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It is known that the Dirac index of a Spin® structure is localized to the characteristic submanifold. We
introduce the notion of G* (1, sT, s7) structure on a manifold as a common generalization of the Spin©
structure and the H, (s) structure defined by D Freed and M Hopkins, and formulate a version of charac-
teristic submanifold for the G*(n, s, s7) structure. We show that the KO* (pt)-valued index associated
with the G*(n, sT, s7) structure is localized to the characteristic submanifold. As an application, we
give a topological sufficient condition for the moduli space of Pin™ (2) monopoles to be orientable.
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1 Introduction

In this paper, we introduce the notion of G*(n, sT, s7) structure, which is a generalization of the Spin
structure, the Spin¢ structure, the Pin* structure, and the Hy(n) structure due to Freed and Hopkins [5].
We construct an elliptic differential operator associated with the G (n, s1, s7) structure s, and we have
its index ind(s) with values in KO* —* T (pt). The index ind(s) is a generalization of the Atiyah—-Milnor—
Singer invariant which is defined by the Dirac type operator with the Clifford action for a Spin manifold.
The index ind(s) is also a generalization of the index of the Hy(n) structure with values in KO™" % (pt)
defined by Freed and Hopkins.

Our main theorem is that the index above is localized to a certain submanifold which is a generalization
of a characteristic submanifold of the Spin® structure.
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Main Theorem There exists a homomorphism f such that the diagram

G+(ns ,8 )(pt) QG"’(n s7,8 ’0)(pt)

\ KO—n s (pt)

commutes, where the morphisms to the KO group are defined by the indices.

The map f in the statement of Main Theorem is given by the localization.

Many people give generalizations of the localization of the index of the Spin® structure to the characteristic
submanifolds, for example W Zhang [18], J L Fast and S Ochanine [4], M Furuta and Y Kametani [8],
and S Hayashi [9]. The methods of the localization of the index in the works of [4; 9] are to localize
the topological index by using the excision theorem of K or KO theory, respectively. Our method of
the localization is based on a version of the Witten deformation, which is introduced by E Witten [17]
in 1982. The Witten deformation is an analytical counterpart of the excision.

The main application of the main theorem is to give a sufficient condition for the Pin™ (2) monopole
moduli space to be orientable, which enables us to refine the Pin™ (2) monopole invariant. The Pin™ (2)
monopole invariant is a variant of the Seiberg—Witten invariant introduced by N Nakamura [14; 15]. The
orientability of the moduli spaces in gauge theory was originally studied for instanton by Donaldson [2; 3].
Donaldson’s argument can be applied in the case of the singular instantons introduced by P B Kronheimer
and TS Mrowka [12] and in the case of the U(n) instantons introduced by Kronheimer [11]. In these
cases, the moduli spaces are orientable. On the other hand, we show that the Pin™ (2) monopole moduli
space may be nonorientable. Strictly speaking, we have an explicit example of a 4-manifold for which the
determinant bundle on the ambient space of the moduli space is nontrivial (Corollary 5.20). We expect
that our new method using the Witten deformation could be applied to other moduli spaces in gauge
theory. Recently, Joyce, Tanaka and Upmeier [10] gave a new framework to deal with the orientation of
moduli spaces. It is an interesting problem to understand the relation between their argument and ours.

This paper is organized as follows. In Section 2, we establish our conventions and define the index of the
G*(n,sT,s7) structure. In Section 3, we first formulate the main theorem and give a proof in the rest of
the section. The proof of the analytical details of the key localization is postponed to the appendix. In
Section 4, we describe two examples in detail: the Freed—Hopkins Hj(n) structure, and the G*(5, 0, 4)
structure which we use in the next section. In Section 5, as an application, we give a topological sufficient
condition for the Pin™ (2) monopole moduli space to be orientable and we give an example of a 4-manifold
for which the determinant bundle on the ambient space which contains the Pin™ (2) monopole moduli
space is nontrivial.
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2 Definition of the index

2.1 The G*(n,s™,s™) structures

Our purpose here is to establish our notation and conventions. We follow the notation of [13] for Clifford
algebras and follow the definition of [1] for KO groups.

e Let O, denote the standard metric on R”. Let Q denote the quadratic form on R? @ R” defined by

Q = Ql - Qm
We will denote by Cl; ) the Clifford algebra generated by {v € R/ @ R™} subject to v = Q(v). We
abbreviate Cl(, o) and Clg ) to Cl, and Cl_,, respectively. We write €1,...,€;,¢e1,..., ey for the

standard generators of Cl(; ).
* Note that Cl ,,) is naturally a Z/2-graded algebra. Let
(Clgm)® = {aray---azy |Vi=1,...,2k, 0 # a; e Rl @ R™}

be the even part of Cl; ,,) and

(Clgm)! ={a1ay---asy_y |Vi=1,...,2k -1, ,0 #a; e Rl @ R™}
be the odd part of Cl; ,,,). Here ® denotes the Z /27-graded tensor product. Then there is an isomorphism
Clty my) @ Clity sy = Cly 1y my +ms)-
e Let X be a compact Hausdorff space. A representative element of KO®:® (X) is given by a four-tuple:

(1) The Clifford algebra Cl 4).

(2) A separable Z/2-graded Hilbert space H with a left Cl 4) Z/2-graded action. We denote
by p: Clp,q) — hom(H, H) the representation of the Z/2-graded algebra. We assume this is
continuous with respect to the norm topology of hom(H, H) which is a space of bounded operators
on the Hilbert space H.

Algebraic & Geometric Topology, Volume 25 (2025)
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(3) Let us denote grading map by e: H — H. Note that €2 = 1.

(4) A continuous map s: X — hom(H, H) (the topology of hom(H, H) is given by the operator norm)
such that s(x) is a bounded skew adjoint, odd and Fredholm operator which graded commutes
with the Cl, 4) action for all x € X.

We will write (s, €, Cl(p 4), (0, H)) for this four-tuple. In cases where clarity permits, we use H as an
abbreviation for (p, H).

o We define (s,€,Clp 4y, H) and (s, €', Cl(p 4y, H') as equivalent if they satisfy the following properties:
— There exist four-tuples (s, €9, Cl(p,q), Ho) and (sy, €1, Clp 4), H1) such that both ker(so(x)) and

ker(sy(x)) are trivial for all x € X. Note that this implies so(x) and s (x) are isomorphisms for
all x € X.

— There exists an isometric linear map f: H @ Hy — H' @ H; such that f o (e ® ¢p) /™! =
(€ ®ey)and fo(s®sg)o £~ and s’ @ s; are homotopic through continuous maps from X to

hom(H' @ H;, H' ® H;) which anticommute with €’ @ ¢; and the Clp, 4) action.

— The homotopy above anticommutes with €’ @ €; and Clifford action.

e We define KO®-® (X) by the set of the equivalence classes of four tuples (s, €, Clp 4. (0, H)). We
define

[(s.€.Clgp,a). (p. HD]+[(s". €'.Clpay. (p. H)] :=[(s @ 5". e ® €', Clipa). (0@ p'. HD H'))]

and it is easy to check that this operation is well defined. We can check that KO®-@) (X) is an abelian
group under this operation +. Note that [(s, €, Cl(p 4), (0, H))] + [(—s, —€,Cl(p,q), (—p, H))] = 0, since
we can deform s @ —s to an odd, skew-adjoint, and isomorphic operator on H @ H that graded commutes

with Cl(b,a)-
e If s is an unbounded skew-adjoint Fredholm operator and
- s
§ = ——
V14 ss*

satisfies the above properties, we write (s, €, Clp, 4y, H) instead of (s, €, Clp 4y, H).

e We will denote by (p1, V1) the Z /27 graded representation of Cl(; ) which is given as follows. Let
VIO = Vl1 =R, V; = Vl0 &) Vl1 and

ple) = (1 1), ple) = (1 _1),

where ¢, e (62 =1,e2= —1) are the generators of Cla,1y-

e We will let V, :=AV1” ® and define (p,, V) to be the representation introduced by the natural isomor-
phism Cl, ,) = Cl’(’f?l). Let V,* denote the dual space of ¥}, which has a natural right Cl, ,) module.
We will denote by €” the grading operator.

Algebraic & Geometric Topology, Volume 25 (2025)
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®
o Let v(l) =1le Vlo and we set vg = v(l)n € V,. Then we see that

{€i €y --~e,~kv2 eVplit<iz<---<ip, 0=k <n}
is basis of V},. Also {vg* 0€j, 0€;, 006, €VF|ij <ip<--<ix, 05k =< n} is a basis of V.
Definition 2.1 If H is a left Cl 4) module, we define the right Cl(, 5) module structure as follows:
Let € be the grading operator on H and p: Cl( 4y — hom(H, H) be the representation that is given

by the left Cl(p 4) module structure. Let €1, ...,€p and ey, ..., ¢4 be orthonormal bases of R? and R?,
respectively. Then we define the right action p’: Cl‘(’flJ n hom(H, H) by

¢ : /0/(61'1 te Eik) = lo(eik ce eil)(€k¢)1 ¢ : ,0/(6’]1 cee ej[) = /O(Gjl T 6]1)(El¢)-
This is well-defined and independent of the choice of the orthonormal bases of R® and R?. If H* is a

right Cl(, ) module, we can define a right Cl 4 structure on H* in the same way.

Lemma 2.2 Assumea > b. Let (s,€,Cl, o), H) be a representative element of KO®- (X). Then there
exists an element (s', €', Cl(g 4—p). H') of KO©-4=5) (X') which satisfies the following properties: There
is an isomorphism between the Hilbert spaces

fH—->H®V)

such that
s=flos®eo f,
e=flod®elof,
ei=f"lol®eof (fori=1,...,b)
ei=f"lol®eof (fori=1,....b)
epri=floel®@ebof (fori=1,...,a—b),
where e/l, cee, e;_b are the generators of Clg 4_p) and €y, ..., €p,€1,...,€p,€py1,...,€q are the gener-

ators of Clp, 4. Note that Cl, 4y action on V, is the left action that is defined in Definition 2.1 by using
the right Cl(b,b) module.

Proof The subspace H' C H is given by the intersection of +1-eigenspaces of €jeyq, ..., €pep. The
actions of s, € and Cl(g,,—p) preserve H'. We write s, €', e} (i = 1,...,a — b) for restriction of the
actions of them to H'. Let us define a map g by

g H®V, > H, ¢ Q¢ ¢, ---e,-kvo* > €1, €0y € @

n
We can check that this is a map of the Cl 4) = Cl(g 4—p) ® Cl(p,») module. For example,
* *
s@e’ ¢ Qe e, e vy = (—Drs¢' @6y vy > (=D e ei s¢ = sei iy €i ¢

0

* *
/ — &/ €: € Y
1 ®¢€j-¢ Q€j €y €V, =@ Q€j€j €jy €, U,

> €j€i €y ~-~e,-ks¢/.
We set / = g~ ! and this proves the lemma. |
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Remark 2.3 We have the option to substitute V;, for ¥, in the assertion of Lemma 2.2. Nevertheless, in
Proposition 3.11, the natural appearance is that of V,*. Therefore, we formulate Lemma 2.2 in the context
of V5.

Definition 2.4 We define a group G*(n,s1,57) as

Gtn,st,s7) = {g € Clyy, ®C1(5+’S—) | g = iy =+ Viy,, vi; €R" or RS or RS, |vi; | = 1}.

Definition 2.5 Let
S(Om)x O(st)x O(s7))={(A, B*,B7) € On) x O(sT) x O(s™) | det Adet BT det B~ = 1}.
The two-to-one homomorphism

p:GE(m,sT,57) = S(0O() x O(sT) x O(s7))
is defined by
p(g)v:=gvg™!
forg € GE(n,sT,57), veR"®RT @RS,
We denote by py, ps+ and ps— the compositions of p with the projections from S(O(n) x O(sT)x O(s™))
to each component O(n), O(s™*) and O(s™), respectively.

Definition 2.6 Let Y be an n dimensional Riemannian manifold. Let us denote by Py the orthogonal
frame bundle of 7Y . A G*(n,sT,s7) structure is a tuple (ﬁ, P,m, 0, E4, E_) such that:

o FE. isan s* dimensional real vector bundle such that their structure group is O(s¥), respectively.
We will denote by Pg__its frame bundle.

e oisanorientationof TY @ EL ¢ E_.

e Pisaprincipal S(O(n)x O(sT)x O(s™)) bundle defined as the subbundle of Py xy P, xy Pg_:

P = {(fn, S+, /=) € Py xy P, Xy Pg_| fu, f+, f— are compatible with
the orientation o in this order}.

e We denote by Pa principal G*(n, s*, s7) bundle and 7 : P — P is a smooth map which satisfies
the following commutative diagram:

‘g

P25 pP
-p(g)
P —= P

forall g € GE(n,st,s7).

Algebraic & Geometric Topology, Volume 25 (2025)
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Definition 2.7 Let (P, P, 7,0, E4, E_)and (P, P, 7', 0/, E! ,E”)be G*(n,sT,s7) structures on Y.
We say that they are isomorphic if there exist isomorphisms of principal bundles f: P — P’ and f: P — P’
such that the following diagram commutes:

2.2 Definition of spinor bundles

Definition 2.8 A generalized Z /27 graded spinor representation of G (n, s™,s7) is a pair (a, S) such
that:

e § is areal vector space with a metric and a Z /27 grading S = Sy & S;.

o «isarepresentation o: G (n, 57, 57) — O(S) such that for all g € G*(n, s 1, s7), a(g) preserves
the Z /27 grading of S.

o The representation space S has a G*(n, st, s7) equivariant products
+ —
:R"S =8, R xS—8, ¢-:R° xS =8,

such that they are anticommutative each other and odd. Here, the action of G*(n,sT,s™) on
R", RS * ,R*" is the left adjoint representations py, p+, p— as defined in Definition 2.4. Note that
pn(g)v:=gvg~! for g € Gt (n,sT,s7) and v € R”. We have similar formula for p4 and p_.

e The multiplications above give a Cly, & Cl(s+ 4—) module structure on S.

Moreover, if S has an additional left Clifford action of Cl 4) and its generators anticommutes with

chs c; +.C5—, we call (a, S) a generalized Z /27 graded spinor representation with Cl 4 action.

Definition 2.9 We define (p, Cl4, ® Cl(s+ 5—)) to be the generalized Z /27 graded spinor representation
with left Clg, ® Cl(s— s+) action as follows: Take g € G*(n,st,s7) and ¢ € Cly, ® Cl(s+ 5-). We
define p(g)¢ := g¢, where the right hand side is a multiplication of Cl, ® Cl(s+ ,5—)- The representation
p preserves the Z /27 grading of Cly, ® Cl(s+ 5—)- We define

¢ R" X Cliy ® Clig+ 5~y = Cliy ® Clgr -

by ¢;,(v)¢ = vé. Replacing R” with R¥*, we define ¢; ¢ similarly. We define the additional left
Clz, ® Cl(s— s+) action in the following way. Let € be the Z /27 grading operator of Cly, ® Cls+ 5-)-
We define v - ¢ := (e¢)v for v € R"” & RS " RS, where the right hand side is a multiplication of
Cle, ® Cls+ 4—)- This defines a left Clg, ® Cl(s— 4+) action because the right Cli, ® Cls+ 45— action

is odd and v anticommutes with €.
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Definition 2.10 Lets = (ﬁ, P,m,0,E.,E_)beaG¥T(n,sT,s7) structure on Y and let (a, S) be a
generalized Z /27 graded spinor representation of G (n, s™, s7). Then they define the vector bundle
S = P Xo S.
Let 8 and 8 { be subbundles of ,$ defined by Sy and S, respectively. We define the Clifford multiplication
on 8 using c,;,c;Jr, ci—:
cry:TYx 8 — 8, cp i Exx8— 8.

We call 8 a generalized Z /2 graded spinor bundle. If (o, S) is a generalized Z /27 graded spinor
representation with Cl, 4) action, we call § a generalized Z /2 graded spinor bundle with Cl(g 4 action.

Remark 2.11 From Definition 2.1, if § has a left Clp 4 action, we have a right Cl, p) action on $ as
we defined in Definition 2.1. Note that this right action commutes with c¢7y, ¢ even if odd elements
in Cl(a,b)-

Definition 2.12 Lets = (ﬁ, P, o0, Er,E_)beaG¥(n,st,s7) structure on Y. We will denote by
@& = @y ® &, the generalized Z /2 graded spinor bundle with Clx, &® Cl(s- s+) action defined by the
generalized Z /27 graded spinor representation with Clg, ® Cls- s+ action (p, Cly ® Cl(s+ 5-). We
call @ the standard spinor bundle of s.

Definition 2.13 Lets = (ﬁ, P w0, Ef,E_)bea Gi(n, st,s57) structure on Y and @& the standard
spinor bundle of 5. We define a Dirac type operator /) on I'(&) by using the Clifford multiplication c7y .
We will denote by ¢ the Z /27 grading operator on &.

Let us denote by ind(s) the element in KO™"+¢™ 5 +)(pt) defined by the representative element

(P.€.Clzn ® Clis— sy, L* (Y. ®)).
We call ind(s) the index of the G (n, s*, s7) structure s.

Remark 2.14 The index defined above coincides with the so called Atiyah—Milnor—Singer invariant index
of Spin structures when s = s~ = 0. This index is a generalization of the mod 2 index of Spin structures on
a riemannian surface and the A genus. This is defined explicitly by Lawson and Michelsohn [13, Chapter II,
Section 7]. In some cases, the index coincides with the index of Hg(n) structure introduced in [5].

3 Proof of Main Theorem

3.1 Statement of Main Theorem
Main Theorem There exists a homomorphism f such that the diagram

G+(ns ,8 )(pt) QG (n s, ’0)(pt)

\ Ko_n S++S (pt)

commutes, where the morphisms to the KO group are defined by the indices.
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Remark 3.1 We can find a similar commutative diagram of G~ bordism groups. In this case, the
—(n—st.0.5— +(n_s— st

codomain target of f is Qf_s(f: S7T.0.8 )(pt) instead of Q,?_S(f $757,0) (pt). The proof is parallel to that

of the G cases. Moreover, we can prove Gt (n,s™,5s7) = G~ (n,s~,s™) and hence we will study only

the G cases.

First, we will construct the morphism f in the main theorem in this subsection. Second, we will prove a
localization theorem of the indices in Section 3.2. Some analytic lemmas are proved in the appendix.
Finally, we prove the commutativity of the diagram using the localization theorem in the final part of this
section and we will complete the proof of the main theorem.

Lemma 3.2 Lets = (ﬁ, P,m,0,Ey,E_) be a G¥(n,s%,s7) structure on Y. Then there exists a
canonical Spin structure of the vector bundle

(detTY ®det EL)®TY ® E4 Bdet E_ E_

induced by s. Conversely, if the vector bundle above has an Spin structure, it gives a canonical
Gt(n,sT,s7) structureon Y .

Proof Letey,..., €, + isastandard basis of R" ®R*" and €0+€0.€1, ..., ey o+ are the generators
of C1(0, (n+1)+(s+ +1)+57). There is an embedding Cl(n+s*,s7) — CI(0, (n4+ 1)+ (s T+ 1) +57)
given by mapping €1, ..., €, ¢+ tO egeoel, e ,66€0€n+s+. Restricting this map, we have an embedding
Gt(n,sT,s7) — Spin(1 +n+ s + 14 57). Let 7 be the projection Spin(1 +7n + s+ +1+57) —
SO(1 4+n+sT 414 57). The image (G (n,s™,s7)) is isomorphic to S(O(n) x O(sT) x O(s7)).
This image gives the representation of S(O(n) x O(s™) x O(s™)) whose associated vector bundle is
det7Y QdetEL & TY @ E4 ddet E_ @ E_. Here we define that

(eo), (er,....en)s (ent1s---vlppst), (eg) and (€,igtiqs---»Cnps+is—)

are the representations such that the associated vector bundle of the representations are det 7Y ® det E 4,
TY, E4,det E_ and E_ respectively. Then we construct a Spin structure as desired. We have the second
half of the statement by reversing the proof above. a

Remark 3.3 The isomorphism class of the Gt (n,s™, s7) structure given by the second half of the
Lemma 3.2 uniquely determined by the isomorphism class of the Spin structure of the vector bundle
(detTY @det EL)®TY ® E, @det E_ @ E_. On the other hand, if we change the Gt (n,sT,57)
structure s by an isomorphism of the G (n, s, s7) structure, the isomorphism class of the Spin structure
given by the first half of Lemma 3.2 may change because there may exist an automorphism of the
Gt (n,s™,s7) structure s which covers a nontrivial isomorphism of E. We use this lemma to define
the cobordism class of the GT(n —s~,s™, 0) structure sc. If two G (n,sT,s™) structures s and s’ are
isomorphic they are cobordant. From the Lemma 3.9, s¢ and 5’C are cobordant therefore this ambiguity
does not matter to define the map f in the statement of the main theorem.

Algebraic & Geometric Topology, Volume 25 (2025)
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We will prove some lemmas in a general setting. In the following three lemmas, let M be a manifold and
F, Ey, E be oriented real vector bundles on M with fiber metrics.

Lemma 3.4 An orientation preserving isometry o.: Eo — E determines a canonical Spin structure on
Eyod E;.

Proof Let n be the rank of E(. The structure group of the subbundle
{(f,a(f)) | f is an oriented orthonormal frame of Ey}

of the frame bundle of Eg @ E is a subgroup of SO(2n) which is the image of the diagonal embedding
j:S0(n) — SO(n) x SO(n) — SO(2n). The map j: 71 (SO(n)) — 71 (SO(2n)) is trivial, and therefore
there exists a homomorphism j : SO(n) — Spin(2n) which covers j. Let{ gqp} be the transition functions
of Eo ® E;. We define the Spin structure on Eq @ E; by using {/ (gap)} as transition functions. It is
easy to check that this Spin structure does not depend on how to take transition functions of Eq @ E. O

Lemma 3.5 Let F, F’ denote oriented real vector bundles on M with metrics. If there are Spin structures
on F & F' and F’, these Spin structures determine a canonical Spin structure on F.

Proof We will denote by {gqp}, {8, g} transition functions of F and F ’, respectively. Let {g/, 5} be the
lifts of {g, 5} to the Spin group defined by the Spin structure on F ". The lift of (gap, g, p) defined by the
Spin structure of F @ F’ is expressed by [(Z4p. g;ﬂ)] € Spin(n) x Spin(m)/(Z/27Z), where g, is a lift
of g4p. The lift gop is unique because the second component is fixed to be g; 5

The lift of the transition functions {g,g} satisfy the cocycle condition because {[(Zqs. £, ﬂ)]} and {g/, ﬂ}
do. We define the Spin structure on F by using { (gqp)} as transition functions. Again it is easy to check
that this Spin structure does not depend on how to take transition functions of F. a

The lemma below is clear from Lemmas 3.4 and 3.5.

Lemma 3.6 Let F & Eo ® E be a vector bundle with orientation o and Spin structure P. We assume
that E is oriented and there is an isometry ¢: Eqg — E{. We will denote by o the orientation of E.
Then F' has a natural orientation and a Spin structure defined by o, o, P and ¢.

We use the lemmas above in our setting.

Definition 3.7 Let Y be an n dimensional Riemannian manifold and s = (ﬁ ,P,mo, Ef,E_)bea
Gt (n,st,s7) structure on Y. We will denote by /# € I'(E_) an transverse section. Let C = 2~1(0). We
call C a characteristic submanifold of s.

The theorem below is a generalization of the theorem that is an existence of a canonical Spin structure on
a characteristic submanifold of Spin® structure.
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Theorem 3.8 Let Y be an n dimensional Riemannian manifold and s = (15, P, w0, Ef,E_) be a
Gt (n,sT,s7) structure on Y and C be a characteristic submanifold of s. Then we have a natural
Gt(n—s—,sT,0) structure on C.

Proof We restrict the vector bundle
det7TY @det EL @TY DEL Ddet E_ D E_
to C. This is naturally isomorphic to the vector bundle
detTY|c Q@det E4|c ®TCHN B EL|c®detE_|c ® E_|c,

where N is the normal bundle of C. We define the isomorphism : N — E_ by using dh. By the
definition of G (n, s, s7) structure, there exists an isomorphism i : det TY |c @ det E |c = det E_|c.
Let F=TC®E4|c, Eo=detTY|cQ@det EL|c®N, Eiy=det E_|c® E_|c,and ¢ =i @Y. They
satisfy the assumption of Lemma 3.6, and hence we have the Spin structure of T7C @ E 4 |c as desired.
From the latter statement of Lemma 3.2, this Spin structure defines the G*(n —s—,s™, 0) structure on C
as desired. |

Lemma 3.9 As an element of bordism group ngs(—"_s_’S+’0) (pt), [(C,sc(h))] is independent of h.

Moreover, if the Gt (n,s™, s7) structure s on a closed manifold Y, and s, on a closed manifold Y, are
Gt (n,st,s7) cobordant, G (n—s~,s™,0) bordism class of [(C, sc (h))] given by s¢ and s, are same.

Proof We first prove the first half of the statement. Let 4,4’ be transverse sections of E_ and let
C = h71(0), C' = h~1(0). We define a natural GT(n + 1, s, s7) structure on Y x [0, 1] by using
Gt(n,sT,s7) structure on Y. Let h be a transverse section on Y X [0, 1] such that l~l|YX{0} =h,
hlyxq1y = k. Then i~1(0) has a G (n + 1 —s~,sT,0) structure by Theorem 3.8. This manifold with
Gt (n+1—57,5T,0) structure gives the cobordism from [(C. s¢ (h))] to [(C”, s ())]. A slight change
to the above proof actually shows the second half of the statement. a

We now define the map f* of Main Theorem.

Definition 3.10 Let Y be an 7 dimensional closed manifold with GT(n,s™,s™) structure given by
s=(P,P,mo0 Ei, E_). Set
S([¥.s]) =[C.sc].

3.2 Localization by Witten deformation

In this subsection, we will prove the commutativity of the diagram in Main Theorem. We prove it by using
Witten deformation. We prove some lemmas in a more general setting than the setting in Main Theorem.
The proofs in this section and in the appendix are based on the localization argument of Furuta [7] and
Fukaya, Furuta, Matsuo, Onogi, Yamaguchi, Yamashita [6]. We simplify and modify these arguments to
suit the situation in this paper.
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In the previous subsection, we define the G+(n —s,st, 0) structure s¢ on a characteristic submanifold
C = h~1(0) from a G (n,s™,s7) structure s on Y in Theorem 3.8. Now we consider the relation
between the standard spinor bundle of s and the restriction of the standard spinor bundle & of s to C.
First, we consider @|c, the restriction of the standard Z /27 graded spinor bundle of s to C.

Proposition 3.11 Let Y be an n dimensional manifold with Gt (n, s, s™) structure s. We will denote
by @& the standard 7. /27 graded spinor bundle of 5. Let C = h='(0) and let sc be the G (n—s~, s, 0)
structure on C defined in Theorem 3.8. We define a Clifford action on &|c by restricting the Clifford
action (cry.ce,): (TY ® E+) ® @ — @ to the vector bundle (TC @ E|c) ® @|c on C. We will
denote by (CTc.Cg. ) this restricted Clifford action. Note that the image of (¢ctc,Cg, ) is @|c. Then
there exists an isomorphism ® which has following properties: Let @ ¢ be the standard Z./27. graded
spinor bundle of sc. The isomorphism

P: @lc = Cly(N(C) ®Bc ® V-
preserves the Clifford action of TC & E|c when we define a Clifford action to right hand side by
cre(x) 0®¢®v:=(—)w®irc(x)p @,
g, (w)-00¢Rv:=(-)?wedir, (wepev
foro @ p @v € ClL(N(C)) ® Bc & VE, x e TC andw € E4|c. Moreover, ® preserves the right
Cl 45+ s—) action if we define the right Cl, ¢+ (—) action to Cl (N (C)) RBc ® VE by
wRdpRv-a®b:=Dly®d-axvb
forw®¢®v eClL(N(C)®Bc ®V: anda® b € Cli,y o+ ) ® Cls— 5.

Proof From the proof of Theorem 3.8, we see the structure group of the Spin structure of
det N(C)Ddet E_@ N(C)® E—

reduces the subgroup of Spin(2s~ +2) which is isomorphic to O(s™). If we write O(s™) for the subgroup,
then the structure group of @|c is GT(n—s",57,0) x O(s™). Write G = GT(n—s",57,0) x O(s7).

Let us denote by S = Cl(, ¢+ () a representation space whose associated vector bundle is @. We
describe the action of G on S. We define g, € O(s™) to be the natural lift of g, to Spin(2s~ + 2)
given in Lemma 3.4 where g, is the composition of the reflections of vectors(e, 0, ¢, 0), (0, v,0,v) €
detRS ®R* @ detR® ®R* (lJe] = |v| = 1). The element g, is independent of the choice of e.
Elements in the group O(s™) C Spin(2s~ + 2) are the products of finitely many elements of the form g,
for some v and *1. The Clifford multiplications ¢;,, ¢/ are G equivariant and hence the action of g, is
given by £c¢;,(v)c’(v).

The sign of g, = =+c,,(v)c’(v) is determined by how to embed the group G (n,s*,s7) to a Spin
group. In our convention of Lemma 3.2, the image of ¢, (e;)c’_(e;) of the embedding is ege;eqe; and this
coincides with g, which is a lift of g, given in Lemma 3.4. Thus we have g, = ¢;,(v)c_(v).
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We will denote by S¢ a subspace of S which is the intersection of +1-eigenspaces of &, = ¢;,(v)c’(v)
for all v € S(R® ). The subspace S¢ coincides with the intersections of +1-eigenspaces of ¢}, (e;)c”(e;)
(i=1,...,57), where {eq,...,es—} is an orthonormal basis of R* . The action of GT(n —s~,s™,0)
preserves S¢ because this action commutes with ¢;,(v)c”(v) for all v. The definition of S¢ immediately
implies that the action of O(s™) on S¢ is trivial.

Let us show that S¢ coincides with Cl(, ¢+_— ¢y C S. Recall that the standard spinor bundle & is
the associated bundle with the representation Cl, ¢+ —) = Cl_g— 44+ 0) ® Cls— s—). An element
&y =¢;,(v)c’_(v) acts on Cl(y—s—4s+,0) trivially and on Cls— —) by left multiplication of Cl(— s—). We
will denote by V' the intersection of the +1-eigenspaces of ¢, (v)c_ (v) in Cl— ;) for all v € S(R® ).
The dimension of V is 25" . The action of ¢y (v)c’(v) commutes with the right Cl(s— 4y action. The only
irreducible representation of Cl(s— ;) is Vs— and its dimension is 2° . Hence there is an isomorphism
ViVE - V. Using ¥/, we have the isomorphism Cl, 4 ¢+_s— o) ® VE—>Scbyé@uvi>Ey(v). If we

give the G action on Cls— o) by g - x gxg~!

, we have the G equivariant isomorphism
Wo: Cls—0) ® Clipgs+—s—.0) ® Vs = Cliypgt -y, X®E@Vv>x-E-9Y(v).

The associated vector bundles of Cl(s— ¢, Cl(y45+—5—,0) and V& is Cl4(N(C)), G and the trivial
bundle V%, respectively. Thus we have the map

U:Cl (NC) RGBc RVE — B|c.

We define the map ® to be the inverse of the map W. It is easy to check to see that ® preserves the
Clifford action of 7C ® E 4 |c and right Cl, 4+ () action. d

In this section we identify @&|c with Cl4(N(C)) ® @¢c ® V.- by the map ®.

Next we prove the localization of analytic index in Proposition 3.22. We identify a tubular neighborhood
of C, denoted by U(C), with the open disk bundle of the normal bundle of C,

B(N(C)) ={ve N(C)||v] <1}.

We will denote by 7 : N(C) — C the projection of the normal bundle. Let us outline the proof of the
localization.

Step 1 We first formulate the index of a Dirac type operator acting on the sections of the vector bundle
7*(®|c) over N(C). Since N(C) is not closed, we need behavior of its end. We will see the index of
N(C) coincides with the index of the G (n,s~, sT) structure s¢ on C.

Step 2 The analytic index of the G+ (n, s, s7) structure s on Y coincides with the index of Step 1. In
this argument we deform the Dirac type operator in Definition 2.13. We prove some analytic lemmas and
propositions of this step in the appendix.
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3.2.1 We begin with Step 1 First, we consider the trivial G (n, 0, ) structure on R”. This structure
appears in a fiberwise way when we consider the operator on N(C). Let 50 be a trivial G (1,0, 1)
structure on R”. We will denote by /(x) = x the section of E_ = R” x R” and we have the isomorphism
from TR” to E_ by using dh. We have the reduction of the structure group of sy to the subgroup
G C G~ (n,0,n) which is naturally isomorphic to O(n) by using Lemma 3.4. Let @, denote the
standard Z /2 graded spinor bundle of s¢. Let C = h~!(0) = {0}, be a characteristic submanifold. From
Proposition 3.11 we identify @ ¢|c with Cl4 (R") QR ® V. Note that &¢c =~ C xR =R is a vector
bundle on a point. Let L be a trivial vector bundle on R”.

Lemma 3.12 We will denote by S a set of rapidly decreasing sections of & ® L. We will denote by
D,, a differential operator acting on sections of I'(&y ® L) given by

n
9 .
D, = Z(CTR” (dx’)ﬁ +mcg_ (e,-)x').
i=1
Note that D;, preserves the subspace S C I'(@y ® L). The operator D, is independent of the choice
of the orthonormal basis of R". This operator commutes with the right Cl, , action, and there is an
isomorphism between ker D), NS and R ® V,r ® L as right Cl,_,y modules.

Proof We see at once that D), is independent of choice of the orthonormal basis of R” by direct
calculation.

Let ¢ be a rapidly decreasing section. We have D},¢ = 0 if and only if (D),)?>$ = 0 because D), is a
skew-symmetric operator. We have

0 =Y ((55) ~m2 612 4 merpa(@xies (@) = ~H + 3 (mergs (dx')es_(en).

, ox! ,
i=1 i=1

where H is a harmonic oscillator acting on smooth functions R” — R. It is well known that H has only
discrete spectrum and each eigenspace is 1-dimensional. The eigenvalues are nm, 2nm, 3nm, ... and

2 .
—m|x|*/2 and this does

each eigenfunction is rapidly decreasing. In particular, the eigenfunction of nm is e
not depend on the choice of orthonormal basis of R”. The eigenvalues of mcrrn (dx?)cg_(e;) are +m
for all i. Hence the kernel of (D},)? is in the intersection of the +1 eigenspace of crgrn (dxV)cg_(e;)
and nm eigenspace of H. The intersection of the +1 eigenspace of c7r» (dx?)cg_(e;) for all i coincides

with R ® V¥ ® L from the construction of the map & on Proposition 3.11. Thus we have

ker D), NS=R®V*® L-emXI*/2 O

Definition 3.13 We will denote by ¢ a function on R” given by

_ 2
e m|x|*/2

— 2 °
le=m X2 2 gy

Algebraic & Geometric Topology, Volume 25 (2025)



Localization of a KO* (pt)-valued index and the orientability of the Pin™ (2) monopole moduli space 901

Definition 3.14 We will follow the notation of the statement and the proof of Proposition 3.11. We
deform a metric of Y if necessary and we identify a tubular neighborhood U(C) of C with B(N(C)) =
{ve N(C) | |v|] < 1} as a Riemannian manifold. Let us denote by 7 : N(C) — C the projection. We
define a GT(n,s™,s™) structure on B(N(C)) by restricting the G (n,s™,s™) structure s on Y. By
abuse of notation, we use the same letter s for this G+ (n, s, s7) structure on B(N(C)) and we write
@ instead of & |y (c). The structure group of s reduces to G = Gt(n—s",s7,0) x O(s™) by using the
isomorphism dh: N(C) =~ E_. Let Py, = P +mc—(h) where P is a Dirac operator of &. We abbreviate
¢—(h) to h. Note that P, is an antisymmetric operator. Let A be a connection such that cyy o 4 = P.
Perturbing 4, we may assume that 7*(A|¢c) = 4 on B(N(C)).

Lemma 3.15 Let D/C be the Dirac operator defined by the Clifford action cyc: TC @ &|c — @|c-
Then we have a decomposition

P = Dc + Dy
with the following property:

e OnU xR® , which is a trivialization of N(C),
—
0
Dc=Pclu. Dp =) cry(d&) -
k=1

0&;

Here cTy is the restriction of the Clifford multiplication of s tor*N(C) C TN(C) and (&1,...,E~)
are coordinates of RS, which is a fiber of N(C).

* D¢ and Dy anticommute.

* Both D¢ and Dy are antisymmetric with respect to the L? inner product on N(C).

Proof Tt is easy to see that we have the decomposition of P on each trivialization of N(C). The operator

— 9
1; CTY(dSi)a_gi

is O(n) invariant. Hence the operator above on each trivialization coincides with the corresponding one on
another trivialization. Thus we have the operator D¢ on the whole of N(C). Let D¢ := ) — Dy. On each
trivialization, the operator Dy coincides with Y ; _, cry (d S,-)a% and D¢ coincides with D'C . We will
see at once anticommutativity of these operators on each trivialization on N (C). We see these operators are
antisymmetric with respect to inner product L2. It is sufficient to prove that D ¢ is antisymmetric because
the operator P is antisymmetric. To see this, we decompose an integral on N(C) by |’ NC) = /. c fﬁb o
where fﬁber is the integration on each fiber. The operator Dy is antisymmetric with respect to the L?
inner product on each fiber and we have Dy is antisymmetric with respect to the L? norm on N(C). O

Definition 3.16 We will denote by ug the function on N(C) whose restriction to each fiber of N(C)
coincides with the function .
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Lemma 3.17 We will denote by h € T'(z* E_) the tautological section of n*E_ =~ 7*N(C). Let D¢
be a Dirac operator on ¢ ® V% Let m be a positive real number and leta € T(@c ® V). We have

P +mhyn*a-ug=n*(Pca)-ug.

Proof Recall the decomposition ) = D¢+ Dy. The restriction of Dy +mbh to each trivialization of N (C)
coincides with the operator D;, in Lemma 3.12. Thus we have (Dy + mh)(z*a - ug) = 0. It is sufficient
to consider the operator D¢ . The operator D¢ coincides with the operator ﬂ/c on each trivialization and
this operator is a pullback of an operator on C. Hence we have D¢ (t*a-ug) = n*(Pca) - uy. |

Lemma 3.18 Let H = {n*a-ug e T'(@) |a € T'(&c ® VX)), Pca = 0}. We will denote by Ac the
minimum of the absolute value of nonzero eigenvalues of Pc. Let m be a positive number such that
m > |Ac|. Letp € T(N(C), @) be a section whose restriction to each fiber of N(C) is rapidly decreasing
function. If ¢ is orthogonal to H in the L? inner product, We have | Pmo| = Ac||¢|, where ||- || is the
L? norm on N(C).

Proof We decompose ¢ into ¢ = ¢ + 7*b - ug, where b € T'(&¢) ® V.E and ¢y is a fiberwise rapidly
decreasing section such that fN(C)x (¢o, m*a-ug)=0forallx € C, a € (&c®V,*)x. From Lemma 3.12
and for L to be (&c)x, ¢o is orthogonal to the kernel of Dy + mh on each fiber. The section b is
orthogonal to ker ¢ in the L? inner product on C because ¢ is orthogonal to H. From the above
decomposition, we have

(D +mh)p = (P +mh)po + n*(Pcb) - uy.

It is easy to see that
/N(C)((E +mh)go, 7*(Dcb)-ug)=0 and ||(D+mh)g||> =[|(P +mh)po|* + |7 *(Pcb)-uol*.

It is straightforward to see D¢ and Dy + mh are anticommutative.

Thus we have

/N( (D + mh)po |2 = / Dedol? + /N (Dy + mh)gol?

- | /ﬁber|(Df+mh)¢o| o N R

f |ﬂ*(DCb)'uo|2=/ |n*<ch)-uo|"‘zxé/ b o).
N(C) N(C) N(C)

and

Hence we have the inequality || D¢ || = Ac||¢|| as desired. |

Definition 3.19 The finite-dimensional vector space H has a natural Z /27 grading and a left Cl(, 4 ¢+ -
action induced by &. Let e be the Z /27 grading operator. The four-tuple (0, €, Cl(n+s+ s—)» H) defines
an element of KOS~ =" (pt). We write ind(N (C), &) for this element in KO* ~"~ st (pt).
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Remark 3.20 By the definition of H and from Lemma 2.2, we have

ind(sc) = [(Pc. €, Clg g+ 5. L2(C.@c ® V,2))| = ind(N(C), &) € KO =T (py).

Remark 3.21 The notion of the index of open manifold is introduced by Mikio Furuta in [7]. When the
index ind(N (C), @) values in KO°(pt), it coincides with the index of the pair (N (C), [4]).

3.2.2 Now Step 2 We prove ind(s), an analytic index of G+ (n, s, s™) structure on Y, is equal to
ind(N(C), ).

We introduce some notation.

 If necessary we perturb / so that / satisfies || <1 on U(C) and || = 1 on the complement set of
UC).

¢ We will denote by Hﬁ‘n the direct sum of eigenspaces of Py, : I'(Y, @) — ['(Y, @) such that the
absolute value of each eigenvalue is less than A2. This is a finite-dimensional subspace of L2 (Y, &).
H2 has a natural Z /27 grading and a left Cl(y 45+ s—) action.

e Let p be a smooth function on Y supported in U(C) such that

1 if|z] <4,
p(z)_{o if |z > 2

for z e U(C) = B(N(C)) C N(C) and monotone decreasing on % <|z| < % in |z|, where |-| is a
norm of N (C). (We identify U(C) and B(N(C)).)

The following proposition is proved by the general theory of Witten deformation. We prove this proposition

in the appendix.

Proposition 3.22 Assume that a positive constant A is smaller than a constant determined by the principal
symbol of D and the differential of p and suppose that m > A. Let I1’ be the orthogonal projection from
L?(N(C),®) to H. Then the map

HE > H, ¢ T (pd)

is an isomorphism and preserves the Z./2 grading and the Cl, 4 ¢+ ¢~ action.

Proof of Main Theorem From the definition of the index of s,

lnd(ﬁ) = [(Dma €, Cl(Si,S++n)’ H}A,’n)]
and we see

——p—gt
[(0, €, Clig— s+ 1mys HD = [(Pm. €, Clig— g 1y Hin)] € KO 757 (pt)

from Proposition 3.22. We have [(0, €, Cl(s— ¢+, H)] = ind(s¢) from Remark 3.20. Thus we have
proved Main Theorem. |
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4 Examples

4.1 Freed-Hopkins H,(s)

In this subsection, we consider a family of groups Hy(s) defined by Freed and Hopkins [5]. The group
Hy(s) is given in Table 1.

Lemma 4.1 Inthe case s =0,1,2,3, we have H,(s) = G*(n, s,0) and in the case s = —1, =2, =3, we
have Hy(s) = Gt (n, 0, —s).

Proof It is obvious for the case s = 0 therefore it is sufficient to prove the case of |s| = 1, 2, 3. First we
consider the case |s| = 3. We use the identification Spin(3) 22 SU(2) and (Cl;, ® (R @ RT"))o = Clp,
where I' = ejese3 € Cly and = is the sign of s. We have an isomorphism G (n,s,0) — H,(s) (or
Gt (n,0,—s) — Hy,(s)) given by

> (g, u] if g € Spin(n), u € Spin(3),
[e T, T 'u] otherwise

for g € Pint (n), u € Pin™(3).
We consider the case |s| = 1, 2. We will denote by e a generator of Clg with |e| = 1. We use the identifica-

tion Cly, ® (R @ Re) = Cli,, where = is the sign of s. We have an isomorphism Gt (n, s,0) — Hy,(s)
(or GT(n,0, —s) — Hy(s)) given by

. (g, u] if g € Spin(n), u € Spin(|s|),
[g®e,elu] otherwise

for g € Pint (n), u € Pin™(|s]). |

Remark 4.2 An index of H,(s) structure is defined in [5]. From the lemma above, we see the index of
Hy,(s) coincides with our index of G (n, 5, 0) (or G¥(n,0, —s)) structure.

s Hy(s)
0 Spin(n)
-1 Pin™ (n)
-2 Pin't (n) xz/22 U(1)
=3 Pin™ (n) xz/27z SU(2)
4 Spin(n) Xz/272 SU(2)
3 Pint (1) xz/27 SU(2)
2 Pin™ (n) xz/2z U(1)
1 Pin™ (n)

Table 1: Groups H,(s) defined by Freed and Hopkins [5].
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Remark 4.3 In the case s = 4, Hj,(4) is isomorphic to a subgroup of G (n, 0, 4) and we can see the
index of H,(4) structure defined in [5] coincides with our index if the structure group of a G (n, 0, 4)
structure reduces to Hy(4).

We identify Spin(4) with SU(2) x SU(2). We give an embedding of H,(4) to G (n,0,4) by

Spin(n) xz/27 SU(2) > [g. u] = [g, diag(u, u)] € Spin(n) Xz,/27 Spin(4) C Gt (n,0,4).
The following proposition is a consequence of Main Theorem, Lemma 4.1 and the above remarks.

Proposition 4.4 We assume s = —1,—2, —3, or 4. Then there exists an isomorphism f such that the
following diagram commutes:

Q) oy —L 5 Q% (pp)

n—|s|

~ |

KO (pt)

4.2 The case of G *(5, 0, 4) structure

We consider the index of the G (5, 0, 4) structure especially because it is important to see the orientability
of Pin™ (2) monopole moduli space in the next section. The following arguments can be easily generalized
to the case of the index of the G+(8k +5,0,4) structure. We use only the k£ = 0 case in the next section;
therefore we only consider this case to avoid complications.

Definition 4.5 Let Z be a 5 dimensional closed manifold and s be a G (5, 0, 4) structure on Z. Let
@ be the standard spinor bundle of s. Note that & has a natural right Cls,4) action. Let €g, €1,..., €4
be generators of Clys. and let eq, ..., e4 be generators of Cl_4. We will denote by S a subbundle of @
such that the intersection of + 1-eigenspaces of €eq, ..., €4e4. We call S the spinor bundle of s. The
Clifford multiplication of 7Z and E_ preserves S because they commute with the right Cls 4) action.
We define a skew-adjoint Dirac operator DonS by using Clifford action of 7Z.

We have the following lemma from Lemma 2.2:

Lemma 4.6 The spinor bundle Sisa generalized 7./2 graded spinor bundle with left Cl_; action.
The index ind(s) of s coincides with (0, €, Cl_q, ker 5) € KO~ !(pt). Moreover, under the isomorphism
KO™!(pt) = Z /27, we have ind(s) = dim ker(5|§+) mod 2 where S is the even part of S,

We provide a specific construction of S when the structure group of s is reduced from G*(5,0,4) to
Spin(5) x Spin(4)/Z/27Z. This construction is useful to consider the orientability of Pin™ (2) monopole
moduli space.
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Definition 4.7 We will denote by €y, ..., €4 the generators of Cl; s and by ey, ..., e4 the generators
of Cl_4.

Let H be the quaternion ring. We use the convention that i jk = 1.
Let H(2) be the matrix ring of 2 x 2 matrices with entries in the ring H.

We define an isomorphism «: Cl_4 — H(2) by

e|—>01 e|—>0i e|—>0j er—>0k
" \=1o0) 27 \io) 27 \Go) 7 \ko)

Let I' = ejesezeq € Cl_y. Note that I'? = 1 and

We define an isomorphism 8: Cls — H(2) & H(2) by
€0 — (a(T), —a(T)), €i > (a(Dyale;), —a(Dale;)), i=1,2,3,4.
We define an isomorphism f: Cls 4y — (H(2) @ H(2)) ® H(2) by
ep > Blep) (D), eg>1®@aley),

where p =0,...,4, g=1,....,4.

Using isomorphisms «, 8, we define the spinor representations of Cl, 5, Cl_4 whose representation
spaces are H? @ H?2, H?, respectively. By abuse of notation, we let ., 8 stand for these spinor
representations, respectively. Note that

B(ei) - (¢o. d1) = (@(D)a(ei)po, —a(D)a(ei)py) for i =0,....4.

Remark 4.8 In our notations, the Z /27 grading of H(2) & H(2) induced by the isomorphism S is given
as follows: The subspace {(A, A) | A € H(2)} is the even part and {(A, —A) | A € H(2)} is the odd part.
The 7 /27 grading operator is a map (4, B) — (B, A).

The Z /27 grading of H(2) induced by the Z /27 grading of Cl_4 using the map « is given by declaring

the even part consists of diagonal matrices and the odd part of off-diagonal one. The Z/27Z grading
operator is given by A - a(I") Aa(I") ™! = Ad(a(T"))(A4).

Definition 4.9 We assume that the structure group of s reduces to the group Spin(5) x Spin(4)/(Z/?2).

Let S = So @ S, So = S; = H? be a representation space of the spinor representation 8 of Clys. We

define the representation p by

p([qv (U(), M])])¢ = 13(61) : (¢0M0_1, ¢1u1_1)
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for

¢ = (¢o.¢1) € S = H* @ H?,
[q, (uo, u1)] € Spin(5) x (Sp(1) x Sp(1))/(Z/2) = Spin(5) x Spin(4)/(Z/2).

We denote by S’ the associated vector bundle of the representation p. We give a Z /27 grading on S’ @ S’
by declaring the subspace {(¢, ¢) € S’ @ S’} is the even part and the subspace {(¢, —¢) € S’ ® S’} is
the odd part. We give the following right Cl4 action: let € be the generator of Cl;; and we define the
right action of €9 by (¢g, ¢1) - €0 = (9o, —¢1) for (@9, 1) € S’ @ S’. The left Cl_; action is given by
eo - ¢ := (€p) - €9, where € is the Z /27 grading operator. We define the Clifford multiplication ¢;, by
the left Clifford multiplication of Cl(s 4y given by €; - (9o, ¢1) = (B(€j)po. —B(€j)¢1) for j =0,....4.
Then S’ & S’ is Z /27 graded generalized spinor bundle with left Cl_; action of s.

Remark 4.10 We can define the cg_ Clifford action on S” @ S’ such that that action is preserved by the
isomorphism in the Lemma below. But we will not use c— in Section 5.

Lemma 4.11 As a Z /27 graded generalized spinor bundle with left Cl_; action of s, S’ & S’ = S.In
particular, St ~ §’.

Proof We identify Cls 4) with (H(2) & H(2)) ®g H(2) by using the isomorphism f in Definition 4.7.
Let ® be a map

(H(2) ® H(2)) g H(2) > (A9, A1) ® B+ (49 B*, A1 Ad(a(T"))(B*)) € H(2) & H(2),

where B* is transpose matrix of B. (We will denote by ~ the quaternion conjugate.) We define the
Spin(5) x Spin(4)/(Z/27Z) action on the space left hand side by

-1 1
oo eniido- a0 = (oo ("5 2 )0 (g2 ))

for [¢, (ug, u1)] € Spin(5) x Spin(4) /(Z /27) = Spin(5) x (Sp(1) x Sp(1))/(Z/27Z). For this action, we
see ® is a Spin(5) x Spin(4)/(Z/27.) equivariant map because diag(u(jl, ul_l) commutes with a(I").

The map @ is invariant under the right multiplication of f(eje;) fori = 1,2, 3, 4. Therefore, the —1-
eigenspaces of f(e;e;) for some i = 1,2, 3,4 are the subspace of ker ®. We see at once P is surjective
and the dimension of H(2) & H(2) is equal to the dimension of S. Thus we have that the restriction of ®
to the representation space Sisa Spin(5) x Spin(4)/(Z/27Z) equivariant isomorphism.

We see the Spin(5) x Spin(4)/(Z/27Z) representation H (2) & H(2) is equivalent to the representation
S’ @ S’ through an isomorphism given by identifying each column of the matrix with an element of
S S1- The Z/ZZ~ grading of S is defined by the Z /27 grading of Cls 4). It is easy to see that this
7./27, grading of S coincides with the Z /27 grading of S’ @ S’. Moreover, we see at once P preserves
the Clifford multiplication ¢, and f(€g). This completes the proof. O
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Remark 4.12 If we change the basis of S’@ S’ by the isomorphism (¢q, ¢1) — (%(q&o +¢1). 5(Po—¢1)).
we change the Z /27 grading of S’ @ S and the Clifford multiplication c¢;.,. The Z /27 grading is given
by S"@® 0 is even and 0 @ S’ is odd. The Clifford multiplication ¢, and the right €y action are given by

‘rz(€j) = (/3(2;) ﬂ(gj)) Bk ((1) <1>) |

Note that ¢, and right €q action commute.

the matrix

5 The orientability of Pin™ (2) monopole moduli space

5.1 The orientability and mod 2 indices

In Section 4.1, we consider the spinor bundle and index of the G+(5, 0,4) structure. In this section, we
translate the orientability of the Pin™ (2) monopole moduli space into a mod 2 index on a five dimensional
manifold.! From Main Theorem, we give a topological criterion for the determinant line bundle on the
ambient space of the Pin™ (2) monopole moduli space to be trivial.

Definition 5.1 We define a group Spin“~ (4) by
Spin®~ (4) := Spin(4) x Pin~ (2)/(Z /27Z),
where Z /27 = {(1,1), (=1, —1)} € Spin(4) x Pin— (2).

Remark 5.2 By the definition above, we see that Spin®~(4) is a subgroup of G (4,0, 3) by using the
natural embedding Spin(4) C Cl(4.4).

Definition 5.3 We define a Spin~ structure on Riemannian 4-manifold X as a G* (4,0, 3) structure
whose structure group reduces to Spin©~.

Definition 5.4 Let X be a 4-manifold and sx be a Spin°~ structure on X. We will denote by Pa
principal Spin°~ (4) bundle given by the Spin°~ structure sy .
o We identify R* with H. We define the representation of Spin‘~(4)

A*:Spin°~(4) > GL(4,R) and p:Spin°~(4) - GL(4,R)
by

A (gT g7 ubdp =g pu"". plgt.qT uv=gFvg)"
We will denote by S* the associated vector bundle given by the representation A* and the principal
Spin“~ bundle P. The associated vector bundle given by the representation p is TX .
1Originally, Mikio Furuta translated the orientability of Pin™ (2) monopole moduli space into a mod 2 index associated with a 3
dimensional submanifold with G 1 (3, 0, 2) structure. Nobuhiro Nakamura wrote Furuta’s idea in the note [16]. The argument in

that note is the neck stretching argument. In this paper, we use Witten deformation to determine the orientability of Pin™ (2)
monopole moduli space.
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o Let p*([gF, ¢~ u))v' :=¢ v(g+)~". We observe that there is a natural isomorphism P x 5« H = T* X
and we have an isomorphism 7X — T*X that is given by
TX = Px,H>3[p,v]r[p.0]€ Pxpr HxT*X.

We denote the image of v € Tx X under this mapping as v.
e We define a Clifford multiplication

c:TX®ST - S~
by ¢(v ® ¢) = v¢p. We will denote by ¢(v)¢ this Clifford action. We define

*:TX®S™ — ST
by ¢*(v ® ¢) = v¢. By abuse of notation, we use the same letter ¢(v)¢. We have c(v)? = |v|? for
veT,X.
e A connection A on P isa Spin®~ connection if it satisfies

VAc(X)p) = c(VECX)P +c(X)V 49

for X e [(TX), ¢ € T'(ST), where VLC is the Levi-Civita connection of X .

e Let A be a Spin®~ connection. We define a Dirac operator Djf associated to 4 by the composition of
following maps:

A
T(s%) 25 I(TY* ® S%) =~ T(TX ® %) > T(ST).

The notion of the Spin®~ structure is introduced by Nobuhiro Nakamura [14; 15] to define the Pin™ (2)
monopole equations and the Pin™ (2) monopole invariant. The Pin™ (2) monopole invariant is a Z /27Z-
valued invariant. The matter of when we determine the orientability of the Pin™ (2) monopole moduli
space is whether a gauge transformation preserves an orientation of ind D 4.

To define a gauge transformation, we introduce some associated vector bundles and their Clifford actions.
Definition 5.5 Let X be a 4-manifold and sy be a Spin®~ structure on X. Let P be the principal
Spin®~ (4) bundle given by the Spin®~ structure sx .

o We identify R? with the subspace {z € H | z=x+iy, x, y € R} 2= C. We define the real Spin~ (4)
representation
Po: Spin°~ (4) - GL(2,R)

by p(lg ™. g~ ul)z = uzu™", where the multiplication is that of H.
o We identify R? with the subspace { jw € H | w € C}. We define the real Spin®~ (4) representation

0+ Spin°~ (4) — GL(2,R)
by o} (lg%.q . ul)jw = ujwu", where the multiplication is that of H.
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It is easy to check the well-definedness of the above definition. We will denote by C., E the associated
vector bundles given by P and the representations pj, o, respectively.

Definition 5.6 We define the multiplication S ® (@ @ E) — S as follows. Note that the representation
space of po @ p; and AT @ A~ is H and H? = H & H_, respectively. We define a multiplication of
elements in these representation space by

¢-v:i=¢v

for v € H and ¢ € H?. This is a Spin°~(4) equivariant multiplication. This defines a multiplication
S=St®S and C @ E. We define the multiplication (@ DE)® ((6 ®E)—~> C & E in the same way.

Remark 5.7 Regarding the Spin°~ structure sy as a G (4,0, 3) structure, the vector bundle det E @ E
is the vector bundle E_ associated with sy (see Definition 2.6). From the definition of C and E , we have
Im(@ ) = det E. From now on, we fix an isomorphism Im(@) =~ det £ and identify Im(@) with det E. If
we take another isomorphism, arguments do not change.

Definition 5.8 We call an element of {u € F(@) | |u| = 1} a gauge transformation.
Now we state the topological method of evaluating the orientability of Pin™ (2) monopole space.

Theorem 5.9 Let u be a gauge transformation. We perturb u if necessary and we may assume that
—1 is a regular value of u. Let h be a section of E such that h is transverse to the zero section and its
submanifold u='(—1) C X. Then there is a natural Spin structure on h~'(0) N u~'(—1). This defines
an element of 1 dimensional Spin bordism group Q?pm (pt) = Z /27 and we denote by t-ind(sx, u) this
element. Then the following statements are equivalent:

(1) The gauge transformation u preserves the orientation of the index bundle {ind(D4)}4 on the
configuration space.

(2) The element t-ind(sy, u) of Q?pin(pt) is trivial.

Corollary 5.10 If we have t-ind(sy, u) = 0 for all gauge transformation u, the Pin™ (2) monopole moduli
space is orientable.

We begin the preparation of the proof of Theorem 5.9.
Definition 5.11 Let X be a 4-manifold and sy be a Spin°~ structure on X. Let S = ST @ S~ be the

spinor bundle of sy and u be a gauge transformation.

 We define the vector bundle L on X x S! as follows. Let 7r: [0, 1]x X — X be the projection. We
introduce an equivalence relation on n*C by (0,z) ~ (1, zu) for z € C and L is the quotient of
this equivalence relation L = *C / ~. Note that L has the canonical left 7*C action.
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o Let 7:S! x X — X be the projection. By abuse of notation, we use the same letter C for 7*C.
o V=V*t@®V~ isthe Z/2Z graded vector bundle given by V = 7*S @z (L & C), vt =7*S
and V- =7*S ®g L, where ®¢ is a tensor product of C modules.

Lemma 5.12 We define a skew-adjoint Dirac type operator D on V as follows:

e Let A be a Spin“~ connection on X and D4 is the Dirac operator on X given by A.

e Let A; be a one-parameter family of Spin®~ connection on X such that A; = A fort < % and
Ay =u*Afort > 3.

e Lete be the Z /27 grading operator of S. Let €’ be the operator on L & C given by 1 @ (—1).

o We define the Dirac type operatoron X x S! by

D= D;®prp +D4®prg +€d; Q€
where t is the coordinate of S and pry, prg are the projections to L, C, respectively.
Then the operator D is well defined on S' x X . It is equivalent that u preserves an orientation of the

index bundle {ind(D4)} on the configuration space and dimker D mod 2 = 0.

Proof The four-tuple (D; ® prp +Dg ® prg, € ® €0, L%(X x S',V)) defines a family index in
KO®(S!,pt). This family index coincides with ind(D;) — ind(D,) when we use the definition of
KO?(S?, pt) as the subgroup of the Grothendieck group of real vector bundles on S!. We see at once
the family index ind(D;) —ind(D,) is trivial if and only if u preserves an orientation of ind(D,4) by the
definition of V and Dy.

We see that this family index coincides with dim ker D mod 2 € Z /27 =~ KO°(S', pt) from index theory.
O

Definition 5.13 We define the G+(5, 0,4) structure sz on Z = X x S I as follows: Let P be the
principal Spin®~ (4) bundle on X given by Spin®~ structure sy and 7: [0, 1] x X — X be the projection.
We will denote by ¢ an embedding

Spin®~ (4) = Spin(4) xz,,7 Pin™ (2) — Spin(5) X727 Spin(4) = Spin(5) xz,/,7 (Sp(1) x Sp(1))

given by [¢, u'] +> [i(¢), (u’,u)], where i is a embedding Spin(4) — Spin(5) which is a lift of a map

A+~ diag(1, A). Let u be a gauge transformation of sxy. We define a principal Spin(5) Xz /,7 Spin(4)

bundle P on Z by 7* P x, (Spin(5) x7z/27 Spin(4))/ ~, where ~ is an equivalent relation given by
(0. p) ~ (1. pu). p € P x, (Spin(5) xz,27 Spin(4)).

It is easy to see that P defines a Spin structure of 7Z @ L @ 7* E. We will denote by s 7 a GT(5,0,4)

structure on Z given by Py.

Lemma 5.14 The mod 2 index dimker D mod 2 of the skew-adjoint operator D coincides withind(sz) €
KO™!(pt) = Z /27 where ind(s 7) is the index of s 7.
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Proof By the definition of V, we see that V is a spinor bundle S’ of GT (5,0, 4) structure 5 given in
Section 4.2. This lemma follows from Lemma 4.11 and Remark 4.12. O

We have the following proposition from Main Theorem.

Proposition 5.15 Let X be a closed Riemannian 4-manifold and s be a Spin®~ structure on X . Take a
gauge transformation u € F(@). Then the following statements are equivalent:

(1) The gauge transformation u preserves the orientation of the index bundle {ind(D4)}.

(2) The Spin structure induced on the zero locus of a transverse section of the vector bundle L & n* E
on X x S from Theorem 3.8 is trivial.

We consider the Spin structure on the zero locus of the transverse section of L & n*E.

Lemma 5.16 If it is necessary, we perturb u by homotopy and we may assume that —1 is a regular value
ofu. Let h be a section of E such that h is transverse to the zero section and its submanifold u='(—1) C X .
Let C = h~1(0) Nu~!(—=1) and U(C) is its tubular neighborhood. From Theorem 3.8, we have a spin
structure s¢ on C C U(C) introduced by the section Im(u)®h € I'((det E® E)|y(c)). Then there exists a
transverse section of the vector bundle L @ n* E whose zero locus is (h~1(0) Nu=1 (—1)) x {%} C X x {%}
and the Spin structure on C x {%} given in Theorem 3.8 coincides with sc.

Proof The transversality of Im(u) @ i € I'((det £ & E)|y(c)) follows from the assumptions on » and /.
Then s¢ is well defined.

To define a section of L x w* E, it is sufficient to take a section s = (s¢,51) € F((@ ® E) x [0, 1]) such
that 5¢(0) - u = so(1). We define a section s = (sg, 51) as

so(t)=(1—=t)+tu, s1(¢t)=h.

From the definition of s, we see that s71(0) = (h=1(0) Nu~1(=1)) x {1} € X x {1} and s is transverse
to the zero section. The normal bundle of s~!(0) splits into the [0, 1] direction and the X direction. The
[0, 1] direction is trivial rank one vector bundle, and the X direction is isomorphic to the vector bundle
det E @ E. On s~1(0), the real part of sq is a section of a summand of the normal bundle which is the
[0, 1] direction, and Im(sg) & s; = Im(u)/2 @ h is a section of det E @ E. Then we have a Spin structure
on s~1(0) given by s and sz coincides with s¢. |

Proof of Theorem 5.9 From Lemma 5.16, a gauge transformation u preserves the orientation of the
index bundle {ind(D,4)}4 on the configuration space if and only if the index of the Spin structure s¢ on
h=1(0) Nu~!(—1) is trivial. The index gives the isomorphism Q?pm (pt) = Z/27. O
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Remark 5.17 A slight change in the proof of Lemma 5.16 shows that there is a G (3, 0, 2) structure
(PiniL structure) on ¥ :=u~'(—1) C X induced by sy. The vector bundle E|y coincides with E_ given
by this G (3,0, 2) structure. Thus we have that the index of the Spin structure on 2~1(0) N Y coincides
with the index of this G+(3, 0,2) structure on Y from Main Theorem. From Theorem 5.9, u preserves
an orientation of moduli space if and only if the index of this GT (3,0, 2) structure on ¥ = u~!(—1) is
trivial. This is the statement proved by Mikio Furuta.

5.2 Examples

In this section, we give an example of four manifold with Spin®~ structure such that there exists a gauge
transformation which reverses an orientation of {ind D 4}.

Proposition 5.18 Let Y be a 3 dimensional closed Riemannian manifold and s be a G (3, 0, 2) structure
(Pini structure ) on Y such that the index of s is nontrivial. We denote by X a four manifold given by
gluing two copies of the disk bundle of det T'Y along boundaries. There is a Spin®~ structure on X and a
gauge transformation which reverse the orientation of {ind D 4}.

Proof First, we construct a Spin“~ structure on X.

e Let/=detTY and m:/ — Y be the projection. We will denote by E a vector bundle £_ associated
with the G (3,0, 2) structure 5. Note that det E 2/ and s is given by a Spin structure of

det7Y @TY ®det EBE.

e We will denote by 5" a Spin®~ structure on the total space / given by the Spin structure of
7' leTY ®rn*l®n*E
induced by s.

e Let D(/) be the disk bundle of / and S(/) be the sphere bundle of /. We choose a canonical trivialization
of w*/ on S(I). Hence we have that E and T'S(/) are orientable on S(/). Thus the restriction of ' to
S(1) induces a Spin® structure.

e S(!) is adouble cover of Y and the covering transformation t reverses the orientation of S(/). We glue
two copies of D(/) along S(/) by the map t. Let X = D(/) U; D(I). X is an oriented closed manifold.

e We glue Spin structure on each S(/) to give a Spin“~ structure sy on X such that the restriction of
sy to each D(/) coincides with s’

Second, we give a gauge transformation # which reverses the orientation of ind D 4.

e We will denote by f the tautological section of 7*/ on /.

e On the open subset / \ Y, 7*/ has the canonical trivialization. In this trivialization, we have f(v) = |v]
forvel\Y.
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e Deform f in the area |v| > % and we assume that f(v) =1 for |v| > %

e We define s(v) = —exp(izf(v)) as follows: There is the natural isomorphism / ® / = R and using
this isomorphism we have /2" e R, f2"*+1 e [. We define exp(im f(v)) € S(R ® v/—1/) using Taylor
expansion of exponential function.

 Note that s = 1 around S(/) and we extend on X by 1 on another D(/). We have s~ !(—1) =Y.

e The index of s on Y is nontrivial and from Theorem 5.9 and Remark 5.17, u reverses the orientation
of indD 4. O

We give an explicit example of Y in Proposition 5.18.
Lemma 5.19 Thereis a G1(3,0,2) structure s, on R P2 x S! whose index is nontrivial.

Proof For simplicity of notation, we omit the notation of the pull-back of projections. From Lemma 3.4,
we give a Spin structure on the vector bundle

detTRP?>dTS'® TRP? ®det TR P?> @ TR P?

and we give the G (3,0, 2) structure 5o by Lemma 3.2. Note that E_ = TR P2. We take a transverse
section of TR P2 on R P? whose zero locus is a single point on R P2. By pulling back this section,
we have a transverse section /1 of E_ whose zero locus is S! x {pt}. We immediately see that the Spin
structure on 2~ 1(0) 2 S! induced by / from Theorem 3.8 is given by the product S' x Spin(1). This is
the nontrivial element in the 1-dimensional Spin bordism group. From Main Theorem, we have that the
index of s is nontrivial. O

From Proposition 5.18 and Lemma 5.19, we deduce following corollary.

Corollary 520 We set X = (RP3#RP3) x S! and s = s¢. The determinant bundle on the ambient
space of the moduli space is not orientable.

This manifold is diffeomorphic to Py x S, where y is the tautological bundle of R P? and Py is its
projectivization.

Remark 5.21 The gluing construction in the proof of Proposition 5.18 can be generalized in the case of
gluing two 4 dimensional Spin°~ manifolds with boundary. If the restrictions of the Spin°~ structures to
their boundaries induce Spin® structures and their boundaries are diffeomorphic by a map which preserves
the orientation and the Spin® structure, our construction works.

Remark 5.22 Inthe case ¥ = RP2 x S! and 5 = s, we have S(/) = S? x S!. We cannot glue D(/)
by D3 x S! along S(/) because the first Chern class of Spin¢ structure on S(/) is the Euler class of 7'S?
and this cannot be extended to D3 x S
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Appendix
Here we prove Proposition 3.22. We follow the notation of Section 3.2.

Lemma A.1 We assume that ¢ € T'(Y, @) satisfies | Dmp|| < Al|¢||. There are functions Ap(m,A),
By (m, A) of positive real numbers m, A depending on h such that if we fix a value A, they satisfy

Ap(m, X)) -0, Bp(m,A)—1

when m — oo. The tunctions Ay(m, L), By (m, A) satisfy the inequalities

2 _ 2 2 _ 2
/V|¢| _Ah<m,x)/y|¢| , Bh(m,)o/y|¢| _fy|p¢| ,
where V = {z € U(C) = B(N(C)) | |z] > 3} U U(C)*.

Proof We have the following estimate:
)\2 2 m 2
[Y 9P > /Y | Do
= [ -Pis.0)
Y
- /Y (—(D)? —m{D. 1 —m*h2). )
_ 2 200 112
= [ 1o+ [ winat~ [ miip.n.0)
200 212 2
z/Vm h /Ymcondhnoo|¢|

2
> m? /|¢|2—mco||dh||oo/|¢|2.
Vv Y

We define Aj(m, L) = 2(mCy||dh||co +A?)/m? and we have the first inequality, where Cj is a constant
only depending on the principal symbol of D (Clifford action). We have the second inequality by the

following estimate: ) . \

(o= ) - (-]
/Y|¢|2)j [or) |
[ o8} Ah<m,x>/yl|¢|2)2
= (1- Ah(m,k))(/yld)lz)z-

Setting By (m, ) = (1 —/Ap(m, A))Z, the proof is completed. ]
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A slight change of the proof of the above lemma actually shows the following lemma.

Lemma A.2 We will denote by S(N(C), @) a set of rapidly decreasing sections of @ on the total space
of the vector bundle N (C). We assume a section € S(N(C), @) satisfies | Pm || < A||Y||. There are
functions A’(m, A), B'(m, A) of positive real numbers m, A such that if we fix a value A, they satisfy

A'(m, L) =0, B'(m,A)—1

when m — oo. The functions A’(m, A), B'(m, A) satisfy the inequalities

[ e SA/(m,x)[ 2, B/(m,mf P2 s[ oy,
Vv’ N(C) N(C) N(C)
where V! ={z e N(C) | |z| > %}

Note that the perturbation term /4 of P, on N(C) satisfies |{ P, h}| = 2.

Lemma A.3 We assume that A is smaller than a constant given by the principal symbol of D and
the differentiation of p. We assume that m is large enough. Let T1’ be the orthogonal projection from
L?(N(C),®) to H. Then the map

"> H, ¢ ' ()

is injective.
Proof If a section ¢ € H,);, satisfies ||¢||L2(Y &) = 1 and IT'(p¢) = 0, we have

||Emp¢”L2(N(C),§5) > Ac ”M)HLZ(N(C),ﬁ)

from Lemma 3.18 when m is large enough. The support of the function p is contained in
U={zeNC)||z| <1}
and we identify U with U(C) C Y. We regard p¢ as a section on Y and we have

1Pmpdl 2y @) Z Aellpdll 2y @)

But we have the following estimate from Lemma A.1:

C d{) 2 (¢)2+ D (152
= 0” ”oo[ | | [l m |
C d 2 A ”1,)\, 2+)\42 2

< ColldplP (Ap(m, 1) +32) By(m. )" /Y 0dI2.

Provided m is large enough, the coefficient of fY|,0¢|2 tends to Col|dp||2,A%. If this constant is smaller
than A ¢, the above estimate contradicts the inequality || Dy p¢|| = Ac|pd|l. |
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We fix the value A so that 2C ||dp|| 2 A% < Ac.

Lemma A.4 We assume that m is large enough. Let H,An be the orthogonal projection from L*(Y, &)
to Hf‘n. The map
H—MHy § e T, (09)

is injective.
Proof If the map above is not injective, we have

”Dmlow ”LZ(Y,%) > A ||,0W ||L2(Y,§5)

for some ¢ € H. On the other hand, elements in H are rapidly decreasing sections; hence we use
Lemma A.2. Thus we have the following estimate by a similar argument to the proof of the Lemma A.3:

/ | Dunp? < Clldpl|% A'(m. 0)B (. 0) " / oy 2.
N(C) N(C)

If m is large enough, the above estimate contradicts the inequality || Dy, p¥ || = Allp¥|. |

Proof of Proposition 3.22 We have dim H > dim #{}, from Lemma A.3 and we have dim H < dim #},
from Lemma A.4. Thus the maps of Lemmas A.3 and A.4 are isomorphisms. In particular, the map in
Proposition 3.22 is the same as the map in Lemma A.4 and it is an isomorphism. Moreover, it is easy to
see that this map preserves the Z /2 gradings and the left Cl(s— , 4+ actions. O
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