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We lay the foundations for a theory of quasicategories in a monoidal category V replacing Set, aimed at
realising weak enrichment in the category SV of simplicial objects in V. To accommodate noncartesian
monoidal products, we make use of an ambient category SgV of templicial, or “tensor-simplicial”, objects
in V, which are certain colax monoidal functors, following Leinster. Inspired by the description of the
categorification functor due to Dugger and Spivak, we construct a templicial analogue of the homotopy
coherent nerve functor which goes from SV-enriched categories to Sg ). We show that an SV-enriched
category whose underlying simplicial category is locally Kan is turned into a quasicategory in V by this
nerve functor.
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1 Introduction

1.A The main goal

The theory of (oo, 1)-categories (or simply oco-categories) is by now well established, with notable
models including simplicial categories by Bergner [6], Segal categories by Hirschowitz and Simpson [20],
complete Segal spaces by Rezk [37] and quasicategories by Joyal [23]. These models were all shown to
be homotopically equivalent by the work of Bergner [7], Joyal [24; 25] and Lurie [28].

One may view oo-categories as being “weakly enriched in spaces”; that is, between objects we have
morphism spaces (usually formalised as simplicial sets) along with compositions that are only well defined
and associative up to coherent homotopy. In analogy with ordinary enriched categories, one may thus
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1030 Wendy Lowen and Arne Mertens

conceive (weakly) enriched oco-categories by replacing SSet by a suitable category M possessing some
weak or higher structure, eg a monoidal model category or a monoidal co-category.

A general approach to enrichment is due to Gepner and Haugseng [16], who developed a theory of
oo-categories weakly enriched in a monoidal co-category. Their theory is built on Lurie’s co-operads [29]
and, as such, on the extensive framework of quasicategories.

Alternatively, one can consider enriched counterparts of each of the classical models for co-categories
listed above. A particularly easy one is the “strict model” of simplicial categories, which one may replace
by categories strictly enriched in a suitable monoidal model category M. See the work of Berger and
Moerdijk [5], Stanculescu [40] or Muro [35]. Further, in the case where M is cartesian (ie its monoidal
structure is given by the cartesian product), Simpson [39] introduced M-enriched Segal categories as
certain simplicial objects in M. Haugseng [19, Theorems 5.8 and 6.17] showed that both the strict model
and Simpson’s model are presentations of enriched co-categories in the sense of [16].

Building on Simpson’s work and generalising Leinster’s homotopy monoids [26], Bacard [3] defined
M-enriched Segal categories over a general monoidal model category M in order to encompass enriching
categories of interest, like chain complexes over a commutative ring. Recently, an approach to complete
dg-Segal spaces of a quite different flavour was put forward by Dimitriadis Bermejo [13], replacing the
simplex category by a category of free dg-categories of finite type.

Finally, there are the particularly tangible quasicategories which have proven very successful, and whose
theory has seen extensive development due to the work of Joyal, Lurie and many others. The main goal
of the present paper is to lay the basic foundations for a concrete model of “enriched quasicategories”,
which stand to quasicategories as Bacard’s enriched Segal categories stand to Segal categories. While the
development of the homotopy theory of these objects is relegated to subsequent work, our constructions
are motivated by homotopy-theoretic considerations, as we further explain.

For a suitable monoidal category V, we define quasicategories in V. Here, like the category Set of sets, V
is a category not necessarily having any weak or higher structure. Instead, quasicategories in V' should be
viewed as being weakly enriched in the monoidal category SV of simplicial objects in V and, as such,
they have a higher categorical nature. Here, we consider SV with the right-transferred model structure
from SSet. This model structure exists for example if the monoidal unit / is a projective generator of V,
which goes back to Quillen [36, Section I1.4]. The restriction to the case M = SV allows us to keep our
model tangible and elementary.

Like in the classical situation, quasicategories in V arise as a subclass of a larger category. We denote this
category by SgV and call its objects templicial (short for tensor-simplicial) objects in V. It is important to
note that, while the hom-spaces are purported to be simplicial objects, templicial objects themselves are
not. This change of perspective is necessary in order to make sense of basic constructions like the nerve,
as we will explain in Section 1.B. Nonetheless, when V = Set, both simplicial and templicial objects
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recover simplicial sets. Another case of particular interest is )V = Mod(k), the category of modules over
a commutative ring k. Motivated by (noncommutative) algebraic geometry, where higher categorical
structures like dg- and A-categories play prominent roles as models for spaces, we focus on this case in
subsequent work [27].

Classically, the Joyal model structure for quasicategories on SSet [23] and the model structure for
simplicial categories by Bergner [6] are related by the homotopy coherent nerve functor, which is the
right-adjoint in a Quillen equivalence. The construction of the homotopy coherent nerve goes back to
Cordier [10] and in fact it was already shown by Cordier and Porter [11, Theorem 2.1] (though not with
this terminology) that it preserves fibrant objects. Indeed, given a locally Kan simplicial category (that is,
all its hom-objects are Kan complexes), its homotopy coherent nerve is a quasicategory. Taking this fact
as a starting point, our main result is the following.

Theorem There is a right-adjoint functor
NY°: VCatp — SgV

from the category of small SV-enriched categories to the category of templicial objects in V with the
following properties:

(1) If V = Set, then N)}}C recovers the classical homotopy coherent nerve.

(2) If C is a small SV-enriched category whose underlying simplicial category is locally Kan, then
Nf}c (C) is a quasicategory in ).

We call this functor the templicial homotopy coherent nerve. It is constructed in Section 4.B and the
theorem is proven in Corollary 5.12. Some other enriched versions of the homotopy coherent nerve
exist in the cartesian context. See the work of Gindi [17] and Moser, Rasekh and Rovelli [34]. We will
investigate the relation of the latter nerve with ours in subsequent work [33].

The model structure on S V-enriched categories generalises the one of Bergner on simplicial categories. We
expect that a generalisation of Joyal’s model structure on SSet exists for Sg ) (under suitable conditions
on V), having quasicategories in ) as fibrant objects and making the templicial homotopy coherent nerve
into a Quillen equivalence. The weak equivalences are likely reflected by the left-adjoint, which we call
the categorification functor, for instance in the case of left transfer. This is work in progress. Note that,
by [19], this would establish quasicategories in V' as a model for co-categories enriched over SV in the
sense of [16].

1.B Templicial objects and necklace categories

In order to define quasicategories in a monoidal category V and prove the theorem from Section 1.A, two
larger categories play an important role: the category Sg ) of templicial objects and the category VCatng,. of
necklace categories. In this section, we will explain and motivate their occurrence, starting with the former.
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1032 Wendy Lowen and Arne Mertens

Given a small category C, recall that its nerve N(C) is the simplicial set whose set of n-simplices is given
by
NOw= [ (4o, 41)x---xC(An-1, An).
Ag,...,Ap€0b(C)

The inner face maps d; for 0 < j < n are given by composing two consecutive morphisms in a sequence,
and the degeneracy maps s; for 0 <i <n are given by inserting an identity in the sequence. The outer
face maps do and d, are defined by deleting respectively the first and last entry in a sequence. Now
suppose C is enriched over the (possibly noncartesian) monoidal category V. When defining the nerve
of C, a natural first attempt is to put

NCn= ] Ao A)®--®C(An-1,4n) €V
Ag,..., A €Ob(C)
and try to make this into a simplicial object in V. It is readily seen that we can define inner face morphisms
and degeneracy morphisms in the same way. However, the same is not true for the outer face morphisms
because in general there are no projections out of a tensor product, whence we cannot “project away”
the factor C(Ag, A1) or C(An—1, A,) in the expression above. As a consequence, we do not obtain a
simplicial object, but the above data can be organised into a colax monoidal functor

X:Ajf—)V,

where A ¢ is the monoidal category of finite intervals (see Section 1.D). Restricting from the usual simplex
category A to Ay, it follows that X no longer has any outer face maps, a loss which is compensated by
the colax monoidal structure. It was shown by Leinster [26, Proposition 3.1.7] (also see Proposition 2.1
below) that, if V is cartesian, X may still be identified with a simplicial object in V.

The philosophy of introducing coalgebraic structure in the noncartesian context is not uncommon. For
example, Hopf algebras may be considered the group objects internal to Mod(k). Similarly, in their
PhD thesis [1], Aguiar introduced graphs and categories internal to a monoidal category by means of
bicomodules over comonoids. Such structure is invisible in a cartesian monoidal category because then
every object has a unique comonoid structure. The same philosophy was applied by Bacard in their
definition of M-enriched Segal categories [3]. These are many-object versions of Leinster’s homotopy
monoids [26], based on the colax monoidal functors above.

Let us describe templicial objects in a little more detail. In a similar but nonequivalent way to [3], we
define templicial objects as certain colax monoidal functors on A ¢ with a discrete set of vertices. More
precisely, a templicial object in V with vertex set S is a strongly unital, colax monoidal functor

X: A(J)f — VQuivg,

where VQuivg denotes the category of V-enriched quivers with vertex set S. The colax monoidal structure
equips X with quiver morphisms iz ;: Xgx47 — Xx ®s X; for all k,[ > 0. For example, 111> may be
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pictured as

—
M1,2

Intuitively, px ; involves pulling apart (k+/)-simplices into k-simplices attached to /-simplices at a
vertex. We can thus no longer access outer faces of a simplex directly. The shift of focus to faces joint at
a vertex naturally leads us to considering necklaces (see Section 3).

Necklaces were introduced by Baues [4] (under a different name) and popularised by Dugger and
Spivak [14] in their description of the categorification functor. Roughly, a necklace is a sequence of
simplices glued at the endpoints:

A3V ALV A%V A3

Necklaces naturally occur in the interpretation of the comultiplications, with 11 > being parametrised by
the necklace map
V1,2: Al \2 Az — A3

(see Notation 3.10). As such, they allow us to turn colax monoidal functors on A s into ordinary functors
on the category Nec of necklaces, putting X(A! v A?) = X1 ®s X, and X(v12) = f12 in the above
example. Endowing the functor category V<™ with the Day convolution, we define a necklace category
to be a category enriched in V<™. This allows us to realise Sg) as a coreflective subcategory of the
category VCaty,. of necklace categories,

(D SeV < VCatpg.

This embedding will turn up as a crucial intermediate step in defining the templicial homotopy coherent
nerve in Section 4. In the definition of quasicategories in V' in Section 5, the category V¢ also plays a
fundamental role as the context in which we express the familiar lifting property with respect to inner
horn inclusions.

1.C Overview of the paper

Next we give an overview of the contents of the paper. In Section 2, we formally introduce templicial
objects and prove some basic properties. Starting in Section 2.A, we compare them to simplicial sets.
In Section 2.B, we construct the templicial analogue of the classical nerve functor for small V-enriched
categories. For templicial objects which have nondegenerate simplices in an appropriate sense, in
Section 2.C we prove a version of the Eilenberg—Zilber lemma. In general, the structure of a templicial
object X is considerably richer than that of the underlying simplicial set U (X) (see Proposition 2.8 and
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Remark 2.9). In particular, unlike in the classical case, simplices are no longer represented by morphisms
from standard simplices (the “representation problem”; see Example 2.10).

This representation problem is solved in Section 3 with the introduction of necklace categories. In
Section 3.A, we recall necklaces and give a combinatorial characterisation of their category Nec. In
Section 3.B, we define necklace categories and realise the category of templicial objects as a coreflective
subcategory of the category VCatpp. (Theorem 3.12). Finally, in Section 3.C, we observe that both the
underlying simplicial set functor U and the templicial nerve Ny naturally factor through VCatap.

In Section 4, we generalise the classical homotopy coherent nerve and the categorification functor
(Definition 4.9). We follow the elegant approach from [14], which we recall in Section 4.A before
presenting our enriched counterpart in Section 4.B. The key observation relating the two is a description
of the categorification by means of a weighted colimit (Proposition 4.6).

Starting from the embedding (1), in order to construct the categorification, we construct a functor from
necklace categories to SV-enriched categories. Following [14], the categorification is simplified by using
flanked flags in Section 4.C, in the presence of the nondegenerate simplices from Section 2.C. Finally,
in Section 4.D, we show that the templicial homotopy coherent nerve reduces to the templicial nerve
in the desired way. As usual, for a templicial object X, we naturally obtain a V-enriched homotopy
category hy X as mo of the categorification. In general, the underlying simplicial set and underlying
category functors do not commute with taking homotopy categories, as shown in Example 4.22.

In Section 5, we introduce the natural analogue of quasicategories in the templicial setting, which will
remedy the aforementioned failure to commute. A quasicategory in V is defined as a templicial object
satisfying a familiar lifting property with respect to inner horn inclusions (Definition 5.4). In contrast
to the classical setup, this lifting property is considered in the category VVe¢” rather than Sg) because
of the representation problem. The resulting notion is in general strictly stronger than requiring the
underlying simplicial set U (X) to be a quasicategory. Nonetheless, when V = Set, we still recover
ordinary quasicategories. We also show our main result (Corollary 5.12; see the theorem above). Finally,
in Section 5.C, we show how the description of the homotopy category /X can be simplified when X is
a quasicategory in V. Moreover, the underlying category of the homotopy category corresponds to the
homotopy category of the underlying ordinary quasicategory.

1.D Notation and conventions

(1) Throughout the text, we let (V, ®, I) be a fixed bicomplete, symmetric monoidal closed category
(ie a Bénabou cosmos in the sense of Street [41]). Up to natural isomorphism, there is a unique colimit-
preserving functor F': Set — V such that F({*}) = I. This functor is left-adjoint to the forgetful functor
U =V(I,—):V — Set. Endowing Set with the cartesian monoidal structure, F is strong monoidal and
U is lax monoidal. This notation will remain fixed as well.
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(2) Let W, ®, 1) be an arbitrary monoidal category. Given a set S, we refer to a collection Q =
(Q(a,b))qpes with Q(a,b) € W as a W-enriched quiver with S its set of vertices. A quiver morphism
J:Q — Pisacollection (f;.5)q,pes of morphisms f, p: O(a,b) — P(a,b) in W. W-enriched quivers
with a fixed set of vertices S and morphisms between them form a category, which we denote by

WQuivg.

This category is monoidal with product ® s and unit /g defined by

I ifa=5,

(Q®s P)a.b)=]] Q@.c)®P(c.b) and  Ig(a.b)= 0 ifadth

ceS

forall @, P € WQuivg and a,b € S.

(3) Let f:S — T be a map of sets. We have an induced lax monoidal functor f*:WQuivy — WQuivg
given by f*(Q)(a,b) = Q(f(a), f(b)) for all W-enriched quivers Q and a, b € S. The functor f* has
a left-adjoint, which we denote by f;: WQuivg — WQuivy. It is given by

@)= ][] Q.b)
a,beS
fla)y=x
fB)=y
for all Q € WQuivg and x,y € T. As f™* is canonically lax monoidal, f; comes equipped with an

induced colax monoidal structure.

(4) To relate V-enriched and S V-enriched categories to templicial objects (see Sections 2.B and 4.B), it
will be more convenient for us to consider a W-enriched category (or WW-category for short) as a pair
(C,0b(C)) with Ob(C) its set of objects and C a monoid in WQuivy,(c). Note that this convention implies
that the composition in C is given by a collection of morphisms in W, for all A, B, C € Ob(C),

me:C(A, B)®C(B,C) — C(A,C),

as opposed to the more conventional C(B,C) ® C(A4, B) — C(A,C). A W-functor C — D is then a
pair (H, f) with f: Ob(C) — Ob(D) a map of sets and H: C — f*(D) a morphism of monoids in
WQUivey(c), where we used the lax structure of f*. We denote the category of small JV-categories and
W-functors between them by

WoCat.

(5) We will make use of the simplex categories Ag,j € Ar C A, where:

e A is the ordinary simplex category. Its objects are the posets [n] = {0, ...,n} with n > 0, and its
morphisms are the order morphisms [m] — [n].

* Ay is the category of finite intervals, which is the subcategory of A consisting of all morphisms
f: [m] — [n] that preserve the endpoints, that is, f(0) = 0 and f(m) = n.

* A is the subcategory of A of all surjective morphisms [m] — [n].
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Unlike A, both Ay and Ay carry a monoidal structure (+, [0]), which is given by identifying their
respective top and bottom endpoints, as follows. For all m,n > 0,

[m] + [n] = [m + n].
For morphisms f: [m] — [m'] and g: [n] — [n] in Ay or A,

. f(@) ifi <m,
+g)() =

(f +&)@) m +g(i—m) ifi>m.

Note that, for any morphism f': [m] — [n] in Ay and k,[ > 0 such that k + [ = m, there exist unique

morphisms f1: [k] — [p] and f>:[I] — [g] in Ay such that fi; + f> = f.

There is a well-known monoidal equivalence between A(;F and the augmented simplex category A +

(equipped with the join as monoidal product). This is known as Joyal’s duality; see [21].
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2 Templicial objects

Aguiar [1] defined a graph internal to a monoidal category W as a pair (G1, Go) where G¢ is a comonoid
in W and G is a bicomodule over Go. When W is cartesian monoidal, this recovers the usual notion
of a graph internal to a category, namely a pair of morphisms s,7: G; = G¢ expressing the source and
target. Extending this philosophy to higher dimensions, we propose to define a simplicial object internal

to a monoidal category YV as a colax monoidal functor

X: A(}’ — W,
where A ¢ is the monoidal category of finite intervals (see Section 1.D). The restriction to A  precisely
gets rid of the outer face maps, which are replaced by the colax monoidal structure. To justify this change,
let us remark that the colax structure of X provides X¢ € W with the structure of a comonoid in WV and
X1 with that of bicomodule over Xg. In other words, (X1, Xg) is a graph internal to WV in the sense of [1].

Moreover, it was shown by Leinster [26] (reappearing here as Proposition 2.1) that, if W is cartesian,
then X recovers a simplicial object in W.
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Because enriched categories have a set of objects, we also equip such colax monoidal functors with a
discrete set of vertices. Formally, we achieve this by putting WW = VQuivg for a set S (see Section 1.D)
and requiring the functor to be strongly unital. This leads to the definition of our main objects of study,
templicial objects (Definition 2.3). We then define the natural analogue of the classical nerve functor
in this context (Definition 2.11), taking V-categories to templicial objects in V. Finally, we show a
generalisation of the Eilenberg—Zilber lemma (Lemma 2.19).

2.A Simplicial versus templicial objects

Let us make explicit what data are contained in a colax monoidal functor X : A(}? — W for a monoidal
category WV and compare it to the data of a simplicial object. For general background on (co)lax monoidal
functors, see eg [2]. Explicitly, such a functor X consists of a collection of objects Xg, X1, X2,... of W
along with

¢ inner face morphisms de: Xpn— Xy—1 forall0< j <mn,

¢ degeneracy morphisms sl.X: Xn — Xy forall0 <i <n,

e comultiplication morphisms ;L,‘fl i Xg41 = X ® Xy forall k, 1 >0,

e a counit morphism €X : Xo — I.
These data moreover must satisfy:

¢ Simplicial identities For all i, j > 0, whenever these equations are well defined,

sEd¥ ifi <,
d¥s¥ =qid ifi=jori=j+1,
sxdX, ifi>j+1,
d¥d} =a¥ X iti<j  s¥sF =5k ifi>

e Naturality of uX Forallk,/>0and0<j <k+1+1,0<i<k+1—1,
x x V@F®idx)ul,,, ifj <k x x _ VGFeid)ui_, ifi<k,
Pt Yy, @ aX pu¥,,, itj >k RPT T Vdyg @ sX pd,_, ifi > k.
J ; ;
¢ Coassociativity of [LX Forall r,s,t >0,
(idx, ® u¥ ) irsre = (s ®idx, ) -
¢ Counitality of [LX with eX Forall n >0,
(idx, ® X)) o =idy, = (¥ ®idx,)uf,,.
Note that, by the coassociativity, we have a well-defined morphism
M])C(l,---;kn P Xk etk = Xy @0 ® Xi,

forallm > 2 and k4, ..., k, > 0. Further, we will set ;L,fl ik, 1O be the identity on Xj, if n =1, and to
be the counit €X if n = 0.
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Moreover, under these identifications, a monoidal natural transformation «: X — Y between colax
monoidal functors X, Y : A(}p — W is equivalent to a collection of morphisms (c,: X, — Y5)n>0 Which

satisfy:
e Naturality of ¢« Forall0<j <nand 0 <i <n,
O‘n—lde = deOln and Otn_HsiX = SjYOln-

¢ Monoidality of « For all k,/ > 0,

Y X Y X
Mk’lak—f—l:(ak ®“1)Mk,l and € ag=¢€".

Often we will drop the superscript X when it is clear from context.

We denote by ColaX(AOfp, W) the category of colax monoidal functors A(}’ — VYV and monoidal natural

transformations between them.

Proposition 2.1 [26, Proposition 3.1.7] Let W be a cartesian monoidal category. There is an iso-
morphism of categories
Colax(Aj?, W)~ SW.

Remark 2.2 Suppose W is cartesian and let X be a simplicial object in W. Its associated colax monoidal

functor A;p — W has comultiplication morphisms given by

d ...dy,do...d
(di+1.--dn,do...do) X x X;.

Wi, : Xkt

Conversely, suppose X : A(}’ — W is a colax monoidal functor. The outer face morphisms of the associated

simplicial object are obtained by using the projections of the product
do: Xn 2275 X1 x Xpo1 72 Xp—1 and  dp: Xp 225755 Xpog x X1 75 X,

If W is not cartesian, these projections are not available in general and the comultiplication u of a colax
monoidal functor can be considered as a replacement for the outer face morphisms in the monoidal

context.

From now on, we will only consider such colax monoidal functors X : A‘;f — W with a discrete set of
vertices. We formalise this by replacing WV by a category VQuivg of V-enriched quivers (see Section 1.D)
for some set S, and requiring that X be strongly unital.

An alternative but nonequivalent way to realise a set of vertices S consists in turning the monoidal
category A ¢ (which is a one-object bicategory) into a bicategory with object set S. This approach goes
back to [28] and was used in [39; 3].
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Definition 2.3 A tensor-simplicial or templicial object in V is a pair (X, S) with S a set and

X: Aofp — VQuivg

a colax monoidal functor which is strongly unital, ie its counit € : X9 — I is an isomorphism. We call the
elements of S the vertices of X. For n > 0, an n-simplex of X is an element of the set U(X, (a, b)) € V
for some a,b € S.

Let (X, S) and (Y, T') be templicial objects. A templicial morphism (X, S) — (Y, T) is a pair («, f) with
f:S — T amap of sets and «: f1X — Y a monoidal natural transformation between colax monoidal
functors A(}D — VQuivy. Here, we used the colax monoidal structure of f;.

Sometimes we will denote a templicial object (X, S) or a templicial morphism (, /) simply by X or «,
respectively, assuming the underlying set or map of sets is clear.

Remark 2.4 Let (X, S) be a templicial object in V and consider a, b € S. Then X, (a, b) € V should
be interpreted as the object of n-simplices of X with first vertex a and last vertex b. Moreover, for all
k,l>0anda,b € S, the comultiplication morphism

(UE Dab: Xir1(a.b) > | [ Xe(a.c) ® X;(c.b)
ceS

should be interpreted as taking a (k+[)-simplex from a to b and sending it to a k-simplex from a to
some ¢ € S, along with an /-simplex from c¢ to b, which are outer faces of the original (k+/)-simplex:

—
n1.2

Unlike for simplicial objects, we thus no longer have direct access to the outer faces of a simplex, only to
outer faces which are glued at a vertex.

Definition 2.5 Given maps of sets f: S — T and g: T — U, there is a canonical monoidal natural
isomorphism (g /) =~ g fi between colax monoidal functors VQuivg — VQuivy . Consequently, we can
define the composition of two templicial morphisms (¢, ): (X, S)— (Y, T)and (B,2): (Y, T)— (Z,U)
as the templicial morphism (y, g f) with

y: (g nX ~ g fiX 2% gy L5 7.

Further, we have a canonical monoidal natural isomorphism ¢: (ids)) = idyquivg for any set S, and the
identity at (X, S) is defined as the templicial morphism (pX,idg). It is then easy to see that templicial
objects in V and templicial morphisms between them form a category, which we denote by

SeV.
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Remark 2.6 A more abstract construction of the category Sg) of templicial objects is as follows.
Given a set S, consider the category ®(S) = Colax(A(}), VQuivg). For a map of sets f: S — T, let
D(f): D(S) — O(T) be the functor given by postcomposition with f;. Then @ is not a functor since it
does not preserve composition on the nose. But one can show that the isomorphisms (g /) >~ g1 f1 above
do define a pseudofunctor ®: Set — Cat. Taking the Grothendieck construction | ®, we find SgV as the
full subcategory spanned by the strongly unital colax functors A(}) — VQuivg.

Proposition 2.7 There is an equivalence of categories

Sx Set >~ SSet.

Proof Let K be a simplicial set. By Proposition 2.1, we may consider K as a colax monoidal functor
A(}? — Set with comultiplication p and counit €. Then define, for all n > 0 and a, b € K,

Ky(a,b)={0€e K, |dy...dy(0)=a,dy...do(c) =b}.

Given f: [m] — [n] in Ay, it follows from the simplicial identities that K(f): K, — K restricts
to amap K(f),p: Kn(a,b) — Kyu(a,b). Moreover, it is clear that, for all k,/ > 0 and a,b € Ko,
[k, Testricts to

Pk, |Kyqi(ab): Kivi(a,b) — ]_[ Ky (a,c)x Ki(c,b)

cekKp
and Ko(a,a) = {a} if a = b, while Ko(a,b) = @ if a # b. Consequently, the functor
¢(K): AT — Quivgy,  [n] > (Kn(@,b))apek
is strongly unital and colax monoidal. Hence (¢(K), Kp) is a templicial object.

Conversely, if (X, S) is a templicial object in Set, then we can define a simplicial set ¢(X) by setting, for
alln >0,

«(X)n =[] Xn(a.b).

a,beS

It is readily verified that the assignments K — ¢(K) and X — ¢(X) can be extended to mutually inverse
equivalences between SSet and Sx Set. O
As F:Set — V preserves colimits and is strong monoidal, postcomposition with F induces a functor
F:SSet ~ Sy Set > SgV.
More precisely, given a simplicial set K, F (K) has vertex set K¢y and, for all a,b € K¢ and n > 0,
F(K)n(a.b) = F(Kn(a.b)),

where K, (a,b)={c € Ky |dy...dn(0) =a,dy...do(o) = b} is the set of n-simplices of K with first
vertex a and last vertex b, as above.
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Proposition 2.8 The category of templicial objects SgV is cocomplete and the functor F:SSet — SgV
has a right-adjoint
U: SgV — SSet.

Proof As YV is cocomplete, so is VQuivg. It is readily verified that then also Colax(A(;?, VQuivyg) is
cocomplete with colimits given pointwise. Now consider a diagram D: J — SgV, j — (X7, S/), with
J a small category. Let S = colim;jes S/ in Set and write ¢;: S/ — S for the canonical map. Then
consider the colimit X = colim;e7(t; )1 X J in Colax(A(;f, VQuivg). The counit of X is

colim; (Lj)g(exj)
- S X

colim(t; )1( X/ colim(t; W(leg;) = Ig,
e (j)!( o) e (j)!( SJ) S

which is an isomorphism since each €y, is. Thus the pair (X, S) is a templicial object, which is easily
seen to be the colimit of the diagram D in SgV .

With the above description of the colimits in SgV, it is clear that F preserves colimits and therefore has
a right-adjoint U : SgV — SSet given by U (X), = SgV(F(A"), X) for all templicial objects X and
integers n > 0. a

Remark 2.9 Let us make the right-adjoint U a bit more explicit. Given a templicial object (X, §S), an
n-simplex of U(X)isa templicial morphism F(A") — X, which is equivalent to a pair

((ai)i—gs (i, )o<i<j<n)

witha; € S and o; ; € U(Xj—i(a;i,a;)) such that, forall 0 <i <k < j <n,

Mh—i,j—k (0t ;) = ok Qo ;

in U((Xx—; ®s Xj_x)(ai,a;)). For example, l7(X)0 recovers the set S and ﬁ(X)l is given by the
disjoint union of all sets U(X;(a, b)) witha,b € S.

Unlike the case for simplicial objects SV, not every n-simplex of a templicial object (X, S) € SgV is
uniquely represented by a morphism F (A") — X;,. More precisely, the canonical map

2) UX)n— [ UXn(a.b)). (eij)ij+ con
a,besS
need not be injective or surjective for n > 2, as is shown in Example 2.10.
The lack of representation of simplices by morphisms makes templicial objects considerably harder to

work with than ordinary simplicial sets. In an effort to resolve this issue, we extend Sg) to a category of
enriched categories VCatn,. in Section 3.B.
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Example 2.10 Let V = Ab be the monoidal category of abelian groups with the tensor product as
monoidal product and Z as monoidal unit. Consider the simplicial set K = dA? 1 o1 dA%:

1 2

We can extend F (K) to a templicial object X with a 2-simplex w € X»(a, b) by setting X»(a, b) =
Zw @ F(K»(a, b)) and similarly adding the degeneracies of w. The inner face maps and comultiplication
maps of X are uniquely determined by setting d1(w) =h and pu1,1(w) = f1 ® g1+ f2 ® ga:

C1 (&)
fi a g2
a b
h

Then w does not lie in the image of the map (2) for n = 2. Indeed, this would require a 2-simplex
(@i, j)o<i<j<2 of U(X) with ag 2 = w. But w11 (w) is not a pure tensor while (11,1 (xo,2) = 0,1 @ 1 2.
Moreover, since (t1,1(250(h)) = 2so(a) ® h = so(a) ® 2h, we have two distinct 2-simplices of U (X)2
which map to 2s¢(h) € X2(a, b).

2.B The templicial nerve

Given a monoidal category W, there is a well-known equivalence (this goes back to Mac Lane [31,
Section V.II])

3) Mon(W) =~ StrMon(A +, W)
between the categories of monoids in W and strong monoidal functors A — W. Due to the monoidal

equivalence A 4 ~ A(;P, we may as well consider strong monoidal functors A(}p — W.

Definition 2.11 Let C be a small V-category, which we consider as a monoid (C, mc, uc) in VQuivgpc)-
Applying (3) to the case W = VQuivgyc), we obtain an associated strong monoidal functor, which we
denote by

Nv (C)Z Ajfp — VQuiVOb(c).

In particular, the pair (N (C), Ob(C)) forms a templicial object, which we call the templicial nerve of the
V-category C.

Explicitly, Ny,(C) is given by taking the n-fold monoidal product of the V-quiver C,
NV (C)I’l = C®na
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for all integers n > 0. Further, the inner face and degeneracy morphisms are
dj = idgg)]_1 Qs mec Xs id?n_j_1 8 el = id?i Qs uc s CE . O 5 O+l

forall 0 <i <n and 0 < j < n. Finally, the comultiplication morphisms and counit are given by the
canonical isomorphisms

Mk.l: COk+!l ~, c®k Rs c® and e€:c®0 = Tob(c)
for any k,[ > 0.

Recall the base change functor fy: VQuivg — VQuivy and its right-adjoint f*: VQuivy — VQuivg for
a given map of sets f: S — T (see Section 1.D).

Lemma 2.12 Let (X, S) be a templicial object, C a small V-enriched category and f : S — Ob(C) a map
of sets. Then we have a bijection between monoidal natural transformations fiX — Ny (C) and quiver
morphisms H : X1 — f*(C) such that the diagrams

®2 *
x@2 A2 ey — f1(c®?) Is == /™ Uoxe)
) m.lT lf*(n?c) / lf*(uc)
Xo —5— X1 —— [*(0) Xo —= X1 —7— /7O

comimute.

Proof Given a monoidal natural transformation a: fiyX — Ny(C), define Hy: X1 — f*(C) to be adjoint
to a1: f1i(X1) — C. It follows from the monoidality of « that, for all n > 0, «y, is the composite

where we used the colax monoidal structure of fy. So the assignment o +— Hy is injective. Moreover, it
then follows from the naturality of « that H, satisfies (4). Conversely, if H: X1 — f*(C) satisfies (4), then,
defining o7 as adjoint to H and «,, as above, it follows that «: fyX — Ny (C) is a natural transformation.
It is immediate that ¢ is also monoidal. |

Proposition 2.13 The assignment C + Ny(C) of Definition 2.11 extends to a fully faithful functor
Ny: VCat — SgV. The essential image of Ny consists of all templicial objects (X, S) for which
X: A(}’ — VQuivy is strong monoidal.

Proof LetC and D be small V-enriched categories, f : Ob(D) — Ob(C) a map of sets and H : D — f*(C)
a morphism in VQuivoyp). Then the diagrams (4) with X = Ny (D) precisely express that (H, f) is a
V-functor D — C, and thus we have a bijection VCat(D, C) >~ SgV(Ny (D), Ny (C)). More precisely, the
templicial morphism Ny,(H) corresponding to some V-functor H : D — C is given by

®n on WET"  on
Ny(H)y: i(DF") — H(D)®" —————C
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for all n > 0, where Ny, (H)1: fi(D) — C is adjoint to H: D — f*(D). Thus clearly this defines a
functor which is necessarily fully faithful. The characterisation of the essential image follows immediately
from (3). O

Remark 2.14 When (V, ®, I) = (Set, x, {x}), the templicial nerve functor Ny,: VCat — SgV clearly
recovers the classical nerve functor N : Cat — SSet.

The adjunction F 4 U induces an adjunction between small categories and small V-enriched categories,
which we denote by

]:
Cat , L ” VCat.
u

Proposition 2.15 We have natural isomorphisms
NyoF~FoN and UoNy~Nol.

Proof The first isomorphism follows from the construction of Ny, and the fact that F' is strong monoidal
and preserves colimits. Further let C be a small V-category and n > 0. Then we have isomorphisms,
natural in C and n,

U(Ny(C))n = SeV(F (A"), Ny(C)) ~ SeV(Ny(F([n])), Nv(C))
~ VCat(F([n]),C) ~ Cat([n],U(C)) ~ NU(C))n,

where we subsequently used the first isomorphism and Proposition 2.13. O
2.C The Eilenberg-Zilber lemma

Recall the classical Eilenberg—Zilber lemma for simplicial sets [15, (8.3)]. It states that, for any n-
simplex x of a simplicial set K, there is a unique nondegenerate k-simplex y of K and a unique surjective
map o: [n] = [k] in A such that x = K(o)(y). Equivalently, there exists a bijection

Kn = 11 K,

o:[n]—>[k]in Ay

where sz C K denotes the subset of nondegenerate k-simplices of K, and A; € A is the subcategory

of surjective maps (see Section 1.D).

The analogous statement for templicial objects (Lemma 2.19) also holds, but this requires an extra
condition to ensure that they have a well-behaved notion of nondegenerate simplices. We will make use of
this lemma when we reformulate the left-adjoint of the templicial homotopy coherent nerve in Section 4.C.

Definition 2.16 Consider a functor X : A%

suj —~ W with W a cocomplete category. For every integer

n >0, we let

xdeg colim  Xg.
o: [n]—=>[k] in Agy
0<k<n

Note that we have a canonical morphism X, ,;ieg — X in W.
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Let (X, S ) be a templicial object and consider the restricted functor X | A% ASurJ — VQuivg. Forn > 0,
we call X ¢ the quiver of degenerate n-simplices of X. We say X has nondegenerate simplices if for

every n > 0, the quiver morphism X3 » 2 — X, is isomorphic to a coprojection
xde _, ydeey §

for some N € VQuivg. In this case, we’ll often denote N by X ,‘l‘d. When considering an abstract templicial
object that has nondegenerate simplices, we implicitly assume a choice for X in each dimension has
been made. Note that X geg = 0 and so we always have X (‘}d ~ Xp.

Example 2.17 Let (X, S) be a templicial Ob]CCt and suppose the underlying functor X| INOE : AP

surj

suj Quivg with Z eg(a b) — Zy(a,b) mJectlve for all
a,b € S and n > 0. Then X has nondegenerate simplices. Indeed, simply set

VQuivyg is isomorphic to FZ for some Z: A%

X (a,b) = F(Zn(a,b)\ Zy*(a,b)).

In particular, for any simplicial set K, the templicial object F (K) has nondegenerate simplices.
Certainly not every templicial object has nondegenerate simplices, as the following example shows.

Example 2.18 Consider the monoidal category V = Ab of abelian groups with the tensor product. Let

S = {*} be a singleton and define a functor X : A‘;f — Ab by setting X, = Z for all n > 0 with
so:Xo=Z 25X, =7

and all other face and degeneracy maps given by the identity on Z. Then X is a strongly unital, colax

monoidal functor with comultiplication map pix ; for k, 1 > 0 given by

2z ifk,l >0,

X =7Z - X X~ 7,
Mk, X1 ke ® X z ifk=0orl=0.

We thus find a templicial abelian group (X, S) for which X — X, is given by the inclusion 27 C Z,
which doesn’t have a direct complement.

Lemma 2.19 Let X be a templicial object and assume it has nondegenerate simplices. For any integer
n > 0, we have an isomorphism of quivers

Xp =~ 11 X7

o: [n]—>[k] in A gy
Proof By definition, Xg = X gd. Take n > 0; then it follows by induction that

n 2 XML X% = XU colim Xp ~ XMII colim [ X

—[k —[k
e Ok o (111
~ XM 11 colim XM~ xndpg xnd
3 [L—L P> " G:[,!]—L[,] !
0<l<n U 0201 0<l<n

Algebraic € Geometric Topology, Volume 25 (2025)



1046 Wendy Lowen and Arne Mertens

The last isomorphism is obtained by noting that the colimit on the left-hand side is taken over a category
which has a terminal object given by the factorisation [n] = [n] <> [I]. a

3 Necklaces and necklace categories

Necklaces were first introduced by Baues [4] and popularised by Dugger and Spivak [14]. Their category
Nec will play a crucial role in what follows. Morally a necklace is simply a sequence of simplices glued
together at vertices. In view of Remark 2.4, necklaces appear naturally when applying the comultiplication
morphism gy ; of a templicial object X. In this way, maps between necklaces parametrise the degeneracy
and inner face morphisms of X, as well as its comultiplication morphisms. This change in perspective
leads us to consider the category VCaty,, of small categories enriched in VN¢™ . We call these necklace
categories and show in Section 3.B that we can recover Sg) as a coreflective subcategory of VCatps,
(see Theorem 3.12).

3.A Necklaces

We quickly recall the definition of a necklace and in Proposition 3.4 we give a combinatorial description
of the category Nec of necklaces, which also appears in [18].

Definition 3.1 We denote by SSet. .« = (dA! | SSet) the category of bipointed simplicial sets. Tts
objects can be identified with tuples (K, a, b) where K is a simplicial set and a, b € K are called the
distinguished points of K. We will also write K, 5 = (K, a,b). A morphism K, j, — L. 4 in SSety « is
a simplicial map f: K — L such that f(a) =c and f(b)=d.

Let K, 5 and L. 4 be bipointed simplicial sets. The wedge sum K v L of K and L is constructed by
gluing K and L at the distinguished points b and ¢. More precisely, K Vv L is given by the coequaliser

b
AN —=KUL-—>»KVL.
c

We consider K Vv L again as bipointed with distinguished points (a, d).

Remark 3.2 1t is not difficult to verify that the wedge Vv is a monoidal product on the category of
bipointed simplicial sets SSet. « whose unit is given by AP,

Definition 3.3 For any n > 0, we consider the standard simplex A" as bipointed with distinguished
points 0 and n. A necklace T is an iterated wedge of standard simplices. That is,
T = Anl VeV Ank S Sset*’*

for some k > 0 and ny,...,np >0 (if k =0, then T = A%). We refer to the standard simplices
A" A as the beads of T. The distinguished points in every bead are called the joints of T.
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We let NVec denote the full subcategory of SSetx « spanned by all necklaces. By construction, (Nec, v, A?)
is again a monoidal category.

Proposition 3.4 The category of necklaces Nec is equivalent to the category defined as follows:

The objects are pairs (T, p) with p > 0 and {0 < p} C T C [p]. The morphisms (T, p) — (U, q) are
morphisms f:[p] — [q] in Ay such that U C f(T'), with compositions and identities defined as in A r.

Moreover, under this equivalence, the wedge Vv corresponds to

(T.p)v(U.q) =(TU(p+U).p+q).
where p+U ={p+u|ueclU}.

Proof We may identify a necklace T = A"t v--- VA% with T ={0<n; <ny+ny <---< p} C[pl,
where p =nj + -+ -+ ny, and we will do so for the rest of this proof. Note that, under this identification,
[p] is the set of vertices and T is the set of joints of the necklace. Further, a necklace map 7' — U is
completely determined on vertices, which is a morphism [p] — [¢] in A r. It remains to show that a
morphism f: [p] — [¢g] in A is the vertex map of a necklace map T — U if and only if U C f(T).

Suppose f is the vertex map of some necklace map T — U. Assume that there existsau € U \ f(T).
Then we may choose subsequent joints ¢ < ¢" in T such that f(z) <u < f(¢t'). Now the unique edge
in T between ¢ and ¢/ must be sent to an edge in U between f(¢) and f(¢'). But there is no such
edge. Conversely, assume U C f(T). We may write T = {0 =1t9) <t <+ <ty < tx = p}
and U = {0 =ug <u; <---<uj_; <u; =¢q}. Then f = f1 +--- + f; for some unique maps
Sfiilti—ti-1] = [f(ti)— f(ti—1)]in Ay. Fixing i € {1, ..., k}, there is a unique j € {1,...,/} such that
uj—1 < f(ti—1) < f(t;) <uj;. So we can extend f; to an order morphism [f; —; _1] = [u; —u;_1], which
induces a simplicial map A% ~%i—1 — A%/ ~%/-1 — [J. These maps combine to give a map of necklaces
T — U whose vertex map is f.

Clearly, this correspondence is functorial and preserves the wedge sum V. |
Henceforth, we will identify Nec with the category described in Proposition 3.4. So we will also use the

notation
T={0=ty<ti<trh<---<t=p}

to refer to the necklace A’! v A271 v/ ... v AP~!k—1 We will often refer to a necklace (7, p) just by its
underlying set of joints 7.

Definition 3.5 Let f: (T, p) — (U, q) be a map of necklaces. We say f is inertif p =g and f =id[p.
We say f is active if f(T) = U.

Remark 3.6 Every necklace map f: (T, p) — (U, ¢) can be uniquely factored as an active necklace map
(T, p) = (f(T), q) followed by an inert necklace map ( f(T),q) — (U, q). In fact, it is easy to see that
the active and inert necklace maps form an (orthogonal) factorisation system on Nec in the sense of [9].
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Remark 3.7 A simplex A", considered as a necklace with a single bead, is represented in Nec by the
pair ({0 < n},n). On the other hand, the necklace ([n], n) represents the spine of A", that is, the union of
the edges 0 > 1 — --- —n in A",

More generally, for any necklace (7, p), we can consider ([p], p), which is the spine passing through
all the vertices of T. Note that there is a unique inert necklace map ([p], p) — (T, p) which represents
the inclusion of the spine into 7. Further, there is a unique order isomorphism [k] ~ T, where k is the
number of beads of 7. Thus there is a unique active map ([k], k) — (T, p), which is the inclusion of the
spine passing through all the joints of 7.

3.B Necklace categories

Consider the category V™ of functors Nec®® — V. As Nec® and V are both monoidal categories, we
can endow VVe¢” with the (nonsymmetric) monoidal structure given by Day convolution (see [12]). We
denote the resulting monoidal category by (Ve ®pay. 1 ).

Given two functors X, Y : Nec®® — V), their Day convolution X ®p,y Y is obtained by the left Kan
extension of the composite
Nec® x Nec® XX, )5 =85 )

along V: Nec® x NecP — NecP,
X ®pay ¥ =Lany(X(-) ® Y(-)).

Further, the monoidal unit of V<™ is given by the representable functor on the monoidal unit {0} of Nec.
As {0} is also the terminal object of Nec, we find that F(Nec(—, {0})) ~ I is the constant functor on 1,
the monoidal unit of V.

Definition 3.8 Consider the category
VCatpp = YNee® Cat

of small categories enriched in the monoidal category (YNec™, ®pay, 1). We call the objects of VCatyg,
necklace categories and its morphisms necklace functors.

If V = Set, we simply write Catyg. for Set Catpg,.

Construction 3.9 We construct a functor
(—)"¢: SgV — VCatpp
as follows. Let (X, S) be a templicial object. Define
X7 =X ®s Qs Xn—t,_, € VQuivg

for any necklace T = {0 =19 <t <--- <t = p}. We will also write 7 for the quiver morphism
Mtl 2=l Pl —1 : Xp - XT'
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This extends to a functor X“: Nec®® — VQuivg as follows. Take a necklace map f: (T, p) — (U, q)
andwrite U = {0 =ug<u; <---<u; =4q}.

e If f is inert, then p = g and U C T. Then there exist unique necklaces (7;,u; — u;—;) for
ie{l,...,l}suchthat T =Ty Vv---Vv T;. Now set

X(f): Xu

e If f isactive, then there exist unique f;:[t; —t;—1] = [f(#;))— f(ti—1)] in Ay foralli € {1,... k}
such that f = f1 +---+ fr. Now set

MT] ®'"®MT}
— 5 X7

X ®R-QX
X(f)XU:Xf(l‘l) ®S...®S Xq_f(tk_l) (f1) (fx) XT,

where the isomorphism is induced by the strong unitality of X and the fact that U = f(T).

It follows from the coassociativity of w that X, is functorial on inert morphisms, and from the functoriality
of X that X, is functorial on active morphisms. Then it follows from the naturality of p that X, is
functorial on all morphisms.

If we fix vertices a, b € S, then we obtain a functor
Xo(a,b): Nec® -V, T Xr(a,b).

Now let X" denote the necklace category with S as its object set and X,(a, b) as its hom-object for all
a,b € S. The composition X,(a,b) ®pay Xe(b,c) = Xo(a,c) fora,b,c € S is induced by the canonical
morphism

Xr(a,b) ® Xy (b,c) - Xrvu(a,c)

and the identities are given by the morphism I — X,(a,a) for a € S induced by the isomorphism
I ~ Xo(a,a) = Xypy(a,a).

This clearly extends to a functor (—)"°: SgV — VCatyg,.

Notation 3.10 As in A, we distinguish some special maps in Nec:
e For any 0 < j < n, we write
§i:{0<n—1}y—>{0<n}
for the active necklace map whose underlying morphism in A ¢ is the coface map §; : [n — 1] — [n],
ied;j(i)=iifi <jandg;(i)=j+1if j >i.
e Forany k,[ > 0, we write
Ve 0<k <k+1}—>{0<k+1}

for the unique inert necklace map.
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Construction 3.11 Let C be a necklace category with set of objects S. We construct a templicial object
(C**™P, S) as follows. For every necklace 7, we have a V-enriched quiver Cr = (Cr(a, b)), pes- Then
the composition and identities of C induce quiver morphisms

myy:Cu ®sCy —>Cyvy and u:ls— Ciy

for all necklaces U and V. Set Cgemp = Is and pp = u: C(t)emp — Cyoy. Now let n > 0. We inductively
define an object Cy™ € VQuiv s along with morphisms p, and p ; as the limit of the diagram of solid
arrows in VQuivg

C;emp ___(fb_k,_lzk_.l___> l—[ C]t:mp ®s C;emp # ]—[ C;emp ®s C;emp ®s C;emp

i k,[>0 7,8,t>0
| k+l=n r+s+t=n
DPn :
! ll_[k,/ Pk®pi
3
) Cio<n} IT Cio<k} ®sCo<ny
k>0
k+l=n

COr.Dk. ln“ Mok (0<t)

[T Cio<k<k+i}

k,[>0
k+Il=n

where o and B are defined by

Trs, 0 = (1dr @ s, )r s+ and 75 B = (Ups ®ids) T 45
For example, C;"™F = Cyo<1y with p; =ide,,,,, and C; " is the pullback of mg<1},to<13 and C(vy,1).
We further set (1o, and py o to be the left and right unit isomorphisms, respectively,

t ~ t t t ~ t t
Cnemp C Oemp s Cnemp’ Cnemp Cnemp s Coemp.

temp temp

Further, let f: [m] — [n] be a morphism in A y. We define a quiver morphism C*"™P(f):C, " — Cpp,
by induction on m. Set C**™P(id[g]) to be the identity on Ig. If m > 0, we let C*™P( ) be the unique
morphism satisfying, for all k,/ > 0 with k + [ = m,

1 CP(f) = (C™P(f1) ®s C™(f2))ipg  and  pmC™(f) = C(f) pa,

where f1:[k] — [p] and f>:[I] — [g] are unique in A s such that f; + f> = f. (Note that, when m = 1,
the first condition is empty and C*™P( 1) is just C(f) pn.)

We have thus constructed a well-defined functor

clemp A(}) — VQuivg.
By construction, C'**™P is strongly unital and colax monoidal with comultiplication given by the morphisms
(Wke,1)k,10-

Theorem 3.12 The functor (—)"°: SgV — VCatn,, is fully faithtul and left-adjoint to a functor
(—)'™P: VCatpr, — SgV which is given on objects by the assignment C +— C**™P of Construction 3.11.
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Proof Let C be a necklace category and define a necklace functor gc: (C'**™P)"*¢ — C by the quiver
morphism

Py ®@Pp—1y_
&cr - (Ctemp)T 4 T Cio<t1} ® - ® Clo<p—1_1} =5 Cr
for any necklace T ={0 =1ty <t; <--- <ty = p}.
Let (X, S) be a templicial object and H : X"* — C a necklace functor with object map f: S — Ob(C). We
will construct a templicial morphism (o, f): (X, S ) — (C*™P_Ob(C)) by induction. Let ag be the canonical
quiver morphism f1(Xo) >~ fi(Is) = lopec) = C " Forn > 0,let Bn: fi(Xy) = Si(Xg0<ny) = Cio<n}
be adjoint to Hyg<,y: X{o<n} = f*(C{o<n}). By Construction 3.11, we have a unique morphism
an: i(Xy) —> C;,emp such that
DPnltn = B
and, for all k,/ > 0 with k +[ =n, puy j o oy is equal to the composite

f‘(,ul\ 1)

A ZEEL 61X @ X)) — A(X) ® fi(Xp) 2B, plem g gleme,

where we used the colax monoidal structure of fy. It follows that (o, f) is a well-defined templicial
morphism which is unique such that ¢ o @™ = H. Hence, the assignment C +> C*™ extends to a
right-adjoint of (—)"°.

Now let X be a templicial object. Since the composition X7 ® s X77° — X7y of X" is an iso-
morphism for all T, U € Nec, it follows from Construction 3 11 that p,: (X neC)temp — Xgo<ny =

is an isomorphism. We thus obtain a natural isomorphism (—)*™P o (—)"¢¢ ~ idsg ), which shows that
(—)"¢¢ is fully faithful. |

3.C Some constructions revisited

We show that the functor U : SeV — SSet (Proposition 2.8) and the templicial nerve Ny : VCat — SgV
(Definition 2.11) factor through the category VCatx,. of necklace categories.

Notation 3.13 By postcomposition, the adjunction F': Set << V : U induces an adjunction F': SetVee™ <
YNee .U, Note that, as F is strong monoidal and preserves colimits, the induced functor F : SetVee”
YNee® s strong monoidal as well. Therefore, we have an induced adjunction, which we denote by

F
Catpge ( * VCat Nec-

Proposition 3.14 There is diagram of adjunctions

(_)nec 4 (_)temp (_)nec 4 (_)temp
F

Catppc (_J- VCatpec
u
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which commutes in the sense that we have natural isomorphisms
(_)nec o ﬁ ~ Fo (_)nec and ﬁ o (_)temp ~ (_)temp ol.
In particular, we have a natural isomorphism

(7 ~ (_)temp ol o (_)nec.

Proof It suffices to show the commutativity of the left-adjoints. But this immediately follows from the fact
that F: Set — V is strong monoidal and preserves colimits. The final isomorphism U~ (—)*®MPolf o (—)nee
follows from the fact that (—)"*° is fully faithful. |

Lemma 3.15 Let C be a finitely complete category. Let f: A — B be a morphism in C and n > 2. Then

A is the limit of the diagram of solid arrows

A--25 T A:§ [T 4
| k, >0 r,s,t>0
| k+Il=n r+s+it=n
£
! ll_lk,zf
B—— ]_[ B

& k>0

k+l=n

where A is the diagonal morphism and « and f are defined by
Trs,p0 = Mpysy  and  Tps B = My sy

forall r,s,t >0 withr +s+t =n.
Proof This is an easy verification. |
Let (—): V — VNee® denote the diagonal functor associating to every object VV € V the constant functor

on V. Then (—) is easily seen to be strong monoidal and thus it induces a functor

(—_): VCat — VCatpspe.

Proposition 3.16 We have a natural isomorphism

Ny 2= (=)o ().
Proof Let C be a small V-enriched category and n > 0. Applying Lemma 3.15 to the n-fold composition
mé"): C®" — C as a morphism in VQuivgy(c), it follows from Construction 3.11 that Q;fmp ~ C®" by
induction on n. It quickly follows that this identification induces an isomorphism of templicial objects
C'*™P ~ Ny,(C), which is clearly natural in C. O
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4 Enriching the homotopy coherent nerve

Let Cata denote the category of small simplicial categories, that is categories enriched in the cartesian
monoidal category of simplicial sets (SSet, x, A®). In this section we generalise the classical adjunction
between the categorification functor ¢: SSet — Cata and the homotopy coherent nerve N": Catp — SSet
to the templicial level, yielding an adjunction €y, - NBC which depends on V (Definition 4.9). We first
recall in Section 4.A the homotopy coherent nerve due to Cordier [10]. It is most easily constructed as the
formal right-adjoint to the categorification functor €, which has historically gone through several different
equivalent descriptions. This goes back to Cordier and Porter [11] and a different definition is given
in [28], which we outline below. Later, Dugger and Spivak [14] gave a very elegant and simple description
of € by means of necklaces. We will closely follow their approach and adapt it to the templicial setting in
Section 4.C.

4.A The classical homotopy coherent nerve

We recall Cordier’s homotopy coherent nerve. Further, we give a new expression for its left-adjoint
(Proposition 4.6) which will allow us to generalise it more easily to the templicial setting in Section 4.B.
Notation 4.1 Given a necklace (7T, p), consider the poset

Pr={Uc|pl|T cU}
ordered by inclusion. Equivalently, it is the poset of inert necklace maps U — T.

If T ={0 < p} is a simplex, we also write Pr = Pp.

Remark 4.2 It is easy to see that the assignment 7" — Pr extends to a strong monoidal functor
P: Nec — Cat,

where, for every necklace map f: T — U, we have P(f)(V) = f(V) for all V € Pr. For necklaces T
and U, the monoidal structure is given by

Pr xPy = Prvu, V., W)= (VVvW),

which is clearly an order isomorphism.

In [28, Section 1.1.5], a simplicial category €[A"] is constructed as follows. Its objects are given by the

set [n] and, for all i, j € [n], we have
NP ifi <],
e, jy =N M=
1%} 1> ]
Note that N(P;—;) ~ (AY)*/7i=1if i < j and N(Pj—;) ~ A® if i = j. Further, giveni < j <k in [n],
the composition
mi, it €A, ) x C[A"](j, k) — €[A*] (i, k)
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is given by applying N to the order morphism
Pj—i X Pk—j =~ Pio<j—i<k—i} <> Pk—i» (LLU)—>TVU.
Finally, the identities are given by the unique vertex of €[A*](i,i) ~ A® for i € [n].
It is now easy to see that the above construction extends to a functor
Q[A(_)]: A — Catp.
Then, by left Kan extension along the Yoneda embedding A <> SSet, the cosimplicial object €[A()]
induces an adjunction

¢
SSet [ L ? Catp.
th A

For all small simplicial categories C and n > 0,

N"(C), ~ Cata (€[A"],C).
Example 4.3 Given a small simplicial category C, let us describe its homotopy coherent nerve in low
dimensions:

e The vertices of N'(C) are given by the set of objects Ob(C).

o The edges of N"(C) are given by the morphisms of C (that is, vertices f € Co(A, B) for some
A, B € Ob(0)).

o A 2-simplex of N'(C) is given by a (not necessarily commutative) diagram of morphisms in C

BN

A — B
along with an edge o of C(A, B) from & to the composition g o f.
Proposition 4.4 [14, Proposition 3.7] There is an isomorphism of simplicial sets
¢[T](0, p) ~ N(Pr)
that is natural in all necklaces (T, p) € Nec.

Proposition 4.5 [14, Proposition 4.3] For every simplicial set K with vertices a and b, there is an
isomorphism of simplicial sets

C[K](a,b) ~ li ¢[T](0, p).
[ ](a ) T»Kacs,}rrz%Set*,* [ ]( p)
(T,p)eNec

Recall that by Proposition 2.8 we may view a simplicial set K as a templicial set and thus, for any
a,b € Ky, we can apply Construction 3.9 to obtain a functor K,(a, b): Nec®® — Set, T + K7 (a,b). It
follows from Yoneda’s lemma that we have a canonical bijection, natural in 7' € Nec,

Sset*’*(T, Ka’b) ~ KT(a, b)
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With this in mind, we introduce another description of € by means of a weighted colimit. For background
on weighted colimits, see [38, Definition 7.4.1], for example.

Proposition 4.6 For any simplicial set K with vertices a and b, €[K](a, b) is isomorphic to the weighted
colimit in SSet
colimX+@? y Py

of NPy: Nec — SSet with weight K,(a, b): Nec®® — Set.

Proof From Propositions 4.4 and 4.5, it is clear that €[K](a, b) is given by the coequaliser in SSet

o
[ ~NrPr= ][] N®Pr)—> Kla.b).
T—-U—K,»p B T—>Kg.p
T,U eNec T eNec

where « and B are given by respectively projecting onto 7 — K, 5, and applying NPy to T — U for
any ' — U — K, p in SSety «.

Since morphisms 7" — K, 5 in SSet « with T a necklace correspond to elements of the set K7 (a, b),
we obtain a coequaliser diagram

o
[I Kkuv@b)yxNPr)——= [ Kr(a.b)xN(Pr)—> €[K|(a.b).
T—U in Nec B T eNec
where « and B are given by respectively applying K,(a,b) and NP_) to T — U in Nec. But this
coequaliser is precisely the weighted colimit described in the statement. O

4.B The templicial homotopy coherent nerve

Consider the category SV of simplicial objects in )V, with the pointwise symmetric monoidal structure
induced by that of V. Note that its monoidal unit is the simplicial object F(A®) = I (the constant functor
on I). Further, SV is canonically enriched and tensored over V. We denote the enrichment over V
by [—,—]. For every V € V and A € SV, the tensoring V - A is given by the monoidal product V ® A4,
where V' denotes the constant functor on V.

We denote the category of small S V-enriched categories by VCata . Note that the adjunction F :Set5 V:U
induces an adjunction F: SSet 5 SV : U by postcomposition, for which F is still strong monoidal. Hence,
we have an induced adjunction between simplicial categories and SV-categories, which we denote by
_r,
Catp % VCatp.

From Proposition 4.6, it is easy to see that the adjunction € - N actually factors through the cate-
gory Caty,. of Definition 3.8. Moreover, it suggests that we can define the templicial categorification
functor by means of a similar weighted colimit.
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Construction 4.7 We construct an adjunction

5
PNec® —— g

n
as follows. Given a functor X : Nec®® — V, consider the weighted colimit in SV
5(X) = colim® FNP_,
of the composite Nec 2o, cat s sSet £ SV with weight X. Explicitly, s(X) may be realised as the
coequaliser in SV

©6) [ Xu®FN®Pr) :; [] Xr® FN(Pr) — s(X),
f:T—U in Nec T eNec

where « and B are given by respectively applying X and NP, to a necklace morphism f: 7T — U.
As a weighted colimit, s(X) fits into a canonical bijection of sets
SV(s(X),Y) = VN (X, [FNPy, Y])

which is natural in ¥ € SV. Hence, the assignment X + s(X) extends to a functor s: VVe” — §)
which is left-adjoint to the functor

n: SV — VN Y s [FNPL), Y.
Proposition 4.8 The functor s: VNe¢™ — SV of Construction 4.7 is strong monoidal.

Proof For functors X, Y : Nec®® — V),
5(X Qpay Y) = colim@ @D pNPr ~ colim XYW pNpy,y

T eNec U,V eNec
~ colim®* @ FNPy @ colim¥ V) FNPy, = s(X) @ s(Y).
U eNec V eNec

where we have used the presentation of X ®pay Y as a left Kan extension and the strong monoidality of
F, N and P(_) (see Remark 4.2). Further, since / = F(Nec(—, {0})),

s(I) = colim! FNPr ~ FNPyy ~ F(A). o

T eNec

Definition 4.9 By virtue of Proposition 4.8, the adjunction s = n between V¢* and SV induces an
adjunction

5
VCat I VCat
Nec <T A

We call the composite _
¢y SeV 5 VCaty, > VCata

the categorification functor. It is left-adjoint to the composite
he n (_)temp
Ny©: VCatp — VCatppe ——— SgV,
which we call the templicial homotopy coherent nerve.
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Remark 4.10 Suppose V = Set. Then the adjunction ¢, N)ljc reduces to the classical adjunction
¢ -4 NP Indeed, it suffices to note that ¢y reduces to €, which follows from Proposition 4.6 and
Construction 4.7.

Example 4.11 Let C be a small SV-category. We describe the templicial object NBC (C) in low dimensions
using Construction 3.11. Note the analogy with Example 4.3.

¢ The vertex set of Nf}C(C) is simply Ob(C).
e Further, for any 4, B € Ob(C), it follows from N(Pgo<1}) = AP that

NBC(C)I(A’ B) = ﬂ(C){0<1}(A, B) = [FN(P{0<1})’ C(A? B)] = CO(A’ B)

* In dimension 2, it follows from N(Pyg<2}) = Al and N (Pro<1<2}) = AV that
n(C)go<23(A4, B) = [FN(Pjo<23).C(A, B)] ~ C1(4, B),
n(C)fo<1<23(4, B) = [FN(Pgo<1<23). C(A, B)] = Co(4, B).

Here, the morphism n(C)¢9<23(A4, B) — 1n(C)fo<1<2)(A4, B) is induced by the inert necklace map
v1,1: {0 < 1 < 2} — {0 < 2} and thus corresponds to the face map do: C1(A4, B) — Co(A, B). It
follows from (5) that we have a pullback diagram

N (©)2(4, B) — L ceon(e) Co(4, €) ® Co(C, B)

| o

C1(A,B) )Co(A,B)

do

In particular, we see that the underlying set of the object NSC(C)z(A, B) consists of pairs (o, «) with
aE U(HCeOb(C) Co(A,C)Q®Cy(C, B)) and 0 € U(C1(A, B)) an edge from h = d; (o) to m(a).

Proposition 4.12 There are canonical natural isomorphisms

CyoF ~Fol and ﬁoNBC:thou.

Proof As ¢y - NBC, ¢ - Nhe, F-U and F - U, it suffices to show the first natural isomorphism. Since
F: SSet — SV preserves colimits and is strong monoidal, it is clear that

colim*7 FNPr =~ F(colim*” NPr)
T eNec T eNec

for any functor X : Nec°® — Set. It follows that we have a natural isomorphism F os >~ s o F of functors
SetVee” — SV, and thus also F os ~ s o F of functors Catp,. — VCata. Thus, by Proposition 3.14,
Fol~CyoF as well. o
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4.C Simplification of the categorification functor

Following [14, Section 4], we give a simplified description of the categorification functor €y: SgV —
VCata of Definition 4.9. Let us first recall their approach.

Let (7, p) be a necklace and n > 0. A flag of length n on T is defined as an n-simplex of the nerve N(Pr).
Explicitly, a flag of length n on T is a sequence of inclusions

T=(ToC-CTp)
such that 7 € Ty and 7,, € [p]. We call a flag T on a necklace T flanked if T = Ty and T,, = [p].

Consider a simplicial set K with vertices a and b, and T = A" v---v A" anecklace. Amap T — K, 5
in SSety « is totally nondegenerate if, for every i € {1, ..., k}, the composite map in SSet

A" T — Kgp
represents a nondegenerate 7;-simplex of K.

As an immediate consequence of Proposition 4.5, an n-simplex of €[K](a, b) consists of an equivalence
class

-

(7 [T.T — Ko, T]
of triples (T, T — K, p, T) where
e T is a necklace,
* T — K, is a map in SSety x (or equivalently an element of K7 (a, b)),
e Tisa flag of length n on T.
The equivalence relation is generated by setting two triples (7, T — K, p, T) and (U,U — K4 p, U ) to

be equivalent if there exists a map of necklaces f: T — U making the obvious diagram commute and
such that f(7;) = U; forall 0 <i <n.

Then one can make the following reductions:
(1) In every equivalence class (7), there exists a triple (7,7 — K, p, f) such that T is flanked.

Moreover, two such triples are equivalent if and only if they can be connected by a zigzag of
morphisms of flagged necklaces in which every flag is flanked.

(2) In every equivalence class (7), there exists a unique triple (T, T — K, 3, T) such that T is flanked
and T — K, p is totally nondegenerate. In other words, there is a bijection

C[Kln(a.b)~ ] K§(a.b),
T eNec

T flanked flag
of length n

where K %d(a, b) € Kr(a,b) is the subset of totally nondegenerate maps 7 — K, 5.
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The main ingredient in the first reduction is flankification. Given a necklace T with a flag T =
(To C -+ C Typ), there is a unique order isomorphism 7, >~ [k], where k is the number of beads
of Ty,. For all i € [n], write T/ for the image of 7; under this isomorphism, so that 7; € --- C T, = [k].
Further set 7" = T, so that the flag T’ is flanked on T". Then (7", T") is the flankification of (T, T).

We now proceed to adapting these steps to the templicial setting. Generalising the first of the above
reductions to templicial objects is fairly straightforward. This is done in Proposition 4.15. For the second
reduction, we have to restrict to templicial objects that have nondegenerate simplices (Definition 2.16).
Our definition of €,[X] has the advantage that there is no reference to X in the indexing category of the
colimit involved, which allows for more categorical and shorter proofs of the reduction steps.

Notation 4.13 Given an integer n > 0, let us write

Nec! [n]
for the category of pairs (7, T) where T is a necklace and 7 = (To,...,Ty) is a flag of length n on 7. A
morphism (7, T) — (U, U) in Nec [n] is a necklace map f: T — U such that f(T;) = U; for all i € [n].

Further, we let

Nec}[n]

denote the full subcategory of /\/ec1 [n] spanned by flagged necklaces whose flags are flanked. Note that a
morphism in Necf [1] is necessarily active and surjective on vertices.

Lemma 4.14 Let n > 0. Flankification extends to a functor Nec| [n] — /\/'ec} [n] which is right-adjoint to
the inclusion ¢: Nec} [n] — Nec [n].

Proof Write y (7, f’) for the flankification of a flagged necklace (7, T“). If k is the number of beads
of T, we obtain a morphism €: ¢y (7, T) — (T, T) in Nec! [#] with underlying morphism [k] >~ T,, < [p]
in A . Given (U, 0) eNec}[n] with (U, g) a necklace, and a morphism f : ¢ (U, l7) — (T, i") in ./\fec1 1],
we have in particular that 7,, = f(Uy,) = f([g]). So the morphism f: [¢] — [p] in A s factors uniquely
as some g: [¢q] — [k] followed by [k] < [p]. Moreover, g defines a morphism (U, (7) — y(T, i") in
Nec}[n] such that € o ¢(g). ad

Proposition 4.15 Let (X, S) be a templicial object and a,b € S. Then, for every n > 0, we have a

canonical isomorphism
Cy[Xn(a,b) ~ colim  Xrt(a,b).
(T,T)eNec[n]

Proof In view of (6), we have a coequaliser, for every integer n > 0,

I1 XU(a,b)%; [ Xr(@.b)—> ev[Xlu(a.b).

f:T->U _T€Nec
T flagon T T flagon T
of length n of length n
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where « is given by X (f) and B is given by applying f to T, for a necklace morphism f: 7T — U. We
thus have a canonical isomorphism
Cy[X]n(a,b) =  colim  Xr(a,b).
(T, T)eNec [n]
Now, as the inclusion /\/ec} [n] — Nec [n] is a left-adjoint by Lemma 4.14, the corresponding functor
between opposite categories is a right-adjoint and thus a final functor. Hence, the result follows. a

Remark 4.16 The simplicial structure of €,[X](a, b) = colim*X* @b) y P~ is given by that of NPr,
ie by deleting and copying terms in a flag, but the simplicial structure on colim (T.T)eNec 1 Xr(a,b)is
slightly more difficult. The degeneracy maps and inner face maps are still given by respectlvely copying
and deleting terms in the flags. The outer face maps however are given by first deleting the term Ty or 7,
from a flag (7p, ..., Ty) and then applying the flankification functor.

Let (X, S) be a templicial object with nondegenerate simplices and 7" a necklace, which we write as
{0=tg<t; <tp <:--- <ty = p}. Thenlet

X%d — X;lld Ry X;lzd " R - Xnd

p—tr_, € VQuivg,

where X4 denotes the quiver of nondegenerate simplices of Definition 2.16.

Proposition 4.17 Let (X, S) be a templicial object with nondegenerate simplices. For all n > 0 and
a,b € S, we have an isomorphism in V),

Xl by~ ] X{a.b).
T eNec

T flanked flag
of lengthn

Proof By Proposition 4.15 and Lemma 2.19, we have an isomorphism

Cy[X]n(a,b) ~ cohm L[ (XM - @5 X)(a, b),
(T, T)GNec/[n] fi ltimti—1]=>[ni]
ie{l,...k}

where we've written T ={0 =19 <t] <--- <ty = p} forany (7, T) e/\/e [n] Now let f: (T, p)— (U, q)
be an active necklace map whose underlying morphism f: [p] — [¢] in A £ is surjective. We can uniquely
decompose f = f1+---+ fi with fi:[t; —ti—1] = [n;]in Ag  forall i € {1,...,n}. Moreover, given
a flag T of length n on T, there is a unique flanked flag U= (Ug,...,Uy)on U such that f: T — U
lifts to a morphism f: (T, f’) — (U, U ) in Nec}[n] (simply set U; = f(T;)). It follows that

Cv[X]n(a,b) >~ colim, 11 XM(a,b)
(LN ] (1 7y, 0) in N ]
~ ] ~ colim 1X;;d(a,b): [ x{'@.b).
U,DyeNec ) DT GU) inNeeln] U, 0)eNec){n]
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The last isomorphism is obtained by noting that the colimit on the left-hand side is indexed over the

category ((/\/'ec}[n]) I f]))Op, which is connected, and the functor involved is constant on X [n]d (a,b). O

4.D Comparison with the templicial nerve

Analogous to the classical homotopy coherent nerve, we show that the templicial homotopy coherent
nerve NSC restricts to the templicial nerve Ny (see Section 2.B) when applied to ordinary V-enriched
categories.

Consider the V-enriched left-adjoint g : SV — V to the functor (—):V — SV sending every object V €V
to the constant functor on V. Then, for any ¥ € SV, we have a reflexive coequaliser

do

8) i (—ZO—Y()—»JT()(Y).
1

For example, if V = Set, then my is the functor taking the set of connected components of a simplicial set.

As the monoidal product @ of V preserves colimits in each variable, it follows that 7 is strong monoidal
and thus we have an induced adjunction

o

VCatp , L * VCat.

=

Proposition 4.18 We have a natural isomorphism

Ny o (=) = Ny.

Proof By Proposition 3.16, Ny, >~ (—)*™P o (—) for (—): VCat — VCatn,.. Thus it suffices to show that
we have an isomorphism no (—) >~ (—) of functors V — V™ Take an object A € V and write [—, —]
for the internal hom of V. Since the s'?nplicial set N(Pr) clearly only has one connected component, it
follows from the fact that F preserves colimits that

[FNPr,Al =~ [mo FNPr, Al ~ [F(moNPr), A] ~ [F({*}),A] >~ A
for all necklaces 7. It follows that n(A) is isomorphic to the constant functor on A. Clearly, this

isomorphism is natural in A, as desired. |

Definition 4.19 It immediately follows from Proposition 4.18 that the templicial nerve Ny, has a left-
adjoint given by the composite
hy =mgoCy: SV — VCat,

which we call the homotopy category functor.

Remark 4.20 By Remark 2.14, &y necessarily recovers the classical homotopy category functor
h:SSet — Cat when V = Set.
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Corollary 4.21 Let (X, S) be a templicial object with a, b € S. Then we have a reflexive coequaliser

[ Xr(a.b) :; [ x2%(a.b) > hyX(a.b)
T eNec p>0
T#{0}

with « and f induced by the unique active and inert necklace maps ([k], k) — (T, p) and ([p], p) — (T, p)
of Remark 3.7, respectively, for any necklace (T, p) with k beads.

Proof It directly follows from Proposition 4.15 and (8) that, for all a, b € S, we have the (reflexive)

coequaliser

) colim Xr(a,b) ﬁ colim X; OP(a,b) — hyX(a,b),
T eNec— p]eAsurl
T#{0} p>0

where NMec_ denotes the subcategory of Nec consisting of all active necklace maps that are surjective
on vertices, and o’ and " are defined similarly to « and B. Via the epimorphism [ [; X (a,b) —
colimr X7(a, b), we may replace the left-hand colimit by | [ X7 (a, b).

To show that we may also replace the right-hand colimit, observe that any surjective necklace map
f:(pl, p) = (lq], q) with g > 0 can be factored as an inert map ([p], p) — (T, p) followed by some
o: (T, p) — ([g].q) such that T has g beads and the unique active map ([g], ¢) — (T, p) is a section
of 0. Indeed, let o: [p] — [q] be the underlying morphism of f in A r. Then o has a section § in A .
Now simply set 7 = §([p]). |

Recall the commutativity results for the templicial nerve (Proposition 2.15). While it follows immediately
from Proposition 4.12 that Ay, o F ~ Foh, the homotopy category functors and forgetful functors do not
commute in general, as the following example shows.

Example 4.22 Let V = Mod(k) be the category of k-modules over with k an arbitrary unital commu-
tative ring. Let g = hyjoq(k)- Consider the templicial k-module X = F (0A?). Then the hom-object
(hx X)(0,2) € Mod(k) is isomorphic to
1
F(h(3A2)(0,2)) = F({ g, 02 }) ~k@k.

On the other hand, note that each edge in U (X) between two given vertices is uniquely determined
by an element a; € k. So the set hU (X)(0, 2) consists of equivalence classes of sequences of edges
(ai,...,an) from 0 to 2 in U(X). One can check that

hU F(3A%)(0,2) ~ U(k) Ly U(k),

which identifies a sequence (a1, . .., a,) with its product a, - -- a1 in k. The two terms U (k) correspond to
paths either passing through the vertex 1 or not. Now the induced map £ U F(3A%)(0,2) — U((hy X)(0,2))
on hom-sets corresponds to the canonical map

UGk) Uy Uk) > Uk @K),
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which is certainly not a bijection if k is not the zero ring. Hence, the canonical functor

hU(X) = U(hg X)

is not an equivalence of categories.

In the next section, we will restrict to a special class of templicial objects, which we call quasicategories
in V. It turns out that, for a quasicategory X in V), the canonical functor hU (X) = U(hyX) is always an
isomorphism (under suitable hypotheses on V); see Corollary 5.23 below.

5 Quasicategories in a monoidal category

Quasicategories are models for (oo, 1)-categories first introduced by Joyal [22] as simplicial sets satisfying
the weak Kan condition in the sense of Boardman and Vogt [8]. That is, a simplicial set X is a quasicategory
if every simplicial map A’; — X from an inner horn can be extended to a map A" — X from the standard
simplex. In [23], Joyal equips SSet with a model structure in which the fibrant objects are precisely the
quasicategories. In this section, we introduce the natural analogue of quasicategories in the templicial
context (Definition 5.4). However, in view of Example 2.10, we express the lifting condition in the
category YNee® rather than S@V. Nonetheless, we still recover classical quasicategories when V = Set
(Proposition 5.8). We continue in Section 5.B by showing our main result: that the templicial nerve
produces quasicategories in V from locally Kan SV-categories (Corollary 5.12). In Section 5.C, we
discuss the homotopy category of a quasicategory in V.

5.A Horn filling in necklaces

For integers 0 < j < n, we denote by A’} the j" horn of the n-simplex. That is, A’} is the union of all
the faces of A", except the j™ face. In order to define quasicategories in V, we wish to consider the usual
horn lifting property in the category VNe¢™ via Construction 3.9. In this case, it is convenient to express
the horn as a union of necklaces, rather than faces.

Proposition 5.1 For all integers 0 < j <n,

n—1
(A")a(0.n) = U 5i(A . (0.m) U | (AF v AYTF)(0.)
i=1 k=1

i#j
as a subfunctor of A.(0,n) in SetVee™,

Proof Forall 0 < k,i <n withi # j, we have inclusions AR AR C A’} and §; (A"~ 1) C A’} in SSet.
It follows that
U3 (A1), (0,n) U U(Ak v AR (0.7) S (A%)(0. ).

i=1
i#]
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Conversely, let f: T — (A'})O,n be a map in SSety « with (7, p) a necklace. Suppose first that f is
surjective on vertices. As the unique nondegenerate n-simplex of A” is not contained in A’;-, there must
be some k € T such that 0 < (k) < n. Therefore, f factors through Al v A"~ with [ = f(k). Now
suppose that £ is not surjective on vertices. Then f must factor through &; (A" 1) for some i € [n]\ {/j}.
As a map in SSety x, f always reaches the vertices 0 and n of A", and thus 0 <i <n. a

Example 5.2 The outer horns aren’t as well behaved in SetV” as the inner horns. For example, A20 is
the pushout Al Loy Al in SSet, but (A%).(O, 2) is isomorphic to just AL(0, 1) as all maps T — (A%)o,z
in SSety x must factor through the edge 0 — 2 of A%.

The following corollary expresses the advantage of working in the functor category V<™ While not
every simplex of a templicial object is represented by a templicial morphism (see Example 2.10), it is
represented by a morphism in VVee”

Corollary 5.3 Let (X, S) be a templicial object witha, b € S.

(1) Let (T, p) be a necklace. There is a bijective correspondence between morphisms F (T).(0, p) —>
X.(a,b) in VVe" and elements o € U(X7(a, b)).

(2) Let 0< j <n beintegers. There is a bijective correspondence between morphisms F (A’}).(O, n)—
X.(a,b) in VNec” and elements

xr € U((Xx ®s X—k)(a,b)) and y; € U(Xp—1(a,b))

forall 0 < k,i <n withi # j, which satisfy:
e Forall0<i<i'<nwithi # j #1i

dir—1(yi) = di (yir).
e Forall 0 <k <l <n,
(dx, ® pi—k,n—1)(xk) = (Ur,1—k ®idx,_, ) (x7).
e Forall0<k <n—1and 0<i <n withi # j,

_fdi®idx, ,_)k+1) if i <k,

Pien—k—1(¥i) = 3 .. e
(idx, ® di_x)(xx) if i > k.

Proof A morphism F(7,(0, p))~ F(T)s(0, p)— X.(a,b) is equivalent to amap 7,(0, p) > U(X.(a, b))

in Set™e” which corresponds to an element o € U(Xt(a, b)) by the Yoneda lemma. This shows (1).

Statement (2) follows from Proposition 5.1. O
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Definition 5.4 Let Y : Nec®® — V be a functor. We say Y lifts inner horns if, for all 0 < j < n, any

lifting problem _
F(A)u(0.n) — ¥

F(A").(0,n)

has a solution in V" We say Y lifts inner horns uniquely if every such lifting problem has a unique
solution in VNVee”

We call a templicial object (X, S) in V a quasicategory in V if the functor X,(a, b) lifts inner horns
for all a,b € S. In this case, we will refer to the elements of S as the objects of X and to elements
of U(X1(a, b)) as the morphisms a — b in X.

Remark 5.5 Let Y : Nec®® — V be a functor. By the adjunction F - U, Y lifts inner horns in VNe¢” if

and only if the composite UY : Nec® — Set lifts inner horns in Set\*“” .

As for ordinary quasicategories, there is an elementwise characterisation of quasicategories in V), although
it is bit more cumbersome to describe.

Proposition 5.6 Let (X, S) be a templicial object. The following statements are equivalent:

(1) X is a quasicategory in V.

1 i ?;11,i7éj satisfying the

conditions of Corollary 5.3(2), there is an element z € U(Xy(a, b)) such that

(2) Leta,b e S and 0 < j <n. For all collections of elements (xj )} _

Pkn—k(z) = xg and di(z) =y
forall 0 <k,i <n withi # j.

Proof This immediately follows from Corollary 5.3. O

Remark 5.7 Note the similarities with the classical elementwise characterisation of a quasicategory.
The elements y; with 0 <i <n, i # j represent all inner faces of the horn A’}. They still have to satisfy
the same conditions as usual. However, the two outer faces of the horn are replaced by the elements x
with 0 < k < n. The two new conditions of Corollary 5.3(2) merely express that these outer faces are
glued to each other and to the inner faces in the appropriate way.

Indeed, when V = Set, we recover the classical notion of a quasicategory.

Proposition 5.8 A simplicial set is a quasicategory if and only if it is a quasicategory in Set (in the sense
of Definition 5.4).

Proof Let X be a simplicial set, considered as a templicial set with Xy its set of vertices. Then the

1

ne1> x%) defines a bijection between the set of all collections of elements

assignment (xk)z;ll — (x
1.2 -1
(Xk = (X, Xg) € Xie X Xp—k )=
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satisfying (x,i, Wl—k,n—1 (x,%)) = (Ui, 1k (x,i), xlz) for all 0 < k <[ < n, and the set of all pairs (y,, yo) €
Xyn—1 X% Xy,—1 satisfying d,—1(vo) = do(yy). It follows that condition (2) of Proposition 5.6 is equivalent
to:

(2) Let 0 < j <n. Consider elements y; € X,—1 for all 0 <i <n with i # j which satisfy, for all
0<i<i'<nwithi # j #1/

dir—1(yi) = di(yir).
Then there is an element z € X, such that d;(z) = y; forall 0 <i <n withi # j.

But this precisely expresses that X is a quasicategory. |

5.B Nerves and quasicategories

We show that the earlier-defined templicial versions of classical nerves give examples of quasicategories
inV.

Lemma 5.9 Let C be a necklace category with objects A and B. Consider the canonical morphism
€: Cﬁemp(A, B) — C.(A, B) induced by the counit of the adjunction (—)"*¢ 4 (—)**™P. Given integers

0 < j < n, any lifting problem in VNVec”

F(A")u(0,n) — C™ (A, B)

T
-
l -7 ¢
-

F(A")4(0.n) — Co(A, B)
has a unique solution.
Proof The top horizontal morphism corresponds to some collections of elements (xj );;11 and (y; ;1=_11,i ey
with x; € U ((C,tcemp ® C;el_nlf)(a, b)) and y; e U (C:lel_nf (a, b)), satisfying the conditions of Corollary 5.3(2).
Moreover, the bottom horizontal morphism corresponds to an element z’ € U(Cgg<p}(a, b)) and the commu-
tativity of the diagram comes down to the condition that C(vg ,—x ) (z) = m o<k}, f0<n—k} (Pk ® Pn—k) (Xk)

and C(8;)(z") = pn—1(y;) forall 0 < k,i <n with i # ;.

Then, by the limit diagram (5), there exists a unique element z € U (C ™ (a, b)) such that When—k(2) = Xk
for all 0 < k <n, and p,(z) = z". Again by (5), for all 0 < k,i <n with i # J,

(di ®idcjff3€_1)(“k+l’”_k(z)) ifi <k,

_1-x(d; =
=1k (4 (2)) (idem ® di ) (Ui n—k(2))  ifi >k,

= Mk n—1-k (¥i),
Pn—1(di(2)) = C(8i) pn(2) = C(6:)(Z') = pn—1(3i),
and thus d;(z) = y;. Hence, the element z determines the unique solution to the lifting problem. O
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Proposition 5.10 Let C be a necklace category with object set S. Suppose that, for all A, B € Ob(C),
C.(A, B) lifts inner horns. Then C*™ is a quasicategory in V.

Proof This is immediate from Lemma 5.9. |
Corollary 5.11 For any small V-category C, the templicial object Ny(C) is a quasicategory in V.
Proof This follows from Propositions 3.16 and 5.10. O

Corollary 5.12 Let C be small simplicial V-category. Assume that, for all objects A and B of C, the
simplicial set U(C(A, B)) is a Kan complex. Then the templicial object NSC (C) is a quasicategory in V.

Proof By Proposition 5.10, it suffices to check that, for all A, B € Ob(C), the functor
n(C(4, B))e = [FNP),C(A, B)]: Nec®® -V

lifts inner horns in VV¢¢” . By the adjunction s —In, this is equivalent to showing that, for all 0 < j <n, every
morphism 5(f(A"/.).(O, n)) — C(A, B) in SV extends to s(F (A"),(0,1)). Now, by Proposition 4.12 and
the adjunction F - U, this is further equivalent to the lifting problem in SSet

C[A"1(0,n) —— U(C(A, B))
CAM(0.1)

This has a solution because U(C(A, B)) is a Kan complex, as was shown in [28, Proposition 1.1.5.10]
and is given in more detail in [30, Tag OOLH] (beware that, in the latter, the notation Path is used instead
of ). O

Corollary 5.13 Let X be a quasicategory in V. Then U (X) is a quasicategory.
Proof This follows from Propositions 3.14, 5.8 and 5.10. a
The converse to Corollary 5.13 does not hold in general.

Example 5.14 Consider the over category V = Ab /Z of abelian groups A with a Z-linear map p: A — Z.
Then V is bicomplete and symmetric monoidal closed with monoidal unit given by idgz: Z — Z. The
forgetful functor U : V — Set associates to every map p: A — Z the set {a € A | p(a) = 1}.

Now consider the simplicial set AZ L ¢ 5y AZ:
C1

N g1
a b
f2 82
Cc2
Algebraic € Geometric Topology, Volume 25 (2025)
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Set X = F(A? 0,23 Azl) € Sg Ab. We can promote X to a templicial object in V by equipping it with
Z-linear maps p: X, (x, y) — 7Z defined by

p(f)=p(f2) =pg)=ph)=1 pg)=2 and pw)=1
Then, for example, U(X1(a, c2)) = { f2} but U(X1(c2,b)) = @. Consider the functor U: SeV — SSet
as induced by U above (not by Ab — Set). Then U(X)~ A2 oy A, which is clearly a quasicategory.
However, X is not a quasicategory in V. To see this, consider the element

a= Q8 — 1®g €U(X1®X1)(a,b))

(note that, indeed, (p ® p)(@) = p(f2)p(g2) — p(f1)p(g1) = 1). But there exists no element & €
U(X2(a, b)) such that p1,1(§) = .

We end this subsection by characterising the essential image of the templicial nerve functor Ny, : VCat —
SV in terms of horn fillings.

Proposition 5.15 Let (X, S) € SgV. Consider the following statements:

(1) (X, S) is isomorphic to the templicial nerve of a small V-category.
(2) Forall a,b € S, X,(a, b) lifts inner horns uniquely.

Then (1) implies (2). Moreover, if the functor U : V — Set is conservative, then (1) and (2) are equivalent.

Proof Let C be a small V-category. We wish to show that Ny (C).(A4, B) lifts inner horns uniquely for
all A, B € Ob(C). Since Ny >~ (—)*™Po (—) (Proposition 3.16), it suffices by Lemma 5.9 to note that the

lifting problem _
F(A").(0,m) — c(4, B)

l o
F(&).(0.m)
has a unique solution for all 0 < j < n, which is clear.
Assume that (2) holds and that U is conservative. By (3), it suffices to show that each comultiplication
morphism py ,— with 0 <k < n is an isomorphism. Take x; € U(X; ® s X,_x). By induction on n,
we can define, for any 0 </ <n with [ # k,
(idx, ® ety ) (i g— ®idx, ) (xx) if 1 <k,
(W j—x ®idx, ) (idx, ® pi—kn-1)(xx) if 1 > k.
Further set, for all 0 <i <n with i # k,
;Lk’n_k_l(ldxk Rd;_p)(xr) ifi>k.

X] =

It follows that the elements (xl)?;% and (yi);:ll itk satisfy the conditions of Corollary 5.3(2) and thus
there is a unique element z € U(Xy(a, b)) such that 4; ,—;(z) =x; and d;(z) = y; forall 0 < l,i <n
with i # k. In particular, g ,—x(z) = xx. For any other z’ € U(Xn(a, b)) with g n—(z') = x, it
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follows from the definitions of the x; and y; that also u; ,—;(z’) = x; and d; (z') = y; forall 0 < /,i <n
with i # k. Thus z’ = z and hence the map

Uik n—k): U(Xn(a, b)) - U((Xk ® X,—x)(a, b))

is a bijection. As U is conservative, jlg ,—k : Xn — X ® X,k is an isomorphism of V-enriched quivers. O
5.C Simplification of the homotopy category

We now turn our attention to the homotopy category £y, X when X is a quasicategory in V. As is the case
in the classical situation, this allows for a simpler description of Ay, X.

Construction 5.16 Let (X, S) be a templicial object and a, b € S. We define an object Hom§ (a,b)1 €V
by the pullback
Hom¥k (a,b); —2—— Xa(a,b)

o] o

Xl(aab) W (Xl ®S Xl)(a7b)
- 0

Further, we let dq = 1, do = dIX 75 and we let so: X1(a,b) — Hom)L( (a, b)1 be the unique morphism
such that 159 = idy, (4,5) and w259 = sf( . We obtain a reflexive pair
do
Hom¥ (a, b); +—>20 2 X1(a,b)
1
and we define an object 1}, X (a, b) as the coequaliser of this pair,

d
(10) Homk (a.b); —= X1(a.b) %> h,X(a.b)
dy

Remark 5.17 Itis possible to extend Construction 5.16 to obtain a simplicial object Hom)% (a,b): AP -V
which generalises the left-pinched morphism space of a simplicial set (as defined in [30, Tag 01KX]).
In particular, Hom)L( (a,b)o = X1(a,b). Then the morphisms dy, d;: Hom)L( (a,b)1 = X1(a,b) and
so: X1(a,b) — Hom)]; (a,b); constitute the lowest-dimensional face and degeneracy morphisms of
Hom)lg (a, b). We will not go into them here however, and leave their investigation to later research.

Remark 5.18 As U preserves pullbacks, U (Hom}L( (a,b)1) is the set of all 2-simplices o € U (X) with
do(0) = so(b) and did>(0) = a. In other words, it describes homotopies between two edges a — b
in U(X).
Assuming that U (X) is a quasicategory and that U preserves reflexive coequalisers, it follows that we
have an isomorphism B

U(hy,X(a,b)) ~hU(X)(a,b)
and the canonical morphism X1 (a, b) — h{,X(a, b) precisely takes the homotopy class [ f] in hU (X) of
any f € U(X1(a,b)).
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Lemma 5.19 Assume that U : V — Set preserves reflexive coequalisers. Let X be a quasicategory in V
with objects a and b. For any w,w’ € U(X2(a, b)),

@Ru1,1(w) = (g Pui1w) = q(dif (W) = qdf W)
inh,X(a,b).

Proof Let Q be the quiver given by Hom)L( (a,b) forall objects a and b of X. Letoc e U((Q ® Q)(a, b))
and w, w’ € U(X2(a, b)) be such that p1,1(w) = (do ® do)(0) and p1,1(w’) = (d1 ® d1)(0). Then:

e Consider x1 = (d1 ® s d1)(0) € U(X1 ® X2)(a, b)), x2 = (m2 ®d1)(0) € U((X2 ® X1)(a, b))
and y, = w € U(X2(a, b)). These define a morphism F(A31).(0, 3) = X,(a, b), which extends to
an element z € U(X3(a, b)). Setting w” = d (z) € U(X2(a, b)), we have di¥ (w") = d (w).

« Similarly, consider x; = (do®m2)(0) e U(X1®X2)(a,b)), x2 =w"® sZ(b) e U(X2®X1)(a, b))
and y, = w’. These define a morphism F (A31).(0, 3) - X.(a, b), which extends to an element
z € U(X3(a,b)). Then set T = d{¥(z) € U(Xa(a, b)).

It follows that 1,1 (v) = di¥ (w) ® s (b) and d;¥ (v) = d;¥ (w’). Hence, ¢d;* (w) = qd X (w").

As the diagram (10) is a reflexive coequaliser, it is preserved by — ® — in both variables simultaneously,
so that we again have a reflexive coequaliser

do®do a®q
(O®Q0)(a,b) %; (X1 ® X1)(a,b) —> (hW,X @ h\,X)(a,b)

Now assume that (¢ ® ¢)p1,1(w) = (¢ ® ¢)pe1,1(w’). As U preserves reflexive coequalisers, there exist
®o,...,0n € U(X1 ® X1)(a,b)) such that pu1,1(w) = ap, @ = p1,1(w’) and, for all i € {1,...,n},
there exists a 0 € U((Q ® Q)(a, b)) such that

aj—1=(do®do)(0) and (d1®d1)(0)=0; or  «j—1=(d1®dy)(0) and (do®do)(0)=0;.

For every 0 < i < n, «; defines a horn F (Azl).(O, 2) = X,(a,b), which we can extend to an element
w; € U(X2(a,b)) so that 1,1(w;) = o;. Thus, it follows by the previous that

qdi(w) = qdy(w1) = = gd1(wp—1) = qd (W'). ]

Lemma 5.20 Assume that U : V — Set is faithful. Let g: X — Y and f: X — Z be morphisms in V
such that g is a regular epimorphism. Suppose that, for all x,y € U(X),

gx)=g() = f(x)=f().

Then there exists a unique morphism h: Y — Z such that hg = f.

Proof Denote the kernel pair X xy X == X of g by 1 and 5. Since g is the coequaliser of this
pair, it suffices to show that fmy = fm,. As U is faithful, this is equivalent to showing that, for all
(x,y) eU(X)xy)U(X), we have f(x)= f(y). But this is equivalent to the hypothesis on f and g. O
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Construction 5.21 Assume that U : V — Set is faithful and preserves and reflects reflexive coequalisers.
Let (X, S) be a quasicategory in V. We construct a V-enriched category /],X whose hom-objects are
given by /1), X(a, b) of Construction 5.16. Let 4], X denote the quiver given by /{,X(a,b) foralla,b € S,
and let ¢: X1 — h{,X denote the canonical quiver morphism.

First define u: Is 2% X; 4> h,X. Note that U also reflects regular epimorphisms (as they are the
coequaliser of their kernel pair). Thus, as X is a quasicategory in V, the comultiplication pt1,1: X2 —
X1 ®g X1 is a regular epimorphism. Further, g is a regular epimorphism by definition. Now — ® —
preserves reflexive coequalisers in each variable and thus also regular epimorphisms. It follows that
q®
morphism m: h},X ®g h),X — h},X such that the following diagram commutes:

20 u1,1 is a regular epimorphism as well. Using Lemmas 5.19 and 5.20, we have a unique quiver

®2
X, 1L x®2 L () x)®2
N [
X1 — h,X
Given a 2-simplex (¢;,j)1<i<j<2 (see Remark 2.9) of l~](X) with vertices a, b and ¢, we have j11,1(¢o2) =
o1 ® a12 and thus m(g(xo1) ® ¢(xo2)) = q(d1(xo2)). Therefore, the induced map

Umg.p.c)
_

U(h,X(a.b)) x UM, X (b, ¢)) — U(h,X(a,b) ® K, X(b, ) UK, X(a.c))

coincides with the composition law of hU (X) under the isomorphisms supplied by Remark 5.18. The
element u, = g(so(a)): I — h),X(a, a) is clearly the identity at a in hU (X). 1t then follows from the
faithfulness of U that m is associative and unital with respect to u. So we obtain a V-category h,X.

Note that, by construction, we have an isomorphism of categories
U, X) ~ hU (X).
Proposition 5.22 Assume that U : V — Set is faithful and preserves and reflects reflexive coequalisers.

The assignment X +— h',X of Construction 5.21 extends to a functor h', from the full subcategory of SgV
spanned by all quasicategories in V to VCat, which is left-adjoint to the templicial nerve functor Ny.

In particular, there exists a canonical isomorphism of V-enriched categories
for every quasicategory X in ).
Proof It follows from Construction 5.21 and Lemma 2.12 that we have a unique templicial morphism

nx : X — Ny(h,X) such that ny, : X1 — h{,X is precisely g. We claim that ny is the unit of an adjunction
hl, < Ny.

Now let C be an arbitrary small V-category and (¢, f): X — Ny(C) a templicial morphism. Then,
by Lemma 2.12, ¢: /iX — Ny(C) corresponds to a quiver morphism H: X7 — f*(C) such that the

Algebraic € Geometric Topology, Volume 25 (2025)
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diagrams (4) commute. Letting Q denote the quiver given by Hom)lg (a, b) for all objects a and b of X,

we have a commutative diagram

/\N \ *
o) D¢ X, —HE— 1@

1
d1=7t1l l:““f(,l Tf*(MC)

®2
X1 —> X22 55 0% —— f*(C%?)

It follows that Hdo = Hdy: Q — f*(C) and thus there exists a unique quiver morphism H': h{,X —
f*(C) such that H'q = H. By construction, H' defines a V-functor 4{,X — C, which is clearly unique,
such that Ny,(H)onx = (¢, f). |

Corollary 5.23 Assume that U : V — Set is faithtful and preserves and reflects reflexive coequalisers. Let

X be a quasicategory in V. The canonical functor

hU (X) = U(hyX)

is an isomorphism of categories.

Proof This is now an immediate consequence of Proposition 5.22 and the fact that ¢/ (h], X)) ~ hU (X). o
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