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For a smooth compact submanifold K of a Riemannian manifold Q, its unit conormal bundle Ag is a
Legendrian submanifold of the unit cotangent bundle of Q with a canonical contact structure. Using
pseudoholomorphic curve techniques, the Legendrian contact homology of Ak is defined when, for
instance, Q = R”. Aiming at giving another description of this homology, we define a graded R-algebra
for any pair (Q, K) with orientations from a perspective of string topology and prove its invariance
under smooth isotopies of K. We conjecture that it is isomorphic to the Legendrian contact homology
of Ak with coefficients in R in all degrees. This is a reformulation of a homology group, called string
homology, introduced by Cieliebak, Ekholm, Latschev and Ng when the codimension of K is 2, though
the coefficient is reduced from the original Z[m; (A k)] to R. We compute our invariant (i) in all degrees
for specific examples, and (ii) in the 0" degree when the normal bundle of X is a trivial 2-plane bundle.
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1 Introduction

Convention Throughout this paper, all manifolds are of class C *° without boundary and second countable,
and all submanifolds are of class C*° without boundary, unless otherwise specified.

Background Let QO be a manifold with a Riemannian metric, and K be a compact submanifold of Q.
To any pair (Q, K), one can associate the unit cotangent bundle UT*Q of Q and the unit conormal
bundle A of K. It is well known that U T* Q has a canonical contact structure and A is a Legendrian
submanifold of UT* Q.
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As an invariant of Legendrian submanifolds, the Legendrian contact homology has been studied for pairs
(M, A) of a contact manifold M and its compact Legendrian submanifold A. It is the homology of a
differential graded algebra generated by Reeb chords of A, and was introduced by Chekanov [4] and
Eliashberg [12]. The differential is defined by using pseudoholomorphic curves in the symplectization of M.
A rigorous definition was given by Ekholm, Etnyre and Sullivan [9; 11] when there is a diffeomorphism
from M to the contactization of a Liouville manifold which preserves contact forms. As is mentioned
in [11, Section 5.1], this included the case of M = UT*R". (The definition of [11] is given by
pseudoholomorphic curves in the Liouville manifold. These curves can be lifted to pseudoholomorphic
curves in the symplectization of M. See Dimitroglou Rizell [7].)

Suppose conceptually that we have an algebraic invariant in symplectic or contact topology defined by
using pseudoholomorphic curves, and apply it to an object related to the cotangent bundle 7* Q. For
instance, we consider the symplectic homology of T*Q, or the wrapped Floer homology of the conormal
bundle Lg of K in T* Q. In this case, it is known by the following results that these invariants have
another view from the topology of the loop or path space of Q, without using pseudoholomorphic curves
(here we assume that Q is a closed spin manifold and all homology groups have Z-coefficients):

e The symplectic homology SH«(T* Q) of T*Q is isomorphic to the singular homology of the free
loop space of Q; see Abbondandolo and Schwarz [2], Abouzaid [3] and Viterbo [20].

e The wrapped Floer homology W Fy(Lk, Lg) of Lk is isomorphic to the singular homology of
the space of paths in Q with endpoints in K; see Abbondandolo, Portaluri and Schwarz [1].

These results lead us to an expectation that if the Legendrian contact homology of a pair (UT*Q, Ak)
is defined, it has another description in terms of the topology of the path space of Q. This expectation
has already been confirmed in particular cases. When the codimension of K is 2, Cieliebak, Ekholm,
Latschev and Ng [6] defined a graded Z[m; (Ag)]-algebra, called string homology, which is inspired
by string topology of the path space of Q. They showed that when Q is equal to R with the standard
metric and K is a knot, the 0" degree part of this algebra is isomorphic to the 0" degree part of the
fully noncommutative Legendrian contact homology of (UT*R3, A k) with coefficients in Z[r1(Ag)].
However, such topological descriptions have not yet been defined in higher degrees or for K with
codim K # 2.

Main results Let Q be an oriented manifold and K be its compact oriented submanifold of codimension
d > 1. The main purpose of this paper is to define a graded R-algebra Himng(Q, K) and observe its
basic properties. This graded R-algebra can be regarded as a reformulation of the string homology of [6],
whose coefficient is reduced from Z[m1(Ag)] to R. The feature of our formulation is that Himng(Q, K)
is defined for K of an arbitrary codimension and in all degrees, compared to the string homology defined
for K of codimension 2 and generated by singular chains of degree less than or equal to 2. The two
main differences from the string homology in its construction are the reduction of the coefficient and the
substitution of singular chains by de Rham chains explained below.
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The construction of H. itring(Q, K) can be briefly summarized as follows: We first choose auxiliary data

including a complete Riemannian metric on Q. As a graded R-vector space, it is defined to be

(1) HY™™(Q K):= lim lim HZ%e,9),
a—>00 (£,§)eT,
e—0

where H%(e,8) fora € R¢ \ £(K) and (¢, §) € T, is the homology of a chain complex

o
2) (c:a @) =D CR a0, Dg).

m=0

An explanation for each piece of the above definition is the following:

(A) CIR(X, A) is the R-vector space of de Rham chains defined for a pair of differentiable spaces (X, A).
Together with the boundary operator

3: CR(X, A) » CIR (X, A),

(CIR(X, A), d) becomes a chain complex. De Rham chains can be used as substitutions of singular chains
over R. Their basic properties are summarized in Section 2. The advantage is that the fiber product of de
Rham chains can be defined in a natural way. The main references are Irie [15; 16].

(B) Fora € R>g and m € Z>;, X%, is a differentiable space of sequences (y1,...,yn) of paths
Yk: [0, Tx] — O for k = 1,...,m with endpoints in K. It includes all (yx)x=1,...,» Whose total length is
less than a. For the precise definition, see Section 3.1. Exceptionally, X is the one-point set for a > 0
and Eg is the empty set.

(C) Dyg isdefinedby Dg(x):=0x+) p—; (—I)P‘H‘d“fk,(g (x) for x € C;Em(d_z)(Zﬁfms, 39 ). Here
frs: CR(sarme 50y » cR _(5eHntDe 50 ) fork=1,....m

are operators which play the key role in our construction. The idea comes from an operation of string
topology explained by three steps:

(i) Fix a pair of short paths (0;: [0, &;] = Ng)i=1,2 in a tubular neighborhood N, of K such that
o1 (81), 0'2(0) € K and 0, (0) = 0'2(82).

(i) For any sequence of m paths (Vx)k=1.....m, We split the k™ path y; : [0, Tx] — O at a time, say ,

.....

if the image yx (7) coincides with 01(0). We then concatenate yi|[o,7] (resp. Vi |[r,7]) With o1
(resp. 07) to get a new sequence of m + 1 paths

V1s s Ve—1 Vi l[o,21701)s (02 Vil (e, 1) Vi1 -+ > Vi)
(iii)) We extend the procedures (i)—(ii) for families (or chains) of paths parametrized over manifolds.

For the precise definition, we need to take fiber products of chains. See Setions 3.3 and 3.4. The
operator fx s depends on a chain § € C,‘E 4(8e), where S for ¢ > 0 is a differentiable space of pairs
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of short paths in N, introduced in Section 3.1. For a € R~ \ £(K), where £(K) is a closed subset of
Lebesgue measure 0, a set I, consisting of pairs (g, §) is defined in Definition 4.4. It is necessary to
prove Dg o Dg = 0 for any (¢, §) € T4, which we do in Proposition 4.1, to define the chain complex (2).

(D) The inverse limit in (1) is defined from an inverse system

((HS (8. 8) Mo )T, k(e 57),(e.8) b <s)-

Its construction is given in Section 4.3. To define the linear map k(. 5/ (¢,5): Hy ¢ (¢'.8') = HZ(e, ),
we need to factor through another homology group constructed from “[—1, 1]-modeled de Rham chains”.
Furthermore, to check its well-definedness and a claim about composition, we need one more homology
group constructed from “[—1, 1]2-modeled de Rham chains”. These variants of de Rham chains are
introduced in Section 3.5.

(E) The inverse limit is denoted by H-%(Q, K) := lim o H 9%(e,8). The direct limit in (1) is defined
from ({HS4(Q, K)baer-o\2(K)> 11 %P }a<p), Where 190 HZ4(Q, K) — H:?(Q, K) is induced by

the inclusion maps X2+t7¢ — $64me for all m € Z¢. See Section 4.4.

(F) A graded associative product structure on H,imng(Q, K) is induced by natural maps X% x Efn/, —

Efrli‘j;l, for all m,m’ € Zx¢. The unit comes from 1 € R = C§R (24, £9) for a > 0. See Section 4.4.2.

A fundamental property of H ,‘Ztring(Q, K) is the invariance under C *° isotopies of K.

Theorem 1.1 The unital graded R-algebra H,itring (Q, K) is independent up to isomorphism of the
auxiliary data and invariant under changing the orientation of K. Moreover, it is invariant under C*°
isotopies of K. (See Proposition 4.20.)

We also give nontrivial computations when Q = R24~1 for d > 2. For two specific submanifolds
in R24=1 both of which are diffeomorphic to S¢~! L1 S4~!, we prove that our invariant is isomorphic to
the homology of a finitely generated differential graded algebra. Using this computation, we obtain the
next result.

Theorem 1.2 For every d > 2, there are two nonisotopic oriented submanifolds K and K’ in R24-1 of

codimension d such that A kg is isotopic to Ak’ as a C°° submanifold with a spin structure in U T*R24-1

while H{"™(R24-1 k) 2 H™(R24-1 K’). (See Corollary 5.10.)
The spin structure on A g for any submanifold K in a spin manifold Q is explained in Proposition 5.11.

Another purpose of this paper is to shed light on the relation to Legendrian contact homology. The
following result is nontrivial from the construction.

Theorem 1.3 When the codimension of K is 2 and the normal bundle of K is trivial, Hgmng(Q, K) is
isomorphic to the cord algebra of (Q, K) over R. (See Theorem 6.11.)
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If K is connected, the cord algebra over R we consider in this paper is a reduction of the cord algebra
over Z[H1(Ak)] defined by Ng [19]. Combined with a result of Ekholm, Etnyre, Ng and Sullivan [8],
the cord algebra for a knot K in R3 was proved to be isomorphic to the 0™ degree part of the Legendrian
contact homology of (UT*R3, Ag). Later, another direct proof was given in [6].

The author makes the following more radical conjecture when Q = R”.

Conjecture 1.4 For any compact oriented submanifold K in R", H :tring (R", K) is isomorphic to the
Legendrian contact homology of (UT*R", Ag) with coefficients in R.

The Legendrian contact homology with coefficients in R is an invariant of Legendrian submanifolds with
a spin structure; see Ekholm, Etnyre and Sullivan [10; 11]. If Conjecture 1.4 is true, then our invariant can
be applied to study the contact topology of U T*R". For instance, assuming this conjecture, Theorem 1.2
would imply that A g is not isotopic to Ak~ as a Legendrian submanifold with a spin structure.

Organization of paper In Section 2, general notions of a differentiable space and its de Rham chain
complex are introduced. In Section 3.1, the differentiable spaces X4, and S, are defined. Their de Rham
chain complexes are observed in Section 3.2. Through Sections 3.3 and 3.4, the operator fi s is defined.
In Section 3.5, [—1, 1]-modeled and [—1, 1]?>-modeled de Rham chains for path spaces are introduced. In
Section 4.1, we define the chain complexes (2) and give a couple of computations. In Section 4.2, we
consider their variants using those chains in Section 3.5. They are necessary to define the map k(. 57, (¢.5)
in Section 4.3. The definition of H imng(Q, K) is given in Section 4.4. The independence on auxiliary
data is checked in Section 4.5, from which the isotopy invariance follows immediately. In Section 5, we
examine the algebraic structure of H itring (R24=1 K) when K is a higher-dimensional generalization of
the Hopf link or the unlink in R3. In Section 6.1, referring to [6], we define the cord algebra and give
another description as the 0" degree part of the string homology. In Section 6.2, we construct a graded
map from the string homology to Himng(Q, K). In Section 6.3, this map is proved to be an isomorphism
on the 0" degree part.

Acknowledgements The author would like to express his deep gratitude to his supervisor Kei Irie for
spending hours of discussion and giving so much valuable suggestions and continuous encouragement.
This work was supported by JST, the establishment of university fellowships towards the creation of
science technology innovation, Grant Number JPMJFS2123. Part of this work was supported by the
WINGS-FMSP program at the Graduate School of Mathematical Science, the University of Tokyo.

2 Differentiable space and de Rham chains

In this section, the notions of differentiable spaces and de Rham chains are introduced. We also summarize
results applied in the latter sections.
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Remark 2.1 The notion of differentiable space goes back to [5] by K-T Chen. The notion of de Rham
chains was proposed by Fukaya [14], and later Irie gave the definition in [15; 16]. We mainly refer,
especially about sign conventions, to [16]. As is mentioned in [15, Remark 4.1], the definition of plots
(elements of a differentiable structure) in this paper is different from that of [5].

2.1 Notation and conventions

Form,N € Z>o, let Uy, n be the set of oriented m-dimensional submanifolds of RY. We then define
AU = Um NeZ-o AUy, N . Let us fix a few conventions about orientations. If we write R” forn € Z>1,
this means the manifold R” € 9, , whose orientation is given so that dx1 A---Adx, is a positive volume
form when (x1, ..., xy) is the standard coordinate of R”. If we write {0}, this means {0} € WUg o with a
positive sign assigned.

Let us think about the orientation of fiber products of oriented manifolds. For U, V, M € AU, suppose that
there are two C°° maps f: U — M and g: V — M. We also assume that g is a submersion. (Hereafter,
all submersions are of class C°°.) Then the fiber product

U rxgVi={u,v)eUxV| f(u)=g)}

is a C*° submanifold of U x V. In order to determine the orientation at (u,v) € U rxg V, we take a right
inverse s: Ty )M — T,V of (dg)y (ie (dg)y o s =idr,,,m). Then there are two isomorphisms

TeyM xKer(dg)y, — T, V, (z,y)=>s(2) +y,
TyU xKer(dg)y — Tuv)(U £xg V), (x,y)=(x,y +so(df)u(x)).

The orientations of Ker(dg)y and Ty )(U sxg V) are determined so that the above isomorphisms
preserve orientations. Of course, when X and Y are oriented R-vector spaces, we assign the product
orientation on X x Y. In particular, when M = {0}, this gives the orientation of the product manifold U x V.

For U € U, QF(U) is the vector space of compactly supported C* differential p-forms on U. When
p <0or p>dimU, we define QZ(U) := 0. For U, U’ € U and a submersion 7: U’ — U, we have an
R-linear map

m:QEWU) — Qg—(dimU/—dimU)(U)’

called the integration along fibers. When U’ = R4 x R¥, U = R¥ and 7 (¢, x) = x for (z, x) € U’, this
map is characterized by the following: for f € QUU’), 1 <ij <---<iz<d and 1 < j; <--- < j, <k,
if we take w := f(dt;; A--- ANdtj, Ndxj N---Adxj,), then, for every x € U,

0 ifa<d,

CODX =0 (s FC o)ty Ao ndg) @iy AveAdi,)y ifa=d.

For an arbitrary submersion 7 : U’ — U, m is defined by taking local charts and a partition of unity on U.
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2.2 De Rham chain complex

2.2.1 Differentiable space We proceed to the definition of differentiable spaces.

Definition 2.2 Let X be a set and Py be a set of pairs (U, ¢) of U € U and a map ¢: U — X. We say
Py is a differentiable structure on X if it satisfies the following condition:

e Forany (U, ¢) € Py, U’ €W and a submersion 7 : U’ — U, the pair (U’, ¢ o 7r) is also an element
of Px.

We call such a pair (X, Px) a differentiable space. An element of Py is called a plot of (X, Px).

Example 2.3 Let M be a manifold. There are two types of canonical differentiable structures on M :
Py :={(U,9) | ¢:U — M is a C*> map}, P;;g ={(U,¢)|¢: U — M is a submersion}.
Clearly, (M, Pys) and (M, P;;g) are differentiable spaces. The latter is denoted by M "2, We consider

the differentiable structure Pps for any manifold M, unless we declare we use M "™,

Definition 2.4 Let (X, Py) and (Y, Py) be differentiable spaces and Z be a subset of X. Denote the

projection map from X x Y to X (resp. Y) by pry (resp. pry ), and the inclusion map from Z to X by (7.
(a) We define differentiable structures on X x Y and Z by

Pxxy :={(U.¢) | (U.prxyop) € Px and (U.pryop) € Py}, Pz:={(U.¢)|[(U.1zop) € Px}.
(b) Let f: X — Y be amap. We say f is a smooth map if (U, f o¢) € Py for any (U, ¢) € Pyx.
In the case of the above definition, we simply call (Z, Pz) a subspace of (X, Px). Note that, given a

set W and two maps f: X — W and g:Y — W, the fiber product X sx, Y becomes a differentiable
space as a subspace of (X XY, Pxxy).

2.2.2 De Rham chains Next we introduce the notion of de Rham chain complex. Hereafter, if we say that
X is a differentiable space, this means that X is equipped with a differentiable structure, denoted by Pyx.
Let X be a differentiable space. We consider a graded R-vector space
4X)= @ einVw).

(U.p)ePx
For (U,¢) € Py and w € QSimU_*(U), let (U, ¢, ) denote the element of A.(X) whose component
for (V,¥) € Py is .

v o (V)= (U.g).

0 if (V.y)# (U 9).
We take a linear subspace Z.(X) of A,(X) generated by

(U’ @, a))(V,W) = {

(U ,porm,w)— (U, ¢, mw) | (U, ) € Py and 7: U' — U is a submersion}.
Then we define a quotient vector space

CR(X) = Ax(X)/ Z+(X).
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The equivalence class of (U, ¢, ) € A+(X) in CIR(X) is denoted by [U, ¢, w]. We also define an
R-linear map 9: CIR(X) — CSEI (X) of degree —1 by

0. ¢.0] = (DU ¢, dw].

This map is well defined and 909 = 0. (CIR(X), ) is called the de Rham chain complex of a differentiable
space X, and its elements are called de Rham chains of X. By taking its homology, we obtain

H{®(X) 1= He(CIR(X), D).
In addition, a functoriality holds. Namely, any smooth map f: X — Y induces a chain map

fe: CRX) > CRY), [Ug.0]—[U. fop, ol

Remark 2.5 The following are fundamental techniques to compute de Rham chains:

(@) For[U, ¢, w] € CIR(X), suppose that V C U is an open subset containing supp @. Then [U, ¢, »] =
[V. ¢l olv] € C{R(X).

(b) If (R x U, ¢) € Py satisfies ¢(s,-) = ¢o when s < 0 and ¢(s,-) = ¢1 when s > 1 for some
(U, 90), (U, 1) € Px, then

IR x U, 9, (—1)®ly x 0] = [U, g1, 0] — [U, 9o, w] € CIR(X)
for a closed form w € Q4m U=*(U) and y: R — [0, 1] such that supp y is compact and x(s) = 1
for every s € [0, 1].
Example 2.6 Let M be an oriented smooth manifold. The de Rham chain complex of M™¢ is naturally
isomorphic to (4im M—x(M), d) through the map
CR(M™8) —» QImM=P (M), [U.p, 0]~ (=1)*Ppw.

Here s(p) := %( p—dim M)(p—dim M —1). Hence HIR(M™2) is isomorphic to the compactly supported

de Rham cohomology H ff(I&M (M).

Let us define the de Rham chain complex for a pair of differentiable spaces. A smooth map f: X — R
is said to be approximately smooth if there exists a decreasing sequence (fj);jez., of smooth maps
from X to R such that lim; o f;j(x) = f(x) for every x € X. The following lemma is proved in [15,
Lemma 4.11].

Lemma 2.7 For an approximately smooth function f: X — R, let X% := f~1((—o0, a)) for every
a € RU{oo}. Then, fora,b € R U {oc} witha < b, the linear map i: CIR(X%) — CIR(X?), which is
induced by the inclusion mapi: X% — X?, s injective.

In the setting of the above lemma, we define a quotient complex
CERXP X 1= CR(XP) /i (CIR (X)),
Its homology is denoted by HIR(X?, X9).
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Next, we define a fiber product of de Rham chains.

Definition 2.8 Let (X, Py) and (Y, Py) be differentiable spaces. Suppose that we have an oriented
manifold M of dimension n and two smooth maps

fi(X,Px)— (M, Py), g:(Y,Py)— (M, Py) =M™
Then we define a linear map
Cgin(X) ®qu$n(Y) — lequrn(X xgY), x®@yr>Xx rXgy
by
x gy i= (=DM, (@ x¥)lw. (@x n)lw]
forx =[U,¢,0] € CR (X)and y =[V,y,n] € CR (Y). Here, W := U fopXgoy V is a fiber product

ptn q+n
over M.

It is straightforward to check the well-definedness of x rXxg y. It can also be checked that

I(x pxgy)=(0x) rxg ¥+ (=1)Px rxg (dy)

for any x € Cgin(X) and y € C;_RM(Y). When M = {0}, we simply write x rXg y as x X y.

2.2.3 Collection of results about the de Rham chain complex In the rest of this section, let us
summarize some basic results about the de Rham chain complex. The first result can be compared
with the computation for M2 in Example 2.6. Hereafter, H*"¢(-) denotes the singular homology with
coefficients in R.

Proposition 2.9 For every oriented manifold M, there exists a canonical isomorphism
War: HY" (M) — HI (M)

such that, for any C°° map f: M — N between oriented manifolds, Wy o fix = fxoWyy.

For the details of the construction of Wy, see [15, Section 4.7]. It is the composition of a natural
isomorphism between H img (M) and H{™(M) (the homology of smooth singular chains in M) and a
canonical map from H™(M) to HIR(M). For the proof that Wy, is an isomorphism, see [15, Section 5].
This result can be extended to relative homology groups for (M, N'), where N is an open submanifold
of M such that N = f~1((—o0, a)) for some approximately smooth map f: M — R.

Next, let f, g: X — Y be smooth maps between differentiable spaces. We say f is homotopic to g if there
exists a smooth map H: R x X — Y such that H(¢,x) = f(x) fort <0and H(¢,x) = g(x) fort > 1.
Then we have the following result. For the proof, see [15, Proposition 4.7].

Proposition 2.10 For two smooth map f,g: X — Y, if f is homotopic to g, then there exists a chain
homotopy K : CIR(X) — CSEI(Y) such that 0K + K0 = fx — g«. In particular, fy = g«: HR(X) —
HR(Y).
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Remark 2.11 For three smooth maps f, g,h: X — Y such that f is homotopic to g and g is homotopic
to h, we can ask whether f is homotopic to 4. In fact, if the differentiable structure Py of Y satisfies the
following condition, such transitivity holds (the proof is straightforward):

e For any U € U and (Uj, ¢1), (U2, ¢2) € Py such that (U;);=1,2 is an open cover of U and
o1|lu,nu, = ©2|lunu,, (U, ) € Py holds for ¢: U — Y which maps u € U; to ¢; (u) fori =1,2.

All differentiable spaces appearing after Section 3 satisfy this condition. However, as mentioned in [15,
Remark 4.4], it seems difficult in the general case to prove such transitivity.

The last one is a result about excisions.

Proposition 2.12 Let X be a differentiable space and Y = f~!((—o0,a)) C X for some approximately
smooth tunction f: X — R and a € R. Suppose there is another approximately smooth function
g: X — R and by € R such that g~ ((by, 00)) C Y. For every b > by, let X? := g=1((—0c0, b)) and
Y% :=(g|y) ' ((—o0, b)). Then the inclusion map of pairsi : (X?,Y?)— (X, Y) induces an isomorphism
iv: CR(XP Yb) 5 CR(X, V).

Proof We first prove the assertion when g: X — R is a smooth map. For b > by, choose § > 0 and
a smooth function k: R — [0, 1] such that 28 < b —bg and k(b") = 1 if b’ < by + § while k(b") = 0 if
b’ > b —§. Then we define a linear map

riCRX) = CR(XP). Vg0l [UP.glys. (kogog)-wlys].
where U? := (g 0 ¢)~!((—o0, b)). This reduces to a map 7: CIR(X,Y) - CR(X?, v?). We claim that
7 is the inverse map of i.. Indeed, for any x = [U, ¢, w] € CIR(X), we have
x—ixor(x) =[U,¢,0]=[U.¢.(kogog) ]
= [Uo. 9|y, (1 =) 0 g 09) - w|y,] € CER(Y)  for Uy := (g0 9) ™" ((bo, 0)).
Similarly, we can show that x — 7 o i (x) € CIR(Y?) for x € CR(X?).

In the general case, there exists a decreasing sequence (g;);>1 of smooth maps g;: X — R such
that g;(x) — g(x) as j — oo for every x € X. For b > by, let XJ’? = gj_l((—oo,b)) and ij =
(gjly) "' ((—00, b)). From [15, Corollary 4.12(i)], lim; | CR(xb, ij) — CR(xb yb) induced by

inclusion maps, is an isomorphism. We have shown that (i | x» y»))«: CR(xb, ij) — CR(X,Y)is an
JrJ
isomorphism for every j > 1, so ix is also an isomorphism. O

3 Differentiable space of paths and operations from string topology

Throughout this paper, Q is a manifold of dimension n, and K is a compact submanifold of Q of
codimension d > 1. In addition, both Q and K are required to have fixed orientations. The construction
of Hy""8(Q, K) depends on the following auxiliary data:
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(a) acomplete Riemannian metric g on Q (we write g(v, w) = (v, w)g and \/m = |vlg);
(b) aconstant Cy > 1;
(c) a positive real number gg for which the map
(3) {(x.0) € (TK)T | Jolg <o} = 0. (x,v) = exp,(v),
is an open embedding;
(d) a C° function wu: [O, %] — [0, 1] such that u(¢) =t near t = 0, u(t) = 1 near t = %, and
0 < /(1) < 1foreveryt €0, %]
The independence of H imng(Q, K) on these data up to isomorphism is proved in Section 4.5. Until then,
these data are fixed, so (v, w)g and |v|, are denoted by (v, w) and |v|, respectively.

We define 6(K) to be the set of geodesics y: [0, T] — Q with unit speed such that y(0), y(T) € K and
Y'(0) € (Ty(0) K)* and y/(T) € (Ty(T)K)J-. Such geodesics are called binormal chords of K. We also
define, form € Z>1,

P (K) := %Zlengthym ‘ Vi Ym e%(K)}, LK) = | ) Lm(K).
k=1 m=1

These are closed subsets of {a € R | a > 2¢&¢}, since K is compact. Moreover, they are null sets with
respect to Lebesgue measure. For the proof, see Lemma 3.10.

3.1 Differentiable space of paths

In this section, we introduce two differentiable spaces of paths, X4 and S¢. Let Qg (Q) be the set of
C > paths y: [0, T] — Q with T > 0 such that y(0), y(T') € K and |y’(¢)| < Cy for any ¢ € [0, T']. For
any C® path y: [0, T] — Q, we define

T
lengthy := / ly' ()| dt.
0

For a € R>o U {oo} and m € Z>1, we define X4, to be the subset of Qg (Q)*™ which consists of
(Vk: [0, Tk] = Q)k=1,...,m satisfying either of the following two conditions:

o > i, lengthy; <a.
* minj <k <p, length yx < eo.
The differentiable structure on X%, is defined by
Pya :={(U,¢) | U €Uand ¢: U — X7, is smooth}.

Here we say ¢ is smooth in the following sense: if we write p(u) = (v’ : [0, '] > Q)g=1,...m foru ey,
then, for each k € {1, ..., m}, the function U — Rxo, u > T}’ is of class C* and

{u, ) eUxR|0=<t =T} = Q, (u,1) =y 1),

is a C° map. As an exception, let us define ¢ := {x} if ¢ > 0 and 28 ;= @, together with the
differentiable structure Pya := {(U, ¢) U e, ¢:U— Z¢}.
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We consider the de Rham chain complex (CfR(E%), d) fora € R>o and m € Z>¢. Lemma 2.7 implies
that we may think of CIR(X4) as a linear subspace of CfR(an) when a < b, since

=h —R, (YDi=1,..m > lengthy, for k=1,...,m,
R™ —R, (ar)k=1,..,m = min ag,
seeey lsksm

are approximately smooth functions. Thus the quotient complex (CfR(Efn, 4. 0) is defined.

Remark 3.1 When a < mey, the condition that >y, length y; < a implies that one of y; for k =
1,...,m has length less than gg. Thus, ¢, = 29 if a < meg. When a = 0o, T = Qg (Q)*™, which
will be used only in Section 6.
Next, we define another differentiable space of paths. For every ¢ € (0, g¢], the open subset in Q

Ng = {expx(v) |x e K,ve(TyK)t and |v| < %8}

is a tubular neighborhood of K in Q. Then we define a set Sy which consists of pairs of C* paths
(0i:]0, ;] = Ng)i=1, satistying:

e 0<yg S%Sfori =1,2.
e 01(e1),02(0) € K and 01(0) = 02(&2).
e |o/(t)| <1fori=1,2andanyt €[0,¢].
On this set, the evaluation map evy is defined by
evo: Se = Ne,  (01,02), 01(0).
The differentiable structure on S, is defined by
Ps, :={(V,y¥) |V €U, ¥ is a smooth map such that evg oy : V' — N, is a submersion}.

Here we say ¥ is smooth in the following sense: if we write ¥ (v) = (0;: [0, &}] — N¢)i=1,2 forv eV,
then, for i € {1,2}, the function V' — R~¢, v+ &7, is of class C*° and

{(v,1) eVXR|0<t<g/} — N, (v,t)—07(1).

is a C* map. Note that evg is a smooth map from (S, Ps,) to (N, P;Zg) = N; %, defined in Example 2.3.

3.2 Homology groups

In this section, we examine the homology groups HfR(Eﬁ’n, ¥4 ) and HIR(S,). The main results are
Propositions 3.7 and 3.9. At the end, several additional results are proved.

3.2.1 Finite-dimensional approximation of X, Let us fix bg € R~ and prepare some notation related
to the Riemannian metric g. We note that there is a compact subset of Q which contains the images
of all paths y € Qg (Q) with length y < by, since K is compact and g is complete. For any two points
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q.q9' € 0,letd(q.q’) be the distance between ¢ and ¢’. Let us also fix &g > 0 such that, if ¢ and ¢’ in
this compact set satisfy d(q,q’) < g, then there exists a unique geodesic path on [0, 1] of length d (g, q’)
from g to ¢’. We write this geodesic by g¢’: [0, 1] = O.

For every a € [0,bg) and m € Z>1, let ¢ be the subspace of X% which consists of (yg)r=1

.....

satisfying 7" length yx < bo. From Proposition 2.12 about excision, the inclusion map ¢: Ef’n — 22’1
induces an isomorphism

@) b HR(EL, 22) — HR (b, 24)

for a,b € [0, by) with a < b. This means that we cut out a subset

{ Vi )k=1....m m1n length y; < &¢ and Z length yy > bo}
b bl 1 k k 1

to compute the homology group.

First, we approximate ffn for a € [0, bg) by finite-dimensional manifolds. For every v € Z>1, let us
define

) T () = { vk [0, Te] > Qie=1,...m € Ty | max Ty < Cy 'egv},
1<k<m

so that | JS2, 24 (v) = X9 Let us also define By, (v) to be a submanifold of (Q*+D)xm which

consists of (qk)l =0,...v

o Satisfying:
. qk,q,‘c’eroreverykzl,...,m
o YRoiYiZod(gk.q ) < bo.
. d(qk,qk+1)<8gforeverykzl,...,mandl=0,...,v—1.

We then define By, (v) for a < bg to be the open submanifold of B, (v) which consists of (qk) k=1

bh ’m
satisfying either of the following two conditions:

« YR YiZ0d(gh. gt <a.
o m1n1<k<m(2}’ (l)d(qk qu)) < g9.

The differentiable structures on this manifold is Ppga (. defined in Example 2.3. For every v € Z>1,
there are two maps: tx ,: 3% (v) — Z¢ (2v) is just the inclusion map, and tg,v: Bi(v) — B2 (2v) is an
embedding of a manifold which maps (qk)k 1 """ L €By(v)to (qk )k 1 """ 2V ¢ Ba (2y), where

N qk if l/ is even and I’ = 21,
q
“lalglt'(Y) ifIisodd and ' =21 + 1.
In addition, we define two maps
fo: T4 () = BL(v), gv:BL(v) > T4 (2v),
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as follows: f, maps (y: [0, Tx] = Q)k=1,..m € =& (V) to ()/k((Z/V)Tk))i::of'_'_'.’ljn € B} (v). Note that
for/ =0,...,v—1landk =1,...,m,

l [+1 T
d()/k(;Tk), Yk (TTk)) <length Y[ /v)Te.(1+1)/v)Tx] = - ?ur; | Iy (1)] < eg.
t€l0,Ty

On the other hand, g, maps (q,lc);;()l‘;n € BY(v) to

(yk: [O, %Co_lsgv] — Q)k:l,...,m € X2 (2v),

where, for[ =0,...,v—1,

PR C . _ _
v(0) = qq; ! ox(;" = %l) if 35 egl <1 <3C5 eg (14 1).
g
Here y: [0, %] — [0, 1] is a C*° function such that y(¢) =0neart =0, y(t) = % near t = %, x(t) =1 near
t=3,and0< x'(r)<1forr €0, 2]. Note that (i) (0] = d(ql-q;™") supepo /21 11/ (1)]-Co/eg < Co.
The next lemma shows that By, (v) approximates X4 (v) as v — oo. See [15, Lemma 6.3].

Lemma 3.2 The following diagram commutes up to homotopy:

— ISy —
S (v) —— X5, (2v)

fUJ/ % J/va

LB,v
Bf (v) —— B (2v)
Proof The lower right triangle commutes in the strict sense. For the upper left triangle, we need to show
that ¢y, ,, is homotopic to g, o f,.

We abbreviate CO_1 -eg by co. For (yr:[0, Tg] = Q)k=1...m € 34 (v), let us define a path Yz :10,cov] = QO
fork=1,...,mand s € [0, 1] by

V() Ty (U +5)/v)Ti )t —col)  if col <t <co(l+s), for 1 =0 I—1.
Vi ((Tie/ (co)(t —col) + (1 /v) T) if co(l+5) <t =co(l+1), S

y;i(t):={

modify y; to a C* path. For instance, we take a C* function x: [0, 1] x [O, §cov] — [0, coV] satisfying
0<0dx(s,t)/0t <1 and

co! on a neighborhood of {t = %col},
%(t — %co) on a neighborhood of {t =5+ %col + %co}.

F(s.1) = {

Then we define y; := y{ o x(s,-): [0, %cov] — Q. If we take a C*° function «: R — [0, 1] such that
k()=0ift <0and k(t) = 1if t > 1, then we get a smooth map

.....
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This gives a homotopy from H (0, -) to H(1,-). Moreover, tx , is homotopic to H (0, -) since the paths
of 12 v ((Yk)k=1,..,m) and those of H (O, (Vx)k=1,...,m) differ only by parametrizations, so the homotopy
can be constructed by interpolating these parametrizations. For the same reason, g, o f,, is homotopic to
H(1,-). Therefore, tx , is homotopic to g, o f,. O

From Lemma 3.2, it follows that, for any a,b € R>¢ with a <b < by,

lim (f)«: HN(ES,. 36) = lim H&XED 27).54,027) > lim HR(BL27). BL(27))

Jj—o0 Jj—o0 Jj—oo

is an isomorphism. Combining with (4), we get an isomorphism

6) (lim (f5))«) 0 ()™ HR(Zh,. 20) — lim HR(BL,(v). B (v)).
j—o0 v—>oo

Furthermore, from Proposition 2.9, Hiing(B,]; (v), B4 (v)) =~ HR (B,]f, (v), By, (v)).

3.2.2 Computation of homology by Morse theory Next, we examine the singular homology group
Himg(B,lil(v), B{ (v)) in terms of Morse theory. Fix m € Z>j and v € Z>1. For k € {1,...,m} and
1 €{0,...,v—1}, we set
l 0’ i)
Bn(v) > R, (@ 2y > d (g g
For every r > 0, let us introduce
e a C® function 0;: R>9 > Rsg, 2> Vz 473
e a C® function m v—1

Ly:Bp() >R, g Y > or0hk(g):

k=11=0
e compact subsets of By, (V)

Zy = {qeLr_l([O,bo])|0r0hf€(q)§eg foreveryk=1,...,mand[ =0,...,v—1},

v—1
Z?::{qu, min Zcr,ohk(q)<go}

1<k<m

The role of {0, },~0 is to approximate /z by C* functions. We define, for every a € [0, bg) and r > 0,
2= (Lrlz) N0, @) U Z).

Then Z¢ C Z¢ if 0 <r’ < r. Furthermore, | J,. o Z¢ = By, (v). Therefore, we have an isomorphism
induced by the inclusion maps

lim Hy"(Z2, Z&) — H"(BL (v), B (v)

r—>0
fora,b € R>o with a < b < by. In order to apply Morse theory to L,, we need to determine its critical
points. The next lemma is fundamental. We omit the proof, but a similar result is proved, for instance
in [17], when there is no boundary condition.
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Lemma 3.3 Forkge{l,...,m}and lye{0,...,v—1}, let X]i((’) be the gradient vector field of hioo. Define
7! to be the orthogonal projection from TQ | to TK if Iy = 0 or v, and otherwise '0 := idrg. Then
each component of Xli((’) (v,lc)gc::()1 """ ':n is determined by the following: If (k,l) # (ko, lo), (ko,lo + 1),

.....

then v]lc = 0. Otherwise,

lo _ lo<_i Io lo+1) lo+1 10+1(i‘ Io lo—l-l)
dt li=0 koo ) Vko T dt li=1 TkoTko )

Proposition 3.4 Suppose that a € [0, bg) \ £ (K) and r > 0 is sufficiently small. Thengq € Z, \ Z?°

is a critical point of L, with its value in [0, a] if and only if there exist y1,...,Ym € 6(K) such that
(Yk=1,..m € 5 (v) and ¢ = f, ((Vi)k=1,....m)-

Proof From Lemma 3.3, ¢ = (q,l()i::()1 m € Bm(v) is a critical point of L, if and only if the following

.....

conditions hold for every ke{l,...,m}:
(o) (h (@) g Ll el eTpr)t and G0 @) L] grTep e (1K)t
(7
(o) (. (q)) - 5| _ a7k = ) @) ] Jahapt! forevery le{l... w1},
Comparing the norms of both sides in the second line of (7), we have, for l € {1,...,v—1},

(o) (B (g)) - VAT (@) = (o) (hk (@) - V Ik (q).

Since (0,)'(2)+/Z is a strictly increasing function of z, this equation means that d (q]lc_1 .q llc) =d (qllc, qlljl)

forl € {1,...,v—1}. Since (o)’ > 0, the conditions of (7) are equivalent to
d 0.1 d —=1.v
i o q]gq]i € (qu K)t and E‘ qy qk € (T‘IZ K)*,

® d| Tig_d| T

i 1qk qk i quqk forevery [ € {l,...,v—1}.

For every q € By, (v), let us define T , := p (1) d(qk ql+1) and a path yg 4 : [0, Ty 4] — O determined
by

N ES T 1 .
Vg Tk qt) : —qkq (wvt=1) if 5 <t<——forle{0,...,v—1}.

Note that, if (yx,g)k=1,....m € 4 (v), then g = fv((Vk,q)k:l,...,m)- We take r > 0 so small that Ty 4 > 0
foreveryk =1,...,mand q € Z, \ Z?. Then, for g € Z, \ Z?, condition (8) is equivalent to Yk,q being
a binormal chord of K in Q, that is, yx , € €(K). In addition,

m
lim L, (g) = kz length y¢ 4
=1

for every ¢ € Z, uniformly. Recall that £,,(K) is a closed subset of R~ . Assuming that a ¢ £,,(K)
and r > 0 is sufficiently small, it follows that a critical point g € Z, \ Z? of L, satisfies L,(q) < a if
and only if the binormal chords (yk ¢)k=1,....m satisfy > v length Yk,q <a. |

Let Y; be the gradient vector field of L,. To prove the next lemma, which is rather technical, let us
prepare a few computations. X ,i L= ((o7) o hi) -X ]l( is the gradient vector field of o, o hfc. For every

Algebraic & Geometric Topology, Volume 25 (2025)



Toward a topological description of Legendrian contact homology of unit conormal bundles 967
ke{l,....m},le{l,...,v—2}and q € By, (v), we have

- d 711 d I
(. XD @ = (o) 0 @ 5| af el 5] quqk“}

2
[, 1+1

+ (0r) (hh.(q)) - ‘ qkqi“ + () (@) | 72| _ ajd

+ (o @l @) L q,i“q,i“ LI akal™)
We abbreviate the increasing function (o)’ +/z by 7,. Then, by the Cauchy—Schwarz inequality,
(Yr. XL V@) =~ (7 (@) - Tkl (@) +2(tr (B (9)) = o (T (@) - 1 (R (q))
= (2t (h (@) — 7 (i (@) — 7 (T (@) - 7 (h (9))-

Since o, and 7, are increasing functions, we have, for kg € {1,...,m} and [y € {1,...,v—2},
I} I
©) or o hig, (q) = maxo; ohiy(q) = (~Yr. X, )(g) <0.
The same result holds when /o = 0 or v — 1. We also note that, for every ko € {1,...,m},
v—1
(10) <—Yr, > X,io,,>(q) <0
=1

Lemma 3.5 The trajectory of any point in Z, (resp. Z?) along —Y, never goes outside Z, (resp. Z?) at
positive time.

Proof Suppose that I': [0, T] — Bn(v) is a trajectory along —Y,. Let us consider two continuous
functions f, g: [0, T] — R defined by

v—1
f@) = maxor o b (T(@). ()= ngnl; or o b (T (1)).

To prove this lemma, it suffices to show that they are decreasing functions. Indeed, there exists a discrete
subset A C [0, T'] such that f and g are differentiable at every ¢ € [0, T'] \ A. Inequalities (9) and (10)
imply that f'(¢) <0 and g’(tr) <0 forevery ¢ € [0,T]\ A. Hence, f and g are decreasing on [0, T]. O

We apply a general result from Morse theory.

Lemma 3.6 Let B be a manifold and L: B — R be a C* function. Fora,b € R witha < b and two
compact subsets Z, Z° C B, suppose that there is no critical point of L in (L|z) ' ([a.b]) \ Z° and
that the trajectory of any point in Z (resp. Z°) along the negative gradient vector field of L never goes
outside Z (resp. Z°) at positive times. Let us define VAEES (L|z) Y ((=00,a’)) U Z° fora’ € {a,b}.
Then H™(Z?, 749) = 0.

Proof The conditions on a, b, Z and Z° show that Z? can be deformed into Z¢ along the negative
gradient flow of L. Therefore, we get a map from (Z2, Z%) to (Z%, Z%) which gives the inverse map of
the inclusion map up to homotopy. |
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Combining the above results, we prove the first main proposition in this section.
Proposition 3.7 If %, (K) N [a,b] = @, then HIR (25, 4) = 0.

Proof From Proposition 3.4 and Lemma 3.5, we can apply Lemma 3.6 to show that, if £,,(K)N[a, b] =2
and r > 0 is sufficiently small, then H:mg(Z f ,Z%) =0, and thus
H"™ (Bh,(v), Biy(v)) = lim H"8(Z}, Z§) = 0.

r—0

From (6), it follows that HIR (22, 54 )) ~ lim; | HI™(Bb(27), B4 (2/)) = 0. i

3.2.3 HIR(S,) and the evaluation map Next, we examine HIR(S,) for € € (0, £9]. Choose a Rie-
mannian metric g’ on Ng, for which K is a totally geodesic submanifold of Ng,. Then we can take a
constant Cy > 1 such that, for any ¢, q" € N,,/c, with d(q,q’) < g9/ Cy, there exists a unique shortest
geodesic in Ng, with respect to g’ from ¢ to ¢’ Let us write this geodesic by (;q/’ : [0, 1] = Ng,. In this
subsection, exp denotes the exponential map with respect to g.

There is a smooth map between differentiable spaces sz: Ng © — Se which maps exp, v € N, for x € K
and v € (T, K)* with |v]| < %8 to

se(expy v) == (07 : [0, %8] - NS)i:l,z’
where o7 (1) = exp,, (((8 — 2t)/e)v) and o (t) = exp,((2t/e)v) for t € [0, %8] This satisfies evg o s, =
idy,. For g, & € (0, g9] with e <¢&, leti,z: S¢ — Sz denote the inclusion map.

Lemma 3.8 There exists a constant C > Cp such that, for any ¢ € (0,&9/C], the inclusion map
ig,ce: Se¢ = Sce is homotopic to iz, cs © g 0 €Vp.

Proof We define a C°° map

€o -
G:1(4.9") € Neojc, X Neo/c, | d(q.9") < C—l} x[0,1] = Neo,  ((9.4"),5) = q4q'(s).
Then there is a constant C > C; such that

1d(G(+,5))(g.q) (0. V)]g < 2C(vlg + V')

for every s € [0, 1] and (v,v") € Ty Ngy/c X TqNey/c With d(q,q") < g9/ Cy. For any ¢ € (0,£9/C]
and (0;: [0, &;] = Ng)i=1,2 € Se, we set &€ := Ce and define (al-(s): [0, 8;?] — Nz)i=12 € Sz fors € R as
follows: Take x € K and v € Tx K such that 01(0) = exp, v and |v| < %8. Then we define

(1 —k(s))e; +k(s)E if 5 < %

g =18 if3<s<3,
(1—k(s—3))e+x(s—3)e if s < 3.
(7,'(8,'1‘/8‘;) ifs < %’

0i (1) := { G(oi(ei1 /). (1/C)k(s =) it <s<3.
o (et /&3) if § <.
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Here, k: R — [0, 1] is a C®° function such that k(s) = 0if s <0 and x(s) = 1 if s > % Note that, when
l < Ky < 2
3=°=3
(s) 1 Ej 1 1 &i 1
(00l = 3¢ (Lsuplofls + sl ) < 30L& ) <1,
Now the homotopy from i, g t0 iz z 0 5¢ 0 €V is given by the map

R x S — S5: (5. (01)i=12) = (0, [0.&] = Na)i=1.2. =
Proposition 3.9 Let C be the constant of Lemma 3.8. For any ¢ € (0,59/C] and x € HIR(S;),
(evo)«(x) = 0 € H{¥(Ne) = (ie,co)x(x) =0 € H{¥(Sce).
Proof By Lemma 3.8, (ie.ce)«(X) = (ic,cs 0 5¢)((evo)«(x)) = 0 if (evo)«(x) = 0 € HIR(N). |

3.2.4 Additional results Using the computations obtained in the former subsections, we prove several
additional results. As before, by is a fixed real number, and a € [0, by), which may belong to £(K).

Lemma 3.10 There exists a manifold Z and a C* function f:Z — R such that ¥£1(K) N [0,a) is
contained in the set of critical values of f.

Proof We use the notation in the proof of Proposition 3.4 for m = 1. For every critical point g € Z, \ Z?°
of L, lengthyy 4 = fr(Lr(q)) € (0, fr(bo)), where f; is determined by f,(vo,(/)) = v+/1 for every
| € R-g. We choose r > 0 so that a < f,(bp). Then, from the correspondence between binormal
chords and critical points of L, £,,(K) N[0, a) is contained in the critical value of f := f, o L, on
Z:=27,\22. m

This proves that £(K) = | J;—; £m(K) is a null set. Indeed, for any m € Z, £, (K) N[0, a) is contained
in the set of critical values of the C*° function Z*" — R, (x1,...,Xm) — f(x1)+---+ f(xm). By
Sard’s theorem, it is a null set in R. Since bg was chosen arbitrarily, it follows that £,,(K) is a null set.

Next, recall that the definition of X% depends on auxiliary data Cp and &g.

Lemma 3.11 HIR(X%) does not depend on the choice of Co and 9. More precisely, the following
hold:

o If we write X%, as Efn’ c, o clarify the dependence on Cy, the inclusion map £¢ . — X for

a
maCO m,C(/)

Co < C; induces an isomorphism on homology.

a

o If we write X7, as X7, .

to clarify the dependence on ¢g, the inclusion map E;’n,% — X0, &, for

p . . .
&y < &o induces an isomorphism on homology.

.....

(10.CoTx/Col = Q. t = y&(Cot/Co)) s m-

This gives the inverse map of the inclusion map up to homotopy. This proves the assertion for Cop.
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a

To prove the assertion for &g, let us write Z¢ by Z Then there is no critical point of Z}:é oro h;{ in

r,E0°
Zr e \Z f’ 86 forevery k € {1, ..., m}. By deforming along the negative gradient vector field —Z}:(l) X li,r
inductively on k = 1,2, ..., m, we can see that Z fg, is a deformation retract of Z; . This implies that
. Et0) ’
sing _ drR _
H, (Zf’go, Z;”%) =0 and thus H§ (Efn’so, Ezz,sg) =0. O

For the sake of discussions in Section 6, let us fix a topology on the set X4, for a € R> U {oo} as follows:
Qx (Q) becomes a topological space such that the injection

Qx(Q) = C®([0,1], Q) xRxo,  (7:[0,T] = Q) > (y(T~1), T),
is a homeomorphism onto its image when C°°([0, 1], Q) is equipped with the C°°-topology. We give
E% the restricted topology from Qx (Q)>*™. Then we can consider singular homology groups, such as
H." (b, %2) fora <b.
Suppose that a, b € Rx¢ and a < b < bo. By the excision theorem, t,: Hy"¢(32,, £2) — H™($2 54)
is an isomorphism. All maps in Lemma 3.2 are continuous and the diagram commutes up to continuous
homotopy. Therefore, we have an isomorphism

(11) (lim (fo0)«) 0 ()7 HY™(SE, 22 — lim HI"(BS,(27), BL(2))).
Jj—o00 j—o00

3.3 Splitting and concatenating paths

For ¢ € (0, £9/(5Cp)], we define an open subset of R?,
Ag:={(T,7) | T >4eand 2e <t < T —2¢}.

This becomes a differentiable space as a subspace of (R?)™2. For a € Rsg, m € Z>1 and k € {1,...,m},
there are smooth maps

tle: X0, >R, (y:[0,T7] = O)i=1,..m > Tx.prr: Ae— R, (T, 1) T.

(Here tl stands for the time length.) These maps define a fiber product X7, 4, Xpr,. 4¢ over R, and the kth
evaluation map evy, is defined on it by
eve: I u Xpry Ae > @ ((VDi=1,...m- (T, 7)) = vk (7).
From evy and evg: S; — Q™2, we obtain a fiber product over Q. We define a map on this fiber product
cong 1 (X5, 1 Xpry Ae) evie Xevo Se = Eamfl,

which maps ((y1)i=1,....m- (T 7). (0;:[0, ;] = Ne)i=1,2) 10 (V1. - . ., Yk—1. V- V- Y41+ - - - » Ym)» Where

7;( for i = 1,2 are the paths

.....

Yk (1) if0<t<t—eq,
Ve:l0.t4+261]> 0. 1> {y(t—er+eip((t—t+e1)/e1)) if t—e <t <t+le,
01(81—81M((T+281—l‘)/81)) if‘[+%81§t§‘[+281,

(12) : 3
. 02(e2uu(t/¢2)) if0<t<3e,
Vi [0, T—t+2e2]—Q, t— yk(r+82—82u((382—t)/82)) if %82§t§382,
Vi (t+1—2¢87) if 3¢, <t <T—1+42¢5.
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Figure 1: The process to define 7 and y2.

Here, p: [0, %] — [0, 1] is one of fixed data we have chosen in the beginning of Section 3.

This definition can be explained as follows (see Figure 1): We split the k™ path y;: [0,T] — O at
T € (26, T —2¢), where yi(t) = 01(0) (= 02(e2)) € Ne, and then concatenate yi|[o,¢] (resp. Yk|[z,1])
with o7 (resp. 02). The reparametrizations via p are necessary in order to modify them to C° paths.

Note that
length 7,% + length )713 = length y + length o1 + length 05 < length y; + €.

The following lemma shows the cases where an element in the fiber product is mapped by cong into an T1

Lemma 3.12 For ((y1)i=1,...,m. (T.7), (0i)i=1,2) € (2%, 4z Xpr; Ae) evi Xevo Se» We have

.....

cong (Y)i=1,...m- (T. 7). (0))i=12) € Zp 1
if one of the following three conditions holds:
@ (V)i=1,.m € -
(1) 7 <4e9/(5Cy) orT —4eog/(5Cy) <.
(iii) yg satisfies, for every v’ € (yx) 1 (Np), that either Ykl[0,21] Or Yk [, 7] has length less than %80.

Proof As in the definition of cong, let us write

cong (Y)i=1,..m (T. 7). (0)i=12) = (V1. . T V- - Ym)-
Under condition (i), length y; < g¢ for some [ € {1,...,m}. If | # k, the assertion is trivial. If / =k,
either y|[o,7] OF Vk|[r,7] has length less than %80, and thus either )7,i or )7]3 has length less than
%80 + max{lengtho; |i = 1,2},

and this value is smaller than 9. Under condition (ii), if T < 4e9/(5Co) (resp. T —4eo/(5Co) < 1), then
length y|[o,7] < geo (resp. length yg |, 77 < gso). Therefore, either )7% or )7]? has length smaller than &g.
The same result also holds under condition (iii). O

3.4 Operation on de Rham chains

For € € (0, g9/(5Cy)], let us choose a C° cutoff function pg: A, — [0, 1] such that

0 ift<ﬂsorT—ms<r,
pS(TaT): . 11_ 3 131 -
1 1fTs§t§T—Te.
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In particular, p.(7,7) = 0if T < 5¢. We also choose a C*° function y,: A, — [0, 1] for every v € Z>;
such that y,(T,7) =1if T <v and y,(T,7) =0if T > v 4 1. The support of y, p, is compact, so we
obtain a de Rham chain

Ue,v = [Ae,ida,, xvpe] € C3R(Ae).
In addition, we define =%, (v) := (=, (tlg) ([0, v)), which is a subspace of £%,.

FormeZs1,ke{l,...,m}and & € C;R(Sg), we define a linear map

Sig: CR(EE) — C& L (B4

such that, for x € CIR(29 (v)) C CIR(Z%) with v € Z>1,

fk,é(x) = (COIlk)*((x tlx Xprp as,v) evi Xevo E)
This map is well defined since x ¢, Xpr,. (Qe,y — e, 7)) = 0 when x € C,SR(E%(v)) and v/ > v.
Returning to Definition 2.8, we can describe the de Rham chain fj ¢(x) explicitly. For x = [U, ¢, 0] €

CgR(Efn), we write p(u) = (y;': [0, T}'] — Q)l=1:..m for u € U. If we take v > sup,equppe I » then
X € CI‘}R(Efn (v)). First, we have x g, Xpr,. &,y = [Ug, @, @], where

Uy = {(u,7) €U xR |2 <t <T}—2¢},
Fic: U = oy u Xpry Aer (u,7) = (9(u), (T3, 7)),
Wy € Q:(U)» (D% (u,0) = PE(T];A, T)- Xv(T]g, T)wy = PE(T];A, T) - wy.

Here, ﬁk is oriented as an open submanifold of U x R. The last equality holds since y,, (T#, 1) = 1 for
u € supp . This shows the independence of fi ¢(x) on the choice of y,. For§ =[V,v¥,n] € C ;R(Sg),
we write ¥ (v) = (0);=1,2 for v € V. Then fi ¢(x) = (—1)"[Wk, O, {i], where

Wi :={(u,7,v) eUxRxV |26 <t < T —2¢, v/ (r) =07 (0)},
Dy Wy — 28 (u, 7, v) > cong (p(u), (T, 7). ¥ (v)),
{k € Q:(Wk)» (é‘k)(u,t,v) = Ps(T;l’, T) - (Wy X Ny),
r:=(p+1—n)n.

(13)

Here W}, is oriented as a fiber product over Q of Uy — 0, (u, 1) > y(r),andevooyy: V — Q.

Lemma 3.13 For x € CyR(2%) and § € CJR(S,),
90 fig(X) = firg0d(x) = (—1)PF" fi 56 (x) € Cot 4 (Zn).
Proof Using the notation of (13) for x = [U, ¢, w] € CyR(E%) and & = [V, ¢, 7] € CJR(Se), we have

30 fr£(x) = frg 0(x) — (=DPTI £ 56(x) = (—=1)P 7 (cong ) (X 1y Xprp (30te,n)) evye Xevo €)
= (=)@ @y, 6],
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Figure 2: The case where (y;);=1,... m intersects both (0;);=1, and (U,-/)i=1,2-

.....

where 0 € Q7 (Wy) is defined by (0)u,z.0) = 0pe(T}. 7)/07 - (wy X dT X 1y). From the condition
on pg, the support of € lies in an open subset

Wi :={(u,7,v) € Wy | T <4eor T —4e <t}

Since (@(u), (T, 1), ¥ (v)) € (X5, 4 Xpry Ae) evi Xevo Se for (u, 7,v) € W, satisfies condition (ii) of
Lemma 3.12, it follows that ®; (W) C £9,. Therefore,

(Wi, @k, 0] = [We. Dy . Ol ] € oy (Z). O

The next lemma is crucial to define chain complexes in Section 4.1. Before stating it, let us give an
observation. Suppose that we have

(YDi=1....m € Xty (0i:]0,6]] > Ne)i=12. (07:[0.€;] > Ng)i=1,2 € Se.
kK efl....m} with k <k’

and there exist two points T € (2¢, T — 2¢) and ©’ € (2¢, Tyr — 2¢) such that

Ye(t) =01(0),  y(z') = 01(0).

When k = k’, we additionally assume that T + 2¢ < t’. (Figure 2 describes the situation we consider.)
Then we can split y, at t = t and ys at t = 7/, and concatenate them with (0;);=1,> and (al-’ )i=1,2,
respectively. Depending on which point we use first, there are two elements

®:= cong (()i=1,..m: (Tk. 7). (07)i=1,2) € ZHEE,

' = cong (V))i=1,...m+ (Txr. 7). (6])i=1,2) € ZEHEY,.
In either case, there remains another point which we have not yet used. When k < k’, we can split the
(k’+1)* path of ® at = 7’ and the k™ path of @ at # = 7, and concatenate them with (07);—1,» and
(07)i=1,2, respectively. When k = k’, we can split the (k+1)* path of ® at t = v’ — 7 + 2¢; and the k'
path of ® at ¢t = 7, and concatenate them with (O'l-/ )i=1,2 and (0;);=1,2, respectively. After these two
steps, we get the equations
congr 1 (P, (Tyr, T'), (07)i=1,2) = cong (', (T, 7), (04)i=1,2) if k <K',

19 ®, (T2, 7' — )i = @, (T} i if k =k’
cong11(P, (T, T/ — 7+ 2€2), (07)i=1,2) = cong (P, (T}, 1), (07)i=1,2) ifk=k"
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Here, Tkz =T, —1+2e and Tl =1+ 2¢'|. This observation leads us to the following lemma about
de Rham chains.

Lemma 3.14 For x € CSR(Z%), £ € CgR(Ss) and k, k" € {1,...,m} with k < k’, the following hold:

Serrng0 frg() + (D" frgo firg(x) =0 if k <k,
Jir1,60 fig () + (DT figo firg(x) €CR 1 hyon(Soyy) ik =K.

Proof We use the notation of (13) for x = [U, ¢, w] and & = [V, ¥, n]. For short, let us abbreviate for
(T,7,T',7') € Ag x Ag
p(T, 7, T',v) := pe(T, ) - pe(T", 7).
Case 1 We consider the case k < k”. We have fi/11¢0 fig(x) = (=1 [Wi k. Pi k7. Sk k] for
Wik = {(u, 7,0, 7/, 0) | (u, 7,0) € Wi, 26 <7/ < T —2¢, (') = o (0)},
O i Wik — 224_"_228, (u,7,v,7,0") > congr 1 (Pp (u, 7, v), (T}, T'), Y (V)),
G €2 W)y k) ey i= P T T, ©) - (0w X o X 1),
s:=(q+1-=n)nl,

by substituting k and [U, ¢, w] in (13) with k” and [W, @, (—1)"¢x].
Similarly, f o fi/(x) = (—I)S[W]é’k,, CD;C,k,, C]/C,k/] for
Wi =, T 0 1, 0) | (u, 7', v") € Wi, 26 < © < T —2¢, pi{(v) = 07 (0)},
CID}C’k,: Wkl,k/ — E%szs, (u, 7", v, 7,v) > cong (Pps (u, T/, V), (T, 7). ¥ (v)),
Serr €W 1)y G ey = P(T0 T T ©) - (@y X Ny X ).
We define a diffeomorphism
h:Wiegr = Wi (70,70 > (u, 7' 0" 7, 0),

which changes the sign of orientation by (—1){+dim V=12 From (14), it follows that @} ,, 0h = @ /.
Moreover, h (S k) = (—1)|”|2§ % &~ Combining these computations,

fera1,80 fig(x) = (=1)FTAFamV=ntinDiyy @ 8 )= (DT fig o fior g (x).
Case 2 We consider the case k = k’. We have fiy10 fr(x) = (—1)*[Wk k, Pk k. S k] for
Wik :={u, 7,0, 7", 0") | (u,7,v) € W, 26 <1’ < sz(u, T,0) = 2¢e (' +1-2¢5) = Uﬁ’/(O)},
Op i Wik — Efn':_zzs, u,t,v,7,v) conk+1(d>k(u, 7,0), (sz(u, 7,v),7), 1//(1/)),
G € QEWek) Ced)urv,evny = AT T TR, T,0), 7)) - (00 X My X ),

where Tkz(u, T,v) =Ty — 1+ 2¢).
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Similarly, fx g o frg(x) = (=1)*[W, k o @ k gk %) for
Wi =t v o) [, 7' v) e Wi, 2e <t < Tkl(r’, v') =2, yi(r) = 07 (0)},
Y Wik~ DetZ (.t v T ) e cong (P (u, T V), (Tkl (t', V'), 1), ¥ (v)).
Z]/C,k € Q:(Wk,k)’ (é‘]/c,k)(u,t’,v’,r,v) = /O(T]?, 128 Tkl (T/, U/), 7) - (Wy X Ny X Ny),

where T;kl(r/, vV)i=1+ 2811’/_.Since o(T, T, Tkz(u, 7,v),7) =0for v/ < 1308 we have fr1q10 fr(x) =
(=D Wik, Pk i Sk x| for Wy i := Wi g N {1’ > 3¢}

This time, we define a map
Wi =W, o, v, 7,0)- o' +1-285,0",7,0),
k.k k.k 2

which is an open embedding and changes the sign of the orientation by (—1)A+HdimV=m2 From (14), it
follows that @) , o h = @y ;. Indeed, if we set 7}, := ' + 7 —2¢}, then

g o hu. T, v. 7' v") = come (@ (. 4 0). (T (4. 0'). ). ¥ (v)
= cong 11 (e (u, 7,v), (T (u, 7, v), T, — 7+ 263), Yy (V"))
= Oy (u, T, v,7',0")

for every (u, 7, v, 7', v’) € Wy k. Therefore,
— 2
(DI frirg0 frg(0) = frg o frg(r) = (D WL @ e (D ha i) — ]
For (u,t',v',t,v) e W/,
2
(=D R G 07,20 — Gt s/ 07,2,)
= (p(T¢. z, Tkz(u T,v), T —t+2e5) — p(TY¥, 7, Tkl (T, V'), 7)) - (0 X Ny X 1y).

If118<‘L' <T“ 3esand 8<‘L’<T1(‘L' v’)——e it can be checked that 1 e<r —T7+2e) <
T2(u T,v) — 8 and 11 <t<T}- shold, and thus

p(T¢, T, TE(u, 7, v), T —t +2e5) =1 = p(T¢, 7', Tkl(r’, v'), 7).
Therefore, supp((—l)‘"'zh*(é‘k,k) — {;c,k) lies in W1 U szk’ where

Wklk ={u, v, v)e W |t <deor T —4e < 7'},

szk ={u, v, tv)eW/, |t <4deor Tkl(r’,v’)—48<r}.

From Lemma 3.12, ® (u, 7/, v') = cong (p(u), (T¥, '), ¥ (v')) € XY, forall (u,7’,v',7,v) € Wklk'
Then Lemma 3.12 is applied again to show that

@y (u, 70, T, v) = cony (Pr(u, T, 0"), (Tkl (v, v). 1), ¥ (v))
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is an element of 20m+2 for every (u,t7’,v’,1,v) € Wkl’k U sz,k' Indeed, we can apply case (i) of
Lemma 3.12 for (u,t/,v’,7,v) € Wklk’ and case (ii) for (u,7’,v',7,v) € szk' As a consequence,
DT figrg o frg () = frg o fig(x)
1 2 2 dR 0
= Wik YWk Phrlwy owz, o (D" s (Grer) = Glwy uwz 1 € Cptavag—on(Emya). O
In the definition of fi ¢ for & € C;R(SS), there is an ambiguity about the choice of p.: A, — [0, 1].
Suppose that we choose another p, and define ag,v and fk/ £ in the same way as o, and fi ¢. Take

an arbitrary chain x € CgR(Efn). Since supp(p; — pe) lies in {(T,7) € Ag | T <4eor T —4e < 1},
Xty Xprp (@e,v —a;,v) is a chain in the subspace

{((Vk)k=1 ..... m» (T» f)) € Efn tlg Xpry As | T<deorT—4e< T}'

From Lemma 3.12, we have

R

fk:f(x) - fk/,é(x) = (Conk)*((x tlg Xprp (as,v _O[e/:,v)) evx Xevo E) € Cg+l+q—n(29n+1)'

Therefore, for a € R, the induced map on the quotient spaces, which is denoted by the same symbol
Jieg: CR (S0, Z0) = C 1y n et S0 1),

is independent of the choice of p.. For this map, the equation

(15) 90 fig— figod=(=DPT figp: CoR (S Zp) = Cot 1y n (S0 Zi 1)

follows from Lemma 3.13, and the equation for k' > k,

(16)  fir+160 feg+ (DT freo firg =0: C;R(Efn’ So) — C;JerJrzq—zn (St Smia)s

follows from Lemma 3.14. When 9§ = 0, (15) implies that f; ¢ is a chain map shifting the degree by
1+q—n.

3.5 [-1,1]- and [-1, 1]>*-modeled de Rham chains

In this section, we introduce two types of variants of de Rham chains. In this paper, they are necessary for
only four kinds of differentiable spaces: X4 , X% x ¥, S, and (M, Py) for a manifold M. Throughout

m/ ’
this section, X stands for one of these differentiable spaces.

3.5.1 [-1,1]-modeled de Rham chains We introduce chains in R x X. We define Py as the set of
tuples (U, ¢, (74, 7—)) such that:
e (U,p) € Prrexx. If X = S;, we additionally require that (idg X evg) o@: U — R x Q is a
submersion. Let us write ¢ = (¢r, ¢x): U - R x X and Uy := (pﬂgl (1) for any subset I C R.
* 74+:Ur., > R>1 xUgy and —: Ur__;, = R<—1 x U1y are diffeomorphisms such that

1 .
=ir_, X¢x|u,_y,-

—1 . —
goor+ :lR21X§0X|U{1}v poT_
Here, ir_, (resp. ir__,) is the inclusion map from R>; (resp. R<—1) to R.

Algebraic & Geometric Topology, Volume 25 (2025)



Toward a topological description of Legendrian contact homology of unit conormal bundles 977

Remark 3.15 When X = S, the condition that (U, ¢) € Prrexs, implies only that the composition of
(idr xevg) op: U — R x Q with prg (resp. pro) is a submersion to R (resp. Q). The condition that
(idr x evg) o ¢ itself is a submersion is necessary to define a fiber product of [—1, 1]-modeled de Rham
chains in the latter subsection.

For (U, ¢, (t4+, 7)) € Px, we define a linear subspace QZ (U, ¢, (t4, 7—)) of QP (U) which consists of
p-forms w on U such that supp @ NU[_y,1] is compact, (t_:l)*a) =1xwl|y,,, and (“H*w=1 Xoly,_y,-
We consider the graded R-vector space

Au(X) = P QIMU=1=*/ o (14, 1_)).
U,9,(t+,7-))€Px

For U = (U, ¢, (t4+,7-)) € Px and w € QE (U, ¢, (14, 72)), let (U, ¢, (t4, 7—), ) denote the element
of A.(X) whose component for V € Py is

w ifV=U,
(U, g, (4. 7). 0)y ={

0 ifV#£U.
We take the linear subspace Z «(X) of A,(X) generated by vectors
V,pom,(04.,0-),w)— (U, @, (14, 7-), mw)
for any submersion 77: V — U such that
(dr., X 7|y, ,) 00+ =14 07, (dr__, X7|y,_,,)00-=1_0T.
We define the quotient vector space
CRX):= Ax(X)/Z+(X),

whose elements we call [—1, 1]-modeled de Rham chains. [U, ¢, (14, ), w] denotes the equivalence
class of (U, ¢, (14, 7_), w). We define a degree —1 linear map 9: CIR(X) — C_’fEl(X) by

AU ¢. (r4. 7). 0] := (=D [U. 9. (24 7). do].
Obviously d 0 d = 0, and we obtain a chain complex (CIR(X), ). Its homology is denoted by HIR(X).
Naturally, there are three chain maps
(17) 1: CR(X) - CRX), [V.y, 0] (DY [R x V,idg x ¥, (idr_, xv, idr__,x1), 1 X 0],

and
18) er: CR(X) > CR(X).  [U,g. (r4. 1) 0] > (D)™ U Uy 0x |y, 0l .

e—: CR(X) - CRX), [U.g. (t4,712), 0] > (D)™ U Uy, oxlu, ;. 0luyy)-
Here, Uy and Uy_y, are oriented so that 74 and 7— preserve orientations. Clearly, ey o7 = e_o1 =

ideer(y). Forioeq andioe, the next result holds.
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Lemma 3.16 ioey and ioe_ are chain homotopic to the identity map idger (xy-

Proof This assertion is essentially proved in [16, Lemma 4.8]. We should note that the result in the
reference is proved for a specific differentiable space %% 1 (a) (a differentiable space of marked Moore
loops in a manifold). However, even for a differentiable space X considered in this section, we can extend

the definition of a chain

K([U.¢. (t4. 1), 0]) = DM R < U6, (74, 72). @) € 4 (X)
forany [U, ¢, (14, 7—), w] € CIR(X), which appears in the proof of [16, Lemma 4.8]. Then K : CIR(X) —
Efil (X) gives a chain homotopy from id@m( xytoroey. The proof for 7 o e_ is completely parallel. O
3.5.2 [-1,1]?-modeled de Rham chains Let us define the smooth map

(R EX X — (R?)Ex X, ((r1,r2), %) > ((r2.71). %).

We often use the coordinate (r1,72) of R? to denote its subsets, for instance R>1 x R = {r; > 1}.
We introduce chains in R? x X. We define Py as the set of tuples (U, ¢, (t}r, ), (Ti, 72)) such that:

* (U ,p) € PRr2yesxx- If X =S¢, we additionally require that (idg2 X evg)og: U — R2 x Q is a sub-
mersion. Let us write ¢ = (((pﬂlg, (pﬂzg), ¢x):U >R?2xX and Up :={ucU | ((pﬂlg(u), (pﬂzg(u)) eD}
for any subset D C R2.

. ri and 7/ for j = 1,2 are diffeomorphisms such that

1\—1 . 2 1\—1 : 2
(/)O(T+) :lel X(‘PRX(PX”U{”:];, (/’O(T—) :lRS_l X(‘PRX(PX”U{”:_]},

25\—1 . 1 25v—1 . 1
togo(ty)™ =iry, X (PR X0x)|Ug,,—yys Lo@o(TD)” =iro_, X (PR X ¢x)|U(,,—_y;-

For (U, ¢, (t_}_, ), (ri, 12)) e Py, we define the linear subspace Q7 (U, ¢, (r}r, th), (‘L’_2+_, 72)) of QP (U)

which consists of p-forms w on U such that supp @ N U1 1]x[-1,1] IS compact and

-1 iN—1 .

((‘L’_Ji_) )*a) =1 Xw|U{rj=l}’ ((Ti) )*a) =1 leU{rj=—1} for j =1,2.
We consider the graded R-vector space
Ax(X) = @ QIMU=2=*, o, (¢}, <L), (z2,72)).
(U.p.(th 7)), ,12))ePy
For U = (U, ¢, (L, 7)), (r2.72)) € Px and 0 € QF (U, ¢, (¢}, 71), (z2.72)), let
(U, o, (ch, ), (z2,72), w)

denote the element of A (X) whose component for V € ﬁX is

w ifV=U,

(U, g, (th.h), (22, 72), 0)y = 0 HV U
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We take the linear subspace Zs (X) of Ay (X) generated by vectors
(V,pom, (ok,0l),(02,02),0) - (U, ¢, (zL,ch), (z2,72), mw)

for any submersion 7 : V' — U such that, for j = 1,2,

(idg ., anV{r,:n)oU—jk =tiom (idr__, X]T|V{rj=—l})oai =tlom.

Now we define the quotient vector space
CRX) = Au(X)/ Z4(X),
whose elements we call [—1, ]]Z-modeled de Rham chains. [U, ¢, (ri, ), (ri, r%),a)] denotes the
equivalence class of (U, ¢, (r}r, rl), (t}r, 72),w). We define a degree —1 linear map 9: é,fR(X) —
6:151()() by
MU, ¢, (zL,ch), (2. 2), 0] := (=D)*F U, o, (z1, 1), (z2, 72), dw).

Obviously d o d = 0, and we obtain a chain complex (63R (X), 0). Its homology is denoted by H IR(X).
Naturally, there are six chain maps
(19) 12 CR(X) — CR(X), el et el e?: CR(X) - CR(X),
defined as follows: 7! and i2 map x = [V, ¥, (14, 7—), w] € CIR(X) to

i'x = (DR x V,idg x ¥, (idr, xv idR__ x¥), (T4, 7). | x @],

i2x = (=D [R x V, 10 (idg X V), (T4, 7). (idr_, xv. idR__, x). | x @],
where T4 : R x Vr_; = Rs1 X (R x Viyy) and T_: R x VR __; — R<—1 x (R x Vj_y;) are determined by

('t (roug)) = (r, (r uy))  for /€ R and (r,u4) € Rsq x Vi,

(', e 2 rus)) = (r, (7' uz)) for ' €R and (r,u—) € Re—g x Vi_y;.
In addition, ei and e/ for j =1,2map y = [U, ¢, (ri, ), (ri, 2),w] € éfR(X) to

ely = D"V U R, (0. 0x)|Ug s (TilU“}XRZl : TE|U“}XRS_1)»CU|U{1}XR],

dimU—1 1 1 1
) m [URX{l}v (‘pR’ (pX)lURx{]}’ (T+|UR21X{1}’ T—|UR§_1><{1})’ w'URx{]}]’

2.

ely = (-1
1., . dim U 2 2 2

e_y .= (—1) m [U{—I}XRv (¢R’ @X)|U{_1}><R, (T+|U{_1}XR21 s T—lU{_l}xRS_l)’ w|U{_1}XR]’
2. dimU—1 1 1 1

e_y = (_1) lm [URX{—I}? ((p]R’ (pX)|U]RX{_|}’ (‘C+|U]Rzlx{_1}’ T—lU]RS,lx{—l})’w|U]R><{—1}]‘

Here, the orientations of Up for D = {r; =1}, {r; = —1} for j =1, 2 are determined so that ‘L'_{_ and 7/
preserve orientations. The signs are chosen so that

(20) e+oei=e+oei, e_oe}r=e+oez, e+oel=e_oe%r, e_oel =e_oe?.

Clearly, ei oi/ =el ol/ = idgar xy for j =1,2. For i/ oei and i/ oe/ for j = 1,2, the next result
holds.
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Lemma 3.17 7/ oe_{_ and i/ oe/ for j = 1,2 are chain homotopic to idédR(X).

Proof We omit the detailed proof and refer to Lemma 3.16. For any x = [U, ¢, (ri, h), (ri, 2), 0] €
CIR(X), let us define diffeomorphisms, for j = 1,2,
%'_{ RxUgp;>13 > R X Rx Up, =13), 7/ R x Up,<—13 > Rt xR X Ugy, =—13)

such that (?_{)_l(rj, (r,u)) = (r, (ri)_l(rj,u)) and (/)7 (rj, (r,u)) = (r, ()~ (rj, u)). Referring
to the proof of [16, Lemma 4.8], we can find @j, fi and @/ for j = 1,2 to define

K'(x):= (DR xU, ¢!, (7L, 7)), 32,72), ],

K2(x) == (DR x U.¢% (71.7)). (12.7%). @7
such that Kj: C,SR(X) — éfRH(X) is a chain homotopy from idaa y to i/ o ei for j = 1,2. The
proof for i/ o e/ is completely parallel. |

3.5.3 Collection of analogies with ordinary de Rham chains As above, X and Y are chosen from the
differentiable spaces £%,, £¢ x £, S, and (M, Pps) for a manifold M. Let f: X — Y be a smooth

map. If ¥ = §,, we require that X m:’ Se¢ and evg o f = evg. Then f induces chain maps

fe: CRX) — CR(Y), [U.¢. (t4.7-), 0] = [U, fop, (14, 7-), 0],

fe: CRX) — CRY), [U,g, (L, h), 3, 2),0] = [U, f o, (x1,1h), (:3,72), 0].
IfX=%2% and Y = Efn for a < b and f is the inclusion map, then we claim that the above maps are
injective. This can be proved in the same way as Lemma 2.7, so we omit the proof. As a consequence,
we can define CIR(Eb 52 ) and CIR(Xb  59)) as quotient complexes.

Next, let (X,Y) = (24, Z"m//) or ({0}, S¢). We identify {0} x S with S;. Then a cross product x X y €
Cgliq(X x Y) is defined for x = [U, ¢, (14, 7-),w] € EgR(X) and y = [V, ¢, (04,0-),n] € (_?;R(Y) by
xxy:= D)MW, G, (T ), 0 x 7).

Here, W := U 4y Xy V is a fiber product over R and ¢, T4 and 7_ are determined by
g:W—>Rx(XxY), () (grW), px W), ¥y (v)),
T (u,v) = (r, (ug.vy))  for (u,v) = ((t4) ' (rug), (04) ' (r,v4)) € Wro,.
T_(u,v) =(r,(u—,v-)) for (u,v)= ((r_)_l(r, u_),(c_)"Yrv)) e WrR__,.

Similarly, a cross product x x y € églj_q (X x7Y) is defined for x = [U, ¢, (f_}_, Tl), (Ti, TE)’ w] € Q?R(X)

and y = [V, ¥ (01 .01), (02,02).n] € CIR(Y) by
xxy = (=DPMw. g, 7., (1.72), 0 x ).

Here W .= U((pﬂg,(pﬁ) X(yk W) V is a fiber product over RZ and &, %’_{ and 7/ for j =1, 2 are determined by

| FW > Rox (X xY). (1,0) > (R (o), x (). Y7 (0),
L) = (. (ugv4) for (u.v) = (€))7 (o). (6]) 7 (o v4) € Wy 2y,
T, v)=(r,(u_,v_)) for (u,v)= ()" r,u_), (¢2) " (r,v_)) € Wi =—1y-

Algebraic & Geometric Topology, Volume 25 (2025)



Toward a topological description of Legendrian contact homology of unit conormal bundles 981

The next result is analogous to Propositions 3.7 and 3.9. It follows immediately from the fact that
(e1)s: HR(X) — HIR(X) is an isomorphism (see Lemma 3.16).

Proposition 3.18 Let a,b € R witha <b and ¢ € (0, gy/C] for the constant C of Lemma 3.8. Then
the following hold:

o If %,y(K)NJa,b]l =@, then HR(Zb x2)=0.
e Forany x € HIR(S,),

(evo)x 0 (e4)x(x) =0 € HIX(N,) = (ie,ce)x(x) =0€ HIX(Sce).

3.5.4 Operations on [—1, 1]- and [—1, 1]>-modeled de Rham chains In the rest of this section, let
us define operators corresponding to fi ¢. We prefer to refer to the explicit description (13) of fi £(x)
rather than its original definition using fiber products of chains. Let & € (0, £9/(5Cp)] and pg: A¢ — [0, 1]
be the C*° function we have chosen in the beginning of Section 3.4

Fork=1,...,mand £ € E;R(Sg), we define a linear map
Jeg CGRER) = CR g (E050D
as follows: Let

X = [U’ v, (T+’ T—)v a)] € (_ng(Eam)v g = [V? W’ (U+’ O—)’ 77] € E;R(S&‘),

and
o) = (pr (W), ez () = (pr (W), (v} : [0, T}'] = Q)i=1,...m) € R X X},

Y (v) = (Yr(V), ¥s(©) = Yr(V), (07)i=1,2) ER X S¢
for every u € U and v € V. Then we define f;c,g(x) = (=1D)S[W, P, (T+,7-), k], where
Wi i={(u,t,v) eUXxRxV |2e <1 < T =2¢ (pr (1), ¥ (1)) = (Yr (1), 07 (0))},
Op: Wi > Rx Zots, (u,7,0) > (9r (W), cong (9x (), (T, 1), Y5 (v))),
e €QWe),  Cr)u,zw) = pe(TE. 7)) - (wu X 1y),
s:=(p+1=n)nl+n+1,

2n

and

"E‘i‘(u’ T, U) = (r’ (u'i‘v T, U+)) €Rx (Wk){r=1}
for (u,t,v) = (r;l(r, Uy), T, 0;1(;’, v+)) € (Wk)r>1y, and
T—(u,7,v) = (r,(u—,7,v-)) € Rx (Wg)r=—1

for (u,7,v) = (t=Y(r,u_), r,0=-1(r,v)) € (Wk){r<—1y- Here, Wy is oriented as a fiber product over
R x Q of the map

{(u, 1) eUxR |26 <t <T =26} >RxQ, (u,1) (pr(u), y¢ (1)),
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and the submersion (idg X evg) o : V — R x Q. It can be checked that 7 and e, e— intertwine this
operator and fi ¢ for & € C;R(Sg). Namely,

To fig = feg ol €+0 fig=fre ot €0 fig=Jio goe—
Similar results as for fi ¢ are the following: fk i induces a linear map
fkg R (Eh T — CF *+14q— (ot S,
which is independent of p,. The next equations are variants of (15) and (16), and they follow from similar
computations as Lemmas 3.13 and 3.14, so we omit the proof.
Proposition 3.19 For k' >k,
00 frg= Fegod =D f e G (20, T) = Colt g (50K T,
- ~d 0 2 0
fk’—}-l gofk £ + (=11 nfk £ ofk/ E= =0:C R(Ea O p+2+2q—2n(27n—:-28’ ) +2)

Next, fork =1,...,m and S € édR(SS) we define a linear map

f CdR(Z ) — C*+1+q—n (Eﬁjfl)
as follows: Let
x=[U.g. (}.1h). (13.22).0] e CR(3%). & =[V.¥.(0}.0L). (02.02).n] € CIR(S,).

and

o) = (pr2 (), 9z () = ((pg (). o ). (7' : [0. T}'] = Q)i=1,...m) € R? x Tf.

Y () = (Yr2(v), Y5 (v)) = (Y V), Y (v)), (06})i=1,2) €R* x S,
for every u € U and v € V. Then we define fAk,g(x) = (=1)5[Wg, Dy, ("f JTh), (r+, 72), £k ], where

Wi i={(u,t,v) e UXxRxV |26 <1 < T =26, (pr2(u), y¢ () = (Yr2(u), 07 (0))},

Op: Wi > R*x Zote. (u,7,0) > (pa (), cong (px (), (T}, 1), Y5 (1)),
Gk € W), CR)uzv) = Pe(Ti . T) - (@u X 10),

=(p+1-n)nl,
and, for j = 1,2,

(.7, v) = (rj. (. 7. v])) € Ry x (W) gy =1
for (u, 7, v) = (1) (rj. wl). 7. (0))F (. v})) € W), =13 and
T, Tv) o= (. (ul, 7, v))) € Rey x (Wi g, ——13

for (u, 7, v) = ((¢/)7! (ry, ul), z, (aj)jl(rj, vl))e (W) (r; <—13- Here, Wy is oriented as a fiber product
over R? x Q of the map

{(u, t)eUxR|28<r<T,;‘—28}—>R2xQ’(u 7) = (pr2(u), )/,’C‘(r))

and the submersion (idg2 x evg) oy : V — R2 x Q. It can be checked that 7/ and e and e/ for j =1,2
intertwine this operator and fk i foré e C dR(Ss)
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Similar results as for fi ¢ are the following: fAk z induces a linear map
fkg CdR(Za Sm) = C*+1+q n(zfn—'—_i—gl’ = m+1)>
which is independent of p.. The next equations are variants of (15) and (16), and they follow from similar
computations as Lemmas 3.13 and 3.14, so we omit the proof.
Proposition 3.20 For k' > k,
do frg fksoa = (=7 nfk 9E CdR(Ea Zo) = Cot i g (ot S
Jopgofi gt DT fk,§° fk/,g = 0: CoR (S5, Z) = Cl sy agmon (St Tnia)-

4 Construction of H:"™(0, K)

4.1 Definition of chain complex

Fora e R~¢ and ¢ € (0,2¢/(5Cp)], we define the graded R-vector space

o0
Ce) =P CR ) (Za™e 20,

m=0
If m > 2a/ep, then a + me < m( g0+ 8) < meg. In this case, Z‘H'me EO by Remark 3.1. Therefore,

the component for m € Z>¢ vanishes if m > 2a/ey.

For each m € Z>¢, we think of C e (d— 2)(23“+""8 39) as a linear subspace of C;~%(¢) in a natural
way. For § € C; dR 7 (Se), we define a degree —1 linear map

Ds: CZe) > €% (e)

such that, for x € C Sm(d— 2)(2”"""8, %),

Ds(x)=0dx+ Y _(=DPTIHR o o(x) € 4 ().
k=1

When m = 0, the right-hand side is just equal to dx.
Proposition 4.1 If§ € C}‘:Ed (S¢) satisfies 6 = 0, then Dg o Dg = 0.

Proof Take an arbitrary x € C S m(d— 2)(2“"""8, 39). Since 403 =0

DsoDs(x) =Y ((=DPT1H K90 fi s(x) + (=P fi 5 0 9(x))

k=1 m+1 m

+2 Z(_l)(“k/)d_lfkcs o fi,5(x).

k'=1k=1
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Applying (15) for ¢ = n —d and & = 6§ for which 96 = 0, we can see that the first summand is equal to 0.
For the second summand, we apply (16) for¢g =n —d and £ = §. Then

m+1 m

SN () EHRIEL o frs(x)

k'=1k=1 , B N
= Y (DEFEDEL G s fs () + (=DEFITLE o fio 5 (x))
1<k<k/<m
=0.
This shows that Dg o Dg(x) = 0. |

In summary, fora € R~g, e € (0, e9/(5Cp)] and § € C;:Ed (S¢) with 9§ =0, a chain complex (C~%(¢), Dg)
is defined. Let H%(e,§) denote its homology.

The chain complex (C~“(¢), D) is filtered by subcomplexes {F; % },ez defined by

@) 50 := @) O (THm T

m>—p
Let E é‘g) : ({( “8))1) q) {(af((S 3)) D, q}) be the spectral sequence determined by {9?<“ }pez. Note that
Fo = 0for p < —2a/eo and F;9, = F§ for p > 0, and thus this spectral sequence converges to
H *<“ (e, 8) in the sense of [21, Bounded Convergence 5.2.5]. The first page is given by

dR + _ dR + :
(E o) {H(q my-m(d—2) Em " ) = HGZ g (B 2 ifm 20,
& _mq
0

Let us state an abstract lemma about morphisms in the category of spectral sequences. This result, which

if m <O.

is a refinement of [21, Comparison Theorem 5.2.12], will be repeatedly used in the rest of this paper.

Lemmad.2 LetE = ({E, ,},{d} ,}) and E' = ({E .}, {d,,}) be bounded spectral sequences which
converge to Hy and H,, respectively, in the sense of [21, Bounded Convergence 5.2.5]. Let f = {f, ,}

be a morphism from E to E" which is compatible with {h, : H, — H, },cz. Then the following assertion
holds:

e Suppose that, for some ro > 1 and ngy € Z, fprf(’] is an isomorphism if p +q < ny, and a surjection if
p +q =ng. Then hy, is an isomorphism if n < ng and a surjection if n = ng. In particular, if fpr,%
is an isomorphism for every p,q € 7Z for some ro > 1, then hy, is an isomorphism for every n € 7.

Proof Suppose that { f, ,} satisfy the condition of the assertion for ro > 1 and ng € Z. Note that, for
any r > 1 and p,q € Z,

frJrl Er+1~Kerdrq/Im E’r+1"‘Kerd/rq/Im D rg—r+1

p+r,g—r—+1
is induced by { f ,}p,q- Therefore, by inductive arguments about { f, ,} onr =ro,ro +1,..., we can
prove that /0 Ep% — E;’O,S is an isomorphism if p 4+ g < ng, and a surjection if p + g = ng. We omit
the concluding argument about /4, since it is parallel to [21, Comparison Theorem 5.2.12]. O
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Fore, & € (0,80/(5Co)] with e <&, let jg z: Efn"'ms — Efn"'mg for m € Z > be the inclusion maps. These
maps induce a linear map
(Jed)x: C%(e) = CT(E).

For any § € Cde (Se) with 38 = 0, (jg,g)« is a chain map from (C.~(e), Dg) to (C54(8). Dy, ;),s) and
preserves the filtrations {F »ipez and {FZ p}pez.
Lemma 4.3 Suppose that a € R~ \ £(K). Then the induced map on homology
(ed)s: H(e.8) > HI(E, (ie5)0)
is an isomorphism if £ satisfies [a,a + (2a/g9)e] N L(K) =
Proof If m>2a/eg, then B41Me = 2a+me — 530 [f) <m <2a/eo, then [a+me,a+mE]NL(K) =

from the condition on &. Thus, Proposition 3.7 is applied to show that HIR(Z&+tmé wat+mey — ( for all
m € Z>o. Therefore, the induced map on the (—m, g)-term for m > 0 of the first page

dR 0 1 drR § ¥0
Gedw: (B mg = HySma—n ™ Zin) = (EGl, 0.5 ma = HySma—n En ™ Zn)
is an isomorphism. Now the assertion follows from Lemma 4.2. a
As we have seen in Example 2.6, HIR(N; %) =~ H Lfl (Ng; R). Therefore, we can determine a unique homol-

ogy class Th, € HY?E d (N;°®) which corresponds to the Thom class of (T K )= through the diffeomorphism
{(x,v) € (TK)* | v <&} — Ng, (x,v) > exp, v

The above lemma leads us to define a set of data (e, §) as follows.
Definition 4.4 Let C > 1 be the constant of Lemma 3.8. We define J, for every a € R>o \ Z(K) to be
the set of pairs (g, 8) of € € (0,9/(5C*)] and § € C}fEd (S¢) such that:
@) [a,a+ (2a/s0)el NL(K) = @ for € := C3s.
(b) 38 =0 and (evo)«[§] = Th, € HI® (N;®).
Leta,b € R.g witha < b. For e € (0,e0/(5Cp)] and 6 € C;?Ed (Sg) with 96 = 0, there exists a chain

map (18?4 from (CS%(e), Dg) to (C=b(¢), Dg) induced by inclusion maps 180 yatme _, ybtme
for all m € Z>o. We define the quotient complex

’b .
(€7 (e) 1= €1 (0)/ CF(0). Dy).
Let H ,,[fl’b) (g, 8) denote its homology. Obviously, there exists a long exact sequence

(1“”>*
(23) S HEe,8) YL g<b(e,8) > HIP (6,8) > HZA (e, 8) L2

The next result is a trivial computation from the spectral sequence.
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Proposition 4.5 Fora,b € R\ £(K) witha < b and (¢g,8) € T, N Ty, the following hold:
e If[a,b]NL(K) = @, then HI*? (¢, 8) = 0.
o If there exist ¢ € £(K) and mo € Z>1 such that [a,b] N £n(K) = {c} if m = mo and
[a,b] N ¥, (K) = @ otherwise, then

,b
H (e, 8) = HR,, 10 (55,.58,).

mo’

Proof Let F ([Z’f)) be the spectral sequence determined by a filtration {%:2’1/ Fomimez- We apply

Proposition 3.7 to the first page. For the first case, (£ ([Z,f))) 11,, q =0 forevery p,q € Z, so the assertion
is trivial. For the second case, (£ ([i’;’))) 11)’ g = 0 for every p # —my, so all differentials are the zero map.
Therefore, Htga’b)(s, 0) = (E ([Z;;b)) l_mo,q +m, and the assertion follows from

e moqtmo = Hy mg(a—2 S ™ St ™) = HR ) (g Siny)
Here, the last isomorphism comes from Proposition 3.7. O

4.2 Variants from [—1, 1]- and [—1, 1]?>-modeled de Rham chains

In Section 3.5, we introduced [—1, 1]-modeled and [—1, 1]>-modeled de Rham chains. In this section, we
define chain complexes as in Section 4.1 by using these types of chains. Their constructions and some
computations are parallel to the former section, so we often omit proofs.

First, we deal with [—1, 1]-modeled chains. For a € R~ and ¢ € (0, &9/ (5Cp)], we consider the graded

R-vector space 0o

E:a (e) 1= @ 5fEm(d_2)(Efn+m8, 221)

m=0

For § € Elffd (S¢), we define a degree —1 map 58: Cr%e) — 6:_"1 (e) by

m
Dg(x) :=dx + Y _(~)PTHEf o(x)
k=1
for x € églim(d_z)(an"'ms, 2%).
Proposition 4.6 If § € CR (S,) satisfies 0§ = 0, then Do Dz = 0.
This is analogous to Proposition 4.1 and can be deduced from the two equations of Proposition 3.19.
From this proposition, for § € Cff 4 (Se) with 98 = 0, we obtain a chain complex (C=%e), D 5)- Let
H:%(, §) denote its homology.

Let us consider a relation to the chain complex defined in Section 4.1. The linear maps (18) for X = $4me
eq,e—: CR(zatmey , cIR(2ATME)  for m € Zsg

naturally induce linear maps
ee 4.0 C7(e) > CJ(e),

and these are chain maps from (C,~%(e), 55) to (C;4%(e), De+(§) and (C%(e), D, 5), respectively.
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We define a filtration {"_}:‘IJ, }pez by

Fa = @ CiR nd—2) (T e 20,

mz—p

Let E (<”8) be the spectral sequence determined by this filtration.

Lemma 4.7 e.  and e. _ are quasi-isomorphisms.

Proof We prove this assertion for only e, 4. The proof for e, _ is parallel. Since e, 4 preserves filtrations

{F S pez and {FZ G} pez, this induces a map on the first page (eg,+)x: (E(<a8))l’ 4 (f:ae 8))1”‘1' For
p = —m <0, this coincides with

(e+)* q m(d 1)(Ea+me EO ) — HdRm(d 1)(Ea+m8’ E?,l)
From Lemma 3.16, this map is an isomorphism. Now the assertion follows from Lemma 4.2. m]

For &, € (0, 80/(5Co)] with & < &, the linear map (jz 2)+: Cy% () — C,~%(£), induced by the inclusion
maps jzg: D4TME — REHME for all m € Z>o, is a chain map from (C~%(8), Dj) to (C79(2), 5(1.5 .8)-
Lemma 4.8 Suppose that a € R~ \ £(K). Then the induced map on homology

(ap)w: HYE,8) = HI(E, (i5)+0)
is an isomorphism if € satisfies [a,a + (2a/g9)e] N L(K) =

Proof The proof is parallel to that of Lemma 4.3. The chain map (jzz)« preserves the filtrations
{93“’ }pez and {9?5“ }pez. This induces an isomorphism on the first page since, for every m € Zx,

H*(E?n+m8, E?ﬂ-ﬁ-mS) =0

by Proposition 3.18. Now the assertion follows from Lemma 4.2. |
The above lemma leads us to the following definition.

Definition 4.9 Let C > 1 be the constant of Lemma 3.8. We define 7, for a € Rxg \ £(K) to be the set
of pairs (&,8) of & € (0, £0/(5C3)] and § € Cde(S ) such that:

@) [a.a+ (2a/e0)el NL(K) = @ for & := C2.
(b) 08 =0 and (evo)«[e+8] = Ths € H® (N;).

Next, we deal with [—1, 1]?-modeled chains. For a € R~ and ¢ € (0, g9/ (5Cp)], we consider the graded

R-vector space
o0

CEe) = D O a—a (S0 200
m=0
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For§ e é:Ed (S¢), we define a degree —1 map ﬁg: @f“ (e) > éf_“l (e) by

ﬁg(x) = 0x + Z(—l)””Ldefk,g(X)
k=1

for x € CR

p—m(d—2) (Efn—i_ms’ z:i)n)

Proposition 4.10 If § € CR (S,) satisfies 38 = 0, then D 0 Ds = 0.

This is analogous to Proposition 4.1 and can be deduced from the two equations of Proposition 3.20.
From thiAs proposition, for § € 6};’5 4(Se) with 98 = 0, we obtain a chain complex (6:‘1 (e), ﬁg). Let
H%(e, §) denote its homology.

Let us consider a relation to the chain complex defined by [—1, 1]-modeled de Rham chains. For j = 1,2,
the linear maps of (19) for X = Xa+m¢,

e_ji_,ei: éfR(Efn+m8) — CIR(xa+F™me)  for m € Z>o,

naturally induce linear maps '
J i . A<a ~<a
el el _:CIe) > CF%e),

and these are chain maps from (€59 (¢), ﬁg) to (C-%(e), 58_,- 3) and (C=4(e), Ee /§)» Tespectively.
+ =

j, 4 and eé,_ for j = 1,2 are quasi-isomorphisms.

Lemma 4.11 e;

Proof The proof is parallel to that of Lemma 4.7. This time, we use the spectral sequence determined by
a filtration {@g pipez, which is defined by

o . ~dR 0
%?,p = @ C*—m(d—z)(zg{'_msvzm)'

mz=—p

Then eg,+ and e;gj,_ for j = 1,2 preserve the filtrations {@?,p}pez and {Oﬁfa”p}pez. By Lemma 3.17, they
induce an isomorphism on the first page. Now the assertion follows from Lemma 4.2. a

4.3 The limit of ¢ — 0
In this section, we define a transition map
ke 5).e.8): Hi (61,8 — H (e, 8)
for every a € Roo \ £(K) and (¢, 8), (¢,8') € T, with & < ¢, by using (&, §) € T, satisfying
(24) e<E  e18=C(ica)x8, €-8=(isp)sb.

In fact, k(¢ 57, (¢,8) i an isomorphism. We also prove that ({Hf“ (8,0)}(e,8)eT, {k(g/’,g/),(s,g)}g/gg) forms
an inverse system.

4.3.1 Construction of transition maps Let us first prove the existence of the above (g, 5).
Lemma 4.12 For (¢, 68), (¢/,8) € T, with &' < ¢, there exists (£, 8) € T, satisfying (24).

Algebraic & Geometric Topology, Volume 25 (2025)



Toward a topological description of Legendrian contact homology of unit conormal bundles 989

Proof Letus take &:= Ce for the constant C in Lemma 3.8, and rewrite 84 := (i¢,z)«6 and 6— := (ig z) 6’

for short. Since
(e0)«[8 — (ie7,6)x8'] = The — (ier,6)« Ther = 0 € Hy~ ; (Ne),
Proposition 3.9 shows that there exists 6 € C:E d+1(Sz) such that
90 = (ig,z) (8 — (is’,e)*gl) =684 —6-.
Let k: R — [0, 1] be a C*° function such that k(r) = 1 if | <r and k(r) = 0 if r < —1. We take chains
B+, B— € CgR({O}) defined by

B+ = [R,idR, (idgr_,.idr__,).«]. B-:=[R,idR, (dr.,.idr__,). 1 —«].
Now we define § by
§:= B4 X (184) + B— x (18-) + (3B+) x (16) € Ci® ;(Se).
This satisfies condition (24). Moreover, 38 = 0 and (evg)«[e+8] = (evo)«[8+] = Thz. Now it is clear that

(8,8) = (Ce, §) satisfies the two conditions to be an element of T . |

From Lemmas 4.3 and 4.7, we can define isomorphisms
f(g,g)’+ = (J's,é)ll o(ez+)x: HZ9, g) — H%(e,9),
Jedy— = Uerd)i oles—)s: HE(E8) > HI(8)

such that the following diagrams commute:

— - fg 5 — = fg_’ —

HZ9E,5) —0F , g=a(e, ) HZ9GE,8) —E07, g=ae, §)
(%,-;—)*l l(.f&,é)* (65.—)*1 l(ja/.a)*
HZ%(E, e4.8) == HZ(E, (ie.5)0) HI%E, e_8) == HZE, (igr.5)+8")

We define an isomorphism
ki) = Tes) . © (f(gj),_)_13 HZ(,8) — H %, 8).

Later, we will prove the independence on (&, S) (Corollary 4.16), and this is the transition map K/ 5),(¢,5)
we need.

Lemma 4.13 When (¢/,8') = (&, ) € T4, we may take (¢,18) € T, as an element satisfying (24). In
this case, we have

k(eis) = idgzae.s)-
Proof To prove this assertion, let us introduce a chain map 7, from (C~%(g), D) to (C=%(g), Di5)
induced by 7: CdEm( d—2)(Zt"e) — CR »a+me) (see (17)) for all m € Zsq. This satisfies

*

m(d—2)(
€e,+ 0l = idcza(g) = €g,— 0lg, and thus

(25) (eet)x = (e)y " = (e, )w: HS(e.18) > H%(e.6).

Therefore, k(e i5) = (€6, 4)% © (€6,— )5 = idp=a(es)- ]
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4.3.2 Compositions Next, we think about compositions of maps in the set {k(é3 8)}(3 5)ed, For
(e,6),(¢',8),(e",8") € T4 with &’ < &' < ¢, suppose that we have chosen (¢, ), (¢/,8), (€, 8) Ta
satisfying _ _ _

e85 =(ieg)b, €38 = (iw)e8,  erd = (ipp)sb,

e_8 = (ig2)x8, e_8 = (ienz)8", e—8= (i 5)sb".

In this situation, let us first prove the following lemma.

Lemma 4.14 There exists € € (0, e9/(5Cy)] and §e ér?Ed (S%) such that 38 = 0 and
el 8= (izgp)x8, €l 8= (ig )8, €28="C(is)s8, €28 ="(ipr2)«(i8").

Proof Let us take p := C - max{&, &,&}, & := Cp and rewrite §, := (ig,p)*g and §_ := (iz_p)«6’ for
short. Since
(ev0)x 0 (e)x[(iz,c—1)x8 — (izr,c-1,)+8"] = (iz,c-1 ) (Thg) — (iz c—1 )+ (Thg) = 0 € HF(Ng-1,),

d+1(SP) such that 86, = S+—(§_. We define k1 : RxR —
[0,1], (r1,72) — k(r1), where « is the function that appeared in the proof of Lemma 4.12. Then we take
chains B84, B € GSR({O}) defined by

BL =[R2 idg2, (r},7h), (¢2,72),%], BL:=[R?idge, (zL, 7)), (z2,72), 1 —R],
where ‘L’_{_ =1d{;,;>1} and ) = idg,; <13 for j = 1,2. We define
£:= BL x (1184) + BL x G16-) + (9BL) x (11 (61 —Te—61)) € CR (S)).
This chain satisfies 3¢ = 0 (note that e_(36,) = e_8, —e_5_ = 0). Moreover,
ehE = (izp)e8, €l&=(ig,p)x8. €2 = (ier,p)x(T8")

hold. The former two equations are easy to check. The third equation can be checked as follows: since

e2oil =7oe_, we have €2 (' (6; —ie_61)) = 0 and thus

e2E = (€2 1) x (1((ier,p)+8")) + (€2 L) x (1((ier,p)x8")) = (ier,p)(8").

Let us write § := eié € E;SE 4(Sp) and consider the difference of chains § — (i, p)*g . We claim that there
exists 05 € C, CRR Sz) such that

Proposition 3.18 shows that there exists 6, € C

“d+1(
(26) 00, = (ip2)«8 — (iz2)«8. e4br=e_6,=0
We prove this claim. Since ey o e_2|_ =e4qo0 ei and e_o ei =e;oel, wehave
(e4)x18 = (i2,p)+8] = (e 0 e} )x[E] = (ie,p)s[8] =0 € HJE,(S)).
()48 — (iz,0)x8] = (e 0 €L)u[E] = (ier,p)4[8'] = 0 € H.Z (Sp).
From Lemma 3.16, there exists 9_5 € (_T’fEdH (S,) such that 8@5 =§—(iz,p)0 and d(e4 92) = 8(e_é£) =0.

Since (evo)*[e+9_§] and (evo)*[e_éé] are contained in H::E d+1{Np) = {0}, Proposition 3.18 shows that
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there exist ¢4, p_ € C,‘:RdJrz(Sg) such that dp4 = (ip,g)*(e+§£) and dp_ = (ip,g)*(e_éé). Then, by

using B4+ and B_ in the proof of Lemma 4.12, we define
s = ip 603 — 3By X Tg4) — D(B— x 1) € TRy (S2).
and this chain satisfies (26).
We take ©2: R? — [0, 1], (r1,72) — k(r2), and
B2 :=[R?,idg2, (r}, 7)), (z2,72), 2% € CR({0}).
Finally, we define a chain
8= (ip2)+E — (B2 xi20,) € CR ,(Sp).

This satisfies 38 = 0 and the required four equations. a
Lemma 4.14 is applied to prove the next proposition.
Proposition 4.15 k(E 5) © k(é, 5y = k(g 5): HZ%(&",8") — HZ%(e, 0).

Proof Let (¢, §) be the pair of Lemma 4.14. From Lemmas 4.8 and 4.11, we can define isomorphisms

f(la)_’_ (]88)* O(€A+)* H<a(8 8)—>H<a(g 8)
[rs =gy o(ei )x: HZ%3,8) — HZ4(@E. 8,
(&,8),— )

f(i8)+ (Jzz *10(652,+)*:ﬁ:a(gyg)%ﬁ:a(é,g).

From the definitions of k(é’ 5) k(é,’ 5 and k(g’g), it suffices to show that the following diagram commutes:

HE%(E,5)

H<a (8// 8//)
* ’

HZ4@.8)

Note that all maps appearing in the diagram are isomorphisms. We need to prove the three equations
CH RN W WL
@7 f(é,S),—of(g,a“),Jr = J@s).+° f( )
fed—°Ses e = Tein-Ts
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Let us prove the first equation. Returning to the definition of f(g,g)’ 4 and f( B

S0 feg.s = Ued)t o (ea)no (e o (ef )
= (Jed)x o (eg 00} )
(.]8 8)* 0 (es + o€z +)*

= (]8,5)* o(ez,+)x0 (]E,?)* ° (e" +)*

- f(é,g),—i- f( 8),+"
Here, the second and fourth equalities follow from the obvious equations

(Jza)x o (ez+)x = (eg1)x 0 (Jza)x  (Jza)x 0 (€g4+)x = (€54 )% © (Jz,2)*-

The third equality follows from

which comes from the relation ey o e}r =e4o0 e%r of (20). The second equation of (27) can be proved
similarly by applying

€g— 06z = €+° eél‘,_’
which comes from the relation e_ o e2 T =eqo0 el of (20). To prove the third equation of (27), there is
one nontrivial matter: we need to apply

(ea_oeA+)* = (es_oeA Ye: HZ4(3,8) > HZA(E, (igr 2)x68"),

which does not follow from (20) directly. To check this equation, we consider the following diagram
including H; 9 (&, (igr 2)«(18")):

A~ ~ A (es‘l‘._l'_)* TF< ~ . ~
H:a(g,g) H*a(‘gv (lg,g *8)
(Eé_)* ﬁ:a (:9\, (Z.S//’g)*(l_g//)) (eg,_)*
€z +)x
(33,—)*
g<a(p (; 1% (eg,—)« <a~ g» 1
HZ4(E, (i 5)+8") HZ (e (igr2)x0")
Then
ez_o0e;, =es 02, e;_oel =e;_oel_

follow directly from the relations e_oe} =e; oe? and e_oel

by 8%, equation (25) shows that

= e_oe? of (20). If we rewrite (igr 3)«8”

(ea.1)x = (ep)w: HI(2.78%) — HI(2.6%).
From the above diagram, we get (ez _)« © (eg1 +)* = (eg_)xo0 (e81 ) O
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Corollary 4.16 For (¢,8), (¢/,8") € T, with &’ < ¢, the isomorphism

kis:HI,8)— HI% (e, 8)

E8)
does not depend on the choice of (¢,8) € T, satistying (24).

Proof Let (£,8) and (7, g) be two arbitrary choices from T, satisfying (24). We apply Proposition 4.15
to the case where (¢”,8”) = (¢, §') and (¢, 8') = (¢/,78'). By Lemma 4.13, k(e 157y is equal to the identity
map on H%(¢',§), so we get

k(g,g) o idHf“(e’,S’) = k(gj)- O

From this result, we may rewrite kg 5 HZ(e,68') — HI%e,8) as k¢ 5),(e.5)- The equations of
Lemma 4.13 and Proposition 4.15 can be rewritten as

k(8,8),(8,5) = idHf“(E,(S)’ k(s/,g/)’(s,(g) o k(s”,&”),(e’,S’) = k(s”,5”),(8,5)'

Now, T, becomes a directed set by the relation (¢/,8’) < (g, §) if and only if &’ < &. Then we obtain an
inverse system
({HI(E, )} e.8)eT 0 ther 87).(e.8) Yer<e)
and its inverse limit
HI(Q,K) = lim H (e, )

e—0

is defined.

4.3.3 Spectral sequence Lastly, we extend the above work to spectral sequences. For (¢, §), (¢/,8') €T,

with &’ < &, we take (8, 8) € T, satisfying (24). Chain maps (Je,5)x» €z, ez,— and (jg )« induce a zig
zag of morphisms of spectral sequences

(]a E)* <a (ez_)+ =<a (ez,4+ )+ <a (]8 )
(28) EG sy == EGli )us) @5 Elien)ed) < EGsy

All of them are isomorphisms. Let k(¢ 51 (¢,6): E é,“ 5y~ E(<“8) denote the composition of these maps.
(The independence on (g, §) can be proved in the same way as Corollary 4.16.)

Proposition 4.17 There exists a spectral sequence E<* = ({(E~“ Vpgh W(d=) 4 }) which converges
to H:%(Q, K) in the sense of [21, Bounded Convergence 5.2.5] such that
dR 0y
(E<a)! H m(d— 1)(2“ ) ifm>0,
- 0 if m<0
Proof On the first page, the middle two maps of (28) have the form

(e4)+ + (e-)x
Hyp pa—1)(B5P5 20 ) <= Hyy pa—1y (39,7550 ) — Hyy pa—1) (4,75, 22 ).

Since (e—)x = (1);! = (e4)«, this composition is equal to the identity map. Therefore, k(. /) (¢,5) 15

equal to (je,e)x: Hyy pa— 1)(2 , _p) — Hyy pa— 1)(E_pp »0 p) on the (p, g)-term with p <0
of the first page.
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By {k(e,67).(c.,8) b’ <e» We define (E=¢)7 = lim O(E(e 8))p,q‘ Moreover,

—&—>
(@™  (E=pq = (E=) s g1
is defined to be the map induced by {(d(:%))p,q}(e’g)ega. Then the (p, ¢)-term of the first page is given
by
(E=D)pg = lim Hyy pa—1)(B2,7°. 82 ) = Hyy pa—1)(32,. 22 )

&—0
for p <0and (E <‘7‘)11,_(1 = 0 for p > 0. Since {k( 57,(¢,8) e’ <e consists of isomorphisms, it is clear that

E=? is a spectral sequence which converges to H-%(Q, K). m|

4.4 Definition of H:"™(Q, K)

In this section, we define 1%?: H=%(Q, K) - H=b(Q, K) fora,b € R~¢ \ $(K) witha < b to get a
direct system ({H:“(Q, K)}aeR- o\ 2(K) {I“’b}aSb). After defining H,‘Zmng(Q, K) as its direct limit,

we will give a structure of a unital graded R-algebra.

4.4.1 The limit of a — oo Let a and b be the above real numbers. For any (g,8) € T, N Ty, we have
considered in Section 4.1 a linear map

(I&P) o HZ(e,8) — H (e, 6),
which is induced by the inclusion maps 7 : patme _ ybame for allm € Zs.

Lemma 4.18 Suppose that (£,8) € T, N T, satisties (24) for (¢,8), (¢',8) € Ta N T, with &’ < &. Then

the following diagram commutes:

H= (.8 Y% H=b(e.s)

ker . ce. S)T Tk(s/ 5).(e.8)
a h)
HZ%(, 8 —> HZb(, 8

Proof Iga’b induces a linear map (Iga’b)*: HI%E,8) — HZP(E,6). It suffices to show that
by g<acz 3
IEP)w0 fig gyt = Fiegya 0 UED)e: HEE.8) > H(6.9),
b by . F<a(=
U300 fe gy = Sady— 0 U )w: HIUE.8) — HI (8.
Let us check the first equation. Since jg z o If’b = Ig’b 0 je5: DAFME E,’;{"mg,
EP)x0 fig )4 = TEP)w0 Ged)y ' o (e,4)
= (je)z ' 0 (If")x 0 (€5, 4)x
= (Je)s "0 (e ) 0 (IE0)s
,b
= J@h+° (157
The second equation can be proved by replacing ¢ and + in the above computation by ¢’ and —. |

Algebraic & Geometric Topology, Volume 25 (2025)



Toward a topological description of Legendrian contact homology of unit conormal bundles 995

This lemma implies that, after taking the limits of (&,8) € T, N T} as ¢ — 0, we get a linear map
10 = lim (I&%).: HF(Q. K) > HFP (0. K).
e—0
Furthermore, for b > a and (¢, §), (¢/,8') € T4 N Ty, with & < &, k(x5 (e.5) induces an isomorphism
from H,.Ea’b) (¢,8) to Hla’b)(s, 8). Thus, we can also define
HEP (0, K) = lim HY (s, 8).
e—>0

Note that a long exact sequence

,b 1
Q9) e HINQ.K) S HENQK) > HEP (0, K) > HE (0. K) 1
is induced by (23).

From the direct system ({Hf“(Q, K)}aeR- o\ 2(K) {Ia’b}agb), we finally define a graded R-vector
space
HY™ (0, K) = lim H(Q, K).

a—o0

4.4.2 Product structure Let us see that H ,‘:mng(Q, K) has the structure of a unital associative graded
R-algebra. For any a,a’ € R>o U {oo}, m,m’ € Z>¢p and ¢ € (0, %80], there is a map

’ +a')+(m+
I Sgmexsam'e s @ratmeme - (ymrme ODimtm) > (Vs ooy Vs Vi oo Vi)

When m = 0 or m’ = 0, 1 is identified with the identity map. We define a linear map

(30) Cre)®C; " () > Cfd(e), x®@yr>xwy,

such that, for x € C (2atme 530)and y € Cq R o (d— 2)(2‘1 "+m'e , 20,

—m(d—2)
xxy=(=1)",(x x y).

We note that the associative relation (x x y) x z = x * (y » z) holds. Suppose that a,a’,a +a’ ¢ L(K).
For any (,8) € TaNT g N T g4q, the above map is compatible with the differential Dg. Indeed, for

x € C S (d— 2)(Z“+m8, ¥%)and y € Cq R 2)(2"/#”’/5’ 2,(;,/)’
m+m’

(174 Dy y) = AT x )+ 3 (P HHIRL (T G x )
k=1

m
= TL.(3x x y) + Y _ (~DPHITIFREESOmT (£ 5(x) x y)
k=1

m/

+ ()P (x x Oy) + > (=DPTIHIHEMATL, (< f5(3))
=1

= (=)™ (Dg(x)) x y + (=1)?TM99 x « (D5 (»)).
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Here, s := (g —m’(d —2))(d + 1). This computation shows that

Dg(x x y) = (Dg(x)) x y + (=1)Px * (D5 (y))
for x € C;“ (¢) and y € C;“/(s). Therefore, (30) induces a linear map on homology,

Hy%e.8)® HyY (e.8) — H {1 (e.8).

forevery (6,6) € TaNT oy N T gar.

Likev_vise, let us deﬁl/le x/_;y = (=)™, (x x y) € C;f;“/(é) for x € C;Em(d_z)(Efneré, ¥9) and
y € C;Em,( a,_z)(Zzl,Jr nme 221,). Then ez + and ez _ intertwine the x-operation and the *-operation. This
shows that the x-operation is compatible with {k(’ /) (¢,8)}e’<e. Therefore, in the limit £ — 0, a linear
map

Hy(Q, K)® Hy* (Q, K) — Hy {4 (0, K)

is induced. The commutativity with {/ a,b fa<p naturally holds. As a result, we get an associative product
structure on Hy (0, K). The element 1 € Hgmng (0, K), which comes from 1 e R = CgR(E“, =) C
Cy (e, 8), is the unit of this graded algebra.

4.4.3 Explicit choice of (¢, 8) Lastly, let us introduce a condition on (g, §) € T, so that § can be written
explicitly. The concrete computations in Sections 5 and 6 become easier by choosing (¢, §) satisfying this
condition.

Suppose that there exists a fixed trivialization RY x K — (TK)* of the normal bundle of K which
preserves orientations and fiber metrics. For every ¢ < g¢, let us write O := {w e R4 | lw| < %8}
Composing with the exponential map (3), we obtain a diffeomorphism

h:0,x K — Ng,

which preserves orientations. In this case, we say (g, 8) € T, is standard with respect to h if § € C:E 4(Se)
has the form

(31) 8 = [Neg, Ve, hs(ve x 1)]
satisfying:

e Yo: Ny —> Se,v— (O—}))jzl’z, is defined by

T 1 e—=2t T 1 2t
o7:[0,5¢] > Ne, 1 h( . w,x), 03:[0,5¢] > Ne, 1 h(?w,x),
for v =h(w, x) € Ng.
o hi(ve x 1) € QP4 (N,) for some v, € Q2 (0,) with Jo, ve=1.
Suppose that (£, §) € T, satisfies (24) for (¢, 8), (¢/,8") € T, with & < & which are given as above. Then
we say (&, 8) is standard with respectto h if € = ¢ and § € 5;5 4 (S¢) has the form
(32) 8= (=1)"[R x Ne, Ver e, (idR_, x Ve 1Ry xN, ) 776/ e]
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such that, for some C* function x: R — [0, 1] with k(r) =0 if r < —1 and «(r) = 1 if r > 1, the

following hold:
. 1}8/’80, v) = (r, (O'J(r’v))j=1,2) € R x §; is defined by

—2t
&r w,x), az(r’v): [0.1e] = Ne. tr—>h(£w,x>,

Er

ol(r’v): [0, %sr] — Ng, t+— h( .
.

forr e R,v=~h(w,x) € Ny and &, := k(r)e + (1 —k(r))e"
o (idr X h)*Ng e =k X (Ve X 1)+ (1 —k) X (v x 1) + (dk) x (6 x 1) for some 6 € Qf‘l(@g)
satisfying d6 = v, — vy .

In summary, in order to compute H. itring(Q, K) when a trivialization 4 is given, we only need to deal
with (e,8) € T, and (g, 8) € T, which are standard with respect to .

4.5 Invariance

In this section, we prove the invariance of H ,,Sfring(Q, K) up to isomorphism under changing auxiliary
data. More precisely, we consider the dependence of the construction on the following data (see the
beginning of Section 3):

(a) acomplete Riemannian metric g on Q;
(b) a constant Cy > 1 which bounds the speed of all y € Qg (Q);

(c) areal number g9 > 0 which is the diameter (in the direction of fibers) of a tubular neighborhood
Ng, of K;

(d) a C® function : [0, 3] — [0, 1] which is used to define cony.

Notation Let X be an arbitrary notation, which we have defined in the former sections. As a rule, in
this section, if its definition depends on some auxiliary data S, we rewrite X as X g when discussing the
dependence on S.

Independence on ;¢ We choose a C*° family i := (i,)rer such that each u, satisfies the same
condition as u, and uy = u—y if r < —1 while u, = py if r > 1. Then a map cony ;,, is defined for each
r € R. For (&,8) € T, let us define fk,g,;z: EfR(Efn+m'§_) — EfR(Efnt(an)a) by replacing cony in the
definition of ® of (21) by cong ., We also replace f; 5 in the definition of Dz by f; 5 o to define a
linear map
Dg’ﬂ: C% &) — C24 ).

This satisfies 55 7 © D
homology group.

5.5 = 0. so we get a chain complex (CF9(8), Eg’ﬂ). Let HZ%(e, 8, jt) denote its

We rewrite e; 1, es—: C%(e) — C7%(e) by es,i,+ and eg ;i _, respectively. They induce
(o) Hy%e, 8, 1) > HI(e,e48) . (eep—)x: HE%e, 8, 1) > H(s,e-8)u_,.
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We can prove, just as Lemma 4.7, that they are isomorphisms. When (g, 8) eJ [a p) satisfies (24), we
define an isomorphism k ; 5 - H (e 8 )y, — H%(e,8)u, by

ks = (Ued)i ! olez+)) o ((erd)y' o (eg—))
As in Proposition 4.15, the two triangles in the following diagram commute:

k15,

HE e 8)p HE(e, 8)

k(E,S.m
k(e 57).(5.8) k(e 5).(5.8)

ket 780 )

H (e 8oy ——— HZ (e 8 ),
Therefore, {k(s 75,71} (¢,6)e7, induces an isomorphism on the limits of & — 0,
k‘f CHINQ,K)u_, = HI(Q, K), -

It is easy to see, as in Lemma 4.18, that {k¢ }aeR>O\§£(K) commute with {/% b}a<b, so we get an
isomorphism from H. Gtrlng(Q K)u_, to H gtrmg(Q K)u, . Itis also possible to prove, in the same way as
Corollary 4.16, that this isomorphism does not depend on the choice of fi.

Independence on &g For &, < &9, we consider the inclusion maps jg ¢, E‘Hms — Datme for
all m € Zxo. They induce a chain map (jg; ¢,)« from (cse (8)e; . Ds) o (Cy <a (8)80, Dg) for every
a€R-o\&(K) and (s,6) € a,%(c Jajgo). This preserves ﬁltratlons {F55 o) pez and {9?8,“1),80}1,6%
so it induces an morphism of the spectral sequences. On the (—m, ¢g)-term for m > 0 of the first page, it

is equal to the map

d + 0 + 0
(]80,80)* qg—m(d— 1)(21;1,8’28’Em,86)_)H —m(d— 1)(Ea alp> )

m,eo ° m,eo

which is an isomorphism by Lemma 3.11. Therefore, by Lemma 4.2, 056580)* CH% (e, 8)86 — H:% &, 8)e,
is also an isomorphism.

We can prove its commutativity with {k (s 57) (¢,5) }e'<e as in Lemma 4.18, so we get an isomorphism on
the limit of ¢ — 0,
JZ’ €0 H*<a(Q’ K)é‘E) - H:a(Qa K)eo-

It holds naturally that {J . }aeR>0\§g( k) commutes with {7¢ b Ya<b- Therefore, in the limit a — oo, we

get an isomorphism from. H Strlng(Q K)g to H S0 K.

a
mC0_>sz’fr

all m € Z>¢. Parallel to the proof of the independence on g9, we apply Lemma 3.11 to show that an

Independence on Cy For Cj > Cy > 1, we consider the inclusion maps j¢,, c) )

isomorphism
Io.cy He Q. K)ey = HIN(Q, K)gy

is induced. It holds naturally that {J% Co.C} YaeR-o\%(k) commutes with {7 b Ya<b- Therefore, in the limit
a — 00, we get an isomorphism from H Strmg(Q K)c, to H Strlng(Q K )Co
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Independence on g First, let us introduce an graded algebra H imng (Q. K)g which is isomorphic to
HI"™ (0, K)(g,Co.50)- but whose definition does not depend on gg and Cg. For every a € R~ \ £(K)g,
we define the limit of gg — 0 and Coy — o0,

HiQ.K)g == lim lim H:(Q. K)(g,Co.e0)-

Cop—00 &0—0

by the {326’50 }86530 and {3%‘0,C6}C0$C6 defined above. Then {Ia’b}afb induces a family of maps
PP HZ(Q. K)g — HI(Q. K)glass,

and we can take the limit as a — oo to define I-vlitring(Q, K)g:=lim _ HZF(Q, K)g.

Suppose that g and g’ are complete Riemannian metrics on Q. For a > 0, there exists a compact subset Z,
which contains the images of all y € UCozl Qg (0Q)(g.co) With length, y < a and the images of all
y € Ucozl Qg (0Q)(g’,co) With length,, y < a. For any a € R5o \ (£(K)g U £(K)g), there exists a
constant ¢, > 1 such that |- |gr < cq|-|g and |- |g < ¢4+ |g’ On Z,. We may additionally assume that

Leta e Ruo \ (£(K)g UL(K)g). For any Cp > 1 and &9 > 0, we have the inclusion map

2 . ya acq
)(Co,e0) Zm,(g,C(),S()) - Zm,(g/,Coca,soca)'

In addition, let S¢', be the subspace of S ¢ which consists of (07)i=1,2 satisfying [(07) (t)|g <, for
i =1,2. If ¢ is sufficiently small, we have the inclusion map

ig: S(g’g —> Seca’g/.
These maps induces a linear map on the homology groups
Gco.e0))*: Hi(€,8)(g,C0,e0) = Ha " (eca, (i6)8) (¢7,Cocartoca)

for (&,8) € T 4,(¢,Co,0) Such that § € C,‘Ed (8¢ g)- Its commutativity with {k(e 5/),(e,5) }e'<e can be proved
as in Lemma 4.18. Let us write the induced map on the limits of ¢ — 0 by

E(Co,so): H(Q, K)(g,Co,60) = HZ%(Q, K)(g’,Cocareoca)-

Moreover, it holds naturally that the maps of {3?C,80)}C021’80>0 commute with those of {326780 }865 £
and {J‘éo c/ }C0<C6’ so we get a map on the limit of ¢g — 0 and Cy — oo,
0 -

Y= i lim 3, ) HINQ. K)g = HIH(Q. K.

Co—>00 £0—0

Lastly, {3‘1}a€R>0\(§g(K)gU§g(K)g/) is compatible with {Ivg’b}aﬁb, so it induces a map on the limit of
a — 0o,
3 HY™M(0, K)g — HY™ (0, K)ygr.
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If we exchange g and g, we can also define the map (J')%: ﬁf“(Q, K)g — Pvlfac”(Q, K)g for
a€R-o\ (£(K)g U¥L(K)g). For b := ac,, we have

(J/)b 03‘1 — f‘g,bcb’ Jb o (3/)(1 — ig/’be-
Therefore, I’L)na_)oo(fj/ )¢ is the inverse map of JJ. This proves the independence on g.

This completes the proof of the independence on auxiliary data.

Finally, let us prove the invariance under changing the orientation of K. Suppose that K = | |, 4 K¢ for
connected components {Ky }ge4. Then Ny = | |,c 4 Neo and Sg = | |, 4 Se,a» Where Ng o is a tubular

neighborhood of Ky and Sg o consists of pairs of paths in Ng . In addition, for every ay, ..., a2, € 4,
let 231’(061’___’&%) be the subspace of X4 consisting of (yx: [0, Tx] = Q)k=1,....m such that y;(0) €

Koy and yi(Tx) € Koy, fork =1,....m. Then CR ,(Ss) = Pye g CR ;(Se) and CR(2E) =

dR
azmeAC* (E:lﬂ,(Oll ..... azm))'

.....

For any subset B C A, let Kp be an oriented submanifold obtained from K by reversing the orientations
of {Kuo}aep. Forevery 6 =) 48 € C;}Ed(Sg) (where Jy is a chain in S; ), let us write dp :=
> weA\B S« —D_yep Sa- By using the notation

s(@1,...,00m) =#kel{l,...,m}| oy € B},

we define a linear map F2: C;%(e) — C%(¢e) such that F&(x) = (—=1)$@1on02m) - for every x €
CrE =2 E 1) Z(arz)) T8 2 1 and F () = x for x € CIF (%5, X). For every
(e,0) € T4, (e, 6p) satisfies the conditions of Definition 4.4 for (Q, Kp), and FZ is a chain map from
(Cs%(e), Ds) to (C-%(e), D, ). Moreover, F¢ is compatible with the x-operation. By taking the limit
of ¢ - 0 and a — oo, we obtain an isomorphism of graded R-algebras

F- H:tring(Q’ K) N H:tring(Q’ KB)

Remark 4.19 Similarly, one can prove the invariance of H imng(Q, K) under changing the orientation

of Q.
Proposition 420 H3""¢(Q, K) is invariant under a C* isotopy of K.

Proof For two oriented compact submanifolds Ko and K; of Q, suppose that there exists a C°° family
of embeddings { f;: Ko — Q };e[0,1] such that fo is the inclusion map of K¢ and f1(Ko) = K1. Then
this isotopy can be extended to an ambient isotopy {F}};e[o,1] such that Fo =idg and Fi(Ko) = K.
Since Fj is an isometry from (Q, (F1)*g) to (Q, g), it naturally induces an isomorphism

H:trmg(Q 7 KO)(F| Yeg N H:trmg(Q’ Kl)g )
The assertion follows from the independence on the Riemannian metric on Q. |
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S Examples

In this section we determine the algebraic structure of H imng(Q, K) for two examples when Q = R24-1
with d > 2. These examples are higher-dimensional generalizations of the Hopf link and the unlink in R3.

The manifold Q = R24~1 has the standard orientation. Let us use the coordinate (zo,z1,z2) €
R41 x R x R4~1 = R24~1_ The unit sphere §4=1 < R4 is oriented as the boundary of the unit
ball. We consider three ways of embedding the unit sphere S9! ¢ R¢ into R24~!:

§4-1 c R4 = R4-1 XR—)RZd_l, (zo,z1) = (20,21, 0),
§9-1 cR9 =R xR4! —>R2d—1, (z1,22) = (0,21 + 1, 22),
§4-1 cRY = R4 xR — R2471, (20, 21) = (20,21, 25),
for a fixed vector Z;‘ cR4-1 \ {0}. Their images are written as Ko, K1, K> in order. These submanifolds

are oriented so that the diffeomorphisms S d=1 _, K, from the above maps change the sign of the
orientation by (—1)?¢~1.

As notation, given a set ¥ and amap ¥ — Z, s — |s|, let 4« (¥) denote the unital noncommutative graded
R-algebra freely generated by ¥ such that s € sd/5(¥) for every s € &.
5.1 Computation of H"™8(R29-1, Ko U K/)

Let us define &QI:Opf = A4 (€ UD UE) by the three sets
Cr=A{c g Ul i ULe] 1.8 iy UL b D= Hdl i UdE iy €= el i Utel b

where i and j run over {0, 1}. The degree of each element is given by

|Clo,j|:d_2’ |Cll,j|:|511,]|:2d—3 fOI'l?é],
clil=2d =3, |?;|=3d—4, |d}|=2d-3, |d?;|=3d—4, le};|=2d—4, |e};|=3d-5.
We define a graded derivation 9: s;ﬁl;bpf — gﬁfﬂplf such that

0 _ 1 _a.1 _as1 _ 2 _ 1 _ 1 2 _ 2 1 _ 2 _
Bci,j—O, Bci,i—aci’j—f)ci,j—o, 8cl~,j—0, 8di,i—el~’l~, Bdi,j—el-,j, 8ei,i—0, 8el~,j—0,

and they are extended by the Leibniz rule. We also define another graded derivation F: &il,:l(’pf — &fliliplf
such that

Fcé,o = (_l)deé,o + (_l)dcg,lc?,Ov F011,1 = (—l)deh + c(l),Oc(()),l’
Fcgo=—e5o— (25100 + (—1)dC(1),1C?,0), Fey=—ef, - ((—1)d511,008,1 +¢10¢0.1)-
FC(2),1 = _e(z),l’ FC%,O = —eio’

Fd}; =0, Fd?; =0,

Fel-l,l- =0, Fel-z,j =0,
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and they are extended by the Leibniz rule. It is easy to see that 90d =0, do F + Fod=0and Fo F =0.
Therefore, we obtain a differential graded R-algebra (&ﬂl,;mpf, d + F). Note that the differential graded
R-algebra (&QEOpf, d) is obtained from (s« (€), 0) by stabilizations (see [13, Definition 3.9]). Thus,

(33) (545 (6), 0) = (48P 3) <T (s44(6), 0),

where i is the inclusion map and 7 is the projection map, are quasi-isomorphisms. For the proof, see [13,
Corollary 3.11].

The goal of this section is to prove the next theorem.

Theorem 5.1 There exists an isomorphism of graded R -algebras
Ho (A2 9+ Fy =~ H™M(R24- Ko UKY).
To compute H imng(Q, Ko U K1), we fix auxiliary data such that g is the standard Riemannian metric

on R24~1 The constant Cy is required to be Cg > 3. The other data, ¢ and j, are not specified. The
proof is divided into three steps.

Step 1 We first observe de Rham chains in CIR (2%, 29 ). We define a map
¢: (Ko UK1)? = Qrouk, (R4
such that each (p, p’) € (Ko U K1)? is mapped to a path of a segment
o(p.p):[0.1] > R* 1 1> (Q=t)p+1p.
We fix two points pg := (0, 1,0) € Ko and p; := (0,0,0) € K;. Then we define de Rham chains
xp = {(pi )Y @li(ps. o3 11 € CR(ES. 29) if i # J,
xti=Upi} < Ki. ¢l 11 € CR (2. ED),

(34) x} ;= Uiy x K plipxk, - 11 € CER (21,89 if i #
%= Ko< Apih ol kixipy 11 € CRU(EEEY)  if i #
X7 = [KixKj.olkxk,;- 1] €Chy_,(£9.59).

Here, a > 3 and i and j run over {0, 1}. Obviously, they are cycle chains for d. We write the set of these
chains as

0= ] bi s U3 U X iy U i
If we define a function [: ¥ — R~ ¢ by
() =1x! ) =Ux} ) =1 fori# ] (x') =1x7) =2, (x};)=3 fori#j.
then each x € ¥ satisfies x € CSR(E[I(XHE, £9) for any £ > 0.
For every a € R>o and m € Z>1, let us consider the manifold

m
By, = (q?,qll,---,qgwq}n)E(KoUKl)z’”‘Zlq;?—q;ilwor (min lgg =gl <eo .
k=1 -
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This is homotopy equivalent to X%, by two smooth maps

Tm: 28— BE, (v [0, Ti) = R2I™Y > (7100), y1(T1), - -« Y 0), Y (Tim)),

im: BY — 29, @Y. q1 - q g = @GR G ) k=1....m-

for which 7y, 0 iy = idga and iy, o 7y, is homotopic to idye (see Lemma 3.2).

Notation In this section, if N is a submanifold of a manifold M, then the inclusion map N — M is
denoted by tp.

Lemma 5.2 Let M be an oriented manifold with open submanifold N. Suppose that there exists an approx-
imately smooth function f: M — R such that N = f~1((—o0, 0)). In addition, assume that H:ing(M, N)
has a finite dimension. Then there exists an isomorphism between H. img (M, N) and H®R(M, N) such that,
for every closed oriented k -dimensional submanifold K of M, the fundamental class [K] € H ]:ing(M ,N)
corresponds to (—1)*®[K 1k, 1] € H,SR(M, N), where s(k) := %(k —dimM)(k —dim M —1).

Proof We consider the correspondence through the isomorphisms
H"™(M,N) = HSmM=* (M, N) = HR(M™8, N™¢) — HR (M, N).

The first isomorphism is defined by Poincaré duality. The second isomorphism was given in Example 2.6.
The last isomorphism is induced by idps : M™8 — M [15, Proposition 5.2]. Let us identify the tubular
neighborhood Nk of K with the normal bundle of K. Then [K] € H ,zing(M , V) corresponds to [n] €
H gf(?ﬁM —k(M,N), where 5 € Q‘CjimM ~k (M) has its support in Nx and represents the Thom class of
the normal bundle. Recalling Example 2.6, we can see that this cohomology class corresponds to
(—1)S®[M,idpy . 1] = (—1)* B[Nk, idy, . 0] € HR(M™8 N™2). Let wy,: Nk — K be the bundle
projection. Then, as a de Rham chain in C]SR(M, N), [Nk.tNg . 1] is homologous to [Nk, tg © TN, 1]
since (n, : Nk — M is homotopic to tx o, : Nk — K C M. Now the assertion follows since

[Nk. ik o mng. 1l = [K. ik, (mng )] = (K. 1. 1] € HR (M, N). m

Let us see that a basis of HIR(24, %9 is given by & and the x-operation. First, suppose that m = 1
and a > 3. Then B{ = K x K. Through the isomorphism HIR (B4, Bf) ~ H."(B?¢, B?) of Lemma 5.2,
{(mr1)«[x] | x € &} corresponds to the set of singular homology classes

(i oY1, U ALY x Kb, UATEp x K7, U AT < Apl) e, U (LK x KT
which is a basis of H,iing(K x K, B?). Therefore, {[x] | x € ¥} is a basis of HIR(24, Z(l)) for a > 3.

For a € (0, 3], we consider the deformation along the negative gradient vector field of a C*° function
Eij: (KiUK)? > R:(p,p) = |p—p'|> Ifi = j, then max E; ; = 4, min E; ; = 0, and the
subset {(p,p’) € Ki x K; | |p — p’| < a} for a <2 has El._’il(O) ={(p,p)eKixK;|p=p}
(the diagonal) as a deformation retract. If i # j, then max E; ; = 9, min E; ; = 1, and the subset
{(p.p') € KixK;||p—p'| <a} fora <3 has El._’jl(O) = (K; x{p;}) U({pi} x K;) (a bouquet) as
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a deformation retract. From these observations, we can see that {[x] | x € &, [(x) < a} is a basis of
HSR(Z“, E(l)). In general, for any m € Z>; and a € R,

(35) {[x1 % *xm] | X1, ., xm €X, Ux1) + -+ xm) <a}

is a basis of HIR(24,, 29).

We fix a trivialization h: Og, X (Ko U K1) — Ng, such that h(w, po) = po + (0, w) and h(w, p1) =
p1 + (—w, 0) for every w € Og, C R?. (The orientations of Ko and K; are chosen so that this map
preserves orientations.)

Suppose thata € R5o \ £(Ko U K1) (=Rs0 \ Z>1). In the following series of three lemmas, we will
observe the chains f; 5(x) for each x € ¥. Hereafter, we assume that (¢, §) € 7, is standard with respect
to /1 (see Section 4.4.3).

Lemma 5.3 Fori # j,
fl,S(XIQ,j) =0, f1,8(xi1,j) = fl,S(J_Cil,j) =0.

Proof For (p, p’) € K; x K; with i # j such that either p = p; or p’ = p;, ¢(p, p’) satisfies condition
(iii) of Lemma 3.12 for m = k = 1. The equations follow from Lemma 3.12. O

Lemma 5.4 Fori € {0, 1}, there exist y} . € C{R(£3%?¢, £9) and yl-z’l- € CsR(E§+28, %9) such that

1 1 0 0
aJ’o,o = fl,é(xo,o) —X0,1 *X1,0

. Wiy =fis(x] ) —(=DAx g% xf ).
(36) 9y2 - — 2\ _ (=1 0 —1)9 1 0
V0.0 = J1,6(x(,0) — (Xg,1 * X1,0 T (=1)T X 1 *x7 o),
Oyi1 = fis(xiy)— ((—1)dﬂ,0 * X0 1+ X1 g% X0 1),
and
(37) (fis + (DY L)l =0, (fisg+ DT 5 0F) =0.

Proof We only show the existence of y&o and yé,o. Replacing (Kg, po) by (K1, p1), yil and )/11’1 are
constructed in a parallel way, except for the difference of signs.

Since (&, §) is standard, § has the form (31). Using the notation of (13), we can write fj s (x(%,o) =
[W1, @1, ¢1], where

Wi ={((p.p),1,v) € (Kox Ko) xRx Ng |2e <t <1=2¢, (1—=1)p+1p =0},
®1: W1 — 2372, ((p, p'), T, v) = coni(@(p, p), (1,7), Ye (v)),
(1€ Qg(Wl), (é‘l)((p,p’),r,v) = pe(1,7) - (hx(ve X 1))y,

N, is a disjoint union of (0, x Ko) and /1 (0, x K1). Corresponding to this division, we define W, :=
{(p,p),t.v)eW) |veh(O,x K;)} fori =0,1. If ((p, p’), t,v) € Wy, then t satisfies condition (ii)

Algebraic & Geometric Topology, Volume 25 (2025)



Toward a topological description of Legendrian contact homology of unit conormal bundles 1005

Zy

Figure 3: The path ¢(p, péw p)). The gray region is the tubular neighborhood N, of Koy U K.

of Lemma 3.12, so [W, ®1,{1] =0¢€ C;;El(zgm, £9). For ((p, p'), . v) € W/, we have ps(1,7) = 1.
Moreover, there is an diffeomorphism
1:0sx Ko— W, (w, p) = (P, Py ) |P = h(w, p1)|. h(w, p1)).
Here pr ) € Ko\ {p} is determined by i (w, p1) € Im(¢(p, péw 1)))» as described in Figure 3. The
diffeomorphism I preserves orientations and 7*{; = vg x 1.
Likewise, we consider an explicit description of f; s (xé,o)- Then
f1.5(x5,0) = [0e x Ko, D101, ve x 1] € CR (£372°, £9),
f1,5(x0,0) = [Oe X {po}, @10 Lo, x(po}: ve X 1] € Cg (8572, £9).
Let us define ®1: R x (0g x Ko) — E%"'zs as follows: Choose a C function x: R — [0, 1] such that
k() =0ifs < % and xk(s) = 1if s > 1. For s > %, we define @ (s, (w, p) := 10 I(k(s) - w, p).
Then the first path (resp. the second path) of d, (%, (w, p)) is equal to ¢(p, p1) (resp. ¢(p1,—p)) up to
a reparametrization, so we define (s, (w, p)) for s < % by interpolating the parametrizations so that
®(s, (w. p)) = (¢(p. p1). ¢(p1.—p)) for s < 0. Now we define
55,0 = (D[R x (O x Ko), B1, x x (ve x )] € CF{ (547, £9),
Vo0 1= (D[R x (Oc x {po}). ®1lmx(cxipop- 1 X (ve x D] € C{R (572, 29,
where y: R — [0, 1] is a C*® function with compact support such that y = 1 on [0, 1].

From the constructions of )73 o and )76 o» We can compute their boundary chains as follows: Let us introduce

two maps ¢o: Ko — Ko x Ko: p+> (p,—p) and i2: Ko x Ko — £37%, (p, p') > (¢(p, p1), o(p1, p)).
Then

56,0 = f1.6(x3.0) — (12)[0c x Ko, 9o 0 pri,. vel = f1,5(x3.0) — (12)x[00(K0). Lo (Ko)- 11
50,0 = J1,5(x0,0) — (12)x[0c X {Po}. 90 0 Prypgy. ve X 1] = f1,5(x5.0) — (22) [{20(P0)}. tigo(po}- 11-

Here we used the condition that f@s ve = 1. Moreover, we can check from the definition that ®; (s, (w, p))
satisfies condition (iii) of Lemma 3.12 form =2 and k =1, 2. Therefore, fi s ()73,0) =0and fi s ()76,0) =0
hold for k =1, 2.
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As homology classes in Hiing(Ko x Ky),
[po(Ko)] = [Ko x {po}] + (=1)?[{ po} x Kol € H}™, (Ko x Ko),
[{@o(po)}] = [{(po. po)}] € Hy (Ko x Ko).

Therefore, by Lemma 5.2, there exist 23’0 € Ca‘liR(Ko x Kp) and 26’0 S CldR(Ko x Kyp) such that

825 0 = [P0 (Ko). tao (ko) 11— (Ko X {P0}: tkox{poy- 11+ (1) [{Po} x Ko. tpoyxio- 11).
02,0 = [{¢0(P0)}. tigo(po)3- 11 = [{(P0. PO} L0003 1]
It is clear from the definition of each x € ¥ that
(22)«[Ko X {Po} tiiox{poy- 1] = Fo,1 * 1,0,
(12)«[{P0} X Ko. tipoyxko- 11 = Xg.1 * X7 0. (12)x[{(P0. P0)}. ti(po, poyy- 1= X1 * X1 0.
Therefore, y&o = )73’0 + (22)*25,0 € CgR(E§+28, £9) and yé’o = )73’0 + (72)*26’0 e CR(2312¢,%9)
satisfy the first and the second equations of (36). Moreover, any path in the image of 7, satisfies condition

(iii) of Lemma 3.12 for m = 2 and k = 1, 2. Therefore, fi s ((iz)*zg’o) =0and fgs ((iz)*z(l,,o) =0 hold
for k = 1,2, and thus J’g,o and yé,o satisfy (37). a

Lemma 5.5 There exist y3 . y3, € C;g_l(Engzs, %9) such that

(38) g1 = f1.5(51). o= fis(x0)
and
(39) (fis+ DY )03 ) =0, (fis+ (DY fr5) (1) =0.

Proof We only show the existence of yg,l. Exchanging K¢ and K1, ylz’o is constructed in a parallel way.

Since (¢, 8) is standard, § has the form (31). Using the notation of (13), we can write fj s (x(z)’l) =
[W1, @1, 81], where

W1 ={((p.p).1,v) € (Kox K1) xRxNg |2e <t <1-2¢,(1—1)p+1p =0},
O Wi — 237 ((p.p'). 1. v) > coni(¢(p. p'). (1,7), Ye (V).
G eI, QD pp)ew) = Pe(l,T) - (i (ve X 1)y

If p € Ky is sufficiently close to pg, then ¢(p, p’) satisfies condition (iii) of Lemma 3.12 for any p’ € K.
Symmetrically, if p’ € K is sufficiently close to pi, then ¢(p, p’) satisfies the same condition for any
p € Kp. See Figure 4. Therefore, for any bump function b: Ko x K; — R whose support is localized
near (Ko x {p1}) U ({po} x K1), we have [W;, @1, 1] = 0 for

& eQEM),  EDpp)ew) = b, P pe(1,7) - (ha(ve X 1))

We remark that [W;, @1, ¢]] is an explicit description (13) of f1 5([Ko % K1, ¢|kyxk; b))
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Zp

/

Figure 4: The path ¢(p, p’) when p is close to pg or p’ is close to p;. The gray region is the
tubular neighborhood N, of Ko U K;

Now we choose b so that it is constant to 1 on a neighborhood of (Ko x {p1}) U ({po} x K1). Then the
above computation shows that

f1,8 (x(%,l) = f1,8 ([KO x K1, (leoXK] 1= b]) + f1,8 ([KO x K1, (leOXK] ’ b])
= f1.5([Ko x K1, ¢l xyxk;- 1= blgyxi; )
where K for i =0, 1 is the complement of a small closed ball containing p;. Since K x K] is contractible,
there exists a map R: R x K x K| — K{, x K/ such that R(s,-) = idg;x g7 fors = 1 and R(s,-) is
constant to some point in K x K| for s < 0. Using the function y in the proof of Lemma 5.4, let us
define a chain
51 =[Rx(KyxK{).9oR, xx(1 —blxyxk))) € CR_(=3125,%9).
This chain satisfies
0551 = [Ko x K1, ¢l kyxkr» 1 =blryuk;] + [R X (Ko X K1), 9 0 R, x x db| gy k)]
Note that [K( x K{, @0 R(0,-),1— b|K()xK{] = 0 since ¢ o R(0, -) is constant. The second chain of the
right-hand side is mapped by f7 5 to O since the support of db is localized near (Ko x {p1}) U({po} x K1).
Now we define y3,1 = fis (ig,l) € Czds_l(Zngzs, Eg). Then the first equation of (38) holds since
ayg,l = f1.5 (8)23,1) = f1.5 (xgﬁl). The first equation (39) follows from (f; s + (—1)df2,3) °ofis=0
(see the proof of Proposition 4.1). O
Step 2 We define a function [: € UD U€ — R~ by
- 2 ifi=j

0 1 1 S 1 2 2 2 )
[(Cl,])zl(cl,])z[(cl,]):1 for i 75‘], [(Ci,i)=2’ [(Cl,])zl(dl,])z[(el:])z 3 ifi 7&]
For every a € R-¢ \ £(Ko U K1), let A% be an R-subspace of &ﬁibpf spanned by words of elements in

% U % U € such that the sum of the values of [ is less than a. Then (0 + F)(dA3%) C A5%, so we get a
subcomplex (5%, 0+ F).
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We continue to use (g, §) € I, which is standard with respect to h. The second step is to construct a
chain map from (54,0 + F) to (C~%(e), Dg), and prove that it is a quasi-isomorphism.

Let ylll and y.2 j be the chains of Lemmas 5.4 and 5.5, which depend on (g, §). We define a linear map
O AT — CS%(e) such that

(&,8)"
0 . 0 1 . 0 -1 . =1 . .
Py i=xi P ) i =x, Pl (E ) =X for i,
1 1. 1
(40) 5% (cl) = xly 5% () =x7 . 5 (dl) =yl
(85)(d ) :yisj’ (88)(611) ayi,i’ (85)(61]) 8)’”,

and extend them naturally by the product map on &d*()p and the x-operation.

Proposition 5.6 CID(<“5) is a chain map from (A5%,0+ F) to (C-%(e), Dg).

Proof This follows immediately from the series of three lemmas in Step 1. For each § e € U% U €,
Dg o <I)( 8)(5) =@+ F)o <D< 8)(5) is proved by

o Lemma531f§—clj, llj,

o the equations (36) if £ = ¢} i 121,

e the equations (38) if £ = c. . with i ;é VE
d2 2 .

i ll’ ll’

- with i # j;

o the equations (37) if £ = d!

i,i’

e the equations (39) if £ = d2 ; with i #£7J. |

Therefore, we have a linear map on the homology groups

(cp(g 5))*3 Hy(A74, 0+ F) — H%(e,9).
Proposition 5.7 (CD ))* is an isomorphism.

Proof We introduce a function m: € U% U € — Zx>; such that m(6) = {1} and m(2) = m(€) = {2}.
For every m € Z>, let si;%(m) be an R-subspace of si;¢ generated by words of elements of 6 U% U €
such that the sum of the values of m is equal to m. (When m = 0, #5%(0) := R - 1.) Then the chain
complex (43¢, d + F) is filtered by subcomplexes {9} ez defined by 45 := P As%(m). Let
us consider the spectral sequence determined by this filtration. The (—m, g)-term for m > 0 of its first

m=—p

page is given by
Hym(A34(m), 0) = Hy—m(A;%(m,€),0) = &d<am(m ®).

Here, A% (m,6) := A3 (m) N A(€) and the first isomorphism is induced by restricting the quasi-
isomorphisms (33). CID(<8“8) preserves the filtrations {45} ,ez and {#. % }pez. The induced map on the
—m™ column for m > 0 of the first page has the form

(5% ol (m,ce)erEm(d_l)(zfjme,zg,).
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This map is an isomorphism since the basis {¢1 -+ ¢m | ¢1,...,cm € €, l(c1) + -+ + l(cm) < a} of
Age (m,6) is mapped to the basis (35). In the —m'™ column for m < 0, (q)é"g))* is a map between the
zero vector spaces. The proposition now follows from Lemma 4.2. |

Step 3 The last step is to show that the family of maps
{(CID(E 8))* |a € Roo\ L(K), (g,8) € T, is standard with respect to /}

induces an isomorphism on the limit of ¢ — 0 and a — oo.

Lemma 5.8 For (¢,6), (¢/,8") € T, with ¢’ < & which are standard with respect to h,

k(e 69.6.8) © (P 51))x = (P75 %

Proof We have defined <I>(<“8) by the chains {yi1 i yl.2 j}, which depends on (g, §). As notation, let
(L), »? j) } be the corresponding chains constructed from (¢’, §"), by which <D(<“ 5 is defined.

We take (2, 8) € T, satisfying (24) for (¢, §) and (¢/, §’). We may assume that it is standard with respect
to h, and thus £ = . As in Lemma 5.3, fl 8(1()6)) = 0 holds for x = xloj,xllj, x: . with i # j,
where 7 is the map (17). We claim that there exist [—1, 1]-modeled chains y” € CdR(EZ’LZE by ),

yl i € CdR(EZJrzs £9) and )71.2,1. € CgR(Eg+28, ¥9) with i # j which satisfy the following equations:
* the variants of the equations (36), (37), (38) and (39) determined by replacing { yl.ll. , yl.zj, Jie.s. %}
by {75 72, f 5%} and x €% by T(x);
* e"‘yil,i = yil,i’ e+)_7,'2,j = yi%j, e—)_’il,,' = (je/,e)*(yil,i)/» and e—)ji%j = (js’,s)*(yiz,j)/-

This claim is proved by rewriting the proofs of Lemmas 5.4 and 5.5 for [—1, 1]-modeled chains. We omit
the proof.

We define a linear map q><ﬂ AL — CF%e) as in (40) by replacing x € ¥ by 7(x) and {yl i Vi ]} by
{y yl i Vi /} and extend naturally by the product on &ﬁ °Pf and the *- -operation. The former equations about
yl ; and y - ensure that ®5¢ is a chain map from (43¢, + F) to (C;%(e), D8), as in Proposition 5.6.
The latter equatlons about yl- ; and yl- ; ensure the commutativity of the diagram

HE4(e, 8)

(P 5))

@9 — -
Hy(A$%, 0+ F) — H7%e,6) ke 87).(c.8)

Sie.5).—
(q>(€/ 8/))*

HZ%(,8) O
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Therefore, the family of maps {(CD(?S))* | (¢,8) € T, is standard with respect to i} induces an isomor-
phism on the limit of ¢ — 0,
P9 Hy(AS, 0+ F) > HZ(R?471 Ko U Ky)
for every a € R~o \ £(Ko U K1). Moreover, {®;%},cr.,\#(k,Uk;) is naturally compatible with
{14t }a<p and the family of linear maps
{Hu (A9 0+ F) > Hu(sA5".0+ F)lazh

which is induced by the inclusion map ;¢ — &ﬁ:b . Therefore, on the limit of @ — oo, we obtain an
isomorphism

Ha(A3, 0+ F) = lim Hy(sd5% 0+ F) — HY™(R247!, Ko UK).

a—>o0

This finishes the proof of Theorem 5.1.
5.2 Computation of H:"™8(R24-1, Ko U K>)
We define s44"ink .= o, (€") by the set

C = {c)  Yin; U]} Udel .6 i VLR i
where i and j run over {0, 2}. The degree of each element is given by
(Obviously, there exists an isomorphism o () = 44"k as graded R-algebras.) We define a graded
derivation 9 := 0: inlink sﬁ‘fﬂii‘k. For a differential graded algebra (s43""% 3), we have the following
result.
Theorem 5.9 There exists an isomorphism of graded R -algebras

Hy (A% 9) = HI™ME(R2471 Ko U K>).

To compute Hi"ing(RZd —1 Ko U K>), we fix auxiliary data such that g is the standard Riemannian
metric on R24~1, The constant Cy is required to be Co > +/ |z31? 4 4. The other data, &9 and u, are not

specified. The strategy of the proof is the same as for Theorem 5.1, but it is much more simple. We only
give the outline of each step.

Step 1 We may assume that |z| > 2. Let us fix points pg := (0,1,0) € Ko and p; := (0,1, z}) € K>,
and define submanifolds of (Ko U K»)?,

Koz :={(p.p') € Kox K2 | p'=p+1(0,0,25)}, Kzo:={(p,p) e KaxKo|p' =p—(0,0,23)}

Let p: (Ko U K>)? — QK UK, (]Rz‘l_l) be the map defined as in Section 5.1 by replacing K1 by K>.
Then we define the set of chains

. 0 1 1 =1 2
B =g i UG 1 UAXG 50 5% die s UAXE b
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where i and j run over {0, 2}, as follows:
X7y = WP P} 0liprpy 1 € CERET B if (0 # ),
Xt = Upit < Ki ¢lpiyxk;. 11 € CR (24, 29),
xil,j = [Kij. ¢k ;. 11€ C& (2. ZY) if ((#J),
5= Ko< pj} olrxipyy 11€ CI2 (S5 2D i (0 # ),
X7 =K x Kj, ¢|k;xk; . 1] € C3g_, (5, 29).

Here, a > \/W If we define [: &' — R~ ¢ by

() =1x) ) =131 and (F ) =162) = VIZZP+4 fori#j  Uxl)=1(2) =2,

then each x € ¥’ satisfies x € CﬁR(Ell(ng, %9) for any & > 0. Furthermore, a basis of HIR(24,, £9)

fora € R>o and m € Z>1 is given by the set of homology classes
{[x1 % xxm] | X10- s xm €X', U(x1) + -+ (xm) < a}.
The reason this case is simpler is the following: for any x € ¥’ and (¢, §) € T, with a > [(x), the equation
frs(x) =0e CR(EFIT, 59)

holds since the path ¢(p, p’) satisfies condition (iii) of Lemma 3.12 for any (p, p’) € (Ko U K3)? (see

Lemma 5.3).

Step 2 There exists a bijection ¢’ — &’ which maps C,k,- to x{‘j and )El.lj to c_l.lj for k €{0,1,2} and
i,j €1{0,2}. Composing [: ¥ — R with this bijection, a function [: ¢’ — R~ is defined. Similar
to sA5P", squnlink i filtered by subcomplexes (459, 9) for all @ € Roq \ £(Ko U K») which is defined by

using [: 64" — R~y.

Now &4 d 5% — C%(e) is defined so that ¢ € €’ is mapped to x € ¥’ which corresponds to ¢ via the
above bijection, and extended naturally via the product map on #'™i"* and the x-operation. It is clear
in this case that ®;¢ is a chain map from (454, = 0) to (C-%(¢), Ds). The fact that this map is a
quasi-isomorphism is proved by a similar argument as in Proposition 5.7 about spectral sequences.

Step 3 We check that the family of maps (®;¢)« induces an isomorphism on the limit of ¢ — 0 and
a — oo. This finishes the proof of Theorem 5.9.

5.3 A corollary and its potential application
The next result is a corollary from the above computations

Corollary 5.10 As graded R-algebras,
H{M R Ko UKy ¢ HI (R Ko U Ko).
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Proof From Theorems 5.1 and 5.9, it suffices to show that H, (&ﬁEOPf, d + F) is not isomorphic to
sd'i“““k as a graded R-algebra. Let us rewrite (C(()),l’c?,O’ eé,o, eil) by (ao, a1, bo, b1) and (68,2, Cg,o) by

(ag. ay). In addition, we define Cp := bg +aga; and Cy := by + (=D)%ayay.
Ifd =2, Hy (&QEOP Lo+ F ) is the a priori noncommutative R-algebra generated by {a¢, a1, bo, b1} modulo
the ideal generated by {b¢, b1, Co, C1}. This is isomorphic to the commutative algebra Rlag, a1]/(aoa1).

On the other hand, &ﬁ‘(l)nhnk is the noncommutative algebra freely generated by {ag,a}}. Therefore,
Ho (45" 9+ F) & sgnink a5 R-algebras.

If d > 3, the lower-degree parts are isomorphic as vector spaces. Indeed, for p <2d —5,

R if p=0,
Hy (03,9 + F) = o4 > I Rag @ Ray  if p=d —2,
0 otherwise.

However, sz_4(&ﬁl,3°pf, 0+ F) is the R-vector space spanned by {a;a; | i, j € {0, 1}}U{bg, b1} modulo

the subspace generated by {hg, b1, Co, C1}, so its dimension is equal to 2. On the other hand, s¢4™i"k

2d—4
is the R-vector space spanned by {al’.a} | i,j € {0,1}}, so its dimension is equal to 4. Therefore,
sz_4(&ﬁi{0pf, 0+ F) &£ 543‘2}‘312 as R-vector spaces. |

Let us see a potential application of this result. First we determine spin structures on unit conormal
bundles

Proposition 5.11 Let Q be an n-dimensional Riemannian manifold with a fixed spin structure. Then,
for every submanifold K in Q, we can assign a spin structure on its unit conormal bundle A g so that, if
K is isotopic to K’ as a submanifold in Q, then Ak is isotopic to Ak as a Legendrian submanifold with
a spin structure.

Proof Let us identify 7*Q with TQ via the Riemannian metric. We also identify Q with the zero
section of TQ. Let Lk be the conormal bundle of K. Note that the tangent space of TQ at (¢,0) € Q is
equal to 7, 0 @ T, Q, where the first component is the tangent space of the base space Q, and the second
component is the tangent space of the fiber 7;; Q. For every g € K, T(4,0)(Lx) = Ty K & (T4 K )L, Thus
the vector bundle 7' (Lg)|x has a spin structure induced by TQ|k. Since K is a deformation retract
of Lk, this spin structure is extended to 7(Lg). By using the diffeomorphism R-o X Ax — Lg \ K,
(r,(q,p)) — (q.r - p), we can determine a spin structure on T (Ag) such that the spin structure on
R & T Ak, induced by the inclusion map Spin(2n — 1) — Spin(2n), is equal to the spin structure on
T(Lk)|axr 2R®TAk. This spin structure on A g for every submanifold K clearly satisfies the condition
of this proposition. a

Let us consider the unit conormal bundles of Ko U K; and Ko U K>.

Proposition 5.12 As a (2d —2)-dimensional submanifold of UT*R24~! with the spin structure deter-
mined by Proposition 5.11, Ag,uk, is isotopic to Ag,uk,-
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Proof For s € [0, 1], we define K{ := {g + (0,2s,0) € R24-1 | g € K;}. We also choose a C®
function [0, 1] — [0, 7], s + Oy, such that 6y = 0; = 0 and 6/, = 7, and define R; € SO(2d — 1) for
s €0, 1] by Rg(vg, v1,v2):= ((cos Os)vo—(sin O5) vz, v1, (sin Os) v+ (cos O5) v, ) for every (vo, v1, v2) €
R4~1 x R x R?~1. We then define an isotopy (As)sefo,1] from Ago = Ak, to Ag1 by

As:={(q,p) eUT*R**7" | g € Ky, po Rsly, g1 =0},

Ay intersects Ak, if and only if s = %, and A1/ N Ag, = Ag, N UT;OR2d—1, where po = (0,1,0) €
R24-1 We can slightly perturb (As)ge[o,1] around s = % to an isotopy (A§)se[o,1] such that A does not
intersect A g, for every s € [0, 1]. This isotopy is homotopic to an isotopy (A Kf) sefo,1]» Which preserves
the spin structure of Proposition 5.11. In addition, Ko U K is isotopic to Ko U K5 in R2¢~1, Therefore,
as a C*° submanifold with a spin structure, Ag, U Ak, is isotopic to Ag, U Ag,. O

If Conjecture 1.4 in the introduction is true, then Corollary 5.10 can be applied to show that the unit
conormal bundle A g Uk, is not isotopic to Ak,uk, as a Legendrian submanifold with a spin structure in
UT*R24-1, though they are isotopic as C° submanifolds with spin structures by the above proposition.

6 Cord algebra and H;tri"g(Q , K)

Throughout this section, we consider the case where the codimension of K is 2 (ie d = 2) and the normal
bundle (TK)> is trivial. The purpose is to show that Hgmng( 0, K) is isomorphic to an isotopy invariant
of K, called cord algebra.

6.1 Cord algebra and string homology

In this section, we refer to [6; 19] and give a definition of cord algebra and string homology. Note that, in
this paper, their coefficients are reduced from the original Z[m(dNg,)] to R.

We fix a frame of (TK)' to give an isomorphism R? x K = (TK)' of vector bundles over K which
preserves their fiber metrics and orientations. Combining with the map (3), we obtain a diffeomorphism

h:0gy x K — Ng,.,
which preserves orientations. Here, O, = {w eR?||w| < %8} for every & < g9, as defined in Section 4.4.3.

First, we define an R-algebra Cord(Q, K; R). Its relation to the cord algebra defined in [6; 19] is discussed
later in Remark 6.2. Let us prepare some notation. We fix wg € O, \ {0} and define a submanifold
disjoint from K,
K’ :={h(wo,x) | x € K} C Ng,.

For every x € K, we define ¢y :[0,1] — QO \ K to be the constant path at 2(wg, x) € K. We also define
my:[0,1] — O\ K to be a loop in a punctured disk /2 ((Og, \ {0}) x {x}) C Ng, \ K based at h(wp, x) € K/,
whose winding number around %(0, x) is equal to 1. In addition, let 771 (Q \ K, K”) be the set of homotopy
classes of continuous paths y: [0, 1] = Q \ K such that y({0,1}) C K".
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Definition 6.1 Let o be the unital noncommutative R-algebra freely generated by the set 71(Q \ K, K').
We define the two-sided ideal $ generated by the elements

[ex]s  [y1-v2] —[y1-mx - y2] —[v1]ly2]

forall x € K and y;:[0, 1] - QO \ K for j = 1,2 such that y; ({0, 1}) C K" and y1 (1) = h(wo, x) = y2(0).
Then we define an R-algebra Cord(Q, K;R) := /%, and call it the cord algebra of (Q, K).

Remark 6.2 When K is 1-dimensional and connected (ie K is an oriented knot in a 3-manifold Q), we
fix a basepoint x € K’. A cord is a path y : [0, 1] — Q such that y([0, I])N K = & and y(0), y(1) € K"\ {*}.
The notion of cord algebra (or cord ring) of knots was defined in [6; 18; 19], for instance. The most
refined one is [6, Definition 2.6], which is defined as a noncommutative algebra over Z generated by the
set of homotopy classes of cords and {A*, ¥}, modulo the relations about {A%, %} and the “skein
relations”. If we replace both A and u by 1 € Z and tensor this Z-algebra with R, we obtain an R-algebra
isomorphic to Cord(Q, K; R). (The isomorphism is induced by a natural map from the set of homotopy
classes of cords to 1 (Q \ K, K').)

We should also note that, in [19, Definition 2.1], the cord algebra over Z[H1(dNg,)] was defined when K
is a connected codimension 2 submanifold of an arbitrary manifold and its normal bundle is oriented.
In our setting, we have an isomorphism (A~ 1),: Hy(0Ng,) — H1(S' x K) = H1(S!) @ H1(K). There
exists a ring homomorphism ¢ : Z[H1(9dNe,)] — R determined by ¢(1([S!])) = —1 and ¢(h«(c)) = 1
for every ¢ € H1(K). If the base change of the cord algebra of [19, Definition 2.1] is done by ¢, we
obtain an R-algebra isomorphic to Cord(Q, K; R).

Next, we refer to [6, Section 2.1] and define the string homology, which is simplified for our purpose. For
meZs1,a € RsoU{oo} and p =0, 1, we define an R-subspace Cprh (m,a) C C;ing(Efn) consisting of
generic singular p-chains satisfying jet transversality conditions. (Recall that we have fixed a topology
of X% in Section 3.2.4.)

.....

conditions:

(0a) (yx)'(0), (yx) (Tx) & TK for every k € {1,...,m}.
(Ob) yr(t) ¢ K forevery k € {l,...,m}and t # 0, T}.

Inthecaseof p=1,C {h (m,a) is generated by 1-parameter families of paths
[0.1] > %, ur> (0. T = Q1o
such that [0, 1] - R, u > T, is a C* function and
e {(w, ) |0<u<1,0<t<TY¥}—> Q
is a C* map for every k € {1, ..., m}, and satisfies the following conditions:
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..........

(b) ()0, (i)' (Ty) ¢ TK for every u € [0, 1] and F,i“‘ 1= Dkl {(u.0)le 50,7} 18 transverse to K for
every k € {1,...,m}.

(Ic) If (ux, ts), (U, 1) € ]_[?zl(F,i“‘)_l(K) are distinct points, then uy # u/,.

Note that condition (1b) implies that (F]im)_l(K ) is a finite set. In addition, we define Cprh 0,a) :=
C,"(Z8) fora € R»o U {oo} and p =0, 1.

By (la), the boundary operator of the singular chain complex d*"¢: C fing(E%) — Cging(Ezl) is restricted
to the map

oz P m,a) — Cfom.a). IR e UDk= 1 = PDk=1m

We also define a linear map fk‘h: Clrh (m,a) — C(')h (m 4+ 1,a) for m € Z>; such that, for any 1-chain
0,1
x =0, ] — Q)Zi[l ]m € C{h(m,a),

.....

S = > sign(uee, 1) - (7" o Vet Ve Ve R VR V)
(1)) (K)
Here

—

Ve =y 0w 0.6 = Q0 v =y, e (=10 [0. T — 1] — 0,
and sign(u, t«) € {&1} is the orientation sign of the open embedding into O, C R?
I‘kﬁber =prgzoh ol}

defined on a small neighborhood of (ux,?«) € (F,i“‘)_l(K ) C (0,1) x R~. For convenience, let us
define, for p ¢ {0, 1}, Cp’h(m,a) =0, 081" := 0: Cpm(m,a) — Cp’h_l(m,a) and fkrh :=0: Cpm(m,a) —
Cl . (m+1.a).

Fora € R~ U {oo} and m € Z>¢, we define the quotient vector space
C=4(m) := CPm,a)/CL (m, 0).
Then 0" and fkrh induce linear maps

e CP=a(m) - CMm), P CPem) — €T + 1),

*x—1

Now we define the graded R-vector space
o0
ch=a.= @ ch=am).
m=0

For each m € Z >, C,,Eh "~%(m) is considered to be its linear subspace in a natural way. Then we define a
degree —1 map ph: C,Lh’<a — Cf_’fa by

m
@1) DMx) =0t + Y £ (x)
k=1
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K/
/ e

Figure 5: The picture of ¥ defined for (y)x=1 € Z$°.

for x € Cih *=%(m). For x € C,Lh *=%(0), the right-hand side is just equal to 3*™2x. Then we obtain a chain

complex (CN<% DM, Let HM<* denote its homology group. In addition, for a, b € Rxo U {00} with
a < b, we define a linear map Jab. H,,Eh’<a — H,,Eh’<

Cf‘(m, b) for all m € Z>y.

b induced by the inclusion maps C,Lh (m,a) —

In this section, we call H<% the string homology of (Q, K). Note that the direct limit lim__, _H M,<a

defined by {J a.b }a<p 1s isomorphic to H(;h *=%°_ Furthermore, H(r)h *=% has a associative product structure
induced by IT: X277 x X7 — %2 . Thus H(r)h "= is a unital associative R-algebra, whose unit comes
from * € C(;h’<°°(0).

The next proposition is essentially proved in [6, Proposition 2.9].

Proposition 6.3 As an R-algebra, Cord(Q, K; R) is isomorphic to H(;h =,

Proof For every homotopy class z € m1(Q \ K, K’), we choose a C* path y which represents z. We
then define a path y as follows: for xg, x; € K such that y(i) = h(wo, x;) fori € {0, 1},
h(t - wo, X0) ifo<tr <1,
y:10,3] = 0, t—qy@—=1) if 1 <t<2,
h((B3—1t)-wo,xy) if2<t<3.
We modify y to y by a reparametrization so that (¥)x=; € X{° and satisfies (0a) and (Ob). Then a

homomorphism of unital R-algebras
F:d— H(;h’<°°

is defined so that z = [y] is mapped to [(})r=1]. From the definition of D™, it can be checked that F is
a well-defined surjection and maps the ideal $ into 0. Therefore, we obtain a surjective homomorphism
of unital R-algebras F: /9 — H(;h’<°°.

We prove that F is injective by describing its inverse map. For (y: [0,T] = Q)x= € X7 satisfying (0a)
and (Ob), let us define

h((1=31) - wo, y(0)  if 0

y:[0,1]— 0, t—y(3Tt—T) if 4

h(Gt —2)-wo. y(T)) if 2
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Figure 6: The left-hand side describes the 1-chain ()/”)Zi[? W such that sign(ux, tx) = +1 at
(Ux, 1s) € (IM)~1(K). From the right-hand side, we can see that [§°] = [} - 7] and [p!] =

[¥1 - myx - P2] as elements of 71(Q \ K, K').

As described in Figure 5, we change y into ¥ by small perturbations inside N, around ¢ € {% %} so that
7 does not intersect K. We then obtain a homotopy class [] € 71(Q \ K, K’). Note that, for any 7/ for
j = 1,2 from two choices of perturbations, there exist /o, /1 € {0, +1, —1} such that

[72] = [(my )" - P - (my(ry)'] € 11 (Q \ K, K).

Here, (mx)1 =My, (M x)O 1= Cy, and (m x)_1 denotes the inverse path of m . (As a natural extension,
(my)! for | € Z is defined.) Thus, [!] = [§2] as an element of 5{/$. If y € 20 (ie length y < go), then
[7] = [(mx)"] € 71(Q \ K, K’) for some x € K and [ € Z. In this case, [] = 0 as an element of s4/9.
Therefore, we have a well-defined linear map

G:Cch==_ as. { NN
C™=%°(0) > 1 ~ the unit.

From the transversality condition (1b) together with (1c), it follows that Im D™ is mapped into 0. Indeed,
in a simple case, for (y")Zi[?’l] € C{h(l, 00) such that (Flim)_l(K) = {(ux, tx)}, we can see that

G(Dm(x)) _ %[721 'Tx : ?2’]\— (71 ?\2] + s%gn(u*, l*)[)///:l][)///:z] %f s%gn(u*, 1x) = +1,
V1 ¥2] = [V1-ma - ya] + sign(us, £ [V1lly2] - if signus, 1) = —1,
for x := y**(tx), y1 := ¥"*|j0,1,] and y2 := y"*|[, 7ux](- — tx). Figure 6 describes the case where
sign(ux, tx) = +1. Thus G(Drh((y”)zez[?’l])) =0¢€ /9. Condition (1c) implies that the general case can
be reduced to this simple case. Therefore, we obtain a well-defined linear map G : H(;h =% 5 4/9. Finally,
for any [y] € m1(Q \ K, K') such that y(i) = h(wy, x;) for i € {0, 1}, there exist [y, € {0, +1,—1}
such that

G o F([y]) = [(mxg)" -y - (mx)1],
which is equal to [y] in s4/.$. This implies that F is injective. |
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6.2 Connecting string homology and H:""(Q, K)

The purpose of this section is to construct a linear map from H. ,,Eh o HZ9(Q, K) foralla e R o\ L(K).
On the limit of @ — 0o, an R-algebra homomorphism from H" < to H™ (0, K) is defined. Before

constructing this map, we will prepare two things.

6.2.1 Preliminaries First, we define a map W which associates de Rham chains with singular chains.
Let k, y: R — [0, 1] be C° functions such that:

e xk(u)=0ifu <0and k(1) = 1if u > 1. In addition, k' (1) > 0if 0 <u < 1.

e y:R — [0, 1] has compact support and y(s) = 1 for every s € [0, 1].
For p € Z, a linear map

.M dR
V:C,'(m,a) - Cp(23,)

is defined by

.....

..........

commute with boundary operators, namely
doW =Wode: CMm,a) > CR,(TY).

Next, we define a filtration {Cprh (m,a,e)}e=o of Cprh (m,a). When p =0, Céh (m,a,¢e) is an R-subspace
generated by (v : [0, Tx] = Q)k=1,...m € Xy, satisfying (0a)—(0b) and the following condition:

(Oc) There exists 79 € (0,0/(5Cp)] such that yi ([to, T — t0]) N Ne = @ for every k € {1,...,m}.

In the case of p =1, C{h (m,a, ¢) is an R-subspace generated by (y}': [0, T}!] — Q)Zi[?l]m satisfying

(1a)—(1c) and the following conditions:

(Ad) (rDk=1....m and (y)k=1,....m satisty (0c).
(le) There exist 79 € (0, 9/(5Cp)] and an open neighborhood Uy, ,,) for each (ux,1x) € (I’,i“‘)_1 (K)
for k =1,...,m such that

(Us.tx) € Uy r) Clu, 1) |0 <u < 1,79 <t < Ty —10},

and the following hold:
(le-1) Ug,,r) CHu,0) |t —14] <70}
(le-2) For any two distinct points (ux, ), (U, 1) € [ [1=; (F,im)_1 (K), the projections of the sets
Utus,t)» Uil 1) C 10, 1] xR0 to [0, 1],

Pr10,11(Utus.1))s Pr10,11 (Vs 1)) C [0, 1],
are disjoint.
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(1e-3) Forevery k € {1,...,m},

(Tl roze < —r0) ™ (Ne) = U U ta)-
(u, 1) €M) 1K)

Moreover, for each (ux,tx) € (F,im)_l(K ),
™ Uty ) = O
is a diffeomorphism. (Recall that F,fber =prgzoh loT}.)
In addition, we define Cprh(m,a, €)= Cp‘h(m,a) if p¢{0,1} orm =0.

Roughly speaking, (Oc) means that y (¢) is far from K by a distance at least %8, except when ¢ is close
to {0, Ty }. Condition (le) means that y;/(7) is far from K by a distance at least %8, except when 7 is
close to {0, T} or when (u, 1) is close to some point in (F]im)_l(K). Note that, when 0 < &’ < ¢, we
have C(m.,a,e) c CN(m,a.¢'), and

(42) UCﬂ“(m,a,s):Cf(m,a).
e>0
Moreover, 3*" and fkrh for k = 1,...,m are restricted to linear maps

gsine. C,,[h(m,a, g) — C,,Eh_l(m,a, g), fkrh: C,Lh(m,a, g) — C;(h_l(m +1,a,¢).

For every ¢ > 0, we define Cih’<a (m,e) = C,Eh(m, a, 8)/C>{<h(m, 0,¢) and
o0
ch=a(e):= @ CM=(m.e).
m=0

A linear map D ;h : C,Lh =) > C M, <a (&) is defined by the same form as (41). Then we obtain a chain

*—1

complex (Cih ~4(e), Dgh). Let H,T *=%(e) denote its homology. When 0 < ¢’ < ¢, the inclusion maps
C,Lh(m, a,e) — Cﬂ“(m, a, &) for all m € Zx¢ induce a linear map

le.o: HM<%(e) > HM=%(¢),
and we have a direct system ({H,ih =4 ()e>0. {lee'}e> 8/). From the relation (42), we have

lim " (e) = H»=.

e—0
6.2.2 Construction of the chain map With the above preparations, we consider the maps
Cpm(m,a, g) — C;R(szmg), x> W(x), formeZso

for & € (0, e9/(5Cp)]. They induce a linear map from Cih "=%(g) to C=%(g), but this is not a chain map.
In order to fill in the gap, we need to prove the following lemma for a € R \ L(K).
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Lemma 6.4 Suppose that (¢, §) € T, is standard with respect to h. Then, form € Z>y andk €{1, ..., m},
there exists a linear map

1
0ot CiMm.a.6) > CIR(Z G )

such that the following hold for any x € C{h (m,a,e):

() D0k (6,8)(xX) = (fies 0 W) = T o £(x)) € CR(E, 1))
(i) f1,5(0k,(e,8)(x)) € C(‘}R(E,(;HZ) foreveryl € {1,...,m+1}.
u€l0,1]

I=1,...,
into three steps: We define de Rham chains in the first two steps. In the last step, og (¢,5)(X) is defined as

Proof It suffices to define og (.5 (x) for x = (y;') o Satisfying (1a),...,(1e). The proof is divided

the sum of these chains and we check conditions (1) and (ii).

Step 1 From the definitions of ¥ and fkm,

fes oW —Wo 00 = fis(W)— Y sign(us.ta) - [{0} colus. 1), 1],

(us,1:) €M) ~1(K)

—
Ux ] UxD

where cq(ux, tx) is a constant map to ()/;‘*, N R R )/,'f,*). Since (g, §) is standard, it has the
form (31). Using the notation of (13), we can explicitly write fg 5(W(x)) = [Wi, @k, {x], where

Wi = {(u,7,v) ERxRx Ny | 26 <7 < T*™ —2¢, ™ (1) = 07 (0)},

Oy Wy — SEEOFDE v vy s con () 21 (T, ), Y6 (1)),

& € Q2M), (C) ey = LT 1) - x () - (B (Ve X 1))y

Recall condition (le-3) and note that o7 (0) = v. We define Wi:=WeN{g<t< T,é‘ @) _ 70}. Then

Wi — U Uiy (. 7.0) > (1), 7).
(1) €M)~ 1(K)

is an orientation-preserving diffeomorphism. Moreover, pg (T} @) 7). x(u) =1 for (u, r,v) € Wi. On
the other hand, it follows from (le-1) and Lemma 3.12 that ® (u, 7, v) € E?n_H for (u, t,v) € Wy \ Wg.
Therefore,

S5 (W(x)) — > Wt t)> Pty Sun )] = fes (¥ () = W, el » Sk li, ]
(s 1) €T ~1(K)
e CER (25,1 0),
where
/ ‘U Za—i—(m-}-l)s u T u
(U sts) (Us,ts) ™ m+1 s (M, T) — cong ((yl )l=1,...,m’ ( k> ‘C), w&‘(yk (T)))v
é'Elhk,hk) = (F]im|U(u*.f*))*(h*(v8 X l)) € Qg(U(M*,t*))
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As aresult, fr soW(x)—Wo fkrh (x) is equal to the chain
(43) Z ([U(u*,t*)v CD,(u*’l*)’ é—zu*,t*)] _Sign(u*’t*) ' [{0},C0(M*,f*), 1])
(us, 1) €@~ H(K)
modulo CSR(E&H).
For each (ux,14) € (I‘,im)_1 (K), consider a diffeomorphism
Fkﬁber = Prr2 © h_l °© F]intlU(u*,t*) : U(u*at*) - @‘9

and a scalar multiplication ms: O — Og, w > k(s) - w, for s € R. We define a deformation retraction to

{(u*v t*)})
R x U(u*,t*) - U(u*,t*)v (Ss (u’ T)) = (MS7 TS) = (F]?ber)—l omg o (Fkﬁber)(u’ ‘L').

Now we define a map,

~ +(m+1
Dyt R Uty = Ez“r(;n (s ) e Dl 1y (s T),

and the de Rham chain
5 +(m+1
0,1c = Z [R X Ugyy 1) CID/(M*J*), X X {Eu*’l*)] € CFR(Eaer(In )8).
(us,t5) €M) ~1(K)
Ifs>1, &D/(u*’t*)(s, (u,7)) = @Eu*’t*)(u, 7). If s <0, ﬁv)zu*’t*)(s, (u, 7)) is constant to

iy ) = e (. 1),

which is defined by (12) for yx = y;'*, (T, T) = (T'* . t+) and 0;: [0, 3&] — {y;"* (1)} C Q. Therefore,
the boundary chain 80}c is equal to

Z ([U(u*at*)’ q)l(u*,t*)’ ;Eu*,t*)] - [{0}’ Cé)(u*’ t*)’ L

(us,1:) €M) 1K)

()™ (s (ve x 1))D-

(U %)

Since f@a ve = 1, we can compute that

/ (Fk)*(h*(vgxl))zf (h_loI‘k)*(vgxl):/ (L) * v, = sign(ux. t4) € {£1}.
(U, Ix) (U, lx)

U(u*,t*)

Thus,
(44) 3(011() = Z ([U(u*,t*)v cb’(u*’t*), Zéu*,t*)] — sign(ux, tx) - [{0}, ¢ (ux, 1), 1])
(1) €T~ H(K)

Step 2 For each (ux,tx) € (I’,i“‘)_1 (K), ¢ (ux, tx) coincides with ¢ (1, tx) up to reparametrizations
of the k" and (k+1) paths. We define by interpolating parametrizations

—
Ux?2

+(m+1 * T " "
cl(u*,t*):[O,l]—>2;+(;” e sH(yf,...,yZ_l,y;:lousl,yk oui,y;:ﬂ,...,y,’,‘, ),
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so that ¢1 (U, 1x)(0) = co(ux, t+) and c1 (U, tx)(1) = c((ux, t+). Then we obtain a chain
Oy =R c1luts, 1) ok ) € CPRERETHS),
which satisfies B(O%M*’t*)) = [{0}, co(ux, ), 1] — [{0}, co(ux, 15), 1].
Step 3 We define a chain
Ok, (e,8) (X) 1= o}c + Z sign(Usx, L) - O%u*’t*).
(us,1:) €M) ~1(K))
From (44), 0(0k,(¢,5)(x)) is equal to the chain of (43). Therefore, ox s (x) satisfies condition (i). Condition
(ii) can be checked as follows: From conditions (1e-2) and (1e-4), those paths in CI> Gt )(s (u, 7)) and

c1(ux, ) (s) satisfy condition (iii) of Lemma 3.12. Therefore, f s (ok) and f 5 (o(u* t*)) belongs to
CdR(E man) forl=1,....m+1. |

For (e,8) € I, which is standard, we define a linear map <I>( %) 1 Cy h, <a (¢) = C;%(e) such that, for

xeC rh(m a, ¢), the equivalence class [x] € C, h,<a %(m, €) is mapped to

[W(x)] if p=0,
S5 (1) = 2 (W) = Fs ok ey (1)) i p=1,
0 otherwise.

The two properties of ok (. s) show that CID( %) is a chain map from (Cih’<a (e), D;h) to (C-%(¢), Dg).
Therefore, we obtain a linear map on homology,

(G HI<(e) - HI(e.9).

6.2.3 Commutativity with transition maps We need to check the relation of CI>(<”5) for {k (e 8),(e,8) Je'<e

aIld {18,8/}828/‘

Proposition 6.5 For (¢,§), (¢/,8) € T, with &' < ¢ which are standard with respect to h, the following
diagram commutes:

(@%))
S (6) —2 4 (e.5)

ls,a/l ke 6).(e.8)
(P 57))+
Hf]’<a(8/) (e.8") H*<a(8/’8)
To prove this proposition, we return to the definition k(. 57 (¢,5) = k(5 5) by (2, 8) € T, satisfying (24)
for (g,8) and (¢/,8'). We require (£, §) to be standard with respect to /, and thus & = ¢.

We set O :=70W: CM(m,a) - CIR(24) for all m € Zso. Again, the induced map from M=) 1o
C,=%(e) is not a chain map. To fill in the gap, we need the following lemma.

Lemma 6.6 Form € Z>1 andk € {1,...,mj}, suppose that we have taken maps oy (¢,5) and ok (¢’ 57y of
Lemma 6.4 for (¢, 8) and (¢, §"). Then there exists a linear map

_ = 1

O (6.d) C{h(m,a, g) — CldR(Ez:F({”-" )
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such that the following hold for any x € C rh(m a,e):

© 30y (0.5) — (frgo¥(x)—Vo S8) e CR(E4,4 ).

fls(ok (. 8)(x)) eCdR(E mao) foreveryl € {1,...,m+1}.

* 4 (0f (0.5) (X)) = 0 (e,5)(x) and e (0, 5,(X)) = (ja’,a)*(ok,(e’,S’)(x))-
Proof We omit the detailed proof. Note that § has the form (32). For any X = (Vi)k=1,...,m» W€
can compute explicitly that the chain f_k 50 U(x)—Wo fkrh (x) is equal to the sum of chains, for all
(s, 15) € (L") ~H(K),
[R X Uty ) Plor, 11y (Rt X Uty ) iR - X Uty 1)) Ear, 1)

— Sign(u*, t*) . [R, Co(u*, t*), (ldRZI N ide—l)’ 1]

modulo CJR(29, . ;). Here <I>/( i) RXUg, 1) = R x Efntr({"ﬂ)g is determined by

(u* t*)(’” (u,7)) = (” Conk(()/l )i=1,.. ,m,(Tk»T) Wa’a(’" Vi (T))))

and (féu* t*)) = (idgr % F];m|U(u*’[*))*(1 X fgr.e) € Q2(R x U, t,))- The [—1, 1]-modeled chain 0, ©.5)
is defined in a similar way as o (.,5) in Lemma 6.4, and we can check that this chain satisfies the required

three conditions. O
Proof of Proposition 6.5 We define a linear map dD( 8) rh ~%(g) — C=%) such that, for x €
Cp M,<a (m,a,e), — .
[¥(x)] if p=0,
B (1x) = (B = YR [6y oy (] i p=1,
0 otherwise.

The first two properties of 0, ) show that this is a chain map from (C, M, <a (e), Dgh) to (C%(e), D 5)
Therefore, we get a linear map on homology,

(D% ) HM<4(e) > HZ4(g, ).

The third property of 0, (©.5) implies that the following diagram commutes:

( £, ) .ss *:.d
piteagy CE g g Ue T
Le.er HZ9 e, 5)
(ea.—)*
( (6‘/ F1) ) (js/ s)*

HI (e =205 B, 8) =5 HE(E, (i)sb)
The proposition is now proved since k(, 5 = ((je,e)5 ' © (€s,4)x) © ((Jer,e)x ' 0 (es_)+) " =
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Leta € Roo \ £(K). Proposition 6.5 shows that the family of maps
{(@é‘ls))* | (¢,8) € T, is standard with respect to h}
induces a linear map on the limits of & — 0,

<4 HM< = lim HM<(e) » H79(Q, K) = lim H%(e.9).

e—0 §—0
Naturally, those maps of {CD ?}aeR-o\%(K) commutes with {74 b HZ(Q,K)— Hb(Q, K)}u<p and

(Jab. gh<e _ pih<b }a<b. Therefore, on the limit of a — oo, we have a linear map
®: HMoo - gie (o k).

Moreover, it is straightforward to check that ® is a homomorphism of unital R-algebras.

6.3 Proof of isomorphism

In this section, we prove that for every a € Rsg \ £(K), ®=¢ is an isomorphism in the 0™ degree. As an
immediate consequence, it is shown that the cord algebra of (Q, K) is isomorphic to Hgmng(Q, K).

For each m € Z >y, let a““g C, M, ~%(m) — C(;h *=%(m) denote the singular boundary operator. We also
write

s) Wo.m: Coker e — HIR(22 50, [x] > [¥(x)],
Wy Ker o > HR(22 £0) x> [W(x)).

Lemma 6.7 W, is an isomorphism and W ;, is a surjection.

Proof Naturally, there are two maps
Coker 958 — Hgmg(E“ %), Ker aine H“ng(E“ =9).

induced by the inclusions C rh(m a)—C Smg(E ) for p =0, 1. The subset of ¢, (resp. C°([0, 1], %))
consisting of elements satisfying conditions (0a)—(0b) (resp. (1a)—(1c)) is open dense. This fact implies
that the first map is an isomorphism and the second map is a surjection. Then we consider the following
diagram for p =0, 1:

v, 6 . .

Kpam —"— H® (24, 29) — " tim | HIR(BE(2)). BY(2)))
(11 . s : :

H3™ (58, 59) lim . H3™(BA(27). BS,2)))

Here, Ko m := Coker BS "% and K 1,m = Ker 8§,i,ng. The left vertical map is defined as above. The right
vertical map is an isomorphism from Proposition 2.9. The horizontal maps are the isomorphisms of (6)
and (11). The commutativity follows from the definition of the right vertical map. See [15, Section 4.7].
Now the assertion of the lemma follows from the diagram. O
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For the chain complexes (CJFh =4 D’h) and (CLh =4 (e), Dgh), we define their filtrations {%;“ }pez and
{%:,ap}peZ by
w9 = @ cMm), w55 = P cham.e).
m>—p m>—p
Let EM<¢ and EM<? be the spectral sequences determined b {9659} d{¥:2} tivel
£ p q Yy A#, % pez and {#; 7} pez, respectively.
The (—m, g)-terms of their first pages are given by

Coker Bf,i,ng ifg—m =0and m >0,

(Erh,<a)1_m’q _ Keraf,ifg ifg—m=1and m >0,
0 otherwise,
Coker 32“,1,% ifg—m=0and m >0,
(EP=)L,, g = \Kerdlli  ifg—m=1andm =0,
0 otherwise.

Here a:ij:,%: C lm ~(m,e) > C(T "=%(m, ¢) also denotes the singular boundary operator. If 0 < ¢’ < ¢, there

exists a morphism /g ¢ : Eg"~¢ — Es,’<a induced by the inclusion maps Cﬁ (m,a,e) - Cﬁ (m,a,&)

gM<a ~ ph<a,

for all m € Z>¢. Naturally, ]i_r)r18_>0 A

For (g, 8) € T, which is standard with respect to /&, the chain map @éflg) preserves the filtrations {#; % } pez
and {97’:‘;, }pez., so it induces a morphism of spectral sequences

.,
(Pt B~ = ECl).
Note that, on the (—m, g)-term for m > 0 of their first pages, this can be written as
(®5%))«: Coker 3305 — HER(SaTme 59), [X] = [W(x)] if ¢ =m,

(46) .
(5%« Ker dgm — H{R (S5, 55), x> [U(x)] if g=m+1.

<a

Recall that we have defined k(¢ /) (¢,5): E o8~ E éaa) by the composition of the maps of (28). The
next result is a variant of Proposition 6.5 for spectral sequences.

Proposition 6.8 The following diagram commutes:

(h,<a (d)(f?f%))*
&

<a
E (.8)
ls,s/l Tk(s/.a'»(s.&
ph<a @&

a
4 (¢,8")

This can be proved as Proposition 6.5 by taking (5;"3))*: Eéh ¢ S E é“g) into consideration. We omit
the proof. ’ ’

We use the spectral sequence E =% of Proposition 4.17. The above proposition and (46) immediately
implies the existence of the following morphism of spectral sequences.

Algebraic & Geometric Topology, Volume 25 (2025)
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Proposition 6.9 There exists a morphism of spectral sequences ®=%: E h.<a _, E<a guch that, on the
(—m, q)-term for m > 0 of the first page,

<1 = Wy (EM=0)L = Cokerdy® — (E<)L,, = HIX(24,, =9 if ¢ =m,
QU =Wy (M=) = Kerdp® — (E<9)L,,, = HR(E4.28) ifg=m+1.

This property of ®<¢: EM:<@ _» <4 implies a result on the compatible map ®<9: le,h’<a — H;4(0,K).
Proposition 6.10 ®=4: le)h,<a — H;%(Q, K) is an isomorphism if p = 0 and a surjection if p = 1.

Proof By Lemma 6.7 and Proposition 6.9, ®=¢: (Em’<“)11,, — (E<“)11,’q is an isomorphism if p+¢q <0
and a surjection if p + ¢ = 1. Since EM.<a converges to Hy"~% and E <% converges to H=%(Q, K), we
can apply Lemma 4.2 to prove the above assertion for ®~%: H ,Lh =4 5 HZ9(Q, K). ad

On their limits of @ — 0o, {®~%},er_,\ ¢ (k) induces an isomorphism
®: HM=%® - H™ (0. K).

Combining with Proposition 6.3, we finally obtain the following result.

Theorem 6.11 As a unital R-algebra, Cord(Q, K; R) is isomorphic to Hgmng(Q, K).
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