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Real algebraic overtwisted contact structures on 3-spheres

SEYMA KARADERELI
FERIT OZTURK

A real algebraic link in the 3-sphere is defined as the zero locus in the 3-sphere of a real algebraic function
from R* to R? with an isolated singularity at the origin. A real algebraic open book decomposition on
the 3-sphere is by definition the Milnor fibration of such a real algebraic function. We prove that every
overtwisted contact structure on the 3-sphere with positive three-dimensional invariant d3 (apart from
13 exceptions) are real algebraic via functions of the form f g with f, g complex algebraic and with the
pages of the associated open books planar.

32855, 57K33; 32C05

1 Introduction

A Milnor fillable 3-manifold is a connected closed oriented contact 3-manifold which is contact isomorphic
to the contact link manifold of a complex analytic surface with isolated singularity. We know that any such
manifold admits a unique Milnor fillable contact structure up to contactomorphism — see Caubel, Némethi
and Popescu-Pampu [5] — and moreover a Milnor fillable contact structure is tight. For instance there is
a unique tight contact structure on the 3-sphere 3 and it is Milnor fillable (by eg the nonsingularity 0
in C?).

Here we ask a similar question regarding overtwisted contact structures. We confine ourselves to S3
although the definitions and questions below can be easily generalized. We investigate fibered links in S3
which are given real algebraically (or more generally real analytically). Let us call an oriented link in S3
weakly real algebraic if it is isotopic to the link of a real algebraic surface with an isolated singularity at O
(ie it is the zero locus of an algebraic map /: R* — R? with an isolated critical point on its zero locus). It
is well known that every link in S3 is weakly real algebraic; see Akbulut and King [1]. Nevertheless the
map & may have singularities outside its zero locus arbitrarily close to 0. If O is an isolated critical point
of h, we call the associated oriented link in S3 real algebraic. This condition of isolatedness is called the
Milnor condition. In such a case there is a Milnor fibration on the link exterior in S3 over S1; see Milnor
[16, Section 11]. In other words the real algebraic link is the binding of an (in general rational) open
book with the open book decomposition given as the Milnor fibration (see eg Baker and Etnyre [2] for
rational open books). If moreover the Milnor fibration is given by / /||| we call the associated open
book (and the supported contact structure) on S3 real algebraic.
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Although the fibration is given by //| k|| in a tubular neighborhood of the zero set of / and that fibration
can always be inflated to a Milnor fibration on S3 (see eg the survey of Seade [21]), it is not always true
that this Milnor fibration coincides with the one given by /||| on S3. A quite simple counterexample
is given in [16, Section 11].

On the other hand, compared to weakly real algebraic ones it is rather hard to construct examples of
real algebraic maps with an isolated singularity and this issue has been long studied. For example it is
known that the fibered figure-eight knot is not complex algebraic but is real algebraic; see Perron [18].
Meanwhile since every real algebraic link is fibered, a nonfibered weakly real algebraic link cannot be
real algebraic. We believe it is still unknown whether every fibered link is real algebraic (see eg Bode [4]).

An obvious way to produce real algebraic links in S3 is as follows. Take two nonconstant complex
algebraic maps f, g: C?> — C and consider the real algebraic map & = f g. The oriented link L that is
the zero locus of / in S3 has components { f = 0} NS> with canonical orientations and {g = 0} N §3
with the reverse orientations. Such links are special examples of graph links, ie spliced Seifert links; see
Eisenbud and Neumann [7]. Moreover % has an isolated singularity at O if and only if L is fibered, and in
that case the Milnor fibration is given by //||/]|; see Pichon [19]. Now, as a corollary to Ishikawa [15]
the real algebraic open book corresponding to such /& determines an overtwisted contact structure on S3.

We recall that there are countably infinite number of overtwisted contact structures in S3. They are
distinguished by the half-integer-valued d3 invariant (see eg Ding, Geiges and Stipsicz [6]) or equivalently
the Hopf invariant H of the monodromy vector field; on S3 these two invariants satisfy H = —d3 — %
(see eg Tagami [22]). They are also related to the enhanced Milnor number A of the binding of an open
book that supports the contact structure: A = —H (see eg Hedden [13]; for the introduction of A see
Neumann and Rudolph [17]). Inaba [14] has already proven that all overtwisted structures in S 3 are
real algebraic, by explicitly constructing real algebraic maps for any given A € Z. More precisely these
maps are mixed polynomials of the form f g, are polar weighted homogenous and conveniently strongly
nondegenerate. The computation of A uses the ideas introduced in [17] for multilinks that are given by
splice diagrams. The constructed open books have pages with varying genera.

In this article we are interested in the genera of the pages of the real algebraic open books. Recall that
any overtwisted contact structure is planar, ie it is supported by a planar open book; see Etnyre [9]. Here
we prove the following planarity result in the real algebraic setup.

Theorem 1.1 All overtwisted contact structures on S3 with d3 > 0 and

dy+ 1 ¢14,5,9,11,17,19,25,37,47,61, 79, 95, 109}

are real algebraic, with the associated real algebraic open books having planar pages. These planar, real
algebraic overtwisted structures are exactly the ones which can be obtained by functions of the form f g
with f.g: C?> — C complex algebraic.
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We remark that the polynomials f g that we construct have real coefficients. Also recall the supporting
genus results for tight contact structures: not only a tight structure may have positive minimal supporting
genus among supporting open books, it has been also shown that the Milnor fillable (tight) contact
structures may have Milnor genus strictly greater than the support genus; see Bhupal and Ozbagci [3].

In order to build the overtwisted structures in the theorem we consider all fibered Seifert/graph multilinks
with planar fibers; these turn out to be exactly the ones that appear in [7, page 123] and their possible
splicings. Going through all these fibered links which are also known to be real algebraic, we prove the
theorem. In this way we exhaust all Seifert/graph multilinks that are given by real analytic functions
of the form f'g. To come up with new real algebraic planar open books one has to use real analytic
functions of different forms.

We believe that the 13 sporadic exceptions that appear in the theorem are real algebraic, planar as well,
although the families of real algebraic Milnor fibrations that we have produced via functions f g miss
them. The nonnegativity that emerges might be more resilient. Thus we ask

Question 1.2 Is there a real algebraic, planar overtwisted contact structure on S> with negative d3? The
supporting real algebraic open book is rational in general; ie the fibered link is a multilink. Can the open
book be made an integral open book? That is, can the binding be a simple link which is not a multilink?

Generalizing our definitions we ask

Question 1.3 s it true that every overtwisted contact structure on a Milnor fillable 3-manifold is real
algebraic? Can the associated real algebraic open books have planar pages?

To proceed towards the proof of Theorem 1.1, we recall in Section 2 the Seifert and graph multilinks and
the splicing operation. There we also give our families of fibered graph multilinks in S3 and compute the
associated monodromy maps. In Section 3 we demonstrate that those families of graph multilinks and the
corresponding open book decompositions are real algebraic via functions of the form f g. In Section 4
we briefly recall a way to compute the d3 invariant, by constructing almost complex 4-manifolds that fill
the given open book decompositions in S3. Finally in Section 5 we prove Theorem 1.1 by computing
the d3 invariants explicitly for our families of examples. It turns out that one of our families of graph
multilinks exhausts all the overtwisted structures with d3 > 461. Then by computer aid we show that
those with 0 < d3 < 461 (except the 13 values given in the theorem) are realized by our families of graph
multilinks as well. In the computation of d3 the constructed 4-manifolds have large intersection matrices.
For the clarity of the exposition, those intersection matrices are presented in Appendix A and the tedious
computations regarding those matrices are given in Appendix B.
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2 Seifert multilinks and splicing

In this section we recall introductory information on Seifert and graph multilinks and present several
families of examples which, as to be argued in the next sections, are planarly fibered and real algebraic
via functions of the form f'g. Our discussion here is based on [7].

2.1 Seifert multilinks

A Seifert fibered manifold is a closed 3-manifold given as an S!-bundle with the orbit space a 2-orbifold.
A Seifert multilink in a Seifert fibered 3-sphere is an oriented link L that is constituted of a finite number
of Seifert fibers S; and an integer multiplicity m; assigned to each component. In this work we are solely
interested in Seifert multilinks in S3. We are going to denote a Seifert multilink with n components by
L(my,...,my). L is canonically oriented by the sign of the multiplicities ;. In this setup the homology
class m = (mq,...,my) € Hi(L) ~ Z" determines a cohomology class in the link complement as well,
since H1(L) ~ H'(M — L). That class is given by

n
m(y) =1k(L,y) =Y m;i-1k(Si,y).
i=1
Let p; denote the meridian of the i ™ link component. Then we have m1(j1;) = m;. Moreover we can realize
the Seifert surface of the multilink as an embedded oriented surface whose intersection with the boundary of
a tubular neighborhood of S; is (8; - (m; /8;, —(m;)’/8;))-cable of S;, where (m;)' = Z?# m; 1k(S;, S;)
and 8; = ged(m;, m}) [7, page 30].

Multilinks are represented by splice diagrams as exemplified in Figure 1. The central node represents the
ambient Seifert manifold. The numbers adjacent to the node for each branch are called the weights and
the numbers next to the arrowheads are the multiplicities m; .

a0 (IIT) av)

Figure 1: Splice diagrams for Seifert multilinks of type (I), (I), (IIT) and (IV). These are exactly
all fibered Seifert multilinks with trivial geometric monodromy.

Algebraic & Geometric Topology, Volume 25 (2025)



Real algebraic overtwisted contact structures on 3-spheres 1381

An arrowhead with weight 41 (respectively > 1) corresponds to a regular (respectively singular) Seifert
fiber. The multilink (I) in Figure 1 has 2u + 2 connected components in the underlying manifold S3 on
which the Seifert fibration is given by the S!-action (x, y) — (t?~!x,t?Py) for t € S!. Here the orbit
{x = 0} corresponds to the singular fiber S; with weight p and {y = 0} corresponds to the singular fiber
S, with weight p — 1. The linking numbers of link components can be computed easily using the splice
diagram [7, Proposition 7.4]. For instance, the linking number of any nonsingular fiber with the singular
fiber S; (respectively with S5 ) is the product of weights of the remaining vertices, which equals p — 1
(respectively p). The linking number of S7 and S3 is 1. Thus the multilink (I) is isotopic to the negative
Hopf link union u positively oriented and u negatively oriented isotopic copies of the (p, p — 1) torus
knot cabled around S.

A multilink L (m) is fibered if there exists a locally trivial fibration M — L — S! in the homotopy class
corresponding to m, whose fibers are minimal Seifert surfaces for the multilink. Using the analytic
description of the Seifert fibration of the link exterior, it can be easily seen that a Seifert multilink is
fibered if and only if the linking number of any nonsingular fiber y with the multilink does not vanish [7,
page 90]. In other words, denoting by «; the weight of the i link component S;, the integer

n n
['=m(y)= Zmi Ik(y, S;) = Zmial <@y

i=1 i=1
is nonzero. Moreover if / = 1 then the pages of the corresponding open book are planar. The families of
diagrams in Figure 1 are exactly those Seifert multilinks with / = 1 [7, page 123].

A fibered multilink determines a rational open book decomposition for the ambient Seifert manifold. If
each m; = %1 then the open book is an integral open book.

The monodromy of the fibration can be represented as the flow along the Seifert fibers. Thus in the
interior of the pages it is isotopic to a homeomorphism of order /. On the other hand the monodromy
flow near each boundary component is computed as a (—(8; /m;l)a;)-worth (in general rational) twist
along a boundary parallel curve [7, page 108].

Example 2.1 For the multilinks of type (I) given in Figure 1, the multilink is fibered since we have
I=D)-(p—D+1-p+u-()-p(p—D+u-(—1)- p(p—1) =1 #0. The pages are (2u+2)-punctured
spheres. The monodromy flow is trivial in the interior of the pages. However near the boundary components
corresponding to the singular fibers, the flow is given as —ﬁp = p and —ﬁ(p —=—-(p-1)
twists. Along the boundary components corresponding to the nonsingular fibers with positive and negative
multiplicities, the flow is —1 and +1 twist respectively. Therefore the monodromy is given as

2-1) p=al b= P V.t dl e dl)

Here, a and b denote Dehn twists along curves parallel to the boundary components {x = 0} and {y = 0}
respectively; ¢; and d; are twists along curves parallel to the nonsingular components with positive and
negative multiplicities respectively.
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Similarly, as noted above, the multilinks of type (IT) and (IIT) in Figure 1 are fibered multilinks in S3 with
[ =1 too. The pages of the multilink of type (II) are (2u+1)-punctured spheres and the monodromy is

(2-2) p=a b eyt et dl - dl
The pages of the multilink of type (III) are (2u 4 3)-punctured spheres and the monodromy is

(2_3) ¢:a3.b2.cl_1...cu__}_l.dll...dli.
2.2 Splicing multilinks

The splice of two multilinks along a specified pair of link components is constructed topologically by
excising tubular neighborhoods of the given link components and gluing the remaining manifolds in a
meridian-to-longitude fashion. Note that topologically splicing multilinks in S3 produces a multilink
still in S3. Moreover a cohomology class is determined by the multiplicities of the components of the
resulting multilink. For the splicing operation we require that the restriction of this cohomology class on
each manifold gives the cohomology class of the splice component. This condition is equivalent to the
following. Let Sy and So with multiplicities mg and 771¢ be the spliced link components; (g, Aog) and
(flo, io) be the meridians and longitudes on the tori on which the splicing occurs. Then we must have

mo = m(po) = (o) = (o),

fig = ii(flo) = m(Ao) = (mo)’,
where (M)’ and (mg)’ are defined as in Section 2.1. Observe that these requirements are exactly the
conditions for the Seifert surfaces in each splice component to glue together along the splicing tori.

Moreover since Seifert surfaces approach the spliced link components as §o = ged(myg, (m¢)’) copies of
the (mo/8o, (mo)’/80) curve, the Seifert surfaces are pasted together along 8¢ tori.

Splicing of two multilinks is represented by a splice diagram (with more than one node) obtained by
joining the two diagrams along the arrowheads corresponding to the link components at which splicing
occurs. A multilink with such a splice diagram is called a graph multilink.

As an example, consider the multilink (I) in Figure 1 and there the link component S of weight p. Since
mA)={1)-1---14u-(1)-1---1-(p—D+u-(-1)-1---1-(p—1)=1and m(u1) = —1, one can
splice S7 only with a link component whose multiplicity is 7i; = 1 and (7711)’ = —1, ie the pages must
approach the link component as (1, —1) curves. Similarly for the link component S, of weight p — 1,
we have m(Ay) =(—1)-1---14u-(1)-1---1-p+u-(=1)-1---1- p =—1 and m(up) = 1. Therefore,
given two multilinks of type (I) one can only splice S in one with S5 in the other.

Another possible splicing occurs between the splice multilink (II) and the multilink (I) in a single case;
that occurs when ¢ = 2. In fact, computing m(7;) for T; as in Figure 1 we obtain 0, 1 —¢ and 1 + ¢ for
j = 1,2, 3 respectively. Thus splicing is only possible when ¢ = 2 and the splicing occurs between the
knot S of type (I) and 7> of type (I).

Algebraic & Geometric Topology, Volume 25 (2025)
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1 1
(I1I-T) (II-TIT)

Figure 2: All possible splice diagrams consisting of (I), (II) and (III) are made up of these pieces.

Similarly splicing is possible between the knot S5 of type (I) and P; of type (III), and between the knot
T, of type (II) and P; of type (III). Here P; is as in Figure 1. Going through all possible cases we obtain
the following list.

Lemma 2.2 All possible splice diagrams in S3 that can be obtained via the multilinks (I), (IT) and (IIT)
are trees where each splicing is one of those in Figure 2.

A graph multilink is fibered if and only if it is an irreducible link and each of its splice components is
fibered [7, Theorem 4.2]. The monodromy is pieced together from the monodromy maps of the splice
components. In each splice component the monodromy is given by the flow along the corresponding
Seifert fibers whereas on the tubular neighborhoods of the separating tori, it has two different flows in
each end given by the Seifert fibration of each Seifert component. Therefore after splicing, the Dehn
twists corresponding to glued boundaries become trivial and on the separating annuli the monodromy acts
as a twist map which measures the difference between the two flows of Seifert fibers. In [7, Theorem 13.1]
the monodromy flow on a separating annulus is computed as a 7-worth twist along the core of the annulus
with

8o
Tl

(2-4) T (@ofo—ar--an-B1Pm).
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Figure 3: Splice diagram for (I-I-I).

where g, Bo are the weights of the spliced components and «;, B; are the weights of the remaining link
components around the two nodes.

Example 2.3 Consider the multilink (I-I) given in Figure 2. Note that when ¢ = p the graph multilink
is simply a Seifert multilink [7, Theorem 8.1(6)]. So let us consider the case g > p.
By the previous discussion we know that [ = [, = 1; also § = ged(—1, 1) = 1. Thus (2-4) gives
1
t=—17Pl@-D-q(p-1)=p-q

Since § = 1, we glue the pages of the spliced components, which are (2u+2)- and (2v+2)-punctured
spheres respectively, along a single annulus neighborhood of the spliced boundary components. Conse-
quently the pages of the spliced multilink are (2u+2v+2)-punctured spheres.

As given in (2-1) the splice components have monodromies ¢ = a? -a~(®~1 eyt -dl - d)
and ¢ = b4 - =@~ ‘el_l el 'f11 .-+ f,}. The monodromy flow is ¢ — p negative Dehn twists about
the core circle, say y, in the annulus. Therefore the monodromy of the spliced multilink is

(2-5) p=a" P V.7l ctglo gl oym@P) e e p L L
Example 2.4 Similarly let us consider a graph multilink of the form (I-I-I) as in Figure 3. Recall that we

splice the knot with weight g of the first splice component to the knot with weight (» — 1) of the second
splice component.

As in the previous examples /; =/, = 1 and § = ged(m,m3) = 1. Assuming r > ¢, we have
T =—i(q(r—1)—r(q—1) =qg—r<0.
Ll

The page of the splice multilink is a union of the pages of the splice components joined together along a
boundary by a (¢—r)-twisted annulus (since § = 1). Since the splice components have (2u+2v+2)- and
(2w+2)-punctured sphere pages, the pages for the splice link are (2u+2v+2w+2)-punctured spheres.
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Real algebraic overtwisted contact structures on 3-spheres 1385

The monodromy of the new fibration is
2-6) p=a" P Vert e tdl o dlyT @ P e f L flgT D gl L

where 6 denotes the Dehn twist about the core circle in the latter annulus.

Example 2.5 As in the previous example one can compute the monodromies of the other multilinks
given in Figure 2. Among these we will need the monodromy of the splicing (III-I),

(2-7) ¢=a(p)'c1_1"'CJI'd11"'dul‘V_(p_3)'b2-€1_1"'egil-f11~--fv1.

Here, we assume that p > 4 because the graph multilink is simply a Seifert multilink when p = 3 [7,
Theorem 8.1(6)].

3 Real algebraic singularities and associated contact structures

In this section we assert that the graph multilinks and the associated open books that have been considered
in the previous section with explicit monodromy can be realized real algebraically via functions of the
form fg.

For an isolated singularity of a holomorphic (or a complex algebraic) function from C? to C, the
corresponding Milnor fibration defines an open book structure on S3, whose binding is isotopic to the
singularity link. In such a setup we call the singularity link and the open book and the supported tight
contact structure complex analytic/algebraic. Any complex algebraic link in S3 is a graph multilink and
the corresponding splice diagram can be deduced from the Puiseux pairs [7, Appendix 1]. Of course not
all the graph multilinks in S* are complex algebraic. Eisenbud and Neumann [7, Theorem 9.4] gave the
precise condition for a graph multilink to be complex algebraic.

Similarly an isolated singularity of a real analytic function /: R* — R? determines a Milnor fibration in
S3 under the condition that the Jacobian matrix of / has rank 2 on an open neighborhood of the origin,
except the origin. This is the Milnor condition. A link is said to be real analytic/algebraic if it is the
singularity link of a real analytic/algebraic map 4: R* — R? that satisfies the Milnor condition. In the
absence of the Milnor condition, there might not even exist a Milnor fibration. In the particular case
h = fg where f and g are holomorphic functions, [19] and [20] discuss the Milnor fibration in the link
exterior and the geometry of the fibration near the singularity link.

The isotopy class of a multilink is encoded in a plumbing tree that is decorated with arrows having
multiplicities for the link components. When a multilink is isotopic to the singularity of a holomorphic
germ, the plumbing tree for the multilink can be obtained as the dual tree of any normal crossing resolution
of the function. Since Ly as an unoriented link is Ly U Lg, it follows that the resolution graph of a
real algebraic germ of the form f g is nothing but the resolution graph of fg with negative signs for the
multiplicities of the link components corresponding to g. Passing to the corresponding splice diagram as
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described in [7, Section 20], we conclude that the conditions in [7, Theorem 9.4] are necessary for real
algebraicity via f g. Namely these conditions are:

(1) the weights of all vertices are positive;

(ii) for every splicing aofo > a1 -+~ 0ty - B1 -+ - Bm Where ag, Bo are the weights of the spliced compo-

nents and «;, B; are the remaining weights around the two nodes.

Thus we immediately conclude that (IV) in Figure 1 fails (i) for real algebraicity via f g, and the splicings
(II-I) and (II-IID) fail (ii). Moreover any splicing involving (IV) either fails (i) or (ii). So the only cases in
the previous section that satisfy the necessary conditions (i) and (ii) are (I), (II), (III) and any segment of

(II-I-I-. . ).

Having said these, the following theorem explains exactly when the singularity link of a real algebraic
germ of the form f g has a real algebraic open book.

Theorem 3.1 [19, Theorem 5.1] Let f:(C2,0) — (C,0) and g: (C?,0) — (C, 0) be two holomorphic
germs with isolated singularities and having no common branches. Then the real analytic germ f g has an
isolated singularity at O if and only if the link Ly — L is fibered.

Moreover, if this condition holds, then the Milnor fibration of the link Ly — Lg is given by fg/| f g|l.
Let us elaborate in our running examples.

Example 3.2 For n?“*! = 1 consider the functions

u 2u
Sy =y [P +ny?™") and gx.y)=x [[ P +n/y?7").
i=1 J=u+1

After resolving the germ of fg, we obtain the plumbing diagram of Ly ; given in Figure 4. As in [7,
Section 20], we can obtain the splice diagram of the singularity link from the plumbing diagram and see
that it is isotopic to the multilink of type (I) in Figure 1. Since we have already noted that the multilink is
fibered, it follows from Theorem 3.1 that f g has an isolated singularity and the fibration of the multilink
which we investigated in the previous section is the Milnor fibration of the germ. Observe also that the
branch {x¥ = 0} corresponds to the singular link component of weight p, {y = 0} corresponds to the
singular component of weight p — 1 and the positively (respectively negatively) oriented u copies of
(p. p— 1) cables around {x = 0} component correspond to the branches {[]/_, (x? + ' y?~!) = 0}
(respectively {]_[?:1 (x? +niyr~1) = O}).

Example 3.3 Similarly we observe that the singularity links of the real algebraic germs

u u—1 u+1 u
(xy [T+ niy)) : (]_[ (x4 + n“*fy)) and ( [+ niyz)) : (J'cy' [T+ n“+f+1y2))

i=1 j=1 i=1 j=1

are isotopic to the fibered multilinks of type (II) and (III) in Figure 1 respectively; therefore have isolated
singularities at the origin and engender Milnor fibrations.
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v

(7=0=)
pP—p-2
Figure 4: Dual tree of a resolution ;v of fig with associated multiplicities given in the parentheses

which are the multiplicities mlf and mig of f om and g o &, respectively, along the irreducible

component for the i™ exceptional divisor. As a side remark we recall that L # — Lg is fibered if
and only if m lf # mf?’ at the rupture vertices [20, Corollary 2.2].

As for the graph multilinks obtained via splicing in the previous section, a priori they might not be
algebraic. Consider the positively oriented graph multilink isotopic to the multilink (I-I). This multilink is
complex algebraic when ¢ > p [7, Theorem 9.4]. The corresponding holomorphic function can be easily
deduced from the holomorphic germs related to the spliced components as follows. Recall that we splice
the component corresponding to the branch {x = 0} of a multilink L; of type (I) with weights for singular
fibers p, p— 1 with the component {y = 0} of a multilink L, of type (I) with weights g, ¢ — 1. By isotopy,
the nonsingular link components of L which are (p, p—1) cables of {x =0} can be realized as (p—1, p)
cables of the {y = 0} component of L. As we splice, we remove the spliced link components and keep
the remaining ones. The resulting multilink is a positive Hopf link with 2y many (p — 1, p) cables around
the link component {y = 0} (coming from L) and 2v many (g, g — 1) cables around the link component
{x = 0} (coming from L;). Again by isotopy, (p — 1, p) cables around the former component can be
seen as (p, p — 1) cable around the latter. The resulting multilink is the union of all components of the
spliced multilinks except the ones we spliced. Thus the corresponding holomorphic function is nothing
but the product of the algebraic functions corresponding to branches. Since the spliced multilink (I-I) is
the above multilink where some of the link components are oriented negatively, it becomes real algebraic
when ¢ > p and the corresponding real algebraic map is the map where we take the conjugate of the
algebraic functions corresponding to the branches that are oriented negatively. The real algebraic map
corresponding to this graph multilink is of the form f g and is given by

u 2u v 2v
G- xy[[e?+ay?™ J] Gr+niyr O] +0'y"h [ 2+n/ye ).
i=1 j=u+1 i=1 j=u+1

Thus Theorem 3.1 assures real algebraicity of the open book. Similarly, the graph multilink (I-I-I) is real
algebraic when p < ¢ < r and the multilink (III-]) is real algebraic when p > 3.
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In [15] it is proven that if the link components of a fibered multilink in a homology 3-sphere are canonically
oriented (or all those orientations are reversed), then the multilink is the binding of an open book which
supports a tight contact structure; otherwise the supported contact structure is overtwisted. So one can
conclude that the Milnor open books of the real algebraic links we have constructed so far support

overtwisted contact structures in S°.

4 Calculation of the 3-dimensional invariant from open books

In this section we recall how to detect the overtwisted contact structures compatible with the Milnor
fibered multilinks constructed in the previous sections using the monodromy data.

Recall that two overtwisted contact structures on S3 are contact isotopic if and only if they are homotopic
as 2-plane fields [8]. Moreover the homotopy class of a 2-plane field is determined by the induced spin®
structure and the ds invariant (see [12; 23]). Since S3 has a unique spin® structure, the overtwisted
structures on S3 are classified by their d3 invariants, which take values in Z + % (see eg [6]). There may
be various ways to compute the d3 invariant of a given contact structure. One can even compute the
enhanced Milnor number as explained in [17] or in a way similar to [14] (in the latter the real algebraic
functions are so-called “convenient” while ours in Section 3 are not). Here, bearing in mind the fillings
of contact 3-manifolds, we will use the method in [11] to calculate d3 from the monodromy data of the
compatible open book.

It is known that given an achiral Lefschetz fibration on a 4-manifold W with fibers F' with boundary, W
can be described as F x D? with 2-handles attached to some vanishing cycles y; with appropriate framings.
The Lefschetz fibration on W induces an open book decomposition and hence a contact structure on dW.
The contact structure induced on dW is obtained by contact (+1)/(—1)-surgeries on the Legendrian
realizations of the vanishing cycles of respectively negative/positive critical points, each embedded in
distinct fibers of the open book; the contribution to the monodromy is respectively a left/right handed
Dehn twist about the vanishing cycle. In the reverse direction given a 3-manifold with an open book
decomposition, the monodromy data determines an achiral Lefschetz fibration on a 4-manifold which on
the boundary gives the given open book.

It should be noted that 2-handle attachments with (—1) framing result in an honest Lefschetz fibration
carrying a natural almost complex structure which is the extension of the one on D? x F. However,
attaching a 2-handle with (+1) framing gives an achiral Lefschetz fibration which does not have a natural
almost complex structure that comes from extending the older one. It is shown in [6] that if W) is
the handlebody decomposition of the 4-manifold admitting the Lefschetz fibration constructed via k
(+1)-surgeries, W = Wy #kC P? (with the same boundary) has a natural almost complex structure.
When the second cohomology has no torsion (where W is assumed to have no 1-handles) one has the
following formula (see [10] or [11]) which is the generalization of the similar statement in [6]:

(4-1) d3(8) = (2 (W) =2y (W) =3a(W)) + k.
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Here o(W) and y(W) are the signature and the Euler characteristic of W. The Chern class c € H2(W; Z)
is the Poincaré dual to Z:;l r(y;)C; where C; is the cocore of the 2-handle attached along the vanishing
cycle y;, and r(y;) is the rotation number of y;. Since ¢(W)|aw = c(£) is zero, c(W) € H*(W) comes
from a class in H2(W, dW) thus can be squared. A way to calculate r(y;) on a page is explained in [11]
in detail. The rotation number is equal to the winding number of the projection of the curve to a page
with respect to the orientation on the Kirby diagram obtained by the usual orientation of D? extended
over 1-handles.

5 Proof of Theorem 1.1

We have seen that the multilinks (I), (I) and (III) in Figure 1 are fibered with planar pages (see Section 2.1)
and are real algebraic via functions of the form f g while the multilink (IV) is not (see Section 3). Splicing
together these multilinks in the forms (III-I), (I-I), (I-I-...), (IlI-I-I-...) leads wider families of planarly
fibered multilinks (Section 2.2) which are also real algebraic via functions of the form f'g (Section 3). Our
ongoing discussion shows that these are all possible fibered multilinks which are real algebraic via functions
of the form f g. Moreover there is no other fibered multilink in S3 with planar pages. In fact, for a fibered
Seifert multilink with n components the Euler number of a page F is y(F) =|I|-(2—k + Zj;n 1 1/ j)
with k > n and o; > 1 [7, page 91]. In order to have F planar, x(F) must equal 2 —n. Equating, we get
either n =2 or |/| = 1. In both cases k is arbitrary and o; = 1 for all n < j < k. The case n = 2 gives
nothing but a Hopf link in S3. The latter case where |/| = 1 is all that appear in Figure 1.

Furthermore we have noted that the corresponding contact structures are overtwisted (see Section 3). In
this section, we calculate their d3 invariants and show what overtwisted contact structures on S3 are
supported by those real algebraic planar open books. We only focus on the graph multilinks (I-I), (III-I)
and (I-I-1) as the families (III-I-I-...) and (I-I-...) with larger d3 invariants do not provide different
contact structures. This discussion will be tied in Section 5.7 to prove Theorem 1.1.

5.1 Overtwisted structures via (I)

We first consider the family of multilinks of type (I). Recall that the open books that they determine have
pages (2u + 2) times punctured spheres (denoted by X 2y+2). Moreover the monodromy (2-1) of the
open book is

¢ :ap_b—(p—l).cl—l e tedl-dl,
where a, b and ¢ are boundary parallel curves. Observe that the number of negative Dehn twists in this
expression is p +u — 1.

As we discussed in Section 4, via the monodromy information of the given open book decomposition we
can construct a 4-manifold with boundary S3 as the underlying space of an achiral Lefschetz fibration. In
that way we can calculate the d3 invariant of the overtwisted contact structure on S3 supported by the
open book. Now, since the pages have (2u + 2) boundary components, we first attach (2u + 1) 1-handles
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Figure 5: Kirby diagram for the 4-manifold corresponding to (I).

to D* to get D? x X 2y+2. Then, we attach 2-handles along Legendrian copies of boundary parallel
curves on X 2,2 with framing £1, depending on the parity of the Dehn twist. The resulting 4-manifold
W is given in Figure 5.

The 1-chain group Cy(W) of W has abasis {X,Y, Z1,..., Z2,—1} and C2(W) has a basis
{al,...,ap,bl,...,bp_l,cl,...,cu,dl,...,du}.

The boundary map D: Co (W) — C1(W) is given by

D)) = X, i=1,...p
D(b;) =7, i=1,...p—1,
D(c1) =271 - X, D(ci)=Zi—Zi-, i=2,...u,

D(du) =Y _ZZu—I, D(dl') = Zu-l—i — Zu—}—i—l, i=1,...u—1.
Thus, H, (W) has a basis with generators

u
ay—daz,...,dp—1 —ap,bl —bz,...,bp_z—bp_l,b1 —Z(C‘j —|—d,~)—ap} .
i=1

Since rank Hy = 1, rank H; = 0 and rank H, = 2p —2, we get y(W) =2p — 1.

Note that ajz. =—1= dj2 and b]z =1= cjz. So the squares of the basis elements are (a; —a;+1)* = -2,
(bj —bj+1)>=2and (b1 — Y f_o(ci +di) —ap)2 = 0. Thus in this basis the intersection matrix is Qg as
given in Appendix A. We also compute in Appendix B that o (W) = o(Q1) = 0, and det Q; = (—1)?L.

To calculate the square of the first Chern class, we chose an orientation of the curves and compute the
rotation numbers of the curves with respect to the orientation induced from blackboard. Thus we get
r(a) =0 =r(b), r(c;) = —1 and r(d;) = —1. Note that the calculation of ¢? is independent of the
chosen orientations. Let us denote the cocores of the 2-handles attached along a;, b;, ¢k and d; by A;,
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Bj, Cy and D; respectively. Then ¢ (W) is Poincaré dual to —(}_7_, C; + Zj-lzl Dj). This evaluates
on the basis above as w = (0, ..., 2u)T. Hence,

4 - (=P (p=1)-p

2W) = Qw(PD(c(W)) =w" Q7w = Chr

= 4u2p(p —1).

Inserting the results of the previous steps in (4-1) we get

G- d3E)=1(@P(p-Dp-2Qp-1)-3-00+(p+u—1)=u’p(p—1)+u—1.
5.2 Overtwisted structures via (II)

We perform similar calculation for the multilinks (II) given in Figure 1. The associated monodromy (2-2)
has ¢ + u negative Dehn twists. After following the same steps to construct the 4-manifold W we find
x(W) =¢q + 1, and as pointed out in Appendix B, (W) = ¢. Similarly as before, we have

(W) = Qu—-1)%q.
Inserting in (4-1) we get

(5-2) d3(§) = 1(Qu—1)>%q—2(qg+1)—3¢) +(q+u) =u(u—1)g +u—3.
5.3 Overtwisted structures via (III)

As for the multilinks (II) in Figure 1, the associated monodromy (2-3) has u 4 1 negative Dehn twists.
The constructed 4-manifold W has y(W) =5, and as pointed out in Appendix B, o (W) = —2. Moreover,

Qu+1)?-—6
1

c2(W) = =6Q2u + 1),

Inserting in (4-1) we get

(5-3) d3(§)=1(6Qu+1)*-2-5-3-(-2)) +(u+ 1) =6u(u+1)+u+2-1.
5.4 Overtwisted structures via (I-I)

We consider the graph multilinks (I-I) obtained by splicing two multilinks of type (I), as we have
constructed in Figure 2, top left. The monodromy (2-5) of the associated open book has ¢ +u +v —1
negative Dehn twists.

Since the monodromy is obtained by the monodromies of the splice components, to construct the 4-
manifold, we can use the Kirby diagrams for the splice components. One can see that the Kirby diagram of
the spliced multilink can be constructed as follows. We identify the 1-handles corresponding to the spliced
boundary components, thus the 2-handles whose attaching circles corresponds to the Dehn twists along
that boundary components cancel. By means of the new Dehn twist contributions to the monodromy, we

Algebraic & Geometric Topology, Volume 25 (2025)



1392 Seyma Karadereli and Ferit Oztiirk

<,,_,1) - (+1) #7£21) /e(il)
G — <G ()T R e
(.“H/gz; @ @ ) (+1)§; 2 @ @ " =0
:alf“"?fap—l é : Y1 Ya—p : bil by
! \ | o1 jop B1 Bg-1 :

Figure 6: Kirby diagram for the 4-manifold corresponding to (I-I). The faded ends of the previous
diagrams are the deleted blocks.

add new 2-handles whose attaching circles are along the identified boundary component. Consequently,
we see that the corresponding 4-manifold has the Kirby diagram given in Figure 6.

Furthermore, H, (W) has a basis with generators

ay—az,...,dp—3 —Ap—1,Y1—=VY2+-+»Yk—1—Vk-b1 —=b2, ... . bg—1 — by,
u v
v+ (Zci +di) —ap—1,b1+ (Zei +fi) = Yk-
i=1 i=1

Since rank Hy = 1, rank Hy = 0 and rank H, = 2¢g — 2, we have y(W) =2q — 1.

Note that, ajz. = cjg = ef = yjz =1 and b]? = a’j2 = sz = —1. So the squares of the basis elements

2
are (a; —a;j+1)> =2, (y; — yj+1)% =2, (bj —bj+1)> = =2, (n1 + (Xj=y ¢ +di) —ap-1)” =2 and
(b1 + (ZLI e + f,) — )/k)z = 0. In this basis the intersection matrix is Qy.1 as given in Appendix A.
We compute in Appendix B that o(W) = o(Qp1) = 0, and det Qp; = (—1)47 1.

Note that, r(a) =r(y) =r(b) =0, r(c;) = —1,r(d;) = —1, r(e;) = —1 and r(f;) = —1. Therefore,

u v
c(W)==> (Ci+ D)= (Ej+ F)).
i=1 j=1
This evaluates on the basis above as w = (0, ..., —2u, —2v)T . In order to calculate 2, it is sufficient to

calculate the inverse of last 2 x 2 block of Q1. We deduce that
(W) =4u’p(p—1) +8uvg(p—1) + 4v%q(q - 1).
Explicit calculations can be found in Appendix B.
Inserting all these results in (4-1) we get
dsz(§) = %(4u2p(p— 1)+ 8uvg(p—1) +4v2q(q— 1)—22g—1)—3-0)+g+u+v—1
=u’p(p—1)+v3q(g =) +2uvg(p—1) +u+v—3.
As we have seen, the information about the resulting graph link and its fibration can be deduced from the

splice components easily. In the next example, we will construct a wider family of overtwisted contact
structures and observe how the procedure goes on.
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5.5 Overtwisted structures via (I-1-I)

We consider the graph multilinks (I-I-I) obtained by splicing three multilinks of type (I), as we have
constructed in Figure 3. The monodromy (2-6) of the associated open book has r +u 4+ v + w — 1 negative
Dehn twists. By the same arguments as in the previous example, the corresponding 4-manifold has the
Kirby diagram given in Figure 7.

Then H, (W) has a basis with generators

a1 —az,....dp—2—dp—1,Y1— V2, -+ Ya—p—1— Yag—p-
01—02,....0r—g—1—0r—g.b1—=b2,....br_1 —br,y1 + (ch+d)_ap 1s
i=1
1)) w
0 +(Z€i+fi)—7/q—p,bl+(zgi+hi)—
i=1 i=1

Since rank Hy = 1, rank H; = 0 and rank H, = 2r — 2, we have y(W) =2r — 1.

2_ 2 _,2_,2_.2_p2_ 2 _ g2 _ £2 _p2 _ .
Note that ay = c; =e; = g7 =y; —Qj =1 andbj —dj —fj —hj = —1. So the squares of the basis
elements are

(@j—aj+1)? =2, (j—yj+)* =2, (0;=0;+1)> =2, (bj—bj+1)* =2,

D o (a0 S B S e

i=1
In this basis the intersection matrix is Q. as given in Appendix A. We compute in Appendix B that
det Qrr1 = (—1)47 1

As we discussed in the previous example the number of positive eigenvalues is
r—=2+@—-p-D+r—g-DH+3=r—1

and the number of negative eigenvalues is (r — 1). Thus, o (W) = 0.

(1) (+1) (-1 (+ (-1
Po-ofpotove- gt
al/:-jéap—l 71 Ya—p 01 Or—q bl "bri

000050 OO - OO
Figure 7: Kirby diagram for the 4-manifold corresponding to (I-I-I).
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Note that, r(a) =r(b) =r(y) =r(0) =0, whereas r(¢;) = —1,r(d;) = —1,r(e;) = =1, r(f;) =—1,
r(gi) = —1 and r(h;) = —1. Therefore, we have

c(W)==Y (Ci+ D)= Y (Ej+F)—) (G + H)).
i=1 j=1 j=1

This evaluates on the basis above as w = (0, ..., —2u,—2v, —2w)T. In order to calculate ¢2, it is
sufficient to calculate the inverse of the last 3 x 3 block of Q.. The calculations in Appendix B show

W)y =4u’p(p— 1) +42q(g—1) + 4w?r(r — 1) + 8uvg(p — 1) + Suwr(p — 1) + 8vwr(g — 1).
Inserting in (4-1) we get
(5-4) ds(§) = %(4u2p(p—1)—|—4v2q(q—1)—|—4w2r(r—1)+8uvq(p—1)
+8uwr(p—1)+8vwr(q—1)—2-(2r—1)—3-(0))+(r+u+v+w—l)
=u?p(p—D)+v3q(g—D+wr(r-1)
+2uvq(p—1)—|—2uwr(p—1)+2vwr(q—1)+u+v+w—%.

5.6 Overtwisted structures via (III-I)

We consider the graph multilinks (III-I) obtained by splicing two multilinks of type (III) and (I), as
constructed in Figure 2, bottom left. The monodromy (2-7) of the associated open book has p +u +v—2
negative Dehn twists. H» (W) has a basis with generators

ay—az,...,dp—1—0dp, Y1 —Y2.-..,Vp—4 — Vp—3.b1 — b2,
u v+1 v
yl—(zc,-+di)—ap,b1—ze,-—zﬁ—y,,_3.

In this basis the intersection matrix is Q.1 as given in Appendix A. Similar calculations as before show
that y(W)=2p—1,0(W) = =2, det Q1.1 = (—1)? and

(W)= Qu,2v+1) (p([;; D 26‘0) Qu,2v+ 1T = 4u?p(p—1) +24v% 4+ 8up(2v + 1) +24v +6.

Inserting the results of the previous steps into the formula of d3 invariant, we obtain
d3(§) = $(4up(p — 1) + 240> + 8up(Qv + 1) + 240+ 6—2Q2p— 1) =3(-2)) + p+u +v—2
=u’p(p—1)+6v>+2puQu+1)+6v+u+v+2—1.

5.7 Proof of the main theorem

Finally here we prove our main theorem by showing first that the family of fibered multilinks we obtained
by splicing (I-I-I) gives us all the overtwisted contact structures with dz + % > 431 except d3 + % = 461.
Then we show that all the remaining ones, except for the ones with

d3+ 1 €14,5,9,11,17,19,25,37,47,61,79, 95,109},
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are obtained by the other ways of splicing that we have presented in the previous paragraphs of the present
section. We will give a list for that at the end of the section. We do not know yet if the 13 overtwisted
structures that we have missed are real algebraic.

Let d € Z denote the sum d3 + % in (5-4),
d=u’p(p—1)+v3q(g—1)+w?r(r—1)+2uvg(p—1) +2uwr(p—1)+2vwr(g—1)+u+v+w,

where the variables are positive integers with the algebraicity condition p <g <r. Wefixv=w =1
once and for all. We will use the three moves below:

(i) Replacing g and r with (g + 1) and (r — 1); this increases d by 2.
(i) Aslong as p = 2 replacing u with (u + 2) and r with (r — 2); this increases d by 4u + 12.
(ili) When p = 2, increasing r by 1; this increases d by 2(r +u +¢q —1).

We start from the state (p,q,r,u,v,w) = (2,3,r,1,1,1). These values give d = r2 + 5r + 17, which is
odd. Any application of the moves above produces an odd number. First we will tell how to obtain all
odd integers greater than 431 (except 461) via these moves.

Starting from the initial state and applying the move (iii) for each r increases the sum by 2r + 6. We
discuss how to obtain any odd number between d =r?+5r+17andd +2r+6 = (r+1)2+5(r +1)+17
using the first two moves, provided that r is large enough.

Now starting from the initial state the application of (ii) k times increases d by 4k? + 12k Let k be
the largest integer satisfying 4k + 12k < 2r + 6. Note that we have k = 1 for 5 <r < 17, k = 2 for
17<r <33 and k =3 for 33 <r <53.

Furthermore any odd number between d + 4¢2 4+ 12c and d 4+ 4(c + 1)> + 12(c + 1) for 0 < ¢ < k can
be obtained by applying move (i) %(8(: +16) — 1 = 4c¢ + 7 times. Recall that we have the restriction
q < r and that application of moves (i) and (ii) decreases r. Hence in order to obtain all the values in
between we must have ¢ +4c +7 < (r —2c¢)—4c—7,ier > 10c + 17 forany 0 <c¢ < k.

When ¢ = 0, any odd number between d and d + 16 can be obtained by applying move (i) 7 times.
Therefore, we have the restriction that ¢ +7 <r — 7, hence r > 17.

We have observed above that for 17 < r < 33, the move (ii) is applied twice. Hence for ¢ = 1 any odd
number between d + 16 and d + 40 can be obtained for » > 27. For 17 < r < 27, there are few values
less than d + 40 that we cannot obtain in this way.

As for 33 < r <53, we can apply move (ii) thrice. Since r > 27, we have observed above that any sum
between d and d + 40 can be obtained. For ¢ = 2 for the numbers between d + 40 and d + 72, we
must have r > 37. Hence whenever 37 < r <53 we can obtain any odd number between d and d + 72.
For 33 < r <37 we cannot obtain all the numbers in between though. For larger r (more precisely for
r > 37) the inequality r > 10c + 17 is always satisfied so that we can obtain any odd number between
d+4c?+12cand d +4(c +1)> + 12(c + 1).
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Finally in order to obtain any odd number between d + 4k2 4 12k and d + 2r + 6 via move (i), we must
have

ok (2r+6—4k2—12k _1) o34 2r +6—4k? — 12k 1
2 2
ie r < 4k? + 10k — 7. Recall that k is the largest integer satisfying 4k? 4 12k < 2r + 6. Comparing
these inequalities, one can see that when r > 33 any odd number in between can be obtained via move (i).
As a result we conclude that for 7 > 18, ie starting from d = 431 all the odd integers are obtained, except
some finitely many missed ones for 29 < r < 37. Precisely the number of these missed ones is 45.

Here one can find the exact states that give these missing numbers on a computer. Instead we try to enrich
our set of moves in order to obtain most of these 45 numbers. Indeed, at the state (2,3,r—2,3, 1, 1) when
we have the sum d + 16, we increase p and ¢ by 1, decrease r by 4 to get to the state (3,4,r—6,3,1,1)
and the sum d + 36. Then applying the move (i) successively produces the missing numbers between
d + 36 and d + 40. Thereby, we can obtain 18 out of 30 missing odd numbers between 17 < r < 27.
For the 15 missing odd numbers between 29 < r < 37, we replace p,q,r by p+2,g+5and r — 11
at the state (2,3,r —2,3,1, 1) to get to the state (4,8,r — 13,3, 1, 1) and the sum d + 62. Again, the
application of the move (i) successively produces all the odd numbers between d + 62 and d + 2r + 6.
For the remaining 12 missing odd numbers smaller than d + 36, at the state (2,3, —2,3, 1, 1) we replace
u with u + 4, and r with r —5. Application of this move increases the sum by 6u —2r + 30, thus we can
obtain all the odd numbers except d = 461.

To obtain even numbers, we start from the state (2, 3, 7, 2, 1, 1) that gives the even integer d = r%+7r +30.
Then move (iii) increases the sum by 2r 4+ 8. We will now obtain any even number between d and
d+2r +8=(r+1)24+7(r + 1) + 30 by applying the first two moves. Let k be the largest integer
satisfying 4k? + 16k < 2r + 8. Applying (ii) k times takes us to the state (2, 3,r — 2k,2 + 2k, 1,1)
and increases the value by 4k? + 16k. Each application of (ii), while passing from the step u + 2k
to u + 2(k + 1), increases the value by 8k + 20. Note that k = 1 for 6 < r < 20, we have k = 2 for
20 <r <38 and k = 3 for 38 < r < 60.

Any number between d + 4c¢2 + 16¢ and d + 4(c + 1)% + 16(c + 1) for 0 < ¢ < k can be obtained by
applying move (i) 4c¢ + 9 times. In order to obtain all the sums in between we must have r > 10c 4 21
for any 0 < ¢ < k. When ¢ = 0 any even number between d and d + 20 can be obtained by applying
move (i) 9 times for r > 21. We observed above that for 20 < r < 38 we apply (ii) twice. Hence any even
number between d + 20 and d + 48 (ie for ¢ = 1) can be obtained whenever r > 31. For 20 < r < 31
there are few values less than d + 48 that we cannot obtain in this way.

For 38 < r < 60 we can apply (ii) thrice. Any sum between d and d + 48 can be obtained as discussed
in the previous arguments. For ¢ = 2, for the numbers between d + 48 and d + 84 we must have r > 41.
As a result, when 41 < r < 60, we can obtain any even number between d and d + 84. Moreover, larger
r values always satisfy r > 10c 4 21 and we can obtain any even number between d + 4c¢2 + 16¢ and
d+4(c+1)2+16(c+1).
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state ds+ % state ds+ % state ds + % state dz + %

Type L, (p,u) 2,1) 3 5,1) 21 (2,5) 55 (10,1) 91
3,1 7 6,1) 31 8,1) 57 (11,1) 111
1) 13 1) 43 9,1 73 az,1) 133

Type 11, (q,u) 2,1) 1 (5,3) 33 (7,3) 45 (12,3) 75
4,3) 27 (6,3) 39 (10,3) 63 (15,3) 93

Type 111, (u) 0) 2 (1) 15 3) 77

Type 1I-1, (p,u,v) 4,1,0) 23 2,2,1) 49 (10,1,0) 113 4,5,0) 347
(2,3,0) 35 (7,1,0) 59

Type I-I, (p,q,u,v) (2,3,2,1) 29 (3,5,2,1) 87 (4,5,2,1) 131 (2,6,3,2) 215
(2,4,2,1) 39 3,4,1,2) 89 (2,74,1) 135 (2,14,2,1) 249
(2,3,1,2) 41 (2,5.4,1) 97 (4,6,2,1) 153 (2,7,3,2) 275
(2,5,2,1) 51 (3,6,2,1) 105 (4,5,1,2) 155 (2,4,34) 313
(2,6,2,1) 65 (2,6,4,1) 115 (2,84,1) 157 3,11,4,1) 387
(2,4,1,2) 69 (29,2,1) 119 (2,11,2,1) 165 (7,8,1,2) 461
(3,4,2,1) 71 2,3,1,4) 127 (3,6,1,2) 177
(2,7,2,1) 81 (3,5,1,2) 129 (2,94,1) 181

Type I-I-L, (p,q.r,u,v,w) | (2,3,4,1,1,1) 53 (3,5,8,1,1,1) 201 (2,4,6,2,1,2) 281 (2,6,13,1,1,1) 359
(2,3,5,1,1,1) 67 (3,6,7,1,1,1) 203 (2,3,14,1,1,1) 283 (2,7,12,1,1,1) 361
(2,3,6,1,1,1) 83 (4,5,7,1,1,1) 205 (2,4,13,1,1,1) 285 (2,8,11,1,1,1) 363
(2,4,5,1,1,1) 85 (2,3,6,5,1,1) 207 2,5,12,1,1,1) 287 (2,9,10,1,1,1) 365
(2,3.4,3,1,1) 99 (2,3,9,3,1,1) 209 (2,6,11,1,1,1) 289 (2,3,9,3,3,1) 367
(2,3,7,1,1,1) 101 (2,4,8,3,1,1) 211 (2,3,9,5,1,1) 291 (2,3,14,3,1,1) 369
(2,4,6,1,1,1) 103 (2,5,7,3,1,1) 213 (2,4,8,5,1,1) 293 (2,4,13,3,1,1) 371
3,4,5,1,1,1) 107 (2,3,433,1) 217 (2,5,7,5,1,1) 295 (2,5,12,3,1,1) 373
(2,3,5,3,1,1) 117 (2,3,7,1,3,1) 219 (4,6,9,1,1,1) 297 (2,6,11,3,1,1) 375
(2,3,8,1,1,1) 121 2,3,12,1,1,1) 221 (2,3,12,3,1,1) 299 (2,7,10,3,1,1) 377
(2,34,1,1,1) 123 2,4,11,1,1,1) 223 (24,11,3,1,1) 301 (2,8,9,3,1,1) 379
(2,5,6,1,1,1) 125 (2,5,10,1,1,1) 225 (2,5,10,3,1,1) 303 (2,4,5,3,2,2) 381
(2,3,6,3,1,1) 137 (2,6,9,1,1,1) 227 (2,6,9,3,1,1) 305 (2,34,3,5,1) 383
(2,4,5,3,1,1) 139 (2,7,8,1,1,1) 229 (2,7,8,3,1,1) 307 (2,3,7,1,5,1) 385
(2,3,5,2,2,1) 141 (3,6,8,1,1,1) 231 (2,4,9,2,2,1) 309 (3,4,10,3,1,1) 389
(2,39,1,1,1) 143 (2,3,7,5,1,1) 233 2,3,7,2,1,2) 311 (2,3,17,1,1,1) 391
(2,4,8,1,1,1) 145 (2,4,6,5,1,1) 235 (2,5,7,2,2,1) 315 (24,16,1,1,1) 393
2,5,7,1,1,1) 147 (2,3,10,3,1,1) 237 (2,3,15,1,1,1) 317 2,5,15,1,1,1) 395
(3,4,7,2,1,1) 149 (2,4,9,3,1,1) 239 (2,4,14,1,1,1) 319 (2,6,14,1,1,1) 397
(3,5,6,1,1,1) 151 (2,5,8,3,1,1) 241 (2,5,13,1,1,1) 321 (2,7,13,1,1,1) 399
(2,3,7,2,1,1) 159 (2,6,7,3,1,1) 243 (2,6,12,1,1,1) 323 (2,3,4,8,1,2) 401
(2.4,63.1,1) 161 (234322) 245 QLILLLL 325 29,11,1,1,1) 403
(2,3,6,2,2,1) 163 (2,3,6,2,1,2) 247 (2,8,10,1,1,1) 327 (2,3,4,7,3,1) 405
(2,3,10,1,1,1) 167 (2,3,13,1,1,1) 251 (2,6,7,5,1,1) 329 (2,3,15,3,1,1) 407
(2,49,1,1,1) 169 2,4,12,1,1,1) 253 (3,8,9,1,1,1) 331 (2,4,14,3,1,1) 409
2581,1,1) 171 2.511,1,1,1) 255 (23,133,1,1) 333 (2,5133,1,1) 411
(2,6,7,1,1,1) 173 (2,6,10,1,1,1) 257 (2,4,12,3,1,1) 335 (2,6,12,3,1,1) 413
(3,5,7,1,1,1) 175 (2,7,9,1,1,1) 259 (2,5,11,3,1,1) 337 (2,7,11,3,1,1) 415
(4,5,6,1,1,1) 179 (2,3,8,5,1,1) 261 (2,6,10,3,1,1) 339 (2,8,10,3,1,1) 417
(2,3,8,3,1,1) 183 2,4,7,5,1,1) 263 (2,7,9,3,1,1) 341 (2,3,4,7,3,1) 419
(2,4,7,3,1,1) 185 (2,5,6,5,1,1) 265 (2,4,10,2,2,1) 343 (2,3,8,1,5,1) 421
(2,5,6,3,1,1) 187 (2,3,11,3,1,1) 267 (2,4,5,3,3,1) 345 (2,3,5,2,2,3) 423
(2,3,5,2,1,2) 191 (2,4,10,3,1,1) 269 (2,5,8,2,2,1) 349 (2,3,10,7,1,1) 425
(2,3,11,1,1,1) 193 (2,5,9,3,1,1) 271 (2,3,7,1,2,2) 351 (2,49,7,1,1) 427
(2,4,10,1,1,1) 195 (2,6,8,3,1,1) 273 (2,3,16,1,1,1) 353 (2,4,10,1,3,1) 429
(2,5,9,1,1,1) 197 (2,3,9,1,3,1) 277 (2,4,15,1,1,1) 355
(2,6,8,1,1,1) 199 (2,3,5,24,1) 279 (2,5,14,1,1,1) 357

Table 1: How to obtain the overtwisted structures with dz + % <461 (except 4, 5,9, 11,17, 19,
25,37,47,61,79, 95 and 109).
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Finally in order to obtain any even number between d + 4k? + 16k and d + 2r + 8 via move (i), we must
have r < 4k? + 14k — 9. Checking for the values of k, one can see that the above condition is satisfied
for r > 41. As a result we conclude that for » > 17, ie starting from d = 438 all the even integers are
obtained, except some finitely many missed ones. Precisely the number of these missed ones is 78.

We have the following additional operations to produce the missed even numbers. To obtain the ones
between d + 14 and d + 20, at the state (2, 3,r,2, 1, 1) we increase p and g by 1 and decrease r by 3.
The new state (3,4,r —3,2,1, 1) gives the sum d + 12. Then we apply the move (i) successively to
produce all the missing even numbers in between. For the missed even numbers between d + 48 and
d + 84, at the state (2,3,r —4,6,1, 1) we decrease u by 4, r by 14 and increase p and g by 6 to get the
state (8,9, — 18,2, 1, 1) and the sum d + 72. Then applying the move (i) successively produces all the
missing even integers between d + 78 and d + 84.

Moreover, at the state (2,3, —2,4, 1, 1) with d + 20, in order to obtain the missed ones between d + 20
and d + 48, we decrease u by 2, r by 7 and increase p and ¢ by 3 which increases the sum by 16. As
before, we can successively apply the move (i) to obtain the missing ones between d + 36 and d + 48.
However, for the small values of r, 18 of the missing even numbers cannot be obtained because of the
restriction ¢ < r in each step. We have realized that 12 of these 18 missing numbers can be produced
by the application of the move (i) successively at the states (2,3,r — 7,8, 1, 1) with the sum d + 38.
Lastly, one can see that the remaining sums 520, 558, 714, 766, 820, 876 can be obtained by the states
(5,6,8,1,2,1), (4,6,10,1,2,1), (5,7,10,1,2,1), (5,7, 11,1,2,1), (5,7,12,1,2,1), (5,7,13,1,2, 1).

Up to now we have proved that any overtwisted structure with d3 + % > 431 (except 461) can be obtained
by (I-I-]) splicing. Note that for the multilinks (II), the supported contact structures have ds + % =2g+2
whenever u = 2. Therefore the even values of d3 + % which are between 6 and 431 can be obtained by
the multilinks of type (II). Via computer assistance we find that the ones with all the other smaller d3’s
(except 4,5,9,11,17,19,25,37,47,61,79, 95, 109) are obtained via splicings as shown in Table 1 (note
that usually there is more than one way to construct each case; here we give single samples).

Appendix A Intersection matrices

Here, we give the intersection matrices of the 4-manifolds that we have constructed in Section 5, in the
bases we presented there.

Let J,, and f,, be the matrices

21 0 - 0 2 1 0 - 0
1 2 -1 0 121 0

= 0o-1 . .ol - =0 1" 0
0 e 2 -1 0 =21
0 - 0 -1 2] 0 -0 1-2)
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Then the intersection matrices for (I), (II) and (III) are

Q1=

The intersection matrices for the 4-manifolds obtained for the spliced graph multilinks (I-I) and (I-I-I) are
respectively as follows; herea = —1ifg=p+landa=0forqg>p+1;b=—1ifr =g+ 1 and

Too

-1

b=0forr>q+1:

Oui=

Finally here is the intersection matrix for the 4-manifold obtained for the spliced graph multilink (III-I);

0

Jg—p-1

herea =—1if p=4anda =0 for p > 4:

QIH-I =

\

—_—

-2
., Om=

1399

1 0 0
1 -2 0 -1
0 0-2-1
0—-1-1 -1

Jg—p-1

QI-I-I =

Jr—q—l

Jp—1
—1
1
Jp—4

1
-2 -1
—1]1 0 a
-1} a 1
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Appendix B Determinant, signature and c? computation

Here, we give detailed calculations for the results about the intersection matrices we used in Section 5.
For practical reference we summarize these results in Table 2.

B.1 The matrix Q;

First we compute the diagonalization of the intersection matrix Q1 above. Consider the lower triangular
matrix S, with its ij entry (i > j) being equal to j/i. It can be easily seen that J,, = S, Dy, SnT and J, =

Sn(—=Dy)ST where D, =diag(2, 3, ..., L), It follows that det J, = n + 1 and det J, = (—1)" (n + 1).

Thus we see that Q1 = SDST where

3 3 —1 1
D=diag(—2,——,...,—L,2,—, ’p_’ )
2 p—1 2 p—=2 p(p—1

and
—1
S = 1
1 p—1 p—2 1
\=T - T2 . L 1)

We conclude that o(Q1) = 0 and det Q1 = (—1)?~1.

Similarly, signatures and determinants of the intersection matrices for (II) and (III) can be calculated as
given in Table 2.

B.2 The matrix Qy

As for the intersection matrix Qpy above for the splicing (I-I), we first show that det Qr; = (—1)771.
Then we compute the signature and c?.

o det c?
O1 0 (=DP' 4uPp(p-1)
On q 1 (2u — 1)2q
Om | -2 -1 6(2u + 1)?
Ou | 0 (=DT' 4u?p(p—1)+8uvg(p—1)+4v3q(qg—1)
Or11 0 (=D ' 4u?p(p—1)+4v2q(g—1)+4w?r(r—1)+8uvg(p—1)+8uwr(p—1)+8vwr(g—1)
Onwi 0 1 8u? + 24v2 + 32uv + 8u + 8v

Table 2: Signatures and determinants of the intersection matrices and the corresponding c¢2.
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Let J,, (respectively J,') be the matrix obtained by removing the last (respectively the first) column of
the matrix J,.

We assume that ¢ > p + 1, ie a = 0 in Qpy; it can be shown that the results are the same in the case
g = p + 1. Now we calculate det Oy via its last row. We observe that it is equal to (—1)7~! times the
sum of the determinants

Jp_z Jp—2
1 1
1 1
J! Jo—p—1
q—p—1 q—p
1 + 1
—1 —1
11 2 11 2

Now we move the last column of each matrix above to the positions of the removed columns, ie in the first
matrix we move the (2¢—3)™ column to the (g—3)™ position and in the second matrix to the (g—2)™
position. These row exchanges multiply the determinants by (—1)24=3-9+3) and (—1)24—3-4+2),

/
In =detJ,_1, =—detJ,—1 = (—1)"n,
1 T
‘]n

det Q11 = (=27 ((=D? " det J)_p-det J)_, 1 -Jg—1+ (=17 det Jp_p-det J)” | -det Jg—1
+(=1)7-2-det Jp_-det J)_, -det Ty 1)
+ (=141 ((—1)‘1 -det J;_z-det Jg—p—1 -fé'_l +(—1)?-det Jp—p-det J;_p_l -det ~q”_1

+(=1)47 "2 det Jp_p-det Jy_p—y-det J] ;)

respectively. Since

we have

= (-D)?q(qg-2)— (-1 (q—1)
= (D77
Now we compute the signature of Qr.;. This matrix is of the form
e ]
B| C
where A, B and C are (2g —4) x 2q —4), 2 x (2g —4) and 2 x 2 symmetric matrices respectively. Let
S1 and S5 be the orthogonal matrices that diagonalize A and C — BA~! BT respectively. Define

g S 0
| =S,BATLS, |
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It can be easily seen that

55T = S1AST | 0
0 |S2(C—BA71BT)ST |

Hence
o(0r) = 0(SQuST) = 0($14ST) +0(S2(C — BA' BT)ST)
=0(A)+0(C —BA™'BT).
We know that J,, and J,, are diagonalizable and are positive definite and negative definite respectively.

Therefore, A has (p—2)+ (q— p—1) = g —3 positive and g — 1 negative eigenvalues. Moreover it is easy
to observe that C — BA™! BT is positive definite, hence has 2 positive eigenvalues. Thus o'(Q1) = 0.

Now we compute c¢2. As we have observed, the basis of H,(W;Z) given in Section 5.1, ¢(W) evaluates
onas w = (0,...,—2u,—2v)T. Hence, in order to calculate c2, it is sufficient to calculate the inverse of
the last 2 x 2 block of Qp1. Let D denote this matrix and d;; be its (i, j) entry. We claim

di1 = - I=P(P—1), dip=dy1 =q(p—1), dp=q(g—1).

To prove these we compute the cofactors explicitly. First,

Jg—p—1
cofacy; = a-r

-1 0

= (—D?(=1)7 " det Jp_p-det J]_,_-det Jy_1+(—=1)(=1)?7> det Jp_o-det Jy_p—y-det J)_,
= (=D)?q(p—D)(g—p—D)+(=D7 (g=D)(p—1)(g—p)
= (D7 p(p-1).

The following determinants are evaluated by induction:

:(_1)2-7;1—1:1 and ‘T‘i

Algebraic & Geometric Topology, Volume 25 (2025)
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Therefore,

J1/7—2 Jp—2

cofacyy = (—1)P! Jg—p—1 +(—1)? Jyp—1

Jq_1 Jq—l

=0+ ()P ()P =D g(p—1)

= (-D7q(p—1),
1
1
cofacyy = Ja—p-1
11 2

= (=D N (=D det J,_,-det Jy_p_1 -det Jy_1
+ (—DP(=1)P " det Jp—-detJ]_, | -det Jg_1 +2detJp_-det Jy_p_1-det Jy_
= (=D q(g - D).

As a result, we conclude that

c2(W) = (—2u, —2v) (58;:11; ZES:B) (=2u, —2v)T = 4u p(p—1)+8uvg(p—1)+4v3q(g—1).

B.3 The matrix Q.
Now we consider the splicing (I-I-I) and the associated intersection matrix Q1.1 given in Appendix A. We
omit the calculations of the cases when a and b are nonzero since they give the same results. Calculating

the determinant of the intersection matrix with ¢ = b = 0 with respect to its last three rows as in the
previous example we have

det Qrrr = (=1) " 'r(r—g—=1)(g=2)+(=)""'r(r—¢=2)(g—1)=2(=1)""'r(r—g—1)(g—1)
(=D (r=D(r—g)(g—2)+ (D" r—=D(r—qg—D(g—1)=2(-1)" (r—1)(r—¢) (¢ —1)
— (_1)1‘—1'

Algebraic & Geometric Topology, Volume 25 (2025)
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Moreover ¢ (W) evaluates on the given basis of Hy(W;Z) as w = (0,...,—2u, —2v, —2y)T. In order
to calculate ¢2, it is sufficient to calculate the inverse of the last 3 x 3 block D of Or1. We have

p(p—1) q(p—1) r(p—1)
D=1|q(p—1) ql@g—1) r(g—1)
r(p—=1) rig=1) r(r—1)

We see that

Jg—p—1

cofaci; = 7 )
r—q—

1|-1 0

which can be calculated with respect to the last two rows, yielding
cofac = det J,—»-det J(;_p_l -det J,/_q_1 -det J,—1 +det J,_p-det J,— 1 -det Jr”iq_l .det J,_,
—2det Jp—p-det Jy_p—y-detJ/_, _;-det .y +detJp o-detJ) , j-detJ, g y-detJ)
+det Jpo-det Jy—p_y-detJ) ,_-detJ) | —2detJp 5-detJy_p_1-detJr_g_q-det ) |
= (D) " r(p=D)(p=r+ D)+ (=1 r=D(p—q)(p—r)
= (=D p(p-1).

Meanwhile,

Jg—p-1

cofacy, = 7 :
r—q—

Algebraic & Geometric Topology, Volume 25 (2025)
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which can be calculated with respect to the last two rows, yielding

cofacyy = det J,_,-det Jy_p_y -detJ)_, | -detJo_y +detJp_p-detJ, , | -detJ/_,_;-detJ,_;
—2det J,p-det Jy_py-detJ]_, ;-detJ,_j +detJ, ,-detJy_p i -detJ,_g_y-detJ]
+detJp_o-detJ) , -detJr_g_y-det ] | —2detJp -detJy_p_y-det g y-det ]
=(=D"q((p-Dg—p)+(p—-Dg—p—D=2(p—Dg—p) =(=1)"""q(g-1).

Similarly,

Jp—
1
1
Ja—p—1
1
f _ 1
coracsz = Jr—q—l s
jr—l
1 1 2
1 1 2

which can be calculated with respect to the last two rows, yielding
cofacyz =det J,_,-detJ,_,  -detJ,_q_1-detJo_y +detJp_o-detJ)” | -detJr_g_y-detJ,_;
—2detJ,p-detJ)_, ;-detJ,_g_y-detJ,_j +detJ, ,-detJy_py-det ), -detJ,_;

+det Jp—p-detJ;_,_, -detJ;

[ gy det Jo_y —2det Jp 5 -det Jy_p_y-detJ ,_;-det ]

+2detJ)_,-detJy_p_y-detJr_g_y-det Jo_y +2det Jpp-detJ; , | -detJ,_g_y-det ],
+4det Jp—p-det Jy—p—y -det Jp_y—y -det J,—
=(=D)"rr-1).

Note also that

- 1 —
Tn= A | =0
which follows by induction. Thus
Jp—2
1
1
’
Jg-p—1
cofaci, = (—1)""1(—1)47!
Jr,—q—l
1
. —1
Jr—l
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Jp—2
1
1
Jg—p-1
+=D) =D
Jr/,iq—l
1
. -1
Jr—1
Jp—2
1
1
’
Jq—p—l
+ (=D =D
Jrqul
1
. —1
i
Jp—2
1
1
Ja—p—1
+ (=D
Jz;/—r—l
iy

=)D —g=D+0+ ) (= D(p-Dr—g) +0=~(=D"""q(p-1).

Similarly,
Jp—2

1

1
Jg-p-1 |
f _ 1

coraciz = Jrqul s
jr—l

1 1 2

1]—-1 2
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which can be calculated with respect to the last two rows, yielding

cofacyz = —(—1)" "1 (=1)? "  det J,_, - det f;_p_l - det f/r_q_l ~det Jr_;
+ (=) (=DP" det Jp 5 -det Tg—p—y -det J} | -det Jr_
— (=) (=1)%2det Jp—5 -det Jy_p_y -det J},_,_; -det Jr_;
— (=) (=1D)P " det Jp—p-det J,_,_-detJ,_g_1-detJ
+ (=) (=) det Jp o -det Ty py -det S,y -det ]

—(=1)""Y(=1)92det J,—p -det Jy—p—q -det J gy -det J_,
+2(=D)7 N (=D)P " det Jp—-det J},_, | -detJ,_g—1-det S,
+2(=D)?(=1)P~ " det Jp_p-det J 4 p—1-det J/"_,_;-det J,

+ddet Jp_p-det Jy—p—1-det Jy_g—1 -det J,_

= (=D (p -

Finally,
1
1
Jg—p—1
1
cofacys = !
23 = Jr—q1
jr—l

1 1 2

1]—1 0

which can be calculated with respect to the last two rows, yielding

cofacys = (—1)" ! (=1)7" " det J,_,-det Jy_p—y -det T}, -detJr—;
+ (=D =17 det Jp— - det Jg—p—y - det J_/r_q_1 ~det J,_,
— (=DM (=1 "2det Jp o -det Jy_p—1 -det J,_,_; -det S,
+ (D) =D det I,y -det Jg—p—y det Jp g1 -det J/
+ ()N =D det Jp—p -det J,)_,_ -det Ty gy -det J/
—(=1)" "N (=D 2det Jp_p-det Jy_ p_1-det Jp_q—1-det J)_;
=—(D)"""rg-1).
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As a result, we conclude that

p(p—=1) q(p—=1) r(p—1)

(W) = (=2u,—2v,-2y) | g(p—1) qlg—1) r(g—1) | (=2u,—2v,-2y)"

r(p=1) r(g=1) r(r—1)
= 4u2p(p -1+ 4v2q(q -1+ 4y2r(r — 1)+ 8uvg(p—1)+8uyr(p—1)+8vyr(g—1).
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