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Infinite-type loxodromic isometries of the relative arc graph
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An infinite-type surface ¥ is admissible if it has an isolated puncture p and admits shift maps. This
includes all infinite-type surfaces with an isolated puncture outside of two sporadic classes. Given
such a surface, we construct an infinite family of intrinsically infinite-type mapping classes that act
loxodromically on the relative arc graph A(X, p). J Bavard produced such an element for the plane minus
a Cantor set, and our result gives the first examples of such mapping classes for all other admissible
surfaces. The elements we construct are the composition of three shift maps on X, and we give an
alternative characterization of these elements as a composition of a pseudo-Anosov on a finite-type
subsurface of X and a standard shift map. We then explicitly find their limit points on the boundary of
A(X, p) and their limiting geodesic laminations. Finally, we show that these infinite-type elements can
be used to prove that Map(X, p) has an infinite-dimensional space of quasimorphisms.
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1 Introduction

A surface ¥ is of finite-type if 71 () is finitely generated, and otherwise X is of infinite-type. Recently,
there has been a surge of interest in infinite-type surfaces and their mapping class groups Map(32), which
arise naturally in a variety of contexts in low-dimensional topology, dynamics, and even descriptive set
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theory. See the overview by Aramayona and Vlamis [4] for a survey of recent results on infinite-type
mapping class groups.

For finite-type surfaces X, Nielsen [21] and Thurston [27] give a powerful classification of the elements of
Map(X): every element is periodic, reducible, or pseudo-Anosov. The action of Map(X) by isometries on
the (infinite-diameter and hyperbolic) curve graph C(X) captures a coarser classification of the elements
of Map(X) since elements are either elliptic or loxodromic. These two classifications, which are both
interesting in their own right, have a strong relationship; the loxodromic elements are exactly the pseudo-
Anosovs. In this way, the most interesting and complex mapping classes correspond to the dynamically
richest actions.

The situation for infinite-type surfaces is more complicated for a few reasons. First, the exact analog of the
Nielsen—Thurston classification is no longer valid in this setting since some elements are neither periodic,
reducible, nor pseudo-Anosov in the traditional sense. Second, the curve graph of an infinite-type surface
has finite diameter unlike for finite-type surfaces. This paper is motivated by one of the biggest open
problems for infinite-type surfaces, which is to give an analog of the Nielsen—Thurston classification for
infinite-type mapping classes. We work towards this goal by studying the action of Map(X) on a different
hyperbolic graph.

When X is an infinite-type surface with at least one isolated puncture p, the relative arc graph, A(Z, p),
plays the role of C(X) and is defined as follows: the vertices correspond to isotopy classes of simple
arcs that begin and end at p and edges connect vertices for arcs admitting disjoint representatives. The
subgroup Map(X, p) of Map(X) that fixes the isolated puncture p acts on A(X, p) by isometries. This
graph was first defined by D Calegari [12], who initiated its study by asking whether, for the plane minus a
Cantor set, this graph was infinite diameter and whether any element of Map(XZ, p) acted loxodromically.
In [5], J Bavard carried out Caelgari’s program for the plane minus a Cantor set and, for that surface,
showed that A(XZ, p) is both infinite-diameter and hyperbolic. Aramayona, Fossas, and Parlier [2] then
showed that these properties for .A(Z, p) hold more generally for any infinite-type surface with at least
one isolated puncture.

Given that the trichotomy of the Nielsen—Thurston classification does not exactly hold for infinite-type
surfaces, it is necessary to redefine reducible, and therefore irreducible, mapping classes in this setting.
One of the most promising ways to motivate a new definition is to classify the elements of infinite-type
mapping class groups that are loxodromic with respect to the action of Map(X) on a hyperbolic graph since
these elements correspond to infinite-order irreducibles in the finite-type setting. In order to classify these
elements, we must first construct them. We restrict to surfaces with an isolated puncture and their associated
graphs A(X, p) in this paper because the relative arc graph is one of the few known graphs associated to
an infinite-type surface that is both infinite-diameter and hyperbolic. In general, proving results for infinite-
type surfaces typically involves a piecemeal approach. Constructing loxodromic isometries for infinite-type
surfaces without a puncture will require a different graph, and thus, a genuinely different approach.
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Figure 1: Above: a handleshift on an infinite-type surface. Below: a shift map on an infinite-type surface.

When X is the sphere minus a Cantor set with an isolated puncture p (ie X is the plane minus a Cantor
set), Bavard [5] constructed an intrinsically infinite-type mapping class that is loxodromic with respect
to the action of Map(X) on A(X, p), and for several years, this was the only known such example. In
this paper, we give a new construction of mapping classes that are loxodromic with respect to the action
of Map(Z, p) on the relative arc graph A(X, p) for all infinite-type surfaces with an isolated puncture
(outside of two sporadic classes). This class of surfaces is uncountable.

Theorem 1.1 For any admissible surface X, there is an infinite family of intrinsically infinite-type
homeomorphisms {gn},eN in Map(X, p) such that each g, is loxodromic with respect to the action of
Map(Z, p) on A(Z, p).

In addition, we explore other dynamical and geometric properties of these mapping classes by demonstrat-
ing the convergence of a simple closed curve to a geodesic lamination on ¥ under iterates of the maps
and constructing an infinite-dimensional space of quasimorphisms of Map(3, p) using these elements
(see below).

Each mapping class in our construction is the composition of three homeomorphisms called shift maps.
Shift maps are generalizations of the handleshift homeomorphisms constructed by the third author and
N Vlamis in [22] (see Figure 1 for examples of both). Roughly, an infinite-type surface ¥ with an isolated
puncture p is admissible if there is a proper embedding of the biinfinite flute surface containing p into X
such that certain shift maps on the flute surface induce shift maps on X. Such an embedding allows us
to reduce the proof of Theorem 1.1 to the case of the biinfinite flute surface. See Section 2.4 for more
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Figure 2: Examples of sporadic infinite-type surfaces that are not admissible. The first is a flute
with finite genus, the other three are fluted Loch Ness monster surfaces.

details and Figure 3 for some examples of admissible surfaces. In Lemma 2.7, we show that a surface
with an isolated puncture is admissible if and only if it admits shift maps. This set of surfaces consists
of all infinite-type surfaces with an isolated puncture except a flute surface with finite (possibly zero)
genus and a fluted Loch Ness monster. We call these two classes sporadic surfaces in this context. See
Figure 2 for examples of sporadic surfaces and Lemma 2.9 for a proof of this fact. Since sporadic surfaces
are exactly the small class of surfaces with an isolated puncture that do not admit shift maps, different
methods will need to be developed in order to prove an analog of Theorem 1.1 for these surfaces. It
would be interesting to understand how elements of the mapping class groups of sporadic surfaces act on
the relative arc graph.

The handleshift homeomorphisms mentioned above have proven to be crucial in understanding various
aspects of infinite-type mapping class groups. For example, it is shown in [22] that they are needed to
topologically generate the pure mapping class group whenever X has at least two nonplanar ends, and in [3]
Aramayona, Patel, and Vlamis showed that they are used to show that the pure mapping class groups of such
surfaces surject onto Z. With this paper, we emphasize the importance of more general shift maps to the
theory of infinite-type mapping class groups. Inspired by Bavard’s work in [5], we choose the shift maps in
our construction carefully so that their composition mimics some of the behavior of pseudo-Anosov maps
in the finite-type setting. In fact, we show that there is an alternative description of our homeomorphisms
as the composition of a pseudo-Anosov homeomorphism on a finite-type subsurface and a standard shift
map on ¥ in Theorem 8.5. Additionally, in Section 10, we use the work of D Sari¢ [26] to prove the
following theorem regarding geodesic laminations for the mapping classes constructed in Theorem 1.1.

Theorem 1.2 If X is an admissible surface equipped with its conformal hyperbolic metric that is equal
to its convex core, then there exists a simple closed curve ¢y on ¥ such that the sequence (gf, (co))ieN
converges to a geodesic lamination on 3.

In particular, we produce a train track on % and show the geodesic lamination from this theorem is weakly
carried by this train track.

We emphasize that the elements arising from our construction are of intrinsically infinite-type, that is, they
do not lie in the closure of the compactly supported mapping class group Map,.(X), where the closure is
taken with respect to the compact-open topology on Map(X). These are the first examples of intrinsically
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Figure 3: Examples of admissible surfaces, the first of which is the biinfinite flute surface S itself.
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infinite-type loxodromic isometries for all admissible surfaces outside of the plane minus a Cantor set.
Additionally, we emphasize that our construction does not rely on, and is not a generalization of, one of
the few known methods for constructing pseudo-Anosov mapping classes for finite-type surfaces.

The most obvious candidates for mapping classes that are loxodromic with respect to the action on
A(Z, p) are those that are pseudo-Anosov on a finite-type subsurface X’ C ¥ containing the special
puncture p, that extend via the identity map to the rest of X (these are compactly supported mapping
classes). In [7], Bavard and Walker prove that these types of mapping classes do indeed act loxodromically
on a graph that is quasi-isometric to A(X, p). In that paper they point out that, though their class of
examples is interesting, it will be even more important to construct mapping classes of intrinsically
infinite-type that act loxodromically on A(X, p); this remark was one of the main points of inspiration
for writing this paper. The intrinsically infinite-type elements of Map(X) are more mysterious since tools
from finite-type surface theory do not directly generalize when studying these elements.

Remark 1.3 Morales and Valdez [20], building off of the work of Hooper [16], have also produced
noncompactly supported elements that are loxodromic, but their elements are in the closure of the
compactly supported mapping class group. Their method is a generalization of the Thurston—Veech
construction of pseudo-Anosovs in the finite-type setting.

Algebraic & Geometric Topology, Volume 25 (2025)
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Aside from the motivation provided by a Nielsen—Thurston classification for infinite-type mapping classes,
Bestvina and Fujiwara [10] show that constructing elements of Map(X) that act loxodromically on
hyperbolic graphs can be used to understand the second bounded cohomology H, bz (Map(X), R) of Map(X).
In particular, they show that, for a compact surface X, there exist elements acting loxodromically on C(X)
that are weakly properly discontinuous (WPD). These elements are used to prove that the space of quasimor-
phisms of Map(X) is infinite-dimensional, which is sufficient to conclude that H, b2 (Map(X), R) is, as well.

Along these lines, M Bestvina asked the following question at the AIM workshop on infinite-type surfaces
[1, Problem 4.7]: “For ¥ = R? — C (where C is a Cantor set) is it true that every subgroup of Map(X)
has either infinite-dimensional space of quasimorphisms or is amenable?”! More generally, we would
like to characterize the infinite-type mapping classes that can be used to produce quasimorphisms of
Map(X). In Section 9, we show that the elements constructed in Theorem 1.1 can be used to give a new
proof of the following theorem, originally due to Bavard [5] in the case of a plane minus a Cantor set and
Bavard and Walker [7] in the general case.

Theorem 1.4 Let 3 be an admissible surface. The space of nontrivial quasimorphisms on Map(X, p) is
infinite-dimensional.

When ¥ is infinite type, Map(X) does not contain WPD elements; see the demonstration by Bavard and
Genevois [6]. Despite this, we are still able to build nontrivial quasimorphisms using a weaker condition
on loxodromic elements introduced by Bestvina and Fujiwara [10], called being antialigned, and an
approach similar to that of Bavard in [5] which involves defining an intersection pairings on a specific
class of arcs on X. In [8], Bavard and Walker use the same condition of being antialigned to show that
homeomorphisms that are pseudo-Anosov on finite-type subsurfaces X’ and extend via the identity to
the rest of £ can be used to produce quasimorphisms of Map(X). There is also a weaker version of
the WPD condition, called WWPD, which was introduced by Bestvina, Bromberg, and Fujiwara in [9];
WWPD elements are always antialigned. A Rasmussen shows in [24] that for a surface ¥ with an isolated
puncture p, an element of Map(2, p) is WWPD with respect to the action on A(X, p) if and only if it
stabilizes a finite-type subsurface ¥’ containing the puncture p and restricts to a pseudo-Anosov on X',
In particular, the elements used by Bavard and Walker to construct nontrivial quasimorphisms are WWPD
elements. The elements we construct in Theorem 1.1 do not fix any finite-type subsurface and thus are
not WWPD. Our construction gives subgroups of Map(X) that do not contain WWPD elements but do
have an infinite-dimensional space of quasimorphisms.

Plan of the paper In order to prove Theorem 1.1, we explicitly compute the images of a particular arc
on X under iterates of each homeomorphism g, and prove that these images form a quasigeodesic axis
for the action of (g,) on A(X, p). Though some of the methods in our paper are inspired by Bavard’s
work in [5], we note that there are a variety of additional challenges in proving Theorem 1.1 for such a

IThis question has since been answered by Fournier-Facio, Lodha, and Zaremsky [14].
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wide class of surfaces. In fact, we first prove the theorem for the biinfinite flute surface S and then use the
fact that the inclusion of A(S, p) into A(X, p) is a (2, 0)-quasi-isometric embedding (see Lemma 2.10)
to extend the theorem to all admissible surfaces. One of the first challenges in proving Theorem 1.1 is
rigorously coding arcs on .S, which we do in Section 3.1, in order to quantify how long two arcs on .S
fellow travel. We note that the coding of our arcs is done in way that is “geometrically intuitive”. What
we mean is that, given the code for an arc, one can easily draw the corresponding arc on the surface. For
other ways to code arcs see [5; 7]. We then introduce standard position for an arc on S in Section 3.2 so
that we can use the code for an arc to find its image under our shift maps in a well-defined way. Most
importantly, we must understand when segments of arcs become trivial under our shift maps, and in
Section 4.1 we introduce a kind of cancellation in the image of the code for a segment which we call
cascading cancellation. This kind of cancellation will cause technical problems throughout the paper and
much of Section 6 is devoted to understanding how to control it.

The rest of Section 4 is devoted to proving Theorem 4.8, which answers the question of when a segment
in an arc becomes trivial under our shift maps. We define the homeomorphisms g, of Theorem 1.1 in
Section 5, show that we have “starts like” functions in Section 6, and show that we have highways in
Section 7. Finally, we prove Theorem 1.1 in Section 8, introduce an intersection pairing for arcs and
prove Theorem 1.4 in Section 9, and prove the convergence to a geodesic lamination from Theorem 1.2
in Section 10.
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2 Background

2.1 Space of ends and classification of infinite-type surfaces

Central to the classification of infinite-type surfaces is the definition of the space of ends E(X) of an
infinite-type surface ¥. Informally, an end of ¥ is a way to escape or go off to infinity in ¥. More
formally we have:

Definition 2.1 An exiting sequence in X is a sequence {Uy },eN of connected open subsets of X satisfying

(1) U, C Uy whenever m < n;

Algebraic & Geometric Topology, Volume 25 (2025)
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(2) Uy, is not relatively compact for any n € N, that is, the closure of U, in X is not compact;
(3) the boundary of U, is compact for each n € N; and

(4) any relatively compact subset of % is disjoint from all but finitely many Uj,.

Two exiting sequences {Uy },enN and {V} },en are equivalent if for every n € N there exists m € N such
that Uy, C V,, and V};, C Uy,. An end of ¥ is an equivalence class of exiting sequences.

The space of ends E(X), or simply E, of X is the set of ends of ¥ equipped with a natural topology
for which it is totally disconnected, Hausdorff, second countable, and compact. In particular, £(X)
is homeomorphic to a closed subset of the Cantor set. To describe the topology, let V' be an open
subset of ¥ with compact boundary, define V= {{Un}nen] € E : U, C V for some n € N} and let
V= {17 : ¥V C X is open with compact boundary}. The set E becomes a topological space by declaring
V a basis for the topology.

We note that ends can be isolated or not and can be planar (if there exists an i such that U; is homeomorphic
to an open subset of the plane R?) or nonplanar (if every U; has infinite genus). The set of nonplanar
ends of X is a closed subspace of E(X) and will be denoted by E,(X).

Kerékjarté [17] and Richards [25] showed that the homeomorphism type of an orientable infinite-type
surface is determined by the quadruple

(g’ b’ Eg(2)7 E(E))a

where g € Z>( U {oo} is the genus of ¥ and b € Z>¢ is the number of (compact) boundary components
of X.

Of particular interest to us is the infinite-type surface called the biinfinite flute obtained from an infinite
cylinder by deleting a countable discrete sequence of points exiting both ends of the cylinder (see Figure 3).
By the classification theorem of Kerékjarté and Richards, this surface can also be obtained from S? by
deleting {x;}, {»i}, x, and y, where {x;} and {y;} are countable discrete sequences of points converging
to distinct points x and y, respectively. Note that S has two special nonisolated ends.

2.2 Mapping class groups and arc graphs

The mapping class group, Map(X), of a surface X is the group of orientation-preserving homeomorphisms
of 3 up to isotopy. The natural topology on any group of homeomorphisms is the compact-open topology
and Map(X) is endowed with the quotient topology with respect to the compact-open topology on the
space of homeomorphisms of 3. When ¥ is a finite-type surface, this topology agrees with the discrete
topology on Map(X), but when X is of infinite type it does not. There are several important subgroups
of Map(X): Map,(X) is the subgroup consisting of mapping classes with compact support, PMap(X)
is the pure mapping class group consisting of mapping classes which fix the set of ends pointwise,
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Map,.(X) < PMap(X) is the closure of the compactly supported mapping class group with respect to
the topology described above, and when X has an isolated puncture p, Map(X, p) is the subgroup of
mapping classes that fix p.

When ¥ is finite-type, Map(X) is algebraically generated by finitely many Dehn twists [19]. Infinite-type
mapping class groups, sometimes called big mapping class groups, are uncountable groups, so there is no
countable algebraic generating set. However, one can consider topological generating sets (countable
dense subsets of Map(X)) and in [22], Vlamis and the third author prove that for many infinite-type
surfaces, Dehn twists are not sufficient in topologically generating even PMap(X). They show that in
addition to Dehn twists, a new class of homeomorphisms called handleshifts (defined in Section 2.4) are
often needed to topologically generate PMap(X). In a subsequent paper with Aramayona [3], Vlamis
and the third author give an algebraic description of PMap(X) that will be relevant in Section 8. When
¥ is an infinite-type surface with n > 1 nonplanar ends, they prove that PMap(X) = I\W(E) x 7",
where Z"~! is generated by n — 1 handleshifts with disjoint support. In particular, when ¥ has exactly 2
nonplanar ends (for example when X is the ladder surface), PMap(X) = l\m X 7, where Z = (H)
and H is the standard handleshift, shifting each genus of X over to the right by one.

In this paper we are primarily concerned with mapping classes of intrinsically infinite-type.
Definition 2.2 An element f € Map(X) is of intrinsically infinite-type if f ¢ Map.(Z).

More specifically, we are interested in how such elements act on a particular graph of arcs called the

relative arc graph.

Let ¥ be a connected, orientable surface with empty boundary, and let IT C X be the set of punctures of X,
which we assume to be nonempty. In this subsection, it is convenient to regard IT as a set of marked points
on X. By a proper arc on ¥ we mean a map o : [0, 1] — X such that @~ (IT) = {0, 1}. We often conflate
an arc with its image in X. An arc is simple if it is an embedding when restricted to the open interval (0, 1).

The arc graph A(Y) is the simplicial graph whose vertices are isotopy classes of simple arcs on X, where
we only consider isotopies rel endpoints, and two (isotopy classes of) arcs are connected by an edge if they
can be realized disjointly away from I1. The mapping class group Map(X) acts on A(X) by isometries.
Hensel, Przytycki, and Webb [15] show that when X has finite-type, the graph A(X) is infinite diameter
and 7-hyperbolic. On the other hand, when X is infinite-type with infinitely many punctures, it is straight-
forward to see that A(X) has diameter 2, and so this graph is not particularly useful for studying Map(X).

Assuming that IT contains a nonempty set of isolated punctures, Aramayona, Fossas, and Parlier [2]
construct a particular subgraph of the arc graph which has interesting geometry, even when IT is infinite.
We are interested in a special case of this construction, involving a single isolated puncture p.

Definition 2.3 The relative arc graph A(X, p) is the subgraph of A(X) spanned by arcs which start and
end at p. More precisely, the vertices of A(X, p) are isotopy classes of arcs on 3 with endpoints on p,
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where we allow only isotopy rel endpoints. There is an edge between two (isotopy classes of) arcs if they
can be realized disjointly away from p.

Aramayona, Fossas, and Parlier show that A(X, p) is connected, has infinite diameter, and is 7-hyperbolic
(see [2, Theorem 1.1]). While Map(X) does not necessarily act on A(X, p), the subgroup Map(XZ, p)
that fixes the puncture p does act by isometries on this graph. When ¥ has only one isolated puncture p,
Map(X) = Map(X, p).

2.3 Metric spaces and loxodromic isometries

We now introduce some basics of metric spaces and isometries of a hyperbolic metric space. Given a
metric space X, we denote by dy the distance function on X. A map f: X — Y between metric spaces
X and Y is a (K, C)-quasi-isometric embedding if there is are constants K > 1, C > 0 such that for all
x,yeX,

Ldy(x,y) = C =dy (f(x), () = Ky (x, ) +C.

A geodesic in X is an isometric embedding of an interval into X and a (K, C)-quasigeodesic in X is a
(K, C)-quasi-isometric embedding of an interval into X. We call the constants K, C the guality of the
quasigeodesic. By an abuse of notation, we often conflate a (quasi)geodesic and its image in X .

Definition 2.4 Given an action by isometries of a group G on a hyperbolic space X, an element g € G is
elliptic if it has bounded orbits; loxodromic if the map Z — X given by n — g"x( for some (equivalently,
any) xo € X is a quasi-isometric embedding; and parabolic otherwise.

Any biinfinite quasigeodesic in X which is preserved by a loxodromic isometry g € G is called an axis
of g. An axis always exists; for any xg € X, the set {g"xq | n € Z} is a (discrete) quasigeodesic preserved
by g. If X is a geodesic metric space, in the sense that there exists a geodesic connecting any two points
of X, then we may construct a continuous quasigeodesic axis as follows. Fix a geodesic [xq, gxo] from
X0 to gxo. Then g stabilizes the path formed by concatenating the geodesics g"[x¢, gxo]; this path is
a quasigeodesic axis of g in X. Varying the point xy will change the quality of the quasigeodesic. Let
g-‘r-
set of (g) is the subset {gT, g~} C 0X; this set is fixed pointwise by g. It is straightforward to show that

= limy o0 g"xg and g~ = lim,——oo g" X be points in the Gromov boundary dX of X. The limit

the limit set {g T, g~} does not depend on the choice of xo € X.

2.4 Shift maps and the biinfinite flute surface

A handleshift was first defined in [22] as follows. Consider the surface S’ defined by taking the strip
R x[—1, 1], removing a disk of radius % with center (7, 0) for each n € Z, and attaching a torus with one
boundary component to the boundary of each such disk. A handleshift on S’ is the homeomorphism
that acts like a translation, sending (x, y) in S to (x 4+ 1, y) and which tapers to the identity on 9.5’.
Given a surface of infinite-genus X with at least two nonplanar ends and a proper embedding of S’ into
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3 5o that the two ends of the strip correspond to two distinct ends of X, the handleshift on S’ induces a
handleshift on X, where the homeomorphism acts as the identity on the complement of S’. In this paper,
more flexibility is allowed, and we define the following generalization.

Definition 2.5 Let S’ be the surface defined by taking the strip R x [—1, 1], removing a closed disk of
radius % with center (n, 0) for n € Z, and attaching any fixed topologically nontrivial surface with exactly
one boundary component to the boundary of each such disk. A shift on S’ is the homeomorphism that
acts like a translation, sending (x, y) in S’ to (x + 1, ) and which tapers to the identity on 9.5’.

Lanier and Loving use two particular cases of this generalization in [18]. Naming the full generalization a
“shift” is in line with their paper. Note that it is essential for the same surface to be glued to the boundary
component of each disk in order for the shift to be a homeomorphism of the surface.

As above, given a surface ¥ with a proper embedding of S’ into X so that the two ends of the strip
correspond to two different ends of X, the shift on S’ induces a shift on X, where the homeomorphism
acts as the identity on the complement of S’. Given a shift 4 on X, the embedded copy of S’ in I is
called the domain of h. In this paper, we produce special homeomorphisms that can be obtained as a
composition of three shift maps on such a surface 3 with an isolated puncture p and that are loxodromic
with respect to the action of Map(X, p) on A(X, p). Instead of working generally with surfaces that
admit shift maps, we begin by letting S be the biinfinite flute surface. Then, S admits shift maps which
shift a countable collection of punctures on S. To prove Theorem 1.1 we first construct mapping classes
that are loxodromic with respect to the action of Map(S, p) on A(S, p). We then use this surface as a
template for constructing the desired mapping classes for more general surfaces 3 by extending the shift
maps on S to shift maps on X as follows.

Definition 2.6 Let S be the biinfinite flute surface. A surface ¥ with an isolated puncture p is admissible
if there exists a proper embedding S < X where S contains p, the two nonisolated ends of S correspond
to distinct ends of X, and such that a countably infinite collection of connected components of X\ S are of
the same (nontrivial) topological type. Note that when the components are once-punctured disks, there are
countably many isolated punctures of S that remain isolated punctures when embedded in X. Denote this
special class of connected components of 3\ S by U, so that the elements of I/ are all homeomorphic to a
fixed surface Xy with one boundary component. See Figure 1 for some examples of admissible surfaces.

Given a shift map /4 on S, the support of / is a strip R x [—1, 1] with countably many punctures. When
the set of punctures in the support of / only consists of those corresponding to elements of I/, we can glue
copies of X onto the punctures of this strip to produce a shift map on a surface S’ as in Definition 2.5.
The embedding of S in ¥ therefore gives an embedding of S’ in X and the shift on S’ in X is extended
via the identity on X \ S’ as usual. From this construction, we immediately have one direction of the
following lemma.
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Figure 4: Examples showing that surfaces with shift maps are always admissible. For the first
surface, only one curve y is needed to cut away the extra topology of X. In the second case, a
countable collection of curves {y;} is needed.

Lemma 2.7 Given a surface ¥ with an isolated puncture, ¥ is admissible if and only if ¥ admits shift
maps.

Proof Itis left to show that if X has an isolated puncture p and admits a shift map, then X is admissible. To
see this, we consider the proper embedding of S’ into X. Recall that S’ is obtained from a punctured strip
by gluing on countably many copies of any surface X with exactly one boundary component. Let 7 = {T;}
denote the corresponding countable collection of subsurfaces homeomorphic to ¥ in X, indexed by Z.

Note that E(S”) is a closed subset of E(X), asis X = E(S’)U{p}, and thus X¢ = E(X)\ X is open in
E(X). The second countability of the topology on E(X) implies that X¢ is the union of countably many
basis elements. If X¢ is in fact clopen in E(X), then X ¢ is compact and is therefore a finite union of
basis elements. In this case, there exists a simple closed curve ¥ in ¥ with the following property: there
exists a connected component K of X\ y such that the end space of K = K U y is exactly X¢. In this
way, y cuts away the ends of X that are in X (see Figure 4). We then have that

S\ (KU (U; Th))
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is homeomorphic to the biinfinite flute surface and X is admissible with 7 playing the role of ¢/ in the
definition of an admissible surface.

In general, we can only assume that X¢ is open, not clopen, so that it can be expressed as the union
of countably many basis elements for the topology. Then, there exists a countable collection of simple
closed curves {y;} and a countable collection of connected components K; of X \ y; such that the end
space of |J; K; = ; Ki Uy; is exactly X (see Figure 4). In this case,

N\ ((Ui I?i) U (Ui T,))

i1s homeomorphic to the biinfinite flute surface and X is admissible. |

Given this equivalent definition for an admissible surface, we can show that this class includes all infinite-
type surfaces with an isolated puncture outside of two sporadic classes that do not admit shift maps. We
will need the following definition.

Definition 2.8 The Loch Ness monster is the infinite-type surface with no planar ends and exactly one
nonplanar end. An infinite-type surface is a fluted Loch Ness monster if it is obtained from the Loch Ness
monster in one of the two following ways:

(1) by deleting a finite, nonzero collection of isolated points, or

(2) deleting a countably infinite collection of isolated points accumulating to exactly one point, which
we also delete from the surface, or accumulating onto the end of the Loch Ness monster.

See Figure 2 for examples of fluted Loch Ness monsters.

Lemma 2.9 Let X be an infinite-type surface with an isolated puncture. Then ¥ is admissible unless X
is a flute surface with finite (possibly zero) genus or is a fluted Loch Ness monster surface.

Proof Let X be an infinite-type surface with an isolated puncture p. If ¥ has at least two nonplanar
ends, then X admits a shift map (in fact a handleshift). Similarly, if X has at least two nonisolated planar
ends, then X admits a shift map with these two ends corresponding to the two ends of the strip S’ in
Definition 2.5. Thus, if ¥ does not admit a shift map, ¥ has exactly one nonisolated planar end and finite
genus, ie a flute surface with finite genus, or has exactly one nonplanar end and up to one nonisolated
planar end, ie a fluted Loch Ness monster. |

Going back to the original definition of an admissible surface, there are a few more notable remarks
regarding the relationship between S and X. First, there is not necessarily an embedding of Map(.S, p) into
Map(X, p) since if the support of a shift # on .S’ contains punctures that do not correspond to elements of I/,
then there may not be a way to extend that shift to X. In particular, if / shifts one puncture x to another
puncture x’ but the topology of the surfaces glued to x and x’ are different, there is no extension of / to a
shift of 3. This will not affect our arguments since there are countably many punctures of .S corresponding
to the elements of &/ which we move to the front of the cylinder for S along with p, and we move all other
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punctures to the back of the cylinder. Here we are choosing one nonisolated end of .S to correspond to the
left direction on the surface, and the other nonisolated end to correspond to moving right on the surface
so that there is a well-defined notion of the front and back of S. In our constructions, we use shift maps
on S whose support only contains the punctures on the front of .S so that all of these shifts extend to 3.

Second, and most importantly, we now show that proving Theorem 1.1 for admissible surfaces X can
be reduced to the case of the biinfinite flute S. In fact, this is the motivation for the original definition
of an admissible surface. For simplicity, given a surface M with an isolated puncture p and any points
a,b e A(M, p), we write dps(a, b) for the distance between a and b in A(M, p)

Lemma 2.10 Let X be an admissible infinite-type surface with an isolated puncture p. Then the inclusion
of A(S, p) into A(Z, p) is a (2, 0)-quasi-isometric embedding.

Proof As S C X, itis clear that dx(a, b) < ds(a, b) for any a,b € A(S, p).

To obtain the other inequality, let S, ;, C S be a finite-type subsurface of S which contains a, b, the
puncture p, and has complexity at least 2. Note that S, 5 is then a finite-type subsurface of X as well.
Thus by [2, Corollary 4.3] applied to S, 5, C X and to S, 5 C S, we have

ds(a,b) <ds, ,(a,b) < 2dx(a,b).
Together, these imply that
ds(a,b) =ds(a,b) = 2ds(a.b),
completing the proof. |

In particular, let g € Map(S, p) be loxodromic with respect to the action of Map(S, p) on A(S, p) with
a (K, C)-quasigeodesic axis. If g can be extended to an element of Map(XZ, p), then this extension
is loxodromic with respect to the action of Map(XZ, p) on A(XZ, p), and the extension will have a
(2K, C)-quasigeodesic axis.

3 Coding arcs and standard position

Let S be the biinfinite flute surface with a distinguished isolated puncture p, and let {p;};cz be any
countably infinite discrete collection of punctures on S which exits both ends of the cylinder and does
not contain p. As described in Section 2.4, we choose one nonisolated end of .S to correspond to the left
direction and one to correspond to the right direction, which gives a well-defined notion of a front and
back of the cylinder for S. We move all of the punctures in {p; | i € Z} U {p} to the front of the cylinder
for S and all other punctures to the back. We also move the distinguished puncture p so that it lies to the
right of p_; and to the left of py. We will consider the collection {p; | i € Z} U {p} of punctures. We
index this set with Z U { P}, which we give the ordering consisting of the usual ordering on Z with the
additional requirement that —1 < P < 0. The index P corresponds to the distinguished puncture p.
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Figure 5: The curves B; are in red. The blue region is the domain of the shift map H.

Fix the simple closed curve By bounding the puncture pg on S shown in Figure 5. More formally, to
define B we fix a complete hyperbolic metric on .S and let By be a horocycle at a height sufficiently far
out the cusp. Fix a shift map H on S whose domain contains exactly the collection {p;} fori € ZU P
and which shifts p; to p;4; foralli € ZU P.

Definition 3.1 Define the simple closed curves B; := H' B fori € Z U P. Then B; is a simple closed
curve bounding the puncture p;, where pp = p.

Our choice of left/right also gives a well-defined notion of an arc passing over or under a puncture (or
equivalently some B;). In all pictures of S throughout the paper, we denote the special puncture p by an
“X”, and rather than drawing the punctures p;, we draw the simple closed curves B; in S. We will use
these simple closed curves to put arcs into standard position as described later in this section.

3.1 Coding arcs

We use the simple closed curves B; to describe a way to code simple arcs on S starting and ending at p.
We will use this code to quantify how long two arcs fellow travel, which will be essential for proving the
results of this paper.

Suppose that y is an oriented arc on S starting and ending at p such that y can be homotoped to be
completely contained on the front of S. We code y as follows. First homotope y so that it is disjoint
from all B; with i € Z U P, with the exception that y starts and ends at the puncture p and therefore
intersects Bp exactly twice. The code for y always starts and ends with the character P (which stands for
“puncture start”) and contains either the character k, or the character k,,, where k € Z U { P}, whenever y
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Figure 6: Pictured are arcs on the front of the surface S. The X denotes the puncture p and the
elements k € Z U { P} shown under S denote the subscript on the simple closed curves By. The
codes for arcs «, §, y are given in Example 3.2.

passes over or under the simple closed curve By for k € Z U P. These characters appear in the code for
y in the same order in which y passes over/under the curves Bj. For example, since —1 < P < 0, the
second character of the code for ¥ must be either 0,, 0,, (—1)y, (—1)y, Py, or Py, because if y doesn’t
immediately wrap around p (which would lead to the second character being P, or P,), it must pass
over or under either By or B_; before it can pass over or under By, for any k # 0, —1. Similarly, if the
character 2, or 2, appears in the code, each adjacent character must be one of 1,, 1,, 2,, 24, 35, or 3,,.
To simplify notation, we write k,/, to mean that the character could be k, or k;. We will write k,/,, k0
to mean that the two adjacent characters are either kok, or k,k,; the k,, is used to emphasize that the
second character has the opposite subscript as the first one.

Example 3.2 Consider the arcs shown in Figure 6. The elements k € Z U { P} shown under S denote
the subscript on the simple closed curves By. The code for « is Ps0,1,2,2,1,0, Ps, the code for B is
PsPu POOO 10202u 1000Ps, al’ld the COdC fOr y 1S Ps (_1)0(_2)0(_2)u(_1)u PuOu 1u 1000Ps.

Now suppose y is an oriented arc on S starting and ending at p such that no arc in its homotopy class
is contained on the front of S. Since y starts and ends at p, which is on the front of the surface, every
time y leaves the front of S’ it must eventually reenter the front. We give the code C to any subpath of y
which is on the back of S. Up to homotopy, we may assume that each time y exits then enters the front
of S, it does so “between” two simple closed curves By and By ;. In other words, there is an arc y’ in
the homotopy class of y whose code contains either k,/, C(k + 1),/ or k,/,Ck,/, each time y’ leaves
the front of S. We give y the same code as y’. We emphasize that this implies that the code of an arc
does not distinguish the behavior of arcs y on the back of S.

By an abuse of notation, we typically blur the distinction between an arc and its code, writing, for example,

o = P5001M202M1M0MPS

Definition 3.3 Let y be an oriented arc on S starting and ending at p. A code for y is reduced if no two
adjacent characters in the code are the same and if the character immediately following the initial Py or
preceding the terminal Py is not P,,,.

Algebraic & Geometric Topology, Volume 25 (2025)



Infinite-type loxodromic isometries of the relative arc graph 579

o O O O O

-3 -2 -1 P 0 1 2 3

<

Figure 7: The arcs y and y’ are homotopic and have the same reduced code: y’ is formed from y
by the removal of the pair 1,1,.

The appearance of repeated characters in the code of an arc indicates backtracking in the arc. The
following lemma is immediate.

Lemma 3.4 If there are two arc y and y’, starting and ending at p, whose codes differ only by the
removal of two adjacent characters which are equal, ie k,k, or kyk,, then y and y’ are homotopic.

Example 3.5 The arcs y and ¥’ in Figure 7, with codes Ps0,1,151,24,251,0, Ps and Ps0,1,2,2,1,0, Ps,
respectively, are homotopic.

Note that if a triple appears in the code for an arc, it is reduced to a single character according to our
convention, as only pairs of repeated characters are removed. For example, P;0,1,1,1,1,0, P; is reduced

Each homotopy class of curves on S determines a reduced code, in the sense that any two homotopic
curves have the same reduced code. We write that two codes are equal if they determine homotopic arcs.
For example, we write

P0,15101,2,1,0, Py = Ps0,1,2,1,0, Ps.

The converse of this fact is not true, however, because the code does not encode the behavior of arcs on
the back of S; hence there can be nonhomotopic arcs with the same reduced code. This will not cause
any problems in this paper.

Definition 3.6 The code length of an arc y, denoted £.(y), is the number of characters in a reduced
code for y.

Convention 3.7 When giving the code of an arc for which the numerical values of the characters are
unimportant (or unknown), we will use variables in the code. Our convention is to use Roman letters to
represent single characters and Greek letters to represent strings of characters whose length is (possibly)
greater than one. For example, . (a;a2a3) = 3 while £.(ayb) = L.(y) + 2.

Given a string of characters « = aja; . .. ay, we denote by & the reverse of «, so that @ = aya,—1 ...aza;.
If o is an arc, then « is the same arc with the opposite orientation.
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3.2 Standard position

In this section, we describe how to use the code for an arc to find its image under a general class of shifts
which we call “permissible”.

Definition 3.8 We say a shift shifting to the right is a right shift, while a shift shifting to the left is a
left shift. A right shift is permissible if its domain D stays on the front of our subsurface and contains a
turbulent region (ny,n,), that is, there exist ny,n, € Z U { P} with n; < n, such that D contains By, for
all k € (—oo,n1]U|[n,, 00) but does not contain By for any k € (nq,n;,). We call (—oo, ny) U[ny, 00)
the shift region of h. See Figure 11. Analogously, a left shift is permissible if its domain D stays on
the front of our subsurface and contains a turbulent region (n,,ny), that is, there exist ny,n, € Z U { P}
with n, < nq such that D contains By, for all k € (—oo, n,]U [n1, 00) but does not contain By for any
k € (ny,ny). The shift region for a left shift is (—oo, ny] U (111, 00).

Convention 3.9 Throughout the paper, we will use both left and right shifts. For notational simplicity,
all general results about shifts will be stated for right shifts. All statements of results, proofs, and figures
will make this assumption as well. However, all of our definitions and results (and their proofs) also hold
for left shifts, by modifying any proof for a right shift so that we essentially replace all instances of 7
with 7, and vice versa and replace all instances of the word “increasing” by the word “decreasing” and
vice versa. The only subtleties are that:

e We retain the convention that 1(By,) = By,.

e For the shift region intervals (—oo, 111)U[n,, 00) that appear for a right shift, we use (—oo, n,]U (11, 00)
for the left shift. In particular, the n, is always contained in the shift region.

Remark 3.10 It is worthwhile to mention that Convention 3.9 is equivalent to simply redefining the
order, given by the symbol <y, on Z U { P} to be the opposite of the standard meaning of the inequality
sign <. For example, in this “reversed order” we would have 5 <y 3 and so on. Given this and using
the standard meanings for “increasing” and “decreasing” with respect to <.y, all of the proofs for shifts
that shift to the left would go through identically as shifts that shift to the right when one replaces each
instance of < with an <,.,. Despite the simplicity of this reversed order, we found writing proofs with it
to be more confusing to the reader than applying the above convention.

In order to find the image of an arc using only its code, we will need to consider paths whose endpoints
are not on p.

Definition 3.11 A segment is a simple path with at least one endpoint which is not a puncture, and no
endpoints on a puncture other than p. We code a segment in an analogous way as we did arcs in Section 3.1.
If a segment begins or ends on p, then the initial or terminal character of the code is Py, respectively.
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Note that a segment can have at most one instance of Py in its code. Given a segment ¥, we denote the
initial and terminal character of its code by 3 and y?, respectively. A segment is supported on an interval
(a,b) C Z U {P} if the numerical value of every character in its reduced code is contained in (a, ). A
subsegment of y which is supported on an interval (a, b) is denoted y |(4,p), With similar notation for half-
open and closed intervals. A segment is (strictly) monotone if the numerical value of the characters in its
reduced code are (strictly) monotone as a subset of Z U {P}. A segment with code C is called a back loop.

The notion of left/right on the front of S induces an orientation on strictly monotone segments contained
on the front of .S in the following way. If the terminal endpoint of such a segment y is to the right of
the initial endpoint, then y is oriented to the right. Similarly, if the terminal endpoint is to the left of
the initial endpoint, then y is oriented to the left. Since y is strictly monotone, one of the above two
possibilities must occur. We note that single characters of a code represent strictly monotone segments
and so can be oriented in this way.

We will use the code for an arc or segment to find the image of the arc or segment under certain
homeomorphisms of .S. The process can be complicated. We now introduce a new way of concatenating
strings of characters which will be more suited to finding the image of an arc or segment in certain situations.

Definition 3.12 Given two segments « and § such that the terminal character of o agrees with the initial
character of 8 and such that these two characters have the same orientation, the efficient concatenation of
« and B, denoted o + f, is formed by removing the terminal character of « to form a new string o’ and
concatenating this new string with §, resulting in o’ .

For example,
Ps0,+ 0,15 = Ps0,1,,
and
Ps0,15252, +242,20151, = Ps0,152024,2,25151, = Ps0,1,,

where the middle term is an unreduced code and the final term is a reduced code. See Figure 8. We note
that if  and B can be efficiently concatenated, then they cannot be concatenated, because o/ and B¢ have
the same orientation. By a similar reasoning, if two segments can be concatenated, then they cannot be
efficiently concatenated. Throughout the paper, we only (efficiently) concatenate two segments when it is
possible.

As written, the code of a segment is not well behaved under homotopy because every segment is
homotopically trivial or homotopic into a puncture. We will introduce a standard position for segments
on S with the property that any two segments that are homotopic rel endpoints will, in standard position,
have the same reduced code. Standard position will also allow us to find the image of a segment under a
permissible shift using only its code.
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Figure 8: The two examples of efficient concatenation following Definition 3.12. In each, the
(reduced) code for the blue segment is the efficient concatenation of the codes of the two black
segments.

Definition 3.13 Fix a simple closed curve S; as in Figure 9 for each j € Z U { P}. Let
C=1{S;|j € ZU{P}).

For each j € Z U { P}, we orient the simple closed curve B; clockwise and identify B; with the subset
S! of C by a homeomorphism which preserves this orientation. Fix points 57 , bje € Bj corresponding to
—1,1 e S!, respectively. Here L and R stand for left and right.

To describe standard position, we will sometimes move endpoints of segments y to lie on various boundary
components. When we do this, we will use the following convention. Suppose y* = ko and we want
to move the initial endpoint of y onto the boundary component Bj. If y is oriented to the right, then
we move the initial endpoint of y to b¥, and if it is oriented to the left, we move the initial endpoint
to b];e' On the other hand, suppose y* = (k”),/, and we want to move the terminal endpoint of y onto the
boundary component By. If y is oriented to the right, we move the terminal endpoint of y to b, and if
it is oriented to the left, we move the terminal endpoint to blli/. See Figure 10. Moving endpoints in this
way does not change the code for y.

It will be useful to understand how a given segment interacts with the domain of a permissible shift.

S, S—1 Sp So Si AY) S3

ol o| of | ol ololo

-3 =2 -1 P 0 1 2
Figure 9: Some of the simple separating curves in C defined in Definition 3.13.
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Figure 10: Adjusting the endpoints of y (black) results in the red segment.

Definition 3.14 Let /i be a permissible right shift with domain D and turbulent region (71, n,). Then
both (the upper and lower) boundary components of D have the same reduced code on (7, 1,). For any
k.k' € (ny,ny), we let 0D |k ;] be the reduced code of the boundary components of D on the interval
[k, k'] with similar notation for open and half-open intervals. If a segment  has the same code as dD on an
interval (kq, k,) C (n1,n,), we say that y follows dD or agrees with dD on that interval. As noted in the
convention above, there is an analogous definition when / is a left shift. When a segment y supported on
[n1, n,] intersects one component of D, we call this a half crossing. When such a y intersects both compo-
nents of 9D so that the code for the subsegment of y between these two half crossings is empty, in the sense
that this subsegment does not pass over or under By, for any k, we call this a full crossing. See Figure 11.

Even though S is a straightforward surface, standard position for segments on S' is necessarily complicated.
Before introducing it formally in the next two subsections, we briefly give an intuitive idea of standard
position in the following remark. On a first reading of this paper, we strongly suggest the reader read this
remark and study Figures 12—15 instead of reading the formal definition of standard position given in
Sections 3.2.1 and 3.2.2. The reader may then safely skip to Section 3.3. If, later in the paper, the image
of a particular segment seems counterintuitive, likely this is because we put the segment in standard
position before taking its image. This would be a good time to look back at Sections 3.2.1 and 3.2.2 with
that example of a segment in mind.

Remark 3.15 Let /2 be a permissible right shift with domain D and turbulent region (1, 71,), and let y
be a segment. To put y in standard position with respect to /1, we first homotope subsegments of y that
are contained in the region (—oo, n1) U (115, 00) to be completely contained in D. For the subsegments of
y contained in the region [n1, 1], we homotope y so that crossings are full crossings whenever possible.
We will always be able to make crossings full except near n; or n,, because n; and n, are where y leaves

ni nap
Figure 11: The domain D for a permissible shift is shown in red. The segment y follows dD
on [ny + 1,1y + 3], has a half crossing between By, and By,, and has a full crossing between
By, +1 and By 4.

hp»
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the turbulent region and enters the shift region, where we have already ensured that it is contained in D.
We also homotope y to minimize the number of full crossings. If y contains a loop (721) g/, (71)u/o OF
(172)0/u(n2)y/0, we homotope y so that it crosses one connected component of dD immediately before
the loop and the other connected component immediately after. In other words, y has to enter one side of
D before the loop and exit the other side of D after the loop. If y contains the character C, we homotope
it so that the subsegment of y represented by C exits and reenters the front of S at the same place, in
the sense that the endpoints of this subsegment lie on the same simple closed curve S;. Finally, we also
homotope each endpoint of y to lie either on the nearest By (if it is in the shift region) or the nearest Sj
(if it is in the turbulent region).

Standard position will be slightly different for those segments which contain back loops. We first discuss
standard position for segments that do not contain back loops.

3.2.1 Segments without back loops Given a segment y whose reduced code does not contain C and a
permissible right shift 4 with domain D and turbulent region (1, n,), we put y into standard position
with respect to h as follows.

If the endpoints of y are not contained in (7, 7,) and it is possible to homotope y completely inside of
the domain of /2, we do so, and we move the endpoints of y to lie on the By curve numbered by the first
and last characters of the code as described above.

Otherwise, y can be written as the concatenation y; ... ¥, of disjoint connected maximal subsegments
such that each y; is either

(a) supported on either (—oo,n1] or [1;, 00); or

(b) supported on (n1,n3).

We now homotope each y; individually. If y; satisfies (a), then we move the endpoints of y; onto the
By, curve numbered by the first and last character of the code as above and homotope the interior of y;
to lie completely inside the domain of /. We homotope segments y; satisfying (b) using the following
procedure:

Step (i) If the initial character of the segment is k,/,, move the initial endpoint of the segment onto
the separating curve Sy if k,, is oriented to the right and onto Sy 1 if it is oriented to the left. If the
terminal character of the segment is ké /> MOVe the terminal endpoint of the segment onto Sy if k; Ju
is oriented to the left and onto Sy, ; if it is oriented to the right. Now move the endpoints along the
S; containing them to reduce the number of full and half crossings, if possible, without creating any
self-intersections. In particular, the endpoints should not lie in the domain of /. See Figure 12.

There is one caveat to the rule above. Note that when y; is type (b), then y;4; and y;_; are type (a),
otherwise y; would not be maximal. In the case that either of these neighboring segments is exactly a
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ni np

Figure 12: The domain D for a permissible shift is shown in red. In black is a segment y that has
10 (1;)o/u(Ni)ujo for i =1, 2. Left: putting y in standard position. Right: a simple segment with
the same code as y which we say is in standard position.

loop around 7 or n, we must adjust the position of the endpoints of y; along S;. If yi+1 = (ng)o(Mi)u,
for k = 1 or 2, we require that the terminal endpoint of y; is above D and require that the terminal
endpoint is below D when y; 11 = (n;)y,(n;)o. Similarly, if ;1 = (1;)o(n;)y, fori =1 or 2, we require
that the initial endpoint of y; is below D and require that the initial endpoint of y; is above D when
vi—1 = (nj)u(n;),. See Figure 13. Note that this repositioning of endpoints can cause additional crossings
of D as in Figure 14, but this is the appropriate configuration for our calculations.

Step (ii) Homotope the segment rel endpoints to make all crossings full. Since Step (i) ensures that the
endpoints of y; are always outside the domain D, this is always possible.

Step (iii) Homotope the segment rel endpoints to reduce the number of crossing by removing all bigons
that bound disks and have one side on the segment 3; and the other side on dD.

Step (iv) Finally, there may be a choice of where a full crossing occurs. If there is such a choice, then
it will always be possible to homotope rel endpoints so that the crossing occurs between two adjacent
characters k,y, (k) oy, With k, k" € (n1,n,) such that the o/u pattern of k and/or k" does not match that
of dD, and our convention is to make this choice for the largest possible k, k. For example, in Figure 12,
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Figure 13: A segment y that contains multiple copies occurrences of (n1),(n1),. Left: putting y in
standard position. Right: a simple segment with the same code as y which we say is in standard position.

the bottom strand could fully cross the domain between (n1 + 1), and (11 + 1), or between (n1 + 1),
and (171 + 2),; we make the latter choice.

At this point, we have a collection of disjoint subsegments, each in standard position. The final step is
to connect the endpoints of these segments, in the order they were originally connected, by segments
called connectors. Connectors always occur between characters with numerical value n; and ny + 1
or ny and n, — 1. For the purposes of the code, we picture these segments extended slightly in either
direction to overlap with the segments on either side so that the code of a connector will always be a
pair jo/u(j + Doju or (j + 1ojujoju- Thus, if a connector o connects disjoint subsegments 6; and §,
(in that order), then o = (81)(8,)" and we can write §; + « + 8. Note that this code is equivalent to
the concatenation §;8,. By construction, connectors always have one endpoint inside and one endpoint
outside the domain D of the shift. After applying this procedure, the resulting segment in standard
position may no longer be simple. However, it will have the same code as our original y.

The following lemma summarizes the above procedure.

Lemma 3.16 A segment y in standard position with respect to a permissible right shift h which is not
completely contained in the domain of h can be written as the efficient concatenation of (possibly empty)
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O/0 O
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Figure 14: A segment y that contains (n1),(#1),. Note that the requirements on the endpoints of
y; in step (i) of the procedure for standard position require that we have one connector cross the
top of dD and one connector cross the bottom of dD. Left: putting y in standard position. Right:
a simple segment with the same code as y which we say is in standard position.

segments in the following way,
(1) y=r A s
where for each i,

e ;" is supported on the turbulent region (ny, n»), has been put into standard position following steps
(i)—(@iv) above, and has both endpoints outside of the domain D;

h

 y;" is supported on the shift region (—oo, n1]U[n;, 00), is completely contained in the domain D,

and has both endpoints on the By, curves; and

° ¥ L yfz are connectors, each of which has code length 2, is supported on either [ny,n + 1] or
[n2 — 1, n2], and has one endpoint on By, or By, and one endpoint outside the domain D on S, 41
or Sp,.

We will sometimes use the notation ;7™ for a connector if it is not important if this subsegment is the
first connector )/fl or the second connector )/icz.
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ni np

Figure 15: A segment y that has endpoints in (—oo, 71] U [12, 00) and can be homotoped to be
completely inside D.

It is often convenient to abuse notation and say that a simple segment is in “standard position” even if
it is not the result of the above procedure because these segments are easier to draw and think about.
What we mean by this is that the segment intersects the boundary of D in the same place as it would in
standard position. In Figures 12—15, we give a segment, the steps to put it in standard position, and an
example of a simple segment with the same code which we also say is in standard position.

Because each segment in (1) has fixed endpoints, its image under /1 is well-defined up to homotopy rel
endpoints. Thus we may use the decomposition of y to find its image under / as

h(y) =h(™) +h( () + b +h(f) +h) + h(ys') + -+ h(h) + h(y?).

Since in standard position y may not be simple, its image under 4 may not be simple. However, this code
corresponds to a unique (homotopy class of) simple segment with the same endpoints. It is important
that we use efficient concatenation when calculating /(). Using regular concatenation, the code for y is
simply "y ...y ysh. However, it is not true that A(y[*)h(y3™) ... h(y)h(ysh) is a code for y; in fact,
much of the time this code does not define a segment. See Example 3.17. Most of the interesting behavior
in the image of an arc or segment under a permissible shift actually comes from the full and half crossings.
Since each connector contributes a half crossing, they are essential for determining the image of y.

Example 3.17 Consider the permissible shift # shown in Figure 11 along with the segment y. In
Figure 16, we put y in standard position and find its image under the shift. Using code, we have
y=mi+1),(m1+2)o(n1+3)o(ny—1)s(ny),. Note that every character in this code except the terminal
(n2)y is fixed by &, and h((ny),) = (ny + 1),. If we simply compute /(y) character by character, we

o6 0\0X0 © —

n ny i ny

Figure 16: The segment y from Example 3.17 in standard position (left) and its image under the
shift whose domain is shown (right).
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get h(y) = (ny + Dy(ny +2)o(ny 4+ 3)o(ny — 1)o(n2 + 1),. However, this is not a well-defined code
since np — 1 and n; + 1 are not adjacent. On the other hand, using efficient concatenation, we see that

h(y) = h(y™) + h(y*™) + h(y™)
=h((n1 + Du(n1 +2)o(n1 + 3)o(n2 — 1)o) + h((n2 —1)o(n2)u) + 1((n2)y)
= (n1+ Dy +2)o(n1 + 3)o(n2 — 1) + (n2 — 1)o(n2)o(n2 + 1)y + (n2 + 1)y
= (n1 + Du(n1 +2)o(n1 + 3)o(n2 — 1)o(n2)o(n2 + Dy.

Note that all but the final pair (1, — 1),(n3), are fixed by /4. This final pair is a half crossing and in
standard position it is a connector.

In fact, given a segment y = y" supported on (11, 7,), we can further decompose y into subsegments
which are disjoint from D and pairs which fully cross D in such a way that makes it straightforward to
find its image under /2. Write

(2) y=vi+yi+ oy +05

where each )/d is a maximal subsegment disjoint from D, each y¢ fully crosses D, and £, (yd )>2,
£c(y¢) = 2, when nonempty.

Using the above decomposition, in an unreduced code we have
h(y) =i +h(rf) +- o+ 7 + ().

Every nonempty )/f will have image which follows dD, loops around 75, and follows dD back, so that
h(yi) = 8Dy ny) (12)0/u(12)uj0 0Dy ) no)-

As in Example 3.17, if we don’t use efficient concatenation then we can write y = yld yzd e )/sd . Applying
h to each of these subsegments individually would yield 4(y) = y, since each of these subsegments is
fixed by £, which is not the correct image.

3.2.2 Segments with back loops If y is a segment with code equal to C, we require that y has both
endpoints on some separating curve S; in our collection C. We also assume that the endpoints of C lie
outside the domain, and, moreover, that y does not intersect D. There are two possibilities for y, either
y both enters and exits the front of .S at the top or bottom or (up to taking inverses) ¥ enters at the top
and exits at the bottom of the front of the surface. Recall that we define the top/bottom of the front of S
with respect to the notion of right/left on the front of S. In the first case, this implies that the endpoints
of y are both above or both below D, respectively, while in the second case one will be above and one
will be below. In either case, this convention implies that y N D = & and h(y) = y.

Suppose next that ¥ is a segment whose code contains C but also contains other characters. Suppose for
simplicity that the code for y contains a single instance of C, so that y = 71 C1,, where 7; does not contain
C fori =1,2. We put y in standard position as follows. First note that by definition of the code, we must
either have (t;)! = (1) (if 71 and t, have opposite orientations) or (t1)! = (12)" £ 1 (if (t1)" and (15)*
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Figure 17: Various segments y containing back loops. The segments on the right are in standard
form. Back loops are blue and back loop connectors are green. Note that in the second, third, and
fifth examples, at least one of C* is empty.

have the same orientation). See Figure 17. Without loss of generality, suppose t{ is oriented to the right.
Consider the (disjoint) segments 7; and 7,, put them in standard position as in the previous section, and
homotope the endpoints of C as in the previous paragraph. Note the endpoints of C will lie on the curve
S(z))!+1- We now have three disjoint segments with codes 71, 72, and C. We will add (possibly empty)
segments called back loop connectors from the terminal point of 7; to the initial point of C and from the
terminal point of C to the initial point of 7,, respectively, to form a connected segment. See Figure 17. We
code these back loop connectors with the characters C~, C, respectively, so that we can easily discuss
their image. In particular, by a slight abuse of notation, we replace C in the code for y with C"CC™*.

Recall that without loss of generality, (t1)’ is oriented to the right. If the terminal endpoint of 7; lies
outside D and on the same side of D as the initial point of the back loop C, then the back loop connector
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/

Figure 18: A segment y (left) is split into subsegments y = | + y» and each y; is individually
put into standard position with respect to the shift # whose domain is shown (right). This causes
a loss of information when we take the images of y; individually under /: since /(y;) = y; for
i =1,2,wehave i(y1) + h(y2) = y1 + y2 = y, but y is clearly not fixed by /.

C~ is empty. An analogous statement holds for C T, where we use the initial endpoint of 7, in place of
the terminal endpoint of ;. Each nonempty back loop connector C* either

(i) has one endpoint on B(,): or B,y (depending on whether itis C~ or C *), the other endpoint
on S(¢,):+1, and half-crosses D; or

(i) has both endpoints on S(,)r 41 which are outside of D and fully crosses D.

3.3 Gaps in segments

When we use the code of a segment to find its image under a permissible shift, we first break it into
smaller subsegments using standard position. When we do this, we always use efficient concatenation, so
that the codes of the individual pieces overlap in a single character. The goal of efficient concatenation is
to ensure that we do not lose any information about the segment by breaking it into pieces. However,
we need to be careful when we do this. If we first break a segment into subsegments and then put each
subsegment into standard position, it is possible that we will lose some information. In particular, we
may cause there to be a “gap” in the segment. Based on standard position, these gaps can only occur
when breaking a segment in the interior of the turbulent region (17, n5).

To see this, suppose we break a segment y = y; + y» into two subsegments such that the numerical value
of )/1’ = )/2" is j € (nq,n,). If we put each y; into standard position individually, it is possible that ylt
and yé lie on opposite sides of D (see Figure 18). In this case, we have lost the full crossing between
them. Recall that a shift fixes the surface outside of its domain. In the region (ny,7;), a segment in
standard position is disjoint from the domain of the shift except where there is a full crossing (see the
decomposition in equation (2)), so the full crossings are essential for determining the image of a segment.
Thus we cannot use y; and y; to find the correct image of y.

In order to ensure that we do not lose any information when working with a segment and subsegments in
the turbulent region, we always first homotope the whole segment y to be a simple segment in standard
position. We then fix this particular representative of the homotopy class of ¢ for the remainder of the
time we work with it. Thus, when we break y into subsegments y; and y,, we do not put these into
standard position individually. To be precise, we choose the endpoints )/1’ and )/5 to be the intersection of
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Vw y\\ﬁ
By
By

Figure 19: A segment y and its image /(y) are shown. Left: a subsegment which does not have
a preimage. The pink subsegment of /(y) does not have an inverse; it is a proper subpath of
the image of the purple subsegment of y. Right: a subsegment which has a preimage. The pink
subsegment of /(y) has an inverse; it is the image of the purple subsegment of y.

y and the appropriate separating curves in our collection C and we do not allow any further homotopies
of y; or y,. This will always ensure that there are no gaps between y; and y;.

In certain cases, it may be simpler to break y into subsegments in a different way, and we do this whenever
it will avoid technicalities. For example, in Figure 18, we may simply choose not to divide y into
subsegments at all. On the other hand, we could also choose to make y; or y, longer than is strictly
necessary in a particular calculation in order to avoid a potential loss of information.

3.4 Taking inverses of segments

In general, if we have a segment y and a subsegment ¢ of /(y), there is not necessarily a subsegment of
y which we may call 27! (¢). In other words, not every subsegment of /(y) is the image of a subsegment
of y. It is important here that when we think of a subsegment of y, we are fixing y in standard position.
That is, we are thinking of a reduced code for y, rather than any (unreduced) code representing y .

For example, consider the shift shown in Figure 19, left. Here, the pink subsegment ¢ of /(y) is not the
image of any subsegment of y. Rather, it is properly contained in the image of the purple subsegment
of y, specifically because it is in the image of the full crossing of the purple segment with D. Explicitly,

Yy = Ooluzozulua h(V) = Ooluzozuluooou1u2u201u10202u1u0u,

and one can see that if the subsegment ¢; = 1,2,2,1, of 4(y) then there is no subsegment y’ of y for
which A(y’) = ;.

However, we may take an inverse image of a subsegment ¢ of /() whenever we know that ¢ is the
image of a subsegment of . This is the case, for example, when ¢ = /(y); in other words, it is true that
¥y = h~Y(h(y)). This can also happen when the initial and terminal characters of a subsegment of 4(y)
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are the images of the initial and terminal characters of a subsegment of y. For example, in Figure 19,
right, a direct computation will show that the initial and terminal characters of {, (in pink) are the images
of the initial and terminal characters of the purple subsegment of y. Therefore ¢, is the image of the
purple subsegment of y, which is precisely the result of calculating 7~ (¢>).

4 Characterizing loops with trivial image

As in Section 3, we let S be the biinfinite flute surface with a distinguished puncture p and fix the
collection of simple closed curves {B; | i € Z U {P}} as in Definition 3.1. Let & be a permissible shift
(see Definition 3.8) and k € Z U { P}. By an abuse of notation, we may occasionally write &(k), by
which we mean that /1(k) is the label of /(B ). Thus, given any segment whose code is k,/,, we have

h(ko/u) = h(k)o/u-
Recall that a segment is a path which does not have both endpoints on p.
Definition 4.1 A segment in standard position is trivial if it can be homotoped rel endpoints to one of

the following:

(a) asegment contained in one of the separating curves S; € C; or

(b) a point.

We will use the notation & to denote the reduced code for a trivial segment. For example, we write
koko, = @.
Definition 4.2 A loop is a segment that has one of the following forms:

(1) 81a/4ay/082 for some a where S’i = 55,

(2) agjuayy, for some a, or

3) C.

See Figure 20 for examples of loops. A loop satisfying (1) is called a regular loop, a loop satisfying (2)
is called an over-under loop, and, as in Definition 3.11, a loop satisfying (3) is called a back loop. Note

O o(om o7Ne

Figure 20: Some examples of loops from Definition 4.2. The loop in red fits case (1), the loop in
blue fits case (2), and the loop in purple fits case (3).
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Figure 21: The permissible shift / translates to the right. The first two loops on the left are
homotopic via homotopies which keep the endpoints on the same fixed separating curve. However,
one image is trivial while the other is not.

that regular loops always contain an over-under loop but not all over-under loops can be extended to a
regular loop. A single loop is a back loop, an over-under loop, or a regular loop such that §; does not
contain a loop fori =1, 2.

With the above definitions, the rest of this section is devoted to analyzing the following question.
Question 4.3 Let h be a permissible shift. When does h send a loop to a trivial segment?

The reason we introduced standard position is to ensure that this question is well defined. The issue is
that homotopies of a loop can change whether or not its image is trivial, even if those homotopies keep
the endpoints on a fixed separating closed curve (see Figures 21 and 22). Thus it is important that, given
a loop, we first put it in standard position before applying the permissible shift /2. This will remove any
possible ambiguity in the image of the loop.

In this section, we first introduce a kind of cancellation in the image of a segment and its code which
we call cascading cancellation. This kind of cancellation will cause technical problems throughout the
paper, and much of Section 6 is devoted to understanding how to control it. We then prove Theorem 4.8,
which answers Question 4.3. We end the section with a discussion of several technical consequences of
the Theorem 4.8 which will be useful later.

OOOQOOOO—%OOOQOOOO‘

OOOQOO\OO

Figure 22: The second loop from Figure 21 is in standard position. We show why its image under
h is trivial.
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4.1 Cascading cancellation

Definition 4.4 We call an arc y symmetric if y = 8¢1¢,8 for any characters ¢1, ¢,. In other words, a
reduced code for y is palindromic with the exception of the middle two characters. Note in particular that
this implies that ¢, ¢g> have the same numerical value.

Recall that we find the image of a path with code o under a permissible shift f* as follows. Let ¢ be the
last character of « and ¢’ be the first character of . Then

f@B)=fe)+ f4qq) + f(B).

While f(«), f(gq’), and f(B) are all reduced codes, it is possible that the efficient concatenation will
cause there to be cancellation. For example, if f(«) = 1,152030 and f(¢q’) = 30630201000 P,, then
f(@)+ f(qq") = 1,0, P,. When this type of cancellation occurs, that is, when a character of f(¢¢’) does
not appear in a reduced code of the image, we say there is cancellation involving f(gqq’). In our example,
there is cancellation involving f(¢q’) and f(«). When it is necessary to be more precise, we may also
say there is (respectively, is not) cancellation involving a character s, if s appears in the unreduced code
but not the reduced code (respectively, appears in both the unreduced code and the reduced code) of the
image. Thus in our example, there is no cancellation involving 1, but there is cancellation involving 2,,.
Our goal is to understand, in general, when there is cancellation with a particular character in a path under
a permissible shift.

Suppose @ = y¢q; and / is a permissible shift. Let ¢ be the terminal character of y. It is tempting to
believe that if we can show that there is no cancellation involving /(q;) within /4(gq), then there is no
cancellation involving /(q;) at all. However, this is not sufficient, for it is possible that there is “cascading
cancellation”. Before giving a formal definition, we illustrate this phenomenon with an example.

Example 4.5 Consider the segment § = 3,2,1,0, and the permissible left shift # whose domain is
shown in Figure 23. Then

h(8) = h(3,24) +h(2ulp) + h(190y).
We have

h(loou) = 1,04, h(zulo) =24l, and h(3u2u) = 3u2ulaou(_l)u(_l)ooulazuzu-
Putting this together, we obtain 2(8) = 3,2,1,0,(—1),(—1),.

There is no cancellation involving either of the terms when computing 4(2,1¢) + /4(1,0,). However,
when computing 4(3,2,) + h(2,1¢), we see that (2, 1,) completely cancels with an initial segment of
h(3,4243), and h(1,0,) completely cancels with the next subsegment of /(3,2,). Therefore, there is in
fact cancellation involving /(0,) in /(§).

Definition 4.6 Formally, given an arc §; ...J, and a permissible shift f, we say there is cascading
cancellation involving f(8,) if there is cancellation involving f(8,) in (618, ...8,) but there is no
cancellation involving f(8,) in f(8,—10n).
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(@) O, ) (@) ) )

-1 0 1 2 3 4
Figure 23: Above: the segment § in standard position. The domain of the left shift / is shown in
green. Below: the image /(3).

Understanding and controlling cascading cancellation is the difficult part of many of the proofs in this
paper. The remainder of this subsection is devoted to theorems that will allow us to control cascading
cancellation for permissible shifts. We will often be in the following situation: there is a segment y = y;1)»
whose image under a shift 2 we would like to understand and we know that /(y;) has some desired
quality (such as containing a loop, for example). In order to show that the desirable behavior of A (y;)
persists in /(y), we need to ensure that there is no cancellation involving /(y;) and /(y,) by controlling
cascading cancellation. In Section 6, we will revisit this topic and prove some additional results that
allow us to control cascading cancellation for the particular homeomorphisms we construct, which are
compositions of shifts.

Lemma 4.7 Let h be a permissible right shift with domain D and turbulent region (n,n;). Let « be a
strictly monotone segment supported on (ny,n,). Then in a reduced code h(w) has n loops around n5,
where n is the number of times « fully crosses D.

Proof Without loss of generality, we will assume that « is strictly monotone increasing, that is, the
numerical value o’ is strictly less than that of , as the conclusion is invariant under replacing « by @.
As in Section 3.2.1, put « in standard position. Since no segment in standard position which is supported
on (n1,ny) will be completely contained in the domain of the shift, we may write

a=al +af 4+ +al +af,

where each aj‘.l is a maximal subsegment disjoint from D, each ozj? fully crosses D, and £, (oe]d) > 2,
L (ozf) = 2 when nonempty. Notice that if aj‘." # & and oz]‘." +1 7 9, then also oc; = & by maximality.

Under the above decomposition, in an unreduced code we have
h(e) = of +h(@f)+-+ o + (@),
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Figure 24: Above: The case where oe + a +of 1 a + af 1 in the proof of Lemma 4.7,

where a] is in purple and a , isin red Below the nontrrvral image of this segment under /.

where every nonempty aj? will have image

h(@) = 0Dy ) (12)0/u(72)uj0dD[(at )t m3)-

Thus each full crossing aj? contributes a loop around 7, in an unreduced code for h(a). We must show
that such loops persist in a reduced code for ().

Ifa o

j+17é®and

1= = & then a calculation shows that in a reduced code

h(af +ozj+1+ ) =hief +af ) =h@d)+h@l, ).

In particular, there is no cancellation between h(ozj‘? ) and h(a;? +1) and the loops around 7, persist. See
Figure 24.

Now assume that o? 1 is nonempty. The maximality of ad 1 implies that a and ¢ , are nonempty as

1
well. We must show that there is no cancellation between the loops around 7, in h(;e) and i (« Jrl) o)
that both loops persist in a reduced code for h(oz"’) + o it h(at +1) Recall that in standard position,
a full crossing occurs between two adjacent characters koju, (k' )o/u with k, k" € (ny,n,) such that the
o/u pattern of k and/or k’ does not match that of 9D, and our convention is to make this choice for the

largest possible k, k’.

The subtlety arises because the code for h(ae) + a4 i1 may not be reduced if an initial subsegment
of ¢ 1= = h(f +1) agrees with dD, in which case (oz"’)’ agrees with dD. If (oee)’ is the character of
the full crossmg af : that does not agree with dD, then this character will block cancellation between
h(a“’) and o o +1, so that the loops around 7, in h(a;:’) and h(cxj‘:’ +1) cannot cancel. On the other hand,
if (oz 1)’ is the character of the full crossing oze , that does not agree with dD, then this character
will block cancellation between the two 7, loops even if a , fully cancels in a reduced code for

h(oz]‘f’) +aj+1 +h(aj+1).

Algebraic & Geometric Topology, Volume 25 (2025)



598 Carolyn Abbott, Nicholas Miller and Priyam Patel

O O O O
/ / \_/ /
() () () ()
/ / / _/

Figure .25: Above: A picture of o + a]‘.’l ot a]? 41> Dot in standard position, where (a]?)t and
(a]‘:’ +1)" both agree with dD. Below: The same subsegment of « in standard position.

In the last case, where (ozj‘:’)’ and (a]‘? +1)i both agree with dD, the largest possible choice of k, k' for

the full crossing (x]? would in fact result in a segment ocje.' + (xj‘." ot ocje.' 41 that is fully disjoint from D,
d
o

contradicting the maximality of i1

so that this case cannot occur. See Figure 25.

Thus, there is no cancellation between the loops around 7, in h(a;?) and h(a;:’ 41
lemma. O

), which proves the

4.2 Loops with trivial image

In this subsection, we describe the form a loop must have if its image under a shift is trivial. In particular,
the image of any loop which does not have the form as stated in the theorem is nontrivial. In addition, any
segment that is not a loop cannot have trivial image under a shift since the numerical values the initial
and terminal characters, and thus their images, differ.

Theorem 4.8 Let /i be a permissible right shift with turbulent region (n,n,). Suppose § is a nontrivial
loop such that h(B) = @. Then either = k,6k, or B = k, 6k, where

(i) k€ (ny,ny),
(i) o= V(nl)o/u(nl)u/o?’ and
(iii) y follows 0D between k and n.

Proof Put § in standard position. We will consider the image /(). By the discussion in Section 3.4, we
have B = A~ (h(B)). By assumption, /() is trivial, and therefore it is homotopic rel endpoints to either
a segment contained in the separating curve S for some k € [ny, n,) or a point. If () is homotopic rel
endpoints to a point, then 8 = A~! (h(B)) is also homotopic rel endpoints to a point, in which case f is triv-
ial, which is a contradiction. So suppose that /() is homotopic rel endpoints to an embedded subsegment
o of the separating curve Sy for some k € (17, n,]. Then B is homotopic rel endpoints to 2~ (o).
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Let D denote the domain of /. Since B is in standard position, the endpoints of o (which are the endpoints
of ) are not contained in D. There are two possibilities. If 0 N D = &, then § is homotopic rel endpoints
to h~!(0) = o and so B is trivial, which is a contradiction. On the other hand, if 0 N D # @, then o

must fully cross D. A direct computation shows that, up to reversing orientation,

h=1(0) = 8D eny) (1) o/u(M1)ufodD | (n, k1
for k € (nq1,n,), as desired. O

We note one immediate consequence of Theorem 4.8.

Corollary 4.9 Suppose B is any of the following:

(1) aloop containing more than one single loop;
(2) aloop containing a back loop; or

(3) aloop with endpoints outside of the turbulent region.

Then h(pB) is nontrivial.

Some of these consequences may be surprising, so we now give a more intuitive (and informal) discussion
of why the image of loops as in the corollary are nontrivial.

We first consider the case of segments which contain more than one single loop. At first glance, it may
seem that if a segment f is composed of loops which each satisfy the conclusion of Theorem 4.8, then
h(B) will be trivial. The problem arises in how these loops fit together to form . Suppose we have two
loops, 81 and B, which each satisfy the conclusion of Theorem 4.8. If the numerical value of 8 i is not
the same as that of ,B;, then in order to “connect” 81 to 85, we must add a segment between the terminal
point of 81 and the initial point of 8,. This segment is either disjoint from D, in which case it is fixed
by 4, or it fully crosses D. In the former case, this segment will appear in the image of 8, while in the
latter case, the image of this full crossing will be nontrivial by Lemma 4.7 applied to the full crossing. If
the numerical values are the same and § = B f,, then  will be trivial. On the other hand, if there is
some segment connecting the terminal point of 81 to the initial point of 8,, then as before, the image of
this segment will not be trivial and will force /() to be nontrivial. See Figure 26 for an example of this.

Suppose next that 8 contains a back loop C. Intuitively, it seems reasonable that if 8 = CS’C and B’ is a
loop as in Theorem 4.8, then /& (f) is trivial. However, this is not the case. To see this, notice that if we
put A’ in standard position then it will have one endpoint above D and one below D. However, C and C
are the same loop. If C is either above or below D, then this will cause S to have a full crossing between
B’ and one of C or C. The image of this full crossing will be nontrivial by Lemma 4.7 applied to the full
crossing, which will prevent any cancellation between 4(C) = C and h(C) = C. On the other hand, if
C exits at the top and enters at the bottom, then C exits at the bottom and enters at the top. This will
again force B to have a full crossing between B’ and one of C or C, preventing cancellation between the
images of the back loops.
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Figure 26: Examples of loops whose images are nontrivial. From top to bottom, these correspond
to Corollary 4.9 (1), (2), and (3).

Finally, if B is a loop whose endpoints are outside the turbulent region, say both in [15, 00), and B, 1)
has the form in the conclusion of Theorem 4.8, it seems possible that /() is trivial. For example, suppose
that 8 = (n2)oB’(n2),, where 8’ is as in Theorem 4.8. Then since (') is trivial, 2(B’) will be a segment
contained in the separating curve S,,. On the other hand, the images of the connectors (15),(8’)’ and
(B") (n2), will each be of the form (15 + Do(n2)o/u(n2 — gy o8 (n2 = 1)o/u(n2)o/u(n2 + 1)o. In
particular, we have 21(B) = (n2 + 1)0(12)o/u(n2)ujo(n2 + 1)o, which is nontrivial.

4.3 Consequences of Theorem 4.8

In this subsection, we record several (technical) consequences of Theorem 4.8 which will be useful in
later sections. The first shows that loops in the shift region persist under the image of shifts.
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Lemma 4.10 Let /i be a permissible right shift and y any nontrivial, simple arc with no back loops.
Ifk € (—oo,n1) U[ny, 00) and k,y,ky), appears in a reduced code for y, then there is no cancellation
involving h(k,/,ky),) in an unreduced code for h(y). In particular, such a pair k,;,k,, will yield a pair
(k +1)oju(k + 1)y, in a reduced code for h(y).

Proof We argue for k,k, without loss of generality. Fix k as above and put y into standard position. If
in standard position y is completely contained in the domain of /, then the result is clear, so suppose this
is not the case. We assume for contradiction that there is cancellation with % (k,k,) and, without loss of
generality, that it is with i (k,) = (k 4+ 1), as otherwise we replace y with ¥ and argue identically for
k, instead. Let ¥’ be the minimal subsegment of y beginning with k,k, so that 4(y’) had cancellation
with /& (ky). The only way cancellation in an unreduced code can involve (k) is if a subsegment of the
form (k + 1),(k + 1),8(k + 1), appears in an unreduced /(") where a reduced code for § is trivial.
Since k € (—o0,n1) U [ny,00), any (k + 1), in A(y’) must be the image under /& of k. Therefore,
v' = kokynky, where h(ky,nk,) = (k +1),6(k + 1),, which has trivial reduced code. This contradicts
Theorem 4.8 as k & (ny,ny). |

The second consequence of Theorem 4.8 shows that characters of a segment that lie in the turbulent
region which disagree with the domain of a shift persist in a reduced code of the image of the segment
under that shift.

Lemma 4.11 Let & be a permissible right shift with domain D. Let § be a simple segment whose support
intersects (n1,n,) nontrivially, and suppose & contains a character b with numerical value in (nq,n,)
which disagrees with dD. Then b persists in a reduced code for h(§).

In other words, if § = §1b65, then h(8) = o1bo,, where 61b = h(81b) and boy, = h(bd,).
Proof Write b = k,,,, where by assumption k € (n, nz).
Claim 4.12 Since b disagrees with dD, any occurrence of b in h(§) must also appear in §.

Proof Since b disagrees with dD, the segment § cannot be homotoped rel endpoints to be completely
contained in D. Thus in standard position, § can be written as the efficient concatenation of subsegments
which are disjoint from D, subsegments of length two which are either full or half crossings, and
subsegments supported on (—oo, 11]U[n,, 00) (see Lemma 3.16). We consider the images of each type of
subsegment in turn. The subsegments which are disjoint from D are fixed by /. The image of subsegments
supported on (—oo, n1) U[n,, 00) have empty intersection with (n1, 7;), and so cannot contain b. The
remaining subsegments are half crossings, full crossings, or segments that include a character whose
numerical value is 1. Any subsegment of the image of any of these subsegments supported on (17, 715,)
agrees with 0D and so cannot contain b. This proves the claim. |

Now suppose towards a contradiction that b does not persist in /(6). Then there must be another instance
of b in an unreduced code for h(8) which cancels with b. By the claim, § must contain a subsegment of the
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form bob whose image is trivial. Theorem 4.8 then implies that bab = 0D |, k1(11)0/u (1) /00D (1, k]-
However, b = k,, disagrees with dD by assumption, and therefore bo'b cannot have this form, which is
a contradiction. O

5 Constructing the homeomorphisms

As in Section 3, let S be the biinfinite flute with an isolated puncture p, and let {B; | i € Z U P} be the
simple closed curves from Definition 3.1 bounding a collection of punctures {p; | i € Z U P}, where
Pp = p- As in that section, we move the punctures {p; | i € Z U P} to the front of S and all other
punctures to the back of .

In this section, we define a countable collection of elements {g,},en in Map(S, p). In the following
sections we will show that these elements are of intrinsically infinite type and are loxodromic with respect
to the action of Map(S, p) on A(S, p).

Definition 5.1 For each n € N, define

3) gni=h{ oh{ohy,
X
O O O o O O
-3 -2 —1 P 0 1

T -1 P 0 «
O OJO O O O] O
m".o JX/@"'@/—O OH_z -1 P 0 1 Zhgz)g,
—hg = 2 n n+1
X

Figure 27: The various shift maps used in the construction of g, = hg”) ) hg”) o hy. Top: the
shift map /1. Bottom left: the shift map hg”) for various 7. In order from top to bottom, the first
two pictures are the case of n = 1, 2 (respectively) and the bottom two are for general » odd and
general n even (respectively). Bottom right: the shift map hg”) for various 7. In order from top to
bottom, the first two pictures are the case of n = 1, 2 and the bottom picture is the case of general n.
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Figure 28: The arcs Oli(l) fori = —1,0, 1,2 drawn as train tracks for simplicity.

where /17 and hl(”) for i = 2, 3 are permissible shifts defined as follows. Let /; be the right shift whose
domain includes all simple closed curves Bj for j € Z \ {0} and passes under p and By. Let hg”) be the
left shift whose domain includes only {B; | j € (—o0o, —n —1]U[n 41, 00)}, passes over p and By, and,
when j € [-n, —1]U[1, n], passes under B; for j odd and over B; for j even. Finally, let hg”) be the
right shift whose domain includes only {B; | j € (—oo, —n —1]U[n + 1, 00)} and passes under p and
over Bj forall j € [-n, P) U (P,n]. See Figure 27.

In the language of the previous sections, we have that n; = —1 and n, = 1 for /;. For K

> ,np=n+1

andnzz—n—l.Forhg”),nl =-n—landn, =n+1.

In order to prove that each g, is loxodromic with respect to the action of Map(S, p) on A(S, p), we
introduce a collection of arcs {al(”) | i € Z} which are invariant under g,. We will show in Proposition 8.2
that for i > 0, these arcs form a quasigeodesic half-axis for g, in A(S, p).

o0

Definition 5.2 For each fixed n, we define a sequence of arcs {ozl.(”) 12 oo

in A(S, p) as the images under
successive applications of g, of the fixed initial arc g = Ps0,0, Ps. That is to say that cxi(”) = gfl (g)

for any i € Z. See Figure 28 for the case n = 1 and Figure 29 for general n > 1.
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—n—-n+1 -2 -1 0 n+1 n+2

Figure 29: The arcs ozi(") fori =—1,0,1,2andn > 1. In a(_"l), the blue appears when 7 is odd,
while the green appears when 7 is even.

When n = 1, the arcs ocl(l) are the most straightforward and thus most useful for building intuition. We
suggest that the reader keep these arcs in mind while reading the remainder of the paper. We now give
the code for agl) and agl), which the reader can compare to Figure 28:

(D = P0,152024100004 162420150, Ps,

sV = Py001620241600 Pu(—1)u(—1)0 Pu0016202u 1606 Pu(—1)o (=1 Pu00162u2010
00 Pu Po0010203034201600 Po Pu00162024 1006 Pu(—1)u(—1)0 Pu0162420 150,
Pu(=1)0(=1)u Pu00162426 16006 Pu Po0016202u 160604 1624261600 Po Pu0o 1620
21600 Pu(—1)u(—=1)0 Pu0016202u 1006 Pu(—1)o(— 1) Pu00162u20 1006 Pu Po0o
10203430201600 Po Pu061026241600 Pu (= 1)u(=1)0 Pu06 1024261600 Pu(—1)o (= 1),
P,0,1,242,1,00 Ps.

While it is possible to compute the images of arcs under g, = hg”) ohg”) oh by hand, we have also written
a computer program to implement this. The interested reader should contact the authors for more details.

Remark 5.3 In light of how complicated the arcs ozl(”) are when i # 0, 1, it may be surprising that
only single loops can have trivial image under each of the shifts /1, hg”), and hg”) (see Theorem 4.8 and
Corollary 4.9). Figure 30 gives the intermediate steps so that one can see how the image under g; of a com-
plicated arc such as a(_ll) becomes the straightforward arc «g. The figure shows the collection of single loops
with trivial image at each stage of computing g (a(_ll) ) = @g. A similar phenomenon happens for n > 1.
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Figure 30: Each of the strands in blue are single loops whose image is trivial under the shift
whose domain is shown in red. Each blue strand fits the form of Theorem 4.8.

Our method for using the arcs a}”) to prove that g, is a loxodromic isometry of A(S, p) is inspired by
the foundational work of Bavard in [5]. Bavard constructs an element f of the mapping class group of
the plane minus a Cantor set which is loxodromic with respect to the associated relative arc graph. We
give a brief outline of Bavard’s methods here.

Bavard constructs a collection of simple paths 8; which start at an isolated puncture and end at some point
of the Cantor set. These paths are invariant under the action of a chosen homeomorphism f* and have the
property that 8; 1 = f(B;). They are constructed so that for all i, the path B;4; begins by following the
same path as ;. Roughly, if a path y begins by following the same path as B; then Bavard says the path
y “begins like” B; (see [5, Section 2]). Bavard uses this definition to define a function from the vertex
set of a certain graph of paths (defined similarly to the relative arc graph but with paths instead of arcs)
to Z>o by sending a path y to the maximal i € Z>( so that y begins like ;. Aramayona, Fossas, and
Parlier [2] show that the relative arc graph is quasi-isometric to the graph whose vertex set is isotopy class

Algebraic & Geometric Topology, Volume 25 (2025)



606 Carolyn Abbott, Nicholas Miller and Priyam Patel

of paths with at least one endpoint on the distinguished isolated puncture. Therefore this function can
then be used to estimate distances in the relative arc graph and ultimately to show that the collection of
paths {8; | i € Z>¢} forms a geodesic half-axis for the element f. The key fact that Bavard uses is that if
d is a path which begins like 8; and y is any path disjoint from §, then y begins like 8;—; [5, Lemma 2.4].

Our arcs {ozl(”)}ie 7 do not satisfy the same property as Bavard’s paths. One notable difference is that our
arcs start and end at the puncture p. Because of this, for a fixed #, al(ﬁ_)l does not begin by following the
entirety of al.(”). However, we will show that it does begin by following the first half of al.(”). In light of
this, we modify Bavard’s notion of “begins like” and make the following definition.

Definition 5.4 Fix an n € N. An arc § starts like ozl.(”) if the maximal initial or the maximal terminal
segment of § which agrees with an initial or terminal segment of ozl.(”) (not necessarily respectively) has
code length at least L%Ec (ozl(”))J. Recall that code length was defined in Definition 3.6.

In Section 6, we investigate the properties of arcs that start like ozlg”) for some 7, and in Section 7 we
use these properties to prove Theorem 7.10, which is an analog of [5, Lemma 2.4]. In our more general
context, proving this result is quite a bit more involved than the proof of [5, Lemma 2.4]. One reason for
this is that the behavior of our arcs oclg”) is much more complicated than the paths from [5].

6 Arcs that start like ocl(.”)

The main goal of this section is to prove that the images of arcs which start like ozl(”) under g, must start
like aﬂ)l (see Corollary 6.9). This will follow from Proposition 6.2 and Theorem 6.4. Proposition 6.2
states that the image of the first half of ozl(”) is the first half of “1(1)1' We need to be careful about what
we mean by this because of the possibility that we cause there to be a gap when we break al.(”) into its
first and second half (see Section 3.3). Given a segment Y, let y be the initial subsegment of y with
code length | 2£c(y) . For a fixed i and n, we have a(™ = &{™ + &’ for some o’. As in Section 3.3,
it is possible that when we put 5’(1(”) and o’ (or their images) into standard position individually with
respect to one of the shifts /1, hg”), or hg”), we will lose information when we take its image. In fact,
this does happen when we put hg”) (hy (&l.(”))) and hg”) (h1(”)) into standard position with respect to hg”)
(see Figure 31). We avoid this issue by extending &i(") by one character and considering &l.(”)Ou. Note
that 0, is fixed by g,. Thus when we say that the image of the first half of ocl(”) is the first half of oel.(’jr)l
we precisely mean that g, (&l.(")Ou) = &l.(’_?lou as a subsegment of g, (al.(")) = al.(’_?l, in a reduced code. In
other words, g, sends everything before the central 0, in ozl.(”) to &i(’_:_)l.

Remark 6.1 When dealing with the arcs ocl.(”), the floor function in &l.(”) is actually unnecessary, as
Le (ozl(”)) will always be even with the central two characters being 0,0,. However, at this point in the paper
we have not proven this fact, which is a consequence of Proposition 6.2, so we will not use it in what follows.

Proposition 6.2 For any n and any i, we have g, (&}”)Ou) = &}1)1 0, in a reduced code.
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Figure 31: Here we consider /11 (@10,) = h1(@1) + h1(0,0,) and take the images of each subseg-
ment separately. The images are drawn as train tracks for clarity, but we omit the weights as they
are immaterial. When we put the images hg") (h1(@1)) and hg") (h1(0,0,)) = 0,0, in standard
position individually with respect to hg”) (the second picture), there is a gap in the segment
between p and By, which would have been a full crossing. This results in a loss of information in
the image under hg”).

In order to prove Proposition 6.2, we need to understand how to control cascading cancellation for our home-
omorphisms g, (see Section 4.1 for the definition and a discussion of cascading cancellation). The follow-
ing lemma is almost a direct consequence of Lemma 4.10, the difference being that g, is not itself a shift.

Lemma 6.3 Forallk >n+1,ifk,,ky;, appears in a reduced code for al.("), then there is no cancellation
involving gy (Kojuky/o) in an unreduced code for ozl.(’_f_)l. In particular, such a pair ko, ky o will yield

(k +1)o/u(k + 1), in a reduced code for ozlgf?l.

Proof The union of the turbulent regions for /1, hg”), and hg”) is [-n — 1,n + 1]. Therefore we may
apply Lemma 4.10 three times once we remark that hg”) shifts left, i1 (Kojukujo) = (k +1)opu(k + 1) 40,
and hg”) fits the hypothesis of Lemma 4.10, as k + 1 > n + 1. |

We can now use this control on cascading cancellation to prove Proposition 6.2.

Proof of Proposition 6.2 As Otl.(") is symmetric, the only way this proposition could be false is if
there is cancellation in g, (al.(”)) involving the image of the central 0,0, (which is also 0,0,) in ozl.(”).
Equivalently, we need to show that there is no cancellation involving the final 0,0, in g, (&}”)Ou). We
begin by considering the case i = 1, where

4) &0, = Ps0,152 ... (4 1)o(n 4 Duno(n—1), ... 25150,04,

and all of the characters that are not displayed are k, for the appropriate k. By Lemma 6.3, there is no
cancellation in g, (ag”)) involving g, ((n + 1),(n + 1),), and so there can be no cascading cancellation
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involving both the final 0,0, and the image of any character before (n + 1),(n + 1), in (4). Thus it
suffices to consider g,(140,), where

u=m+Don+yuno(m—1),...2,1,00.
A direct computation yields, in a reduced code,
&) gn(10y) = (n +2)o(n + 2)u(n+ Dono . .. (n—1)onou10y,

and from this computation we can see that there is no cancellation in g, (¢ g”)) involving the final characters,
0,0,. Thus g, (&g”)Ou) = &g”)()u in a reduced code.

By (5), we also see that g, (140,) also ends in 0,. Hence, to show that the result holds for any index i,
we simply repeatedly apply g, and Lemma 6.3 as in the previous paragraph. a

We can deduce from Proposition 6.2 that if an arc y starts like ozl(”), then an unreduced code for its image
gn(y) will start like ocl(i)l. We will use the following technical theorem to show that this is true for a
reduced code for g,(y), as well.

Theorem 6.4 Let y be a simple arc of the form y = Pgn,10,n, Ps in standard position. Assume the
following two conditions hold:

(1) The numerical value ofni2 is at most 0, ie né is either 0, or Py,

(2) Either the first two characters of 1, are not a loop around P or, if they are, the initial segment of 1,
is given by P, P,0,1,.

Then there is no cancellation with the initial 0, in a reduced code for g, (0,1, Ps).
We note that the first condition means that the segment 0, is oriented to the left.

Remark 6.5 Theorem 6.4 is written with a particular orientation in mind, but such an orientation is
arbitrary. That is to say, the exact same statement is true applied to the image of ¥ under g,. We will use
both the original and this “reverse” version of Theorem 6.4 later in the paper, so we make its statement
precise: Suppose, as in Theorem 6.4, that y = Pgn;0,7n, Py and

(1) the numerical value of n’l is at most 0;

(2) either the final two characters of 7 are not a loop around P or the final segment of 7; is given by

Then there is no cancellation with the terminal 0, in a reduced code for g, (Psn10,).
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Figure 32: Situation in the proof of Lemma 6.6.

We will prove Theorem 6.4 through a series of lemmas. Fix an arc y which satisfies the hypothesis
of Theorem 6.4. We must show that there is no cancellation with the initial 0, in a reduced code for
gn(0on2 Py). For contradiction, suppose there is cancellation with the initial 0, in a reduced code for
gn(0pn2 Ps). Consider the subsegment of y given by 0,8, where 0,6 is the minimal subsegment such
that g,(0,6) has cancellation with 0,.

Lemma 6.6 The segment § does not contain any back loops.

Proof Suppose towards a contradiction that § contains at least one back loop and write § in standard
form as

§=1C; CiC{f ... 1,Cy CyCyt gy
where the t; are possibly empty for i < s+ 1. Then

gn(§) = gn(flcl_)clgn(cl—i_fzcz_)cz . gn(CstlTSC;)ngn(Cs+Ts+l)-

In order to have cascading cancellation involving 0,, there must be an instance of 0, in g,(Cs T541)
and the initial subsegment of g,(8) which ends immediately before that 0, must have trivial image. By
the minimality of our choice of §, this initial subsegment must contain g,(C;) = C; foralli =1,...,s.
Since its image is trivial, there must be cancellation involving each C;. The only way that this can occur
is if there is some j such that C; = 51-.4_1 and Cjgn (Cj'" Tj ijrl)éj = @. Consequently, we must have
gn(C j+ 7;C j_+1) = . This implies that exactly one of the following holds:

(1) hl(c;r,-cj;l)=@.
2) hy (Cj+ Tj Cj__H) # @& in a reduced code while hg”) (hy (CjJr % Cj__H)) =0a.
3) hg”) (hq (Cj+fj C;H)) # & in a reduced code while hg”)(hg") (hq (Cj+rj C;H))) = .

Let i correspond to which of the above cases we are in and let 1 = hl(.”). Define

+ — —
Cj TjCj+1, h—hl,
=G R b=,

hgw(hl(cffjcj;l)), h=h{.
By assumption, 7} # @ and /(7}) = @.
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By Theorem 4.8, this implies that rjf is a loop which begins and ends in the turbulent region and does
not fully cross D in (n1,n,). Moreover, in §, the path r]f is preceded by C; and followed by Cj; 1 = C j
and so one of the back loop connectors C j+ or C 41 must fully cross D. However this is a contradiction,
since these back loop connectors must occur in (n1,1,). See Figure 32. |

Notice that 0, does not appear in the image under g, of any segment supported on
(—oo,—n—1)U[n+ 1, 00).

Therefore, if § contains any subsegment supported in this region then, by minimality, it must also contain
a subsegment of the form ¢,/,qy/, for ¢ = n+1 or ¢ < —n—1; in other words, the segment § must “turn
around” in the shift region. Moreover, by Lemma 6.6, § can have no back loops, and hence Lemma 4.10
implies that such a ¢,/,4,/, blocks cascading cancellation, so this cannot occur. Thus, we conclude that a
reduced code for 0,4 is supported on [—n — 1,1 + 1).

We will now show that there is no cancellation involving 0, under each of /i, hg”), and hg”). By the
assumptions of the theorem, the 0, in 0,4 is oriented to the left. If there is no cancellation involving 0,
under a shift, then 0, persists in the image and is still oriented to the left. This implies that the character
after 0, in the image still satisfies condition (1) of the theorem, that is, it is either 0, or P,,,.

A straightforward calculation shows that /21 (0,6) cannot cancel 0, for any 8. This follows from the fact
that dD; contains 0y, not 0,, where D; is the domain for /. Write 0,6’ for the reduced code of /1(0,5),
which is another segment completely contained in the region (—n — 1, n 4 1] with no back loops. The
first character of &' is still either 0, or P,/,.

It remains to rule out any cancellation involving 0, under hg”) and hg”). We do this in the following two

lemmas.

Lemma 6.7 There is no cancellation involving 0, under hg”).

Proof For contradiction, assume that there is cancellation involving 0,, and let ¢ be the minimal

subsegment of 0,8” which has cancellation with 0, under hg”).

If ¢* = 0,, then ¢ is a loop whose image is trivial. By Theorem 4.8, { must be of the form
aD2|[0,n1)(nl)o/u(nl)u/o(r)DZ|[0,nl)v

where D, is the domain of hg”). In particular, ¢ = 0, and this 0, is oriented to the right. However, as noted
above, the initial 0, of 0,4 is oriented to the left, which contradicts that ¢ is an initial subsegment of 0,6’.

Therefore, { = 0,¢'a; a5, where the 0, which cancels with ¢ = 0, appears in hg”) (aia,) and is not the
terminal character. This is the case exactly when aa, is either a full or half crossing. Moreover, in order
for 0, to appear in the image of a;a,, we must have that the numerical values of a; and a, are greater
than or equal to zero, since hg”) shifts to the left.
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There are two cases to consider: either ({')! = 0, or (¢') = P,,. If (')’ = 0,, then ¢’ contains a
character which disagrees with D5, namely 0,. On the other hand, if ({')! = o/u» then it must be
oriented to the left. Since the numerical values of @; and a5 are at least 0 and P <0, ¢’ must “turn around”
and contain an over-under loop in turbulent region. In particular, it must again contain a character which
disagrees with dD,. In either case, call the character which disagrees with the boundary of the domain b.

By Lemma 4.11, b persists in a reduced code for hg”)(f ") and such a b must block any cascading
cancellation. However, by assumption, there is cancellation between two instances of 0, in an unreduced
code for hg”)(E "), one which precedes b and one which succeeds b. This is a contradiction. ]

It remains only to check for cancellation under hg”).
Lemma 6.8 There is no cancellation involving 0, under hg”).

Proof The argument is similar to the proof of Lemma 6.7. For contradiction assume that there is
cancellation involving 0, and write 8 = 0,8” for the minimal subsegment of a reduced code for hg”) (0,68")
which has cancellation with 0, under hg”). Note that (")’ is still either 0, or P,/ By the same reasoning
as in the proof of Lemma 6.7, 8 = 0,8’c1¢, and cq ¢, is a full or half crossing. Recall that for the shift
hg”), ny=-n—1,n,=n+1,and hg”) shifts to the right.

If B’¢y contains a character which does not agree with dDj3, then the contradiction follows by applying
Lemma 4.11 as in the proof of Lemma 6.7. However, it is possible that 8’c; does not contain such a
character. This occurs exactly when 8 = m] (11)o/u- This possibility did not arise when considering
h, because /5 is a left shift, and so n; > 0.

In this case, § must begin with 0, P, (—1),. We will now show that 8 could not be the image of 0,6 under
hg”) o hy. In the notation above, (—1), is in the image of & = 0,8” under hg”). Since (—1), disagrees
with 0D, there must be an instance of (—1), in §’ by Claim 4.12. Let &’ = 0,0 (—1), be the subsegment
of £ so that hg")(é’) = 0 Py(—1),. We can find £ directly by computing (hg”))_1 (06 Py(—1)p). Recall
that we cannot always take the preimage of a segment under a permissible shift (see the discussion in
Section 3.4). However, in this case we are able to take the preimage precisely because Claim 4.12 ensures
that 0, P, (—1), is the image of a subsegment of hg”)(é). Computing (hg’))_1 (0o Py(—1),) results in

‘i:/ = OoPuaD2|[P,n+l)(n + l)u(n + 1)08D2|[P,n+1)(_1)0-

In particular, &’ starts with 0, P, P,0,1,. To conclude the proof, we will show that £ cannot occur as the
image under /; of the segment 0,4.

Assume for contradiction that /1 (0,8) = £’. Since P, does not agree with dD{, there must be an instance
of P, in § by Claim 4.12. Let 0,7 P, be the initial subsegment of 0,6 so that /11 (0,7 P,) = 0, P, P,. As
above, we may directly compute the preimage of 0, P, P, under /. This shows that 0,7 P, = 0, P, P,.
The assumptions of the theorem then imply that 0,6 starts with 0, P, P,0,1,, where 1, is oriented to
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the right. Since &’ starts with 0, P, P,1,, the only way /1(0,8) = &’ is if there is cancellation with the
terminal 1, in 0, P, P,0,1, when we apply /11 to 0,8. Since A shifts to the right and & contains (—1),,
it must be the case that 0,4 contains a loop k,/,k,/, with kK > 1. In particular, 0,8 starts with either
0o Py Py0,1,1, (if kK = 1) or 0 Py Py0,10nk,,k, 0 Where 1 is strictly monotone increasing (if & > 1).
Since ny =1 for /11, Lemma 4.10 then implies that this k,,k,/, blocks cancellation between the terminal
1, in 0, P, P,0,1, and any characters in 0,8 that appear after kok,. Since the segment 1 of 0,8 between
1, and kyky is either empty (if k& = 1) or a strictly monotone increasing segment (if k > 1), using the
fact that /17 shifts to the right, it is straightforward to check that there can be no cancellation with the
terminal 1, in 0, P, P,1, when we apply /1, which is a contradiction. This completes the proof. |

Lemmas 6.6, 6.7, and 6.8 show that g,(0,8) has no cancellation with 0,, which completes the proof of
Theorem 6.4.

As promised at the beginning of this section, we have the following corollary.

Corollary 6.9 For any fixedn and any i > 0, al(’j_)l starts like al.(”). More generally, foranyi > 1, if y
starts like ozl.(”) then g, (y) starts like aﬂ)l :

Proof First, a direct computation shows that for any fixed 7, cxg”) starts like a(()”). For alli > 1, we will
prove both statements simultaneously, using strong induction. We will show that for each » and any i > 1,
if y is a simple arc that starts like «;, then g, (y) = &l(’j_)l n’ for some reduced n” which has the form of 1,
in the hypotheses of Theorem 6.4.

For the base case i = 1, suppose y starts like cxgn) so that we may write

S (n)

Y=o,

in a reduced code. Applying g, to both sides of this equation, we have, in an unreduced code,

2n(y) = gn(@\)r,

for some reduced 1’. By Proposition 6.2, g, (& g”)) = &g”) in a reduced code. Thus to conclude that g,(y)
starts like aé”), we need to show that g, (&g”)) = 0015”) persists in a reduced code for g, (y). Since &g")
ends with 0,, it suffices to show that n has the form of 7, in the hypotheses of Theorem 6.4 so that there
is no cancellation with this 0,. We have &g”) = Ps0,152...(n+ 1Do(n+ 1)yne(n—1)...251,0,, and
so the terminal 0, is oriented to the left. It follows that 5 satisfies Theorem 6.4(1). Moreover, since
y is simple and starts like agn), if n begins with a loop around p, it must begin with P, P,0,1, (see
Figure 33). Thus 7 satisfies Theorem 6.4(2) and so Theorem 6.4 shows that there is no cancellation in
gn(y) between the final 0, in g, (&g”)) = &g”) and n’. Therefore, g,(y) starts like ozg”). In particular,
a direct computation shows that ozg’) starts like (xg”) and so by setting y = aé”), we have shown that
&n (ag”)) = ocg") starts like ag").

To finish the base case, we will now show that 1’ has the form of 7, in the hypotheses of Theorem 6.4.
A direct computation shows that &g”) ends with (n + 1)o(n + 1)yne(m— 1), ...2,1,0,, and so that n’
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Ogﬁ@@

P 0 1 2

Figure 33: The arc ag") is in red; the gray portions may vary depending on n. One possibility for
y and the subsegment 7 is shown in blue; the gray portions may vary depending on 7.

satisfies Theorem 6.4(1). As above, since g,(y) = &g”) n’ is simple and ag”) (and therefore &g”)) starts
like ozg”), it follows that if " starts with a loop around p, it must begin with P, P,0,1,, so n satisfies
Theorem 6.4(2). This completes the base case.

Now assume the results hold for all j < i. For the induction step, suppose that y = ootl.(”)n for some 7
which has the form of 7, in the hypotheses of Theorem 6.4. The argument for this case goes through
exactly as in the base case except we need one additional argument to show that 1’ has the form of 1, in
the hypotheses of Theorem 6.4, where g,(y) = &l.(’jr)l 1’ in a reduced code. By the proof of Proposition 6.2,
&}f"_)l ends with u = (n+ 1)o(n + 1) yno(n—1), ... 201,0, and therefore 1’ satisfies Theorem 6.4(1). To
see that i’ satisfies Theorem 6.4(2), notice that al.(’jr)l starts like al(”), which starts like al.(f)l, etc, so that
al@l (and therefore &l.(’_?l) starts like ozg"). In particular, y must start like ag”). Since y is simple, if 1’
starts with a loop around p, it must begin with P, P,0,1, and Theorem 6.4(2) is satisfied. This completes
the induction step, and the result is proved. a

7 Highways in arcs

In this section, we introduce and examine the prevalence of certain segments of the code for ai(”) that
we call highways. The presence of highways forces arcs disjoint from ozl(") to have very specific initial
and terminal subsegments. This will be instrumental in proving Theorem 7.10, which shows that if § is
any arc which starts like ozl.(”) and y is an arc disjoint from §, then y starts like ozl.(f) , provided i is large
enough. In Section 8, we will use Theorem 7.10 to show that the arcs ozl.(”) lie on a quasigeodesic in the
modified arc graph.

In Section 7.1, we will give general preliminary definitions and results for general arcs, and then in
Section 7.2 we will analyze highways in the arcs al.(”).

7.1 Preliminaries on highways
Recall our convention that all arcs are assumed to be simple and start and end at p.

Definition 7.1 Given an arc § = Psq11nq, Ps, where ¢, ¢, are single characters which are not C and 7
is a segment, we say that § has highways if either g1 P,/ Py/0q1 0r 42 Py, Pyjoq2 is a subsegment of 6.
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Figure 34: At the top is an arc where ¢; = ¢, and the red segment shows that this arc has
highways. Below are two arcs where ¢ # ¢, and the blue segments must appear if the arc has
highways. However, this arrangement contradicts the simplicity of each arc (see Lemma 7.2) so
neither arc has highways.

The following lemma is an almost immediate corollary of the definition and the fact that § is simple.

Lemma 7.2 If§ is an arc that has highways, then
SZPST...%P_;‘,

for some segment t with £.(t) > 0. That is to say, the first part of the code for § always overlaps with the
reverse of the last part of the code in at least two characters, one of which is Ps.

Proof It suffices to consider the case when 7 is a single character, so that T = a = T for some a. Since
8 = Psq1nqa Py, if the conclusion does not hold, then ¢; # ¢,. In this case, either the subsegment Pgq
intersects ¢, P, P,q, or the subsegment g, Py intersects g P, P,q1, contradicting the fact that § is simple.
See Figure 34. a

Recall that in the code for an arc, the character Py does not correspond to any subsegment. Since the first
and last characters of every arc are always Ps, we use the first fwo characters of § in the statement of the
above lemma to ensure that there is an initial subsegment of § which fellow travels a terminal subsegment.

In the future, we will need to use a refined notion of highways to constrain the beginnings of certain arcs.
For this we define a notion of right lane and left lane. See Figure 35 for examples and nonexamples.

Definition 7.3 Given an arc § that has highways, a subsegment A of § is called a left lane if one of the
following holds:

(1) A= P,Py,y, where y does not contain C and y is maximal with respect to the property that the
code for Psy coincides with the initial £.(Psy) many characters in § and ¥ Py coincides with the
terminal £.(Psy) many characters in §; or

(2) A =1y Py, P, is the reverse of the segment of the form in (1).
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Figure 35: Some examples and nonexamples of left and right lanes are shown in blue. Top left:
the blue segment is not a left lane since it does not coincide with the terminal subsegment of the
arc. Top right: the blue segment contains both left and right lanes. There is a left lane via case (2)
of Definition 7.3 and a right lane via case (1) of Definition 7.4. Bottom left: the blue segment
contains two left lanes via case (2) of Definition 7.3. Bottom right: the blue segment contains two
left lanes via case (1) of Definition 7.3 (notice the orientation on the arc has been changed).

We note that the reason that there are two possibilities for a left lane is that we want the definition to be

independent of the orientation of §.

Definition 7.4 Given an arc § that has highways, a segment p of the code is called a right lane if one of
the following holds:

(1) p= P, P,y, where y does not contain C and y is maximal with respect to the property that the
code Psy coincides with the initial £.(Psy) many characters in § and ¥ Py coincides with the

terminal £.(Psy) many characters in §; or

(2) p=7yP,P, is the reverse of the segment from (1).

If § is a symmetric arc (see Definition 4.4), then in Definitions 7.3 and 7.4 it suffices to check the overlap
on just the initial part of the code for §. However, in the general case, checking the overlap with both the

initial and terminal parts of the code for § is necessary.

Definition 7.5 Let § be an arc with highways. The lane length L(£) of a left or right lane & of § is
defined to be

L) =4Lc(5) -1
We denote the collection of all left lanes of § by £ and similarly of all right lanes of § by R.
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Figure 36: In blue is (a portion) of an arc §. The shaded disk around the puncture is D). This
example has two right lanes (in green), a portion of which are shown, and two left lanes (in pink),
which are shown in their entirety. The P,/, P,, portion of these lanes are contained in D, while
all other strands of § are disjoint from D).

Through the rest of the section, we fix a closed topological disc D) of sufficiently small radius with
center at the puncture p such that D, has empty intersection with each B; where i € Z, contains Bp, and
has empty intersection with each separating curve {S;} from Section 3.2.1. Moreover, we will only work
with homotopy representatives of § which have reduced code and the property that any pair Py, Py, lies
inside of D,, while any other segments remain outside, except for the two that come from the initial and
terminal two characters of § (see Figure 36). Throughout the section, when we further homotope § we
will only do so relative to D), so one can assume that the set § N D,, is pointwise fixed.

A left or right lane £ is called innermost if every oriented straight line segment with initial point at
the puncture and terminal point on the boundary circle of D), intersects the P,/ P/, at the beginning
(resp. end) of & before it intersects any other lane of the same type (left or right). If the oriented line
segment does not intersect any lane, then this condition is vacuously satisfied. See Figure 37. In particular,

innermost left and right lanes are the lanes which are closest to an initial and terminal subsegments of §.

We then have the following lemma.

Lemma 7.6 Let§ be an arc that has highways. Let A € £ and p € R denote the innermost left and right
lanes of §, respectively. Then L(X) > L(\') forall A’ € £ and L(p) > L(p’) for all p’ € R. Moreover,
writing A = Py, P,f; or its reverse and p = P, P, 8, or its reverse, then if y is an arc disjoint from §, then
one of the following holds:

(1) y has initial code PsB; and terminal code Pypf;,

(2) y has initial code PsB, and terminal code Pgf3,.

—
]

Figure 37: The blue and red segments are the initial portions of innermost left and right lanes,
respectively. The dotted gray segments intersect these segments before intersecting the initial or
terminal portion of any other lane.
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Figure 38: In black is (a portion) of an arc §. The red disk is D,. Any arc y which is disjoint from
& must have initial and terminal segment which follows one of the three purple strands emanating
from the puncture and continues to fellow travel §.

Intuitively, this lemma states that the arc y must “stay in a lane” of the arc §; see Figure 38. Note that we
do not require y to be distinct from §, so this statement applies to § as well. Indeed, the arc § can always
be homotoped to be disjoint from itself while retaining the same code.

Proof The hypothesis that § has highways implies that £, R # &, and hence an innermost left and right
lane exist. We prove the first statement for the innermost left lane A; an identical proof works for p.

Since A is innermost, if there exists a left lane A" € £ such that L(1”) > L(}), then we get a contradiction
to the simplicity of §, as A must intersect either A’ or an initial segment of §. See Figure 39.

For the final statement, fix an arc y that is disjoint from §. It must be the case that the initial and terminal
subsegments of y are each contained in a single connected component of D), \ § (not necessarily the
same component). Moreover these initial and terminal subsegments must begin at the puncture p and
therefore must also fellow travel A, p, and the initial /terminal parts of § (see Figure 38). Therefore, by
the same reasoning as in the previous paragraph, we see that y satisfies conclusion (1) of the lemma if
Lc(Br) < £.(B,) and satisfies conclusion (2) of the lemma if £.(8,) < £.(B)). ad

7.2 Highways for the arcs a(™

The main goal of this section is to apply the technology of the previous section to show that any arc
disjoint from an arc which starts like cxi(”) starts like ozl@l , provided i is large enough (see Theorem 7.10).

G

N
A

Figure 39: A schematic of the two left lanes: A, which is innermost, and A’, which is not. If
A’ fellow travels an initial segment of § for longer than A does, then A must intersect either A’
(pictured) or the initial segment of 8.
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To do this, we will show that ozl(”) has highways for all i > 2 and all », beginning by proving the result
for i = 2. For fixed i and n, define Xl(”) to be all of &l(") except the initial Py, so that

(6) &M = pyym.

Proposition 7.7 The segment oeg”) contains a subsegment of the form )_(g") P, P, )(g”) that appears as the
final subsegment of &g’). In particular, ag”) has highways whose lanes contain XY’).

Proof We prove this by carefully examining the code for oz%”), which we assume is in standard position
relative to the disk Dj. As in Section 6, we will retain the 0, which immediately follows &g”) when we
compute images. We will show that X(I”)Pu P, Xg”)()u appears as the final subsegment of &g")o,,, which
then implies the statement of the proposition.

By Proposition 6.2, &g”)Ou =gn (&Y’)Ou). Recall from (4) that
(7) &0, = Py0,l,...(n4 Do+ Duno(n—1). .. 25150,04.
Definingo ;=@ ifn=10ro :=nyo(n—1),...2, if n > 1, a computation shows that

R (@0,) = Ps0p162 ... (1 +2)0(n + 2)u (4 Donto . . . 20150504

= Ps001525...(n+2)o(n +2),(n+ 1),01,0,0,.

See also Figure 40, top pair. We will show that the image of the 1,0,0, at the end of this last equation
under hg”) o hg”) produces the requisite segment in ozg").
A direct computation shows that

R (1 + 2)o (1 4 2)u (1 + 1)60160,04) = (14 1)o(1 + 1)u0h T (150,04),

since all of ¢ is disjoint from D;. In standard position, 1,0,0, contains a full crossing, and we compute
that
" (160504) = 160D3](—p—1.0)(—1 — Do(—1 = 1)udD2 | (—n—1,0]000u,

in an unreduced code. We thus have the decomposition

@) h§ (1 +2)o(n +2)u0150004)
=+ 1o+ 1),0100D2|(—p—1,01(=1—1)o(=1—1)4, D3| (—pn—1,0]0004
=11 Po(=Dut2(=n—1)o(—=n — 1)u13(=1)u Po0u,

where each t; is defined by the second equality. See Figure 40, middle pair. None of t1, 75, t3 fully cross
D3 in standard position. As (—1), P,0, fully crosses D3 twice, we compute that

@ P (=1)u PoOu) = (=1)u Pu0,0Ds3 0, (n + 1) (1 + 1)00D3] (0,110 Pu Po009D3] (0,1
(n+1)o(n+ 1)uaD3|(0,n]000u
= (_l)uPu)_(gn) PuPoxgn)Ou-
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Figure 40: The direct computations done in the proof of Proposition 7.7. Top pair: the image of
ag")Ou under /;. Middle pair: the image under hg”) of the segment o, shown in red and black.
Bottom pair: the two full crossings in red give rise to X(I”) and )_(g”), which are shown in green, in
the proof of Proposition 7.7 upon applying hg”).

Hence we see that )_((1”) P, P, Xg")Ou is contained in an unreduced code for g, (& g")Ou). It remains to show
that this segment persists in a reduced code for g, (& g”)Ou) = oocg”)Ou.

Proposition 6.2 shows that if )_((1”) P,P, X(I”)Ou persists in a reduced code for >0, then it persists in a
reduced code for a,. To check if )_(g”) P, P, XE”)O,, persists in a reduced code for @»0,, we need only
consider a reduced code for the image under g, of the characters following the (n + 1),(n + 1), in (7),
because Lemma 6.3 shows that the pair (n+ 1),(n + 1), blocks cascading cancellation between characters
on either side. This is precisely the segment whose image under hg”) is given by (8).

Algebraic & Geometric Topology, Volume 25 (2025)



620 Carolyn Abbott, Nicholas Miller and Priyam Patel

We will use direct computation to show that the segment X(”) P, P, X(”)Ou is the final segment of a reduced
code for

(10) B (21 Po(=1)uta (=1 — D)o (=1 — 1), 73(= 1)y Po0y).

Before making this computation, we point out the relevant pieces. Each (—1), P, (or its reverse) in (10)
fully crosses D3 and has image given by the first half of (9), up to reversing the orientation. The terminal
P,0, also fully crosses D3, and so we may similarly compute its image. The segments 7;, T3 are invariant
under hg”). The image of 7 is hg”)(tl) =m+2)o(n+2)y(n+1),01,0,. Moreover, the four characters
ré (—n—1)o(—n— l)uré form a loop which fully crosses D3 exactly once. (Note that ‘L’é = ré = (—1)o/us
where the choice of o/u depends on the parity of #.) Combining all of these remarks, we find the following
reduced code (see Figure 40, bottom pair):

7S (11 Po(=Duta (=1 = Do(=n = Duts (~1)u PoOu)
=Mn+2)o(m+2),(n+1)o01,0, Py Py0y...(n+ o(n+ 1)yny...0,
Py 0D, (p,—1](—1)u(—1)00D3 | (—pn41) (1 + Do (7 + 1)u0D2 ] (a1 (—1)o(—1)u0D2 | (<, 1] P
0D3[0.n+1) (1 + 1)u( + 1)60D3] (P n+ 1) Pu Pod D310, n41) (7 + 1o+ 1)udD3][1 54 1)000u-
In particular, we see the requisite segment as the last line of this string. Precisely, we have
X = 8D3]j0,n+1)(n + Dol + 1)udD3 i1 n41)00-

This completes the proof of Proposition 7.7. |

The next corollary shows that ozl.(”) has highways whose lanes contain Xl('i)l. Notice that g ( Xz@l) = Xl(”)
by Proposition 6.2.

Corollary 7.8 Wheni > 2, ozl§”) contains a subsegment of the form )_(l(’i)l P, P, Xl(’i)l that appears as the
final subsegment of &l(”). In particular, ozi(”) has highways for all i > 2 with lanes containing Xz@l'

Proof As above, we will retain the 0, which immediately follows &l(”) when we compute images. We will
show by induction that g, (&l.(f)l 0,) ends with )_(l(’i)l P, P, XZ(’?I 0, in a reduced code, which will show that
X(”) P, P, X(”) appears as the final subsegment of &l.("). Since g, (&I.(Z)IOH) = &}”)O” by Proposition 6.2,
this will imply that such a segment persists in ozl(”).

The base case i = 2 was shown in Proposition 7.7, so we proceed to the induction step. Using the

induction hypothesis, write
(n) 10w = Psz,( )ZPMPOX(n) 0y,

for some subsegment 1. A calculation shows that in an unreduced code
an (1" PuPox{,0u) = gn (X" + 00 PuPolo + x{"50u)
= 20 (X{"%) + €100 Pu Po00) + gn(x{™50u)
= X, Pu Pox (™, Ou.
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where one verifies that the last line is in fact reduced. We therefore reduce to showing that )_(l(’i)l P,P, Xl(’i)IO u
persists as the terminal substring of &l.(”)Ou. For this, we must prove that no characters in an unreduced
code for g,(Psn10,) cancel with this terminal 0,, which is ()'(l('i)l)i .

Recall from (6) that Xz@l is by definition all of &1@1 except the initial Ps. In particular, its terminal
character 0, = ( Xl(’i)l)’ is oriented to the left. Thus the initial 0, of the reverse segment )_(l(’i)l is oriented
to the right. Since we are considering the segment P10, = P ()_(l(’i)l)i, this implies that (n;)’ has
numerical value at most 0. Moreover, simplicity of &1@1 shows that if 1y ends by looping around p, then
it must have 1,0, P, Py as its final segment. Theorem 6.4 combined with Remark 6.5 then shows that
there is no cancellation with ()_(l(’i)l)i = (), in a reduced code for g, (Psn10,). a

The following corollary follows immediately from Corollaries 6.9 and 7.8, our definition of Xl(”) in (6),
and the definition of lane length.

Corollary 7.9 Fixi > 2 and let £ and R denote the collections of left and right lanes in (xi(”), respectively.
Then

n, =max L(A) > £(&™) and ngp =max L(p) > Le(@™,).
L= () = Le( i—1 R en (p) = Lc( i—1
We are now in a position to prove the main result of the section.

Theorem 7.10 If § is an arc which starts like ozl(”) for some i > 2 and y is any arc disjoint from §, then y
starts like o i(f)l .

Proof Proposition 7.7 and Corollary 7.8 show that oc’tl.(”) contains the segment )_(1@1 P, P, Xz@l and hence
&}”) has highways for all i > 2.

As § starts like ozl(”), the first part of its code is identical to that of &l(”) and therefore § also has highways
and also contains the segment )_(1(’1)1 P, P, 1@1' By Lemma 7.6, the innermost left lane P, P,c; (or its
reverse) and the innermost right lane P, P,a, (or its reverse) in § each have lane length at least £, (&l@l).
Hence the first £, (&l@l) — 1 characters of these lanes immediately following P,/ P,/, must agree with
Xz@l or its reverse. As y is disjoint from §, the moreover statement of Lemma 7.6 gives that the code for
y must begin with Psa; or Psa,. Consequently it must begin with &1@1 = P Xl(’i)l, as required. O

8 Loxodromic elements for A(X, p)

In this section, we will first conclude the proof of Theorem 1.1 and then go on to explore some properties
of our loxodromic elements g, including identifying an explicit geodesic axis for g,, as well as describing
the limit points of g, on the boundary of the modified arc complex A(X, p) for an admissible surface X.
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8.1 The proof of Theorem 1.1

Let S be the biinfinite flute surface we defined in Section 2 with isolated puncture p. Recall that A(S, p)
denotes the modified arc graph of S, as in Definition 2.3. Let a9 = P;0,0, Ps € A(S, p) be the arc from
Definition 5.2.

For each n, consider the map

(11) §0n3A(S’P)_)ZZO,

defined by setting ¢, (§) equal to the largest i > 0 such that § starts like al.(”). If there is no such i then
set ¢, (8) = 0.

Lemma 8.1 Forany y,$ € A(S, p), we have d o(s,p)(V,8) = |lon(y) — ¢n(d)].

Proof It follows from Theorem 7.10 that if d 4s,,)(y.d) = 1, then |@,(y) — ¢u(8)| < 1 for any n.
In particular, if ¢,(8) = ¢,(y), then we are done. If not, then without loss of generality, assume that
©n(8) < @n(y) and @, (y) = j. Then by Theorem 7.10, ¢,(§) = j — 1 so that |, (y) — ¢n ()| < 1. The
result then follows from the subadditivity of the absolute value. O

Let {gn}nen be as in Definition 5.1, and let {Ol,(”)}iez be as in Definition 5.2. We first show that the
elements g, € Map(S, p) are loxodromic with respect to the action on A(S, p).

Proposition 8.2 For each n € N, the homeomorphism g, € Map(S, p) is a loxodromic isometry of
A(S, p) with a (2, 0)-quasigeodesic axis {al.(”)}iez.

Proof We first show that the map Z>q — (gn)@o C A(S, p) defined by i > g’ (atg) is a (2, 0)-quasi-
isometry. In other words, we will show that {Ol,(n)}izo is a quasigeodesic half-axis for g, along which g,
acts as translation.

Let ¢y be the map defined in (11). By Lemma 8.1, we have that d 4(s, ,)(V. ) = |on(y) — ¢n(8)| for any
v,6 € A(S, p). Since ¢, (ozl(”)) = for all i > 0, this implies that

(12) d u(s.py (o, ™) = i.

Consider the arc B = Ps(—1)o(—1), Ps. Then B is disjoint from both oc(()”) and ag”). Since g, is a
homeomorphism, g/, (B) is disjoint from both ozl(”) and ozl(f?l, and thus dA(S,p)(al(”), O‘i(n+)1) <2foralli.
Therefore, for all 7,

(13) d u(s.py (o, ™) < 2i.
Together, (12) and (13) show that {ozl(”)}izo is a (2, 0)-quasigeodesic half-axis for g;.

Since {Ol,-(n)}izo is an unbounded orbit of g,, we can see that g, is not elliptic, and since g, acts as
translation along this quasigeodesic half-axis, g, cannot be parabolic. Thus we may conclude that g, is a
loxodromic isometry of A(S, p). |
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Recall from Definition 2.6 that a surface £ with an isolated puncture p is admissible if there exists a
proper embedding S < X where S contains p, the two nonisolated ends of S correspond to distinct ends
of 3, and with the property that either there are countably many connected components of X \ S of the
same (nontrivial) topological type or countably many isolated punctures of .S remain isolated punctures
when embedded in ¥. We denote this special class of connected components by U, so that the elements
of U are all homeomorphic to a fixed surface Xy. Recall that this definition ensures that the shift maps
hy, hg”), and hg”) we are interested in on S extend to shift maps on X. In particular, g, = hg”) o hg") ohy
extends to a homeomorphism of ¥. When we reference g, below, we will try to be specific about
when we are considering g, as an element of Map(S, p) versus an element of Map(XZ, p). Recall from
Definition 2.2 that a homeomorphism f € Map(X, p) is intrinsically infinite-type if [ & I\W(Z).

Theorem 1.1 is then a direct consequence of the following theorem.

Theorem 8.3 Let X be an admissible surface. For each n € N, the homeomorphism g, € Map(X, p) is a
loxodromic isometry of A(X, p) with a (4, 0)-quasigeodesic axis {a}”)}iez. Moreover, g, is intrinsically
infinite-type.

Proof Fix n € N. By Proposition 8.2, g, is loxodromic with respect to the action of Map(S, p) on
A(S, p). Moreover, g, extends to an element of Map(X, p) and so g, acts on by isometries A(X, p) as
well. By Lemma 2.10, there is a (2, 0)-quasi-isometric embedding A(S, p) — A(X, p). Therefore the
image of the (2, 0)-quasigeodesic half-axis for g, constructed in Proposition 8.2 is a (4, 0)-quasigeodesic
half-axis in A(X, p). It is clear that g, stabilizes this (4, 0)-quasigeodesic half-axis and so the arcs
{O‘i(n)}ieZzo form a quasigeodesic half-axis for g, in A(X, p). Therefore, g, is loxodromic with respect
to the action of Map(XZ, p) on A(Z, p).

We now show that g, ¢ Map,.(X). If £ has a nontrivial end space, then g, ¢ PMap(X) since g, translates
the elements of /. Note that Map,.(X) < PMap(X) so that g, is of intrinsically infinite-type in this case.

Now suppose that the end space of X is trivial, so that X is a finite-genus surface with one boundary
component. Therefore, S UL/ = X’ is homeomorphic to an infinite-genus surface with two nonplanar
ends and a countable number of planar ends. Note that 3 \ X’ consists of all of the additional topology
of X that is irrelevant to our construction of shift maps. In this way, the planar ends of ¥’ cut away the
irrelevant topology of X.

By [3, Corollary 6], PMap(X’) = Map, () x Z(h'), where /' is the standard handleshift on X', which
also corresponds to a handleshift on X by extending /4’ via the identity on X\ ¥’. For simplicity of notation,
we drop the subscript on g, in what follows since the argument does not depend on n. Theorem 8.5 below
tells us that when g is considered as an element of Map(S, p), there is a compactly supported mapping
class ¢ such that g = @h, where / is the right shift on S shifting the punctures corresponding to the
elements of . As an element of PMap(X’, p), and therefore of Map(X, p), g is thus equal to ¢ - (h')"™,
where ¢ € Map,.(X') < Map,.(X) and m is the genus of Xy. By the proof of [22, Proposition 6.3],
(W)™ ¢ Map,.(Z), so that g & Map,.(Z) as well. O
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Figure 41: The curves R}”) when 7 is odd and even (top and middle, respectively), and the surface
IT = IT,, when n > 3 (bottom). In IT, the blue, green, and purple punctures correspond to where
IT/, was cut along the curves Rg”), Rg"), Rg”), respectively.

8.2 Alternative description of g,

In this section, we show that our mapping classes g, can be written as the composition of a pseudo-Anosov
on a finite-type subsurface and a standard shift. Moreover, we will show that g, is the composition
of the same pseudo-Anosov on a fixed finite-type subsurface and a standard shift whenever n > 3;
however, this subsurface is embedded in ¥ in different ways for different n, yielding distinct elements
of Map(XZ, p). Though the g, can be expressed as a pseudo-Anosov composed with a shift map, they
are not end-periodic maps as defined in the work of Cantwell, Conlon, and Fenley [13]. In particular,
there are isolated planar ends, or punctures, that are fixed by our homeomorphisms (for example, the
puncture p). However, it is possible that some of the methods used to study end periodic maps could also
apply to the homeomorphisms we have constructed.

Let /1 be the shift map on our subsurface S that translates the punctures that correspond to elements of U,
that is, the right shift whose domain contains the simple closed curves B; for all i € Z and maps B; to B; 1.

Without loss of generality, for each n we may modify our separating curves S_, and Sj 41 so that a
connected component IT), of S\ (S—, U Sy,4,) is a sphere with 2 boundary components and n + 4
punctures, one of which is p. This amounts to pushing any extra topology on the back of S outside
of this subsurface. We now further modify IT, to form a subsurface I1, for each n as follows. Let
RE”), Rg”), Rg”) be the simple closed curves as shown in Figure 41. In particular,

3 R(l”) encloses all B; with —n <i < —1 and i/ odd;

. Rg”) encloses all B; with —n <i <n and i even; and

e R encloses all B; with 3 <i <nand i odd.
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Figure 42: The train tracks 7, on the finite-type subsurface IT,. Left: n = 1, 2. The pink puncture
only appears when n = 2. Right: n > 3.

Note that le isempty foralli =1, 2,3, Rl(z) is empty wheni =1, 3, and Rl@) is empty when i = 3.
For all n > 4, Rl(”) is nonempty for eachi =1, 2, 3.

Definition 8.4 Let I1, be the component of IT/, \ (R(I") U Rg”) U Rg”)) which contains the puncture p.

The surface I1, is a sphere with 2 boundary components and some number of punctures: five punctures
if n = 1, six punctures if 7 = 2, and seven punctures if n > 3. Notice that the II, are homeomorphic for
all n > 3. However, the embedding ¢, : 1, — X are different for distinct n. For any f € PMap(I1,, p),

let f:=1,0 f.

Theorem 8.5 For each n > 1, there is a pseudo-Anosov ¢, € PMap(I1,) so that g, = @,h. Moreover,
foralln,n’ > 3, 1, = I,y and ¢, = @, as elements of PMap(I1,). However, ¢, and @,/ are distinct
elements of Map(X, p) since the embeddings t,, are distinct.

Proof We define ¢, := gnh_1 for all n > 1. It is clear that ¢, stabilizes the subsurface I, and is the
identity on X \ I1,. Let ¢, be the restriction of ¢, to PMap(I1,), so that ¢t o ¢, = ¢,. We will show that
¢n 1s pseudo-Anosov. To do this, we will apply [28, Lemma 3.1], which states that a mapping class is
pseudo-Anosov if it preserves a large, generic, birecurrent train track whose associated transition matrix

is Perron—Frobenius. We will construct such a train track t, for each n.

The cases n = 1, 2 are slightly different and we will deal with them separately. For all n > 3, the surfaces
IT,, are homeomorphic and we will build a single train track which will satisfy the above conditions.
Notice that 7 is a train track on the surface I1,, so to show that t, is large, generic, and birecurrent
it suffices to consider I1,,. However, since ¢, is defined as a restriction of @,, which is a product of
elements of Map(X, p) which are not supported on IT,, we must consider the different embeddings of
[T, into ¥ in order to show that 7, is preserved by ¢, and to calculate the transition matrix of ;.

The train tracks 7, for n = 1, 2 and for n > 3 are shown on II, in Figure 42. For all n, the following hold.
All switches are trivalent and so 7, is generic. Each complementary region is a once-punctured disk or a
polygon and so t, is large. The weights on each branch of t,, are positive and so t, is recurrent. Moreover,
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Figure 43: A collection of simple closed curves {yi(”)} such that each branch of 7, is intersected
transversely and efficiently by some yl.(”). As in Figure 42, the pink puncture only appears when
n=2. Left: n =1, 2. Right: n > 3.

the finite collections of simple closed curves {)/i(”)} in Figure 43 is such that each branch of 7, is intersected
transversely and efficiently by some )/l.(”), ie )/l.(”) U 7, has no complementary bigon regions for any i.
Therefore t, is transversely recurrent. Since t, is recurrent and transversely recurrent, it is birecurrent.

Figures 44 and 45 show that 7, is preserved by ¢, for n = 1,2 and n > 3, respectively. It is immediate
from these figures that the matrix A, associated to t, is

5 602 56020
6 9 02 6 9020
A=A, = and A,=]10 102 2 1],
10 10 2 3 6 6 11 1
6 612 6 6 120

when n > 3.
For each n, (A4,)? has all positive entries, hence A, is Perron—Frobenius. We conclude that ¢, is pseudo-

Anosov for all n by [28, Lemma 3.1]. O

While it is not necessary for this paper, it is interesting to note that for all n € N, the top eigenvalue of
Ay is % + %«/41 + v %(59 + 94/41), which is associated to a unique irrational lamination on I, that is
carried by 1, and fixed by ¢,.

We say that a homeomorphism of Map(X, p) is a pseudo-Anosov shift if it can be written as the composition
of a pseudo-Anosov on a finite-type subsurface containing p and a standard shift. The results of this

section inspire the following questions.
Question 8.6 When is the composition of shift maps a pseudo-Anosov shift?
Question 8.7 Does every pseudo-Anosov shift act loxodromically on A(XZ, p)?

8.3 Geodesic axes

The proof of Theorem 1.1 shows that, for each n, the sequence (ozl.(”)) iez is a (4, 0)-quasigeodesic axis

for g, in A(X, p). In this section, we find a geodesic axis for g, in A(Z, p).
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Figure 44: The train track 7, is preserved by ¢, = g,h~! for n = 1, 2; the pink puncture only

appears when n = 2. The weights in the picture are used to calculate the matrix 4, associated to .
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Theorem 8.8 Foreachn € N, there is a geodesic axis for g, in A(X, p). Furthermore, g, has translation

length 1 on this axis.

Proof As d s, p)(y.0) <dacs,p)(y.d) for any arcs y, 8 € A(S, p), the image of a geodesic under the

inclusion A(S, p) < A(X, p) is still a geodesic. Thus it suffices to construct a geodesic axis for g, in

A(S, p). Toward this goal, define

B = Py(—1)0(=2)p . .. (=1 = D)o(—1 = D)u(=1)o . .. (=2)o(=1)0 Ps € A(S, p),
and let
B = gh(BSM).
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weights of each branch as a vector in the variables x1, . .
corresponds to the weight 2x + x5 + 2x3 + 4x4 + 5x5.

(35533)

(561066) Znt

...... -

(69T066)

Figure 45: The train track t, is preserved by ¢, = g,h~!, when n > 3. The weights in the picture
show how to calculate the matrix A, associated to t,,. For ease of notation, we often write the
., X5. For example, the label (2124 5)

Since the arcs ,31(”) are the orbit of ,3(()”) under (g,) and g, is a loxodromic isometry, it follows that they
form a quasigeodesic axis in A(X, p) for g,. We will show that ,8(()”) is disjoint from S g”), which will
prove that (,BI(”)),-E 7 s a geodesic axis for g, and that g, has translation length one on this axis. In fact,
it suffices to show that ,Bg”) does not contain P, or k,, for any k < —n—1, as it then follows that ﬁ(()”)

is disjoint from ,Bg”); see Figure 46.
Applying /; to ,3(()”) yields

(14) hi(BSD) = Ps(=1)6(=2)p - . . (=1)o(—=m)u(=n 4 1)g . .. (=2)o(=1), Ps.
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Figure 46: If an arc y does not contain P, or k,, for any k < —n — 1, then it must lie in the
shaded region of S. In particular, y must be disjoint from ,3(()”).

Since all of & (,B(()”)) is to the left of the puncture, the image under hg”) (which shifts to the left) will not
contain P,. Moreover, since P, disagrees with the code for the domain of hg”), neither will ,BY’). Thus it
remains to show that ,Bg”) does not contain k,/, for any k < —n—1.

Recall that hg”) shifts to the right and has shift region (—oo, —n — 1] U [n + 1, 00). Thus, any instance
of koyy, with k < —n—11in ,BY’) must be the image of (k — 1), in hg”)(hl(,B(()”))). Similarly, such
a (k —1),/, must be the image of k,/, in hl(ﬂ(()”)), since hg”) shifts to the left. However, by (14),
hq (,3(()”)) does not contain j,/, for j <—n—1, and we conclude that ,3%”) does not contain k,/, for any
k<-n-—1. m|

8.4 Limit points of the g,

Since the relative arc graph A(X, p) is a hyperbolic metric space, it has a well-defined Gromov boundary.
This boundary was described by Bavard and Walker [7; 8]. In this section, we describe the limit set of g,
on dA(X, p) in terms of Bavard and Walker’s characterization of the boundary.

8.4.1 The Gromov boundary of A(X, p) We begin by recalling some definitions from [7; 8]. It is
important to mention that in [7; 8], the word loop is used for what we call an arc in this paper. Any time
we mention a result from one of these two papers, we will convert it to our terminology. Let £(X) denote
the space of ends of X, which necessarily contains our preferred puncture p.

Fix any hyperbolic metric (of the first kind) on X, as in [8, Theorem 3.0.1]. For a fixed lift of p to
the universal cover H?, which necessarily lies on dH?Z, there exists a parabolic subgroup G < (%)
stabilizing this lift. Define T = H? / G to be the intermediate cover associated to this parabolic subgroup.
The space S is called the conical cover of . This cover has boundary S! and contains a preferred lift p
of p which comes from our fixed choice in the universal cover. Let 7 : $ — 3 be the natural quotient
map, let ,g be any geodesic ray from p to 93, and let B = JT(B). Thus 3 has one endpoint on p and the
other endpoint somewhere in 95 ~ S!. The other endpoint may be a lift of p that is not our chosen p, (a
lift of) a point in E(X) \ {p}, or a point which is neither. If 8 is simple, then in the first case § is an
arc,? in the second case f is a short ray, and in the last case B is a long ray. Equivalently, an embedding

2 As noted above, Bavard and Walker call this a loop.
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B:(0,1) — X is a short ray if it can be continuously extended to a map ,BA :[0,1] = ¥ U E(X) such that
Blo,1) =B, B(0) = p,and B(1) € E(X) \{p} (see [8, Section 5.1.1]), and B is a long ray if it is neither
an arc nor a short ray.

Bavard and Walker construct a graph involving all three kinds of rays, which they use to describe the
Gromov boundary d.A(X, p) of the relative arc graph.

Definition 8.9 The completed ray graph R(XZ, p) is the graph whose vertices are isotopy classes of simple
arcs, short rays, and long rays and whose edges correspond to homotopically disjoint isotopy classes.

By definition, A(X, p) embeds in R(X, p), but the following theorem shows that something stronger is
true. Recall that a clique is a complete graph.

Theorem 8.10 [8, Theorem 5.7.1] The connected component of R(X, p) containing all arcs is quasi-
isometric to A(X, p). All other connected components are cliques.

A particular type of long ray will be important in the description of the Gromov boundary of A(XZ, p).
A long ray B is k-filling if k is the minimum natural number such that there exists an arc 8¢ and long
rays B1,...,Bx = B such that B; N B;4+; = @ for all i > 0. In other words, a long ray is k-filling if it is
distance exactly k& from an arc in R(Z, p).

Definition 8.11 A long ray S is said to be high-filling if both of the following hold:

(1) B intersects every short ray; and

(2) B is not k-filling for any k € N,

All of the vertices of the connected components that form cliques are high-filling rays; accordingly, such
cliques are called high-filling cliques.

Theorem 8.12 [8, Theorem 6.3.1] The set of high-filling cliques is in bijection with the Gromov
boundary 0.A(X, p) of the relative arc graph.

8.4.2 The limit set of g, In [8, Section 7.1], Bavard and Walker prove that to associated to any
f € Map(X, p) acting loxodromically on A(X, p), there exists an attracting clique of high-filling rays
C™T(f) and a repelling clique of high-filling rays C~( f) in R(X, p) that correspond to the attracting
and repelling limit points of f in d.A(X, p), respectively. The cliques C*( /) and C~( f) have the same
(finite) number of vertices, called the weight of f, denoted by w( f) (see [8, Definition 7.1.3]).

Following [7, Example 2.7.1], we have the following lemma.

Lemma 8.13 For any n > 1, the homeomorphism g, constructed in Theorem 1.1 satisfies w(g,) = 1.
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Proof For notational simplicity, fix n and define g = g, and o; = al(”). It suffices to prove that the
attracting clique C*(g) consists of a single high-filling ray.

For each i, let @; be a lift of «; to the conical cover 3. Then @; is a simple geodesic arc with one endpoint
on p and the other on some Xx; € 93 By [8, Lemma 5.2.2], the set of endpoints of arcs, short rays, and
long rays is compact in 93, and hence there exists a subsequence (x;, ) of (x;) which limits to a point
Xoo € 3%. Let Goo be the geodesic ray from p to Xoo and tteo = 7(@oo), Where : & — X is the covering
map. The construction of the conical cover $ shows that O has an infinite-length code with initial
segment &,-k for any k. Since £, (&ik) — 00 as k — oo and &ik has an initial segment equal to Ool,'kfl , this
uniquely determines the entire infinite code. We claim that ¢ is a high-filling ray and, moreover, that
(o is the sole vertex in C T (g).

That s 1s a ray follows from the fact that the set of endpoints of arcs in 93 are isolated [8, Lemma 5.2.2].
To see that oo is high-filling, it therefore suffices to show that it intersects every other ray (short or long).
It follows from the same proof as Theorem 7.10 that any ray B which is disjoint from o;, must begin
like &j, 1. In particular, we see that the first £.(d;, _,) characters in a code for 8 must agree with &, _, .
Since £¢(di,_,) < £c(&i,) for all k, taking k — oo shows that any ray 8 which is disjoint from e must
have identical code and hence indeed must be exactly oo.

Finally, since oo intersects every other ray, it must, in particular, intersect any other high-filling ray. By
[7, Lemma 2.7.8], the connected component of any high-filling ray is a clique of high-filling rays, and
thus oo is its own connected component in R(X, p). Hence w(g) = 1, completing the proof. O

We close this section with the remark that if the weight of the limit points of g, were not all the same,
then Bavard and Walker give a method for constructing nontrivial quasimorphisms [8, Theorem 9.1.1].
However, since this is not the case, we must use a different method for showing that the space of
quasimorphisms is infinite-dimensional, which is related to Bavard’s original proof for the arc graph
from [5]. We do so in Section 9.

9 Infinite-type quasimorphisms

A quasimorphism of a group G is amap f: G — R such that there exists a real constant C for which
| f(ab)— f(a)— f(b)] < C forall a,b € G. The set of quasimorphisms forms a vector space V(G) over
R, and, moreover, bounded functions and homomorphisms both form subspaces of V(G). Let aljl(G)
denote the quotient of V(G) by the subspace spanned by bounded functions and homomorphisms. We
call aﬁ(G) the space of quasimorphisms of G. The goal of this section is to use the elements constructed
in Theorem 1.1 to prove Theorem 1.4, which we restate for the convenience of the reader.

Theorem 1.4 Let 3 be an admissible surface. The space of nontrivial quasimorphisms on Map(X, p) is
infinite-dimensional.
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D,
Xt

Xs

Figure 47: A schematic of D, and the two arcs ¢~ and a™.

Several of the ideas in this section closely follow the strategy and ideas of Bavard [5], though the
production of the elements which give rise to our quasimorphisms differs. We begin by studying a specific
subclass of arcs with the goal of describing a particular homotopy operation and intersection pairing on
them. We then use this intersection pairing and a theorem of Bestvina and Fujiwara to prove the theorem.

9.1 An intersection pairing on symmetric arcs and first properties

Recall that our surface X has an embedding of the biinfinite flute surface S such that X\ S has infinitely
many connected components, a countable collection of which are homeomorphic to a fixed surface 3.
Moreover, the complement of each arc «; separates X into two components, one of which is homeomorphic
to int(Xg), the interior of the fixed surface 3. Using ¢, we define S.A to be the set of simple, symmetric
arcs § (see Definition 4.4) such that X \ § has two connected components, one of which is homeomorphic
to int(X(). Notice that cxl.(”) e SAforalli € Z, n € N and that SA is a Map(X, p)-invariant subset of
the set of all arcs.

Since p is isolated, we again fix the small once-punctured disk D, containing p as in Section 7. This disk
is homeomorphic to the closed unit disk minus an interior point. As in that section, given any element §
in SA, we put § in standard position so that its intersections with dD, ~ § U are all transverse. Let x;
and x; be the initial and terminal point where § intersects 0D,. Let Ao and pg be the subsegments of §
which connect x; and x; to p, respectively.

We will modify § to form a particular simple closed curve as follows. We can replace pg U A with either

at

or a—, as shown in Figure 47, forming two distinct simple closed curves, § and §~, respectively. One
of these two curves bounds a surface homeomorphic to int(Xg); in Figure 47, this curve is §~. Fixing a

hyperbolic metric on the surface, we let Bg be the geodesic representative of this curve.

We now choose the homotopy representative of & that will allow us to define an intersection pairing. As §
is symmetric, there exists an arc

!/ —1
8" =rsBsrg
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Figure 48: Two examples of arcs in SA (in the case that X is a one-holed torus) and their
corresponding zippings. The purple and red arcs are zipped to the green and blue arcs, respectively.

in the homotopy class of §, where rg is a simple ray from the puncture to By that intersects Bg only at its
endpoint. Intuitively, one can think of the arc § as being constructed from § by “zipping” the initial and
terminal portions of the arc together for as long as they fellow travel to form rg. Particular examples of rg
and ¢’ are given in Figure 48.

We are now in a position to define the intersection pairings.

Definition 9.1 We define a map /*: SA x SA — Zx as follows. Let I7(8,y) be the number of
positively oriented intersections between minimal position representatives for the homotopy classes of
rs and ry, that do not occur on Bs or B),. Here we require that the homotopy fixes the puncture and

fixes each of Bs and B, setwise (though not necessarily pointwise). We define /= (8, y) similarly using
negative intersections.

Notice that 7 (—, —) and I~ (—, —) are not necessarily symmetric in their arguments. However, it is
straightforward to verify that the relationship

IY@,y)=1"(r.5)
holds for any §,y € SA.

For the remainder of the section we will fix an n € N and use the notation that g = g, o; = ozl(”), and
© = @y is the “starts like” function from Section 8.

Example 9.2 One can readily compute from Figure 49 that we have the following relations:
5=1I (a0.a2) =I"(a2.0) and 6=1I"(ag.c2) = I (2. x0).

These calculations will be relevant later in the section.

We now collect some useful properties of the intersection pairing and its interaction with Map(X, p).
These preliminary facts are inspired by Bavard [5], where similar statements are shown in Bavard’s context.
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-2 -1 0 n+1 n+2 n+3

Figure 49: The oriented arc Falm is shown in blue and the oriented arc Fa (™ is shown in pink.
Each line of ra¢m and ro(m represents two strands of (x(()”) and ag”), respectively.

Lemma 9.3 The intersection pairing is mapping class group invariant. That is, for any §,y € SA and
any f € Map(X, p)
IF(f®). f() = IFE.p).

Proof This is immediate from the fact that Map(X, p) is orientation preserving and preserves SA. 0O

Recall that in Section 8, we defined the “starts like” function
@ A(S, p) = Zx>o,

by setting ¢(8) equal to the largest i > 0 such that § starts like o;. We now extend ¢ to all of A(X, p) by
setting ¢(8) = 0 if 6 does not have a homotopy representative that is contained in S. We continue to call
this extension ¢.

Lemma 9.4 If§,y € SA are arcs such that 2 + ¢(8) < ¢(y), then
6=1"(y,9).
Proof By the mapping class group invariance of Lemma 9.3, the quantities [+ (o, o ;) depend only on

Jj —i. As ajq starts like o, the pairing /™ (o;, oj ) must be monotonically increasing in the difference
j —1i. In particular, if 2+i < j, then

6 =1 (a2, 00) < I (j, ).

If () =i and @(y) = j, then § starts like or; and y starts like «j, so the arcs y and § must have at least
as many negatively oriented intersections as «; and «;. Thus we have

6 <1 (oj,a;) <1 (y,9),
and the result follows. O
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9.2 Production of “infinite-type” quasimorphisms

We now use the intersection pairing from the previous subsection to show that the elements g, give rise
to nontrivial quasimorphisms. For this, we need the following theorem of Bestvina and Fujiwara. We
explain the two conditions on /i1, i, after the statement.

Theorem 9.5 [10, Theorem 1] Suppose that a group G has a nonelementary action by isometries on a
8-hyperbolic graph X . If there exist independent loxodromic elements hy, h, € G such that hy ~ h;, then
the space of quasimorphisms is infinite-dimensional.

Two loxodromic isometries /1 and %, are independent if their limit sets in the boundary dX of X
are disjoint. For the second condition, fix constants K > 1 and K’ > 0 so that /; has a (K, K')-
quasigeodesic axis £; in X fori € {1,2}. A fundamental property of 5-hyperbolic spaces is that there
exists B= B(K, K’, §) such that any two finite (K, K’)-quasigeodesics with common endpoints are within
distance B of each other. Define an equivalence relation on elements /1, i, € G so that iy ~ h, if the
following holds: for any arbitrarily long segment L of £, there exists an /" € G such that /(L) is contained
in the B-neighborhood of £, and the map f: L — f(L) is orientation-preserving with respect to the
h;-orientation on ¢; fori € {1, 2}. For the definition of the /;-orientation on L and f(L), see [10, page 72].

We now recall some arguments from [5, Section 4.3] which, when adapted into our language, show that
g ~ g~ ! for our loxodromic isometries g = g,. Fix B > 1 to be the constant defined above for all
(4, 0)-quasigeodesics in A(Z, p). Let £ = {g’(ag)}iez, so that £ is a (4, 0)-quasigeodesic axis of g by
Theorem 8.3. We then have the following statements that are similar to [5, Lemmas 4.6, 4.7]. We supply
the proofs for the reader’s convenience.

Lemma 9.6 Let L be a subpath of £ from «; to aj for0 <i < j. Let f € Map(X, p) be such that
daz,py(ai, f(aj)) < B and such that f(L) C Np({) with the opposite orientation. If j —i > 8B + 3,
then there exists some k such thati <k < j and ¢(f(ax+2)) < ¢o(f(ax)) —2.

Proof Since d 4z, p)(f(¢j).@;) < B, we conclude by Lemma 8.1 that ¢(f(«;)) <i + B. Since
f (L) C Np(£) with the opposite orientation, we may apply [5, Lemma 4.4] to L and the reverse of f(L)
to conclude that d 4(x; p) (@, f(@;)) < 3B. Note that [5, Lemma 4.4] is stated for geodesics, but the exact
same proof goes through for quasigeodesics. Again applying Lemma 8.1, we see that ¢o( f(«;)) > j —3B.

Suppose towards a contradiction that ¢( f(x+2)) > ¢(f(ag)) —2 for all 1 < k < j. Equivalently,
o(f(ag+2)) = @(f(ag)) — 1 for every k. Then, if j —i is even,

i+B>o(f(aj)=e(fla:))—%(—i)>j—3B—1(j—i),

where the second inequality is obtained by applying ¢( f(ax+2)) = @(f(ox)) — 1 repeatedly starting
with j =k 4+ 2. If j —i is odd, then by the same reasoning we have

i+ B=0(f(@) = o(f(@+1) =3 —i—1).
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Since

(/@) = @(f @) < d(f (@), [@i+1) = (e, ais1) =2,
it follows that
i+ B=o(f(@i4)— 3G =i =D Ze(fl@)=5—5(—i)=j=3B=3—5(—i).
Hence we conclude that, in either case,
4B+3 > 1(j—1i),

which contradicts that j —i > 8 B+ 3. Thus there must be some k for which ¢(f (atx+2)) < o (f (ag)) —2,
as required. a

Proposition 9.7 For any segment L of £ whose length is greater than 32 B 4 12 and any f € Map(X, p),
if f(L) C Ng(€) then f(L) has the same orientation as .

Proof After possibly increasing the length of L, we may assume that L is a subpath of £ from «; to «;
for some i < j. Since the length of L is greater than 32B + 12 and £ is a (4, 0)-quasigeodesic edge path
by Theorem 8.3, we have that j —i > 8 B 4+ 3. By precomposing f with a suitable power of g, we can
and do assume that i, j > 0.

Assume for contradiction that f(L) has the opposite orientation as £. By Example 9.2 and Lemma 9.3
we have that

(15) I (fae), f(ar42) =1 (g, Qpq2) = 1 (00, 2) =5
for all k € Z. On the other hand, by Lemma 9.6 there is some fixed index i < k < j for which
(16) 24 ¢(f(e42)) = o(f (@)

Applying Lemma 9.4 to f(ox) and f(ak o) for this index k shows that

6 <1 (f(ak), f(arq2)) =1 (g, ary2) =1 (ap,2).

However, this contradicts (15), and so we conclude that /(L) has the same orientation as L. O

1

Proposition 9.7 implies that g ~ g ™! since the axis £ has opposite orientations for g and g~ !. Additionally,

since conjugate elements are equivalent under the relationship ~, we have the following immediate
corollary of Proposition 9.7.

Corollary 9.8 For fixed n € N, the loxodromic elements g = g, have the property that g ~ hg='h~!
for any h € Map(X, p).

With this in hand, we can prove the main result of this section.
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Proof of Theorem 1.4 Fix n € N, and continue to use the notation that g = g,. By Theorem 9.5
and Corollary 9.8 it suffices to show that there exists an 41 € Map(Z, p) such that g and hg~'h~! are
independent loxodromic elements. For this we can use any s € Map(X, p) which does not fix the limit
set of g (which is the same as the limit set of g~!). For example, fix any finite-type subsurface IT
with boundary of sufficient complexity which contains the puncture p, and take any pseudo-Anosov
h € Map(I1y, p). Extending / by the identity outside of 1y, we may consider / as an element of
Map(X, p). By Lemma 2.10, there is a (2, 0)-quasi-isometric embedding ¢: A(I1qy, P) < A(X, p). Since
h is loxodromic with respect to the action of Map(I1y, p) on A(I1g, p), it is therefore also loxodromic
with respect to the action of Map(X, p) on A(Z, p). In addition, out of all such pseudo-Anosovs, there is
a choice of # whose limit points are different from the limit points £+ of g. (Note that the quasi-isometric
embedding ¢ ensures that two pseudo-Anosovs with distinct limit points in the boundary of A(ITy, p) also
have distinct limit points in the boundary of A(X, p).) Therefore, the limit points /2(£1) of hg='h~1 are
distinct from those of g. In particular, g and 2g~'4~! are independent loxodromic elements, as required. O

10 Convergence to a geodesic lamination

The goal of this section is to prove Theorem 1.2, which we restate for the convenience of the reader. As
in [26], we equip X with its unique conformal hyperbolic metric. Additionally, we require that with this
metric, X is equal to its convex core, which is equivalent to eliminating hyperbolic funnels and half-planes
in X. This is necessary in order to consider geodesic laminations on an infinite-type surface; see [26].

Theorem 1.2 If ¥ is an admissible surface equipped with its conformal hyperbolic metric that is equal
to its convex core, then there exists a simple closed curve ¢y on X such that the sequence (gf, (co))ieN
converges to a geodesic lamination on .

10.1 Geodesic laminations

We begin by reviewing some facts about geodesic laminations on infinite-type surfaces. For a complete
treatment of the subject, we refer the reader to [26].

Definition 10.1 A geodesic lamination A on X is a foliation of a closed subset of ¥ by complete
geodesics.

Fix a locally finite geodesic pants decomposition { P,} of ¥ and a train track ® on X constructed as in
[26, Section 4]. Denote by O the lift of © to ¥, the universal cover of £. An edge path of O is a finite,
infinite, or biinfinite sequence of edges of © such that consecutive edges meet smoothly at each vertex.
Every biinfinite edge path has two distinct accumulation points on 0o ) by [26, Proposition 4.5].

Given a biinfinite edge path y of O, let G(y) be the geodesic of S whose endpoints on oo T are the two
distinct endpomts of . A geodesic g of T is weakly carried by O if there exists a biinfinite path ¥ in ®)
such that G(y) =
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We now gather various results from [26] which will be useful in what follows. These are all analogous to
the situation for finite-type surfaces (see, for example, [11; 23; 27]). The first gives a correspondence
between geodesics weakly carried by © and biinfinite edge paths.

Proposition 10.2 [26, Proposition 4.7] There is a one-to-one correspondence between biinfinite edge
paths of © and geodesics weakly carried by o.

Let y be an edge path in ® and ¥ a single component of the lift of y to 3. Then, as above, we construct
a geodesic G () with the same endpoints as ¥ and denote by G(y) its projection to X. We then say
that the geodesic G(y) is weakly carried by ® if G(y) is weakly carried by O. A geodesic lamination
A on X is weakly carried by © if every geodesic of A is weakly carried by ®. The next result gives a
correspondence between geodesic laminations and certain families of biinfinite edge paths.

Proposition 10.3 [26, Proposition 4.11] The set of geodesic laminations on X that are weakly carried
by © is in one-to-one correspondence with the families I' of biinfinite edge paths of O that satisty
e any two biinfinite edge paths y and y’ in T do not cross; and

e if y is a biinfinite edge path such that for any finite edge subpath there is a biinfinite edge path in I’
that contains it, then y € I.

The following proposition describes when a sequence of geodesics carried by ® converge. Let G(f)) be
the set of unoriented geodesics on .

Proposition 10.4 [26, Proposition 4.9] Let f;, f € G(i) be weakly carried by a train track ®, and
denote by ¥y, ¥ the corresponding biinfinite edge paths in ©. Then fn converges to f asn — oo if and only
if for each finite subpath ¥’ of ¥ there exists ny > 0 such that ¥’ is contained in the path ¥, for all n > ny.

The final proposition we will need shows that every geodesic lamination is weakly carried by a train track.

Proposition 10.5 [26, Proposition 4.12] Every geodesic lamination A on a hyperbolic surface X is
weakly carried by a train track ® that is constructed as above starting from a fixed locally finite geodesic
pants decomposition.

10.2 Construction of the train track ®

We now construct a train track on our surface X. In the next section, we will define our simple closed
curve ¢g and show that g; (co) converges as i — oo to a geodesic lamination that is weakly carried by
this train track.

First, fix a simple closed curve )/1; on S so that the bounded component of S\ y, is the pair of pants
with cuffs yl’,, P—1, and p (recall that punctures are allowed to be cuffs). Let y, be the image of )/1’, under
the embedding S < X. We construct our first pair of pants Q, to have cuffs y,, B_;, and p. Next
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Figure 50: The cuffs of the pants decomposition are in blue and black, and the pairs of pants are
labeled in red. Anything dotted occurs on the back of the embedded copy of S in X.

choose two simple closed separating curves y_; ; and Y1 , on the embedded copy of S in X so that one
component of X\ (y_; ; U y—1,) contains two pairs of pants: O, and a pair of pants Q_; with cuffs
Y—1.1> V—1,r» and y,. Let y_; ; be the curve which bounds the connected component of X\ (y_y ;Uy_1,;)
containing B_,. For each i € Z \ {—1}, choose two simple closed separating curves y;; and y; , on
the embedded copy of S in X so that one component of X\ (y;; U ¥;,,) contains a pair of pants, Q;,

with cuffs y; ;. ¥i,r, and B;. Similarly, let y;; be the curve which bounds the connected component of
X\ (y-1,1 Y y-1,) containing B;_;.

Next, for all i € Z, consider the component C; of £\ (¥4, U y;41,/) which does not contain y; ; for any i.
If C; is a cylinder, that is, if y; , is homotopic to ;4 /, then modify y; » and Q; so that y; , = y; 1. If
C; is a pair of pants, let Q; , = C;. If C; is neither a pair of pants nor a cylinder, fix a simple closed curve
d; so that one component of C; \ §; is a pair of pants Q; , with cuffs y; », yi11,, and §;. See Figure 50.

We replace each cuff with a geodesic representative of the same homotopy class; by a slight abuse of
notation, we continue to call the resulting geodesic pairs of pants Q;, Op, and Q; ,. This is a locally
finite geodesic pants decomposition of a subsurface of the embedded copy of S in X, and we extend it to
a locally finite geodesic pants decomposition of 2, which we denote Q.

We next construct the train track ® as follows. The specific connectors on the front of the surface for all

Qi, Op, and Q; , are as in Figure 51. For all other pairs of pants, we choose any connectors that satisfy
the conditions of [26].

V-1t Y—-1,r Yo,t Yoor =V14  Vir

Figure 51: A portion of the train track ®. The connectors are in purple, and the labels are the
codes for certain connectors and cuffs.
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We code a subset of the connectors and cuff segments of ® which lie on the front of S in the following
way (see Figure 51):

e In each pair of pants Q; with i # —1, denote the connectors from y; ; and y;,, to B; by iy, and i,
respectively. The two segments of the cuff B, are denoted 0,, 0,, as in our standard code.

* In each pair of pants Q; ,, denote the single connector on the front of S by igg.

* In the pair of pants O, denote the connector which has both endpoints on y;, by P,. This connector
divides the cuff y,, into two segments, denote these by P, and (—1),, as in Figure 51. We will not
code the second connector or the segments on the cuff B_; in this pair of pants.

* In the pair of pants Q_, denote the connectors from y_; ; and y_y , to ¥, by (—1)r and (—1)g,
respectively.

If a simple closed curve is carried by this train track and does not intersect any subpaths without a code,
then we call this a ®-code for the given simple closed curve. We say a ®-code is reduced if no two
adjacent characters are the same.

10.3 The simple closed curves c;

For the remainder of this section, we fix n € N and use the notation g = g, and «; = ocl(”).

In [26], is it assumed that the relevant geodesic laminations do not contain geodesics that run out a cusp
at one (or both) ends (see the discussion before [26, Proposition 4.12]). It is impossible for our sequence
o to converge to a geodesic lamination of this type. In this section, we describe how to associate simple
closed curves ¢; to each «; so that g(c;—;) = ¢;. In the following subsection, we prove that they converge
to a geodesic lamination as in [26].

Let D, be a small disk around the puncture p which is invariant under our homeomorphism g, as in
Section 7.1. As before, we choose D, small enough so that, for each i, a; N D), consists of two segments,
one starting at p and one ending at p, with endpoints z; 1, z; » on dD,. Up to homotopy, we may assume
without loss of generality that z; 1 = z; 1 and z; , = zj » for all 7, j. To form the simple closed curves ¢;,
we start with o; and remove «; Nint(D,). We then add an arc of 0D, from z; ; to z; »; there two possible
choices of arc, and we choose the one so that one connected component of S \ ¢g contains p and pg.
Note that this is the opposite choice than the one made in Section 9.1. See Figure 52.

For example, given the train track in Figure 51, a ®-code of ¢y is
(17) Po(—=1) R(=1) RROLO060,0L(—1) RR(—1) R Pu

Note that since curves do not have a well-defined starting point, any cyclic permutation of this ®-code
for ¢ is also a ®-code for ¢g. For the rest of the section, we fix the starting point P, for the ®-code for
co as in (17).
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Figure 52: Forming ¢; (right) from «; (left). The initial and terminal segments of ¢; are in purple
(left), and the corresponding segment of ¢; is in purple (right).

Our curves ¢; and the arcs «; agree outside of D, and since D), is invariant under g, it follows that
g(ci) = cj41. For each i, we fix the starting point P, for a ®-code for ¢; in such a way that applying g
to the ®-code for ¢; yields the ®-code for ¢4 .

10.4 Proof of Theorem 1.2

We will show that the simple closed curves ¢; defined in the previous section converge to a geodesic
lamination 7 on X. Our strategy is as follows. We will first fix a lift y; of each curve ¢; in T and
show that the sequence ; converges to some . We then show that if f; = G(¥;) and f = G(¥) are
the corresponding geodesics that are weakly carried by ©, then lim; o0 fi = f. Finally, we take the
geodesic lamination 7T to be the image of f in X.

For each i, let £g(c;) be the length of any reduced ®-code for ¢;. Recall that £, («;) is the code length of
o, as in Definition 3.6.

Lemma 10.6 Foreachi, {.(0;) <{lg(c;) < 5lc().

Proof It is clear that the ®-code for ¢; is at least as long as the code for ¢;. For the second inequality,
notice that each instance of k,, with k # —1, P in «; is replaced with one of the following strings,
depending on what precedes/follows the character k,/, and on the chosen pants decomposition,

kpkojukr, krkom, krkom, (k—1)rrkpkojukr., (k—1)rrKkLKko/ukRKRR. OF kpkoukrKRR.
If k = —1, then (—1),y, is replaced with
(Dr(=Dou:  (=Dou(=Dr. (=2)rr(=DL(=Do/u.
(=Dou(=Dr(=Dgrr, or (=2)rr(=Dr(=1)o/u(=1)rr.
Finally, if & = P, then each P,/ remains the same and P; is replaced with P,;,. Therefore, each

character in the code for «; is replaced with at most 5 characters in the ®-code for ¢;, which gives the
upper bound. a
For each i, let £; = £g(c;), and consider the ®-code for ¢;

i

(18) i =cjch...cp.
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For each i, fix the lift 3; of ¢; that is the periodic biinfinite edge path

Pi=(...,bL  bh bl b, ),
with period ¢;, where bJ’: = cJ’: foreach 1 < j <¥;, and b]’: = bj"._[ for all j. The codes for ¢; and
o;+1 agree on the first %Ec(ai) characters. Thus it follows from Lemma 10.6 that the ®-codes of ¢; and
ci+1 defined by (18) agree on at least the first L; = Lll—OZiJ characters. Therefore, bj’: = bj’:“ for all
1<j<L;.
We define a biinfinite path

y=C(....d_1,do,dy.ds,...),

as follows. Intuitively, our goal is to define } so that it agrees with each }; from d_r . to dr .. In the first
step, we define the characters d_p, to dr, of } so that they agree with ;. In the second step, we define
the characters d_p,, to dr,, of ¥ so that they agree with ;. The key point here is that y5 and y; agree
on the characters of y that we have already defined in the first step. Thus we are not redefining d; if
—Ly <i =< Ly. Rather, these characters remain, and the additional information from the second step is
the definition of d; if —L{ <i <—Lg or Ly <i < L;. We then continue this process.

Formally, this is equivalent to the following definition. For each i > 0 and each 1 < j < L;, define
diy=b}, ... dj=bl. ..., dp,=b.

and define _ _
dozb’l, d_j+1=bj’~, d_Li‘H:blL,-‘

Foreachi andall 1 < j < L;, since bj’: = bJ’:‘H, there is no conflict with the previous defined edges as i

increases.

By construction, ¥ is a biinfinite path in ©. Let fi =G(¥) and f = G(¥) be the corresponding geodesics
which are weakly carried by ©, the existence of which is guaranteed by Proposition 10.2.

Lemma 10.7 lim f; = f.
1—>00

Proof This is almost immediate from the construction of . Fix any finite subpath 7 C y. Then T is
supported on [—k, /] for some k,/ > 1. Let L = max{k,/}, and fix N such that Ly > L. Such an N
exists since £, («j) — oo implies that lim; ., L; = co. Then by construction 7 appears in all J; with
i > N. Convergence follows by Proposition 10.4. a

Let T be the image of f in X. Figure 53 shows the train track which weakly carries the lamination, that
is, the image of y in X.

Lemma 10.8 7 is a geodesic lamination on X.
Proof This follows immediately from Proposition 10.3 applied to ' = {y}. O
Finally, Theorem 1.2 follows from Lemma 10.8.

Algebraic & Geometric Topology, Volume 25 (2025)
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-1 0 1 2 3 4 5 6 7 8 n

Figure 53: The train track on ¥ which weakly carries the lamination 7" when n = 1. Note that
the train track is, in fact, contained on the front of the embedded copy of S in X.
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