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Toward a topological description of
Legendrian contact homology

of unit conormal bundles

YUKIHIRO OKAMOTO

For a smooth compact submanifold K of a Riemannian manifold Q, its unit conormal bundle ƒK is a
Legendrian submanifold of the unit cotangent bundle of Q with a canonical contact structure. Using
pseudoholomorphic curve techniques, the Legendrian contact homology of ƒK is defined when, for
instance, QDRn. Aiming at giving another description of this homology, we define a graded R-algebra
for any pair .Q;K/ with orientations from a perspective of string topology and prove its invariance
under smooth isotopies of K. We conjecture that it is isomorphic to the Legendrian contact homology
of ƒK with coefficients in R in all degrees. This is a reformulation of a homology group, called string
homology, introduced by Cieliebak, Ekholm, Latschev and Ng when the codimension of K is 2, though
the coefficient is reduced from the original ZŒ�1.ƒK/� to R. We compute our invariant (i) in all degrees
for specific examples, and (ii) in the 0th degree when the normal bundle of K is a trivial 2-plane bundle.
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1 Introduction

Convention Throughout this paper, all manifolds are of classC1 without boundary and second countable,
and all submanifolds are of class C1 without boundary, unless otherwise specified.

Background Let Q be a manifold with a Riemannian metric, and K be a compact submanifold of Q.
To any pair .Q;K/, one can associate the unit cotangent bundle UT �Q of Q and the unit conormal
bundle ƒK of K. It is well known that UT �Q has a canonical contact structure and ƒK is a Legendrian
submanifold of UT �Q.
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As an invariant of Legendrian submanifolds, the Legendrian contact homology has been studied for pairs
.M;ƒ/ of a contact manifold M and its compact Legendrian submanifold ƒ. It is the homology of a
differential graded algebra generated by Reeb chords of ƒ, and was introduced by Chekanov [4] and
Eliashberg [12]. The differential is defined by using pseudoholomorphic curves in the symplectization ofM.
A rigorous definition was given by Ekholm, Etnyre and Sullivan [9; 11] when there is a diffeomorphism
from M to the contactization of a Liouville manifold which preserves contact forms. As is mentioned
in [11, Section 5.1], this included the case of M D UT �Rn. (The definition of [11] is given by
pseudoholomorphic curves in the Liouville manifold. These curves can be lifted to pseudoholomorphic
curves in the symplectization of M. See Dimitroglou Rizell [7].)

Suppose conceptually that we have an algebraic invariant in symplectic or contact topology defined by
using pseudoholomorphic curves, and apply it to an object related to the cotangent bundle T �Q. For
instance, we consider the symplectic homology of T �Q, or the wrapped Floer homology of the conormal
bundle LK of K in T �Q. In this case, it is known by the following results that these invariants have
another view from the topology of the loop or path space of Q, without using pseudoholomorphic curves
(here we assume that Q is a closed spin manifold and all homology groups have Z-coefficients):

� The symplectic homology SH�.T �Q/ of T �Q is isomorphic to the singular homology of the free
loop space of Q; see Abbondandolo and Schwarz [2], Abouzaid [3] and Viterbo [20].

� The wrapped Floer homology WF�.LK ; LK/ of LK is isomorphic to the singular homology of
the space of paths in Q with endpoints in K; see Abbondandolo, Portaluri and Schwarz [1].

These results lead us to an expectation that if the Legendrian contact homology of a pair .UT �Q;ƒK/
is defined, it has another description in terms of the topology of the path space of Q. This expectation
has already been confirmed in particular cases. When the codimension of K is 2, Cieliebak, Ekholm,
Latschev and Ng [6] defined a graded ZŒ�1.ƒK/�-algebra, called string homology, which is inspired
by string topology of the path space of Q. They showed that when Q is equal to R3 with the standard
metric and K is a knot, the 0th degree part of this algebra is isomorphic to the 0th degree part of the
fully noncommutative Legendrian contact homology of .UT �R3; ƒK/ with coefficients in ZŒ�1.ƒK/�.
However, such topological descriptions have not yet been defined in higher degrees or for K with
codimK ¤ 2.

Main results Let Q be an oriented manifold and K be its compact oriented submanifold of codimension
d � 1. The main purpose of this paper is to define a graded R-algebra H string

� .Q;K/ and observe its
basic properties. This graded R-algebra can be regarded as a reformulation of the string homology of [6],
whose coefficient is reduced from ZŒ�1.ƒK/� to R. The feature of our formulation is that H string

� .Q;K/

is defined for K of an arbitrary codimension and in all degrees, compared to the string homology defined
for K of codimension 2 and generated by singular chains of degree less than or equal to 2. The two
main differences from the string homology in its construction are the reduction of the coefficient and the
substitution of singular chains by de Rham chains explained below.
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The construction of H string
� .Q;K/ can be briefly summarized as follows: We first choose auxiliary data

including a complete Riemannian metric on Q. As a graded R-vector space, it is defined to be

(1) H
string
� .Q;K/ WD lim

��!
a!1

lim
 ��

.";ı/2Ta
"!0

H<a
� ."; ı/;

where H<a
� ."; ı/ for a 2R>0 nL.K/ and ."; ı/ 2 Ta is the homology of a chain complex

(2)
�
C<a� ."/ WD

1M
mD0

C dR
��m.d�2/.†

aCm"
m ; †0m/;Dı

�
:

An explanation for each piece of the above definition is the following:

(A) C dR
� .X;A/ is the R-vector space of de Rham chains defined for a pair of differentiable spaces .X;A/.

Together with the boundary operator

@ W C dR
� .X;A/! C dR

��1.X;A/;

.C dR
� .X;A/; @/ becomes a chain complex. De Rham chains can be used as substitutions of singular chains

over R. Their basic properties are summarized in Section 2. The advantage is that the fiber product of de
Rham chains can be defined in a natural way. The main references are Irie [15; 16].

(B) For a 2 R>0 and m 2 Z�1, †am is a differentiable space of sequences .
1; : : : ; 
m/ of paths

k W Œ0; Tk�!Q for k D 1; : : : ; m with endpoints in K. It includes all .
k/kD1;:::;m whose total length is
less than a. For the precise definition, see Section 3.1. Exceptionally, †a0 is the one-point set for a > 0
and †00 is the empty set.

(C) Dı is defined byDı.x/ WD@xC
Pm
kD1.�1/

pCkdC1fk;ı.x/ for x 2C dR
p�m.d�2/

.†aCm"m ; †0m/. Here

fk;ı W C
dR
� .†

aCm"
m ; †0m/! C dR

�C1�d .†
aC.mC1/"
mC1 ; †0mC1/ for k D 1; : : : ; m

are operators which play the key role in our construction. The idea comes from an operation of string
topology explained by three steps:

(i) Fix a pair of short paths .�i W Œ0; "i �! N"/iD1;2 in a tubular neighborhood N" of K such that
�1."1/; �2.0/ 2K and �1.0/D �2."2/.

(ii) For any sequence of m paths .
k/kD1;:::;m, we split the kth path 
k W Œ0; Tk�!Q at a time, say � ,
if the image 
k.�/ coincides with �1.0/. We then concatenate 
kjŒ0;�� (resp. 
kjŒ�;Tk�) with �1
(resp. �2) to get a new sequence of mC 1 paths

.
1; : : : ; 
k�1; .
kjŒ0;�� � �1/; .�2 � 
kjŒ�;Tk�/; 
kC1; : : : ; 
m/:

(iii) We extend the procedures (i)–(ii) for families (or chains) of paths parametrized over manifolds.

For the precise definition, we need to take fiber products of chains. See Setions 3.3 and 3.4. The
operator fk;ı depends on a chain ı 2 C dR

n�d
.S"/, where S" for " > 0 is a differentiable space of pairs
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of short paths in N" introduced in Section 3.1. For a 2R>0 nL.K/, where L.K/ is a closed subset of
Lebesgue measure 0, a set Ta consisting of pairs ."; ı/ is defined in Definition 4.4. It is necessary to
prove Dı ıDı D 0 for any ."; ı/ 2 Ta, which we do in Proposition 4.1, to define the chain complex (2).

(D) The inverse limit in (1) is defined from an inverse system�
fH<a
� ."; ı/g.";ı/2Ta ; fk."0;ı 0/;.";ı/g"0�"

�
:

Its construction is given in Section 4.3. To define the linear map k."0;ı 0/;.";ı/ WH<a
� ."0; ı0/!H<a

� ."; ı/,
we need to factor through another homology group constructed from “Œ�1; 1�-modeled de Rham chains”.
Furthermore, to check its well-definedness and a claim about composition, we need one more homology
group constructed from “Œ�1; 1�2-modeled de Rham chains”. These variants of de Rham chains are
introduced in Section 3.5.

(E) The inverse limit is denoted by H<a
� .Q;K/ WD lim

 ��"!0
H<a
� ."; ı/. The direct limit in (1) is defined

from
�
fH<a
� .Q;K/ga2R>0nL.K/; fI

a;bga�b

�
, where I a;b W H<a

� .Q;K/! H<b
� .Q;K/ is induced by

the inclusion maps †aCm"m !†bCm"m for all m 2 Z�0. See Section 4.4.

(F) A graded associative product structure on H string
� .Q;K/ is induced by natural maps †am �†

a0

m0 !

†aCa
0

mCm0 for all m;m0 2 Z�0. The unit comes from 1 2RD C dR
0 .†a0; †

0
0/ for a > 0. See Section 4.4.2.

A fundamental property of H string
� .Q;K/ is the invariance under C1 isotopies of K.

Theorem 1.1 The unital graded R-algebra H string
� .Q;K/ is independent up to isomorphism of the

auxiliary data and invariant under changing the orientation of K. Moreover , it is invariant under C1

isotopies of K. (See Proposition 4.20.)

We also give nontrivial computations when Q D R2d�1 for d � 2. For two specific submanifolds
in R2d�1 both of which are diffeomorphic to Sd�1 tSd�1, we prove that our invariant is isomorphic to
the homology of a finitely generated differential graded algebra. Using this computation, we obtain the
next result.

Theorem 1.2 For every d � 2, there are two nonisotopic oriented submanifolds K and K 0 in R2d�1 of
codimension d such thatƒK is isotopic toƒK0 as a C1 submanifold with a spin structure in UT �R2d�1,
while H string

� .R2d�1; K/©H string
� .R2d�1; K 0/. (See Corollary 5.10.)

The spin structure on ƒK for any submanifold K in a spin manifold Q is explained in Proposition 5.11.

Another purpose of this paper is to shed light on the relation to Legendrian contact homology. The
following result is nontrivial from the construction.

Theorem 1.3 When the codimension of K is 2 and the normal bundle of K is trivial , H string
0 .Q;K/ is

isomorphic to the cord algebra of .Q;K/ over R. (See Theorem 6.11.)
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If K is connected, the cord algebra over R we consider in this paper is a reduction of the cord algebra
over ZŒH1.ƒK/� defined by Ng [19]. Combined with a result of Ekholm, Etnyre, Ng and Sullivan [8],
the cord algebra for a knot K in R3 was proved to be isomorphic to the 0th degree part of the Legendrian
contact homology of .UT �R3; ƒK/. Later, another direct proof was given in [6].

The author makes the following more radical conjecture when QDRn.

Conjecture 1.4 For any compact oriented submanifold K in Rn, H string
� .Rn; K/ is isomorphic to the

Legendrian contact homology of .UT �Rn; ƒK/ with coefficients in R.

The Legendrian contact homology with coefficients in R is an invariant of Legendrian submanifolds with
a spin structure; see Ekholm, Etnyre and Sullivan [10; 11]. If Conjecture 1.4 is true, then our invariant can
be applied to study the contact topology of UT �Rn. For instance, assuming this conjecture, Theorem 1.2
would imply that ƒK is not isotopic to ƒK0 as a Legendrian submanifold with a spin structure.

Organization of paper In Section 2, general notions of a differentiable space and its de Rham chain
complex are introduced. In Section 3.1, the differentiable spaces †am and S" are defined. Their de Rham
chain complexes are observed in Section 3.2. Through Sections 3.3 and 3.4, the operator fk;ı is defined.
In Section 3.5, Œ�1; 1�-modeled and Œ�1; 1�2-modeled de Rham chains for path spaces are introduced. In
Section 4.1, we define the chain complexes (2) and give a couple of computations. In Section 4.2, we
consider their variants using those chains in Section 3.5. They are necessary to define the map k."0;ı 0/;.";ı/
in Section 4.3. The definition of H string

� .Q;K/ is given in Section 4.4. The independence on auxiliary
data is checked in Section 4.5, from which the isotopy invariance follows immediately. In Section 5, we
examine the algebraic structure of H string

� .R2d�1; K/ when K is a higher-dimensional generalization of
the Hopf link or the unlink in R3. In Section 6.1, referring to [6], we define the cord algebra and give
another description as the 0th degree part of the string homology. In Section 6.2, we construct a graded
map from the string homology to H string

� .Q;K/. In Section 6.3, this map is proved to be an isomorphism
on the 0th degree part.

Acknowledgements The author would like to express his deep gratitude to his supervisor Kei Irie for
spending hours of discussion and giving so much valuable suggestions and continuous encouragement.
This work was supported by JST, the establishment of university fellowships towards the creation of
science technology innovation, Grant Number JPMJFS2123. Part of this work was supported by the
WINGS-FMSP program at the Graduate School of Mathematical Science, the University of Tokyo.

2 Differentiable space and de Rham chains

In this section, the notions of differentiable spaces and de Rham chains are introduced. We also summarize
results applied in the latter sections.
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Remark 2.1 The notion of differentiable space goes back to [5] by K-T Chen. The notion of de Rham
chains was proposed by Fukaya [14], and later Irie gave the definition in [15; 16]. We mainly refer,
especially about sign conventions, to [16]. As is mentioned in [15, Remark 4.1], the definition of plots
(elements of a differentiable structure) in this paper is different from that of [5].

2.1 Notation and conventions

For m;N 2 Z�0, let Um;N be the set of oriented m-dimensional submanifolds of RN. We then define
U WD

S
m;N2Z�0

Um;N . Let us fix a few conventions about orientations. If we write Rn for n 2 Z�1,
this means the manifold Rn 2Un;n whose orientation is given so that dx1^� � �^dxn is a positive volume
form when .x1; : : : ; xn/ is the standard coordinate of Rn. If we write f0g, this means f0g 2U0;0 with a
positive sign assigned.

Let us think about the orientation of fiber products of oriented manifolds. For U; V;M 2U, suppose that
there are two C1 maps f W U !M and g W V !M. We also assume that g is a submersion. (Hereafter,
all submersions are of class C1.) Then the fiber product

U f �g V WD f.u; v/ 2 U �V j f .u/D g.v/g

is a C1 submanifold of U �V. In order to determine the orientation at .u; v/ 2U f �g V, we take a right
inverse s W Tg.v/M ! TvV of .dg/v (ie .dg/v ı s D idTg.v/M ). Then there are two isomorphisms

Tg.v/M �Ker.dg/v! TvV; .z; y/ 7! s.z/Cy;

TuU �Ker.dg/v! T.u;v/.U f �g V /; .x; y/ 7! .x; yC s ı .df /u.x//:

The orientations of Ker.dg/v and T.u;v/.U f �g V / are determined so that the above isomorphisms
preserve orientations. Of course, when X and Y are oriented R-vector spaces, we assign the product
orientation onX�Y. In particular, whenM Df0g, this gives the orientation of the product manifold U �V.

For U 2 U, �pc .U / is the vector space of compactly supported C1 differential p-forms on U. When
p < 0 or p > dimU, we define �pc .U / WD 0. For U;U 0 2U and a submersion � W U 0! U, we have an
R-linear map

�Š W�
p
c .U

0/!�p�.dimU 0�dimU/
c .U /;

called the integration along fibers. When U 0 DRd �Rk , U DRk and �.t; x/D x for .t; x/ 2 U 0, this
map is characterized by the following: for f 2�0c.U

0/, 1� i1 < � � �< ia � d and 1� j1 < � � �< jb � k,
if we take ! WD f .dti1 ^ � � � ^ dtia ^ dxj1 ^ � � � ^ dxjb /, then, for every x 2 U,

.�Š.!//x D

�
0 if a < d;�R

Rd f . � ; x/ dt1 ^ � � � ^ dtd
�
.dxi1 ^ � � � ^ dxia/x if aD d:

For an arbitrary submersion � W U 0! U, �Š is defined by taking local charts and a partition of unity on U.

Algebraic & Geometric Topology, Volume 25 (2025)



Toward a topological description of Legendrian contact homology of unit conormal bundles 957

2.2 De Rham chain complex

2.2.1 Differentiable space We proceed to the definition of differentiable spaces.

Definition 2.2 Let X be a set and PX be a set of pairs .U; '/ of U 2U and a map ' W U !X. We say
PX is a differentiable structure on X if it satisfies the following condition:

� For any .U; '/ 2 PX , U 0 2U and a submersion � WU 0!U, the pair .U 0; ' ı�/ is also an element
of PX .

We call such a pair .X; PX / a differentiable space. An element of PX is called a plot of .X; PX /.

Example 2.3 Let M be a manifold. There are two types of canonical differentiable structures on M :

PM WD f.U; '/ j ' W U !M is a C1 mapg; P
reg
M WD f.U; '/ j ' W U !M is a submersiong:

Clearly, .M;PM / and .M;P reg
M / are differentiable spaces. The latter is denoted by M reg. We consider

the differentiable structure PM for any manifold M, unless we declare we use M reg.

Definition 2.4 Let .X; PX / and .Y; PY / be differentiable spaces and Z be a subset of X. Denote the
projection map from X �Y to X (resp. Y ) by prX (resp. prY ), and the inclusion map from Z to X by �Z .

(a) We define differentiable structures on X �Y and Z by

PX�Y WD f.U; '/ j .U; prX ı'/2PX and .U; prY ı'/2PY g; PZ WD f.U; '/ j .U; �Z ı'/2PXg:

(b) Let f WX ! Y be a map. We say f is a smooth map if .U; f ı'/ 2 PY for any .U; '/ 2 PX .

In the case of the above definition, we simply call .Z; PZ/ a subspace of .X; PX /. Note that, given a
set W and two maps f WX !W and g W Y !W, the fiber product X f �g Y becomes a differentiable
space as a subspace of .X �Y; PX�Y /.

2.2.2 De Rham chains Next we introduce the notion of de Rham chain complex. Hereafter, if we say that
X is a differentiable space, this means that X is equipped with a differentiable structure, denoted by PX .

Let X be a differentiable space. We consider a graded R-vector space

A�.X/ WD
M

.U;'/2PX

�dimU��
c .U /:

For .U; '/ 2 PX and ! 2�dimU��
c .U /, let .U; '; !/ denote the element of A�.X/ whose component

for .V;  / 2 PX is
.U; '; !/.V; / D

�
! if .V;  /D .U; '/;
0 if .V;  /¤ .U; '/:

We take a linear subspace Z�.X/ of A�.X/ generated by

f.U 0; ' ı�; !/� .U; '; �Š!/ j .U; '/ 2 PX and � W U 0! U is a submersiong:

Then we define a quotient vector space

C dR
� .X/ WD A�.X/=Z�.X/:
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The equivalence class of .U; '; !/ 2 A�.X/ in C dR
� .X/ is denoted by ŒU; '; !�. We also define an

R-linear map @ W C dR
� .X/! C dR

��1.X/ of degree �1 by

@ŒU; '; !� WD .�1/j!jC1ŒU; '; d!�:

This map is well defined and @ı@D 0. .C dR
� .X/; @/ is called the de Rham chain complex of a differentiable

space X, and its elements are called de Rham chains of X. By taking its homology, we obtain

H dR
� .X/ WDH�.C

dR
� .X/; @/:

In addition, a functoriality holds. Namely, any smooth map f WX ! Y induces a chain map

f� W C
dR
� .X/! C dR

� .Y /; ŒU; '; !� 7! ŒU; f ı'; !�:

Remark 2.5 The following are fundamental techniques to compute de Rham chains:

(a) For ŒU; '; !�2C dR
� .X/, suppose that V �U is an open subset containing supp!. Then ŒU; '; !�D

ŒV; 'jV ; !jV � 2 C
dR
� .X/.

(b) If .R � U; '/ 2 PX satisfies '.s; � / D '0 when s � 0 and '.s; � / D '1 when s � 1 for some
.U; '0/; .U; '1/ 2 PX , then

@ŒR�U; '; .�1/j!j��!�D ŒU; '1; !�� ŒU; '0; !� 2 C
dR
� .X/

for a closed form ! 2�dimU��
c .U / and � WR! Œ0; 1� such that supp� is compact and �.s/D 1

for every s 2 Œ0; 1�.

Example 2.6 Let M be an oriented smooth manifold. The de Rham chain complex of M reg is naturally
isomorphic to .�dimM��

c .M/; d/ through the map

C dR
p .M reg/!�dimM�p

c .M/; ŒU; '; !� 7! .�1/s.p/'Š!:

Here s.p/ WD 1
2
.p�dimM/.p�dimM�1/. HenceH dR

� .M
reg/ is isomorphic to the compactly supported

de Rham cohomology H dimM��
c;dR .M/.

Let us define the de Rham chain complex for a pair of differentiable spaces. A smooth map f WX !R

is said to be approximately smooth if there exists a decreasing sequence .fj /j2Z�1 of smooth maps
from X to R such that limj!1 fj .x/D f .x/ for every x 2X. The following lemma is proved in [15,
Lemma 4.11].

Lemma 2.7 For an approximately smooth function f W X ! R, let Xa WD f �1..�1; a// for every
a 2R[f1g. Then , for a; b 2R[f1g with a � b, the linear map i� W C dR

� .X
a/! C dR

� .X
b/, which is

induced by the inclusion map i WXa!Xb , is injective.

In the setting of the above lemma, we define a quotient complex

C dR
� .X

b; Xa/ WD C dR
� .X

b/=i�.C
dR
� .X

a//:

Its homology is denoted by H dR
� .X

b; Xa/.

Algebraic & Geometric Topology, Volume 25 (2025)
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Next, we define a fiber product of de Rham chains.

Definition 2.8 Let .X; PX / and .Y; PY / be differentiable spaces. Suppose that we have an oriented
manifold M of dimension n and two smooth maps

f W .X; PX /! .M;PM /; g W .Y; PY /! .M;P
reg
M /DM reg:

Then we define a linear map

C dR
pCn.X/˝C

dR
qCn.Y /! C dR

pCqCn.X f �g Y /; x˝y 7! x f �g y

by
x f �g y WD .�1/

pj�jŒW; .' � /jW ; .! � �/jW �

for xD ŒU; '; !�2C dR
pCn.X/ and yD ŒV;  ; ��2C dR

qCn.Y /. Here, W WDU f ı'�gı V is a fiber product
over M.

It is straightforward to check the well-definedness of x f �g y. It can also be checked that

@.x f �g y/D .@x/ f �g yC .�1/
px f �g .@y/

for any x 2 C dR
pCn.X/ and y 2 C dR

qCn.Y /. When M D f0g, we simply write x f �g y as x �y.

2.2.3 Collection of results about the de Rham chain complex In the rest of this section, let us
summarize some basic results about the de Rham chain complex. The first result can be compared
with the computation for M reg in Example 2.6. Hereafter, H sing. � / denotes the singular homology with
coefficients in R.

Proposition 2.9 For every oriented manifold M, there exists a canonical isomorphism

‰M WH
sing
� .M/!H dR

� .M/

such that , for any C1 map f WM !N between oriented manifolds , ‰N ıf� D f� ı‰M .

For the details of the construction of ‰M , see [15, Section 4.7]. It is the composition of a natural
isomorphism between H sing

� .M/ and H sm
� .M/ (the homology of smooth singular chains in M ) and a

canonical map from H sm
� .M/ to H dR

� .M/. For the proof that ‰M is an isomorphism, see [15, Section 5].
This result can be extended to relative homology groups for .M;N /, where N is an open submanifold
of M such that N D f �1..�1; a// for some approximately smooth map f WM !R.

Next, let f; g WX! Y be smooth maps between differentiable spaces. We say f is homotopic to g if there
exists a smooth map H WR�X ! Y such that H.t; x/D f .x/ for t � 0 and H.t; x/D g.x/ for t � 1.
Then we have the following result. For the proof, see [15, Proposition 4.7].

Proposition 2.10 For two smooth map f; g W X ! Y, if f is homotopic to g, then there exists a chain
homotopy K W C dR

� .X/! C dR
�C1.Y / such that @KCK@D f��g�. In particular , f� D g� WH dR

� .X/!

H dR
� .Y /.
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Remark 2.11 For three smooth maps f; g; h WX! Y such that f is homotopic to g and g is homotopic
to h, we can ask whether f is homotopic to h. In fact, if the differentiable structure PY of Y satisfies the
following condition, such transitivity holds (the proof is straightforward):

� For any U 2 U and .U1; '1/; .U2; '2/ 2 PY such that .Ui /iD1;2 is an open cover of U and
'1jU1\U2 D '2jU1\U2 , .U; '/ 2PY holds for ' WU ! Y which maps u 2Ui to 'i .u/ for i D 1; 2.

All differentiable spaces appearing after Section 3 satisfy this condition. However, as mentioned in [15,
Remark 4.4], it seems difficult in the general case to prove such transitivity.

The last one is a result about excisions.

Proposition 2.12 Let X be a differentiable space and Y D f �1..�1; a//�X for some approximately
smooth function f W X ! R and a 2 R. Suppose there is another approximately smooth function
g W X ! R and b0 2 R such that g�1..b0;1// � Y. For every b > b0, let Xb WD g�1..�1; b// and
Y b WD .gjY /

�1..�1; b//. Then the inclusion map of pairs i W .Xb; Y b/! .X; Y / induces an isomorphism
i� W C

dR
� .X

b; Y b/! C dR
� .X; Y /.

Proof We first prove the assertion when g W X ! R is a smooth map. For b > b0, choose ı > 0 and
a smooth function � W R! Œ0; 1� such that 2ı < b � b0 and �.b0/D 1 if b0 � b0C ı while �.b0/D 0 if
b0 � b� ı. Then we define a linear map

r W C dR
� .X/! C dR

� .X
b/; ŒU; '; !� 7! ŒU b; 'jU b ; .� ıg ı'/ �!jU b �;

where U b WD .g ı'/�1..�1; b//. This reduces to a map Nr W C dR
� .X; Y /! C dR

� .X
b; Y b/. We claim that

Nr is the inverse map of i�. Indeed, for any x D ŒU; '; !� 2 C dR
� .X/, we have

x� i� ı Nr.x/D ŒU; '; !�� ŒU; '; .� ıg ı'/ �!�

D ŒU0; 'jU0 ; ..1� �/ ıg ı'/ �!jU0 � 2 C
dR
� .Y / for U0 WD .g ı'/�1..b0;1//:

Similarly, we can show that x� Nr ı i�.x/ 2 C dR
� .Y

b/ for x 2 C dR
� .X

b/.

In the general case, there exists a decreasing sequence .gj /j�1 of smooth maps gj W X ! R such
that gj .x/ ! g.x/ as j ! 1 for every x 2 X. For b > b0, let Xbj WD g�1j ..�1; b// and Y bj WD
.gj jY /

�1..�1; b//. From [15, Corollary 4.12(i)], lim
��!j!1

C dR
� .X

b
j ; Y

b
j /! C dR

� .X
b; Y b/, induced by

inclusion maps, is an isomorphism. We have shown that .i j.Xb
j
;Y b
j
//� W C

dR
� .X

b
j ; Y

b
j /! C dR

� .X; Y / is an
isomorphism for every j � 1, so i� is also an isomorphism.

3 Differentiable space of paths and operations from string topology

Throughout this paper, Q is a manifold of dimension n, and K is a compact submanifold of Q of
codimension d � 1. In addition, both Q and K are required to have fixed orientations. The construction
of H string

� .Q;K/ depends on the following auxiliary data:
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(a) a complete Riemannian metric g on Q (we write g.v;w/D hv;wig and
p
g.v; v/D jvjg );

(b) a constant C0 � 1;

(c) a positive real number "0 for which the map

(3) f.x; v/ 2 .TK/? j jvjg < "0g !Q; .x; v/ 7! expx.v/;

is an open embedding;

(d) a C1 function � W
�
0; 3
2

�
! Œ0; 1� such that �.t/ D t near t D 0, �.t/ D 1 near t D 3

2
, and

0� �0.t/� 1 for every t 2
�
0; 3
2

�
.

The independence of H string
� .Q;K/ on these data up to isomorphism is proved in Section 4.5. Until then,

these data are fixed, so hv;wig and jvjg are denoted by hv;wi and jvj, respectively.

We define C.K/ to be the set of geodesics 
 W Œ0; T �!Q with unit speed such that 
.0/; 
.T / 2K and

 0.0/ 2 .T
.0/K/

? and 
 0.T / 2 .T
.T /K/?. Such geodesics are called binormal chords of K. We also
define, for m 2 Z�1,

Lm.K/ WD

� mX
kD1

length 
m
ˇ̌̌

1; : : : ; 
m 2 C.K/

�
; L.K/ WD

1[
mD1

Lm.K/:

These are closed subsets of fa 2 R j a � 2"0g, since K is compact. Moreover, they are null sets with
respect to Lebesgue measure. For the proof, see Lemma 3.10.

3.1 Differentiable space of paths

In this section, we introduce two differentiable spaces of paths, †am and S". Let �K.Q/ be the set of
C1 paths 
 W Œ0; T �!Q with T > 0 such that 
.0/; 
.T / 2K and j
 0.t/j � C0 for any t 2 Œ0; T �. For
any C1 path 
 W Œ0; T �!Q, we define

length 
 WD
Z T

0

j
 0.t/j dt:

For a 2 R�0 [ f1g and m 2 Z�1, we define †am to be the subset of �K.Q/�m which consists of
.
k W Œ0; Tk�!Q/kD1;:::;m satisfying either of the following two conditions:

�
Pm
kD1 length 
k < a.

� min1�k�m length 
k < "0.

The differentiable structure on †am is defined by

P†am WD f.U; '/ j U 2U and ' W U !†am is smoothg:

Here we say ' is smooth in the following sense: if we write '.u/D .
u
k
W Œ0; T u

k
�!Q/kD1;:::;m for u2U,

then, for each k 2 f1; : : : ; mg, the function U !R>0, u 7! T u
k

, is of class C1 and

f.u; t/ 2 U �R j 0� t � T uk g !Q; .u; t/ 7! 
uk .t/;

is a C1 map. As an exception, let us define †a0 WD f�g if a > 0 and †00 WD ∅, together with the
differentiable structure P†a0 WD f.U; '/ j U 2U; ' W U !†a0g.
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We consider the de Rham chain complex .C dR
� .†

a
m/; @/ for a 2R�0 and m 2 Z�0. Lemma 2.7 implies

that we may think of C dR
� .†

a
m/ as a linear subspace of C dR

� .†
b
m/ when a � b, since

†bm!R; .
l/lD1;:::;m 7! length 
k for k D 1; : : : ; m;

Rm!R; .ak/kD1;:::;m 7! min
1�k�m

ak;

are approximately smooth functions. Thus the quotient complex .C dR
� .†

b
m; †

a
m/; @/ is defined.

Remark 3.1 When a � m"0, the condition that
Pm
kD1 length 
k < a implies that one of 
k for k D

1; : : : ; m has length less than "0. Thus, †am D†
0
m if a �m"0. When aD1, †1m D�K.Q/

�m, which
will be used only in Section 6.

Next, we define another differentiable space of paths. For every " 2 .0; "0�, the open subset in Q

N" WD
˚
expx.v/ j x 2K; v 2 .TxK/

? and jvj< 1
2
"
	

is a tubular neighborhood of K in Q. Then we define a set S" which consists of pairs of C1 paths
.�i W Œ0; "i �!N"/iD1;2 satisfying:

� 0 < "i �
1
2
" for i D 1; 2.

� �1."1/; �2.0/ 2K and �1.0/D �2."2/.

� j� 0i .t/j � 1 for i D 1; 2 and any t 2 Œ0; "i �.

On this set, the evaluation map ev0 is defined by

ev0 W S"!N"; .�1; �2/; 7! �1.0/:

The differentiable structure on S" is defined by

PS" WD f.V;  / j V 2U;  is a smooth map such that ev0 ı W V !N" is a submersiong:

Here we say  is smooth in the following sense: if we write  .v/D .�vi W Œ0; "
v
i �!N"/iD1;2 for v 2 V,

then, for i 2 f1; 2g, the function V !R>0, v 7! "vi , is of class C1 and

f.v; t/ 2 V �R j 0� t � "vi g !N"; .v; t/ 7! �vi .t/;

is a C1 map. Note that ev0 is a smooth map from .S"; PS"/ to .N"; P
reg
N"
/DN

reg
" , defined in Example 2.3.

3.2 Homology groups

In this section, we examine the homology groups H dR
� .†

b
m; †

a
m/ and H dR

� .S"/. The main results are
Propositions 3.7 and 3.9. At the end, several additional results are proved.

3.2.1 Finite-dimensional approximation of†a
m Let us fix b0 2R>0 and prepare some notation related

to the Riemannian metric g. We note that there is a compact subset of Q which contains the images
of all paths 
 2�K.Q/ with length 
 � b0, since K is compact and g is complete. For any two points
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q; q0 2Q, let d.q; q0/ be the distance between q and q0. Let us also fix "g > 0 such that, if q and q0 in
this compact set satisfy d.q; q0/ < "g , then there exists a unique geodesic path on Œ0; 1� of length d.q; q0/
from q to q0. We write this geodesic by qq0 W Œ0; 1�!Q.

For every a 2 Œ0; b0/ and m 2 Z�1, let †am be the subspace of †am which consists of .
k/kD1;:::;m
satisfying

Pm
kD1 length 
k < b0. From Proposition 2.12 about excision, the inclusion map � W†bm!†bm

induces an isomorphism

(4) �� WH
dR
� .†

b
m; †

a
m/!H dR

� .†
b
m; †

a
m/

for a; b 2 Œ0; b0/ with a � b. This means that we cut out a subset�
.
k/kD1;:::;m

ˇ̌̌
min

1�k�m
length 
k < "0 and

mX
kD1

length 
k � b0

�
to compute the homology group.

First, we approximate †am for a 2 Œ0; b0/ by finite-dimensional manifolds. For every � 2 Z�1, let us
define

(5) †am.�/ WD
˚
.
k W Œ0; Tk�!Q/kD1;:::;m 2†

a
m j max

1�k�m
Tk < C

�1
0 "g�

	
;

so that
S1
�D1†

a
m.�/ D †am. Let us also define Bm.�/ to be a submanifold of .Q�.�C1//�m which

consists of .ql
k
/
lD0;:::;�
kD1;:::;m

satisfying:

� q0
k
; q�
k
2K for every k D 1; : : : ; m.

�
Pm
kD1

P��1
lD0 d.q

l
k
; qlC1
k

/ < b0.

� d.ql
k
; qlC1
k

/ < "g for every k D 1; : : : ; m and l D 0; : : : ; � � 1.

We then define Bam.�/ for a < b0 to be the open submanifold of Bm.�/ which consists of .ql
k
/
lD0;:::;�
kD1;:::;m

satisfying either of the following two conditions:

�
Pm
kD1

P��1
lD0 d.q

l
k
; qlC1
k

/ < a.

� min1�k�m
�P��1

lD0 d.q
l
k
; qlC1
k

/
�
< "0.

The differentiable structures on this manifold is PBam.�/ defined in Example 2.3. For every � 2 Z�1,
there are two maps: �†;� W†am.�/!†am.2�/ is just the inclusion map, and �B;� W Bam.�/! Bam.2�/ is an
embedding of a manifold which maps .ql

k
/
lD0;:::;�
kD1;:::;m

2 Bam.�/ to . Nql
0

k
/
l 0D0;:::;2�
kD1;:::;m

2 Bam.2�/, where

Nql
0

k D

(
ql
k

if l 0 is even and l 0 D 2l;

ql
k
qlC1
k

�
1
2

�
if l 0 is odd and l 0 D 2l C 1:

In addition, we define two maps

f� W†
a
m.�/! Bam.�/; g� W B

a
m.�/!†am.2�/;
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as follows: f� maps .
k W Œ0; Tk�!Q/kD1;:::;m 2†
a
m.�/ to .
k..l=�/Tk//

lD0;:::;�
kD1;:::;m

2 Bam.�/. Note that
for l D 0; : : : ; � � 1 and k D 1; : : : ; m,

d
�

k

�
l

�
Tk

�
; 
k

�
lC1

�
Tk

��
� length 
kjŒ.l=�/Tk ;..lC1/=�/Tk� �

Tk

�
� sup
t2Œ0;Tk�

j
 0.t/j< "g :

On the other hand, g� maps .ql
k
/
lD0;:::;�
kD1;:::;m

2 Bam.�/ to�

k W

�
0; 3
2
C�10 "g�

�
!Q

�
kD1;:::;m

2†am.2�/;

where, for l D 0; : : : ; � � 1,


k.t/ WD q
l
k
qlC1
k
ı�

�
C0

"g
� t � 3

2
l

�
if 3
2
C�10 "g l � t �

3
2
C�10 "g.l C 1/:

Here � W
�
0; 3
2

�
! Œ0; 1� is a C1 function such that �.t/D 0 near t D 0, �.t/D 1

2
near t D 3

4
, �.t/D 1 near

tD 3
2

, and 0��0.t/�1 for t 2
�
0; 3
2

�
. Note that j.
k/0.t/j�d.qlk; q

lC1
k

/�supt2Œ0;3=2� j�
0.t/j�C0="g �C0.

The next lemma shows that Bam.�/ approximates †am.�/ as �!1. See [15, Lemma 6.3].

Lemma 3.2 The following diagram commutes up to homotopy:

†am.�/
�†;�
//

f�
��

†am.2�/

f2�
��

Bam.�/
�B;�
//

g�
::

Bam.2�/

Proof The lower right triangle commutes in the strict sense. For the upper left triangle, we need to show
that �†;� is homotopic to g� ıf� .

We abbreviateC�10 �"g by c0. For .
k W Œ0; Tk�!Q/kD1:::;m2†
a
m.�/, let us define a path 
s

k
W Œ0; c0��!Q

for k D 1; : : : ; m and s 2 Œ0; 1� by


sk.t/ WD

�

k..l=�/Tk/
k

�
..lCs/=�/Tk

�
.t�c0l/ if c0l� t�c0.lCs/;


k
�
.Tk=.c0�//.t�c0l/C.l=�/Tk

�
if c0.lCs/� t�c0.lC1/;

for lD0; : : : ; l�1:

Then 
0
k

is equal to 
k.Tk=.c0�/ � / and 
1
k

is a broken geodesic connecting
�

k..l=�/Tk/

�lD0;:::;� . We
modify 
s

k
to a C1 path. For instance, we take a C1 function z� W Œ0; 1��

�
0; 3
2
c0�

�
! Œ0; c0�� satisfying

0� @z�.s; t/=@t � 1 and

z�.s; t/D

�
c0l on a neighborhood of

˚
t D 3

2
c0l
	
;

2
3

�
t � 1

4
c0
�

on a neighborhood of
˚
t D sC 3

2
c0l C

1
4
c0
	
:

Then we define z
s
k
WD 
s

k
ı z�.s; � / W

�
0; 3
2
c0�

�
!Q. If we take a C1 function � W R! Œ0; 1� such that

�.t/D 0 if t � 0 and �.t/D 1 if t � 1, then we get a smooth map

H WR�†am.�/!†am.2�/; .s; .
k/kD1;:::;m/ 7! .z

�.s/

k
/kD1;:::;m:
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This gives a homotopy from H.0; � / to H.1; � /. Moreover, �†;� is homotopic to H.0; � / since the paths
of �†;�..
k/kD1;:::;m/ and those of H.0; .
k/kD1;:::;m/ differ only by parametrizations, so the homotopy
can be constructed by interpolating these parametrizations. For the same reason, g� ıf� is homotopic to
H.1; � /. Therefore, �†;� is homotopic to g� ıf� .

From Lemma 3.2, it follows that, for any a; b 2R�0 with a � b < b0,

lim
��!
j!1

.f2j /� WH
dR
� .†

b
m; †

a
m/D lim

��!
j!1

H dR
� .†

b
m.2

j /; †am.2
j //! lim

��!
j!1

H dR
� .B

b
m.2

j /; Bam.2
j //

is an isomorphism. Combining with (4), we get an isomorphism

(6)
�

lim
��!
j!1

.f2j /�
�
ı .��/

�1
WH dR
� .†

b
m; †

a
m/! lim

��!
�!1

H dR
� .B

b
m.�/; B

a
m.�//:

Furthermore, from Proposition 2.9, H sing
� .Bbm.�/; B

a
m.�//ŠH

dR
� .B

b
m.�/; B

a
m.�//.

3.2.2 Computation of homology by Morse theory Next, we examine the singular homology group
H

sing
� .Bbm.�/; B

a
m.�// in terms of Morse theory. Fix m 2 Z�1 and � 2 Z�1. For k 2 f1; : : : ; mg and

l 2 f0; : : : ; � � 1g, we set

hlk W Bm.�/!R; .qlk/
lD0;:::;�
kD1;:::;m

7! d.qlk; q
lC1
k

/2:

For every r > 0, let us introduce

� a C1 function �r WR�0!R>0, z 7!
p
zC r ;

� a C1 function

Lr W Bm.�/!R; q 7!

mX
kD1

��1X
lD0

�r ı h
l
k.q/I

� compact subsets of Bm.�/

Zr WD fq 2 L
�1
r .Œ0; b0�/ j �r ı h

l
k.q/� "g for every k D 1; : : : ; m and l D 0; : : : ; � � 1g;

Z0r WD

�
q 2Zr

ˇ̌̌
min

1�k�m

��1X
lD1

�r ı h
l
k.q/� "0

�
:

The role of f�rgr>0 is to approximate
p
z by C1 functions. We define, for every a 2 Œ0; b0/ and r > 0,

Zar WD .Lr jZr /
�1
�
Œ0; a/

�
[Z0r :

Then Zar � Z
a
r 0 if 0 < r 0 < r . Furthermore,

S
r>0Z

a
r D B

a
m.�/. Therefore, we have an isomorphism

induced by the inclusion maps

lim
��!
r!0

H
sing
� .Zbr ; Z

a
r /!H

sing
� .Bbm.�/; B

a
m.�//

for a; b 2R�0 with a � b < b0. In order to apply Morse theory to Lr , we need to determine its critical
points. The next lemma is fundamental. We omit the proof, but a similar result is proved, for instance
in [17], when there is no boundary condition.
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Lemma 3.3 For k02f1; : : : ;mg and l02f0; : : : ; ��1g, let X l0
k0

be the gradient vector field of hl0
k0

. Define
� l0 to be the orthogonal projection from TQjK to TK if l0 D 0 or �, and otherwise � l0 WD idTQ. Then
each component of X l0

k0
D .vl

k
/
lD0;:::;�
kD1;:::;m

is determined by the following: If .k; l/¤ .k0; l0/; .k0; l0C 1/,
then vl

k
D 0. Otherwise ,

v
l0
k0
D � l0

�
�
d

dt

ˇ̌̌
tD0

q
l0
k0
q
l0C1
k0

�
; v

l0C1
k0
D � l0C1

�
d

dt

ˇ̌̌
tD1

q
l0
k0
q
l0C1
k0

�
:

Proposition 3.4 Suppose that a 2 Œ0; b0/ nLm.K/ and r > 0 is sufficiently small. Then q 2 Zr nZ0r
is a critical point of Lr with its value in Œ0; a� if and only if there exist 
1; : : : ; 
m 2 C.K/ such that
.
k/kD1;:::;m 2†

a
m.�/ and q D f�..
k/kD1;:::;m/.

Proof From Lemma 3.3, q D .ql
k
/
lD0;:::;�
kD1;:::;m

2Bm.�/ is a critical point of Lr if and only if the following
conditions hold for every k 2 f1; : : : ; mg:

(7)
.�r/

0.h0k.q// �
d

dt

ˇ̌̌
tD0

q0
k
q1
k
2 .Tq0

k
K/? and .�r/

0.h��1k .q// �
d

dt

ˇ̌̌
tD1

q��1
k

q�
k
2 .Tq�

k
K/?;

.�r/
0.hl�1k .q// �

d

dt

ˇ̌̌
tD1

ql�1
k

ql
k
D .�r/

0.hlk.q// �
d

dt

ˇ̌̌
tD0

ql
k
qlC1
k

for every l 2 f1; : : : ; � � 1g:

Comparing the norms of both sides in the second line of (7), we have, for l 2 f1; : : : ; � � 1g,

.�r/
0.hl�1k .q// �

p
hl�1k .q/D .�r/

0.hlk.q// �
p
hlk.q/:

Since .�r/0.z/
p
z is a strictly increasing function of z, this equation means that d.ql�1

k
; ql
k
/Dd.ql

k
; qlC1
k

/

for l 2 f1; : : : ; � � 1g. Since .�r/0 > 0, the conditions of (7) are equivalent to

(8)

d

dt

ˇ̌̌
tD0

q0
k
q1
k
2 .Tq0

k
K/? and d

dt

ˇ̌̌
tD1

q��1
k

q�
k
2 .Tq�

k
K/?;

d

dt

ˇ̌̌
tD1

ql�1
k

ql
k
D
d

dt

ˇ̌̌
tD0

ql
k
qlC1
k

for every l 2 f1; : : : ; � � 1g:

For every q 2Bm.�/, let us define Tk;q WD
P��1
lD0 d.q

l
k
; qlC1
k

/ and a path 
k;q W Œ0; Tk;q �!Q determined
by


k;q.Tk;q t / WD q
l
k
qlC1
k

.�t � l/ if l

�
� t �

lC1

�
for l 2 f0; : : : ; � � 1g:

Note that, if .
k;q/kD1;:::;m 2†am.�/, then q D f�..
k;q/kD1;:::;m/. We take r > 0 so small that Tk;q > 0
for every k D 1; : : : ; m and q 2Zr nZ0r . Then, for q 2Zr nZ0r , condition (8) is equivalent to 
k;q being
a binormal chord of K in Q, that is, 
k;q 2 C.K/. In addition,

lim
r!0

Lr.q/D

mX
kD1

length 
k;q

for every q 2Zr uniformly. Recall that Lm.K/ is a closed subset of R>0. Assuming that a … Lm.K/

and r > 0 is sufficiently small, it follows that a critical point q 2 Zr nZ0r of Lr satisfies Lr.q/ � a if
and only if the binormal chords .
k;q/kD1;:::;m satisfy

Pm
kD1 length 
k;q < a.

Let Yr be the gradient vector field of Lr . To prove the next lemma, which is rather technical, let us
prepare a few computations. X l

k;r
WD ..�r/

0 ı hl
k
/ �X l

k
is the gradient vector field of �r ı hlk . For every

Algebraic & Geometric Topology, Volume 25 (2025)



Toward a topological description of Legendrian contact homology of unit conormal bundles 967

k 2 f1; : : : ; mg, l 2 f1; : : : ; � � 2g and q 2 Bm.�/, we have

hYr ; X
l
ki.q/D

D
.�r/

0.hl�1k .q// �
d

dt

ˇ̌̌
tD1

ql�1
k

ql
k
;�

d

dt

ˇ̌̌
tD0

ql
k
qlC1
k

E
C .�r/

0.hlk.q// �

ˇ̌̌̌
d

dt

ˇ̌̌
tD0

ql
k
qlC1
k

ˇ̌̌̌2
C .�r/

0.hlk.q// �

ˇ̌̌̌
d

dt

ˇ̌̌
tD1

ql
k
qlC1
k

ˇ̌̌̌2
C

D
�.�r/

0.hlC1
k

.q// �
d

dt

ˇ̌̌
tD0

qlC1
k

qlC2
k

;
d

dt

ˇ̌̌
tD1

ql
k
qlC1
k

E
:

We abbreviate the increasing function .�r/0
p
z by �r . Then, by the Cauchy–Schwarz inequality,

hYr ; X
l
k;ri.q/� ��r.h

l�1
k .q// � �.hlk.q//C 2

�
�r.h

l
k.q//

�2
� �r.h

lC1
k

.q// � �r.h
l
k.q//

D
�
2�.hlk.q//� �r.h

l�1
k .q//� �r.h

lC1
k

.q//
�
� �r.h

l
k.q//:

Since �r and �r are increasing functions, we have, for k0 2 f1; : : : ; mg and l0 2 f1; : : : ; � � 2g,

(9) �r ı h
l0
k0
.q/Dmax

k;l
�r ı h

l
k.q/ D) h�Yr ; X

l0
k0;r
i.q/� 0:

The same result holds when l0 D 0 or � � 1. We also note that, for every k0 2 f1; : : : ; mg,

(10)
�
�Yr ;

��1X
lD1

X lk0;r

�
.q/� 0:

Lemma 3.5 The trajectory of any point in Zr (resp. Z0r ) along �Yr never goes outside Zr (resp. Z0r ) at
positive time.

Proof Suppose that � W Œ0; T �! Bm.�/ is a trajectory along �Yr . Let us consider two continuous
functions f; g W Œ0; T �!R defined by

f .t/ WDmax
k;l

�r ı h
l
k.�.t//; g.t/ WDmin

k

��1X
lD1

�r ı h
l
k.�.t//:

To prove this lemma, it suffices to show that they are decreasing functions. Indeed, there exists a discrete
subset A� Œ0; T � such that f and g are differentiable at every t 2 Œ0; T � nA. Inequalities (9) and (10)
imply that f 0.t/� 0 and g0.t/� 0 for every t 2 Œ0; T � nA. Hence, f and g are decreasing on Œ0; T �.

We apply a general result from Morse theory.

Lemma 3.6 Let B be a manifold and L W B! R be a C1 function. For a; b 2 R with a � b and two
compact subsets Z;Z0 � B, suppose that there is no critical point of L in .LjZ/�1.Œa; b�/ nZ0 and
that the trajectory of any point in Z (resp. Z0) along the negative gradient vector field of L never goes
outside Z (resp. Z0) at positive times. Let us define Za

0

WD .LjZ/
�1..�1; a0//[Z0 for a0 2 fa; bg.

Then H sing
� .Zb; Za/D 0.

Proof The conditions on a, b, Z and Z0 show that Zb can be deformed into Za along the negative
gradient flow of L. Therefore, we get a map from .Zb; Za/ to .Za; Za/ which gives the inverse map of
the inclusion map up to homotopy.
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Combining the above results, we prove the first main proposition in this section.

Proposition 3.7 If Lm.K/\ Œa; b�D∅, then H dR
� .†

b
m; †

a
m/D 0.

Proof From Proposition 3.4 and Lemma 3.5, we can apply Lemma 3.6 to show that, if Lm.K/\Œa; b�D∅
and r > 0 is sufficiently small, then H sing

� .Zbr ; Z
a
r /D 0, and thus

H
sing
� .Bbm.�/; B

a
m.�//Š lim

��!
r!0

H
sing
� .Zbr ; Z

a
r /D 0:

From (6), it follows that H dR
� .†

b
m; †

a
m/Š lim

��!j!1
H

sing
� .Bbm.2

j /; Bam.2
j //D 0.

3.2.3 H dR
� .S"/ and the evaluation map Next, we examine H dR

� .S"/ for " 2 .0; "0�. Choose a Rie-
mannian metric g0 on N"0 for which K is a totally geodesic submanifold of N"0 . Then we can take a
constant C1 � 1 such that, for any q; q0 2N"0=C1 with d.q; q0/ < "0=C1, there exists a unique shortest
geodesic in N"0 with respect to g0 from q to q0. Let us write this geodesic by fqq0 W Œ0; 1�!N"0 . In this
subsection, exp denotes the exponential map with respect to g.

There is a smooth map between differentiable spaces s" WN
reg
" ! S" which maps expx v 2N" for x 2K

and v 2 .TxK/? with jvj< 1
2
" to

s".expx v/ WD
�
�vi W

�
0; 1
2
"
�
!N"

�
iD1;2

;

where �v1 .t/D expx
�
.."� 2t/="/v

�
and �v2 .t/D expx..2t="/v/ for t 2

�
0; 1
2
"
�
. This satisfies ev0 ı s" D

idN" . For "; N" 2 .0; "0� with "� N", let i";N" W S"! SN" denote the inclusion map.

Lemma 3.8 There exists a constant C � C1 such that , for any " 2 .0; "0=C �, the inclusion map
i";C" W S"! SC" is homotopic to i";C" ı s" ı ev0.

Proof We define a C1 map

G W

�
.q; q0/ 2N"0=C1 �N"0=C1

ˇ̌̌
d.q; q0/ <

"0

C1

�
� Œ0; 1�!N"0 ; ..q; q0/; s/ 7! fqq0.s/:

Then there is a constant C � C1 such that

jd.G. � ; s//.q;q0/.v; v
0/jg �

1
2
C.jvjg Cjv

0
jg/

for every s 2 Œ0; 1� and .v; v0/ 2 TqN"0=C � Tq0N"0=C with d.q; q0/ < "0=C1. For any " 2 .0; "0=C �
and .�i W Œ0; "i �!N"/iD1;2 2 S", we set N" WD C" and define .� .s/i W Œ0; "

s
i �!NN"/iD1;2 2 SN" for s 2R as

follows: Take x 2K and v 2 TxK such that �1.0/D expx v and jvj< 1
2
". Then we define

"si WD

8<:
.1� �.s//"i C �.s/N" if s � 1

3
;

N" if 1
3
� s � 2

3
;�

1� �
�
s� 2

3

��
N"C �

�
s� 2

3

�
" if s � 1

3
;

�
.s/
i .t/ WD

8<:
�i ."i t="

s
i / if s � 1

3
;

G
�
�i ."i t=N"/; �

v
i .t=C /; �

�
s� 1

3

��
if 1
3
� s � 2

3
;

�vi ."t="
s
i / if 2

3
� s:
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Here, � WR! Œ0; 1� is a C1 function such that �.s/D 0 if s � 0 and �.s/D 1 if s � 1
3

. Note that, when
1
3
� s � 2

3
,

j.�
.s/
i /0.t/jg �

1
2
C

�
"i

N"
sup j� 0i jg C

1

C
sup j.�vi /

0
jg

�
�
1
2
C

�
"i

N"
C
1

C

�
� 1:

Now the homotopy from i";N" to i";N" ı s" ı ev0 is given by the map

R�S"! SN" W .s; .�i /iD1;2/! .�
.s/
i ; Œ0; "si � 7!NN"/iD1;2:

Proposition 3.9 Let C be the constant of Lemma 3.8. For any " 2 .0; "0=C � and x 2H dR
� .S"/,

.ev0/�.x/D 0 2H dR
� .N"/ D) .i";C"/�.x/D 0 2H

dR
� .SC"/:

Proof By Lemma 3.8, .i";C"/�.x/D .i";C" ı s"/�..ev0/�.x//D 0 if .ev0/�.x/D 0 2H dR
� .N"/.

3.2.4 Additional results Using the computations obtained in the former subsections, we prove several
additional results. As before, b0 is a fixed real number, and a 2 Œ0; b0/, which may belong to L.K/.

Lemma 3.10 There exists a manifold Z and a C1 function f W Z ! R such that L1.K/\ Œ0; a/ is
contained in the set of critical values of f.

Proof We use the notation in the proof of Proposition 3.4 for mD 1. For every critical point q 2Zr nZ0r
of Lr , length 
1;q D fr.Lr.q// 2 .0; fr.b0//, where fr is determined by fr.��r.l//D �

p
l for every

l 2 R>0. We choose r > 0 so that a < fr.b0/. Then, from the correspondence between binormal
chords and critical points of Lr , Lm.K/\ Œ0; a/ is contained in the critical value of f WD fr ıLr on
Z WDZr nZ

0
r .

This proves that L.K/D
S1
mD1 Lm.K/ is a null set. Indeed, for any m2Z, Lm.K/\ Œ0; a/ is contained

in the set of critical values of the C1 function Z�m! R, .x1; : : : ; xm/ 7! f .x1/C � � � C f .xm/. By
Sard’s theorem, it is a null set in R. Since b0 was chosen arbitrarily, it follows that Lm.K/ is a null set.

Next, recall that the definition of †am depends on auxiliary data C0 and "0.

Lemma 3.11 H dR
� .†

a
m/ does not depend on the choice of C0 and "0. More precisely , the following

hold :

� If we write †am as †am;C0 to clarify the dependence on C0, the inclusion map †am;C0 !†a
m;C 00

for
C0 � C

0
0 induces an isomorphism on homology.

� If we write †am as †am;"0 to clarify the dependence on "0, the inclusion map †a
m;"00
!†am;"0 for

"00 < "0 induces an isomorphism on homology.

Proof We define a smooth map †a
m;C 00

!†am;C0 which maps .
k W Œ0; Tk�!Q/kD1;:::;m to�
Œ0; C 00Tk=C0�!Q; t 7! 
k.C0t=C

0
0/
�
kD1;:::;m

:

This gives the inverse map of the inclusion map up to homotopy. This proves the assertion for C0.
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To prove the assertion for "0, let us write Zar by Zar;"0 . Then there is no critical point of
P��1
lD0 �r ıh

l
k

in
Zar;"0 nZ

a
r;"00

for every k 2 f1; : : : ; mg. By deforming along the negative gradient vector field �
P��1
lD0 X

l
k;r

inductively on k D 1; 2; : : : ; m, we can see that Za
r;"00

is a deformation retract of Zar;"0 . This implies that
H

sing
� .Zar;"0 ; Z

a
r;"00
/D 0 and thus H dR

� .†
a
m;"0

; †a
m;"00

/D 0.

For the sake of discussions in Section 6, let us fix a topology on the set †am for a 2R�0[f1g as follows:
�K.Q/ becomes a topological space such that the injection

�K.Q/! C1.Œ0; 1�;Q/�R>0; .
 W Œ0; T �!Q/ 7! .
.T �1� /; T /;

is a homeomorphism onto its image when C1.Œ0; 1�;Q/ is equipped with the C1-topology. We give
†am the restricted topology from �K.Q/

�m. Then we can consider singular homology groups, such as
H

sing
� .†bm; †

a
m/ for a � b.

Suppose that a; b 2R�0 and a� b <b0. By the excision theorem, �� WH
sing
� .†bm; †

a
m/!H

sing
� .†bm; †

a
m/

is an isomorphism. All maps in Lemma 3.2 are continuous and the diagram commutes up to continuous
homotopy. Therefore, we have an isomorphism

(11)
�

lim
��!
j!1

.f2j /�
�
ı .��/

�1
WH

sing
� .†bm; †

a
m/! lim

��!
j!1

H
sing
� .Bbm.2

j /; Bam.2
j //:

3.3 Splitting and concatenating paths

For " 2 .0; "0=.5C0/�, we define an open subset of R2,

A" WD f.T; �/ j T > 4" and 2" < � < T � 2"g:

This becomes a differentiable space as a subspace of .R2/reg. For a 2R�0, m 2Z�1 and k 2 f1; : : : ; mg,
there are smooth maps

tlk W†
a
m!R; .
l W Œ0; Tl �!Q/lD1;:::;m 7! Tk; prT W A"!Rreg; .T; �/7! T:

(Here tl stands for the time length.) These maps define a fiber product †am tlk�prT A" over R, and the kth

evaluation map evk is defined on it by

evk W†
a
m tlk�prT A"!Q ..
l/lD1;:::;m; .T; �// 7! 
k.�/:

From evk and ev0 W S"!Qreg, we obtain a fiber product over Q. We define a map on this fiber product

conk W .†
a
m tlk�prT A"/ evk�ev0 S"!†aC"mC1;

which maps
�
.
l/lD1;:::;m; .T; �/; .�i W Œ0; "i �!N"/iD1;2

�
to .
1; : : : ; 
k�1; z
1k ; z


2
k
; 
kC1; : : : ; 
m/, where

z
 i
k

for i D 1; 2 are the paths

(12)

z
1k W Œ0; �C2"1�!Q; t 7!

8<:

k.t/ if 0� t���"1;

k
�
��"1C"1�..t��C"1/="1/

�
if ��"1� t��C 1

2
"1;

�1
�
"1�"1�..�C2"1�t /="1/

�
if �C 1

2
"1� t��C2"1;

z
2k W Œ0; T ��C2"2�!Q; t 7!

8<:
�2."2�.t="2// if 0� t� 3

2
"2;


k
�
�C"2�"2�..3"2�t /="2/

�
if 3
2
"2� t�3"2;


k.tC��2"2/ if 3"2� t�T ��C2"2:
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^ 八

「
V

「

V
v

\


k
kC1


k�1

�2 �1
K K

z
2
k

z
1
k
kC1


k�1


k.�/

Figure 1: The process to define z
1
k

and z
2
k

.

Here, � W
�
0; 3
2

�
! Œ0; 1� is one of fixed data we have chosen in the beginning of Section 3.

This definition can be explained as follows (see Figure 1): We split the kth path 
k W Œ0; T � ! Q at
� 2 .2"; T � 2"/, where 
k.�/D �1.0/ (D �2."2// 2 N", and then concatenate 
kjŒ0;�� (resp. 
kjŒ�;T �)
with �1 (resp. �2). The reparametrizations via � are necessary in order to modify them to C1 paths.
Note that

length z
1k C length z
2k D length 
kC length �1C length �2 < length 
kC ":

The following lemma shows the cases where an element in the fiber product is mapped by conk into†0mC1.

Lemma 3.12 For ..
l/lD1;:::;m; .T; �/; .�i /iD1;2/ 2 .†am tlk�prT A"/ evk�ev0 S", we have

conk..
l/lD1;:::;m; .T; �/; .�i /iD1;2/ 2†
0
mC1

if one of the following three conditions holds:

(i) .
l/lD1;:::;m 2†
0
m.

(ii) � < 4"0=.5C0/ or T � 4"0=.5C0/ < � .

(iii) 
k satisfies , for every � 0 2 .
k/�1.N"/, that either 
kjŒ0;� 0� or 
kjŒ� 0;T � has length less than 4
5
"0.

Proof As in the definition of conk , let us write

conk..
l/lD1;:::;m; .T; �/; .�i /iD1;2/D .
1; : : : ; z

1
k ; z


2
k ; : : : ; 
m/:

Under condition (i), length 
l < "0 for some l 2 f1; : : : ; mg. If l ¤ k, the assertion is trivial. If l D k,
either 
kjŒ0;�� or 
kjŒ�;T � has length less than 1

2
"0, and thus either z
1

k
or z
2

k
has length less than

1
2
"0Cmaxflength �i j i D 1; 2g;

and this value is smaller than "0. Under condition (ii), if � < 4"0=.5C0/ (resp. T �4"0=.5C0/ < � ), then
length 
kjŒ0;�� < 4

5
"0 (resp. length 
kjŒ�;T � < 4

5
"0). Therefore, either z
1

k
or z
2

k
has length smaller than "0.

The same result also holds under condition (iii).

3.4 Operation on de Rham chains

For " 2 .0; "0=.5C0/�, let us choose a C1 cutoff function �" W A"! Œ0; 1� such that

�".T; �/D

�
0 if t � 10

3
" or T � 10

3
"� �;

1 if 11
3
"� � � T � 11

3
":
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In particular, �".T; �/D 0 if T � 5". We also choose a C1 function �� W A"! Œ0; 1� for every � 2 Z�1
such that ��.T; �/D 1 if T � � and ��.T; �/D 0 if T � �C 1. The support of ���" is compact, so we
obtain a de Rham chain

˛";� WD ŒA"; idA" ; ���"� 2 C
dR
2 .A"/:

In addition, we define †am.�/ WD
Tm
kD1.tlk/

�1
�
Œ0; �/

�
, which is a subspace of †am.

For m 2 Z�1, k 2 f1; : : : ; mg and � 2 C dR
q .S"/, we define a linear map

fk;� W C
dR
� .†

a
m/! C dR

�C1Cq�n.†
aC"
mC1/

such that, for x 2 C dR
� .†

a
m.�//� C

dR
� .†

a
m/ with � 2 Z�1,

fk;�.x/D .conk/�..x tlk�prT ˛";�/ evk�ev0 �/:

This map is well defined since x tlk�prT .˛";� �˛";�0/D 0 when x 2 C dR
� .†

a
m.�// and �0 � �.

Returning to Definition 2.8, we can describe the de Rham chain fk;�.x/ explicitly. For x D ŒU; '; !� 2
C dR
p .†am/, we write '.u/D .
u

l
W Œ0; T u

l
�!Q/lD1;:::m for u 2 U. If we take � > supu2supp! T

u
k

, then
x 2 C dR

p .†am.�//. First, we have x tlk�prT ˛";� D Œ
zUk; z'k; z!k�, where

zUk WD f.u; �/ 2 U �R j 2" < � < T uk � 2"g;

z'k W zUk!†am tlk�prT A"; .u; �/ 7! .'.u/; .T uk ; �//;

z!k 2�
�
c .
zU/; .z!k/.u;�/ WD �".T

u
k ; �/ ���.T

u
k ; �/ �!u D �".T

u
k ; �/ �!u:

Here, zUk is oriented as an open submanifold of U �R. The last equality holds since ��.T uk ; �/D 1 for
u 2 supp!. This shows the independence of fk;�.x/ on the choice of �� . For � D ŒV;  ; �� 2 C dR

q .S"/,
we write  .v/D .�vi /iD1;2 for v 2 V. Then fk;�.x/D .�1/r ŒWk; ˆk; �k�, where

(13)

Wk WD f.u; �; v/ 2 U �R�V j 2" < � < T uk � 2"; 

u
k .�/D �

v
1 .0/g;

ˆk WWk!†aC"mC1; .u; �; v/ 7! conk.'.u/; .T
u
k ; �/;  .v//;

�k 2�
�
c .Wk/; .�k/.u;�;v/ WD �".T

u
k ; �/ � .!u � �v/;

r WD .pC 1�n/j�j:

Here Wk is oriented as a fiber product over Q of zUk!Q, .u; �/ 7! 
u
k
.�/, and ev0 ı W V !Q.

Lemma 3.13 For x 2 C dR
p .†am/ and � 2 C dR

q .S"/,

@ ıfk;�.x/�fk;� ı @.x/� .�1/
pC1�nfk;@�.x/ 2 C

dR
pCq�n.†

0
m/:

Proof Using the notation of (13) for x D ŒU; '; !� 2 C dR
p .†am/ and � D ŒV;  ; �� 2 C dR

q .S"/, we have

@ ıfk;�.x/�fk;� ı @.x/� .�1/
pC1�nfk;@�.x/D .�1/

p�1.conk/�
�
.x tlk�prT .@˛";�// evk�ev0 �

�
D .�1/.p�n/j�jC1ŒWk; ˆk; �k�;
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Figure 2: The case where .
l /lD1;:::;m intersects both .�i /iD1;2 and .� 0i /iD1;2.

where �k 2 ��c .Wk/ is defined by .�k/.u;�;v/ D @�".T uk ; �/=@� � .!u � d� � �v/. From the condition
on �", the support of � lies in an open subset

Wk WD f.u; �; v/ 2Wk j � < 4" or T uk � 4" < �g:

Since .'.u/; .T u
k
; �/;  .v// 2 .†am tlk�prT A"/ evk�ev0 S" for .u; �; v/ 2 Wk satisfies condition (ii) of

Lemma 3.12, it follows that ˆk.Wk/�†0m. Therefore,

ŒWk; ˆk; � �D ŒWk; ˆkjWk ; � jWk � 2 C
dR
pCq�n.†

0
m/:

The next lemma is crucial to define chain complexes in Section 4.1. Before stating it, let us give an
observation. Suppose that we have

.
l/lD1;:::;m 2†
a
m; .�i W Œ0; "i �!N"/iD1;2; .� 0i W Œ0; "

0
i �!N"/iD1;2 2 S";

k; k0 2 f1; : : : ; mg with k � k0;

and there exist two points � 2 .2"; Tk � 2"/ and � 0 2 .2"; Tk0 � 2"/ such that


k.�/D �1.0/; 
k0.�
0/D � 01.0/:

When k D k0, we additionally assume that � C 2" < � 0. (Figure 2 describes the situation we consider.)
Then we can split 
k at t D � and 
k0 at t D � 0, and concatenate them with .�i /iD1;2 and .� 0i /iD1;2,
respectively. Depending on which point we use first, there are two elements

ˆ WD conk..
l/lD1;:::;m; .Tk; �/; .�i /iD1;2/ 2†
aC"
mC1;

ˆ0 WD conk0..
l/lD1;:::;m; .Tk0 ; �
0/; .� 0i /iD1;2/ 2†

aC"
mC1:

In either case, there remains another point which we have not yet used. When k < k0, we can split the
.k0C1/st path of ˆ at t D � 0 and the kth path of ˆ0 at t D � , and concatenate them with .� 0i /iD1;2 and
.�i /iD1;2, respectively. When k D k0, we can split the .kC1/st path of ˆ at t D � 0� � C 2"2 and the kth

path of ˆ0 at t D � , and concatenate them with .� 0i /iD1;2 and .�i /iD1;2, respectively. After these two
steps, we get the equations

(14)
�

conk0C1.ˆ; .Tk0 ; � 0/; .� 0i /iD1;2/D conk.ˆ0; .Tk; �/; .�i /iD1;2/ if k < k0;
conkC1.ˆ; . zT 2k ; �

0� � C 2"2/; .�
0
i /iD1;2/D conk.ˆ0; . zT 1k ; �/; .�i /iD1;2/ if k D k0:
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Here, zT 2
k
WD Tk � � C 2"2 and zT 1

k
WD � 0C 2"01. This observation leads us to the following lemma about

de Rham chains.

Lemma 3.14 For x 2 C dR
p .†am/, � 2 C

dR
q .S"/ and k; k0 2 f1; : : : ; mg with k � k0, the following hold :�

fk0C1;� ıfk;�.x/C .�1/
q�nfk;� ıfk0;�.x/D 0 if k < k0;

fk0C1;� ıfk;�.x/C .�1/
q�nfk;� ıfk0;�.x/ 2 C

dR
pC2C2q�2n.†

0
mC2/ if k D k0:

Proof We use the notation of (13) for x D ŒU; '; !� and � D ŒV;  ; ��. For short, let us abbreviate for
.T; �; T 0; � 0/ 2 A" �A"

�.T; �; T 0; �/ WD �".T; �/ � �".T
0; � 0/:

Case 1 We consider the case k < k0. We have fk0C1;� ıfk;�.x/D .�1/sŒWk;k0 ; ˆk;k0 ; �k;k0 � for

Wk;k0 WD f.u; �; v; �
0; v0/ j .u; �; v/ 2Wk; 2" < �

0 < T uk0 � 2"; 

u
k0.�
0/D �v

0

1 .0/g;

ˆk;k0 WWk;k0 !†aC2"mC2 ; .u; �; v; � 0; v0/ 7! conk0C1.ˆk.u; �; v/; .T
u
k0 ; �

0/;  .v0//;

�k;k0 2�
�
c .Wk;k0/; .�k;k0/.u;�;v;� 0;v0/ WD �.T

u
k ; �; T

u
k0 ; �

0/ � .!u � �v � �v0/;

s WD .qC 1�n/j�j;

by substituting k and ŒU; '; !� in (13) with k0 and ŒWk; ˆk; .�1/r�k�.

Similarly, fk ıfk0.x/D .�1/sŒW 0k;k0 ; ˆ
0
k;k0

; �0
k;k0

� for

W 0k;k0 WD f.u; �
0; v0; �; v/ j .u; � 0; v0/ 2Wk0 ; 2" < � < T

u
k � 2"; 


u
k .�/D �

v
1 .0/g;

ˆ0k;k0 WW
0
k;k0 !†aC2"mC2 ; .u; � 0; v0; �; v/ 7! conk.ˆk0.u; �

0; v0/; .T uk ; �/;  .v//;

�0k;k0 2�
�
c .W

0
k;k0/; .�0k;k0/.u;� 0;v0�;v/ D �.T

u
k0 ; �

0; T uk ; �/ � .!u � �v0 � �v/:

We define a diffeomorphism

h WWk;k0 !W 0k;k0 ; .u; �; v; � 0; v0/ 7! .u; � 0; v0; �; v/;

which changes the sign of orientation by .�1/.1CdimV�n/2 . From (14), it follows that ˆ0
k;k0
ı hDˆk;k0 .

Moreover, h�.�k;k0/D .�1/j�j
2

�0
k;k0

. Combining these computations,

fk0C1;� ıfk;�.x/D .�1/
sC.1CdimV�nCj�j/ŒW 0k;k0 ; ˆ

0
k;k0 ; �

0
k;k0 �D .�1/

q�nC1fk;� ıfk0;�.x/:

Case 2 We consider the case k D k0. We have fkC1 ıfk.x/D .�1/sŒWk;k; ˆk;k; �k;k� for

Wk;k WD f.u; �; v; �
0; v0/ j .u; �; v/ 2Wk; 2" < �

0 < zT 2k .u; �; v/� 2"; 

u
k .�
0
C � � 2"v2/D �

v0

2 .0/g;

ˆk;k WWk;k!†aC2"mC2 ; .u; �; v; � 0; v0/ 7! conkC1
�
ˆk.u; �; v/; . zT

2
k .u; �; v/; �

0/;  .v0/
�
;

�k;k 2�
�
c .Wk;k/; .�k;k/.u;�;v;� 0;v0/ D �.T

u
k ; �;

zT 2k .u; �; v/; �
0/ � .!u � �v � �v0/;

where zT 2
k
.u; �; v/ WD T u

k
� � C 2"v2.
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Similarly, fk;� ıfk;�.x/D .�1/sŒW 0k;k; ˆ
0
k;k
; �0
k;k
� for

W 0k;k WD f.u; �
0; v0; �; v/ j .u; � 0; v0/ 2Wk; 2" < � < zT

1
k .�
0; v0/� 2"; 
uk .�/D �

v
1 .0/g;

ˆ0k;k WW
0
k;k!†aC2"mC2 ; .u; � 0; v0; �; v/ 7! conk

�
ˆk.u; �

0; v0/; . zT 1k .�
0; v0/; �/;  .v/

�
;

�0k;k 2�
�
c .Wk;k/; .�0k;k/.u;� 0;v0;�;v/ D �.T

u
k ; �

0; zT 1k .�
0; v0/; �/ � .!u � �v0 � �v/;

where zT 1
k
.� 0; v0/ WD � 0C2"v

0

1 . Since �.Tk; �; zT 2k .u; �; v/; �
0/D 0 for � 0 � 10

3
", we have fkC1 ıfk.x/D

.�1/sŒWk;k; ˆk;k; �k;k� for Wk;k WDWk;k \f� 0 > 3"g.

This time, we define a map

h WWk;k!W 0k;k; .u; �; v; � 0; v0/ 7! .u; � 0C � � 2"v2; v
0; �; v/;

which is an open embedding and changes the sign of the orientation by .�1/.1CdimV�n/2 . From (14), it
follows that ˆ0

k;k
ı hDˆk;k . Indeed, if we set � 0� WD �

0C � � 2"v2, then

ˆ0k;k ı h.u; �; v; �
0; v0/D conk

�
ˆk.u; �

0
�; v
0/; . zT 1k .�

0
�; v
0/; �/;  .v/

�
D conkC1

�
ˆk.u; �; v/; . zT

1
k .u; �; v/; �

0
�� � C 2"

v
2/;  .v

0/
�

Dˆk;k.u; �; v; �
0; v0/

for every .u; �; v; � 0; v0/ 2Wk;k . Therefore,

.�1/q�nC1fkC1;� ıfk;�.x/�fk;� ıfk;�.x/D .�1/
sŒW 0k;k; ˆ

0
k;k; .�1/

j�j2h�.�k;k/� �
0
k;k�:

For .u; � 0; v0; �; v/ 2W 0
k;k

,

.�1/j�j
2

.h�.�k;k//.u;� 0;v0;�;v/� .�
0
k;k/.u;� 0;v0;�;v/

D
�
�.T uk ; �;

zT 2k .u; �; v/; �
0
� � C 2"v2/� �.T

u
k ; �

0; zT 1k .�
0; v0/; �/

�
� .!u � �v0 � �v/:

If 11
3
" � � 0 � T u

k
�
11
3
" and 11

3
" � � � zT 1

k
.� 0; v0/� 11

3
", it can be checked that 11

3
" � � 0 � � C 2"v2 �

zT 2
k
.u; �; v/� 11

3
" and 11

3
� � � T u

k
�
11
3
" hold, and thus

�.T uk ; �;
zT 2k .u; �; v/; �

0
� � C 2"v2/D 1D �.T

u
k ; �

0; zT 1k .�
0; v0/; �/:

Therefore, supp..�1/j�j
2

h�.�k;k/� �
0
k;k
/ lies in W 1

k;k
[W 2

k;k
, where

W 1
k;k WD f.u; �

0; v0; �; v/ 2W 0k;k j �
0 < 4" or T uk � 4" < �

0
g;

W 2
k;k WD f.u; �

0; v0; �; v/ 2W 0k;k j � < 4" or zT 1k .�
0; v0/� 4" < �g:

From Lemma 3.12, ˆk.u; � 0; v0/D conk.'.u/; .T uk ; �
0/;  .v0// 2 †0mC1 for all .u; � 0; v0; �; v/ 2W 1

k;k
.

Then Lemma 3.12 is applied again to show that

ˆ0k;k.u; �
0; v0; �; v/D conk

�
ˆk.u; �

0; v0/; . zT 1k .�
0; v0/; �/;  .v/

�
Algebraic & Geometric Topology, Volume 25 (2025)



976 Yukihiro Okamoto

is an element of †0mC2 for every .u; � 0; v0; �; v/ 2 W 1
k;k
[ W 2

k;k
. Indeed, we can apply case (i) of

Lemma 3.12 for .u; � 0; v0; �; v/ 2W 1
k;k

, and case (ii) for .u; � 0; v0; �; v/ 2W 2
k;k

. As a consequence,

.�1/q�nC1fkC1;� ıfk;�.x/�fk;� ıfk;�.x/

D ŒW 1
k;k [W

2
k;k; ˆ

0
k;kjW 1

k;k
[W 2

k;k
; ..�1/j�j

2

h�.�k;k/� �
0
k;k/jW 1

k;k
[W 2

k;k
� 2 C dR

pC2C2q�2n.†
0
mC2/:

In the definition of fk;� for � 2 C dR
q .S"/, there is an ambiguity about the choice of �" W A" ! Œ0; 1�.

Suppose that we choose another �0", and define ˛0";� and f 0
k;�

in the same way as ˛";� and fk;� . Take
an arbitrary chain x 2 C dR

p .†am/. Since supp.�0" � �"/ lies in f.T; �/ 2 A" j � < 4" or T � 4" < �g,
x tlk�prT .˛";� �˛

0
";�/ is a chain in the subspace

f..
k/kD1;:::;m; .T; �// 2†
a
m tlk�prT A" j � < 4" or T � 4" < �g:

From Lemma 3.12, we have

fk;�.x/�f
0
k;�.x/D .conk/�

�
.x tlk�prT .˛";� �˛

0
";�// evk�ev0 �

�
2 C dR

pC1Cq�n.†
0
mC1/:

Therefore, for a 2R�0, the induced map on the quotient spaces, which is denoted by the same symbol

fk;� W C
dR
� .†

a
m; †

0
m/! C dR

�C1Cq�n.†
aC"
mC1; †

0
mC1/;

is independent of the choice of �". For this map, the equation

(15) @ ıfk;� �fk;� ı @D .�1/
pC1�nfk;@� W C

dR
p .†am; †

0
m/! C dR

pC1Cq�n.†
aC"
mC1; †

0
mC1/

follows from Lemma 3.13, and the equation for k0 � k,

(16) fk0C1;� ıfk;� C .�1/
q�nfk;� ıfk0;� D 0 W C

dR
p .†am; †

0
m/! C dR

pC2C2q�2n.†
aC2"
mC2 ; †

0
mC2/;

follows from Lemma 3.14. When @� D 0, (15) implies that fk;� is a chain map shifting the degree by
1C q�n.

3.5 Œ�1; 1�- and Œ�1; 1�2-modeled de Rham chains

In this section, we introduce two types of variants of de Rham chains. In this paper, they are necessary for
only four kinds of differentiable spaces: †am, †am�†

a0

m0 , S" and .M;PM / for a manifold M. Throughout
this section, X stands for one of these differentiable spaces.

3.5.1 Œ�1; 1�-modeled de Rham chains We introduce chains in R�X. We define PX as the set of
tuples .U; '; .�C; ��// such that:

� .U; '/ 2 PRreg�X . If X D S", we additionally require that .idR � ev0/ ı ' W U ! R �Q is a
submersion. Let us write ' D .'R; 'X / W U !R�X and UI WD '�1R .I / for any subset I �R.

� �C W UR�1 !R�1 �Uf1g and �� W UR��1 !R��1 �Uf�1g are diffeomorphisms such that

' ı ��1C D iR�1 �'X jUf1g ; ' ı ��1� D iR��1 �'X jUf�1g :

Here, iR�1 (resp. iR��1) is the inclusion map from R�1 (resp. R��1) to R.
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Remark 3.15 When X D S", the condition that .U; '/ 2 PRreg�S" implies only that the composition of
.idR � ev0/ ı ' W U ! R�Q with prR (resp. prQ) is a submersion to R (resp. Q). The condition that
.idR � ev0/ ı' itself is a submersion is necessary to define a fiber product of Œ�1; 1�-modeled de Rham
chains in the latter subsection.

For .U; '; .�C; ��// 2 PX , we define a linear subspace �pc .U; '; .�C; ��// of �p.U / which consists of
p-forms ! on U such that supp!\UŒ�1;1� is compact, .��1

C
/�!D 1�!jUf1g and .��1� /�!D 1�!jUf�1g .

We consider the graded R-vector space

xA�.X/ WD
M

.U;';.�C;��//2PX

�dimU�1��
c .U; '; .�C; ��//:

For U D .U; '; .�C; ��// 2 PX and ! 2�pc .U; '; .�C; ��//, let .U; '; .�C; ��/; !/ denote the element
of xA�.X/ whose component for V 2 PX is

.U; '; .�C; ��/; !/V D

�
! if V D U ;
0 if V ¤ U :

We take the linear subspace Z�.X/ of xA�.X/ generated by vectors

.V; ' ı�; .�C; ��/; !/� .U; '; .�C; ��/; �Š!/

for any submersion � W V ! U such that

.idR�1 ��jVf1g/ ı �C D �C ı�; .idR��1 ��jVf�1g/ ı �� D �� ı�:

We define the quotient vector space

C dR
� .X/ WD

xA�.X/=Z�.X/;

whose elements we call Œ�1; 1�-modeled de Rham chains. ŒU; '; .�C; ��/; !� denotes the equivalence
class of .U; '; .�C; ��/; !/. We define a degree �1 linear map @ W C dR

� .X/! C dR
��1.X/ by

@ŒU; '; .�C; ��/; !� WD .�1/
j!jC1ŒU; '; .�C; ��/; d!�:

Obviously @ ı @D 0, and we obtain a chain complex .C dR
� .X/; @/. Its homology is denoted by H dR

� .X/.

Naturally, there are three chain maps

(17) N{ W C dR
� .X/! C dR

� .X/; ŒV;  ; !� 7! .�1/dimV ŒR�V; idR � ; .idR�1�V ; idR��1�V /; 1�!�;

and

(18)
eC W C

dR
� .X/! C dR

� .X/; ŒU; '; .�C; ��/; !� 7! .�1/dimU�1ŒUf1g; 'X jUf1g ; !jUf1g �;

e� W C
dR
� .X/! C dR

� .X/; ŒU; '; .�C; ��/; !� 7! .�1/dimU�1ŒUf�1g; 'X jUf�1g ; !jUf�1g �:

Here, Uf1g and Uf�1g are oriented so that �C and �� preserve orientations. Clearly, eC ı N{ D e� ı N{ D
idC dR
� .X/

. For N{ ı eC and N{ ı e�, the next result holds.
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Lemma 3.16 N{ ı eC and N{ ı e� are chain homotopic to the identity map idC dR
� .X/

.

Proof This assertion is essentially proved in [16, Lemma 4.8]. We should note that the result in the
reference is proved for a specific differentiable space LkC1.a/ (a differentiable space of marked Moore
loops in a manifold). However, even for a differentiable space X considered in this section, we can extend
the definition of a chain

K
�
ŒU; '; .�C; ��/; !�

�
WD .�1/j!jC1ŒR�U; N'; . N�C; N��/; x!� 2 C

dR
�C1.X/

for any ŒU; '; .�C; ��/; !�2C dR
� .X/, which appears in the proof of [16, Lemma 4.8]. ThenK WC dR

� .X/!

C dR
�C1.X/ gives a chain homotopy from idC dR

� .X/
to N{ ı eC. The proof for N{ ı e� is completely parallel.

3.5.2 Œ�1; 1�2-modeled de Rham chains Let us define the smooth map

� W .R2/reg
�X ! .R2/reg

�X; ..r1; r2/; x/ 7! ..r2; r1/; x/:

We often use the coordinate .r1; r2/ of R2 to denote its subsets, for instance R�1 �RD fr1 � 1g.

We introduce chains in R2 �X. We define yPX as the set of tuples .U; '; .�1
C
; �1�/; .�

2
C
; �2�// such that:

� .U; '/2P.R2/reg�X . If X DS", we additionally require that .idR2�ev0/ı' WU !R2�Q is a sub-
mersion. Let us write 'D ..'1R; '

2
R/; 'X / WU !R2�X and UD WD fu2U j .'1R.u/; '

2
R.u//2Dg

for any subset D �R2.

� �
j
C

and �j� for j D 1; 2 are diffeomorphisms such that

' ı .�1C/
�1
D iR�1 � .'

2
R �'X /jUfr1D1g

; ' ı .�1�/
�1
D iR��1 � .'

2
R �'X /jUfr1D�1g

;

� ı' ı .�2C/
�1
D iR�1 � .'

1
R �'X /jUfr2D1g

; � ı' ı .�2�/
�1
D iR��1 � .'

1
R �'X /jUfr2D�1g

:

For .U; '; .�1
C
; �1�/; .�

2
C
; �2�//2

yPX , we define the linear subspace�pc .U; '; .�1C; �
1
�/; .�

2
C
; �2�// of�p.U /

which consists of p-forms ! on U such that supp! \UŒ�1;1��Œ�1;1� is compact and

..�
j
C
/�1/�! D 1�!jUfrjD1g

; ..�j�/
�1/�! D 1�!jUfrjD�1g

for j D 1; 2:

We consider the graded R-vector space

yA�.X/ WD
M

.U;';.�1
C
;�1�/;.�

2
C
;�2�//2

yPX

�dimU�2��
c .U; '; .�1C; �

1
�/; .�

2
C; �

2
�//:

For U D .U; '; .�1
C
; �1�/; .�

2
C
; �2�// 2

yPX and ! 2�pc .U; '; .�1C; �
1
�/; .�

2
C
; �2�//, let

.U; '; .�1C; �
1
�/; .�

2
C; �

2
�/; !/

denote the element of yA�.X/ whose component for V 2 yPX is

.U; '; .�1C; �
1
�/; .�

2
C; �

2
�/; !/V D

�
! if V D U ;
0 if V ¤ U :
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We take the linear subspace yZ�.X/ of yA�.X/ generated by vectors

.V; ' ı�; .�1C; �
1
�/; .�

2
C; �

2
�/; !/� .U; '; .�

1
C; �

1
�/; .�

2
C; �

2
�/; �Š!/

for any submersion � W V ! U such that, for j D 1; 2,

.idR�1 ��jVfrjD1g
/ ı �

j
C
D �

j
C
ı�; .idR��1 ��jVfrjD�1g

/ ı �j� D �
j
� ı�:

Now we define the quotient vector space

yC dR
� .X/ WD

yA�.X/= yZ�.X/;

whose elements we call Œ�1; 1�2-modeled de Rham chains. ŒU; '; .�1
C
; �1�/; .�

2
C
; �2�/; !� denotes the

equivalence class of .U; '; .�1
C
; �1�/; .�

2
C
; �2�/; !/. We define a degree �1 linear map @ W yC dR

� .X/ !

yC dR
��1.X/ by

@ŒU; '; .�1C; �
1
�/; .�

2
C; �

2
�/; !� WD .�1/

j!jC1ŒU; '; .�1C; �
1
�/; .�

2
C; �

2
�/; d!�:

Obviously @ ı @D 0, and we obtain a chain complex . yC dR
� .X/; @/. Its homology is denoted by yH dR

� .X/.

Naturally, there are six chain maps

(19) O{1; O{2 W C dR
� .X/!

yC dR
� .X/; e1C; e

2
C; e

1
�; e

2
� W
yC dR
� .X/! C dR

� .X/;

defined as follows: O{1 and O{2 map x D ŒV;  ; .�C; ��/; !� 2 C dR
� .X/ to

O{1x WD .�1/dimV�1ŒR�V; idR � ; .idR�1�V ; idR��1�V /; .y�C; y��/; 1�!�;

O{2x WD .�1/dimV ŒR�V; � ı .idR � /; .y�C; y��/; .idR�1�V ; idR��1�V /; 1�!�;

where y�C WR�VR�1!R�1� .R�Vf1g/ and y�� WR�VR��1!R��1� .R�Vf�1g/ are determined by

y�C.r
0; ��1C .r; uC//D .r; .r

0; uC// for r 0 2R and .r; uC/ 2R�1 �Vf1g;

y��.r
0; ��1� .r; u�//D .r; .r

0; u�// for r 0 2R and .r; u�/ 2R��1 �Vf�1g:

In addition, ej
C

and ej� for j D 1; 2 map y D ŒU; '; .�1
C
; �1�/; .�

2
C
; �2�/; !� 2

yC dR
� .X/ to

e1Cy WD .�1/
dimU ŒUf1g�R; .'

2
R; 'X /jUf1g�R ; .�

2
CjUf1g�R�1

; �2�jUf1g�R��1
/; !jUf1g�R �;

e2Cy WD .�1/
dimU�1ŒUR�f1g; .'

1
R; 'X /jUR�f1g ; .�

1
CjUR�1�f1g

; �1�jUR��1�f1g
/; !jUR�f1g �;

e1�y WD .�1/
dimU ŒUf�1g�R; .'

2
R; 'X /jUf�1g�R ; .�

2
CjUf�1g�R�1

; �2�jUf�1g�R��1
/; !jUf�1g�R �;

e2�y WD .�1/
dimU�1ŒUR�f�1g; .'

1
R; 'X /jUR�f�1g ; .�

1
CjUR�1�f�1g

; �1�jUR��1�f�1g
/; !jUR�f�1g �:

Here, the orientations of UD for D D frj D 1g; frj D�1g for j D 1; 2 are determined so that �j
C

and �j�
preserve orientations. The signs are chosen so that

(20) eC ı e
1
C D eC ı e

2
C; e� ı e

1
C D eC ı e

2
�; eC ı e

1
� D e� ı e

2
C; e� ı e

1
� D e� ı e

2
�:

Clearly, ej
C
ı O{j D ej� ı O{

j D idC dR
� .X/

for j D 1; 2. For O{j ı ej
C

and O{j ı ej� for j D 1; 2, the next result
holds.
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Lemma 3.17 O{j ı ej
C

and O{j ı ej� for j D 1; 2 are chain homotopic to id yC dR
� .X/

.

Proof We omit the detailed proof and refer to Lemma 3.16. For any x D ŒU; '; .�1
C
; �1�/; .�

2
C
; �2�/; !� 2

yC dR
� .X/, let us define diffeomorphisms, for j D 1; 2,

z�
j
C
WR�Ufrj�1g!R�1 � .R�UfrjD1g/; z�

j
� WR�Ufrj��1g!R��1 � .R�UfrjD�1g/

such that .z�j
C
/�1.rj ; .r; u//D .r; .�

j
C
/�1.rj ; u// and .z�j�/

�1.rj ; .r; u//D .r; .�
j
�/
�1.rj ; u//. Referring

to the proof of [16, Lemma 4.8], we can find N'j, N�j
˙

and x!j for j D 1; 2 to define

K1.x/ WD .�1/j!jC1ŒR�U; N'1; . N�1C; N�
1
�/; .z�

2
C; z�

2
�/; x!

1�;

K2.x/ WD .�1/j!jC1ŒR�U; N'2; .z�1C; z�
1
�/; . N�

2
C; N�

2
�/; x!

2�

such that Kj W yC dR
� .X/!

yC dR
�C1.X/ is a chain homotopy from id yC dR

� .X/
to O{j ı ej

C
for j D 1; 2. The

proof for O{j ı ej� is completely parallel.

3.5.3 Collection of analogies with ordinary de Rham chains As above, X and Y are chosen from the
differentiable spaces †am, †am �†

a0

m0 , S" and .M;PM / for a manifold M. Let f W X ! Y be a smooth
map. If Y D S", we require that X D S"0 and ev0 ıf D ev0. Then f induces chain maps

f� W C
dR
� .X/! C dR

� .Y /; ŒU; '; .�C; ��/; !� 7! ŒU; f ı'; .�C; ��/; !�;

f� W yC
dR
� .X/!

yC dR
� .Y /; ŒU; '; .�1C; �

1
�/; .�

2
C; �

2
�/; !� 7! ŒU; f ı'; .�1C; �

1
�/; .�

2
C; �

2
�/; !�:

If X D†am and Y D†bm for a � b and f is the inclusion map, then we claim that the above maps are
injective. This can be proved in the same way as Lemma 2.7, so we omit the proof. As a consequence,
we can define C dR

� .†
b
m; †

a
m/ and yC dR

� .†
b
m; †

a
m/ as quotient complexes.

Next, let .X; Y /D .†am; †
a0

m0/ or .f0g; S"/. We identify f0g �S" with S". Then a cross product x �y 2
C dR
pCq.X �Y / is defined for x D ŒU; '; .�C; ��/; !� 2 C dR

p .X/ and y D ŒV;  ; .�C; ��/; �� 2 C dR
q .Y / by

x �y WD .�1/pj�jŒW; z'; .z�C; z��/; ! � ��:

Here, W WD U 'R� R V is a fiber product over R and z', z�C and z�� are determined by

z' WW !R� .X �Y /; .u; v/ 7! .'R.u/; 'X .u/;  Y .v//;

z�C.u; v/D .r; .uC; vC// for .u; v/D ..�C/�1.r; uC/; .�C/�1.r; vC// 2WR�1 ;

z��.u; v/D .r; .u�; v�// for .u; v/D ..��/�1.r; u�/; .��/�1.r; v�// 2WR��1 :

Similarly, a cross product x�y 2 yC dR
pCq.X�Y / is defined for xD ŒU; '; .�1

C
; �1�/; .�

2
C
; �2�/; !�2

yC dR
p .X/

and y D ŒV;  ; .�1
C
; �1�/; .�

2
C
; �2�/; �� 2

yC dR
q .Y / by

x �y WD .�1/pj�jŒW; z'; .z�1C; z�
1
�/; .z�

2
C; z�

2
�/; ! � ��:

HereW WDU .'1R;'2R/�. 1R; 2R/V is a fiber product over R2 and z', z�j
C

and z�j� for j D1; 2 are determined by

z' WW !R� .X �Y /; .u; v/ 7! .'R.u/; 'X .u/;  Y .v//;

z�
j
C
.u; v/D .r; .uC; vC// for .u; v/D ..�j

C
/�1.r; uC/; .�

j
C
/�1.r; vC// 2WfrjD1g;

z�j�.u; v/D .r; .u�; v�// for .u; v/D ..�j�/
�1.r; u�/; .�

j
�/
�1.r; v�// 2WfrjD�1g:
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The next result is analogous to Propositions 3.7 and 3.9. It follows immediately from the fact that
.eC/� WH

dR
� .X/!H dR

� .X/ is an isomorphism (see Lemma 3.16).

Proposition 3.18 Let a; b 2R>0 with a � b and " 2 .0; "0=C � for the constant C of Lemma 3.8. Then
the following hold :

� If Lm.K/\ Œa; b�D∅, then H dR
� .†

b
m; †

a
m/D 0.

� For any x 2H dR
� .S"/,

.ev0/� ı .eC/�.x/D 0 2H dR
� .N"/ D) .i";C"/�.x/D 0 2H

dR
� .SC"/:

3.5.4 Operations on Œ�1; 1�- and Œ�1; 1�2-modeled de Rham chains In the rest of this section, let
us define operators corresponding to fk;� . We prefer to refer to the explicit description (13) of fk;�.x/
rather than its original definition using fiber products of chains. Let " 2 .0; "0=.5C0/� and �" WA"! Œ0; 1�

be the C1 function we have chosen in the beginning of Section 3.4

For k D 1; : : : ; m and N� 2 C dR
q .S"/, we define a linear map

Nf
k; N�
W C dR
� .†

a
m/! C dR

�C1Cq�n.†
aC"
mC1/

as follows: Let

x D ŒU; '; .�C; ��/; !� 2 C
dR
p .†am/;

N� D ŒV;  ; .�C; ��/; �� 2 C
dR
q .S"/;

and
'.u/D .'R.u/; '†.u// D .'R.u/; .


u
l W Œ0; T

u
l �!Q/lD1;:::;m/ 2R�†am;

 .v/D . R.v/;  S .v//D . R.v/; .�
v
i /iD1;2/ 2R�S"

for every u 2 U and v 2 V. Then we define Nf
k; N�
.x/ WD .�1/sŒWk; ˆk; .z�C; z��/; �k�, where

(21)

Wk WD f.u; �; v/ 2 U �R�V j 2" < � < T uk � 2"; .'R.u/; 

u
k .�//D . R.u/; �

v
1 .0//g;

ˆk WWk!R�†aC"mC1; .u; �; v/ 7!
�
'R.u/; conk.'†.u/; .T

u
k ; �/;  S .v//

�
;

�k 2�
�
c .Wk/; .�k/.u;�;v/ WD �".T

u
k ; �/ � .!u � �v/;

s WD .pC 1�n/j�jCnC 1;

and
z�C.u; �; v/ WD .r; .uC; �; vC// 2R� .Wk/frD1g

for .u; �; v/D .��1
C
.r; uC/; �; �

�1
C
.r; vC// 2 .Wk/fr�1g, and

z��.u; �; v/ WD .r; .u�; �; v�// 2R� .Wk/frD�1g

for .u; �; v/ D .��1� .r; u�/; �; �
�1
� .r; v�// 2 .Wk/fr��1g. Here, Wk is oriented as a fiber product over

R�Q of the map

f.u; �/ 2 U �R j 2" < � < T uk � 2"g !R�Q; .u; �/ 7! .'R.u/; 

u
k .�//;
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and the submersion .idR � ev0/ ı W V ! R�Q. It can be checked that N{ and eC, e� intertwine this
operator and fk;� for � 2 C dR

q .S"/. Namely,

N{ ıfk;� D fk;N{� ı N{; eC ı Nfk; N� D fk;eC N�
ı eC; e� ı Nfk; N� D fk;e� N�

ı e�:

Similar results as for fk;� are the following: Nf
k; N�

induces a linear map

Nf
k; N�
W C dR
� .†

a
m; †

0
m/! C dR

�C1Cq�n.†
aC"
mC1; †

0
mC1/;

which is independent of �". The next equations are variants of (15) and (16), and they follow from similar
computations as Lemmas 3.13 and 3.14, so we omit the proof.

Proposition 3.19 For k0 � k,

@ı Nf
k; N�
� Nf

k; N�
ı@D .�1/pC1�n Nf

k;@ N�
W C dR
p .†am; †

0
m/! C dR

pC1Cq�n.†
aC"
mC1; †

0
mC1/;

Nf
k0C1; N�

ı Nf
k; N�
C.�1/q�n Nf

k; N�
ı Nf

k0; N�
D 0 W C dR

p .†am; †
0
m/! C dR

pC2C2q�2n.†
aC2"
mC2 ; †

0
mC2/:

Next, for k D 1; : : : ; m and y� 2 yC dR
q .S"/, we define a linear map

Of
k;y�
W C dR
� .†

a
m/! C dR

�C1Cq�n.†
aC"
mC1/

as follows: Let

x D ŒU; '; .�1C; �
1
�/; .�

2
C:�

2
�/; !� 2

yC dR
p .†am/;

y� D ŒV;  ; .�1C; �
1
�/; .�

2
C; �

2
�/; �� 2

yC dR
q .S"/;

and
'.u/D .'R2.u/; '†.u// D

�
.'1R.u/; '

2
R.u//; .


u
l W Œ0; T

u
l �!Q/lD1;:::;m

�
2R2 �†am;

 .v/D . R2.v/;  S .v//D
�
. 1R.v/;  

2
R.v//; .�

v
i /iD1;2

�
2R2 �S"

for every u 2 U and v 2 V. Then we define Of
k;y�
.x/ WD .�1/sŒWk; ˆk; .z�

1
C
; z�1�/; .z�

2
C
; z�2�/; �k�, where

Wk WD f.u; �; v/ 2 U �R�V j 2" < � < T uk � 2"; .'R2.u/; 

u
k .�//D . R2.u/; �

v
1 .0//g;

ˆk WWk!R2 �†aC"mC1; .u; �; v/ 7!
�
'R2.u/; conk.'†.u/; .T

u
k ; �/;  S .v//

�
;

�k 2�
�
c .Wk/; .�k/.u;�;v/ WD �".T

u
k ; �/ � .!u � �v/;

s WD .pC 1�n/j�j;
and, for j D 1; 2,

z�
j
C
.u; �; v/ WD .rj ; .u

j
C
; �; v

j
C
// 2R�1 � .Wk/frjD1g

for .u; �; v/D ..�j
C
/�1.rj ; u

j
C
/; �; .�j /�1

C
.rj ; v

j
C
// 2 .Wk/frj�1g and

z�j�.u; �; v/ WD .rj ; .u
j
�; �; v

j
�// 2R��1 � .Wk/frjD�1g

for .u; �; v/D ..�j�/
�1.rj ; u

j
�/; �; .�

j /�1� .rj ; v
j
�//2 .Wk/frj��1g. Here,Wk is oriented as a fiber product

over R2 �Q of the map

f.u; �/ 2 U �R j 2" < � < T uk � 2"g !R2 �Q W .u; �/! .'R2.u/; 

u
k .�//

and the submersion .idR2 �ev0/ı W V !R2�Q. It can be checked that O{j and ej
C

and ej� for j D 1; 2
intertwine this operator and Nf

k; N�
for N� 2 C dR

q .S"/.
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Similar results as for fk;� are the following: Of
k;y�

induces a linear map

Of
k;y�
W yC dR
� .†

a
m; †

0
m/!

yC dR
�C1Cq�n.†

aC"
mC1; †

0
mC1/;

which is independent of �". The next equations are variants of (15) and (16), and they follow from similar
computations as Lemmas 3.13 and 3.14, so we omit the proof.

Proposition 3.20 For k0 � k,

@ı Of
k;y�
� Of

k;y�
ı@D .�1/pC1�n Of

k;@y�
W yC dR
p .†am; †

0
m/!

yC dR
pC1Cq�n.†

aC"
mC1; †

0
mC1/;

Of
k0C1;y�

ı Of
k;y�
C.�1/q�n Of

k;y�
ı Of

k0;y�
D 0 W yC dR

p .†am; †
0
m/!

yC dR
pC2C2q�2n.†

aC2"
mC2 ; †

0
mC2/:

4 Construction ofH string
� .Q;K/

4.1 Definition of chain complex

For a 2R>0 and " 2 .0; "0=.5C0/�, we define the graded R-vector space

C<a� ."/ WD

1M
mD0

C dR
��m.d�2/.†

aCm"
m ; †0m/:

If m� 2a="0, then aCm"�m
�
1
2
"0C "

�
�m"0. In this case, †aCm"m D†0m by Remark 3.1. Therefore,

the component for m 2 Z�0 vanishes if m� 2a="0.

For each m 2 Z�0, we think of C dR
��m.d�2/

.†aCm"m ; †0m/ as a linear subspace of C<a� ."/ in a natural
way. For ı 2 C dR

n�d
.S"/, we define a degree �1 linear map

Dı W C
<a
� ."/! C<a��1."/

such that, for x 2 C dR
p�m.d�2/

.†aCm"m ; †0m/,

Dı.x/D @xC

mX
kD1

.�1/pC1Ckdfk;ı.x/ 2 C
<a
p�1."/:

When mD 0, the right-hand side is just equal to @x.

Proposition 4.1 If ı 2 C dR
n�d

.S"/ satisfies @ı D 0, then Dı ıDı D 0.

Proof Take an arbitrary x 2 C dR
p�m.d�2/

.†aCm"m ; †0m/. Since @ ı @D 0,

Dı ıDı.x/D

mX
kD1

..�1/pC1Ckd@ ıfk;ı.x/C .�1/
pCkdfk;ı ı @.x//

C

mC1X
k0D1

mX
kD1

.�1/.kCk
0/d�1fk0;ı ıfk;ı.x/:
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Applying (15) for q D n�d and � D ı for which @ı D 0, we can see that the first summand is equal to 0.
For the second summand, we apply (16) for q D n� d and � D ı. Then
mC1X
k0D1

mX
kD1

.�1/.kCk
0/d�1fk0;ı ıfk;ı.x/

D

X
1�k�k0�m

..�1/.kCk
0C1/d�1fk0C1;ı ıfk;ı.x/C .�1/

.kCk0/d�1fk;ı ıfk0;ı.x//

D 0:

This shows that Dı ıDı.x/D 0.

In summary, for a2R>0, "2 .0; "0=.5C0/� and ı2C dR
n�d

.S"/with @ıD0, a chain complex .C<a� ."/;Dı/

is defined. Let H<a
� .";ı/ denote its homology.

The chain complex .C<a� ."/;Dı/ is filtered by subcomplexes fF<a";pgp2Z defined by

(22) F<a";p WD

1M
m��p

C dR
��m.d�2/.†

aCm"
m ; †0m/:

Let E<a
.";ı/
WD
�
f.E<a

.";ı/
/rp;qg; f.d

<a
.";ı/

/rp;qg
�

be the spectral sequence determined by fF<a";pgp2Z. Note that
F<a";p D 0 for p � �2a="0 and F<a";p D F<a";0 for p � 0, and thus this spectral sequence converges to
H<a
� ."; ı/ in the sense of [21, Bounded Convergence 5.2.5]. The first page is given by

.E<a.";ı//
1
�m;q D

�
H dR
.q�m/�m.d�2/

.†aCm"m ; †0m/DH
dR
q�m.d�1/

.†aCm"m ; †0m/ if m� 0;
0 if m< 0:

Let us state an abstract lemma about morphisms in the category of spectral sequences. This result, which
is a refinement of [21, Comparison Theorem 5.2.12], will be repeatedly used in the rest of this paper.

Lemma 4.2 Let E D .fErp;qg; fd
r
p;qg/ and E 0 D .fE 0rp;qg; fd

0r
p;qg/ be bounded spectral sequences which

converge to H� and H 0�, respectively, in the sense of [21, Bounded Convergence 5.2.5]. Let f D ff rp;qg
be a morphism from E to E 0 which is compatible with fhn WHn!H 0ngn2Z. Then the following assertion
holds:

� Suppose that , for some r0 � 1 and n0 2Z, f r0p;q is an isomorphism if pCq < n0, and a surjection if
pC q D n0. Then hn is an isomorphism if n < n0 and a surjection if nD n0. In particular , if f r0p;q
is an isomorphism for every p; q 2 Z for some r0 � 1, then hn is an isomorphism for every n 2 Z.

Proof Suppose that ff rp;qg satisfy the condition of the assertion for r0 � 1 and n0 2 Z. Note that, for
any r � 1 and p; q 2 Z,

f rC1p;q WE
rC1
p;q Š Ker d rp;q=Im d rpCr;q�rC1!E 0rC1p;q Š Ker d 0rp;q=Im d 0rpCr;q�rC1

is induced by ff rp;qgp;q . Therefore, by inductive arguments about ff rp;qg on r D r0; r0C 1; : : : , we can
prove that f1p;q WE

1
p;q!E 01p;q is an isomorphism if pC q < n0, and a surjection if pC q D n0. We omit

the concluding argument about hn, since it is parallel to [21, Comparison Theorem 5.2.12].
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For "; N"2 .0; "0=.5C0/� with "� N", let j";N" W†aCm"m !†aCmN"m for m2Z�0 be the inclusion maps. These
maps induce a linear map

.j";N"/� W C
<a
� ."/! C<a� .N"/:

For any ı 2C dR
n�d

.S"/ with @ıD 0, .j";N"/� is a chain map from .C<a� ."/;Dı/ to .C<a� .N"/;D.i";N"/�ı/ and
preserves the filtrations fF<a";pgp2Z and fF<a

N";pgp2Z.

Lemma 4.3 Suppose that a 2R>0 nL.K/. Then the induced map on homology

.j";N"/� WH
<a
� ."; ı/!H<a

� .N"; .i";N"/�ı/

is an isomorphism if N" satisfies Œa; aC .2a="0/N"�\L.K/D∅.

Proof Ifm�2a="0, then†aCmN"m D†aCm"m D†0m. If 0�m�2a="0, then ŒaCm"; aCmN"�\L.K/D∅
from the condition on N". Thus, Proposition 3.7 is applied to show that H dR

� .†
aCmN"
m ; †aCm"m /D 0 for all

m 2 Z�0. Therefore, the induced map on the .�m; q/-term for m� 0 of the first page

.j";N"/� W .E
<a
.";ı//

1
�m;q DH

dR
q�m.d�1/.†

aCm"
m ; †0m/! .E<a.N";.i";N"/�ı//

1
�m;q DH

dR
q�m.d�1/.†

aCmN"
m ; †0m/

is an isomorphism. Now the assertion follows from Lemma 4.2.

As we have seen in Example 2.6,H dR
� .N

reg
" /ŠHd

c .N"IR/. Therefore, we can determine a unique homol-
ogy class Th" 2H dR

n�d
.N

reg
" / which corresponds to the Thom class of .TK/? through the diffeomorphism

f.x; v/ 2 .TK/? j v < "g !N", .x; v/ 7! expx v.

The above lemma leads us to define a set of data ."; ı/ as follows.

Definition 4.4 Let C � 1 be the constant of Lemma 3.8. We define Ta for every a 2R�0 nL.K/ to be
the set of pairs ."; ı/ of " 2 .0; "0=.5C 4/� and ı 2 C dR

n�d
.S"/ such that:

(a) Œa; aC .2a="0/y"�\L.K/D∅ for y" WD C 3".

(b) @ı D 0 and .ev0/�Œı�D Th" 2H dR
n�d

.N
reg
" /.

Let a; b 2 R>0 with a < b. For " 2 .0; "0=.5C0/� and ı 2 C dR
n�d

.S"/ with @ı D 0, there exists a chain
map .I a;b" /� from .C<a� ."/;Dı/ to .C<b� ."/;Dı/ induced by inclusion maps I a;b" W†aCm"m !†bCm"m

for all m 2 Z�0. We define the quotient complex

.C
Œa;b/
� ."/ WD C<b� ."/=C<a� ."/;Dı/:

Let H Œa;b/
� ."; ı/ denote its homology. Obviously, there exists a long exact sequence

(23) � � � !H<a
� ."; ı/

.I
a;b
" /�
�����!H<b

� ."; ı/!H
Œa;b/
� ."; ı/!H<a

��1."; ı/
.I
a;b
" /�
�����! � � � :

The next result is a trivial computation from the spectral sequence.
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Proposition 4.5 For a; b 2R nL.K/ with a < b and ."; ı/ 2 Ta \Tb , the following hold :

� If Œa; b�\L.K/D∅, then H Œa;b/
� ."; ı/D 0.

� If there exist c 2 L.K/ and m0 2 Z�1 such that Œa; b� \ Lm.K/ D fcg if m D m0 and
Œa; b�\Lm.K/D∅ otherwise , then

H
Œa;b/
� ."; ı/ŠH dR

��m0.d�2/
.†bm0 ; †

a
m0
/:

Proof Let EŒa;b/
.";ı/

be the spectral sequence determined by a filtration fF<b";m=F<a";mgm2Z. We apply
Proposition 3.7 to the first page. For the first case, .EŒa;b/

.";ı/
/1p;q D 0 for every p; q 2Z, so the assertion

is trivial. For the second case, .EŒa;b/
.";ı/

/1p;qD 0 for every p¤�m0, so all differentials are the zero map.
Therefore, H Œa;b/

q ."; ı/Š .E
Œa;b/

.";ı/
/1
�m0;qCm0

and the assertion follows from

.E
Œa;b/

.";ı/
/1�m0;qCm0 DH

dR
q�m0.d�2/

.†bCm0"m0
; †aCm0"m0

/ŠH dR
q�m0.d�2/

.†bm0 ; †
a
m0
/:

Here, the last isomorphism comes from Proposition 3.7.

4.2 Variants from Œ�1; 1�- and Œ�1; 1�2-modeled de Rham chains

In Section 3.5, we introduced Œ�1; 1�-modeled and Œ�1; 1�2-modeled de Rham chains. In this section, we
define chain complexes as in Section 4.1 by using these types of chains. Their constructions and some
computations are parallel to the former section, so we often omit proofs.

First, we deal with Œ�1; 1�-modeled chains. For a 2R>0 and " 2 .0; "0=.5C0/�, we consider the graded
R-vector space

C<a� ."/ WD

1M
mD0

C dR
��m.d�2/.†

aCm"
m ; †0m/:

For Nı 2 C dR
n�d

.S"/, we define a degree �1 map D Nı W C
<a
� ."/! C<a

��1."/ by

D Nı.x/ WD @xC

mX
kD1

.�1/pC1Ckd Nf
k; Nı
.x/

for x 2 C dR
p�m.d�2/

.†aCm"m ; †0m/.

Proposition 4.6 If Nı 2 C dR
n�d

.S"/ satisfies @ Nı D 0, then D Nı ıD Nı D 0.

This is analogous to Proposition 4.1 and can be deduced from the two equations of Proposition 3.19.
From this proposition, for Nı 2 C dR

n�d
.S"/ with @ı D 0, we obtain a chain complex .C<a� ."/;D Nı/. Let

H<a
� ."; Nı/ denote its homology.

Let us consider a relation to the chain complex defined in Section 4.1. The linear maps (18) forXD†aCm"m

eC; e� W C
dR
� .†

aCm"
m /! C dR

� .†
aCm"
m / for m 2 Z�0

naturally induce linear maps
e";C; e";� W C

<a
� ."/! C<a� ."/;

and these are chain maps from .C<a� ."/;D Nı/ to .C<a� ."/;D
eC Nı

/ and .C<a� ."/;D
e� Nı
/, respectively.
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We define a filtration fF<a";pgp2Z by

F<a";p WD
M
m��p

C dR
��m.d�2/.†

aCm"
m ; †0m/:

Let E<a
."; Nı/

be the spectral sequence determined by this filtration.

Lemma 4.7 e";C and e";� are quasi-isomorphisms.

Proof We prove this assertion for only e";C. The proof for e";� is parallel. Since e";C preserves filtrations
fF<a";pgp2Z and fF<a";pgp2Z, this induces a map on the first page .e";C/� W .E<a

."; Nı/
/1p;q! .E<a

.";eC Nı/
/1p;q . For

p D�m� 0, this coincides with

.eC/� WH
dR
q�m.d�1/.†

aCm"
m ; †0m/!H dR

q�m.d�1/.†
aCm"
m ; †0m/:

From Lemma 3.16, this map is an isomorphism. Now the assertion follows from Lemma 4.2.

For N"; y" 2 .0; "0=.5C0/� with N"� y", the linear map .jN";y"/� W C<a� .N"/! C<a� .y"/, induced by the inclusion
maps jN";y" W†aCmN"m !†aCmy"m for all m 2Z�0, is a chain map from .C<a� .N"/;D Nı/ to .C<a� .y"/;D

.iN";y"/�
Nı
/.

Lemma 4.8 Suppose that a 2R>0 nL.K/. Then the induced map on homology

.jN";y"/� WH
<a
� .N"; Nı/!H<a

� .y"; .iN";y"/�
Nı/

is an isomorphism if y" satisfies Œa; aC .2a="0/y"�\L.K/D∅.

Proof The proof is parallel to that of Lemma 4.3. The chain map .jN";y"/� preserves the filtrations
fF<a
N";pgp2Z and fF<a

y";p
gp2Z. This induces an isomorphism on the first page since, for every m 2 Z�0,

H�.†
aCmy"
m ; †aCmN"m /D 0

by Proposition 3.18. Now the assertion follows from Lemma 4.2.

The above lemma leads us to the following definition.

Definition 4.9 Let C � 1 be the constant of Lemma 3.8. We define Ta for a 2R>0 nL.K/ to be the set
of pairs .N"; Nı/ of N" 2 .0; "0=.5C 3/� and Nı 2 C dR

n�d
.SN"/ such that:

(a) Œa; aC .2a="0/y"�\L.K/D∅ for y" WD C 2 N".

(b) @ Nı D 0 and .ev0/�ŒeC Nı�D ThN" 2H dR
n�d

.N
reg
N" /.

Next, we deal with Œ�1; 1�2-modeled chains. For a 2R>0 and " 2 .0; "0=.5C0/�, we consider the graded
R-vector space

yC<a� ."/ WD

1M
mD0

yC dR
��m.d�2/.†

aCm"
m ; †0m/:
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For yı 2 yC dR
n�d

.S"/, we define a degree �1 map yDyı W
yC<a� ."/! yC<a

��1."/ by

yDyı.x/ WD @xC

mX
kD1

.�1/pC1Ckd Of
k;yı
.x/

for x 2 yC dR
p�m.d�2/

.†aCm"m ; †0m/.

Proposition 4.10 If yı 2 yC dR
n�d

.S"/ satisfies @yı D 0, then yDyı ı
yDyı D 0.

This is analogous to Proposition 4.1 and can be deduced from the two equations of Proposition 3.20.
From this proposition, for yı 2 yC dR

n�d
.S"/ with @yı D 0, we obtain a chain complex . yC<a� ."/; yDyı/. Let

yH<a
� ."; yı/ denote its homology.

Let us consider a relation to the chain complex defined by Œ�1; 1�-modeled de Rham chains. For j D 1; 2,
the linear maps of (19) for X D†aCm"m ,

e
j
C
; ej� W

yC dR
� .†

aCm"
m /! C dR

� .†
aCm"
m / for m 2 Z�0;

naturally induce linear maps
e
j
";C; e

j
";� W
yC<a� ."/! C<a� ."/;

and these are chain maps from . yC<a� ."/; yDyı/ to .C<a� ."/;D
e
j
C
yı
/ and .C<a� ."/;D

ej�
yı
/, respectively.

Lemma 4.11 e
j
";C and ej";� for j D 1; 2 are quasi-isomorphisms.

Proof The proof is parallel to that of Lemma 4.7. This time, we use the spectral sequence determined by
a filtration f�Fa";pgp2Z, which is defined by�Fa";p WD M

m��p

yC dR
��m.d�2/.†

aCm"
m ; †0m/:

Then ej";C and ej";� for j D 1; 2 preserve the filtrations f�Fa";pgp2Z and fFa";pgp2Z. By Lemma 3.17, they
induce an isomorphism on the first page. Now the assertion follows from Lemma 4.2.

4.3 The limit of "! 0

In this section, we define a transition map

k."0;ı 0/;.";ı/ WH
<a
� ."0; ı0/!H<a

� ."; ı/

for every a 2R>0 nL.K/ and ."; ı/; ."0; ı0/ 2 Ta with "0 � ", by using .N"; Nı/ 2 Ta satisfying

(24) "� N"; eC Nı D .i";N"/�ı; e� Nı D .i"0;N"/�ı
0:

In fact, k."0;ı 0/;.";ı/ is an isomorphism. We also prove that
�
fH<a
� ."; ı/g.";ı/2Ta ; fk."0;ı 0/;.";ı/g"0�"

�
forms

an inverse system.

4.3.1 Construction of transition maps Let us first prove the existence of the above .N"; Nı/.

Lemma 4.12 For ."; ı/; ."0; ı/ 2 Ta with "0 � ", there exists .N"; Nı/ 2 Ta satisfying (24).
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Proof Let us take N" WDC" for the constantC in Lemma 3.8, and rewrite ıC WD .i";N"/�ı and ı� WD .i"0;N"/�ı0

for short. Since
.ev0/�Œı� .i"0;"/�ı0�D Th"� .i"0;"/�Th"0 D 0 2H dR

n�d .N"/;

Proposition 3.9 shows that there exists � 2 C dR
n�dC1

.SN"/ such that

@� D .i";N"/�.ı� .i"0;"/�ı
0/D ıC� ı�:

Let � WR! Œ0; 1� be a C1 function such that �.r/D 1 if 1� r and �.r/D 0 if r � �1. We take chains
ˇC; ˇ� 2 C

dR
0 .f0g/ defined by

ˇC WD ŒR; idR; .idR�1 ; idR��1/; ��; ˇ� WD ŒR; idR; .idR�1 ; idR��1/; 1� ��:

Now we define Nı by

Nı WD ˇC � .N{ıC/Cˇ� � .N{ı�/C .@ˇC/� .N{�/ 2 C
dR
n�d .SN"/:

This satisfies condition (24). Moreover, @ NıD 0 and .ev0/�ŒeC Nı�D .ev0/�ŒıC�D ThN". Now it is clear that
.N"; Nı/D .C"; Nı/ satisfies the two conditions to be an element of Ta.

From Lemmas 4.3 and 4.7, we can define isomorphisms

f
.N"; Nı/;C

WD .j";N"/
�1
� ı .eN";C/� WH

<a
� .N"; Nı/!H<a

� ."; ı/;

f
.N"; Nı/;�

WD .j"0;N"/
�1
� ı .eN";�/� WH

<a
� .N"; Nı/!H<a

� ."0; ı0/

such that the following diagrams commute:

H<a
� .N"; Nı/

.eN";C/�
��

f.N"; Nı/;C
// H<a
� ."; ı/

.j";N"/�

��

H<a
� .N"; Nı/

.eN";�/�
��

f.N"; Nı/;�
// H<a
� ."0; ı0/

.j"0;N"/�

��

H<a
� .N"; eC Nı/ H<a

� .N"; .i";N"/�ı/ H<a
� .N"; e� Nı/ H<a

� .N"; .i"0;N"/�ı
0/

We define an isomorphism

k
.N"; Nı/
WD f

.N"; Nı/;C
ı .f

.N"; Nı/;�
/�1 WH<a

� ."0; ı0/!H<a
� ."; ı/:

Later, we will prove the independence on .N"; Nı/ (Corollary 4.16), and this is the transition map k."0;ı/;.";ı/
we need.

Lemma 4.13 When ."0; ı0/D ."; ı/ 2 Ta, we may take ."; N{ı/ 2 Ta as an element satisfying (24). In
this case , we have

k.";N{ı/ D idH<a
� .";ı/:

Proof To prove this assertion, let us introduce a chain map N{" from .C<a� ."/;Dı/ to .C<a� ."/;DN{ı/

induced by N{ W C dR
��m.d�2/

.†aCm"m /! C dR
��m.d�2/

.†aCm"m / (see (17)) for all m 2 Z�0. This satisfies
e";C ı N{" D idC<a� ."/ D e";� ı N{", and thus

(25) .e";C/� D .N{"/
�1
� D .e";�/� WH

<a
� ."; N{ı/!H<a

� ."; ı/:

Therefore, k.";N{ı/ D .e";C/� ı .e";�/�1� D idH<a
� .";ı/.
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4.3.2 Compositions Next, we think about compositions of maps in the set fk
.N"; Nı/
g
.N"; Nı/2Ta

. For
."; ı/; ."0; ı0/; ."00; ı00/ 2 Ta with "00 � "0 � ", suppose that we have chosen .N"; Nı/; .N"0; Nı0/; .z"; zı/ 2 Ta

satisfying
eC Nı D .i";N"/�ı; eC Nı

0
D .i"0;N"0/�ı

0; eCzı D .i";z"/�ı;

e� Nı D .i"0;N"/�ı
0; e� Nı

0
D .i"00;N"0/�ı

00; e�zı D .i"00;z"/�ı
00:

In this situation, let us first prove the following lemma.

Lemma 4.14 There exists y" 2 .0; "0=.5C0/� and yı 2 yC dR
n�d

.Sy"/ such that @yı D 0 and

e1C
yı D .iz";y"/�

zı; e1�
yı D .iN"0;y"/�

Nı0; e2C
yı D .iN";y"/�

Nı; e2�
yı D .i"00;y"/�.N{ı

00/:

Proof Let us take � WD C �maxfN"; N"0; z"g, y" WD C� and rewrite NıC WD .iz";�/�zı and Nı� WD .iN"0;�/� Nı0 for
short. Since

.ev0/� ı .eC/�Œ.iz";C�1�/�zı� .iN"0;C�1�/� Nı
0�D .iz";C�1�/�.Thz"/� .iN"0;C�1�/�.ThN"0/D 0 2H dR

� .NC�1�/;

Proposition 3.18 shows that there exists N�12C dR
n�dC1

.S�/ such that @ N�1D NıC�Nı�. We define y�1 WR�R!

Œ0; 1�, .r1; r2/ 7! �.r1/, where � is the function that appeared in the proof of Lemma 4.12. Then we take
chains y̌C; y̌� 2 yC dR

0 .f0g/ defined by

y̌1
C WD ŒR

2; idR2 ; .�
1
C; �

1
�/; .�

2
C; �

2
�/; y��;

y̌1
� WD ŒR

2; idR2 ; .�
1
C; �

1
�/; .�

2
C; �

2
�/; 1� y��;

where �j
C
D idfrj�1g and �j� D idfrj��1g for j D 1; 2. We define

� WD y̌1C � .O{
1 NıC/C y̌

1
� � .O{

1 Nı�/C .@ y̌
1
C/� .O{

1. N�1� N{e� N�1// 2 yC
dR
n�d .S�/:

This chain satisfies @� D 0 (note that e�.@ N�1/D e� NıC� e� Nı� D 0). Moreover,

e1C� D .iz";�/�
zı; e1�� D .iN"0;�/�

Nı0; e2�� D .i"00;�/�.N{ı
00/

hold. The former two equations are easy to check. The third equation can be checked as follows: since
e2� ı O{

1 D N{ ı e�, we have e2�.O{
1. N�1� N{e� N�1//D 0 and thus

e2�� D .e
2
�
y̌1
C/�

�
N{..i"00;�/�ı

00/
�
C .e2�

y̌1
�/�

�
N{..i"00;�/�ı

00/
�
D .i"00;�/�.N{ı

00/:

Let us write ı WD e2
C
� 2 C dR

n�d
.S�/ and consider the difference of chains ı� .iN";�/� Nı. We claim that there

exists N�2 2 C dR
n�dC1

.Sy"/ such that

(26) @ N�2 D .i�;y"/�ı� .iN";y"/�
Nı; eC N�2 D e� N�2 D 0:

We prove this claim. Since eC ı e2C D eC ı e
1
C

and e� ı e2C D eC ı e
1
�, we have

.eC/�Œı� .iN";�/� Nı�D .eC ı e
1
C/�Œ��� .i";�/�Œı� D 0 2H

dR
n�d .S�/;

.e�/�Œı� .iN";�/� Nı�D .eC ı e
1
�/�Œ��� .i"0;�/�Œı

0�D 0 2H dR
n�d .S�/:

From Lemma 3.16, there exists N� 02 2C
dR
n�dC1

.S�/ such that @ N� 02D ı�.iN";�/� Nı and @.eC N� 02/D@.e� N�
0
2/D0.

Since .ev0/�ŒeC N� 02� and .ev0/�Œe� N� 02� are contained in H dR
n�dC1

.N�/D f0g, Proposition 3.18 shows that
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there exist 'C; '� 2 C dR
n�dC2

.Sy"/ such that @'C D .i�;y"/�.eC N� 02/ and @'� D .i�;y"/�.e� N� 02/. Then, by
using ˇC and ˇ� in the proof of Lemma 4.12, we define

N�2 WD .i�;y"/�
N� 02� @.ˇC � N{'C/� @.ˇ� � N{'�/ 2 C

dR
n�dC1.Sy"/;

and this chain satisfies (26).

We take y�2 WR2! Œ0; 1�, .r1; r2/ 7! �.r2/, and

y̌2
C WD ŒR

2; idR2 ; .�
1
C; �

1
�/; .�

2
C; �

2
�/; y�

2� 2 yC dR
0 .f0g/:

Finally, we define a chain

yı WD .i�;y"/�� � @.
y̌2
C � O{

2 N�2/ 2 yC
dR
n�d .Sy"/:

This satisfies @yı D 0 and the required four equations.

Lemma 4.14 is applied to prove the next proposition.

Proposition 4.15 k
.N"; Nı/
ı k

.N"0; Nı 0/
D k

.z";zı/
WH<a
� ."00; ı00/!H<a

� ."; ı/:

Proof Let .y"; yı/ be the pair of Lemma 4.14. From Lemmas 4.8 and 4.11, we can define isomorphisms

f 1
.y";yı/;C

WD .jN";y"/
�1
� ı .e

1
y";C
/� W yH

<a
� .y"; yı/!H<a

� .z"; zı/;

f 1
.y";yı/;�

WD .jN"0;y"/
�1
� ı .e

1
y";�
/� W yH

<a
� .y"; yı/!H<a

� .N"0; Nı0/;

f 2
.y";yı/;C

WD .jN";y"/
�1
� ı .e

2
y";C
/� W yH

<a
� .y"; yı/!H<a

� .N"; Nı/:

From the definitions of k
.N"; Nı/

, k
.N"0; Nı 0/

and k
.z";zı/

, it suffices to show that the following diagram commutes:

H<a
� .z"; zı/

f
.z";zı/;�

ww

f
.z";zı/;C

&&

yH<a
� .y"; yı/

f 1
.y";yı/;C

OO

f 1
.y";yı/;�

��

f 2
.y";yı/;C

��

H<a
� ."00; ı00/ H<a

� ."0; ı0/ H<a
� ."; ı/

H<a
� .N"0; Nı0/

f.N"0; Nı0/;�

gg

f.N"0; Nı0/;C

77

H<a
� .N"; Nı/

f.N"; Nı/;�

ff

f.N"; Nı/;C

88

Note that all maps appearing in the diagram are isomorphisms. We need to prove the three equations

(27)

f
.z";zı/;C

ıf 1
.y";yı/;C

D f
.N"; Nı/;C

ıf 2
.y";yı/;C

;

f
.N"; Nı/;�

ıf 2
.y";yı/;C

D f
.N"0; Nı 0/;C

ıf 1
.y";yı/;�

;

f
.z";zı/;�

ıf 1
.y";yı/;C

D f
.N"0; Nı 0/;�

ıf 1
.y";yı/;�

:
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Let us prove the first equation. Returning to the definition of f
.z";zı/;C

and f 1
.y";yı/;C

,

f
.z";zı/;C

ıf 1
.y";yı/;C

D .j";z"/
�1
� ı .ez";C/� ı .jz";y"/

�1
� ı .e

1
y";C
/�

D .j";y"/
�1
� ı .ey";C ı e

1
y";C
/�

D .j";y"/
�1
� ı .ey";C ı e

2
y";C
/�

D .j";N"/
�1
� ı .eN";C/� ı .jN";y"/

�1
� ı .e

2
y";C
/�

D f
.N"; Nı/;C

ıf 2
.y";yı/;C

:

Here, the second and fourth equalities follow from the obvious equations

.jz";y"/� ı .ez";C/� D .ey";C/� ı .jz";y"/�; .jN";y"/� ı .eN";C/� D .ey";C/� ı .jN";y"/�:

The third equality follows from
ey";C ı e

1
y";C
D ey";C ı e

2
y";C
;

which comes from the relation eC ı e1C D eC ı e
2
C

of (20). The second equation of (27) can be proved
similarly by applying

ey";� ı e
2
y";C
D ey";C ı e

1
y";�
;

which comes from the relation e� ı e2C D eC ı e
1
� of (20). To prove the third equation of (27), there is

one nontrivial matter: we need to apply

.ey";� ı e
1
y";C
/� D .ey";� ı e

1
y";�
/� W yH

<a
� .y"; yı/!H<a

� .y"; .i"00;y"/�ı
00/;

which does not follow from (20) directly. To check this equation, we consider the following diagram
including H<a

� .y"; .i"00;y"/�.N{ı
00//:

yH<a
� .y"; yı/

.e1
y";C

/�
//

.e1
y";�
/�

��

.e2
y";�
/�

))

H<a
� .y"; .iz";y"/�

zı/

.ey";�/�

��

H<a
� .y"; .i"00;y"/�.N{ı

00//

.ey";�/� ))

.ey";C/�

))

H<a
� .y"; .iN"0;y"/�

Nı0/
.ey";�/�

// H<a
� .y"; .i"00;y"/�ı

00/

Then
ey";� ı e

1
y";C
D ey";C ı e

2
y";�
; ey";� ı e

1
y";�
D ey";� ı e

2
y";�

follow directly from the relations e�ıe1CD eCıe
2
� and e�ıe1�D e�ıe

2
� of (20). If we rewrite .i"00;y"/�ı00

by ı#, equation (25) shows that

.ey";C/� D .ey";�/� WH
<a
� .y"; N{ı#/!H<a

� .y"; ı#/:

From the above diagram, we get .ey";�/� ı .e1y";C/� D .ey";�/� ı .e
1
y";�
/�.
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Corollary 4.16 For ."; ı/; ."0; ı0/ 2 Ta with "0 � ", the isomorphism

k
.N"; Nı/
WH<a
� ."0; ı0/!H<a

� ."; ı/

does not depend on the choice of .N"; Nı/ 2 Ta satisfying (24).

Proof Let .N"; Nı/ and .z"; zı/ be two arbitrary choices from Ta satisfying (24). We apply Proposition 4.15
to the case where ."00; ı00/D ."0; ı0/ and .N"0; Nı0/D ."0; N{ı0/. By Lemma 4.13, k."0;N{ı 0/ is equal to the identity
map on H<a

� ."0; ı0/, so we get
k
.N"; Nı/
ı idH<a

� ."0;ı 0/ D k.z";zı/:

From this result, we may rewrite k
.N"; Nı/
W H<a
� ."0; ı0/ ! H<a

� ."; ı/ as k."0;ı 0/;.";ı/. The equations of
Lemma 4.13 and Proposition 4.15 can be rewritten as

k.";ı/;.";ı/ D idH<a
� .";ı/; k."0;ı 0/;.";ı/ ı k."00;ı 00/;."0;ı 0/ D k."00;ı 00/;.";ı/:

Now, Ta becomes a directed set by the relation ."0; ı0/� ."; ı/ if and only if "0 � ". Then we obtain an
inverse system �

fH<a
� ."; ı/g.";ı/2Ta ; fk."0;ı 0/;.";ı/g"0�"

�
and its inverse limit

H<a
� .Q;K/ WD lim

 ��
"!0

H<a
� ."; ı/

is defined.

4.3.3 Spectral sequence Lastly, we extend the above work to spectral sequences. For ."; ı/; ."0; ı0/2Ta

with "0 � ", we take .N"; Nı/ 2Ta satisfying (24). Chain maps .j";N"/�, eN"C , eN";� and .j"0;N"/� induce a zig
zag of morphisms of spectral sequences

(28) E<a."0;ı 0/
.j"0;N"/�
�����!E<a.N";.i"0;N"/�ı 0/

.eN"� /�
 ����E<a

.N"; Nı/

.eN";C/�
�����!E<a.N";.i";N"/�ı/

.j";N"/�
 ����E<a.";ı/:

All of them are isomorphisms. Let k."0;ı 0/;.";ı/ WE<a."0;ı 0/!E<a
.";ı/

denote the composition of these maps.
(The independence on ."; ı/ can be proved in the same way as Corollary 4.16.)

Proposition 4.17 There exists a spectral sequence E<a D
�
f.E<a/rp;qg, f.d

<a/rp;qg
�

which converges
to H<a

� .Q;K/ in the sense of [21, Bounded Convergence 5.2.5] such that

.E<a/1�m;q D

�
H dR
q�m.d�1/

.†am; †
0
m/ if m� 0;

0 if m< 0

Proof On the first page, the middle two maps of (28) have the form

HqCp.d�1/.†
a�p N"
�p ; †0�p/

.eC/�
 ����HqCp.d�1/.†

a�p N"
�p ; †0�p/

.e�/�
����!HqCp.d�1/.†

a�p N"
�p ; †0�p/:

Since .e�/� D .N{/�1� D .eC/�, this composition is equal to the identity map. Therefore, k."0;ı 0/;.";ı/ is
equal to .j"0;"/� WHqCp.d�1/.†

a�p"0

�p ; †0�p/!HqCp.d�1/.†
a�p"
�p ; †0�p/ on the .p; q/-term with p� 0

of the first page.
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By fk."0;ı 0/;.";ı/g"0�", we define .E<a/rp;q WD lim
 ��"!0

.E<a
.";ı/

/rp;q . Moreover,

.d<a/rp;q W .E
<a/rp;q! .E<a/rp�r;qCr�1

is defined to be the map induced by f.d<a
.";ı/

/rp;qg.";ı/2Ta . Then the .p; q/-term of the first page is given
by

.E<a/1p;q D lim
 ��
"!0

HqCp.d�1/.†
a�p"
�p ; †0�p/DHqCp.d�1/.†

a
�p; †

0
�p/

for p � 0 and .E<a/1p:q D 0 for p > 0. Since fk."0;ı 0/;.";ı/g"0�" consists of isomorphisms, it is clear that
E<a is a spectral sequence which converges to H<a

� .Q;K/.

4.4 Definition ofH string
� .Q;K/

In this section, we define I a;b WH<a
� .Q;K/!H<b

� .Q;K/ for a; b 2R>0 nL.K/ with a � b to get a
direct system

�
fH<a
� .Q;K/ga2R>0nL.K/; fI

a;bga�b

�
. After defining H string

� .Q;K/ as its direct limit,
we will give a structure of a unital graded R-algebra.

4.4.1 The limit of a!1 Let a and b be the above real numbers. For any ."; ı/ 2 Ta \Tb , we have
considered in Section 4.1 a linear map

.I a;b" /� WH
<a
� ."; ı/!H<b

� ."; ı/;

which is induced by the inclusion maps I a;b" W†aCm"m !†bCm"m for all m 2Z�0.

Lemma 4.18 Suppose that .N"; Nı/ 2 Ta \Tb satisfies (24) for ."; ı/; ."0; ı/ 2 Ta \Tb with "0 � ". Then
the following diagram commutes:

H<a
� ."; ı/

.I
a;b
" /�

// H<b
� ."; ı/

H<a
� ."0; ı0/

k."0;ı0/;.";ı/

OO

.I
a;b

"0
/�
// H<b
� ."0; ı0/

k."0;ı0/;.";ı/

OO

Proof I
a;b
N" induces a linear map .I a;b

N" /� WH
<a
� .N"; Nı/!H<b

� .N"; Nı/. It suffices to show that

.I a;b" /� ıf.N"; Nı/;C D f.N"; Nı/;C ı .I
a;b
N" /� WH

<a
� .N"; Nı/!H<b

� ."; ı/;

.I
a;b
"0 /� ıf.N"; Nı/;� D f.N"; Nı/;� ı .I

a;b
N" /� WH

<a
� .N"; Nı/!H<b

� ."0; ı0/:

Let us check the first equation. Since j";N" ı I
a;b
" D I

a;b
N" ı j";N" W†

aCm"
m !†bCmN"m ,

.I a;b" /� ıf.N"; Nı/;C D .I
a;b
" /� ı .j";N"/

�1
� ı .eN";C/�

D .j";N"/
�1
� ı .I

a;b
N" /� ı .eN";C/�

D .j";N"/
�1
� ı .eN";C/� ı .I

a;b
N" /�

D f
.N"; Nı/;C

ı .I
a;b
N" /�:

The second equation can be proved by replacing " and C in the above computation by "0 and �.
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This lemma implies that, after taking the limits of ."; ı/ 2 Ta \Tb as "! 0, we get a linear map

I a;b WD lim
 ��
"!0

.I a;b" /� WH
<a
� .Q;K/!H<b

� .Q;K/:

Furthermore, for b � a and ."; ı/; ."0; ı0/ 2 Ta \Tb with "0 � ", k."0;ı 0/;.";ı/ induces an isomorphism
from H

Œa;b/
� ."0; ı0/ to H Œa;b/

� ."; ı/. Thus, we can also define

H
Œa;b/
� .Q;K/ WD lim

 ��
"!0

H
Œa;b/
� ."; ı/:

Note that a long exact sequence

(29) � � � !H<a
� .Q;K/

Ia;b
���!H<b

� .Q;K/!H
Œa;b/
� .Q;K/!H<a

��1.Q;K/
Ia;b
���! � � �

is induced by (23).

From the direct system
�
fH<a
� .Q;K/ga2R>0nL.K/; fI

a;bga�b

�
, we finally define a graded R-vector

space
H

string
� .Q;K/ WD lim

��!
a!1

H<a
� .Q;K/:

4.4.2 Product structure Let us see that H string
� .Q;K/ has the structure of a unital associative graded

R-algebra. For any a; a0 2R>0[f1g, m;m0 2 Z�0 and " 2
�
0; 1
5
"0
�
, there is a map

… W†aCm"m �†a
0Cm0"
m0 !†

.aCa0/C.mCm0/"
mCm0 ; ..
k/kD1;:::;m; .


0
l/lD1;:::;m0/ 7! .
1; : : : ; 
m; 


0
1; : : : ; 


0
m0/:

When mD 0 or m0 D 0, … is identified with the identity map. We define a linear map

(30) C<ap ."/˝C<a
0

q ."/! C<aCa
0

pCq ."/; x˝y 7! x ?y;

such that, for x 2 C dR
p�m.d�2/

.†aCm"m ; †0m/ and y 2 C dR
q�m0.d�2/

.†a
0Cm0"
m0 ; †0m0/,

x ?y D .�1/mqd…�.x �y/:

We note that the associative relation .x ? y/ ? z D x ? .y ? z/ holds. Suppose that a; a0; aC a0 … L.K/.
For any ."; ı/ 2 Ta \Ta0 \TaCa0 , the above map is compatible with the differential Dı . Indeed, for
x 2 C dR

p�m.d�2/
.†aCm"m ; †0m/ and y 2 C dR

q�m0.d�2/
.†a

0Cm0"
m0 ; †0m0/,

.�1/mqdDı.x ? y/D @.…�.x �y//C

mCm0X
kD1

.�1/pCqC1Ckdfk;ı.…�.x �y//

D…�.@x �y/C

mX
kD1

.�1/pCqC1CkdCs0…�.fk;ı.x/�y/

C .�1/p�m.d�2/…�.x � @y/C

m0X
lD1

.�1/pCqC1C.lCm/d…�.x �fl;ı.y//

D .�1/mqd .Dı.x// ? yC .�1/
pCmqdx ? .Dı.y//:
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Here, s0 WD .q�m0.d � 2//.d C 1/. This computation shows that

Dı.x ? y/D .Dı.x// ? yC .�1/
px ? .Dı.y//

for x 2 C<ap ."/ and y 2 C<a
0

q ."/. Therefore, (30) induces a linear map on homology,

H<a
p ."; ı/˝H<a0

q ."; ı/!H<aCa0

pCq ."; ı/;

for every ."; ı/ 2 Ta \Ta0 \TaCa0 .

Likewise, let us define x x?y WD .�1/mqd…�.x�y/ 2 C<aCa
0

pCq .N"/ for x 2 C dR
p�m.d�2/

.†aCmN"m ; †0m/ and
y 2C dR

q�m0.d�2/
.†a

0Cm0 N"
m0 ; †0m0/. Then eN";C and eN";� intertwine the ?-operation and the x?-operation. This

shows that the ?-operation is compatible with fk."0;ı 0/;.";ı/g"0�". Therefore, in the limit "! 0, a linear
map

H<a
p .Q;K/˝H<a0

q .Q;K/!H<aCa0

pCq .Q;K/

is induced. The commutativity with fI a;bga�b naturally holds. As a result, we get an associative product
structure on H string

� .Q;K/. The element 1 2H string
0 .Q;K/, which comes from 1 2RD C dR

0 .†a0; †
0
0/�

C<a0 ."; ı/, is the unit of this graded algebra.

4.4.3 Explicit choice of ."; ı/ Lastly, let us introduce a condition on ."; ı/2Ta so that ı can be written
explicitly. The concrete computations in Sections 5 and 6 become easier by choosing ."; ı/ satisfying this
condition.

Suppose that there exists a fixed trivialization Rd �K ! .TK/? of the normal bundle of K which
preserves orientations and fiber metrics. For every " � "0, let us write O" WD

˚
w 2 Rd j jwj < 1

2
"
	
.

Composing with the exponential map (3), we obtain a diffeomorphism

h W O" �K!N";

which preserves orientations. In this case, we say ."; ı/2Ta is standard with respect to h if ı 2C dR
n�d

.S"/

has the form

(31) ı D ŒN";  "; h�.�" � 1/�

satisfying:

�  " WN"! S", v! .�vj /jD1;2, is defined by

�v1 W
�
0; 1
2
"
�
!N"; t 7! h

�
"�2t

"
w; x

�
; �v2 W

�
0; 1
2
"
�
!N"; t 7! h

�
2t

"
w; x

�
;

for v D h.w; x/ 2N".

� h�.�" � 1/ 2�
n�d
c .N"/ for some �" 2�dc .O"/ with

R
O"
�" D 1.

Suppose that .N"; Nı/ 2Ta satisfies (24) for ."; ı/; ."0; ı0/ 2Ta with "0 � " which are given as above. Then
we say .N"; Nı/ is standard with respect to h if N"D " and Nı 2 C dR

n�d
.S"/ has the form

(32) Nı D .�1/nŒR�N"; N "0;"; .idR�1�N" ; idR��1�N"/; N�"0;"�
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such that, for some C1 function � W R! Œ0; 1� with �.r/ D 0 if r � �1 and �.r/ D 1 if r � 1, the
following hold:

� N "0;".r; v/D .r; .�
.r;v/
j /jD1;2/ 2R�S" is defined by

�
.r;v/
1 W

�
0; 1
2
"r
�
!N"; t 7! h

�
"r�2t

"r
w; x

�
; �

.r;v/
2 W

�
0; 1
2
"r
�
!N"; t 7! h

�
2t

"r
w; x

�
;

for r 2R, v D h.w; x/ 2N" and "r WD �.r/"C .1� �.r//"0.

� .idR � h/
� N�"0;" D � � .�" � 1/C .1 � �/ � .�"0 � 1/C .d�/ � .� � 1/ for some � 2 �d�1c .O"/

satisfying d� D �"� �"0 .

In summary, in order to compute H string
� .Q;K/ when a trivialization h is given, we only need to deal

with ."; ı/ 2 Ta and ."; Nı/ 2 Ta which are standard with respect to h.

4.5 Invariance

In this section, we prove the invariance of H string
� .Q;K/ up to isomorphism under changing auxiliary

data. More precisely, we consider the dependence of the construction on the following data (see the
beginning of Section 3):

(a) a complete Riemannian metric g on Q;

(b) a constant C0 � 1 which bounds the speed of all 
 2�K.Q/;

(c) a real number "0 > 0 which is the diameter (in the direction of fibers) of a tubular neighborhood
N"0 of K;

(d) a C1 function � W
�
0; 3
2

�
! Œ0; 1� which is used to define conk .

Notation Let X be an arbitrary notation, which we have defined in the former sections. As a rule, in
this section, if its definition depends on some auxiliary data S, we rewrite X as XS when discussing the
dependence on S.

Independence on � We choose a C1 family N� WD .�r/r2R such that each �r satisfies the same
condition as �, and �r D��1 if r ��1 while �r D�1 if r � 1. Then a map conk;�r is defined for each
r 2R. For .N"; Nı/ 2 Ta, let us define Nf

k; Nı; N�
W C dR
� .†

aCmN"
m /! C dR

� .†
aC.mC1/N"
mC1 / by replacing conk in the

definition of ˆk of (21) by conk;�r.u/ . We also replace Nf
k; Nı

in the definition of D Nı by Nf
k; Nı; N�

to define a
linear map

D Nı; N� W C
<a
� .N"/! C<a��1.N"/:

This satisfies D Nı; N� ıD Nı; N� D 0, so we get a chain complex .C<a� .N"/;D Nı; N�/. Let H<a
� ."; Nı; N�/ denote its

homology group.

We rewrite e";C; e";� W C<a� ."/! C<a� ."/ by e"; N�;C and e"; N�;�, respectively. They induce

.e"; N�;C/� WH
<a
� ."; Nı; N�/!H<a

� ."; eCı/�1 ; .e"; N�;�/� WH
<a
� ."; Nı; N�/!H<a

� ."; e�ı/��1 :

Algebraic & Geometric Topology, Volume 25 (2025)



998 Yukihiro Okamoto

We can prove, just as Lemma 4.7, that they are isomorphisms. When .N"; Nı/ 2 TŒa;b/ satisfies (24), we
define an isomorphism k

.N"; Nı; N�/
WH<a
� ."0; ı0/��1 !H<a

� ."; ı/�1 by

k
.N"; Nı; N�/

WD ..j";N"/
�1
� ı .eN"; N�;C/�/ ı ..j"0;N"/

�1
� ı .eN"; N�;�/�/

�1:

As in Proposition 4.15, the two triangles in the following diagram commute:

H<a
� ."; ı/��1

k.";N{ı; N�/
// H<a
� ."; ı/�1

H<a
� ."0; ı0/��1

k."0;N{ı0; N�/
//

k."0;ı0/;.";ı/

OO
k.N"; Nı; N�/

55

H<a
� ."0; ı0/�1

k."0;ı0/;.";ı/

OO

Therefore, fk.";N{ı; N�/g.";ı/2Ta induces an isomorphism on the limits of "! 0,

kaN� WH
<a
� .Q;K/��1 !H<a

� .Q;K/�1 :

It is easy to see, as in Lemma 4.18, that fka
N�ga2R>0nL.K/ commute with fI a;bga�b , so we get an

isomorphism from H
string
� .Q;K/��1 to H string

� .Q;K/�1 . It is also possible to prove, in the same way as
Corollary 4.16, that this isomorphism does not depend on the choice of N�.

Independence on "0 For "00 � "0, we consider the inclusion maps j"00;"0 W †
aCm"
m;"00

! †aCm"m;"0
for

all m 2 Z�0. They induce a chain map .j"00;"0/� from .C<a� ."/"00
;Dı/ to .C<a� ."/"0 ;Dı/ for every

a 2R>0 nL.K/ and ."; ı/ 2 Ta;"00.� Ta;"0/. This preserves filtrations fF<a";p;"0gp2Z and fF<a
";p;"00

gp2Z,
so it induces an morphism of the spectral sequences. On the .�m; q/-term for m� 0 of the first page, it
is equal to the map

.j"00;"0/� WH
dR
q�m.d�1/.†

aCm"
m;"00

; †0
m;"00

/!H dR
q�m.d�1/.†

aCm"
m;"0

; †0m;"0/;

which is an isomorphism by Lemma 3.11. Therefore, by Lemma 4.2, .j"00;"0/� WH
<a
� ."; ı/"00

!H<a
� ."; ı/"0

is also an isomorphism.

We can prove its commutativity with fk."0;ı 0/;.";ı/g"0�" as in Lemma 4.18, so we get an isomorphism on
the limit of "! 0,

Ja
"00;"0
WH<a
� .Q;K/"00

!H<a
� .Q;K/"0 :

It holds naturally that fJa
"00;"0
ga2R>0nL.K/ commutes with fI a;bga�b . Therefore, in the limit a!1, we

get an isomorphism from H
string
� .Q;K/"00

to H string
� .Q;K/"0 .

Independence on C0 For C 00 � C0 � 1, we consider the inclusion maps jC0;C 00 W†
a
m;C0

!†a
m;C 00

for
all m 2 Z�0. Parallel to the proof of the independence on "0, we apply Lemma 3.11 to show that an
isomorphism

Ja
C0;C

0
0
WH<a
� .Q;K/C0 !H<a

� .Q;K/C 00

is induced. It holds naturally that fJa
C0;C

0
0
ga2R>0nL.K/ commutes with fI a;bga�b . Therefore, in the limit

a!1, we get an isomorphism from H
string
� .Q;K/C0 to H string

� .Q;K/C 00
.

Algebraic & Geometric Topology, Volume 25 (2025)



Toward a topological description of Legendrian contact homology of unit conormal bundles 999

Independence on g First, let us introduce an graded algebra {H string
� .Q;K/g which is isomorphic to

H
string
� .Q;K/.g;C0;"0/, but whose definition does not depend on "0 and C0. For every a 2R>0 nL.K/g ,

we define the limit of "0! 0 and C0!1,

{H<a
� .Q;K/g WD lim

��!
C0!1

lim
 ��
"0!0

H<a
� .Q;K/.g;C0;"0/;

by the fJa
"00;"0
g"00�"0

and fJa
C0;C

0
0

gC0�C
0
0

defined above. Then fI a;bga�b induces a family of maps

f {I a;bg W
{H<a
� .Q;K/g ! {H<b

� .Q;K/gga�b;

and we can take the limit as a!1 to define {H string
� .Q;K/g WD lim

��!a!1
{H<a
� .Q;K/g .

Suppose that g and g0 are complete Riemannian metrics onQ. For a>0, there exists a compact subsetZa
which contains the images of all 
 2

S
C0�1

�K.Q/.g;C0/ with lengthg 
 < a and the images of all

 2

S
C0�1

�K.Q/.g 0;C0/ with lengthg 0 
 < a. For any a 2 R>0 n .L.K/g [L.K/g 0/, there exists a
constant ca � 1 such that j � jg 0 � caj � jg and j � jg � caj � jg 0 on Za. We may additionally assume that
aca … L.K/g [L.K/g 0 .

Let a 2R>0 n .L.K/g [L.K/g 0/. For any C0 � 1 and "0 > 0, we have the inclusion map

j.C0;"0/ W†
a
m;.g;C0;"0/

!†
aca
m;.g 0;C0ca;"0ca/

:

In addition, let Sa";g be the subspace of S";g which consists of .�i /iD1;2 satisfying j.�i /0.t/jg � c�1a for
i D 1; 2. If " is sufficiently small, we have the inclusion map

i" W S
a
";g ! S"ca;g 0 :

These maps induces a linear map on the homology groups

.j.C0;"0//� WH
<a
� ."; ı/.g;C0;"0/!H<aca

� ."ca; .i"/�ı/.g 0;C0ca;"0ca/

for ."; ı/2Ta;.g;C0;"0/ such that ı 2C dR
n�d

.Sa";g/. Its commutativity with fk."0;ı 0/;.";ı/g"0�" can be proved
as in Lemma 4.18. Let us write the induced map on the limits of "! 0 by

Ja.C0;"0/ WH
<a
� .Q;K/.g;C0;"0/!H<aca

� .Q;K/.g 0;C0ca;"0ca/:

Moreover, it holds naturally that the maps of fJa
.C;"0/

gC0�1;"0>0 commute with those of fJa
"00;"0
g"00�"0

and fJa
C0;C

0
0

gC0�C
0
0
, so we get a map on the limit of "0! 0 and C0!1,

Ja WD lim
��!

C0!1

lim
 ��
"0!0

Ja.C0;"0/ W
{H<a
� .Q;K/g ! {H<caa

� .Q;K/g 0 :

Lastly, fJaga2R>0n.L.K/g[L.K/g0 /
is compatible with f {I a;bg ga�b , so it induces a map on the limit of

a!1,

J W {H
string
� .Q;K/g ! {H

string
� .Q;K/g 0 :
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If we exchange g and g0, we can also define the map .J0/a W {H<a
� .Q;K/g 0 ! {H

<aca
� .Q;K/g for

a 2R>0 n .L.K/g [L.K/g 0/. For b WD aca, we have

.J0/b ı Ja D {I a;bcbg ; Jb ı .J0/a D {I a;bcbg 0 :

Therefore, lim
��!a!1

.J0/a is the inverse map of J. This proves the independence on g.

This completes the proof of the independence on auxiliary data.

Finally, let us prove the invariance under changing the orientation of K. Suppose that K D
F
˛2AK˛ for

connected components fK˛g˛2A. Then N" D
F
˛2AN";˛ and S" D

F
˛2A S";˛ , where N";˛ is a tubular

neighborhood of K˛ and S";˛ consists of pairs of paths in N";˛ . In addition, for every ˛1; : : : ; ˛2m 2 A,
let †a

m;.˛1;:::;˛2m/
be the subspace of †am consisting of .
k W Œ0; Tk�! Q/kD1;:::;m such that 
k.0/ 2

K˛2k�1 and 
k.Tk/ 2 K˛2k for k D 1; : : : ; m. Then C dR
n�d

.S"/D
L
˛2A C

dR
n�d

.S";˛/ and C dR
� .†

a
m/DL

˛1;:::;˛2m2A
C dR
� .†

a
m;.˛1;:::;˛2m/

/.

For any subset B � A, let KB be an oriented submanifold obtained from K by reversing the orientations
of fK˛g˛2B . For every ı D

P
˛2A ı˛ 2 C

dR
n�d

.S"/ (where ı˛ is a chain in S";˛), let us write ıB WDP
˛2AnB ı˛ �

P
˛2B ı˛. By using the notation

s.˛1; : : : ; ˛2m/ WD #fk 2 f1; : : : ; mg j ˛2k 2 Bg;

we define a linear map F a" W C
<a
� ."/ ! C<a� ."/ such that F a" .x/ D .�1/s.˛1;:::;˛2m/x for every x 2

C dR
��m.d�2/

.†a
m;.˛1;:::;˛2m/

; †0
m;.˛1;:::;˛2m/

/ for m� 1, and F a" .x/D x for x 2 C dR
� .†

a
0; †

0
0/. For every

."; ı/ 2 Ta, ."; ıB/ satisfies the conditions of Definition 4.4 for .Q;KB/, and F a" is a chain map from

.C<a� ."/;Dı/ to .C<a� ."/;DıB /. Moreover, F a" is compatible with the ?-operation. By taking the limit
of "! 0 and a!1, we obtain an isomorphism of graded R-algebras

F WH
string
� .Q;K/!H

string
� .Q;KB/:

Remark 4.19 Similarly, one can prove the invariance of H string
� .Q;K/ under changing the orientation

of Q.

Proposition 4.20 H
string
� .Q;K/ is invariant under a C1 isotopy of K.

Proof For two oriented compact submanifolds K0 and K1 of Q, suppose that there exists a C1 family
of embeddings fft WK0!Qgt2Œ0;1� such that f0 is the inclusion map of K0 and f1.K0/DK1. Then
this isotopy can be extended to an ambient isotopy fFtgt2Œ0;1� such that F0 D idQ and F1.K0/D K1.
Since F1 is an isometry from .Q; .F1/

�g/ to .Q; g/, it naturally induces an isomorphism

H
string
� .Q;K0/.F1/�g !H

string
� .Q;K1/g :

The assertion follows from the independence on the Riemannian metric on Q.
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5 Examples

In this section we determine the algebraic structure of H string
� .Q;K/ for two examples when QDR2d�1

with d � 2. These examples are higher-dimensional generalizations of the Hopf link and the unlink in R3.

The manifold Q D R2d�1 has the standard orientation. Let us use the coordinate .z0; z1; z2/ 2
Rd�1 � R � Rd�1 D R2d�1. The unit sphere Sd�1 � Rd is oriented as the boundary of the unit
ball. We consider three ways of embedding the unit sphere Sd�1 �Rd into R2d�1:

Sd�1 �Rd DRd�1 �R!R2d�1; .z0; z1/ 7! .z0; z1; 0/;

Sd�1 �Rd DR�Rd�1!R2d�1; .z1; z2/ 7! .0; z1C 1; z2/;

Sd�1 �Rd DRd�1 �R!R2d�1; .z0; z1/ 7! .z0; z1; z
�
2 /;

for a fixed vector z�2 2Rd�1 n f0g. Their images are written as K0, K1, K2 in order. These submanifolds
are oriented so that the diffeomorphisms Sd�1 ! Ki from the above maps change the sign of the
orientation by .�1/d�1.

As notation, given a set S and a map S!Z, s 7! jsj, let A�.S/ denote the unital noncommutative graded
R-algebra freely generated by S such that s 2Ajsj.S/ for every s 2 S.

5.1 Computation ofH string
� .R2d�1;K0[K1/

Let us define A
Hopf
� WDA�.C[D[E/ by the three sets

C WD fc0i;j gi¤j [fc
1
i;igi [fc

1
i;j ; Nc

1
i;j gi¤j [fc

2
i;j gi;j ; D WD fd1i;igi [fd

2
i;j gi;j ; E WD fe1i;igi [fe

2
i;j gi;j ;

where i and j run over f0; 1g. The degree of each element is given by

jc0i;j j D d � 2; jc1i;j j D j Nc
1
i;j j D 2d � 3 for i ¤ j;

jc1i;i jD2d�3; jc
2
i;j jD3d�4; jd

1
i;i jD2d�3; jd

2
i;j jD3d�4; je

1
i;i jD2d�4; je

2
i;j jD3d�5:

We define a graded derivation @ WAHopf
� !A

Hopf
��1 such that

@c0i;j D0; @c1i;iD@c
1
i;j D@ Nc

1
i;j D0; @c2i;j D0; @d1i;iDe

1
i;i ; @d2i;j De

2
i;j ; @e1i;iD0; @e2i;j D0;

and they are extended by the Leibniz rule. We also define another graded derivation F WAHopf
� !A

Hopf
��1

such that
Fc0i;j D Fc

1
i;j D F Nc

1
i;j D 0 for i ¤ j;

F c10;0 D .�1/
de10;0C .�1/

dc00;1c
0
1;0; F c11;1 D .�1/

de11;1C c
0
1;0c

0
0;1;

F c20;0 D�e
2
0;0� . Nc

1
0;1c

0
1;0C .�1/

dc10;1c
0
1;0/; F c21;1 D�e

2
1;1� ..�1/

d
Nc11;0c

0
0;1C c

1
1;0c

0
0;1/;

F c20;1 D�e
2
0;1; F c21;0 D�e

2
1;0;

Fd1i;i D 0; Fd2i;j D 0;

Fe1i;i D 0; Fe2i;j D 0;
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and they are extended by the Leibniz rule. It is easy to see that @ı@D 0, @ıF CF ı@D 0 and F ıF D 0.
Therefore, we obtain a differential graded R-algebra .AHopf

� ; @CF /. Note that the differential graded
R-algebra .AHopf

� ; @/ is obtained from .A�.C/; 0/ by stabilizations (see [13, Definition 3.9]). Thus,

(33) .A�.C/; 0/
i
�! .A

Hopf
� ; @/ �

 � .A�.C/; 0/;

where i is the inclusion map and � is the projection map, are quasi-isomorphisms. For the proof, see [13,
Corollary 3.11].

The goal of this section is to prove the next theorem.

Theorem 5.1 There exists an isomorphism of graded R-algebras

H�.A
Hopf
� ; @CF /ŠH

string
� .R2d�1; K0[K1/:

To compute H string
� .Q;K0 [K1/, we fix auxiliary data such that g is the standard Riemannian metric

on R2d�1. The constant C0 is required to be C0 > 3. The other data, "0 and �, are not specified. The
proof is divided into three steps.

Step 1 We first observe de Rham chains in C dR
� .†

a
m; †

0
m/. We define a map

' W .K0[K1/
2
!�K0[K1.R

2d�1/

such that each .p; p0/ 2 .K0[K1/2 is mapped to a path of a segment

'.p; p0/ W Œ0; 1�!R2d�1; t 7! .1� t /pC tp0:

We fix two points p0 WD .0; 1; 0/ 2K0 and p1 WD .0; 0; 0/ 2K1. Then we define de Rham chains

(34)

x0i;j WD Œf.pi ; pj /g; 'jf.pi ;pj /g; 1� 2 C
dR
0 .†a1; †

0
1/ if i ¤ j;

x1i;i WD Œfpig �Ki ; 'jfpi g�Ki ; 1� 2 C
dR
d�1.†

a
1; †

0
1/;

x1i;j WD Œfpig �Kj ; 'jfpi g�Kj ; 1� 2 C
dR
d�1.†

a
1; †

0
1/ if i ¤ j;

Nx1i;j WD ŒKi � fpj g; 'jKi�fpj g; 1� 2 C
dR
d�1.†

a
1; †

0
1/ if i ¤ j;

x2i;j WD ŒKi �Kj ; 'jKi�Kj ; 1� 2 C
dR
2d�2.†

a
1; †

0
1/:

Here, a > 3 and i and j run over f0; 1g. Obviously, they are cycle chains for @. We write the set of these
chains as

X WD fx0i;j gi¤j [fx
1
i;igi [fx

1
i;j ; Nx

1
i;j gi¤j [fx

2
i;j gi;j :

If we define a function l W X!R>0 by

l.x0i;j /D l.x1i;j /D l. Nx1i;j /D 1 for i ¤ j; l.x1i;i /D l.x2i;i /D 2; l.x2i;j /D 3 for i ¤ j;

then each x 2 X satisfies x 2 C dR
� .†

l.x/C"
1 ; †01/ for any " > 0.

For every a 2R>0 and m 2 Z�1, let us consider the manifold

Bam WD

�
.q01 ; q

1
1 ; : : : ; q

0
m; q

1
m/ 2 .K0[K1/

2m
ˇ̌̌ mX
kD1

jq0k � q
1
kj< a or min

1�k�m
jq0k � q

1
kj< "0

�
:
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This is homotopy equivalent to †am by two smooth maps

�m W†
a
m! Bam; .
k W Œ0; Tk�!R2d�1/kD1;:::;m 7! .
1.0/; 
1.T1/; : : : ; 
m.0/; 
m.Tm//;

im W B
a
m!†am; .q01 ; q

1
1 ; : : : ; q

0
m; q

1
m/ 7! .'.q0k; q

1
k//kD1;:::;m;

for which �m ı im D idBam and im ı�m is homotopic to id†am (see Lemma 3.2).

Notation In this section, if N is a submanifold of a manifold M, then the inclusion map N !M is
denoted by �N .

Lemma 5.2 LetM be an oriented manifold with open submanifoldN. Suppose that there exists an approx-
imately smooth function f WM!R such thatN Df �1..�1; 0//. In addition , assume thatH sing

� .M;N /

has a finite dimension. Then there exists an isomorphism betweenH sing
� .M;N / andH dR

� .M;N / such that ,
for every closed oriented k-dimensional submanifold K of M, the fundamental class ŒK� 2H sing

k
.M;N /

corresponds to .�1/s.k/ŒK; �K ; 1� 2H dR
k
.M;N /, where s.k/ WD 1

2
.k� dimM/.k� dimM � 1/.

Proof We consider the correspondence through the isomorphisms

H
sing
� .M;N /ŠH dimM��

c;dR .M;N /ŠH dR
� .M

reg; N reg/!H dR
� .M;N /:

The first isomorphism is defined by Poincaré duality. The second isomorphism was given in Example 2.6.
The last isomorphism is induced by idM WM reg!M [15, Proposition 5.2]. Let us identify the tubular
neighborhood NK of K with the normal bundle of K. Then ŒK� 2 H sing

k
.M;N / corresponds to Œ�� 2

H dimM�k
c;dR .M;N /, where � 2 �dimM�k

c .M/ has its support in NK and represents the Thom class of
the normal bundle. Recalling Example 2.6, we can see that this cohomology class corresponds to
.�1/s.k/ŒM; idM ; �� D .�1/s.k/ŒNK ; idNK ; �� 2 H

dR
k
.M reg; N reg/. Let �NK W NK ! K be the bundle

projection. Then, as a de Rham chain in C dR
k
.M;N /, ŒNK ; �NK ; �� is homologous to ŒNK ; �K ı�NK ; ��

since �NK WNK !M is homotopic to �K ı�NK WNK !K �M. Now the assertion follows since

ŒNK ; �K ı�NK ; ��D ŒK; �K ; .�NK /Š��D ŒK; �K ; 1� 2H
dR
k .M;N /:

Let us see that a basis of H dR
� .†

a
m; †

0
m/ is given by X and the ?-operation. First, suppose that mD 1

and a > 3. Then Ba1 DK�K. Through the isomorphism H dR
� .B

a
1 ; B

0
1 /ŠH

sing
� .Ba1 ; B

0
1 / of Lemma 5.2,

f.�1/�Œx� j x 2 Xg corresponds to the set of singular homology classes˚
Œf.pi ; pj /g�

	
i¤j
[
˚
Œfpig �Ki �

	
i
[
˚
Œfpig �Kj �

	
i¤j
[
˚
ŒKi � fpj g�

	
i¤j
[fŒKi �Kj �gi;j ;

which is a basis of H sing
� .K �K;B01 /. Therefore, fŒx� j x 2 Xg is a basis of H dR

� .†
a
1; †

0
1/ for a > 3.

For a 2 .0; 3�, we consider the deformation along the negative gradient vector field of a C1 function
Ei;j W .Ki [ Kj /

2 ! R W .p; p0/ ! jp � p0j2. If i D j, then maxEi;j D 4, minEi;j D 0, and the
subset f.p; p0/ 2 Ki � Ki j jp � p0j < ag for a � 2 has E�1i;i .0/ D f.p; p

0/ 2 Ki � Ki j p D p0g

(the diagonal) as a deformation retract. If i ¤ j, then maxEi;j D 9, minEi;j D 1, and the subset
f.p; p0/ 2 Ki �Kj j jp � p

0j < ag for a � 3 has E�1i;j .0/ D .Ki � fpj g/[ .fpig �Kj / (a bouquet) as
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a deformation retract. From these observations, we can see that fŒx� j x 2 X; l.x/ < ag is a basis of
H dR
� .†

a
1; †

0
1/. In general, for any m 2 Z�1 and a 2R>0,

(35) fŒx1 ? � � �?xm� j x1; : : : ; xm 2 X; l.x1/C � � �C l.xm/ < ag

is a basis of H dR
� .†

a
m; †

0
m/.

We fix a trivialization h W O"0 � .K0 [K1/! N"0 such that h.w; p0/ D p0 C .0; w/ and h.w; p1/ D
p1 C .�w; 0/ for every w 2 O"0 � Rd . (The orientations of K0 and K1 are chosen so that this map
preserves orientations.)

Suppose that a 2R>0 nL.K0[K1/ (DR>0 nZ�1). In the following series of three lemmas, we will
observe the chains f1;ı.x/ for each x 2 X. Hereafter, we assume that ."; ı/ 2Ta is standard with respect
to h (see Section 4.4.3).

Lemma 5.3 For i ¤ j,

f1;ı.x
0
i;j /D 0; f1;ı.x

1
i;j /D f1;ı. Nx

1
i;j /D 0:

Proof For .p; p0/ 2Ki �Kj with i ¤ j such that either pD pi or p0 D pj , '.p; p0/ satisfies condition
(iii) of Lemma 3.12 for mD k D 1. The equations follow from Lemma 3.12.

Lemma 5.4 For i 2 f0; 1g, there exist y1i;i 2 C
dR
1 .†2C2"2 ; †02/ and y2i;i 2 C

dR
d
.†2C2"2 ; †02/ such that

(36)

@y10;0 D f1;ı.x
1
0;0/� x

0
0;1 ?x

0
1;0;

@y11;1 D f1;ı.x
1
1;1/� .�1/

dx01;0 ?x
0
0;1;

@y20;0 D f1;ı.x
2
0;0/� . Nx

1
0;1 ?x

0
1;0C .�1/

dx10;1 ?x
0
1;0/;

@y21;1 D f1;ı.x
2
1;1/� ..�1/

d
Nx11;0 ?x

0
0;1C x

1
1;0 ?x

0
0;1/;

and

(37) .f1;ı C .�1/
df2;ı/.y

1
i;i /D 0; .f1;ı C .�1/

df2;ı/.y
2
i;i /D 0:

Proof We only show the existence of y20;0 and y10;0. Replacing .K0; p0/ by .K1; p1/, y21;1 and y11;1 are
constructed in a parallel way, except for the difference of signs.

Since ."; ı/ is standard, ı has the form (31). Using the notation of (13), we can write f1;ı.x20;0/ D
ŒW1; ˆ1; �1�, where

W1 D f..p; p
0/; �; v/ 2 .K0 �K0/�R�N" j 2" < � < 1� 2"; .1� �/pC �p

0
D vg;

ˆ1 WW1!†2C2"2 ; ..p; p0/; �; v/ 7! con1.'.p; p0/; .1; �/;  ".v//;

�1 2�
d
c .W1/; .�1/..p;p0/;�;v/ D �".1; �/ � .h�.�" � 1//v:

N" is a disjoint union of h.O" �K0/ and h.O" �K1/. Corresponding to this division, we define W 0i WD
f..p; p0/; �; v/ 2W1 j v 2 h.O" �Ki /g for i D 0; 1. If ..p; p0/; �; v/ 2W 00, then � satisfies condition (ii)
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T
z0

z1

z2

p
h.w; p1/

p0
.w;p/K0

K1

Figure 3: The path '.p; p0
.w;p/

/. The gray region is the tubular neighborhood N" of K0[K1.

of Lemma 3.12, so ŒW 00; ˆ1; �1�D 0 2C
dR
d�1

.†2C2"2 ; †02/. For ..p; p0/; �; v/ 2W 01, we have �".1; �/D 1.
Moreover, there is an diffeomorphism

I W O" �K0!W 01; .w; p/ 7! ..p; p0.w;p//; jp� h.w; p1/j; h.w; p1//:

Here p0
.w;p/

2 K0 n fpg is determined by h.w; p1/ 2 Im.'.p; p0
.w;p/

//, as described in Figure 3. The
diffeomorphism I preserves orientations and I��1 D �" � 1.

Likewise, we consider an explicit description of f1;ı.x10;0/. Then

f1;ı.x
2
0;0/D ŒO" �K0; ˆ1 ı I; �" � 1� 2 C

dR
d�1.†

2C2"
2 ; †02/;

f1;ı.x
1
0;0/D ŒO" � fp0g; ˆ1 ı I jO"�fp0g; �" � 1� 2 C

dR
0 .†2C2"2 ; †02/:

Let us define ẑ 1 WR� .O" �K0/!†2C2"2 as follows: Choose a C1 function � WR! Œ0; 1� such that
�.s/ D 0 if s � 1

2
and �.s/ D 1 if s � 1. For s � 1

2
, we define ẑ 1.s; .w; p/ WD ˆ1 ı I.�.s/ � w;p/.

Then the first path (resp. the second path) of ẑ 1
�
1
2
; .w; p/

�
is equal to '.p; p1/ (resp. '.p1;�p/) up to

a reparametrization, so we define ẑ .s; .w; p// for s � 1
2

by interpolating the parametrizations so that
ẑ .s; .w; p//D .'.p; p1/; '.p1;�p// for s � 0. Now we define

Qy20;0 WD .�1/
d ŒR� .O" �K0/; ẑ 1; �� .�" � 1/� 2 C

dR
d .†2C2"2 ; †02/;

Qy20;0 WD .�1/
d ŒR� .O" � fp0g/; ẑ 1jR�.O"�fp0g/; �� .�" � 1/� 2 C

dR
1 .†2C2"2 ; †02/;

where � WR! Œ0; 1� is a C1 function with compact support such that �� 1 on Œ0; 1�.

From the constructions of Qy20;0 and Qy10;0, we can compute their boundary chains as follows: Let us introduce
two maps '0 WK0!K0�K0 Wp 7! .p;�p/ and Q{2 WK0�K0!†2C2"2 , .p; p0/ 7! .'.p; p1/; '.p1; p

0//.
Then
@ Qy20;0 D f1;ı.x

2
0;0/� .Q{2/�ŒO" �K0; '0 ı prK0 ; �"�D f1;ı.x

2
0;0/� .Q{2/�Œ'0.K0/; �'0.K0/; 1�;

@ Qy10;0 D f1;ı.x
1
0;0/� .Q{2/�ŒO" � fp0g; '0 ı prfp0g; �" � 1�D f1;ı.x

1
0;0/� .Q{2/�Œf'0.p0/g; �f'0.p0/g; 1�:

Here we used the condition that
R

O"
�"D 1. Moreover, we can check from the definition that ẑ 1.s; .w; p//

satisfies condition (iii) of Lemma 3.12 formD2 and kD1; 2. Therefore, fk;ı. Qy20;0/D0 and fk;ı. Qy10;0/D0
hold for k D 1; 2.
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As homology classes in H sing
� .K0 �K0/,

Œ'0.K0/�D ŒK0 � fp0g�C .�1/
d Œfp0g �K0� 2H

sing
d�1

.K0 �K0/;

Œf'0.p0/g�D Œf.p0; p0/g� 2H
sing
0 .K0 �K0/:

Therefore, by Lemma 5.2, there exist z20;0 2 C
dR
d
.K0 �K0/ and z10;0 2 C

dR
1 .K0 �K0/ such that

@z20;0 D Œ'0.K0/; �'0.K0/; 1��
�
ŒK0 � fp0g; �K0�fp0g; 1�C .�1/

d Œfp0g �K0; �fp0g�K0 ; 1�
�
;

@z10;0 D Œf'0.p0/g; �f'0.p0/g; 1�� Œf.p0; p0/g; �f.p0;p0/g; 1�:

It is clear from the definition of each x 2 X that

.Q{2/�ŒK0 � fp0g; �K0�fp0g; 1�D Nx
1
0;1 ?x

0
1;0;

.Q{2/�Œfp0g �K0; �fp0g�K0 ; 1�D x
1
0;1 ?x

0
1;0; .Q{2/�Œf.p0; p0/g; �f.p0;p0/g; 1�D x

0
0;1 ?x

0
1;0:

Therefore, y20;0 WD Qy
2
0;0C .Q{2/�z

2
0;0 2 C

dR
d
.†2C2"2 ; †02/ and y10;0 WD Qy

1
0;0C .Q{2/�z

1
0;0 2 C

dR
0 .†2C2"2 ; †02/

satisfy the first and the second equations of (36). Moreover, any path in the image of Q{2 satisfies condition
(iii) of Lemma 3.12 for mD 2 and kD 1; 2. Therefore, fk;ı..Q{2/�z20;0/D 0 and fk;ı..Q{2/�z10;0/D 0 hold
for k D 1; 2, and thus y20;0 and y10;0 satisfy (37).

Lemma 5.5 There exist y20;1; y
2
1;0 2 C

dR
2d�1

.†3C2"2 ; †02/ such that

(38) @y20;1 D f1;ı.x
2
0;1/; @y21;0 D f1;ı.x

2
1;0/

and

(39) .f1;ı C .�1/
df2;ı/.y

2
0;1/D 0; .f1;ı C .�1/

df2;ı/.y
2
1;0/D 0:

Proof We only show the existence of y20;1. Exchanging K0 and K1, y21;0 is constructed in a parallel way.

Since ."; ı/ is standard, ı has the form (31). Using the notation of (13), we can write f1;ı.x20;1/ D
ŒW1; ˆ1; �1�, where

W1 D f..p; p
0/; �; v/ 2 .K0 �K1/�R�N" j 2" < � < 1� 2"; .1� �/pC �p

0
D vg;

ˆ1 WW1!†3C2"2 ; ..p; p0/; �; v/ 7! con1.'.p; p0/; .1; �/;  ".v//;

�1 2�
d
c .W1/; .�1/..p;p0/;�;v/ D �".1; �/ � .h�.�" � 1//v:

If p 2K0 is sufficiently close to p0, then '.p; p0/ satisfies condition (iii) of Lemma 3.12 for any p0 2K1.
Symmetrically, if p0 2K1 is sufficiently close to p1, then '.p; p0/ satisfies the same condition for any
p 2K0. See Figure 4. Therefore, for any bump function b WK0 �K1! R whose support is localized
near .K0 � fp1g/[ .fp0g �K1/, we have ŒW1; ˆ1; �01�D 0 for

�01 2�
d
c .W1/; .�01/..p;p0/;�;v/ D b.p; p

0/ � �".1; �/ � .h�.�" � 1//v:

We remark that ŒW1; ˆ1; �01� is an explicit description (13) of f1;ı.ŒK0 �K1; 'jK0�K1 ; b�/.
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z0

z1

z2

p0

p p

p0

K0 K1

Figure 4: The path '.p; p0/ when p is close to p0 or p0 is close to p1. The gray region is the
tubular neighborhood N" of K0[K1

Now we choose b so that it is constant to 1 on a neighborhood of .K0 � fp1g/[ .fp0g �K1/. Then the
above computation shows that

f1;ı.x
2
0;1/D f1;ı.ŒK0 �K1; 'jK0�K1 ; 1� b�/Cf1;ı.ŒK0 �K1; 'jK0�K1 ; b�/

D f1;ı.ŒK
0
0 �K

0
1; 'jK00�K

0
1
; 1� bjK00�K

0
1
�/;

whereK 0i for iD0; 1 is the complement of a small closed ball containing pi . SinceK 00�K
0
1 is contractible,

there exists a map R W R�K 00 �K
0
1! K 00 �K

0
1 such that R.s; � / D idK00�K01 for s � 1 and R.s; � / is

constant to some point in K 00 �K
0
1 for s � 0. Using the function � in the proof of Lemma 5.4, let us

define a chain

Qx20;1 WD ŒR� .K
0
0 �K

0
1/; ' ıR;�� .1� bjK00�K

0
1
/� 2 C dR

2d�1.†
3C2"
2 ; †02/:

This chain satisfies

@ Qx20;1 D ŒK
0
0 �K

0
1; 'jK00�K

0
1
; 1� bjK00�K

0
1
�C ŒR� .K 00 �K

0
1/; ' ıR;�� dbjK00�K

0
1
/�:

Note that ŒK 00 �K
0
1; ' ıR.0; � /; 1� bjK00�K

0
1
�D 0 since ' ıR.0; � / is constant. The second chain of the

right-hand side is mapped by f1;ı to 0 since the support of db is localized near .K0�fp1g/[.fp0g�K1/.

Now we define y20;1 WD f1;ı. Qx
2
0;1/ 2 C

dR
2d�1

.†3C2"2 ; †02/. Then the first equation of (38) holds since
@y20;1 D f1;ı.@ Qx

2
0;1/D f1;ı.x

2
0;1/. The first equation (39) follows from .f1;ı C .�1/

df2;ı/ ı f1;ı D 0

(see the proof of Proposition 4.1).

Step 2 We define a function l W C[D[E!R>0 by

l.c0i;j /D l.c1i;j /D l. Nc1i;j /D1 for i¤ j; l.c1i;i /D2; l.c2i;j /D l.d2i;j /D l.e2i;j /D

�
2 if i D j;
3 if i ¤ j:

For every a 2R>0 nL.K0[K1/, let A<a
� be an R-subspace of A

Hopf
� spanned by words of elements in

C[D[E such that the sum of the values of l is less than a. Then .@CF /.A<a
� /�A<a

� , so we get a
subcomplex .A<a

� ; @CF /.
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We continue to use ."; ı/ 2 Ta which is standard with respect to h. The second step is to construct a
chain map from .A<a

� ; @CF / to .C<a� ."/;Dı/, and prove that it is a quasi-isomorphism.

Let y1i;i and y2i;j be the chains of Lemmas 5.4 and 5.5, which depend on ."; ı/. We define a linear map
ˆ<a
.";ı/
WA<a
� ! C<a� ."/ such that

(40)

ˆ<a.";ı/.c
0
i;j / WD x

0
i;j ; ˆ<a.";ı/.c

1
i;j / WD x

0
i;j ; ˆ<a.";ı/. Nc

1
i;j / WD Nx

1
i;j for i ¤ j;

ˆ<a.";ı/.c
1
i;i / WD x

1
i;i ; ˆ<a.";ı/.c

2
i;j / WD x

2
i;j ; ˆ<a.";ı/.d

1
i;i / WD y

1
i;i ;

ˆ<a.";ı/.d
2
i;j / WD y

2
i;j ; ˆ<a.";ı/.e

1
i;i / WD @y

1
i;i ; ˆ<a.";ı/.e

2
i;j / WD @y

1
i;j ;

and extend them naturally by the product map on A
Hopf
� and the ?-operation.

Proposition 5.6 ˆ<a
.";ı/

is a chain map from .A<a
� ; @CF / to .C<a� ."/;Dı/.

Proof This follows immediately from the series of three lemmas in Step 1. For each � 2 C[D[E,
Dı ıˆ

<a
.";ı/

.�/D .@CF / ıˆ<a
.";ı/

.�/ is proved by

� Lemma 5.3 if � D c0i;j ; c
1
i;j ; Nc

1
i;j with i ¤ j ;

� the equations (36) if � D c1i;i ; c
2
i;i ;

� the equations (38) if � D c2i;j with i ¤ j ;

� the equations (37) if � D d1i;i ; d
2
i;i ; e

1
i;i ; e

2
i;i ;

� the equations (39) if � D d2i;j ; e
2
i;j with i ¤ j .

Therefore, we have a linear map on the homology groups

.ˆ<a.";ı//� WH�.A
<a
� ; @CF /!H<a

� ."; ı/:

Proposition 5.7 .ˆ<a
.";ı/

/� is an isomorphism.

Proof We introduce a function m W C[D[E! Z�1 such that m.C/D f1g and m.D/D m.E/D f2g.
For every m 2Z�0, let A<a

� .m/ be an R-subspace of A<a
� generated by words of elements of C[D[E

such that the sum of the values of m is equal to m. (When m D 0, A<a
� .0/ WD R � 1.) Then the chain

complex .A<a
� ; @CF / is filtered by subcomplexes fG<ap gp2Z defined by G<ap WD

L
m��p A<a

� .m/. Let
us consider the spectral sequence determined by this filtration. The .�m; q/-term for m� 0 of its first
page is given by

Hq�m.A
<a
� .m/; @/ŠHq�m.A

<a
� .m;C/; 0/DA<a

q�m.m;C/:

Here, A<a
� .m;C/ WD A<a

� .m/\A�.C/ and the first isomorphism is induced by restricting the quasi-
isomorphisms (33). ˆ<a

.";ı/
preserves the filtrations fG<ap gp2Z and fF<a";pgp2Z. The induced map on the

�mth column for m� 0 of the first page has the form

.ˆ<a.";ı//� WA
<a
��m.m;C/!H dR

��m.d�1/.†
aCm"
m ; †0m/:
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This map is an isomorphism since the basis fc1 � � � cm j c1; : : : ; cm 2 C; l.c1/C � � � C l.cm/ < ag of
A<a
��m.m;C/ is mapped to the basis (35). In the �mth column for m< 0, .ˆ<a

.";ı/
/� is a map between the

zero vector spaces. The proposition now follows from Lemma 4.2.

Step 3 The last step is to show that the family of maps

f.ˆ<a.";ı//� j a 2R>0 nL.K/; ."; ı/ 2 Ta is standard with respect to hg

induces an isomorphism on the limit of "! 0 and a!1.

Lemma 5.8 For ."; ı/; ."0; ı0/ 2 Ta with "0 � " which are standard with respect to h,

k."0;ı 0/;.";ı/ ı .ˆ
<a
."0;ı 0//� D .ˆ

<a
.";ı//�:

Proof We have defined ˆ<a
.";ı/

by the chains fy1i;i ; y
2
i;j g, which depends on ."; ı/. As notation, let

f.y1i;i /
0; .y2i;j /

0g be the corresponding chains constructed from ."0; ı0/, by which ˆ<a
."0;ı 0/

is defined.

We take .N"; Nı/ 2 Ta satisfying (24) for ."; ı/ and ."0; ı0/. We may assume that it is standard with respect
to h, and thus N" D ". As in Lemma 5.3, Nf

1; Nı
.N{.x// D 0 holds for x D x0i;j ; x

1
i;j ; Nx

1
i;j with i ¤ j ,

where N{ is the map (17). We claim that there exist Œ�1; 1�-modeled chains Ny1i;i 2 C
dR
1 .†2C2"2 ; †02/,

Ny2i;i 2 C
dR
d
.†2C2"2 ; †02/ and Ny2i;j 2 C

dR
d
.†3C2"2 ; †02/ with i ¤ j which satisfy the following equations:

� the variants of the equations (36), (37), (38) and (39) determined by replacing fy1i;i ; y
2
i;j ; fk;ı ; ?g

by f Ny1i;i ; Ny
2
i;j ;
Nf
k; Nı
; x?g and x 2 X by N{.x/;

� eC Ny
1
i;i D y

1
i;i , eC Ny

2
i;j D y

2
i;j , e� Ny1i;i D .j"0;"/�.y

1
i;i /
0, and e� Ny2i;j D .j"0;"/�.y

2
i;j /
0.

This claim is proved by rewriting the proofs of Lemmas 5.4 and 5.5 for Œ�1; 1�-modeled chains. We omit
the proof.

We define a linear map x̂<a" WA
<a
� ! C<a� ."/ as in (40) by replacing x 2 X by N{.x/ and fy1i;i ; y

2
i;j g by

f Ny1i;i ; Ny
2
i;j g, and extend naturally by the product on A

Hopf
� and the x?-operation. The former equations about

Ny1i;i and Ny2i;j ensure that x̂<a" is a chain map from .A<a
� ; @CF / to .C<a� ."/;D Nı/, as in Proposition 5.6.

The latter equations about Ny1i;i and Ny2i;j ensure the commutativity of the diagram

H<a
� ."; ı/

H�.A
<a
� ; @CF /

. x̂a" /�
//

.ˆa
.";ı/

/�
00

.ˆa
."0;ı0/

/�

..

H<a
� ."; Nı/

f."; Nı/;C

88

f."; Nı/;�

&&

H<a
� ."0; ı0/

k."0;ı0/;.";ı/

OO
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Therefore, the family of maps f.ˆ<a
.";ı/

/� j ."; ı/ 2 Ta is standard with respect to hg induces an isomor-
phism on the limit of "! 0,

ˆ<a� WH�.A
<a
� ; @CF /!H<a

� .R2d�1; K0[K1/

for every a 2 R>0 n L.K0 [ K1/. Moreover, fˆ<a� ga2R>0nL.K0[K1/ is naturally compatible with
fI a;bga�b and the family of linear maps

fH�.A
<a
� ; @CF /!H�.A

<b
� ; @CF /ga�b

which is induced by the inclusion map A<a
� !A<b

� . Therefore, on the limit of a!1, we obtain an
isomorphism

H�.A
Hopf
� ; @CF /D lim

��!
a!1

H�.A
<a
� ; @CF /!H

string
� .R2d�1; K0[K1/:

This finishes the proof of Theorem 5.1.

5.2 Computation ofH string
� .R2d�1;K0[K2/

We define Aunlink
� WDA�.C

0/ by the set

C0 WD fc0i;j gi¤j [fc
1
i;igi [fc

1
i;j ; Nc

1
i;j gi¤j [fc

2
i;j gi;j ;

where i and j run over f0; 2g. The degree of each element is given by

jc0i;j j D d�2; jc1i;j j D jc
1
i;j j D j Nc

1
i;j j D 2d�3 for i ¤ j; jc1i;i j D 2d�3; jc2i;j j D 3d�4:

(Obviously, there exists an isomorphism A�.C/ Š Aunlink
� as graded R-algebras.) We define a graded

derivation @ WD 0 WAunlink
� !Aunlink

��1 . For a differential graded algebra .Aunlink
� ; @/, we have the following

result.

Theorem 5.9 There exists an isomorphism of graded R-algebras

H�.A
unlink
� ; @/ŠH

string
� .R2d�1; K0[K2/:

To compute H string
� .R2d�1; K0 [K2/, we fix auxiliary data such that g is the standard Riemannian

metric on R2d�1. The constant C0 is required to be C0 >
p
jz�2 j

2C 4. The other data, "0 and �, are not
specified. The strategy of the proof is the same as for Theorem 5.1, but it is much more simple. We only
give the outline of each step.

Step 1 We may assume that jz�2 j> 2. Let us fix points p0 WD .0; 1; 0/ 2K0 and p2 WD .0; 1; z�2 / 2K2,
and define submanifolds of .K0[K2/2,

K0;2 WD f.p; p
0/ 2K0�K2 j p

0
D pC .0; 0; z�2 /g; K2;0 WD f.p; p

0/ 2K2�K0 j p
0
D p� .0; 0; z�2 /g:

Let ' W .K0 [K2/2! �K0[K2.R
2d�1/ be the map defined as in Section 5.1 by replacing K1 by K2.

Then we define the set of chains

X0 WD fx0i;j gi¤j [fx
1
i;igi [fx

1
i;j ; Nx

1
i;j gi¤j [fx

2
i;j gi;j ;
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where i and j run over f0; 2g, as follows:

x0i;j WD Œf.pi ; pj /g; 'jf.pi ;pj /g; 1� 2 C
dR
0 .†a1; †

0
1/ if .i ¤ j /;

x1i;i WD Œfpig �Ki ; 'jfpi g�Ki ; 1� 2 C
dR
d�1.†

a
1; †

0
1/;

x1i;j WD ŒKi;j ; 'jKi;j ; 1� 2 C
dR
d�1.†

a
1; †

0
1/ if .i ¤ j /;

Nx1i;j WD ŒKi � fpj g; 'jKi�fpj g; 1� 2 C
dR
d�1.†

a
1; †

0
1/ if .i ¤ j /;

x2i;j WD ŒKi �Kj ; 'jKi�Kj ; 1� 2 C
dR
2d�2.†

a
1; †

0
1/:

Here, a >
p
jz�2 j

2C 4. If we define l W X0!R>0 by

l.x0i;j /D l.x1i;j /D jz
�
2 j and l. Nx1i;j /D l.x2i;j /D

p
jz�2 j

2
C 4 for i ¤ j; l.x1i;i /D l.x2i;i /D 2;

then each x 2 X0 satisfies x 2 C dR
� .†

l.x/C"
1 ; †01/ for any " > 0. Furthermore, a basis of H dR

� .†
a
m; †

0
m/

for a 2R>0 and m 2 Z�1 is given by the set of homology classes

fŒx1 ? � � �?xm� j x1; : : : ; xm 2 X0; l.x1/C � � �C l.xm/ < ag:

The reason this case is simpler is the following: for any x 2X0 and ."; ı/2Ta with a > l.x/, the equation

f1;ı.x/D 0 2 C
dR
� .†

l.x/C2"
2 ; †02/

holds since the path '.p; p0/ satisfies condition (iii) of Lemma 3.12 for any .p; p0/ 2 .K0[K2/2 (see
Lemma 5.3).

Step 2 There exists a bijection C0! X0 which maps cki;j to xki;j and Nx1i;j to Nc1i;j for k 2 f0; 1; 2g and
i; j 2 f0; 2g. Composing l W X0! R>0 with this bijection, a function l W C0! R>0 is defined. Similar
to A

Hopf
� , Aunlink

� is filtered by subcomplexes .A<a
� ; @/ for all a 2R>0 nL.K0[K2/ which is defined by

using l W C0!R>0.

Now ˆ<a" WA
<a
� ! C<a� ."/ is defined so that c 2 C0 is mapped to x 2 X0 which corresponds to c via the

above bijection, and extended naturally via the product map on Aunlink
� and the ?-operation. It is clear

in this case that ˆ<a" is a chain map from .A<a
� ; @ D 0/ to .C<a� ."/;Dı/. The fact that this map is a

quasi-isomorphism is proved by a similar argument as in Proposition 5.7 about spectral sequences.

Step 3 We check that the family of maps .ˆ<a" /� induces an isomorphism on the limit of "! 0 and
a!1. This finishes the proof of Theorem 5.9.

5.3 A corollary and its potential application

The next result is a corollary from the above computations

Corollary 5.10 As graded R-algebras ,

H
string
� .R2d�1; K0[K1/©H

string
� .R2d�1; K0[K2/:
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Proof From Theorems 5.1 and 5.9, it suffices to show that H�.A
Hopf
� ; @C F / is not isomorphic to

Aunlink
� as a graded R-algebra. Let us rewrite .c00;1; c

0
1;0; e

1
0;0; e

1
1;1/ by .a0; a1; b0; b1/ and .c00;2; c

0
2;0/ by

.a00; a
0
1/. In addition, we define C0 WD b0C a0a1 and C1 WD b1C .�1/da1a0.

If d D2,H0.A
Hopf
� ; @CF / is the a priori noncommutative R-algebra generated by fa0; a1; b0; b1gmodulo

the ideal generated by fb0; b1; C0; C1g. This is isomorphic to the commutative algebra RŒa0; a1�=.a0a1/.
On the other hand, Aunlink

0 is the noncommutative algebra freely generated by fa00; a
0
1g. Therefore,

H0.A
Hopf
� ; @CF /©Aunlink

0 as R-algebras.

If d � 3, the lower-degree parts are isomorphic as vector spaces. Indeed, for p � 2d � 5,

Hp.A
Hopf
� ; @CF /ŠAunlink

p Š

8<:
R if p D 0;
Ra0˚Ra1 if p D d � 2;
0 otherwise:

However, H2d�4.A
Hopf
� ; @CF / is the R-vector space spanned by faiaj j i; j 2 f0; 1gg[fb0; b1g modulo

the subspace generated by fb0; b1; C0; C1g, so its dimension is equal to 2. On the other hand, Aunlink
2d�4

is the R-vector space spanned by fa0ia
0
j j i; j 2 f0; 1gg, so its dimension is equal to 4. Therefore,

H2d�4.A
Hopf
� ; @CF /©Aunlink

2d�4
as R-vector spaces.

Let us see a potential application of this result. First we determine spin structures on unit conormal
bundles

Proposition 5.11 Let Q be an n-dimensional Riemannian manifold with a fixed spin structure. Then ,
for every submanifold K in Q, we can assign a spin structure on its unit conormal bundle ƒK so that , if
K is isotopic to K 0 as a submanifold in Q, then ƒK is isotopic to ƒK0 as a Legendrian submanifold with
a spin structure.

Proof Let us identify T �Q with TQ via the Riemannian metric. We also identify Q with the zero
section of TQ. Let LK be the conormal bundle of K. Note that the tangent space of TQ at .q; 0/ 2Q is
equal to TqQ˚TqQ, where the first component is the tangent space of the base space Q, and the second
component is the tangent space of the fiber TqQ. For every q 2K, T.q;0/.LK/D TqK˚ .TqK/?. Thus
the vector bundle T .LK/jK has a spin structure induced by TQjK . Since K is a deformation retract
of LK , this spin structure is extended to T .LK/. By using the diffeomorphism R>0 �ƒK ! LK nK,
.r; .q; p// 7! .q; r � p/, we can determine a spin structure on T .ƒK/ such that the spin structure on
R˚ TƒK , induced by the inclusion map Spin.2n� 1/! Spin.2n/, is equal to the spin structure on
T .LK/jƒK ŠR˚TƒK . This spin structure onƒK for every submanifoldK clearly satisfies the condition
of this proposition.

Let us consider the unit conormal bundles of K0[K1 and K0[K2.

Proposition 5.12 As a .2d�2/-dimensional submanifold of UT �R2d�1 with the spin structure deter-
mined by Proposition 5.11, ƒK0[K1 is isotopic to ƒK0[K2 .
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Proof For s 2 Œ0; 1�, we define Ks1 WD fq C .0; 2s; 0/ 2 R2d�1 j q 2 K1g. We also choose a C1

function Œ0; 1�! Œ0; ��, s 7! �s , such that �0 D �1 D 0 and �1=2 D �
2

, and define Rs 2 SO.2d � 1/ for
s2 Œ0; 1� byRs.v0; v1; v2/ WD ..cos �s/v0�.sin �s/v2; v1; .sin �s/v0C.cos �s/v2/ for every .v0; v1; v2/2
Rd�1 �R�Rd�1. We then define an isotopy .ƒs/s2Œ0;1� from ƒK01

DƒK1 to ƒK11 by

ƒs WD f.q; p/ 2 UT
�R2d�1 j q 2Ks; p ıRsjTqK1s D 0g:

ƒs intersects ƒK0 if and only if s D 1
2

, and ƒ1=2\ƒK0 DƒK0 \UT
�
p0

R2d�1, where p0 D .0; 1; 0/ 2
R2d�1. We can slightly perturb .ƒs/s2Œ0;1� around sD 1

2
to an isotopy .ƒ0s/s2Œ0;1� such that ƒ0s does not

intersect ƒK0 for every s 2 Œ0; 1�. This isotopy is homotopic to an isotopy .ƒKs1/s2Œ0;1�, which preserves
the spin structure of Proposition 5.11. In addition, K0[K11 is isotopic to K0[K2 in R2d�1. Therefore,
as a C1 submanifold with a spin structure, ƒK0 [ƒK1 is isotopic to ƒK0 [ƒK2 .

If Conjecture 1.4 in the introduction is true, then Corollary 5.10 can be applied to show that the unit
conormal bundle ƒK0[K1 is not isotopic to ƒK0[K2 as a Legendrian submanifold with a spin structure in
UT �R2d�1, though they are isotopic as C1 submanifolds with spin structures by the above proposition.

6 Cord algebra andH string
0

.Q;K/

Throughout this section, we consider the case where the codimension of K is 2 (ie d D 2) and the normal
bundle .TK/? is trivial. The purpose is to show that H string

0 .Q;K/ is isomorphic to an isotopy invariant
of K, called cord algebra.

6.1 Cord algebra and string homology

In this section, we refer to [6; 19] and give a definition of cord algebra and string homology. Note that, in
this paper, their coefficients are reduced from the original ZŒ�1.@N"0/� to R.

We fix a frame of .TK/? to give an isomorphism R2 �K Š .TK/? of vector bundles over K which
preserves their fiber metrics and orientations. Combining with the map (3), we obtain a diffeomorphism

h W O"0 �K!N"0 ;

which preserves orientations. Here, O"D
˚
w 2R2 j jwj< 1

2
"
	

for every "� "0, as defined in Section 4.4.3.

First, we define an R-algebra Cord.Q;KIR/. Its relation to the cord algebra defined in [6; 19] is discussed
later in Remark 6.2. Let us prepare some notation. We fix w0 2 O"0 n f0g and define a submanifold
disjoint from K,

K 0 WD fh.w0; x/ j x 2Kg �N"0 :

For every x 2K, we define cx W Œ0; 1�!Q nK to be the constant path at h.w0; x/ 2K 0. We also define
mx W Œ0; 1�!QnK to be a loop in a punctured disk h..O"0 nf0g/�fxg/�N"0 nK based at h.w0; x/2K 0,
whose winding number around h.0; x/ is equal to 1. In addition, let �1.QnK;K 0/ be the set of homotopy
classes of continuous paths 
 W Œ0; 1�!Q nK such that 
.f0; 1g/�K 0.
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Definition 6.1 Let A be the unital noncommutative R-algebra freely generated by the set �1.QnK;K 0/.
We define the two-sided ideal I generated by the elements

Œcx�; Œ
1 � 
2�� Œ
1 �mx � 
2�� Œ
1�Œ
2�

for all x 2K and 
j W Œ0; 1�!QnK for j D 1; 2 such that 
j .f0; 1g/�K 0 and 
1.1/D h.w0; x/D 
2.0/.
Then we define an R-algebra Cord.Q;KIR/ WDA=I, and call it the cord algebra of .Q;K/.

Remark 6.2 When K is 1-dimensional and connected (ie K is an oriented knot in a 3-manifold Q), we
fix a basepoint �2K 0. A cord is a path 
 W Œ0; 1�!Q such that 
.Œ0; 1�/\KD∅ and 
.0/; 
.1/2K 0nf�g.
The notion of cord algebra (or cord ring) of knots was defined in [6; 18; 19], for instance. The most
refined one is [6, Definition 2.6], which is defined as a noncommutative algebra over Z generated by the
set of homotopy classes of cords and f�˙; �˙g, modulo the relations about f�˙; �˙g and the “skein
relations”. If we replace both � and � by 1 2Z and tensor this Z-algebra with R, we obtain an R-algebra
isomorphic to Cord.Q;KIR/. (The isomorphism is induced by a natural map from the set of homotopy
classes of cords to �1.Q nK;K 0/.)

We should also note that, in [19, Definition 2.1], the cord algebra over ZŒH1.@N"0/� was defined when K
is a connected codimension 2 submanifold of an arbitrary manifold and its normal bundle is oriented.
In our setting, we have an isomorphism .h�1/� WH1.@N"0/!H1.S

1 �K/ŠH1.S
1/˚H1.K/. There

exists a ring homomorphism ' W ZŒH1.@N"0/�!R determined by '.h�.ŒS1�//D�1 and '.h�.c//D 1
for every c 2 H1.K/. If the base change of the cord algebra of [19, Definition 2.1] is done by ', we
obtain an R-algebra isomorphic to Cord.Q;KIR/.

Next, we refer to [6, Section 2.1] and define the string homology, which is simplified for our purpose. For
m 2 Z�1, a 2R�0[f1g and p D 0; 1, we define an R-subspace Ct

p .m; a/� C
sing
p .†am/ consisting of

generic singular p-chains satisfying jet transversality conditions. (Recall that we have fixed a topology
of †am in Section 3.2.4.)

In the case of pD 0, Ct
0 .m; a/ is generated by .
k W Œ0; Tk�!Q/kD1;:::;m 2†

a
m satisfying the following

conditions:

(0a) .
k/
0.0/; .
k/

0.Tk/ … TK for every k 2 f1; : : : ; mg.

(0b) 
k.t/ …K for every k 2 f1; : : : ; mg and t ¤ 0; Tk .

In the case of p D 1, Ct
1 .m; a/ is generated by 1-parameter families of paths

Œ0; 1�!†am; u 7! .
uk W Œ0; T
u
k �!Q/kD1;:::;m;

such that Œ0; 1�!R>0, u 7! T u
k

, is a C1 function and

�k W f.u; t/ j 0� u� 1; 0� t � T
u
k g !Q

is a C1 map for every k 2 f1; : : : ; mg, and satisfies the following conditions:
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(1a) .
0
k
/kD1;:::;m and .
1

k
/kD1;:::;m satisfy (0a)–(0b).

(1b) .
u
k
/0.0/; .
u

k
/0.T u

k
/ … TK for every u 2 Œ0; 1� and � int

k
WD �kjf.u;t/jt¤0;T u

k
g is transverse to K for

every k 2 f1; : : : ; mg.

(1c) If .u�; t�/; .u0�; t
0
�/ 2

`m
kD1.�

int
k
/�1.K/ are distinct points, then u� ¤ u0�.

Note that condition (1b) implies that .� int
k
/�1.K/ is a finite set. In addition, we define Ct

p .0; a/ WD

C
sing
p .†a0/ for a 2R�0[f1g and p D 0; 1.

By (1a), the boundary operator of the singular chain complex @sing W C
sing
1 .†am/! C

sing
0 .†am/ is restricted

to the map

@sing
W Ct

1 .m; a/! Ct
0 .m; a/; .
uk /

u2Œ0;1�

kD1;:::;m
7! .
1k /kD1;:::;m� .


0
k /kD1;:::;m:

We also define a linear map f t

k
W Ct

1 .m; a/! Ct
0 .mC 1; a/ for m 2 Z�1 such that, for any 1-chain

x D .
u
k
W Œ0; T u

k
�!Q/

u2Œ0;1�

kD1;:::;m
2 Ct

1 .m; a/,

f t

k .x/ WD
X

.u�;t�/2.�
int
k
/�1.K/

sign.u�; t�/ � .

u�
1 : : : ; 


u�
k�1

;b
u�
k
1;b
u�

k
2; 


u�
kC1

; : : : ; 
u�m /:

Here
b
u�
k
1
WD 


u�
k
jŒ0;t�� W Œ0; t��!Q; b
u�

k
2
WD 


u�
k
jŒt�;T

u�
k
�. � � t�/ W Œ0; T

u�
k
� t��!Q;

and sign.u�; t�/ 2 f˙1g is the orientation sign of the open embedding into O"0 �R2

�fiber
k WD prR2 ı h

�1
ı�k

defined on a small neighborhood of .u�; t�/ 2 .� int
k
/�1.K/ � .0; 1/ �R>0. For convenience, let us

define, for p … f0; 1g, Ct
p .m; a/ WD 0, @sing WD 0 W Ct

p .m; a/! Ct
p�1.m; a/ and f t

k
WD 0 W Ct

p .m; a/!

Ct
p�1.mC 1; a/.

For a 2R>0[f1g and m 2 Z�0, we define the quotient vector space

Ct;<a
� .m/ WD Ct

� .m; a/=C
t
� .m; 0/:

Then @sing and f t

k
induce linear maps

@sing
W Ct;<a
� .m/! C

t;<a
��1 .m/; f t

k W C
t;<a
� .m/! C

t;<a
��1 .mC 1/:

Now we define the graded R-vector space

Ct;<a
� WD

1M
mD0

Ct;<a
� .m/:

For each m 2 Z�0, Ct;<a
� .m/ is considered to be its linear subspace in a natural way. Then we define a

degree �1 map Dt W C
t;<a
� ! C

t;<a
��1 by

(41) Dt.x/ WD @singxC

mX
kD1

f t

k .x/
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ヘ
ーーK 0

K




K 0

K

y


Figure 5: The picture of y
 defined for .
/kD1 2†11 .

for x 2 Ct;<a
� .m/. For x 2 Ct;<a

� .0/, the right-hand side is just equal to @singx. Then we obtain a chain
complex .Ct;<a

� ;Dt/. Let Ht;<a
� denote its homology group. In addition, for a; b 2R�0[f1g with

a � b, we define a linear map J a;b W Ht;<a
� ! H

t;<b
� induced by the inclusion maps Ct

� .m; a/!

Ct
� .m; b/ for all m 2 Z�0.

In this section, we call Ht;<1
� the string homology of .Q;K/. Note that the direct limit lim

��!a!1
H

t;<a
�

defined by fJ a;bga�b is isomorphic to Ht;<1
0 . Furthermore, Ht;<1

0 has a associative product structure
induced by … W†1m �†

1
m0 !†1mCm0 . Thus Ht;<1

0 is a unital associative R-algebra, whose unit comes
from � 2 Ct;<1

0 .0/.

The next proposition is essentially proved in [6, Proposition 2.9].

Proposition 6.3 As an R-algebra , Cord.Q;KIR/ is isomorphic to Ht;<1
0 .

Proof For every homotopy class z 2 �1.Q nK;K 0/, we choose a C1 path 
 which represents z. We
then define a path N
 as follows: for x0; x1 2K such that 
.i/D h.w0; xi / for i 2 f0; 1g,

N
 W Œ0; 3�!Q; t 7!

8<:
h.t �w0; x0/ if 0� t � 1;

.t � 1/ if 1� t � 2;
h..3� t / �w0; x1/ if 2� t � 3:

We modify N
 to z
 by a reparametrization so that .z
/kD1 2 †11 and satisfies (0a) and (0b). Then a
homomorphism of unital R-algebras

F WA!H
t;<1
0

is defined so that z D Œ
� is mapped to Œ.z
/kD1�. From the definition of Dt, it can be checked that F is
a well-defined surjection and maps the ideal I into 0. Therefore, we obtain a surjective homomorphism
of unital R-algebras F WA=I!H

t;<1
0 .

We prove that F is injective by describing its inverse map. For .
 W Œ0; T �!Q/kD1 2†
1
1 satisfying (0a)

and (0b), let us define

L
 W Œ0; 1�!Q; t 7!

8<:
h..1� 3t/ �w0; 
.0// if 0� t � 1

3
;


.3T t �T / if 1
3
� t � 2

3
;

h..3t � 2/ �w0; 
.T // if 2
3
� t � 1:
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*X

u�


0


1 
u�.t�/

K

K 0

y
1

y
2mx

K

K 0

Figure 6: The left-hand side describes the 1-chain .
u/u2Œ0;1�
kD1

such that sign.u�; t�/ D C1 at
.u�; t�/ 2 .�

int
1 /
�1.K/. From the right-hand side, we can see that Œy
0� D Œy
1 � y
2� and Œy
1� D

Œy
1 �mx � y
2� as elements of �1.Q nK;K 0/.

As described in Figure 5, we change L
 into y
 by small perturbations inside N"0 around t 2
˚
1
3
; 2
3

	
so that

y
 does not intersect K. We then obtain a homotopy class Œy
� 2 �1.Q nK;K 0/. Note that, for any y
j for
j D 1; 2 from two choices of perturbations, there exist l0; l1 2 f0;C1;�1g such that

Œy
2�D Œ.m
.0//
l0 � y
1 � .m
.T //

l1 � 2 �1.Q nK;K
0/:

Here, .mx/1 WDmx , .mx/0 WD cx , and .mx/�1 denotes the inverse path of mx . (As a natural extension,
.mx/

l for l 2 Z is defined.) Thus, Œy
1�D Œy
2� as an element of A=I. If 
 2†01 (ie length 
 < "0), then
Œy
�D Œ.mx/

l � 2 �1.Q nK;K
0/ for some x 2K and l 2 Z. In this case, Œy
�D 0 as an element of A=I.

Therefore, we have a well-defined linear map

G W C
t;<1
0 !A=I;

�
Ct;<1.m/ 3 .
k/kD1;:::;m 7! Œy
1� � � � Œy
m� for m� 1;

Ct;<1.0/ 3 1 7! the unit:

From the transversality condition (1b) together with (1c), it follows that ImDt is mapped into 0. Indeed,
in a simple case, for .
u/u2Œ0;1�

kD1
2 Ct

1 .1;1/ such that .� int
1 /
�1.K/D f.u�; t�/g, we can see that

G.Dt.x//D

�
Œy
1 �mx � y
2�� Œy
1 � y
2�C sign.u�; t�/Œy
1�Œy
2� if sign.u�; t�/DC1;
Œy
1 � y
2�� Œy
1 �mx � y
2�C sign.u�; t�/Œy
1�Œy
2� if sign.u�; t�/D�1;

for x WD 
u�.t�/, 
1 WD 
u� jŒ0;t�� and 
2 WD 
u� jŒt�;T u� �. � � t�/. Figure 6 describes the case where
sign.u�; t�/DC1. ThusG

�
Dt..
u/

u2Œ0;1�

kD1
/
�
D02A=I. Condition (1c) implies that the general case can

be reduced to this simple case. Therefore, we obtain a well-defined linear mapG WHt;<1
0 !A=I. Finally,

for any Œ
� 2 �1.Q nK;K 0/ such that 
.i/ D h.w0; xi / for i 2 f0; 1g, there exist l0; l1 2 f0;C1;�1g
such that

G ıF .Œ
�/D Œ.mx0/
l0 � 
 � .mx1/

l1 �;

which is equal to Œ
� in A=I. This implies that F is injective.
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6.2 Connecting string homology andH string
� .Q;K/

The purpose of this section is to construct a linear map fromH
t;<a
� toH<a

� .Q;K/ for all a2R>0nL.K/.
On the limit of a!1, an R-algebra homomorphism from H

t;<1
� to H string

� .Q;K/ is defined. Before
constructing this map, we will prepare two things.

6.2.1 Preliminaries First, we define a map ‰ which associates de Rham chains with singular chains.
Let �; � WR! Œ0; 1� be C1 functions such that:

� �.u/D 0 if u� 0 and �.u/D 1 if u� 1. In addition, �0.u/ > 0 if 0 < u < 1.

� � WR! Œ0; 1� has compact support and �.s/D 1 for every s 2 Œ0; 1�.

For p 2 Z, a linear map
‰ W Ct

p .m; a/! C dR
p .†am/

is defined by 8̂<̂
:
‰..
k/kD1;:::;m/ WD Œf0g; c0; 1� if p D 0;
‰..
u

k
/
u2Œ0;1�

kD1;:::;m
/ WD ŒR; c1; �� if p D 1;

‰ D 0 otherwise,

where c0 is the constant map to .
k/kD1;:::;m and c1 W R ! †am, u 7! .

�.u/

k
/kD1;:::;m. These maps

commute with boundary operators, namely

@ ı‰ D‰ ı @sing
W Ct
p .m; a/! C dR

p�1.†
a
m/:

Next, we define a filtration fCt
p .m; a; "/g">0 of Ct

p .m; a/. When p D 0, Ct
0 .m; a; "/ is an R-subspace

generated by .
k W Œ0; Tk�!Q/kD1;:::;m 2†
a
m satisfying (0a)–(0b) and the following condition:

(0c) There exists �0 2 .0; "0=.5C0/� such that 
k.Œ�0; Tk � �0�/\N" D∅ for every k 2 f1; : : : ; mg.

In the case of p D 1, Ct
1 .m; a; "/ is an R-subspace generated by .
u

k
W Œ0; T u

k
�!Q/

u2Œ0;1�

kD1;:::;m
satisfying

(1a)–(1c) and the following conditions:

(1d) .
0
k
/kD1;:::;m and .
1

k
/kD1;:::;m satisfy (0c).

(1e) There exist �0 2 .0; "0=.5C0/� and an open neighborhood U.u�;t�/ for each .u�; t�/ 2 .� int
k
/�1.K/

for k D 1; : : : ; m such that

.u�; t�/ 2 U.u�;t�/ � f.u; t/ j 0 < u < 1; �0 < t < T
u
k � �0g;

and the following hold:

(1e-1) U.u�;t�/ � f.u; t/ j jt � t�j< �0g.

(1e-2) For any two distinct points .u�; t�/; .u0�; t
0
�/ 2

`m
kD1.�

int
k
/�1.K/, the projections of the sets

U.u�;t�/; U.u0�;t 0�/ � Œ0; 1��R>0 to Œ0; 1�,

prŒ0;1�.U.u�;t�//; prŒ0;1�.U.u0�;t 0�//� Œ0; 1�;

are disjoint.
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(1e-3) For every k 2 f1; : : : ; mg,

.�kjf.u;t/j�0�t�T uk ��0g
/�1.N"/D

[
.u�;t�/2.�

int
k
/�1.K/

U.u�;t�/:

Moreover, for each .u�; t�/ 2 .� int
k
/�1.K/,

�fiber
k W U.u�;t�/! O"

is a diffeomorphism. (Recall that �fiber
k
D prR2 ı h

�1 ı�k .)

In addition, we define Ct
p .m; a; "/ WD C

t
p .m; a/ if p … f0; 1g or mD 0.

Roughly speaking, (0c) means that 
k.t/ is far from K by a distance at least 1
2
", except when t is close

to f0; Tkg. Condition (1e) means that 
u
k
.t/ is far from K by a distance at least 1

2
", except when t is

close to f0; T u
k
g or when .u; t/ is close to some point in .� int

k
/�1.K/. Note that, when 0 < "0 � ", we

have Ct
� .m; a; "/� C

t
� .m; a; "

0/, and

(42)
[
">0

Ct
� .m; a; "/D C

t
� .m; a/:

Moreover, @sing and f t

k
for k D 1; : : : ; m are restricted to linear maps

@sing
W Ct
� .m; a; "/! Ct

��1.m; a; "/; f t

k W C
t
� .m; a; "/! Ct

��1.mC 1; a; "/:

For every " > 0, we define Ct;<a
� .m; "/ WD Ct

� .m; a; "/=C
t
� .m; 0; "/ and

Ct;<a
� ."/ WD

1M
mD0

Ct;<a
� .m; "/:

A linear map Dt
" W C

t;<a
� ."/! C

t;<a
��1 ."/ is defined by the same form as (41). Then we obtain a chain

complex .Ct;<a
� ."/;Dt

" /. Let Ht;<a
� ."/ denote its homology. When 0 < "0 � ", the inclusion maps

Ct
� .m; a; "/! Ct

� .m; a; "
0/ for all m 2 Z�0 induce a linear map

l";"0 WH
t;<a
� ."/!Ht;<a

� ."0/;

and we have a direct system
�
fH

t;<a
� ."/g">0; fl";"0g"�"0

�
. From the relation (42), we have

lim
��!
"!0

Ht;<a
� ."/DHt;<a

� :

6.2.2 Construction of the chain map With the above preparations, we consider the maps

Ct
p .m; a; "/! C dR

p .†aCm"m /; x 7!‰.x/; for m 2 Z�0

for " 2 .0; "0=.5C0/�. They induce a linear map from C
t;<a
� ."/ to C<a� ."/, but this is not a chain map.

In order to fill in the gap, we need to prove the following lemma for a 2R>0 nL.K/.
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Lemma 6.4 Suppose that ."; ı/2Ta is standard with respect to h. Then , form2Z�1 and k2f1; : : : ; mg,
there exists a linear map

ok;.";ı/ W C
t
1 .m; a; "/! C dR

1 .†
aC.mC1/"
mC1 /

such that the following hold for any x 2 Ct
1 .m; a; "/:

(i) @.ok;.";ı/.x//� .fk;ı ı‰.x/�‰ ıf
t

k
.x// 2 C dR

0 .†0mC1/.

(ii) fl;ı.ok;.";ı/.x// 2 C
dR
0 .†0mC2/ for every l 2 f1; : : : ; mC 1g.

Proof It suffices to define ok;.";ı/.x/ for x D .
u
l
/
u2Œ0;1�

lD1;:::;m
satisfying (1a),. . . ,(1e). The proof is divided

into three steps: We define de Rham chains in the first two steps. In the last step, ok;.";ı/.x/ is defined as
the sum of these chains and we check conditions (i) and (ii).

Step 1 From the definitions of ‰ and f t

k
,

fk;ı ı‰.x/�‰ ıf
t

k .x/D fk;ı.‰.x//�
X

.u�;t�/2.�
int
k
/�1.K/

sign.u�; t�/ � Œf0g; c0.u�; t�/; 1�;

where c0.u�; t�/ is a constant map to .
u�1 ; : : : ;b
u�
k
1;b
u�

k
2; : : : ; 


u�
m /. Since ."; ı/ is standard, it has the

form (31). Using the notation of (13), we can explicitly write fk;ı.‰.x//D ŒWk; ˆk; �k�, where

Wk D f.u; �; v/ 2R�R�N" j 2" < � < T
�.u/

k
� 2"; 


�.u/

k
.�/D �v1 .0/g;

ˆk WWk!†
aC.mC1/"
mC1 ; .u; �; v/ 7! conk..


�.u/

l
/lD1;:::;m; .T

�.u/

k
; �/;  ".v//;

�k 2�
2
c.Wk/; .�k/.u;�;v/ D �".T

�.u/

k
; �/ ��.u/ � .h�.�" � 1//v:

Recall condition (1e-3) and note that �v1 .0/D v. We define Wk WDWk \f�0 < � < T
�.u/

k
� �0g. Then

Wk!
[

.u�;t�/2.�
int
k
/�1.K/

U.u�;t�/; .u; �; v/ 7! .�.u/; �/;

is an orientation-preserving diffeomorphism. Moreover, �".T
�.u/

k
; �/ ��.u/D 1 for .u; �; v/ 2Wk . On

the other hand, it follows from (1e-1) and Lemma 3.12 that ˆk.u; �; v/ 2†0mC1 for .u; �; v/ 2Wk nWk .
Therefore,

fk;ı.‰.x//�
X

.u�;t�/2.�
int
k
/�1.K/

ŒU.u�;t�/; ˆ
0
.u�;t�/

; �0.u�;t�/�D fk;ı.‰.x//� ŒWk; ˆkjWk ; �kjWk �

2 C dR
0 .†0mC1/;

where

ˆ0.u�;t�/ W U.u�;t�/!†
aC.mC1/"
mC1 ; .u; �/ 7! conk

�
.
ul /lD1;:::;m; .T

u
k ; �/;  ".


u
k .�//

�
;

�0.u�;t�/ D .�
int
k jU.u�;t�/

/�.h�.�" � 1// 2�
2
c.U.u�;t�//:
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As a result, fk;ı ı‰.x/�‰ ıf t

k
.x/ is equal to the chain

(43)
X

.u�;t�/2.�
int
k
/�1.K/

�
ŒU.u�;t�/; ˆ

0
.u�;t�/

; �0.u�;t�/�� sign.u�; t�/ � Œf0g; c0.u�; t�/; 1�
�

modulo C dR
0 .†0mC1/.

For each .u�; t�/ 2 .� int
k
/�1.K/, consider a diffeomorphism

�fiber
k D prR2 ı h

�1
ı� int

k jU.u�;t�/
W U.u�;t�/! O"

and a scalar multiplication ms W O"! O", w 7! �.s/ �w, for s 2R. We define a deformation retraction to
f.u�; t�/g,

R�U.u�;t�/! U.u�;t�/; .s; .u; �// 7! .us; �s/ WD .�
fiber
k /�1 ıms ı .�

fiber
k /.u; �/:

Now we define a map,

ẑ 0
.u�;t�/

WR�U.u�;t�/!†
aC.mC1/"
mC1 ; .s; .u; �// 7!ˆ0.u�;t�/.us; �s/;

and the de Rham chain

o1k WD
X

.u�;t�/2.�
int
k
/�1.K/

ŒR�U.u�;t�/; ẑ
0
.u�;t�/

; �� �0.u�;t�/� 2 C
dR
1 .†

aC.mC1/"
mC1 /:

If s � 1, ẑ 0
.u�;t�/

.s; .u; �//Dˆ0
.u�;t�/

.u; �/. If s � 0, ẑ 0
.u�;t�/

.s; .u; �// is constant to

.

u�
1 ; : : : ;e
u�

k
1;e
u�

k
2; : : : ; 
u�m /DW c00.u�; t�/;

which is defined by (12) for 
k D 

u�
k

, .Tk; �/D .T
u�
k
; t�/ and �i W

�
0; 1
2
"
�
!f


u�
k
.t�/g �Q. Therefore,

the boundary chain @o1
k

is equal toX
.u�;t�/2.�

int
k
/�1.K/

�
ŒU.u�;t�/; ˆ

0
.u�;t�/

; �0.u�;t�/��

�
f0g; c00.u�; t�/;

Z
U.u�;t�/

.�k/
�.h�.�" � 1//

��
:

Since
R

O"
�" D 1, we can compute thatZ

U.u�;t�/

.�k/
�.h�.�"�1//D

Z
U.u�;t�/

.h�1 ı�k/
�.�"�1/D

Z
U.u�;t�/

.�fiber
k /��" D sign.u�; t�/ 2 f˙1g:

Thus,

(44) @.o1k/D
X

.u�;t�/2.�
int
k
/�1.K/

�
ŒU.u�;t�/; ˆ

0
.u�;t�/

; �0.u�;t�/�� sign.u�; t�/ � Œf0g; c00.u�; t�/; 1�
�
:

Step 2 For each .u�; t�/ 2 .� int
k
/�1.K/, c00.u�; t�/ coincides with c0.u�; t�/ up to reparametrizations

of the kth and .kC1/st paths. We define by interpolating parametrizations

c1.u�; t�/ W Œ0; 1�!†
aC.mC1/"
mC1 ; s 7! .


u�
1 ; : : : ; 


u�
k�1

;b
u�
k
1
ı�1s ;

b
u�
k
2
ı�2s ; 


u�
kC1

; : : : ; 
u�m /;
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so that c1.u�; t�/.0/D c0.u�; t�/ and c1.u�; t�/.1/D c00.u�; t�/. Then we obtain a chain

o2.u�;t�/ WD ŒR; c1.u�; t�/ ı �; �� 2 C
dR
1 .†

aC.mC1/"
mC1 /;

which satisfies @.o2
.u�;t�/

/D Œf0g; c00.u�; t�/; 1�� Œf0g; c0.u�; t�/; 1�.

Step 3 We define a chain

ok;.";ı/.x/ WD o
1
kC

X
.u�;t�/2.�

int
k
/�1.K//

sign.u�; t�/ � o2.u�;t�/:

From (44), @.ok;.";ı/.x// is equal to the chain of (43). Therefore, ok;ı.x/ satisfies condition (i). Condition
(ii) can be checked as follows: From conditions (1e-2) and (1e-4), those paths in ˆ0

.u�;t�/
.s; .u; �// and

c1.u�; t�/.s/ satisfy condition (iii) of Lemma 3.12. Therefore, fl;ı.o1k/ and fl;ı.o2.u�;t�// belongs to
C dR
0 .†0mC2/ for l D 1; : : : ; mC 1.

For ."; ı/ 2 Ta which is standard, we define a linear map ˆ<a
.";ı/
W C

t;<a
� ."/! C<a� ."/ such that, for

x 2 Ct
p .m; a; "/, the equivalence class Œx� 2 Ct;<a

p .m; "/ is mapped to

ˆ<a.";ı/.Œx�/D

8<:
Œ‰.x/� if p D 0;
Œ‰.x/��

Pm
kD1Œok;.";ı/.x/� if p D 1;

0 otherwise.

The two properties of ok;.";ı/ show that ˆ<a
.";ı/

is a chain map from .C
t;<a
� ."/;Dt

" / to .C<a� ."/;Dı/.
Therefore, we obtain a linear map on homology,

.ˆ<a.";ı//� WH
t;<a
� ."/!H<a

� ."; ı/:

6.2.3 Commutativity with transition maps We need to check the relation ofˆ<a
.";ı/

for fk."0;ı/;.";ı/g"0�"
and fl";"0g"�"0 .

Proposition 6.5 For ."; ı/; ."0; ı/ 2 Ta with "0 � " which are standard with respect to h, the following
diagram commutes:

H
t;<a
� ."/

.ˆ<a
.";ı/

/�
//

l";"0
��

H<a
� ."; ı/

H
t;<a
� ."0/

.ˆ<a
."0;ı0/

/�
// H<a
� ."0; ı/

k."0;ı0/;.";ı/

OO

To prove this proposition, we return to the definition k."0;ı 0/;.";ı/ D k.N"; Nı/ by .N"; Nı/ 2 Ta satisfying (24)
for ."; ı/ and ."0; ı0/. We require .N"; Nı/ to be standard with respect to h, and thus N"D ".

We set x‰ WD N{ ı‰ W Ct
� .m; a/! C dR

� .†
a
m/ for all m 2 Z�0. Again, the induced map from C

t;<a
� ."/ to

C<a� ."/ is not a chain map. To fill in the gap, we need the following lemma.

Lemma 6.6 For m 2 Z�1 and k 2 f1; : : : ; mg, suppose that we have taken maps ok;.";ı/ and ok;."0;ı 0/ of
Lemma 6.4 for ."; ı/ and ."0; ı0/. Then there exists a linear map

No
k;."; Nı/

W Ct
1 .m; a; "/! C dR

1 .†
aC.mC1/"
mC1 /
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such that the following hold for any x 2 Ct
1 .m; a; "/:

� @. No
k;."; Nı/

/� . Nf
k; Nı
ı x‰.x/� x‰ ıf t

k
.x// 2 C dR

0 .†0mC1/.

� Nf
l; Nı
. No
k;."; Nı/

.x// 2 C dR
0 .†0mC2/ for every l 2 f1; : : : ; mC 1g.

� eC. Nok;."; Nı/.x//D ok;.";ı/.x/ and e�. Nok;."; Nı/.x//D .j"0;"/�.ok;."0;ı 0/.x//.

Proof We omit the detailed proof. Note that Nı has the form (32). For any x D .
k/kD1;:::;m, we
can compute explicitly that the chain Nf

k; Nı
ı x‰.x/� x‰ ı f t

k
.x/ is equal to the sum of chains, for all

.u�; t�/ 2 .�
int
k
/�1.K/,

ŒR�U.u�;t�/; x̂
0
.u�;t�/

; .idR�1 �U.u�;t�/; idR��1 �U.u�;t�//;
N�0.u�;t�/�

� sign.u�; t�/ � ŒR; c0.u�; t�/; .idR�1 ; idR��1/; 1�

modulo C dR
0 .†0mC1/. Here x̂ 0

.u�;t�/
WR�U.u�;t�/!R�†aC.mC1/"mC1 is determined by

x̂ 0
.u�;t�/

.r; .u; �// WD
�
r; conk

�
.
ul /lD1;:::;m; .T

u
k ; �/;

N "0;".r; 

u
k .�//

��
and . N�0

.u�;t�/
/ WD .idR��

int
k
jU.u�;t�/

/�.1� N�"0;"/ 2�
2.R�U.u�;t�//. The Œ�1; 1�-modeled chain No

k;."; Nı/

is defined in a similar way as ok;.";ı/ in Lemma 6.4, and we can check that this chain satisfies the required
three conditions.

Proof of Proposition 6.5 We define a linear map x̂<a
."; Nı/
W C

t;<a
� ."/ ! C<a� ."/ such that, for x 2

C
t;<a
p .m; a; "/,

x̂<a
."; Nı/

.Œx�/D

8<:
Œx‰.x/� if p D 0;
Œx‰.x/��

Pm
kD1Œ Nok;."; Nı/.x/� if p D 1;

0 otherwise.

The first two properties of No
k;."; Nı/

show that this is a chain map from .C
t;<a
� ."/;Dt

" / to .C<a� ."/;D Nı/.
Therefore, we get a linear map on homology,

. x̂<a
."; Nı/

/� WH
t;<a
� ."/!H<a

� ."; Nı/:

The third property of No
k;."; Nı/

implies that the following diagram commutes:

H
t;<a
� ."/

.ˆ<a
.";ı/

/�
//

l";"0

��

. x̂<a
."; Nı/

/� ((

H<a
� ."; ı/

.j";"/�Did
// H<a
� ."; ı/

H<a
� ."; Nı/

.e";C/�

55

.e";�/�

))

H
t;<a
� ."0/

.ˆ<a
."0;ı0/

/�
// H<a
� ."0; ı0/

.j"0;"/�
// H<a
� ."; .i"0;"/�ı

0/

The proposition is now proved since k
."; Nı/
D ..j";"/

�1
� ı .e";C/�/ ı ..j"0;"/

�1
� ı .e"�/�/

�1.
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Let a 2R>0 nL.K/. Proposition 6.5 shows that the family of maps

f.ˆ<a.";ı//� j ."; ı/ 2 Ta is standard with respect to hg

induces a linear map on the limits of "! 0,

ˆ<a WHt;<a
� D lim

��!
"!0

Ht;<a
� ."/!H<a

� .Q;K/D lim
 ��
"!0

H<a
� ."; ı/:

Naturally, those maps of fˆ<aga2R>0nL.K/ commutes with fI a;b WH<a
� .Q;K/!H<b

� .Q;K/ga�b and
fJ a;b WH

t;<a
� !H

t;<b
� ga�b . Therefore, on the limit of a!1, we have a linear map

ˆ WHt;1
� !H

string
� .Q;K/:

Moreover, it is straightforward to check that ˆ is a homomorphism of unital R-algebras.

6.3 Proof of isomorphism

In this section, we prove that for every a 2R>0 nL.K/, ˆ<a is an isomorphism in the 0th degree. As an
immediate consequence, it is shown that the cord algebra of .Q;K/ is isomorphic to H string

0 .Q;K/.

For each m 2 Z�0, let @sing
m W C

t;<a
1 .m/! C

t;<a
0 .m/ denote the singular boundary operator. We also

write

(45)
‰0;m W Coker @sing

m !H dR
0 .†am; †

0
m/; Œx� 7! Œ‰.x/�;

‰1;m W Ker @sing
m !H dR

1 .†am; †
0
m/; x 7! Œ‰.x/�:

Lemma 6.7 ‰0;m is an isomorphism and ‰1;m is a surjection.

Proof Naturally, there are two maps

Coker @sing
m !H

sing
0 .†am; †

0
m/; Ker @sing

m !H
sing
1 .†am; †

0
m/:

induced by the inclusions Ct
p .m; a/!C

sing
p .†am/ for pD 0; 1. The subset of †am (resp. C 0.Œ0; 1�; †am/)

consisting of elements satisfying conditions (0a)–(0b) (resp. (1a)–(1c)) is open dense. This fact implies
that the first map is an isomorphism and the second map is a surjection. Then we consider the following
diagram for p D 0; 1:

Kp;m
‰p;m

//

��

H dR
p .†am; †

0
m/

(6)
// lim
��!j!1

H dR
p .Bam.2

j /; B0m.2
j //

H
sing
p .†am; †

0
m/

(11)
// lim
��!j!1

H
sing
p .Bam.2

j /; B0m.2
j //

OO

Here, K0;m WD Coker @sing
m and K1;m WD Ker @sing

m . The left vertical map is defined as above. The right
vertical map is an isomorphism from Proposition 2.9. The horizontal maps are the isomorphisms of (6)
and (11). The commutativity follows from the definition of the right vertical map. See [15, Section 4.7].
Now the assertion of the lemma follows from the diagram.
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For the chain complexes .Ct;<a
� ;Dt/ and .Ct;<a

� ."/;Dt
" /, we define their filtrations fH<a

p gp2Z and
fH<a

";pgp2Z by
H<a
p WD

M
m��p

Ct;<a
� .m/; H<a

";p WD

M
m��p

Ct;<a
� .m; "/:

Let Et;<a and Et;<a
" be the spectral sequences determined by fH<a

p gp2Z and fH<a
";pgp2Z, respectively.

The .�m; q/-terms of their first pages are given by

.Et;<a/1�m;q D

8<:
Coker @sing

m if q�mD 0 and m� 0;
Ker @sing

m if q�mD 1 and m� 0;
0 otherwise,

.Et;<a
" /1�m;q D

8<:
Coker @sing

";m if q�mD 0 and m� 0;
Ker @sing

";m if q�mD 1 and m� 0;
0 otherwise.

Here @sing
";m WC

t;<a
1 .m; "/!C

t;<a
0 .m; "/ also denotes the singular boundary operator. If 0 < "0 � ", there

exists a morphism l";"0 W E
t;<a
" ! E

t;<a
"0 induced by the inclusion maps Ct

� .m; a; "/! Ct
� .m; a; "

0/

for all m 2 Z�0. Naturally, lim
��!"!0

E
t;<a
" ŠEt;<a.

For ."; ı/2Ta which is standard with respect to h, the chain mapˆ<a
.";ı/

preserves the filtrations fH<a
";pgp2Z

and fF<a";pgp2Z, so it induces a morphism of spectral sequences

.ˆ<a.";ı//� WE
t;<a
" !E<a.";ı/:

Note that, on the .�m; q/-term for m� 0 of their first pages, this can be written as

(46)
.ˆ<a.";ı//� W Coker @sing

";m!H dR
0 .†aCm"m ; †0m/; Œx� 7! Œ‰.x/� if q Dm;

.ˆ<a.";ı//� W Ker @sing
";m!H dR

1 .†aCm"m ; †0m/; x 7! Œ‰.x/� if q DmC 1:

Recall that we have defined k."0;ı 0/;.";ı/ WE<a."0;ı 0/!E<a
.";ı/

by the composition of the maps of (28). The
next result is a variant of Proposition 6.5 for spectral sequences.

Proposition 6.8 The following diagram commutes:

E
t;<a
"

.ˆ<a
.";ı/

/�
//

l";"0
��

E<a
.";ı/

E
t;<a
"0

.ˆ<a
."0;ı0/

/�
// E<a
."0;ı 0/

k."0;ı0/;.";ı/

OO

This can be proved as Proposition 6.5 by taking . x̂<a
."; Nı/

/� WE
t;<a
" !E<a

."; Nı/
into consideration. We omit

the proof.

We use the spectral sequence E<a of Proposition 4.17. The above proposition and (46) immediately
implies the existence of the following morphism of spectral sequences.

Algebraic & Geometric Topology, Volume 25 (2025)
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Proposition 6.9 There exists a morphism of spectral sequences ˆ<a WEt;<a!E<a such that , on the
.�m; q/-term for m� 0 of the first page ,

ˆ<a D‰0;m W .E
t;<a/1�m;q D Coker @sing

m ! .E<a/1�m;q DH
dR
0 .†am; †

0
m/ if q Dm;

ˆ<a D‰1;m W .E
t;<a/1�m;q D Ker @sing

m ! .E<a/1�m;q DH
dR
1 .†am; †

0
m/ if q DmC 1:

This property ofˆ<a WEt;<a!E<a implies a result on the compatible mapˆ<a WHt;<a
p !H<a

p .Q;K/.

Proposition 6.10 ˆ<a WH
t;<a
p !H<a

p .Q;K/ is an isomorphism if p D 0 and a surjection if p D 1.

Proof By Lemma 6.7 and Proposition 6.9, ˆ<a W .Et;<a/1p;q! .E<a/1p;q is an isomorphism if pCq� 0
and a surjection if pCq D 1. Since Et;<a converges to Ht;<a

� and E<a converges to H<a
� .Q;K/, we

can apply Lemma 4.2 to prove the above assertion for ˆ<a WHt;<a
� !H<a

� .Q;K/.

On their limits of a!1, fˆ<aga2R>0nL.K/ induces an isomorphism

ˆ WH
t;<1
0 !H

string
0 .Q;K/:

Combining with Proposition 6.3, we finally obtain the following result.

Theorem 6.11 As a unital R-algebra , Cord.Q;KIR/ is isomorphic to H string
0 .Q;K/.
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