_,foreachj E{l, .. ,m}, and fn+m+2=(lm)+). Then (ﬁ_l,ﬁ+1);€l SC(),
foralli € {l,...,n+m+1}.

Lemma 16.9 There is a constant C; > 0 such that the following is true.

Let Q' < Q and R’ < R be subgroups satistfying condition (C1). Consider a minimal type path rep-
resentative p = qpy-+- pnpr'ty -ty for an element g € Q(Q’', R'YRTy--- Ty \ ORTy -+ Ty,. If a and
b are adjacent segments of p, with ay = b_, and h and k are connected #-components of a and b
respectively, then dx (h4+,a+) < Cy anddx(a+,k-) < Cj.

Lemma 16.10 For any { > 0 there is ®9 = ©¢({) € N such that the following is true.

Let Q' < Q and R’ < R be subgroups satistying condition (C1). Consider a minimal type path represen-
tative p = qpy++- pnrty -+t foranelement g € Q(Q’, R'YRTy --- Ty, \ OQRTy --- Ty,. Suppose that a
and b are adjacent segments of p, witha4 = b_, and h and k are connected 3¢-components of a and b
respectively, such that

max{|hlx., |k|x} = Oo.
Thendx(h—.ky) > ¢.
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17 Multiple backtracking in product path representatives: two special
cases

Just like in Theorem 3.5, the main difficulty in proving Theorem 1.8 consists in dealing with multiple
backtracking in path representatives. In this section we will consider two of the possible cases. We will
be working under Convention 16.1.

Throughout the rest of the paper we fix the following notation.
Notation 17.1 let C; be the larger of the two constants provided by Lemmas 7.3 and 16.9, and denote
by ?; the finite collection of maximal parabolic subgroups of G given by
P ={H,b |veN, |blx <Cil
The following lemma is roughly analogous to Lemma 8.2.
Lemma 17.2 For any L > 0 and any relatively quasiconvex subgroup T < G there is a constant

L'=L'(L,T) > 0 such that the following is true.

Let P = Hvb € %Py, for some v € N and b € G, with |bly < Cy, and let t be a geodesic path in
(G, X U¥%), witht € T. Suppose that v € Pb = bH,, is a vertex of t and u € P is an element satisfying
dx (u,t—) < L. Denote a = u~'t_ € G. Then there is a geodesic patht' in I'(G, X U ¥) such that

e t_. =uanddx(t\.,v)<L';

e 'eT*NP;

« (t}) 'ty eal.
Proof Let K = max{Cj,o + L}, where o > 0 is a quasiconvexity constant for 7. Denote
(17-1) L' =max{K'(P,T* K)|P €®1,acG, |alxy <L},
where K'(P, T?, K) is obtained from Lemma 4.1.

The hypotheses that v € Pb and |b|y < Cq imply that dx (v, P) < |b|x <Cy. Asu € P, wehave P =uP
and so

(17-2) dy(v,uP) <Cj.
Set x =t_ =ua. Since f € T, we have dx (v, xT) <o, as T is o-quasiconvex. Hence
dy (v, uT®) =dy(,xTa Yy <dx(v,xT)+|alx <o + L.

Combining the latter inequality with (17-2) allows us to apply Lemma 4.1 to find an element z € u(T*N P)
such that dx (v,z) < L’, where L’ > 0 is the constant from (17-1). Now take ¢’ to be any geodesic in
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['(G, X U¥) with 1’ =u and ¢/, = z. It is straightforward to verify that ¢” satisfies the first two of the

required properties. For the last property, observe that

)y = () Wy )T ) =7 tai € T?aT = aT. o
The following notation will be fixed for the remainder of the paper.

Notation 17.3 Let D be the constant from Lemma 8.2, corresponding to C; and P (from Notation 17.1)
and subgroups @O, R. We define constants Lj,..., L;;+1 as

Li=D+C; and Ljy1=L"(L;,T;)+C; foreachi=1,...,m,
where L’ is obtained from Lemma 17.2.

We also define the family of subgroups

m

Uy =\ {TF i edl.....m}. g € G [glx < Li}.
i=1
consisting of finitely many conjugates of the subgroups 77, ..., T;;. Note that, by Lemma 5.22, each

U €, is a relatively quasiconvex subgroup of G.

The next proposition describes how we deal with consecutive backtracking that involves the (z1 - - - t,)-
part of a path representative of an element g € Q(Q’, R'YRTy--- Ty, \ ORT} - - - Tyyy; it complements
Proposition 8.4 which takes care of backtracking within the gpy - -+ p,r-part.

Proposition 17.4 Suppose that p = gp1--- patt1 -ty IS a path representative of minimal type for
anelement g € Q(Q',R')RTy - Ty \ QRTy -+ Ty, where Q' < Q and R’ < R are some subgroups
satisfying (C1). Let P = Hvb € Py, forsomev € N and b € G, with |b|xy < Cj.

Suppose that hy, ..., hj are connected H,-components of the segments t1,...,t;, respectively, with
j €{l,...,m}, such that (h1)— € Pb = bH,,. If u; € P is an element satisfying dy (u1, (t1)-) < L
then there exist elements ay, ...,a; € G and a broken line ti tj’ in I'(G, X U %) such that

() (1)-=wur anddx ((t})+, (hj)+) < Lj+1;
() aj4+1€a;Ti,fori=1,...,j—1;
(iii) a; = (t))='(t;)- and |a;|x < L;, foreachi =1,..., j;
(iv) ff eTH NP, foralli =1,...,].
Proof We start by setting a; = ul_l(zl)_, so that |aq|x = dx(u1, (t1)—) < L1. Note that
(h1)+ = (h1)~hy € bH, = Pb.

Therefore we can apply Lemma 17.2 to find a geodesic path ¢{ in I'(G, X U ¥) such that (¢])— = u,
dx ((t)+. (h1)4+) < L'(Ly,T1). 1y € T{' N P and

(17-3) )3 (1) + € ar Ty
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Figure 8: The new path 7 - -- t]/- constructed in Proposition 17.4.

It follows that properties (ii)—(iv) are satisfied for i = 1, while property (i) holds because L, > L'(Ly, T1)
by definition. If j = 1 then property (ii) is vacuously true.

We can now suppose that j > 1. Then A is connected to the component /5 of t5, so, according to
Lemma 16.9, dx ((71)+. (t1)+) < C1. Set uz = (1{)+ and az = u; ' (11)+. Note that az € a; Ty by (17-3)
and

laz|x = dx (1), (t)+) < dx (1) +. (h1)+) +dx ((h1)+, (t1)+) < L'(L1,T1) + C1 = L».
Since (t2)— = (t1)+, we see that ap = u;l(zz)_ and dy (U2, (t2)-) = |az|x < L».

Now, observe that u, = ulf{ € P and (hy)4+ € bH, = Pb, as hj is connected to /1. This allows
us to use Lemma 17.2 to find a geodesic path ¢} in I'(G, X U ¥) such that (t})— = us = (t])+,
dx ((th)+. (h2) 1) < L'(L2.T2), 1y € T;> N P and (1) 14 € as T (see Figure 8).

If j = 2 then we are done, otherwise we construct the remaining elements a3, ...,a; and the paths
ZOU t]’- inductively, similarly to the construction of a» and ¢} above. O

The next two propositions prove that, under certain conditions, instances of multiple backtracking are
long. Essentially, they generalise Proposition 8.5. The first of these shows how we can use condition
(C5-m) to deal with particular instances of multiple backtracking.

Proposition 17.5 For each { > 0 there is a constant C, = C5(¢) > 0 such that if Q' < Q and R’ < R
satisty conditions (C1), (C3) and (C5-m) with constant C > C, and finite families % and U, such that
P C P and Uy C U, then the following is true.

Let p =qp1--- pnrty -+ -ty be a minimal type path representative for some g € Q(Q’, R')RTy - Ty,
with g ¢ QRT) --- Ty,. Suppose that p has multiple backtracking along H, -components hy, ..., hj of
its segments, for some v € N, such that

e hy is an H,-component of either g or p;, for somei € {1,...,n—1}, with p; € Q’;
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* hy is an H,-component of a segment t;, for some j € {1,...,m}.
Then dx ((h1)—, (hg)+) = €.

Proof Take
Cr=max{2C;,D+¢+Lj|j=1,.... m+1}+1,

where D and L; are defined in Notation 17.3, and suppose that C > C».
The proof employs the same strategy as Proposition 8.5: we first construct a path whose endpoints are

close to (h1)— and (hx)+ and whose label represents an element of a parabolic subgroup. We will then
obtain a contradiction with the minimality of the type of p, using condition (C5-m).

We will focus on the case when A1 is an H,-component of p;, for some i € {1,...,n— 1} with p; € Q’,
with the case when /1 is an H,,-component of ¢ being similar. Note that since g ¢ QRT] -- - Ty,, it must
be that n > 2 by Remark 16.7. After translating by ( p,-):_l, we may assume that (p;)+ = 1. We write
b = (h1)+ and note that, according to Lemma 16.9,

(17-4) |blx = dx ((h1)+.(pi)+) < C1.

Let P =bH,b~! € Py C P. Since hy, ..., hj are pairwise connected, the vertices (/) lie in the same
left coset bH,,, foralll =1,..., k, thus

(17-5) (h))+ € Pb forall [=1,... k.

We construct a new broken line p’ = pj--- p,r'ty .-+ in two steps. It will be used in conjunction with
condition (C5-m) to obtain a path representative of g with lesser type than p.

Step 1 We start by constructing geodesic paths p;, pi_;,..., p, and r’ by using condition (C3) and
applying Lemmas 8.2 and 8.3, in exactly the same way as in the proof of Proposition 8.4. The newly
constructed paths will have the following properties:

s P e Qp,ﬁ; € Qp URp, foreachl =i +1,...,n,and 7’ € Rp;
dx((p})—.(h1)=) <D and (p))+ = (pi)+ =1;
rl = (py)+ and dx (r'y, (hg—j)+) < D;
(PP (p1)+ €S forl =i+1,....n.

Step 2 We now construct geodesic paths 1, .. ., t]’. as follows. Set u; = (r')+ and observe that since

(Pl/-+1)— = (pl{).q. =1, we have
ui =p~l{+1"'p~;17/€P.

By Lemma 16.9, we have dx ((hg—;)+. (t1)-) = dx ((hg—;)+.r+) < C1. Moreover, by Step 1 above,
dx (u1, (hg—;)+) < D. Therefore

dx(ui,(t1)-) <C1+ D = L.
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Together with (17-5) this allows us to apply Proposition 17.4 to find elements ay,...,a; € G and a
broken line {2 - - l in I'(G, X U %) such that

o (t1)-=wuyand dx ((})+. (hx)+) < Lj+1;

e aiy1€aqTy,forl=1,...,j—1;

e a;=())-'(t))— and |a;|x < L;,foreachl =1,...,;
e fjeT" NP foralll=1,....;.

Observe that

(17-6) ay = ()= ) - =uT re = L )L ) T ) = 7N (pl) T (pn)+7 € RpSRC R.
We now define a new broken line p’ in I'(G, X U %) by

/ [

p=pi-pyr't - f,

Note that dx (p_, (h1)-) < D, dx(p'y., (hi)+) < Lj+1 and §' € pj(Qp, Rp)Rp(T{)p -+ (T )p,
where p € O p. Moreover, Tla’ €Wy CU, foreachl =1,..., .

Now, suppose, for a contradiction, that dx ((h1)—, (hg)+) < . Then, by the triangle inequality,

P'lx <D +¢+Ljt1 <Ca.
Thus, as C > C», we can apply (C5-m) to deduce that p’ € p/ Qs Rp (T} )p - (Tjaj ) p. Therefore, there
exist elements z € p;Qp, x € Rand y; € T;, I =1,..., j, such that p’ = zxy]" ---y;.lj. By construction,
foreach/ =1,...,j —1 there is b; € T; such that a;+; = a;b;, and so al_lal+1 = b; € T;. Recalling
that (p})+ = (pi)+ = 1, the above yields

aj

(17-7) P =zxy}! -y =zxayy1b1ysbs - "bj—lyjaj_l

Let o« and 8 be geodesic segments in I'(G, X U %) connecting (p;)— with (p})— and (tj’.)+ with (¢;) 4
respectively. Since (p;)+ = (p})+, we have

(17-8) a@=(p)= (p))-= ()= (p)+ ()T (p)- = i p;
On the other hand, it follows from the construction that
(17-9) B=upi @)y =07 NN -1 =1 ajl; € TV a; Ty = a; Ty

The broken lines p and y =gpy --- pi—10p’Btj 41 - - -ty have the same endpoints in I'(G, X U%). Hence,
in view of (17-8) and (17-7), we obtain
(17-10)  g=p=7=qp1- pi1&p Blj+1--Im

=Gp1- Pio1(Pi i ") (exaryibiyaba -+ bj—1yja; Bl 11 -

=Gp1-+ Pima (B P ) xan) by -+ (j1bj—1) (vay ﬁ)l/+1 .
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Recall that g € Q, p1...., pi—1 € Q'UR and 1; € T}, for ] = j +1,...,m, by definition. On the other
hand, p; p!~'z € Q'p} 7' p} Q% = Q’, xa1 € R by (17-6) and y;b; € T;, foreach [ =1,...,j — 1, by
construction. Finally, y jaj_lﬁ € Tjaj_la i T; = T; by (17-9). Thus, following Remark 16.6, the product
decomposition (17-10) for g gives us a path representative of g with width i < n. This contradicts the
minimality of the type of p, so the proposition is proved. a

Condition (C2-m) can be used deal with another case of multiple backtracking.

Proposition 17.6 For every { > 0 there is a constant By = B1({) > 0 such that if Q' < Q and R’ < R
satisty condition (C2-m) with constant B > B then the following is true.

Let p =qp1 -+ party -+ -ty be a minimal type path representative for some g € Q{Q’, R'YRT} -+ Ty,
with g ¢ QRT; --- Ty, and let v € N. Suppose that p has multiple backtracking along H,,-components

hiy, ..., hy of its segments such that
e hy is an Hy,-component of p;, for some i € {1,...,n—1}, with p; € R';
* hy is an H,-component of t; for some j € {1,...,m}.

Then dx ((h1)—, (hx)+) > ¢.

Proof Take B; ={+2e+1, where ¢ >0 is a quasiconvexity constant for the subgroups R and 71, ..., Ty,
(as in Convention 16.1), and let B > Bj. Suppose, for a contradiction, that dy ((h1)—, (hx)+) <.

Since p; € R’, we have dx ((h1)—, (pi)+ R) < &, by the quasiconvexity of R. Therefore there is a geodesic
path p} in T'(G, X U %), such that p; € R, dx ((p})—. (h1)-) < e and (p;)+ = (p;)+. Similarly, using
the quasiconvexity of 7}, we can find a geodesic path t]{ in I'(G, X U%), such that f]’ eT;, (t]’.)_ = (tj)-
and dX((t]’-)_,., (hg)+) <. Let p’ be the broken line p; p; 1+ party -~-tj_1tj’..

Observe that p’ € R(Q', R')RT; --- T; and, by the triangle inequality, | p’|x < ¢ + 2&. Therefore we can
apply condition (C2-m) to p’ to find that p’ = xy; ---y;, where x € Rand y; € Ty, foreach [ =1,..., j.

The broken lines p and y = gpy --- p; pl/._1 P tJ/-_llj -~ Iy, have the same endpoints; hence

~)—1 ~/77—1

(17-11) g=p=y=qp1-pip; Dt 1
Gp1-e pic1(Pi oy )y i1 0 T )1 .

Im

Note that p; p; “lxeRand y jfj/-_lfj € T;j. In view of Remark 16.6, the product decomposition of g
from (17-11) can be used to obtain a path representative p” of g with width i — 1 < n. Thus the type of
p” is strictly less than the type of p, which yields the desired contradiction. a

18 Multiple backtracking in product path representatives: general case

Propositions 8.5, 17.5 and 17.6 above show that for g € Q(Q’, R')RTy -+ T, \ QRT - - - Ty, instances
of multiple backtracking in a minimal type path representative p = gpy -+ part1 - - - tm, that start at a
component of ¢, p1,..., or p,—1, are long. We cannot draw the same conclusion in all cases since we
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have no control over the elements 7,71, ..., ;. Therefore in this section we use a different approach.
Proposition 18.3 below shows that in the remaining cases we can find a path representative with one of
the segments from the tail section rt; - - - £, being short with respect to the proper metric dy. Note that
the main constant &y = £y(Q’, ¢), produced in this proposition, will depend on Q’ (unlike the constants
C1.D,C3(¢), B1(0), ..., defined previously) but will be independent of R’.

As before, we work under Convention 16.1. We will also keep using Notation 17.1 and 17.3. Let us start
with the following elementary observation.

Lemma 18.1 For any ¢ > 0 and any given subsets A1, ..., Ay C G, k > 1, there is a constant
E=E( Ay,...,A) >0
such thatif g € Ay --- A and |g|x <, then there exist a; € Ay,...,a; € Ay suchthatg = ay---ay

and |a;j|xy <&, foralli €{l,...,k}.

Proof Foreach g € Ay --- Ay fix some elements ay,g € Ay,...,ar g € Ag suchthat g =ay g - -ag q.
Now we can define

E=max{larglx.....larglx | g€ A1+ Ak. |glx < ¢} < oo.
Clearly & has the required property. a

Definition 18.2 (tail height) Suppose that Q' < O, R" < R and p = qpy--- purty -ty is a path
representative of an element g € Q(Q’, R’)RT} - -+ Ty,. The tail height of p, thx (p), is defined as

thy (p) = min{|r|x, |t1]x, ..., [tm—1lx}-
Proposition 18.3 For each { > 0, let C; = C5({) be the larger of the two constants provided by Proposi-
tions 8.5 and 17.5, and let B1 = B1 () be given by Proposition 17.6. Set By = B»(¢) =max{C({), B1(¢)}.

Suppose that Q' < Q is a relatively quasiconvex subgroup of G containing S = Q N R. Then there exists
a constant £y = £9(Q’, ¢) > 0 such that if R" < R and Q' and R’ satisfy conditions (C1)—(C4), (C2-m)
and (C5-m), with constants B > B, and C > C; and collections of subgroups % 2 %1 and U 2 AUy, then
the following is true.

Let p =qp1--- purty -+ -ty be a minimal type path representative for some g € Q(Q’, R'YRTy --- Ty,
with g ¢ ORT; --- T,,. Suppose that p has multiple backtracking along ¥-components hy, ..., hy of its
segments, with k > 3 and dx ((h1)—, (hg)+) <. Then m > 1 and there is a path representative p’ for g
(not necessarily of minimal type) such that thy (p’) < &.

Proof Let &’ > 0 be a quasiconvexity constant for Q’. Take &y = £y(Q’, ) > 0 to be the maximum,
taken over all indices i and j satisfying 1 <i < j <m, of the constants

EC+e+e, 0 R Th,....Tj), &(&+2e,RTh,....Tj), &E+2eT;,...,T)),

obtained from Lemma 18.1.
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Suppose that 41, ..., h; are as in the statement, with dx ((h1)—, (hg)+) < . There are four possible
cases to consider, depending on the segments of p to which the ¥-components /; and hj belong to. If
hj is an #-component of one of the segments p,, ..., p, or r, then one obtains a contradiction to the
minimality of type of p by following the same argument as in Proposition 8.5 (recall that (C5-m) implies
(C5) by Remark 16.2).

If &y is an J¢-component of one of the segments ¢, p1,..., pn—1 and Ay is an F-component of one of the
segments 71, . .., t,, we obtain a contradiction by applying either Proposition 17.5 or 17.6 (depending on
whether /1 is a component of a segment of p representing an element of Q or R, respectively).

It remains to consider the possibility when /41 is an #-component of one of the segments p,, 7, t1, ..., m.
It follows that A is an #-component of ¢;, for some j € {1,...,m}, in particular m > 1. For simplicity
we treat only the case when /7 is an ¥-component of p,; the remaining cases can be dealt with similarly.

Note that p, € Q" by Remark 16.7. By the relative quasiconvexity of Q' and 7} there are geodesic paths
a and B in I'(G, X U #) satisfying

dx(a—, (h)-) <€, ar=(pn)+. acQ
B-=(t)—. dx(B+.(h)4)<e. BeTj.
Let y = arty---tj—1f. Observe that y € Q'RT --- T} and, by the triangle inequality,
lylx = dx(a—, B+) <&’ +{+e.
Thus, applying Lemma 18.1, we can find elements x € Q’, y € R, z; € T1,...,z; € T; such that
Yy =xyzi---z; and
(18-1) lylx =éo.

Therefore

(18-2) §=p=qp1- Pn@ @i Tj—1(BF N} -+ lm

Pr Bn@ BT T
51+ Pt (Pn@ ' x)yz1 - 2j—1 (2 B )1+ .

roduct decomposition (18-2) gives rise to a path representative

[ ||
Lol L L

Following Remark 16.6, the

v,

p/:q,p/l...pnrtl...l"/n
for g, where ¢’ =G € Q, pl =pi € Q'UR, fori =1,....n—1, p,, = pu@ 'x € Q" =y €R,
fl’zzleTl,forlzl,...,j—l,fj’.:Zj,g_lfjETjandfs/:fseTs,fors:j+1,...,m.InView0f
(18-1), we see that thy (p’) < |y|x < &o, so the proof is complete. |

The following proposition is an analogue of Lemma 10.3. It employs the constant ¢y = max{Co, 14§},
where Cy is provided by Lemma 16.8, and the constants A = A(co) > 1 and ¢ = ¢(co) > 0, given by
Proposition 9.4.
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Proposition 18.4 For any n > 0 there are constants { = (1) > 0,C3 = C3(n) > 0,01 =01(n) € N
and B3 = B3(n) > 0 such that if Q" < Q is a relatively quasiconvex subgroup of G and B > B3, C > C3
then there exists E = E(n, Q’, B) > 0 such that the following holds.

Suppose Q' and some subgroup R’ < R satisfy conditions (C1)—(C4), (C2-m) and (C5-m), with constants
B and C, and families 2 %; and U 2 U;. Let p be a minimal type path representative for an element
g€ Q(O ,RYRT,---Tyy \ ORT ---Ty,. Assume that for any path representative p’ for g we have
thx (p’) > E. Then p is (B, cg, {, ®1)-tamable.

Let ¥(p,®1) = foe1 f1---e; f1 denote the ®1-shortcutting of p, obtained by applying Procedure 9.1,
and let e} be the ¥-component of X (p,®1) containing ej, j = 1,...,l. Then X(p,®1) is a (A, ¢)-
quasigeodesic without backtracking and |ej/- lx >n, foreach j =1,...,1.

Proof The proof is similar to the argument in Lemma 10.3. Let us define the necessary constants:

¢ = ¢(n, co) is the constant from Proposition 9.4;

®1 = max{®y({), {}, where Oy is the constant from Lemma 16.10;

B> (%) and C3 = C,(¢) are the constants provided by Proposition 18.3;

B3 = max{By (01, co), B2({)}, where Bo(®1, cp) is the constant from Proposition 9.4;
and, finally, for any given B > B3, C > C3, we set
e E =max{B,&(n, Q') + 1}, where £y(n, Q') is the constant from Proposition 18.3.

Suppose that Q’, R’, g and p = gpy -+ party -+ - 1,y are as in the statement of the proposition. We will
now show that p is (B, co, {, ®1)-tamable.

Since Q' and R’ satisfy (C2), Lemma 10.1 together with Remark 16.7 imply that |p;|x > B, for
eachi = 1,...,n. Moreover, by assumption, |r|x, |t1]|x,..., |tm—1|x = E > B, so condition (i) of
Definition 9.3 is satisfied. On the other hand, condition (ii) is satisfied by Lemma 16.8.

If condition (iii) of Definition 9.3 is not satisfied then p must have consecutive backtracking along
#-components A1, ..., h; of its segments, such that

max{|hilx [i =1,....,k}>©; and dyx((h1)—,(hp)+) <C.

Lemma 16.10 rules out the case of adjacent backtracking (k = 2), so it must be that k > 3. That is,
hiy, ..., h is an instance of multiple backtracking in p. Proposition 18.3 now applies, giving a path
representative p’ for g with thy (p’) < &p(n, Q') < E. This contradicts a hypothesis of the proposition,
so p must also satisfy condition (iii).

Thus p is (B, cg, {, ®1)-tamable, and we can apply Proposition 9.4 to achieve the desired conclusion. O
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19 Using separability to establish conditions (C2-m) and (C5-m)

In this section we exhibit, under suitable assumptions on G, the existence of finite-index subgroups
Q' <y Q and R’ <y R satisfying conditions (C1)—(C4), (C2-m) and (C5-m).

Lemma 19.1 Let G be a group generated by finite set X, let Q, R, T1, ..., Tm < G be some subgroups,
andlet S = Q N R. Suppose that RT) --- T; is separable in G, foreach | =0, ..., m. Then for any B >0
there is a finite-index subgroup N <y G, with S € N, such that arbitrary subgroups Q' < Q N N and
R’ < RN N satisfy condition (C2-m) with constant B.

Proof Foreach!/ € {0,...,m} the product RT} ---Tj is separable, so, by Lemma 4.16(b), there is a
finite-index normal subgroup M; <1r G such that

(19-1) miny (RTy---TyM;\ RT,---T;) > B forall [ =0,...,m.

Define the subgroup M = (=, M; <y G, and take N = SM <; G. Observe that

(19-2) RNRT:---T; = RSMRT,---T; = RSRT,---TyM = RT,---TyM forall [ =0,...,m.
Now choose arbitrary subgroups Q' < QNN and R < RN N, so that (Q’, R’y C N. Since M C M;
for all /, we can combine (19-1) with (19-2) to draw the desired conclusion. O
The next statement is similar to Theorem 11.3.

Lemma 19.2 Suppose that G is a group generated by finite set X and m € Ny. Let O, R < G be some
subgroups, and let % and AU be finite collections of subgroups of G such that

(1) each P € % has property RZ,,, 1 »;
(2) the subgroups Q N P, RN P and U N P are finitely generated, for all P € % and all U € U;
(3) if PeP, K<y PandL <y Q then KL is separable in G.
Then for any C > 0 and any finite-index subgroup Q' <y Q, there is a finite-index subgroup O <y G,

with Q' C O, such for any R’ < RN O the subgroups Q' and R’ satistfy (C5-m) with constant C and
collections % and .

Proof As usual, for subgroups H < G and P € % we denote H N P by Hp.

Fix an enumeration # = {Py, ..., Px} and let Q' <y Q be a finite-index subgroup of Q. Given any
i €{l,...,k}, we choose some coset representatives a;i, ..., ajn; € Qp; of Q},I_, so that
nj
/
Op, =| | aij 0p.-
Jj=1

Let U be the finite set consisting of all /-tuples (U, ..., U;), where [ € {0,...,m} and Uy, ..., U; € U.
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Consider any i € {1,...,k}andu = (Uy,...,U;) € U, where [ € {0, ..., m}. Note that Q},i <y Qp; is
finitely generated, for eachi = 1,...,k, since Qp, is itself finitely generated by (2). Combining assump-
tions (1) and (2), the subset Q},’_ Rp;(U1)p; --- (Up)p; is separable in P;. Therefore, by Lemma 4.16(c),
for any C > 0 there is Fjy <Iy P; such that

(19-3) miny (a;; Qp, FiuRp; (Un)p; -+ (Ur)p; \ aij Qp, Rp, (Un)p, - (Up)p;) = C,

forall j =1,...,n;.

Define K; , = Q},i Fiu <7 Pj. Then (19-3) implies that for every j = 1,...,n; we have

(19-4) miny (a;; Kiu Rp,(U1)p, -+ (Upp; \ aij Qp. Rp; (Un)p; --- (U p;) = C.

Assumption (3) tells us that the double coset K; ,, Q' is separable in G, and since Q'NP; = Q}i C Ky, we
can apply Lemma 11.2 to find a finite-index subgroup O; y <y G suchthat Q' € O; , and 0; y N P; C K, 4.

We can now define a finite-index subgroup O of G by

k
0=()()Ou<sG.

i=1uel
Observe that Q" € O and O N P; C Ky, foreachi =1,...,k and all u € U. Consider any subgroup
R'< RN O. Then Q},i U R}i C O N Pj, s0 (19-4) yields that
(19-5) miny (a;; (Q%p., Rp,) R, (U1)p; --- (U p; \ aij Q. Rp;(U)p; --- (U p;) = C,
for arbitrary i = 1,...,k,l =0,...,m,Uy,..., Uy €eUandany j =1,...,n;.
Givenanyi €{l,...,k}and any g € Qp,, thereis j € {1,...,n;} such that QQ/P,- = ajj Q},i. It follows

that q(Q},l_, R},[_) =a;j (Q},[, R},i), which, combined with (19-5), shows that Q" and R’ satisfy condition
(C5-m), as required. O

For the next result we will follow the notation of Convention 16.1.

Proposition 19.3 Suppose that G is QCERF, the product RT; ---T; is separable in G, for every
!l =0,...,m, and the peripheral subgroup H, has property RZ,,+,, for eachv € N. Let P be a finite
collection of maximal parabolic subgroups and let AU, be a finite collection of finitely generated relatively
quasiconvex subgroups in G.

Then for any B, C > 0 there exist finite-index subgroups Q' <y Q and R’ <s R such that

e (Q’, R') is relatively quasiconvex in G

e Q' and R’ satisfy conditions (C1)~(C4), (C2-m) and (C5-m) with constants B and C and collections
@1anth.

More precisely, there is L1 <y G, with S C L1, such that for any L' <y L, satisfying § C L', we can
take Q' = QN L' <y Q, and there is My <y L', with Q" C My, such that for any M" <y M, satisfying
Q' € M’, the subgroups Q" and R' = RN M’ <r R enjoy the above properties.
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Proof Fix some constants B, C > 0. Let ¢ be the finite collection of maximal parabolic subgroups
of G provided by Theorem 3.5 and set ¥ = Po U P;.

Note that maximal parabolic subgroups of G are double coset separable by the assumptions, as m +2 > 2.
Therefore the argument from the proof of Theorem 14.4 shows that G, its subgroups O, Rand S = QNR,
and the finite collection % satisfy assumptions (S1)—(S4) of Theorem 11.3. Let L <y G, with § C L, be
the finite-index subgroup provided by this theorem.

By the hypothesis on G, the subsets RTj ---T; are separable in G, for each / = 0,...,m. We can
therefore apply Lemma 19.1 to obtain a finite-index subgroup N <y G from its statement (in particular,
S C N). Now we define the finite-index subgroup L1 <y G, from the statement of the proposition, by
setting L1 = LN N. Clearly Ly contains S. Take any L' <r Ly, with S C L', andset ' = QNL' < Q.
Let M <y L’ be the subgroup provided by Theorem 11.3, with Q" € M.

Lemma 5.24 and Corollary 13.4 imply that all the assumptions of Lemma 19.2 are satisfied, so let O <y G
be the subgroup given by this lemma, with Q' € O. We now define the finite-index subgroup My <y L',
from the statement of the proposition, by M; = M N O.

Evidently, M contains Q’. Choose an arbitrary finite-index subgroup M’ <y My, with Q" € M’, and
set R" = RN M’. Observe that M' < G, by construction, hence R’ <f R.

The combined statements of Theorems 11.3 and 3.5 and Lemmas 5.22, 19.1 and 19.2 now imply that the
subgroups Q' <y O and R’ <y R, obtained above, satisfy all of the required properties. O

20 Separability of quasiconvex products in QCERF relatively hyperbolic
groups

In this section we prove Theorem 1.8 from the introduction.

Remark 20.1 Let G be a relatively hyperbolic group. Suppose that s € N and the product of any s
finitely generated relatively quasiconvex subgroups is separable in G. If Oy, ..., O are finitely generated
quasiconvex subgroups of G and ay, ..., as € G are arbitrary elements, then the subset agQ1a; - -+ Qsas
is separable in G.

Indeed, observe that the subset

aOQlal...Qsas — 6110 ‘210‘11 ,..Q?On.as—]ao...as

is a translate of a product of conjugates of the subgroups Q1,..., Q5. Combining Lemma 5.22 with
Remark 4.12 and the assumption on G yields the desired conclusion.

Proof of Theorem 1.8 We induct on s. The case s = 1 is equivalent to the QCERF property of G, while
the case s = 2 follows from Corollary 1.4. Thus we can assume that s > 2 and the product of any s — 1
finitely generated relatively quasiconvex subgroups is separable in G.
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Let F1,..., Fy be finitely generated relatively quasiconvex subgroups of G. For ease of notation we write
m=s—2,Q0=F,R=F,and T; = F; 45, fori € {1,...,m}. Choose a finite generating set X for G
and let § € N be a hyperbolicity constant for the Cayley graph I'(G, X U ), where # = | |, (Hy \ {1}).
Denote by ¢ > 0 a common quasiconvexity constant for Q, R, T, ..., Ty,.

Arguing by contradiction, suppose that the subset QRT} --- Ty, = Fy - -+ Fs is not separable in G. Then
there exists g € G\ QRTj --- T, such that g belongs to the profinite closure of QRT} --- Ty, in G. Let
us fix the following notation for the remainder of the proof:

e ¢o = max{Cy, 146} > 0, where Cy is the constant obtained from Lemma 16.8;

e ¢3 =c3(co) > 0 is the constant obtained from Lemma 4.11;

e A= A(co) > 1and c = c(co) > 0 are obtained from Proposition 9.4, applied with the constant cg;
e % is the finite family of maximal parabolic subgroups of G from Notation 17.1;

e Ol; is the finite collection of finitely generated relatively quasiconvex subgroups of G from
Notation 17.3;

e A=|g|x +1and n=1n(A,c, A) > 0 is obtained from Lemma 5.12;

e {=((n)=0,0; =01(n) >0, C3=Cz(n) >0and B3 = Bz(n) > 0 are the constants obtained
from Proposition 18.4;

B = max{B3(n), (44 +c3)01} and C = C3(n).

Observe that, by the induction hypothesis, the product RT7 --- T is separable in G, for every [ =0, ..., m.
Let L1 <f G be the finite-index subgroup obtained from Proposition 19.3, applied with finite families
%1, Uy and constants B, C, given above. Note that S C Ly, and define Q" = Q N L1 <y Q. Again, by
Proposition 19.3, there is a finite-index subgroup My <y L such that Q' € M; and for any M’ <y My,
with O’ € M, the subgroups O’ and R" = RN M’ <y R satisfy the conclusion of Proposition 19.3.

Let E = E(n,Q’, B) > 0 be the constant provided by Proposition 18.4. Let {N; | j € N} be an
enumeration of the finite-index subgroups of M containing Q’, and define the subgroups

1
(20-1) M/=(\Nj<sL and Rj=M/NR<sR, ieN.
j=1

Note that for every i € N, Q' € M/, so the subgroups Q’ and R satisfy the conclusion of Proposition 19.3.
In particular, the subgroup (Q’, R?) is relatively quasiconvex (and finitely generated) in G, and Q’ and
Rl/. satisfy conditions (C1)—(C4), (C2-m) and (C5-m) with constants B and C, and families %1 and U,
defined above. For each i € N, consider the subset

K;i = Q(Q".R})RTy -+ Tp,.
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Choose coset representatives x1,...,xXg € Q and y; 1,...,Y;p, € R such that Q = U?=1 x; Q" and
b.
R = Ukl=1 Ry x- Then . b
"R)HR=J | x(Q" R})yiu:
j=1k=1

hence K; may be written as the finite union

b;

U U Q R; >ylle T

Therefore, for every i € N, K; is separable in G by Remark 20.1 and the induction hypothesis. Since each
K; contains QRTj --- T, and g is in the profinite closure of QRT} - - - Ty, it must be the case that g € K;,
for every i € N. We will show that considering sufficiently large values of i leads to a contradiction.

For each i € N, let #; be the set of path representatives of g in K; = Q(Q',R})RTy - Ty, (see
Definition 16.4, where R’ is replaced by R/). We will now consider two cases.

Case 1 There exists i € N such that inf, ey, thy (p’) > E.

Choose a path representative of minimal type p = qp1 - part1 -ty for g in K;. Note that n > 1
and py € R} \ S because g ¢ QRT --- Tp, (see Remark 16.7). By the assumptions of Case 1 and the
above construction, we can apply Proposition 18.4 to conclude that p is (B, co, {, ®1)-tamable and
the shortcutting X(p, ®1) = foe1 f1--- fi_1e; f;, obtained from Procedure 9.1, is (A, ¢)-quasigeodesic
without backtracking, with |e;c |x > nforeach k = 1,...,] (where e}c denotes the #-component of
3 (p, ®1) containing ey).

If I > 0, then applying Lemma 5.12 to the path X (p, ®1) gives
lglx = [plx = %(p, O1)lx = 4> |glx,
by the choice of 1, which gives a contradiction.

Therefore it must be that / = 0. Then p is (4, ¢3)-quasigeodesic by Lemma 9.7 and, according to
Remark 9.2(c), no segment of p contains an #-component /2 with |i|y > ®;. By the quasigeodesicity of
p and the fact that p; is a subpath of p, we have

(20-2) I8lxuse = |plxuse = 3 (E(p) —€3) = Z(E(p1) —c3).
Applying Lemma 5.10 to the geodesic py in I'(G, X U %) we obtain
1 B
- > > = >
(20-3) tp1) = ®1|P1|X_ o, > 44+ c3,

where the second inequality follows from the fact that p; € R} \ S and Lemma 10.1. Combining (20-2)
and (20-3), we get
Iglx > Iglxum = (44 +c3—c3) = A>[glx,

which is a contradiction.
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Case 2 Forall i € N we have inf, ey, thy (p') < E.

Then for each i € N there is a path representative p; = q; p1,; **+ Pn;,itit1,i -+ tm,i € ¥; for g such that
th(p;) < E. It must either be the case that liminf; ,oo|ri|x < E or liminf; ,|tj;|x < E, for some
j €{l,...,m}. We will consider the former case, as the latter is very similar.

Since there are only finitely many elements x € G with |x|y < E, we may pass to a subsequence (p;, )keN
such that 7;, =y € R is some fixed element, for all kK € N. It follows that

(20-4) g = pi € Q(Q", R} )yT1--- Ty, foreach k € N.

Now, g ¢ OyTy---Ty, (as y € R), and the subset QyT; --- Ty, is separable in G by the induction
hypothesis and Remark 20.1. By Lemma 4.16(a), there is a finite-index normal subgroup O <1y G such
that g ¢ QOyTy - Ty,. The subgroup M7 N QO has finite index in M; and contains Q’; therefore
M0 QO = Nj,, for some jo € N.

Choose k € N such that iy > jo, so that Ml-/k C Nj, € QO (see (20-1)). Then R;k = Ml./k NRCQO;
hence

(20-5) Q(Q' R }yT1++ Ty S QOyTy - Trp.

Since g ¢ QOyT1 - - Ty, inclusions (20-4) and (20-5) contradict each other.

We have arrived to a contradiction at each of the two cases; hence the proof is complete. m|

21 New examples of product separable groups

In this section we prove Theorem 2.2, which will follow from the three propositions below.
Proposition 21.1 Limit groups are product separable.

Proof Dahmani [15] and, independently, Alibegovié¢ [3] proved that every limit group is hyperbolic
relative to a collection of conjugacy class representatives of its maximal non-cyclic finitely generated
abelian subgroups.

Moreover, Wilton [58] showed that limit groups are LERF and Dahmani [15] showed they are locally
quasiconvex (that is, each of their finitely generated subgroups is relatively quasiconvex with respect to the
given peripheral structure). Therefore our Theorem 1.8 yields that limit groups are product separable. O

Finitely generated Kleinian groups are not always locally quasiconvex, and we require the following two
lemmas to deal with the case when one of the factors is not relatively quasiconvex.

Lemma 21.2 Let N be a group and n > 2 be an integer. Suppose that Hy, . .., Hy, are subgroups of N
such that H; <1 N, for some i € {1,...,n}, and the image of the product Hy --- Hi_1H; 1 --- H, is
separable in N/H;. Then H; --- Hy is separable in N .
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Proof Let ¢: N — N/H; denote the natural epimorphism. By the assumptions, the subset
S=¢(Hy---Hi—1Hjt1--- Hy)
is separable in N/H;. Observe that
Hy---H,=(Hy---Hi_1Hjy1--- H)H; = ¢ 1(5),

as H; << N; hence H; --- H, is closed in the profinite topology on N because group homomorphisms
are continuous with respect to profinite topologies. O

Lemma 21.3 Let G be a group with finitely generated subgroups F1i, ..., F, < G,n > 2. Suppose that
there exists a finite-index subgroup G’ <y G and an index i € {1,...,n} such that F/ = F; NG’ < G’
and G'/ F/ has property RZ,_y. Then the product Fy - -- Fy, is separable in G.

Proof Let N <y G be a finite-index normal subgroup contained in G’, and set H; = F; N N, for
j=1,...,n.

Since |F; : Hj| < oo, foreach j =1,...,n, the product Fy --- F, can be written as a finite union of
subsets of the form hy Hih Hy -+ - hy, Hy, where hq, ..., h, € G. Observe that
hiHihoHy - -hyHy = HE'HS? - HE" gy,

where g; =hy---hj € G, j =1,...,n. Thus, in view of Remark 4.12, in order to prove the separability
of F1:--F, in G it is enough to show that the product H f ! Hé”z .- H$" is separable, for arbitrary
g1,---.8n €G.

Given any elements g1, ..., g, € G, the subgroups H g1 Hfz, R H,f” < G are finitely generated and

are contained in N. Moreover, since the subgroup H; = F; NN = F/ N N is normal in N and N <G’
is normal in G, we see that Hl-gi <1 N and

N/Hf" = N8 /H® ~ N/H; <G'/F].
Therefore the group N/ Hl.g " has RZ,_1, as a subgroup of G’/ F/, so the image of the product

g1, .. [8i—1 gg8i+1 . [y&n
H; H HI.Jrl H

is separable in N/H®'. Lemma 21.2 now implies that HE' H5? - H3" is separable in N; hence it is also
separable in G by Lemma 4.13(b). As we observed above, the latter yields the separability of Fy --- F},
in G, as required. a

Proposition 21.4 Finitely generated Kleinian groups are product separable.

Proof Let G be a finitely generated discrete subgroup of Isom(IH?). We will first reduce the proof to
the case when G \H? is a finite-volume manifold. This idea is inspired by the argument of Manning and
Martinez-Pedroza used in the proof of [36, Corollary 1.5].
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Using Selberg’s lemma, we can find a torsion-free finite-index subgroup K < G. Since product separability
of K implies that of G [52, Lemma 11.3.5], without loss of generality we can assume that G is torsion-free.
It follows that G acts freely and properly discontinuously on H3, so that M = G\H? is a complete
hyperbolic 3-manifold.

If M has infinite volume then, by [39, Theorem 4.10], G is isomorphic to a geometrically finite Kleinian
group. Thus we can further assume that G is geometrically finite, which allows us to apply a theorem
of Brooks [10, Theorem 2] to find an embedding of G into a torsion-free Kleinian group G* such that
G*\H? is a finite-volume manifold. If G* is product separable, then so is any subgroup of it; hence we
have made the promised reduction.

Thus we can suppose that G = 1 (M), for a hyperbolic 3-manifold M of finite volume. The tameness
conjecture, proved by Agol [1] and Calegari and Gabai [11], combined with a result of Canary [12,
Corollary 8.3], imply that any finitely generated subgroup F < G is either geometrically finite or is
a virtual fibre subgroup. The latter means that there is a finite-index subgroup G’ <y G such that
F'=FNG' <G and G'/F' = Z.

By [39, Theorem 3.7], G is a geometrically finite subgroup of Isom(H?); hence it is finitely generated
and hyperbolic relative to a finite collection of finitely generated virtually abelian subgroups, each of
which is product separable by [52, Lemma 11.3.5]. Moreover, by [30, Corollary 1.6], a subgroup of G is
relatively quasiconvex if and only if it is geometrically finite. Finally, G is LERF (and, hence, QCERF)
by [2, Corollary 9.4].

Let Fi,..., F, be finitely generated subgroups of G, n > 2. If F; is geometrically finite, for all
j =1,...,n, then the product Fj --- F, is separable in G by Theorem 1.8. Thus we can suppose that F;
is not geometrically finite, for some i € {1,...,n}. By the above discussion, in this case F; must be a
virtual fibre subgroup of G. Since Z is product separable, we can apply Lemma 21.3 to conclude that
Fy ... F, is separable in G, completing the proof. |

Proposition 21.5 Let G be the fundamental group of a finite graph of free groups with cyclic edge
groups. If G is balanced then it is product separable.

Limit groups and Kleinian groups are hyperbolic relative to virtually abelian subgroups. The peripheral
subgroups from relatively hyperbolic structures on groups in Proposition 21.5 will be fundamental groups
of graphs of cyclic groups, which motivates the next auxiliary lemma.

Lemma 21.6 Suppose that G is the fundamental group of a finite graph of infinite cyclic groups. If G is
balanced then it is product separable.

Proof Suppose that G = 1 (G_, I"), where (G_, I') is a graph of groups, associated to a finite connected
graph I with vertex set V'I" and edge set EI". According to the assumptions, each vertex group G,
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v € VT, is infinite cyclic. As usual, we use G, to denote the edge group corresponding to an edge e € ET°
(see Dicks and Dunwoody [16, Section 1.3] for the definition and general theory of graphs of groups).

If |[ET'| = 0 then G is cyclic and, thus, product separable. Let us proceed by induction on |ET|.

Assume first that one of the edge groups G, is trivial. If removing e disconnects I' then G splits as a free
product G * G,, where G and G are the fundamental groups of finite graphs of infinite cyclic groups
corresponding to the two connected components of I' \ {e}. Otherwise, G =~ G * G,, where G the
fundamental group of a finite graph of infinite cyclic groups corresponding to the graph I' \ {e} and G, is
infinite cyclic. Moreover, G; and G, will be balanced as subgroups of a balanced group G. Hence G
and G, will be product separable by induction, so G = G * G, will be product separable by Coulbois’
theorem [14, Theorem 1].

Therefore we can assume that every edge group G, is infinite cyclic. This means that G is a generalised
Baumslag—Solitar group. The assumption that G is balanced now translates into the assumption that G is
unimodular, using Levitt’s terminology from [34]. We can now apply [34, Proposition 2.6] to deduce that
G has a finite-index subgroup K isomorphic to the direct product F x Z, where F is a free group.

Now, K =~ F x Z is product separable by You’s result [61, Theorem 5.1]; hence G is product separable
as a finite-index supergroup of K (see [52, Lemma 11.3.5]). O

Proof of Proposition 21.5 Suppose that G splits as the fundamental group of a finite graph of free
groups (G_, I') with cyclic edge groups.

Without loss of generality we can assume that each vertex group is a finitely generated free group (in
particular, G is finitely generated). Indeed, otherwise G = G * F, where G is the fundamental group
of a finite graph of finitely generated free groups with cyclic edge groups and F' is free (this follows
from the fact that any element of a free group is the product of only finitely many free generators). In
this case we can deduce the product separability of G from the product separability of G; and F by [14,
Theorem 1] (recall that F is product separable by Ribes and Zalesskii [53, Theorem 2.1]).

Now, for each vertex group G, choose and fix a finite family of maximal infinite cyclic subgroups P,
such that

(a) no two subgroups from P, are conjugate in Gy;

(b) for every edge e incident to v in I', the image of the cyclic group G, in G, is conjugate into one
of the subgroups from P;,.

Condition (a) means that each G, is hyperbolic relative to the finite family P, (for example, by [8,
Theorem 7.11]), and condition (b) means that each edge group of the given splitting of G is parabolic in
the corresponding vertex groups. Therefore we can apply the work of Bigdely and Wise [6, Theorem 1.4]
to conclude that G is hyperbolic relative to a finite collection of subgroups Q, where each Q € Q acts
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cocompactly on a parabolic tree (see [6, Definition 1.3]) with vertex stabilisers conjugate to elements of
Uyeyr Pv and edge stabilisers conjugate to elements of {G, | e € T'}. The structure theorem for groups
acting on trees [16, Section 1.4.1] implies that every O € Q is isomorphic to the fundamental group
of a finite graph of infinite cyclic groups. Since Q is balanced, being a subgroup of G, we can apply
Lemma 21.6 to conclude that each Q € Q is product separable. By Wise’s result [59, Theorem 5.1] G
is LERF, hence we can apply our Theorem 1.8 to deduce that the product of a finite number of finitely
generated relatively quasiconvex subgroups is separable in G.

To establish the product separability of G it remains to show that it is locally quasiconvex. To achieve
this we will again use the results of Bigdely and Wise. More precisely, according to [6, Theorem 2.6], a
subgroup of G is relatively quasiconvex if it is tamely generated.

Let H < G be a finitely generated subgroup. The splitting of G as the fundamental group of the graph
of groups (G_, ") induces a splitting of H as the fundamental group of a graph of groups (H_, A),
where for each vertex u € VA the stabiliser H,, is equal to H N G,¥, for some v € VT and some g € G.
Moreover, the graph A is finite, because H is finitely generated (see [16, Proposition 1.4.13]). Note
that every edge group from (H—, A) is cyclic; hence each vertex group H,, u € VA, must be finitely
generated as H is finitely generated (see [6, Lemma 2.5]).

According to [6, Definition 0.1], H is tamely generated if for every u € VA the subgroup H,, = H N G,¥
is relatively quasiconvex in G#, equipped with the peripheral structure P, 4. But the latter is true because
G,% is a finitely generated free group, so any finitely generated subgroup is undistorted, and hence it is
relatively quasiconvex with respect to any peripheral structure on G4, by [30, Theorem 1.5]. Thus every
finitely generated subgroup H < G is tamely generated, and so it is relatively quasiconvex in G by [6,
Theorem 2.6]. O

Remark 21.7 In the case when the graph of groups has two vertices and one edge (so that G is a free
amalgamated product of two free groups over a cyclic subgroup), Proposition 21.5 was originally proved
by Coulbois in his thesis; see [13, Theorem 5.18]. We can use similar methods to recover another result of
Coulbois: if G = H ¢ F, where H is product separable, F is free and C is a maximal cyclic subgroup
in F then G is product separable [13, Theorem 5.4]. Indeed, in this case G will be hyperbolic relative to
Q = {H} and will be LERF by Gitik’s theorem [21, Theorem 4.4]. As in the proof of Proposition 21.5, the
results from [6] imply that G is locally quasiconvex. Therefore G is product separable by Theorem 1.8.

Remark 21.8 Using recent work of Shepherd and Woodhouse [56, Theorem 1.2], Proposition 21.5 can
be immediately extended to balanced groups G that split as fundamental groups of finite graphs of groups
with virtually free vertex groups and virtually cyclic edge groups. In fact, by [56, Proposition 3.13], G
has a torsion-free finite-index subgroup K. Then K is balanced and is isomorphic to the fundamental
group of a finite graph of free groups with cyclic edge groups. So the product separability of G follows
by combining Proposition 21.5 with [52, Lemma 11.3.5].
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