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On the involutive Heegaard Floer homology of negative semidefinite
plumbed 3-manifolds with b1 D 1

PETER K JOHNSON

Ozsváth and Szabó (2003) used Heegaard Floer homology to define numerical invariants d1=2 and d�1=2
for 3-manifolds Y with H1.Y IZ/Š Z. We define involutive Heegaard Floer theoretic versions of these
invariants analogous to the involutive d invariants Nd and d defined for rational homology spheres by
Hendricks and Manolescu (2017). We prove their invariance under spin integer homology cobordism and
use them to establish spin filling constraints and 0-surgery obstructions analogous to results by Ozsváth
and Szabó for their Heegaard Floer counterparts d1=2 and d�1=2. We then apply calculation techniques of
Dai and Manolescu (2019) and Rustamov (2004) to compute the involutive Heegaard Floer homology
of some negative semidefinite plumbed 3-manifolds with b1 D 1. By combining these calculations with
the 0-surgery obstructions, we are able to produce an infinite family of small Seifert fibered spaces with
weight 1 fundamental group and first homology Z which cannot be obtained by 0-surgery on a knot in S3,
extending a result of Hedden, Kim, Mark and Park (2019).

57K18, 57K31, 57K41

1 Introduction

Involutive Heegaard Floer homology is an extension of Heegaard Floer homology due to Hendricks and
Manolescu [6]. It is constructed by considering the mapping cone of a naturally arising involution on
the Heegaard Floer chain complex associated to a given Heegaard diagram. For certain 3-manifolds,
involutive Heegaard Floer homology contains more information than Heegaard Floer homology. In
particular, it has had success illuminating the structure of the integer homology cobordism group.

Over the past several years there has been significant progress in understanding how to calculate involutive
Heegaard Floer homology. Some of the methods developed include the large surgery formula of Hendricks
and Manolescu [6], the results on almost rational negative definite plumbings by Dai and Manolescu [2],
the connected sum formula of Hendricks, Manolescu and Zemke [7], and most recently the involutive
surgery exact triangle established by Hendricks, Hom, Stoffregen and Zemke [5].

To date, much of the focus of these calculation techniques and applications has been on rational homology
3-spheres. The goals of this paper are to

(1) establish topological applications of involutive Heegaard Floer homology for 3-manifolds with
b1 D 1, and
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(2) find an efficient way to compute the involutive Heegaard Floer homology of a certain class of such
manifolds.

For rational homology spheres, important topological information is encoded by the involutive d invariants
Nd and d defined by Hendricks and Manolescu [6]. These are numerical invariants extracted from the plus

(or equivalently minus) version of involutive Heegaard Floer homology with respect to a self-conjugate
spinc structure.

In this paper, we define analogous involutive d invariants Nd�1=2, Nd1=2, d�1=2, and d1=2 for 3-manifolds
Y with H1.Y IZ/Š Z. These invariants are generalizations of the invariants d�1=2 and d1=2 defined by
Ozsváth and Szabó [16] and also encode important topological information. In particular, they are spin
integer homology cobordism invariants. Moreover, in Section 2, we prove the following theorems, which
generalize [16, Theorem 9.11 and Proposition 4.11].

Theorem A Suppose X is a smooth oriented negative semidefinite spin 4-manifold with boundary a
3-manifold Y with H1.Y IZ/Š Z.

(1) If the restriction H 1.X IZ/!H 1.Y IZ/ is trivial , then

b2.X/� 3� 4d�1=2.Y /:

(2) If the restriction H 1.X IZ/!H 1.Y IZ/ is nontrivial , then

b2.X/C 2� 4d1=2.Y /:

Remark 1.1 Hypothesis (1) implies b2.X/� 1.

Theorem B Let M be an oriented integer homology 3-sphere and let Y and M 0 be the 3-manifolds
obtained via 0 and C1 surgery, respectively, on a knot K in M . Then

(1) d.M/� 1
2
� d�1=2.Y / and Nd.M/� 1

2
� Nd�1=2.Y /;

(2) d1=2.Y /�
1
2
� d.M 0/ and Nd1=2.Y /� 1

2
� Nd.M 0/.

As a consequence of these theorems, we obtain the following two corollaries:

Corollary C Suppose K is a knot in S3 and Y is the result of 0-surgery on K. Then

(1) �1
2
� d�1=2.Y /;

(2) Nd1=2.Y /� 1
2

.

Corollary D Suppose Y is a closed oriented 3-manifold with H1.Y IZ/Š Z. If

d�1=2.Y / < �
1
2

and d1=2.Y / <
1
2

then Y is not the boundary of any negative semidefinite spin manifold.

To put the above results to use, we need a practical way to calculate Nd˙1=2 and d˙1=2. The approach we
take to achieve this is to adapt existing methods for computing Nd and d for rational homology spheres
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Figure 1

to the setting of 3-manifolds with b1 D 1. Dai and Manolescu [2] provided a combinatorial method
to compute the involutive Heegaard Floer homology of a certain class of negative definite plumbed
3-manifolds called almost rational (or AR) plumbed manifolds. In particular, their methods provide a
way to compute the invariants Nd and d for rational homology spheres which admit such a plumbing.

Their approach utilizes the framework of lattice cohomology and graded roots introduced by Némethi
[12; 13]. Lattice cohomology itself builds upon earlier work by Ozsváth and Szabó [17] in which they show
how to combinatorially compute the Heegaard Floer homology of a subclass of almost rational plumbings,
namely negative definite plumbings with at most one bad vertex. Rustamov [23] later generalized this
work of Ozsváth and Szabó to the case of negative semidefinite plumbings with b1 D 1 and at most one
bad vertex. Subsequent works have established isomorphisms between Heegaard Floer homology and
lattice (co)homology (using completed coefficients) for more general classes of plumbings, for example
Ozsváth, Stipsicz and Szabó [15] and Zemke [25], the latter of which shows that the completed versions
of Heegaard Floer homology and lattice homology are isomorphic for all plumbing trees.

The setting we will work in for computations of Nd˙1=2 and d˙1=2 is that of negative semidefinite plumbed
3-manifolds with b1D 1 and at most one bad vertex. To cohesively adapt the work of Dai and Manolescu
to this setting, we first recast Rustamov’s results into the language of lattice cohomology and graded
roots. This requires us to slightly modify Némethi’s original definition of lattice cohomology.

After establishing the above computational approach, we carry out a specific calculation of the plus
version of the involutive Heegaard Floer homology of an infinite family fNj gj2N of small Seifert fiber
spaces. For j 2N, we let

Nj D S
2

�
�
2

1
;
�8j C 1

1
;
16j � 2

8j C 1

�
:

Nj can also be realized as surgery on a 2-component link as in Figure 1.

The family fNj gj2N was previously studied by Hedden, Kim, Mark and Park [4]. The manifolds in
this family all have first homology equal to Z and weight 1 fundamental groups, which are necessary
conditions if said manifolds could be obtained by 0-surgery on a knot in S3. However, by using an
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obstruction in terms the Rokhlin invariant, Hedden, Kim, Mark and Park [4, Theorem 7.3] proved that for
all odd positive integers j , Nj cannot be obtained by 0-surgery on a knot in S3. In the same paper, they
also show that if Y is a 3-manifold that is homology cobordant to a Seifert fibered homology S1 �S2,
then Y automatically satisfies the same d1=2 and d�1=2 bounds as a manifold obtained by 0-surgery on a
knot in S3 (see [4, Theorem 5.2]). In other words, the noninvolutive version of Corollary C (see [16,
Proposition 4.11]) cannot obstruct a Seifert fibered homology S1 �S2 from being 0-surgery on a knot
in S3. However, it turns out that the extra information contained in involutive Heegaard Floer homology
can detect Seifert fibered 0-surgery. In particular, as an application of Corollaries C and D, we are able to
prove the following extension of [4, Theorem 7.3]:

Theorem E For all positive integers j , Nj cannot be obtained by 0-surgery on a knot in S3. In fact , Nj
is not the oriented boundary of any smooth negative semidefinite spin 4-manifold.

To provide further context for the above theorem, it is worth noting that there do exist small Seifert fiber
spaces which are obtained by 0-surgery on a knot in S3. For example, by work of Moser [10], 0-surgery
on torus knots are small Seifert fibered spaces. More recently, Ichihara, Motegi and Song [8] discovered
an infinite family of hyperbolic knots fKngn2Z�f0;�1;�2g with small Seifert fibered 0-surgery. These
small Seifert manifolds are different from those obtained by 0-surgery on torus knots.

Interestingly, as we describe in Section 5.4,

HFC.�N1; s0/ŠHF
C.�S30 .K1/; s0/

where S30 .K1/ denotes 0-surgery on K1 and, on each side of the equation, s0 is the unique self-conjugate
spinc structure. However,

HFIC.�N1; s0/©HFI
C.�S30 .K1/; s0/:

This gives a very concrete example of how involutive Heegaard Floer homology detects Seifert fibered
0-surgery whereas regular Heegaard Floer homology does not.

Organization of the paper

In Section 2, we review involutive Heegaard Floer homology and prove Theorems A and B. In Section 3,
we review some basic facts about plumbed manifolds. In Section 4, we define a slightly modified version
of lattice cohomology for negative semidefinite plumbings and describe how it fits with prior work of
Ozsváth and Szabó, Némethi, and Rustamov. At the end of that section, we adapt [2, Theorem 3.1] to
the setting of negative semidefinite plumbings with b1 D 1 and at most one bad vertex. In Section 5,
we compute the involutive Heegaard Floer homology of the manifolds fNj gj2N as well as S30 .K1/. In
particular, these calculations together with the results of Section 2, enable us to prove Theorem E.
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2 Involutive Heegaard Floer homology

In this section, we briefly review the construction of involutive Heegaard Floer homology. We then recall
the involutive d invariants, d and Nd , defined by Manolescu and Hendricks for rational homology spheres
and define analogous invariants, d˙1=2 and Nd˙1=2, for closed oriented 3-manifolds with first homology Z.
We show that d˙1=2 and Nd˙1=2 are spin integer homology cobordism invariants and use them to establish
constraints on the intersection forms of negative semidefinite spin 4-manifolds whose boundary is a
3-manifold with first homology Z. Furthermore, we establish new obstructions to a 3-manifold being
realized as 0-surgery on a knot in an integer homology sphere.

We assume the reader is familiar with Heegaard Floer homology (see for example [19; 18; 21; 22]).

2.1 Notation and conventions
� We use F DZ2 coefficients for all Heegaard Floer and involutive Heegaard Floer homology groups.

� Given a graded F ŒU �-module A, we let AŒr� be the graded F ŒU �-module defined by AŒr�kDAkCr .
The subscripts denote the homogeneous elements of the corresponding grading.

� We let TC D F ŒU; U�1�=.U �F ŒU �/ be the graded F ŒU �-module where gr.U n/D�2n.

� We let TC
d
WDTCŒ�d�. In other words, TC

d
is the F ŒU �-module TC with grading shifted so that

the minimal nonzero grading level is d .

2.2 Review of involutive Heegaard Floer homology

For complete details of the construction of involutive Heegaard Floer homology see [6].

Let Y be any closed, connected, oriented 3-manifold. Fix a spinc structure s on Y and let x! D fs; Nsg
be the orbit of s under the conjugation action. Let HD .H; J / be a Heegaard pair, ie H D .†; ˛; ˇ; z/
is a pointed Heegaard diagram for Y admissible with respect to s and J is a generic family of almost
complex structures on Symg.†/. Given this setup, define

CF ı.H; x!/D
M
t2x!

CF ı.H; t/

where CF ı.H; t/ is the usual Heegaard Floer chain complex associated to .H; t/.
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We call HD .H; J / the conjugate Heegaard pair whereH D .�†;ˇ; ˛; z/ and where J is the correspond-
ing conjugate family of almost complex structures. As shown by Ozsváth and Szabó [18, Theorem 2.4],
there is a canonical isomorphism of chain complexes

� W CF ı.H; s/! CF ı.H; Ns/:

Moreover, H and H both represent the same 3-manifold Y ; swapping the order of the ˛ and ˇ curves
and reversing the orientation of † both have the effect of reversing the orientation on Y and thus cancel
each other out. One may think of H as being obtained from H by flipping the handle decomposition
corresponding to H upside down.

Using naturality results of Juhász, Thurston and Zemke [9], it was observed by Hendricks and Manolescu
[6, Proposition 2.3] that given two Heegaard pairs representing the same 3-manifold there is a chain
homotopy equivalence between their respective Heegaard Floer chain complexes. Furthermore, these
chain homotopy equivalences form a transitive system. In particular, since H and H both represent Y , we
get a chain homotopy equivalence

ˆ.H;H/ W CF ı.H; Ns/! CF ı.H; Ns/:

Taking the composition of � and ˆ, we obtain a map

�Dˆ.H;H/ ı � W CF ı.H; s/! CF ı.H; Ns/

which is uniquely determined up to chain homotopy. By swapping the roles of s and Ns in the above
discussion, we get a second map going in the opposite direction which, by an abuse of notation, we again
call �,

� W CF ı.H; Ns/! CF ı.H; s/:

It is shown in [6] that �2 W CF ı.H; s/! CF ı.H; s/ is chain homotopic to the identity.

By a further abuse of notation, we let � also denote the direct sum of the two � maps above, ie

� W CF ı.H; x!/! CF ı.H; x!/:

We then define the involutive Heegaard Floer complex, CFI ı.H; x!/, to be the mapping cone complex

CF ı.H; x!/
Q.1C�/
����!Q �CF ı.H; x!/Œ�1�:

Here, Q is a formal variable that shifts the grading down by 1. Therefore, as graded F ŒU �-modules,
Q � CF ı.H; x!/Œ�1� Š CF ı.H; x!/ (strictly, these are Z2-graded modules; there is only an absolute
Q-grading lifting the Z2-grading when s is torsion, for example when s is self-conjugate). Introducing the
formal variable Q gives CFI ı.H; x!/ the extra structure of a F ŒQ;U �=.Q2/-module rather than just an
F ŒU �-module. The involutive Heegaard Floer homology,HFI ı.H; x!/, is then defined to be the homology
of CFI ı.H; x!/. It turns out that the isomorphism class of HFI ı.H; x!/ as a graded F ŒQ;U �=.Q2/-
module is independent of the choice of auxiliary data H. Therefore, we will write HFI ı.Y; x!/ rather
than HFI ı.H; x!/. If s is self-conjugate (sD Ns/, we write HFI ı.Y; s/.
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Remark 2.1 Since HFI ı.Y; x!/ is currently only defined up to isomorphism, it is important to highlight
that when one considers elements of (or maps on) HFI ı, one needs to make a choice of auxiliary data.
It is not known whether canonical F ŒQ;U �=.Q2/-modules can be associated to each pair .Y; x!/. For
that, one would need higher order naturality results. See [6, Section 2.4] for more details about this issue.

2.3 Involutive d invariants

Hendricks and Manolescu [6, Section 5] defined involutive d invariants, denoted by Nd and d , for self-
conjugate spinc structures of rational homology spheres. Before recalling their definitions and generalizing
them to 3-manifolds with H1 D Z, we need to review a few basic properties.

Proposition 2.2 [6, Proposition 4.6] Suppose Y is a closed , connected , oriented 3-manifold and
s 2 Spinc.Y / with sD Ns. Then there exists an exact triangle of F ŒU �-modules

HF ı.Y; s/ Q �HF ı.Y; s/Œ�1�

HFI ı.Y; s/

Q.1C��/

gh

where h decreases grading by 1 and the maps Q.1C ��/ and g preserve grading.

Corollary 2.3 With .Y; s/ as in the previous proposition , if HF ır .Y; s/Š 0 or F , then the map

Q.1C ��/ WHF
ı
r .Y; s/!Q �HF ır .Y; s/Œ�1�

is trivial.

Proof Since �2 is chain homotopic to the identity, the induced map �2� D 1. In particular, �� is an
automorphism. Since the only automorphisms of F or 0 are the identity, if r is a grading for which
HF ır .Y; s/Š 0 or F , then �� is the identity. Thus, Q.1C ��/DQ.1C 1/D 0.

Next we recall a structure result for the1-flavor of Heegaard Floer homology. To be consistent with
[18], we phrase the next theorem in terms of Z-coefficients. However, we will only be concerned with
the mod 2 reduction of this result.

Theorem 2.4 [18, Section 10] Let Y be a closed , connected , oriented 3-manifold. If b1.Y /� 2, then
there exists an equivalence class of orientation system over Y such that for any torsion spinc structure s,
we have

HF1.Y; s/Š ZŒU; U�1�˝Zƒ
�H 1.Y IZ/

as ZŒU �˝Zƒ
�.H1.Y IZ/=Tors/-modules.

In Heegaard Floer terminology, HF1 is said to be standard if it satisfies the conclusion of the above
theorem. In other words, Theorem 2.4 says that if b1.Y / 2 f0; 1; 2g, then HF1.Y; s/ is automatically
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standard. In particular, if b1.Y /D 0, ie if Y is a rational homology sphere, thenHF1.Y; s/ŠF ŒU; U�1�.
In this case, as graded F ŒU �-modules, we have the (noncanonical) splitting

HFC.Y; s/Š TC
d
˚HFCred.Y; s/

where d D d.Y; s/ is the usual d invariant of .Y; s/ and TC
d

corresponds to the image of

�� WHF
1.Y; s/!HFC.Y; s/:

Similarly, if H1.Y IZ/ Š Z and s0 is the unique torsion spinc structure on Y , then we have that
HF1.Y; s0/Š F ŒU; U�1�˚F ŒU; U�1� and we get the (noncanonical) splitting

HFC.Y; s0/Š TC
d�1=2

˚TC
d1=2
˚HFCred.Y; s0/

where d�1=2Dd�1=2.Y; s0/ and d1=2Dd1=2.Y; s0/ are the two d invariants for .Y; s0/ and TC
d�1=2

˚TC
d1=2

corresponds to the Im.��/. Recall, d˙1=2 �˙1=2 mod 2.

Remark 2.5 The previous paragraph applies more generally to Y with b1.Y /D1, not justH1.Y IZ/ŠZ,
but to simplify the exposition we will restrict to the case H1.Y IZ/Š Z. Ultimately, we are concerned
with 0-surgery applications, so this restriction suffices for our purposes.

Proposition 2.6 Let Y be a closed , connected oriented 3-manifold with b1.Y /D 0 or H1.Y IZ/Š Z.
If s 2 Spinc.Y / with sD Ns, then we get an exact triangle of F ŒU �-modules:

HF1.Y; s/ Q �HF1.Y; s/Œ�1�

HFI1.Y; s/

0

g1h1

Proof By the above discussion, if r is a grading for which HF1r .Y; s/¤ 0, then HF1r .Y; s/Š F . The
proposition then follows immediately from Corollary 2.3 and Proposition 2.2.

We now analyze the conclusion of Proposition 2.6 in the case b1 D 0 and recall the definition of the
involutive d invariants Nd and d . After this, we consider the case H1.Y IZ/Š Z. To minimize confusion,
for the rest of this section we use the letter M to denote rational homology spheres and the letter Y to
denote 3-manifolds with b1 D 1.

Consider a rational homology sphere M equipped with a self-conjugate spinc structure s. Then the exact
triangle of Proposition 2.6 decomposes into exact sequences

0!Q �HF1r .M; s/Œ�1� ��!HFI1r .M; s/! 0 .if r � d.M; s/ mod 2/;

0!HFI1r .M; s/
��!HF1r�1.M; s/! 0 .if r � d.M; s/C 1 mod 2/:

Since the maps in the exact triangle are U -equivariant, we further get that HFI1 splits as a graded
F ŒU �-module,

HFI1.M; s/ŠQ �HF1.M; s/Œ�1�˚HF1.M; s/Œ�1�:
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This splitting is canonical since HF1r is supported in alternating degrees. Moreover, as graded
F ŒQ;U �=.Q2/-modules (up to possibly an overall grading shift) one can check that

HFI1.M; s/Š F ŒQ;U;U�1�=.Q2/:

Therefore, we may think of HFI1.M; s/ as the direct sum of two doubly infinite towers: one which
is not in the image of Q, and the other which is the image of the first under multiplication by Q. Both
towers have involutive grading congruent to d.M; s/ mod 2Z.

We now recall the definition of the involutive d invariants introduced by Hendricks and Manolescu. To
make sense of the definition, it is useful to recall that

Im.�� WHFI1.M; s/!HFIC.M; s//D Im.U n/

for n� 0 (see [19, Lemma 4.6]).

Definition 2.7 [6, Definition 5.1] Let M be an oriented rational homology 3-sphere and s 2 Spinc.M/

with sD Ns. Define the lower and upper involutive correction terms of .M; s/ to be d.M; s/ and Nd.M; s/,
respectively, where

d.M; s/Dminfr j 9 x 2HFICr .M; s/; x 2 Im.U n/; x … Im.U nQ/ for n� 0g� 1;

Nd.M; s/Dminfr j 9 x 2HFICr .M; s/; x ¤ 0; x 2 Im.U nQ/ for n� 0g:

It is conceptually useful to think of Nd and d in terms of a splitting of HFIC into towers and reducible
elements as follows:

Corollary 2.8 Suppose M is an oriented rational homology 3-sphere and s 2 Spinc.M/ with s D Ns.
Then we get a (noncanonical ) splitting as graded F ŒU �-modules ,

HFIC.M; s/Š TC
Nd
˚TC

dC1
˚HFICred.M; s/:

Here , TC
Nd
˚TC

dC1
corresponds to Im.��/, with TC

Nd
in the image of Q.

The invariants d and Nd satisfy the following basic properties:

Proposition 2.9 [6, Propositions 5.1 and 5.2] With M and s as in Definition 2.7,

(1) d.M; s/� d.M; s/� Nd.M; s/;

(2) d.M; s/D� Nd.�M; s/.

Additionally, Hendricks and Manolescu generalize [16, Theorem 9.6] to the involutive setting to obtain:

Theorem 2.10 [6, Theorem 1.2] With M and s as in Definition 2.7, if X is a smooth negative definite
4-manifold with boundary M and t is a spin structure on X such that tjM D s, then

rank.H 2.X IZ//� 4d.M; s/:
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The method of proof of Theorem 2.10 is used to further show that d and Nd are spin rational homology
cobordism invariants.

Now suppose Y is a closed oriented 3-manifold with H1.Y IZ/ Š Z and let s0 be the unique torsion
spinc-structure on Y . Then the exact triangle of Proposition 2.6 decomposes into short exact sequences

0!Q �HF1r .Y; s0/Œ�1�
g1
�!HFI1r .Y; s0/

h1
�!HF1r�1.Y; s0/! 0:

These short exact sequences are of the form

0! F ! F ˚F ! F ! 0:

Therefore, as vector spaces, we get a splitting

HFI1r .Y; s0/ŠQ �HF
1
r .Y; s0/Œ�1�˚HF

1
r�1.Y; s0/

where each summand is one-dimensional. Unlike in the b1 D 0 case, this splitting is not canonical.
However, we are still able to get the following structure result:

Proposition 2.11 Suppose Y is a closed connected oriented 3-manifold with H1.Y IZ/Š Z and s0 2

Spinc.Y / is the unique spinc structure with s0 D Ns0. Then , as graded F ŒQ;U �=.Q2/-modules ,

HFI1.Y; s0/Š F ŒQ;U;U�1�=.Q2/˚F ŒQ;U;U�1�=.Q2/

where , on the right side of the equation , the first factor has gradings congruent to 1=2 mod 2 and the
second factor has gradings congruent to �1=2 mod 2.

Proof Fix a Heegaard pair HD .H; J / representing Y and admissible with respect to s0. Let @I be the
boundary map on the involutive chain complex. We can compactly write @I as @I D @CQ.1C �/ where
@ is the usual boundary map on the Heegaard Floer chain complex extended by Q-linearity.

By Theorem 2.4, HF1
1=2
.H; s0/ŠHF

1
�1=2

.H; s0/Š F . Let ˛ 2HF1
1=2
.H; s0/ and ˇ 2HF1

�1=2
.H; s0/

be the unique nonzero generators. Let a; b 2 CF1.H; s0/ be representatives of ˛ and ˇ respectively.
Then, the unique nonzero element in the image of

g1 WQ �HF11=2.H; s0/Œ�1�!HFI11=2.H; s0/

is ŒQa�. Similarly, ŒQb� is the unique nonzero element in the image of

g1 WQ �HF1
�1=2.H; s0/Œ�1�!HFI1

�1=2.H; s0/:

As we have observed above, 1 C �� is the zero map on homology. Therefore, there exists some
x; y 2CF1.H; s0/ such that .1C�/aD@x and .1C�/bD@y. Thus, @I .aCQx/D0 and @I .bCQy/D0.
Furthermore, we have that QŒa CQx� D ŒQa� and QŒb CQy� D ŒQb�. Therefore, the first sum-
mand in the decomposition can be taken to be

�
F ŒQ;U;U�1�=.Q2/

�
Œb CQy� and the second to be�

F ŒQ;U;U�1�=.Q2/
�
ŒaCQx�.

The isomorphism in Proposition 2.11 is not canonical with respect to a given Heegaard pair HD .H; J /

because the elements ŒaCQx� and ŒbCQy� depend on our choice of representatives a; b; x; y. Despite
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this, we can still define involutive d invariants in this situation. We only need to know the F ŒQ;U �=.Q2/-
module structure of HFI1, regardless of a canonical isomorphism.

Definition 2.12 Let Y be a closed oriented 3-manifold with H1.Y IZ/Š Z. Let s0 be the unique spinc

structure on Y with s0 D Ns0. Define

d1=2.Y; s0/Dmin
˚
r jr��1

2
mod 2; 9x2HFICr .Y; s0/; x2 Im.U n/; x… Im.U nQ/ for n�0

	
�1;

d�1=2.Y; s0/Dmin
˚
r jr� 1

2
mod 2; 9x2HFICr .Y; s0/; x2 Im.U n/; x… Im.U nQ/ for n�0

	
�1;

Nd1=2.Y; s0/Dmin
˚
r jr� 1

2
mod 2; 9x2HFICr .Y; s0/; x¤0; x2 Im.U nQ/ for n�0

	
;

Nd�1=2.Y; s0/Dmin
˚
r jr��1

2
mod 2; 9x2HFICr .Y; s0/; x¤0; x2 Im.U nQ/ for n�0

	
:

Remark 2.13 Since s0 is unique, we will often just write d˙1=2.Y / and Nd˙1=2.Y /, or d˙1=2 and Nd˙1=2
if Y is clear from context.

As in the b1 D 0 case, it is again useful to think of these invariants in terms of a splitting of HFIC.

Corollary 2.14 Suppose Y is a closed , connected , oriented 3-manifold with H1.Y;Z/ Š Z and
s0 2 Spinc.Y / is the unique Spinc structure with s0 D Ns0. Then there exists a (noncanonical ) splitting

HFIC.Y; s0/Š TC
Nd1=2
˚TC

Nd�1=2
˚TC

d1=2C1
˚TC

d�1=2C1
˚HFICred.Y; s0/

where
TC
Nd1=2
˚TC

Nd�1=2
˚TC

d1=2C1
˚TC

d�1=2C1

corresponds to Im.��/ and TC
Nd1=2
˚TC

Nd�1=2
is contained in the image of multiplication by Q.

Proposition 2.15 The involutive correction terms d˙1=2 and Nd˙1=2 satisfy the basic properties

(1) d˙1=2.Y /� d˙1=2.Y /� Nd˙1=2.Y /;

(2) d˙1=2.Y /D� Nd�1=2.�Y /.

Proof The proof of .1/ follows from the same arguments as the proof of [6, Proposition 5.1]. The proof
of .2/ follows from [6, Proposition 4.4] and the same arguments as in the proof of [6, Proposition 5.2].

2.4 Spin filling constraints, homology cobordism invariance, and 0-surgery obstruction

Ozsváth and Szabó [16, Theorem 9.11] established constraints in terms of d˙1=2 on the intersection
form of a negative semidefinite 4-manifold with boundary a given 3-manifold Y with H1.Y IZ/Š Z.
Furthermore, Ozsváth and Szabó [16, Corollary 9.14, Proposition 4.11] established 0-surgery obstructions
in terms of d˙1=2. In this section, we establish the analogous results in the involutive setting.

Theorem 2.16 Suppose X is a smooth oriented negative semidefinite spin 4-manifold with boundary a
3-manifold Y with H1.Y IZ/Š Z.
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(1) If the restriction H 1.X IZ/!H 1.Y IZ/ is trivial , then

b2.X/� 3� 4d�1=2.Y /:

(2) If the restriction H 1.X IZ/!H 1.Y IZ/ is nontrivial , then

b2.X/C 2� 4d1=2.Y /:

Proof Let s be a spin structure on X . In particular, c21.s/ D 0. We follow the proof strategy of [16,
Theorem 9.11].

(1) Suppose the restriction H 1.X IZ/! H 1.Y IZ/ is trivial. First, surger out all of b1.X/ without
changing the nondegenerate part of the intersection form of X . Then, remove a ball from X to obtain W
which we regard as a cobordism W W S3! Y . As observed in the proof of [16, Theorem 9.11], the map
induced from the cobordism W ,

F1W;sjW WHF
1.S3/!HF1.Y; sjY /;

is injective with image equal to the doubly infinite tower with degrees congruent to �1=2 mod 2 and
shifts degree by `D 1

4
.b2.X/� 3/. Also, by [6, Section 4.5] there exists an induced map

F
I;1
W;sjW ;˛

WHFI1.S3/!HFI1.Y; s0/

which also shifts degree by `D 1
4
.b2.X/�3/. Note that the involutive cobordism map F I;1

W;sjW ;˛
depends

on an additional choice of auxiliary data ˛.

Combining the results in [6, Section 4.5] with Proposition 2.6, we see that for every even integer r , we
have the following commutative diagram with exact horizontal rows:

0 QHF1
rC1C`

.Y; s0/Œ�1� HFI1
rC1C`

.Y; s0/ HF1
rC`

.Y; s0/ 0

0 HFI1rC1.S
3/ HF1r .S

3/ 0

QHFC
rC1C`

.Y; s0/Œ�1� HFIC
rC1C`

.Y; s0/ HFC
rC`

.Y; s0/

QHFCrC1.S
3/Œ�1� HFICrC1.S

3/ HFCr .S
3/

Q.1C��/ g1
Y

�Y

h1
Y

�I
Y

Q.1C��/

�Y

F
I;1
W;sjW ;˛

h1
S3

F1
W;sjW

g
C
Y

h
C
Y

�I
S3

F
I;C
W;sjW ;˛

h
C

S3

�
S3

F
C

W;sjW

By definition of d�1=2.Y /, there exists some yC inHFIC
d�1=2C1

.Y; s0/ such that yC2 Im.U n/ for n�0

and yC … Im.U nQ/ for n� 0. The condition ŒyC 2 Im.U n/ for n� 0� is equivalent to the condition
ŒyC 2 Im.�IY /�. Therefore, there exists some y1 2 HFI1

d�1=2C1
.Y; s0/ such that �IY .y

1/ D yC.
The condition [yC … Im.U nQ/ for n � 0] implies that y1 … Im.g1Y /. Therefore, by exactness,
h1Y .y

1/¤ 02HF1
d�1=2

.Y; s0/. By assumption, the map F1
W;sjW

WHF1
d�1=2�`

.S3/!HF1
d�1=2

.Y; sjY /
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is an isomorphism. Moreover, by exactness, the map h1
S3
WHFI1

d�1=2C1�`
.S3/!HF1

d�1=2�`
.S3/ is

also an isomorphism. Therefore, there exists some x1 2HFI1
d�1=2C1�`

.S3/ such that

.F1W;sjW ı h
1

S3
/.x1/D h1Y .y

1/:

Let z1 D F I;1
W;sjW ;˛

.x1/ 2 HFI1
d�1=2C1

.Y; s0/. By commutativity, h1Y .z
1/ D h1Y .y

1/. Therefore,
z1C y1 2 ker.h1Y /. So, by exactness, there exists some w1 2Q �HF1

d�1=2C1
.Y; s0/Œ�1� such that

g1Y .w
1/D z1Cy1. If �IY .z

1/D 0, then that would imply �IY .g
1.w1//D yC. But this would be

a contradiction because that would imply yC 2 Im.U nQ/ for n� 0. Therefore, �IY .z
1/ ¤ 0. Thus,

.�IY ıF
I;1
W;sjW ;˛

/.x1/¤ 0. So, by commutativity, .F I;C
W;sjW ;˛

ı�I
S3
/.x1/¤ 0. In particular, �I

S3
.x1/¤ 0.

Therefore, the element xC D �I
S3
.x1/ 2HFIC

d�1=2C1�`
.S3/ has the property that xC 2 Im.U n/ for

n� 0 and xC … Im.U nQ/ for n� 0. It follows that

.2.17/ d.S3/C 1� d�1=2.Y /C 1� `:

Observing that d.S3/D 0 and rearranging/canceling the terms, we get

b2.X/� 3� 4d�1=2.Y /:

(2) Now suppose the restriction H 1.X IZ/! H 1.Y IZ/ is nontrivial. Surger out the 1-dimensional
homology of X until b1.X/D 1 and so that the map H 1.X IZ/!H 1.Y IZ/ is still nontrivial. Again,
remove a ball from X to obtain a cobordism W W S3! Y . In this case, the induced map

F1W;sjW WHF
1.S3/!HF1.Y; sjY /

is injective with image equal to the doubly infinite tower with degrees congruent to C1=2 mod 2. The
degree shift of this map is now 1

4
.b2.X/C 2/. We then repeat the analogous diagram chase to establish

the inequality. We leave the details to the reader.

Corollary 2.18 Suppose Y is a closed oriented 3-manifold with H1.Y IZ/Š Z. If

d�1=2.Y / < �
1
2

and d1=2.Y / <
1
2

then Y is not the boundary of any negative semidefinite spin manifold.

Proof Suppose X is a smooth negative semidefinite spin 4-manifold with boundary Y . If the restric-
tion H 1.X IZ/ ! H 1.Y IZ/ is trivial, then the map H 1.Y IZ/ ! H 2.X; Y IZ/ is injective. Since
H 1.Y IZ/ Š H1.Y IZ/ Š Z and H 2.X; Y IZ/ Š H2.X IZ/, it follows that b2.X/ � 1. Hence, by
Theorem 2.16, �1=2� d�1=2.Y /. If instead H 1.X IZ/!H 1.Y IZ/ is nontrivial, then all we can say
about b2.X/ is that b2.X/ � 0. Theorem 2.16 therefore implies 1=2 � d1=2.Y /. The conclusion now
follows.

Proposition 2.19 Suppose Y1 and Y2 are closed oriented 3-manifolds withH1.Yi IZ/ŠZ for i 2 f1; 2g.
If there exists a spin integer homology cobordism .W; s/ W Y1! Y2, then d˙1=2.Y1/D d˙1=2.Y2/ and
Nd˙1=2.Y1/D Nd˙1=2.Y2/.
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Proof The argument is the same as in the proof of [6, Proposition 5.4], using the fact that W induces an
isomorphism

F1W;s;˛ WHFI
1.Y1; sjY1/!HFI1.Y2; sjY2/:

Theorem 2.20 Let M be an oriented integer homology 3-sphere and let Y and M 0 be the 3-manifolds
obtained via 0 and C1 surgery, respectively, on a knot K in M . Then

(1) d.M/� 1
2
� d�1=2.Y / and Nd.M/� 1

2
� Nd�1=2.Y /;

(2) d1=2.Y /�
1
2
� d.M 0/ and Nd1=2.Y /� 1

2
� Nd.M 0/.

Proof First, we prove the inequalities in .1/.

Let .W; s/ be the spin cobordism from M to Y obtained by attaching a 0-framed 2-handle along K and
let s0 be the trivial spinc structure on Y . Then, by [16, Proposition 9.3], the induced map

F1W;s WHF
1.M/!HF1.Y; s0/

shifts grading by �1=2 and is injective with image equal to the doubly infinite tower with gradings
congruent to �1=2 mod 2. The first inequality of (1) now follows by repeating exactly the same argument
as in the proof of Theorem 2.16 where now M assumes the role of S3 and ` D �1=2 (see inequality
(2.17)).

To establish the second inequality in (1), we consider the rightward continuation of the commutative
diagram used in the proof of Theorem 2.16 again replacing S3 with M . Specifically, for r even, we have
the following commutative diagram with exact horizontal rows:

0 QHF1
r�1=2

.Y; s0/Œ�1� HFI1
r�1=2

.Y; s0/ HF1r�1:5.Y; s0/ 0

0 QHF1r .M/Œ�1� HFI1r .M/ 0

QHFC
r�1=2

.Y; s0/Œ�1� HFIC
r�1=2

.Y; s0/ HFCr�1:5.Y; s0/

QHFCr .M/Œ�1� HFICr .M/ HFCr�1.M/

Q.1C��/ g1
Y

�Y

h1
Y

�I
Y

Q.1C��/

�Y

F1
W;s

g1
M

�M

F
I;1
W;s;˛

g
C
Y

h
C
Y

F
C
W;s

g
C
M

�I
M

F
I;C
W;s;˛

Now we get that g1M is an isomorphism, and we again know that F1W;s is an isomorphism. Furthermore,
g1Y is injective with Im.g1Y /D ker.h1Y /. Thus, F I;1W;s;˛ maps HFI1r .M/ isomorphically onto Im.g1Y /.

By definition of Nd�1=2, there exists some nonzero yC 2HFIC.Y; s0/ such that gr.yC/D Nd�1=2 and
yC 2 Im.U nQ/ for n� 0. This implies that there exists some element

y1 2 Im.g1Y /�HFI
1
Nd�1=2

.Y; s0/
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such that �IY .y
1/D yC. Therefore, the unique nonzero element of HFI1

Nd�1=2C1=2
.M/, which we will

call x1, maps to y1 under F I;1W;s;˛. Since .�IY ı F
I;1
W;s;˛/.x

1/ D yC ¤ 0, the commutativity of the
diagram implies �IM .x

1/¤ 0. Additionally, �IM .x
1/ 2 Im.U nQ/ for n� 0. Therefore,

Nd.M/� Nd�1=2.Y /C
1
2
:

The proofs of the inequalities in .2/ follow the same arguments as the proofs of .1/, except that now we
consider the maps

F ıW 0;s0 WHF
ı.Y; s0/!HF ı.M 0/

and
F
I;ı
W 0;s0;˛0 WHFI

ı.Y; s0/!HFI ı.M 0/

induced by the spin cobordism .W 0; s0/ W Y !M 0 obtained by attaching a 2-handle to the dual of K in Y
with framing so that the resulting space is M 0. Analyzing the corresponding commutative diagrams and
using the fact that for all r even,

F1W 0;s0 WHF
1
rC1=2.Y; s0/!HF1r .M 0/

is an isomorphism, we get statement .2/. We leave the details to the reader.

Corollary 2.21 Suppose K is a knot in S3 and Y is the result of 0-surgery on K. Then

(1) �1
2
� d�1=2.Y /;

(2) Nd1=2.Y /� 1
2

.

Proof Note that 0D d.S3/D d.S3/D Nd.S3/. Therefore, .1/ follows immediately from Theorem 2.20.
For .2/, let K be the mirror of K. Then 0-surgery on K is �Y . Thus, we have �1

2
� d�1=2.�Y; s0/.

Now by Proposition 2.15, d�1=2.�Y; s0/D� Nd1=2.Y; s0/. Therefore, Nd1=2.Y; s0/� 1
2

.

3 Plumbings

We now make a digression from our discussion of involutive Heegaard Floer homology to review basic
properties of plumbed 3- and 4-manifolds.

Notation 3.1 Given a graph � , we denote the set of vertices of � by V.�/ and the set of edges by E.�/.

Definition 3.2 A weighted graph is a graph � together with a function m W V.�/! Z, called a weight
function. Given a vertex v 2 V.�/, we call m.v/ the weight of v. Usually we will refer to a weighted
graph as � and not explicitly write the weight function associated to it.

For the purposes of this paper, we will use the term plumbing graph to mean a weighted graph � such
that jV.�/j<1 and � is a forest (ie a disjoint union of trees). Plumbing graphs in general can be more
complicated, however for simplicity we only consider plumbing graphs of the type just described.

Algebraic & Geometric Topology, Volume 25 (2025)



842 Peter K Johnson

plumbing diagram

�2 �3 �2 �5 �4

�3

�8

Kirby/surgery diagram
�2

�3
�2

�5
�4

�3

�8

Figure 2

Given a connected plumbing graph � , we let X.�/ denote the 4-manifold obtained by plumbing disk
bundles over 2-spheres according to � (see [3, Example 4.6.2] for details of this construction). If � is not
connected, then we let X.�/ be the boundary connected sum of the plumbed 4-manifolds corresponding
to the connected components of � . Regardless of whether � is connected or not, we let Y.�/ be the
boundary of X.�/ and call it the plumbed 3-manifold associated to � .

Remark 3.3 In general, a given plumbed 3-manifold Y may bound many different plumbed 4-manifolds.
Neumann [14] described a calculus for passing between different plumbing graphs that describe the same
3-manifold.

Given a plumbing graph � , a Kirby diagram for X.�/ (which is also a surgery diagram for Y.�/) is
given by an m.v/-framed unknot for each v 2 V.�/ such that any pair of these unknots is either Hopf
linked or unlinked depending on whether or not there is an edge between the vertices with which the
unknots correspond. See Figure 2.

3.1 Algebraic topological properties of plumbings

Fix a plumbing graph � and let X DX.�/ and Y D Y.�/ be the associated plumbed 4- and 3-manifolds.
Label the vertices of � by V.�/Dfv1; : : : ; vsgwhere sDjV.�/j. For each vj 2V.�/, let Œvj �2H2.X IZ/
be the homology class of the 2-sphere corresponding to the 0-section of the D2-bundle associated to vj .
Equivalently, Œvj � is represented by the capped-off core of the corresponding 2-handle. In particular, it is
easy to see that H2.X IZ/Š

Ls
jD1ZŒvj �. Given x D

P
aj Œvj � 2H2.X IZ/, we write x � 0 if aj � 0

for all j . If in addition, x ¤ 0, we write x > 0. Given two elements x; y 2H2.X IZ/, we write x � y
(resp. x > y) if x�y � 0 (resp. x�y > 0).

Denote the intersection form of X by

. � ; � / WH2.X;Z/�H2.X IZ/! Z:

By construction,

.Œvi �; Œvj �/D

8<:
m.vi / if i D j;
1 if i ¤ j and there is an edge Œvi ; vj � connecting vi and vj ;
0 otherwise:
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Let B be the matrix of the intersection form with respect to the ordered basis .Œv1�; : : : ; Œvs�/. Notice, B
is the incidence matrix of the graph � with the i th diagonal entry equal to m.vi /.

Definition 3.4 We define the definiteness type of a plumbing graph � to be the definiteness type of its
associated intersection form . � ; � /, or equivalently the definiteness type of B . For example, we say � is
negative semidefinite if . � ; � / is negative semidefinite.

By an abuse of notation, we will also refer to the corresponding intersection pairing on cohomology as
. � ; � / WH 2.X; Y IZ/�H 2.X; Y IZ/! Z. It will be useful to, in addition, consider the slightly modified
intersection pairing . � ; � /0 WH 2.X IZ/�H 2.X; Y IZ/! Z with a different domain, but still defined by
the usual formula: .˛; ˇ/0 D .˛[ˇ/ŒX�.

Recall the set of characteristic vectors of X , denoted by Char.X/, is defined by

Char.X/D f˛ 2H 2.X IZ/ j .˛; ˇ/0 � .ˇ; ˇ/ mod 2 for all ˇ 2H 2.X; Y IZ/g

D f˛ 2H 2.X IZ/ j ˛.x/� .x; x/ mod 2 for all x 2H2.X IZ/g:

We now recall the relationship between the spinc structures on X and Y and the characteristic vectors
of X . The first observation is that we have a commutative diagram

Spinc.X/ Spinc.Y /

Char.X/ H 2.Y IZ/

c1

jY

c1

@�

where c1 denotes the first Chern class of the determinant line bundle of the spinc structure, the top
horizontal map is restriction to Y and the bottom horizontal map is the restriction of the map

@� WH 2.X IZ/!H 2.Y IZ/

in the long exact sequence in cohomology of the pair .X; Y /. The left vertical map is a bijection since
H1.X;Z/ has no 2-torsion (see [3, page 56] for details). Therefore, c1 provides a canonical identification
of Spinc.X/ with Char.X/. Furthermore, since X is simply connected, we have the commutative diagram

0 H 1.Y IZ/ H 2.X; Y IZ/ H 2.X IZ/ H 2.Y IZ/ 0

0 H2.Y IZ/ H2.X IZ/ H2.X; Y IZ/ H1.Y IZ/ 0

i� j� @�

i�

Š

j�

Š

@�

Š Š

with exact rows coming from the long exact sequences in homology and cohomology of the pair .X; Y /
and with vertical isomorphisms given by Poincaré/Lefschetz duality.

We have yet another commutative diagram

Hom.H2.X IZ/;Z/ H 2.X IZ/

H2.X IZ/ H2.X; Y IZ/

Š

Š

j�

�
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where the top row is the isomorphism coming from the universal coefficient theorem, the right vertical
map is the Lefschetz duality isomorphism, and the map � is defined by �.x/D .x; � /.

Combining the three previous diagrams we get the following commutative diagram:

Spinc.X/ Spinc.Y /

Char.X/

0 H 1.Y IZ/ H 2.X; Y IZ/ H 2.X IZ/ H 2.Y IZ/ 0

Hom.H2.X IZ/;Z/

0 H2.Y IZ/ H2.X IZ/ H2.X; Y IZ/ H1.Y IZ/ 0

�c1

jY

c1

i� j� @�

�

i�

�

j�

�

�

@�

� �

In addition, there is a free and transitive action of H 2.X IZ/ on Char.X/, defined by .˛; k/ 7! kC 2˛

for all ˛ 2H 2.X IZ/ and k 2 Char.X/. Restricting this action to j �.H 2.X; Y IZ//, we get an action of
j �.H 2.X; Y IZ// on Char.X/. Let Char.X/=2j �.H 2.X; Y IZ// denote the set of orbits of this action
and denote the orbit kC 2j �.H 2.X; Y IZ// of an element k by Œk�.

Proposition 3.5 The map ‰ W Char.X/=2j �.H 2.X; Y IZ//! Spinc.Y / given by

‰.Œk�/D c�11 .k/jY

is well defined and is a bijection.

Notation 3.6 Justified by the above proposition, we will use Œk� to denote both the orbit

kC 2j �.H 2.X; Y IZ//

as well as the corresponding spinc structure ‰.Œk�/.

Remark 3.7 From the above diagram, one can see that if k is a characteristic vector, then Œk� is a torsion
spinc structure on Y if and only if some integer multiple of k is in the image of j �. Equivalently, Œk� is
torsion if and only if there exists some zk 2H2.X IZ/˝Q such that k.x/D .zk; x/ for all x 2H2.X IZ/.

3.2 Rationality and weight conditions

We now recall some terminology that will be useful later when we discuss lattice cohomology and
Heegaard Floer homology of plumbings.

If � is a negative definite plumbing tree, then there is a special characteristic vector Kcan which is called
the canonical characteristic vector. It is defined by the equation Kcan.v/D�m.v/� 2 for all v 2 V.�/.
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Definition 3.8 A plumbing graph � is called rational if it is a negative definite tree which satisfies the
following condition: if x 2H2.X.�/IZ/ and x > 0, then

�
Kcan.x/� .x; x/

2
� 1:

Némethi [12] introduced the following generalization of rational plumbings:

Definition 3.9 [12, Definition 8.1] A negative definite plumbing tree � is almost rational if there exists
a vertex v 2V.�/ and some integer r �m.v/ such that if you replace the weight of v with r , � becomes
rational.

A further generalization of this notion is the following:

Definition 3.10 [15, Definition 2.1] A plumbing tree � is type n if there exist n vertices of � such that
if we reduce their weights sufficiently, the plumbing becomes rational.

Remark 3.11 A type n plumbing is not required to be negative definite.

Recall the degree, denoted by ı.v/, of a vertex v 2V.�/ is the number of edges adjacent to v. Following
the terminology introduced in [17], we say a vertex is bad if m.v/ >�ı.v/. In particular, it can be shown
that a negative definite plumbing with at most one bad vertex is almost rational.

4 Heegaard Floer homology and lattice cohomology of plumbings

In this section, we review some of the key developments in the Heegaard Floer homology and lattice
cohomology of plumbed 3-manifolds. We then present a modified version of lattice cohomology that
involves passing to a quotient lattice. This presentation enables us to readily adapt and combine the
work of Rustamov [23] and the work of Dai and Manolescu [2] to compute HFIC of certain negative
semidefinite plumbed 3-manifolds with b1 D 1 and at most one bad vertex.

4.1 Ozsváth–Szabó description of HF C of negative definite plumbed 3-manifolds with at
most one bad vertex

In an early paper on Heegaard Floer homology, Ozsváth and Szabó [17] provided a combinatorial
description of the Heegaard Floer homology of 3-manifolds plumbed along negative definite forests with
at most one bad vertex. We briefly review their description.

Given a plumbing presentation � of a 3-manifold Y , there is a naturally associated cobordism from
S3 to Y via attaching two handles to S3 � Œ0; 1� according to the plumbing graph � . One can turn this
cobordism around and use the fact that there is an orientation-preserving diffeomorphism from �S3 to
S3 to yield a cobordism W� W �Y ! S3. For each spinc structure s on W� , we get a U -equivariant map

FCW� ;s WHF
C.�Y; sjY /!HFC.S3/:
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It is easy to see that the spinc structures on W� correspond in a direct way to spinc structures on the
plumbed 4-manifold X.�/ since W� is diffeomorphic to X.�/�D4. Because of this we will work with
spinc structures on X.�/ rather than on W� .

Now by the basic facts about spinc structures and characteristic vectors described in the previous section
and the fact that HFC.S3/Š TC as a graded F ŒU �-module, we can define a map

TC WHFC.�Y /!Map.Char.X.�/;TC/

via the formula
TC.�/.c1.s//D F

C

W� ;s
.�/:

Here Map.Char.X.�/;TC/ simply denotes the set of functions from Char.X.�// to TC.

Let HC.�/ � Map.Char.X.�/;TC/ be the functions � of finite support which satisfy the following
adjunction relations: For each k 2 Char.X.�// and vi 2 V.�/, let 2ni D k.Œvi �/C .Œvi �; Œvi �/. Then,

(1) if ni � 0, we require U ni�.kC 2PDj�Œvi �/D �.k/;

(2) if ni < 0, we require U�ni�.k/D �.kC 2PDj�Œvi �/.

The set HC.�/ naturally inherits an F ŒU �-module structure from TC. One can also introduce a grading on
HC.�/ by defining � 2HC.�/ to be a homogeneous element of degree d if �.k/2TC is a homogeneous
element of degree d C 1

4
.k2CjV.�/j/ for all k 2 Char.X.�//. Furthermore, we can decompose HC.�/

into a direct sum over spinc structures of Y by defining HC.�; Œk�/ to be the elements of HC.�/ which are
supported on the set Œk�. Recall Œk� denotes both a spinc structure on Y as well as a subset of Char.X.�//
(see Notation 3.6).

Remark 4.1 In [17], HC.�/ is instead denoted by HC.�/. We have changed the notation in this paper
to HC.�/ to avoid confusion with lattice cohomology which is denoted by H�.�/.

The main result (Theorem 1.2) in [17] states that if � is a negative definite plumbing with at most one
bad vertex, then TC WHFC.�Y.�/; Œk�/! HC.�; Œk�/ is an isomorphism of graded F ŒU �-modules for
all spinc structures Œk� on Y.�/. Moreover, HC.�; Œk�/ can be computed combinatorially from the data
encoded by the plumbing graph. Therefore, this result enables one to compute HFC.�Y.�/; Œk�/ without
having to count holomorphic disks. In particular, Ozsváth and Szabó provide a relatively simple algorithm
to compute ker.U /� HC.�; Œk�/.

4.2 Némethi’s graded roots and lattice cohomology

Building upon the work of Ozsváth and Szabó, Némethi [12] provides an algorithm to compute the entire
F ŒU �-module HC for almost rational plumbings by adapting methods of computation sequences used in
the study of normal surface singularities. On the way to computing HC, Némethi’s algorithm first computes
an intermediate object called a graded root whose definition we review below (see Definition 4.19). For
now, we will just mention that a graded root is weighted graph associated to Y.�/ from which one can
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easily calculate HC and therefore HFC. Furthermore, by using the language of graded roots, Némethi
shows that [17, Theorem 1.2] holds for almost rational plumbed manifolds, a strictly larger class of
plumbed 3-manifolds than the class of negative definite trees with at most one bad vertex.

Remark 4.2 We say trees in the previous sentence because strictly speaking almost rational plumbings
are typically assumed to be connected. This assumption, however, is not important. The same methods
apply to yield the isomorphism if you drop the connectedness assumption in the definition of almost
rational.

Motivated by questions involving complex analytic normal surface singularities and the Seiberg–Witten
invariant, Némethi [13] further generalized his work on negative definite plumbed 3-manifolds by
introducing the broader framework of lattice cohomology. Lattice cohomology assigns to any negative
definite plumbed 3-manifold and spinc structure a graded F ŒU �-module, which we denote by H�.

Némethi’s original definition provides two different, but equivalent, realizations of lattice cohomology.
One realization is constructed by first decomposing Euclidean space Rs D R ˝ H2.X.�/IZ/ into
cubes using the Z-lattice H2.X.�/IZ/ with basis Œv1�; : : : ; Œvs�. Then, one considers the usual cellular
cohomology of Rs , except with the differential modified by a set of weight functions which encode
information about the intersection form of X.�/. The other realization is built by taking the cellular
cohomology of certain sublevel sets of these weight functions on cubes.

Lattice cohomology also comes equipped with an extra Z-grading. Namely H� decomposes as

H� D
1M
qD0

Hq

such that each Hq is itself a Z-graded F ŒU �-module. In particular, together with his work in [12], Némethi
showed that for a negative definite almost rational plumbed 3-manifold, Y.�/, and s 2 spinc.Y.�//,
H0.Y.�/; s/ is isomorphic to HFC.�Y.�/; s/ as graded F ŒU �-modules (up to an overall grading shift),
and, moreover, Hq.Y; s/Š 0 for q � 1. In general, however, it is not the case that for arbitrary negative
definite plumbed 3-manifolds Hq Š 0 for all q � 1. For example, Némethi [13, Example 4.4.1] showed
the existence of a negative definite plumbed rational homology sphere with nontrivial H1. Of course
though, this plumbing is not almost rational.

4.3 Modified formulation of lattice cohomology

In this section, we construct a modified version of lattice cohomology in order to deal with negative
semidefinite plumbings. Before defining this modified version, it is important to point out that subsequent
to Némethi’s original definition of lattice cohomology, other variants have been defined which apply to
broader classes of plumbings than those which are negative definite. In particular, Ozsváth, Stipsicz and
Szabó [15] consider lattice (co)homology with completed coefficients which apply to arbitrary plumbing
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trees/forests including those with negative semidefinite intersection forms. The modified construction
we provide is very similar to the formulation in [15]; the main difference is that we handle degenerate
plumbings by passing to a certain quotient lattice rather than using completed coefficients. As in [13], we
begin by giving the constructions in general terms, without reference to plumbings.

4.3.1 Construction 1 Let A be a free finitely generated Z-module with a specified ordered basis
.e1; : : : ; en/. Let A be a quotient of A with the property that A is itself a free finitely generated Z-module.
Given a 2 A, we write Na for the corresponding element of A.

We define a chain complex as follows. For each 0 � q � n, let Cq be the free F-module generated by
the set Qq D A� fI � f1; : : : ; ng j jI j D qg. Because later we will want to think of these generators as
cubes in a cube complex (see Construction 2), we denote the generator of Cq and the element of Qq

corresponding to . Na; I / by �. Na; I /. We define a differential @ W Cq! Cq�1 by the formula

@�. Na; I /D
X
i2I

�
�. Na; I �fig/C�. NaC Nei ; I �fig/

�
:

Remark 4.3 Intuitively, it may be helpful to think of this differential as a cellular boundary map on
cubes. We make this point of view precise in Construction 2.

Proposition 4.4 @2 D 0.

Proof We have

@2�. Na; I /D
X
i2I

X
j2I�fig

�
�. Na; I �fi; j g/C�. NaC Nej ; I �fi; j g/

�
C

X
i2I

X
j2I�fig

�
�. NaC Nei ; I �fi; j g/C�. NaC Nei C Nej ; I �fi; j g/

�
:

Now observe that the terms of the form �. Na; I �fi; j g/ cancel in pairs as i and j vary, as do the terms
of the form �. NaC Nei C Nej ; I �fi; j g/. Finally, the cross terms also cancel. Therefore, @2 D 0.

Remark 4.5 If one wanted to work over the coefficient ring Z instead of F , then signs could be introduced
as follows: Given a nonempty subset I of f1; : : : ; ng with jI j D q, let gI W I ! f1; : : : ; qg be the unique
order-preserving bijection. Define the differential via the formula

@�. Na; I /D
X
i2I

.�1/gI .i/
�
�. Na; I �fig/��. NaC Nei ; I �fig/

�
:

One can check that we still have @2 D 0. For the purposes of this paper, we will stick with the coefficient
ring F .

For each 0� q � s, define Fq D HomF .Cq;T
C/. We endow Fq with an F ŒU �-module structure by the

formula .U n ��/.�q/D U
n�.�q/ for all �q 2 Qq . Our goal now is to define a differential, ıw , on our

cochain modules Fq by modifying the usual coboundary map by a set of weight functions w.
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Definition 4.6 [13, Definition 3.1.4] A set of functions wq W Qq! Z, for 0� q � n, is called a set of
compatible weight functions if the following hold:

(1) For any integer k 2 Z, the set w�10 ..�1; k�/ is finite.

(2) For any �. Na; I / 2 Qq and any i 2 I ,

wq.�. Na; I //� wq�1.�. Na; I �fig// and wq.�. Na; I //� wq�1.�. NaC Nei ; I �fig//:

Fix a set of compatible weight functions w (we drop the subscript for simplicity). By using w, we are
able to define a Z-grading on our cochain modules Fq . Specifically, we say that � 2 Fq is homogeneous
of degree d 2Z if �.�q/ is a homogeneous element of TC of degree d �2w.�q/ whenever �.�q/¤ 0.

4.3.2 The differential Mimicking the formula for the differential given in [13, Definition 3.1.4], we
define ıw W Fq! FqC1 as follows:

� Let �qC1 2 QqC1 and write @�qC1 D
P
k �k

q .

� Given � 2 Fq , let

.ıw�/.�qC1/D
X
k

Uw.�qC1/�w.�
k
q /�.�k

q/:

Proposition 4.7 ı2w D 0.

Proof This follows directly from the definition and the fact that @2 D 0.

Definition 4.8 The homology of the cochain complex .F�; ıw/ is called the lattice cohomology of the
triple .A; .e1; : : : ; en/; w/ and is denoted by H�.A; .e1; : : : ; en/; w/.

Remark 4.9 (1) For each q, the Z-grading on Fq induces a Z-grading on Hq . Therefore, Hq is a
Z-graded F ŒU �-module.

(2) If AD A, then we recover the usual lattice cohomology defined by Némethi [13].

4.3.3 Construction 2 We now give a more geometric, but equivalent formulation of the lattice coho-
mology theory we defined in Construction 1. This is analogous to [13, Definition 3.1.11].

First, we give a geometric realization of the chain complex Cq . For each 1� q � s, let cq be denote the
q-dimensional cube Œ0; 1�q oriented in the standard way. Additionally, let c0 be a fixed 0-dimensional
cube (ie point) oriented positively. To each �. Na; I / 2 Qq we associate a distinct copy of cq . By an abuse
of notation, from now on we will regard each �. Na; I / 2 Qq as both a distinct copy of cq and a generator
of Cq depending on which point of view is more convenient in a given context.

We now construct a cube complex C whose q-dimensional cubes are precisely the elements of Qq with
attaching maps defined as follows:

Algebraic & Geometric Topology, Volume 25 (2025)



850 Peter K Johnson

� First, we prescribe a method for identifying each .q�1/-dimensional face of cq with cq�1. Let
fxj g

q
jD1 be the standard coordinate functions on cq D Œ0; 1�

q . Each .q�1/-dimensional face of
cq is defined by an equation xi D � for some � 2 f0; 1g. Denote this face by fi;�. For q � 2, we
identify fi;� with cq�1 via the map .x1; : : : ; xq/ 7! .x1; : : : ; Oxi ; : : : ; xq/. For q D 1, we send the
point fi;� to the point c0.

� Given �. Na; I / 2 Qq , the face fi;� of �. Na; I / gets glued to the cube �. NaC � Nei ; I � fig/ via the
map defined in the first bullet point.

By construction the q-dimensional cellular chain group of the cube complex C is equal to Cq and the
cellular boundary map is equal to the differential @ W Cq! Cq�1 defined in Construction 1.

Again, fix a set of compatible weight functions w. For every integer n� 1, let Sn be the subcomplex of
C consisting of all cubes � such that w.�q/� n where q ranges over all dimensions. Let

mw Dminfw.�q/ j�q 2 Qq; 0� q � ng:

Define
Sq.A; .e1; : : : ; en/; w/D

M
n�mw

H q.SnIF/

where H q denotes the qth-cellular cohomology. For each fixed q, we give Sq.A; .e1; : : : ; en/; w/ the
structure of an F ŒU �-module by defining the U action to be the restriction map

U WH q.SnC1IZ/!H q.SnIZ/:

We additionally put a Z-grading on Sq.A; .e1; : : : ; en/; w/ by declaring the elements of H q.Sn;Z/ to
be homogeneous of degree 2n.

Proposition 4.10 As graded F ŒU �-modules , H�.A; .e1; : : : ; en/; w/Š S�.A; .e1; : : : ; en/; w/.

Proof This is proved in exactly the same way as [13, Theorem 3.1.12(a)].

Notation 4.11 From now on we will denote lattice cohomology by H� regardless of which construction
we are using.

4.3.4 Lattice cohomology associated to negative semidefinite plumbings Fix a negative semidefinite
plumbing graph � and let k be a characteristic vector of X.�/ such that Œk� is a torsion spinc structure
on Y.�/.

We now show how to associate a lattice cohomology module to the pair .�; k/. Let LDH2.X.�/IZ/ and
LDH2.X.�/IZ/= ker.j�/. By the long exact sequence in homology, L is isomorphic to a submodule
of the free finitely generated Z-module H2.X; Y IZ/ and therefore is itself free and finitely generated.
As in Section 3, let s D rank.H2.X IZ//. Also, let � D s � b1.Y /. With this notation, we have that
LŠ Z� . Furthermore, after choosing an ordering on the vertices, the plumbing gives us an ordered basis
.Œv1�; : : : ; Œvs�/ of L.
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We now have almost all the data we need in order to get lattice cohomology. It remains to define a set of
weight functions. To do this, we rely on our choice of characteristic vector k.

4.3.5 Weight functions Let �k W L! Z be the function defined by �k.x/D�12.k.x/C .x; x//.

Proposition 4.12 �k W L! Z descends to a well-defined function N�k W L! Z.

Proof Since Œk� is assumed to be a torsion spinc structure on Y there exists, by Remark 3.7, some
zk 2 L˝Q such that k.x/D .zk; x/ for all x 2 L. Now suppose x 2 L and x0 2 ker.j�/. Then

�k.xC x
0/D�

k.xC x0/C .xC x0; xC x0/

2

D �k.x/�
k.x0/C 2.x; x0/C .x0; x0/

2

D �k.x/�
1
2
.zkC 2xC x

0; x0/

D �k.x/�
1
2
PDŒj�.x

0/�.zkC 2xC x
0/

D �k.x/:

To make it easier to state some qualitative properties of N�k , we now consider the extension of N�k by scalars
to the function N�R

k
WL˝R!R. Notice that the negative semidefinite intersection form . � ; � / WL�L!Z

descends to a negative definite symmetric bilinear pairing on L which we denote by . � ; � /L. Extending
by scalars, we get a negative definite intersection form . � ; � /L˝R W .L˝R/� .L˝R/!R. Therefore,

N�R
k . Nx/D�

1
2

�
k.x/C . Nx; Nx/L˝R

�
D�

1
2
. NzkC Nx; Nx/L˝R:

In particular, we see that N�R
k

is a positive definite quadratic form plus a linear shift. Putting these
observations together yields the following proposition.

Proposition 4.13 (1) N�R
k

is bounded below.

(2) Let f Nx1; : : : ; Nx�g be any R-basis of L˝R. Identify L˝R with R� via L˝R D
L�
jD1R Nxj .

Then the level sets of N�R
k
W R� ! R are .��1/-dimensional ellipsoids and the sublevel sets are

� -dimensional balls bounded by these ellipsoids.

Corollary 4.14 N�k W L! Z is bounded below and its sublevel sets are finite.

Definition 4.15 Define wq W Qq! Z by

w.�. Nl ; I //Dmax
�
N�k. Nx/

ˇ̌̌
Nx D Nl C

X
j2J

Œvj �; J � I

�
:

Note, w W Q0! Z is simply N�k .

By Corollary 4.14, w is a valid set of weight functions.

Definition 4.16 Define H�.�; k/DH.L; .Œv1�; : : : ; Œvs�/; w/.
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As in the case with negative definite plumbings, different choices of representatives for Œk� yield isomorphic
lattice cohomology up to an overall grading shift. More specifically,

Lemma 4.17 [12, Lemma 3.3.2] If k0 D kC 2PDŒj�.l/� for some l 2 L, then

H�.�; k/DH�.�; k0/Œ2 N�k. Nl/�:

Remark 4.18 Némethi uses the opposite convention for grading shifts. Hence, [12, Lemma 3.3.2] is
stated as H�.�; k/DH�.�; k0/Œ�2 N�k. Nl/�.

4.4 Graded roots associated to negative semidefinite plumbings

Definition 4.19 [12, Definition 3.2] (1) Let R be an infinite tree with vertices V and edges E. We
denote by Œu; v� the edge with endpoints u and v. We say that R is a graded root with grading
� W V! Z if
(a) �.u/��.v/D˙1 for any Œu; v� 2 E,
(b) �.u/ >minf�.u/; �.w/g for any Œu; v�; Œu; w� 2 E with v ¤ w,
(c) � is bounded below, ��1.k/ is finite for any k 2 Z, and #��1.k/D 1 if k is sufficiently large.

(2) We say that v 2V is a local minimum point of the graded root .R; �/ if �.v/ < �.w/ for any edge
Œv; w�.

(3) If .R; �/ is a graded root, and r 2Z, then we denote by .R; �/Œr� the same R with the new grading
�Œr�.v/ WD �.v/C r . (This can be generalized for any r 2Q as well.)

Example 4.20 Figure 3 shows an example of a graded root.

We now show how to associate a graded root to a pair .�; k/ where 
 is a negative semidefinite plumbing
and k is a characteristic vector of X.�/ such that Œk� is a torsion spinc structure on Y.�/. For each n 2Z,
let Lk;�n be the graph whose vertex set is V.Lk;�n/D f Nx 2 L j N�k. Nx/ � ng and such that there is an
edge between two vertices Nx1; Nx2 if and only if Nx1� Nx2 D˙Œvj � where the vj are as in Section 3.1. Now
let �0.Lk;�n/ denote the set of connected components of the graph Lk;�n.

The graded root .Rk; N�k/ associated to � and k is constructed as follows:

� The vertex set is V.Rk/ D
F
n2Z �0.Lk;�n/. By an abuse of notation, we denote the grading

V.Rk/! Z by N�k where now N�kj�0.Lk;�n/ D n.

� There is an edge between two vertices v; v0 2 V.Rk/, which correspond to connected components
Cv and Cv0 , if and only if after possibly reordering v and v0, we have N�k.v0/ D N�k.v/C 1 and
Cv � Cv0 .

Remark 4.21 When � is negative definite, .Rk; N�k/ is precisely the graded root, .Rk; �k/, defined by
Némethi [12, Section 4].
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Figure 3

Remark 4.22 The graph Lk;�n is the 1-skeleton of the space Sn considered above in Construction 2 of
lattice cohomology. In particular, we can think of �0.Lk;�n/ equivalently as �0.Sn/.

Proposition 4.23 [12, Proposition 4.3] .Rk; N�k/ is a graded root.

Proof This proof is essentially identical to the proof of [12, Proposition 4.3]. Condition (a) of
Definition 4.19(1) follows immediately from the construction of .Rk; N�k/. The proof of condition (b) is
the same as in [12, Proposition 4.3]. The first two conditions of (c) follow from Corollary 4.14. The last
condition of (c) follows the same argument as Némethi’s proof, with mild modification. Essentially just
replace the function �k in Némethi’s proof with N�k and use that N�k has a (not necessarily unique) global
minimum and that . � ; � /L is negative definite.

Again, as in the case with negative definite plumbings, the graded roots, .Rk; N�k/ and .Rk0 ; N�k0/ corre-
sponding to two characteristic vectors k and k0, which restrict to the same torsion spinc structure on Y ,
are equal up to an overall grading shift. More specifically:

Proposition 4.24 [12, Proposition 4.4] If k0 D kC 2PDŒj�.l/� for some l 2 L and k 2 Char.X.�//
with Œk� torsion , then

.Rk0 ; N�k0/D .Rk; N�k/Œ N�k. Nl/�:

4.5 The relationship between lattice cohomology, HC, and graded roots

In Section 4.1, we recalled the definition of the F ŒU �-module HC.�; Œk�/ introduced by Ozsváth and
Szabó where � is a negative definite plumbing and Œk� is a spinc structure on Y.�/. The same definition
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makes sense for negative semidefinite plumbings and Œk� torsion except that we adjust the grading as
follows: we say � 2HC.�; Œk�/ is a homogeneous element of degree d if for each k0 2 Œk� with �.k0/¤ 0,
we have that �.k0/ 2 TC is a homogeneous element of degree

d C
.k0/2CjV.�/j � 3b1.Y.�//

4
:

Proposition 4.25 As graded F ŒU �-modules ,

HC.�; Œk�/ŠH0.�; k/

�
k2CjV.�/j � 3b1.Y /

4

�
:

Proof The isomorphism is induced by the map Z W HC.�; Œk�/! F0 defined by

Z.�/.�. Nl ;∅//D �.kC 2PDj�.l//:

We leave the details to the reader.

As described in [17; 23], for calculation purposes it is convenient to consider the “dual space” of
HC.�; Œk�/, which we denote by KC.�; Œk�/. To recall their definition of KC.�; Œk�/, first consider the
set Z�0 � Œk�. Write elements .m; k0/ 2 Z�0 � Œk� as Um˝ k0. Define an equivalence relation � on
Z�0 � Œk� in the following way: for each k0 2 Œk� and vi 2 V.�/, let 2ni D k0.Œvi �/C .Œvi �; Œvi �/. Then

(1) if ni � 0, we require U niCm˝ .k0C 2PDj�Œvi �/� Um˝ k0;

(2) if ni < 0, we require Um˝ .k0C 2PDj�Œvi �/� Um�ni ˝ k0.

In other words, two elements Um˝ k0 and U n˝ k00 are equivalent if and only if there exists a finite
sequence of elements Um0 ˝ k1; : : : ; Um` ˝ k` such that Um0 ˝ k1 D Um˝ k0, Um` ˝ k` D U n˝ k00

and each adjacent pair in the sequence is related by a relation of type (1) or (2) as given above. We call
such a sequence a path connecting Um˝ k0 and U n˝ k00.

Remark 4.26 In general, there are many different paths connecting a given pair of elements Um˝ k0

and U n˝ k00.

Write the equivalence class containing Um˝ k0 as Um˝ k0 and define KC.�; Œk�/ to be the set of these
equivalence classes. KC.�; Œk�/ is the dual of HC.�; Œk�/ (or maybe more naturally HC.�; Œk�/ is the dual
of KC.�; Œk�/) in the following sense:

� Define KC.�; Œk�/� to be the set of finitely supported functions � W KC.�; Œk�/! TC such that
�.U nCm˝ k0/DU n�.Um˝ k0/ for all n;m�0 and k02 Œk�. Endow .KC/� with an F ŒU �-module
structure by inheriting that of TC.

� Define a map F W HC.�; Œk�/! KC.�; Œk�/� by

F.�/.Um˝ k0/D Um�.k0/:

It is straightforward to check that F is a well-defined F ŒU �-module isomorphism.
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We can put more structure on KC.�; Œk�/ by thinking of it as a graph. Specifically, define gKC.�; Œk�/ to
be the graph whose vertices are the elements of KC.�; Œk�/ and such that there is an edge between to
vertices Um˝ k0 and U n˝ k00 if and only if either UmC1˝ k0 D U n˝ k00 or Um˝ k0 D U nC1˝ k00.

Proposition 4.27 As graphs , gKC.�; Œk�/ is isomorphic to the graded root .Rk; N�k/.

Proof This proof is essentially the same as Némethi [12, Proof of Proposition 4.7]. For completeness,
we provide the details here.

By definition each element k0 2 Œk� can be written as k0DkC2PDŒj�.l/� for some l 2L. Let Nlk0 WD Nl 2L.
Define a map p W KC.�; Œk�/! V.Rk/ as follows:

p.Um˝ k0/D the connected component of L
k;� N�k. Nlk0 /Cm

containing Nlk0 :

To show that p is well defined, let 2ni D k0.Œvi �/C .Œvi �; Œvi �/. Suppose first that ni � 0 so that we have
U niCm˝ .k0C 2PDj�Œvi �/� U

m˝ k0. Let k00 D k0C 2PDj�Œvi �. Then, Nlk00 D Nlk0 C Œvi �. Thus,

N�k. Nlk00/Cni CmD N�k. Nlk0/C N�k0.Œvi �/Cni Cm

D N�k. Nlk0/�ni Cni Cm

D N�k. Nlk0/Cm:

Therefore, Lk;� N�k. Nlk0 /Cm D Lk;� N�k. Nlk00 /CniCm and Nlk0 and Nlk00 are in the same connected component
since they differ by Œvi �. The case when ni < 0 is similar. This establishes that p is well defined.

Next we define a map q WV.Rk/!KC.�; Œk�/which we will show is the inverse of p. Suppose v2V.Rk/.
Let Cv be the corresponding connected component in Lk;� N�k.v/ and let Nlv be some element in L\Cv.
Define

q.v/D U N�k.v/� N�k.
Nlv/˝ .kC 2PDj�.lv//:

To show q is well defined, suppose Nl 0 is some other element in L\Cv. It suffices to consider the case
that Nl 0 D NlvC Œvi � for some i . First note,

N�k. Nl
0/D N�k. NlvC Œvi �/D N�k. Nlv/C N�k.Œvi �/� .Œvi �; lv/:

Also,

.kC 2PDj�.lv//.vi /C .vi ; vi /D k.vi /C .vi ; vi /C 2.vi ; lv/D�2Œ N�k.Œvi �/� .vi ; lv/�:

Hence, if �Œ N�k.Œvi �/� .vi ; lv/�� 0, then

U N�k.v/� N�k.
Nlv/˝ .kC 2PDj�.lv//� U

N�k.v/� N�k. Nlv/� N�k.Œvi �/C.vi ;lv/˝ .kC 2PDj�.lvC Œvi �//

D U N�k.v/� N�k.
Nl 0/
˝ .kC 2PDj�.l

0//:

Similarly, if �Œ N�k.Œvi �/� .vi ; lv/� < 0, then

U N�k.v/� N�k.
Nl 0/
˝ .kC 2PDj�.l

0//� U N�k.v/� N�k.
Nl 0/C N�k.Œvi �/�.vi ;lv/˝ .kC 2PDj�.lv//

D U N�k.v/� N�k.
Nlv/˝ .kC 2PDj�.lv//:

Therefore, q is well defined.
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Now consider qp.Um˝ k0/ where k0 D kC 2PDj�. Nlk/. Let v D p.Um˝ k0/ and Cv be the connected
component of L

k;� N�k. Nlk0 /Cm
containing Nlk0 . Then, by definition,

q.v/D U N�k.
Nlk0 /Cm� N�k.

Nlk0 /˝ kC 2PDj�. Nlk0/D U
m
˝ k0:

Hence, qp D Id. The other direction, ie that pq D Id, is tautological. Therefore, p is a bijection. To see
that p takes edges to edges bijectively, let v1D p.Um˝ k0/ and v2D p.UmC1˝ k0/. It follows directly
from the definition that Cv1 � Cv2 and N�k.v2/� N�k.v1/D 1.

Remark 4.28 It is useful to point out that under the isomorphism p constructed in the above proof, we
have that

gr.p.Um˝ k0//Dm� 1
8
..k0/2� k2/:

4.6 A quick review of Rustamov’s results on negative semidefinite plumbings with b1 D 1

Rustamov [23] generalizes the setting in which the isomorphism TC, described in Section 4.1, holds. In
particular, Rustamov proves the following theorem:

Theorem 4.29 [23, Theorem 1.2] Let � be a negative semidefinite plumbing with at most one bad
vertex and with b1.Y.�//D 1. Further , let Œk� be a torsion spinc structure. Then

(1) TC WHFCodd.�Y.�/; Œk�/! HC.�; Œk�/ is an isomorphism of graded F ŒU �-modules;

(2) HFCeven.�Y.�/; Œk�/Š TC
d

where d D d�1=2.�Y.�/; Œk�/.

Here HFCodd.�Y.�/; Œk�/ and HFCeven.�Y.�/; Œk�/ refer to the submodules generated by elements of
HFC.�Y.�/; Œk�/ of degrees congruent to 1=2 mod 2 and �1=2 mod 2 respectively.

Combining Rustamov’s result with the observations of the previous section, we get:

Corollary 4.30 With � as above ,

HFCodd.�Y.�/; Œk�/ŠH0.�; k/

�
k2CjV.�/j � 3

4

�
as graded F ŒU �-modules. In particular , up to an overall grading shift , H0.�; k/ is a topological invariant
of Y.�/.

Remark 4.31 It is likely possible that one can prove

H0.�; k/

�
k2CjV.�/j � 3

4

�
is a topological invariant without appealing to Heegaard Floer homology, by showing invariance under
Neumann moves as in the proof of [12, Proposition 4.6].
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4.7 Involutions on lattice cohomology and Heegaard Floer homology

Let � be a negative semidefinite plumbing with at most one bad vertex and b1.Y.�//D 1. Let Œk� be a
self-conjugate spinc structure on Y.�/. In other words, Œk�D Œ�k� or, equivalently, k D PDŒj�.l/� for
some l 2 L. Note that by identifying Nl with k, we can think of k as an element of L.

As in [2, Section 2], define J0 W L! L by J0. Nx/ D �Nx � Nl . Clearly, J 20 D Id. We can extend J0 to a
cubical involution on the cube complex C considered in Construction 2 of lattice cohomology via the
formula

J0�. Na; I /D�
�
J0

�
NaC

X
i2I

Œvi �

�
; I

�
:

It is straightforward to check that J0 is compatible with the gluing of the cells. Moreover, since
N�k.J0. Nx//D N�k. Nx/ for all Nx 2 L, J0 maps the subcomplex Sn of C to itself. Therefore, J0 induces an
involution on H q.SnIZ/ for each n and q, and hence on lattice cohomology. By an abuse of notation,
we denote the involution on lattice cohomology again by J0. In a similar manner, one could alternatively
define J0 by using Construction 1, but we leave the details to the reader.

Focusing our attention on the 0th level of lattice cohomology, we can think of the action of J0 on H0 from
the dual perspective by realizing an involution on the associated graded root. More specifically, since J0
acts continuously on Sn, J0 also induces an involution on the connected components of Sn. Hence, J0
induces an involution on the graded root .Rk; N�k/. From another perspective, under the identification of
.Rk; N�k/ with gKC.�; Œk�/ given in Proposition 4.27, the involution J0 sends Um˝ k0 to Um˝�k0.

Dai and Manolescu [2, Theorem 3.1] showed that for negative definite almost rational plumbings, the
involution J0 on lattice cohomology is identified with the involution �� on Heegaard Floer homology
under the isomorphism TC described in Section 4.1. We now show that their theorem also holds in the
setting of negative semidefinite plumbed manifolds with at most one bad vertex and b1 D 1.

Theorem 4.32 [2, Theorem 3.1] Let � be a negative semidefinite plumbing with at most one bad vertex
and b1.Y.�//D 1. If Œk� is a self-conjugate spinc structure , then under the isomorphism TC given in
Theorem 4.29(1), the maps J0 and the restriction of �� to HFCodd.�Y.�/; Œk�/ are identified.

Proof First note that the isomorphism TC WHFCodd.�Y.�/; Œk�/! HC.�; Œk�/ for negative semidefinite
plumbed manifolds with at most one bad vertex and b1 D 1 is defined in precisely the same way as
the isomorphism TC WHFC.�Y.�/; Œk�/! HC.�; Œk�/ for negative definite almost rational plumbed
manifolds. Therefore, as in the proof of [2, Theorem 3.1], to show that J0 and �� are identified under TC,
one must show that FC

W;k
D FC

W;�k
ı ��. As noted in the proof of [2, Theorem 3.1], this equation follows

from [20, Theorem 3.6].

For negative semidefinite plumbed manifolds with at most one bad vertex and b1 D 1, the action of �� on
the even part of HFC is less interesting. Since �� is U -equivariant and HFCeven.�Y.�/; Œk�/ŠTd for Œk�
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self-conjugate, the restriction of �� to the even part must be the identity. Moreover, if one knows HFC

and ��, then by using the mapping cone exact triangle in Proposition 2.2, one can completely determine
HFIC as a graded F -vector space.

In the context of negative definite almost rational plumbings, Dai and Manolescu [2, Sections 4 and 5].
showed that one can actually determine the entire F ŒU;Q�=.Q2/-module structure of HFIC just from
knowing J0. However, one encounters issues when trying to extrapolate their methods to the case of
negative semidefinite plumbings with at most one bad vertex. The main difficulty is that in the negative
definite almost rational case, HFC is supported in even gradings, whereas in the negative semidefinite
case, HFC has both even and odd gradings which allows for the possibility of a more complicated action
of � at the chain level. Despite this issue, for negative semidefinite plumbings with at most one bad
vertex whose HFC and �� are sufficiently simple, it is still possible to compute much, if not all, of the
F ŒU;Q�=.Q2/-module structure of HFIC as well as the involutive d invariants just from the mapping
cone exact triangle. We illustrate this via the examples in Section 5.

5 Small Seifert fibered space examples

In this section, we compute HFIC.�Nj ; s0/ for the infinite family of small Seifert fiber spaces
fNj gj2N described in the introduction. As an application, we prove Theorem E. We also compute
HFIC.�S30 .K1/; s0/ where S30 .K1/ is the manifold obtained by 0-surgery on the Ichihara–Motegi–
Song knot K1 from [8]. We then compare HFIC.�S30 .K1/; s0/ and HFIC.�N1; s0/.

Before computing HFIC of these specific manifolds, we give a brief outline in Section 5.1 of a general
strategy for computing the graded root .Rk; N�k/, which forms a key part of our computation of HFIC.
We also, in Section 5.2, describe some combinatorial moves that will aid in the computations.

5.1 Computing the graded root

Let � be a negative semidefinite plumbing with at most one bad vertex and b1.Y.�//D 1. Let Œk� be a
self-conjugate spinc structure on Y.�/. To compute .Rk; N�k/, the first and main step is to determine the
set

L.�; Œk�/ WD fx 2 KC.�; Œk�/ j x has no representative of the form U n˝ k0 for n > 0g:

It is easy to see that the elements of L.�; Œk�/ correspond to the leaves of the graded root .Rk; N�k/ under
the isomorphism in Proposition 4.27. Moreover, from the results in Section 4.6, it follows that the leaves
of .Rk; N�k/ correspond to a basis of the F -vector space

ker.U /\HFCodd.�Y.�/; Œk�/:

Rustamov [23, Section 3] provides an algorithm to compute L.�; Œk�/ which builds on the Ozsváth and
Szabó [17, Section 3] algorithm for negative definite plumbings. For our computations, rather than use

Algebraic & Geometric Topology, Volume 25 (2025)



On the involutive Heegaard Floer homology of negative semidefinite plumbed 3-manifolds with b1 D 1 859

Rustamov’s algorithm directly, we instead will use a simple criterion (see Proposition 5.1 below) which
characterizes the elements of L.�; Œk�/.

To explain this criterion, first recall from Section 4.5 that two elements Um ˝ k0 and U n ˝ k00 are
equivalent (ie represent the same element of KC.�; Œk�/) if and only if there is a path between them.
In particular, every element of L.�; Œk�/ is represented by an element of the form U 0˝ k0 and every
element of a path connecting U 0˝ k0 to another representative must also have 0 as the exponent on the
U term. Therefore, when discussing representatives or paths for elements in L.�; Œk�/, we can drop the
U 0 term and instead think of a representative as an element k0 2 Œk� and a path as a sequence of vectors
k1; : : : ; kj 2 Œk�. Furthermore, the relations defining such a path imply that for adjacent elements ki and
kiC1 we have that kiC1D ki˙2PDŒv� for some v 2V.�/ with ki .v/D�m.v/. Additionally, it follows
from the definition that a representative k0 of an element in L.�; Œk�/ must satisfy

m.v/� k0.v/� �m.v/

for all v 2 V.�/. We refer to this property as ? and we let ?Œk�D fk0 2 Œk� j k0 satisfies ?g.

Combining these observations, we get the following proposition:

Proposition 5.1 An element k0 2 Œk� represents an element of L.�; Œk�/ if and only if k0 satisfies ? and
every element on every path containing k0 also satisfies ?.

After using Proposition 5.1 to find elements k1; : : : ; kn 2 Œk� which represent the distinct elements of
L.�; Œk�/, it then follows that every other vertex of .Rk; N�k/ corresponds to an element of the form
Um˝ ki for some m and i . Of course, there could be relations of the form Um1 ˝ ki D U

m2 ˝ kj .
To determine these relations, in principle, one can write down the elements of the equivalence classes
Um1 ˝ ki and Um2 ˝ kj and see whether they are equal. However, this can be quite tedious to do by
hand and, in simple enough situations, there are shortcuts one can take by leveraging properties of HFC.
For example, we will use the relationship between Turaev torsion and HFC established in [18, Theorem
10.17] to complete the computation of .Rk; N�k/ for the manifolds Nj .

5.2 Moves between equivalent vectors

Let � be a negative semidefinite plumbing with at most one bad vertex and with b1 D 1. Suppose �
contains a linear subgraph ƒ with framing �2 at each vertex, as shown below:

ƒD
�2 �2 �2

v1 v2 vm

Let Œk� be a self-conjugate spinc structure on Y.�/. Given a characteristic vector k0 2 Œk�, let

k0ƒ D .a1; : : : ; am/

be the subvector corresponding to the vertices v1; : : : ; vm. We call k0ƒ the ƒ-subvector of k0.
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Note, if k0 2 Œk� and satisfies ?, then we must have ai 2 f�2; 0; 2g for each 1 � i � m. If there exists
some i such that ai D˙2, then k00 D k0˙ 2PDŒvi � is an equivalent vector. In particular,

k00ƒ D .a1; : : : ; ai�1˙ 2;�2; aiC1˙ 2; : : : ; am/:

Of course, other entries of k00 not contained in k00ƒ may also differ from those of k0. Specifically, any entry
a of k0 corresponding to a vertex adjacent to vi will change from a to a˙ 2. We call the replacement of
k0 with k00 D k0˙ 2PDŒvi � where k0.vi /D˙2 a move of type˙2.

Next suppose k0ƒ D .a1; : : : ; ai ; 0; : : : ; 0; 2;�2; aj ; : : : ; am/. Then, by iteratively applying type C2
moves to the C2-entry, we can convert k0 into an equivalent vector k00 with

k00ƒ D .a1; : : : ; ai ; 2;�2; 0; : : : ; 0; aj ; : : : ; am/:

We call the replacement of k0 with k00 or k00 with k0 a .2;�2/-slide. We define a .�2; 2/-slide analogously.

Lemma 5.2 Let k0 2 Œk� be a vector with k0ƒ D .a1; : : : ; ai ; 0;˙2; 0; : : : ; 0;�2; aj ; : : : ; am/. Then k0

is equivalent to a vector k00 with k00ƒ D .a1; : : : ; ai ;˙2; 0; : : : ; 0;�2; 0; aj ; : : : ; am/.

Proof Apply a type ˙2 move to the ˙2-entry to get an equivalent vector h0 with

h0ƒ D .a1; : : : ; ai ;˙2;�2;˙2; 0; : : : ; 0;�2; aj ; : : : ; am/:

Now do a rightward .�2;˙2/-slide to h0 to convert h0 into an equivalent vector h00 with

h00ƒ D .a1; : : : ; ai ;˙2; 0; : : : ; 0;�2;˙2;�2; aj ; : : : ; am/:

Finally apply a type ˙2 move to the rightmost ˙2-entry to get an equivalent vector k00 with

k00ƒ D .a1; : : : ; ai ;˙2; 0; : : : ; 0;�2; 0; aj ; : : : ; am/:

By iterating the sequence of moves described in the above proof, we can now convert any vector k0 2 Œk�
with

k0ƒ D .a1; : : : ; ai ; 0; : : : ; 0;˙2; 0; : : : ; 0;�2; aj ; : : : ; am/

into an equivalent vector k00 with

k00ƒ D .a1; : : : ; ai ;˙2; 0; : : : ; 0;�2; 0; : : : ; 0; aj ; : : : ; am/:

By an abuse of notation, we also call the replacement of k0 with k00 or k00 with k0 via the above sequence
of moves a .˙2;�2/-slide.

Lemma 5.3 Suppose k0 2 Œk� represents an element of L.�; Œk�/. Then either k0ƒ is the zero vector or it
has entries which alternate between 2 and �2 with possibly 0’s in between.

Proof Suppose k0 represents an element of L.�; Œk�/ and k0ƒ contains a subvector of the form

.2; 0; : : : ; 0„ ƒ‚ …
j

; 2/
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where j � 0. Then, by doing a typeC2 move on the leftmostC2-entry, k0 is equivalent to a vector whose
corresponding subvector is

.�2; 2; 0; : : : ; 0„ ƒ‚ …
j�1

; 2/

if j � 1 or .�2; 4/ if j D 0. In the latter case, the vector fails to satisfy ? and thus we get a contradiction
by Proposition 5.1. So we can assume the subvector is

.�2; 2; 0; : : : ; 0„ ƒ‚ …
j�1

; 2/

with j � 1. Now do a rightward .�2; 2/-slide to produce an equivalent vector whose corresponding
subvector is

.0; : : : ; 0„ ƒ‚ …
j�1

;�2; 2; 2/:

Next apply a type C2 move to get an equivalent vector whose corresponding subvector is

.0; : : : ; 0„ ƒ‚ …
j

;�2; 4/:

We again get a contradiction for the same reason as before. Therefore, k0ƒ cannot contain a subvector of
the form

.2; 0; : : : ; 0„ ƒ‚ …
j

; 2/; j � 0:

By an analogous argument, k0ƒ also cannot contain a subvector of the form

.�2; 0; : : : ; 0„ ƒ‚ …
j

;�2/; j � 0:

Lemma 5.4 Suppose k0 2 Œk� represents an element of L.�; Œk�/. Then k0 is equivalent to a vector k00

such that k00ƒ is the zero vector except for possibly one nonzero entry equal to˙2.

Proof We induct on the number of nonzero entries of k0ƒ. Obviously the statement is true if k0ƒ is the
zero vector or has only one nonzero entry. So suppose k0ƒ has n� 2 nonzero entries. Let ai and aiCj be
the leftmost nonzero entries. Then by the Lemma 5.3, ai D˙2 and aiCj D�2. For simplicity, assume
ai D 2. (The argument when ai D�2 is identical up to sign changes.) We can write k0ƒ as

k0ƒ D .0; : : : ; 0; 2; 0; : : : ; 0;�2; aiCjC1; : : : ; am/

where there are possibly no initial 0 entries and no 0 entries between ai and aiCj . If there are initial 0
entries, then by doing a leftward .2;�2/-slide, k0 is equivalent to a vector whose ƒ-subvector is

.2; 0; : : : ; 0;�2; 0; : : : ; 0; aiCjC1; : : : ; am/:
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Now apply a type C2 move to the leftmost C2-entry to get an equivalent vector whose ƒ-subvector is

.�2; 2; 0; : : : ; 0;�2; 0; : : : ; 0; aiCjC1; : : : ; am/

if j > 1, or
.�2; 0; : : : ; 0; aiC2; : : : ; am/

if j D 1. In the latter case, we have reduced the number of nonzero entries in the ƒ-subvector by 1.
Hence, we can assume j > 1. In this case, if we do a rightward .�2; 2/-slide on leftmost .�2; 2/-pair,
we get an equivalent vector whose ƒ-subvector is

.0; : : : ; 0;�2; 2;�2; 0; : : : ; 0; aiCjC1; : : : ; am/:

Finally apply a type C2 move to produce an equivalent vector whose ƒ-subvector is

.0; : : : ; 0; 0;�2; 0; 0; : : : ; 0; aiCjC1; : : : ; am/:

We have reduced the number of nonzero entries by 1. Therefore, by induction the result follows.

Lemma 5.5 Suppose k0 2 Œk� with

k0ƒ D .0; : : : ; 0„ ƒ‚ …
j

; 2; 0; : : : ; 0„ ƒ‚ …
m�j�1

/:

Then k0 is equivalent to a vector k00 with

k00ƒ D .0; : : : ; 0„ ƒ‚ …
m�j�1

;�2; 0; : : : ; 0„ ƒ‚ …
j

/:

Proof We list the sequence of moves needed to obtain the relevant vector. In each move, we only write
the resulting ƒ-subvector.

(1) Type C2 move:
.0; : : : ; 0„ ƒ‚ …

j�1

; 2;�2; 2 0; : : : ; 0„ ƒ‚ …
m�j�2

/:

(2) Leftward .2;�2/-slide:
.2;�2; 0; : : : ; 0„ ƒ‚ …

j�1

; 2; 0; : : : ; 0„ ƒ‚ …
m�j�2

/:

(3) Type C2 move:
.�2; 0; : : : ; 0„ ƒ‚ …

j

; 2; 0; : : : ; 0„ ƒ‚ …
m�j�2

/:

(4) Rightward .�2; 2/-slide:
.0; : : : ; 0„ ƒ‚ …
m�j�2

;�2; 0; : : : ; 0„ ƒ‚ …
j

; 2/:

(5) Type C2 move:
.0; : : : ; 0„ ƒ‚ …
m�j�2

;�2; 0; : : : ; 0„ ƒ‚ …
j�1

; 2;�2/:
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Nj D

.4j � 1/ positive crossings

�4

�1

Figure 4

(6) Leftward .2;�2/-slide:
.0; : : : ; 0„ ƒ‚ …
m�j�2

;�2; 2;�2; 0; : : : ; 0„ ƒ‚ …
j�1

/:

(7) Type C2 move:
.0; : : : ; 0„ ƒ‚ …
m�j�1

;�2; 0; : : : ; 0„ ƒ‚ …
j

/:

Remark 5.6 If one traces through the above sequence of moves, it is easy to see that if v is a vertex not
in ƒ, but is adjacent to the initial vertex v1 or terminal vertex vm of ƒ, then k00.v/D k0.v/C 2.

5.3 Computation of HFIC.�Nj ; s0/

Recall, the 3-manifold Nj for j � 1 is given by the surgery diagram in Figure 4.

In [4, Section 7], it is shown via Kirby calculus that Nj can be represented as a plumbing as follows:

Nj D
�8j C 1 �1 �2 2j � 1 �4

�2

By performing two slam dunks on the rightward stem, we get:

Nj D
�8j C 1 �1

�16jC2
8j�3

�2

One can further check that

�16j C 2

8j � 3
D�3�

1

�2�
1

: : : � 2�
1

�8jC3C4r
8j�7�4r
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where there are r copies of �2 along the diagonal. In particular, setting r D 2j �2, the last term becomes

�8j C 3C 4.2j � 2/

8j � 7� 4.2j � 2/
D�5:

Hence, by performing the corresponding slam dunks, we get:

Nj D
�8j C 1 �1 �3 �2 �2 �5

�2
2j�2 times

Let �j be the above plumbing graph with vertices labeled as follows:

v3 v1 v4 v5 v2jC2 v2jC3

v2
2j�2 times

With respect to the ordered basis .Œv1�; : : : ; Œv2jC3�/, the matrix for the intersection form of X.�j / is

Bj D

0BBBBBBBBBBBBBB@

�1 1 1 1

1 �2

1 �8j C 1

1 �3 1

1 �2 1

1 �2 1
: : :

1 �2 1

1 �5

1CCCCCCCCCCCCCCA
:

It is straightforward to check that Bj is negative semidefinite and H1.Nj IZ/Š Z, we leave this to the
reader.

Note, the Z-kernel of Bj is generated by the vector

x D .16j � 2; 8j � 1; 2; 8j � 3; 8j � 7; 8j � 11; : : : ; 1/:

Therefore, the unique self-conjugate spinc-structure s0 on Nj can be thought of as

Œk�D fk0 2 Char.X.�j // j k0 � x D 0g:

Let ƒj be the linear subgraph of �j given by:

ƒj D
�2 �2

v5 v2jC2

We write vectors k0 2 Œk� as

k0 D .a1; a2; a3; a4; b5; : : : ; b2jC2; c2jC3/

where k0ƒj D .b5; : : : ; b2jC2/.
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Lemma 5.7 If k0 2 Œk� represents an element of L.�j ; Œk�/, then k0 is equivalent to a vector whose
ƒj -subvector is not equal to the zero vector.

Proof Suppose k0 2 Œk� represents an element of L.�j ; Œk�/. For the purpose of contradiction, suppose the
ƒj -subvector of every representative of every element of L.�j ; Œk�/ is zero. Then, in particular, k0ƒj D 0.
Also, since k0 represents an element of L.�j ; Œk�/, it must satisfy ?. So we must have a4 2 f�3;�1; 1; 3g.
If a4 D ˙3, then by adding ˙2PDŒv4� to k0 we would obtain an equivalent vector with a nonzero
ƒj -subvector. Thus, a4 2 f�1; 1g.

Since k0 must satisfy ?, we also have a1 D˙1. If a1 D 1 and a4 D 1, then by adding 2PDŒv1� to k0, a4
becomes 3. But we just showed that a4 cannot be equal to 3. Similarly, if a1 D�1 and a4 D�1, then by
adding �2PDŒv1� to k0, a4 becomes �3, which is again a contradiction. Hence, a1 D˙1 and a4 D�1.
By adding �2PDŒv1� if necessary, we may assume a1 D 1 and a4 D �1. Again, by ?, we must have
a2 2 f�2; 0; 2g. If a2D 2, then by adding 2PDŒv1� to k0, we get an equivalent vector with a2D 4, which
contradicts Proposition 5.1. Therefore, a2 2 f0;�2g. If a2 D �2, then by adding �2PDŒv2� to k0 we
obtain an equivalent vector with a1 D �1 and a4 D �1, which we already determined cannot happen.
Therefore, a2 D 0. Now add 2PDŒv1� to k0. The result is an equivalent vector with a1 D �1, a2 D 2,
and a4 D 1. Since a2 D 2, we can add 2PDŒv2� to get an equivalent vector with a1 D 1; a2 D�2, and
a4 D 1, but we have already shown that we cannot have both a1 D 1 and a4 D 1. Therefore, we get a
contradiction and hence k0 must be equivalent to some vector whose ƒj -subvector is not equal to the
zero vector.

Somewhat counterintuitively, we are now going to use the previous lemma to find a small finite set of
possible representatives of L.�j ; Œk�/, all of whose ƒj -subvectors are all equal to the zero vector.

Lemma 5.8 If k0 2 Œk� represents an element of L.�j ; Œk�/, then k0 is equivalent to a vector of the form

k00 D .�1; 0; a3; 3; 0; : : : ; 0; c2kC3/

where a3 2 f�8kC 1;�8kC 3; : : : ; 8kC 1g and c2jC3 2 f�5;�3;�1; 1; 3g.

Proof Suppose k0 represents an element of L.�j ; Œk�/. Then, by combining Lemmas 5.4, 5.5, and 5.7,
we may assume

k0ƒj D .0; : : : ; 0„ ƒ‚ …
`

; 2; 0; : : : ; 0„ ƒ‚ …
2j�3�`

/

for some 0 � ` � 2j � 3. By ?, a1 D ˙1. If a1 D �1, then we can add �2PDŒv1� from k0 to get an
equivalent vector with a1 D 1. This addition does not effect any of the entries in k0ƒj . Thus, we may
assume a1 D 1.

Next, by ?, a2 2 f�2; 0; 2g. If a2D 2, then adding 2PDŒv1� to k0 yields an equivalent vector with a2D 4,
which violates ?. Therefore, a2 2 f�2; 0g. Suppose a2 D �2. Then, by adding �2PDŒv2�, we get an
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equivalent vector with a2 D 2 and a1 D�1. k0ƒj is unaffected by this move. If we then add �2PDŒv1�,
we get an equivalent vector with a1D 1 and a2D 0. Again k0ƒj is unaffected. Therefore, we may assume
a2 D 0.

Next, with
k0 D .1; 0; a3; a4; 0; : : : ; 0„ ƒ‚ …

`

; 2; 0; : : : ; 0„ ƒ‚ …
2j�3�`

; c2jC3/

add 2PDŒv1� to k0 to get the equivalent vector

.�1; 2; a3C 2; a4C 2; 0; : : : ; 0„ ƒ‚ …
`

; 2; 0; : : : ; 0„ ƒ‚ …
2j�3�`

; c2jC3/:

Next, add 2PDŒv2� to get

.1;�2; a3C 2; a4C 2; 0; : : : ; 0„ ƒ‚ …
`

; 2; 0; : : : ; 0„ ƒ‚ …
2j�3�`

; c2jC3/:

Then add another 2PDŒv1�, to get

.�1; 0; a3C 4; a4C 4; 0; : : : ; 0„ ƒ‚ …
`

; 2; 0; : : : ; 0„ ƒ‚ …
2j�3�`

; c2jC3/:

Now, if we apply the move in Lemma 5.5 and take into account Remark 5.6, one can check that we get
an equivalent vector whose 4th entry is a4C 6. Since we assumed k0 represents an element of L.�j ; Œk�/,
we must therefore have that a4 2 f�3;�1; 1; 3g and a4C 6 2 f�3;�1; 1; 3g. Hence, we must have had
a4 D�3. To summarize, we have now shown that we can assume

k0 D .1; 0; a3;�3; 0; : : : ; 0„ ƒ‚ …
`

; 2; 0; : : : ; 0„ ƒ‚ …
2j�3�`

; c2jC3/:

Next, by ?, c2jC3 2 f�5;�3;�1; 1; 3; 5g. If c2jC3 D 5, then again by applying the move from
Lemma 5.5, one can check that we transform c2jC3 into 7, which violates ?. Therefore, we must
have had c2jC3 2 f�5;�3;�1; 1; 3g.

Now add �2PDŒv4� to get an equivalent vector (which we again call k0) with a1 D�1, a2 D 0, a4 D 3
and k0ƒj unchanged except for the first entry which decreases by 2. Also, c2kC3 remains unchanged. If
`D 0, then k0ƒj is now the zero vector, so we are done. Thus, suppose ` > 0. Then

k0 D .�1; 0; a3; 3;�2; 0; : : : ; 0„ ƒ‚ …
`�1

; 2; 0; : : : ; 0„ ƒ‚ …
2j�3�`

; c2jC3/:

Now consider the following sequence of moves:

(1) Rightward .�2; 2/-slide:

.�1; 0; a3; 3; 0; : : : ; 0„ ƒ‚ …
2j�3�`

;�2; 0; : : : ; 0„ ƒ‚ …
`�1

; 2; c2jC3/:
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(2) Type C2 move:

.�1; 0; a3; 3; 0; : : : ; 0„ ƒ‚ …
2j�3�`

;�2; 0; : : : ; 0„ ƒ‚ …
`�2

; 2;�2; c2jC3C 2/:

(3) Leftward .2;�2/-slide:

.�1; 0; a3; 3; 0; : : : ; 0„ ƒ‚ …
2j�3�`

;�2; 2;�2 0; : : : ; 0„ ƒ‚ …
`�2

; c2jC3C 2/:

(4) Type C2 move:

.�1; 0; a3; 3; 0; : : : ; 0„ ƒ‚ …
2j�2�`

;�2; 0; : : : ; 0„ ƒ‚ …
`�1

; c2jC3C 2/:

(5) Apply Lemma 5.5 and Remark 5.6:

.�1; 0; a3; 1; 0; : : : ; 0„ ƒ‚ …
`�1

; 2; 0; : : : ; 0„ ƒ‚ …
2j�2�`

; c2jC3/:

(6) Add �2PDŒv1�:

.1;�2; a3� 2;�1; 0; : : : ; 0„ ƒ‚ …
`�1

; 2; 0; : : : ; 0„ ƒ‚ …
2j�2�`

; c2jC3/:

(7) Add �2PDŒv2�:

.�1; 2; a3� 2;�1; 0; : : : ; 0„ ƒ‚ …
`�1

; 2; 0; : : : ; 0„ ƒ‚ …
2j�2�`

; c2jC3/:

(8) Add �2PDŒv1�:

.1; 0; a3� 4;�3; 0; : : : ; 0„ ƒ‚ …
`�1

; 2; 0; : : : ; 0„ ƒ‚ …
2j�2�`

; c2jC3/:

The net effect of this sequence of moves is that the C2-entry in k0ƒj shifts one space to the left while
every other entry, excluding a3, remains the same. So now we can repeat the above process untilC2-entry
is in the first position of k0ƒj . Then add �2PDŒv4� to get

.�1; 0; a03; 3; 0; : : : ; 0; c2jC3/

with cjkC3 2 f�5;�3;�1; 1; 3g and, by ?, a03 2 f�8j C 1;�8j C 3; : : : ; 8j C 1g.

Proposition 5.9 If k0 represents an element of L.�j ; Œk�/, then k0 is equivalent to

k1 D .�1; 0; 5� 4j; 3; 0; : : : ; 0;�3/ or k2 D .�1; 0; 3� 4j; 3; 0; : : : ; 0; 1/:

In particular , jL.�j ; Œk�/j � 2.
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Proof Up to this point, we have not used the fact that k0 � x D 0 where x is a generator of kerZ.Bj / as
above. So assume k0 is of the form in the previous lemma. Then

0D k0 � x D 8j � 7C 2a3C c2jC3

where a3 2 f�8j C 1;�8kC 3; : : : ; 8j C 1g and c2jC3 2 f�5;�3;�1; 1; 3g. The only solutions to this
equation with the given constraints are .a3; c2jC3/D .5� 4j;�3/ and .3� 4j; 1/, corresponding to k1
and k2, respectively.

We have not yet proved that k1 and k2 represent different elements of L.�j ; Œk�/. To do this we will do a
similar analysis for �Nj and then use Turaev torsion. However, before we undertake this task, we first
compute the HFC grading associated to the vectors k1 and k2.

Corollary 5.10 d1=2.�Nj I s0/D
1
2

.

Proof Let
˛1 D .�12j C 6;�6j C 3;�1;�6j C 3;�6j;�6j � 3; : : : ; 2; 1; 0/;

˛2 D .4j C 2; 2j C 1; 1; 2j � 1; 2j � 2; 2j � 3; : : : ; 2; 1; 0/:

Then ˛1Bj D k1 and ˛2Bj D k2. Thus,

k21 D k1 �˛1 D�2j � 2;

k22 D k2 �˛2 D�2j � 2:

Hence, under the isomorphism from Corollary 4.30, the elements of HFC.�Nj ; s0/ corresponding to k1
and k2 have gradings

gr.k1/D gr.k2/D�
k22 CjV.�j /j � 3

4
D�
�2j � 2C 2j C 3� 3

4
D
1

2
:

We now find a plumbing representation of�Nj and then do Kirby calculus to make it negative semidefinite,
as shown in Figure 5.

Now do slam dunks on the left and right vertices to get:

�Nj D
�2 �2 �2 �2 �2j�1 �2 �2 �2

8j�2 times
�2

Let � 0j be the above plumbing graph with vertices labeled as follows:

v1 v8j�2 v8j�1 v8j v8jC1 v8jC2 v8jC3 v8jC4

8j�2 times
v8jC5
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Nj D
�8j C 1 �1

�16jC2
8j�3

�2

reverse orientation
�Nj D

8j � 1 1
16j�2
8j�3

2

.�1/-Rolfsen twist
bottom vertex

�Nj D
8j � 1 0

16j�2
8j�3

�2

.�1/-Rolfsen twist
left vertex

�Nj D

8j�1
�8jC2 �1

16j�2
8j�3

�2

.�1/-Rolfsen twist
right vertex

�Nj D

8j�1
�8jC2 �2

16j�2
�8j�1

�2

Figure 5

With respect to the ordered basis (Œv1�; : : : ; Œv8jC5�/, the matrix for the intersection form of X.� 0j / is

B 0j D

0BBBBBBBBBBBBBBBBBB@

�2 1

1 �2 1
: : :

1 �2 1

1 �2 1 1

1 �2 1

1 �2j � 1 1

1 �2 1

1 �2 1

1 �2

1 �2

1CCCCCCCCCCCCCCCCCCA

:

Again, it is straightforward to check that B 0j is negative semidefinite. Also, the Z-kernel of B 0j is generated
by the vector

x0 D .2; 4; 6; : : : ; 16j � 2; 8j C 1; 4; 3; 2; 1; 8j � 1/:

Let t denote a characteristic vector representing the trivial spinc structure s0. Then again, we can think of
s0 as

Œt �D ft 0 2 Char.X.� 0j // j t
0
� x0 D 0g:
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Let ƒ0j be the linear subgraph of � 0j given by:

ƒ0j D
�2 �2

v1 v8j

We write vectors t 0 2 Œt � as

t 0 D .a1; a2; : : : ; a8j ; b8jC1; c8jC2; c8jC3; c8jC4; d8jC5/

where t 0
ƒ0
j

D .a1; a2; : : : ; a8j /.

Lemma 5.11 If t 0 2 Œt � represents an element of L.� 0j ; Œt �/, then t 0 is equivalent to a vector whose
ƒ0j -subvector is of the form

.0; : : : ; 0; a8j /

where a8j 2 f0; 2g.

Proof Suppose t 0 represents and element of L.� 0j ; Œt �/. By Lemmas 5.4 and 5.5, it suffices to consider
the case when

t 0
ƒ0
j

D .0; : : : ; 0„ ƒ‚ …
`

; 2; 0; : : : ; 0„ ƒ‚ …
8j�1�`

/

for some 0 � ` � 8j � 2. Furthermore, by considering the linear subgraph of � 0j whose endpoints are
v`C1 and v8jC5, it follows from Lemma 5.3 that d8jC5 2 f0;�2g.

Case 1 Suppose d8jC5 D�2 and `D 8j � 2. If we add �2PDŒv8jC5�, then the ƒ0j -subvector of the
resulting vector is zero, so we are done.

Case 2 Suppose d8jC5 D�2 and `� 8j � 3. Consider the following sequence of moves:

(1) Add �2PDŒv8jC5�:

.0; : : : ; 0„ ƒ‚ …
`

; 2; 0; : : : ; 0„ ƒ‚ …
8j�3�`

;�2; 0; b8jC1; c8jC2; c8jC3; c8jC4; 2/:

(2) Rightward .2;�2/-slide:

.0; : : : ; 0„ ƒ‚ …
`C1

; 2; 0; : : : ; 0„ ƒ‚ …
8j�3�`

;�2; b8jC1; c8jC2; c8jC3; c8jC4; 0/:

Note, the rightmost entry of the vector changes from 2 to 0.

(3) Type �2 move on the leftmost �2:

.0; : : : ; 0„ ƒ‚ …
8j�1

; 2; b8jC1� 2; c8jC2; c8jC3; c8jC4; 0/ if `D 8j � 3;

.0; : : : ; 0„ ƒ‚ …
`C1

; 2; 0; : : : ; 0„ ƒ‚ …
8j�4�`

;�2; 2; b8jC1� 2; c8jC2; c8jC3; c8jC4; 0/ if `� 8j � 4:
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If `D 8j �3 we are done. If `D 8j �4, then by applying a type �2 move on the leftmost �2, we
get

.0; : : : ; 0„ ƒ‚ …
8j�2

; 2; 0; b8jC1� 2; c8jC2; c8jC3; c8jC4;�2/:

Hence, we are back to case 1. Therefore, we may assume `� 8j � 5. We now continue as follows:

(4) Leftward .�2; 2/-slide:

.0; : : : ; 0„ ƒ‚ …
`C1

; 2;�2; 2 0; : : : ; 0„ ƒ‚ …
8j�4�`

; b8jC1� 2; c8jC2; c8jC3; c8jC4;�2/:

Note, the rightmost entry of the vector now changes back to �2.

(5) Type �2 move on the leftmost �2:

.0; : : : ; 0„ ƒ‚ …
`C2

; 2; 0; : : : ; 0„ ƒ‚ …
8j�3�`

; b8jC1� 2; c8jC2; c8jC3; c8jC4;�2/:

We are now back to the vector we started with at the beginning of case 2, except that the C2 entry of the
ƒ0j -subvector has shifted two positions to the right. Therefore, we can iterate this process until `D 8j �3
or 8j � 4, and we have already dealt with both of those cases.

Case 3 Suppose d8jC5 D 0 and `D 8j � 2. Add 2PDŒv8j�1� to get the equivalent vector

.0; : : : ; 0„ ƒ‚ …
8j�3

; 2;�2; 2; b8jC1; c8jC2; c8jC3; c8jC4; 2/:

Now add 2PDŒv8jC5� to get

.0; : : : ; 0„ ƒ‚ …
8j�3

; 2; 0; 2; b8jC1; c8jC2; c8jC3; c8jC4;�2/:

This vector violates Lemma 5.3 and hence cannot be a representative of L.� 0j ; Œt �/.

Case 4 Suppose d8jC5 D 0 and `� 8j � 3, so that we start with a vector of the form

.0; : : : ; 0„ ƒ‚ …
`

; 2; 0; : : : ; 0„ ƒ‚ …
8j�1�`

; b8jC1; c8jC2; c8jC3; c8jC4; 0/:

Now consider the following sequence of moves:

(1) Type C2 move:

.0; : : : ; 0„ ƒ‚ …
`�1

; 2;�2; 2; 0; : : : ; 0„ ƒ‚ …
8j�2�`

; b8jC1; c8jC2; c8jC3; c8jC4; 0/:

(2) Rightward .�2; 2/-slide:

.0; : : : ; 0„ ƒ‚ …
`�1

; 2; 0; : : : ; 0„ ƒ‚ …
8j�3�`

;�2; 2; 0; b8jC1; c8jC2; c8jC3; c8jC4; 0/:
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(3) Add 2PDŒv8j�1�:

.0; : : : ; 0„ ƒ‚ …
`�1

; 2; 0; : : : ; 0„ ƒ‚ …
8j�2�`

;�2; 2; c8jC2; c8jC3; c8jC4; 2/:

(4) Add 2PDŒv8jC5�:

.0; : : : ; 0„ ƒ‚ …
`�1

; 2; 0; : : : ; 0„ ƒ‚ …
8j�1�`

; 2; c8jC2; c8jC3; c8jC4;�2/:

Again, this vector violates Lemma 5.3 and hence cannot be a representative of L.� 0j ; Œt �/.

Proposition 5.12 If t 0 2 Œt � represents an element of L.� 0j ; Œt �/, then t 0 is equivalent to

t1 D .0; : : : ; 0;�1; 0; 2; 0; 0/ or t2 D .0; : : : ; 0; 2;�1; 0; 0; 0;�2/:

Proof Suppose t 0 2 Œk� represents an element of L.� 0j ; Œt �/. By the previous lemma, we can assume

t 0 D .0; : : : ; 0; a8j ; b8jC1; c8jC2; c8jC3; c8jC4; d8jC5/

where a8j 2 f0; 2g, b8jC1 2 f�2j � 1;�2j C 1; : : : ; 2j � 1; 2j C 1g, c8jC2; c8jC3; c8jC4 2 f�2; 0; 2g,
and d8jC5 2 f�2; 0; 2g.

Since we are assuming t 0 represents an element of L.� 0j ; Œt �/, we must have

.5.13/ 0D t 0 � x0 D .8j C 1/a8j C .8j � 1/d8jC5C 4b8jC1C 3c8jC2C 2c8jC3C c8jC4:

By Lemmas 5.4 and 5.5, we can assume .c8jC2; c8jC3; c8jC4/ is the zero vector or has exactly one
nonzero entry equal to C2. In particular, we can assume

3c8jC2C 2c8jC3C c8jC4 2 f0; 2; 4; 6g:

Note the moves required to put the subvector .c8jC2; c8jC3; c8jC4/ into this form only effect the entry
b8jC1 and leave all of the others unchanged.

Now suppose a8j D 2 and b8jC1 D 2j C1. Then by adding 2PDŒv8jC1� we would obtain an equivalent
vector with a8j D 4. But this violates ?. Hence, if a8j D 2, we can assume b8jC1 � 2j � 1.

Now suppose a8j D 0 and b8jC1 D 2j C 1. If .c8jC2; c8jC3; c8jC4/ is not the zero vector, but rather a
vector with precisely one nonzero entry equal to C2, then by applying the move in Lemma 5.5 and taking
into account Remark 5.6, we would obtain an equivalent vector with b8jC1 D 2j C 3, which violates ?.
Therefore, if a8j D 0 and b8jC1 D 2j C 1, we must have that .c8jC2; c8jC3; c8jC4/ is the zero vector.
Plugging this into (5.13) yields

.8j � 1/d8jC5 D�8j � 4:

This clearly has no solutions with the given constraints. Therefore, we can assume b8jC1 � 2j � 1,
regardless of whether a8j D 0 or 2. In particular,

�8j � 4� 4b8jC1C 3c8jC2C 2c8jC3C c8jC4 � 8j C 2:
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Case 1 Suppose a8j D 0 and d8jC5 D�2. Then

0D t 0 � x0 D�16j C 2C 4b8jC1C 3c8jC2C 2c8jC3C c8jC4 � �8j C 4 < 0

which is a contradiction.

Case 2 Suppose a8j D 0 and d8jC5 D 0. Then

0D t 0 � x0 D 4b8jC1C 3c8jC2C 2c8jC3C c8jC4:

The only solution to this equation given the constraints we have established is

.b8jC1; c8jC2; c8jC3; c8jC4/D .�1; 0; 2; 0/

which corresponds to t1.

Case 3 Suppose a8j D 0 and d8jC5 D 2. Then

0D t 0 � x0 D 16j � 2C 4b8jC1C 3c8jC2C 2c8jC3C c8jC4 � 8j � 6 > 0

which again is a contradiction.

Case 4 Suppose a8j D 2 and d8jC5 D�2. Then

0D t 0 � x0 D 4C 4b8jC1C 3c8jC2C 2c8jC3C c8jC4:

The only solution to this equation given the constraints we have established is

.b8jC1; c8jC2; c8jC3; c8jC4/D .�1; 0; 0; 0/

which corresponds to t2.

Case 5 Suppose a8j D 2 and d8jC5 D 0. Then

0D t 0 � x0 D 16j C 2C 4b8jC1C 3c8jC2C 2c8jC3C c8jC4 � 8j � 2 > 0

which again is a contradiction. Finally:

Case 6 Suppose a8j D 2 and d8jC5 D 2. This case is ruled out by Lemma 5.3.

Again, we have not yet proved that t1 and t2 represent different elements of L.� 0j ; Œt �/; however, we do
have:

Corollary 5.14 d1=2.Nj ; s0/D�2j C
1
2

.

Proof Let

ˇ1 D .2; 4; 6; : : : ; 16j � 2; 8j C 1; 4; 2; 0; 0; 8j � 1/ and ˇ2 D .0; : : : ; 0;�1; 0; 0; 0; 0; 1/:
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Then ˇ1B 0j D t1 and ˇ2B 0j D t2. Thus,

t21 D t1 �ˇ1 D�4 and t22 D t2 �ˇ2 D�4:

Hence, under the isomorphism in Corollary 4.30, the elements of HFC.Nj ; s0/ corresponding to t1 and
t2 have gradings

gr.t1/D gr.t2/D�
t22 CjV.�

0
j /j � 3

4
D�
�4C 8j C 5� 3

4
D�2j C

1

2
:

Now combining Corollaries 5.10 and 5.14, and the basic fact that d˙1=2.�Y /D�d�1=2.Y / (see [16,
Proposition 4.10]), we have

d1=2.�Nj /D
1
2

and d�1=2.�Nj /D 2j �
1
2
:

In particular, by Theorem 4.29, HFCeven.�Nj ; s0/D TC
2j�1=2

.

We have yet to completely determine HFCodd.�Nj ; s0/. So far, from Proposition 5.9, we know that
dimF Œker.U /\HFCodd.�Nj ; s0/�D 1 or 2 depending on whether k1 and k2 represent the same element
or not in L.�j ; Œk�/. Therefore, as graded F ŒU �-modules, we have one of the equivalences in Figure 6.
Here, hj is some positive integer depending on j which we have not yet determined.

A word of explanation is in order since on the left side of the above isomorphism we have an F ŒU �-module
and on the right we have one of two possible graphs. The right side is to be interpreted as follows:

� Each vertex at grading r corresponds to a basis element of the F -vector space HFCr .�Nj ; s0/.

� If the edges emanating from a vertex y are of the form

y

U
U U

U

x1 x2 xn�1 xn

then Uy D x1C x2C � � �C xn�1C xn. In particular, if there are no edges emanating from y, then
Uy D 0.

We now utilize Turaev torsion. Combining our computations thus far with [18, Theorem 10.17], we see
that

TNj .s0/D

�
hj C j if k1 ¤ k2 2 L.�j ; Œk�/;

j otherwise;

where TNj is the Turaev torsion function associated to Nj (see [24, page 119]). Therefore, to precisely
determine HFCodd.�Nj ; s0/, it suffices to compute TNj .s0/.

There are many standard ways to compute TNj .s0/. For example, Turaev [24] provided a formula in
terms of a surgery description. We will now give a brief outline of how to carry out the calculation using
this method, but we leave the details to the reader.
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HFCodd.�Nj ; s0/Š U

U

2hj C
1
2

U U

U U

2:5

U U

1
2

if k1 ¤ k2 2 L.�j ; Œk�/

or

U

U

U

U

U

U

U

2:5

U

1
2

if k1 D k2 2 L.�j ; Œk�/

Figure 6

(1) Let H D H1.Nj IZ/. Consider the group ring ZŒH �. Since H Š Z, we can think of ZŒH � as
ZŒt; t�1�, the ring of Laurent polynomials in the indeterminate t . Let Q.H/ denote the field of
fractions of ZŒH �. The first step is to compute the Turaev torsion �.Nj ; s0/ 2Q.H/. For this, we
use the formula given in [24, VII.2, Theorem 2.2]. To apply this formula, we need to choose a
surgery diagram for Nj and orient the underlying link. We use the surgery diagram in Figure 7
with underlying link Lj oriented as indicated by the arrows.
The bulk of the work in computing �.Nj ; s0/ using [24, VII.2, Theorem 2.2] is calculating
the multivariable Alexander–Conway function r.Lj /. Again, there are various approaches to
computing r.Lj /. For example, Murakami [11] provided a skein formula for r. Using this
formula, we find that r.Lj / D yx4j�1C y�1x�4jC1 where the variable x corresponds to the
torus knot component and the variable y corresponds to the unknot component. Plugging this into
the formula for �.Nj ; s0/, we get

�.Nj ; s0/D
t8j�1C 1

t4j�2.t � 1/2.t C 1/
:
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Nj D

.4j � 1/ positive crossings

�4

�1

Figure 7

(2) Next, we compute Œ�.Nj ; s0/� which is a Laurent polynomial obtained by truncating �.Nj ; s0/ in
a certain way (see [24, page 22]). We find that

Œ�.Nj ; s0/�D
t8j�1C 1

t4j�2.t � 1/2.t C 1/
�

t

.t � 1/2

D

�4j�4X
iD0

t i�4jC2
��2j�1X

iD1

t2i
�
C

8j�4X
iD0

t i�4jC2

D 2j C nonconstant terms:

(3) By definition, TNj .s0/ is the constant term of Œ�.Nj ; s0/�. Hence, TNj .s0/D 2j .

Thus, we have the isomorphism of graded F ŒU �-modules in Figure 8.

We now compute the involution �� on homology. This amounts to determining whether �k1 is equivalent
to k1 or k2. If �k1 is equivalent to k2, then the involution swaps the two legs of the left-hand graph of
the above figure and leaves the right-hand graph fixed. If �k1 is equivalent to k1, then �� is the identity.
We know show that, in fact, �k1 is equivalent to k2.

Recall, �k1 D .1; 0;�5 C 4j;�3; 0; : : : ; 0; 3/ and k2 D .�1; 0; 3 � 4j; 3; 0; : : : ; 0; 1/. Consider the
following sequence of moves from �k1 to k2:

(1) Add 2PDŒv4�:
.�1; 0;�1; 3; 1/D k2 if j D 1;

.�1; 0;�5C 4j; 3;�2; 0; : : : ; 0„ ƒ‚ …
2j�3

; 3/ if j � 2:

So we can assume for the subsequent moves that j � 2.

(2) Apply Lemma 5.5 and Remark 5.6:

.�1; 0;�5C 4j; 1; 0; : : : ; 0„ ƒ‚ …
2j�3

; 2; 1/:
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HFC.�Nj ; s0/Š U

U

2j C 1
2

U U

U U

U U

2:5

1
2

U

U

U

2j � 1
2

Figure 8

(3) Add �2PDŒv1�:

.1;�2;�5C 4j � 2;�1; 0; : : : ; 0„ ƒ‚ …
2j�3

; 2; 1/:

(4) Add �2PDŒv2�:

.�1; 2;�5C 4j � 2;�1; 0; : : : ; 0„ ƒ‚ …
2j�3

; 2; 1/:

(5) Add 2PDŒv1�:

.1; 0;�5C 4j � 4;�3; 0; : : : ; 0„ ƒ‚ …
2j�3

; 2; 1/:

(6) Add �2PDŒv4�:

.�1; 0;�5C 4j � 4; 3;�2; 0; : : : ; 0„ ƒ‚ …
2j�4

; 2; 1/:

(7) Add �2PDŒv5�:

.�1; 0;�5C 4j � 4; 1; 2;�2 0; : : : ; 0„ ƒ‚ …
2j�5

; 2; 1/:
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(8) Rightward .2;�2/-slide:

.�1; 0;�5C 4j � 4; 1; 0; : : : ; 0„ ƒ‚ …
2j�5

; 2;�22; 1/:

(9) Type �2 move:
.�1; 0;�5C 4j � 4; 1; 0; : : : ; 0„ ƒ‚ …

2j�4

; 2; 0; 1/:

Now notice that we are back to the same vector as in (2), except we have decreased the 3rd entry by 4 and
shifted the C2 entry one slot to the left. Therefore, if we iterate this sequence of moves .2j�4/ more
times, we get the vector

.�1; 0; 7� 4j; 1; 2; 0; : : : ; 0„ ƒ‚ …
2j�3

; 1/:

Now consider the sequence of moves:

(1) Add �2PDŒv1�:
.1;�2; 5� 4j;�1; 2; 0; : : : ; 0„ ƒ‚ …

2j�3

; 1/:

(2) Add �2PDŒv2�:
.�1; 2; 5� 4j;�1; 2; 0; : : : ; 0„ ƒ‚ …

2j�3

; 1/:

(3) Add �2PDŒv1�:
.1; 0; 3� 4j;�3; 2; 0; : : : ; 0„ ƒ‚ …

2j�3

; 1/:

(4) Add �2PDŒv4�:
.�1; 0; 3� 4j; 3; 0; : : : ; 0; 1/D k2:

Theorem 5.15 We have the isomorphism of graded F ŒU;Q�=.Q2/-modules given in Figure 9.

Remark 5.16 The graph on the right-hand side of the isomorphism in Figure 9 should be interpreted
as a graded F ŒU;Q�=.Q2/-module in a manner similar to what was described earlier in the context of
F ŒU �-modules, except now there are additional arrows labeled with Q to indicate the action of Q.

Proof For simplicity of exposition, we prove the statement for j D 1. The proof for j � 2 is completely
analogous and is left to the reader.

Fix an admissible Heegaard pair H D .H; J / for .�N1; s0/. We can choose representative cycles
a; b; c 2 CFC.H; s0/ such that

ŒaC b�; Œc� 2 ImŒ�� WHF1.H; s0/!HFC.H; s0/�

and the corresponding HFC homology generators are given in Figure 10.
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HFIC.�Nj ; s0/Š U

U

2j C 1
2

U

U

1
2

Q

Q

Q

U

U

U

U

U

1:5

U

U

U

2j � 1
2

Q

Q

Q

Q

U

U

U

2j C 1
2

Figure 9

Since ��.Œa�/D ��.Œb�/, we have that .1C ��/.ŒaCb�/D 0. Therefore, there exists some d 2CFC.H; s0/
such that @d DaCbC�.aCb/. Similarly, since .1C��/.Œc�/D 0, there exists some e 2CFC.H; s0/ such
that @eD cC �.c/. It then follows from Proposition 2.2, that as graded F -vector spaces, HFIC.�N1I s0/
is isomorphic to that given in Figure 11.

ŒU�3.aC b/�

ŒU�2.aC b/�

ŒU�1.aC b/�

U

Œa�

6:5

U

4:5

U

2:5

U

Œb� 1
2

ŒU�3c�

ŒU�2c�

ŒU�1c�

Œc�

7:5

U

5:5

U

3:5

U

1:5

Figure 10
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ŒQU�3.aC b/� 6:5

ŒQU�2.aC b/� 4:5

ŒQU�1.aC b/� 2:5

ŒQa� 1
2

7:5 ŒU�3.aC b/CQU�3d�

5:5 ŒU�2.aC b/CQU�2d�

3:5 ŒU�1.aC b/CQU�1d�

1:5 ŒaC bCQd�

ŒQU�3c� 7:5

ŒQU�2c� 5:5

ŒQU�1c� 3:5

ŒQc� 1:5

8:5 ŒU�3cCQU�3e�

6:5 ŒU�2cCQU�2e�

4:5 ŒU�1cCQU�1e�

2:5 ŒcCQe�

Figure 11

From this explicit description of generators, we see that for n� 2,

U � ŒQU�n.aC b/�D ŒQU�nC1.aC b/�;

and for n� 1,
U � ŒU�n.aC b/CQU�nd�D ŒU�nC1.aC b/CQU�nC1d�;

U � ŒQU�nc�D ŒQU�nC1c�;

U � ŒU�ncCQU�ne�D ŒU�nC1cCQU�nC1e�:

Next, we have
U � ŒQU�1.aC b/�D ŒQ.aC b/�D Œ@Ia�D 0:

Moreover, by grading considerations, we must have

U � ŒQa�D 0;

U � ŒaC bCQd�D 0;

U � ŒQc�D 0:

Also, either U � ŒcCQe�D 0 or U � ŒcCQe�D ŒQa�. In the former case, we would have

dimF Œker.U WHFIC.�Nj ; s0/!HFIC.�Nj ; s0//�D 5;

dimF Œcoker.U WHFIC.�Nj ; s0/!HFIC.�Nj ; s0//�D 1;

whereas in latter we would have

dimF Œker.U WHFIC.�Nj ; s0/!HFIC.�Nj ; s0/�D 4;

dimF Œcoker.U WHFIC.�Nj ; s0/!HFIC.�Nj ; s0//�D 0:

Thus, by [6, Proposition 4.1], we would have either

dimF .1HFI.�Nj ; s0//D 6 or 4:
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HFIC.�N1; s0/Š U

U

2:5

1
2

Q

Q

Q

U

U

U

1:5

U

U

U

1:5

Q

Q

Q

Q

U

U

U

2:5

Figure 12

But by [6, Corollary 4.7] we see that

dimF .1HFI.�Nj ; s0//D dimF Œker.Q.1C ��/ WbHF .�Nj ; s0/!Q �bHF .�Nj ; s0//�
C dimF Œcoker.Q.1C ��/ WbHF .�Nj ; s0/!Q �bHF .�Nj ; s0//�

D 3C 3

D 6:

Hence, we must have had U � Œc CQe� D 0. We have now completely determined the U -action on
HFIC.�Nj ; s0/.

Next, for the Q-action, it follows from the explicit description of the generators that for n� 1,

Q � ŒU�n.aC b/CQU�1d�D ŒQU�n.aC b/�;

and for n� 0,
Q � ŒU�ncCQU�ne�D ŒQU�nc�:

Also,
Q � ŒaC bCQd�D ŒQ.aC b/�D Œ@Ia�D 0:

It is clear that the action of Q on all of the other generators is zero. Thus, we have the isomorphism given
in Figure 12.

Theorem 5.17 For all positive integers j , Nj cannot be obtained by 0-surgery on a knot in S3. In fact ,
Nj is not the oriented boundary of any smooth negative semidefinite spin 4-manifold.

Proof From previous theorem, we have

Nd1=2.�Nj /D 2j C
1
2
; Nd�1=2.�Nj /D 2j �

1
2
;

d1=2.�Nj /D
1
2
; d�1=2.�Nj /D 2j �

1
2
:
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Equivalently,
d�1=2.Nj /D�2j �

1
2
; d1=2.Nj /D�2j C

1
2
;

Nd�1=2.Nj /D�
1
2
; Nd1=2.Nj /D�2j C

1
2
:

The conclusion now follows immediately from Corollaries 2.18 and 2.21.

5.4 HFIC.�S 3
0

.K1/; s0/

As mentioned in the introduction, Ichihara, Motegi and Song [8] discovered an infinite family of hyperbolic
knots which admit small Seifert fibered 0-surgery. In particular, for the knot K1 in their family, they show
that

S30 .K1/D S
2
�
3
2
;�5

2
;�15

4

�
:

Since, by definition, S30 .K1/ is 0-surgery on a knot in S3, we know from Corollary 2.21 that

�
1
2
� d�1=2.S

3
0 .K1// and Nd1=2.S

3
0 .K1//�

1
2
:

We now verify these bounds directly by computing HFIC.�S30 .K1/; s0/ and then we compare this to
HFIC.�N1; s0/. In the interest of brevity, we are only going to give an outline of the calculation and
leave the details to the reader.

5.4.1 Step 1 We use Kirby calculus and the fact that S30 .K1/ is a small Seifert fibered space to find
negative semidefinite plumbing representations of S30 .K1/ and �S30 .K1/:

S30 .K1/D
�3 �1 �4 �4

�3

�2

�S30 .K1/D
�2 �2 �2 �2 �2 �3 �2 �2

�2

�3

Label the vertices of the above left plumbing graph as:
v1 v2 v3 v4

v5

v6

Using the methods of the previous section, one can show that as graded F ŒU �-modules, we have the
isomorphism in Figure 13, where the two leaves on the left graph correspond to the representative vectors

z1 D .�1;�1; 4;�2; 1; 0/ and z2 D .1;�1; 0; 4; 1; 0/:

Note that HFC.�S0.K1/; s0/ŠHFC.�N1; s0/.

Algebraic & Geometric Topology, Volume 25 (2025)



On the involutive Heegaard Floer homology of negative semidefinite plumbed 3-manifolds with b1 D 1 883

HFC.�S30 .K1/; s0/Š
6:5

U

4:5

U

2:5

U U

1
2

7:5

U

5:5

U

3:5

U

1:5

Figure 13

5.4.2 Step 2 To determine ��, consider the following sequence of moves starting with the vector
�z1 D .1; 1;�4; 2;�1; 0/:

(1) Add �2PDŒv3�: .1;�1; 4; 0;�1; 0/.

(2) Add �2PDŒv2�: .�1; 1; 2; 0;�3; 0/.

(3) Add �2PDŒv5�: .�1;�1; 2; 0; 3;�2/.

(4) Add �2PDŒv6�: .�1;�1; 2; 0; 1; 2/.

(5) Add �2PDŒv2�: .�3; 1; 0; 0;�1; 2/.

(6) Add �2PDŒv1�: .3;�1; 0; 0;�1; 2/.

(7) Add �2PDŒv2�: .1; 1;�2; 0;�3; 2/.

(8) Add �2PDŒv5�: .1;�1;�2; 0; 3; 0/.

(9) Add �2PDŒv2�: .�1; 1;�4; 0; 1; 0/.

(10) Add �2PDŒv3�: .�1;�1; 4;�2; 1; 0/D z1.

Therefore, �� is the identity. In particular, unlike for HFC.�N1; s0/, J0 does not swap the two legs of
the graded root corresponding to the odd part of HFC. It is worth noting that this behavior of J0 is
not seen for negative definite almost rational plumbings. Specifically, in [1, Lemma 2.1] (see also [2,
Section 2]) it is shown that for negative definite almost rational plumbings, the involution J0 on the graded
root of a self-conjugate spinc structure cannot fix more than one vertex of the graded root at a given
grading level. The proof of this fact relies on the result that the lattice cohomology of almost rational
plumbings is concentrated in homological degree 0. However, for negative semidefinite plumbings the
lattice cohomology in general will not be concentrated in homological degree 0 and hence the action of
J0 need not behave as in the almost rational case, as illustrated by this example.

5.4.3 Step 3 Applying the same methods as in the proof of Theorem 5.15, we get:
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HFIC.�S30 .K1/; s0/Š U

U

2:5

U

1
2

Q

Q

Q

Q

U

U

U

1:5
1
2

Q 1:5

U

U

U

1:5

Q

Q

Q

Q

U

U

U

2:5

Figure 14

Theorem 5.18 As graded F ŒU;Q�=.Q2/-modules , we have the isomorphism in Figure 14. In particular ,

Nd1=2.�S
3
0 .K1//D

1
2
; Nd�1=2.�S

3
0 .K1//D 1:5;

d1=2.�S
3
0 .K1//D

1
2
; d�1=2.�S

3
0 .K1//D 1:5:

In summary, even though

HFC.�N1; s0/ŠHF
C.�S30 .K1/; s0/;

we see that

HFIC.�N1; s0/©HFI
C.�S30 .K1/; s0/:
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