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Unbounded sl3-laminations and their shear coordinates

TSUKASA ISHIBASHI
SHUNSUKE KANO

Generalizing the work of Fock and Goncharov on rational unbounded laminations, we give a geometric
model of the tropical points of the cluster variety Xy, 5, which we call unbounded sl3-laminations, based
on Kuperberg’s sl3-webs. We introduce their tropical cluster coordinates as an sl3-analogue of Thurston’s
shear coordinates associated with any ideal triangulation. As a tropical analogue of gluing morphisms
among the moduli spaces PpgL,,x of Goncharov and Shen, we describe a geometric gluing procedure of un-
bounded s(3-laminations with pinnings via “shearings”. We also investigate a relation to the graphical basis
of the s(3-skein algebra of Ishibashi and Yuasa (2023), which conjecturally leads to a quantum duality map.

13F60, 57K20, 57K31

1 Introduction

1.1 Background

The notion of measured geodesic laminations (or its equivalent, measured foliations) on a surface was
first introduced by W Thurston [43], as a powerful geometric tool to study the mapping class groups and
the large-scale geometry of the Teichmiiller space. After a couple of decades, Fock and Goncharov [11]
studied Thurston’s shear coordinates on the space /T/I\L(E) of (enhanced) measured geodesic laminations
on a marked surface 3, which gives a global coordinate system parametrized by the interior edges of an
ideal triangulation A of X: /T/I\E(E) =5 Rem(2)  Moreover, they observed that these coordinates can
be viewed as a “tropical analogue” of the cross-ratio coordinates! on the enhanced Teichmiiller space
’?(E) - Ri“(;(m studied by Fock and Chekhov [8], as their coordinate transformation rule is exactly
the tropical analogue of that for the latter. These facts indicate that there would be a universal algebraic
object behind the Teichmiiller and lamination spaces: this idea leads to the theory of cluster varieties
developed by Fock and Goncharov [13]. In their terms, there is a cluster X'-variety? ng associated with
¥ such that the spaces 7 (X) and /\//I\E(E) are naturally identified with the spaces X;;f(R>0), X%f(]RT) of
positive real points and the real tropical points, respectively. We call the latter space ng(RT) the tropical
cluster X -variety for short.

mcoordinate is an exponential version of the shear coordinate on the Teichmiiller space. In this paper, we always
use the term “shear coordinates” for those on the lamination spaces.

2Here, the superscript “uf” just indicates that it has only unfrozen coordinates. It corresponds to the situation where the
shear/cross-ratio coordinates are defined only for internal edges ejn:(A) of an ideal triangulation A.
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1434 Tsukasa Ishibashi and Shunsuke Kano

In general, cluster varieties are schemes constructed from combinatorial data s (such as quivers) equipped
with a birational atlas whose coordinate changes are given by specific rational transformations, called
cluster transformations (see the appendix for a short review of this theory). They always come in a dual
pair (As, X;), forming a cluster ensemble. The duality conjecture is a profound conjecture of Fock and
Goncharov [13] that asks for a construction of “duality maps”

Ly: X(ZT) = O(Asv)  (resp. Ia: AJ(ZT) — O(X))

which parametrizes a linear basis of the function ring O(Asv) (resp. O(X,v)) of the dual cluster variety
by the space X;(ZT) € X(RT) (resp. As(ZT) c A(RT)) of integral tropical points, satisfying certain
strong axioms such as the positivity of structure constants.

In the surface case, the spaces Ax(Rx¢) and Ax(R7) are identified with the decorated Teichmiiller and
lamination spaces — see Papadopoulos and Penner [39; 40] — via the A-length and intersection coordi-
nates [11]. The geometric realization of the tropical spaces Ax(Z7T) X%f(ZT) by integral laminations
[11] leads to a topological construction of the duality maps Iy and I 4, and their required properties were
proved recently by Mandel and Qin [37] based on a comparison with the theta basis of Gross, Hacking,
Keel and Kontsevich [22]. These duality maps are two kinds of generalizations of the trace function basis
for the function ring of the SL,-character variety of a closed surface, parametrized by loops.

Strongly expected are “higher rank™ generalizations of the above picture. The cluster varieties X%f and
Ay are birationally isomorphic to certain generalizations of the PGL;,- and SL,-character varieties;
see Fock and Goncharov [10]. As a generalization for higher rank algebraic groups, there are cluster
varieties Xg“fi and Ay > which are birationally isomorphic to the same kind of generalizations Xg 5 and
Ag,x of character varieties — see Fock, Goncharov and Shen [10; 21] and Le [35] — where the defining
combinatorial data for these cluster varieties only depend on the surface ¥ and a semisimple Lie algebra g.
In particular, X’ ;[22 = ng and A, s = Ay correspond to the case mentioned above. Goncharov and
Shen [21] introduced a cluster variety X 5 with frozen coordinates, which is birational to some extension
Pg,x of X/ 5. Hereupon, we have combinatorially defined tropical spaces Ag,E(RT) and XQ’E(RT),
which should parametrize linear bases of the function rings of the dual varieties with good properties by
the duality conjecture. The spaces AQ,E(RT) and XQ,E(RT) are widely expected to be certain spaces of
g-webs on X, so that the duality maps are built from the web functions on the character variety. However,
such a web description is still missing in general. We remark here that Le [34] gave a description of
these spaces in terms of certain configurations in the affine buildings, which should be ultimately related
to g-webs based on the geometric Satake correspondence (see, for instance, Fontaine, Kamnitzer and
Kuperberg [18]).

For the first nontrivial case g = sl3, major progress on the space A5[3,E(ZT) has been made by Douglas
and Sun [6; 7] and Kim [32]. They describe this space as an appropriate space of Kuperberg’s sl3-webs
[33] by introducing an sl3-version of the intersection coordinates with an ideal triangulation. Their
coordinates can also be extended to the space .Ag[%z(QT) by scaling equivariance.
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Unbounded sl3-laminations and their shear coordinates 1435

1.2 Geometric model for the tropical space Xs“lg - QT

Our aim in this paper is to describe the tropical cluster variety Xsb,g(QT) on the dual side as a space of
sl3-webs with a different type of boundary conditions and some additional structures at punctures. We
introduce the space £ (X, Q) of rational unbounded s[3-laminations on X, which are certain equivalence
classes of nonelliptic signed sl3-webs with positive rational weights (see Section 2.2). Then we define an
sl3-version of the shear coordinates of these objects with respect to an ideal triangulation A. As in the
slp-case, we need to perturb the ends incident at punctures (and thus make them spiraling) so that they
intersect with A transversely. The spiraling directions are controlled by the signs assigned to each end
of the sl3-web, and this procedure leads to the notion of spiraling diagrams (Definition 3.8) associated
with signed s(3-webs. After a careful study on the “good positions” of a spiraling diagram, we obtain

well-defined shear coordinates.

Theorem 1 (Theorem 3.20) For any marked surface X satistfying conditions (S1)—(S4) in Section 2.1
and its ideal triangulation A without self-folded triangles, we have a bijection

(1-1) XN L2 (2,Q) = QFur(d)

sl3

which we call the shear coordinate system associated with A. Moreover, for any another ideal triangulation
A’ of X, the coordinate transformation x s o le is a composite of tropical cluster X -transformations.

As a consequence, the shear coordinates combine to give an MC(X)-equivariant bijection
(1-2) X L3(2.Q) = XY 5 (@),

Therefore, our space E;‘B (2, Q) of unbounded s(3-laminations gives a geometric model for the tropical
cluster X-variety Xs“é’z (QT). In other words, the space Efb (2, Q) can be viewed as a tropical analogue
of the moduli space Xpg,,5 of framed PGL3-local systems [10].

In Section 3.4, we give an explicit inverse map of x“Af by gluing local building blocks according to the
shear coordinates, in the same spirit as Fock and Goncharov. The coordinate transformation formula
could be obtained by case-by-case as in [7] for the .A-side. However, in order to reduce the length of
computation, we choose to derive it from the computation on the .A-side performed by Douglas and Sun
after investigating their relation in detail (see Theorem 2 below). So the second statement in Theorem 1

follows from Theorem 2.

1.3 Unbounded sl3-laminations with pinnings and their gluing

In order to supply the frozen coordinates, we further introduce a larger space Ei (2, Q) of unbounded
slz-laminations with pinnings by attaching additional data on boundary intervals, in the same spirit as
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1436 Tsukasa Ishibashi and Shunsuke Kano

Goncharov and Shen’s construction of the moduli space Pg/,x [21]. As in their work, these additional
data allow us to glue the sl3-laminations along boundary intervals, which leads to the gluing map

(1-3) qE. . Ex: L5, (2, Q) — L1 (', Q)
where X/ is the marked surface obtained from X by gluing two boundary intervals E, and ER.

The space 55[3(2, Q) is also suited for the comparison with the works of Douglas and Sun [6; 7] and
Kim [32]. Let E;’[3 (2, Q) denote the space of rational bounded s[3-laminations, which essentially appears
in these works. See Remark 2.10. Then we define a geometric ensemble map

(1-4) PiLe(Z,Q) - LI (Z,Q)

by forgetting the peripheral components, and assigning pinnings in a certain way. When % has no
punctures, p gives a bijection. For these structures, we obtain the following:

Theorem 2 (Theorems 4.7 and 4.11 and Proposition 4.10) Under the same assumption as in Theorem 1,
we have a bijection

(1-5) xa: L0 (2,Q) = Q'™

sl3

whose coordinate transformations are given by tropical cluster X -transformations (including frozen
coordinates). Via these coordinate systems:

(1) The gluing map qEg, g, coincides with the tropicalization of the amalgamation map [9].

(2) The geometric ensemble map p coincides with the tropicalization of the Goncharov—Shen extension
of the ensemble map (A-6).

We will also see in Section 4.4 that the shear coordinates are equivariant under the Dynkin involution *,
which generates Out(SL3). In particular, we have an MC(X)xOut(SL3)-equivariant bijection

(1-6) xa: LR (3, Q) <> Xy 2(QT).

In other words, the space 553 (X, Q) can be viewed as a tropical analogue of the Goncharov and Shen’s
moduli space Ppgr,,x [21].

Property (1) allows one to reduce the computation of coordinate transformations to those for smaller
surfaces. For a surface without punctures, the map p is a bijection and property (2) shows that this
map intertwines the two types of cluster transformations. This is our strategy to obtain the coordinate
transformation formula for (1-5).

In our sequel paper [28], we will investigate the unbounded sl3-laminations around punctures in detail,
and study the tropicalizations of the cluster exact sequence of Fock and Goncharov [13] and the Weyl
group actions at punctures introduced by Goncharov and Shen [20] in terms of sl3-laminations. In
the end, the bijections (1-2) and (1-6) turn out to be equivariant under the natural action of the group
(MC(Z) x Out(SL3)) x W(sl3)Meo.
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1.4 Relation to the graphical basis of the skein algebra 8’;"3 -

As mentioned in the beginning, our space 5513 (X,2) =~ X5[3,Z(ZT) is expected to parametrize a linear
basis of the function ring O(As;,x). When the marked surface has no punctures (hence the exchange
matrix has full-rank), it is also expected to parametrize a linear basis of the quantum upper cluster
algebra O4(Aqi;,x) of Berenstein and Zelevinsky [3]. On the other hand, a skein model for Oy (Aq;,5)
is investigated in [30] by the first named author and W Yuasa. They study a skein algebra 8’;1[3’2 with
appropriate “clasped” skein relations at marked points, and constructed an inclusion of its boundary-
localization 9’;1[3’2[8_1] into the quantum cluster algebra (and hence into Oy (As(;,%)). Conjecturally
these algebras coincide with each other. They give a Z,-basis BWeb,(, 5 of the skein algebra 8’;1[3’2
consisting of flat trivalent graphs. In this paper, we relate our integral s(3-laminations with pinnings to

the basis webs:

Theorem 3 (Theorem 5.2) Assume that ¥ has no punctures. Then we have an MC(X)xOut(SL3)-
equivariant bijection

]:[g{ 553(2’ Z)+ = BWeb5[3’2 C 93[3,2’

where Ci (X,2)+ C £§3 (X, Z) denotes the subspace of dominant integral sl3-laminations. Moreover,

p

it is extended to a map ]Igg Loy,

(2,Z2) — 93[3’2[8_1], whose image gives a Z 4-basis of 9’;1[3’2[8_1].

The latter correspondence should be a basic ingredient for a construction of the quantum duality map [13]
(see Qin [41, Conjecture 4.14] for a finer formulation as well as Davison and Mandel [5]). See Section 5
for a detailed discussion. Our general expectation is the following:

Conjecture 4 The basis I[g( (£§3 (X, 7)) is parametrized by tropical points in the sense of [41, Defini-
tion 4.13]. Namely, for any integral sl3-lamination Le £§3 (X, Z), the quantum Laurent expression of
]1;1( (Z) € &43[3,2 IP the quantum cluster {A; }; ey associated with a vertex w € Exchq(, » has the leading
term []_[ie 7 A7 (L)] with respect to the dominance order [41, Definition 4.6], where x(@) = (xi)ier is the
shear coordinate system associated with w.

Currently we do not know if it gives a basis with positivity (of Laurent expressions and/or structure
constants), or it requires a modification by using an sl3-version of bracelets; see D Thurston [42]. See
also Allegretti and Kim [1; 2] and Cho, Kim, Kim and Oh [4] for the progress on the positivity problem
for the sl,-case.

1.5 Future directions: real unbounded s[3-laminations

Let E;‘[%(Z,R) be the completion of the space £§[3 (X,Q) such that each shear coordinate system
(1-1) extends to a homeomorphism x“Af: £§[3 (2, R) = RI(®) | Tt is well defined since the cluster

X-transformations are Lipschitz continuous with respect to the Euclidean metrics on Qv (A) We call an
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1438 Tsukasa Ishibashi and Shunsuke Kano

element of L;C[S (2, R) a real unbounded sl3-lamination, which is represented by a Cauchy sequence in

L3, (X, Q) with respect to shear coordinates. The space £§[3 (X, R) has a natural PL structure, and is
considered to be an sl3-analogue of the space .A//I\E(E) of measured geodesic laminations. Recall that in
the Teichmiiller—Thurston theory, the latter PL manifold plays the following roles (among others):

Boundary at infinity of the Teichmiiller space The Thurston compactification is a compactification
of the Teichmiiller space into a topological disk obtained by attaching the projectivization of /\//I\E(E),
so that the mapping class group action is continuously extended. The measured geodesic laminations
encode the “rate” of degenerations of geodesics in a divergent sequence in the Teichmiiller space.
The Thurston compactification is identified with the Fock—Goncharov compactification [14; 24; 34]
X5 (R>0) = X5 (R>0) USXs(RT), which is defined for any cluster X'-variety.

Place for analyzing the pseudo-Anosov dynamics The PL action of the mapping class group on
J\//I\E(E) provides us rich information on the dynamics of pseudo-Anosov mapping classes. In particular,
each pseudo-Anosov mapping class has the north-south dynamics on the projectivized space, and its
unique attracting/repelling points are represented by a transverse pair of measured geodesic laminations.
A generalization of these specific properties for elements of a general cluster modular group is proposed
in [25; 26; 27], which we call the sign stability. The equivalence between the “uniform” sign stability and
the pseudo-Anosov property is discussed in [25], based on the identification /\//l\ﬁ(E) = X%f(IR{T).

It is natural to expect that the space £§[3 (2, R) plays the same role in the sl3-case. Since the positive
real part X 5“[2’2(R>0) has been identified with the moduli space of convex RIP2-structures on X, the real
unbounded sl3-laminations are expected to encode their degenerations. The PL action of a pseudo-Anosov
mapping class on the space £§[3 (2, R) is expected to provide more rich information, which may possibly
lead to a finer classification of pseudo-Anosov mapping classes. Although a concrete description of a
real unbounded sl3-lamination as a certain geometric object (rather than a sequence) is still missing, the
cluster algebraic interpretation of Thurston’s train tracks studied in [31] will be a useful tool.

Generalizations of Thurston’s earthquake maps and the Hubbard—Masur theorem that relates measured
foliations with quadratic differentials will be also interesting topics. A study on a cluster algebraic
analogue of these theories is in progress by the authors with Takeru Asaka.

Organization of the paper

Main part (Sections 2—4) In Section 2, we introduce rational unbounded s(3-laminations and briefly
discuss the relation to the works of Douglas and Sun [6; 7] and Kim [32]. We study the associated
spiraling diagrams and define the shear coordinates in Section 3. The bijectivity of the shear coordinate
systems (1-1) is proved. In Section 4, we introduce pinnings for rational unbounded sl3-laminations
and discuss their gluing and the extended ensemble map. Theorem 2 is proved, and hence the proof of
Theorem 1 is completed.
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Relation to skein theory (Section 5) We investigate the relation to the skein algebra and quantum
duality map in Section 5. Theorem 3 is proved here.

Proofs for the technical statements (Section 6) The proofs of Theorems 3.10 and 3.19 are placed in
Section 6. Logically they do not depend on the contents after the places where the statements are written.

Basic terminology on the cluster varieties and the known results we need for the sl3-case are collected in
the appendix.
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2 Unbounded sl3-laminations and their shear coordinates

2.1 Marked surfaces and their triangulations

A marked surface (X, M) is a compact oriented surface X together with a fixed nonempty finite set
M C X of marked points. When the choice of M is clear from the context, we simply denote a marked
surface by 3. A marked point is called a puncture if it lies in the interior of 3, and a special point
otherwise. Let Mo = M, () (resp. My = M3(X)) denote the set of punctures (resp. special points), so
that Ml = M, LU My. Let * := X\ M,. We always assume the following conditions:

(S1) Each boundary component (if exists) has at least one marked point.

(S2) —2x(X*) 4 |[My| > 0.

(S3) (X2,M) is not a once-punctured disk with a single special point on the boundary.

We call a connected component of the punctured boundary 0* X := 90X \ My a boundary interval. The

set of boundary intervals is denoted by B = B(X). We always endow each boundary interval with the
orientation induced from dX. Then we have |Mj| = |B]|.

Unless otherwise stated, an isofopy in a marked surface (¥, M) means an ambient isotopy in X relative
to M, which preserves each boundary interval setwise. An ideal arc in (X, M) is an immersed arc in X
with endpoints in M which has no self-intersection except possibly at its endpoints, and not isotopic to
one point.
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1440 Tsukasa Ishibashi and Shunsuke Kano

E o

i'(E)

Figure 1: The set /(A) of distinguished points.

An ideal triangulation is a triangulation A of ¥ whose set of O-cells (vertices) coincides with M.
Conditions (S1) and (S2) ensure the existence of such an ideal triangulation, and the positive integer in
(S2) gives the number of 2-cells (triangles). The 1-cells (edges) are necessarily ideal arcs. In this paper,
we always consider an ideal triangulation without self-folded triangles of the form

Such an ideal triangulation exists by condition (S3). See, for instance, [15, Lemma 2.13]. For an ideal
triangulation A, denote the set of edges (resp. interior edges, triangles) of A by e(A) (resp. einc(A), 1 (A)).
Since the boundary intervals belong to any ideal triangulation, e(A) = ej(A) LU B. By a computation on
the Euler characteristics, we get

le(A)| = =3x(Z) +2[Mjl. e (D) ==3x(Z%) + M|, [1(A)]=-2x(E") + [My].

It is useful to equip A with two distinguished points on the interior of each edge and one point in the
interior of each triangle, as shown in Figure 1. The set of such points is denoted by I(A) = I5;(A).
This set will give the vertex set of the quiver Q% associated with A; see Section A.3. Let 7°92¢(A)
(resp. I (A)) denote the set of points on edges (resp. faces of triangles) so that 1(A) = 14 (A)LT"(A),
where we have a canonical bijection

1(A) = IY(A), T i(T).

When we need to label the two vertices on an edge E € e(A), we endow E with an orientation. Then
letil(E) € I(A) (resp. i%(E) € 1(A)) denote the vertex closer to the initial (resp. terminal) endpoint
of E. Let I(A); C 1°92°(A) (“frozen”) be the subset consisting of the points on the boundary, and let
1(A)ys := I1(A) \ I(A)f (“unfrozen”). The numbers

[1(D)] =2le(D)] +[t(A)] = =8 x(X7) + 5|My|,
[1(A)ut] = 2lein(D)] + (D) = =8 (Z*) + 3[M|
will give the dimensions of the PL. manifolds £§3 (X,R) and £§[3(E , R) respectively.
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2.2 Unbounded sl3-laminations

Recall that a uni-trivalent graph is a (possibly disconnected and/or infinite) graph whose vertices have
valency either one or three. It is allowed to have a loop component (ie a connected component without
vertices). An orientation of a uni-trivalent graph is an assignment of an orientation on each edge and loop
such that any trivalent vertex is either a sink or a source, respectively:

An sl3-web (or simply a web) on a marked surface X is an immersed oriented uni-trivalent graph W on
¥ such that each univalent vertex lie in M, U 0* X, and the other part is embedded into int X*. It is said
to be nonelliptic if it has none of the following elliptic faces:

/ \ !/ \ / \
- ! I | |
2-1) | I I |
\ \ \

’ ’

~ // \\ Phg \\ —
PN 7T~ s N
v N ’ N / \
/ \ / \ 1 \
22 / \ / \ I |
- [ [ \
\ i
\
~

A web is said to be bounded if none of its univalent vertices lie in M.

We will mostly deal with finite webs, while infinite ones appear when (and only when) we discuss spiraling
diagrams (Definition 3.8), which are still locally finite except possibly around punctures. When we simply
say an (sl3-)web below, it will mean a finite web. When the web in consideration can be infinite, we will

say a “possibly infinite web”.

Remark 2.1 The exclusion of the internal faces in (2-1) is usual in literature. Indeed, a web containing
these faces can be written as a linear combination of nonelliptic webs in the skein algebra (see Section 5),
and hence not needed as a basis element. The first two faces in (2-2) are excluded as variants of boundary
skein relations [30]. It is also related to the weakly reduced condition in [19]. The third one can be
regarded as a variant for a boundary component without marked points.

Example 2.2 (honeycomb webs) Let 7' C int X* be an embedded triangle. For each positive integer n,
the incoming (resp. outgoing) honeycomb-web (or pyramid web) in T of height n is the slz-web dual to
the n-triangulation of T, oriented so that the outer-most edges are incoming to (resp. outgoing from) 7.
See the left picture in Figure 2 for an example. We will also use a short-hand presentation as shown in
the right of Figure 2. The embedded image of a honeycomb web in X is simply called a honeycomb. The
ends of a honeycomb can be connected with other oriented arcs or honeycombs on 3.
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1442 Tsukasa Ishibashi and Shunsuke Kano

Figure 2: A honeycomb-web on a triangle T of height n = 4 (left) and its short-hand presentation (right).

A signed web is a web on X together with a sign (4 or —) assigned to each end incident to a puncture.
The following patterns (and their orientation-reversals) of signed ends are called bad ends:

// \\ // \\ // \\
Il \ l/ \ I/ \
(2-3) ——O—— . exode . exe !

Here € € {+, —}. A signed web is said to be admissible if it has no bad ends. In this paper, we always
assume that the signed webs are admissible unless otherwise stated. A bounded web is naturally regarded
as a signed web since we do not need to specify any signs.

Remark 2.3 The latter two types of bad ends will be excluded simply because they will not contribute
to the shear coordinates. On the other hand, a pair of the first type will have nontrivial coordinates, while
there is always another web that attains the same coordinates. So we only need admissible signed webs
to realize the tropical space. It turns out that we need to include the bad ends of first type to define the
Weyl group actions at punctures [28].

Elementary moves of signed webs We are going to introduce several elementary moves for signed
webs. The first two are defined for a web without signs.

(E1) Loop parallel-move (aka flip move [19] or global parallel move [6]):

(2-4) ~
(E2) Boundary H-move:
(2_5) I// ~ ( A \\\ ~ l// \\\

Similarly for the opposite orientation. We call the face in the left-hand side a boundary H-face.
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(E3) Puncture H-moves:

7 \\ /v\\

4 \ / \

/ \ / \

(2-6) : ege ! ~ . edYe
e N e N N

4 \ 4 \ 4 \

\ \ \

(2_7) : o ! ~ : ~ | ~ : + Y - |

Similarly for the opposite orientation. We call the face in the left-hand side of (2-6) a puncture
H-face.

The following lemma is verified by using (E2) and the first one in (E3):

Lemma 2.4 From the boundary and puncture H-moves, we get the following “arc parallel-moves”

_—

[ ] [ ] [ ] [ ] [ ]

swapping parallel arcs with opposite orientations:

AN Y
Y e

.
J&)

Here white (resp. black) circles stand for punctures (resp. special points), and €, €’ € {+, —}.

Also note that we can always transform any signed web to a signed web without boundary H-faces
(resp. puncture H-faces) by applying (E2) and (E3), respectively. Slightly generalizing the terminology
in [19], such a signed web is said to be boundary-reduced (resp. puncture-reduced). It is said to be
reduced if it is both boundary- and puncture-reduced.

(E4) Peripheral move: removing or creating a peripheral component:

-

N
’

\

’ - TN \
I/ | I/ |
(2_8) \ ,'
\ /
N 7
Moreover, we have the moves

7 \\
4 \
/ v \
~ : Nt )
\ . /
\ /
N ,
N .

Similarly for the opposite orientation.
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We will consider the equivalence relation on signed webs generated by isotopies of marked surfaces and
the elementary moves (E1)—(E4). Observe that the moves (E1)—(E4) preserves the admissibility. On the
other hand, a nonelliptic signed web may be equivalent to an elliptic web as the following example shows.

Example 2.5 We have

N N N N N
4 \ 4 \ 4 \ 4 \ 4 \
4 \ 4 \ 4 \ 4 \ 4 \
I/ \ I/ \ I/ \ I/ n \ I/ \
[ oAv | - oA — 1
LY+ S A | ! | +
\ / \ / \ / \ / \ /
\ / \ / \ / \ / \ /
N Va N Va N Ve N\ 7/ N\ 7
~ - ~ - ~ - ~ - ~ -

by the puncture H-moves (2-6) and (2-7), where the resulting signed webs are elliptic (having interior
4-gon faces).

Definition 2.6 (rational unbounded s(3-laminations) A rational unbounded s|3-lamination (or a rational
sl3-X-lamination) on X is an admissible, nonelliptic signed sl3-web W on X equipped with a positive
rational number (called the weight) on each component, which is considered modulo the equivalence
relation generated by isotopies and the following operations:

(1) Elementary moves (E1)—(E4) for the underlying signed webs. Here the corresponding components
are assumed to have the same weights.

(2) Combine a pair of isotopic loops with the same orientation with weights u and v into a single loop
with the weight ¥ + v. Similarly combine a pair of isotopic oriented arcs with the same orientation
(and with the same signs if some of their ends are incident to punctures) into a single one by adding
their weights.

(3) For an integer n € Z~¢ and a rational number u € Q ¢, replace a component with weight nu with
its n-cabling with weight u, which locally looks like

n /’—u N n - N e N
ﬂ . ‘\\ // \\ , u \\
I " Conu ———
~ | ! — ~ l : '}n
\ ) \ ) \ . 3
\ )/ Noou
L - -
n

For a loop or arc component, it is just a successive applications of operation (2). One can also verify
that the cabling operation is associative in the sense that the n-cabling followed by the m-cabling
agrees with the nm-cabling, since nm-cabling is dual to the m™ subdivision of an n-triangulation
(recall Figure 2).

See Figure 3 for a global example. Let £§I3 (X, Q) denote the set of equivalence classes of the rational
unbounded sl3-laminations on X. We have a natural (Q¢-action on £;‘[3(Z, Q) that simultaneously
rescales the weights. A rational unbounded sl3-lamination is said to be integral if all the weights are

integers. The subset of integral unbounded s[3-laminations is denoted by E;‘h (2,72).
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N

Figure 3: An example of a rational unbounded s[3-lamination. Here u;, u, and u3 are arbitrary
positive rational weights.

The sets £3, (2, Q) and £, (£, Z) will be identified with the unfrozen part X;[; 5 (QT) and Xsué 5 VAD)
respectively, of the tropical cluster X'-variety associated with the pair (s(3, X) (see Section A.3).

Notation 2.7 In view of the equivalence relation (4), we will occasionally use the following equivalent
notations for honeycombs:

with n1 4+ np, = n. We may also split an edge of weight n with k edges of weight ny,...,n; with
ny—+---+ng=n.

Definition 2.8 (Dynkin involution) The Dynkin involution is the involutive automorphism

%: L2 (2,Q) > L5 (2,Q), L L*,

sl3 sl3
where L* is obtained from L by reversing the orientation of every components of the underlying web,
and keeping the signs at punctures intact. Since all the elementary moves (E1)—(E4) are equivariant under
the orientation-reversion, this indeed defines an automorphism on £§[3 (2,Q).

Bounded laminations and the ensemble map

Definition 2.9 (rational bounded sl3-laminations) A rational bounded s\3-lamination (or a rational
sl3-A-lamination) on ¥ is a bounded nonelliptic sl3-web W on ¥ equipped with a rational number
(called the weight) on each component such that the weight on a nonperipheral component is positive.
It is considered modulo the equivalence relation generated by isotopies and the operations (2)—(4) in
Definition 2.6.
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Let £%

sl3
Ligh (X, Q) that simultaneously rescales the weights. A rational bounded s(3-lamination is said to be

(X, Q) denote the space of rational bounded s(3-laminations. We have a natural Q- g-action on

integral if all the weights are integers. The subset of integral bounded sl3-laminations is denoted by
Lo, (2. 2).

Remark 2.10 The space £§[3(Z, 7) is the same one as the space Az (X;Z) that appears in Kim’s
work [32, Definition 3.9].3 The space Wy in Douglas and Sun’s work [6, Definition 6] is the subset of
£§[3 (X, Z) consisting of elements with positive peripheral weights. It is straightforward to extend their
coordinate systems by Q= g-equivariance to the rational case, and the space 53[3 (X, Q) is identified with
the tropical cluster A-variety Asb’z(QT) [32, Theorem 3.39].#

By forgetting the peripheral components, we get the geometric ensemble map

(2-9) P LY (2,Q) = L5, (S, Q).

We will see in Section 4 that the geometric ensemble map coincides with the cluster ensemble map (A-2)
via the Douglas—Sun coordinates and our shear coordinates.

3 Shear coordinates

3.1 Essential webs on polygons

Let Dy denote a disk with k > 2 special points. In what follows, we simply refer to Dy as a k-gon. We
say that an sl3-web W on Dy, is faut if for any compact embedded arc o whose endpoints lie in a common
boundary interval E, the number of intersection points of W with E does not exceed that of W with «.
See Figure 4. Following [6], we call a nonelliptic, taut sl3-web an essential web. These essential webs on
polygons are basic building blocks for the bounded sl3-laminations studied in [6]. We recall the concrete
description of the essential webs for k = 2, 3 following [6, Sections 2.7 and 2.8] and [19, Sections 8
and 9], including additional infinite webs needed for our purpose.

The biangle (2-gon) case Let E7 and Er denote the boundary intervals of a biangle D,. A (finite)
symmetric strand set on D, is a pair S = (Sg, Sg) of finite collections of disjoint oriented strands (ie
germs of oriented arcs), where the oriented strands in Sz are located on Ez for Z € {L, R} such that the
number of incoming (resp. outgoing) strands on Ep is equal to the outgoing (resp. incoming) strands
on ER. See the left-most picture in Figure 5 for an example.

3Indeed, an element of our space [lg[3 (X, Z) can be represented by a reduced web [32, Definition 3.3] by applying the boundary
H-moves, and we can rescale the weights on honeycombs to be 1 by the operation (4) in Definition 2.6.

4Here note that there is a subset of 52[3 (X2, Z) formed by congruent laminations [32, Definition 3.38] which is identified with
the tropical cluster A-variety Agr,, 5 @T).
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Figure 4: Example of a nontaut web in D5.

Given a symmetric strand set S = (57, Sr), the associated ladder-web W(S) on D, is constructed as
follows. First, let Wy, (S) be the unique (up to ambient isotopy of D,) collection of oriented curves
connecting strands in Sz, with those in Sg in the order-preserving and minimally intersecting way. See
the middle picture in Figure 5. It is characterized by the pairing map f: Sy — Sg, which is an order-
preserving bijection that maps each incoming (resp. outgoing) strand of Sz, to an outgoing (resp. incoming)
strand of Sg. The associated ladder-web W(S) is obtained from W,(S) by replacing each intersection
with an H-web, as follows:

// \ //_(__);\
3-1) :><; v
\, \ﬁ__h/

Conversely, the collection Wi (S) is called the braid representation of the ladder-web W(S). It is known
that all the essential webs on D, arise in this way:

Proposition 3.1 [6, Proposition 19; 19, Section 8] The ladder-web W (S) is an essential web on D,
for any symmetric strand set S. Conversely, given an essential web W on D,, there exists a unique
symmetric strand set S such that W = W(S).

For the study of unbounded sl3-webs, we need the following infinite extension of the symmetric strand
sets.

D

¥ AN~ A~ AN
A N ANY

C

Figure 5: Construction of the ladder-webs. Left: a symmetric set S. Middle: the corresponding
collection of oriented curves W;,(S). Right: the associated ladder-web W(S).
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Figure 6: An asymptotically periodic symmetric strand set and the associated ladder webs
corresponding to the two choices of compact strips K and K’.

Definition 3.2 (asymptotically periodic symmetric strand sets) An asymptotically periodic symmetric
strand set S = (Sr,, SR) on D, consists of countable collections Sy and S of disjoint oriented strands,
where the oriented strands in Sz are located on Ez without accumulation points for Z € {L, R}. The
oriented strands are required to be symmetric, and periodic away from a compact set (see Figure 6).
Namely, we require that there exists a compact strip K C D5 \ M such that

e K is bounded by two parallel arcs, o1 and o, transverse to the boundary intervals of D,, and
o1 U ap avoiding the strand sets Sz, and Sg;

e the pair (S, N K, Sg N K) is a finite symmetric strand set;

* the orientation patterns of the strands in the sets Sz, and Sg that belong to D, \ K are periodic,
and the pairing map fx: Sy N K — Sg N K of finite symmetric strand set can be extended to an
order-preserving bijection f: S; — Sg that maps each incoming (resp. outgoing) strand of Sy, to
an outgoing (resp. incoming) strand of Sg.

Unlike the finite case, the pairing map f may not be unique, as it depends on the choice of the compact
strip K. Given such a pair (S, /), we get a collection Wi,(S, f') of oriented curves mutually in a minimal
position, and the associated ladder-web W (S, f) just in the same manner as in the finite case. We call
W(S, f) the ladder-web associated with the pair (S, f). It is possibly an infinite web.

Definition 3.3 An unbounded essential web on D5 is the isotopy class of the ladder-web associated with
a pair (S, f) as above.

Among the others, the following way of fixing a pairing map turns out to be useful in this paper.

Definition 3.4 A pinning of an asymptotically periodic symmetric strand set S = (S, SR) is a pair
pz = (p}, p7) of points in Ez away from the set Sz for Z € {L, R}. The resulting tuple S:= (S;pL,PR)

is called a pinned symmetric strand set.
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Figure 7: The H-move across an arc.

Then we define the pairing map as follows. For Z € {L, R}, let us decompose Sz = S %L US,, where S }'
(resp. S) denotes the subset of incoming (resp. outgoing) strands. Then there exist orientation-reversing
homeomorphisms f1: E; — Eg such that fi (S f) = S;F and fi( pLi) = plf. Then we get the unique
pairing map

foi=fruf:SfuS; - SguSE,

which determines the collection Wbr(§ ) := Whx(S, f3) of oriented curves and the associated ladder-web
W(S) = W(S. f3).

The triangle (3-gon) case Let D3 be a triangle. Recall that we have honeycomb-webs on D3, which are
dual to n-triangulations of D3.

Proposition 3.5 [6, Proposition 22; 19, Theorem 19] A honeycomb-web is reduced (rung-less in terms
of [6]) and essential. Conversely, any connected reduced essential web on D3 having at least one trivalent
vertex is a honeycomb-web.

Consequently, any reduced essential web on D3 consists of a unique (possibly empty) honeycomb
component together with a collection of disjoint oriented arcs located on the corners of D3. These oriented
arcs are called corner arcs. Similarly to the biangle case, we may allow the collection of corner arcs to be
semi-infinite and asymptotically periodic.

Definition 3.6 An unbounded reduced essential web on D3 is the isotopy class of a disjoint union of a
(possibly empty) reduced essential web on D3 and at most one semi-infinite periodic collection of corner
arcs around each corner.

3.2 Good position of an unbounded sl3-lamination

Let A be an ideal triangulation of ¥ without self-folded triangles. Recall from [6, Section 3] that a
bounded sl3-web W on X is generic with respect to A if none of its trivalent vertices intersect with the
edges of A, and W intersects with A transversely. A generic isotopy is an isotopy of webs through generic
webs. Recall the parallel-equivalence of bounded webs, which is the equivalence relation generated by
isotopies of marked surface and the loop parallel-move (E1). A generic bounded web W is said to be in
minimal position with respect to A if it minimizes the sum of the intersection numbers with the edges of
A among those parallel-equivalent to W. Then we have:
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:_>>

Figure 8: The intersection reduction moves across an arc.

Proposition 3.7 [6, Proposition 27; 19, Section 6] Any parallel-equivalence class of nonelliptic bounded
webs on X has a representative in minimal position with respect to /A. Moreover, such a representative
is unique up to a sequence of H -moves across edges of A (Figure 7), loop parallel-moves, and generic
isotopies.

Indeed, the minimal position is realized by appropriately applying the intersection reduction moves (aka
tightening moves) across edges of A shown in Figure 8.

The split ideal triangulation A is obtained from A by replacing each edge E into a biangle Bg. We
say that a bounded web W on X is in good position with respect to A if the restrictions W N B g for
E ee(A) (resp. WNT for T € t(A)) are an essential (resp. reduced essential) webs. Then it is known
that any parallel-equivalence class of nonelliptic bounded webs on ¥ has a representative in good position
with respect to A; such a representative is unique up to a sequence of modified H-moves (Figure 9),
loop parallel-moves, and generic isotopies for A [6, Proposition 30; 19, Corollary 18]. Using such a
representative, the Douglas—Sun coordinates are defined [6, Section 4].

Now let us consider a signed web W on X. In this case, W is no more parallel-equivalent to a web in
good position in the above sense. To resolve this, we introduce the following notion:
Definition 3.8 (spiraling diagram) Let W be a nonelliptic signed web on X. Then the associated

spiraling diagram VV is a (possibly infinite and noncompact) s(3-web obtained by the following two steps.

(1) In a small disk neighborhood D, of each puncture p € M, deform each end of W incident to p
into an infinitely spiraling curve, according to their signs as shown in Figure 10. Let VW’ be the
resulting diagram.

Figure 9: The modified H-move [6] (aka crossbar pass [19]) across a corner.
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\ P+

Figure 10: Construction of a spiraling diagram. The negative sign similarly produce an end
spiraling counterclockwise.

(2) A pair of ends incident to a common puncture p with the opposite sign produce infinitely many
intersections in WW’'. We then modify these intersections into H-webs in a periodic manner, as
follows. By applying an isotopy in D), we can make these intersections only occurring in a single
half-biangle B, in D, with special point p, without producing additional intersections.® Then
W' N B, = Wi(Sp) for an asymptotically periodic symmetric strand set S, on B,. By replacing
the biangle part W;,(S,) with the associated ladder-web W(S,), we get the spiraling diagram W.
Since W N (D, \ Bp) consists of oriented corner arcs, the result does not depend on the choice
of By.

See Figure 11 for a local example. A global example arising from Figure 3 is shown in Figure 12.

Definition 3.9 The spiraling diagram W is in a good position with respect to a split triangulation A if
the intersection W N Bg (resp. W N T') is an unbounded essential (resp. reduced essential) local web for
each E ce(A)and T €t(A).

The loop parallel-move and the boundary H-move of a spiraling diagram are similarly defined as before,
so that the construction of spiraling diagram from a signed web is equivariant under these moves. We
define the modified periodic H-move of a spiraling diagram in a good position across a corner to be the
periodic application of the modified H-move to be the periodic parts of the unbounded essential local
webs on biangles. By a strict isotopy relative to a split triangulation A, we mean an isotopy on a marked
surface ¥ which is the identity on each edge of Aanda neighborhood of each puncture.

Theorem 3.10 (proof in Section 6.1) Any spiraling diagram arising from a nonelliptic signed web on
3 can be isotoped into a good position with respect to A by a finite sequence of intersection reduction

5Concretely, this can be done as follows. If we fix a polar coordinates (r, 8), r < ro for some r¢9 > 0 on the punctured disk
Dp \ {p}, each spiraling curve can be modeled by the logarithmic spiral {4 (a): 8 = % 1log(ar) for some parameter a > 0.
Then an elementary calculation shows that the intersection points of £+ (a1) and £—(a3) lie on a single line, which is viewed as
the union of two rays. Then we can collectively push these rays into a chosen half-biangle B, only by smoothly varying the
coordinate function 6. By the standard argument involving a smooth cut-off function, we can also modify this “angular” isotopy
to be identity near dDp.
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Figure 11: Construction of a spiraling diagram. Replace intersections with H-webs in a periodic manner.

moves, H-moves, and strict isotopies relative to A. Moreover, such a good position is unique up to a
sequence of modified H-moves, modified periodic H-moves, loop parallel-moves, boundary H-moves,

and strict isotopies relative to A.

Indeed, we can obtain a representative in a good position by successively applying the intersection
reduction moves (Figure 8) and then pushing the H-faces into biangles by the H-move (Figure 7). An
example of this procedure is illustrated in Figure 13. The main issue here is to ensure that this procedure

always terminates in finite steps, which is discussed in Section 6.1 in detail.

While the spiraling diagram itself is suited to discuss its good position, the following braid representation

will be useful to define the shear coordinates:

Definition 3.11 (braid representation of a spiraling diagram) Let WV be a spiraling diagram in a good
position with respect to A. Then its braid representation W@ is obtained from W by replacing the
unbounded essential web YW N Bg on each biangle Bg with its braid representation.

The braid representation is closely related to (an unbounded version of) global picture [6, Definition 55].

See also Section 6.2.

N

Figure 12: A global example of spiraling diagram arising from the underlying signed nonelliptic
web in Figure 3.
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Figure 13: An example of the procedure to place a spiraling diagram in good position.
3.3 Definition of the shear coordinates

Now we define the shear coordinates associated with an ideal triangulation A of X without self-folded
triangles. Let A be the associated split triangulation.

Given a rational sl3-lamination Le £§[3 (X, Q), represent it by an sl3-web W together with rational

weights on its components and signs at the ends incident to punctures. Let W be the associated spiraling
diagram together with rational weights on the components, placed in good position with respect to A.
Let Wﬁ be its braid representation, together with well-assigned rational weights on its components. The
shear coordinates of L are going to be defined out of W@.

For each E € ejy(A), let Q g be the unique quadrilateral containing E as its diagonal, regarded as the
union of two triangles, 77, and Tg, and the biangle Bg. By Proposition 3.5, the restriction of WbAr to
each of 77, and Tg has at most one honeycomb web, which is represented by a triangular symbol as in
Notation 2.7. We call any strand in the braid representative W@ N Q g that is incident to the triangular
symbol in 77, (if exists) a T -strand. Similarly, we define Tg-strands. It is possible that an arc is both
T1 - and Tg-strand, in which case it connects the two honeycombs. By removing the 77 - and Tg-strands,
remaining is a collection of (possibly intersecting) oriented curves, which we call the curve components.
See Figure 17 below.
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Figure 14: Contributions from curve components.

Definition 3.12 (sl3-shear coordinates) The (sl3-)shear coordinate system
XA (L) = (< (L))ier(a) € QM)

is defined as follows. First, for each E € ejy(A), the coordinates assigned to the four vertices in the
interior of Q g only depends on the restriction VVbAr NQOE.

(1) Each curve component contributes to the edge coordinates according to the rule shown in Figure 14.

(2) The honeycomb on the triangle 77, contributes to x“Af(Z) as in Figure 15. Namely, the face
coordinate counts the height of the honeycomb web, where a sink (resp. source) is counted
positively (resp. negatively). The edge coordinates counts the contributions from 77 -strands,
where we have n; left-turning ones, n, straight-going ones (which are also 7g-strands), and n3
right-turning ones.

(3) The honeycomb on the triangle T and the T g-strands contribute in the symmetric way with respect

to the  rotation of the figure.

Then the shear coordinates are defined to be the weighted sums of these contributions.

Remark 3.13 (1) Notice that the rule shown in Figure 14 is an “oriented version” of the Thurston’s
shear coordinates (see Section 3.5). Indeed, the sign of contribution is determined by the crossing

pattern as in the sly-case, and it contributes to the coordinates on the right side of the oriented

curve.
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0

—no o0

ns

Figure 15: Contributions from the honeycomb of height n = n; 4 n, + n3 on the triangle 77 .
Observe that the n, straight-going 77 -strands do not contribute.

(2) The shear coordinates of the first honeycomb component shown in Figure 15 is the same as the
sum of shear coordinates of the three honeycomb components shown in Figure 16.

Proposition 3.14 The shear coordinate system quf (Z) € Q1w js well defined, and we get a map

xlg:ﬁx (Z,Q)_)Qluf(A)'

sl3

Proof It is not hard to see that the operations appearing in Theorem 3.10 that move a spiraling diagram in
a good position to another good position do not change the shear coordinates. For example, the modified
H-move always involves a pair of oriented curves in the opposite directions in the braid representation,

ns
ns
ns

Figure 16: Basic honeycomb components.

nq

ni
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30 ol

Figure 17: An example of a signed web W restricted to Q g, the associated spiraling diagram W,
its braid representation WbAr, its shear coordinates are shown order. In Wﬁ, there are two
honeycomb components and infinitely many curve components.

and hence preserves the contribution from the pair. It follows that the shear coordinates are well defined
for a given spiraling diagram, not depending on the choice of a good position with respect to A.

We need to check that the elementary moves (E1)—(E4) of signed webs do not change the shear coordinates.
It is easy to see the invariance for the loop parallel-move (E1). The braid representatives of spiraling
diagrams associated with the local signed webs in (2-5)—(2-7) are obtained as follows:

/‘ N i N v N - N // N
‘'Y A\ 4 \ / \ / \ / \
w - I// \\r\\ ~ I/ ) I/ ‘o~ I/ ! I/ ‘o~
. A~ ) )
R R o
\ / \ / \ /
\ ’ \ ’ \ ’
N N N

- - -

20

NN
RS SR AN : \

W@:' . ! .

Here the braid representatives are not quite the same in the first two cases, but both have the same shear
coordinates. Thus the shear coordinates are invariant under the moves (E2) and (E3). The invariance
under the peripheral move (E4) is similarly verified, where the signed web in the left-hand side produces

a peripheral component in its spiraling diagram.

The shear coordinates are clearly invariant under operations (2) and (3) in Definition 2.6, and hence do
not depend on the choice of a signed Q- -weighted web representing an unbounded sl3-lamination. O

Notation 3.15 We will write x% = xiA(T) for a triangle T of A, and x]%’ 5= xl.% (E) for an oriented edge
E of A and s = 1, 2. Here recall the notations in Section 2.1.

Algebraic € Geometric Topology, Volume 25 (2025)



Unbounded sl3-laminations and their shear coordinates 1457

Figure 18: The building block for reconstruction from the shear coordinates when xy = +3.

3.4 Reconstruction

We are going to give an inverse map £ : Q7u(&) — £§[3 (X, Q) of the shear coordinate system associated

with an ideal triangulation A.

Given (%;); € QT2 choose a positive integer u € Z~ such that x; := u%; are integral for all i € I ;(A).
We will use a notation similar to Notation 3.15 for these tuples. On each triangle 7" € ¢ (A), first draw a
honeycomb web of height |x7| of sink type (resp. source type) if xz > 0 (resp. x7 < 0). Moreover, on
each corner of T', draw an semi-infinite collection of disjoint corner arcs with alternating orientations
such that

¢ they are disjoint from the honeycomb web (placed on the center of 7'),

¢ they accumulate only at the marked points of the triangle, and

¢ the farthest one from the marked point is oriented clockwise.

See Figure 18. Then we get an unbounded reduced essential web Wr on each triangle 7. We are going
to glue these local blocks together to form an integral unbounded sl3-lamination £A ((x;);) € £§[3 (2,7).

Now let us concentrate on a quadrilateral Q g in the ideal triangulation A which contains two triangles
T1, and Tg that share an interior edge E. We fix an orientation of E such that 77 lies on the left; hence
we have two edge coordinates xg 1 and xg 2 as well as two face coordinates x7, and x7:

XE .2
XTp o y oXTg

XE,1

Consider a biangle Bfg in the split ideal triangulation A obtained by fattening E, which is bounded
by boundary intervals E;7, and Eg of T, and Tg, respectively. For Z € {L, R}, let Sz = S ; us,
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denote the set of ends of the web Wz, on Ez, where S ; (resp. S,) consists of the ends incoming to
(resp. outgoing from) the biangle Bg. Then S = (SL, Sg) defines an asymptotically periodic symmetric
strand set (Definition 3.2). Let us define its pinning by the following rule:

e For Z € {L, R}, choose orientation-preserving parametrizations
¢ R — Ez

so that qﬁfZ‘:(% + Z) =S éc, and qﬁ% R<o)NS éﬁ consists of all the strands coming from the corner
arcs around the initial marked point of Ez.

o Let pfzE = ¢§(n§) € Ez for Z € {L, R}, where anE € Z are given by
(3-2) nz_ = XE,1» I’lz = [XTL]+, I’l; = XE 2, nE = [XTR]+,
where we use the notation [x]4+ := max{0, x}.

Then we get a pinned symmetric strand set S E := (S;pr,pr) with the pinnings pz := ( p}', p) for
Z €{L,R}. Let Wbr(§ E ) denote the associated collection of oriented curves in Bg.

Remark 3.16 The resulting collection Wbr(§ E) is invariant under the transformation

+

+ + k, n;—n; -1, n >nh 41, np—nptk,
L L R R R R

VlL |—>nL—

fork,l € Z.

Gluing together the local webs Wr for T' € t(A) and the curves in Wbr(§ ) for E € e(A), we get a
(possibly infinite) collection W@((xi)i) of webs on X. The following lemma shows that it has correct
shear coordinates.

Lemma 3.17 We have x> (W5 ((xi)i)) = xi for all k € Iug(2).

Proof Let us concentrate on a quadrilateral Q = Ty, U Bg U Tg. It is easy to see x%z (Z) = xr, for
Z €{L, R}. The equalities x% 1(Z) =xg,1 and x% 2(lA,) = xg > can be also verified case-by-case, divided
according to the signs of x7;, and x7,. See Figures 19-21. Here we draw the pictures by separating the

J’_

gluing procedures §; — Sp and S ZF — Sx into two sheets; the result is obtained by overlaying the two

diagrams drawn on the right.

For example, let us consider the example shown in Figure 19. In the case xg » > 0 (as in this example),
there are xg > many lines from south-east to north-west that contribute positively. One can imagine the
other cases by varying this example: if we decrease xg 2, then the point p; moves upward and the gluing
pattern is shifted. When —x7, <xg » <0, negative contributions come from the honeycomb in 77,. When
XE 2 < —xr, , there are also lines from south-west to north-east that contribute negatively. Thus we get
x% 2(Z) = xg 2. The check for xg ;1 is similar. One can check the other cases from Figures 20 and 21 in
a s’imilar manner. O
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Figure 19: An example for the case xr;, > 0 and x7, > 0.

The collection WbAr((xi)i) is the braid representative of the spiraling diagram associated to an unbounded
integral sl3-lamination £ ((x;);), which is obtained as follows:

Step 1 First remove the peripheral components around the marked points (both special points and
punctures) from WbAr((xi),-). Then, remaining are finitely many components.

Step 2 Replace each spiraling end around a puncture p with an end incident to p, while encoding the
spiraling directions in signs by reversing the rule in Figure 10. Then we get a collection WbrA((xi)i) of
signed webs, which we call a braid representative of a signed web. It contains at most finitely many
intersections of curves only in biangles. Here we can rearrange WbrA ((xi)#) so that no pair of curves form
a bigon by applying a Reidemeister II-type isotopy if necessary (cf square removing algorithm in [6]).
See Figure 22. Observe that this operation does not affect the shear coordinates.

Step 3 Replace each intersection of curves in a biangle with an H-web by the rule (3-1). Then we get
a signed sl3-web W on X, which has no elliptic faces. Indeed, we have no 0-gon or 2-gon faces by
construction, and possible emergence of 4-gon faces has been eliminated in Step 2.

Then £a((x7)i) € £§I3 (X, Z) is defined to be the unbounded integral sl3-lamination represented by the

nonelliptic signed web W (with weight 1 on each component). Set
En(Gi)i) i=u""Ea((xi)i) € L3, (2, Q).
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Sk

Figure 20: An example for the case x7;, > 0 and x7, < 0. The case x7, <0 and xr, > 0 follows
by symmetry (Remark 3.16).

Thus we get the map £ : QTu(A) — £§[3 (X,Q), which is clearly Q- ¢-equivariant. We are going to
show that this map indeed gives the inverse map of x“Af. The following direction is easier:

Proposition 3.18 We have x“Af oA =idgyrea)-

Proof By Q- -equivariance, it suffices to consider an integral tuple (x;); € Z% (&) Notice that by
construction, the collection WbAr ((x;);) arising from the gluing construction above is exactly the braid
representative of the spiraling diagram associated with the underlying signed web of the s(3-lamination
L:= En((xi)i) € £§[3 (X, 7Z). Therefore the shear coordinates (xiA (lA,)) can be directly read off from the
collection WbAr ((x;)i). Hence the assertion follows from Lemma 3.17. m|

Theorem 3.19 (proofin Section 6.2) We have £ ox“Af =id £3,(5.Q)- In particular, the shear coordinates
gives a bijection £ : QTu(A) >~ L£3.(Z,Q). )

See Section 6.2 for a proof. The main ingredient of the proof is an unbounded version of the fellow-traveler
lemma [6, Lemma 57] with respect to the shear coordinates.

Recall from Section A.3 that the ideal triangulations A correspond to certain seeds in the mutation class
s(X, sl3). The following theorem states that the associated shear coordinate systems x“Af are related by
tropical cluster Poisson transformations:
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Figure 21: An example for the case x7;, <0 and x7, <O0.

Theorem 3.20 For any two ideal triangulations A and A" of X, the coordinate transformation
Xug/ ° (XuAf)—l . Qluf(A) N Qluf(A)
is a composite of tropical cluster Poisson transformations. In particular, we get an MC(X)-equivariant

identification x3": £ (2, Q) = X4 (QT).

\
4
Y S

1 > 1]

<+

Figure 22: Reidemeister II-type isotopy. We have two ways of applications of this isotopy, which

produce equivalent webs.
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Since it is classically known that any two ideal triangulations of the same marked surface can be connected
by a finite sequence of flips, it suffices to show that a flip corresponds to a composite of tropical cluster
Poisson transformations. Although it can be directly checked in a similar way to [7, Section 4], we are
going to reduce it to Douglas and Sun’s result via the ensemble map and the gluing technique developed
in Section 4.

3.5 Relation to the rational unbounded s[,-laminations

Recall the space E;‘[z (2, Q) of rational unbounded (sl>-)laminations from [11]. It consists of the following
data:

e A collection of immersed unoriented loops and arcs such that each endpoint lies in M, U 0* X, and
the other part is embedded in int . It is required to have no elliptic faces (the first one in (2-1) or
the first and last ones in (2-2)).

¢ A positive rational weight on each component.
e A sign 0, € {+,0,—} for each puncture p € M, such that 0, = 0 if and only if there are no

components incident to p.

They are considered modulo removal/creation of peripheral components as in (2-8), and the weighted
isotopy as in Definition 2.6(2). Given an ideal triangulation A of X, the (sl-)shear coordinate

xa = (x5) Eee(n): L5, (2, Q) => Q«A)

(see [11]) is defined by first constructing a spiraling diagram according to the sign o, and counting
contributions with weights from the curves in that diagram, as in Figure 23.

An embedding tpin: £, (2, Q) — L;‘[3(2, Q) is defined so that

X
153
e each curve y with weight u € Q¢ is sent to its parallel copies, y; and y», with the same weight u

with the opposite orientations;

e if an arc y is incident to a puncture p, then the corresponding ends of the oriented curves y; and
y2 are assigned the sign 0, € {+, —}.

+1 —1

Figure 23: Contributions to the sl,-shear coordinates.
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One can easily verify that it is indeed well defined. We call (4, the principal embedding, as it is a
tropical analogue of the morphism Xsp, » — Xsp,,» induced by the principal embedding sl, — sl3. The
following is a tropical analogue of the statement given in [12, Section 2.5.3]:

x
sl

tion * (Definition 2.8). In the shear coordinate system x associated with any ideal triangulation A, it is

Proposition 3.21 The image t,in (£}, (2, Q)) coincides with the fixed point locus of the Dynkin involu-

characterized by the equations
x%)l = X%,z foreach E € e(A),

x% =0 foreach T €t(D).

Proof The first assertion follows from the second one, by Proposition 4.13 below. The second assertion
is easily verified by comparing the definitions of sl- and sl3-shear coordinates. Indeed, we have
x]% (Z) = xél (Lprin(Z)) = X%,z (Lprin(Z)) and x% (tprin (Z)) =0, where (Xﬁ)EEe(A) denotes the sl,-shear
coordinate system. O

4 Rational P-laminations, their gluing and the mutation equivariance

In this section, we introduce the space of rational P-laminations by considering some additional data on
boundary intervals and define a coordinate system xa extending x“Af. These additional data allow us to
introduce the gluing map between these spaces. Under this extended situation, we discuss the relation
to Douglas and Sun’s tropical .A-coordinates [6], and prove that the coordinates xa transform correctly
under flips.

4.1 Rational unbounded s(3-laminations with pinnings

It has been stated that the space £§I3 (X, Q) of rational unbounded sl3-laminations is identified with the
unfrozen part XE“[g,E(QT) of the tropical cluster X'-variety. In order to obtain the entire tropical cluster
X-variety, we further equip the rational laminations with additional data on boundary intervals. Let
PV =Zw & Zw, be the coweight lattice of s[3, and P¢) := P¥ ® Q. Let us consider the direct sum
Hy@Q") = P Pg
EeB

of the coweight lattices over Q, one for each boundary interval.

Definition 4.1 (rational unbounded sl3-laminations with pinnings) We introduce the space

Lh(2.Q) =L, (2.Q) x Hy(@QT),

and call its elements rational unbounded s\s3-laminations with pinnings (or rational (sl3-)P-laminations).

The datum in the second factor is written as v = (Vg ) geg With vEg = v'E w + Vg w,, v% € Q.
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Figure 24: The corner arcs relevant to the boundary shear coordinate.

The data v = (vg) g will be related to the pinning in the sense of Definition 3.4 when we consider their

gluings, thus the terminology. We have a natural Q- ¢-action on £§3 (2,Q) given by
u.(L,v):=.L,(uvg)Eg)

for u € Q¢ and (Z, v=(vg)E) € LY (2, Q). The Dynkin involution (Definition 2.8) is extended as

sl3
(4-1) «: L0 (2.Q) > £} (2.Q). (L.(vE)geB) = (L*. (v})EeB).

where v* = (UE) EcB is obtained from v by the Dynkin involution on the coweight lattice: @, 1= w3_g
for s = 1, 2. There is a projection

st L0, (2. Q) — £, (2.Q)

forgetting the second factor, which is equivariant under these structures. A rational P-lamination (Z, V)
is said to be integral if Le ﬁ;‘h (X,Z) and pg € PY forall E € B.

Remark 4.2 The space £§3 (2, Q) is introduced as a tropical analogue of the moduli space Ppgy,,x of
framed PGL3-local systems with pinnings on X [21]. We have a dominant morphism Ppgy 5,5 — ApGL;, 5,
which is a principal Hy := H®-bundle over its image. Here H C PGL3 denote the Cartan subgroup. As
a tropical analogue, we may naturally consider the bundle

(4-2) 0— Hp(Q") = Peors, = (QT) = Xpar,, 2(QT) — 0.
The space 55[3(2, Q) is regarded as the total space PPGL3,E(QT) with a fixed trivialization. See also

Remark 4.8 below.

Shear coordinates on Esp [3(2 , Q) Given an ideal triangulation A of X, we are going to define a shear
coordinate system

xa = (Pieray: L0, (2.Q) » Q1)

whicAh extends x‘g on C;C[S(E,Q). For (f,, V) € £§3(E,Q) and an unfrozen index i € [ (A), let
xl.A (L,v):= xl.A (L) be the shear coordinate of the underlying rational unbounded lamination.

We define the frozen coordinate x% S(Z, v) for s = 1,2 associated to a boundary interval £ € B, as
follows. Let W be a nonelliptic signed Q- -weighted web without peripheral components representing L,
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and W its spiraling diagram in a good position with respect to the split triangulation A. By convention,
E is endowed with the orientation induced from dX. Then xé’l (resp. X%,z) is assigned to the vertex
of the sl3-triangulation on E closer to the initial (resp. terminal) endpoint. Let m € My be the initial
endpoint of E, and T € ¢(A) the unique triangle having £ as an edge. Let ay (L) (resp. o (L)) be
the total weight of the oriented corner arcs in W N T" bounding the special point m in the clockwise
(resp. counterclockwise) direction, hence incoming to (resp. outgoing from) the external biangle Bg if
we consider the split triangulation A. See Figure 24. Then we define

xE 1(L V) = VE —aE(L)

(4-3) ~
xE’z(L, V) =Vg —af (L) — [xr(L)]+.

Proposition 4.3 The shear coordinate system gives a bijection x : £F (X, Q) = Q(4),

sl3

Proof Given (x;);er(p) € Qf (A), we can reconstruct the underlying rational unbounded lamination L
from the unfrozen part (x;);er(a), as in Section 3.4. Then the datum v is uniquely determined by the
relation (4-3). O

The following is immediate from the definition:

Lemma 4.4 The map my: Lf[%(E, Q) - L

ol (X, Q) is a cluster projection. Namely, we have a

commutative diagram
LE(2,Q —— Q'®

P!

(2.Q) — > QM®

5[3

for any ideal triangulation A of ¥, where the right vertical map is the projection forgetting the frozen
coordinates.

4.2 Gluing of laminations

Let ¥ be a (possibly disconnected) marked surface, and E7, Eg € B(X) distinct boundary intervals.
Then we can form a new marked surface ¥’ from ¥ by gluing E;, with Eg. As a tropical analogue of

the gluing morphism Ppgr,, 5 — Ppcrs,x [21, Lemma 2.14], we are going to introduce a map
qE, Er: L0,(2,Q) — LL. (2, Q)

between the corresponding spaces of rational P-laminations. The map ¢g, g, will be defined to be
equivariant with respect to the Q- -action, and invariant under the action «g, g : Q ~ LP ol (Z,Q)
given by the shift

(4-4) w(VE, VER) = (VE, + 1, VER, — 1)
for p = aw’ +bw, € Py, where u* := bw)" + aw,’, and keeping other vg, E # E, ER intact.
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Let (f,, V) € Ei (X2, Z) be an integral P-lamination. Represent the integral unbounded s(3-lamination
L by a nonelliptic signed web W with weight 1 on every component. Around each special point of
E; and ER, draw a semi-infinite collection of disjoint corner arcs with alternating orientations that
accumulates only at the special point so that they are disjoint from W. Here we choose the orientation
of the farthest corner arc from the special point to be clockwise, as in Section 3.4. Insert a biangle B
between E;, and Eg, and identify X’ = X U B. Notice that the ends of W on E;, and Eg, together with
those of the additional corner arcs, defines an asymptotically periodic symmetric strand set S = (S, SR)
on B. We equip S with a pinning pfzE for Z € {L, R} by the following rule:

¢ Choose continuous parametrizations wéc :R — Ez so that wéc (% + Z) =S éc, and w% R<o)NS éﬁ

consists of all the strands coming from the additional corner arcs around the initial marked point
of E7.
e Then set prE = Wéc(vfz) e Ez.
Then we get a pinned symmetric strand set S = (S;pr,pRr) on the biangle B. Let Wbr(§ ) be the
associated collection of oriented curves in B. Gluing the web W with the collection Wbr(§ ), we get
an infinite collection W{)r of webs on X/ = ¥ U B. The initial (resp. terminal) marked point of Ey is
identified with the terminal (resp. initial) marked point of Eg, and regarded as new marked points in X'
For each of these new marked points, do the following:
o If it is a special point, then remove the peripheral components around this point from W .

e [f it is a puncture, then remove the peripheral components and replace each spiraling end around
this point with a signed end, while encoding the spiraling directions in signs by reversing the rule
in Figure 10. Then there remain at most finitely many intersections in B.

¢ Finally, replace each intersection of curves in B with an H-web by the rule (3-1).
Thus we get a nonelliptic signed web W’ on X/, which represents an integral 7P-lamination
L'=qg, gx(L) e LE (2. 2).

The construction is clearly invariant for the action of Hy(Q7) by Remark 3.16, and Z - ¢-equivariant.
Thus it can be extended Q- p-equivariantly.

Definition 4.5 The thus obtained map gg, g,: th (Z,Q)— th (X', Q) is called the gluing map along
E; and ER.

In view of Remark 3.16, we immediately have:
Lemma 4.6 The gluing map qg, gy is invariant under the shift action (4-4) of Pé.

Any ideal triangulation A of ¥ naturally induces a triangulation A’ of ¥/, where the edges Er and Eg
are identified and give an interior edge E of A. The points in /(A) on these edges are identified as
iS(Er) =i%"(ER) for s = 1,2 with s* := 3 — . The points of /(A) away from the edges E; and ER
are naturally identified with the corresponding points of 7(A").
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Ey

AU
SRR A

Figure 25: Comparison of two edge parametrizations. A part of the web representing L which
will be incoming to the bigon Bg is shown in red, and the additional corner arcs are shown in
blue.

Theorem 4.7 The gluing map qg, g, is the tropicalized amalgamation. Namely, for any ideal
triangulation A of X and the induced triangulation A’ of ¥, it satisfies

% A A A
4dE; ExXE,s = XE;,s T XEg.s*

for s = 1,2. Here E inherits an orientation from Ej, (so that from the bottom to the top, when we draw
E on the left). The other coordinates are kept intact: q}L EinA/ = xl.A fori € I(A)\{i*(E)}s=1,2-

Proof The last statement is clear from the definition. To see the relation between the coordinates on the
edges Er, Er and E, it suffices to consider an integral lamination Le th (X, Z) by Qx¢-equivariance.
Write L' :=qEg, gr(L) and x; := xl-A (L) fori € I(A). Recall the reconstruction procedure of the integral
lamination L’ from its shear coordinates, and compare the gluing parameters

VEL :XEL;I +aEL’ VER :XERa2+[XTR]++aER’

(4-5) - - + +
UEL = XEL,Z + [XTL]+ +aEL’ VER :XER,I +O!ER’

with the integers appearing in (3-2). By Lemma 4.6, the result of gluing is unchanged under the

modification
St + 5= =

@6 Vg, = (XE; 1 +XER.2) +OlEL, VER = [X7r]+ T OUg,,
S - S+ +
Vg, = [x7, ]+ +“E,_a VER = (XE, 2 +XEg,1) +O‘ER

by the shift action (4-4). On the other hand, since there are “original” corner arcs of L in Ty, and Tg
before adding infinite collections of corner arcs in the gluing procedure, the parametrizations of edges are
related by

¢z () =yZ(n+a%,)
forn € Z and Z € {L, R}. See Figure 25. These comparisons on the two gluing constructions show that
L= 4E; Er (L) if and only if xE,S(Z\/) = XEL,s(Z) + XE g5 (L) fors =1,2. O
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Remark 4.8 In view of the gluing construction presented above, the definition of the integral unbounded
sl3-laminations with pinnings can be modified slightly more geometrically as integral unbounded sl(3-
laminations equipped with infinitely many corner arcs around special points and choices of points p% eE
for each E € B, in place of the datum vg € PY. It gives a right description of the tropical analogue of
PPGL3,Z(ZT) without fixing a trivialization of the bundle (4-2). We do not pursue an extension of this
description to the rational case.

4.3 Extended ensemble map

Recall the geometric ensemble map (2-9). We extend it by

ﬁ: 2[3(E7Q)_)£5p[3(2’@)v LH(P(L)’(VE)E),

where vg (resp. v ) is minus the total weight of the peripheral components with the clockwise (resp. coun-
terclockwise) orientation around the initial marked point of E. We have a commutative diagram

£8 (£.Q) —2 £2 (5.Q)

503

x lnuf

£5.(5.Q)

Lemma 4.9 If ¥ has no punctures, then p: Ef‘_’h(E, Q) — L2

53

(X, Q) gives a bijection.

Proof In this case, the only datum that the map p loses is the weights of peripheral components around
special points. This can be uniquely recovered from the tuple (Vg )E. O

On the integral points, we have ﬁ(£§[3 (X,2)) C £ﬁ3 (%,7).

Proposition 4.10 The extended geometric ensemble map p: 5213 (Z,Q) = £E (2, Q) coincides with

sl3
the Goncharov—Shen extension of the ensemble map (A-6). Namely, it satisfies
(4-7) PxE =)0 (eff +mijar
JEI(D)

for any ideal triangulation A of ¥ and i € I(A), where
e (a jA )je1(a) denotes the tropical A-coordinates on E;’[3 (X, Q) associated with A, which is one-third
of the Douglas—Sun coordinates;
o 8= (el%)i’j e1(A) denotes the exchange matrix defined in Section A.3;

* M = (mjj); jer«n) is the half-integral symmetric matrix given in (A-5).

In particular, by forgetting the pinnings and frozen coordinates, we see that the geometric ensemble map
p: L% (X,Q)— LY (X,Q) coincides with the ensemble map (A-2).

sl3 sl3
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Proof In view of the local nature of the definitions of coordinate systems and the exchange matrix, it
suffices to consider the case where X is a triangle or a quadrilateral. Indeed, for i = i(T) € I1"(A),
it suffices to focus on the triangle 7 containing it; for i = iS(E) € 1°92°(A) N Is(A) consider the
quadrilateral containing the interior edge E as a diagonal; for i = i*(E) € 1°%°(A) N If(A) consider the
triangle T having the boundary interval E as one of its sides.

Triangle case For the sl3-quiver associated with the unique ideal triangulation of a triangle 7, label its

vertices as:

Then the expected relation (4-7) reads as

P*xo = az +as +a¢ — (a1 + a3z + as),

*x1 =ap—a1 —ae,

ST

~%
P X2 =a1 +asz—az—ao,

~%
P X3 =ap—az—az,

Pxa = a3 +as—ag —ao,
~%

P X5 =ap—a5—a4,
ﬁ*x6=35+31—a6—ao.

The tropical .A-coordinates of essential webs on 7" are defined as the weighted sum of the coordinates of
its components. See [6, Section 4.3]. Therefore it suffices to check the relations for the corner arcs and
the sink-/source-honeycombs of height 1, whose coordinates are shown in Figure 26. Then the relations

between the two coordinates can be easily verified.

Quadrilateral case For the sl3-quiver associated with an ideal triangulation A of a quadrilateral Q,

label its vertices as:

AN
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2/3  1/3

an(t-) xa(T-)

Figure 26: Two types of coordinates of component webs on a triangle 7. All the webs shown
here have weight 1.

The remaining relations to be checked are

prx1 =as+ag—ax—a,
(4-8) .

P X3 =ap+ag—ag—ag.
The tropical A-coordinate assigned to a vertex i € I(A) only depends on the restriction of a given web to
the triangle which contains 7. In particular, we can choose the braid representative with respect to A for the
computation, since the biangle part does not matter. Then both .A- and X-coordinates are weighted sums of

contributions from the components of the braid representative. It is easy to verify that the both sides of the
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equations in (4-8) vanish for the corner arcs around the marked points Q. For the curve and honeycomb
components that contribute to the shear coordinates, the expected relations are easily verified from
Figures 27 and 28. Here notice that, for instance, the coordinates of the honeycomb component Hy, 55,15
shown in the top of Figure 15 can be computed as za (Hp nyn5) = nle(ri) +nzza(h) +ns3za (tf)
for z € {a, x}. Together with this observation, the eight patterns shown in Figures 27 and 28 exhausts all
the patterns up to symmetry. d

The following states an extension of Theorem 3.20 with pinnings/frozen variables, as promised before.

Theorem 4.11 For any two ideal triangulations A and A’ of X, the coordinate transformation
XA, N = XA/ OXZI : QI(A) N QI(A)

is a composite of tropical cluster Poisson transformations. In particular, we get an MC(X)-equivariant
identification x,: L5 (2, Q) = Xy, £(QT).

As a corollary, combining with Lemma 4.4, we get a proof of Theorem 3.20.

Proof From Lemma 4.9 and Proposition 4.10, the statement is true when X has no puncture (in particular,
a quadrilateral). Indeed, the corresponding transformation aa A’ :=ap’ an1 Q1A - Q1A s shown to
be a composite of tropical cluster A-transformations [7, Proposition 4.2]. Thenxa ar = (p~1)*oap a0 p*
is the corresponding composite of tropical cluster X'-transformations, since the extended ensemble map
commutes with the tropical cluster transformations and is a bijection in this case.

For the general case, it suffices to consider two triangulations, A and A’, related by a single flip along an
edge E € ejn(A). Let Q be the unique quadrilateral in A containing E as a diagonal, and X’ := X \int Q
the complement marked surface. It is obvious that the shear coordinates assigned to the vertices outside
Q are unchanged. On the other hand, the coordinates assigned to the vertices on Q transform correctly
from the argument above under the corresponding coordinate transformation on £§3 (0,Q). Since X
is obtained by gluing Q with ¥’ and the shear coordinates are obtained by amalgamating those on
653 (0,Q) and 653 (¥, Q) by Theorem 4.7, the statement follows from the fact that the amalgamations
commute with cluster X'-transformations [9, Lemma 2.2]. O

Remark 4.12 For an unpunctured surface X, the fastest way to introduce the coordinate system xa
on £§3 (2, Q) which transforms correctly under the flips would be to define it via the relation (4-7) in
view of Lemma 4.9. Then, however, it becomes rather difficult to obtain the amalgamation formula in
Theorem 4.7, since the (tropical) .A-coordinates do not behave so simply as the (tropical) X-coordinates

under the gluing. Indeed, the following naive diagram does not commute:

Aﬁ[:;,E(QT) E— AS[:;,E/(QT)

ps| |7

Yo 5(QT) g Xay m(Q7).
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1/30 02/3 0o

1/3 2/3 0 0

aa(a-) xa(

1/3 2/3
2 2/3 1/3
ol/3

1/3 1/3 0

3A(T+)

1/3 1/3 2/3 0

1o 02/3 _lo

1/3 0 0

2
&> 5 & & &

an(eh) xa(eh)

Figure 27: Two types of coordinates of component webs on a quadrilateral Q. All the webs
shown here have weight 1. (Continued in Figure 28.)
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J
&

an(h) xa (h)

Figure 28: Two types of coordinates of component webs on a quadrilateral Q. All the webs
shown here have weight 1. (Continued from Figure 27.)

Here the top right arrow denotes the quotient map given by the equation a; = a; for any pair {i, j } of quiver
vertices that are identified under the gluing. Actually, we need to “rescale” some of the .4-coordinates for
a correct gluing; see [29, Section 6.1] for a more detail. In particular, the sum ﬁgxiA + ﬁngA does not
compute ﬁ;,x?/, where the pair {7, j} is amalgamated into i.

4.4 DynKkin involution

Let us discuss the equivariance of the shear coordinates under the Dynkin involution (4-1). The cluster
action * p (see the last paragraph of the appendix) of the Dynkin involution in the cluster chart associated
to A is given by the mutation sequence

Ky = 0Oe(A) © Kt (A)>
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where 0,(a) denotes the composite of the transpositions of the labels of the two vertices on each edge
of A, and j;(p) is the composite of mutations at the vertex on each triangle of A. It induces the tropical
cluster X'-transformation
¥\ IXT > —XT for T € t(A),
XE,1 > XE 2 + [x1 ]+ — [—xTR ]+
xg2 P> XE1 + [xrgly =[x, ]+ for E €e(D),

where we use the local labeling as in Section 3.4 for each edge E.

Proposition 4.13 We have the commutative diagram

£7,(2.Q) = Q'@

q) l*A

p
L (2.Q) — Q1.
In particular, the orientation-reversing action of the Dynkin involution coincides with the cluster action.

Proof Mutations commute with amalgamations [9, Lemma 2.2]. Moreover, the permutation term o, (a)
also commutes with the amalgamation of edge vertices corresponding to the gluing. Hence * o commutes
with the gluing map. It is also clear from the definitions that the Dynkin involution (4-1) commutes with
gluing maps. Therefore it suffices to prove the statement for triangles.

It is easy to verify the equation
(4-9) *A oxa (W) =xa(WF)

for each component web W shown in Figure 26 by inspection. Consider a disjoint union W = W; U W, of
webs on a triangle 7', and suppose that the (4-9) is true for W = Wj, W5. Since sink/source honeycombs
cannot coexist, we have {sgnx7 (Wy), sgnxy (W)} # {4+, —}. Therefore the coordinate vectors xa (W1)
and xa (W) belong to the same cone on which the tropical cluster transformation * A is linear. Hence,

*A oxa (W) = xa(xa(Wr) +xa(W1))
= #p 0xA(W1) 4+ %4 oxpa (Wa) = xa (W) +xa (W) = xa (WF). O

5 A relation to the graphical basis and quantum duality map

Let ¥ be a marked surface without punctures. Recall from [30] the skein algebra 9’5‘1[3 5;» which is a
noncommutative algebra over Zg := Z[qil/ 2] consisting of tangled trivalent graphs in ¥ with endpoints
in M, subject to the sl3-skein relations

/\ \\ 5 / \\ 1 // \\
! ! —1
(5_1) ! \ Il =q Il +CI [ Il ’
\ / \ / \ /
\ Y \ / N /
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> X

- \
I/ \ \\ \\
(5-3) D G N + . s
\\ < / /
d /

(5-4)

(5-5)

Il
oy
+
+
Q
A

Il

x\ \/ \ / =4/ A

together with their Dynkin involutions. We included the square-root parameter ql/ 2 so that we can

consider the simultaneous crossing (or the Weyl normaltzatzon) as

NSNS SN

It is proved in [30] that the localized skein algebra &4 o133 [0~!] along the oriented arcs parallel to boundary

intervals is contained in the quantum cluster algebra [3] &i;][} 5, associated with a certain choice of
compatibility pairs over the mutation class s(sl3, X) At least in the classical limit ¢ = 1, we have the
equalities [29]

(5-6) Fa 5071 = sl 5 = O(Asty, 3).

The skein algebra El’sql 5 has a natural Z,-basis BWeb,, 5 consisting of nonelliptic flat trivalent graphs.
Here a flat trivalent graph is an immersed oriented uni-trivalent graph on X such that each univalent vertex
lies in M, and the other part is embedded into int X. In particular, it is required to have simultaneous
crossings at each special point. It is said to be nonelliptic if it has none of the following elliptic faces:

(5-7) O
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Elements of BWeby, 5 are also called the basis webs. We are going to relate the integral sl3-laminations
with pinnings to the basis webs.

Definition 5.1 (negative M-shifting of webs (cf “moving left” in [36, Figure 2])) Given a web W
on X in the sense of Section 2.2, let WM ¢ 95[2 5, be the flat trivalent graph obtained by shifting the
endpoints of W to the nearest special point in the negative direction along the boundary (with respect to

the orientation induced from X), and taking the simultaneous crossing. See Figure 30.

For an integral s(3-lamination with pinnings (L,v) e [,f[%(E, Z), represent L by a nonelliptic s(3-web
W only with components with weight one, and define

19.(L) := [WM~ I1 (eg)vif (eg)vi} egh, 207"
EcB

Here vg = vg o) + Vg w, € PY for each E € B, and the symbol [—] stands for the Weyl normalization.

Then I[g((Z) does not depend on the choice of the representative W, since the loop parallel-move is also
realized in the skein algebra (by using the Reidemeister II move twice), and the boundary H-move exactly
corresponds to the third boundary skein relation. Moreover, it is a basis web since the two notions of
elliptic faces correspond to each other via the shift of endpoints.

Note tilat ]Ig((lA,) € Ef’fk,z if and only if vg € PY := Z @' 4+ Z 1w, forall E € B. In this case, we say
that (L, (vg)) € L’i (X, Z) is dominant. Let £ (Z,7Z)+ C £F (X, 7Z) denote the subspace of dominant

5l3 sl3
integral sl3-laminations. From the above discussion, we get:

Theorem 5.2 Assume that 3 has no punctures. Then we have an MC(X) xOut(SL3)-equivariant bijection

14: L8 (2,7Z)+ => BWebg, 5 C ¥2

sl3 sl3,2°

Moreover, it is extended to a map ]I/,qv : Eﬁ} (2,Z2) — 93[3 5 [071], whose image again gives a 7 4-basis.

The latter correspondence should be a basic ingredient for a construction of Fock and Goncharov’s
quantum duality map [13] (see [41, Conjecture 4.14] for a finer formulation as well as [5]), which requires
a basis of the quantum upper cluster algebra parametrized by the tropical set Xsb,g(ZT) = 553 (2,72)
with certain positivity properties. Let us interpret Theorem 5.2 in this context.

Langlands dual coordinates It turns out that it is more convenient to use a slight modification® of
frozen shear coordinates to make the correspondence suited to the Fock—Goncharov conjecture. For an
ideal triangulation A of X, we define the Langlands dual coordinates

Xa = (&)ier(a): L, (2.Q) => Q1®)

6In the language of Goncharov and Shen [21], it amounts to take the decoration at the terminal endpoint of a boundary interval
rather than its initial endpoint along the boundary orientation to make a pinning.
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Figure 29: The corner arcs relevant to the Langlands dual coordinate.

as follows. For i € Iys(A), let >V<.A = x.A. For E € B, we define the frozen coordinates on E by
XE ((Lv) = Vg +a +(L) + [xr (D)4,
XE,Z(L’ V) 1 =Vvg +dg (L).

Here T is the unique triangle having E as an edge; & (L) (resp. a (L)) is the total weight of the oriented
corner arcs in W N T bounding the terminal endpoint of E in the counterclockwise (resp. clockwise)
direction. Compare with (4-3). The map xa gives a bijection, which can be verified similarly to the proof
of Proposition 4.3.

We define the Langlands dual ensemble map

(5-8) L4, (2,Q) - L£E.(2,Q)

by forgetting the peripheral components, and defining the pinning v}; € Q (resp. v € Q) to be the weight
of the peripheral component around the terminal endpoint of E in the counterclockwise (resp. clockwise)
direction. The name “Langlands dual” is inspired by the following property:

Proposition 5.3 The Langlands dual ensemble map (5-8) satisfies
PP = ) (e —mija)

Jjel(b)
for any ideal triangulation.

Compare with (A-2), and observe that the presentation matrix is changed to the Langlands dual
—EA+M)T =2 - M.
The verification of Proposition 5.3 is similar to Proposition 4.10, which is left to the reader.

For each v € Exchg(,,x and k € I, the elementary lamination is the tropical point ﬁ,(c V) ¢ X5[3,E(ZT)
characterized by x(v)(ﬁ(v)) = §; . We have the cone

Cly = spang {1 | k € I} ={£ € Xy x(RT) | %" () > 0 for all k & I}

(v
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Figure 30: Negative M-shifting of elementary laminations associated with a triangulation. Here
exactly one of the Langlands dual coordinates >V<l.A is +1, while the others are zero (including the
frozen ones).

and its integral points C(”; )(Z) = C(T) y N X5[3,E(ZT). The following gives a partial verification of a
condition for the quantum duality map:

Lemma 5.4 For any elementary lamination El(cv) associated with a labeled sl3-triangulation v = (A, £) in
Exchg,, 5, the element ]I;I((E,(cv)) coincides with the quantum cluster variable A,(cv) € &43[3 5,- In particular,
any point £ =) xkﬁl(cv) € C(J;)(Z) gives a quantum cluster monomial [Hk (A,(CU))xk].

Proof Via the isomorphism
Xpl Xy 2 (21) 2= L (2. 2),

sl3

the elementary laminations KI(CU) for unfrozen k € I(A)ys correspond to the integral sl3-laminations as
shown in the left of Figure 30. The elementary laminations EI(CU) for frozen k = i*(E) € I(A)sf with E € B
and s € {1, 2} correspond to the pinning data vg = w,’. Then via the quantum duality map

I%: L8, (S.Z) 4 => BWebg, 5 C 94 x

sl3

these laminations are sent to the elementary webs associated with A in the sense of [30]. They correspond
to the quantum cluster variables [30, Section 5]. O

Remark 5.5 By the equivariance of the map ]1;1( under the Dynkin involution, the above lemma can be

immediately generalized for decorated triangulations (see [30, Section 1]).
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Figure 31: An elementary lamination of H-shape. Its shear coordinates associated with a triangu-
lation is shown in the bottom left, and their transformations under the mutation sequence shown
in red circles continue to the right.

Remark 5.6 When X is not a k-gon with k = 3, 4, 5, the mutation class s(sl3, X) is of infinite-mutation
type. In this case, the union | J,, €Exchy(; 5 C(J; ) is not dense in X[, » (R'P) [44, Theorem 2.27]. Therefore

Lemma 5.4 is far from characterizing the map ]I?\,.

For the simplest cases that X is a triangle or a quadrilateral (where the mutation class s(sl3, X) is finite
types A1 and Dy, respectively), we actually get a quantum duality map:

Proposition 5.7 When X is a triangle or a quadrilateral, the image Hi(ﬁi (2,Z)) C Oy4(As13,x) gives
a Z.4-basis consisting of quantum cluster monomials. In particular, it has positive structure constants.

Proof For these cases, it is easy to see that 9’5‘1[3 z:[8_1] = &43[3 5, = Oq(As3,3) [30, Corollary 6.1].
Moreover, the tropical set X5[3,E(ZT) is covered by finitely many cones C(J; ) (ZT) forv e Exchg,, 5.

For the triangle case, we have only two clusters (up to permutations), and hence Lemma 5.4 with
Remark 5.5 already gives the desired statement. For the quadrilateral case (type D4), we have 16 unfrozen
variables and 8 frozen variables. For instance, see [30, Appendix A and Corollary 6.1]. Up to symmetry,
we have already seen in the proof of Lemma 5.4 (see Figure 30) that all of them are the images of some
elementary laminations under the map 1%, except for the one represented by the elementary web

This one also comes from an elementary lamination, as seen from Figure 31. O
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Conjecture 5.8 The basis 15(L], (2, Z)) is parametrized by tropical points in the sense of [41, Definition
4.13]. Namely, for any integral sl3-lamination Le £§3(E, 7)), the quantum Laurent expression of
]I?Y (Z) € 5&3{3,2 iP the quantum cluster {4, }; s associated with a vertex w € Exchg,, » has the leading
term []_[ie I Af" (L)] with respect to the dominance order [41, Definition 4.6], where x(@) = (Xi)ier is the

Langlands dual shear coordinate system associated with w.

Classical limit Recall that the set BWeb,(, x also gives a Z-basis of the classical (commutative) skein
algebra 51’51[3 5;- Then Theorem 5.2 tells us that the map H;]( induces a bijection

Iy: L2 (2,Z)4 => BWeby, v C 9)51[3,2’

sl3
which is also extended to a map I y: £§3 (X,Z2) — 9’;[3 Z[8_1]. Then by (5-6), we get the following:

p
sl3

Corollary 5.9 The image I x (L, (2,7Z)) gives a Z-basis of the cluster algebra A, 5.

6 Proofs of Theorems 3.10 and 3.19

6.1 Proof of Theorem 3.10

General position Recall that an ideal arc in (3, M) is an immersed arc y in X with endpoints in M
which has no self-intersection except possibly at its endpoints, and not isotopic to one point. In particular
y is one-sided differentiable at each endpoint p, hence there exists a small coordinate neighborhood D,
of p such that D, Ny consists of (at most two) rays incident to p.

We say that two immersed arcs or webs in X are in general position with each other if their intersections
are finite, transverse and avoiding the trivalent vertices. Moreover, we say that the spiraling diagram W
(Definition 3.8) associated with a nonelliptic signed web is in general position with an ideal arc if their
intersection points do not accumulate in int ¥, transverse and avoiding the trivalent vertices. We may
always assume the general position by the concrete construction of a spiraling diagram as logarithmic
spirals near punctures.

Relative intersection number Let y and y’ be two ideal arcs isotopic to each other with common
endpoints p1, p» € M, and W a spiraling diagram. Assume that these three are in a general position
with each other. Then the ideal arcs y and y’ bounds a region B(y, y’), which is a union of finitely many
biangles (or such a region minus small biangles; see y and y} in Figure 35).

By the construction of the spiraling diagram, there exists a small disk neighborhood p; € D; fori =1,2
such that p; :=y N D; and p; := y" N D; are rays incident to p;, and W N D; is a logarithmic spiral. The
rays p; and p; separate D; into two sectors, and exactly one of them corresponds to the region bounded
by y and y’. Then we can find a circular segment in this sector which does not intersect with ¥V, and the
restriction of W to the circular sector separated by this segment is a periodic ladder-web. We call this
circular sector S(p;) a cut-off sector at p;. See Figure 32. Then Wiee := W N (B\ S(p1) U S(p2)) isa
finite web.
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Figure 32: Two isotopic ideal arcs and a spiraling diagram. A cut-off sector is shown in gray in the right.

Definition 6.1 (relative intersection number) Let y, ¥’ and W be as above, and choose cut-off sectors
S(p1) and S(p2) at the common endpoints py, p» € M. Then we define the relative intersection number
of W with (y,y’) to be

iV 7. 7)) =1 (Weeg. V) =1 Wieg. V).

Here i (—, —) denotes the usual geometric intersection number of two webs.

Notice that it is independent of the choice of the cut-off sectors since a periodic ladder-web has an equal
number of intersections with y and y’ in each of its period. Clearly, we have i W;y’, y) = —i(W; ¥, y').

Lemma 6.2 Let y1, y» and y3 be three ideal arcs isotopic to each other with common endpoints, and WV
a spiraling diagram. Assume that they are in general position with each other. Then we have

iW:iy1.y3) =iWViy1.y2) +i(Wiy2. v3).
Proof Immediately verified by choosing a common cut-off sector. |

Definition 6.3 We say that an ideal arc y is in minimal position with a spiraling diagram W if it satisfies
i(W;y’,y) > 0 for any ideal arc y’ isotopic to y with common endpoints, and in general position with W.

See Figure 33 for an example of an ideal arc not in a minimal position.
Realization of a minimal position We are going to prove:

Proposition 6.4 (unbounded version of [19, Corollary 12]) Let W be the spiraling diagram associated
with a nonelliptic signed web, and y an ideal arc in a general position with WW. Then we can isotope WV

Figure 33: A spiraling diagram »V that is not in minimal position with an ideal arc y. Indeed,
iw;y',y) =—4
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Figure 34: The restriction of a spiraling diagram W to a biangle bounded by two ideal arcs.
Its loose part is shown in orange, which can be pushed out through a sequence of intersection
reduction moves and H-moves.

into a spiraling diagram W' in minimal position with y via a finite sequence of intersection reduction
moves, H-moves, and an isotopy relative to y.

To prove this, the following lemma is useful:

Lemma 6.5 (unbounded version of [19, Lemma 15]) Let B be a biangle in ¥ bounded by two immersed
arcs o and o', and W a spiraling diagram in a general position. If some of the endpoints of « and o’
are punctures, then choose any cut-off sectors and consider Wieg as above. Otherwise, set Wieg := W.
Then Wyeg can be isotoped through a finite number of intersection reduction moves and H-moves so that
Wreg N B consists of disjoint parallel arcs connecting o and «'. This can be done by preserving the cut-off
sectors, and the resulting web does not depend on the choice of cut-offs.

Proof Since W is finite, the statement follows from [19, Lemma 15]. O

Notice that each of the H-moves and the intersection reduction moves are accompanied with a small
biangle (shown by dashed lines in Figures 7 and 8) that cuts out a part of the web which we push out.
Therefore the finite sequence of these moves in Lemma 6.5 is accompanied with a finite collection
{BU)} jeJ of biangles that is partially ordered for the inclusion according to the order of moves, which we
call the tightening biangles. Let us denote by W) the part of WV cut out by the tightening biangle B,
which we call the loose part of W. See Figure 34.

The following lemma ensures that the intersection reduction procedures of a spiraling diagram associated
with a nonelliptic signed web always terminate in finite steps.

Lemma 6.6 For any spiraling diagram VV associated with a nonelliptic signed web W and an ideal arc y
in general position, the relative intersection number i (W; y, y’) is bounded from above when y’ runs over
the ideal arcs homotopic to y and in general position with y and W.

Proof If W has punctured H-faces, then applying appropriate puncture H-moves, we obtain another
signed web W’ which is puncture-reduced. The corresponding spiraling diagrams W and W' differ
only by some finitely many H-shaped parts in the spiraling part, and hence i (W; v, y") =i(W';y,y').
Therefore it suffices to consider the case where the signed web W giving rise to WV is puncture-reduced.
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Figure 35: The situation that the relative intersection numbers i (W; y, y;,) diverge. The top left
shows a covering of ¥ around the puncture. The infinite sequence of portions are projected to the
same portion of W.

We prove the assertion by contradiction: suppose that there exists a sequence y;, >~ y of ideal arcs satisfying
the condition and i (W; y, y,,) > n foralln € Zs¢. Let {B,Sj )} jedJ, be the collection of tightening biangles
for the pair (y, y,,), and Wn(j ) C W the corresponding loose part.

(a) Since we are interested in a sequence y, such that i(W;y, y)) diverges, we may assume that
all of the tightening biangles B,gj ) are stuck to y rather than y;,. Otherwise, a biangle stuck to
y,, contributes negatively to i (WW; y, y,,). Then we may isotope y;, to avoid this biangle without
decreasing i WV; y, ;).

(b) Shrinking each tightening biangle (without changing the intersection number of its boundary
with W) if necessary, we may assume that either B,Sj ’n B,gf ) = a, B,gj ) C B,Sf ) or B,Sf ) C B,Sj )
holds for any pair in this collection. Also we can ensure that each tightening biangle does not
intersect with the cut-off sectors at punctures.

Let us consider the compact interval K =y \ (cut-off sectors). From the assumption of general position, the
intersection of W with K is finite. The intersections /. ,5’ )= y Nint B,gj ) give open intervals in K. Observe
that the union UnZO, jed, I,Sj ) has finitely many path-connected components, since each such component
contains a distinct point in W N K, which is finite. Therefore we see that there exist subsequences 7 and

jk € Juy such that BY®) ¢ BYEHD.

Such a nested situation is illustrated in Figure 35. Indeed, the situation says that distinct reduction moves
are applied infinitely many times, while the original signed web W is finite. It means that there is a portion
P of the signed web that is referred infinitely many times. Therefore the nested biangles B,g{(k) (or the
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Figure 36: The correspondence between the puncture-faces (top) and the faces stuck to y (bottom).

arcs y;, ,) must be winding around one of the punctures py or p», while the portion P in W corresponding
to P is spiraling around the same puncture as in the bottom left of the figure. Notice that such a spiraling
diagram W arises from the signed web W shown in the bottom right.

Moreover, observe the correspondence shown in Figure 36 between the faces stuck to y and the puncture-
faces. Therefore, the sequence of loose parts Wn(,{k ) must come from these puncture-faces in the signed
web W, which contradicts to either the puncture-reduced assumption, nonelliptic condition, or the no bad
ends condition. Thus the assertion is proved. a

Proof of Proposition 6.4 Suppose that WV is not in minimal position with y. Then there exists an ideal
arc yo =~ y such that i WV; y, yo) > 0 and in general position with y and W. Choose yq so that i OV; ¥, o)
is maximal, whose existence is ensured by Lemma 6.6. Then for any other ideal arc y’ isotopic to y, we

have
iV Y v0) =iy y) iV v, v0) = —iOV; v, Y) +iWs v, 70) = 0

by Lemma 6.2 and the maximality of yg. It implies that yg is in minimal position with W, as desired. O

Corollary 6.7 (cf [19, Corollary 12 and Proposition 13]) Any spiraling diagram VV associated with a
signed web on X can be isotoped through a finite number of intersection reduction moves and H-moves
so that it is in minimal position simultaneously with any disjoint finite collection {y; }lN= | of ideal arcs.
Such a minimal position with {)/,-}lN: | 1s unique up to isotopy relative to these arcs, H-moves, periodic
H-moves and parallel moves.

Proof As in the discussion above, we isotope the arcs instead of the spiraling diagram. Let {y;}; be
the original collection of ideal arcs, and {y/}; the collection of modified arcs such that i WV; y;, y;) is
maximal. Let B; be the biangle bounded by y; and y;. We claim that we can slightly modify B; as in
(b) above so that it does not cross )/J/. for any i # j. Indeed, suppose B; crosses )/J/.. If we can shrink B;
without changing the intersection with WV, do so. Otherwise, it implies that y; and y]’. bound together at
least one biangle B’ C B}, for which we can apply a reduction move (see Figure 37). It contradicts to the
maximality of i W:y;, y}).
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Figure 37: Situations where B; essentially crosses yj’- (left) and B; crosses y; essentially (right).
Both pictures show the case where B; intersects B; only once.

Hence, the biangle B; is either disjoint from B; or intersect with B; only through y;. In the former
case, the reduction moves are independently applied. In the latter case, some of the reduction moves are
common for y; and y; but still the minimal positions can be simultaneously realized. Thus we get the

first statement.

The second one is proved by induction on the number N of arcs, just in the same way as the proof of [19,

Proposition 13]. |

Proof of Theorem 3.10: realization of a good position By Corollary 6.7, we can place any spiraling
diagram W in a minimal position with the ideal arcs in the split triangulation A. Then by applying a finite
number of H-moves and periodic H-moves, we can push all the ladders as in Figure 38 into biangles (the
“tidying up” operation in [19]). Assume that these moves can be no longer applied to VW. We are going to
prove that this position (the “joy-sparking” position in [19]) is a good position with respect to A.

For each E € e(A), the intersection YW N Bg is an unbounded essential web by Lemma 6.5, since it is in
minimal position with the ideal arcs bounding Bg. For each T € t(A), we see that the only components
of W N T which do not touch all sides of T are corner arcs by Lemma 6.5. Indeed, such a component
can be viewed as a web in a biangle obtained from T by collapsing one edge that is not touched, and
the ladders in the periodic part have been pushed into the biangles neighboring to 7. Let W’ be the web

Figure 38: Pushing a ladder into a biangle.
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obtained from W N T by removing these corner arcs, which must be finite. Then we see that W’ must
be a honeycomb in the same as in the last part in the proof of [19, Theorem 19]. Hence W N T is an
unbounded rung-less essential web. The uniqueness statement follows from that of Corollary 6.7. Thus
Theorem 3.10 is proved.

6.2 Proof of Theorem 3.19

We are going to prove Theorem 3.19 by following the strategy for the proof of [6, Theorem 47]. We
remark here that another proof of the latter statement is given in [19, Section 14] based on the graded
skein algebras.

The main issue here is that we have fixed the periodic pattern of corner arcs in the reconstruction procedure.
Hence the resulting spiraling diagram may differ from the original one by a periodic permutation of
corner arcs (“periodic local parallel-moves”) on each triangle. Our claim is that these local adjustments
glue together to give a global parallel-move, thus we get equivalent s(3-laminations. See Figure 40 for a
typical example.

By the Q- ¢-equivariance, it suffices to consider integral unbounded s(3-laminations, which are represented
by signed nonelliptic webs. Therefore it suffices to prove the following statement:

Proposition 6.8 If two signed nonelliptic webs Wy and W5 have the same shear coordinates (X; ); e ,:(a)
with respect to an ideal triangulation A, then Wy and W, are equivalent as unbounded s|3-laminations.

In what follows, the index v € {1, 2} will always given to the objects associated to the web W,,. For a
discrete subset A C R (eg A = Z), we call a subset I C A of the form I = [a,b] N A for a (possibly
unbounded) interval [a, b] C R an interval in A.

Global pictures Let W) and W, be as in Proposition 6.8. For v = 1,2, we may assume that the

associated spiraling diagram W), is placed in a good position with respect to the split triangulation A

A
v,br

triangle. Let X° be the holed surface, which is a compact surface obtained by removing a small open

by Theorem 3.10. Then its braid representative WW:" has at most one honeycomb component on each

disk D ineach T € t(A) from X. We may isotope the unique honeycomb component of Wfbr into the
disk D7, so that (W)} := wa

v,br
or spiral around punctures. Following [6], we call (W,) the global picture associated with Wfbr. Itis

N X° is a collection of oriented curves, whose ends either lie on 9X°

obvious to reconstruct the braid representative from its global picture. We call each oriented curve in
(Wh) a traveler.

Recall from Steps 1 and 2 in the reconstruction procedure (Section 3.4) that we can construct a braid

representative Wvar

its global picture by (W, ) := WA N X°. For the scheme of our proof, see Figure 39. Our strategy is as

v,br

of signed web by replacing the spiraling ends with signed ends. We similarly define

follows:
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_______________________________________

51gned web Wv _ [splrahng diagram Wv]
TStep 3 Il 01 X

. . g
[global picture (W,,)] (# [global picture (W,,)] (% 71w (D)
Steps 1 & 2 Lemma 3.17 '
N el ___o___ ( ____________________________________ 4

Figure 39: The scheme for a proof of Proposition 6.8. It is obvious that the three objects W,),
(W) and (W,) are in one-to-one correspondences (up to strict isotopies), when one fixes a
triangulation A. It will be proved that we get the identity (up to equivalence of signed webs) after
going through the square.

(1) Starting from the assumption in Proposition 6.8, we are going to make a correspondence between
the topological data of global pictures (W7) and (W>) (namely, their travelers and intersection
points among them) by an unbounded version of the “fellow-traveler lemma” [6, Lemma 57].

(2) From such a correspondence, we can describe a sequence of elementary moves relation W; and
W, by just following the argument of Douglas and Sun [6, Section 7.4] for the bounded case.

Unbounded fellow-traveler lemma For each traveler y in (W),), fix a basepoint xo € y so that it
does not lie on any edge of A. Associated to such a based traveler (y, xo) is the route (E;);cy, where
I C Z is an interval and E; is the i™ edge of A crossed by y listed in order according to the orientation
of y: the 0 edge is the first one encountered by y after passing xo. We also define the rurning pattern
(ti)ier C{L,S, R} of the based traveler (y, xo) as follows:

L if E; 4, follows E; in the counterclockwise direction at their common endpoints,

7; ;=418 if y ends at the boundary of Dt right after passing E;,
R if E; 4, follows E; in the clockwise direction at their common endpoints.

The following is immediately verified:

Lemma 6.9 The topological types of the travelers y are distinguished by the periodicity of the data
(Ei,ti)ier, as follows:

e v is a bounded arc both of whose ends lie on 0X° if I C Z is bounded;

e yisaloopif I = 7 and the route is totally periodic (namely, E; ., = E; for some k € 7).

Moreover, it is peripheral if the turning pattern (t;); ey is constant;

e v has an end spiraling to a puncture p, say in the forward direction, it I C Z is unbounded from
above, the route (E;); is not totally periodic but eventually periodic, and the turning pattern (t; );
is eventually constant in the forward direction.

Algebraic € Geometric Topology, Volume 25 (2025)



1488 Tsukasa Ishibashi and Shunsuke Kano

Figure 40: Example of local picture of a pair ((W;), (W,)) having the same shear coordinates.
Here the top (resp. bottom) picture shows the collection of oriented curves going through the
central biangle from the right to the left (resp. from the left to the right), which is common for
(Wr) and (W) except for 7.

We say that two travelers ¥ in (W;) and y@ in (W5) are fellow-travelers if their data (El.(l), rl.(l))ie I

and (E i(2)’ rl-(z) )iel, are the same, in the sense that there exists an order-preserving bijection f': I1 — I
such that E](fz(l.) = El.(l) and T;%?) = ‘El-(l) for all i € I;. Notice that the notion of fellow-traveler does
not depend on the choice of basepoints, and that two fellow-travelers have the same topological type by
Lemma 6.9.

Lemma 6.10 (unbounded fellow-traveler lemma, cf [6, Lemma 57]) Under the assumption of Proposi-
tion 6.8, there exists a bijection

¢ : {nonperipheral travelers in (WW;)} = {nonperipheral travelers in (W)}

such that y and ¢(y) are fellow-travelers.

Traveler identifier In order to prove Lemma 6.10, let us introduce another data that identifies the traveler
and can be characterized by the shear coordinates. Let us consider two triangles 77, Tr € t(A) that
shares a biangle Bg. For Z € {L, R}, let Ez denote the edge of A shared by Tz and Bg. Let Sgé(v)
(resp. S E’Z(v)) denote the set of strands on Ez incoming to (resp. outgoing from) the biangle Bg, which
are given by the intersections of travelers in (W, ) and Ez for v =1, 2. We endow Ez with the orientation
induced from the triangle 77.

Choose two orientation-preserving parametrizations of £z in the same way as in Section 3.4. Namely,

choose ¢;5t’(v): R — Ez so that the inverse image of S]}té(v) is an interval [ 25;”) C % + Z, and

¢§’Z(v)(R<o) ns Eiz’(v) consists of all the strands coming from the corner arcs around the initial marked
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pointof Ez. Let f ];ZEZ’(") : Ez — R be the inverse map of ¢]:5t’z(v). For a traveler y ) in (W), ) that intersects
with the edge Ez at a point x, its traveler identifier at Ez is the pair (k,€) € (% + Z) x {£1} given by

(fbfz’(")(x), +) if y enters Bg from Ez,

(k’ 6) = —, ) . .
(fEZ’ (x),—) if y exits Bg from Ez.

Then we write y) = yg)Z) (k,€).

Example 6.11 In the example shown in Figure 40, we have
yl—yE,)(S/z S =y =1/2.4) =y (3/2.-),
2=y (3/2.-) =y (1/2.+),
y3 =y (1/2.-) =y (3/2.+),
ya=vy)(3/2.4) = yp(=5/2.-) = ) (5/2.+).
ys =y (1/2.4) =y (=3/2.-) = ) (3/2.+).
Ve =y (—1/2.4) =y (—1/2.-) =y (1/2.+),
y1=v2)(=3/2.4) =y (1/2.4).

Lemma 6.12 Let y") be a traveler in (W, ) that passes through Bg from Ej, to Eg. Let (kg +) and
(kr,—) be its traveler identifier at Ej, and E g, respectively. Then we have

kp +kr =xg1(Wy) + [xrp (W))]+.
If )/(") passes through Bg from ER to Ej, then its traveler identifiers (kgr,+) and (kp,+) satisfy
kp +kgr =xg2(Wy) + [x, (Wy)]+.

+,0) .

Proof Just observe that our choice of parametrizations ¢ Ey is the same as in the reconstruction

procedure (Section 3.4), except for the difference that we do not necessarily have an infinite number of
corner arcs here. Then the assertion is obtained from the gluing rule (3-2). |

Lemma 6.13 The traveler identifiers characterizes the traveler and its topological type. Namely,

(1) the traveler identifier determines the data (E;, t;);jey for each traveler;

(2) if y(l)(k, €)= )/E,) (k'.€') for two edges E and E’ of the split triangulation A, then
@
vi (k.e) =y (K .€).

Proof (1) The initial edge Ej is determined from the basepoint x¢. Assume that we have determined
the data E; for0 <i <k and 7; for0 < j <k —1. Let E := E;. Then E;_; and t3_; tell us from
which direction our traveler passes through the biangle Bg. Assume it is from 77, to Tg, without loss of
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Figure 41: The turning pattern determined by the value of kg.

generality. Then by Lemma 6.12, we have kg = xg,1 (W) + [x1x (Wy)]+ — k1. Then by the choice of
,(v)

, we see that
R

the parametrization ¢
L ifkgr <0,
T =19 if0<kR<[XTR(Wv)]+,
R ifkp> [XTR (Wv)]+.

See Figure 41. Moreover, the pattern 7 tells us the next edge Ej; or its absence.

(2) Recall that the shear coordinates of W) and W5 are the same. Since the reconstruction given in (1) is
characterized by the shear coordinates, the assertion follows. |

Proof of Lemma 6.10 Define the bijection ¢ by
(6-1) @ )/g)(k, €) > yg)(k, €).

It is well defined by Lemma 6.13(2), and preserves the topological types of travelers by Lemma 6.13(1). O

Remark 6.14 From the proof of Lemma 6.12, a traveler y = )/g)(k, €) withk e ;’(1) \ 7 E’(Z) must
be peripheral. For example, if y = yJ(EIL) (kr,+) and k7, < min IJEE’L(Z) is a lower excess, then it must have
7 = R, since otherwise it has a nontrivial contribution to the edge coordinates. It follows that such
a traveler also has an identifier of lower excess in the next biangle, concluding t; = R for all k € Z
inductively for both directions. See y7 in Figure 40 for an example.

Correspondence between the global pictures (W;) and (W,) Let W; and W, be as in Proposition 6.8.
Then by the unbounded fellow-traveler Lemma, we have a bijective correspondence ¢ between the
travelers in (W;) and (W,). Let us consider the global pictures (W;) and (W>), and call each oriented
curve in (W,,) a traveler again. Since the bijection ¢ preserves the spiraling types of travelers in (W, ), it
induces a bijection

(6-2) @ {travelers in (W;)} = {travelers in (W5)}.

Here we make the intersection of each traveler in (W, ) with each edge of A minimal, by applying the
same isotopy for each pair (y, ¢(y)) of travelers. Notice that each traveler in (W,,) is either a closed loop
or a compact arc, and their intersections are finite. Therefore we can proceed by applying Douglas and
Sun’s argument [6, Section 7.4] for the rest of discussion.
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Recall the notion of a shared route of two ordered travelers (y,y’) from [6, Definition 59]. Roughly
speaking, it is a maximal interval shared by the routes of two travelers with opposite orientations. The
definition is extended for the travelers in (W,,) in a straightforward way. A shared route is either crossing
or noncrossing. A noncrossing shared route is said to be left-oriented if one traveler is always seen on the
left from the other traveler. A crossing shared route is said to be left-oriented if the same situation occurs
near its source-end [6, Definition 61].

By applying the boundary and puncture H-moves if necessary, we may assume that these webs are reduced.
Then we see that each shared route has at most one intersection point (see [6, Lemma 60]). Indeed, two
intersecting travelers cannot have a common endpoint at a puncture, since such a situation would come
from a puncture H-face. Hence the situation regarding the crossing shared routes is exactly the same as in
the bounded case. From these observations, together with the bijection (6-2), we get:

Lemma 6.15 (cf [6, Corollary 64]) For v = 1,2, let Py, ) denote the set of intersections of travelers
in (W,,). Then we have a bijection
¢inc: Powy) = Pows)

such that the unique intersection point p of a left-oriented shared route of two travelers (y, y’) in (W) is
sent to the unique intersection point @iy (p) of the corresponding shared route of (¢(y), ¢(y')) in (W3).

Proof of Proposition 6.8: a sequence of elementary moves relating Wi and W, As in the previous
paragraph, we may assume that W; and W, are reduced by applying the boundary/puncture H-moves.
Moreover by applying the loop parallel-moves and the arc parallel-moves (Lemma 2.4), we may assume
that both W) and W, are left-oriented in the sense that for each pair of parallel loop or arc components
with opposite orientations, one is always seen on the left from the other. It includes the closed-left-
oriented condition [6, Definition 62]. Now we are going to see that the intersection points p € Py, and
@int(p) € Pyw,) can be adjusted to a common position by a sequence of modified H-moves; see Figure 42.
The techniques developed in [6, Section 7.8] can be directly applied to our situation without any essential
modification, since the situation around a crossing shared route is exactly the same as in the bounded
case, and the sets Py, ) are finite. Then we get:

Lemma 6.16 (cf [6, Lemma 66]) There are sequences of modified H-moves applicable to the webs Wy
and W, respectively, after which the bijection @iy satisfies the property that for each intersection point p
in (Wy), the two points p and @iy (p) lie in the same shared-route-biangle [6, Definition 65].

Apply the sequence of modified H-moves to W and W, prescribed above. We claim that the two signed
webs W) and W, are now isotopic.

In the same way as in the proof of [6, Lemma 67], we see that the finite sequences of oriented strands on
each edge of the split triangulation A are the same for (W1) and (W5). We have a correspondence (6-2)
that relates the travelers in (W;) and (W,), in particular the ends incident to punctures and their signs.

Algebraic € Geometric Topology, Volume 25 (2025)



1492 Tsukasa Ishibashi and Shunsuke Kano

(W) (W2)

AN
AR

/N

(Pinl(p) =

Figure 42: Adjustment of intersection points. Here only the difference from the situation in [6] is
that some of the travelers can end at a puncture.

The travelers can intersect with each other inside biangles, whose pattern is uniquely determined by the
sequence of oriented strands on the side edges. Thus (W) and (W5) restricts to the same collection of
oriented curves (with signed ends at punctures) in each triangle and biangle in A. Since we can uniquely
recover the honeycombs from these diagrams, we get W; = W, up to isotopy. Thus Proposition 6.8 is
proved.

Proof of Theorem 3.19 Let us consider an integral unbounded sl3-lamination, which is represented
by a signed nonelliptic web Wj. Let Wp :=&p o x“Af(Wl) be the signed nonelliptic web obtained from
the reconstruction. By Proposition 3.18, we have x“Af(Wl) = quf(Wz). Then Proposition 6.8 tells us that
W1 and W, determine an equivalent sl3-lamination. Combining with the Qs ¢-equivariance, we get the
desired assertion. |

Appendix Cluster varieties associated with the pair (sl3, X)

Here we briefly recall the general theory of cluster varieties [13], and the construction of the seed pattern
s(sl3, X) that encodes the cluster structures of the spaces of sl3-laminations in consideration.

A.1 Seeds, mutations and the labeled exchange graph

Fix a finite set / = {1,..., N} of indices, and let 74 and Fx be fields both isomorphic to the field
Q(z1,...,zn) of rational functions on N variables. We also fix a subset Iys C I (“unfrozen”) and let
I := 1\ Iy (“frozen”). A (labeled, skew-symmetric) seed in (F4, Fx) is a triple (g, A, X), where

* &=(¢&;j)i,jer is a skew-symmetric matrix (exchange matrix) with values in %Z such that ¢;; € Z
unless (i, j) € It x If;
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e A =(Aj)ier and X = (X;)jes are tuples of algebraically independent elements (cluster A- and
X-variables) in F4 and Fy, respectively.

The exchange matrix & can be encoded in a quiver with vertices parametrized by the set / and |g;; | arrows
from i to j (resp. j toi)if &; > O (resp. &;; > 0). In figures, we draw n dashed arrows from i to j if
eij =n/2 for n € Z, where a pair of dashed arrows is replaced with a solid arrow.

For an unfrozen index k € Iy, the mutation directed to k produces a new seed (¢, A, X') = (s, A, X)
according to an explicit formula [17]. See, for instance, [23, (2.1), (2.3) and (2.4)] for a formula which fits
in with our convention. A permutation o € Sy, xSy, induces a transformation o : (¢, A, X ) — (¢/, A’, X')
by the rule

(A—l) 8;1 = 80—1(1-),0—](]-), A: = Ao_l(i)’ Xl/: XU_l(i)'

We say that two seeds in (Fy4, Fy) are mutation-equivalent if they are transformed to each other by a
finite sequence of mutations and permutations. The equivalence class is usually called a mutation class.

The relations among the seeds in a given mutation class s can be encoded in the (labeled) exchange graph
Exchs. It is a graph with vertices v corresponding to the seeds s in s, together with labeled edges of
the following two types:

¢ edges of the form v & _ 3" whenever the seeds s® and s are related by the mutation puj for

k € Lus;

o edges of the form v -Z- v’ whenever the seeds s*) and s("") are related by the transposition o = (j k)
for (j, k) € Iy x Iy or Iy x It.

When no confusion can occur, we simply denote a vertex of the labeled exchange graph by v € Exchg in-
stead of v € V(Exchs). When we write s® = (¢, 4 ®) X ®))jtis known that (6™, A ®)) = (), 4 @?)
if and only if (¢, X @) = (@), X ) for two vertices v and v’ (the synchronicity phenomenon [38)).
We call (6™, A®™) and (e, X)) an A-seed and an X-seed, respectively. We also remark that the
labeled exchange graph depends only on the mutation class of the underlying exchange matrices. Indeed,
it is unchanged if we transform the cluster variables simultaneously by an automorphism of the ambient
field.

Remark A.1 In geometric applications, .A- and X'-seeds are constructed in the field of rational functions
on a space of interest. For Z € {A, X'}, a cluster Z-atlas on a variety (scheme, stack) V' is a collection of
Z-seeds in the field (V) of rational functions which are mutation-equivalent to each other. A cluster
atlas can be uniquely extended to a cluster Z-structure, which is a maximal collection of Z-seeds in (V')
thus forming a mutation class s. See Remark A.3 below.

A.2 Cluster varieties

The cluster varieties associated with a mutation class s are constructed by patching algebraic tori
parametrized by the vertices of the labeled exchange graph.
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Notation A.2 A multiplicative algebraic group is denoted by G,, = Spec Z[u,u~!]. For a lattice A (ie
a free abelian group of finite rank), let T p := Hom(A, G;,) denote the associated algebraic torus. For a
(split) algebraic torus T = (G,,) ", let

X*(T) :=Hom(T,G,,) and X«(T):=Hom(G,,T)

denote the lattices of characters and cocharacters, respectively. These lattices are dual to each other by via
the canonical pairing X«(7) ® X *(T) — Hom(G,,, G,,) = Z. The contravariant functors T,: A +> T'p
and X*: T + X*(T') are inverses to each other: A = X*(Tp), T = Tx=«(r). A vector A € A gives rise
to a character y;: Tao — Gyy,.

For v € Exch,, consider a lattice N = @, ., Zel-(v) with a fixed basis and its dual M® =@, ; Zfl-(v).
Let X(y) := Tyw and Ag) := Ty denote the associated algebraic tori of dimension |[7]. The

characters X; @ .- = Xe™: X) = G and A( V). = X £V Aw) = Gy are called the cluster coordinates.

(v) (v)) —:®
ij

Poisson and K>-structures on X{y) and A(v), respectively. The mutation rule turns into birational maps

The exchange matrix 8(”) defines a 3 5Z-valued bilinear form on N @) by (e; which induces
uz: Xy — Xy and uz: Aw) = A, called the cluster transformations [13, (13) and (14)]. Then the
cluster X- and A-varieties are the schemes defined as

X = U Xy, As:= U Aw)-

vEExchs vE€Exchs
Here for (z,7) € {(a, A), (x, X)}, (open subsets of) tori Z(,) and Z(, are identified via the cluster
transformation j; if there is an edge of the form v L v/, or via the coordinate permutation (A 1) if
there is an edge of the form v = v’. As a slight variant, let X(” )= TNu(f”)’ and XM = UveExeh, ¥, (v) the
cluster X'-variety without frozen coordinates. Since the cluster transformation of unfrozen X'-coordinates
does not refer the frozen ones, we have a natural projection X5 — Xs“f. We remark that the cluster varieties

are constructed only from the mutation class of the underlying exchange matrices.

For (Z, Z) € {(A, A), (X, X)}, each pair (€@, (Zl.(v)),-el) of the exchange matrix and the cluster Z-
coordinates defines a Z-seed in the field 7z := K(Z;) of rational functions in the sense of the previous
section. The rings O(As) C F4 and O(X;) C Fx of regular functions are called the upper cluster algebra
and the cluster Poisson algebra, respectively. The cluster algebra [16] is the subring b C O(As)
generated by all the cluster coordinates Al(v), i €1l,v e Exch,.

Ensemble maps and their extensions The cluster varieties X5 and A are coupled as a cluster ensemble.
For v € Exchg, let Nu(fv ) ¢ N® denote the sublattice spanned by el.(v) for i € Iys. Then by the assumption
on the exchange matrix, we have the linear map

(A-2) Pl N(v) > M®, l(v) . Zg(v) f.(v).
jeIl
Moreover, it can be verified that the maps between tori induced by (A-2) commute with cluster trans-

formations, and combine to give a morphism p: A, — X". We call this map the ensemble map,
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and the triple (As, X5, p) the cluster ensemble associated with s. If we pick up a suitable extension
152“ ) N® 5 M® of the map (A-2) (see [22, (A.2)] for the required condition), then it still commutes
with cluster transformations and hence we get an extended ensemble map p: As — Xs. It is shown in
[21, Section 13.3] that such a choice exactly corresponds to a choice of compatibility pairs [3] defining a
quantum cluster algebra.

Tropicalizations The positive structures on the cluster varieties allow us to consider their semifield-
valued points. For A = Z, Q or R, let AT := (A, max, +) denote the corresponding tropical semifield
(or the max-plus semifield). For an algebraic torus H, let H(AT) := X4« (H) ®7z (A, +). A positive
rational map f: H — H’ between algebraic tori naturally induces a piecewise-linear (PL for short) map
fT:HAT)— H'(AT). We call fT the tropicalized map. In particular we have the tropicalized cluster
transformations ,u,{: Z(U)(AT) — Z) (AT) for (z, Z) € {(a, A), (x, X)}, explicitly given as

V) ifi =k,
‘“) e —sgn(e W ifi #k,

(A-4) (ul)*a! W) _ _a](€)+maX{Z]€I[8kj)]+a(v) > jerl —Skj)] a(v)} ifi =k,
ar” ifi k.

(v)

Here X; (v)

(v)

and a; " are the coordinate functions induced by the basis vectors e; * and fi(v) respectively,

and [u]4 := max{O, u} for u € A. We can use them to define the tropical cluster varieties
A= J awm@h), A@T):= | An@&h,
veExchg veExchg
which are naturally equipped with canonical PL structures. Since the PL. maps are equivariant for the
scaling action of A, the tropical cluster varieties inherit this A g-action. We also consider the tropical
X-varieties Xsuf(AT) without frozen coordinates. In the body of this paper, the main objects of study are
the spaces Xs“f(QT) and X,(QT) associated with a particular mutation class s.

Cluster modular group The cluster ensemble is naturally equipped with a discrete symmetry group.
Let Mat, denote the mutation class of exchange matrices underlying the mutation class s. Then we have a
map
*: V(Exchs) > Mat;, v+>e®.

Then the cluster modular group T's C Aut(Exchs) consists of graph automorphism ¢ which preserves
the fibers of the map ¢° and the labels on the edges. An element of the cluster modular group is
called a mutatzon loop. The cluster modular group acts on the cluster varieties A5 and X, so that
¢* 2" =7@" ) forall g e Ty, v e Exch and i € I, where (Z, Z) € {(A. A), (X. X)}. These actions

commute with the ensemble map.

Since the actions are by positive rational maps, they induce actions of I's on Ag(AT) and X,(AT) by PL
automorphisms, which commute with the (extended) ensemble map. Moreover, these actions commute

with the rescaling action of A~.
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A.3 The cluster ensemble associated with the pair (sl3, X)

Here we quickly recall the cluster structures on the moduli spaces Ag 5,5, Apgr;,= and Ppgr;,x con-
structed in [10; 21]. We are going to recall the Fock—Goncharov atlas associated with ideal triangulations
of ¥ and their mutation-equivalences, since it is typical difficult to describe the entire cluster structure.

Let A be an ideal triangulation of . Then we construct a quiver Q o with the vertex set /(A) by drawing

the quiver

on each triangle, and glue them by the amalgamation construction [9]. In our case, this just means that
we glue the quivers on adjacent triangles by identifying the two vertices on the shared edge and eliminate
the pair of opposite dashed arrows. The vertices on the boundary intervals of X are declared to be frozen,
forming the subset /;(A) C I(A) as in Section 2.1. Let £2 = (el%),-, jeI(n) be the corresponding exchange
matrix.

These quivers Q% (or the exchange matrices £2) associated with ideal triangulations of ¥ are mutation-
equivalent to each other. Indeed, the quivers Q% and QA/ associated with two triangulations A and A’
connected by a single flip fg: A — A’ are transformed to each other via one of the mutation sequences
shown in Figure 43. Then the assertion follows from the classical fact that any two ideal triangulations of
the same marked surface can be transformed to each other by a finite sequence of flips.

Remark A.3 For each ideal triangulation A, we can associate an A-seed (¢2, A2) (resp. X-seed
(2, X 2)) in the field of rational functions on the moduli space Agy ;,» (resp. PpgL,,x). Forgetting the
frozen part in the latter, we get an X'-seed for the moduli space Apgr,,». See [10, Section 9] or [21,
Section 3] for construction. These birational coordinate systems define cluster atlases on these moduli
spaces in the sense of Remark A.1.

Then there exists a unique mutation class s(sl3, X) containing the seeds associated with any ideal
triangulations A. More precisely, a labeled sl3-triangulation (A, £), namely an ideal triangulation A
together with a bijection £: I(A) — {1,..., N}, give rise to vertices of the labeled exchange graph
Exchgs15, 5. Figure 43 describes a subgraph containing (A, £) and (A’, £’), where the labels £ and £’ are
consistently chosen. Let us simply denote the objects related to s(sl3, X) by

Asiy,® = Asel3, D), Xol3, B 1= X(ei3, ), EXChgpy,z i= Exchyery, 3y, Tsig,z = Tsei3,3)

and so on.
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(A, 0)

Figure 43: Some of the sequences of mutations that realize the flip fg: A — A’. Here we
partially fix labelings £ and £’ of vertices in 1(A) and I(A’), respectively.

The following can be verified from (A-3) by a direct computation:

Lemma A.4 For two labeled sl3-triangulations v = (A, {),v' = (A, £) € Exchg,, 5 as in Figure 43,

the (max-plus) tropical coordinates x; := xl(v) and x; := xl(v/) fori € {1,...,12} are related as follows:
X1 = x2 + [x3, x4, x1]4 — [x1,x2, x3] 4, x5 = —x1 —x2 + [x1]+ — [xa]+,
X3 = x4 + [x1, %2, X3]+ — [x3, X4, X1] 4, Xy = —x3 —x4 + [x3]+ — [x1]+,
x'5=xs+[x1]+, x'6=x6+[x1,x2,X3]+—[x1]+,
x'7 =x7 +x1 +x2 + [x3]+ — [x1, X2, X3] +, XIS =xg — [—x3]+,
Xo = x9 + [x3]+. X10 = x10 + [x3. x4, x1]+ — [x3]+.

X11 =x11 +x3 +xa + [x1]+ — [x3, x4, x1]4,  Xjp =x12 — [-x1]+.

Here [x]+ := max{0,x} and [x, y,z]+ :=max{0,x,x + y,x + y + z}.

Goncharov-Shen extension of the ensemble map Following [21], we choose the following extension
of the ensemble map. Let

2 —1
C(sl3) = (Cst)s,IE{l,Z} = (_1 2)

denote the Cartan matrix of the Lie algebra s(3. For an ideal triangulation A, let §* = (§$)i jel(n) be
the matrix given by él.% = 81% + m;;, where

—%Cst if i =i%(E) and j = i’(E) lie on a common boundary interval E € B,

A-5 jj =
(A=) mij 0 otherwise.
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Then we define p : N2 - M2 by el.A D jern) El% fjA inducing a morphism

(A-6) Das: Asiz,x —> Xals, xs

which we call the Goncharov—Shen extension of the ensemble map. This choice naturally comes from the
geometry of the moduli spaces of local systems on X, so pgs agrees with the map p: .A§<L3 s = PpGL3,=
[21, Proposition 9.4].

Cluster modular group Although the entire structure of the cluster modular group Iy, 5 is yet unknown,
it is known to include the subgroup (MC(X) x Out(SL3)) x W(sl3)Me Is5,» [20]. Here MC(X)
denotes the mapping class group of the marked surface X, Out(SL3)) = Aut(SL3)/Inn(SL3) is the outer
automorphism group of SL3, and W(sl3) is the Weyl group of the Lie algebra sl3. The group Out(SL3)
has order 2, and generated by the Dynkin involution *: G — G, g — (g~ )7
this subgroup, let us call the induced PL action ¢: 25[3,E(QT) — 25[3,2(QT) the cluster action, in

comparison to the geometric action we introduce in the body of this paper in terms of signed s(3-webs.

. For each element ¢ in
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