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An upper bound conjecture for the Yokota invariant

GIULIO BELLETTI

We conjecture an upper bound on the growth of the Yokota invariant of polyhedral graphs, extending a
previous result on the growth of the 6j -symbol. Using Barrett’s Fourier transform we are able to prove
this conjecture in a large family of examples. As a consequence of this result, we prove the Turaev–Viro
volume conjecture for a new infinite family of hyperbolic manifolds.
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1 Introduction

In [7] Chen and Yang proposed and provided extensive computations for the following conjecture, relating
the hyperbolic volume of a manifold to its Turaev–Viro invariants TVr (see [22, page 869] for the
original definition):

Conjecture 1 (the Turaev–Viro volume conjecture) Let M be a hyperbolic 3-manifold , either closed
with cusps , or compact with geodesic boundary. Then as r varies along the odd natural numbers ,

(1-1) lim
r!1

2�

r
log.TVr .M; e2� i=r //D Vol.M /:

This conjecture has been verified for the complements of the Borromean rings and of the figure-eight
knot by Detcherry, Kalfagianni and Yang [12], all the hyperbolic Dehn surgeries on the figure-eight knot
(for integral surgeries by Ohtsuki [19] and later for rational surgeries by Wong and Yang [26]), and all
complements of fundamental shadow links by Belletti, Detcherry, Kalfagianni and Yang [5].

A useful tool introduced in [5] to study the asymptotic behavior of quantum invariants such as TVr is a
sharp upper bound on the growth of the 6j -symbol, which is the basic building block in their definition.
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646 Giulio Belletti

Such an upper bound can be used to prove very quickly the volume conjecture for complements of
fundamental shadow links.

The upper bound just mentioned can be interpreted as an upper bound for the Yokota invariant Yr , which
is an invariant of embedded graphs (see Definition 2.7). Indeed, the square of the 6j -symbol is also the
Yokota invariant of the tetrahedral graph; thus it is natural to ask if an upper bound analogous to that
of [5] holds for any polyhedral graph (which is to say, any graph which is the 1-skeleton of a hyperbolic
polyhedron). We propose the following:

Conjecture 2 (the upper bound conjecture) Let r > 2 be odd. If � is a polyhedral graph and col is any
r -admissible coloring of its edges (see Definition 2.3), then

�

r
log jYr .�; col/j � sup

P

Vol.P /COr!1

�
log.r/

r

�
;

where P varies among all proper generalized hyperbolic polyhedra with 1-skeleton � (see Definition 3.2;
these are hyperbolic polyhedra with possibly hyperideal vertices) and Vol.P / is the hyperbolic volume
of P .

Moreover , the inequality is sharp , with equality attained by the sequence of colorings giving the color
1
2
.r � 2˙ 1/ to each edge (the sign is chosen so that the colors are even).

We are able to prove the upper bound conjecture for a large family of examples:

Theorem 4.9 The upper bound conjecture is verified for any planar graph obtained from the tetrahedron
by applying any sequence of the following two moves:

� blowing up a trivalent vertex (see Figure 1), or

� triangulating a triangular face (see Figure 2).

The upper bound conjecture naturally leads to the question of what is the supremum of all volumes of
polyhedra sharing the same 1-skeleton. This is answered by Belletti [4, Theorem 4.2]:

Theorem 1.1 For any polyhedral graph � ,

sup
P

Vol.P /D Vol.�/;

where P varies among all proper generalized hyperbolic polyhedra with 1-skeleton � and � is the
rectification of � .

�!

Figure 1: Truncating a vertex.
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�!

Figure 2: Triangulating a face.

The rectification of a graph is defined in [4, Section 3.4] (see also Remark 3.9); for our purposes it
suffices to say that � is the polyhedron with 1-skeleton � with every edge tangent to @H3 in the Klein
model of hyperbolic space (and hence which has dihedral angle 0 at each edge). This polyhedron can be
canonically truncated to give an ideal right-angled hyperbolic polyhedron, and hence it makes sense to
speak of Vol.�/ as the volume of the truncation.

As an application of Theorem 4.9, we prove in Theorem 5.6 that the Turaev–Viro volume conjecture holds
for a new infinite family of cusped manifolds. These are complements of certain links in S3 #g .S1�S2/;
their hyperbolic structure is obtained by gluing right-angled octahedra.

In Section 2 we set the notation, give the basic properties of the Kauffman bracket and define the Yokota
invariant. In Section 3 we discuss previous volume conjectures for polyhedra and state the upper bound
conjecture. In Section 4 we introduce the Fourier transform of Barrett, and use it to prove Theorem 4.9.
Section 5 contains the proof of the Turaev–Viro volume conjecture for a new family of manifolds. Finally
in an appendix we propose numerical evidence for a related volume conjecture for polyhedra.

Acknowledgments I wish to thank my advisors Bruno Martelli and Francesco Costantino for their
guidance and support. Furthermore I wish to thank Renaud Detcherry, Efstratia Kalfagianni and Tian
Yang for their comments on a preliminary version of this paper. Finally I would like to thank the referee
for their detailed suggestions which greatly improved the readability of this paper. Part of this work
supported by the Deutsche Forschungsgemeinschaft under Germany’s Excellence Strategy EXC-2181/1
-390900948 (the Heidelberg STRUCTURES Cluster of Excellence).

2 The Kauffman bracket and the Yokota invariant

2.1 The Kauffman bracket

Throughout the rest of the paper r � 3 is an odd integer and q D e2�i=r . All the definitions we give in
this section are standard; the only notable difference is that in some papers (eg [2]) the graphs are colored
with half-integer colors, while here we use integers.

For an integer n� 0, the quantum integer Œn� is defined as .qn�q�n/=.q�q�1/D sin.2�n=r/=sin.2�=r/,
and the quantum factorial Œn�! is

Qn
iD1Œi � (with the convention that Œ0�! D 1). Furthermore, we denote

by Ir the set of all even nonnegative integers at most equal to r � 2.

Algebraic & Geometric Topology, Volume 25 (2025)
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Remark 2.1 Because of the choice of root of unity q, we need to work with the SO.3/ version of the
quantum invariants, rather than the SU.2/ version. This essentially amounts to using only even numbers
as colors; a brief overview of how these invariants are related can be found for example in [12, Section 2].
Because of this, some terms in the upcoming formulas appear redundant; we still include them to keep
the notation uniform with other papers dealing with the SU.2/ version.

Definition 2.2 We say that a triple .a; b; c/ 2 I3
r is r -admissible if

� a; b; c � r � 2,

� aC bC c is even and aC bC c � 2r � 4,

� a� bC c, b � aC c and c � aC b.

We say that a 6-tuple .n1; n2; n3; n4; n5; n6/ of elements in Ir is r -admissible if the four triples .n1; n2; n3/,
.n1; n5; n6/, .n2; n4; n6/ and .n3; n4; n5/ are r -admissible.

For n 2N define

(2-1) �n D .�1/nC1ŒnC 1�:

For an r -admissible triple .a; b; c/ we can define

(2-2) ‚.a; b; c/D .�1/.aCbCc/=2

�
1
2
.aC bC c/C 1

�
!�

1
2
.aC b� c/

�
!
�

1
2
.a� bC c/

�
!
�

1
2
.�aC bC c/

�
!

and �.a; b; c/ WD‚.a; b; c/�1=2. Notice that the number inside the square root is real; by convention we
take the positive square root of a positive number, and the square root with positive imaginary part of a
negative number.

Definition 2.3 An r -admissible coloring for a tetrahedron T is an assignment of an r -admissible 6-tuple
.n1; n2; n3; n4; n5; n6/ 2 I6

r to the set of edges of T , as shown in Figure 3. More generally, we say that
an r -admissible coloring for a trivalent graph � � S3 is an assignment of elements of Ir to the edges
of � such that the colors at each vertex form an r -admissible triple. Even more generally we say that an

n4

n6 n5

n2

n1

n3

Figure 3: An r -admissible coloring for a tetrahedron.
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assignment of elements of Ir to edges of a (not necessarily trivalent) graph is a coloring, and a graph �
together with its coloring col is a colored graph .�; col/.

If v is a trivalent vertex of a graph whose incident edges are colored by an r -admissible triple .a; b; c/,
we write for short ‚.v/ and �.v/ instead of ‚.a; b; c/ and �.a; b; c/.

Moreover, for an r -admissible 6-tuple .n1; n2; n3; n4; n5; n6/ we can define its 6j -symbol as usual as

(2-3)
ˇ̌̌̌
n1 n2 n3

n4 n5 n6

ˇ̌̌̌
D

4Y
iD1

�.vi/

min QjX
zDmax Ti

.�1/z ŒzC 1�!Q4
iD1Œz�Ti �!

Q3
jD1ŒQj � z�!

;

where

� v1 D .n1; n2; n3/, v2 D .n1; n5; n6/, v3 D .n2; n4; n6/ and v4 D .n3; n4; n5/,

� T1D
1
2
.n1Cn2Cn3/, T2D

1
2
.n1Cn5Cn6/, T3D

1
2
.n2Cn4Cn6/ and T4D

1
2
.n3Cn4Cn5/,

� Q1 D
1
2
.n1C n2C n4C n5/, Q2 D

1
2
.n1C n3C n4C n6/ and Q3 D

1
2
.n2C n3C n5C n6/.

By convention we define the 6j -symbol of a non-r -admissible tuple to be equal to 0.

The Kauffman bracket is an invariant of trivalent framed graphs; before defining the Kauffman bracket
we recall the definition of framed graphs:

Definition 2.4 A framed graph ��S3 is a graph in S3 together with a 2-dimensional oriented thickening,
considered up to isotopy. More precisely, a framed graph � is a pair .G;F / with G an embedded graph
in S3 and F an embedded orientable surface containing G as a deformation retract. As is usual for
framed links, we draw planar diagrams of framed graphs with over and undercrossing information, and
such that the “thickness” of the surface always lies flat on the projection plane.

Definition 2.5 The Kauffman bracket is the unique map

h � iW fcolored trivalent framed graphs in S3
g !C

satisfying the following properties:

(i) If � is the planar circle colored with n 2 Ir then h�i D�n.

(ii) If � is a theta graph (see Figure 4) colored with the r -admissible triple .a; b; c/ 2 I3
r then h�i D 1.

Figure 4: A theta graph.

Algebraic & Geometric Topology, Volume 25 (2025)
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(iii) If � is a tetrahedron colored with the r -admissible 6-tuple .n1; : : : ; n6/ 2 I6
r then

h�i D

ˇ̌̌̌
n1 n2 n3

n4 n5 n6

ˇ̌̌̌
:

(iv) The fusion rule:

(2-4)

* b

a

+
D

X
i2Ir

�i

� b

a

i
b

a

�
:

(v) If � has a bridge (that is to say, an edge that disconnects the graph if removed) colored with i ¤ 0,
then h�i D 0.

(vi) If at some vertex of � the colors do not form an r -admissible triple, then h�i D 0.

(vii) If � is colored with an r -admissible coloring such that the color of an edge e is equal to 0, then

(2-5)
� a

a

0
b

b

�
D

1
p
�a�b

�
a b

�
and h�i D .1=

p
�a�b/h�

0i, where � 0 is � with e removed, and a and b are the colors of the edges that
share a vertex with e (notice that since the coloring is r -admissible, two edges sharing the same vertex
with e will have the same color).

(viii) The undoing of a crossing:*
a

cb

+
D .�1/.bCc�a/=2q.b.bC2/Cc.cC2/�a.aC2//=4

*
a

c b
+
:

(ix) If � is the disjoint union of �1 and �2, then h�i D h�1ih�2i.

It is absolutely not clear from the definition that such a map exists; a proof is in [16, Chapter 9]. However,
it is straightforward to see that (i)–(ix) are enough to calculate h�i. Taking any planar diagram of � ,
apply a fusion rule near each crossing, and then undo the crossing using (viii); therefore we only need
to calculate h � i on planar graphs. For a planar graph, repeated applications of the fusion rule create a
bridge, and (v), (vii) and (ix) allow one to compute h�i from the Kauffman bracket of two graphs, each
with fewer vertices.

Remark 2.6 There are a few different normalizations of the Kauffman bracket in the literature. Here we
use the unitary normalization; it should be noted that [16] uses a different one, however the results there
apply to the unitary normalization with little modification.

In what follows sometimes we will color the edges of � with linear combinations of colors; the Kauffman
bracket can be extended linearly to this context. In particular, we will use Kirby’s color � WD

P
i2Ir

�ii .
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�!

Figure 5: Desingularization of a vertex of valence 6

2.2 The definition of the Yokota invariant from the Kauffman bracket

In this subsection we give an overview of the Yokota invariant, which generalizes the Kauffman bracket
invariant of trivalent graphs to graphs with vertices of any valence; it was first introduced in [27].

Suppose � � S3 is a framed graph with vertices of valence at least 3; as before r > 2 is odd and
q D e2� i=r .

For a vertex v of � , we can take a small ball B containing v, and replace �\B with a trivalent planar tree
in B having the same endpoints in @B\� (see Figure 5). We call this procedure a desingularization of �
at v. Notice that if v has valence greater than 3, then this procedure is not unique; however, any desingu-
larization is related to any other via a sequence of Whitehead moves (see Figure 6). This fact can be most
easily seen by thinking about the dual graph: the vertex corresponds to a polygon and a desingularization
corresponds to a choice of enough diagonals to triangulate the polygon. Then a Whitehead move acts on the
dual as a diagonal flip, and clearly diagonal flips are enough to go from any choice of diagonals to any other.

We say that the trivalent graph � 0 is a desingularization of � if it is obtained from � by desingularization
of each vertex of valence at least 4.

Definition 2.7 Let .�; col/ be a framed graph in S3 colored with elements of Ir . Let � 0 be a desingular-
ization of � . Call e0

1
; : : : ; e0

k
the edges of � 0 that were added by the desingularization. If k > 0, then the

Yokota invariant of .�; col/ is

Yr .�; col/ WD
X

col02I k
r

� kY
iD1

�col0.e0
i
/

�
jh� 0; col[ col0ij2;

�!

Figure 6: A Whitehead move.

Algebraic & Geometric Topology, Volume 25 (2025)



652 Giulio Belletti

with col0 coloring the edges e0
1
; : : : ; e0

k
. If instead k D 0 (ie � D � 0, ie � is trivalent) then Yr .�; col/D

jh�; colij2.

As we did with the Kauffman bracket, we extend linearly the Yokota invariant to linear combinations of
colors. Notice that in this case, even if � is trivalent, we may get Yr .�; col/¤ jh�; colij2.

Remark 2.8 We stress the fact that we are using the unitary normalization for the Kauffman bracket.
If we instead used the Kauffman normalization h � iK of [16], the definition of the Yokota invariant of
.�; col/ would be

Yr .�; col/ WD
X

col02I k
r

Qk
iD1�col0.e0

i
/Q

v vertex of � ‚.v/
jh� 0; col[ col0iK j2:

Proposition 2.9 [27] The Yokota invariant does not depend on the choice of desingularization.

We can easily extend the Yokota invariant to graphs with 1-valent and 2-valent vertices as well, via the
following formulas:

Yr

�
i j �

D
ıi;j

�i
Yr

� i �
; Yr

 
i

!
D ıi;0Yr

 !
:

We normalize the invariant so that it is equal to 1 for the graph with a single vertex and no edges.

Now we give three important properties of the Yokota invariant, all easy consequences of the definitions:

Proposition 2.10 (1) The Yokota invariant does not depend on the framing of � .

(2) If an edge e of � is colored with the Kirby color �, and � 0 is obtained from � via a Whitehead
move on the edge e (coloring the edge that replaces e with � and keeping every other color the
same) then Yr .�; col/D Yr .�

0; col/.

(3) If � is a vertex sum of �1 and �2 along trivalent vertices v1 2 �1 and v2 2 �2 (see Figure 7), then
Yr .�; col/D Yr .�1; col1/Yr .�2; col2/, where col1 and col2 are the restrictions of col to �1 and �2,
respectively.

a

b

c

a

b

c

�!

a

b

c

Figure 7: A vertex sum of two trivalent vertices
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�!

Figure 8: Applying the fusion rule to three edges arising from a vertex sum.

Proof Part (1) holds because h�i depends on the framing of � only up to a factor of qa; thus when
taking squared norms this becomes 1. Part (2) is essentially the fact that the Yokota invariant is well
defined: since both e and the corresponding edge in � 0 are colored with �, both sides of the equality are
equal to the Yokota invariant of the graph obtained by collapsing e to a point.

Part (3) follows from the analogous property for the Kauffman bracket; this is obtained via two applications
of the fusion rule and one application of the bridge rule of Definition 2.5(v); see Figure 8.

It is very important that the vertex sum in Proposition 2.10(3) is done between trivalent vertices; the
assertion is false in general.

Remark 2.11 The Kauffman bracket (and hence, the Yokota invariant) can also be defined in the much
larger setting of framed trivalent graphs in closed oriented 3-manifolds (see for example [16; 18]); since
we will not need such a generality that carries some more technical details, we will restrict ourselves to
the S3 case.

3 Volume conjecture for polyhedra

3.1 The volume conjecture for polyhedra

Costantino first conjectured in [8] that the growth of the 6j -symbol is given by the volume of a hyperbolic
tetrahedron. A volume conjecture for trivalent graphs (and their Kauffman bracket invariant) was proposed
in [24] and later refined in [10] to the case of planar trivalent graphs and hyperbolic polyhedra with
trivalent vertices. The conjecture of [10] evaluates the invariant at the first root of unity q D e�i=r ; the
downside of this choice is that they have to consider poles of the Kauffman bracket, instead of its values
directly. Recently Murakami and Kolpakov [17] proposed a volume conjecture for polyhedra at the
second root of unity q D e2�i=r , but only stated it for simple polyhedra without hyperideal vertices (see
Remark 3.6 and Definition 3.2); remarkably this conjecture directly involves the value of the Kauffman
bracket. Here we propose Conjecture 3, which is an extension of Kolpakov and Murakami’s volume
conjecture to a very general setting, and then propose Conjecture 4, which concerns an upper bound for
the Yokota invariant of polyhedral graphs.

Geometric background Recall the projective model for hyperbolic space H3 �R3 �RP3 where H3

is the unit ball of R3; for the basic definitions see for example [1]. Notice that for convenience we
have picked an affine chart R3 �RP3, so that it always make sense to speak of segments between two

Algebraic & Geometric Topology, Volume 25 (2025)
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P

1
2
�

1
2
�

Figure 9: The dual of a point P .

points, half-spaces, et cetera; this choice is inconsequential, up to isometry. It should be mentioned that
isometries, in this model, correspond to projective transformations that preserve the unit sphere.

The space RP3 has a duality that comes from the Minkowski scalar product on R3;1; using this we
can associate to a point p lying in R3nH3 a plane …p � H3, called the polar plane of p, such that
all lines passing through H3 and p are orthogonal to …p (see Figure 9 for a 2-dimensional picture).
If p 2 R3nH3, denote by Hp �H3 the half-space delimited by the polar plane …p on the other side
of p; in other words, Hp contains 0 2R3. If the line from p to p0 passes through H3, then …p and …p0

are disjoint [1, Lemma 4]. In particular, if the segment from p to p0 intersects H3, then …p �Hp0 and
…p0 � Hp; if however the segment does not intersect H3, but the half-line from p to p0 does, then
Hp �Hp0 . If p gets pushed away from H3, then …p gets pushed closer to the origin of R3.

Definition 3.1 A projective polyhedron in RP3 is a convex polyhedron in some affine chart of RP3.
Alternatively, it is the closure of a connected component of the complement of finitely many planes in
RP3 that does not contain any projective line.

Definition 3.2 Following [15, Definition 4.7]:

� We say that a projective polyhedron P �R3 �RP3 is a generalized hyperbolic polyhedron if each
edge of P intersects H3.

� A vertex of a generalized hyperbolic polyhedron is real if it lies in H3, ideal if it lies in @H3 and
hyperideal otherwise.

� A generalized hyperbolic polyhedron P is proper if for each hyperideal vertex v of P the interior of
the polar half-space Hv contains all the other real vertices of P (see Figure 10).

Algebraic & Geometric Topology, Volume 25 (2025)
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…v

v

Figure 10: A proper vertex.

� We define the truncation of a generalized hyperbolic polyhedron P at a hyperideal vertex v to be the
intersection of P with Hv; similarly the truncation of P is the truncation at every hyperideal vertex, that
is to say P \

�T
v hyperideal Hv

�
. We say that the volume of P is the volume of its truncation. Notice that

the volume of a nonempty generalized hyperbolic polyhedron could be 0 if the truncation is empty.

In the remainder of the paper we simply say proper polyhedra for proper generalized hyperbolic polyhedra.

When it has positive volume, the truncation of a generalized hyperbolic polyhedron P is itself a polyhedron;
some of its faces are the truncations of the faces of P , while the others are the intersection of P with
some truncating plane; we call such faces truncation faces. If an edge of the truncation of P lies in a
truncation face we say that the edge arises from the truncation.

Remark 3.3 For proper polyhedra the dihedral angles at the edges arising from the truncation are 1
2
� .

Remark 3.4 If � can be embedded as the 1-skeleton of a projective polyhedron, then it is 3-connected
(that is to say, it cannot be disconnected by removing two nonadjacent vertices). Furthermore, any 3-
connected planar graph can be embedded as the 1-skeleton of a proper polyhedron [20]. If a planar graph
is 3-connected, then it admits a unique embedding in S2 (up to isotopies of S2 and mirror symmetry)
[13, Corollary 3.4]. Hence when in the following we consider a planar graph, it is always going to be
3-connected and embedded in S2. In particular, it will make sense to talk about the dual of � , denoted
by ��. The graph �� is the 1-skeleton of the cellular decomposition of S2 dual to that of � .

Remark 3.5 It is important not to mix up the 1-skeleton of a projective polyhedron with the 1-skeleton
of its truncation. In what follows, whenever we refer to 1-skeletons we always refer to those of projective
polyhedra (and not their truncation) unless specified.

We propose the following formulation of the volume conjecture for polyhedra, generalizing the previously
mentioned versions:

Algebraic & Geometric Topology, Volume 25 (2025)
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Conjecture 3 (the volume conjecture for polyhedra) Let P be a proper polyhedron with dihedral angles
˛1; : : : ; ˛m at the edges e1; : : : ; em, and 1-skeleton � . Let colr be a sequence of r -admissible colorings
of the edges e1; : : : ; em of � such that

2� lim
r!C1

colr .ei/

r
D � �˛i :

Then
lim

r!C1

�

r
log jYr .�; colr /j D Vol.P /:

Remark 3.6 In the case where P is a simple polyhedron in H3 (ie a compact polyhedron with only
trivalent vertices) this conjecture is the same as the volume conjecture of Kolpakov and Murakami [17].

Conjecture 3 was verified in [6] for tetrahedra with at least one hyperideal vertex; we provide some further
supporting numerical evidence for Conjecture 3 for some pyramids in the appendix, and prove it for a large
family of examples in Proposition 4.8 and Remark 4.10 (however, only for a single sequence of colors).

Remark 3.7 Conjecture 3 would imply that Conjecture 2 is verified when restricted to colors which
correspond to hyperbolic polyhedra.

3.2 The upper bound conjecture

In [5] the authors proved an upper bound on the growth of the 6j -symbol. When stated in terms of the
Yokota invariant of the tetrahedral graph T , the result is the following:

Theorem 3.8 For any r and any r -admissible coloring col of the graph T , we have

�

r
log jYr .T; col/j � v8CO

�
log.r/

r

�
;

where v8 � 3:66 is the volume of the regular ideal right-angled octahedron. Furthermore , this inequality
is sharp , with the upper bound achieved at the 6-tuple

�
1
2
.r � 2˙ 1/; : : : ; 1

2
.r � 2˙ 1/

�
with the signs

chosen so that 1
2
.r � 2˙ 1/ is even.

It is natural to ask if a similar upper bound holds for other graphs. The reason the quantity v8 is involved
in the statement of Theorem 3.8 is that it is the upper bound of the volume of all proper tetrahedra. In [4]
the author proved that, given a polyhedral graph � , the upper bound of the volume of all proper polyhedra
with 1-skeleton � is equal to the volume of the rectification of � , denoted by � (see Remark 3.9). In
light of this, we reword Conjecture 2 as follows:

Conjecture 4 If � is a polyhedral graph and col is any r -admissible coloring of its edges , then

�

r
log jYr .�; col/j � Vol.�/CO

�
log.r/

r

�
:

Moreover , the inequality is sharp , with equality attained by the sequence of colorings giving the color
1
2
.r � 2˙ 1/ to each edge (the sign is chosen so that the colors are even).
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Figure 11: The rectification of a tetrahedron (left) and its truncation (right), the ideal right-angled
octahedron. The gray faces arise from the truncation of the top and bottom vertices.

Remark 3.9 The rectification of � is defined as the unique projective polyhedron with 1-skeleton � and
with every edge tangent to @H3 (see Figure 11). While � is not a proper (or even generalized hyperbolic)
polyhedron, we can still speak of its truncation and its volume; for more details see [4, Section 3.4].

Remark 3.10 It would be natural to ask whether a similar upper bound would work for nonpolyhedral
graphs; however in this case it is unclear what would be the geometric object to replace � .

Theorem 4.9 Conjecture 4 is verified for any planar graph obtained from the tetrahedron by applying
any sequence of the following two moves:

� blowing up a trivalent vertex (see Figure 1), or

� triangulating a triangular face (see Figure 2).

This theorem will be proven in Section 4.

4 The Fourier transform

In this section we prove Theorem 4.9. The first main tool used is Theorem 3.8.

The second is the Fourier transform introduced in [2] by Barrett. We describe it here in a slightly different
context and notation.

Let H � S3 be the 0-framed Hopf link as in Figure 12. For i; j 2 Ir we denote by H.i; j / 2C the value
of the Kauffman bracket of the Hopf link colored with i; j ; applying the relation of [18, Figure 22] and
an easy induction on j shows that

H.i; j /D .�1/iCj Œ.i C 1/.j C 1/�D .�1/iCj sin.2�.i C 1/.j C 1/=r/

sin.2�=r/
:
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Figure 12: The 0-framed Hopf link.

Furthermore define
N WD

r

4 sin2.2�=r/
D hU; �i D

X
i2Ir

�2
i ;

where U is the 0-framed unknot in S3 colored with � WD
P

i2Ir
�ii ; see [18, page 185].

Remark 4.1 Once again, we are using the SO.3/ version of the invariants evaluated at q D e2�i=r .
However, the Fourier transform and its properties hold with any choice of primitive 2r th root of unity, or
any choice of primitive 4r th root of unity for the SU.2/ case; the proofs work verbatim in every other case.

Definition 4.2 The Fourier transform of Yr .�; col/ is the invariant of the colored graph .�; col0/ given
by the formula

Fr .�; col0/D
X

col coloring of �

Yr .�; col/H.col; col0/;

where
H.col; col0/ WD

Y
e edge of �

H.col.e/; col0.e�//:

The following proposition was first noticed by Barrett in [2, Section 5]; a concise proof was later given
in [3, Theorem 1]. For the sake of completeness, we include a detailed proof.

Proposition 4.3 If � is a planar framed graph , �� is its planar dual and col0 is a coloring of the edges
of ��, then

Yr .�
�; col0/DN�g

X
col coloring of �

Yr .�; col/H.col; col0/DN�gFr .�; col0/;

where g is the genus of a regular neighborhood of � .

Proof The proof is entirely diagrammatic; when we display an equality between (linear combinations of)
diagrams, we mean that they have the same Kauffman bracket. Throughout the proof we will liberally
add �-colored 0-framed unknots that are unlinked from anything else; this will generate an ambiguity of
a power of N that we will account for at the end.

Step 1 Calculate Yr .�; col/ as the Kauffman bracket of a certain framed colored link L.�; col/.

The colored link L.�; col/ is obtained from .�; col/ as in Figure 13. Every vertex is replaced by a circle
colored with �, and every edge is replaced by a circle colored with the same color as the edge, wrapping
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�!

�

Figure 13: Obtaining L.�; col/ using the chainmail rule. Each circle has the same color as its
corresponding edge, and it has two consecutive overcrossings and two consecutive undercrossings.

once around each of the two circles corresponding to its vertices in a minimally twisted way (ie the
circle has two consecutive overcrossings and two consecutive undercrossings). Notice that the link itself
only depends on �; only its coloring depends on col. Furthermore we can define the framing to be the
blackboard framing of the diagram we just constructed.

The fact that hL.�; col/i D Yr .�; col/ can be shown by using the definition of Yr after applying the
following identity to L:

(4-1)

�

D

X
i2Ir

�i

�

i i

This holds for any number of strands; it is obtained by repeated application of the fusion rule followed by
the well-known fact (see [18, Lemma 6]) that if a diagram contains the portion depicted in Figure 14 it is
equal to 0 unless i D 0.

When passing from � to L.�; col/ we still speak of edges and vertices of L.�; col/: we mean the circles
corresponding to edges and vertices of � , respectively. Slightly more improperly, we speak of faces of
L.�; col/, by which we mean the portions of the plane delimited by edges of � . To do this, until the start
of Step 3, we fix the diagram of L.�; col/ that we just created.

�

i

Figure 14
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Figure 15: Stretching edges towards the center and adding an extra component.

Step 2 For a given coloring col0 of � , calculate Fr .�; col0/ as the Kauffman bracket of a link yL.�; col0/.

The Fourier transform is given by the formula

Fr .�; col0/D
X

col coloring of �

hL.�; col/iH.col; col0/:

We wish to express this formula as the bracket of a single colored link; to do so we use the following
relationship (which can be proven via a particular case of the vertex sum formula from (3) after we
introduce extra edges colored with 0):

(4-2)
X
i2Ir

H.i; j /
i

D

j

�

Therefore Fr .�; col0/D hyL.�; col0/i, where yL.�; col0/ is the colored link obtained from L.�; col/ by
changing the color of each edge e of L.�; col/ to � and by adding a meridional circle around it colored
with col0.e/. We call the meridional circles added via this process the transverse circles; they will
correspond to edges of ��. Notice that this step only added circles, and did not otherwise change the link
diagram we created in Step 1 (not even via planar isotopy).

Step 3 Manipulate yL.�; col0/ to obtain L.��; col0/.

Take a face F of yL.�; col0/, stretch the circles transverse to its edges so that they are close to the center
of F and add an unknot U colored with � at the center of F (see Figure 15). Handleslide this new
unknotted component along all the edges of F (see Figure 16); the result is that U gets linked to each
transverse circle and remains unlinked from any edge or vertex of � as in Figure 17. Because the edges
are colored with � this procedure does not change the Kauffman bracket (see for example [18, Corollary,
page 181]). The circle U will correspond to a vertex in ��. Repeat this procedure for every face of
yL.�; col0/; notice also that the procedure we just carried out only changes the link diagram in the portion
of the plane corresponding to F .
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Figure 16: Handleslide between two different components of L.�; col/.

Now apply (4-1) to each circle corresponding to a vertex of � and each circle corresponding to a vertex
of ��. The result (see Figure 18) is going to be four connected graphs (and several unlinked unknots
that for now we ignore), which lie in parallel planes and are therefore unlinked from each other. Two of
these give Yr .�

�; col0/ and two of these give Yr .�;�/ (where we still denote by � the coloring of �
with color � on each edge).

Step 4 Prove that
Yr .�;�/DN g:

To do this, recall that the Yokota invariant does not change when performing a Whitehead move on an
edge colored with �; see Proposition 2.10(2). Further recall that a sequence of Whitehead moves can
change any trivalent graph into any other trivalent graph with the same number of vertices; this is because

� two trivalent graphs with the same number of vertices also have the same number of faces,

� their duals are triangulations with the same number of vertices,

� their duals can be changed into one another via “edge flips” (see [14]),

� edge flips are dual to Whitehead moves,

� two planar graphs with isotopic duals are themselves isotopic by [25, Theorem 11].

U

Figure 17: The central component U gets linked by handleslides.
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Figure 18: After applying (4-1), we get four unlinked graphs.

Therefore, we can desingularize and then apply Whitehead moves to � until it becomes a “bicycle” graph
as in Figure 19, with some circles connected linearly by segments; since desingularizing and performing a
Whitehead move do not change the genus of the regular neighborhood, there are g circles. Because of the
bridge rule (v), the Kauffman bracket is 0 unless the color of every connecting edge is 0, and therefore

Yr .�;�/D

� X
i1;:::;ig2Ir

�2
i1
� � ��2

ig

�
DN g:

Step 5 Account for the extra N factors.

At the beginning we added an unknot for each vertex of � , and then for each face. However when we
applied the inverse of the chainmail relation we removed the exact same number of components; therefore
there is no additional N factor.

Proposition 4.4 For any coloring col of a planar graph � ,

�

r
log jYr .�; col/j �max

col0
�

r
log jYr .�

�; col0/jCO

�
log r

r

�
;

where the maximum is taken over all r -admissible colorings of the dual graph ��.

Proof Let colmax be an r -admissible coloring of �� such that jYr .�
�; colmax/j is maximum.

By Proposition 4.3,
�

r
log jYr .�; col/j D �

r
log j

X
col0

H.col; col0/Yr .�
�; col0/j

�
�

r
log

X
col0
jH.col; col0/Yr .�

�; colmax/j D
�

r
log jYr .�

�; colmax/jCO

�
log r

r

�
;

where the last equality stems from the fact that
P

col0 H.col; col0/ grows polynomially in r .

Figure 19: The bicycle with three wheels.
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�!

Figure 20: The 1-skeleton of the rectification is outlined with dashed lines; a blow-up of a vertex
corresponds to gluing an octahedron to its truncation face.

Corollary 4.5 Conjecture 4 is true for � if and only if it is true for ��.

Proof Corollary 4.6 of [4] states that Vol.�/D Vol.��/; this and Proposition 4.4 imply the result.

We now turn to the proof of Theorem 4.9. This will use a few intermediate propositions which we now
state and prove.

We first calculate the volume of the rectification of the graphs at hand:

Proposition 4.6 If � is obtained from the tetrahedron by a sequence of g blow-ups of vertices or
triangulations of triangular faces , then

Vol.�/D .gC 1/v8:

Proof The case of gD 0 is well known and appears in [23, Theorem 4.2]. Take now any � obtained from
� 0 by a blow-up of a vertex v and consider P the truncated rectification of � 0. The vertex v corresponds
to a truncation face of P : this face is an ideal triangle. Given an octahedron, we can glue it to P by
identifying any of its faces to the face corresponding to v (since they are triangular faces the result does
not depend on any choice). Notice that the gluing is done along an ideal triangular face, and along
right dihedral angles. It is immediate to see that this gluing gives the truncation of �: it has the correct
1-skeleton (see Figure 20) and it is right-angled. Therefore, by blowing up a vertex, the maximum volume
grows by v8. Dually, triangulating a triangular face makes the maximum volume grow by v8 as well.

Next, we prove the upper bound:

Proposition 4.7 If � is obtained from the tetrahedron by a sequence of g blow-ups of vertices or
triangulations of triangular faces , and col is any r -admissible coloring , then

�

r
log jYr .�; col/j � .gC 1/v8CO

�
log.r/

r

�
:

Proof The base case g D 0 is Theorem 3.8.

If � is obtained from � 0 as a blow-up of a single vertex, then

Yr .�; col/D Yr .�
0; col1/Yr .T; col2/;
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where T is a tetrahedron, and col1 and col2 are the colorings induced by col on � 0 and T , respectively.
Therefore Yr .�; col/� Yr .�

0; col1/Yr .T; col2/, and by induction

�

r
log jYr .�; col/j � .gC 1/v8CO

�
log.r/

r

�
:

By Proposition 4.4, this inequality also holds if � is obtained from � 0 by triangulating a single triangular
face.

Finally we prove the sharpness of the upper bound:

Proposition 4.8 If � is obtained from the tetrahedron by a sequence of g blow-ups of vertices or
triangulations of triangular faces , and col D

�
1
2
.r � 2˙ 1/; : : : ; 1

2
.r � 2˙ 1/

�
— where the signs are

chosen so that r � 2˙ 1 is a multiple of 4 — then

lim
r!C1

�

r
log.Yr .�; col//D .gC 1/v8:

Proof The proof is by induction; the base case is Theorem 3.8. Suppose � is obtained from the
tetrahedron by g blow-ups and triangulations, and at least one blow-up. Then � is a vertex sum of
�1 and �2, with both graphs obtained from the tetrahedron via g1 and g2 blow-ups or triangulations,
respectively, and g1Cg2D g�1. Since Yr .�; col/D Yr .�1; col1/Yr .�2; col2/— with col1 and col2 the
colorings induced by col on �1 and �2, respectively — we have

lim
r!C1

�

r
log.Yr .�; col//D lim

r!C1

�

r
log.Yr .�1; col1/Yr .�2; col2//

D .g1C 1Cg2C 1/v8 D .gC 1/v8:

We need to deal with the case of � being obtained via g triangulations. In this case, �� is obtained from
the tetrahedron via g blow-ups. Apply the Fourier transform to Yr .�

�; col0/:

Yr .�; col/D
X
col0

H.col; col0/Yr .�
�; col0/:

However, since col is constantly 1
2
.r � 2˙ 1/ and even, we have

H
�

1
2
.r � 2˙ 1/; j

�
D .�1/j

sin
�
.2�=r/ � 1

2
.r ˙ 1/.j C 1/

�
sin.2�=r/

D .�1/j
sin.�.j C 1/˙�.j C 1/=r/

sin.2�=r/
D�

sin.˙�.j C 1/=r/

sin.2�=r/
;

which has� sign since 0� j � r�1. Moreover, since �� is a trivalent graph, Yr .�
�; col0/Djh��; col0ij2

is nonnegative for every coloring; therefore Yr .�; col/ is a sum with constant sign of Yr .�
�; col0/ over

all possible colorings. This shows that Yr .�; col/ grows as the maximum growth of Yr .�
�; col0/ over all

colorings, which is .gC 1/v8.

Putting Propositions 4.6, 4.7 and 4.8 together, we obtain the following theorem:
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Theorem 4.9 If � is obtained from the tetrahedron by a sequence of blow-ups of vertices or triangulations
of triangular faces , then Conjecture 4 is verified.

Remark 4.10 Proposition 4.8 actually proves Conjecture 3 for a large family of polyhedra (albeit for a
single sequence of colors each) since the volume of a polyhedron with internal angles 0 is the volume of
its rectification (notice how .2�=r/ � 1

2
.r ˙ 1� 2/! � as r !C1).

5 The Turaev–Viro volume conjecture

In this section we apply Theorem 4.9 to prove the Turaev–Viro volume conjecture for an infinite family
of examples.

Recall (for example from [18, Section 4.2]) that the Reshetikhin–Turaev invariant of a colored framed
link L in a manifold M is defined as

RTr .M;L; col/D ���.L
0/
hLtL0; col[�i;

where

� L0 � S3 is a framed link giving M via Dehn surgery,

� LtL0 is the disjoint union of L0 and L viewed as a subset of S3 (if need be, after isotoping L to
be disjoint from L0),

� the components of L0 are all colored with �,

� �.L0/ is the signature of the linking matrix of L0 � S3,

� �D hU; �i�1 D .A2�A�2/=
p
�2r , and

� � D hUC; �i, where UC is the unknot with framing equal to C1.

Proposition 5.1 Let � � S3 be a graph obtained from the tetrahedron by a sequence of g� 1 blow-ups
of vertices or triangulations of triangular faces as in the hypothesis of Theorem 4.9; let e1; : : : ; ek be its
edges , and denote by h the number of vertices of � . Then there is a k-component link LDL1t � � �tLk

in S3 #h�1 .S1 �S2/ such that for any coloring col 2 Ik
r (seen both as a coloring of � and as a coloring

of L) we have
Yr .�; col/D RTr .S

3 #h�1 .S1
�S2/;L; col/:

Proof We have seen in the proof of Proposition 4.3 (specifically, in Step 1) that there is a way to
associate to any .�; col/ a colored framed link L.�; col/ in S3 such that Yr .�; col/D hL.�; col/i. The
link L.�; col/ is a link with kC h components; k of these components are in bijection with the edges
of � and are colored with the corresponding color of col. The other h are unknotted components in
bijection with the vertices of � and are colored with �. The link L.�; col/— without its coloring —
almost satisfies the requirements we desire; however it has one too many components.
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We now want to remove a component from L.�; col/; we do this so that the end result of the proposition
is a link in S3 #h�1 .S1 �S2/ rather than a link in S3 #h .S1 �S2/.

Pick an equatorial S2 in S3 and isotope L.�; col/ so that all its �-colored components lie flat on it, and
all other components intersect the S2 twice; the fact that this can be done is evident from the construction
of L.�; col/. Each �-colored component will bound a disk that contains the intersection of its edges
with S2; every intersection lands inside one of these disks. Pick a component of L.�; col/ colored with�:
it is possible to handleslide it along each other �-colored component without modifying the Kauffman
bracket (by [18, Corollary, page 181]). Once one such handleslide is performed, the new curve will
bound a disk that contains the intersection points of both families of curves. Repeating this procedure and
handlesliding the chosen component over all others will make it bound a disk containing all transverse
intersection points of L.�; col/ with the plane, thus making it unlinked from everything; therefore
hL.�; col/i D hU ihL.�; col/0i D ��1hL.�; col/0i, where U is an unknotted unlinked component colored
with� and L.�; col/0 is the remaining part of the colored link. By the definition of the Reshetikhin–Turaev
invariant of links

hL.�; col/0i D �RTr .S
3 #h�1 .S1

�S2/;L; col/;

where L is the link obtained from L.�; col/0 by doing a 0-framed Dehn surgery on the components of
L.�; col/ colored with �. Notice that L only depends on � and not on the coloring.

Definition 5.2 We denote the link constructed in Proposition 5.1 by K.�/— notice that this is a link
rather than a colored link. The next several propositions explore the geometric properties of K.�/,
culminating in proving the Turaev–Viro volume conjecture for it.

Proposition 5.3 Let � � S3 be a graph obtained from the tetrahedron by a sequence of g� 1 blow-ups
of vertices or triangulations of triangular faces; suppose � has k edges and h vertices. Then L WDK.�/

is hyperbolic , and the hyperbolic structure on its complement is obtained by gluing 4g right-angled
hyperbolic ideal octahedra.

Proof Let � be the rectification of � , and let P be its truncation. We have seen in the proof of
Theorem 4.9 that P can be obtained by gluing g right-angled hyperbolic octahedra. Take two copies
of P and glue them along each corresponding truncation face. This gives a manifold homeomorphic
to a handlebody of genus h� 1 with some annuli removed from the boundary (corresponding to the
ideal vertices of P ); the decomposition into octahedra makes it into a finite-volume manifold M with
geodesic boundary. Take the double of M along the geodesic boundary: this gives a manifold N which
is homeomorphic to S3 #h�1 .S1 �S2/ nL.

To see this, take an octahedron O and truncate a small link of each of its vertices. This truncation can be
seen as the basic building block of the fundamental shadow links (see Figure 21 and [11, Proposition 3.33]):
each truncated vertex corresponds to an arc, four of the faces of the octahedron correspond to the discs
and the remaining four faces correspond to the regions of the spheres delimited by the arcs.
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Figure 21: The building block: a ball with 4 disks in its boundary, and six arcs connecting them.

The polyhedron P is obtained by gluing octahedra together following a certain pattern; we can glue the
building blocks in the same pattern. The result of this gluing is a ball with h discs on its boundary and
some arcs connecting the discs. If we take the double of this ball along the discs, we obtain a genus h�1

handlebody with a link in its boundary. The link L.�; col/ corresponds to the link on the boundary of the
handlebody plus h�1 components corresponding to the boundary of the gluing disks (after pushing them
out of the handlebody slightly).

Doubling this handlebody is equivalent to performing 0-surgery on each of these h�1 components in S3;
therefore by doing this we obtain S3 #h�1 .S1 �S2/ as ambient manifold and the link in the boundary
gives L.

Proposition 5.4 Let � be a graph obtained from the tetrahedron by a sequence of g� 1 blow-ups of
vertices or triangulations of triangular faces; let t be the maximal number of disjoint triangular faces in
the truncation of � . Let L WDK.�/, and EL be its complement. Then EL contains at most t C 2g� 2

disjoint geodesic thrice-punctured spheres.

Proof The reasoning in this proof is similar to the proof of [9, Proposition 3.4].

Let P be the truncation of �; we have seen in the proof of Proposition 5.3 that EL is obtained by
doubling P along the truncation faces (to obtain a hyperbolic manifold with geodesic boundary H ) and
doubling again along the geodesic boundary.

The truncation faces of P can be colored with black and the remaining with white; this way two faces of
the same color never share an edge.

The proof of Proposition 5.3 shows that EL decomposes into octahedra; take O an octahedron in this
decomposition, and let S be any thrice-punctured sphere.

Claim S \O is either the empty set or a facet of O .

We will prove the claim later; for now let us see how this concludes the proof.
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Figure 22: The six geodesics in a thrice punctured sphere cutting it into triangles.

Let S be a set of disjoint thrice-punctured spheres. This determines a set of disjoint ideal triangles in each
of the four copies of P that make up EL; some of them are in the boundary of a polyhedron while some
of them are properly embedded. Each polyhedron contains exactly g � 1 disjoint properly embedded
geodesic triangles (the ones that decompose P into octahedra). These glue up to give 2g � 2 disjoint
thrice-punctured spheres in EL. Furthermore, a disjoint collection T1; : : : ;Tt of triangles in @P induces
a set of disjoint thrice-punctured spheres. Therefore there are at most 2g�2C t disjoint thrice-punctured
spheres in EL.

Proof of the claim We first look at S \O as a subset of S . It must be a convex region of S delimited
by geodesics. Since S contains exactly six maximal embedded geodesics (since it contains no closed
geodesics and maximal embedded geodesics are determined by the cusp in which they end) the possible
configurations are easy to list. Figure 22 shows the six geodesics cutting S into triangles; the possibilities
for S \O can be obtained by looking at all the possible ways to glue these triangles to obtain a convex
set. The convex subsets of S obtained by gluing triangle regions are

(1) a triangle with one ideal vertex (a single triangle region),

(2) a triangle with two ideal vertices (gluing two triangle regions without an ideal vertex in common),

(3) a square with one ideal vertex and two right angles (gluing two triangle regions with an ideal vertex
in common),

(4) a triangle with two ideal vertices and a right angle (gluing a triangle region to the triangle in (2)),

(5) a square with two ideal vertices (gluing two triangles in (2) along a geodesic),

(6) a bigon with one ideal point in its interior (gluing all triangle regions sharing an ideal vertex),

(7) a bigon with one ideal point in its boundary (gluing two triangle regions that have all the edges on
the same geodesics),

(8) a region with three ideal points (obtained in several possible ways).

Every other possible way of gluing together the triangle regions of Figure 22 does not give a convex
subset.

On the other hand, S\O as a subset of O must coincide with the intersection of O with a plane …�H3;
therefore it cannot be either a bigon with an ideal point in its interior (6) or a bigon with an ideal point
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Figure 23: A square arising as the intersection of a thrice-punctured sphere and an octahedron of EL.

in its boundary (7), since these regions cannot be realized as a hyperbolic polygon in H3 (hence, neither
in O). Moreover, …\O cannot be a triangle with one or two ideal vertices (this excludes (1), (2) and (4)),
nor can it be a square with one ideal vertex and two right angles (3), since none of these configurations can
be realized as intersections of a plane with O . The remaining possibilities are that S \O is a region with
three ideal points (8), a square with two ideal vertices ((5), see Figure 23), or a facet of dimension 0 or 1.
However by construction O is glued to at least three octahedra which are different from O and each other;
therefore the case of a square with two ideal vertices is impossible since the intersection of S with these
octahedra must also be a square with two ideal vertices, which would contradict the fact that S is a thrice-
punctured sphere. Finally there are no properly embedded totally geodesic surfaces with exactly three ideal
points in O; therefore the only possibility is that it is a face of O . To sum up, the only possible cases are
that S\O (when nonempty) is a vertex, an edge or a face of O . Therefore S\O must be a facet of O .

Remark 5.5 If M is the exterior of a fundamental shadow link with volume 2nv8, then it contains
exactly 2n disjoint geodesic thrice-punctured spheres. This can be used to show that some of the exterior
of the links provided by Proposition 5.1 are not homeomorphic to exteriors of fundamental shadow links;
the simplest such example is the link associated to the graph shown in Figure 24. An easy check shows
that the truncation of � contains at most six disjoint triangular faces: they correspond to the truncation
faces of the three vertices on the left half of the picture, and to the three triangular faces on the right half
of the picture. This means that (by Proposition 5.4) EL contains at most 10 thrice-punctured spheres
and has volume 12v8; on the other hand a fundamental shadow link complement with the same volume
as EL must contain 12 such spheres.

Figure 24: A graph whose link is not a fundamental shadow link.
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More generally, if � is obtained from the tetrahedron through at least one triangulation and at least one
blow-up, then the associated link exterior is not diffeomorphic to the exterior of a fundamental shadow
link (and there is at least one such manifold of volume 4nv8 for each n> 1).

Theorem 5.6 Let � � S3 be a graph obtained from the tetrahedron by a sequence of g� 1 blow-ups of
vertices or triangulations of triangular faces; suppose � has k edges and h vertices. Take the k-component
link L WDK.�/� S3 #h�1 .S1�S2/. Then the Turaev–Viro volume conjecture (Conjecture 1) holds for
the exterior of L.

Proof Theorem 4.9 implies that for any choice of r -admissible coloring col,

�

r
log jRTr .S

3 #h�1 .S1
�S2/;L; col/j D �

r
log jYr .�; col/j � gv8CO

�
log.r/

r

�
:

The equality is a consequence of Proposition 5.1; the subsequent inequality is the content of Theorem 4.9.
Furthermore if we denote by c the coloring

�
1
2
.r ˙ 1/; : : : ; 1

2
.r ˙ 1/

�
(where the sign is chosen so that

the color is always even), we have

�

r
log jRTr .S

3 #h�1 .S1
�S2/;L; c/j D

�

r
log jYr .�; c/j D gv8CO

�
log.r/

r

�
because of Proposition 4.8.

If EL is the exterior of L, then

TVr .EL/D
X

col2I k
r

jRTr .S
3 #h�1 .S1

�S2/;L; col/j2

by [5, Proposition 5.3], and Vol.EL/D 4gv8 by Proposition 5.3.

This implies the result since
lim

r!1

2�

r
log.TVr .EL//D 4gv8;

because the sum in the formula for TVr .EL/ has polynomially many terms all with the same sign.

Remark 5.7 There is an overlap between Theorem 5.6 and [5, Theorem 1.1]. Some links of Theorem 5.6
are also fundamental shadow links (FSL); namely, those links corresponding to graphs obtained from the
tetrahedron by blow-ups. However as we have seen in Remark 5.5 (infinitely) many others are not.

Appendix Numerical evidence for Conjecture 3

Supporting evidence for Conjecture 3 in the case of simple polyhedra can be found in [17]. In this
appendix we show numerical computations supporting the conjecture for the square and pentagonal
pyramids; all the calculations are performed with Mathematica. The notebook is available on GitHub at
https://github.com/Giulio451/UpperBound; all calculations were performed on a Dell XPS 13 laptop.

The ideal regular square pyramid By Bao and Bonahon [1, Theorem 1] there is a unique square
pyramid such that the angles at the base are 1

4
� and the vertical angles are 1

2
� . Such a pyramid is ideal and
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�
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˘ �
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�
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8
r
˘�
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r
˘

�
3
8
r
˘

Figure 25: The coloring of a square pyramid associated to the ideal regular pyramid.

is maximally symmetric; it is decomposed into two ideal tetrahedra with angles 1
4
� , 1

4
� and 1

2
� ; hence

its hyperbolic volume is equal to 4ƒ
�

1
4
�
�
D

1
2
v8 � 1:83193 (where ƒ is the Lobachevsky function).

Consider the coloring of Figure 25; it converges to the angles of the ideal pyramid in the sense of
Conjecture 3.

Its Yokota invariant can be calculated by desingularizing the 4-valent vertex and by using the vertex sum
formula; it is given by X

k2Ir

�k

ˇ̌̌̌
ˇ
�

1
4
r
˘ �

1
4
r
˘

k�
3
8
r
˘ �

3
8
r
˘ �

3
8
r
˘ˇ̌̌̌ˇ

4

;

where bxc is the floor of x. The growth is shown in Figure 26.

500 1000 1500
r

1.82

1.84

1.86

1.88

1.90

1.92

1.94

Y regular ideal square pyramid

Yokota invariant

volume

Figure 26

Algebraic & Geometric Topology, Volume 25 (2025)



672 Giulio Belletti
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Figure 27

The 0-angled squared pyramid Because of [4, Theorem 4.2], the square pyramid with every dihedral
angle equal to 0 exists and attains the maximum volume of any square pyramid (it is in fact the rectified
pyramid). Its truncation is the right-angled ideal square antiprism. The volume of a right-angled ideal
antiprism with n-gonal face is given by [21, page 151]

2n
�
ƒ
�
�

4
C
�

2n

�
Cƒ

�
�

4
�
�

2n

��
;

and for nD 4 this gives � 6:02305.

Color the pyramid with
�

1
2
r
˘

at every vertex; this coloring converges to the angles of the rectified pyramid.

Its Yokota invariant is given by X
k2Ir

�k

ˇ̌̌̌
ˇ
�

1
2
r
˘ �

1
2
r
˘

k�
1
2
r
˘ �

1
2
r
˘ �

1
2
r
˘ˇ̌̌̌ˇ

4

;

and its growth is shown in Figure 27.

The ideal regular pentagonal pyramid As before there is a unique ideal pentagonal pyramid with
vertical angles 3

5
� and base angles 1

5
�; this pyramid is maximally symmetric. We can decompose it

into three ideal tetrahedra, two with dihedral angles 1
5
� , 1

5
� and 3

5
� and the remaining with dihedral

angles 1
5
� , 2

5
� and 2

5
� . Its volume then is

5ƒ
�

1
5
�
�
C 2ƒ

�
2
5
�
�
Cƒ

�
3
5
�
�
� 2:49339:

Consider the coloring in Figure 28, converging to the angles of the ideal pyramid. Its Yokota invariant
can be calculated (by desingularization and the vertex sum formula) as

X
k;j2Ir

�k�j

ˇ̌̌̌
ˇ
 ˇ̌̌̌
ˇ
�

2
5
r
˘ �

2
5
r
˘

k�
1
5
r
˘ �

1
5
r
˘ �

1
5
r
˘ˇ̌̌̌ˇ
ˇ̌̌̌
ˇ
�

2
5
r
˘ �

2
5
r
˘

j�
1
5
r
˘ �

1
5
r
˘ �

1
5
r
˘ˇ̌̌̌ˇ
ˇ̌̌̌
ˇ
�

2
5
r
˘

k j�
1
5
r
˘ �

1
5
r
˘ �

1
5
r
˘ˇ̌̌̌ˇ
!ˇ̌̌̌
ˇ
2

;
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Figure 28: The coloring of the pentagonal pyramid corresponding to an ideal regular pyramid.

and its growth is shown in Figure 29.

The 0-angled pentagonal pyramid The truncation of the rectified pentagonal pyramid is the pentagonal
antiprism, whose volume is � 8:13789, and the corresponding Yokota invariant is

X
k;j2Ir

�k�j

ˇ̌̌̌
ˇ
 ˇ̌̌̌
ˇ
�

1
4
r
˘ �

1
4
r
˘

k�
1
4
r
˘ �

1
4
r
˘ �

1
4
r
˘ˇ̌̌̌ˇ
ˇ̌̌̌
ˇ
�

1
4
r
˘ �

1
4
r
˘

j�
1
4
r
˘ �

1
4
r
˘ �

1
4
r
˘ˇ̌̌̌ˇ
ˇ̌̌̌
ˇ
�

1
4
r
˘

k j�
1
4
r
˘ �

1
4
r
˘ �

1
4
r
˘ˇ̌̌̌ˇ
!ˇ̌̌̌
ˇ
2

:

Because of the greater range of the sum, it is considerably slower to compute than the other examples;
we were only able to arrive to level r D 321, and the Yokota invariant is within 4% of the volume, as
can be seen in Figure 30. However this is similar to the error (at level 321) in the previous examples.
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Figure 29
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