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A deformation of Asaeda—Przytycki—Sikora homology
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We define a 1-parameter family of homology invariants for links in thickened oriented surfaces. It recovers
the homology invariant of Asaeda, Przytycki and Sikora (Algebr. Geom. Topol. 4 (2004) 1177-1210)
and the invariant defined by Winkeler (Michigan Math. J. 74 (2024) 1-31). The new invariant can be
regarded as a deformation of Asaeda—Przytycki—Sikora homologys; it is not a Lee-type deformation as the
deformation is only nontrivial when the surface is not simply connected. Our construction is motivated
by computations in singular instanton Floer homology. We also prove a detection property for the new
invariant, which is a stronger result than our previous work (Selecta Math. 29 (2023) art. id. 84).

57K18

1 Introduction

Khovanov homology [9] is a link invariant that assigns a bigraded homology group to every oriented link
in R3. Asaeda, Przytycki and Sikora [1] introduced a generalization of Khovanov homology for links
in (—1, 1)-bundles over surfaces, where the bundles are required to be oriented as 3-manifolds. Such
(—1, 1)-bundles are called thickened surfaces. When the surface is an annulus, Asaeda—Przytycki—Sikora
homology is also called annular Khovanov homology. Khovanov homology and Asaeda—Przytycki—
Sikora homology have been essential tools for the study of knots and links for decades. More recently,
Winkeler [16] introduced another variation of Khovanov homology for links in thickened multipunctured
disks, which is different from the invariant of Asaeda, Przytycki and Sikora.

Suppose X is an oriented surface. We define a 1-parameter family of homology invariants for oriented
links in (—1, 1) x X. As bigraded modules, the new invariant recovers both Asaeda—Przytycki—Sikora
homology and the invariant of Winkeler, and it can be interpreted as a 1-parameter deformation of Asaeda—
Przytycki—Sikora homology. The deformation is not a Lee-type deformation as it is only nontrivial when
the surface has a nontrivial fundamental group. The construction is motivated by computations from
singular instanton Floer homology. We also use instanton Floer theory to prove a detection result for
the deformed Asaeda—Przytycki—Sikora homology, which gives a stronger rank estimate than the main
theorem of Li, Xie and Zhang [12].
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The paper is organized as follows. Section 2 introduces some notation and conventions. Sections 3 and 4
define the differential map and prove that 2 = 0. Section 5 defines the homology invariant and proves the
invariance under Reidemeister moves. Section 6 explains the motivation from instanton Floer homology
and proves the aforementioned detection result in Theorem 6.1.

Acknowledgments Xie is supported by the National Key R&D Program of China 2020YFA0712800
and NSFC 12071005.

2 Notation

Throughout this paper we use R to denote a fixed commutative ring with unit. We use X to denote an
oriented surface, possibly with boundary and possibly noncompact.

For every embedded closed 1-manifold ¢ C X, we assign an R-module V(c) to ¢ as follows:

(1) If y is a contractible simple closed curve on X, define V' (y) to be the free R-module generated by
v(y)+ and v(y)—, where v(y)+ and v(y)— are formal generators associated with y.

(2) If y is a noncontractible simple closed curve, let 0 and o’ be the two orientations of y. Define V(y)
to be the free module generated by v(y), and v(y),, where v(y), and v(y), are formal generators.

(3) In general, suppose the connected components of ¢ are yy, ..., yx. Define V(c) to be ®f-‘=1 V(yi).

When the choice of = needs to be emphasized, we will write V(c) as V = (c), and write v(y), and v(y)+
as v=(y), and v=(y)+, respectively.

If 0 is an orientation of a curve y, we use ¥, to denote the corresponding oriented curve.

3 Band surgery homomorphisms

Suppose ¢ is an embedded closed 1-manifold on X, suppose b is an embedded disk on X such that the
interior of b is disjoint from ¢ and the boundary of b intersects ¢ at two arcs (see Figure 1). The surgery
of ¢ along b yields another embedded closed 1-manifold on X, which we denote by ¢,. We will call the
disk b a band that is attached to c.

N
RN

the manifold ¢ the band b the manifold cp,

Figure 1: Band surgery.
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For later reference, we record the following two elementary lemmas:

Lemma 3.1 The change from c to ¢ has three possibilities:

(1) two circle components of ¢ are merged to one circle,
(2) one circle component of c¢ is split to two circles,

(3) one circle component of ¢ is modified by the surgery to another circle.

Proof Since db N ¢ contains two arcs, at most two components of ¢ are affected by the surgery. If the
arcs of db N ¢ are on two different components of ¢, then the surgery merges these two components into
one circle. If the arcs of db N ¢ are on one component of ¢, then the boundary orientation of b defines an
orientation on both components of db N ¢, so we have two oriented arcs embedded in one component y
of c. If these two arcs induce the same orientation on y, then the surgery splits one component of ¢ to
two circles. If these two arcs induce opposite orientations on y, then the surgery changes this component
to another circle. |

Recall that if o is an orientation of a curve y, we use y, to denote the corresponding oriented curve.

Lemma 3.2 Suppose y is a simple closed curve on a connected surface ¥, and assume X is not
diffeomorphic to S*. Suppose o and o’ are the two orientations of y. Then y, and y, are not isotopic on .

Proof If y is nonseparating, there exists an oriented simple closed curve 8 such that the algebraic
intersection number of 8 and y is nonzero. Since isotopies preserve the sign of algebraic intersection
numbers, the desired result follows.

If y is separating and 0% # &, then every orientation of y defines an ordering of the two components
of X\y, which defines an ordered partition of the components of dX. Since every isotopy of y on X can
be extended to an isotopy of X fixing the boundary, the desired result is proved.

If v is separating and X is closed, then every orientation of y defines an ordering of the two components
of X\y. Suppose X and X, are the two components of X\ y ordered by an orientation o of y. Since
3 is not a sphere, the images of H{(X1;Z) and H{(X,;Z) are distinct in H;(X;7Z). The images of
H,(X1;Z) and H{(X;;Z) are invariant under isotopies of y,, so the desired result is proved. |

Taking an arbitrary element A € R, we define a homomorphism
Ty (b): V(c) = Vicp)

associated with the band surgery along . When the choice of X needs to be emphasized, we will write
T)(b) as T)\E (b).

We first assume that the intersection of db with every component of ¢ is nonempty. The general case will
be discussed later. By Lemma 3.1, if the intersection of db with every component of ¢ is nonempty, then
there are three cases:

Algebraic € Geometric Topology, Volume 25 (2025)



1548 Zhenkun Li, Yi Xie and Boyu Zhang

Case 1 (c has two components y; and Y, and they are merged into one circle y = ¢3 after the surgery)
In this case, we define T3 (b): V(y1) ® V(y2) — V(y) as follows:

(1) If both y; and y, are contractible circles, then y is also contractible, and we define T} (b) by

v(YD)+ ®v(y2)+ > v(¥)+, v+ Qv(y2)- v (y)-,
v(y)-Q®v(y2)+ > v(y)-, v(y1)-®v(y2)- 0.

(2) Ify is contractible and y, is noncontractible, then y; is isotopic to y. The existence of noncontractible
curves on ¥ implies that ¥ is not diffeomorphic to S2. By Lemma 3.2, the orientations of y, are
canonically identified with the orientations of y via an isotopy. This identification defines a canonical
isomorphism from V(y,) to V(y), which we denote by ¢. In this case, the homomorphism T} (b) is
defined by

v(y)+ ®@x = u(x), v(y)-® x>0
for all x € V(y»).

(3) If y; is noncontractible and y, is contractible, define 7} (b) by requiring the map to be symmetric
with respect to y; and y, and reducing to (2) above.

(4) If y; and y, are both noncontractible and )3 is contractible, then y; and y, must be isotopic. By
Lemma 3.2, the orientations of y; and y, are canonically identified by the isotopy. Let 0 and o’ be the
two orientations of y;, and use the same notation to denote the corresponding orientations of y,. The
map T (b) is then defined by

v(¥1)o ® v(¥2)o > 0, v(Y1)o ®v(y2)e — 0,

v(¥1)o ®v(y2)o = 0(¥)-.  v(¥1)o @ v(¥2)e = v(y)-.
(5) Ifall of yq, ¥, and y are noncontractible, let N be the regular neighborhood of 5 U y; Uy,. Then N
is a sphere with three disks removed, and the three boundary components of N are parallel to y;, y»
and y. Since N C X is oriented, the boundary orientation of N defines an orientation on each of yy, y»
and y, and we denote these orientations by 07, 05 and o, respectively. Denote their opposite orientations
by 0}, 0}, and o’. Then T} (b) is defined by

v(¥1)o, ®V(2)o, = A-0(¥)os V(¥1)o @ V(¥2)o, = 0,

v(¥1)o, ®v()/2)0/2 =0, v(¥1)o; ® v(¥2)o, > 0.

Case 2 (c contains one component Y and ¢ has two components y; and ;) In this case, we define
T,,(0): V(y) = V(y1) ® V(y2) as follows:

(1) If y; and y, are both contractible circles, then y is also contractible, and we define T} (b) by

v(Y)+ > v(y)+ ®@v(2)-+tv(Y)-®v(y2)+, v(¥)-v(y1)-Qv(y2)-.

(2) If one of {y, )} is contractible and the other is noncontractible, assume without loss of generality
that 4 is contractible and y, is noncontractible. Then y is isotopic to ), and the orientations of y and
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y, are canonically identified. Let o and o’ be the two orientations of y, and use the same notation to
denote the corresponding orientations of y,. Define the map T3 (b) by
V(Y)o P v(Y1)-®v(¥2)e:  2(¥)er = V(y1)- ®V(y2)o-
(3) If both y; and y, are noncontractible and y is contractible, then y; and y, are isotopic to each other,
and the orientations of y; are y, are canonically identified. Let o and o’ be the orientations of y; and use
the same notation for the orientations of y,. Define the map 7T (b) by
V(Y)+ > v(Y1)e ®v(r2)o +0(¥1)o @ V(¥2)e.  V(y)- > 0.

(4) If all of y, y; and y, are noncontractible, let N be the regular neighborhood of » U y. Then N is a
sphere with three disks removed, and the three boundary components of N are parallel to yy, y» and y.
The boundary orientation of N defines an orientation on each of y1, y, and y, and we denote them by o7,
05 and o, respectively. Denote their opposite orientations by o', 0/, and o’. Define the map T} (b) by

V(Y)o = A v(V1)o ®V(Y2)ors  0(¥)o = 0.
Case 3 (both ¢ and ¢p have exactly one component) In this case, define T} (b) to be zero.

In general, suppose ¢ = D 11 ¢®@ such that 9b is disjoint from ¢® and intersects every component
of ¢, We define the band surgery homomorphism 73 (b): V;.(¢) — Vj.(cp) to be

(3-1) T5.(0) = Th D)y ey ®id|p(c@)-

Remark 3.3 In the above definition, the coefficient A only appeared in Cases 1(5) and 2(4).

4 Commutativity of band surgery homomorphisms

The main result of this section is the following proposition:

Proposition 4.1 Suppose c is an embedded closed 1-manifold on ¥, and suppose by and b, are two
disjoint bands attached to c¢. Then for all A € R,

(4-1) T3.(by) o Ty (b2) = T).(b2) o Tj.(by).

The key idea is to use the following two lemmas to reduce Proposition 4.1 to the case when X has genus 0
or 1.

Lemma 4.2 Suppose X is an oriented surface, and X' C X is an embedded surface whose orientation
is induced by ¥. Suppose the embedding of ¥’ in ¥ is 71 -injective. Suppose ¢ is an embedded closed
1-manifold in ', and by and b, are two disjoint bands in ¥’ attached to c¢. Then

TF (by) o T (by) = T.F (by) o TF (by)
on Vy/(c) if and only if
Ts(by) o Ts(by) = Tx(by) o Tx(by)
on Vx(c).
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Proof Since the embedding of ¥’ in ¥ is my-injective, there is a canonical isomorphism from Vs (c) to
Vs (c) for every embedded 1-manifold ¢ C X’ which takes the generators of Vx/(c) to the corresponding
generators of Vy(c), and this isomorphism intertwines with 7 XE/ and T )LZ, so the lemma is proved. O

Lemma 4.3 Assume Proposition 4.1 holds whenever ¥ is a sphere, finitely punctured sphere, torus or
finitely punctured torus. Then Proposition 4.1 holds for all cases.

Proof Without loss of generality, we may assume that every component of ¢ intersects b; and b,
nontrivially, and that ¢ U by U b, is connected.

In this case, ¢ U by U b, is homotopy equivalent to the wedge sum of three circles. Therefore its Euler
characteristic is —2.

Let N be a closed regular neighborhood of ¢ U by U b, in Z. Let X/ be obtained from N as follows: For
each component y of dN, if y is contractible in X but not contractible in N, then y bounds a disk D,, in
Y such that D, N N = y. Define X’ to be the union of N and all disks D,, as above. Then the embedding
of ¥’ in X is 7y -injective. Note that x(X) > x(N) = =2. If x(X’) = x(N) = =2, then no disk D,
appears in the construction of X', so 0%’ # &. Therefore the genus of ¥’ is 0 or 1. By assumption, (4-1)
holds on ¥’. Hence by Lemma 4.2, the desired equation also holds on X. |

The rest of this section proves Proposition 4.1 when X is a sphere, finitely punctured sphere, torus or
finitely punctured torus.

4.1 The genus-zero case

We first establish (4-1) when X is a sphere or a finitely punctured sphere. Our argument here is inspired
by the work of Winkeler [16].

Lemma 4.4 Equation (4-1) holds if ¥ is a sphere or a finitely punctured sphere.

Proof If ¥ is a sphere or a disk, then every curve is contractible, and Lemma 3.1(3) is not possible. In
this case, our definition of T (b) does not depend on A and it coincides with the definition of the merge
and split maps in standard Khovanov theory. Therefore (4-1) holds.

When ¥ has n > 2 boundary components, we view X as a disk B with n — 1 interior disks By, ..., B,
removed. Assume the orientation of ¥ is defined so that the boundary orientation on dB is given by the
counterclockwise orientation, and the boundary orientation on dB; is the clockwise orientation.

Recall that when the surface ¥ needs to be emphasized, we write V(c), v(y),, v(y)+ and Ty (b) as
VE(C), vE(1)o, vE(¥)+ and T)LE (b), respectively.

For each embedded closed 1-manifold ¢ C X, define an isomorphism ®: VB(¢) — VZ(c) as follows.
For each component y of ¢, if y is contractible in X, define

() =vE(1)x.
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If y is noncontractible in X, let 0 denote the counterclockwise orientation of y, let o’ denote the clockwise
orientation of y, and define

2P (1)4) =271, PEP()-) =07 ()0
Since TKB (b) does not depend on A, we denote it by 7B(b). Then
doTB()od™!
is a homomorphism from V= (c) to V =(cp).

Foreachi €{l,...,n—1}, define a grading on V = (c) as follows. If a circle y is a contractible curve on %,
define the degree of v¥(y)+ to be zero. If y is noncontractible, for each orientation o of y, define the
degree of v (y), to be the rotation number of ¥, around B;. Here our convention on the rotation number
is defined so that counterclockwise orientations always have nonnegative rotation numbers. Define the
grading of the tensor product of a set of generators to be the sum of the grading of each generator.

By checking all the cases in the definition of T3 (), it is straightforward to verify that the map 7 % (b) pre-
serves all the n—1 gradings defined above. Moreover, for eachi € {1,...,n—1}, the map ®oT Bpyodp~!

does not increase the i ™ grading. The components of ®o T B(h)o®~! that preserve all the n—1 gradings is
equal to the map TIE (b), which is the map TAE when A = 1. Since TB(b1)o T B(by) = TB(by) o T B (b))

on B, we conclude that (4-1) holds for TIZ.

To show that (4-1) holds for general A, define T, I — TIE -T 0):‘ Then

We define another grading on V =(—) as follows. If a circle y is a contractible curve on X, define the
degree of vy (y)+ to be zero. If y is noncontractible, for each orientation o of y, define the degree of
v=(y), to be 1 if o is the counterclockwise orientation, and define the degree of v=(y), to be —1 if o is
the clockwise orientation. Define the grading of the tensor product of a set of generators to be the sum of
the grading of each generator.

By checking all the cases in the definition of T,%, it is straightforward to verify that under the above
grading, the map TOZ is homogeneous with degree 0, and 7, 52 is homogeneous with degree —1. Since
(4-1) holds for A = 1, we have

Ty (by) o Ty (by) = Ty (b2) o Ty (by),
TE(by) o TE (b)) + T (by) o T (by) = TF (b) o TE (by) + T (by) o T (by),
Tg (1) o T3 (ba) = Ty~ (b2) o T3 (b1).

Therefore (4-1) holds for all A € R. O
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4.2 The genus-one case

Now we prove Proposition 4.1 when X is a torus or a finitely punctured torus. Let 3 be a torus and suppose
X =3Xo\{p1,..., pn} withn > 0. Let ¢, b; and b, be as in Proposition 4.1. By the definition of 7}, we
may assume without loss of generality that every component of ¢ intersects d(b; U b,) nontrivially.

Lemma 4.5 Assume every simple closed curve yy C X that is disjoint from ¢ U by U b, is contractible in
Yo. Then up to orientation-preserving diffeomorphisms of ¥, there are only eight possible configurations
of ¢, by and b, as subsets of X, which are shown in Figure 2.

In each case of Figure 2, the torus X is the quotient space obtained by gluing the two boundary
components of the annulus. The blue curves denote the 1-manifold ¢, and the disks b, and b, are defined
to be the thickening of the red arcs.

Proof We discuss the following cases:

If ¢ contains two circles y; and )5, and both of them are contractible, let Dy, D, C X denote the disks
bounded by y; and y,. Then Dy U D, U by U b, is a disk or an annulus, and hence there exists a circle g
in the complement of ¢ U by U b, that is contractible, contradicting the assumptions.

If ¢ contains two circles y; and y; such that both y; and y, are noncontractible, then y; and y, must be
parallel to each other. The complement ¥¢\(y; U y2) contains two components. If every simple closed
curve in X\ (c U by U by) is contractible in X, then the interior of b; and b, must be contained in
different components of X¢\(y; Uy»), and db; must intersect both components of ¢ for each i. Therefore,
up to orientation-preserving diffeomorphisms of 3¢, the configuration is given by Figure 2(1).

If ¢ contains two circles y; and y,, where y; is contractible and y, is not contractible, let D; be the disk
bounded by y;. If either b; or b, is contained in Dy, then Dy Uc U b U b, deformation retracts onto y5,
so there exists a noncontractible simple closed curve in ¥ that is disjoint from D{ U ¢ U by U by, which

(D 2) (3) 4)
) (6) (7N (3

Figure 2: All possible configurations.
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contradicts the assumptions. Therefore both b; and b, must be on the outside of Dy, so by U Dy U b,
deformation retracts onto an arc with both endpoints on j,. The assumptions then imply that ¢ U by U b,
is given by Figure 2(2) up to orientation-preserving diffeomorphisms of Xy.

If ¢ consists of one simple closed curve y that is contractible in X, let D be the disk bounded by y.
Then by and b, must be the thickening of two disjoint arcs r; and r, in X\ D. Fori = 1, 2, let #; be the
circle obtained by the union of ; with an arc in D. Since r; and r, are disjoint arcs, we may choose
the arcs in D so that 7y and 7, are either disjoint or intersect transversely at one point. The assumptions
then imply that 71 and 7, must intersect transversely at one point. Hence the configuration is given by
Figure 2(3) up to orientation-preserving diffeomorphisms of Xy.

If ¢ consists of one noncontractible simple closed curve, then the possible configurations are given by
Figure 2(4)—(8). O

Lemma 4.6 Equation (4-1) holds if ¥ is a torus or a finitely punctured torus.

Proof If there exists a noncontractible simple closed curve yy C ¥ that is disjoint from ¢ U by U b5,
we may cut open X along ¥y, and the desired result follows from Lemmas 4.4 and 4.2. Therefore, by
Lemma 4.5, we only need to consider the eight cases given by Figure 2.

In (2) and (4)—(8), both sides of (4-1) are zero because Lemma 3.1(3) appears on both sides of the equations.
For (1) and (3), the complement X\ (¢ Ub; Ub,) has two connected components. Therefore, by Lemma 4.2
again, we only need to consider the cases when there is at most one puncture on each component.

Recall that n denotes the number of punctures on . For (1) with n = 0 or 2, and for (3), there is an
orientation-preserving diffeomorphism of X that preserves ¢ and X, is orientation-preserving on ¢, and
switches b and b,. Therefore (4-1) holds.

For (1) with n = 1, it is straightforward to verify that both sides of (4-1) are zero. O

S Khovanov homology

Suppose L C (—1, 1) x X is a link. For each A, we define a homology invariant for L using the maps 7T}

Suppose a link L is given by a diagram D on X with k crossings, and fix an ordering of the crossings.
For v = (v1, V2, ..., V) € {0, 1}¥, resolving the crossings of D by a sequence of 0-smoothings and
I-smoothings (see Figure 3) by v turns D into an embedded closed 1-manifold in . Denote the resolved
diagram by D,,.

Whenever u is obtained from v by changing one coordinate from O to 1, there is a band b near the crossing
such that v is obtained from u by a band surgery along b. Define dﬂ‘u: V(Dy) — V(Dy) to be T) ().
Let ¢; be the i™ standard basis vector of 7k . Define
CKhz(L)= @ V(D).
ve{0,1}k
Algebraic € Geometric Topology, Volume 25 (2025)



1554 Zhenkun Li, Yi Xie and Boyu Zhang

NS
VNN

a crossing 0-smoothing 1-smoothing

Figure 3: Two types of smoothings.

and define an endomorphisms on CKhy (L) by
Ds 1 =Z Z (—1)Xi<izcVid,,.
i u—v=e;

2
By (4-1), we have DE,K =0.

We define a quantum grading and a homological grading on CKh; (L) as follows. For each circle y,
if y is noncontractible, define the quantum grading on V(y) to be zero. If y is contractible, define the
quantum grading of v(y)+ to be 1 and the quantum grading of v(y)— to be —1. This grading then extends
to a grading on CKh,_x(L). Define the homology grading of V(D,) C CKh, x(L) to be the sum of
coordinates in v.

There is also a grading on CKhy x (L) over H{(X;Z) defined as follows. For each circle y, if y is
contractible, define the grading on V(y) to be zero. If y is noncontractible, for each orientation o of y,
define the grading of v(y), to be the fundamental class of y,.

Following the standard convention, we use curly brackets {/} to denote the shifting in quantum gradings
by / (namely, adding the quantum grading to each homogeneous element by /); we use the square brackets
[/] to denote the shifting in homology gradings by /.

Theorem 5.1 The homology of
(CKhy, z (L)[-n-}{ny —2n_}, Dy 1)
as a Z®Z® Hy(X; Z)-graded module is independent of the diagram or the ordering of the crossings,

where n4 and n_ denote the number of positive and negative crossings of the diagram.

Proof The proof is identical to the proof of the invariance of the standard Khovanov homology under
Reidemeister moves in [6]. Besides (3-1) and (4-1), the only properties about the band homomorphisms
T; (b) needed in the proof are the following:

(1) If y is a contractible circle, then V' (y) is rank 2 with two generators v(y)+.

(2) Suppose the band surgery along b merges two circles y; and y, to y, where y; is contractible.
Then y, and y are isotopic, and this isotopy defines a canonical isomorphism ¢: V(y,) — V(y). Then
T () (@(1)+ ® x) = 1(x) for all x € V().

Algebraic € Geometric Topology, Volume 25 (2025)
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(3) Suppose the band surgery along b splits one circle y to circles y; and y,, where y; is contractible.
Then y, and y are isotopic, and this isotopy defines a canonical isomorphism ¢: V(y) — V(y,). Then
the composition map

V() 2O v(y) @ Viyy) U= spanfu(y1)-} @ Viya)

is given by the tensor product with v(y;)—, where the second map above is a quotient map.

The only remark worth making is that there is a typo in the definition of the “transpose” map in
[6, Section 3.5.5]. The map Y on the top layer should map the quotient image of the pair (81, y1)
to the quotient image of the pair (B3, y») such that y; + 111 = y2 + 128> The italicized phrases and
the last equation in the previous sentence were missing in [6]. |

Definition 5.2 We define the homology of
(CKhy, 5 (L)[-n-J{n+ —2n_},Dx »)

as a Z®Z® H,(X; Z)-module to be the Khovanov invariant of L C (—1,1) x X, and denote it by
YKh) = (L; R).

When there is no risk of confusion on the surface 3 and the coefficient ring R, we will also denote
YKhy »(L; R) by XKh, (L).

Remark 5.3 When A = 0, the differential map Dy, ; is identical to the differential map of Asaeda—
Przytycki-Sikora homology defined in [1]. When R =7, A = 1 and X is a punctured disk, the homology
3> Kh, recovers the invariant defined by Winkeler [16].

6 Relations with instanton Floer homology

This section explains the motivation of the definition of T3 (b) from instanton homology. We will also
prove the following detection result:

Theorem 6.1 Suppose that ¥ is a surface with genus zero, and L C (—1,1) x X is a link. Then
rankz,/» XKh;(L;Z/2) > 2, and equality holds if and only if L is isotopic to an embedded knot in X.

The detection problems of Khovanov homology and other quantum invariants of knots and links have
attracted considerable attention since the introduction of the invariants. Kronheimer and Mrowka [10]
proved that the standard Khovanov homology detects the unknot; see also [7; 8]. Since then, a large
number of detection results on Khovanov homology were obtained using different versions of Floer
theory, for example, by [2; 3; 4; 5; 13; 14; 19; 20]. The main theorem in [12] gave the first detection
result on Khovanov homology that is valid on an infinite family of manifolds. Theorem 6.1 above is an
improvement of the main theorem of [12].
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In fact, by a spectral sequence of Winkeler [16, Theorem 1.3], we have
(6-1) rankz,/» XKho(L;Z/2) > rankz, XKhy(L;Z/2).

The main result in [12] states a classification of all links L such that ¥Khg(L; Z/2) has the minimum
possible rank. Theorem 6.1 immediately implies the result in [12] because of (6-1).

6.1 Motivation from instanton Floer homology

We start by discussing the motivation of the definition of T3 (b) from computations in instanton Floer
homology. All instanton homology groups here will be defined with C coefficients. We refer the reader to
[12, Section 2] for the general notation and properties of singular instanton Floer homology. In particular,
we will use I(Y, L, ) to denote the instanton homology of a nonintegral triple (Y, L, w), where Y is a
closed 3-manifold, L C Y is a link and (w, dw) C (Y, L) is an embedded 1-manifold. The nonintegral
condition is a technical condition to ensure that Floer homology is well-defined, and the statement
of the condition can be found in [12, Section 2.3]. If ¥ C Y is an oriented embedded surface, then
I(Y, L, w| %) denotes a subspace of I(Y, L, w) introduced by [18]; the complete definition can be found
in [12, Definition 2.10]. If ¥ is connected, one may regard I(Y, L, w|X) as the component of I(Y, L, w)
at the maximum possible grading with respect to a grading induced by 3.

Suppose Q is a closed oriented surface, and let L be a link in (—1, 1) x Q. Let p be a point on Q that is
disjoint from the projection of L to Q. In [12], the authors studied the instanton homology group

(6-2) YHlg ,(L) :=1(S' x Q, L, S' x {p}|{ts} x Q),

where S! is viewed as the quotient space of [—1, 1] with —1 identified with 1, and t, € S! is a fixed
basepoint.

Remark 6.2 The closed surface in (6-2) was denoted by R instead of Q in [12]. We use the notation Q
here to avoid collision of notation with the coefficient ring.

Suppose ¢ is an embedded 1-manifold in Q, and b is a band attached to ¢ that is disjoint from p. Then
the band surgery along b defines a link cobordism from c¢ to ¢ as links in (—1, 1) x Q. Therefore it
induces a cobordism map for Floer homology groups (up to sign)

EHIQ,p(b)Z EHIQ’I,(C) — ZHIQ,p(Cb).

It was proved in [12, Proposition 6.12] that the maps XHIg ,(b) are components of the second page of a
variant of Kronheimer and Mrowka’s spectral sequence which abuts to XHIgp ,(L). In [12, Proposition
6.11], the cobordism maps XHIg ,(b) were computed for multiple special cases; in all the computed
cases, ZHIg ,(b) is equal to T} (b) for some A € C in a suitable sense. This motivated our definition of
the map T3 (b). It is natural to conjecture that the second page of Kronheimer and Mrowka’s spectral
sequence is isomorphic to XKhy o(L:C) for some A € C.
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Conjecture 6.3 Suppose Q is a closed oriented surface, and let L be a link in (—1, 1) x Q given by
a diagram D on Q. Let p be a fixed point on Q that is disjoint from D. Then there exist A € C and
a spectral sequence that abuts to ¥HI g ,(L) whose second page is isomorphic to (CKh, o(L), Dx »)
(with C-coefficients) as a chain complex.

6.2 Proof of Theorem 6.1

We may assume without loss of generality that ¥ is connected and compact. If ¥ = S2, the desired result
follows from the unknot detection theorem for the standard Khovanov homology [10]. We assume in the
following that 0¥ # @.

Assume F is a connected oriented surface such that dF equals X with the reversed orientation. Let
Q =XUy F. By [12, Proposition 6.12], there is a spectral sequence that abuts to ¥HI g , (L) whose second
page is given by maps of the form XHIgp ,(b), where b is a band corresponding to a crossing change
between different smoothings of the diagram D. By [12, Lemma 5.2], the second page of Kronheimer
and Mrowka’s spectral sequence, as a linear space, is isomorphic to CKh, (L) (with C-coefficients).

By [12, Proposition 6.11], after conjugating by an isomorphism from V() to XHlg ,(—) defined in
[12, Section 5.2], each component of the differential map on the second page has the form ik (b) for
some A € C and k € Z. We show that it is possible to choose an isomorphism from V(—) to XHlg ,(-)
such that after conjugation, the coefficients A are the same (up to sign) on all the components of the
differential map. Moreover, we show that the coefficient A must be nonzero.

In the following, we will denote XHlg ,(—) by ZHI(—) to simplify notation.

Let Aq,..., A4 be the constants from [12, Section 6]. By [12, Lemma 6.9], one can rescale the isomor-
phisms in [12, Section 5.2] so that A; = +1 and A3 = +£1.

Lemma 6.4 Assume the generator wg defined in [12, Section 5.2.1] is chosen so that A1 = 1 and
)\3 = +1. Then )\.2 = :f:)\4.

Proof Consider the two bands in Figure 4 and apply the TQFT property of XHI(D). |

Lemma 6.5 The coefficients A, and A4 are both nonzero.

Figure 4: Two bands.
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Figure 5: The diagram D on X.

Proof Suppose X is a sphere with three open disks removed, and let D be a diagram on X as shown in
Figure 5. Let Dy = y be the resolution of D into one circle, let D1 = y; U y» be the resolution of D
into two circles and let b be the band relating Dy and D;. Let K be the knot represented by D. Then by
[10, Theorem 6.8], there is an exact triangle

- — THI(y) 22O, $HI(y; U y,) — SHI(K) — SHI(y) Z2C, SHI(y; Uys) — ---.

By [12, Lemma 6.4], A, = A4 = 0 if and only if XHI(b) = 0 in the above exact sequence. By
[12, Lemma 5.2], we have dim XHI(y; Uy,) =4 and dim XHI(y) = 2. Therefore we only need to show

(6-3) dim THI(K) < 6.

Let L be the link in the thickened annulus as shown in Figure 6. Pick a meridional disk in the thickened
annulus which intersects L at two points. We decompose the thickened annulus along this disk and obtain
a product sutured thickened disk with a tangle 7" in it. The sutured instanton Floer homology of this
sutured manifold with tangle 7" is isomorphic to AHI(L,2) according to [11, Theorem 2.14], where
AHI(L, 2) denotes the component of the annular instanton Floer homology with Alexander grading 2.
(The Alexander grading is also called the annular grading, the f-grading or the k-grading in the literature.
We follow the terminology of [15, Definition 2.2] here, which agrees with the notation in [12].)

The tangle 7" has two product vertical components. We remove the tubular neighborhoods of the two
vertical components and add a meridian suture to the boundary of each neighborhood to obtain a sutured

@3l

Figure 6: The annular link L.
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manifold M’ with a knot K’ in it. Moreover, this process does not change the sutured instanton Floer
homology according to [18, Lemma 7.10] and its proof. Therefore

SHI(M', yp, K') = AHI(K, 2).
Notice that in the definition of sutured instanton Floer homology, the pairs (M’, K') and (M, K) can be
given the same closure; therefore their sutured instanton homologies are isomorphic. As a result, we have
(6-4) SHI([—1, 1] x £,{0} x £, K) = AHI(L, 2).
A straightforward calculation shows that
AKh(L,2;C) =~ C*,

where AKh(L, 2; C) denotes the component of the annular Khovanov homology of L with Alexander
grading 2 and with coefficient ring C. According to [17, Theorem 5.16], we have

dim AHI(L, 2; C) <dim AKh(L, 2;C) =4.
Therefore, (6-4) implies
dim XHI(K) = dim SHI([—1, 1] x 3, {0} x £, K) < 4.

This verifies (6-3), and hence the desired result is proved. O
Theorem 6.1 can now be proved using an argument from [12].

Proof of Theorem 6.1 When X is a compact surface with genus zero, there is a grading on V' (—) such
that To () is homogeneous with degree zero and T (b) is homogeneous with degree —1. Since A, # 0, we
can rescale the map ©,, » in [12] by a factor of k’z‘ at degree k. By the discussion in [12, Section 6], there
is a spectral sequence of chain complexes in C-coefficients that converges to I(J—1, 1] x X, {0} x 0%, L),
whose second page (E3, d3) is isomorphic to the chain complex (CKhy ; (L), Dy 1) up to multiplications
by integer powers of i on the components of the differential map. In other words, there exists a chain
complex (C, d) defined with Z][i] coefficients, such that when reducing to C coefficients, it is isomorphic
to (E,, d»); when reducing to Z[i]/(i — 1) = Z /2 coefficients, it is isomorphic to the chain complex
(CKhyx,1 (L), Dx,1). By the universal coefficient theorem,

rankz, XKhy ((L;Z/2) = rankz;) H(C,d) = dim¢c H(E>, d3)
>dimc I([—-1, 1] x 2,{0} x 0%, L),
and the desired result follows from [12, Theorem 1.3]. O
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