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Every (0o, n)-category can be approximated by its tower of homotopy (m, n)-categories. In this paper,
we prove that the successive stages of this tower are classified by k-invariants, analogously to the classical
Postnikov system for spaces. Our proof relies on an abstract analysis of Postnikov-type systems equipped
with k-invariants, and also yields a construction of k-invariants for algebras over co-operads and enriched
oo-categories.
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1 Introduction

The weak homotopy type of a topological space can be conveniently studied using its Postnikov tower
X == 14X > 1<q1X = - = 1<0X = mo(X).

The Postnikov tower allows one (theoretically) to reconstruct X from algebraic and cohomological data.
Indeed, the lowest stages of this tower encode the path components of X and its fundamental groupoid.
For the higher stages, the passage from 7<,—1X to 1<, X is completely determined by a cohomology
class

ko € H* T (t<q1 X, ma(X)).
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722 Yonatan Harpaz, Joost Nuiten and Matan Prasma

Indeed, given amap f:Y — 7<4,—1 X, there exists a lift

TSaX

(1-1 l

Y 7 T<a1X

if and only if the cohomology class f*k, vanishes on Y. In this case, the i™ homotopy group of the
space of lifts (1-1) can be identified (noncanonically) with the (a—i)™ cohomology group of Y with
coefficients in f*m,(X). Here it should be noted that the homotopy groups 7, (X)) typically form a local
system of abelian groups.

The purpose of this paper is to describe an analogue of the Postnikov tower for (co, n)-categories. More
precisely, every (oo, n)-category C admits a tower of homotopy (m, n)-categories, as shown by Lurie [24,
Section 3.5] (see Section 6)

€C— -+ —=howyn € —hog,_1,,) C—---—how ) C.

Our main result asserts that there are again cohomology classes which control the passage from the
homotopy (m, n)-category to the homotopy (m+1, n)-category:

Theorem 1.1 (informal) For each a > 2, the extension ho, 44 ) € — h0(,44—1,n) C is classified by a
k -invariant
kg € H* T (ho(y+a—1.1) C, 74 (C)),

where 74 (C) is a local system of abelian groups on the (oo, n)-category ho(, 41, C.

In the case of (o0, 1)-categories, these k-invariants have also been constructed explicitly in terms of
simplicial categories by Dwyer, Kan, and Smith [7]. For n > 1, the above result is stated (without proof)
and used by Lurie in [24]. In [14], we have used this result as part of an obstruction-theoretic proof of the
fact that adjunctions in (00, 2)-categories are uniquely determined at the level of the homotopy 2-category
(see also the work of Riehl and Verity [29]).

To make Theorem 1.1 more precise, let us recall that for any local system of abelian groups A on a
space X, there exist Eilenberg—MacLane spaces K(A, a) — 7<1 X, defined in the homotopy category
ho(8,._, x) by the following universal property: for every map f:Y — t<1 X, there is a natural bijection

HA(Y, f*A) = 7o Map/rsl(X)(Y, K(A, a)).
In fact, the Eilenberg—MacLane spaces K(A, a) are related by equivalences
KA, a) = Q/;_ xK(A,a+1),

where €2/;_, xK(A,a + 1) computes the fiberwise loop space of K(A,a + 1) over 7<1 X (at the base-
points given by the canonical section classifying the zero cohomology class). In other words, these
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Eilenberg—MacLane spaces can be organized into a parametrized spectrum HA over t<; X such that
K(A,a) ~ Q% (X?HA) (see work of May and Sigurdsson [27]). From an oco-categorical perspective,
this parametrized spectrum can also be described more precisely as follows (Ando, Blumberg, Gepner,
Hopkins, and Rezk [1]): the local system A determines a functor of co-categories HA: t<1 X — Ab — Sp
sending each x € 7<; X to the Eilenberg-MacLane spectrum of the abelian group A, . By the Grothendieck
construction, such an co-functor to spectra can equivalently be viewed as a spectrum object in spaces
over <1 X.

In these terms, the k-invariants can be interpreted as maps that fit into commuting squares for a > 2:

TeaX ——— 14X

| l

t<a1 X —— QX (T4 Hr, (X))

Here the right vertical map classifies the zero cohomology class. In fact, this square is homotopy Cartesian,
which implies that the space of sections (1-1) is homotopy equivalent to the space of null-homotopies
of f*kg.

Our more precise version of Theorem 1.1 is then the following:

Theorem 1.2 (Theorem 6.3) For any (oo, n)-category C and a > 2, there is a parametrized spectrum
object Hrg (€) internal to (oo, n)-categories, whose base object is ho(, 1 1,,) C, so that there is a pullback

square of (00, n)-categories

ho+a,.m) € —————— ho@ 41, C

(1-2) l lo

hO(r4a—1,m) € —— (4 Hrg (€)).

Furthermore, we prove that the parametrized spectrum Hz, (C) can indeed be thought of as an Eilenberg—
MacLane spectrum: it is contained in the heart of a certain #-structure on the co-category of parametrized
spectrum objects over hog,+1,,) € (Corollary 6.17). This heart consists of local systems of abelian
groups on the (0o, n)-category hog,+1,,) €, as defined (somewhat informally) by Lurie in [24] (see
Definition 6.13 and Remark 6.15).

To prove Theorem 1.2, the main idea will be to proceed by induction on the categorical dimension #.
More precisely, the structure of the Postnikov tower, together with its k-invariants, can be axiomatized
in terms of “Postnikov structures”. We prove that a (functorial) Postnikov structure on a symmetric
monoidal co-category 'V that is compatible with the tensor product gives rise to a Postnikov structure on
the co-category Cat(V) of V-enriched co-categories (Theorem 5.18). Furthermore, the resulting Postnikov
structure on Cat("V) respects the natural symmetric monoidal structure on Cat(V) inherited from V. This
can be used to proceed inductively.
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More generally, this argument can also be used to provide k-invariants for Postnikov towers of algebras
over oo-operads (see Proposition 4.14 and Example 4.24). These k-invariants typically take values in
certain André—Quillen cohomology groups, and have also been considered (in specific cases) by Goerss
and Hopkins [10], Basterra and Mandell [4] and Lurie [26].

Outline

Let us now give an outline of this paper: In Section 2, we recall the definition of the tangent bundle of an
oo-category and the related theory of “square zero extensions”. Furthermore, we discuss the “square zero”
monoidal structure on the tangent bundle of a symmetric monoidal presentable co-category V, which
is useful to describe tangent bundles to categories of algebras. This square zero monoidal structure is

particularly simple when V is already stable; we discuss this case in a bit more detail in Section 3.

In Section 4, we give an abstract axiomatization of towers of square zero extensions, which we call Post-
nikov structures, as well as multiplicative refinements thereof. In particular, we show how multiplicative
Postnikov structures induce (multiplicative) Postnikov structures for algebras over co-operads. As the basis
of our inductive proof, we show that the Postnikov tower of spaces is part of a multiplicative (functorial)
Postnikov structure. Section 5 contains our main result, Theorem 5.18: we show that multiplicative
Postnikov structures induce multiplicative Postnikov structures at the level of enriched co-categories.

In Section 6, we apply this result inductively to prove that the homotopy (m, n)-categories of an (oo, n)-
category are part of a multiplicative Postnikov structure (Theorem 6.3); in particular, this provides the
required pullback squares (1-2). Finally, we discuss how the tangent bundle of (co, n)-categories carries
a (family of) ¢-structures, whose heart consists of the category of local systems of abelian groups on
(00, n)-categories (Definition 6.13). The parametrized spectra Hr, (C) appearing in (1-2) then appear as
the Eilenberg—MacLane spectra associated to such local systems.

Conventions

We will make use of the language of co-categories, ie quasicategories, and oo-operads, following the
standard references by Lurie [23; 26]; we will not distinguish between an ordinary category and its nerve.
Furthermore, we will refer to symmetric monoidal co-categories as SM oo-categories. Recall that SM
oo-categories and (lax) SM functors form (full) subcategories of the co-category of co-operads, which
we will denote by

SMCat < SMCat'™ < Op,,.

A presentable SM oco-category is a presentable co-category equipped with a closed symmetric monoidal
structure, ie an object in CAlg(Pr").

Given an oco-operad O, ie a map O® — Finy, and a collection of objects S in the underlying co-category
01y that is closed under equivalences, the full suboperad of O on § is the full subcategory of O® spanned
by all objects of the form x; & --- D x, with all x; € S (see [26, Section 2.2.1]).
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Let f: € — D be an SM functor and let W be the class of maps in C that are sent to equivalences
by f. We will say that f is a monoidal localization if it defines an initial object in full subcategory
of CAlg(Cat)e, on those symmetric monoidal functors g: € — & sending W to equivalences. If C is
an SM oo-category and f: € — C[W~!] is a (non-SM) localization such that W is closed under tensor
products with objects in C, then f admits a unique lift to a monoidal localization of SM oo-categories
[26, Proposition 4.1.7.4].

If C and D are SM oo-categories, let us define a reflective monoidal localization to be an adjoint pair
L:C® z D®: R in the homotopy 2-category of co-operads such that € : L R — idy is a natural equivalence.
Note that a reflective monoidal localization is determined uniquely by any one of the two maps L and R
(Riehl and Verity [29]). If (L, R) is a reflective monoidal localization, then the (a priori only lax SM) left
adjoint L is a monoidal localization in the sense above (Lurie [26, Corollary 7.3.2.12], Haugseng [18,
Theorem 4.6]). Conversely, if L is a monoidal localization which admits a (fully faithful) right adjoint
at the level of the underlying oco-categories, then it determines a reflective monoidal localization [26,
Corollary 7.3.2.7].
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2 Tangent bundles of co-categories

The purpose of this section is to recall some elements of the cotangent complex formalism described by
Lurie [26, Section 7.3]. In particular, we will recall the definition of the tangent bundle of an co-category
© and the notion of a square zero extension. To motivate this terminology, we show in Section 2.2 that
the tangent bundle inherits a “square zero” monoidal structure from V. In Section 2.3, we introduce
the notion of a “¢-orientation” on the tangent bundle, allowing one to make sense of connective (and
discrete) objects in its fibers. The tangent bundle of stable (or more generally, additive) co-categories has
a particularly simple structure, which we discuss in more detail in Section 3.

2.1 Recollections on tangent bundles and square zero extensions

Let V be an co-category with finite limits. Following Lurie [26, Definition 7.3.1.9], we define the tangent
bundle of 'V to be the co-category
TV = Exc(8fi", V)

Algebraic € Geometric Topology, Volume 25 (2025)



726 Yonatan Harpaz, Joost Nuiten and Matan Prasma

of excisive functors F : 8" — 'V from the co-category of finite pointed spaces, ie those functors sending
pushout squares to pullback squares. The co-category TV comes with functors

T=evx:TV=>V, Q¥ =evgo:TV—>YV

taking the base, or the (parametrized) infinite loop space object underlying such a parametrized spectrum,
respectively. The functor 7 is a Cartesian fibration and admits both a left and a right adjoint, both taking
the constant excisive functor on an object in V. We refer to the fiber of 7 at an object X € V as the
tangent co-category TxV of V at X. The diagram

E—[E(S")—E
gy EEGZEW@]L oy

1%

then exhibits each fiber Ty V as the stabilization Sp(V, x) of the over-category V,x [26, Section 7.3.1].

When V is presentable, TV and each of the fibers TxV are presentable as well and the functor 2°° admits
a left adjoint X°.

Definition 2.1 Let V be a presentable co-category. Then the inclusion TV — Fun(81", V) admits a left
adjoint, which we will denote by X > X . We will say that a map X — Y in Fun(8f", V) is a TV-local
equivalence if the map X ¢ — Y °*¢ is an equivalence.

Example 2.2 The tangent bundle TS can be thought of as the co-category of parametrized spectra (with
varying base space). Note that TS is in some sense the universal tangent bundle. Indeed, using the tensor
product on presentable co-categories [26, Section 4.8.1] (with unit 8, exhibiting that all presentable
oo-categories are tensored over §), we have that

TV~TSQV.

Indeed, using [26, Proposition 4.8.1.17], the full subcategory of Fun(8fi", V) on the excisive functors coin-
cides under restriction along the Yoneda embedding with the full subcategory of Fun® (Fun(8f", §)°P, V)
of right adjoint functors that factor over the localization (—)®*°: Fun(8f", §) — TJ8.

Remark 2.3 Forany S € 8™ and C € V, let hg ® C = Map(S, —) ® C be the corresponding corepre-
sentable functor, ie the left Kan extension of C: x — V along S: * — 8fi". Note that F € Fun(8f", V) is
excisive if and only if it is a local object with respect to the set of maps

(2-1) (hs, Hh53 hs,) ® Cqy — (hs, ® Cq)
for any set of generators {Cg} of V and any pushout square in 8fi»

So—)Sl

L

S2—>S3

In particular, the T'V-local equivalences are strongly generated by this set of maps [23, Proposition 5.5.4.15].
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Remark 2.4 For any presentable co-category 'V, the description of the generating TV-local equivalences
from Remark 2.3 shows that evaluation at * € 8$fi" sends TV-local equivalences to equivalences in V. It
follows that there is a commuting diagram

(_ exc

TV 5 Fun(8f", V) ——— TV

\l/

\%

The vertical functors are Cartesian (and co-Cartesian) fibrations, with right adjoint sections taking
the constant 8fi"-diagram. In particular, an arrow in TV or Fun($f", V) is Cartesian if and only if
it is the pullback of a map between constant diagrams. It follows that the (right adjoint) inclusion
TV < Fun(8fi", V) preserves Cartesian arrows. When V is compactly generated, or more generally
differentiable [26, Definition 6.1.1.6] (see Lemma 6.5), the functor (—)®*¢ preserves Cartesian arrows by
[26, Theorem 6.1.1.10].

Let V be an oo-category with finite limits and B € V an object. For every E € TgV, there is a natural
map Q®°(E) — B, arising from the map of finite pointed spaces S° — *. For every map X — B, we
denote by

HQ(X: E) = o Map, 5(X, Q(E))

the set of homotopy classes of lifts n: X — Q% (E). Since Q%°(F) is a grouplike E,-monoid over
B by Proposition 2.28, this forms an abelian group; its unit is the zero map 0: X — B — Q*°(E)
induced by the map of finite pointed spaces * — S°. More generally, we will refer to the groups
Hg (X E)= Hg (X:; X" E) as the n™ Quillen cohomology groups of X with coefficients in E. Given a
section n: X — Q°°(E), we will say that the pullback square

X——B
(2-2) l lo
X — QX(E)
exhibits X as a square zero extension of X [26, Definition 7.4.1.6]. When 7 is homotopic to
0: X - B — Q%(E),

we will refer to X ~ X xp Q®*1 (E) as the trivial square zero extension.

Remark 2.5 The above definition of a square zero extension looks slightly more general than the one
appearing in [26, Definition 7.4.1.6], where it is assumed that B = X. However, note that there is a
natural map p: X — B (induced by the projection Q°°(E) — B); pulling back the parametrized spectrum
E along p, one can also realize X as the square zero extension of X classified by the canonical map
n: X — QX(p*E).
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2.2 Monoidal structure on the tangent bundle

Our next goal will be to construct a (closed) symmetric monoidal structure on the tangent bundle TV
of a presentable SM oo-category. To this end, let us recall that if V is an SM oo-category and J is an
oo-category, then Fun(J, V) can be endowed with a levelwise tensor product, as follows:

Construction 2.6 [26, Remark 2.1.3.4] Let V be an SM oco-category, encoded by a co-Cartesian
fibration of co-operads V® — Fin,. If J is another co-category, let us consider the map

Fun(J, V)®e := Fun(J, V®) X Fun(9,Finy) Filx — Finy.

This is again a co-Cartesian fibration of co-operads [26, Remark 2.1.3.4], which endows the functor
category Fun(J,V) with a symmetric monoidal structure that we will refer to as the levelwise tensor
product. For every f:J— J, the restriction functor f*: Fun(J, V) — Fun(J, V) has the natural structure
of a symmetric monoidal functor because the induced map f*: Fun(g, V)®e — Fun(J, V)®e preserves
co-Cartesian arrows over Fin,. On the other hand, every SM functor V — W induces an SM functor
Fun(J, V)®e — Fun(J, W)® by postcomposition.

For future reference, let us mention two alternative descriptions of the levelwise tensor product:

Remark 2.7 The levelwise tensor product is adjoint to the Boardman—Vogt tensor product. Indeed, we can
view J as an oco-operad via the functor J — * — Fin,, where the second functor is the inclusion of the object
(1). For any oo-operad O, recall that the co-category of co-operad maps O® ®gyJ — V® is then equivalent
to the co-category BiFunc(O®, J; V®) of (dotted) bifunctors of co-operads [26, Definition 2.2.5.3]

0®x7J » V®

l id x{(1)} l

. . . A .
Fin, x * ——— Fin, X Fine, ———— Fin,

Since the bottom horizontal composite can simply be identified with the identity functor on Finy, the
oo-category BiFunc(O®, J; V®) is equivalent to the co-category of functors f: O%® x J — V® relative to
Fin, with the following equivalent properties:

(a) For each inert map a: x — y in O® and each equivalence B:i — j in J, f(c, B) is an inert map
in V®.

(b) For each inert map a: x — y in O%® and each object i € J, f(,id;) is an inert map in V.

These conditions are indeed equivalent since f(a, ) >~ f(idy,B) o f(c,id;), where f(idy, B) is an
equivalence. The oo-category of functors f satisfying condition (b) is in turn equivalent to the oo-
category of oo-operad maps O® — Fun(J, V)®e . Consequently, we have natural equivalences

Algyg,,s(V®) ~ BiFunc(0®, J; V®) ~ Alg, (Fun(J, V)®).
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Let us point out that by symmetry of the Boardman—Vogt tensor product, we also have that

Algy(Fun(J, V)®=) ~ Algyg. 1(V®) =~ Fun(J, Algy (V®)).

Remark 2.8 If J has coproducts, then the levelwise tensor product can be identified with the Day
convolution product. Indeed, let J! be the corresponding co-Cartesian oo-operad [26, Definition 2.4.3.7]
and let us write Fun(J, V)®P» — Fin, for the co-operad obtained from ! and V® by Day convolution
[26, Definition 2.2.6.1]. By [26, Proposition 2.2.6.16], this is a co-Cartesian fibration of co-operads that
endows Fun(J, V) with a (closed) SM structure. For any co-operad O, we then have equivalences of
oo-categories of maps of co-operads (ie algebras)

Algg (Fun(J, V)®P») = Algg,qu (V®) ~ Fun(J, Algy (V®)) ~ Algyg,,1(VE) = Algy(Fun(J, V)®*).

Here O x I is the product of co-operads, given explicitly by O® xg;,, TX — Fin,. The first equivalence
then follows from the universal property of the Day convolution [26, Definition 2.2.6.1], the second from
[26, Theorem 2.4.3.18] and the last two equivalences follow from the relation between the levelwise
tensor product and the Boardman—Vogt tensor product (which is symmetric).

Lemma 2.9 LetV be a presentable SM co-category and f :J — J a functor between co-categories with
finite coproducts that preserves finite coproducts. Then the SM functor f*:Fun(g, V)®e — Fun(J, V)®e
admits a symmetric monoidal left adjoint fi.

Proof Remark 2.8 identifies the lax SM functor f*: Fun(g, V)®< — Fun(J, V)®® (which happens to
be strong SM) with the lax SM functor f*: Fun(g, V)®>» — Fun(J, V)®P» arising from naturality of the
Day convolution product. The latter admits an SM left adjoint f; (given by left Kan extension) by [22,
Remark 3.31]. O

Proposition 2.10 Let V be a presentable SM oo-category and endow Fun(81", V) with the levelwise
tensor product Q.. Then the localization of Fun(SEn, V) at the TV-local equivalences is monoidal. In
particular:

e The localization functor (—)®: Fun(8f", V) — TV has a unique lift to an SM functor between SM
oo-categories with domain given by (Fun(8i", V), ®1ey).

e The closed SM structure on TV is given by X ® ¥ = (X ®yey ¥ ).

Proof By [26, Proposition 4.1.7.4], it suffices to verify that X Qey ¥ — X Qe Y’ is a TV-local
equivalence for every X : 8" — 'V and every TV-local equivalence ¥ — Y’. Since the TV-local
equivalences are closed under colimits and ®1e, preserves colimits in each variable, we may assume that
Y — Y’ is a generating local equivalence of the form (2-1) and that X = h7 ® D. Since the tensoring
Fun(8fi", 8) x V — Fun(8fi", V) is monoidal (for the levelwise tensor product), there are equivalences

X Qiev Y := (h7 ® D) Qey (s, @ C) =~ (h x hs,) ® (C ® D) =~ (hrvs,) @ (C Q D).
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The last equivalence uses that the copresheaf hr x hs, = Map(T, —) x Map(So, —) (valued in spaces) is
corepresentable by the coproduct 7' v Sq in $fi". Similarly, we have that

X Qv Y = (hT ® D) Rlev ((hSI Hh53 hSz) 02 C)
>~ (hr x (hs, Upg, hs,)) (D QC) = (hrvs, Uppy s, hrvs,) ® (D ®C),

where the last equivalence uses that Fun(8f", §) is Cartesian closed and that h7 x hs; = hrvs;. It
therefore suffices to show that the map

(hrvs, Unyy g, hvs,) @ (D ® C) > hrvs, ® (D ® C)
is a JV-local equivalence. This is obvious since

TVS()—>TV51

| |

TVvS,——TvVvS3

is a pushout square in 8fi". |

Lemma 2.11 Let'V be a presentable SM oo-category and endow TV with the closed symmetric monoidal
structure from Proposition 2.10. Then:

(1) The tunctor r: TV — 'V admits a natural symmetric monoidal structure.

(2) The induced oplax symmetric monoidal structure on the left adjoint to 7 [26, Corollary 7.3.2.7] is
strong monoidal. Consequently, TV is tensored over V via the formula

C®X = (C Ry X(—))™.

(3) Q% :TV — V has a natural lax symmetric monoidal structure.

Remark 2.12 The lax monoidal structure on 2 induces an oplax symmetric monoidal structure on
¥P:V — TV [19]. This does not make X a strong monoidal functor. For example, taking V = 8, we
have that £9°(X) € Sp(8,x) corresponds to the constant parametrized spectrum over X with fiber given
by the sphere spectrum S. Unraveling the definitions (eg using equivalence (2-3)), one then sees that
EP(X) ® ZP(Y) corresponds to the constant parametrized spectrum over X X Y with fiber S V'S, while
YP(X xY) has fiber S.

Proof Let¢: % — 8fi" be the inclusion of the initial (and also terminal) object. By Construction 2.6 and
Lemma 2.9, restriction and left Kan extension along ¢ yield an adjoint pair of SM functors

est=10:V L Fun(8i", V) :1* = evy,
where the left adjoint takes the constant diagram and the right adjoint evaluates at .
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For (1), we then note that ev, is itself a left adjoint and sends TV-local equivalences to equivalences
in 'V, since the domain and codomain of the generating TV-local equivalences (2-1) are both sent to Cy.
It follows that 7: TV — 'V is symmetric monoidal for ® as well. For (2), one simply notes that the
SM functor cst: V — Fun(8f", V) already takes values in TV € Fun($fi", V). For (3), note that Q is
the composite of the lax symmetric monoidal inclusion TV — Fun(8f", V) and the symmetric monoidal
functor ev go : Fun(8fi", V) — V (for the levelwise tensor product on the domain). |

For any functor X : 8" — V), there is a canonical (counit) map X (*) — X, where we consider X () € V
as a constant diagram.

Lemma 2.13 Let X, Y : 8" — 'V be two functors. Then the pushout-product map
V(X,Y): X(%) Qlev Y Ux(x)@, v (%) X Blev Y (%) = X @1ev ¥
is a TV-local equivalence.
Proof Suppose that X = colim X; for some diagram of functors X;. Since evaluation and taking the
constant diagram preserve colimits, we can identify the pushout-product map v (X, Y') with the colimit

colim; ¥ (X;,Y) in the arrow category of Fun(8fi", V). As TV-local equivalences are stable under colimits,
we can therefore reduce to the case where X = hg ® C and Y = hr ® D are corepresentables.

Using that the constant diagram on X (x) is given by /. ® X (%), the pushout-product map can then be
identified with

hr ® (C ® D) Uy, ocep)hs ®(C ® D) — (hs ® C) Ry (h7 ® D).

As in the proof of Proposition 2.10, the codomain can be identified with hgy7 ® (C ® D). The above
map is then a TV-local equivalence because

SvT —— S Vv«

|

* VT —— %V %

is a co-Cartesian square (see Remark 2.3). O

The above lemma can be described somewhat informally as follows: we can identify an object of TV
with a tuple consisting of C € V and E € Sp(V, ). Using the tensoring of TV over V from Lemma 2.11,
we then have an equivalence

(2-3) C,E)(D,F)~(C®D,(CRF)®(E®D)),

where the direct sum is taken in the fiber Tc g pV. This justifies the following terminology:

Definition 2.14 Let V be a presentable SM co-category. The square zero tensor product on TV is the
symmetric monoidal structure provided by Proposition 2.10.
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For any SM left adjoint f: "V — W, postcomposition with f defines an SM left adjoint Fun(8f", V) —
Fun(8fi", W) that descends to a natural SM left adjoint T( f): TV — TW between localizations.

Remark 2.15 Let @ be the initial object of V. Since {&} < 'V is stable under the binary tensor product
of Vand 7 : TV — V is symmetric monoidal, the full subcategory T5V = TV xy {&} — TV inherits a
nonunital SM structure from TV. Lemma 2.13 shows that for all £, F' € T4V, the tensor product £ ® F
is the zero object in TxV.

Example 2.16 Let V be a cartesian closed presentable co-category. In this case, the levelwise monoidal
structure on Fun(8fi", V) induced by the cartesian product on 'V is simply the cartesian monoidal structure.
Since the (reflective) full subcategory TV < Fun(8fi", V) is closed under the cartesian product, the induced
square zero monoidal structure on TV is simply the cartesian product as well.

Proposition 2.17 LetV be a presentable SM oco-category and let O be an oco-operad. Then there is an
equivalence of co-categories

Algy (TV) = T(Alge(V)),

where TV is endowed with the square zero monoidal structure.

Proof The fully faithful functor TV — Fun(8fi", V) is lax symmetric monoidal and hence realizes TV®
as a full suboperad of the co-operad Fun(8", V)®. The co-category of O-algebras in TV then embeds as
the full subcategory of Alg,(Fun(8f", V)) whose underlying functors are excisive. Using Remark 2.7
together with the commutativity of the Boardman—Vogt tensor product [26, Proposition 2.2.5.13], we
obtain an equivalence

Algy(TV) T(Alge(V))
N N
Algy (Fun(8i, V), @1ey) = Fun(8f", Algy(V))

Fun(8fin, V)

of oo-categories over Fun(8fi", V), where the diagonal functors are induced by forgetting algebra structures.
In particular, this equivalence identifies the full subcategory Alg,(7TV) on the left-hand side with the full
subcategory on the right spanned by diagrams of O-algebras in V whose underlying diagrams are excisive.
But this is the same as diagrams $fi" — Alg, (V) that are themselves excisive, because the forgetful functor
from O-algebras to V detects limits [26, Corollary 3.2.2.4]. We conclude that the horizontal equivalence
above identifies Algy (TV) with T(Algy(V)), so the desired result follows. |

The following result provides a symmetric monoidal refinement of Example 2.2:
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Proposition 2.18 LetV € CAlg(Pr") and consider the commuting square in CAlg(Pr")

SLH?

CSIJ/ JCS'[
T(m)

TS —= TV

where the vertical functors are the SM left adjoints to the projection functors and the horizontal functors are
induced by the map n from the initial presentable SM oo-category. This is a pushout square in CAlg(Pr").

The proof requires some results about the tensor product of presentable oo-categories [26, Section 4.8.1].
Let us recall that there is a sub-co-operad Pri>® C Cat®®* of the cartesian operad of big co-categories,
whose objects are presentable co-categories and Mapp, L. (C1, . .., Cy: D) is the union of path components
of Mapc,pie (C1 X -+ x Cy, D) spanned by the functors preserving colimits in each variable. Then the
oo-operad Prl»® describes a (closed) symmetric monoidal structure on pr [26, Proposition 4.8.1.15].

In the proof below, let us refer to functors g: C; x €3 — D preserving colimits in each variable simply as
bifunctors and let us say that such a bifunctor g is initial if it defines an initial object in the co-category
of presentable co-categories (with left adjoints between them) equipped with a bifunctor from C; x C5.
An initial bifunctor g: € x €, — D exhibits D as the tensor product of C; and €, in Pr".

Lemma 2.19 Let C1, C; and D be presentable oo-categories, g: C1 X C» — D a bifunctor and consider

the functor .
W(g): D s P(D) £ P(€) x ).

Then W (g) takes values in the full subcategory of right adjoint functors
FunR(G(ip, GCy) C Fun(G({p, Cy) C Fun((i’(ip, P(Cr)) ~ P(C1 x Cp)
and g is an initial bifunctor if and only if V(g): D — FunR(G(;p, C») is an equivalence.
Proof This follows from the proof of [26, Proposition 4.8.1.17]. Indeed, the argument in [loc. cit.] shows

that W(g) is in fact a right adjoint functor with values in the full subcategory FunR(G(;p, ©>) and that the
assignment g — W(g) determines a natural equivalence of spaces

Mapp, L. (C1, C2; D) >~ Mappr (D, FunR(G(;p, C2)) >~ Mapp,L (FunR(G?p, C2), D).
In particular (as concluded in [loc. cit.]), it follows that the presentable oco-category FunR(G({p, Cz)

corepresents bifunctors, ie €] ® €y ~ FunR(G?p, C,). This immediately implies that g is an initial
bifunctor if and only if ¥(g): D — FunR(G(l)p, C») is an equivalence. a

Proof of Proposition 2.18 Since § is the initial object in CAlg(Pr") and coproducts of [E-algebras are
given by the tensor product in the underlying co-category [26, Proposition 3.2.4.7], it will suffice to verify
that the SM left adjoint functor F: TS ® V — TV induced by the commuting square is an equivalence. To
verify this, we need to show that the underlying functor (forgetting SM structures) is an equivalence.
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To this end, note that the proof of [26, Proposition 3.2.4.7] implies that F can be identified with the

composite functor

T
(n)®cst

F:T8®V TVRTV S TV,

The corresponding bifunctor is therefore given by
£:I8x v IS gy gy &, gy,

To see that F' is an equivalence, we need to show that the bifunctor f satisfies the condition of Lemma 2.19,
ie that U(f): TV — Fun®(T8°, V) is an equivalence. To identify the codomain of W( f), consider the
functor A% SEH’OP — ?(Sin’(’p) — T8 given by the Yoneda embedding followed by the localization from
Remark 2.3. The universal properties of the Yoneda embedding and this localization imply that restriction
along /%€ induces an equivalence

(h)*: Fun® (T8, V) => Exc(8}",V) = TV.

Using this equivalence, W( /') can be identified with the functor ¥( f): TV — Exc(8", V) sending X € TV
to the functor 8" — V classifying the correspondence

SV 58, (S,v) > Mapyy((hs ® 19)%¢ ® cst(v), X).

Here we used that T'(n): T8 — TV sends h§° to the excisive approximation of (hs ® ly). By
Proposition 2.10, the tensor product (s ® 1v)*° ®cst(v) in TV is naturally equivalent to (hs @ v)**¢ € TV.
This object has the universal property that

Mapgy((hs ® v)™, X) = Mapy(v, X(S5)).
It follows that W( f) can simply be identified with the identity on TV. In particular, it is an equivalence,

so that Lemma 2.19 shows that f is an initial bifunctor and F is an equivalence, as desired. a

2.3 t-orientations on tangent categories

In later sections, we will consider various examples of tangent bundles whose fibers are stable categories
with a natural “connective part”. Let us axiomatize this situation as follows:

Definition 2.20 Let p: & — B be a stable Cartesian fibration, ie a Cartesian fibration such that each fiber
Ex is stable and each arrow f: X — Y in B induces an exact functor f*: &y — Ex. A t-orientation on
p: & — B is atuple of full subcategories (€22, £=9) of € such that:

(1) For each p-Cartesian arrow E — F in & with F € £€=°, we have that E € £=0,

(2) Forevery X € B, the tuple
E&=%ney, es%ney)

defines a ¢-structure on the stable co-category Cy.

In this case, we will refer to ¥ = €201 £=0 ag the heart of the ¢-orientation.
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Example 2.21 Let 7: TV — 'V be the tangent bundle of a presentable co-category. Then each Ty'V
carries a t-structure such that 3';_1\7 is the full subcategory of E € TxV such that Q°°(E) ~ X is the
terminal object in V,x [26, Proposition 1.4.3.4]. Since such objects are stable under base change along
amap X’ — X in the base, it follows that TV comes with a canonical t-orientation in which T7=~1V
consists of those E such that Q°°(E) ~ n(E).

Condition (1) of Definition 2.20 is equivalent to £=% — B being a Cartesian fibration and the inclusion
£=0 < & preserving Cartesian edges.

Lemma 2.22 Let p: & — B be a stable Cartesian fibration with a t -orientation (£=°, £=9). Then:

(1) The restriction of the projection p to each of the three subcategories £Z°, =% and € is a Cartesian
fibration.

(2) There exists a commuting square of adjunctions over B, ie in Catso /B, of the form
0T =0

>0
T<0 H T<0 H

£20 T ¢

>0

Furthermore, all right adjoint functors preserve Cartesian edges.
In particular, €Y — B is a Cartesian fibration whose fibers are (ordinary) abelian categories.

Proof For each X € B, the fiber £y comes equipped with a ¢-structure. In particular, for each X there
are coreflective localizations [26, Proposition 1.2.1.5],
(2-4) Eiotﬁ Ex, 82?8;0.

>0 >0
The functors t>¢ realize their codomain as the localization of the domain at the (—1)-coconnective
morphisms, ie those morphisms whose cofiber in £y is contained in 8;0. By condition (1) from
Definition 2.20, each morphism f: X — Y in & induces a left -exact functor f*: &y — Ex between
the fibers. It follows that the (—1)-coconnective morphisms in (each fiber of) € and €=° are stable under
the functors f*. Let us pass to a universe U such that & and B are U-small and write X=° (resp. X°) for
the U-small co-category obtained from & (resp. £=9) by localizing at the (—1)-coconnective arrows in
each fiber. We can then apply [21, Proposition 2.1.4] in the (U-small) setting where the marked arrows in
B are just the equivalences to obtain maps of Cartesian fibrations (preserving Cartesian arrows)

>0 >0

_
b /
B

e xz0 e=o0 x©

—_—
(2-5)
T 5 /
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By [loc. cit.], on the fiber over an object X € B these maps can be identified with the localization functors
from (2-4). In particular, it follows from [26, Proposition 7.3.2.6] that the localizations from (2-5) both
admit a left adjoint over B. These left adjoints are (fiberwise) fully faithful and identify XZ° and X%
with the full subcategories €= and €V, respectively. In particular, this shows that the projections from
€20 and &Y to B are Cartesian fibrations, proving (1). Furthermore, the functors from (2-5) provide the
horizontal right adjoints (relative to B) in (2). Finally, the inclusions &9 5 £20 and £=0 — ¢ admit left
adjoints over B by [26, Proposition 7.3.2.6]. |

Let us now specialize to the case of the tangent bundle.

Definition 2.23 Let V be an SM oco-category with finite limits. A z-orientation on TV is monoidal if
729V is closed under the square-zero tensor product and contains the unit.

Example 2.24 Consider the full subcategories of excisive functors F: 8" — §
7298 c T8, T=98< TS

such that for every n, the map F(S”) — F(x) has n-connected, (resp. n-truncated) fibers. This defines a
t-orientation on TS, whose restriction to each fiber Ty 8 >~ Fun(X, Sp) consists of diagrams of connective,
(resp. coconnective) spectra. Furthermore, this 7-orientation is monoidal (the square zero monoidal
structure simply being the Cartesian product by Example 2.16). In particular, the heart T¥S can be
identified with the co-category of local systems of abelian groups. The inclusion T98 < T8 sends a local
system of abelian groups A to the corresponding parametrized Eilenberg—MacLane spectrum HA.

Let V be an SM oo-category with finite limits and suppose that TV carries a monoidal #-orientation. If O
is an oo-operad, we can use Proposition 2.17 to identify the Cartesian fibration 7 : T Algy (V) — Algy (V)
with Algy(TV) — Algy (V). Using this identification, consider the two full subcategories

T20 Algy (V) = Algo(T20V),  T=0 Algy (V) = Alg, (T="V),

where we view 729V and 7=V as full suboperads of TV. In other words, these are the full subcategories of
O-algebras in TV whose underlying objects (for every color x € O) are O-connective (resp. 0-coconnective)
in TV.

Proposition 2.25 These two full subcategories T=° Alg, (V) and T=<° Alg, (V) define a monoidal t-
orientation on T Alg, (V). For every color x € O, the forgetful functor x*: T Algy (V) — TV is t-exact, ie
it preserves both 0-connective and 0-coconnective objects.

Proof First, to see that the ¢-orientation is monoidal, note that the full subcategory T=° Alg (V) ~
Algy(T=0V) C Algy(TV) is closed under tensor products, since evaluation on the set of colors detects
tensor products of algebras.

Algebraic € Geometric Topology, Volume 25 (2025)



On k-invariants for (0o, n)-categories 737

To verify condition (1) of Definition 2.20, notice that a morphism in Algy(TV) is w-Cartesian if and only
if for every color x € O, its image under x*: Algy(TV) — TV is a Cartesian arrow [26, Corollary 3.2.2.3].
This immediately implies that for every Cartesian arrow in Alg,(TV) whose codomain is contained in
T=0 Alg,(V), the domain is contained in T<? Alg,(TV) as well.

For condition (2), consider the adjoint pair 7=V T L TV from Lemma 2.22. Since the inclusion
TZ0V — TV is symmetric monoidal, its right adJomt 7>9 inherits a lax symmetric monoidal structure
[26, Corollary 7.3.2.7]. We therefore obtain an adjoint pair at the level of O-algebras which is natural
with respect to restriction along maps of oo-operads O — O’ (see [26, Remark 7.3.2.13]). In particular,
both adjoints commute with the forgetful functor for each color x € O

T20 Algy (V) = Algy (T20V) T T Algo(TV)

ol |+

F=0y° T TV

Since the unit of the adjoint pair T=0V z TV is an equivalence and its counit maps to an equivalence in
V by Lemma 2.22, the induced adjunction on O-algebras restricts to an adjunction between the fibers
over an O-algebra 4

75° Algy(V) L I T4 Algy(V)

Tzo
x*J/ x*

e R
‘IZSAV 1 Tx*AV
>0

The left and right adjoint both commute with the forgetful functors and the unit of the adjunction is an
equivalence. In particular, it follows that an object E € T4 Algy(V) is

(a) contained in ‘Iio Algy(V) if and only if 75¢(E) ~ E

(b) contained in ‘J'f_l Algy (V) if and only if for every color x € O, x* E € T+ 4V is (—1)-coconnective,

ie T>0(x*E) =~ 0; in turn, this is equivalent to t>¢(E) >~ 0 in T4 Algy(V).
By [26, Proposition 1.2.1.16], the subcategories ‘J’io Algy (V) and ‘J’fo Algy (V) then determine a ?-
structure on T4 Alg,(V) if and only if the essential image of
T>0: T4 Algo (V) = T4 Algy(V)

is closed under extensions. Since this functor is idempotent, (a) identifies its essential image with
‘J’EO Algy(V), which is closed under extensions because the forgetful functors x* (which detect connec-
tivity) preserve extensions and each ‘J’ff 4V is closed under extensions. |

In the remainder of this section, we will show that for a large class of presentable co-categories V, the
connective objects for the canonical z-orientation on TV (Example 2.21) admit a simpler combinatorial
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description than that of an excisive functor. To this end, let us start by recalling that every E € TxV
defines a reduced excisive functor E: 8ir — V /x - Restricting E to the full subcategory of finite pointed
sets, we obtain a very special I'-space object in V,x in the sense of Segal, whose underlying object is
Q% (E). Indeed, for any two finite pointed sets S, T, the pushout square of finite pointed spaces (in fact,

sets)
SvTl ——xVvT

L

SVk — %

induces an equivalence E(S v T) — E(S) x E(T), from which the grouplike Segal conditions follow.
In other words, 2°°(E) has the structure of a grouplike [ -monoid in the sense of [8].

Conversely, in the presence of loop space machinery, every grouplike [E ,,-monoid arises from a spectrum.
For later purposes, let us make this slightly more precise: suppose that V is a presentable oo-category and
let

Grp(V) € Fun(A?,V), Grpg_ (V) € Fun(Fins, V)

denote the co-categories of grouplike monoids, (resp. grouplike E ,-monoids) in V. Both arise as full
(reflective) subcategories of diagrams satisfying the grouplike Segal conditions [23, Definition 7.2.2.1;
26, Section 2.4.2, Definition 5.2.6.2; 8]. In addition, there is an adjoint pair

(2-6) B:Grp(V) L' Vu:Q

where the left adjoint sends a grouplike monoid to its bar construction and the right adjoint sends a pointed
object in 'V to its loop space (endowed with the group structure coming from the usual cogroup structure
St stvsh,

Definition 2.26 Let V be a presentable oo-category. We will say that V has loop space machinery if it
satisfies the following conditions:

(1) The Cartesian product V x V =5 preserves geometric realizations.

(2) The unit of the adjunction (2-6) is an equivalence.

We will say that V has parametrized loop space machinery if each slice oo-category V, x has loop space
machinery.

Example 2.27 Note that V has loop space machinery if and only if V,, has loop space machinery.
Using this, one readily sees that all co-toposes and stable presentable co-categories have parametrized
loop space machinery. More generally, a prestable presentable co-category (ie the connective part of a
t-structure on a stable co-category [25, Section C.1]) has parametrized loop space machinery. If V has
(parametrized) loop space machinery and U : W — V is a right adjoint functor preserving sifted colimits
and detecting equivalences (in particular, it is monadic), then W has (parametrized) loop space machinery.

Algebraic € Geometric Topology, Volume 25 (2025)



On k-invariants for (0o, n)-categories 739

Recall that a simplicial object A°? — D in some co-category D is said to be n-skeletal if it is left Kan
extended from A(gn C AP,

Proposition 2.28 LetV be a presentable co-category with loop space machinery and consider the adjoint
pair
B:Grpg_ (V) I Sp(V) = Excreq(Si1, V) : Q%
whose right adjoint restricts a reduced excisive functor along the inclusion i : Finy, — 8fi". Then the left
adjoint B is fully faithful and a functor F: 8" — 'V lies in its essential image (in particular, it will be
reduced excisive) if and only if it satisfies the following two conditions:
(1) Its restriction to Finy satisfies the grouplike Segal conditions.

(2) It preserves all finite geometric realizations, ie colimits of simplicial diagrams that are n-skeletal
for some n.

Before turning to the proof of Proposition 2.28, let us mention some consequences:

Definition 2.29 For a presentable co-category V, let us say that a functor A: Fin, — V is a Segal
Eo-groupoid if for any two finite pointed sets S, T € Finy, the square

ASVT)—— A(xVvT)
A(S V %) —— A(%)

is cartesian. We will write Gpdg__ (V) € Fun(Finx, V) for the full subcategory on the Segal [E oo -groupoids.
A Segal Eo-groupoid in V with A(*) = X is equivalent to a grouplike Eoo-monoid in V, x.

Corollary 2.30 LetV be a presentable co-category with parametrized loop space machinery. Then the
following hold:
(1) There is a relative adjoint pair
B

Gpdg_ (V). LT 7TV =Exc(S™V)

oo
€V /

A%
whose right adjoint restricts an excisive functor along the inclusion i : Fin, — 81",

(2) The left adjoint B is fully faithful and a functor F : 81" — 'V lies in its essential image (in particular,
it will be excisive) if and only if it preserves finite geometric realizations and i * F is a Segal
E »-groupoid.

(3) The connective part TZ0YV of the canonical t-orientation (Example 2.21) on TV coincides with the
essential image of B.
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Proof Each excisive functor E: 8" — 'V can also be considered as a reduced excisive functor with
values in V, g (x). The restriction to Fins then defines a grouplike [Eo-monoid in V, g («), or equivalently,
an Eoo-groupoid in V. It follows that there is a well-defined functor Q°°: TV — Gpdg__ (V) compatible
with the projections to V. For each X € 'V, the induced functor between fibers admits a fully faithful left
adjoint by Proposition 2.28 (applied to V, x).

For (1), we now note that the projections evs and 7 are both Cartesian fibrations, so that 2°° admits
a relative left adjoint B [26, Proposition 7.3.2.6]. For (2), note that B is given fiberwise by the fully
faithful left adjoint from Proposition 2.28. Since 7 and ev, are also co-Cartesian fibrations, this implies
that B is fully faithful (by [23, Proposition 2.4.4.2]) and that its essential image is as asserted in (2).

For (3), the proof of [26, Proposition 1.4.3.4] shows that it suffices to verify that the essential image of
B: Grpg_ (V,x) <> JxV is closed under extensions. For this, we just need to verify that the additive
presentable co-category Grpg__ (V) x) satisfies the following condition [25, Proposition C.1.2.2]: for
eachmap ¥ — X Z in Grpg__(V,x) to a suspension with fiber F — Y, the natural map O LLp ¥ — X Z
from the cofiber is an equivalence. To see this, consider the following diagram in Grpg__ (V,x):

 FOZOZ—FF®Z—3F——Y
| R
e Z®L——2Z——30——3%Z
Here the bottom row is the standard augmented simplicial object that computes ¥ Z as a geometric
realization of coproducts (by restricting along the cofinal functor (A / A%)Op — A% and taking the left Kan
extension along the left fibration (A / A%)"P — A°P). The top row is obtained from the bottom row by base
change along ¥ — XZ and each of the left vertical maps can be identified with the evident projection
onto a summand. However, note that the simplicial structure of the top row is not just the direct sum of
the bottom row and the constant diagram on F'.

Since the forgetful functor Grpg__ (V,x) — V,x detects geometric realizations and 'V has parametrized
loop space machinery (so that the fiber product xyz preserves geometric realizations), the top row is
then a colimit diagram as well. The canonical map 0 LI Y — X Z is then an equivalence, since it can be
identified with the geometric realization of the natural equivalence of simplicial objects

OUr (F®Z%)— 7% i
Corollary 2.31 LetV be a presentable SM oco-category with parametrized loop space machinery. Then

there is a commuting square of presentable SM oco-categories and symmetric monoidal left adjoint functors

Fun(Finy, V) L> Fun($fin, V)

| [

Gpdg_ (V) — 22— TV

where the top co-categories come equipped with the levelwise monoidal structure and the vertical functors
are monoidal localizations. In particular, the canonical t -orientation (Example 2.21) is monoidal.
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Proof Corollary 2.30 already provides the desired square of presentable co-categories and left adjoints
without monoidal structures. Here the functors Fun(Fin, V) — Gpdg__ (V) and Fun(8fi", V) — TV
are the localizations whose right adjoints are the evident inclusions of the full subcategories of Segal
[E o-groupoids and excisive functors. Since B is a fully faithful functor, the localization Fun(Finy, V) —
Gpdg__ (V) precisely inverts the class W of maps that are sent to equivalences by (—)*“o1i.

To refine this commuting square to a commuting square of SM functors, observe that Fin, and 8" both
admit finite coproducts (given by wedge sums) and that the inclusion i : Finy < 8fi" preserves coproducts.
Lemma 2.9 now implies that iy : Fun(Finy, V)® — Fun(8f", V)® admits a natural SM structure (adjoint
to the SM structure on i *). The functor (—)*¢ is an SM localization by Proposition 2.10.

Since (—)%*¢oi is monoidal, the class W of arrows in Fun(Fin,, V) is closed under the tensor product
with an object. It follows that the localization Fun(Finy, V) — Gpdg__(V) is a symmetric monoidal
localization [26, Proposition 4.1.7.4]; the functor B : Gpdg__ (V) — TV then has a unique SM structure
making the square commute.

For the conclusion about the canonical 7-orientation being monoidal, note that Gpdg__ (V) < TV is a
fully faithful symmetric monoidal functor whose essential image coincides with 7=%V by Corollary 2.30.
This implies that T=%V contains the monoidal unit and is closed under the tensor product, as desired. O

Let us now turn to the proof of Proposition 2.28, which requires some preliminaries.

Lemma 2.32 Leti: Fin, — 8" be the natural fully faithful inclusion. Then restriction and left Kan
extension define an adjoint pair

iy: Fun(Fink, V) _ L ' Fun(8fi", V) :i*

whose left adjoint is fully faithful. The essential image of iy consists exactly of those functors F : 8" — V
that preserve finite geometric realizations.

Proof Note that i) is fully faithful because i is. To identify the essential image, let us factor the Yoneda
embedding as
Finy —— 8 L5 P(Fin,),

where j sends T € 8fi" to Mapgin (i (—), T'). Note that for each finite pointed set S € Fin, the functor
Mapgin (i (S), —) preserves all finite geometric realizations in 8fin since it sends 7' — T*!SI=1, Conse-
quently, j preserves finite geometric realizations as well. Since every finite pointed space is the geometric
realization of some n-skeletal simplicial diagram in Fins and the Yoneda embedding is fully faithful on
Fin,, it follows that j is fully faithful.

We then have a sequence of adjunctions given by restriction and left Kan extension

0 J

Fun(Fins, V) 7L Fun(8™, V) I Fun(P(Finy), V)
i* j*
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where the left adjoints are fully faithful. By [23, Lemma 5.1.5.5], the essential image of j,i) coincides
with those functors P(Fin,) — V preserving all colimits. Consequently, the essential image of i) consists
of those functors whose left Kan extension along j defines a colimit-preserving functor P(Finy) — V.

Since j preserves finite geometric realizations, it follows that any functor in the image of i) preserves
finite geometric realizations. Conversely, given F: 8" — 'V preserving finite geometric realizations, we

have to verify that the counit map
hi*F(T)— F(T)

is a natural equivalence for 7' € 8fi". The domain and codomain both preserve finite geometric realizations
in T. Since each T is the realization of a finite simplicial diagram in Fin,, we can reduce to the case
where T € Fin,. But F and i\i * F agree on finite pointed sets by construction. |

Recall that S arises as the geometric realization of the 1-skeletal (finite) pointed simplicial set
N.(A'/OAY): A% — Fin,,

given explicitly in simplicial degree n by the finite pointed set (rn) with n + 1 elements [31, page 295].
For every S € 8fin, the levelwise smash product N,(A!/dA!) A S then determines a simplicial diagram
in 8", given in degree n by the n-fold wedge sum (n) A S = SV".

Lemma 2.33 Suppose thatV is a presentable co-category with loop space machinery and that A :Finy, —V
satisfies the grouplike Segal conditions. Let F = iy A: 8i" — V be its image under the left adjoint from
Lemma 2.32. For each S € 8fi", the simplicial diagram

F(NJAYJAAY)Y A S): AP -V

endows F(S) with the structure of a grouplike monoid in the sense of [23, Definition 7.2.2.1].

Proof Consider the functor Q: 8" — Fun(A°P, V) sending S to F(N,(Al/dA) A S). We have to show
that Q takes values in the full subcategory Grp(V) C Fun(A°P,V) of simplicial objects satisfying the
grouplike Segal conditions.

Observe that the full subcategory Grp(V) C Fun(A°P, V) of simplicial objects X satisfying the group-
like Segal conditions (ie the grouplike Segal maps X(n) — X (1)*" are equivalences) is stable under
geometric realizations: for every simplicial diagram X, in Fun(A°P,V), the grouplike Segal maps
| Xo(n)] = | Xo(1)|*" are equivalent to the geometric realizations of simplicial diagram of Segal maps
X.(n) = X.(1)*". On the other hand, the functor Q preserves finite geometric realizations since F
preserves finite geometric realizations (Lemma 2.32). Since every object in 8fi" is the geometric realization
of a k-skeletal simplicial diagram of finite pointed sets, it thus suffices to show that F(N,(Al/9A) A S)
is a grouplike monoid when S is a finite pointed set.

When S = (m), the simplicial object F(N,(A!/dAl) A (m)) can be identified explicitly as follows: it is
obtained from A((—)A(m)):Fin, — V by restricting along the functor N,(A!/dA!): A°’ — Fin, from [31,
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page 295]. Since A satisfies the grouplike Segal conditions, A((—) A (m)) >~ A(—)*™ satisfies the group-
like Segal conditions as well. The simplicial object obtained by restriction then satisfies the grouplike Segal
conditions as well (as asserted somewhat implicitly in [loc. cit.]; see in particular Proposition 1.5 there). O

Proof of Proposition 2.28 Consider the adjoint pair (i, *) from Lemma 2.32. We claim that for every
A: Fin, — V satisfying the grouplike Segal conditions, the functor F := i)(A4): 81" — V is reduced
excisive. Assuming this, the adjoint pair (i, *) simply restricts to an adjoint pair between spectra and
grouplike Eo-monoids, ie B =iy and 2°° = i*. The characterization of the essential image of B then
follows from Lemma 2.32.

To verify the claim, note that F (%) ~ A(x) ~ *, so F is reduced. Since * € 8fi" is the initial object, there
is a canonical lift F: 8fin _ V), such that postcomposing with the forgetful functor V, — V yields F:
indeed, F is simply given by the functor sending S to the pointed object x >~ F(x) — F(S) in V. Since
the forgetful functor V. — 'V preserves limits, the functor F is excisive if and only if F is excisive.

To see that F is excisive, it suffices to verify that for every S € 81", the natural map
(2-7) F(S)—> QF(S)

is an equivalence [26, Proposition 1.4.2.13]. Using that ©§ = S! A S is the geometric realization of
the 1-skeletal simplicial diagram N,(A!/dA!) A S and that F (and hence F) preserves finite geometric
realizations, we have that F (XS) is the bar construction of the group object from Lemma 2.33. The
map (2-7) can then be identified with the map underlying the canonical map of grouplike monoids
F(S) — QB(F(S)), which is an equivalence because V has loop space machinery. |

3 Tangent bundles of stable co-categories

The purpose of this section is to spell out the various definitions from Section 2 in the case where V is a
stable or additive presentable co-category, for which the tangent bundle has a much simpler description.

3.1 Trivializing the tangent bundle

Let V be a pointed oo-category with finite limits and consider the full subcategory Ret C 81" on * and S°.
Then Ret is equivalent to the retract category [23, Definition 4.4.5.2] and there are functors

Tv -9, Fun(Ret, V) SRLLEN VISR

(3-1) l /

A%

Here the first horizontal functor is given by restriction and fib sends a retract diagram X — Y — X to the
tuple (X, Y xx *). The first functor exhibits TV as the fiberwise stabilization of Fun(Ret, V): for every
X €V the induced functor TxV — Fun(Ret, V)x 2~ (V,x)« on fibers over X exhibits its domain as the
stabilization of its target.
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Now suppose that V is an additive co-category. Then the functor fib is an equivalence, with inverse
sending (X,Y)to X > X ®Y — X (see eg [5, Lemma 1.5.12]). In this case, we therefore obtain an
equivalence

TV —— = S VxSp(V)
N

between TV and the fiberwise stabilization of V x 'V over V. For stable V, the situation is even simpler:

Lemma 3.1 IfV is a stable oo-category, then both G and fib are equivalences, so that there is an
equivalence TV ~V xV such that w(X,Y) ~ X and Q®°(X,Y)~ X @Y.

Proof The functor fib is an equivalence since 'V is additive, so that the fibers of Fun(Ret, V) are equivalent
to 'V and hence already stable, which in turn implies that the functor G exhibiting the fiberwise stabilization
is an equivalence (see [16, Corollary 2.2.5] for a similar argument). O

Lemma 3.2 LetV be an additive presentable co-category and let ©°°: 'V — Sp(V) be the left adjoint
functor exhibiting Sp(V) as the stabilization of V. Then the following induced square of tangent categories
is Cartesian:

T 7(5 )
v E% L sp(v)

Proof The left adjoint functor 3°°:V — Sp(V) commutes with the functor fib because one can identify
Y xx 0 >~ Y Ly O for a retract diagram X — Y — X. This implies that the functor T(X°°) is obtained
from the functor £°° x X9°: V xV — Sp(V) x Sp(V) by stabilizing the second factor, which readily
implies the result. O

3.2 Square zero monoidal structure

If V is a stable presentable SM co-category, then the square zero monoidal structure on TV >~V x V
(Definition 2.14) can be made more explicit using the following:

Definition 3.3 Let D be a presentable SM oo-category. We will say that an object D € D is square zero
if the canonical map @ — D ® D from the initial object is an equivalence and denote by SqZ(D) € D
the full subcategory on the square zero objects. Note that every SM left adjoint F: D — D’ restricts to a
natural map F: SqZ(D) — SqZ(D’).
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Recall that the co-category of V-linear SM oo-categories is given by the oo-category CAlgy, (Prt) ~
CAlg(Prt)y , of presentable SM oo-categories D equipped with a symmetric monoidal left adjoint functor
V—D.

Definition 3.4 Let W be a V-linear SM oo-category together with a square zero object M € W. We say
that this exhibits W as the free V-algebra on a square zero object if for each D € CAlgy (Pr"), evaluation
at M defines a natural equivalence

evys : Fund (W, D) — SqZ(D).

Remark 3.5 Consider a pushout square in CAlg(Pr")

V1—>V2

o

Wl T)Wz

If M € W; exhibits W1 as the free V;-algebra on a square zero object, then f(M) exhibits W, =~
V) ®v, Wi as the free V,-algebra on a square zero object: indeed, the evaluation at f (M) factors as two
equivalences:

f* ev
ev sy Fun§ (V; @y, Wy, D) —— Fun® (Wy, D) —5 SqZ(D).

Proposition 3.6 There exists a free S-algebra S[¢] on a square zero object. Furthermore, the functor
{A, M} — §[€]

that sends A to the monoidal unit and M to the (universal) square zero object, exhibits S[e] as the free
presentable oo-category on the two-element set {A, M }.

In particular, the tensor product functor ®: 8[e]| x 8[e] — S[e] is the unique functor preserving colimits in
each variable given on generating objectsby AQ A=A, AQM=MA=Mand M QM = I is
the initial object.

Proof First, let Fin® be the category of finite sets and bijections, with monoidal structure given by
disjoint union. By [26, Proposition 2.2.4.9], the inclusion of the 1-element set {1}: * — Fin®J exhibits
Fin®J as the free symmetric monoidal co-category on *. By [26, Corollary 4.8.1.12] (and the fact
that Fin® ~ Fin®i-°P), the co-category Fun(Fin®!, 8) of symmetric sequences admits a unique closed
symmetric monoidal structure such that the Yoneda embedding

Finl /> Fun(Fin®¥, 8)

admits a symmetric monoidal structure. In particular, the (co)representable /¢ on the empty set is the
monoidal unit and the universal property of (Fin®”, IT) and [26, Proposition 4.8.1.10] imply that the map
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{h1}: * — Fun(Fin®, 8) exhibits Fun(FinJ, §) as the free presentable SM oco-category on *. Finally,
[26, Remark 4.8.1.13] asserts that the resulting symmetric monoidal structure on Fun(Fin®J, 8) is in fact
given by Day convolution.

Let us now denote by S[e] the (reflective) localization of symmetric sequences at the set of maps @ — hy,
from the initial object, for all 7 > 2. Then 8[¢] C Fun(Fin®J, 8) is the full subcategory of symmetric
sequences X such that X(n) =~ x for all n > 2. In particular, the functor {4, M } — S[e] sending A — hy
and M +— h; exhibits §[¢] as the free presentable co-category on {4, M }.

For any m > 0 and n > 2, the map @ ® hy, — h, ® hy, is equivalent to the map @ — hy4m, so (by
the same argument as in Proposition 2.10) this exhibits S[¢] as a symmetric monoidal localization of
Fun(Fin®V, 8). By the universal property of symmetric monoidal localizations, the square zero object
hy € §[€] then realizes S[e] as the free presentable SM co-category on a square zero object. |

Corollary 3.7 For every presentable SM oco-category 'V, there exists a free V-algebra V[e] on a square
zero object.

Proof Proposition 3.6 provides the existence of the free S-algebra on a square zero object S[e]. By
Remark 3.5, V ®g S[e] then provides the free V-algebra on a square zero object. |

Remark 3.8 Let V be a presentable SM co-category. Then the free V-algebra V[e] on a square zero object
can also be described in terms of a variant of the Day convolution product applicable to promonoidal
oo-categories, as developed in recent work of Nardin and Shah [28]. More precisely, one can check that
the 2-colored operad M Com for commutative algebras and modules is such a promonoidal (co-)category.
Since the underlying category of MCom is simply the set {4, M}, this endows Fun({4, M }, V) with a
Day convolution product which has the property that
(hi®C)®(ha®D)=hq ®(C ® D),

(ha®C)®(hy ® D) =hy ® (C ® D),

(hy ®C) @ (hy @ D) = 2.
In particular, the square zero object /s ® 1y induces a symmetric monoidal functor from V[e] to this Day
convolution, which is easily seen to be an equivalence. The universal property of the Day convolution
therefore implies that for any co-operad O, there is a natural equivalence

Algy (V[e]) 2 Algoxaicom (V).

The oo-operad MO = O x MCom is the oo-operad for O-algebras and (operadic) modules over them
[16; 20]. Combining this with Propositions 2.17 and 3.10 below, one finds that T Algqy (V) >~ Algyq (V)
for every stable presentable SM oco-category 'V (see also [4; 26; 30]).

We will now relate the free V-algebra on a square zero object to TV:
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Construction 3.9 Let V be a stable presentable SM oo-category and consider the cofiber sequence of
excisive functors
e ® 1y 2% hgo @ 1y — My,

where i ® id is the canonical map of corepresentables induced by * — S°. Lemma 2.13 shows that the
pushout-product of /1, ® 1y — h go ® 1y with itself in Fun(8fi", V) is a TV-local equivalence. Consequently,
the pushout-product map in the monoidal localization TV becomes an equivalence. Since the cofiber of a
pushout-product map is the tensor product of the cofibers (see eg [12, Theorem 6.2] for a proof at the
level of stable monoidal derivators), it follows that My ® My ~ 0 in TV.

Proposition 3.10 Let 'V be a stable presentable SM oo-category and consider TV as a V-linear SM
oo-category via the left adjoint V — TV to the projection. Then the square zero object My € TV exhibits
TV as the free V-algebra on a square zero object.

Proof Since V is a stable presentable SM oco-category, the canonical SM left adjoint § — 'V factors
canonically over spectra [26, Corollary 4.8.2.19]. This gives rise to the following diagram in CAlg(Pr"):

S Sp v

T8 T Sp TV

Here each composite vertical functor is the left adjoint to the projection (ie taking constant 8fi"-diagrams).
For 'V and the oco-category of spectra, this left adjoint factors over the free algebra on a square zero object:
¢ is the functor classifying the square zero object Ms, € T Sp and ¢y classifies My. Since the functor
T Sp — TV is a monoidal left adjoint, it sends Ms, to My so that the diagram commutes.

Now notice that by Proposition 2.18, the total square and the left rectangle are both pushout squares in
CAlg(PrY). On the other hand, Remark 3.5 shows that the top right square is co-Cartesian. It therefore
follows that the bottom right square is co-Cartesian as well. Consequently, ¢y is an equivalence as soon
as ¢ is an equivalence, so we can reduce to the case V = Sp. In this case, let us consider the composite
functor

{A, M} — 8[e] — Sple]

sending A to the monoidal unit and M to the universal square zero object. Proposition 3.6 asserts that the
first functor exhibits S[e] as the free presentable co-category generated by {4, M } and Remark 3.5 and
[26, Proposition 4.8.2.18] imply that the second functor exhibits Sp[e] as the stabilization of S[¢]. The
composite therefore exhibits Sp[e] as the free stable presentable co-category generated by {A4, M }.

Algebraic € Geometric Topology, Volume 25 (2025)



748 Yonatan Harpaz, Joost Nuiten and Matan Prasma

Now observe that by construction the monoidal functor
¢:Fun({A, M}, Sp) >~ Sple] = T Sp

is given on generators by ¢ (hyg) = lgsp = hs ® 1sp and ¢ (hpyr) = Msp = cof(hs @ 1sp — hgo ® 1sp).
It follows that the right adjoint to ¢ is given by the composite functor T Sp — Fun(Ret, Sp) — Sp x Sp
appearing (3-1), which is an equivalence since Sp is stable. We conclude that ¢ is an equivalence, as
desired. O

Remark 3.11 If V is an additive presentable SM oo-category, its stabilization Sp(V) carries an induced
symmetric monoidal structure and £°°: 'V — Sp(V) is a symmetric monoidal functor [8, Theorem 5.1].
The pullback square of Lemma 3.2 then becomes a pullback square of SM oo-categories. Proposition 3.10
then provides an explicit description of the square zero monoidal structure on TV >~ 'V x Sp(V), given
informally by the formula

(3-2) (C.E)®7v (D. F) = (C ®y D.(S%°C ®sy(v) F) @ (E ®sp(v) 5°D)).

Example 3.12 Let V be a stable presentable SM oo-category and suppose that O is a monochromatic
oo-operad in arity > 1, ie (928(’)) =@ and (‘)ﬁ) is a category with (up to equivalence) one object. This implies
that Alg, (V) is pointed, ie the terminal algebra O is also the initial algebra (by [26, Proposition 3.1.3.13]).

For any A € Algy(V), T4 Algy (V) can be identified with the oco-category of operadic A-modules (see [16,
Corollary 1.0.5] or [26, Theorem 7.3.4.13]). Alternatively, Remark 3.8 identifies T Algy (V) =~ Algy o (V)
with the oco-category of O-algebras and modules over them.

Now, given such an A-module E, the O-algebra 2°°(E) can be identified with the split square zero
extension A @ E. For any section n: A — A @ E, we then obtain pullback squares of the form

Q% (0, E[—1]) —— A —— Q®(4, E)

l L,

Q%(0,0) =0 —— A —" 4 Q%(A, E)

Here the map 0 — A is the initial map of O-algebras and total pullback arises as the image under 2°° of
the pullback in T Algy (V) >~ Algyo (V) of the map (A4, 0) — (A, E) along the initial map (0, 0) — (4, E).
In particular, 2°°(0, E[—1]) is the image of an O-algebra (0, £[—1]) under the nonunital lax symmetric

monoidal functor
QX: TV =TV xp{0} > TV—>V,

where the first functor is the inclusion of the nonunital SM sub-oo-category from Remark 2.15. We have
seen there that the tensor product on T,V is null-homotopic, so that each operation in O of arity > 2
acts on (0, E[—1]) by a null-homotopic map. Consequently, the resulting map A, — A indeed behaves
like a square zero extension in the sense of algebra: its fiber 2°°(0, E[—1]) is an O-algebra on which all
operations in O of arity > 2 act by null-homotopic maps (see [26, Proposition 7.4.1.14]).
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3.3 t-orientations

Let us conclude with some remarks about ¢-orientations on tangent bundles of additive and monoidal
oo-categories.

Example 3.13 Let V be an additive presentable co-category, so that TV >~V x Sp(V) (Lemma 3.2). Then
any ¢-structure on Sp(V) determines a ¢-orientation on TV. Now suppose that V is furthermore symmetric
monoidal and recall that the square zero tensor product on TV can be identified with the tensor product on
V x Sp(V) given by Remark 3.11. From this description, one sees that a ¢-structure on Sp(V) determines
a monoidal t-orientation on TV if and only if Sp(V)=? is closed under taking the tensor product in Sp(V)
with objects of the form X°°(X), for X € V.

Example 3.14 Suppose that V is an additive presentable co-category and consider the canonical -
orientation on TV =~ V x Sp(V) (Example 2.21). A tuple (C, E) is then contained in T=~1V if and only
if Q°°(E) = 0in V. The proof of [26, Proposition 1.4.3.4] shows that (C, E) € 7=V if and only if E is
contained in the smallest subcategory of Sp('V) which is closed under colimits and extensions and contains
all ¥*°(X) for X € V. If V is furthermore closed SM, then Example 3.13 shows that the canonical
t-orientation is monoidal.

When V is stable, the canonical z-orientation simply produces the trivial ¢-structure (T=0V = TV). If V is
prestable [25, Definition C.1.2.1], the canonical ¢-orientation has T7Z%V ~ V x V under the equivalence
TV >~V x Sp(V) [25, Proposition C.1.2.2].

Example 3.15 Suppose that V is a prestable SM oco-category and O an co-operad. Endowing TV ~
VxSp(V) with its canonical monoidal #-orientation and applying Proposition 2.25, we obtain a ¢ -orientation
on T Algy(V), and hence a t-structure on T4 Algy (V) for any O-algebra A. Under the identification
T4 Algy(V) >~ Mody (Sp(V)) from Example 3.12, this is simply the ¢-structure whose connective part is
given by Mody4 (V) € Modg4 (Sp(V)).

4 Postnikov structures

The goal of this section is to give an axiomatic description of a decomposition of an object in a nice
oo-category, together with the data of “k-invariants”, analogous to the Postnikov tower of a space.

Definition 4.1 Let V be an oco-category with finite limits. A Postnikov structure on an object X in V
consists of the following data:

(1) An infinite tower
X—> > X,—>—> X

of objects X, € V under X for a > 1, exhibiting X as the limit of {X,}4>1.
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(2) For each a > 2, an object K, : 8" — V in TV together with a Cartesian square

Xg —— n(Ky)

)

Xa_l k—> QOOKa

exhibiting X, — X,—1 as a square zero extension (see (2-2)).

The convention to start at @ = 1 is rather arbitrary, and in various cases it can be more natural to start at
a=0.

Warning 4.2 The notion of a Postnikov structure on an object X is a priori unrelated to the tower of
truncations of X, ie its underlying tower need not be given by the Postnikov tower of X in the sense of
[23, Definition 5.5.6.23]. For example, Theorem 6.3 yields a Postnikov structure on an (oo, n)-category
C whose underlying tower consists of the homotopy categories ho(,; 44 ,)(€) and not on its truncations
T<n+a(C€) in Cat(so p)-

Warning 4.2 notwithstanding, we will see that a good source of Postnikov structures is given by the usual
Postnikov tower together with its k-invariants:

Example 4.3 The motivating example of a Postnikov structure is the usual Postnikov tower of a space X,
together with the data of its k-invariants. In this case, X, = 1<, X and the K, are given by the (suspended)
parametrized Eilenberg—-MacLane spectra K, = 4T Hz, (X) over <1 X. We will come back to this in
Example/Proposition 4.15.

To study naturality of Postnikov structures, it will be convenient to organize the data of an object X
equipped with a Postnikov structure into a single diagram 7 : &€ — V. To this end, let us start by recalling
the following definition:

Definition 4.4 Let ¢: C — D be a functor of co-categories. We will denote by M(¢) the domain of the
co-Cartesian fibration classified by ¢: Al — Cateo. By [23, Lemma 3.2.3.3], M(¢) can be identified with
the mapping simplex [23, Section 3.2.2], ie it can be identified with the pushout of co-categories

M(¢) :=D Upyxe Al x C.

Using the co-Cartesian fibration M(¢) — A, one can understand M (¢) as follows: an object of M (¢)
is either an object of C or an object of D, and for each ¢, ¢’ € € and d,d’ € D we have

Mapyy(g)(c, ¢’) = Mape(c, '), Mapyyy)(c,d) = Mapy (¢(c), d),
Mapysp)(d.d") =Mapy(d.d'), Mapyg)(d.c) =2,

with the evident composition. Let us write ¢« : Al x € — M(¢) for the natural map into the pushout,
sending (0, ¢) to ¢ and (1, ¢) to ¢(c).
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Construction 4.5 For any integer a, let k4 : {a — (a — 1)} — 81" be the functor sending the walking
arrow a — (a — 1) to x — S9 and let &, = M (k) be its mapping simplex. As in Definition 4.4, we
will identify the objects of &, with the objects of 8", together with two additional objects a, a — 1. The
functor o4« : Al x {a — a — 1} — €, is then given explicitly by

02(0,a) =a, 0,00,a—1)=a—1, o4(l,a)=% oz(1,a—1)=S5".
For any integer m, let us then define €, as the pushout of co-categories

ng — [8m+1 H{m+1} Em+2 H{m+2} Em+z - ]

| |

(Z;pm)q 82”1

where the left vertical functor is the usual inclusion into the cone and the top horizontal functor sends
eachmapa — (a—1) in Zozpm to the corresponding nondegenerate arrow in €,. Given 7: €5, — V, we
then observe that:

e The restriction of T to 8" C &, corresponds to K.

e The restriction of 7 along o44: Al x {a — a — 1} C &, corresponds to the square

Xg — Ka(¥) = m(Kq)

(N

Xa—1 k_> Ka(SO) = Q% (Ky)

e The restriction of T to (Z(;pm)<1 C € encodes the tower X — -+ = Xp4+1 — Xm.
By default, we will take € = €.
Definition 4.6 We define the co-category of objects equipped with a Postnikov structure to be the full

subcategory
PoStr(V) € Fun(€, V)

of diagrams T for which (a) the restriction to each 8fi" C €, is excisive, (b) the restriction along each

0gx 18 a Cartesian square and (c) the restriction to (Z°>p1)<1 is a limit cone.

Remark 4.7 The conditions determining PoStr(V) inside Fun(&, V) assert that certain designated cone
diagrams Jof' — &, with J, contractible (either a span or Z;pl), are sent to limit cones. In particular,
PoStr(V) C Fun(€&, V) is closed under limits.

Evaluating at the cone point of the tower oo € (Z(;pl)<1 C €& determines a limit-preserving functor
eVoo: PoStr(V) — V.
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Definition 4.8 A Postnikov structure on an co-category 'V is defined to be a section ®: 'V — PoStr(V) of
the functor ev : PoStr(V) — V.

Warning 4.9 Note the distinction between a Postnikov structure on an object in an co-category V
(Definition 4.1) and a Postnikov structure on an co-category V: the former is a single diagram in 'V, while
the latter is a family of diagrams depending functorially on X € V. This should not cause any confusion,
since it is always clear from the context if we are dealing with a functor on V.

Definition 4.10 Let V be an SM oo-category and endow Fun(&, V) with the levelwise tensor product.
We define the co-operad of objects equipped with a Postnikov structure to be the full suboperad

PoStr(V)® C Fun(&, V)@«

spanned by the objects from Definition 4.8. A multiplicative Postnikov structure on 'V is a section of the
map eveo : PoStr(V)® — V& in the oo-category of co-operads.

Using that PoStr(V)® is a full suboperad of Fun(€, V)®, Definition 4.10 can be rephrased as follows:
a multiplicative Postnikov structure on V is a lax symmetric monoidal section ®: V — Fun(&, V)
of eveo: Fun(€,V) — V with the property that the underlying functor of ® is a Postnikov structure
(Definition 4.8).

Remark 4.11 In general, the co-operad PoStr(V)® need not be an SM oo-category.

Remark 4.12 Suppose that ®: V — Fun(&, V) is a multiplicative Postnikov structure. Restricting to
the copy of 8fi" C &, in level m, one obtains a lax monoidal functor K, (®): V — Fun(8f", V) taking
values in TV C Fun(8f", V). Since TV is a monoidal localization of Fun(8fi", V), each K, (®) defines a
lax monoidal functor V — TV to the tangent bundle, equipped with the square zero monoidal structure
(Definition 2.14).

Example 4.13 Suppose that the monoidal structure on 'V is given by the Cartesian product. Then the
levelwise monoidal structure on Fun(€, V) is the Cartesian monoidal structure as well. Consequently (see
[26, Section 2.4.1]), strong symmetric monoidal functors V — Fun(&, V) simply correspond to product
preserving functors V — Fun(€&, V), ie to functors V — Fun(&, V) each of whose components V — V
are product preserving. In particular, any Postnikov structure ®:V — Fun(&, V) on V whose individual
components ®; : V — 'V are product preserving canonically refines to a multiplicative Postnikov structure.

The main point of multiplicative Postnikov structures is that they induce such structures on categories of
algebras:

Proposition 4.14 Let O be an co-operad and let V be a symmetric monoidal co-category equipped with
a multiplicative Postnikov structure ®: "V — Fun(&, V). Then the induced map

Algy (V) 25 Alg (Fun(€, V)) ~ Fun(€, Algy (V)

is also a multiplicative Postnikov structure.
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Proof First, note that we can view € as an co-operad (with only unary operations), so that
Fun(&,V) >~ Alge (V).

By Remark 2.7, the symmetry of the Boardman—Vogt tensor product of oco-operads [26, Proposi-
tion 2.2.5.13] then induces a commuting diagram of symmetric monoidal co-categories

Algyg, e (V) = Algy(Fun(E, V)) = Fun(€, Algy(V)) = Algeg, 0 (V)

Algy (eVOO)J le\’oo

Algy (V) === Algy(V)

in which the horizontal arrows are equivalences. It follows that &, = Alg,(P) defines a lax symmetric
monoidal section of eve,. To see that @ takes values in the full sub-co-category PoStr(Algy(V)) €
Fun(€, Algy(V)), consider the commuting diagram

Algy (V) L Algy(Fun(€,V)) —= Fun(€&, Algy(V))

| | |

Fun(0(yy, V) T*> Fun(O 1, Fun(€, V)) —— Fun(¢, Fun(0(yy,V))

where Oy is the underlying oo-category of O [26, Remark 2.1.1.25]. Since the vertical functors preserve
limits and detect equivalences, the top horizontal composite defines a Postnikov structure if and only
if the bottom horizontal composite does (since an €-diagram is a Postnikov structure if it sends certain
subdiagrams to limit diagrams). But for the bottom horizontal composite this is clear, since limits are
computed pointwise. a

4.1 Examples

Together with Proposition 4.14, the main sources of examples of multiplicative Postnikov structures are
the following:

Example/Proposition 4.15 Let 8 be the oco-category of spaces. Then the Postnikov tower

X == 1<2(X) = <1(X),
together with its k -invariants, gives rise to a multiplicative Postnikov structure on (8, X).
Proof Since we consider & with the Cartesian monoidal structure, Example 4.13 shows that it suffices to
construct the Postnikov structure without its lax monoidal structure, and only check at the end that the
individual components are product preserving. Now the underlying Postnikov structure can be produced

at the level of simplicial sets (and is classical, see [6; 11]). Indeed, for every Kan complex X, let us make
the following definitions:
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(a) Let Py(X) = coskg+1(X) be the (a+1)-coskeleton and note that there is a canonical weak equiva-
lence P1(X) — N(IT{(X)) to the nerve of the fundamental groupoid.

(b) For every a > 2, there is a functor 74 (X): 11 (X) — Ab sending a vertex x of X to the corresponding
homotopy group. Let us recall that this homotopy group can be presented as quotient of the set of maps
of pointed simplicial sets (sk, A1, {0}) — (X, x) by pointed homotopy.

(c) For every pointed simplicial set S, taking the free reduced 7, (X )-module on its simplices yields a
simplicial IT; (X)-set 74 (X)®S : 11 (X) — sSet. Taking S = A" /sk,_1 A", this gives the functor sending
each vertex x of X to the classical (minimal) model for the Eilenberg—MacLane space K (74 (X, x), n).
Recall that the latter is characterized up to isomorphism by the following universal property: there is a
natural bijection between the set of maps of simplicial sets T — K (7r4 (X, x), n) and the set of n-cocycles
in the normalized cochain complex of T with coefficients in 7, (X, x).

(d) Recall that there is a classifying space functor (=), (x) from Fun(IT; (X), sSet) to simplicial sets,
given by the following explicit point-set model for the homotopy colimit: Y1y, (x) has n-simplices given
by tuples of xg — -+ — x5 in I11(X) and an n-simplex of Y (xo). In particular, ()11, (x) = N(IT1 (X))
is the nerve of the fundamental groupoid.

(e) Let sSet™ denote the full subcategory of pointed simplicial sets whose image in the co-category S
of pointed spaces is finite. We then define Ky ,: sSet" — sSet by

Kx.o(T) = [7a(X) & (T A S**D]pm, x)-
where S4T1 = A9t gk, AT,
(f) By [6, 1.2(vi)], there is a natural map of simplicial sets for each a > 2
ka: Pa—1(X) > Kx,a(S°) = [K(7a(X), a + Dlam, (x)-

Explicitly, this map is given as follows. The simplicial set Kx ,(S°) is (a+1)-coskeletal and the
map Ky ,(S® — N(IT; (X)) induces an isomorphism on a-skeleta. The map k, then coincides with
P, 1(X)— P1(X)— N(IT1(X)) on the a-skeleton, and sends an (a+1)-simplex of P;—;(X), ie a map
0 :skg ATl — X | to the associated element in 7, (X, 5 (0)) (see point (b)).

By construction, the map k, is trivial on all (a+1)-simplices in P,—;(X) that arise as the image of an
(a+1)-simplex in P4(X), so that there is a commuting square

Pa(X) — KX,a(*)

(4-1) l l"

Pa—1(X) —— Kx.a(S%)

For any Kan complex X, the functor Kx , preserves weak equivalences of simplicial sets and hence
determines a functor of co-categories Kx 4: 8i" — 8. It is straightforward to verify the conditions of
Proposition 2.28, which imply that Ky , is excisive because 8§ admits loopspace machinery (Example 2.27).
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Furthermore, the square (4-1) defines a pullback square in the co-category & by [6, Lemma 2.3] and
the sequence X — -+ — Pg(X) — P4s—1(X) — --- is a homotopy limit sequence. It follows that the
above construction defines, for every Kan complex X, a simplicial model for a Postnikov structure on the
underlying object in the co-category 3.

All of the above data is strictly functorial in maps of Kan complexes and sends weak equivalences to
pointwise weak equivalences of simplicial sets. It therefore defines a section

eVoo

$< s PoSt(8)

on oo-categorical localizations, as desired. To verify that the individual components of this tower are

product preserving we note that:

(1) For each a > 1 the Postnikov piece functor P,(X) is product preserving. Indeed, on the level of Kan

complexes it is given by cosk, (—), which is product preserving on the nose.
(2) Foreacha >1and T € 8fi", the functor
X > Kxo(T) = (a(X) & (T AS“TH)m, (x)
is product preserving. Indeed, this follows from the fact that:
e [II;(—) is product preserving.
 Taking a™ homotopy groups is product preserving when considered as a functor from pointed

spaces to abelian groups. In other words, the map 7, (X X Y, (x, y)) = 74 (X, x) X w4(Y, y) is an
isomorphism.

e For a fixed finite set I the functor A = A ® I = A’ from abelian groups to sets is product
preserving.

¢ Products in spaces commute with homotopy quotients in each variable separately. Indeed, for

two diagrams of simplicial sets X : § — sSet and Y : H{ — sSet indexed by groupoids, the map
(X X Y)n(gx3c) = Xpg X Ypg¢ is an isomorphism by the explicit formula from (d).

It follows that the Postnikov structure is multiplicative. a
Example 4.16 The multiplicative Postnikov structure of Example/Proposition 4.15 is not just lax
symmetric monoidal, but strongly symmetric monoidal, as mentioned in its construction: it is a product

preserving functor ®: & — Fun(&, 8). It follows that for any small co-category with finite products T,
the oo-category Fun™ (T, 8) of product preserving functors T — 8 comes with a Postnikov structure

Fun™ (7, 8) LN Fun™ (T, Fun(€, 8)) ~ Fun(€, Fun™ (T, §)).

For every A € Fun™ (7, 8), this provides a refinement of the tower A — - -- — 7<» A — <1 A of truncations
of A. In particular, when T is an algebraic theory, this shows that T-algebras over in & have Postnikov
towers equipped with k-invariants (see [10] for algebras over simplicial operads).
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Example 4.17 Let X be an oco-topos in which Postnikov towers converge [23, Definition 5.5.6.23],
ie X — lim, t<,X is the limit of its full subcategories of truncated objects (this implies that X is
hypercomplete). In this case, there exists a reflective localization L : Fun(C°P, §) Z X :i such that L is
left exact and preserves (limits of) Postnikov towers. We then obtain a Postnikov structure on X

x - Fun(C, 8) LN Fun(C°?, Fun(€&, 8)) ~ Fun(&, Fun(C?, §)) LN Fun(&, X).

Indeed, this sends every object X € X to the Postnikov structure of the presheaf i(X) (applying
Example/Proposition 4.15 pointwise in C), and then applies L to the resulting diagram of presheaves. Since
L is left exact and preserves Postnikov towers, the resulting £-diagram in X is indeed a Postnikov structure.

Observation 4.18 The proof of Example/Proposition 4.15 admits the following modification: let
87~ C § be the full subcategory consisting of those spaces X such that each homotopy group 71 (X, x)
is abelian and acts trivially on the higher 7, (X, x). Then there exists a multiplicative Postnikov structure

8§77 _; PoStr(§™ %) C PoStr(8)

whose value on a space X is the Postnikov structure X — --+ — <1 X — 7o(X) including the zeroth
stage. Furthermore, the k-invariants are given by maps

ka:t<a—1X — Q% (Ka(X)),

where K, (X) is the parametrized spectrum over 7o(X ) whose fiber over x € 7o (X ) denotes the suspended
Eilenberg—MacLane spectrum H (7, (X, x))[a—+1]. Indeed, this follows from the fact that the category of
simplicial sets with homotopy type in 87~ is closed under coskeleta and products, together with the
fact that the local system of homotopy groups from (b) arises as the pullback of a local system along the
map I (X) — mo(X).

Example 4.19 Let Mong__ (87 ) be the co-category of E-spaces whose underlying space has trivial
actions of my. Proposition 4.14 and Observation 4.18 imply that the Postnikov tower

A— - > 1A — 104
is part of a multiplicative Postnikov structure ®*® on (Mong__ (8™ —ab) ).

Let A be a grouplike Eo-space. Then A is in particular contained in Mong,__ (87 ~*"). The corresponding
Postnikov structure @jlb: & — Mong__ (8™ ) has the property that no(clﬁb) is the constant diagram
with value 7o(A4). In particular, QDZb takes values in the full subcategory of grouplike E ,-monoids. It
follows that the multiplicative Postnikov structure ®2 restricts to a multiplicative Postnikov structure on
grouplike [E -monoids, which fits into a commuting square

ab
Grpg,, (8) ——— PoStr(Grpg_ (8))
forget forget

gm—ab Observation 4.18 POStI‘(S)
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The Postnikov structure on the category of grouplike [ ,-spaces (or equivalently, connective spectra) from
Example 4.19 admits a generalization to more general complete Grothendieck prestable co-categories
[25, Definitions C.1.2.12, C.1.4.2].

Remark 4.20 Recall that a presentable co-category V is a complete Grothendieck prestable co-category
if and only if the left adjoint V — Sp(V) to its stabilization is fully faithful and exhibits V ~ Sp(V)=°
as the connective part of a left complete ¢-structure on Sp(V) with the property that the coconnective
part Sp(V)=0 C Sp(V) is closed under filtered colimits (see [25, Proposition C.1.4.1] and its proof). In
particular, this implies that V is an additive co-category and that the full subcategory of O-truncated objects
T<oV is an abelian category, equivalent to the heart Sp(V)“. As usual, we will write 7, X € Sp(V)" for
the homotopy groups with respect to the ¢-structure. Finally, we will say that amap f: 4 — B in 'V
is a-connective if its cofiber cof( f) € V C Sp(V) is (a+1)-connective (in other words, the (a+ 1)-fold
suspension of an object in V).

For later purposes, let us record the following properties of prestable co-categories:

Remark 4.21 Consider a square F: Al x Al — V in a prestable co-category in which all maps induce
isomorphisms on t<g. Then the square is Cartesian if and only if it is co-Cartesian in V. Indeed, the
condition that all maps induce isomorphisms in t<oV >~ Sp(V)® implies that the square is Cartesian in
V ~ Sp(V)=Y if and only if it is Cartesian in Sp(V), and likewise for being co-Cartesian. Since pullback
and pushout squares in Sp(V) coincide, the result follows.

Lemma 4.22 Let'V be an SM prestable oo-category such that the tensor product preserves finite colimits
in each variable and letn > 0 and a > 1. For each 1 <i < n, suppose we have an a-connective map
fi: Ai — B; and a 1-connective map g;: A; — A}, and let B} = A 114, B; be their pushout. For the
induced square

Q=1 Ai — Qi Aj

| |

®i=1 B — Qj=1 B
the natural map Q — ®?:1 Bl./ from the pushout is (a+2)-connective.

Proof We proceed by induction on 7, the case n = 1 being evident. The map i, can be factored as

n
P 6 / Bi®in—l /
in:On—> B ®0n—1 ——_)®Bi’

i=1

where the map 6 arises as the colimit of the following natural transformation of spans:

Q=1 A iy Ai Qi1 Bi

| | J

Bl @ Qj_p A} +—— B{ @ Qi—p Ai — B{ ® @, Bi
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Using that (a+3)-connective objects are closed under extensions in V, it suffices to verify that # and
B| ® in—1 are both (a+2)-connective. For B| ® i,_1, this follows by inductive hypothesis. To show that
cof(f) is (a+3)-connective, we can use the equivalence cof(4; — B]) =~ cof( f1) & cof(g1) to identify
the cofiber of the above natural transformation with

n n n
cof(f1) ® () A} < (cof(f1) ® cof(g1)) ® ) Ai — cof(g1) ® (X) Bi.
i=2 i=2 i=2
The maps are given by projections in the first factor and by tensor products of g; and f; in the other
factors. Taking the pushout of the above diagram, one therefore finds that

cof(6) ~ [cof(fl) ® cof(® gi)} @ [cof(gl) ® cof(® f,)]
i=2 i=2

It follows from [26, HA, Lemma 7.4.1.30] and our connectivity assumptions on the maps f; and g; that
both summands are (a+3)-connective, so that 6 is (a+2)-connective. |

Example/Proposition 4.23 Let "V be a complete Grothendieck prestable co-category and let us write
PoStr" (V) C PoStr(V) for the full sub-oo-category of objects equipped with a Postnikov structure (indexed
over all a > 0) with the following properties:

(a) Foreacha >0, the map X — X, exhibits X, >~ 1<, X as the a-truncation of X .
(b) Foreacha > 1, n(K,) is O-truncated and all maps in the pullback square

Xg —— n(Ky)

[

k
Xa—1 —— Q%®K,
induce isomorphisms on O-truncations.

(c) Foreacha > 1, the object K, € TV is contained in the connective part for the canonical t -orientation
(Example 3.14).

Then the map eV : PoStr" (V) — 'V is an equivalence. If 'V is furthermore closed SM, then ev, refines
to an equivalence PoStr"(V)® — V® between V® and the full suboperad of PoStr(V)® spanned by the
objects equipped with Postnikov structures satisfying the above properties.

In particular, each object A € V comes with a unique Postnikov structure satisfying the above three
conditions, and the resulting Postnikov structure on V carries a unique multiplicative structure if V is
symmetric monoidal. Let us point out that by Remark 4.21, the square (4-2) is also a pushout square.
Together with (a), this implies that for each @ > 1, the square (4-2) can be identified with the (co-)Cartesian

square
T<gA —— > wo(A)

(43) | |

kq
T<q—14 —— 70(A) @ 4t g (A)
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since the cofiber of the left (and hence right) vertical map is 7, (X)[a+1] and the right vertical map is
the inclusion of a summand (since it admits a retraction). Taking algebras, we then obtain the following:

Example 4.24 Let V be a complete SM Grothendieck prestable co-category and let O be an co-operad.
For example, one can take V = Sp=° to be the oco-category of connective spectra with the smash
product. Combining Proposition 4.14 and Example/Proposition 4.23, we find that the Postnikov tower
A—---—1<1A— 1<0A of an O-algebra in V is part of a (multiplicative) Postnikov structure on Algy (V).

By Example 3.12, this means that each stage of the Postnikov tower fits into a pullback square of O-
algebras (4-3), where m¢(A) ® 4T 17,(A) is the trivial square zero extension of 7¢(A) by the operadic
module X% *17,(A). By specializing to O = E,,, this recovers [26, Corollary 7.4.1.28].

The remainder of this section is devoted to a proof of Example/Proposition 4.23. To avoid repetition, let
us prove the claim for a symmetric monoidal V; the much simpler nonmonoidal case can be proven in the
same way, removing all references to the monoidal structure. Our proof will proceed by induction, where
the inductive step relies on an analysis of the co-operad of pullback squares (4-2). To this end, let us
introduce some auxiliary categories:

Construction 4.25 For each a > 1, let us denote by

€ai=M(ky), & :=M(k)),

the mapping simplices (Definition 4.4) of the functors k,: {a — (a — 1)} — 8fi", as in Construction 4.5,
and k/,: {a — (a — 1)} — Finy sending a > x and (a — 1) = S°. Note that £ is an ordinary category,
since it is the unstraightening of a diagram of ordinary categories. In particular, Definition 4.4 provides a

full description of £, without need of specifying further homotopy coherences.
Now consider the chain of functors
(4-4) a:*L>A2<L>8§“L>€a,
where j is the inclusion of the full subcategory {a — (a —1) — *} in £ (using the description from
Definition 4.4) and 7 is the cobase change of the inclusion i : Fin, <> 8fin,
Definition 4.26 Let us denote by
Ext® < Fun(&,, V)®,  Ext™® < Fun(EXM, V)®,  Trun® < Fun(A?, V)®,
the three full sub-oco-operads defined as follows:

(D) Trunf’ is spanned by sequences 7, — Ty —1 — Tx with T, € 1<,V and exhibiting 7,1 ~ 1<4—17,
and Ty >~ 1<07Ty.
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(2) Extzn’® is spanned by the diagrams 7": £;" — V such that
(a) the restriction to {a — (a — 1) — %} is contained in Trun?,
(b) the restriction along kg4 : Al x {a,a —1} — &g (Definition 4.4) is a pullback square in which
all maps induce isomorphisms on O-truncations,
(¢’) the restriction to Finy defines an E-groupoid object (Definition 2.29).
3) Extg9 is spanned by the diagrams 7 : £, — V satisfying conditions (a) and (b) above, as well as
(c) the restriction to 81" defines an object in T=0V C TV = Exc(8[", V).
Lemma 4.27 LetV be a complete Grothendieck prestable oo-category and T : €' — 'V a diagram. Then
the following are equivalent:
(1) T is contained in Ext".
(2) T is left Kan extended trom its restriction to {a — (a — 1) — *}, and this restriction is contained

in Trun,.

Proof Recall that j: A2 < & denotes the inclusion of the full subcategory on a, (a—1) and *. For
any diagram F: A2 — V of the form F(a) — F(a —1) — F(*) and a finite pointed set S with basepoint
S50, the left Kan extension jj F(S) can be computed as the pushout

Dses F(a) F(a)

| |

F(*) &) @SES\{SO} F(a — 1) — ]lF(S)

Here the vertical functor is given by F(a) — F(*) on the summand labeled by the basepoint of S and by

F(a) — F(a—1) on the summand labeled by each other point of S. Indeed, the above colimit coincides
with the colimit of

A xgon (E) 5 — A2 550,
where one can use the explicit description of the (ordinary) category € to identify the comma category.
Using that 'V is a prestable (and in particular additive) co-category, this implies that
(4-5) NF(S)=Fx)& O cof(F(a)— F(a—1)).

seS\{so}

This formula shows that the restriction ji F|gin, is @ Segal Eoo-groupoid and that the square

JF(a) —— jiF (%)
!

J'!F(ﬁ— ) — 1 F(S°)
is co-Cartesian, and hence also Cartesian since V is prestable. It follows that (2) implies (1). For the
converse, if T € €, then the natural map €: jij*T — T is an equivalence at the objects a, (a—1)
and * because j is fully faithful. In light of Remark 4.21, the map F(a) Upg—1) F(*) — F(S%) is an
equivalence so that € is also an equivalence at S°. Since both ji j* F and F restrict to Segal [E oo-groupoids
on Fin,, it follows that € is also an equivalence at all other S € Fin,. O
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Lemma 4.28 Let V be a complete Grothendieck prestable co-category with a closed SM structure. Then
restriction along the maps (4-4) induces equivalences of co-operads

cn,®
a

ev(0,a)" Extff’ —~> Ext = Trun? = (rfa\?)‘g’.
Proof Restriction along the functors in (4-4) defines SM functors between the oo-categories of V-valued
diagrams, with the levelwise tensor product, which preserve the full sub-co-operads from Definition 4.26.

We will check that each of the restriction functors is an equivalence.

Step 1 Using that i : &M — €, is the pushout of the inclusion i : Fin, — 8fin, it follows that there is a
pullback square of co-operads

Ext® — L Ex™®

(T0V)® — — Gpdg_ (V)®

Here the oo-operads in the bottom row are full sub-co-operads of Fun(8", V)®iev and Fun(Finy, V)&,
respectively. Corollary 2.31 implies that these bottom two oco-operads are in fact SM oo-categories and
that 2 is an SM equivalence between them. Consequently, i * is an equivalence of co-operads as well.

Step 2 Let j: A% — & denote the inclusion of the full subcategory {a — (a — 1) — *}. To see that
Jj*: Extzn"X> — Trun;@ is an equivalence of co-operads, we will show that it is essentially surjective and
fully faithful, ie it induces equivalences on spaces of multimorphisms [2, Proposition 7.17]. Essential
surjectivity follows from Lemma 4.27: indeed, each object F' € Trun, arises as the restriction of its left
Kan extension ji F € Ext;".

To check that j * is fully faithful, let 71, . . ., T, and Ty be objects in Ext{", and let us abbreviate X; = T; (@)
and Y; = T;(a — 1). The condition that 7; € Ext;" then implies that X; is a-truncated and that

(4-6) Yi ~t<q1Xi, Ti(x) =moXi, cof(Tj(a) = Ti(a—1)) ~ 2T x, X;.
We now need to show that restriction along j induces an equivalence
4-7) Mapgyean v) (T1 ®ley -+ ®lev T, To) — Mappy(a2,v)(J *T1 ®tev -+ ®tev J " Tns j * To).
By adjunction, the map (4-7) is obtained by applying Mapg,,een v)(—, To) to the counit map
€: 1" (T1 ®lev*+* Btey Tn) = T1 Qley *+* Btey T

We claim that € is given pointwise by an (a+2)-connective map in V. This implies that (4-7) is an
equivalence, because (a+2)-connective maps induce equivalences on (a+1)-truncations and T takes
values in (a+ 1)-truncated objects, by equations (4-5) and (4-6).

It thus remains to verify that each component of the natural transformation € is (a+2)-connective. This
is clear for the components of the natural transformation € at the objects a, (a—1) and * in £, where

Algebraic € Geometric Topology, Volume 25 (2025)



762 Yonatan Harpaz, Joost Nuiten and Matan Prasma

the counit is an equivalence (since j is fully faithful). We will prove by induction on k > 0 that the
component of € at the finite pointed set (k) with k + 1 elements is (a+2)-connective. The case k =0
has already been treated, and for k > 1 consider the following commuting diagram:

X1®®@ Xy — jij* (1 ®- @ Ty)((k—1) == Ti((k—1) ®--- ® Ty ((k — 1))
V1@ @Yy, — jij*(T1 @+ Q Tp)((k)) ——— T1({(k)) @ -+ - ® Ty ({k))

Formula (4-5) shows that the left square is a pushout, so that the pushout Q for the right cospan is
equivalent to the pushout for the total cospan. Lemma 4.22 then implies that the natural map

0 —->Ti({k) ®--- @ Tu((k))

is (a+2)-connective. On the other hand, the map jij* (T} Qley - - ®1ev Tn) ((k)) — Q is the pushout of
the counit map € at (k — 1), which was (a+2)-connective by inductive hypothesis. We conclude that € is
a natural transformation given at each object by an (a+2)-connective map, as desired.

Step 3 Finally, let us show that ev, : Trun? — (t<4V)® is an equivalence of co-operads. The objects of
Trun, are simply given by sequences 0 = [X — 1<4—1X — t<0X] with X € 1<, V. In particular, ev, is
essentially surjective. To see that it is a fully faithful map of co-operads, ie that each

Map,, & (01....,0n:00) = Map(,_,y)®(eva(01), . .., eva(on); eva(0o))
is an equivalence, it suffices to verify the following: for each diagram in t<,V of the form

X1® @ Xy — (tza1X1) @+ ® (t=a—1Xn) — (1=0X1) ® -+ ® (t<0Xn)

| v

Xo T<qa—1X0 T<0X0

there exists a contractible space of dotted extensions, as indicated. This follows from the fact that the first
horizontal map is a-connective and the second is 1-connective. O

Proof of Example/Proposition 4.23 Let us inductively define a tower of co-operads PoStrZ, (V)® by
setting PoStrZ, (V)® = (1<0V)® and taking pullbacks

PoSts™, (V)® Ext® — 2 4 (1, V)®

(4-8) l lev,l_l

PoStS,_; (V)® == (141 V)®

Each ev,: PoStrd, (V)® — (1<, V)® is an equivalence of co-operads: by inductive hypothesis the
first top horizontal arrow in (4-8) will be an equivalence, and the second map is an equivalence by
Lemma 4.28. Furthermore, Step 3 of the proof of Lemma 4.28 shows that the map of oco-operads
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(fﬁa\?)@’ ~ Extg9 — (rfa_1\7)® is given by the localization t<4—1: <4V — 7<4—1"V with its canonical

SM structure. We thus obtain a natural diagram
PoStr(V)® —— -+ —— PoStrd, (V)® —— PoStrZ (V)® —— PoStrZ, (V)®

eVool ~levz ~lev1 Nlevo
T

Ve . (‘[§2V)® ;1) (Ts]v)® i) (TSOV)®

Since V was a complete Grothendieck prestable co-category (so that Postnikov towers are convergent),
the bottom row exhibits V® as the limit of the (r<,V)®. Using this and unraveling the definitions (see
Construction 4.5), we then have an equivalence PoSt"(V)® >~ V®x, e lim, PoStZ, (V)®. Since
this is the pullback of a span consisting of two equivalences, we conclude that evyo: PoStr®(V)® — V@
is an equivalence, as desired. O

5 Postnikov structures on enriched categories

In the previous section we have seen how multiplicative Postnikov structures give rise to multiplicative
Postnikov structures on oco-categories of algebras over operads (Proposition 4.14). The purpose of this
section is to prove that similarly, a multiplicative Postnikov structure on a symmetric monoidal co-category
V induces a multiplicative Postnikov structure on the co-category of V-enriched oco-categories.

5.1 Recollections on enriched co-categories

Let us briefly recall some elements of the theory of enriched oco-categories developed by Gepner and
Haugseng [9].

Definition 5.1 For each space X, let us write Oy for the universal (X x X )-colored (symmetric) oo-operad
receiving a map from A(;? — A° — Fin,, where A‘;‘; is the generalized nonsymmetric co-operad from
[9, Definition 4.1.1]. By [9, Corollaries 3.7.8, 4.2.8], one can model Oy explicitly by the symmetrization
of the simplicial operad from [9, Definition 4.2.4].

When the space X is a point, one recovers the associative operad O, = [E;. The operads Oy depend
functorially on the space X, so that we obtain a functor

0(=):8 = (Opeo) /E, = OPpo-

If V is a monoidal category, then an Ox-algebra in V can be informally described as follows: an algebra
consists of objects Map(x, y) € V, depending functorially on (x, y) € X x X, together with composition
operations satisfying obvious associativity conditions.
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Definition 5.2 We will refer to the co-category Alg, (V) as the co-category of V-enriched categorical
algebras with space of objects X . These co-categories depend (contravariantly) functorially on X and we
define the co-category of categorical algebras

(5-1) Ob: Algey (V) = [ Algo, (V) =8
Xes

to be the domain of the corresponding Cartesian fibration [9, Definition 4.3.1]. If V is a presentable
monoidal co-category, then Alg., (V) is presentable as well [9, Proposition 4.3.5].

For later purposes, we will mainly be interested in a refinement of this construction for symmetric
monoidal V.

Proposition 5.3 Let 8* — Fin, denote the Cartesian co-operad associated to the co-category of spaces.
Then there exists a natural functor

Alge,: SMCat®™ — SMCat"™"

00/8%
that sends each SM oo-category V to the oo-category Algq,, (V) of categorical algebras, together with
an SM structure such that the tensor product of categorical algebras with spaces of objects X and Y is a
categorical algebra with space of objects X x Y.

Let us point out that the results from [9] only provide functoriality of Algq, (V) with respect to (strong)
SM functors in V. Since the proof of Proposition 5.3 is rather technical, we will postpone it to the
appendix and instead record two further consequences (which are also proven in the appendix). First, note
that Proposition 5.3 asserts in particular that Alg., (V) inherits a symmetric monoidal structure from V,
whose underlying tensor product functor can be identified as follows:

Lemma 5.4 LetV be an SM oco-category. Then the tensor product

®
AlgCat (V) X AlgCat (V) I AlgCat (V)

| |

$x8 x 8

arises as the unstraightening of the natural transformation of functors 8°° x 8°° — Cat given at (X, Y) by

(5-2) Algg, (V) x Algg, (V) = Algg, ., (V) x Algg, (V) 2> Algg,, (V),

where the first functor restricts along the maps Oy < Oxyxy — Oy and the second functor arises from
the SM structure on algebras in 'V [26, Example 3.2.4.4].

Informally, this means that given two categorical algebras C, D with spaces of objects X, Y, their tensor
product C ® D has space of objects X x ¥ and mapping objects

Mapcgp ((x0. yo), (X1, y1)) = Mapc (xo, x1) ® Mapp (yo. y1).
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In particular, the unit is given by the categorical algebra [0];, with a single object * and with 1y as

endomorphisms.

Remark 5.5 If V is an SM oo-category, then the natural map (5-2) can also be identified with the
composite map Algy, (V) X Algg, (V) — Algy, , (VX V) — Algy, ., (V), where the first map is the
“exterior product” from [9, Propositions 3.6.14, 4.3.11] and the second map is the image under Algq . (=)
of the lax monoidal functor ®vy: V xV — V. Consequently, the functor ® : Algc, (V) x Algc, (V) —
Algc, (V) from Proposition 5.3 is naturally equivalent to the tensor product functor from [9, Corollary
4.3.13]. In particular, we find that Alg.,, (V) is a presentable SM oo-category if V is a presentable SM
oo-category, ie the monoidal structure is closed [9, Corollary 4.3.16].

Proposition 5.6 For each co-category J, there is a commuting square depending functorially on J

AlgCal

SMCat"™ ——*, SMCat;q:"®

Fun(fJ,—)J lFun(J:_)XFun(J,SX)SX

SMCat"™ ——— SMCatjy:"®
&Cat

where the vertical functors use the levelwise tensor product from Construction 2.6.

In other words, for each co-category J there is a natural monoidal equivalence
Algcy (Fun(J, V) =~ Fun(J, Algey (V) Xpun(,s) -

When J is weakly contractible, the constant diagram functor § — Fun(J, §) is fully faithful, so that
we can rephrase this as follows: there is a natural (SM) fully faithful embedding Algc,(Fun(J, V)) —
Fun(J, Algq,(V)) whose essential image consists of J-diagrams of categorical algebras whose underlying
diagram of objects is constant.

For any presentable monoidal co-category V, we then define the co-category of V-enriched oo-categories
Cat(V) to be the full subcategory Cat(V) € Alg, (V) of complete categorical algebras. More precisely,
there is a functor

J[=]: A = Algey (V)

sending [n] to the categorical algebra with object set {0, ..., n}, all mapping objects being 1y and all
compositions being equivalences. We will abbreviate J = J[1]. Every categorical algebra C then defines
a simplicial space

AP — 8§, [n]— Map . (v)(J [1], C).

This simplicial space is a Segal groupoid [9, Corollary 5.2.7] and C is defined to be complete if this
Segal groupoid is essentially constant. The above Segal space only depends on the underlying space-
valued categorical algebra, ie the categorical algebra in § obtained by applying the lax monoidal
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functor Map(ly, —): V — 8§ to all mapping objects [9, Proposition 5.1.11]. Furthermore, the space
Map(J [n], C) < Map([n]1,, C) is a union of path components in the space of n-composable sequences
of arrows in C [9, Proposition 5.1.17].

The inclusion of V-enriched oco-categories into categorical algebras is part of an adjoint pair

(="
Alge, (V) L 5 Cat(V)

whose left adjoint is called completion [9, Theorem 5.6.6]. When V is presentable symmetric monoidal,
this is a symmetric monoidal localization [9, Proposition 5.7.14] (using Remark 5.5). Finally, let us
recall that the completion functor realizes Cat(V) as the localization of Algq, (V) at the Dwyer-Kan (DK)
equivalences, ie the fully faithful and essentially surjective functors in the following sense:

Definition 5.7 Let f: C — D be a map of categorical algebras.
(1) f is fully faithful if for every two objects x, y € Ob(C), the map
J :Mapc (x, y) — Mapp (f(x). f(¥))

is an equivalence in V. Equivalently, f is a Cartesian arrow for the Cartesian fibration (5-1).
(2) f is essentially surjective if the map

Map({0}. C) Xyiup(t03.0) Map(J. D) — Map({1}. D)
is surjective on . Here the mapping spaces are taken in the co-category Algq, (V).
(3) f is an isofibration if the induced map

Map(J, C) — Map(J, D) Xnap({13,0) Map({1}, C)

is surjective on 7.

Remark 5.8 Let F:V — W be an SM left adjoint functor between presentable SM oco-categories, with
(lax SM) right adjoint G. Then Algq,(G): Algc, (W) — Alg, (V) preserves underlying space-valued
categorical algebras. Indeed, this follows from the equivalence of lax SM functors Mapyy (1w, —) =~
Mapy (1y, G(—)), which is right adjoint to the equivalence of SM functors between 8 WO v E W and
lw® —:8 — W, where 1\p ® — denotes the unique SM functor preserving colimits (and likewise for V).
In particular, the right adjoint Algc,,(G): Algc, (W) — Algq, (V) detects completeness of categorical
algebras, as well as essential surjectivity and being an isofibration for maps between these.

5.2 The cube and tower lemmas

Throughout, let V be a monoidal co-category. The purpose of this section is to record two kinds of (“homo-
topy”) limits of categorical algebras that are preserved by the completion functor (—)": Algq,, (V) — Cat(V).
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The results and arguments are very analogous to the usual way of computing homotopy limits of categories

in terms of the canonical model structure on categories.

Lemma 5.9 Consider a commutative square of categorical algebras

(5-3) pJ Jq

such that g’ is essentially surjective, g is fully faithful and p is an isofibration. Then

Map({0}, C") X Map(J,D’) — Map({0}, C) X Map(J, D)
Map({0},D) Ma

X Map({1},D")
Map({0},D’) p ({1},D)

p

is surjective on path components.

Informally, this means that for any object d € D’, each lift-up-to-equivalence of ¢(d) to C refines to a
lift-up-to-equivalence of d to C’.

Proof By [9, Proposition 5.1.11], we may as well assume that V = 8. Explicitly, suppose that we are
given objects ¢ € C and d’ € D’ together with an equivalence a: g(¢) => d = g(d’) in D, that is, a map
from J. We then need to find an object ¢ € C’ lying over ¢ and an equivalence &’: g’(¢’) => d’ in D’

lying over «.

To begin, g’ being essentially surjective provides an object ' € C’ and an equivalence y': g’(¢') = d’
in D’. One can then complete ¢(y’) and « to a commutative triangle

q(g'(t")

(5-4) P K(”

g(c) d

in D for some equivalence §: g(c¢) — ¢(g’(t')). Using the commuting square (5-3), we can iden-
tify ¢(g’(t")) ~ g(p(t’)) in the space of objects of D. Because g is fully faithful, every map from
g(c) — g(p(t))) lifts to a unique map ¢ — p(¢’) in C, so that there exists an equivalence &: ¢ — p(t’)
lying over §. Since p is an isofibration we may lift ¢ to an equivalence &": ¢’ — t’ for some ¢’ € C’ lying
over ¢. We may then complete g’(¢) and y’ to a commutative diagram

gt

(5-5) s K
o d’

g'(c")
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for some equivalence o: g’(¢’) — d’ in D', since Map(J [—], C) is a Segal groupoid object. Because the
image of triangle (5-5) under g: D’ — I agrees with triangle (5-4) on the inner horn, it follows that ¢ (')
is homotopic to «. This yields the desired data of ¢’ and &’: g’(¢’) — d’ so that the proof is complete. O

Lemma 5.10 (cube lemma) Consider a map of Cartesian squares in Algc,, (V)

P——C’ (Jj/ g/) Q——D
(5-6) l lp &8 l lq

C//T)(C D//T}D

such that p is an isofibration. If the components g: C — D, g’: C' — D’ and g’: C"" — D" are
Dwyer—Kan equivalences, then the same holds for f: P — Q.

Corollary 5.11 The completion functor (—)" : Algc, (V) — Cat(V) sends pullback squares with one leg
being an isofibration to pullback squares.

Proof Apply Lemma 5.10 to the case where the maps g, g’ and g” exhibit D,D’ and D” as the
completions of C,C’ and C” respectively (in this case Q >~ D’ xp D” is automatically complete). 0O

Proof of Lemma 5.10 To show that f is fully faithful, let x, y € P be two objects, and consider the
induced map of squares

Mapp (x, y) —— Mapc-(x, y) Mapg (x, y) — Mapp/(x, y)
JV lp* — l lq»«
Mapcr (x, y) —— Mapc(x, y) Mapp (x, y) —— Mapp (x, y)

Both squares are Cartesian in V and by assumption the three maps associated to g, g’ and g” are
equivalences, so that the map fx: Mapp(x, y) — Mapg(x, y) is an equivalence as well.

Let us now show that f is essentially surjective as a map of categorical algebras. Essential surjectivity is
detected on the level of the underlying space-valued categorical algebras [9, Proposition 5.1.11]. We may
hence assume that V = 8. Let y € Q be an object and let d’ € D/, d € D, d” € D” be its images. Since
g":C"” — D" is essentially surjective there exists an object ¢” € C” and an equivalence «”: g’ (¢") => d”
inD”. Let ¢ := h(c"”) € C. Applying Lemma 5.9 to the image

a:gle) =k(g"(c") =>k(d") ~d ~q(d")

of &’ in D we deduce the existence of an object ¢’ € C’ lying over ¢ and an equivalence «’: g’(c’) — d’
in D’ lying over . The compatible triple (¢, ¢/, ¢’) now determines an object x € P while the compatible
triple (o, @', ") determines an equivalence g(x) = y in Q. |
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Lemma 5.12 (tower lemma) Consider a natural transformation between limit cones in Algc, (V)

P (Cz D2 (Cl b1 (CO
fl gzl gll lgo
Q Dy —— D1 —— Do

Suppose that all p; fori > 1 are isofibrations and all g; fori > 0 are Dwyer—Kan equivalences. Then f is
a Dwyer—Kan equivalence as well.

Corollary 5.13 The completion functor (—)": Alge, (V) — Cat(V) sends limits of towers of isofibrations
to limits.

Proof Apply Lemma 5.12 to the case where the maps g; exhibit D; as the completion of C; (in which
case QQ is automatically complete). O

Proof of Lemma 5.12 To show that f is fully faithful, let x, y € P be two objects, and consider the
induced map of towers

Mapgp (x, y) — -+ —— Mapc, (x, y) — Mapc, (x, y)

f*l (gl)*l l(go)*

Mapg (x, y) — -+ — Mapp, (x, y) — Mapp, (x, y)

Then both towers are limit towers in V and by assumption the (g; )« are equivalences, so that the map
fx:Mapp (x, y) = Mapg(x, y) is an equivalence as well.

Let us now show that f" is essentially surjective as a map of categorical algebras. We may again assume that
V =38 [9, Proposition 5.1.11]. Let y € Q be an object and let d; € D; be its images. Since go: Co — Dy
is essentially surjective, there exists an object co € Co and an equivalence g : go(co) = do in Dy.
Applying Lemma 5.9 to ¢ and d; € D, we deduce the existence of an object ¢; € C; lying over cg
and an equivalence &1 : g1(c1) — dp in D lying over «1. Proceeding inductively, we obtain compatible
sequences of objects ¢; € C; and equivalences «; : g;(¢;) — d;. These determine an object x € P and an
equivalence g(x) = y in Q. a

5.3 Postnikov structures on enriched co-categories

We now turn to our main result, providing Postnikov structures on V-enriched co-categories from (certain)
multiplicative Postnikov structures on V.

Definition 5.14 Let V be an SM co-category. We will say that amap f: X — Y in 'V is an external mo-
isomorphism if the induced map of spaces Mapy(1y, X) — Mapy(ly, Y') induces an isomorphism on g.

We will say that a Postnikov structure on an object T': € — V is externally my-constant if it sends every
map in € to an external g-isomorphism in V. A Postnikov structure ®:V — Fun(€, V) on 'V is externally
mo-constant if it sends each object X € 'V to an externally mg-constant Postnikov structure on X.
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Remark 5.15 If T € PoStr(V) is externally mo-constant then each K, € TV has the property that the
induced parametrized spectrum E, = Mapy(ly, K;) € T8 is 0-connected (or 1-connective), ie each fiber
is a 1-connective spectrum. Indeed, for each n > 0, the map E,(S") = Q®"(E,) — n(E,) induces an
isomorphism on g by assumption and a surjection on 7 since it admits a section, so that its fibers are
all connected. It follows that the fiber Q%" (E,)y is the connected delooping of Q®°"T1(E,), for
each n > 0 and E, x is a 1-connective spectrum.

Example 5.16 The usual Postnikov structure on spaces (Example/Proposition 4.15) is externally o-
constant: for every space X, the resulting Postnikov structure is even constant after applying t<;. For
more general oo-toposes (Example 4.17), the Postnikov structure is typically not externally mo-constant:
even though all maps induce isomorphisms on wg-sheaves, on global sections they typically do not induce
bijections on mg. For example, for any finite CW-complex X, abelian group 4 and n > 2, the map of
constant sheaves K(A4,n) — t1<,—1K(A4,n) >~ * in Shee(X) induces an isomorphism on 1-truncations,
but at the level of g of the global sections we obtain H” (X; A) — *, which need not be an isomorphism.

Example 5.17 The canonical Postnikov structure on Sp=? is externally 7o-constant. Indeed, for each
E € Sp=%, the image of its Postnikov structure under Mapg =0 (S, —) is simply the Postnikov structure
on the space Q2°°(E), but extended down to dimension 0, see Example 4.19. All spaces appearing in the
Postnikov structure for 2°°(E) have isomorphic 7.

More generally, let V be a stable, presentable SM oco-category with a left complete ¢-structure such that
the connective part V=9 is closed under finite tensor products. If the mapping spectrum functor

Map(ly, —): V — Sp

sends V=0 to Sp=°, then the Postnikov structure on V=9 from Example/Proposition 4.23 is externally
mo-constant. This is notably the case when V = Modg with R a connective ring spectrum (with the usual
t-structure).

Theorem 5.18 LetV be an SM oo-category equipped with a multiplicative Postnikov structure
®:V — Fun(€,V).
If @ is externally my-constant, then the composite
Cat(V) € Algc, (V) LN Alge, (Fun(€, V)) — Fun(€, Algc, (V) O Fun(€&, Cat(V))

defines a multiplicative Postnikov structure ®c, on Cat(V). Furthermore, this Postnikov structure ®cy is
itself externally my-constant.

Slightly informally (ie up to Dwyer—Kan equivalence), the Postnikov structure ®c,(C) of a V-enriched
oo-category C is obtained by applying ® to all mapping objects in C. To see that this still yields a
Postnikov structure after completion, we will make use of the cube and tower lemmas (Lemmas 5.10
and 5.12), for which we will need ® to be externally wg-constant.
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Theorem 5.18 can be applied repeatedly:
Definition 5.19 Let V be a presentable SM oo-category. Then the presentable SM oo-category of

V-enriched (00, n)-categories is defined inductively as

Cat, (V) := Cat(Cat,—1(V)).
For later purposes, let us record the following:

Lemma 5.20 Let'V and W be presentable SM oo-categories and L: 'V z W i1 a reflective (symmetric)
monoidal localization. This induces a reflective monoidal localization of presentable SM oco-categories

Cat, (L): Cat, (V) 7 L " Cat,(W): Cat, ().

The essential image of 1« consists of those V-enriched (0o, n)-categories whose mapping objects are (in
the essential image of) W-enriched (oo, n — 1)-categories.

Proof An inductive application of [9, Corollary 5.7.12, Proposition 5.7.16] provides the presentable SM
structure on Cat, (V) and Cat, (W). The induced reflective monoidal localization arises from an inductive
application of [9, Proposition 5.7.18]. a

An inductive application of Theorem 5.18 then immediately yields the following:

Corollary 5.21 LetV be a presentable SM oo-category equipped with a multiplicative, externally
mo-constant Postnikov structure ®:V — Fun(&, V). Then there is an induced multiplicative Postnikov

structure
Dcy, 1 Caty (V) ® _ PoStr(Cat, (V))®

on the oco-category of V-enriched (oo, n)-categories. Explicitly, ®cy,, is given (up to n-categorical

Dwyer—Kan equivalence) by applying ® to objects of n-morphismes.

We will now turn to the proof of Theorem 5.18. Our strategy will be to first prove a version of Theorem 5.18
for categorical algebras and then descend to enriched oco-categories. The case of categorical algebras
follows readily from the following observation:

Lemma 5.22 Let J be a weakly contractible co-category, J< its cone and V a monoidal oo-category
with J-indexed limits. Consider the natural functor

¢: Algey (Fun(I=, V) = Fun(T™, Algey (V) Xpun=,5) 8 = Fun(I™, Alge, (V).

where the first functor is the natural equivalence from Proposition 5.6. If C is a categorical algebra in
Fun(J<, V) whose mapping objects belong to the full subcategory of limit cones, then

$(C): I~ — Algey (V)

is a limit cone as well.
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Proof By naturality, the equivalences of Proposition 5.6 fit into a commuting square where the horizontal
functors restrict along J < J<

Algey (Fun(J<, V) Algcy (Fun(J, V))

~| l:

Fun(3<]7 AlgCat(V)) XFun(7<,8) § —— Fun(f], AlgCat(v)) XFun(7,8) 8

This induces a commuting square between the right adjoints of the two horizontal functors. The top right
adjoint is a fully faithful embedding whose essential image consists precisely of categorical algebras
enriched over limit cones. To compute the bottom right adjoint, consider the diagram

Fun(J<, Alge, (V)) —— Fun(J<, 8) +— 8

| | ]

Fun(J, Algc,(V)) —— Fun(J,8) «—— 8

where the vertical functors restrict along J — J<. The horizontal functors then commute with the right ad-
joints to the restriction functors as well: for the left square, this uses that the forgetful functor Algc,, (V) — 8
preserves limits, and for the right square, this uses that J is contractible, so that constant J<-diagrams are
limit cones. The right adjoint to Fun(J<, Algc, (V) Xpun@g=,s) 8 = Fun(J, Alge, (V) Xpun(s,8) S is then
the fiber product of the three right adjoint functors [26, Corollary 4.7.4.18]. In particular, the projection
onto the first factor commutes with these right adjoints. It follows that the composite ¢ intertwines the
right adjoints to restriction along J < J<, which yields the result. O

Proof of Theorem 5.18 We have to verify that ¢, is a lax symmetric monoidal section of the (lax)
symmetric monoidal functor ev : Fun(€, Cat(V)) — V, and that it takes values in the full subcategory
PoStr(Cat(V)) C Fun(&, Cat(V)) of Postnikov structures.

For the first assertion, consider the commuting diagram

Cat(V) s Alge (V) 5 Alge (Fun(€, V)) —= Fun(€, Alge (V) 2 Fun(e, Cat(V))

H evool levoo levoo

Cat(V)— Al (V) ——— Al (V) ———— Algey (V) — = Cat(V)

All arrows are lax SM functors. For the first and last horizontal arrows (in both rows), this follows from
[9, Proposition 5.7.14] and for ®., this follows from Proposition 5.3. The functor ¢ is the composite of
the SM equivalence from Proposition 5.6 and the SM projection

Fun(€&, Algc, (V) Xpunce,s)  — Fun(€, Algc, (V).

Furthermore, the second square commutes since @ is a multiplicative Postnikov structure and all other
squares commute by naturality in the co-category €. This provides a lax SM section of evy, because
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the composition of the bottom row is naturally equivalent to the identity via the (lax SM) counit of the
monoidal adjunction (—)": Alge, (V) Z Cat(V) :¢ [9, Proposition 5.7.14].

For the second assertion, it suffices to verify that for a V-enriched category C, its image
T" := Pcy(C): & — Cat(V)

defines a Postnikov structure in Cat(V). By construction, T” is the levelwise completion of the diagram
which applies the multiplicative Postnikov structure @ to all mapping objects

T := $(4(C)): & — Algey (V).

For each of the cone diagrams J3' — & from Remark 4.7 (with J, contractible), T'|;< is a limit cone in
Algc, (V) by Lemma 5.22. Consequently, T defines a Postnikov structure in Algq, (V). We have to show
that these cones remain limit cones upon applying the completion functor objectwise. This will follow
from Corollaries 5.11 and 5.13 once we verify that T sends every arrow in € to an isofibration.

To this end, consider a map T (i) — T () of categorical algebras induced by i — j in €. By construction,
f induces the identity on spaces of objects and for every two objects x, y € T (i), the map

Map(1ly, Mapy ;) (x, y)) = Map(ly, MapT ;) (x, y))

is a mp-isomorphism since the Postnikov structure ® is wg-constant (Definition 5.14). The condition
that T (i) — T (j) is an isofibration is determined at the level of the underlying S-enriched categorical
algebras, so we may as well assume that V = §S. For every object x in T (i) and every arrow «: x — y
in T (j), we then have a lift of « to amap &: x — y in T (i) (note that T (i) — T () is the identity on
objects), which is furthermore unique up to homotopy. If « is an equivalence, then & is an equivalence
by [9, Proposition 5.1.15]: indeed, using that such lifts of arrows to T (i) are unique up to homotopy,
a homotopy inverse of & is provided by a lift of the homotopy inverse of « to T (7). We conclude that
T (@) — T(j) is an isofibration.

Finally, we have to verify that T” is a mo-constant Postnikov structure. The monoidal unit of Cat(V) is
the completion 1¢y vy = [0] 1AV of the unit object of Algq,(V), given by the operad map O, ~ Ass — V®
encoding the unit (ie initial) associative algebra 1y in V. In particular, the functor

Mapc, vy (Lca(vy. —): Cat(V) — 8

is equivalent to the functor sending a V-enriched oo-category to its space of objects. To see that T is
mo-constant, it therefore suffices to verify that the diagram of object spaces

Oob(T?): & L5 cat(v) & 8

sends each map i — j in € to a map with O-connected fibers (in particular, a wg-isomorphism). Let us
pick an object x € T”(j) and verify that the fiber Ob(T (7)) is connected. The object x determines a
map x: [0]1, = lca(v) = T7(j). Since the functor T (j) — T (/) induces a mo-surjection on objects
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by [9, Theorem 5.6.2], this composite map factors over T (). Taking pullbacks along these maps, we
obtain a commuting square of categorical algebras

T (@) %1y [0l1y —— T{) XTA) Lcaw)

| l

[O] 1y 1Cat(V)

Since T (i) — T (j) was an isofibration, the top and bottom horizontal maps are Dwyer—Kan equivalences
(cube lemma, ie Lemma 5.10) and the left vertical map is an isofibration. Lemma 5.9, together with the
fact that the right column consists of complete categorical algebras, then implies that T (i) X ;) [0]1, —
T"(i)xT~(;)[0]1, induces a mo-surjection on spaces of objects. Since T (i) — T () is constant on objects,
the domain of this map has a contractible space of objects. Consequently, Ob(T (i) X () [0]1,) =
Ob(T”(i))x is connected, as desired. |

6 Local systems on (oo, n)-categories

In this section, we spell out the contents of Theorem 5.18 and Corollary 5.21 in the setting of (oo, n)-
categories. There are many equivalent models for the co-category of (0o, n)-categories, one of which is
the oo-category Cat, (8) of 8-enriched (oo, n)-categories of Definition 5.19 [17, Corollary 7.21]. This
model is particularly well-adapted to definitions that proceed by induction on mapping objects, such as
the following:

Definition 6.1 An (m, 0)-category is defined to be an m-truncated space. For any 0 <n < m, an (oo, n)-
category C is called an (m, n)-category if each mapping (oo, n—1)-category is an (m—1, n—1)-category.

In light of [9, Corollary 6.1.10], this coincides with [9, Definition 6.1.1].

Lemma 6.2 The fully faithful inclusion ¢: Cat(,, ,) € Cat( ,) of the full subcategory of (m, n)-categories
admits a left adjoint sending an (0o, n)-category € to its homotopy (m, n)-category ho,, ,) C. The adjoint
pair hogy, »): Cat(oo ) Z Cat(y, ) :t has the canonical structure of a reflective monoidal localization.

Proof Consider the reflective localization t<;,—,: & z T<m—nd :L. Since truncation preserve products,
this is a reflective monoidal localization. Consequently, it induces a reflective monoidal localization
Caty, (t<m—n): Cat, (8) z Caty, (t<m—nS) :Caty (1) by Lemma 5.20. Note that (by induction) the essential
image of Caty (¢) is precisely the full subcategory Cat(,, ,) C Cat(oo,p). It follows that there is a left
adjoint ho, ) : Cat(eo,n) — Cat(y, ,) (equivalent to Caty (T<m—n)), which has the canonical structure of
a monoidal localization. O

The universal properties of the homotopy (m, n)-categories imply that they fit into a tower
(6-1) C— -+ = ho ) (C) > hogy—1,1)(C) = -+ = hog41,,)(C).

Algebraic € Geometric Topology, Volume 25 (2025)



On k-invariants for (0o, n)-categories 775

By induction on 7, one sees that this tower is convergent. Indeed, using that Cat(o 54+ 1) S Algc, (Cat(oo,n))
preserves limits, this follows from the fact that:

(a) Atthe level of spaces of objects, the tower induces isomorphisms on g so that € — limy; ho gy, ,+1)(C)
is essentially surjective.

(b) The map Mape(c, d) — lim,, Mapy, ot 1(© (c,d) >~ limy, hog,, ,)(Mape(c, d)) is an equivalence
for each ¢, d € C by inductive hypothesis.

Theorem 5.18 and Corollary 5.21 then yield the following more precise statement of Theorem 1.1:
Theorem 6.3 For each n > 1, the tower of natural transformations (6-1) refines to a multiplicative
Postnikov structure on Cat (s ).

Proof By Lemma 6.2, the reflective monoidal localization

Catp (T<m—n)

ho(m,n) : Cat(oo,n) = Caty, (S) -5 Caty, (SSm—n) = Cat(m,n) i
Caty (1)

arises from the reflective monoidal localization 7<p—p: 8 Z S<m—n 1t via Lemma 5.20. Now let

®: 8 — Fun(€&, §) be the multiplicative, g-constant Postnikov structure on spaces refining the classical
Postnikov tower (Example/Proposition 4.15). By Theorem 5.18 and Corollary 5.21, this induces a
multiplicative Postnikov structure ®cy, on Cat(sg, ).

We can view @y, as a diagram & — Fun®:1x (Cat(oo,n)» Cat(so,ny) of (lax symmetric monoidal) endo-
functors of Cat( ), by adjunction with the Boardman—Vogt tensor product (see Remark 2.7). Forgetting
about the k-invariants, the underlying tower of ®c,, is given by the tower of functors

id — -+ — Cat, (1<4) — Cat, (t<g—1) = - -+ = Caty (1<1).

Lemma 6.2 identifies this with the natural tower of homotopy (m, n)-categories (6-1), as desired. |

In other words, for each (oo, n)-category € and a > 2, there exists a natural parametrized spectrum object
H7a(C) € Thogy1.m (@) (Cat(oo,n))
and a pullback square of (oo, n)-categories
hogta,n) € —————hog41,0) C

| |

ho(n+a—1,n) C k—) QOO(E“"HHJta(G))

The proof of Theorem 6.3 is not completely satisfying because these parametrized spectra Hm, (C) are
defined somewhat implicitly. In the remainder of this section, we will explain how (as the notation suggests)
the parametrized spectra Hmr,(C) can be considered as the Eilenberg—MacLane spectra associated to local
systems of abelian groups on hog, 1 ,)(C), as considered in [24].
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6.1 Tangent bundle of enriched oo-categories

Our first goal will be to construct a ¢-orientation (Definition 2.20) on the tangent bundle to V-enriched
oo-categories, using a version of Proposition 2.25. To this end, we will need a description of the tangent
bundle to enriched co-categories along the lines of Proposition 2.17:

Theorem 6.4 LetV be a differentiable presentable SM oo-category such that 1vy is compact. Then there
exists a natural equivalence of SM oco-categories

Cat(TV) T Cat(V)

2 Cm /

Cat(V)

where Cat(7ry) is induced by the (monoidal) tangent projection ity : TV — 'V and 7 is the tangent projection
for Cat(V).

Recall from [26, Definition 6.1.1.6] that a presentable oco-category 'V is differentiable if the sequential
colimit functor colim: Fun(N, V) — 'V is left exact. In particular, any compactly generated oco-category
is differentiable. To apply Theorem 6.4 inductively, let us record the following observation:

Lemma 6.5 LetV be a presentable monoidal co-category which is differentiable and such that 1y is
compact. Then Cat(V) is differentiable and 1c,(v) (ie the image of the categorical algebra with one object
with endomorphism algebra 1v) is compact as well.

Proof By [26, Remark 4.1.8.9], there exists a monoidal model category V presenting V of the following
form: one can construct a simplicial monoid 4 € Alg(sSet) and take V = sSet;4, with monoidal
structure given by (X > A)® (Y - A) = (X xY — A x A — A) and model structure given by a left
Bousfield localization of the covariant model structure. In particular, V is simplicial and combinatorial,
its cofibrations are the monomorphisms, all objects are cofibrant and weak equivalences are stable under
filtered colimits. Then Cat(V) arises from the model category Cat™ (V) on V -enriched categories [17]
and it then follows from [13, Corollary 3.1.12] that Cat("V) is again differentiable.

To see that 1y (y) is compact, note that the corepresentable functor Map(1cy(v), —) can be identified
with the functor taking spaces of objects. This functor decomposes as

Core

Cat(V) — Cat(8) ~ Catoo — 3,

where the first functor is induced by the lax monoidal functor Mapy(1y, —):V — & and the second functor
takes the core (or maximal sub-oo-groupoid). Taking cores preserves filtered colimits (as is easily checked
using quasicategories). To see that Cat(V) — Cat(8) preserves filtered colimits, we use model categories.
Since V is simplicial and monoidal, there is a monoidal Quillen pair 1y & —: sSet z V :Mapy (ly, —).
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Applying these functors on mapping objects yields a Quillen pair on enriched categories. In light of [23,
Proposition 5.3.1.16], it now suffices to verify that the right Quillen functor U : Cat™" (V) — Cat*"“!(sSet)
preserves filtered homotopy colimits.

Let C,: J — Cat™ (V) be a projectively cofibrant filtered diagram with colimit Coo. To see that the
natural map hocolim U(C,) — U(C«) is a weak equivalence, note that the Dwyer—Kan equivalences of
simplicial categories are closed under filtered colimits. Consequently, the homotopy colimit can simply be
computed by the ordinary colimit and it suffices to verify that colim U(C,) — U(Cy) is a Dwyer—Kan
equivalence. At the level of objects, the map is simply an isomorphism and for each ¢, d € colim U(C,)
arising from some U(C;), the induced map on mapping spaces is given by

colim;eg;, Mapy (1y, C;(c,d)) — Mapy (1y, colim;ey;, C;(c, d)).
This map is a weak equivalence of simplicial sets because Mapy (1y, —) preserves filtered homotopy
colimits and because weak equivalences in both sSet and V are closed under filtered colimits. O

The proof of Theorem 6.4 requires a few preliminary observations:

Proposition 6.6 LetV be a presentable monoidal co-category and wy: TV — 'V its tangent projection.
Then the inclusions of complete objects and the completion functors fit into pullback squares

Cat(TV) —— Algey (TV) 25 Cat(TV)

Cat(nv)l Algey (nv)l lCat(nv)

Cat(V) — Alge, (V) ~—2 Cat(V)

in which the vertical functors are all Cartesian and co-Cartesian fibrations.

Proof Recall from Lemma 2.11 that the monoidal functor 7y: TV — V has a (strong) monoidal
fully faithful left adjoint cst: V — TV taking constant diagrams, and that cst is also a monoidal fully
faithful right adjoint to my. Considering my as a right adjoint functor, Remark 5.8 then implies that
Algey (mry) 1 Alge, (TV) — Alg, (V) preserves and detects completeness, so that the left square commutes
and is Cartesian. On the other hand, considering my as a monoidal left adjoint, we find that the right
square commutes: taking right adjoints, this comes down to cst: Algq, (V) — Algc, (TV) preserving
complete objects.

Next, the two monoidal adjunctions (cst, 7y) and (7y, cst) induce adjunctions

Alg, (cst) Alge, ()
Alge, (V) L 7 Alge, (TV), Alge, (TV) L 5AIge, (V)
Algcy (v) Algc, (cst)

in which Alg,(cst) is fully faithful. This implies that Alg., (ry) preserves limits and colimits and
by [5, Lemma 2.6.1], it is both a Cartesian and co-Cartesian fibration. Since the left square was a
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pullback, this implies that Cat(sry) is a Cartesian and co-Cartesian fibration as well and that the inclusion
Cat(TV) — Alg,(TV) preserves Cartesian and co-Cartesian arrows.

It remains to verify that the right square is Cartesian. To see this, we claim that the following conditions
are equivalent for a map o: C — D in Algq, (TV):

(a) o is a DK-equivalence.
(b) o« is an Algq, (my)-co-Cartesian lift of a DK-equivalence in Algc,, (V).

(c) « is an Algg, (my)-Cartesian lift of a DK-equivalence in Algq, (V).

Assuming this, it follows that Algq, (y) classifies a diagram Algq, (V) — Cat" sending each DK-
equivalence to an adjoint equivalence: over a fixed DK-equivalence in Alg,(V), the Algc, (7y)-Cartesian
and Algq,,(7y)-co-Cartesian arrows coincide, so that the proof of [23, Proposition 5.2.2.8] shows that
the unit and counit of the induced adjunction are equivalences. Since the DK-equivalences in Algq, (TV)
are precisely the Alg,,(ry)-(co)Cartesian lifts of DK-equivalences in Algq,(V), it then follows from
[21, Proposition 2.1.4] that the right square is a Cartesian square.

To see the claim, let us write ag: Co — Dy for the image of « in Alge, (V) and let oy : Ciy — Dy be
the image of o under Algq, (cst). The unit and the counit of the adjoint pairs above then determine a
commuting diagram in Algq, (TV):

Since Alg, (cst) and Algq, (7y) both preserve DK-equivalences (having right adjoints preserving com-
plete objects), o, is a DK-equivalence in Algq, (TV) if and only if «g is a DK-equivalence in Algc, (V).
Furthermore, the left square is a pushout if and only if ¢ is Algq, (7y)-co-Cartesian and the right square
is a pullback if and only if « is Algq,, (7ry)-Cartesian, by [5, Lemma 2.6.1] and its opposite.

Using this, (b) implies (a) because DK-equivalences are stable under pushout. Conversely, if « is a
DK-equivalence, then e, is a DK-equivalence as well. Consequently, D, H(C(/) C — D is both a DK-
equivalence and an equivalence on spaces of objects (since its image in Algq, (V) is an equivalence), and
hence an equivalence.

Dually, (c) is equivalent to «, being a DK-equivalence and the right square being a pullback. Since fully
faithful maps are stable under pullback, this implies that « is fully faithful. Since essential surjectivity is
detected on the underlying space-valued categorical algebra, which in turn is determined by the underlying
V-enriched categorical algebra, we find that « is essentially surjective as well. Conversely, if « is a
DK-equivalence, then o, is a DK-equivalence as well. Consequently, the map C — C, Xpy, D is fully
faithful and an equivalence on spaces of objects, and is hence an equivalence. O
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Lemma 6.7 LetV be a presentable SM oo-category and let TV be its tangent bundle with the square zero
monoidal structure. Then there is a natural SM equivalence

Algey (TV) = T Algey (V) xg5 8

between Algc, (TV) and the full subcategory of excisive functors C,: 8i" — Alg,, (V) which are constant
at the level of objects.

Proof Recall the equivalence
AlgCat(Fun(Sin9 V)) = FUH(SEH, AlgCat(V)) XFun(Si",S) S

from Proposition 5.6. By Lemma 5.22, this restricts to an equivalence on full subcategories of excisive
functors. o

Lemma 6.8 LetV be a presentable monoidal oco-category. Then there exists a natural relative adjunction

%

C
Alge, (TV) L T Alge, (V)
W
Algc;u(ﬂ\v)) /
Algey (V)

Proof Using Lemma 6.7, we define ¢ as the projection onto the first factor

Algey (TV) = T Algey (V) x5 8 —— T Algey (V)

(6-3) Algm(m)l ln
AlgCat(v) ~ AlgCat(V) X8 S % AlgCat(V)

Here the square commutes by naturality of the equivalence from Proposition 5.6 with respect to restriction
along {*} < 80", Note that ¢ is the base change along the Cartesian fibration T Algq, (V) — TS of
the fully faithful functor cst: § — TS that is left adjoint to the tangent projection. The opposite of [23,
Corollary 5.2.7.11] then implies that ¢ is fully faithful and admits a right adjoint . This right adjoint
can be described as follows: given C,: 8" — Algq, (V), ¥(C,): 8" — Alg, (V) sends each space
T to the full subcategorical algebra of C7 obtained by restricting the objects along the canonical map
Ob(Cx) — Ob(Cr). In other words, the counit map ¥ (C7) — Cr is a Cartesian lift of the map of
spaces Ob(Cy) — Ob(Cr). It follows from this description that 1 commutes with evaluation at * as

well, so that ¢ and v form a relative adjunction. a

Proof of Theorem 6.4 To define the functor £, consider the composition
T((—)") 0 ¢ Algey (TV) <> T Algey (V) — T Cat(V).
Here ¢ is the functor from Lemma 6.8 and the last square arises from the adjoint pair
(—)": Algey (V) T Car(V) ¢
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by taking tangent bundles. Note that ¢ sends DK-equivalences in Alge,, (TV) to 8fi"-diagrams of DK-
equivalences in Algq,,(V), which in turn are sent to equivalences by T((—)"). Consequently, the above
composite induces a functor £: Cat(TV) — T Cat(V) from the localization at the DK-equivalences.

Since (—)": Alge, (TV) — Cat(TV) is a monoidal localization, £ inherits a natural SM structure from
the composite T((—)") o ¢: Alge, (TV). Here T((—)") inherits its SM structure from (—)”, and ¢
corresponds under the SM equivalence of Proposition 5.6 to the projection (6-3), which is an SM functor.

To show that £ is an equivalence, observe that (since (—)": Algc, (TV) — Cat(TV) has a section), £
coincides with the top horizontal composite

Cat(TV) s Alge (TV) —2— T Alge (V) 22 7 car(v)

o | | oo

Cat(V) ———— Alg, (V) =—= Alg,(V) L Cat(V)

Here all vertical functors are co-Cartesian fibrations, where we use Proposition 6.6 for the left two. The
first two horizontal functors preserve co-Cartesian arrows by Proposition 6.6 and by Lemma 6.8 and [26,
Proposition 7.3.2.6]. The last functor T((—)"") preserves co-Cartesian arrows for formal reasons: for any
adjoint pair F: C z D :G, the induced adjoint pair TF: JC Z ID :TG covering F and G has left
adjoint T F preserving co-Cartesian arrows and right adjoint TG preserving Cartesian arrows.

Having proven that £ is a map between co-Cartesian fibrations preserving co-Cartesian arrows, it suffices
to verify that £ induces an equivalence on fibers. Let us therefore fix a V-enriched category C € Cat(V)
and let us write X = Ob(C) for its space of objects. Since the left square in (6-4) was Cartesian, it
suffices to verify that ¢ and completion induce an equivalence Algc, (TV) Xalg., (v) {C} — T Cat(V).
This follows essentially from [13, Section 3.1].

Indeed, note that the equivalence from Lemma 6.7 induces an equivalence on fibers

Algey (TV) X Algey (V) {C} = T Algey (V) Xy s {X}.

Recall that under the equivalence of Lemma 6.7, the functor ¢ was simply given by projection onto the

first factor. It will therefore suffice to verify that the composite

p=m Tc((—)™)
(6-5) Tc Algey (V) xg,s {X} ? Tc Alge, (V) <‘.T—T> Tc Cat(V)
c (¢

is an equivalence. As indicated, this composite admits a right adjoint: ¥ is the right adjoint from
Lemma 6.8, restricting the space of objects to X, and T(¢) is induced by the canonical inclusion

t: Cat(V) — Alge, (V).

Now note that the above diagram arises upon stabilization from the following diagram of adjunctions
between oco-categories of retractive objects over C:

A

T —
F:Alge, (Ve e Xsx x 1X} <T> Alge, (Ve yc <L—’ Cat(V)cc :G.
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Here the right adjoint v’ exists by (the opposite of) [23, Corollary 5.2.7.11]. Explicitly, it takes the full
subcategorical algebra with objects X, ie the counit map ¥'(ID) — DD is a Cartesian lift of the map of
spaces X = Ob(C) — Ob(ID) (see Definition 5.7). Upon stabilization, this induces the right adjoint pair
in (6-5) by definition. For the left adjoint pair, note that Algc, (V)c/c Xsy,xy {X} is a fiber product
of pointed oco-categories along left exact functors, and that stabilization preserves such fiber products.
Consequently, the projection onto the first factor induces the functor ¢, and since stabilization sends
an adjoint pair of left exact functors to an adjunction between stable co-categories, its right adjoint v’/
induces the functor i at the stable level.

We now follow the same proof as [13, Proposition 3.1.9]: applying (the co-categorical analogue of) [15,
Corollary 2.39], it suffices to verify that the unit and counit of (F, G) become equivalences upon taking
loop spaces. For the unit map, let C — D — C be a retract diagram of categorical algebras with spaces
of objects X. Then D — GF (D) is the natural map obtained by decomposing D — D" (essentially
uniquely) into a map that is the identity on objects, followed by a fully faithful map. Since D — D" is
itself fully faithful, the unit is itself already an equivalence.

For the counit, let C — D — C be a retract diagram of V-enriched categories. Then the counit map
ep: FG(D) = /(D) — D is the natural map from the completion of the full subcategorical algebra
¥'(D) — D with objects X. Since ¥'(ID) — I is fully faithful, ep is fully faithful as well. Consequently,
the base change FG(D) xp C — C is fully faithful as well. This map has a canonical section (since
we are working in Cat(V)c ) and is hence also essentially surjective. Since all categorical algebras
involved were complete, it follows that F G(ID) xp C ~ C is the zero object in Cat(V)c yc. Using this,
the looping of the counit map 2,c(ep): C x pgm) C — C xp C can be identified with

C XFG(D) C—->C XFG(D) FG(D) XD (C,
which is the base change of an equivalence. It follows that the counit is an equivalence upon taking loop

space objects, so that (6-5) is indeed an equivalence. a

Proposition 6.9 LetV be presentable monoidal co-category and suppose that TV carries a monoidal
t-orientation. Then the full subcategories Algc, (T=°V) and Algc, (T=°V) define a t-orientation on the
stable Cartesian fibration Algc,,(TV) — Algc, (V).

Proof Theorem 6.4 and Proposition 6.6 imply that Algc,, (TV) — Alg, (V) is a stable Cartesian fibration,
being the base change of such. For a fixed space of objects, the restrictions
(6-6)  Alge, (TZ0V) x5 {X} > Algy, (TZ°V),  Alge, (T="V) x5 {X} ~ Algy, (T=°V)

coincide with the 7-orientation on Ox-algebras from Proposition 2.25. In particular, this implies that
Alge, (TZ0V) and Alge, (T=<OV) restrict to a ¢-structure on the fiber over a fixed categorical algebra C.

For condition (1) of Definition 2.20, let f: C — D be a map in Algc,(V), E € Alge, (T=V) an object
living over D and f*E — E the Cartesian lift of f. To see that f*E € Algq, (T=°V), factor f as a map
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g: C — D’ which is the identity on objects, followed by a fully faithful map 4: D’ — D. Then 2*(E) - E
is fully faithful; in particular, if all mapping objects of E are contained in T=°V, the same holds for #*(E).
The map f*(E) — h*(E) is then a Cartesian arrow in Algq «, (TV), so that Proposition 2.25 implies
that f*(E) € Algc, (T=V). m|

Corollary 6.10 LetV be a differentiable presentable SM oo-category such that 1y is compact and suppose
that TV carries a monoidal t -orientation. Under the equivalence T Cat(V) ~ Cat(TV) from Theorem 6.4,
the full subcategories

20 cat(V) ~ Cat(T2%V), T=0Cat(V) ~ Cat(T=V)
then determine a monoidal t-orientation of the tangent bundle T Cat(V), with heart T% Cat(V) =~

Cat(TV).

Proof Using the left pullback square from Proposition 6.6, this is simply the base change of the ¢-
orientation from Proposition 6.9. It is a monoidal #-structure because Cat(—) preserves symmetric
monoidal functors and fully faithful functors, so that 720 Cat(V) ~ Cat(T7Z%V) € T Cat(V) is closed
under the tensor product. O

Remark 6.11 In the setting of Corollary 6.10, let C be V-enriched category together with a mo-surjection
of spaces X — Ob(C). Let Cx — C be the induced fully faithful functor, which realizes C as the
completion of Cy. Theorem 6.4 and Proposition 6.6 then provide equivalences of stable co-categories

Tc Cat(V) ~ Algc, (TV) X Algey (V) {Cx} >~ Algy, (TV) X Algg, (V) {Cx}.
In the presence of a 7-orientation, the proof of Proposition 6.9 (see (6-6)) shows that this identifies

T& Cat(V) with the fiber Algy (TVV) XAlgy, ) {Cx}-

6.2 Local systems of abelian groups on (oo, n)-categories

Applying Corollary 6.10 inductively, starting with the ¢-structure on parametrized spectra of Example 2.24,

we obtain:

Corollary 6.12 Let C be an (oo, n)-category. Then the tangent co-category Je Cat(o ) carries a t-
structure, in which an object E is (co)connective if and only if for any two objects x, y € C, the functor

Map(_y(x, ) Te Cat(oo,n) = Thape(x.y) Cal(oo,n—1)
sends E to a (co)connective object.
Applying this inductively, one finds the following inductive description of the heart of the ¢-orientation
on J Cat(oo,p):
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Definition 6.13 (see [24, Definition 3.5.10]) The oo-category of local systems of abelian groups on
(00, 0)-categories is defined to be the domain of the Cartesian fibration

LocC(s0,0) = &

classified by the functor 8°° — Cat, sending a space X to the category of local systems Fun(IT1;(X), Ab).
This carries a symmetric monoidal structure given by the Cartesian product. For n > 1, we define the
symmetric monoidal co-category of local systems of abelian groups on (00, n)-categories to be the domain
of the Cartesian fibration

Loc(00,n) = Cat(Loc(so,n—1)) = Cat(Cat(os n—1)) = Cat(oo n) -
Note that Loc(s,,) inherits a symmetric monoidal structure from Loc(so,,—1), such that the projection to

Cat(so,p) 1s Symmetric monoidal.

For each €, let us denote the fiber of Loc(s, ) Over € by Loc(s,,)(C) and refer to it as the abelian
category of local systems on C. Note that Loc( ) (€) is indeed an (ordinary) abelian category by the
following immediate consequence of Corollary 6.10:
Corollary 6.14 There are equivalences of co-categories over Cat(og 5)

LOC(OO’n) o~ Cat(LOC(oo,n_l)) ad Cat(‘.TO Cat(oo,n_l)) ~ J9 Cat(oo,n) .
Given an (oo, n)-category C, Remark 6.11 now implies that a local system A on € is given by the datum

of map of co-operads

®
Loc(oo’n_l)

A7 l

Ox —> OOb(G) —>e Catﬁo,n—l)

for any choice of mg-surjection of spaces X — Ob(C).
Remark 6.15 For the canonical choice X = Ob(C), the datum of a local system .A on an (oo, n)-category
€ can therefore be described informally as follows:
(0) For each x, y € C, a local system Ay, , over the (co, n—1)-category of maps C(x, y).
(i) a map of local systems for each triple x, y, z € € and a map of abelian groups for each x € C
Mx,yz: P1Ayz X poAxy = ¢ Axzy Ux:Z — e* Ay x.
Here ¢: C(y,z) x C(x, y) — C(x, z) is the composition,
Po:C(y,z) xC(x,y) > C(y,z) and p1:C(y,z) xC(x,y) = C(x,y)

are the projections and e: * — C(x, x) is the unit.
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(i1) An associativity condition for each quadruple w, x, y, z € € and left and right unitality conditions
for each tuple x, y € C, given by the commutativity of the diagrams

PrAzw X pTAyz X paAx,y

my zwolidxXmy y ) My, y.wo(my z yxid)

S

(co(idxc))*Ax.w

(co(exid)*Axw

12

where o* arises from the associator « of C by naturality of base change, and

mx.x.yty Wuy xid)
A‘*

(co(idxe)* Ay —= (co(exid)* Ay,

Ax’y

‘AX,J’

~

where the bottom maps arise from the left and right unit equivalences A and p.

There are no higher coherences because the local systems over each C(x, y) form an ordinary 1-category.
Definition 6.13 therefore gives a precise formulation of the (informal) definition of local systems on
(00, n)-categories appearing in [24, Definition 3.5.10].

Remark 6.16 Taking X — Ob(C) to be a mp-surjection from a set, the datum of a local system over €
®

(00,n—1)
induces maps on mapping spaces with discrete fibers. Since

can also be identified with a section of the map of operads Le x := Loc
®

(o0,n—1)
X is a set, both Oy and Le x are therefore ordinary operads and a section Oy — Le x is given by

© xcal, ,_;,0x = Ox.
Now note that Loc(oo’n_l) — Cat

choosing images of objects and multimorphisms satisfying a certain associativity condition, but no higher
coherences. In this situation, the informal description of a local system from Remark 6.15, for objects
taken in the set X, is exactly the data of a local system on C.

The inductive construction of the Postnikov structure in Theorem 6.3 shows that all parametrized spectra
appearing in it are contained in the heart of the z-structure on T Cat(s, ). We therefore obtain the
following result (which appears without proof as [24, Claim 3.5.18]):

Corollary 6.17 For every (co, n)-category C, the parametrized spectrum Hr, (C) of Theorem 6.3 is the
Eilenberg—MacLane spectrum associated to

74(C) € Loc(oo,n) (C) = jﬁ)(ng.m(@) Cat(oo,n) -

In terms of Remark 6.15, it is the Eilenberg—MacLane spectrum of the local system of abelian groups on
ho(,41,n) € given inductively by w4(C)x,y = mq Mape(x, y), forany x, y € C.
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Appendix Symmetric monoidal structure on categorical algebras

In this appendix, we provide the proofs of Lemma 5.4 and Propositions 5.3 and 5.6 about the symmetric
monoidal structure on Catajg(V). The key ingredient of these proofs will be Construction A.3: given an
oo-category € with finite products, this produces a diagram Fy: D — SMCatl/aé‘X of SM oo-categories
over C* from the data of a (suitable) diagram W: C°P x D — SMCatlg‘c’,‘. Let us start with a preliminary
observation:

Definition A.1 For an co-category D, let us write
co-Cart(D)"** Catog/p, Cart(D)?' Catoo/p

for the full subcategories spanned by the co-Cartesian and Cartesian fibrations, respectively. Furthermore,
let us denote by Fun(D, SMCatg’g)Strorlg — Fun(D, SMCatg‘;‘) the wide subcategory whose morphisms
w: F — G are natural transformations such that for each d € D, the map u,: F(d) — G(d) is a strong
(as opposed to lax) SM functor.

Lemma A.2 For any oo-category D, there is a natural (wide) subcategory inclusion
Fun(D, SMCat'®)3n¢ < CAlg(Cart(D°P)°P),

where we take commutative algebras with respect to the fiber product over D.

Proof We use unstraightening to identify both categories with (nonfull) subcategories of Catog /DopxFin,
and then show that one is naturally included in the other. First, note that Fun(D, SMCat!®)stong jg
subcategory of Fun(D, Cate/Fin, ). By [19, Corollary 2.3.4], unstraightening to a Cartesian fibration
over D then provides an equivalence between Fun(D, SMCat'®)5""2 and the following subcategory of

Catoo/DOP xFiny -

(1) Objects are maps p = (p1, p2): € — D x Fin, such that p; is a Cartesian fibration, p; is a
co-Cartesian fibration, p; sends p,-co-Cartesian arrows to equivalences and p, sends pj-Cartesian
arrows to equivalences. Furthermore, for each d € D, the fiber £; — Fin, is an SM oo-category and for
each «:d — d’ in D, the change of fiber functor a*: €4, — €4 preserves p,-co-Cartesian lifts of inert
morphisms in Finy.

(2) Morphisms are commuting triangles

S &

(A-1) e
(p1,p2)=p 9=(q1,92)

DOP x Finy

such that f sends all p;-Cartesian arrows to gi-Cartesian arrows and all p,-co-Cartesian arrows to
g2-co-Cartesian arrows.
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Similarly, we can view CAlg(Cart(DP)°P!) as a subcategory of Fun(Fin,, Cat, /oer). By [19, Corol-
lary 2.3.4], unstraightening to a co-Cartesian fibration over Fin. then provides an equivalence between
CAlg(Cart(D°P)°P!) and the following subcategory of Cate /DOPXFin -

(1”) Objects are maps p = (p1, p2): € — D x Fin, such that p; is a Cartesian fibration, p; is a
co-Cartesian fibration, p; sends pj-co-Cartesian arrows to equivalences and p, sends pj-Cartesian
arrows to equivalences. Furthermore, for each (n) in Fins, the Segal maps induce an equivalence
Eny = E(1) Xpov - -+ Xpor € (1) of Cartesian fibrations over DP.

(2’) Morphisms are commuting triangles (A-1) such that f sends all p,-co-Cartesian arrows to g-co-

Cartesian arrows.
Notice that conditions (1) and (1’) are equivalent. Indeed, consider the Segal map
g1 E€(n) = Eq1) Xpor -+ Xepow Eqp)

between categories over D°P, Then g preserves Cartesian arrows over D°P if and only if for each a:d — d’
in D, the change of fiber functor «*: €4, — &, preserves co-Cartesian lifts of inert morphisms in Fin,.
When this is the case, the Segal map is an equivalence if and only if it induces an equivalence between
the fibers over each d € DP, ie if and only if each £  is an SM oco-category. We therefore obtain two
subcategories with the same objects, while on morphisms the condition (2) is clearly stronger than (2”).
This yields the desired wide subcategory inclusion. |

Construction A.3 Let C be an co-category with finite products, D an co-category and consider a functor
W: G x D — SMCat'™ that sends each arrow in C° to a strong SM functor. We will construct from W
a natural functor Fy: D — SMCatl/aé‘X, where Fy(d) — €* is an SM functor whose underlying functor
is the Cartesian fibration classified by W(—, d): C°°? — Catyo.

To do this, note that by adjunction and Lemma A.2, we obtain a natural functor
W: € — Fun(D, SMCatX)son¢ s CAlg(Cart(DP)°P!).
By [26, Theorem 2.4.3.18], this defines a map of co-operads
(P s Cart(DP)°PL* ~ co-Cart(D) 2>

from the co-Cartesian co-operad (C°P)H to the Cartesian operad co-Cart(D)"?> . Here the equivalence
of Cartesian operads arises from the equivalence sending a Cartesian fibration & — D°P to the opposite
co-Cartesian fibration E°° — D.

Since the target of the above map is a Cartesian co-operad, this is uniquely determined by an (C°P)H-
monoid object (€)X — co-Cart(D)'?*. The unstraightening of this functor determines a functor

(A-2) p=(p1.p2): XG® > (€M) xD
with the following properties:
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1 pr: f)Cij® — (€°P)I j5 a co-Cartesian fibration and p5 sends p;-co-Cartesian arrows to equivalences.

(2) For each (n) € Fin, the n inert maps o; : (n) — (1) induce an equivalence

0,® o, o,®
DC\I/’(n) — xq,’m X - XD f)Cq,,(l).

(3) For each {(n) € Fin,, the map between fibers over (n)

p: x‘\;ﬁn) — (€P) gy x D~ (CP) " x D

is a co-Cartesian fibration, classified by the functor sending (c1,...,cn,d) to W(cy, d)Px---xW(cy, d)°P.
Here (2) is equivalent to (€)1 — co-Cart(D)"* being a monoid object, after which (3) is equivalent

to the fact that the underlying functor €% — co-Cart(D)'¥* corresponds to W: C°% x D — Cat under
unstraightening over D.

In particular, these conditions imply that for each d € D, the map between fibers p;: p; 1(d) — (eoryl
is a co-Cartesian fibration of oo-operads and that each map d — d’ induces a map of oo-operads
)23 d)— 123 1(d") over (€°P)H. Unraveling the definitions, the co-Cartesian fibration

pi:py ' (d) > €M)
arises as the co-Cartesian unstraightening of the functor
CP — Cat, c¢+ ¥(c,d)®,
with lax monoidal structure maps given by
(A-3) W(c,d)PxW(c,d)P — V(e xc,d)PxW(cxc,d)® — W(exc d)P.

Here the first map restricts along the maps ¢ < ¢ X ¢/ — ¢’ and the second map uses the SM struc-
ture on W(c x ¢/, d)°P. Similarly, unwinding the construction shows that the co-Cartesian fibration
pl_l(cl, ...,cn) — D is classified by the functor sending d to W(cy,d)P? x--- x W(cy, d)P.

Postcomposing with the map (€)X — Fin,, one can view (A-2) as a map of co-Cartesian fibrations
over Fin,. Let us take the induced map of fiberwise opposite co-Cartesian fibrations, ie the co-Cartesian
fibrations classifying the Fin-diagram of opposite co-categories [3]. This yields a diagram of the form

q9=(q1,92) ©X x OP

N7

Finy

28

where €% — Fin, is the Cartesian operad associated to the co-category with products € (which is the
fiberwise opposite of (CP)I; see [26, Variant 2.4.3.12]). Here the map ¢ has the following properties
(which correspond to the properties of p under taking fiberwise opposites over Fin):

(1) g is a map of co-Cartesian fibrations over Fin, preserving co-Cartesian arrows.
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(2) For each (n) € Fin, the n inert maps o; : (n) — (1) induce an equivalence

® ® °0,®
x\y’(n) — xwl) XP - XD x\l/,(l)'

(3) For each (n) in Finy, the map on fibers DCS ) > (‘BZ(n) x DOP ~ @XM x DP is a Cartesian fibration
classified by the functor sending (c1,...,cn,d) = W(c1,d) xX---xW(cy,d).

In particular, the map (r, ¢»): DC% — Finy x D°P has the property that (1) r is a co-Cartesian fibration

and that g, sends r-co-Cartesian arrows to equivalences in D°P and (2) for each (n) € Fin,, the map

q>: DCS ) DCP is a Cartesian fibration. It follows from [19, Proposition 2.3.3] that ¢, : x@ — DPisa

Cartesian fibration and that ¢ is a map of Cartesian fibrations over D (preserving Cartesian arrows). We

can therefore apply straightening over D, and the above three conditions then imply that the straightening

determines the desired functor Fy: D — SMCatl/aé‘x.

Proof of Proposition 5.3 Recall that there is a functor Opgp x Op,, — Op., sending (O, P) to the
oo-operad of algebras Alg, (P)®. This takes values in SMCatloaé‘ if P is an SM oo-category [26, Exam-
ple 3.2.4.4], in which case restriction along O — O’ determines an SM functor Alge (P) — Algy(P). We
can thus apply Construction A.3 to the functor 8P x SMCatlo“c’,‘ — SMCatl;g‘ sending X — Algy, (V). O

Proof of Lemma 5.4 Unraveling Construction A.3, the structure of the SM functor Algq, (V) — 8
arises as the straightening over Fin, of the map g;: Alg?at(\?) =q, 1(V) — 8*. By construction, the
straightening of g is the pointwise opposite of the straightening of py: p5 L(V) — (8°P) over Fin,
by taking fiberwise opposites over Finy. Consequently, the tensor product on Alg., (V) is arises as the

unstraightening of the opposite of the natural transformation (A-3), as desired. |

Proof of Proposition 5.6 Construction A.3 has the following general property: for any f: D’ — D and
W: CP x D — SMCat'™, the functor Fyo(axf): D' — SMCatl/a(fz‘X is naturally equivalent to the functor
Fy o f. Consequently, the left-bottom composite in Proposition 5.6 arises by applying Construction A.3
to the functor Wy: 8 x SMCat'™ — SMCat'™ sending (X, V) to Algy, (Fun(J, V))®.

Now notice that Wy is equivalent to the functor sending (X, V) to Fun(J, Algy, (V)) with the levelwise
tensor product (by adjunction to the Boardman—Vogt tensor product, see Remark 2.7). The result will
therefore follow from the following general claim about Construction A.3: for any W: €% x D — SMCat'™
and any oco-category J, applying Construction A.3 to the functor Wy(c, d) = Fun(J, W(c, d)) results in
the composite functor

Fun(fJ,—)xFun(j.GX)GX

1
SMCat 3 Jex -

F
(A-4) Fy,: D SMCatl o«

To see this, recall the inclusion Fun(D, SMCat'®) < CAlg(Cart(D°)°P') from Lemma A.2, which was
given by unstraightening over D. Under this inclusion, applying Fun(J, —) pointwise corresponds to
sending a Cartesian fibration €% — D to the Cartesian fibration Fun(J, EP) Xpgyn(g,por) DP — DP.
This implies that the monoid object determined by Wy is given by the composite

(P 5 co-Cart(D)™ — co-Cart(D)"™,
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where the first functor is the monoid object associated to W and the second functor sends a co-Cartesian
fibration & — D to Fun(JP, &) Xpyn(gor,p) D — D (note that we took opposite categories to pass from
Cartesian to co-Cartesian fibrations). Next, applying the same reasoning to the unstraightening over
(C°P)I we obtain that

x\ol;;@ ~ Ful’l(JOp, x?ﬁ®) XFun(jOP,(GOP)HXD) (GOP)H X @

Taking fiberwise opposite co-Cartesian fibrations over Fins, one then obtains an equivalence of Cartesian
fibrations over D°P
XS, > Fun(J, X§) Xpun(g,exxpor) € x DP.

Under straightening over D°P, this equivalence provides the desired identification of Fy, as in (A-4). O
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