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For a pair (G, N) of a group G with normal subgroup N, we consider the space of quasimorphisms and
quasicocycles on N nonextendable to G. To treat this space, we establish the five-term exact sequence of
cohomology relative to the bounded subcomplex. As an application, we study the spaces associated with
the kernel of the (volume) flux homomorphism, the IA-automorphism group of a free group, and certain
normal subgroups of Gromov-hyperbolic groups.

Furthermore, we employ this space to prove that the stable commutator length is equivalent to the stable
mixed commutator length for certain pairs of a group and normal subgroup.
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1 Introduction

1.1 Motivations

A quasimorphism on a group G is a real-valued function f: G — R on G satisfying

D(f) :=sup{|f(xy) = f(x) = f(W)]:x,y € G} < o0.
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We call D(f) the defect of the quasimorphism f. A quasimorphism f on G is said to be homogeneous if
f(x™)=n- f(x) for every x € G and every integer n. Let Q(G) denote the real vector space consisting
of homogeneous quasimorphisms on G. The (homogeneous) quasimorphisms are closely related to the
second bounded cohomology group Hl2) (G) = Hi (G;R), and have been extensively studied in geometric
group theory and symplectic geometry (see Calegari [26], Frigerio [40] and Polterovich and Rosen [88]).

In this paper, we consider a pair (G, N) of a group G with normal subgroup N. Leti: N — G be the
inclusion map. In this setting, we can construct the following two real vector spaces:

e the space Q(N)C of all G-invariant homogeneous quasimorphisms on N, where f: N — R is
said to be G-invariant if f(gxg~') = f(x) for every g € G and every x € N;

o the space H' (V)% +i*Q(G), where H!' (V)Y is the space of all G-invariant homomorphisms
from N to R and i * is the linear map from Q(G) to Q(N) induced by i : N — G.

An element f € Q(N) belongs to i *Q(G) if and only if there exists f € Q(G) such that f|N = f;in
this case, we say that f is extendable to G. Since a homogeneous quasimorphism is conjugation-invariant
(see Lemma 3.1), the space i *Q(G) is contained in Q(N)C. The extendability problem asks whether
there exists /€ Q(N)Y that is not extendable to G or, equivalently, whether the quotient vector space

QN)9/i*Q(G)
is nonzero. A stronger version of this problem asks whether the quotient space

QN /HY(N)® +i*Q(G))

is nonzero. We have some reasons to take the quotient vector space over H' (N)¢ + i *Q(G), instead
of one over i *Q(G). Elements in H' (N )¢ seem “trivial” as quasimorphisms in Q(N)?; also, when
we apply the Bavard duality theorem for stable mixed commutator lengths (see Theorem 7.1), precisely
the elements in H! (NV)© behave trivially. An example of a pair (G, N) such that Q(N)%/i*Q(G) is
nonzero is provided by Shtern [90], and an example of a pair such that Q(N )% /(H'(N)% +i*Q(G)) is
nonzero is provided by the first and second authors [58]. Some of the authors generalize the result of [58]
and provide an extrinsic application in [61] (see Theorem 1.3).

Here we show that, under a certain condition on I' = G/N and a mild condition on G, the quotient real
vector space Q(N)° /(H!(N)C +i*Q(G)) is finite-dimensional. For example, amenability of " and
finite presentability of G suffice. We exhibit here two such examples: one corresponds to a surface group
(Theorem 1.1), and the other to the fundamental group of a hyperbolic mapping torus (Theorem 1.2). We
discuss this point in more detail in the latter part of this subsection. We remark that in Theorem 1.2 the
group quotient I' = G/ N is nonabelian solvable in general. The main novel point of these theorems is that
we obtain nonzero finite-dimensionality of vector spaces associated with quasimorphisms: the (quotient)
spaces of homogeneous quasimorphisms modulo genuine homomorphisms tend to be either zero- or
infinite-dimensional for groups naturally appearing in geometric group theory. To be more precise, if a
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group admits hyperbolicity in a certain weak sense, then the space is infinite-dimensional (see Bestvina
and Fujiwara [12]); the space vanishes for higher-rank lattices (see Burger and Monod [22; 23]). We also
mention that there are some exceptions in the world of one-dimensional dynamics to the aforementioned
tendency, such as certain Thompson-type groups; see Fournier-Facio and Lodha [36] and Calegari [26,
Chapter 5].

Theorem 1.1 (nonzero finite-dimensionality in surface groups) Let [ be an integer greater than 1,
G = (X)) the surface group with genus /, and N the commutator subgroup [71(2;), 71 (2;)] of w1 (%)).
Then

dim(Q(N)®/i*Q(G)) =1(21—1) and dim(Q(N)®/H'(N)¢ +i*Q(G))) = 1.

For / € N, let Mod(X;) be the mapping class group of the surface 3; and s;: Mod(X;) — Sp(2/, Z) the
symplectic representation. For a mapping class ¥ € Mod(X;), we take a diffeomorphism f representing v
and let T denote the mapping torus of f. The fundamental group of T is isomorphic to the semidirect
product 71 (X;) Xy, Z and surjects onto z X, (y) Z via the abelianization map 71 (X3;) — H{(Z;; Z).
Note that the kernel of the surjection is equal to the commutator subgroup of 71 (X;).

Theorem 1.2 (nonzero finite-dimensionality in hyperbolic mapping tori) Let [ be an integer greater
than 1, ¥ € Mod(X;) a pseudo-Anosov element and f a diffeomorphism representing . Let G be the
fundamental group of the mapping torus Ty and N the kernel of the surjection G — 72! s;(y) Z. Then

dim(Q(N)®/i*Q(G)) = dim Ker(I5; — 5;(¥)) + dim Ker(I(zzl) — N si(¥))
and
dim(Q(N)®/(H (N)? +i*Q(G))) = dim Ker(I5; —5;(¥)) + 1.

Here, forn € N, I,, denotes the identity matrix of size n, and N* s;(¥): \* R¥ — A* R is the map
induced by s; (V).

In particular, if  is in the Torelli group (that is, s; () = 1), then
dim(Q(N)%/i*Q(G)) =21 + (221 ) and dim(Q(N)®/H'(N)? +i*Q(G))) =2/ + 1.

In Theorem 1.2, the pseudo-Anosov property for ¥ is assumed to ensure hyperbolicity of G; see
Theorem 4.8. In Theorems 4.5 and 4.11, we also obtain results analogous to Theorems 1.1 and 1.2 in the
free group setting.

In study of quasimorphisms, it is often quite hard to obtain nonzero finite-dimensionality. For instance, if
a group G can act nonelementarily in a certain good manner on a Gromov-hyperbolic geodesic space,
then the dimension of Q(G) is of the cardinal of the continuum [12]; contrastingly, a higher-rank lattice G
has zero Q(G) [22]. For a group G such that the dimension of Q(G) is of the cardinal of the continuum,
understanding all quasimorphisms on G might have been considered an impossible subject. Our study
of the space of nonextendable quasimorphisms might have some possibility of shedding light on this
problem modulo “trivial or extendable” quasimorphisms.
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Theorems 1.1 and 1.2 treat the case where G is a nonelementary Gromov-hyperbolic group and N a
subgroup with solvable quotient. In this case, a result of Epstein and Fujiwara [34] implies that the
dimension of Q(G) is the cardinal of the continuum. The kernel of the restriction i *: Q(G) — Q(N) can
be identified with Q(I"). Since I' is now finitely generated solvable, the dimension of Q(I') = H'(T") is
finite. This implies that the dimension of Q(/N)? is also the cardinal of the continuum. Nevertheless, our
results (Theorems 1.9 and 1.10) imply that the spaces Q(N)C /i *Q(G) and Q(N)¢ /(H (N )¢ +i*Q(G))
are always both finite-dimensional. Theorems 1.1 and 1.2 provide nonvanishing examples, and it might
be an interesting problem to understand al/l quasimorphism classes in these examples.

We outline how we deduce finite-dimensionality of Q(N)% /i *Q(G) and Q(N)Y/(H'(N)Y +i*Q(G))
under certain conditions in our results. Our main theorem, Theorem 1.5 (stated in Section 1.2), establishes

the five-term exact sequence of the cohomology H; » associated with a short exact sequence of groups
1> N—-G—->T-—1.

Here, H; , relates the bounded cohomology Hj with the ordinary cohomology H®; see Section 1.2 for
the precise definition of H7b' In Theorems 1.9 and 1.10, we assume that " is boundedly 3-acyclic,
meaning that Hi (I'; R) = 0 and HZ (I'; R) = 0 (Definition 1.8). Then the five-term exact sequence
enables us to relate Q(N)?/i*Q(G) and Q(N)¢/(H (N)Y + i*Q(G)), respectively, to the ordinary
second cohomology H?(I") = H?(I"; R) and H?(G) = H?(G; R). Since second ordinary cohomology
is finite-dimensional under certain mild conditions, we obtain the desired finite-dimensionality results.
In this point of view, our main theorem (Theorem 1.5) might be regarded as filling in a missing piece
between the bounded cohomology theory and the ordinary cohomology theory.

We also note that the extendability and nonextendability of invariant quasimorphisms themselves have
applications. See Section 2.1 for an application to the stable (mixed) commutator lengths, and Section 2.3
for one to symplectic geometry. As a notable extrinsic application, we recall our following theorem:

Theorem 1.3 [61, Theorem 1.1] Let ¥; be a closed orientable surface whose genus [ is at least
two and Q2 an area form on S. Let Difty(X;, 2) denote the identity component of the group of dif-
feomorphisms of ¥; that preserve Q2. Assume that a pair f, g € Diffy(X;, Q) satisfies fg = gf. Let
Fluxg : Diffy(X;, Q) — H' (Z;: R) be the volume flux homomorphism and — :H'(Z;; R)xH! (Z;; R) —
H2(Z;;:R) = R the cup product. Then

Fluxq (f) — Fluxq(g) = 0.

The statement of Theorem 1.3 might not seem to have any relation to quasimorphisms. Nevertheless,
the key to the proof is comparison between vanishing and nonvanishing of Q(N)%/i*Q(G), where
G = Fluxé1 ((Fluxg(f), Fluxg(g)/k)) for a sufficiently large integer k and N = Ker(Fluxg); see
Section 2.3 for basic concepts around volume flux homomorphisms. (We discuss a related example in
Example 7.15.)
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1.2 Main theorem

To treat the spaces of nonextendable quasimorphisms, we establish the five-term exact sequence of group
cohomology HY 7 relative to bounded cochain complexes. Throughout the paper, the coefficient module
of the cohomology groups is the field R of real numbers unless otherwise specified. The main reason we
are interested in this cohomology H7 p 1s that H »(G) and Q(G) are isomorphic (see Remark 1.6).

Now we start the definition of H7 p- LetV be a left normed G-module, and C"(G; V') the space of
functions from the n-fold direct product G*” of G to V. The group cohomology is defined by the
cohomology group of C"*(G; V) with a certain differential (see Section 3 for the precise definition).
Recall that the spaces C;'(G; V) of the bounded functions form a subcomplex of C*(G; V), and its
cohomology group is the bounded cohomology group of G. We write C b(G V') to indicate the quotient
complex C*(G;V)/Cp(G; V), and write H} b(G V') to mean its cohomology group.

Our main result is the five-term exact sequence of the cohomology HS Tb* Before stating our main theorem,
we first recall the five-term exact sequence of ordinary group cohomology.

Theorem 1.4 (see for example Brown [19, Corollary VII.6.4]) Let 1 — N G257 > 1bean
exact sequence of groups and V a left R[["]-module. Then there exists an exact sequence

0—H'(T; V) £5 H'(G: V) 55 H' (V: V)¢ > BT V) £5 HA(G: V).
The following theorem is the main result in this paper:

Theorem 1.5 (main theorem) Let 1 - N 5 G Z5>T — 1 be an exact sequence of groups and V a
left Banach R[I"]-module equipped with a I"-invariant norm || - ||. Then there exists an exact sequence
(1-1) 0— H/b(F V) r, H/b(G V) AR H/b(N V)© b, H/b(F V) Py b(G V).

Moreover, the exact sequence above is compatible with the five-term exact sequence of group cohomology;
that is, the following diagram commutes:

0 —— H!(I'; V) —2— H!(G; V) ——— H!(N; V)¢ —— HX(T; V) —2— H2(G; V)

(1-2) lél Jéz I‘Es l& lés

o—>H}b(r V)—>Hb(G V)—>Hb(N vy b(r V)—>Hb(G V)
Here the &; are the maps induced from the quotient map C* — C/‘b
Remark 1.6 By the definition of H/b’ there exists a natural map Q(G) — Hlb (G) = }b (G;R), and it

is known that this is an isomorphism (see the proof of [26, Theorem 2.50]). Then diagram (1-2) gives

rise to . . .
0 —— HY(T) 2= H'(G) = H(N)® —— H2(T) —2— H2(G)

(1-3) lél léz l& l&t l&s

0 —— Q(I) —— Q(G) —— QN)% —" K3, (I') —*— H},(G)
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Note that the exactness of the sequence
0— Q) £ Q6) L5 Qv)°
is well known (see [26, Remark 2.90]).

Remark 1.7 Tt is straightforward to show that the quotient space H} » (N VY€ /i *H} »(G; V) is iso-
morphic to Q(N (V)RG/ *QZ (G; V), where Qz (G;V)and Q(N : V)G are the spaces of quasicocycles
on G and G-quasiequivariant V-valued quasimorphisms on N, respectively (see Definition 6.1 and
Section 8.2; see also Remark 6.4). In Section 8.2, we will apply Theorem 1.5 to the extension problem
of G-quasiequivariant quasimorphisms on N to quasicocycles on G. We also mention that, for a group—
subgroup pair (G, H) for H (not being normal in G, but) being hyperbolically embedded into G, certain
extension theorems of quasicocycles have been obtained by Hull and Osin [49] and Frigerio, Pozzetti and
Sisto [41].

This theorem provides several arguments to estimate the dimensions of the spaces Q(N )% /i *Q(G) and
Q(N)Y/(H (N)C +i*Q(G)) as follows. Here we recall the definition of bounded k-acyclicity of groups
from Ivanov [53] and Moraschini and Raptis [82].

Definition 1.8 (bounded k-acyclicity) Let k be a positive integer. A group G is said to be boundedly
k-acyclic if HZ (G) = 0 for every positive integer i with i < k.

We note that Htl,(G) = 0 for every group G. We recall properties and examples of boundedly k-acyclic
groups in Theorem 3.6. In particular, we recall that amenable groups, such as abelian groups, are
boundedly k-acyclic for all k& (Theorem 3.5(5)).
Theorem 1.9 If the quotient group I' = G/ N is boundedly 3-acyclic, then

dim(Q(N)%/i*Q(G)) < dimH?*(T").
Moreover, if G is Gromov-hyperbolic, then

dim(Q(N)%/i*Q(G)) = dim H3(I').
In fact, the assumption of Gromov-hyperbolicity of G can be weakened to the surjectivity of the comparison
map ¢g: le) (G) — H?(G); see Theorem 4.1.
On the space Q(N)¢/(H'(N)¢ +i*Q(G)), we also obtain the following:
Theorem 1.10 If I' = G/N is boundedly 3-acyclic, then the map p* o (§4)~! o 7/p induces an iso-

morphism
QN)¢/H'(N) +i*Q(G)) = Im(p*) NIm(cg),

where cg : le) (G) — H2(G) is the comparison map. In particular, if T' is boundedly 3-acyclic, then
dim(Q(N)®/(H"(N)? +i*Q(G))) < dimH*(G).
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When N = [G, G], we have a more precise calculation of dim(Q(N)G/(Hl(N)G + i*Q(G))) (see
Corollary 4.3). As we mentioned in the previous subsection, there are many examples of a finitely
presented group whose space of homogeneous quasimorphisms is infinite-dimensional, for instance any
nonelementary Gromov-hyperbolic group [34]. Nevertheless, if we assume that I' = G/ N is boundedly
3-acyclic, then we have the following two statements: the space Q(N )% /(H'(N)% 4+ i*Q(G)) is finite-
dimensional if G is finitely presented (following from Theorem 1.10); and the space Q(N)%/i*Q(G) is
finite-dimensional if T" is finitely presented (following from Theorem 1.9).

There are several known conditions that guarantee Q(N )¢ =i *Q(G), ie every G-invariant quasimorphism
is extendable (see Malyutin [67], Ishida [50; 51] Shtern [90] and Kawasaki, Kimura, Matsushita and
Mimura [60]). We say that a group homomorphism p: G — I virtually splits if there exist a subgroup A
of finite index in I" and a group homomorphism s: A — G such that f o s(x) = x for every x € A. The
first, second, fourth and fifth authors showed that, if the group homomorphism p: G — T virtually splits,
then Q(N)? = i*Q(G) [60]. Thus the space Q(N)¢/i*Q(G), which we consider in Theorem 1.9, can
be seen as a space of obstructions to the existence of virtual splittings.

2 Other applications of the main theorem

In this section, we provide several other applications of our main theorem (Theorem 1.5); we also use its
corollaries, Theorems 1.9 and 1.10. To conclude the section, we briefly describe the organization of the
rest of the paper.

2.1 On equivalences of sclg and sclg, n

As an application of the spaces of nonextendable quasimorphisms, we treat the equivalence problems
of the stabilizations of usual and mixed commutator lengths. For two nonnegative-valued functions p
and v on a group G, we say that p and v are bi-Lipschitzly equivalent (or equivalent in short) if there
exist positive constants C; and C, such that C;v < i < Cyv. By Theorem 1.10, H*(G) = 0 implies
that Q(N)9/(H'(N)% +i*Q(G)) = 0 if I' = G/ N is boundedly 3-acyclic. We show that the condition
Q(N)C/(H"(N)® +i*Q(G)) = 0 implies that certain two stable word lengths related to commutators
are bi-Lipschitzly equivalent.

Let G be a group and N a normal subgroup. A (G, N)-commutator is an element of G of the form

[g.x] = gxg™!
(G, N)-commutators. Then [G, N] is a normal subgroup of G and is included in N. For an element

x~! for some g € G and x € N. Let [G, N] be the group generated by the set of

x in [G, N], the (G, N)-commutator length or the mixed commutator length of x is defined to be the

minimum number #z such that there exist # (G, N )-commutators ¢y, ..., ¢, such that x = ¢y --- ¢y, and is
denoted by clg, n(x). Then there exists a limit
ol x"
sclg, N (x) := lim —G’N( )
n—o00 n

and we call sclg, v (x) the stable (G, N )-commutator length of x.
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When N = G, clg,g(x) and sclg,g(x) equal the commutator length and stable commutator length of x,
respectively. We write clg (x) and sclg (x) instead of clg g (x) and sclg g (x). The commutator lengths
and stable commutator lengths have a long history (see [26]), for instance in the study of theory of
mapping class groups (see [32; 27; 10]) and diffeomorphism groups (see [21; 95; 96; 97; 17]). The
celebrated Bavard duality theorem [6] describes the relationship between homogeneous quasimorphisms
and the stable commutator length. In particular, for an element x € [G, G}, sclg(x) is nonzero if and only
if there exists a homogeneous quasimorphism f on G with f(x) # 0.

In [58; 60], we construct a pair (G, N) such that scly and sclg,y are not bi-Lipschitzly equivalent
on [N, N]. Contrastingly, in several cases it is known that sclg and sclg, ;v are bi-Lipschitzly equivalent on
[G, N]. For example, if the map p: G —I' = G/ N virtually splits, then sclg and sclg, n are bi-Lipschitzly
equivalent on [G, N|. In this paper, the vanishing of Q(N )% /(H'(N)€ 4i*Q(G)) implies the equivalence
of sclg and sclg, y as follows. We note that H*(G) = 0 implies Q(N)?/H'(N)? +i*Q(G)) =0 by
Theorem 1.10 when I' = G/ N is boundedly 3-acyclic.

Theorem 2.1 Assume that Q(N)¢ = H'(N)% + i*Q(G). Then:
(1) sclg and sclg, n are bi-Lipschitzly equivalent on [G, N].
(2) IfT' = G/N is amenable, then sclg(x) < sclg n(x) < 2-sclg(x) forall x € [G, N].
(3) IfI' = G/ N is solvable, then sclg (x) = sclg,n(x) forall x € [G, N].

Remark 2.2 Recently, several examples of nonamenable boundedly acyclic groups have been constructed
(see [38; 37; 79; 78]; we also recall some of them in Theorem 3.6). However, our proof of Theorem 2.1(2)
does not work if the assumption of amenability of I" in (2) is replaced with bounded 3-acyclicity. Indeed,
in our proof, we use the fact that HIZJ(G) — le) (N)Y is isometric, which is deduced from the amenability
of I [74, Proposition 8.6.6].

By Theorem 1.10, when G/N is boundedly 3-acyclic, H2(G) = 0 implies Q(N )¢ = H' (N )¢ +i*Q(G),
and hence sclg,y and sclg are equivalent on [G, N]. There are plenty of examples of groups whose
second cohomology groups vanish, as follows:

e The free groups Fj,.

e Let / be a positive integer. Let N; be the nonorientable closed surface with genus /, and set
G =n1(Ng). Then, G = {ay,...,qa; | a%---alz) and H2(G) = H%(N;) = 0.

e Let K be a knot in S*. Then the knot group G of K is defined to be the fundamental group
of the complement S3 \ K. Since S3 \ K is an Eilenberg—Mac Lane space, we have H?(G) =
H2(S3\ K) = Ho(K) = 0.

e The braid group B,. Akita and Liu [1, Corollary 3.21] gave sufficient conditions on a labeled
graph T" for the real second cohomology group of the Artin group A(I") to vanish.

e The Baumslag—Solitar groups BS(m,n) = (a,b | ba™b~1 = a™) with m # n (see [13], for example).

¢ Free products of the above groups.
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For other examples satisfying Q(N)¢ = H!(N)% +i*Q(G), see Example 4.13 and Corollaries 4.12,
4.14 and 4.16.

Finally, we discuss pairs (G, N') with nonequivalent sclg and sclg, . In [58], the first and second authors
provided the first example of such (G, N) (Example 7.14); we obtain another example with smaller G in
Example 7.15, which follows from [61]. These two examples may be seen as one example, coming from
symplectic geometry. Unfortunately, in the present paper, we are unable to provide any new example from a
different background. We remark that some of the authors [69] provided new examples after our work here;
see the discussion below Problem 9.9. By Theorem 2.1, the vanishing of Q(N)% /(H(N)C +i*Q(G))
implies the equivalence of sclg and sclg, . After this work, the authors proved that its converse holds if
N =[G, G] [59]. We discuss problems on this equivalence/nonequivalence in more detail in Section 9.2.

2.2 The case of IA-automorphism groups of free groups

Here we provide an example where Q(N)% = H' (V)% +i*Q(G) but I is not amenable. Our example
comes from the automorphism group of a free group and the IA-automorphism group. The group of
automorphisms of a group G is denoted by Aut(G). Let IA, be the [A-automorphism group of the free
group Fy, ie the kernel of the natural homomorphism Aut(Fy) — GL(n, Z). Let Aut(Fy)+ denote the
preimage of SL(#n, Z) in Aut(Fy). The following theorem will be proved in Section 8; see Theorems 8.9
and 8.17 for more general statements.

Theorem 2.3 (1) Forevery n > 2, we have Q(IA,)A"(Fn) = j*Q(Aut(F,)) and Q(IA,)A"+Fn) =
I*Q(Auty (Fp)).
(2) For every n > 6 and every subgroup G of Aut(F,) of finite index, Q(N)¢ = i*Q(G). Here,
N =1A,NG.

Remark 2.4 (1) The bound n > 6 in Theorem 2.3(2) comes from Theorem 8.6(1), which treats an
effective bound of the Borel stable range for second ordinary cohomology with the trivial real coefficients
of SL,,.

In fact, by appealing to a recent result of Bader and Sauer [3], we are able to improve this bound to n > 4.
We will see this in Theorem 8.17.

(2) Corollary 3.8 of [43] implies that H>(Aut(F,)) = 0 for n > 5. However, H?(A) for a subgroup A
of finite index in Aut(F},) is mysterious in general. Even on H!, only quite recently it has been proved
that H'(A) = 0 if n > 4; the proof is based on Kazhdan’s property (T) for Aut(F,) for n > 4. See
[55; 54; 86]. We refer to [8] for a comprehensive treatise on property (T). Contrastingly, by [71], there
exists a subgroup A of finite index in Aut(F3) such that H! (A) # 0.

(3) The same conclusions as in Theorem 2.3 hold if we replace Aut(F}) and 1A, with Out(F}) and IA,,
respectively. Here, IA, denotes the kernel of the natural map Out(F,) — GL(n, Z). Indeed, the proofs
which will be presented in Section 8 work without any essential change.
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(4) If n > 3 and G is a subgroup of Aut(Fy) of finite index, then the real vector space i *Q(G) is
infinite-dimensional. Indeed, we can apply [12] to the acylindrically hyperbolic group Out(F}), whose
amenable radical is trivial. Moreover, thanks to [39, Corollary 4.3], we may construct an infinite
collection of homogeneous quasimorphisms on Out(F;) which is linearly independent even when these
quasimorphisms are restricted to [TA, NG, IA, NG]. Here G is the image of G under the natural projection
Aut(F,) — Out(F,). Then consider the restriction of this collection on G, and take the pullback of it
under the projection G — G.

In fact, Corollary 1.2 of [9] treats quasicocycles into unitary representations. Then the following may be
deduced in a similar manner to the above: Let G be a subgroup of Aut(F},) of finite index with n > 3
and T := G/(IA, N G). Let (7, ) be a unitary I"-representation, and (77, #) the pullback of it under the
projection G — I'. Then the vector space i *QZ (G, , %) of the quasicocycles is infinite-dimensional.
Furthermore, Corollary 1.2 of [9] and its proof can be employed to obtain the corresponding result in the
setting where G is a subgroup of Mod(X;) of finite index with / > 3 and (77, ¥) is a unitary representation
of G/($(X;) N G). Here $(X;) denotes the Torelli group.

If (G, N) equals (Mod(X;), $(X;)) or its analogue for the setting of subgroups of finite index, then the
situation is subtle. See Theorems 8.10 and 8.14 for our results. We remark that the question on the
extendability of quasimorphisms might be open; see Problem 8.18.

2.3 Applications to volume flux homomorphisms

In Section 5, we will provide applications of Theorem 1.10 to diffeomorphism groups.

We study the problem to determine which cohomology class admits a bounded representative. Notably,
the problem on (subgroups of) diffeomorphism groups is interesting and has been studied in view of
characteristic classes of fiber bundles. However, the problem is often quite difficult and, in fact, there are
only a few cohomology classes that are known to be bounded or not. Here we restrict our attention to the
case of degree two cohomology classes. The best-known example is the Euler class of Diff (S!), which
has a bounded representative. The Godbillon—Vey class integrated along the fiber defines a cohomology
class of Diff4 (S 1), which has no bounded representatives [91]. It was shown in [25] that the Euler class
of Diffy(R?) is unbounded. In the case of three-dimensional manifolds, the identity components of the
diffeomorphism groups of several closed Seifert-fibered three-manifolds admit cohomology classes of
degree two which do not have bounded representatives [68].

Let M be an m-dimensional manifold and €2 a volume form. Then we can define the flux homo-
morphism (on the universal covering) Fluxg : Diff, (M, ) — H™ 1 (M), the flux group I'q, and the flux
homomorphism Fluxg : Diffo(M, Q) — H™~1(M)/ I'q; see Section 5 for the precise definitions.

As applications of Theorem 1.10, we have a few results related to the comparison maps le) (Difty(M, Q2)) —
H2 (Diffo (M. 2)) and H (Diffo (M. ) — H2(Diffo (M, 2)).
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It is known that the spaces H? (Diffy (M, )) and H? (I’D\if/fo (M, 2)) can be very large (see for instance
the following proposition in Kotschick and Morita [65]). Note that H*(R”;R) is isomorphic to
Homg (A7 (R™); R).
Proposition 2.5 [65] The homomorphisms

Flux®,: H2(H™ ™' (M) / Tq) — H(Diffo(M, Q)). Fluxg: H2(H™ ' (M)) — H2(Diffo(M, Q)
induced by the flux homomorphisms are injective.
As an application of Theorem 1.10, we have the following theorem:
Theorem 2.6 Let (M, 2) be an m-dimensional closed manifold with volume form 2. Then the following
hold:

(1) If m = 2 and the genus of M is at least 2, then there exists at least one nontrivial element of
Im(Fluxg,) represented by a bounded 2-cochain.

(2) Otherwise, every nontrivial element of Im(Fluxy,) and Im FTJX* cannot be represented by a
Y Q Q P y

bounded 2-cochain.
Note that in case (1) it is known that 1 (Diffy(M, 22)) = 0 (see for example [87, Section 7.2.B]); in
particular, the flux group I'q is zero.
In the proof of Theorem 2.6(1), we essentially prove the nontriviality of the cohomology class cp €
Im(Fluxg,), called the Py class. In Section 9.1, we provide some observations on the Py class.

Organization of the paper

Section 3 collects preliminary facts. In Section 4, we first prove Theorems 1.9 and 1.10, assuming
Theorem 1.5. Secondly, we show Theorems 1.1 and 1.2. In Section 5, we provide applications of
Theorem 1.5 to the volume flux homomorphisms. Section 6 is devoted to the proof of Theorem 1.5. In
Section 7, we prove Theorem 2.1. In Section 8, we prove Theorem 2.3, as well as Theorems 8.9 and 8.10
(and furthermore Theorems 8.17 and 8.14). In Section 9, we provide several open problems.

3 Preliminaries

Before proceeding to the main part of this section, we collect basic properties of quasimorphisms and
state them as Lemmas 3.1 and 3.2; see [26, Sections 2.2 and 2.4] for more details. Lemma 3.1 follows
from the equality (ghg™')" = gh"g~! for every g,h € G and every n € Z.

Lemma 3.1 A homogeneous quasimorphism is conjugation-invariant.

In particular, the restriction of a homogeneous quasimorphism f of G to a normal subgroup N is
G-invariant.
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For a quasimorphism f: G — R, the Fekete lemma guarantees that the limit

F)= tim 26D

n—oo

exists. The function f defined by the above equation is called the homogenization of f.

Lemma3.2 (1) f isahomogeneous quasimorphism.

2) | f(x)= f(x)] < D(f) forevery x € G.
(3) 126, Lemma 2.58] D(f) <2D(f).

In this section, we recall definitions and facts related to the ordinary and bounded cohomology of groups.
For a more comprehensive introduction to this subject, we refer to [45; 26; 40].

Let V be a left R[G]-module and C”(G; V') the vector space consisting of functions from the n-fold
direct product G*" to V. Let §: C*(G; V) — C"*t1(G: V) be the R-linear map defined by

BF)(Z0v- - &) =80 S (g1 &)+ Y (1) f(g0u- - i1 i &)+ (=1 f(g0.. . 8nm).

i=1

Then 6% = 0 and its '™ cohomology is the ordinary group cohomology H*(G; V).

Next, suppose that V' is equipped with a G-invariant norm || - |, ie ||g - v|| = ||v| for every g € G and
v € V. Define C;/(G; V) to be the subspace
CHG:V)={/:G" > V| sup 1/ (g1, gn)ll < oo}

of C"(G; V). Then C5(G; V) is a subcomplex of C*(G; V'), and we call the n™ cohomology of Cp (G V)
the n* bounded cohomology of G, and denote it by H} (G V). The inclusion Cp(G; V) — C*(G; V)
induces a map c¢g: H; (G; V) — H*(G; V), called the comparison map.

Let H; »(G; V) denote their relative cohomology, that is, the cohomology of the quotient complex
C/.b (G;V)=C*(G;V)/Cy(G; V). Then the short exact sequence of cochain complexes

0—Cp(G; V)= C(G; V) — C/’b(G; V)—0
induces the cohomology long exact sequence
(3-1) c+ > Hp(G: V) “S HY(G: V) > H}, (G V) > Hy (G V) — -

If we need to specify the G-representation p, we may use the symbols H*(G; p, V), H; (G; p, V) and
H; »(G:p, V) instead of H*(G; V), H} (G; V) and H; (G V), respectively. Let R denote the field of real
numbers equipped with the trivial G-action. In this case, we write H"(G), Hy (G) and H7b (G) instead of
H"(G;R), H}(G; R) and H’/’b (G;R), respectively.

Let N be a normal subgroup of G. Then G acts on N by conjugation, and hence G acts on C"(N; V).
This G-action is described by

ENX1, . xn) =g f(g ' x18,....8 " xng).
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The action induces G-actions on H*(N; V), Hj (N; V) and H7b (N;V). When N = G, these G-actions
on H*(G; V), Hy(G; V) and H7b (G; V) are trivial. Indeed, for /i € G, the conjugation by 2 on C*(G; V)
is homotoped to the identity map by the chain homotopy ®;: C™(G; V) — C"*~1(G; V) defined by

n—1

(@H((E1e e gn-) = D (D1 gich i gigah, .. h guih).
i=0

This chain homotopy induces ones between the conjugations by / and the identity maps on Cp(G; V)
and C/'b (G; V). By definition, a cocycle f: N — V in C/lb (N; V) defines a class of H}b (N; V)Y if and
only if the function 8 — f: N — V is bounded for every g € G.

Until the end of Section 5, we consider the case of trivial real coefficients. Let f/': G — R be a homogeneous
quasimorphism. Then f is considered as an element of C!(G), and its coboundary §f is

@f)x.y) = fX) = f(xy) + f(»).

Since f is a quasimorphism, the coboundary §f is a bounded cocycle. Hence we obtain a map 6: Q(G) —
Hi (G) given by f +— [6f]. Then the following lemma is well known:

Lemma 3.3 The following sequence is exact:

0 - H'(G) = Q(G) % H2(G) <% H2(G).

Let ¢: G — H be a group homomorphism. A virtual section of ¢ is a pair (A, x) consisting of a
subgroup A of finite index in A and a group homomorphism s: A — G satisfying ¢(s(x)) = x for
every x € A. The group homomorphism ¢ is said to virtually split if ¢ admits a virtual section. As
mentioned at the end of the introduction, some of the authors showed the following proposition. For a
further generalization of this result, see [61, Theorem 1.4].

Proposition 3.4 [60, Proposition 6.4] If the projection p: G — T virtually splits, then the map
i*:Q(G) — Q(N)C is surjective.

In this paper, we often consider amenable groups and boundedly acyclic groups. Here we review basic
properties related to them. First we collect those for amenable groups (see for example [40] for more
details).

Theorem 3.5 (known results for amenable groups) (1) Every finite group is amenable.
(2) Every abelian group is amenable.
(3) Every subgroup of an amenable group is amenable.

(4) Let1 - N - G —I' — 1 be an exact sequence of groups. Then G is amenable if and only if N
and I' are amenable.

(5) Every amenable group is boundedly k -acyclic for all k > 1.
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Secondly, we collect known results on bounded k-acyclicity for kK > 3 due to various researchers; these
results are not used in this paper, but it might be convenient to the reader to have some examples of
boundedly 3-acyclic groups that are nonamenable. See also Remark 8.8 for one more example.

Theorem 3.6 (known results for boundedly acyclic groups) (1) [70] Let n € N. Then the group
Homeo. (R") of homeomorphisms on R” with compact support is boundedly acyclic.

(2) [75;80] Forn > 3, every lattice in SL(n, R) is 3-boundedly acyclic.
(3) [20] Burger—Mozes groups [24] are 3-boundedly acyclic.

(4) (see[82]) LetkeN.Letl > N — G — ' — 1 be a short exact sequence of groups. Assume
that N is boundedly k-acyclic. Then G is boundedly k-acyclic if and only if T is.

(5) [38] Every binate group (see [38, Definition 3.1]) is boundedly acyclic.

(6) [37] There exist continuum many nonisomorphic 5-generated nonamenable groups that are bound-
edly acyclic. There exists a finitely presented nonamenable group that is boundedly acyclic.

(7) [78] Thompson’s group F is boundedly acyclic.

(8) [78] Let L be an arbitrary group. Let I be an infinite amenable group. Then the wreath product
LT = (@r L) x T is boundedly acyclic.

(9) [79] For every integer n at least two, the identity component Homeog(S") of the group of
orientation-preserving homeomorphisms of S" is boundedly 3-acyclic. The group Homeog(S?) is
boundedly 4-acyclic.

On (7), we remark that it is a major open problem whether Thompson’s group F is amenable.
The seven-term exact sequence and the calculation of first cohomology mentioned below will be used in
the proof of Theorem 4.11.
Theorem 3.7 (seven-term exact sequence; see [31] for example) Let 1 — N G271 bean
exact sequence. Then we have the exact sequence
0 H'() 25 HI(G) &5 HY(N)Y = HE(D)

— Ker(i*: H*(G) — H*(N)) 2> H'(I; H' (V)) — H3 ().
Here H'(N) is regarded as a left R[I"]-module by the I -action induced from the conjugation G -action
on N.

Lemma 3.8 For a left R[Z]-module V, let p: Z — Aut(V') be the representation. Then the first
cohomology group H!(Z; V) is isomorphic to V /Im(idy — p(1)).

Proof By definition, the set Z!(Z; V) of cocycles on Z with coefficients in V is equal to the set of
crossed homomorphisms, that is,

{h:Z =V | h(n+m)=pn)(h(m)) + h(n) for every n,m € 7.}.

Algebraic € Geometric Topology, Volume 25 (2025)



The space of nonextendable quasimorphisms 1183
Since every crossed homomorphism on Z is determined by its value on 1 € Z, we have Z'(Z; V) = V.
The set B'(Z; V') of coboundaries on Z with coefficients in V is equal to

{h:Z —V |h(l)=v—p(1)(v) for some v e V}.
Hence, B'(Z; V) = Im(idy — p(1)), and the lemma follows. |

4 The spaces of nonextendable quasimorphisms

The purpose of this section is to provide several applications of our main theorem (Theorem 1.5) to
the spaces Q(N)¢/i*Q(G) and Q(N)?/(H' (N)% +i*Q(G)). In Section 4.1 we prove Theorems 1.9
and 1.10 modulo Theorem 1.5, and in Sections 4.2—4.4 we provide several examples of pairs (G, N) such
that the space Q(N)C /(H'(N)C +i*Q(G)) does not vanish (Theorems 1.1, 1.2 and 4.18).

Here we restate Theorems 1.9 and 1.10 for the convenience of the reader.
Theorem 1.9 If the quotient group I' = G/ N is boundedly 3-acyclic, then
dim(Q(N)°/i*Q(G)) < dimH*(T").
Moreover, if G is Gromov-hyperbolic, then
dim(Q(N)®/i*Q(G)) = dimH*(I).

Theorem 1.10 If I' = G/N is boundedly 3-acyclic, then the map p* o (§4)~! o 7/p induces an iso-
morphism
QM) /H' (V)T +i*Q(G)) = Im(p*) NIm(c).

where cg : Hi(G) — H?(G) is the comparison map. In particular, if T' is boundedly 3-acyclic, then
dim(Q(N)®/(H"(N)? +i*Q(G))) < dimH*(G).
4.1 Proofs of Theorems 1.9 and 1.10

The goal of this section is to prove Theorems 1.9 and 1.10 modulo Theorem 1.5.

First we prove Theorem 1.9. Recall that, if G is Gromov-hyperbolic, then the comparison map H127(G) —
H?(G) is surjective [73; 46; 84]. Hence, Theorem 1.9 follows from the following:

Theorem 4.1 Let 1 - N — G — I' — 1 be an exact sequence of groups. Assume that I is boundedly

3-acyclic. Then
dim(Q(N)®/i*Q(G)) < dimH*(I).

Moreover, if the comparison map cg : Hg (G) — H%(G) is surjective, then
dim(Q(N)®/i*Q(G)) = dimH*(I).
Proof By Theorem 1.5, we have the exact sequence
Q(G) L5 QN) I8 13, (I).
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Hence,
dim(Q(N)9/i*Q(G)) < dimH7,(T).

Since T is boundedly 3-acyclic, the map £4: H*(I") — H?b (T') is an isomorphism by (3-1), and therefore
dim(Q(N)®/i*Q(G)) < dimH*(T").

Next we show the latter assertion. Suppose that the comparison map cg: le) (G) — H2(G) is surjective.
Then &5: H2(G) — H?b (G) is the zero map. Since &;: H*(I') — H?b (T) is an isomorphism, the map
p*: H?b ) — H?b (G) is also zero. Hence,

dim(Q(N)9/i*Q(G)) = dim H7, (T") = dim H*(T"). O
To prove Theorem 1.10, we use the following lemma in homological algebra:

Lemma 4.2 For a commutative diagram of R -vector spaces
C

lc
b> b3

B2—)B3—>B4

lq ;lq lu

ai az as

A, A, Ay -2 4,

1

where the rows and the last column are exact and c3 is an isomorphism, the map b3 o ¢y oay induces an

isomorphism
Ay /(Im(ay) 4+ Im(cy)) = Im(bz) N Im(c).

Because the proof of Lemma 4.2 is done by a standard diagram chase, we omit it.

Proof of Theorem 1.10 If I' = G/N is boundedly 3-acyclic, £4: H*(T") — H?b (T") is an isomorphism.
Therefore, Theorem 1.10 follows by applying Lemma 4.2 to the commutative diagram (1-3). O

The following corollary of Theorem 1.10 will be used in the proof of Theorem 1.1:

Corollary 4.3 Assume that N is contained in the commutator subgroup [G, G| of G, and T" is boundedly
3-acyclic. Then

dim(Q(N)¢/(H'(N)® +i*Q(G))) < dimH*(T') —dimH' (V)€
Moreover, if the comparison map H; (G) — H?(G) is surjective, then

dim(Q(N)%/(H' (N)® +i*Q(G))) = dimH?(I") —dimH! (N)C.

Proof Since N is contained in the commutator subgroup of G, the map i *: H'(G) — H! (V) is zero
and hence dim Im(p*) = dim H2(I") —dim H' (V). Therefore, Theorem 1.10 implies the corollary. O
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Remark 4.4 lLet1 —- N — G — ' — 1 be an exact sequence and suppose that the group NV is amenable.
Then it is known that the map &;: H'(N)¢ — Q(N)? in (1-3) is an isomorphism. Hence, Lemma 4.2
implies that the composite 7 0 &3 1oi* induces an isomorphism

Q(G)/(H'(G) + p*Q(T")) = Im(7) N Im(cr).

This isomorphism was obtained in [62] in a different way and applied to study boundedness of characteristic
classes of foliated bundles.

4.2 Proof of Theorem 1.1

The goal of this subsection is to prove Theorem 1.1 by using the results proved in the previous subsection.
This theorem treats surface groups. Before proceeding to this case, we first prove the following theorem
for free groups:

Theorem 4.5 (computations of dimensions for free groups) Forn > 1, set G = Fy, and N = [Fy,, Fy].
Then

dim(Q(N)/i*Q(G)) = In(n—1) and dim(Q(N)®/H'(N)¢ +i*Q(G))) = 0.
Proof By Theorem 4.1,
dim(Q(N)¢/i*Q(G)) = dimH*(G/N) = dimH*(Z") = In(n—1).
By Theorem 1.10, we obtain
dim(Q(N)®/(H'(N)? +i*Q(G))) < dimH*(G) = 0. O
Next we show Theorem 1.1. In the proof, we need the precise description of the space H' ([F,, F,])¥" of

Fy-invariant homomorphisms on the commutator subgroup [Fy, Fy] of the free group Fj. Throughout
this subsection, we write ay, ..., d, to mean the canonical basis of Fj,.

Lemma 4.6 Let i and j be integers such that 1 <i < j < n. Then there exist F,-invariant homo-
morphisms o j : [Fp, Fy] — R such that, for k,l € Z with1 <k <[ <n,

1 if (i,)) = (k, 1),
4-1 i i , =
¢ oi.j (k. ar) {0 otherwise.
Moreover, the «; j are a basis of H! ([F,,, Fu))fn. In particular,
dimH! (Fy, Fu))r = In(n—1).
Proof When G = F, and N = [F,, F,], the five-term exact sequence (Theorem 1.4) implies that the
dimension of H ([F,, Fu])f" is %n(n —1). Hence it suffices to construct «; ; satisfying (4-1).

We first consider the case n = 2. Since dim(H! ([F», F»])¥2) = 1, it suffices to show that there exists an
F>-invariant homomorphism «: [F,, F>] = R with a([a, as]) # 0. Let ¢: [F,, F>] — R be a nontrivial
F-invariant homomorphism. Then there exists a pair x and y of elements of F, such that ¢([x, y]) # 0.
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Let f: F, — F, be the group homomorphism sending a; to x and a; to y. Since ¢ is Fj-invariant, we
have

po flgxg ™ H=0(f(@) f(x)f(g) ) =9po f(x)

for every g € F, and every x € [F;, F>]. Hence, ¢ o (f|[F,,F,]): [F2, F2] — R is an F,-invariant
homomorphism satisfying ¢ o f([ay, a3]) # 0. This completes the proof of the case n = 2.

Suppose that n > 2. Then, for i, j € {1,...,n} with i < j, define a homomorphism ¢; j: F, — F>
which sends a; to ay, aj to a,, and ay to the unit element of F, for k # i, j. Then ¢; ; induces a
surjection [Fy,, Fy] to [F,, F,], and induces a homomorphism q;’:j cH([F5, F2))F2 — H' ([Fp, Fu]) 7.
Set @j,j = ay1,204¢;,j. Then ; ; clearly satisfies (4-1), and this completes the proof. |

Theorem 1.1 follows from Corollary 4.3 and the following proposition:

Proposition 4.7 For/ > 1,
dimH! ([ (). 7y (E)) ™ P =121 = 1) — 1.
Proof Recall that 771 (X;) has the presentation

(ay,...,ay |lay,az]--laz—1,as]).

Let f: Fy; — m1(X;) be the natural epimorphism sending a; to a;, and K the kernel of f, ie K
is the normal subgroup generated by [a1,a3]:--[az;—1,as;] in Fy;. Then f induces an epimorphism
SN, Fay1: [Fa1s For] = [m1(2)), w1 (2))] between their commutator subgroups, and its kernel coincides
with K since K is contained in [F,;, F,;]. This means that, for a homomorphism ¢: [Fy;, Fo;] = R,
@ induces a homomorphism @: [1(X;), 71(2;)] — R if and only if

o(ay,az] - -lazy—1.ay]) = 0.

It is straightforward to show that ¢ is F,;-invariant if and only if ¢ is 771 (X;)-invariant. Hence the image
of the monomorphism H' ([rr1 (X)), (21)])”1(2’) — HI([Fy;, F5))¥2 is the subspace consisting of

elements
Zkl‘jal‘j
i<j
such that
kio+ksa—+---+ky_1=0.

Since the dimension of H' ([Fy;, Fy;])F2 is 1(2] — 1) (see Lemma 4.6), this completes the proof. |

Proof of Theorem 1.1 Since the abelianization I' = 71 (X;)/[71(X;), 71 (X;)] of the surface group is
isomorphic to Z2/, we have dim H2(I") = /(2/ — 1). Thus the first assertion follows from Theorem 4.1.
Since the comparison map Hj (71 (7)) — H? (71 (;)) is surjective, we obtain

dim(Q(V)®/(H' (M) +i*Q(G))) = 1
by Corollary 4.3 and Proposition 4.7. O

Algebraic € Geometric Topology, Volume 25 (2025)



The space of nonextendable quasimorphisms 1187
4.3 Proof of Theorem 1.2 and a related example

To prove Theorem 1.2, we now recall some terminology of mapping class groups.

Let / be an integer at least 2 and X; the oriented closed surface with genus /. The mapping class group
Mod(X;) of ¥ is the group of isotopy classes of orientation-preserving diffeomorphisms on X;. By
considering the action on the first homology group, Mod(X;) has a natural epimorphism s;: Mod(X;) —
Sp(21; Z), called the symplectic representation.

For ¢ € Mod(X;), we take a diffeomorphism /" that represents 1. The mapping torus 7 is an orientable

closed 3-manifold equipped with a natural fibration structure ¥; — Ty — § 1. The following is known:

Theorem 4.8 [93] A mapping class ¥ is a pseudo-Anosov element if and only if the mapping torus Ty
is a hyperbolic manifold.
Set I' = Z2! x5, (4 Z and
4-2) G=m(Ty)=m(Z)xsZ

=(a1,...,az+11lar, a2] - -lazi—1,a21]1= g, azi+1-ai = (fxai)-az 4+ forevery 1 <i <2I),
where fi:m(X;) — m1(X;) is the pushforward of f.
Lemma4.9 (1) dimH?*(I") = dimKer(/5; —s;(¥)) + dim Ker(I(zz) — N\ si(¥)).

2
(2) dimH?(G) = dimKer(/5; —s;(¥)) + 1.

Proof Let 7% be the 2/-dimensional torus. By the natural inclusion Sp(2/; Z) — Homeo(Tzl ), we regard

the element s; (1) as a homeomorphism of T2/, Let M, 5, (y) be the mapping torus of s; () € Homeo(T'?).
Since Mg,y is a K(T', 1)-manifold, we have dim H*(T") = dim H? (M, (y))-

For the mapping torus Mg, ), we have the long exact sequence
(4-3) o> HY (T 25 0N (1Y) > HA(M,, ) — H2(TH) 25 2(12) -
where the map § is given by

idypn 2ty — s (V) HY(T?) — B (T?)

(see [48, Example 2.48]). This, together with (4-3) and the fact that H2(T?) =~ A\* H'(T*), implies
that
dim H2(T") = dim H?(Mj, () = dim Ker(; — 5;(1)) + dim Ker(/ (1) — N s ().

The computation of dim H?(G) is done in a similar manner. O

Let N be the kernel of the natural epimorphism G — I'. Note that N is isomorphic to the commutator
subgroup of 71 (X;).
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Lemma 4.10 dimH'(N)% < dim Ker(l(y) — N5 W)) —
2

Proof We set H=H;(Z;;Z). Let :: H'(N)¢ — Hom(/\2 H, ]R) be the map defined by
t(h)(g(x) Aq(y)) = h(lx. yD,

where x, y € m1(X;) and ¢g: 71(X;) — H is the abelianization map. We claim that this map ¢ is well
defined. To verify this, let # € H'(V)C. By commutator calculus, [x;x2, ] = x;[x2, y]xl_1 -[x1, y] for
every X, Xz, ¥ € w1(X;). Since h is G-invariant, this implies that

h(x1x2, y]) = h(x1, ¥ + ~((x2, YD)

In a similar manner to the above, we can see that

h([xz, yw]) = h(]x, y])

for every x, y € m1(Z;) and every z, w € N = [71(X;), 71(Z;)]. Now it is straightforward to confirm
that ¢ is well defined. Moreover, since N is normally generated by {[a;,a;]}1<;<j<2; in G, the map ¢ is
injective.
We set

Hom(A? H.R)\ %) = {h € Hom(A2H.R) | h o A2 s1(y) = h}.
Then the image of ¢ is contained in Hom(/\2 H, ]R)/\ st ) Indeed, for 1 <i < j <2/ and h € H'(N)©,

(N 1)@ Aq(a)) = h((far. fxaj))
= h(laz;41-ai -a2_11+1,a21+1 dj 'a;ll+1])
= h(lai. a;]) = (M) (q(ai) Aq(aj)),
where the second equality comes from the relation in (4-2) and the third equality comes from the
G-invariance of /.

2
Since dim Hom(/\2 H, ]R)/\ 1) g equal to dim Ker(/ @)~ N s1(¥)), it suffices to show that the map
2

2
cHU(N)G - Hom(/\2 H,R)N )

is not surjective. We set v; = q(ay) A g(az) + -+ + g(azj—1) A glay) € A?H. Then the map
/\ sp(yr): /\ H—> /\ H preserves v;. Hence, for a suitable basis containing v, the dual v is contained in

Hom(/\ H, R)/\ $1 (%) . However, v* is not contained in the image of ¢. Indeed, for every 4 € H' (N)©,

1
t(h)(vy) = h(lay,az]---laz—1,a]) = 0.

2
Hence the map ¢: H'(N)° — Hom(/\2 H, R)/\ 1) s not surjective, and the lemma follows. ]

Proof of Theorem 1.2 The group G is Gromov-hyperbolic by Theorem 4.8 and I' is amenable by
Theorem 3.5(4). Hence, Theorem 1.9, together with Lemma 4.9(1), asserts that

dim(Q(N)%/i*Q(G)) = dimH3(T") = dim Ker(I5; — 5;(¥)) + dim Ker(I(zzz) — N s1(¥)).
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By Theorem 1.10 and Lemma 4.9(2), we obtain
dim(Q(N)¢/(H'(N)® +i*Q(G))) < dimH*(G) = dim Ker(Z2; —s;(¥)) + 1.
On the other hand,
dim(Q(V)?/(H' (M) +i*Q(G))) = dimH*(I) — dim H' (V)@ > dim Ker(T5; —s;()) + 1

by Corollary 4.3 and Lemmas 4.9(1) and 4.10. a

As we mentioned in the introduction, we obtain an analogue (Theorem 4.11) of Theorem 1.2 in the free
group setting. For n € N, let Aut(F,) be the automorphism group of F,. Let ¢, : Aut(F,) — GL(n, Z) be
the representation induced by the action of Aut(#) on the abelianization of Fy. Then the group Fy iy, Z
naturally surjects onto Z" X, () Z via the abelianization of F,,. We say that an automorphism ¢ of F, is
atoroidal if it has no periodic conjugacy classes, that is, there does not exist a pair (a, k) € Fy x Z with
a # 1, and k # 0 such that ¥k (a) is conjugate to a. Bestvina and Feighn [11] showed that ¥ € Aut(F},)
is atoroidal if and only if Fy Xy, Z is Gromov-hyperbolic.

Theorem 4.11 (computations of dimensions for free-by-cyclic groups) Let n be an integer greater
than 1 and ¥ € Aut(Fy) an atoroidal automorphism. Set G = Fy xy, Z and let N be the kernel of the
surjection G — Z" Xy, () Z defined via the abelianization map F,, — Z". Then

dim(Q(N)¢/i*Q(G)) = dim Ker(I,, — t,(¥)) + dim Ker(I(n) — N ta(¥))
and
dim(Q(N)?/(H'(N)® +i*Q(G))) = dim Ker(I, — ta(¥)),

where N2 t,(y) is the map induced by t, (V).
Proof Since G/N isisomorphic to I' = Z" x;, (y) Z, Theorem 1.9 implies that dim(Q(N)?/i*Q(G)) =
dimH?(T"). Moreover,
dim H3(I") = dim Ker(I,, — t,(¥)) + dim Ker(I(n) — N ta(¥))
by the same argument as in the proof of Lemma 4.9(1). Hence the former statement holds.

We set H=H; (Fy;Z) = Fy/[Fyn, Fn]. As in Lemma 4.10, we can define a monomorphism ¢: H!' (N )¢ —
2
Hom(/AH, R)/\ t(¥) Hence, together with Corollary 4.3, we obtain

dim(Q(N)?/(H' (V) +i*Q(G))) = dimKer(Iy — ta(¥)).

On the other hand,
dim(Q(N)®/(H'(N)® +i*Q(G))) < dimH*(G)

by Theorem 1.10. By the seven-term exact sequence (Theorem 3.7) applied to the short exact sequence
1> F,—>G—>7Z—1,
H%(G) @ H (Z; H!(F,)).
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By Lemma 3.8, H!(Z; H' (F},)) is isomorphic to
H' (Fy)/Im(idy1 (g, — V),
where y*: H! (F,) — H!(F,) is the pullback of . Hence,
dimH?(G) = dimH(Z; H' (F,)) = dim Ker(I, — 1, (¥/))

and the theorem follows. O
4.4 Other examples

It follows from Theorem 1.10 that H2(G) = 0 implies Q(N)¢ = H!(N)? +i*Q(G), and we provide
several examples of groups G with H2(G) = 0 in Section 2.1.

As an application of [42, Theorem 2.4], we provide another example of a group G satisfying Q(N)¢ =
HY(N)Y +i*Q(G).

Corollary 4.12 Let L be a hyperbolic link in S3 such that the number of the connected components of L
is two. Let G be the link group of L (ie the fundamental group of the complement S*\ L of L) and N
the commutator subgroup of G. Then Q(N)® = H'(N)¢ +i*Q(G).

Proof By Theorem 1.10, it suffices to show that the comparison map cg: Hi (G) — H%(G) is equal to
zero. Theorem 2.4 of [42] gives Im(cg) # H?(G). Since the number of the connected components of L
is two, the second cohomology group H?(G) is isomorphic to R. Hence, Im(cg) = 0. m|

Here we provide other examples (G, N) such that H2(G) # 0 and Q(N)% = H' (V)% +i*Q(G).

Example 4.13 Letn e N. Fori =1,2,...,n, let H; be a boundedly 2-acyclic group and assume that
H?(H,) # 0 (for example, we can take H; = Z?). Set G = H; * Hy *---* H, and N =[G, G]. Then
H?(G) = H*(H,) ® H*(H,) & - - - & H?(H,,) # 0 but the comparison map ¢ : H; (G) — H*(G) is the
zero map. It follows from Theorem 1.10 that Q(N)¢ /(H'(N)¢ +i*Q(G)) = 0.

We considered free products in Example 4.13, but the comparison map in degree 2 is also trivial for graph
products of amenable groups (such as RAAGs) and graphs of groups with amenable vertex groups (see [66,
Example 4.7]). See [28, Corollary 5.4] for more cases in which the comparison map in degree 2 is trivial.

Corollary 4.14 Let E — X; be a nontrivial orientable circle bundle over a closed oriented surface of
genus [ > 1. For the fundamental group G = 71 (E) and its normal subgroup N =[G, G],
dim(Q(N)%/i*Q(G)) =12l 1) and dim(Q(N)®/(H"(N)? +i*Q(G))) = .

Remark 4.15 (1) The dimension of Q(G) (and hence the dimension of Q(NV)?) is the cardinal of the
continuum since G surjects onto the surface group w1 (%;).

(2) The dimension of H?(G) is equal to 2/. Indeed, H?(G) is isomorphic to H*(E) since E is a
K(G, 1)-space. Moreover, H?(E) is isomorphic to H! (X;) by the Thom—Gysin sequence.
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Proof of Corollary 4.14 Let n be the Euler number of the bundle £ — ;. Note that z is nonzero since
the bundle is nontrivial (see [40, Theorem 11.16]). Since the group G has a presentation

G =m(E)={ay,....az 41 |[ar,az]--[az—1,ay] = a3, . [ai,az141] = 1 forevery 1 <i <2[),
the abelianization I' = G/N is isomorphic to Z?! x (Z/nZ). Hence, dimH2(I") = [(2] — 1). By the
relation [a;, a1 4 1] = 1 for each i and the fact that N is normally generated by {[a;,a;]}1<i<j<2i1+41
in G, we obtain dimH'(N)® = 1(2/ + 1) — 2] = I(2] — 1) by an argument similar to the proof of
Proposition 4.7. Hence Corollary 4.3 asserts that

dim(Q(N)®/(H'(N)® +i*Q(G))) < dimH*(I') —dimH' (V)¢ = 0.
Since N is the commutator subgroup of G, the space H! (V)€ injects into Q(N)%/i*Q(G). Hence,

dim(Q(N)®/i*Q(G)) > 1(21 —1).

On the other hand, Theorem 4.1 asserts that

dim(Q(N)%/i*Q(G)) < HA(I') = 1(2] —1). O

For elements ry,...,ry, € G, we write {(r1, ..., y)) to mean the normal subgroup of G generated by

Fiyeoos'm.
Corollary 4.16 Let ry,...,rm € [Fp,[Fn, Fy]] and set

G=F,/{ri,....rm).
Then Q([G, G])¢ = H!([G, G])€ +i*Q(G).

Proof Let ¢ be the natural projection F, — G. Then the image of the monomorphism ¢*: H! (G, G])¢ —
H!([Fy, Fu])T is the space of Fy-invariant homomorphisms f:[Fy, F,] — R satisfying f(r{) =--- =
f(rm) = 0. Since every Fj-invariant homomorphism of [F},, Fy] vanishes on [Fy,,[Fy, Fy,]], we conclude
that ¢* is an isomorphism, and hence dim H' (G, G])¢ = %n(n —1). Since I' = G/[G,G] = Z", we
have dim H2(I") = 1n(n — 1). Hence Corollary 4.3 implies that Q([G, G])¢ /(H' ([G, G +i*Q(G)) is
trivial. |

Remark 4.17 Suppose that N is the commutator subgroup of G. As will be seen in Corollaries 6.20
and 7.11, the sum H' (V)% + i*Q(G) is actually a direct sum in this case, and the map H'(N)% —
Q(N)Y/i*Q(G) is an isomorphism. Hence, if G is a group as provided in Corollary 4.16 and N
is the commutator subgroup of G, then the basis of Q(N)%/i*Q(G) is provided by the G-invariant
homomorphism (xl’.’j :N — R for 1 <i < j <n, which is the homomorphism induced by ; j : [F, F] = R
described in Lemma 4.6.

As an example of a pair (G, N) satisfying Q(N) # H'(N)¢ +i*Q(G), we provide a certain family of
one-relator groups. Recall that a one-relator group is a group isomorphic to Fy/{(r)) for some positive
integer n and an element r of Fj,.
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Theorem 4.18 Let n and k be integers at least 2 and r an element of [Fy, Fy]\ [Fpn,[Fu, Fn]]. Set
G = F,/{(r¥)) and N =[G, G]. Then

dim(Q(N)®/(H'(N)® +i*Q(G))) = 1.
Note that r € [Fy, Fy]\[Fn.[Fn. Fn]] is equivalent to the existence of fo € H ([Fy, Fu])f" with fo(r) # 0.

Proof of Theorem 4.18 By Newman'’s spelling theorem [85], every one-relator group with torsion is
hyperbolic, and hence G is hyperbolic. Indeed, r does not belong to (%)) since fo(x) belongs to k fo (r)Z
for every element x of ((rk)). Since I' = G/N is abelian, I is boundedly 3-acyclic. By Corollary 4.3, it
suffices to show

dim(Q(N)®/(H"(N)® +i*Q(G))) = dimH*(I') —dimH' (V)¢ = 1.
Since r¥ € [F,,, F,], we have ' = Z", and dimH(T") = %n(n —1). Hence, it only remains to show that
(4-4) dimH' (N)® =dn(mn-1)-1.

Let g: Fy, — G = F,/{(r¥)) be the natural quotient. Then ¢ induces a monomorphism ¢*: H! (N )¢ —
H!([Fy. Fu])f». As in the proof of Proposition 4.7, it is straightforward to show that the image of
g*:HY(N)® — H' ([F,,, Fu])F" is the space of F,-invariant homomorphisms f:[Fy, F,] — R such that
f(r) = 0. Since there exists an element fy of H! ([Fy,, F,])f" with fo(r) # 0, the codimension of the
image of ¢*: H'(N)¢ — H!([Fy., F,])f" is 1, which implies (4-4). o

After the authors completed this work, they obtained a generalization of Theorem 4.18; see [59,
Theorem 11.15].
Remark 4.19 Let k be a positive integer. Here we construct a finitely presented group G satisfying
(4-5) dim(Q(G. G)/(H'(G.G) +i*Q(G))) =k.
Let Fyr = {ay,...,ay;) be a free group and define G by

G=(ayr,....ax | a1, a2, ... [a2k—1, a2 ]).

Set H = (ay,a, |[a;,a>]?). Then G is the k-fold free product of H. Since H is a one-relator group with
torsion, H is hyperbolic. Since a finite free product of hyperbolic groups is hyperbolic, G is hyperbolic.
Hence the comparison map H7 (G) — H?(G) is surjective.

Let g: F; — G be the natural quotient. Then ¢*: H' ((G, G])¢ — H' ([ Fax, F»x])F2* is a monomorphism
whose image comprises the Fg-invariant homomorphisms ¢ : [ Foj, For]— R such that ¢ ([az;—1, a2;]) =0
fori =1,..., k. Therefore Corollary 4.3 implies (4-5).

5 Cohomology classes induced by the flux homomorphism

First we review the definition of the (volume) flux homomorphism (see for instance [5]).
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Let Diff(M, 2) denote the group of diffeomorphisms on an m-dimensional smooth manifold M which
preserve a volume form Q2 on M, Diffy(M, ) the identity component of Diff(M, ), and ISTffo (M, Q)
the universal cover of Diffy(M, 2). Then the (volume) flux homomorphism flTl;gQ: I/)Tf/fo M, Q) —
H”~1(M) is defined by )
e (19 o) = [ T, 2.

where ¢ is the inner product, {1/’},c[o,1] is a path representing an element of ﬁfo (M, 2), and X; is
the time-dependent vector field generating the isotopy {y/’};¢[o,1]. The value Ii-ﬁl-;(Q ({¥" } ref0,17]) does
not depend on the choice of the isotopy {¥*};¢[o,1] and thus the map IEE;(Q is well defined. Moreover,
Ii-ﬂl_;(Q is a homomorphism. The image of 7 (Diffy (M, 2)) under I*Tleg is called the flux group of the
pair (M, ) and denoted by . The flux homomorphism FE-;(Q descends to a homomorphism

Fluxg : Diffo(M, Q) — H" (M) / Ig.
These homomorphisms are fundamental objects in theory of diffeomorphism groups and have been
extensively studied (see for example [63; 52]).

As we wrote in Section 2.3, Proposition 2.5 is essentially in [65]; we prove it for the reader’s convenience.

Proof of Proposition 2.5 Suppose that the pair (G, N) of groups is (Diffy(M, Q2), Ker(Fluxg)) or
(ISTf/fo (M, Q2), Ker(ﬁlﬁ/xQ)). Since the kernels of the homomorphisms Fluxg and liE;(Q are perfect (see
[92; 4] and also [5, Theorems 4.3.1 and 5.1.3]), we have H! (N) = 0. Hence this proposition follows
from the five-term exact sequence (Theorem 1.4). O

To prove Theorem 2.6(1), we use Py’s Calabi quasimorphism fp : Ker(Fluxg) — R, which was introduced
in [89]. For an oriented closed surface whose genus / is at least 2 and a volume form 2 on M, Py
constructed a Diffy (M, )-invariant homogeneous quasimorphism fp : Ker(Fluxg) — R on Ker(Fluxg).

Proof of Theorem 2.6 First we prove (1). Suppose that X; is an oriented closed surface whose genus /
is at least 2, and let 2 be its volume form. Since in this case I'q is trivial (as mentioned just after
Theorem 2.6), the two flux homomorphisms Fluxg and Fluxg coincide.

Set G = Diffy(Z;, Q) and N = Ker(Fluxg). Since N is perfect [4, théoreme I1.6.1], we have H! (N) =
H!(N)C = 0. Since G/N is abelian, Theorem 1.10 implies that

QN)®/i*Q(G) = QN)®/(H' (V) +i*Q(G)) = Im(Fluxg) N Im(cg).
Since Py’s Calabi quasimorphism fp is not extendable to G = Diffy(X;, w) [58, Theorem 1.11],
Q(N)%/i*Q(G) is not trivial. Hence, Flux, o £ ot/ ([fP]) € Im(Flux})) NIm(cg) is nonzero.

Now we show (2). Suppose that 1 = 2. The case that M is a 2-sphere is clear since H! (M) = 0 and hence
the flux homomorphisms are trivial. The case of M a torus follows from the fact that both Fluxg and %Q
have section homomorphisms: hence, by Proposition 3.4, Im(Flux;‘z) NIm(cg) = Q(N)¢ /i*Q(G) =0.

Suppose that m > 3. Then Proposition 5.1 below implies that Fluxg has a section homomorphism. Hence,
by Proposition 3.4, Im(Fluxg,) N Im(cg) = Q(N)?/i*Q(G) =0. a
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Proposition 5.1 [35, Proposition 6.1] Let m be an integer at least 3, M an m-dimensional differential
manifold, and 2 a volume form on M. Then there exists a section homomorphism of the reduced
flux homomorphism Fluxg : Diffg(M, Q) — H™ (M, Q)/Tq. In addition, there exists a section
homomorphism of ﬁﬁl;(g : ]STffO(M, Q) —-H" (M, Q).

The idea of Theorem 2.6 is also useful in (higher-dimensional) symplectic geometry. For notions in
symplectic geometry, see for example [5; 88]. For a symplectic manifold (M, w), let Ham(M, w) denote
the group of Hamiltonian diffeomorphisms with compact support. For an exact symplectic manifold
(M, w), let Cal,: Ham(M, w) — R denote the Calabi homomorphism. We note that the map Cal], is
injective, where Cal}: H?(R;R) — H?(Ham(M, w); R) is the homomorphism induced by Cal,,. Here
H?(R;R) denotes the group cohomology of R (as a discrete group) with trivial real coefficients and is
isomorphic to Homg,( /\% R); R) due to the discussion before Proposition 2.5. Indeed, because Ker(Caly,)
is perfect [4], we can prove the injectivity of Cal}, similarly to the proof of Proposition 2.5. Then we
have the following theorem:

Theorem 5.2 For an exact symplectic manifold (M, w), every nontrivial element of Im(Cal},) cannot
be represented by a bounded 2-cochain.

Note that Cal,: Ham(M,®w) — R has a section homomorphism. Indeed, for a (time-independent)
Hamiltonian function whose integral over M is 1 and its Hamiltonian flow {¢’};cr, the homomorphism
t > ¢! is a section of the Calabi homomorphism Cal,,. Hence, the proof of Theorem 5.2 is similar to
Theorem 2.6.

6 Proof of the main theorem

The goal in this section is to prove Theorem 1.5, which is the five-term exact sequence of the cohomology
of groups relative to the bounded subcomplex; we restate it for the convenience of the reader:

Theorem 1.5 (main theorem) Let 1 — N 5 G 25T — 1 be an exact sequence of groups and V a
left Banach R[I']-module equipped with a T"-invariant norm || - ||. Then there exists an exact sequence

0— H}, (I V) L5 H),y (G: V) 15 Hjy (N1 V) 225 H7,(T: V) £ H7, (G: V).

Moreover, the exact sequence above is compatible with the five-term exact sequence of group cohomology:;
that is, the following diagram commutes:

0——H\(: V) —Z 5 HY(G: V)~ HI(V; V)6 —" (I V) —2— H2(G: V)
lél Jéz lfs l& lés
0 —— HJ,(T; V) 2, H),(G:V) SELEN Hj, (N5 V)¢ 2, HJ, (T: V) 2, H},(G:V)
Here the &; are the maps induced from the quotient map C* — C/'b.
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Notation Throughout this section, V' denotes a Banach space equipped with the norm | - || and an
isometric G-action whose restriction to N is trivial. For a nonnegative real number D > 0 and v, w € V,
the symbol v &~ p w means that ||v —w|| < D. For functions f, g:S — V on aset S, the symbol f ~p g
means that f(s) ~p g(s) for every s € S.

6.1 N -quasicocycle

To define the map /: H} p(V: Vo — H?b (I'; V) in Theorem 1.5, it is convenient to introduce the
notion of an N -quasicocycle. First, we recall the definition of quasicocycles.

Definition 6.1 Let G be a group and V' a left R{G]-module with a G-invariant norm || - ||. A function
F: G — V is called a quasicocycle if there exists a nonnegative number D such that

F(g182) ~p F(g1) + g1 F(g2)

for every g1, g> € G. The smallest such D is called the defect of F and denoted by D(F'). Let QZ (G;V)
denote the R-vector space of all quasicocycles on G.

Remark 6.2 If we need to specify the G-representation p, we write QZ (G; p, V) instead of QZ G;V).

We introduce the concept of N -quasicocycles, which is a generalization of the concept of partial quasi-
morphisms introduced in [33] (see also [81; 56; 64; 18; 60]).

Definition 6.3 Let N be a normal subgroup of G. A function F': G — V is called an N -quasicocycle if
there exists a nonnegative number D" such that

(6-1) F(ng) ~pr F(n)+ F(g) and F(gn)~pr F(g)+g-F(n)

for every g € G and n € N. The smallest such D" is called the defect of the N-quasicocycle F and
denoted by D”(F). Let QZ N (G; V) denote the R-vector space of all N -quasicocycles on G.

If the G-action on V is trivial, then a quasicocycle is also called a V -valued quasimorphism. In this case,
we use the symbol Q(G; V) instead of Qz (G; V) to denote the space of V-valued quasimorphisms. A
V-valued quasimorphism F is said to be homogeneous if F(gK) =k - F(g) for every g € G and every
k € 7Z.. The homogenization of V -valued quasimorphisms is well defined, as in the case of (R-valued)
quasimorphisms. We write Q(G; V') for the space of V -valued homogeneous quasimorphisms.

Recall that in our setting the restriction of the G-action on V' to N is always trivial. Then a left G-action
on Q(N; V) is defined by

Ef)n)=g- (g ng)
for every g € G and every n € N. We call an element of Q(N; V)¢ a G -equivariant V -valued homogeneous

quasimorphism.
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Remark 6.4 An element f € Q(N; V) belongs to Q(N; V)Y if and only if
g-f(n)= f(gng™")

for every g € G and every n € N. This is why we call an element of Q(N; V)¢ G-equivariant.

Remark 6.5 The isomorphism H} »(N: V) —Q(N; V) given by the homogenization is compatible with
the G-actions. In particular, this isomorphism induces an isomorphism H} » (N V)9 = Q(N: V)C.

The elements of Q(N; V)¢ = H} » (N V)€ are G-invariant (as cohomology classes). However, respecting
the condition g- f(n) = f(gng™") for f € Q(N; V)P, we call the elements of Q(N; V)° G-equivariant
V -valued homogeneous quasimorphisms.

Lemma 6.6 Let N be a normal subgroup of G and V a left R[G]-module. Assume that the induced
N -action on V is trivial. Then, for an N -quasicocycle F € QZ ~N(G; V), there exists a bounded cochain
be Cb1 (G: V) such that the restriction (F + b)| is in Q(N; V).

Proof By the definition of N -quasicocycles, the restriction F|y: N — V is a quasimorphism. Let F|y
be the homogenization of F|p. Then the map

b,:F|N—F|NZN—>V
is bounded. Define b: G — V by
b'(g) ifgeN,
0 otherwise.

blg) = {

Then the map b is also bounded. Set ® = F + b; then ®|y = (F + b)|y = F|n. Since ® is an
N -quasicocycle, we have

(EQ)(n) =g P(g~"'ng) ~pr(w) Plg g~ 'ng) — 0(g) = ®(ng) — P(g) ~pr (@) P(n)

for g € G and n € N. Hence the difference §® — ® is in Cb1 (N:V). Since (8®)|n and |y are
homogeneous quasimorphisms, we have € ®|y — ®|5 = 0, and this implies that the element ®|y =
(F + b)|y belongs to Q(N; V)C. |

If V is the trivial G-module R, then N -quasicocycles are also called N -quasimorphisms (this word was
first introduced in [57]). In this case, Lemma 6.6 reads as follows:

Corollary 6.7 Let N be a normal subgroup of G. For an N -quasimorphism F € Q N (G), there exists a
bounded cochain b € Cb1 (G) such that the restriction (F + b)|n is in Q(N)©.

6.2 The map 7/

Now we proceed to the proof of Theorem 1.5. The goal in this subsection is to construct the map
Tp: H} p(N o H?b (G). Here we only present the proofs in the case where the coefficient module V'
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is the trivial module R. When V' # R, the proofs work without any essential change (see Remarks 6.5,
6.8, 6.14 and 6.16).

First we define the map 7/;: H}b (N)° — H?b(F). Letl >N ‘5> G-ZT—>1bea group extension.
As a special case of Remark 6.5, we have isomorphisms H}b (N) = Q(N) and H}b (N)¢ — Q(N)“. By
using these, we identify H} »(NV) and H} » (N )¢ with Q(V) and Q(N)Y, respectively.

Let Qn(G) = Qn(G; R) be the R-vector space of all N -quasimorphisms whose restrictions to N are
homogeneous quasimorphisms on N; that is,

Qn(G) ={F:G — R | F is an N-quasimorphism such that F|x € Q(N)G} C QN(G).
By definition, the restriction of the domain defines a map
i*:Qn(G) —> Q)7
Remark 6.8 When the G-action on V is nontrivial, we need to replace the space Qx (G) by

(_)Z}V(G; V)={F:G — V| Fis an N-quasicocycle such that F|xy € Q(N; V)G}.
Lemma 6.9 The mapi*: Qn(G) — Q(N)Y is surjective.

Proof Lets: I — G be a set-theoretic section of p satisfying s(1p) = lg. For f € Q(N)Y, define a
map Fy,: G — R by
Frs(g)= f(g-sp(g)™h)

for g € G. Then Fy |y = f since sp(n) = 1¢ for every n € N. Moreover, F is an N -quasimorphism.
Indeed,

Frs(ng) = f(ng-sp(ng)~") = f(ng-sp(g)~") =p(s) f()+ f(g-sp(g)~") = Fps(n) + Fyy(g)

and
Frs(gn)= Fyy(gng'g) ~p(s) Frs(gng™) + Frs(g)

= [(gng™ ")+ Frs(g) = f(n) + Frs(g) = Frs(n) + Frs(g)
by the definition of quasimorphisms and the G-invariance of f. This means i*(Fr) = f, and hence the
map i * is surjective. |
Lemma 6.10 For F € Qn(G) and g;. g} € G satistying p(gi) = p(g}) € T,
8F(g1,82) ~apr(F) 8F(g}. £3)-
Proof By the assumption, there exist ny,n, € N satisfying g’1 =ny1g1 and g/2 = gony. Therefore,

SF(gy.,85) = F(gany) — F(n1g182n2) + F(n1g1)
~apr(F) F(g2) + F(ny) — (F(ny) + F(g182) + F(ny)) + F(ny) + F(g1)
=0F(g1.82)- ]
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For F € Qu(G) and a section s: I' — G of p, we set aps =s*6F € C?*(I'). By Lemma 6.10, the
element [ap ] € C /2b T =Cc*I)/C b2 (I') is independent of the choice of the section s. Therefore we
setap =[op| € C/zb(l").

Lemma 6.11 The cochain « g is a cocycle on C/‘b ().

Proof It suffices to show that the coboundary da F ¢ belongs to C b3 (I'). For f,g,heTl,

Sap,s(f.g.h) =38F(s(g).s(h)) —8F(s(fg).s(h)) + 8F(s(f).s(gh)) —8F(s(f).s(g))
~gpr(F) SF(s(g), s(h)) —S8F(s(f)s(g), s(h)) +8F(s(f),s(g)s(h) —3F(s(f),s(g))
=8(8F)(s(f).s(g),s(h)) =0

by Lemma 6.10. |

By Lemmas 6.9 and 6.11, we obtain a map

(6-2) QN (G) = HJ(T); F = [aF).
Lemma 6.12 The cohomology class [¢f] € H?b (T") depends only on the restriction F| .

Proof Lets:T" — G be a section of p and ® an element of Qx (G) satisfying ®|y = F|n. Then, for
every g,h el

(aFs—e,s)(g.h)=0F(s(g).5(h)—8P(s(g).5(h))
= F(s(h))=F(s(g)s(h))+ F(s(£)—(P(s (1) ~P(s(g)s (7)) +P(s(g)))
=3§(Fos)(g.h)—8(Pos)(g.h)+F(s(gh))—F(s(g)s(h)—(®(s(gh)—P(s(g)s(h))).
Since F and ¢ are N -quasimorphisms, we have
F(s(gh)) = F(s(g)s(h)) ~pr(r) F(s(gh)s(h) ™ s(g)™h),
O(s(gh)) — D(s(2)s(h)) ~pray Pls(gh)s(h) ™ s(e)™).
Together with F(s(gh)s(h)~'s(g)™!) = ®(s(gh)s(h)"s(g)~"), we have
UF,s —0d,s X pr(F)+ D" (@) 0(Fos—Pos),
and this implies [ap] = [ag] € Hfb (). |
By Lemma 6.12, the map defined in (6-2) descends to a map t/;: QN)? — H?b(F); that is, 7/5 is

defined by
b (f) = laF],

where F is an element of Qu (G) satisfying F|y = f. Under the isomorphism Q(N )¢ = H} »(N )9, we
obtain the map
775 Hj, (N)S — HJ, (1),
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6.3 Proof of the exactness

Now we proceed to the proof of the exactness of the sequence
(6-3) 0 — H}, (1) £5 HJ, (G) 15 Q(N) ¥ 5 H7, (1) £ HF, (G),

where we identify Q(N)¢ with H} »(N )G,
Lemma 6.13 The sequence (6-3) is exact at H}b(l") and H}b(G).

Remark 6.14 1In the case of trivial real coefficients, this proposition is well known (see [26]). Indeed,
the spaces H} »(I) and H} (@) are isomorphic to Q(I') and Q(G), respectively, and exactness of the
sequence
0—Q(I) = Q(G) = QIN)?

follows from the homogeneity of the elements of Q(I"). However, in general, the spaces H} » V) and
H} (G V) are not isomorphic to the spaces of V-valued homogeneous quasimorphisms Q(I'; V') and
Q(G; V), respectively. Therefore, we present a proof of Lemma 6.13 which can be modified to the case
of nontrivial coefficients without any essential change.

Proof of Lemma 6.13 We first show the exactness at H} p(I). Leta € H} () and suppose p*a = 0.
Let f € C1(I") be a representative of a. Since p*a = 0 in H}b(G), there exists ¢ € R = C%(T") such
that p* f'—§c = p* f is bounded. Since p is surjective, f is bounded, and hence ¢ = 0. This implies
the exactness at H}b (I').

Next we prove the exactness at H} »(G). Since the map p oi is zero, the composite i*o p*is also
zero. For a € H} (@) satisfying i*a = 0, it follows from Lemma 6.6 that there exists a representative
f € CY(G) of a satisfying f |y = 0. For a section s: ' — G of p, set fy =s* f: " — R. Then f; isa
quasimorphism on I'. Indeed, since f is a quasimorphism on G,

fs(g182) = f(s(g182)) = f(s(g182)5(g2) ' s(g1) "s(g1)s(g2))
~p(s) [(s(g182)5(g2) " s(g)™") + f(s(g1)s(g2)) = f(s(g1)s5(g2))
~p(f) f(s5(g2)) + f(s(g1) = fs(g2) + fs(g1)

by the triviality f|ny = 0. Hence the cochain fs is a cocycle on C /lb (); let ag € H} p(I') denote the
relative cohomology class represented by fs. For g € G,

p*fs(g) = f(sp(g)) = f(sp(8)g™ ") =p(r) fsp(@)g™ ")+ f(g) = f(g).

Therefore, the cochain p* f is equal to f as relative cochains on G, and this implies p*ay; = a. a

Lemma 6.15 The sequence (6-3) is exact at Q(N )G,
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Proof Note that every u € Q(G) is an N -quasimorphism. Hence, by the definition of 75 : Q(N )¢ —
2
Hp (D), .
(7 () = [ap] = ([l
for a section s: I — G. Since u is a quasimorphism, oy, s = s*6j is an element of C b2 (I') and hence
oy = oy s] € C/zb (T") is zero. This implies 7/, 0i* = 0.
Suppose that f € Q(N)Y satisfies 7/5(f)=0. By Lemma 6.9, we obtain F' € Qn (G) satisfying F|y = f.
Lets: ' — G be a section of p. The triviality of [ ] = 7/5(f) = 0 implies that there exist 8 € C L)
and b € C bz (") satisfying
afps—0B =b.
For g; € G,
8F(g1.82) ~apr(F) 8F(sp(g1).5p(g2)) = aF,s(p(g1). P(g2))

by Lemma 6.10. Hence,

(6-4) §(F—p*B)(g1.82) ~apr(F) (Fr,s —8B)(p(g1). p(g2)) = p*b(g1.22).

Since the cochain b is bounded, the function F — p* B is a quasimorphism. By the fact that the restriction
(F — p*B)|n is equal to the homogeneous quasimorphism f, the homogenization F — p*f of F — p*f
satisfies i*(F — p*B) = f. This implies Ker /;, C Imi*. ad

Remark 6.16 The last step of the proof of Lemma 6.15 uses the homogenization of a quasimorphism. In
the case where the G-action on V' is nontrivial (in particular, where we cannot use the homogenization),
we replace the argument of the last step with the following: we have shown that the cochain F — p*j
is a cocycle in C/lb (G) by (6-4). Since F|n = f, the restriction (F — p* + B(1r))|n is equal to f.
Therefore, i *([F — p*B + B(11)]) = f, and this implies Ker 7/, C Imi*.

Lemma 6.17 The sequence (6-3) is exact at H%b ().

Proof For f € Q(N), we have F € Qun(G) satisfying F|n = f by Lemma 6.9. Then a representative

of p*(z/5(f)) € H?b(G) is given by p*ap s € C?(G) for some section s: I' — G of p. For g; € G,
Prar,s(g1.82) =5 8F(p(g1). p(g2)) = 8F(sp(g1).51(82)) ~apr(F) $F(g1.82)

by Lemma 6.10. This implies p*(t/5(f)) = 0.

For a € H?b(F) satisfying p*a = 0, let « € C?(T") be a representative of . We can assume that the
cochain satisfies

(6-5) a(lp, 1) = 0.

Indeed, if (1, IT) = ¢ € R, then the cochain « — ¢ satisfies (6-5) and is also a representative of a since
the constant function ¢ is bounded. Note that the cocycle condition of C/.b (I") implies that there exists a

nonnegative constant D such that
o ~p 0.
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Hence, for y1,y, € T,
0~pda(y:.1r.y2) = a(lr.y2) —a(y1. Ir).

In particular,

(6-6) a(lr,y)~pa(lr,1r) =0 and o«(y,1r)~p a(lr,1r) =0

for every y € I'. The equality p*a = 0 implies that there exists 8 € C!(G) and a nonnegative constant D’
satisfying

(6-7) p*O[ — 8,8 ~ D’ 0.

Define a cochain {: G — R by

(6-8) ¢(g) =B(g) —al(p(g) 1r);

then it is an N -quasimorphism. Indeed, by using p(n) = 1, we have

8¢(n, g) = 8B(n. g) — (a(p(g). Ir) —(p(g). Ir) +a(lr. 1)) ~p (88 — p*a)(g.n) ~p’ 0

and

88(g.n) =8B(g.n) — (a(1p, 1) —a(p(g). Ir) +a(p(g). 1)) ~p (88 — p*a)(g.n) ~p/ 0

by (6-6) and (6-7). By Lemma 6.6, there exists a bounded cochain b € C bl (G) such that the restriction
(C+b)|n isin Q(N)T. Set ® = ¢+ b € Qn(G); then a representative of 7/p(®P|n) is given by ag s for
some section s: I' — G of p. For g1,g, €T,

(s —a)(g1.82) = (6P — pa)(s(g1).5(g2)) =p' (6P —8B)(s(g1).5(g2))

by (6-7). By (6-8),
(@—=P)e) = +b=p)(g) =b(g)—a(p(g).Ir).

Together with (6-6) and the boundedness of b, the cochain ® — §: G — R is bounded. Hence the cochain
s — o is also bounded, and this implies a = [¢p] = 7/p(P|N). a

Proof of Theorem 1.5 The exactness is obtained from Lemmas 6.13, 6.15 and 6.17. Commutativity of
the first, second and fourth squares is obtained from the cochain level calculations. The commutativity of
the third square follows from the definition of the map 7/, and Proposition 6.18 below. O

Proposition 6.18 [83, Proposition 1.6.6] Let 1 - N — G — I' — 1 be an exact sequence and V' an
I'-module. For a G-invariant homomorphism f € H' (N ; V), there exists a map F: G — V such that
the restriction F|y is equal to f and the coboundary § F descends to a group two cocycle ap € C*(I'; V);
that is, p*a g = 8F. Then the map v: H (N; V)% — H2(I'"; V) in the five-term exact sequence of group
cohomology is obtained by T(f) = [«¢F].
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We conclude this section with the following applications of Theorem 1.5 to the extendability of G-invariant

homomorphisms:

Proposition 6.19 Let I' = G/N. Assume that HIZ) (I')=0and f: N — R is a G-invariant homomorphism
on N. If f is extended to a quasimorphism on G, then f is extended to a homomorphism on G.

Proof Note that the assumption HZ(I") = 0 implies that the map H*(T") — H?b(F) is injective. By
diagram chasing on (1-3), the proposition holds. O

This proposition immediately implies the following corollary:

Corollary 6.20 Let I' = G/N. Assume that HZ(F) = 0 and N is a subgroup of [G, G]. Then every
nonzero G -invariant homomorphism f: N — R cannot be extended to G as a quasimorphism. Namely,
HY(N)® Ni*Q(G) = 0.

Proof Assume that a homomorphism f: N — R can be extended to G as a quasimorphism. Then
Proposition 6.19 implies that there exists a homomorphism f’: G — R with f’|5 = f. Since f” vanishes
on [G, G], we have [ = f/|§y =0. O

Without the assumption Hi(F) = 0, there exists a G-invariant homomorphism which is extendable
to G as a quasimorphism but is not extendable to G as a (genuine) homomorphism. To see this,
let G = PTOEE&JSU and N = 7y (Homeoy(S')). Then I' = Homeo (S') and hence HZ(I‘) ~
R # 0. Poincaré’s rotation number p: er (S') — R is an extension of the homomorphism
71 (Homeo, (S1)) 22 Z — R. However, this homomorphism cannot be extendable to m.,. (SHasa
homomorphism since I‘/IOHI\C/O+(S 1) is perfect.

7 Proof of equivalences of sclg and sclg, v
The goal of this section is to prove Theorem 2.1. Here we recall its precise statement.

Theorem 2.1 Assume that Q(N)¢ = H(N)¢ +i*Q(G). Then:
(1) sclg and sclg,n are bi-Lipschitzly equivalent on [G, N].
(2) If T = G/N is amenable, then sclg(x) < sclg n(x) <2-sclg(x) forall x € [G, N].
(3) IfI' = G/ N is solvable, then sclg (x) = sclg, v (x) forall x € [G, N].

In this section, in order to specify the domain of a quasimorphism, we use the symbols Dg and Dy
to denote the defect of a quasimorphism on G and N, respectively. The main tool in this section is the
Bavard duality theorem for sclg, n, which was proved by the first, second, fourth and fifth authors:
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Theorem 7.1 (Bavard duality theorem for stable mixed commutator lengths [60]) Let N be a normal
subgroup of a group G. Then, for every x € [G, N],

1 |/ ()]
sclg, N (x) = = sup .
2 reqn)G-ni(ne Dn (/)

Here we set the supremum in the right-hand side of the above equality to be zero if Q(N)® = H!(N)°.
This theorem yields the following criterion to show the equivalence of sclg, y and sclg:

Proposition 7.2 Let C be a real number such that, for every f € Q(N)©, there exists 1’ € Q(G)
satisfying f'|y — f € HY(N)® and Dg(f') < C - Dn(f). Then, for every x € [G, N],

sclg(x) <sclg,n(x) < C -sclg(x).

The existence of a C as in the assumption of Proposition 7.2 is equivalent to saying that Q(N )% =
H!(N)C +i*Q(G). See Section 7.1 for details.

Proof Let x €[G, N]. It s clear that sclg(x) < sclg n(x). Let ¢ > 0. Then Theorem 7.1 implies that
there exists /€ Q(N) such that
S (x)
sclg,N(X) —8 < ——.
2Dn(f)
By assumption, there exists f’ € Q(G) such that /" = f'|y — f e HY(N)? and Dg(f") < C-Dn(f).
Since f” is a G-invariant homomorphism and x € [G, N], we have f”(x) =0 and hence f’(x) = f(x).
Hence
’ J(x) ')
sclgN(X)—e < ———— <C-———— < C-sclg(x).
2Dn(f) 2D (/")
Here we use the original Bavard duality theorem [6] to prove the last inequality. Since ¢ is an arbitrary
number, we complete the proof. O

In the proofs of Theorem 2.1(2)—(3), we use the following corollary of Proposition 7.2:

Corollary 7.3 Assume that Q(N)® =H'(N )¢ +i*Q(G) and that there exists C > 1 such that f' € Q(G)
implies that DG (f') < C - Dn(f’'|n). Then, for every x € [G, N],

sclg(x) <sclg,n(x) =< C -sclg(x).

Proof Let f € Q(N)C. Then, by the assumption that Q(N)® = H'(N)% + i*Q(G), there exists
/" €Q(G) such that f’|y — f is a G-invariant homomorphism. Note that Dy (f’|n§) = Dy (f). Indeed,
for every a,b € N,
f(ab) = f(a)— f(b) = f'(ab) — f'(a) — f'(])
since f’|n— f is ahomomorphism. Hence, C-Dy (f)=C-Dn(f'|n)> Dg(f”). Hence, Proposition 7.2
implies that
sclg(x) <sclg,n(x) = C -sclg(x)

for every x € [G, N]. m|
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concept defect definition vector space
quasimorphism on G D JS(g182)~p [(g1)+/(g2) AQ(G)
G-quasi-invariant quasimorphismon N D, D’ f(x1x2)~p f(x1)+ f(x2), f(gxg~H~p f(x) Q(N)W
N -quasimorphism on G D" f(gx)~pr f(&)+ [ (x), f(xg)~pr f[(X)+/(g) Qn(G)

Table 1: The concepts and symbols on quasimorphisms.
7.1 Proof of Theorem 2.1(1)

The main difficulty in the proof of Theorem 2.1 is distilled in Theorem 7.4, stated below. Note that the
defect Dy defines a seminorm on Q(N), and its kernel is H! (V).

Theorem 7.4 The normed space (Q(N)° /H!(N)€, Dy) is a Banach space.

To show this theorem, we recall some concepts introduced in [60]. Let Q N(G) = Q ~(G;R) denote
the R-vector space of N -quasimorphisms (see Definition 6.3 and Table 1). We call f € Q ~N(G) an
N -homomorphism if D”(f) =0, and let H}\, (G) denote the space of N-homomorphisms on G. It is clear
that the defect D” is a seminorm on Q ~(G), and, in fact, the norm space Q ~N(G)/ Hjl\, (G) is complete:

Proposition 7.5 [60, Corollary 3.6] The normed space (Q ~N(G)/ HJI\, (G), D) is a Banach space.

A quasimorphism f: N — R is said to be G-quasi-invariant if the number

D'(fy= suwp |f(gxg™")—f(x)

geG,xeN

is finite. Let Q(N )0 denote the space of G-quasi-invariant quasimorphisms on N. The function
Dy + D', which assigns Dy (f) + D'(f) to f € Q(N)QG, defines a seminorm on Q(N)QG. For an
N -quasimorphism [ on G, the restriction /|y is a G-quasi-invariant quasimorphism [60, Lemma 2.3].
Conversely, for every G-quasi-invariant quasimorphism f on N, there exists an N -quasimorphism
f’: G — R satisfying |y = f [60, Proposition 2.4]. We summarize the concepts and symbols on
quasimorphisms in Table 1.

Lemma 7.6 The normed space ((AQ(N)QG/H1 (N)Y, Dy + D) is a Banach space.

Proof In what follows, we will define bounded operators
A:Qn(G)/HY(G) — QNP /HY(N)C,  B:Q(N)E/HY(N)? — Qn(G)/HL(G)

such that 4 o B is the identity of Q(N )QG /H' (N)C. First, we define A by the restriction, ie A(f) = f|n.
Then the operator norm of A is at most 3 since Dy < D” and D’ <2D”. Indeed, Dy < D" follows by
definition, and D’ < 2D” follows from the estimate

S(gxg™ )+ f(@) =prp) [(gx) ~pr(p) [(2) + f(x)
for g e G and x € N.
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Let S be a subset of G such that 1g € S and the map
SxN—=>G, (s,x) sx,

is bijective. For an f € Q(N)QG, define a function B(f): G — R by B(f)(sx) = f(x) for s € S and
x € N. Then B(f) is an N -quasimorphism on G satisfying D”(B(f)) < Dy (f) + D’(f). Hence, the
map B induces a bounded operator Q(N )G /HI(N)C — (3 N(G)/ Hzl\, (G) whose operator norm is at
most 1, and we conclude that Q(N )QC /H! (N)C is isomorphic to B (Q(N )QC /H! (N)9). Proposition 7.5
implies that Q ~N(G)/ HJIV(G) is a Banach space. Therefore, it suffices to show that B(Q(N )QCG /HI(N)©)
is a closed subset of Q ~N(G)/ H}v (G), which follows from the well-known Lemma 7.7, given below. O

Lemma 7.7 Let X be a topological subspace of a Hausdorff space Y. If X is aretract of Y, then X is a
closed subset of Y.

Proof Letr:Y — X be aretraction of the inclusion mapi: X — Y. Since X ={y €Y |ior(y) =y}
and Y is a Hausdorff space, we conclude that X is a closed subset of Y. |

Proof of Theorem 7.4 For n € Z and x € N, define a function oy x: Q(N)QG — R by
anx(f) = f(x")—n- f(x).

Since |on,x(f)| < (n—1)Dxn(f), we conclude that oy, x is bounded with respect to the norm Dy + D/,
and hence «; x induces a bounded operator &y (A)(N)QG/H1 (N)% — R. Since

QN /H(N)® = [ Ker(@nx),

neZ,xeN
the space Q(N )Y /H! () is a closed subspace of the Banach space (AQ(N)QG/H1 (N)Y (see Lemma 7.6).
Since D' = 0 on Q(N)? [60, Lemma 2.1], (Q(N)¢/H'(N)Y, Dy) is a Banach space. a

Proof of Theorem 2.1(1) It is clear that sclg (x) < sclg, v (x) for every x € [G, N]. Hence, it suffices to
show that there exists C > 1 such that, for every x € [G, N], we have sclg y(x) < C -sclg(x).

It follows from Theorem 7.4 that (Q(G)/H!(G), Dg) and (Q(N)® /H'(N )Y, D) are Banach spaces.
Let 7: Q(G)/H'(G) — Q(N)® /H! (N)C be the bounded operator induced by the restriction Q(G) —
Q(N)Y. Let X be the kernel of 7. Then 7 induces a bounded operator

T:(Q(G)/H (G)/X — QN)¢ /H'(N)°.

The assumption Q(N)% = H!(N)C +i*Q(G) implies that the map T is surjective, and hence T is a
bijective bounded operator. By the open mapping theorem, the inverse S = 7! is a bounded operator, and
we set C = ||S||+ 1, where || S || denotes the operator norm of S. Then, for every [ ] € Q(N)% /H!(N)C,
there exists 1 € Q(G) such that Dg(f’) < C-Dy(f)and f'|y — f € H'(N)C. Hence, Proposition 7.2
implies that

sclg <sclg,y = C -sclg
on [G, N]. a
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7.2 Proof of Theorem 2.1(2)

Here we recall the definition of the seminorm on Hy (G). The space C;'(G; R) of bounded n-cochains
on G is a Banach space with respect to the co-norm

lelloo = supile(x1,...,Xn)|: X1,...,xXn € G}.

Since Hy(G) = Hj(G;R) is a subquotient of C'(G;R), it has a seminorm induced by the norm
on Cy'(G;R). Namely, for & € H;(G), the seminorm ||| on Hy (G) is defined by

llee]| = inf{||¢|loo | ¢ is a bounded n-cocycle on G satisfying [¢] = a}.

Theorem 7.8 (see [74, Proposition 8.6.6]) If T' = G/N is amenable, then the map H2(G) — HZ (N )¢
is an isometric isomorphism.

We recall the following estimate of the defect of the homogenization:

Lemma 7.9 [26, Lemma 2.58] Let §: Q(G) — Hz (G) be the natural map. Then
8/1 = D (f) =2-[IBf]Il-

Proof of Theorem 2.1(2) Suppose that I' = G/N is amenable and Q(N)¢ = H'(N)% +i*Q(G). Let
f € Q(G). By Corollary 7.3, it suffices to show that 2D ( f|n) = Dg(f) for every f € Q(G). This
follows from

2DN(f1n) Z 20[8f N1l = 206/ = D (/).

where the equality and the inequalities are deduced from Theorem 7.8 and Lemma 7.9, respectively. O

7.3 Proof of Theorem 2.1(3)

Lemma 7.10 Let f: N — R be an extendable homogeneous quasimorphism on N. Then, for each
a,b € G satistying [a,b] € N,
|/ (la.bD| = DN (/).

Proof We first prove
(7-1) [@",b] = a" a,bla~ "V - a" g, bla= "2 ... [a,b].
Indeed,
[@".b]=d"ba™"b' =" " aba b am D g pg= DR — g g pla= D [0 b).
By induction on 7, (7-1) follows. Since f is G-invariant, we have

S b)) ~-1ypy () @ a,bla™ D) 44 f((a, b)) = n- f((a. b).
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Therefore,

| f(a", 6D = n- (| f(a.bD| = DN ().

Suppose that | f([a, b])| > Dy (f). Then the right side of the above inequality can be unbounded with
respect to n. However, since f is extendable, the left side of the above inequality is bounded. This is a
contradiction. O

In Corollary 6.20, we provide a condition that ensures a G-invariant homomorphism f: N — R cannot
be extended to G as a quasimorphism. Here we present another condition:

Corollary 7.11 Let f: N — R be a G-invariant homomorphism and assume that N is generated by
simple commutators of G. If [ is nonzero, then [ is not extendable.

Proof If f is extendable, then Lemma 7.10 implies that f(c) = 0 for every simple commutator ¢ of G
contained in N. Since N is generated by simple commutators of G, this means that / = 0. O

Lemma 7.12 Let f* be a homogeneous quasimorphism on G, and assume that I' = G/ N is solvable.
Then Dg(f) = Dn(fIN)-

Proof We first assume that I' is abelian. It is known that Dg(f) = sup, peq |/ ([@, b])| (see [26,
Lemma 2.24]). Applying Lemma 7.10 to f'|n, we have

Dg(f)= sup [f([a.b]| = Dn(f|n) = Dg (/).

a,beG
and, in particular, Dg(f) = Dy (f|N).

Next we consider the general case. Let G™ denote the n™ derived subgroup of G. Then there exists a
positive integer # such that G® C N since T is solvable. By the previous paragraph,

Dg(f)=Dgor(flgm) == Dgmw(flgm) < Dn(f|N) =< Dg(f). O
Proof of Theorem 2.1(3) Combine Lemma 7.12 and Corollary 7.3. O

Next we provide some applications of Theorem 2.1(3):

Corollary 7.13 If one of the following conditions holds, then sclg = sclg, y on[G, N] (hereI' = G/N):

(1) T is a finite solvable group.

(2) T is a finitely generated abelian group whose rank is at most 1.
Proof This clearly follows from Proposition 3.4 and Theorem 2.1(3). O

In Section 9.2, we propose several problems on the coincidence and equivalence of sclg and sclg, n.
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7.4 Examples with nonequivalent sclg and sclg, n

To conclude this section, we provide some examples of group pairs (G, N)) for which sclg and sclg, n
fail to be bi-Lipschitzly equivalent on [G, N].

Example 7.14 Let / be an integer at least 2, and €2 be an area form of ;. In this case, the flux group I'o
is known to be trivial; thus we have the volume flux homomorphism Fluxgq : Diffy(Z, Q) — H' (Z)).
In [58], the authors proved that, for the pair

(G, N) = (Diffy (X, ©2), Ker(Fluxg)),
sclg and sclg n are not bi-Lipschitzly equivalent on [G, N]. More precisely, we found an element y

in [G, N] such that
sclg(y) =0 but sclg n(y)>0.

Example 7.15 We can provide the following example, which is related to Example 7.14 with smaller G,
from results in [61]. We stick to the setting of Example 7.14. Take an arbitrary pair (v, w) with
v, w € H' (X)) that satisfies

(7-2) v w #0.

Here, recall from Theorem 1.3 that —: H' (Z;) x H!(Z;) — H2(Z;) = R denotes the cup product. Then,
from results in [61], we can deduce the following: there exists a positive integer kg, depending only on w
and the area of X;, such that, for every k > ky, if we set

A = (v, w/k),
namely the subgroup of H' (X;) generated by v and w/ k, and
(G,N) = (Flux;zl(Ak), Ker(Fluxg)),

then sclg and sclg, v are not bi-Lipschitzly equivalent on [G, N]. To see this, by following arguments in
[61, Section 4], we construct a sequence (Vm)menN in [G, N]. Then [61, Proposition 4.6], together with
Bavard’s duality theorem, implies that
sup sclg (rm) < 3.
meN
Contrastingly, Proposition 4.7(3) in [61], together with Theorem 7.1, implies that
lim inf 10N (m)
m—00 m 2k -Dn(/fP)
Here by (v, w) = (v — w, [¥;]) 5, € R is the intersection number of v and w, where [X;] is the fundamental
classof Zyand (-, )y, :H2(Z;)xH»(Z;) — R denotes the Kronecker pairing of ¥;. The map fp: N —R
is Py’s Calabi quasimorphism (recall Section 5; see also [61, Sections 2.4 and 2.5]). We also note that v,

|67 (v, w)| > 0.

w and fp here correspond to v, w and wp in [61], respectively.
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8 Aut(F,) and Mod(X,)

8.1 Proof of Theorem 2.3

An TA-automorphism of a group G is an automorphism f on G which acts as the identity on the
abelianization H; (G; Z) of G. We write IA, to indicate the group of IA-automorphisms on Fy. Then we
have exact sequences

1 - 1A, - Aut(F,) > GL(n,Z) -1, 1—1A, - Auty(F,) —>SL(n,Z) — 1.

Theorem 2.3(1) claims that Q(IA,)A"(Fr) = j*Q(Aut(F,)) and QA,)Au+Fn) = j*Q(Auty (Fy)). To
show it, we use the following facts, which can be derived from the computation of the second integral
homology H, (SL(n, Z); Z):

Theorem 8.1 (see [72]) For n > 3, H?>(SL(n,Z)) = 0 and H?>(GL(n, Z)) = 0.
The following is obtained from [77, Corollary 1.4; 75, Theorem 1.2]:

Theorem 8.2 Let n be an integer at least 3 and 1y a subgroup of finite index in SL(n,Z). Then
H3 (Tp) = 0.

The following theorem is a special case of [74, Proposition 8.6.2]:

Theorem 8.3 Let N be a subgroup of finite index in G and V a Banach G-module; then the restriction
H}(G; V) — Hy (N; V) is injective for every n > 0.

Now we proceed to the proof of Theorem 2.3(1). First we show the following lemma:

Lemma 8.4 Let n be an integer at least 3 and 1y a subgroup of finite index in GL(n,Z). Then
H} (Ip) = 0.

Proof Since [y N SL(n, Z) is a subgroup of finite index in SL(n, Z), we have Hg (lILNSL(n,Z)) =0
by Theorem 8.2. Since Iy N SL(n, Z) is a subgroup of finite index in I}y, we obtain HZ (To) = 0 by
Theorem 8.3. |

Proof of Theorem 2.3(1) Suppose that n = 2. Then GL(n, Z) and SL(n, Z) have a subgroup of finite
index which is isomorphic to a free group. Therefore this case is proved by Proposition 3.4. So suppose
that n > 2. Let I" be either GL(n, Z) or SL(n, Z). By Theorem 8.1, Lemma 8.4 and the cohomology long
exact sequence, we have Hfb (I") = 0. Hence, Theorem 1.5 implies that Q(IA,,)A""(Fn) /i *Q(Aut(F,)) =0
and Q(IA,,)A"+Fn) /i*Q(Aut (Fy)) = 0. o
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Next we prove Theorem 2.3(2). First we recall the following application of the transfer:

Lemma 8.5 (see [19, Proposition I11.10.4]) Let N be a normal subgroup of finite index in G, V areal G-
module and ¢ a positive integer. Then the restriction induces an isomorphism H4(G; V) => H4(N; V)T,
where ' = G/N.

In the proof of Theorem 2.3(2), we furthermore use the following theorem, due to Borel [14; 15; 16] and
Hain [47] (and Tshishiku [94]):

Theorem 8.6 (1) For every n > 6 and every subgroup Ty of finite index in GL(n, Z), H?(Iy) = 0.

(2) Forevery! >3 and every subgroup Iy of finite index in Sp(2/, Z), the inclusion map I'y — Sp(2/, Z)
induces an isomorphism of cohomology H2(Sp(2/, Z))) = H?(I'y). In particular, the cohomology
H?(Ty) is isomorphic to R.

For the convenience of the reader, we describe the deduction of Theorem 8.6 from the work of Borel,
Hain and Tshishiku.

Proof First we discuss (2). This is stated in [47, Theorem 3.2]; see [94] for the complete proof.

Next we treat (1). Let A = [ NSL(n, Z). Then A is a subgroup of finite index both in I}y and in SL(n, Z).
By Lemma 8.5, the restriction H>(I)) — H2(A) is injective. Hence, to prove (1), it suffices to show that
H?(A) = 0. In what follows, we sketch the deduction of H?(A) = 0 from the work of Borel; see also the
discussion in the introduction of [94].

We appeal to Borel’s theorem [15, Theorem 1], with G = SL,, I' = A and r the trivial complex
representation. (See also [14, Theorem 11.1].) Then there exists a natural homomorphism H? (g, ¢; o)A >
H?(A;C) and, if ¢ < min{c(SL,), rankg (SL(n, R)) — 1}, then this map is an isomorphism. Here
HY (g, t; C)? is a Lie algebraic cohomology (g and ¢ stand for the Lie algebras of SL(n, R) and SO(n),
respectively); it is known that H?(g, & C)® = 0; see [14, 11.4]. For the definition of the constant
c¢(G) = ¢(G,0) for G being a connected semisimple group defined over Q, see [14, 7.1]. We remark
that, for the trivial complex representation r, ¢(G,r) = (c¢(G,0) =)c(G). Since SL, is of type A, —1,
the constant ¢(SL;) equals L%(n — 2)J; see [15] (and [14, 9.1]). Here, | - | denotes the floor function.
The number rankg (SL(7, R)) means the real rank of SL(#, R); it equals n — 1. Since n > 6, we hence
have min{c(SLy,), rankg (SL(n, R)) — 1} > 2. Therefore, H>(A;C) = 0. This immediately implies
that H2(A) = 0, as desired. (Borel [16] considered a better constant C(G) than ¢(G) in general, but
C(SLyp) = | 3(n—2)]; see [16; 94].) o

Remark 8.7 In the proof of Theorem 2.3(2), we only use Theorem 8.6(1). We will use Theorem 8.6(2)
in the proofs of claims in the next subsection.

Algebraic € Geometric Topology, Volume 25 (2025)



The space of nonextendable quasimorphisms 1211

concept defect definition vector space

quasicocycle on G D F(g1g2) ~p F(g1)+ g1- F(g2) QZ(G:V)

G-quasiequivalent _ ~
quasimorphismon v 2D S () + (). flgxg™) mp g f(x) QN V)

N-quasicocycleon G~ D" F(gx)~pr F(g)+g-F(x), F(xg) ~pr F(x)+ F(g) QZN(G; V)

Table 2: The concepts and symbols on quasicocycles.

Proof of Theorem 2.3(2) Let n be an integer at least 6. Let G be a group of finite index in Aut(Fy). Set
N =G NIA, and I' = G/ N. Then we have an exact sequence

1> N—->G->T—->1

and I" is a subgroup of finite index in GL(#n, Z). By Lemma 8.4 and Theorem 8.6(1), the second relative
cohomology group H?b (') is trivial. Therefore, by Theorem 1.5, Q(N)¢/i*Q(G) = 0. |

Remark 8.8 By [80, Theorem 1.4] and Theorem 8.2, for every n > 3, every subgroup of finite index in
SL(n, Z) is boundedly 3-acyclic.

8.2 Quasicocycle analogues of Theorem 2.3: finite-dimensional unitary coefficients

To state our next result, we need some notation. In Section 7.1, we introduced the notion of G-
quasiequivariant quasimorphism. Let V' be an R[G]-module whose G-action on V is trivial at V. The
G-quasi-invariance can be extended to the V-valued quasimorphisms as the G-quasiequivariance. Recall
from Remark 6.4 that a V-valued quasimorphism f: N — V is G-equivariant if f(gxg~!)—g- f(x) =0.
A V-valued quasimorphism f: N — V is said to be G-quasiequivariant if the number

D'(f)= sup |f(gxg™)—g- Sl

geG,xeN

is finite. Let Q(N : V)G denote the R-vector space of all G-quasiequivariant ¥ -valued quasimorphisms.
Let F: G — V be a quasicocycle; then the restriction F|y belongs to Q(N : V)QC by definition. It is
straightforward to show that Q(N: V)QG/i*QZ(G; V) is isomorphic to Q(N; V)G/i*H}b (G;V) =
H} » (N V)Y /i *H} »(G: V). We summarize the concepts and symbols on quasicocycles in Table 2.

Our main results in this section are the following two theorems. In fact, in Section 8.3, we will deduce
further generalizations (Theorems 8.17 and 8.14) of Theorems 8.9 and 8.10, respectively, from a recent

result of Bader and Sauer [3].

Theorem 8.9 (result for Aut(Fy)) Let n be an integer at least 6 and G a subgroup of finite index in
Aut(Fy). Then, for every finite-dimensional unitary representation i of T,

QV: 909 =i*QZ(G: 7, ).
Here (7, ¥) is the pullback to G of the representation (7, #) of T.
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Theorem 8.10 (result for Mod(X;)) Let ! be an integer at least 3 and G a subgroup of finite index in
Mod(%;). Set N =GNP(X;) and T = G/ N. Let (7, ¥) be a finite-dimensional unitary I" -representation
such that = % 1, ie #™T) = 0. Then

QN:90% =i*QZ(G: 7. %).
Here 7 is the pullback of m by the quotient homomorphism G — TI.

Before proceeding to the proofs of Theorems 8.9 and 8.10, we mention some known results we need in
the proofs. The following theorem is well known (see [7, Corollaries 4.C.16 and 4.B.6]):

Theorem 8.11 Let [ be a subgroup of finite index in GL(n, Z) for n > 3 or Sp(2/,Z) for | > 3, and
(7w, #) a finite-dimensional unitary Iy-representation. Then I'y () := Ker(;r : Iy — U(¥)) is a subgroup
of finite index in Iy, where U(J€) denotes the group of unitary operators on .

Theorem 8.12 [77, Corollary 1.6] Let [ be an integer at least 2 and Iy a subgroup of finite index in
Sp(21, 7). Let (r, ¥) be a unitary Ty-representation with # separable and = 2 1. Then Hg(FO; m, #)=0.

Corollary 8.13 (1) Let n be an integer at least 6 and I'y a subgroup of finite index in GL(n, Z). Let
(77, %) be a finite-dimensional unitary Ty-representation. Then H?(Iy; 7, %) = 0.

(2) Let I be an integer at least 3, Ty a subgroup of finite index in Sp(2/,7), and (;,¥) a finite-
dimensional unitary Ty-representation such that = 2 1. Then H?(Iy; , %) = 0.
Proof We first prove (2). Set Ij(r) = Ker(sr). Then Theorem 8.11 implies that Iy(sr) is of finite index
in Ty. Hence, by Lemma 8.5, H2(Iy: 7, %) = H2 (I (7r); %) o/ To(m)

We now show the following claims:
Claim The conjugation action by Ty on the cohomology H?(Iy(r)) is trivial.

Proof By Theorems 8.11 and 8.6(2), the inclusion i : Iy (7) < I}y induces an isomorphism i *: H?(I) =
H2(Ty(r)). Lemma 8.5 implies that the map i in fact induces an isomorphism H?(Iy) = H2 (I (7).
Therefore, the Iy-action on H?(Iy (7)) is trivial. <

Claim There exists a canonical isomorphism H?(Ty(r); %) = %, and this induces an isomorphism
H2(Ty (rr); %) To/ To(®) ~ gelo/ To(m)

Proof By Theorem 8.6(2), the cohomology H?(Iy(x)) is isomorphic to R; hence, by the universal
coefficient theorem, the cohomology H? (I (r7); %) is isomorphic to 9 (here, note that ¥ is a trivial
R[Ty (;r)]-module of finite dimension). In what follows, we exhibit a concrete isomorphism. For o € ¥,
we define a cochain cq € C2(Ty(1); %) by

ca(Y1,72) = c(y1,72) - € K,

where ¢ € C2(Ty(r)) is a cocycle whose cohomology class corresponds to 1 € R under the isomorphism
H?(Ty (7)) = R. This cochain ¢, is a cocycle since the Iy(r)-action on ¥ is trivial. Then the map

Algebraic € Geometric Topology, Volume 25 (2025)



The space of nonextendable quasimorphisms 1213
sending o to [ce] gives rise to an isomorphism # => H?(Iy(xr); ). For y € Iy and yy, v, € Ty (),

() 1. v2) =7 () a1y vy ay) =2 (1) - ((FO) (1. v2) @) = (PO (1. v2) - ((v) - ).

Moreover, by the claim above, there exists a cochain b € C!(I)(1)) satistying Yc = ¢ + 8b. Hence,

(ea)(v1.v2) = () (1. 72) - ((¥) - @) = (¢ +8b)(y1.v2) - (H(¥) - @) = (¢ + 8D)z(3).a (V1. V2)-

Therefore the cohomology class ¥ [cq] corresponds to the element 7 (y) - « under the isomorphism, and
this implies the claim. <

By the claims above and the assumption that 7 does not contain the trivial representation, we have
H?2(Ty; 7, %) = 0. This completes the proof of (2).

We can deduce (1) by the same arguments as above with Lemma 8.5 and Theorems 8.6 and 8.11. O

Proof of Theorem 8.9 Let 1 be an integer at least 6. Let G be a group of finite index in Aut(F}). Set
N =GNIA, and I" = G/ N. Then we have an exact sequence

l1>N—->G—->T—>1

and T is a subgroup of finite index in GL(n, Z). Let (7, %) be a finite-dimensional unitary "-representation.
Set I'(r) = Ker(;r). By Theorem 8.11, I'(;r) is a normal subgroup of finite index in I'. By using
Lemma 8.4, we can show that HZ (I (r); 3¢) = 0. Here, we use [74, Corollary 8.2.10]; see also the proof
of Theorem 8.17 in the next subsection. Together with Theorem 8.3, we obtain H3 (I'; r, 3¢) = 0. Hence,
by Corollary 8.13(1), H2 (s T, %) = 0. Therefore, the quotient H1 (N #H)/i *Hl p(G 7, %) is trivial
by Theorem 1.5. Since Hlb(N %)/Z*Hlb (G; 7w, ) is isomorphic to Q(N %)QG/Z*QZ(G 7, #), this
completes the proof. a

Proof of Theorem 8.10 Let / be an integer at least 3. Let G be a subgroup of finite index in Mod(X;).
Set N =GNP(X) and I' = G/N. Let (;r, ) be a finite-dimensional unitary I"-representation not
containing the trivial representation. Then Theorem 8.12 and Corollary 8.13(2) imply that the second
relative cohomology group H b(F 7, #) is trivial. Hence, by arguments similar to those in the proof of
Theorem 8.9, we obtain the theorem. i

8.3 Quasicocycle analogues of Theorem 2.3: including infinite-dimensional unitary
coefficients

After the submitted version of this paper was completed, work of Bader and Sauer [3] on vanishing of
higher group cohomology with unitary coefficients for higher-rank Lie groups and their lattices has come
out. This work enables us to improve Theorems 8.10 and 8.9 to the following Theorems 8.14 and 8.17,
respectively. For the reader’s convenience, we add this subsection to state and deduce these two theorems.
We are grateful to one of the referees for informing us of [3]. We start with the following strengthening
of Theorem 8.10:
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Theorem 8.14 (stronger result for Mod(%;)) Fix an integer [ at least 3. Then, for every subgroup G of
finite index in Mod(X;) and every unitary representation (7, 3) of I" such that w 5 1,

Q(N:90)6 = i*QZ(G: 7, %).

Here we set N = G N $(X;) and I" = G/N; the representation (7w, #) of G is the pullback of the
representation (r, %) of T'.

For the proof of Theorem 8.14, we employ the following definitions and theorem:

Definition 8.15 Let H be a locally compact second countable group. Let k be a positive integer.

(1) The group H is said to be strongly k-Kazhdan [30] or, alternatively, to have property [Ty] [2; 3] if,
for every (strongly continuous) unitary H-representation (77, 7€) and every positive integer i with
i <k, the continuous cohomology H’c (H; m, #) vanishes.

(2) [2; 3] The group H is said to have property (Ty) if, for every (strongly continuous) unitary
H -representation (7, #) with m 2 1 and every positive integer i with i < k, the continuous
cohomology Hé (H; 7, ¥) vanishes.

The celebrated Delorme—Guichardet theorem states that property [T;] (the strong 1-Kazhdan property)
and property (T;) (for a locally compact second countable group) are both equivalent to Kazhdan’s
property (T); see [8] for details. By definition, for positive integers k1 and k, with ky > k,, property (T, )
implies property (T, ), and property [T, ] implies property [T,] (we also remark that, if A is a discrete
group, then, for a unitary A-representation (7, 7€), continuous cohomology H¢.(A; 7, #) coincides with
H*(A; , %)). The main motivation in [30] comes from their theorem [30, Theorem 1.2], which states
that a finitely presented group with property [T,] is Frobenius stable. For applications of property (T,) to
the Frobenius stability, see [2].

Theorem 8.16 [3, Theorem B and Appendix A] Let H be a connected semisimple Lie group with a
finite center. Then H has property (T, (m)—1) (as a topological group), where ro(H) is the invariant
given in [3, Appendix A]. Let A be an irreducible lattice in H. Then A has property (T,_1), where
r = min{ro(H), rankg (H)}.

Here, both for H = SL(n + 1,R) with n at least 2 and for H = Sp(2n, R) with n at least 3, we have
ro(H) = n = rankg (H).

We note that H?(Sp(2n, Z)) = R for every integer n at least 2; see [14]. In particular, Sp(2(n + 1), Z)
with n > 2 fails to have property [T,], whereas Theorem 8.16 ensures property (T;) for this group.

Proof of Theorem 8.14 using Theorem 8.16 First we prove the theorem under the additional assumption
that ¥ is separable. We appeal to Theorem 8.16 by setting H = Sp(2/,R) and A = I' (recall that /
is assumed to be at least 3). Then I' has property (T,). Therefore, H?>(I'; 7, #) = 0. Since 7 5 1,
Theorem 8.12 (Monod’s theorem) shows that Hz (I'; r, %) = 0. Now Theorem 1.5, together with the
exact sequence (3-1) and Remark 1.7, ends our proof for the case where € is separable.
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Now we treat the general case; here, we use the following trick to reduce to the separable case. Suppose
that
QIN: 30N\ i*QZ(G: 7. %) # .

Take some f from the left-hand side. Let { be the closure of the linear span of {7 (y) f(x) |y €', x e N}
in #. Then X is a closed 7 (I")-invariant subspace in # that is separable (note that I' and N are both
countable). Hence, we can view J{ as a unitary I"-subrepresentation space of #; we write (g, ¥) for this
representation. We define a unitary G-representation (¢, ¥) by taking the pullback of o. Thus, we can
view [ as an element in Q(N :H)QC, where we view (5, ) as an R[G]-module. Since ¥ is separable
and o 2 1, the first paragraph of this proof implies that

QN 9)QC¢ = i*QZ(G:5.%).

Hence, we can find an element F € QZ (G;6,9) such that f = i* F. However, since F may be seen as
an element in QZ(G; 7, %), we have f = i*F € i*QZ(G: 7, %), a contradiction. O

Next we state the following strengthening of Theorem 8.9:

Theorem 8.17 (stronger result for Aut(F,)) Fix an integer n at least 4. Then, for every subgroup G of
finite index in Aut( F) and every unitary representation (1, ) of T such that %" is finite-dimensional,

QN 96 = i*QZ(G; 7, %).

Here we set N = G N1A, and ' = G/N; the representation (7, %) of G is the pullback of the
representation (7, ¥) of T.

In particular, the assumptions of n > 6 in Theorems 2.3(2) and 8.9 can both be weakened ton > 4.

Proof of Theorem 8.17 using Theorem 8.16 By employing the same trick as in the final part of the
proof of Theorem 8.14, we may assume that ¥ is separable throughout this proof. By Theorem 1.5
and the exact sequence (3-1), it suffices to prove that H>(I"; r, #) = 0 and Hg (I'; 7, 3%) = 0. Note
that I" is a subgroup of finite index in GL(%, Z). First we prove that Hg(F; 7, #) = 0. Decompose the
I"-representation space ¢ as # = %I @ (31)L, where (%)L is the orthogonal complement of %! in 9.
Then the restriction of 7w on %! is trivial, and it is finite-dimensional by assumption; the restriction 7 °"™
of 7 on (%)L does not admit a nonzero I'-invariant vector. Now we claim that Hg (T 7™, %) = 0.
Indeed, by Lemma 8.4, Hi (') = 0. Since we assume that %" is finite-dimensional, we can decompose
%7 as a finite direct sum of the one-dimensional trivial module; then [74, Corollary 8.2.10] ends the
proof of the claim above. We also claim that HZ (T; 7ot (%T)1) = 0. Indeed, this follows from another
theorem of Monod [76, Theorem 2]; see [77, Corollary 1.6] for a more general statement and Theorem 8.3.

Again by [74, Corollary 8.2.10],
Hp (T, %) = Hy (T; 7™, 9€") @ Hy (T o™, (35));
hence Hg (I'; w, ¥) = 0, as desired.
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Next we will show that H?>(I"; 7, %) = 0 by appealing to Theorem 8.16; the proof of this part works
without the assumption that %! is finite-dimensional. Let [y = ' SL(n, Z), which is a subgroup of finite
index both of I" and of SL(n, Z). First, apply Theorem 8.16 with H = SL(n, R) and A = SL(n, Z) (recall
that n is assumed to be at least 4). Then SL(n, Z) has property (T,). Together with Theorem 8.1 and
the universal coefficient theorem, we conclude that SL(#, Z) has property [T,]. By [30, Proposition 4.4],
property [T5] passes to a subgroup of finite index. (Strictly speaking, it follows that property [T;] passes
to a normal subgroup of finite index; then we employ [19, Proposition I11.10.4] to have the full heredity.
Or, alternatively, we may apply the Shapiro lemma.) Hence, [y also has property [T,]. By Lemma 8.5,
I has property [T,] as well, and thus H*(T"; 7z, %) = 0. |

As we explained in the proof above, the main result of [3] in particular improves the Borel stable
range for second ordinary cohomology with the trivial coefficients of SL, from n > 6 to n > 4. We
also note that the assumption of the finite-dimensionality of # in Theorem 8.17 is used to deduce
H3(T: '™, 9") = 0 from H} (') = 0. As we mentioned in the proof, for ordinary cohomology we do
not need this finite-dimensionality assumption thanks to the universal coefficient theorem. For a Banach
space V, the following question might be of interest: (for a fixed ¢, say 2 or 3) when does the vanishing
of HZ(G) imply that of HZ(G; V') for a group G, where V is viewed as an R[G]-module with the trivial
action? For results in this direction, we refer the reader to [44; 82, Proposition 2.39].

The counterpart of Theorem 8.14 in the case of the trivial real coefficients is an open problem.

Problem 8.18 Let G be a subgroup of finite index in Mod(X;). Set N = G N $(X;) and ' = G/ N.
Then does Q(N)% = i*Q(G) hold?

Cochran, Harvey and Horn [29] constructed Mod(X)-invariant quasimorphisms on $(X) for a surface X
with at least one boundary component. The problem asking whether their quasimorphisms are extendable
may be of special interest.

8.4 Extension theorem of quasicocycles

As an appendix to this section, we present the following extension theorem of quasicocycles. In this
subsection we treat a general theory, and the topic has no specific relation to Aut(F;) or Mod(%;). Recall
that every G-quasi-invariant quasimorphism on N is extendable to G if the projection G — G/ N virtually
splits (Proposition 3.4). This can be generalized as follows:

Theorem 8.19 Let | - N — G 25> T' — 1 be an exact sequence and V an R[I']-module with a
I'-invariant norm || - ||. Assume that the exact sequence virtually splits. Then, for every V -valued G-
quasiequivariant quasimorphism [ € Q(N : V)0, there exists a quasicocycle F € QZ (G; V) such that
Fiy = fand D(F) < D(f)+3D'(f).

The proof is parallel to that of [60, Proposition 6.4] (Proposition 3.4 above). For the sake of completeness,
we include the proof; see [loc. cit.] for more details.
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Proof Let (s, A) be a virtual section of p: G — I' (see Section 2). Let B be a finite subset of I' such
that the map A x B — T, (A, b) > Ab, is bijective. Let s': B — G be a map satisfying p o s’(b) = b for
every b € B. Define amap ¢: I' — G by setting 7(Ab) = s(A)s’(b). Note that 7 is a (set-theoretic) section
of p. Given [ € Q(N; V)QC | define a function F: G — V by

F@)= 2= 3 f(g 1 p(e) ™" 1)),

beB

Then F|y = f. Moreover, for g1,g> € G, by using that f(hihy) ~p/(r) p(h1) - f(hyhy) and
f(hihs) ~p/(5) p(hy)~1. f(hyhy) for every hy, hy € G with hih,y € N, we have

Flgigs) = 5= 3 f(2182t(b-p(g12)) " 1(b))
beB

~pi g 200 () gigat(bp(g1g2) 7))
beB

= # D b7 (1 (b)-gr-t(b-p(g) 1 (b p(g1))-g2t(b-p(g182)) ")
beB

~p() 3 20 b7 (S (0 g1t b-p(20) ™)+ 1 (b p(gn)gat(bp(giga) ™)
beB

<20 g5 2o vt b)) 1O g 3 e (i)™ 1)

=F(g1)+g1-(# > f(gz-t((b-p(gl))-p(gz))_l-t(b-p(gl)))).
beB
By the arguments in the proof of [60, Proposition 6.4],
i 2 Sea t(-rian: p(g2) " 15 plgn) = F(g2).

Therefore, F(g182) ~p(r)+3p'(f) F(g1) + &1+ F(g2)- ]

9 Open problems

9.1 Mystery of the Py class

Let X; be a closed connected orientable surface whose genus / is at least 2 and € a volume form
on X;. Recall that Py [89] constructed a Calabi quasimorphism fp on Ker(Fluxg) which is Diffy(X;, ©2)-
invariant, and the first and second authors showed that fp is not extendable to Diffy(X;, 2) (recall
Section 5 and Example 7.15). We define ¢p € H2(H' (X)) and cp € H2(Diffy(X;, Q)) by ¢p =
54_1 o 7/5(fp) and cp = Fluxg,(Cp), respectively. We call cp the Py class. Note that we essentially
proved the nontriviality of the Py class in the proof of Theorem 2.6(1).
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B1 B2 Bi >
o o o

Figure 1: «ay,..., o, By, Bi1:10,1] = X;.

When we constructed the class ¢p € H2(H! (X;)), we used the morphism £4: H2(H! (%;)) — H?b H'(Z))).
Here we apply the exact sequence

1 — Ker(Fluxg) — Diffy (5, Q) 222, (%)) — 1

to diagram (1-3). Since the bounded cohomology groups of an amenable group are zero, the map &4 is an
isomorphism and we have the inverse £, ! : H?b (H'(Z;)) — H2(H!(X;)). Because the vanishing of the
bounded cohomology of amenable groups is shown by a transcendental method, we do not have a precise
description of the map 54_1.

Remark 9.1 If we fix a (right-)invariant mean m on the amenable group I', then we have the following
description of the map 54_1. For a cocycle [¢] € C /zb (T"), a cocycle f € C?(T") representing the class
54_1 ([[¢]]) can be given by

S, v2) =c(y1,y2) —m@Be(-, y1,v2))-

However, we have the following observations on the Py class. Here we consider H' (X;) as a symplectic
vector space by the intersection form.

Theorem 9.2 Let ¥; be a closed connected orientable surface whose genus [ is at least 2 and Q2 a
volume form on ¥;. For a subgroup A of H' (X)), let 15 : A — H'(Z;) be the inclusion map.

(1) Let v and w be elements in H' (£;) with v — w # 0. Then there exists a positive integer k¢ such
that, for every integer k at least ko, for the subgroup A = (v, w/k) of H'(X;), we have . ép # 0.
Here — denotes the cup product.

(2) Ifasubgroup A of H'(X;) is contained in a linear subspace {[1]*, ... [o]*) or ([B1]*. .. .. [Bi]*),
then 1 cp = 0, where ay, ..., a;, By, ..., B are the curves described in Figure 1.
To prove Theorem 9.2, we use the following observation.

Let 1 > N - G 5 T — 1 be an exact sequence of groups such that I" is amenable. For a subgroup I"°
of I, 1> N> p_1 (% 2,19 1 isalso an exact sequence and I'? is also amenable (Theorem 3.5(3)).
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Then, by Theorem 1.5, we have the commuting diagrams

0 —— HI(I) 25 HI(G) -7 HI (V)G — 5 H2(T) -2 H2(G)

©-1) lél Jéz J& l& lés

0—— Q) 2= Q(G) —— Q)T % 12, () 2 H3,(G)

0 — HY(®) L 1 (p~! (1) 2 B (V) 0 T w2 (10) L 2 (p (1))
©2) Js |2 | Je E
>x< 0 >|<
0—— Q) = Q(p (%) —— Qv)»~ T —— H7,(I'%) ~H (71T
Since I' and T'° are boundedly 3-acyclic (Theorem 3.5(5)), £&4: H*(I") — H2 »(I') and §4 HZ(FO) —

H?b (%) are isomorphisms. The following lemma can be deduced from the deﬁnltlons of 7/, and 79 /b

Lemma 9.3 We have

€)ool =170 (84) oy,
where I Q(N)¢ — Q(N)?~ ' and I}: H?(T") — H2(I'°) are the homomorphisms induced from
the inclusion I: T° — T,

We employ the following theorem, which is related to Example 7.15, in order to prove Theorem 9.2:

Theorem 9.4 [61, Theorems 1.6 and 1.10] Let X; be a closed connected orientable surface whose
genus [ is at least 2 and 2 a volume form on ;. Let A be a subgroup of H!' (X;) and set G = Flux~!(A)
and N = Ker(Fluxg). Then:

(1) Let v and w be elements in H' (X;) with v — w # 0. Then there exists a positive integer k
such that, for every integer k at least ko, for A = (v,w/k), [fp] is a nontrivial element of

Q(N)C/i*Q(G).
(2) If A is contained in a linear subspace ([a1]*, ..., [og]*) or {([B1]*,....[B:]*), then| fp] is the trivial
element of Q(N)C /i*Q(G), where ay, ..., a;, B1, ..., B are the curves described in Figure 1.

On (2), see also [61, Remark 4.8].

Proof of Theorem 9.2 Set I' = H!(X;), ' = A and G = Fluxgl(A) We use the notation in the
diagrams (9-1) and (9-2).

First, to prove (1), suppose that the dimension of A is larger than /. Then, since [ fp] is a nontrivial
element of Q(N)¢/i*Q(G), by Theorem 1.10, (Eg)_l ) r/ob o I7(fp) is also a nontrivial element of
H?(T'%) = H2(A). Hence, by Lemma 9.3, 5 ¢p = I o (§4) Lot/ (fp) = (€)' o r/ob oI (fp) is also
a nontrivial element of H>(I'%) = H2(A).
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Next, to prove (2), suppose that A is contained in linear subspaces ([a1]*, ..., [e]*) or ([B1]*,....[B:]").
Then, since [fp] is the trivial element of Q(N)¢/i*Q(G), by Theorem 1.10 and Proposition 2.5,
EDH o ‘[/Ob o If(fp) is also the trivial element of H*(I'°) = H*(A). Hence, by Lemma 9.3, i} ¢p =
Iyos) torp(fp)=@E) "o r/ob o If(fp) is also the trivial element of H*(I'°) = H2(A). O

Finally, we pose the following problems on the Py class:

Problem 9.5 Give a precise description of a cochain representing ¢p € H2(H'(X;)) and a bounded
cochain representing cp € H?(Diffo(M, Q2)).

Problem 9.6 Let X; be a closed connected orientable surface whose genus [ is at least 2 and Q2 a volume

form on X;. Is the vector space Im(Fluxg,) N Im(cpife, (x,,)) spanned by cp?
By Theorem 1.10, Problem 9.6 is rephrased as follows.

Problem 9.7 Let X; be a closed connected orientable surface whose genus [ is at least 2 and €2 a volume
form on X;. Is the vector space Q(Ker(Fluxg))Piffo(Z1:8) /i *Q(Diffy (X;, Q)) spanned by [ fp]?

9.2 Problems on equivalences and coincidences of sclg and sclg, v

By Theorem 2.1, Q(N)® = H!(N)% 4 i*Q(G) implies that sclg and sclg,n are equivalent on [G, N].
Moreover, if N is the commutator subgroup of G and Q(N)? = H(N)% + i*Q(G), then sclg and
sclg,n coincide on [G, N]. Since H?(G) = 0 implies Q(N)? = HY(N)® 4+ i*Q(G) (Theorem 1.10),
there are several examples of pairs (G, N) such that sclg n and sclg are equivalent (see Section 2.1). In
Section 3, we provided several examples of groups G with Q(N )¢ # H!(N)% +i*Q(G) (see Theorems
1.1, 1.2 and 4.18), but we were unable to determine whether sclg and sclg, n are equivalent on [G, N]in
these examples. Hence, the example of G = Diff(X;, w) with / > 2 and N =[G, G] raised by [58] (see
also [61]) has remained essentially the only known example where sclg and sclg, y are not equivalent
on [G, N]. In fact, this is the only example where sclg and sclg,y do not coincide on [G, N]. Here we
provide several problems on equivalences and coincidences of sclg and sclg, .

Problem 9.8 Is it true that Q(N)® = H!(N)® +i*Q(G) implies that sclg = sclg y on[G, N]?

Problem 9.9 Find a pair (G, N ) such that G is finitely generated and sclg and sclg, y are not equivalent.
In particular, are scly, (x,) and scly, (s,).[x,(3,).7, ()] €quivalent on [ (X)), [71(2;), 71 (X;)]] for
[>2?

After the current work, Problem 9.9 was solved by some of the authors [69]: for / > 2, scl;, (x,) and
sClz, (2)),[71 (1), 71 (3] are not equivalent. Moreover, the authors proved in [59] that sclg and sclg [G,6)
are not equivalent if Q([G, G])¢ # H'([G, G]))° +i*Q(G).

We also pose the following problem. Let B, be the n™ braid group and P, the n'™ pure braid group.
Problem 9.10 Forn > 3, does sclg, = sclp, [p,,p,] hold on [By,[ Py, Py]|?

In light of the following proposition, we can regard Problem 9.10 as a special case of Problem 9.8:
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Proposition 9.11 Forn > 2, let G = B, and N = [Py, P,]. Then Q(N)¢ = H'(N)% +i*Q(G). In
particular, sclg(x) < sclg,ny(x) <2-sclg(x) forall x € [G, N].
Proof Consider the exact sequence

1 — Py/[Pn, Pn] = Bn/[Pn, Pu] > Sy — 1,

where G, is the symmetric group. By Theorem 3.5(1)-(2), &, and P, /[Py, Py] are amenable. Hence,
Theorem 3.5(4) implies that B, /[ Py, Py] is also amenable. As pointed out in Section 2.1, the second co-
homology of the braid group By, vanishes. Hence, Theorem 1.10 implies that Q(N )¢ =H!(N)% +i*Q(G).
The equivalence between sclp, and sclg, [p,, p,] follows from Theorem 2.1(2). O

As another special case of Problem 9.8, we provide the following problem:
Problem 9.12 For n > 2, does sclay(F,)) = SClau(F,),1a,, hold on [Aut(Fy), 1A,]?

Even the following weaker variant of Problem 9.12 seems open. We note that Theorem 2.1(2) does not
apply to the setting of Theorem 2.3.

Problem 9.13 Let n > 3. Find an explicit real constant C > 1 such that sclay(F,),1a, < C - sClaw(F,)
on [Aut(Fy), IA,].

In [60], the first, second, fourth and fifth authors considered the equivalence problem between clg
and clg, . We provide the following problem:

Problem 9.14 [s it true that Q(N)% = H'(N)Y + i *Q(G) implies the bi-Lipschitz equivalence of clg
and clg,ny on[G, N]?

We note that Theorem 2.1(1) states that Q(N )¢ = H!(N)C +i*Q(G) implies the bi-Lipschitz equivalence
of sclg and sclg n. To the best knowledge of the authors, Problem 9.14, even for the case where
1 - N — G — I' — 1 virtually splits, might be open in general.

In light of Proposition 9.11 and Theorem 2.3, we can regard the following problem as special cases of
Problem 9.14:

Problem 9.15 For (G, N) either (By,, [ Pn, Py]) withn > 3 or (Aut(Fy),1A,) withn > 2, are clg and
clg,n equivalent on [G, N]?

Note that clg and clg, are bi-Lipschitzly equivalent when (G, N) = (Bp, Py N[By, By] =[Pn, By]) [60].
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