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A new invariant of equivariant concordance and results on 2-bridge knots
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GIOVANNI FRAMBA

We study the equivariant concordance classes of 2-bridge knots and we prove that no 2-bridge knot is
equivariantly slice. Finally, we introduce a new equivariant concordance invariant for strongly invertible
knots. Using this invariant as an obstruction we strengthen the result on 2-bridge knots, proving that every
2-bridge knot has infinite order in the equivariant concordance group.

57K10; 57R85

1 Introduction

A strongly invertible knot is a pair (K, p), where K € S3 is an oriented knot and p € Diffeo™ (S?) is
an involution such that p(K) = K and p reverses the orientation on K. By the resolution of the Smith
conjecture [16] it is known that Fix(p) is an unknot which intersects K in two points. Sakuma [17] gave
a well-defined notion of equivariant connected sum for strongly invertible knots by endowing them with
a direction. Furthermore, Sakuma [17] studied strongly invertible knots up to equivariant concordance

and introduced the equivariant concordance group C.

The equivariant concordance group is far from being understood. However, the first author proved
in [7] that C is not abelian, and several authors defined new invariants for equivariant concordance and
obstructions for equivariant sliceness; see for example Boyle and Issa [2], Alfieri and Boyle [1], Dai,
Hedden and Mallick [5], Dai, Hedden and Stoffregen [6] and Miller and Powell [15]. In particular, Boyle
and Issa [2] defined the butterfly link associated with a directed strongly invertible knot and used it to
define several equivariant concordance invariants.

We study the equivariant concordance of 2-bridge knots. In Proposition 3.2 we provide a formula to
compute the butterfly polynomial [2] for a certain class of strongly invertible 2-bridge knots. Our initial
goal was to prove Proposition 4.1 by combining the equivariant slice obstructions from the Kojima—
Yamasaki n-function of Sakuma’s link [17] and of the butterfly link [2]. This approach was inconclusive.
However, using this formula we prove Corollary 3.3, which is a statement analogous to [17, Theorem II]
in the case of the butterfly polynomial.

The main result of the paper is Theorem 5.10, which states the following:
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Theorem Let K be a directed strongly invertible knot and let f,b (K) be its butterfly link endowed with
the opposite semiorientation. If the Conway polynomial of Z,, (K) is nonzero then K is not equivariantly
slice and has infinite order in C.

Using this result we are able to prove Proposition 5.11, showing that every 2-bridge knot has infinite
order in the equivariant concordance group.

Organisation of the paper

Section 2 contains a brief recap on the results on directed strongly invertible knots that we need later in
the paper. In Section 3 we provide a formula for the butterfly polynomial [2, Definition 4.7] of 2-bridge
knots. In Section 4 we prove that every 2-bridge knot is not equivariantly slice, using the nullity of the
butterfly link as an obstruction to equivariant sliceness. Finally, in Section 5 we define a new equivariant
concordance invariant for strongly invertible knots. We use this invariant to show that the equivariant
concordance order of every 2-bridge knot is infinite.

2 Preliminaries

2.1 Directed strongly invertible knots

We briefly recall the notion of direction for a strongly invertible knot and of the equivariant concordance
group. For the details see [17; 2].

Definition 2.1 A direction on a strongly invertible knot (K, p) is the choice of an oriented half-axis /£,
ie one of the two connected components of Fix(p) \ K.

We call the triple (K, p, 1) a directed strongly invertible knot. We write K instead of (K, p, h) when it is
not strictly necessary to specify the choice of strong inversion and direction.

Definition 2.2 Let (K, p, /) be a directed strongly invertible knot. We define
e the mirror of (K, p,h) by mK = (mK, p, h),

e the axis-inverse of (K, p, h) by i K = (K, p, —h), where —h is the direction given by the half-axis /
with the opposite orientation,

e the antipode of (K, p,h) by aK = (K, p, ), where /' is the direction given by the half-axis
complementary to /1. The orientation on /2’ is the one coherent with /.

Definition 2.3 We say that two directed strongly invertible knots (K;, p;, h;), i =0, 1, are equivariantly
concordant if there exists a smooth properly embedded annulus C = S! x I C S3 x I, invariant with
respect to some involution p of S* x I such that

e A(S3xI,C)=(S3 Ko)u—(S3 Ky),

Algebraic € Geometric Topology, Volume 25 (2025)



A new invariant of equivariant concordance and results on 2-bridge knots 1119

e pis in an extension of the strong inversion pg LI p; on S3x 0L S3 x 1,

e the orientations of /oy and —/A induce the same orientation on the annulus Fix(p), and /¢ and /4
are contained in the same component of Fix(p) \ C.

The equivariant concordance group is the set C of equivalence classes of directed strongly invertible
knots up to equivariant concordance, endowed with the operation induced by the equivariant connected
sum, which we denote by # (see [17; 2] for details).

Remark 2.4 It is easy to see that the mirror, axis-inverse and antipode induce involutive maps from the
equivariant concordance group to itself. From the definition of equivariant connected sum we can easily
deduce the following properties. Given two directed strongly invertible knots K and J, we have

e m(K#J)=mK#mJ,
e i(K#J)=iJ#iK,
e a(K#J)=al#aK.

Equivalently, we can say that m is an automorphism of C, while i and a are antiautomorphisms.

Remark 2.5 As a consequence, the equivariant concordance order of a directed strongly invertible knot
(K, p, h) does not depend on the choice of a direction and it does not change when taking the mirror of
the knot.

2.2 Butterfly links

Boyle and Issa [2, Definition 4.1] associated a directed strongly invertible knot (K, p, #) with a 2-
component 2-periodic link (ie the involution p exchanges its components), called the butterfly link Ly (K),
defined as follows. Take an equivariant band B, parallel to the preferred half-axis /&, which attaches
to K at the two fixed points. Performing a band move on K along B produces a 2-component link. The
link Lp(K) is the one obtained from such a band move on K so that the linking number between its
components is 0. Observe that dB \ K consists of two arcs parallel to /2, which we orient as /&. The
arcs lie in different components of Ly (K) and the orientation on each component of L (K) is the one
induced from the orientation of the respective arc.

The following result can be proven easily by adapting the proof of [2, Proposition 7]. We report the proof
because it will be useful for Proposition 5.4.

Proposition 2.6 Let (K;, p;i, hi),i =0, 1, be two equivariantly concordant directed strongly invertible
knots. Then, Ly (Kq) and Ly (K1) are equivariantly concordant (as 2-periodic links).

Proof Let C C S3x I be an annulus between (Ko, po. /) and (K1, p1, 1) that is invariant with respect
to an extension p: S* x I — §3 x I of py U p;. Let A = Fix(p) be the annulus of fixed points of p.
Observe that C N A = o U B, where « and B are two curves joining respectively the initial and final
points of the half-axes of K¢ and K.
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Now 4 \ (« U B) has two connected components: call D the component containing /¢ and /1. Choose an
equivariant tubular neighbourhood N of D and observe that N NC is a D!-subbundle of N |, - Consider
two equivariant bands B; C S3 x{i},i =0, 1, with B; intersecting K; and containing the half-axis /;. We
can choose B; in such a way that B;\ K; C N; hence BoU B;UC intersects N ina D!-subbundle of N |5p.

Choose By so that the band move of K along By produces L (Kj), and take By so that the D !_subbundle
of N|yp given by N N (ByU By UC) extends to E C N, which is a D!-bundle over D. Call L the
2-component link obtained from K; by the band move along Bj.

Now E = D! x D>~ D' x D! x D!, where 0 x dD' x D! =« U 8. Then
Cp,=(C\D'xdD'x DHYUdD' x D' x D!

is an equivariant concordance between Lj(Kg) and L. Since the linking number between components
is a concordance invariant of 2-component links, we have L = Ly (K1). O

Corollary 2.7 A directed strongly invertible knot is equivariantly slice if and only if its butterfly link is
equivariantly slice (as a 2-periodic 2-component link).

Proof Let K be a directed strongly invertible knot. Suppose that K is equivariantly slice, ie equivariantly
concordant to the unknot. Then Lj(K) is equivariantly concordant to the butterfly link of the unknot,
which is easily seen to be a 2-component unlink, and hence L (K) is equivariantly slice. Conversely,
suppose that Lp,(K) bounds the disjoint union D LI D, of two disks in B* which is invariant under an
extension of the involution of Lj(K). Observe that the equivariant band move on K that gives L (K) can
be seen as an equivariant cobordism C C S3 x [0, 1] of genus 0 (ie a pair of pants) between K and Lp(K).
Then C U Dy U D, is an equivariant slice disk with boundary K. O

2.3 Strong inversions on 2-bridge knots

Let K = K(p.q) € S3 be a 2-bridge knot. From [19] we know that we can write p/q as a continued
fraction 1
lar,....an]=a; + "
ay + ———
2
+ J—
an
where ay,...,a, and n are even nonzero integers.
Recall that every 2-bridge knot is simple (see [8]). Sakuma [17] showed that a hyperbolic 2-bridge knot
K(p, q) admits exactly two inequivalent structures of strongly invertible knot. The first structure is given
by the diagram

.1 1 1
Il(alva?)v'--van—l’ 5612,§a4,---,§an),

where the strong involution on a diagram 7 (c1,...,®s;¢1 ..., Cy) is given by the m-rotation around the
vertical axis (see Figure 1).
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Ii(ay,...,0n¢1...,¢Cn)
—as :::; e4wfwn\\"" ar T
V4 /7
Vg 7’
I 071 _— )y le,b 1 -
Iz(Oll,O[z, ce ,Oln)
Figure 1: The two families of symmetric diagrams.
If a; = —ay—;+1 for all i, the second symmetry on K(p, q) is represented by the diagram

12(611,612, cee aan/Z)’

where the strong involution is the mr-rotation around the central dot (see Figure 1, bottom). Otherwise it
is given by

.1 1 1
Il (_ans —Adp—2,...,—d2; _jan—h R _Ea37 _zal)'
If K(p,q) is a torus knot, it admits one only strong inversion, namely the one described by

| 1 1
Ii(ay.as,....an—1; 302, 544, ..., 54p).

:7| - I-,\)-
\_

Figure 2: A diagram equivalent to the one in Figure 1, bottom.
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Observe that the knot represented in Figure 1, bottom, can be equivariantly isotoped into the strongly
invertible knot given in Figure 2, where b = (—1)" o, + 1.

In the following, we will consider either /1(aq,...,a,;¢1 ..., cn) (Figure 1, top) or Ir(aq,...,a)
(Figure 2) as a diagram for the directed strongly invertible knot K = K(p, ¢), with the direction given by
the oriented unbounded half-axis in the figures, unless the direction is otherwise specified. Here n > 0,
ap,...,0n €2Z\{0} and cq,...,cy € Z \ {0}.

3 p-function

Let KU J be a 2-component link with linking number 0 between components. Kojima and Yamasaki [14]
introduced the n-function, which is a topological concordance invariant for such links.

We briefly recall the construction of this invariant. Let Xx be the complement of K in S* and let
X ¥ — X be its infinite cyclic covering. Denote by 7 a generator of the deck transformation of X K-
Recall that the Alexander module of K is H; (X k. 7) endowed with the Z[t,t~']-module structure
induced by the action of . Now let / be the canonical longitude of J and let I and J be two nearby lifts
of [ and J to X~K.

Since Ik(K, J) = 0, we know I and J are closed curves; hence they can be seen as classes in H (X~ x.7).
Since the Alexander module is a torsion Z[¢, ¢ ~']-module, there exists a nonzero f(¢) € Z[t,t~'] such
that f(¢) - I =0, ie we can find a 2-chain A such that dA = 1@ -1. Then the n-function is defined as

n(K,J:t) = f()nezz#mm J)-t"

where #(A N ¢"J) is the algebraic intersection.
One can check that 7 is well defined and has the following properties (see [14]):
() n(K,J:0)=n(K,J;t™).
(i) n(K,J;1)=0.
(iii)) n does not depend on the orientation of the link.
(iv) n is an invariant of topological concordance of links.
Observe that in general 7 does depend on the order of the components of the link, ie n(K, J;¢) #n(J, K; ).

In the following we will denote by Z(t) C Z[t,t~'] the subgroup of Laurent polynomials satisfying
properties (i) and (ii).

Boyle and Issa [2] defined the butterfly polynomial n(Lp(K)) of a directed strongly invertible knot K
as the n-function of its butterfly link (since Ly (K) is 2-periodic it does not depend on the order of its
components) and showed that it induces a group homomorphism

n(Lp(=)):C— Q).
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- W) - [f’v\/ ) H
Figure 3: Fundamental domain of the Whitehead link.

Remark 3.1 Since the butterfly polynomial induces a homomorphism, every directed strongly invertible
knot with nontrivial butterfly polynomial has infinite order in C.

We now describe a formula to compute the butterfly polynomial of 2-bridge knots. To do so, we report a
convenient algorithm [17; 20] to compute n(K, J;t) when K is unknotted.

In this special case the infinite cyclic cover of Xg is diffeomorphic to R x D?, and the n-function of L is
simply
n(K.J:t) =Y k(.1 ().
i€eZ

The algorithm consists of the following four steps.
(1) Start by noting that lk(i, (L)t = 1k(J, 11 (J))t! for i # 0, since [isa nearby perturbation of J.
Therefore, letting r = lk(l~ , J ), we get

YOI I =Y (LI

i€eZ i€Z\0
In the following steps we compute 7(t) = ZieZ\O 1k(J, 71(J))t. Since n(1) =0, it is easy to retrieve
r=—n(l).
(2) Draw a fundamental domain of the infinite cyclic cover Xk (see Figure 3). Assign a label and an
orientation to each arc as follows:

(i) The arc starting from the top right point has index 0 and is oriented downwards.

(i) Suppose an arc « is already labelled and oriented. Let A be the end point of @ and B be the
point opposite to A. Call B the strand that starts from B (by saying this we are orienting it).
Define index(B) (the label on ) to be index(«) + 1 if B lies on the lower side of the domain or
index(«) — 1 if B is on the upper side.

The labels we put on the strands keep track of which translate of Jin Xg they correspond to. A strand
labelled by i is a portion of ¢! (f ). Hence a crossing where an arc labelled by i overcrosses an arc labelled
by j corresponds to a crossing between ¢ (J) and ¢/ (J) or, equivalently, between J and ¢:~/ (J). This
motivates the following step.

(3) Assign to each double point P a sign ep € {+, —} and an integer dp € Z as follows. The sign €p is
the sign of the crossing and dp is the difference between the label on the overcrossing arc and the label
of the undercrossing arc.

Algebraic € Geometric Topology, Volume 25 (2025)
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b=3_a

Figure 4: Strong inversion on a 2-bridge knot and construction of the butterfly link.

(4) Now let
n() = Zéptdp and r =—n(1).
P

Then 7(¢) is obtained as n(¢t) = 7(¢) + r.
We will use this algorithm to prove Proposition 3.2.

Proposition 3.2 Let I 1(ay,...,0n;c1,...,cn) be a diagram for the directed strongly invertible knot
K = K(p, q). Then the butterfly polynomial of K is given by

n n
L, () =D (% +17) =2 "¢y,
. i=1 i=1
where o; = % Z;-:l o).

Proof Figure 4 shows the construction of the butterfly link L,(K) = Ko U K; that starts from
Ii(ay,...,0n5¢1,...,cn). We only add a box of —20, crossings, so that 1k(Ky, K1) = 0. Observe
that Ly (K) is the denominator closure of the rational tangle T in Figure 5 (for details see [10, Figure 5]).

Using the procedure described in [11, Section 2], we can compute the coefficients of the continued fraction
associated with this tangle, finding that they are

[—b,2¢n, 0y, ..., 2¢1, 1]

The coefficients are all nonzero even integers; then, by [13, Exercise 2.1.14], we find that L (K) is
equivalent to the link represented by the diagram in Figure 5.

The diagram in Figure 5 has unknotted components, so we can compute the n-function of the link L (K)
drawing a fundamental domain (Figure 6) and applying the algorithm previously described.

Observe that we can assume b > 0. In fact it follows from [2, Proposition 11] that 1z, mx) () =
=L, k) (@)-
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)

o1

Figure 5: Left: rational tangle 7. Right: canonical form of L, (K).

We start by labelling and orienting the arcs. Call y the top-right arc, labelled 0. The arc y runs across each
—2¢; box reaching the left side of the domain. If oy > 0, then y rises and ends in the upper horizontal
bar. Then we will run across %ozl arcs riding from the lower bar to the upper bar, labelled with increasing
indexes. If a; < 0, then y descends ending in the lower horizontal bar and the following %ozl arcs ride
from the upper bar to the lower one with decreasing labels. This means that in both cases the last arc of

this group is labelled by %(xl.
This goes for all the groups of %ai vertical arcs: in each group the labels increase or decrease by 1 and

the arc entering the —2¢; box, after the group of %ai vertical arcs, is labelled by Z§=1 %a i = 0j.

The arc exiting the n™ box is labelled by 0, = >y %ai. The last group of vertical arcs consists of
exactly |oy| arcs oriented upwards or downwards depending on whether 0, < 0 or g, > 0. It follows
that the labels increase, or decrease, by 1 until they reach 0, at this point we meet the first arc, which is
already oriented and labelled.

op—sign(oy) 0

[ A2¢1 fes e |=]-2¢n F\-|—

Loy On sign(on)

sign(a) Opn—1+ sign(ay)

Figure 6: Fundamental domain with labelled oriented arcs.
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Ol1:8>0
O{2=—6<0
| I .
=4>0

Figure 7: Example of fundamental domain.

At last, we count the crossings. We must count the crossings in the groups of vertical arcs and in the
boxes for i € {1,...,n} and in the last group of |o,| vertical arcs. For each i € {1,...,n} in the i™ box
we find that the two strands run in opposite direction, one labelled 0 and one labelled ;. Hence we count
* |c;| crossings with € = sign(¢;) and d = oj,
* |c;| crossings with € = sign(c;) and d = —o;.
Regarding the crossings in the vertical arcs, the idea is that they do not contribute inasmuch they simplify
with each other. In fact the undercrossing arc is the same strand for each crossing and the labels of the
overcrossing arcs start from one value and after increasing and decreasing they get back to the same value.
This is due to the fact that the linking number between the components of the butterfly link is O and the

two components only cross each other in the boxes of crossings that go from «; to «; and in the box
containing —b crossings. Let us be more precise.

The %|a,~| crossings in the i™ group of vertical arcs contribute to the n-function with a polynomial that
depends on the sign of «; and of b in the following way:

+1%i-1 Zzz/f i, a; >0,
—0im YT kg <0,

Similarly, the crossings in the last group of vertical arcs contribute with

fby== "
h=1

See Figure 7 for an example. To prove that these two functions are correct we must examine the two

f(ai,b)={

possible cases.

(1) If o; > 0, then each crossing is positive, the undercrossing arc is labelled by 0 and the labels on the
%oc,- overcrossing arcs go from 0;_; + 1 to 01 + %(xi.

(2) If a; <0, then each crossing is negative, the undercrossing arc is labelled by 0 and the labels on the
%|a,~| overcrossing arcs go from g;_1 to o1 + 1 + %a,-.

The computation for the last group of vertical arcs works in the same way.
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It follows that the count of the crossings on the vertical groups of arcs for i € {1, ..., n} simplifies with
the count of the crossings on the last group of vertical arcs:

(X r@.n)+r6r=0

i=1
This means that

i) =Y @ +17%) and (1) =2 ¢

hence n(t) =Y 7, ci(t% +17%) =237 | ¢ ad
In analogy with Sakuma’s result [17, Theorem II], we can observe the following corollary to Proposition 3.2.

Corollary 3.3 Every Laurent polynomial in Z(t) is realised as butterfly polynomial of some directed
strongly invertible knot.

Proof Notice that the n-function of the butterfly link of the 2-bridge knot K, = I1(2n; 1) is
nit)y=1"+1"-2,

and these form a set of generators for Z(t). |

Remark 3.4 Using only the formula of Proposition 3.2 we are not able to deduce that no 2-bridge knot
is equivariantly slice. As an example, the butterfly polynomial vanishes on the family of directed strongly
invertible knots given by Iy (2a, —2a,2a,—2a;b,c,—b,d), with a,b,c,d € 7 \ {0}.

4 No 2-bridge knot is equivariantly slice

In this section we prove the following two propositions.
Proposition 4.1 The strongly invertible knot K = I1(ay,...,d,;C1,...,Cpy) IS not equivariantly slice.
Proposition 4.2 The strongly invertible knot K = I,(ay, ..., ®y) is not equivariantly slice.

To prove Proposition 4.1, we use the nullity of the butterfly link as an obstruction to equivariant sliceness.

Let L C S3 be a link, and denote by X (L) the 2-fold cover of S branched over L. Recall that the nullity
of L is defined as
n(L) =1+dim(H(2(L),Q))

and that the nullity is an invariant for link concordance, as shown in [12].

Proof of Proposition 4.1 Consider on K the direction specified in Figure 4. Recall that the fraction
associated with X is
p/q =lor,2c¢1,...,0n,2¢hH].

Algebraic € Geometric Topology, Volume 25 (2025)
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Figure 8: Left: butterfly link of I, (ay, as
axis A (in red).

As shown in the proof of Proposition 3.2, observe that Lj;(K) is a 2-bridge link with continued fraction
[—ZLI o, 2¢Cn, 0y, ...,2C1, al] (see Figure 5). It follows that the associated rational number is

n
p///q// — _Zai +q//p/,
i=1
where p'/q' =[2¢p, o, ..., 2¢1, 01]. Tt is a well-known fact (see [10, Theorem 4]) that p = p’ and ¢’ is
such that ¢ - ¢’ = —1 mod p. It follows that p”/g"” € Q \ {0}. Since the 2-fold cover % (L, (K)) of S3
branched over L, (K) is a lens space and p”/q” # 0, it is a rational homology S3. In particular, the
nullity of Ly(K) is n(Lp(K)) = 1. Since the nullity of the 2-component unlink is easily seen to be 2,
L, (K) is not concordant to the unlink. Therefore K is not equivariantly slice. a

Proof of Proposition 4.2 By [17, Proposition 2.3], if ) ;5 &2 41 7 0, then Sakuma’s n-polynomial is
nonvanishing for K, and hence K has infinite order in C.

Therefore, we can assume Zizo oz;+1 = 0, and hence n > 2. In this case, we can see from Figure 8, left,
that the butterfly link L (K) of K is a 2-bridge link. In order to conclude the proof as in Proposition 4.1,
we just have to show that L (K) is not the unlink. Let K be the knot obtained by quotienting (S3, L (K))
by the involution p, as depicted in Figure 8, right.

Suppose by contradiction that L (K) is the unlink, and hence X (Lp(K)) 2 S' x S2. Observe that K is
a 2-bridge knot with continued fraction p/q = [otq, ..., £ 1].

We want to show that K is not an unknot. Observe that K is isotopic to the 2-bridge knot given

by the continuous fraction [—ay F 1, —0t,_1,...,—a;]. If K is unknotted, by [18] we know that
[—an F1,—y—1,...,—a1] = 1/s for some s € Z. Then
+s+1
S+ =[~on, —tp—1....,—0q].

Computing the continuous fraction term by term, one finds that
[og,...,0n] =[£2,F2,...]

This proves that K cannot be an unknot, since these coefficients do not satisfy the constraint
Z azi+1 =0.
i>0
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K K K

Ly(K) Lm(K)

Figure 9: Construction of the moth link.

Now, since Lp(K) is obtained from K by taking the double cover branched over the quotient of the axis A,
Y (Lp(K)) is a double branched cover over X (K). Since the transfer map (see [3, Chapter III, Section 2])

H\(2(K).Z[3]) = Z/ pZ — Hy(=(Lp(K)). Z[3]) = Z[ 5]

is injective and Z[%] is torsion-free, we obtain a contradiction. It follows that L (K) is a nontrivial
2-bridge link, n(L,(K)) = 1 and hence that K is not equivariantly slice. a

5 A new invariant of equivariant concordance

Recall that a semiorientation on a link L is the choice of an orientation on each component of L, up to

reversing the orientation on all components simultaneously.

Definition 5.1 Let K be a directed strongly invertible knot. We define ib(K) to be the 2-periodic,
semioriented link obtained by endowing Lj(K) with the opposite semiorientation.

Observe that Zb (K) is obtained from K via a band move coherent with the (unique) semiorientation
of K. Conversely, we can attach another equivariant band B to Zb(K ) obtaining again K (see Figure 9).

Definition 5.2 We define the moth link of K to be the link L,,(K) given by the union of K and a
meridian U of the core of the band B, as described in Figure 9. Observe that this meridian can be chosen
so that L,,(K) is a 2-component strongly invertible link.

Remark 5.3 Using the notation of [9], L, (K) is the strong fusion of the link L »(K) along the band B.

Proposition 5.4 Let (K, po, ho) and (K1, p1, h1) be two equivariantly concordant directed strongly
invertible knots. Then L, (K) is equivariantly concordant to L,,(J).

Proof Let C C S3 x I be a concordance between (K, po, /o) and (K1, p1, 1) equivariant with respect
to an extension p: S3 x I — S* x I of po L p;. In the proof of Proposition 2.6 we found an equivariant
embedding of E = D!xD!x D! in §3x I which intersects the concordance C in D! xdD!'x D! and such
that Cp = (C \ E)UdD! x D! x D! exhibits an equivariant concordance between Lp(K) and Lp(K).

Algebraic € Geometric Topology, Volume 25 (2025)



1130 Alessio Di Prisa and Giovanni Framba

K

\c/
3 s e |~
A A

J

J

Figure 10: The band sum of L,,(K) and L,,(J) is Lm(Kﬁ J).

Now let N be a tubular neighbourhood of D! x 0 x D! in §3 x I and let ¢ be the arc 0 x 0 x D!. We
can take € > 0 small such that Ec = D! xeD! x D! C N. Then (Cp \ E¢)U D' xd(e D') x DY UIN |,
is an equivariant concordance between L,,(K) and L,,(K1). a

Definition 5.5 Let K be a directed strongly invertible knot. We define the moth polynomial of K as the
n-function of L,,(K) = K U U, taken with respect to the component K, ie

N(Lm(K))(@) =n(K,U:2).
Proposition 5.6 The moth polynomial induces a group homomorphism

N(Lm(=)):C = Q).

Proof Let K and J be two directed strongly invertible knots. By Proposition 5.4 if K and J are
equivariantly concordant then L, (K) and L,,(J) are concordant. Since the n-function is a concordance
invariant, n(L,,(K)) = n(L;,(J)); therefore n(L,(—)) is well defined. Next we have to show that
N(Lm(K#J)) = n(Lm(K)) + (L (J)). This follows by observing that L, (K # J) is obtained from
L,,(K) and L,,(J) by a band sum, as shown in Figure 10 and using [4, Theorem 7.1]. m|

We provide now a formula to compute the moth polynomial of a directed strongly invertible knot K from
the Conway polynomial of K and L »(K).

Proposition 5.7 The moth polynomial of a directed strongly invertible knot K can be computed by the

formula
Vi@

zVg(z)

where V (z) is the Conway polynomial of an oriented (or semioriented) link L and z =i(2—t—1"! /2,

N(Lm(K))(1) =

The proposition above is an immediate consequence of Propositions 5.8 and 5.9.
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Proposition 5.8 [9, Proposition 1] Let L be a 2-component link and let b be a band with ends on
different components of L. Denote by L(b) the knot obtained by performing a band move on L along b
and by z(b) the strong tusion of L given by b. Then the Cochran invariant of z(b) is given by
—ix~12v; (ix1/?)

Vi) (ix!/?)
Proposition 5.9 [4, Theorem 7.1] The Kojima—Yamasaki n-function can be expanded in powers of
x=(1—=0)(1—-t"1) so that

BL(b))(x) =

n(L)(2) = B(L)(x).
Since (L, (—)) is a homomorphism, Proposition 5.7 implies the following result.

Theorem 5.10 Let K be a directed strongly invertible knot such that vib(K)(Z) # 0. Then K is not
equivariantly slice and has infinite order in C.

As an immediate application of Theorem 5.10 we have the following refinement of the results in Section 4
on 2-bridge knots.

Proposition 5.11 Every 2-bridge knot has infinite order in C, independently of the choice of strong
inversion and direction.

Proof First of all, by Remark 2.5 it is sufficient to show that a directed strongly invertible knot K of
type I1(a1,...,0n,C1,...,cy) o1 I5(ay,...,a), with the direction specified in Figures 1, top, and 2,
has infinite order in C.

As proven in Propositions 4.1 and 4.2, either Sakuma’s n-polynomial of K is nonzero, and hence K has
infinite order, or X (L(K)) = E(ib (K)) is a rational homology S>.

Recall now that, for a link L C S3, we have | H,(Z(L),Z)| = |Ar(—1)|, where 0 means that the group
is infinite. Since Hj (E(Zb (K)), Z) is finite, we deduce that the Alexander polynomial of ib(K) is
nonzero, and hence by Theorem 5.10 that K has infinite order in C. a
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