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We prove that for any oriented cusped hyperbolic 3-manifold M and any compact oriented 3-manifold N
with tori boundary, there exists a finite cover M’ of M that admits a degree-8 map f: M’ — N,ie M
virtually 8-dominates N.

57K32, 57M10; 30F40

1 Introduction

We assume all manifolds are compact, connected and oriented, unless otherwise indicated. By a cusped
hyperbolic 3-manifold, we mean a compact 3-manifold with nonempty tori boundary, such that its interior
admits a complete hyperbolic structure with finite volume, unless otherwise indicated.

For two closed oriented n-manifolds M and N, and a map f: M — N, a natural quantity associated to
f is its mapping degree. The mapping degree of f is d € Z if fx([M]) = d[N] for oriented fundamental
classes [M]€ H,(M;Z) and [N] € H,(N; Z). The notion of mapping degree can be generalized to proper
maps between manifolds with boundary. For two compact oriented n#-manifolds M and N with boundary,
amap f: M — N is proper if f~1(0N) = dM . The mapping degree of a proper map f: M — N is
d eZif fi((M,dM]) = d[N, dN] for oriented relative fundamental classes [M, dM] € H,(M, oM ;Z)
and [N, dN] e H,(N,0dN;Z). In either of the above cases, f is a nonzero degree map if the degree of f
is not zero. If the mapping degree d # 0, we say that M d-dominates N, and we say that M dominates
N if M d-dominates N for some nonzero integer d. In this paper, we will work on 3-manifolds with
nonempty boundary, and all maps f: M — N between such 3-manifolds are proper, unless otherwise
indicated.

Roughly speaking, if M dominates (or 1-dominates) N, then M is topologically more complicated
than V. For certain invariants of manifolds, eg ranks of fundamental groups, Betti numbers, simplicial
volumes, representation volumes, etc, this impression on behavior of topological invariants under nonzero
degree maps (or degree-1 maps) forms classical results. However, for some other invariants, eg Heegaard
genera and Heegaard Floer homology of 3-manifolds, it is unknown whether the above impression is

correct.

Carlson and Toledo [7] asked whether there is an easily described class € of closed oriented n-manifolds,
such that any closed oriented n-manifold is dominated by some M € ‘€. Gaifullin [9] proved that, for any
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positive integer n, there exists a closed oriented n-manifold My, such that any closed oriented 7-manifold
is dominated by a finite cover of My (virtually dominated by M), ie we can take € to be the set of all
finite covers of M. In [14; 19; 23], the author and Liu proved the following result.

Theorem 1.1 [14; 19; 23] For any closed oriented 3-manifold M with positive simplicial volume
and any closed oriented 3-manifold N, there exists a finite cover M’ of M that admits a degree-1 map
f:M — N.

So for any closed oriented 3-manifold M with positive simplicial volume, we can take 6 to be the set of
all finite covers of M.

Note the condition that M has positive simplicial volume is necessary for Theorem 1.1, since a manifold
with zero simplicial volume does not dominate any manifold with positive simplicial volume, and the
simplicial volume has the covering property.

In this paper, we generalize the above virtual domination result from closed 3-manifolds to 3-manifolds
with tori boundary. The following theorem is the main result of this paper.

Theorem 1.2 For any oriented cusped hyperbolic 3-manifold M and any compact oriented 3-manifold N
with nonempty tori boundary, there exists a finite cover M’ of M that admits a proper map f: M' — N
with deg(f) = 8.

The proof of Theorem 1.2 can also be applied to prove a similar result on certain mixed 3-manifolds.
Here a mixed 3-manifold is a compact oriented irreducible 3-manifold with empty or tori boundary, such
that it has nontrivial JSJ decomposition and at least one hyperbolic JSJ piece.

Theorem 1.3 For any compact oriented mixed 3-manifold M with nonempty tori boundary such that a
hyperbolic piece of M intersects with dM , and any compact oriented 3-manifold N with nonempty tori
boundary, there exists a finite cover M’ of M that admits a proper map f: M’ — N with deg(f) = 8.

We cannot prove virtual 1-domination for Theorems 1.2 and 1.3. Although we can prove virtual 1-, 2-, or
4-domination in certain special cases, we do need to state our result as virtual 8§-domination.

Moreover, if M d-dominates N, then M (kd)-dominates N for any positive integer k, by taking a
degree-k cyclic cover of M (since M has nonempty tori boundary). In some sense, the above degree-(kd)
map is not significantly different from the degree-d map, and one may only be interested in (virtually)
mq-surjective domination maps. In fact, the virtual 8-domination maps in Theorems 1.2 and 1.3 can be
mq-surjective. The virtual 2-domination map in Proposition 4.5 is always 71 -surjective. For Theorem 5.1,
the statement only gives a virtual domination of degree 1, 2 or 4, because we did not work hard enough
to make the 2-complex # connected. Actually, we can work harder to make % connected and obtain a
mq-surjective virtual 4-domination.
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For technical reasons, we cannot prove Theorem 1.3 for other mixed 3-manifolds with tori boundary,
although we do expect the virtual domination result still holds in that case. To fully resolve this problem,
it remains to study mixed 3-manifolds such that all of their boundary components are contained in Seifert
pieces.

Question 1.4 Let M be a compact oriented 3-manifold with nonempty tori boundary and positive
simplicial volume. Does M virtually (1-)dominate all compact oriented 3-manifolds with tori boundary?

For a statement as Theorem 1.2, we do not have to restrict to compact oriented 3-manifolds with tori
boundary, and we ask what happens for all compact oriented 3-manifolds with nonempty (possibly higher
genus) boundary.

Question 1.5 Which compact oriented 3-manifold M with boundary virtually dominates all compact
oriented 3-manifolds with boundary?

Two necessary conditions for Question 1.5 are: M has a boundary component of genus at least 2, and the
double of M has positive simplicial volume. If the boundary of M only consists of 2-spheres and tori, so
does any finite cover M’ of M. Then M’ does not dominate any 3-manifold with higher genus boundary,
by considering the restriction map on the boundary. Moreover, if M virtually dominates N and both
manifolds have boundary, then D(M) virtually dominates D (N ). Since we can choose N so that D(N)
has positive simplicial volume, then so does D(M).

Before we sketch the proof of Theorem 1.2, let’s first recall the proof of virtual domination results
(Theorem 1.1) of closed 3-manifolds in [14; 19; 23]. These three proofs roughly follow the same circle of
ideas, and we sketch the proof of the most general result in [23] here. First, by Boileau and Wang [4], we
can assume the target manifold NV is a closed hyperbolic 3-manifold, and we take a geometric triangulation
of N. Since M has positive simplicial volume, let M be a hyperbolic JSJ piece of a prime summand
of M. Then we construct a map j': N () 5 M, from the 1-skeleton N of N to My, such that
j ! maps the boundary of each triangle A in N to a null-homologous closed curve in M,. For each
triangle A in N, we construct a compact orientable surface Sa with connected boundary and a map
Sa 9 M, that maps dSa to j1(dA), so that S is mapped to a nearly geodesic subsurface in M.
Then the maps j!: N® - M, and {SA & My} together give a map j: Z & M, from a 2-complex
Z to My. If we construct the maps {SA & My} carefully enough, j: Z & M, induces an injective
homomorphism on 7. Since j«(71(Z)) < w1 (My) < w1 (M) is a separable subgroup in 71 (M) (by [21],
which generalizes Agol’s celebrated result on LERF-ness of hyperbolic 3-manifold groups in [2]), the
map j: Z & M lifts to an embedding j': Z <> M’ into a finite cover M’ of M. A neighborhood of Z
in M’ is a compact oriented 3-manifold % with boundary, and is homeomorphic to the manifold obtained
from a neighborhood N (N ) of N in N, by replacing each A x I by S x I. Then there is a proper
degree-1 map g: % — N(N @) that maps each Sp x I C % to A x I C N(N@). This proper degree-1
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map g: % — N(N @) extends to a degree-1 map f: M’ — N, by mapping each component of M’ \ %
to the union of some components of N \ N(N 2)) (each component is a 3-ball) and a finite graph in N.

In the context of manifolds with boundary, the above proof fails in the last step, but we need to fix it
from the very first step. For example, if we apply the above approach to manifolds with boundary, it is
possible that some component C of M’ \ % does not intersect with 9M”, but a component of N \ N (N )
intersecting g(dC) may contain some component of dN . In this case g: % — N(N (2)) does not extend
to a proper map f: M’ — N. Moreover, even if each component C of M’ \ % intersects with dM’,
it is also difficult to construct the desired extension f: M’ — N. So we need to take a more careful

construction for proving Theorem 1.2, which is sketched in the following.

In Section 4, we reduce the proof of Theorem 1.2 to 3-manifolds M and N satisfying the following extra

assumptions.

e M has two components 7 and 75, such that the kernel of H; (77 U T,;Z) — H{(M ; Z) contains
an element with nontrivial components in both H{(T;7Z) and H,(T3; 7).

e N is a finite volume hyperbolic 3-manifold with a single cusp.

In Section 5.1, we take a geometric cellulation of a compact core Ny of N which has extra edges than
a geometric triangulation, such that each triangle contained in dN is almost an equilateral triangle. In
Section 5.2, we construct two maps js(l): N — M for s = 1,2 such that the following hold:

(1) For each triangle A of Ny contained in dV, js(l)(aA) bounds a geodesic triangle in M .

(2) For each s = 1, 2, the union of geodesic triangles in A bounded by js(l)(aA) in item (1) gives a
mapped-in torus 7' — M homotopic into 7.

(3) For each triangle or bigon A of Ny not contained in dV, jl(l)(BA) U jz(l)(BA) is null-homologous
in M.

For each triangle A of Ny as in item (3), we construct a compact orientable surface Sp and a nearly
geodesic immersion SA & M bounded by two copies of jl(l)(aA) U jz(l)(BA). Then two copies of
js(l) :ND 5 M withs = 1,2, two copies of the tori in item (2) and the maps {Sa 9> M } together give
a 2-complex Z and amap j: Z & M. In Section 6, we prove that if the construction is done carefully,
Jj:1Z 9 M is m-injective. After this step, the construction of the virtual domination (proper) map is
similar to the closed manifold case. We first use Agol’s result [2] that j.(7;(Z)) < 1(M) is a separable
subgroup to lift Z to an embedded 2-complex in a finite cover M’ of M, and take a neighborhood of Z
in M’ denoted by %. Then we have a proper degree-4 map g: % — N(N (), such that the following

holds.

e For the component 77 = 9N, of dN(N @), each component of g~!(7”) is a torus in M’ parallel
to a component of M.
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This key property implies that g can be extended to a proper degree-4 map f: M’ — N, as desired (see
Section 5.3).

Note that the mq-injectivity of j: Z 9 M cannot be proved by exactly the same way as in [14; 19;
23]. In [14; 19; 23], we equipped Z with a natural metric and proved that the map ; : Z—> M =H?
on universal covers is a quasi-isometric embedding. However, in the current case, J: Z — M is not
a quasi-isometric embedding anymore, since j(Z) contains some tori homotopic into dM . To prove
the mq-injectivity of j, we modify Z as follows. For each torus 7" in Z as in item (2) above (that is
homotopic into a horotorus in M), we add the cone of 7" to Z with the cone point deleted, and get an
ideal 3-complex Z3 (a 3-complex with certain vertices deleted). The map j: Z 9> M extends to a map
Jj1: Z3 95 M that maps ideal vertices of Z3 to corresponding ends of M. In Section 6, we prove the
71 -injectivity of j: Z 9> M by proving that /i : Z}3 > M=H3isa quasi-isometric embedding.

Although the above description of j: Z & M is mostly topological, we actually need geometric methods
to construct it. Our main geometric tool for constructing various geometric objects is the good pants
construction. Roughly speaking, the good pants construction is a tool box that uses so called good curves,
good pants and other good objects to construct geometrically nice objects in hyperbolic 3-manifolds.
The good pants construction was initiated by Kahn and Markovic [10], for constructing nearly geodesic
mq-injective immersed closed subsurfaces in closed hyperbolic 3-manifolds, with good pants as building
blocks. Then in [11], Kahn and Wright generalized Kahn and Markovic’s work to construct nearly geodesic
m1-injective immersed closed subsurfaces in cusped hyperbolic 3-manifolds. These geometrically nice
subsurfaces of Kahn—Wright are basic pieces for constructing our 2-complex j: Z & M in cusped
hyperbolic 3-manifolds. More details on the good pants construction can be found in Section 2.

Now we summarize the organization of this paper. In Section 2, we review the good pants construction
in closed and cusped hyperbolic 3-manifolds, including works in [10; 11; 13; 22]. In Section 3, we
review and prove some elementary geometric estimates in hyperbolic geometry. In Section 4, we prove
preparational results that reduce the domain and target manifolds in Theorems 1.2 and 1.3. The technical
heart of this paper is in Sections 5 and 6. In Section 5, we construct the mapped-in 2-complex j: Z & M
and the virtual domination map from M to N, modulo the m{-injectivity of j: Z & M (Theorem 5.17).
The mq-injectivity of j will be proved in Section 6.

Acknowledgements The author thanks the referee for very helpful suggestions for improving this paper.
The author is partially supported by Simons Collaboration Grant 615229.

2 Preliminaries on the good pants construction

In this section, we review the good pants construction on finite-volume hyperbolic 3-manifolds, including
constructions of nearly geodesic subsurfaces [10; 11], works on panted cobordism groups [13; 22] and
the connection principle of cusped hyperbolic 3-manifolds [22].
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2.1 Constructing nearly geodesic subsurfaces in finite-volume hyperbolic 3-manifolds

In [10], Kahn and Markovic proved the following surface subgroup theorem. This work initiates the
development of the good pants construction, and it was the first step of Agol’s proof of Thurston’s virtual
Haken and virtual fibering conjectures [2].

Theorem 2.1 (surface subgroup theorem [10]) For any closed hyperbolic 3-manifold M, there exists
an immersed closed hyperbolic subsurface f: S 9 M, such that fi: w1 (S) — 7m1(M) is injective.

The immersed subsurface of Kahn and Markovic is geometrically nice, and it is built by pasting a large
collection of (R, €)-good pants along (R, €)-good curves in a nearly geodesic way. These terminologies
are summarized in the following.

We fix a closed oriented hyperbolic 3-manifold M, a small number € > 0 and a large number R > 0.

Definition 2.2 An (R, €)-good curve is an oriented closed geodesic in M with complex length satisfying
|(y) —2R| < 2¢. The (finite) set consisting of all such (R, €)-good curves is denoted by I'g .

Here the complex length of y is defined by I(y) =/+i6 € C/2niZ, where | € R~ is the length of y,
and @ € R/27Z is the rotation angle of the loxodromic isometry of H?* corresponding to y. In this paper,
we adopt the convention in [11] that good curves have length close to 2 R, instead of the convention in
[10] that good curves have length close to R.

Definition 2.3 We use X 3 to denote the oriented topological pair of pants. A pair of (R, €)-good pants
is a homotopy class of immersion X 3 & M, denoted by II, such that all three cuffs of ¥ 3 are mapped
to (R, €)-good curves y1, ¥2, ¥3 € I'gr ¢, and the complex half length hl1(y;) of each y; with respect to
IT satisfies

lhlr (i) — R| <e.

We use Il g ¢ to denote the finite set of all (R, €)-good pants.

Here the complex half length hlpy(y;) measures the complex distance between two vectors v;—1 and v;41
along y;, where v;_ and U; are tangent vectors of oriented common perpendicular segments (seams)
from y; to y;—1 and ;41 respectively. See [10, Section 2.1] for the precise definition of complex half
length. If y € Tg ¢ is a cuff of IT € Il g ¢, then hlp(y) is uniquely determined by /(y), and we denote
this value by hl(y) if no confusion is caused.

For y € Tg ¢, we can identify its unit normal bundle as N !(y) = C/(I(y)Z + 27iZ), then its half-unit
normal bundle is defined to be

N'(J/y) =C/MY)Z + 2ni 7).

Given IT € Il g ¢ with one cuff y = y;, the pair of normal vectors U;_; and v;4; used to define hly(y)
gives a unique vector foot, (IT) € N'! ({/7), called the formal foot of I1 on .
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In [10], to obtain the nearly geodesic subsurface, (R, €)-good pants are pasted along (R, €)-good curves
with nearly 1-shifts, rather than exactly matching seams along common cuffs. More precisely, in the
nearly geodesic subsurface S 9> M, for any two (R, €)-good pants I1; € IIg ¢ and 1, € I g ¢ in
S pasted along y € I'g ¢, such that y is an oriented boundary of I, after identifying N I J/v) with
N1(/7) naturally, it is required that

[foot, (TT;) — foot; (TT5) — (1 + 7i)| < % in N'(7).

This nearly 1-shift is a crucial condition to guarantee the injectivity of fi: m((S) — 71 (M ). Kahn and
Markovic showed that, for any (R, €)-good curve y, the formal feet of (R, €)-good pants with cuff y are
nearly evenly distributed along y. So M contains a large collection of (R, €)-good pants, and they can
be pasted together by nearly 1-shifts. Therefore, the asserted 7r1-injective immersed closed subsurface
can be constructed.

In [11], Kahn and Wright generalized Kahn and Markovic’s surface subgroup theorem in closed hyperbolic
3-manifolds (Theorem 2.1) to cusped hyperbolic 3-manifolds.

Theorem 2.4 [11, Theorem 1.1] Let I' < PSL,(C) be a Kleinian group and assume that H3 /T has
finite volume and is not compact. Then for all K > 1, there exist K-quasi-Fuchsian (closed) surface
subgroups in T".

The main difficulty for proving Theorem 2.4 is that, for cusped hyperbolic 3-manifolds, good pants are
not evenly distributed along good curves, especially for those good curves that run into cusps very deeply
(with high heights).

We first define the height function on a cusped hyperbolic 3-manifold M . By the Margulis lemma, there
exists €g > 0 such that the subset of M consisting of points of injectivity radii at most € is a disjoint union
of solid tori and cusp neighborhoods of ends (simply called cusps). For any point in M not belonging to
any cusps, we define its height to be 0. For any point p in a cusp C C M, we define the height of p to be
the distance between p and the boundary of C. For a compact geodesic segment or a closed geodesic
in M, we define its height to be the maximal height of points on it. For a pair of (R, €)-good pants in M,
we define its height to be the maximal height of its three cuffs.

For any /& > 0, we use l";he (resp. erhe) to denote the set of all (R, €)-good curves (resp. the set of all
(R, €)-good pants) in M with height less than /2. We can define I‘I%he and leeh similarly.

€
To construct nearly geodesic subsurfaces in cusped hyperbolic 3-manifolds, Kahn and Wright introduced a
new geometric object called (R, €)-good hamster wheel. For a positive integer R, let Q g be the oriented
hyperbolic pants with cuff lengths 2, 2 and 2R. The R-perfect hamster wheel Hp is the cyclic R-sheet
regular cover of Q g with R + 2 boundary components, such that all cuffs of Hg have length 2R. An
(R, €)-good hamster wheel (or simply an (R, €)-hamster wheel) H is amap f: Hg — M up to homotopy,
such that the image of each cuff of Hg liesin I'g ¢, and f is approximately a totally geodesic immersion.
For each (R, €)-good hamster wheel H and each cuff y € T'g  of H, a foot foot, (IT) € N ! (/) can
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be defined that approximates the tangent direction of H. See [11, Section 2.9] for the precise definition
of (R, ¢)-hamster wheels and their feet.

In [11], Kahn and Wright defined the (R, €)-well-matched condition for pasting finitely many (R, €)-good
pants and (R, €)-good hamster wheels together in a nearly geodesic manner. A good assembly in a cusped
hyperbolic 3-manifold is a compact oriented subsurface (possibly with boundary) obtained by pasting
finitely many (R, €)-good pants and (R, €)-good hamster wheels according to the (R, €)-well-matched
condition. Then Kahn and Wright proved that an immersed subsurface in a cusped hyperbolic 3-manifold
arising from a good assembly is 7 -injective.

To construct a closed subsurface in a cusped hyperbolic 3-manifold arising from a good assembly, Kahn
and Wright defined a more complicated geometric object called an umbrella. An umbrella U consists of
a compact planar surface U decomposed as a finite union of subsurfaces homeomorphic to Hg and a
map f: U — M, such that the restriction of f on each Hg subsurface (under the decomposition) gives
an (R, €)-good hamster wheel, and these (R, €)-good hamster wheels are (R, €)-well-matched with each
other. For each umbrella U and each cuff y € Tg . of U, we define foot, (U) € N !( /) to be the foot
of the (R, €)-hamster wheel in U containing y. Umbrellas are used to take care of the undesired property
that feet of good pants are not evenly distributed on N1 ( /v) for some y € T'g ¢, especially when y has
high height.

In [11], Kahn and Wright took constants i > 6log R and &, > h + 441log R. Then they considered
the collection of all (R, €)-good pants IT with at least one cuff of height less than /.. For any (I1, )
such that IT € H%{f and y € FEf’; is a cuff of I1, in [11, Theorem 4.15], Kahn and Wright constructed a
Q4 -combination of umbrellas U (T1, y) with coefficients sum to 1 such that the following hold:

(1) As a Q4-linear combination of umbrellas, the boundary of U (IT, ) contains one copy of y, and
all of its other boundary components have height less than /7.

2) U (T1, ) is (R, €)-well-matched with any (R, €)-good pants that is (R, €)-well-matched with IT
along y.

Then they used U (T1, p) to replace IT in the above collection of good pants.

After the above replacement process, we obtain two finite linear combinations of (R, €)-good objects.
The first one is the sum of all (R, €)-good pants in H;hg, and the second one is the sum of QQ-linear

combinations of umbrellas constructed above:

Adg= Y T A= ) > U1, ).

el 3 yel g€ el R,y call

<he

Then Kahn and Wright proved that, for any y € I'g¢, the feet of (R, €)-pants and umbrellas in
A = Ag + A, are evenly distributed on N !( \/V). After eliminating denominators in 4 by multiplying a
large integer, they could paste good pants and umbrellas in 4 U A (A denotes the orientation reversal
of A) to get the desired nearly geodesic closed subsurface.
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2.2 Panted cobordism groups of finite volume hyperbolic 3-manifolds

In [13], Liu and Markovic introduced panted cobordism groups of closed oriented hyperbolic 3-manifolds
and computed these groups. In [22], the author generalized some results in [13] to oriented cusped
hyperbolic 3-manifolds. In this section, we review these results and their consequence Proposition 2.11,
which is the main input from the good pants construction to this work.

We first fix a closed oriented hyperbolic 3-manifold M, a small number € > 0 and a large number R > 0.
Let ZT g ¢ be the free abelian group generated by I' g ¢, modulo the relation y +y =0 forall y € I'g .
Here y denotes the orientation reversal of y. Let ZII g ¢ be the free abelian group generated by Il g ¢,
modulo the relation IT + IT =0 for all IT € IT R.e- By taking the oriented boundary of (R, €)-good pants,
we get a homomorphism 0: ZII g ¢ — ZT g . The panted cobordism group Q g (M) is defined as the
following in [13].

Definition 2.5 The panted cobordism group Qg (M) is defined to be the cokernel of the homomor-
phism 0, ie Q g (M) fits into the exact sequence

ZMg 25 TR — Qr (M) — 0.
To state the result in [13], we need the following definition.

Definition 2.6 For an oriented hyperbolic 3-manifold M and a point p € M, a special orthonormal frame
(or simply a frame) of M at p is a triple of unit tangent vectors (I, 7ip, I, X i) such that z,, 7, € TPIM
with 7, L 7ip, and 7, x 71, € Ty M is the cross product with respect to the orientation of M. We use
SO(M) to denote the frame bundle of M consisting of all special orthonormal frames of M .

For simplicity, we denote each element in SO(M) by its basepoint and the first two vectors of the frame,
as (p, tp,7ip), since the third vector is determined by the first two. We call 7, and 7i,, the tangent vector
and the normal vector of this frame, respectively.

In [13], Liu and Markovic proved the following result on Qg (M ).

Theorem 2.7 [13, Theorem 5.2] For any closed oriented hyperbolic 3-manifold M , small enough € > 0

depending on M, and large enough R > 0 depending on € and M , there is a natural isomorphism
O:Qpre(M)— H (SOM); Z).

In [22], the author generalized Theorem 2.7 to oriented cusped hyperbolic 3-manifolds. The corresponding

result in [22] has some height conditions on involved curves and pants, and we need the following definition.

For any i/ > h > 0, ZI‘E’}’e is naturally a subgroup of Zl";”’;. For the boundary homomorphism

d: ZH;}”E/ — ZI’;f‘;, we use ZH/IZQ’,/’E/ to denote the d-preimage of Zr;f; < ZF;”‘J in ZH;{’;. We first
recall the following definition in [22].
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Definition 2.8 For an oriented cusped hyperbolic 3-manifold M and any 4’ > i > 0, we define the (R, €)-
panted cobordism group of height (h, h'), denoted by Q};ahe (M), to be the cokernel of the homomorphism

a|: ZH’I’e’he — ZF;”G. Thus Qlll?he (M) fits into the exact sequence

h.h 0 h,n
z 2 zrgh — QM () — 0.

In [22], the author proved the following analogy of Theorem 2.7 for oriented cusped hyperbolic 3-
manifolds.

Theorem 2.9 [22, Theorem 1.1] For any oriented cusped hyperbolic 3-manifold M, any numbers
B >a >4 withf—a >3 and any € € (0, 1072), there exists Ry = Ro(M, €) > 0, such that for any
R > Ry, we have a natural isomorphism

©: Q2 RAR 4y s Hy (SO(M): 2).

Moreover, for Theorem 2.9 (and Theorem 2.7), if we compose the isomorphism
log R,Blog R
©: QRERPR ) s Hy(SOM): Z)

with the homomorphism 7 : H{(SO(M); Z) — H{(M;Z) induced by the bundle projection, 7y o ®
maps the equivalent class of each (R, €)-multicurve to its homology class in H; (M ; Z).

To give the geometric meaning of Q}Ilehe/ (M), we define the following two types of subsurfaces in an

oriented cusped hyperbolic 3-manifold M .

Definition 2.10 For any small € > 0 and large number R > 0, we define the following terms.

(1) An (R, €)-panted subsurface in a hyperbolic 3-manifold M consists of a (possibly disconnected)
compact oriented surface F with a pants decomposition and an immersion i : F' 9 M, such that
the restriction of j to each pair of pants in the pants decomposition of F gives a pair of (R, €)-good
pants.

(2) If R is also an integer, an (R, €)-nearly geodesic subsurface in a cusped hyperbolic 3-manifold M
consists of a compact oriented surface F* decomposed as pants and R-hamster wheels (by a family
of disjoint essential curves ), and an immersion i : /' & M, such that the following hold. The
restriction of i on each pants or R-hamster wheel subsurface of F is an (R, €)-good pants or an
(R, €)-good hamster wheel respectively, and these (R, €)-good components are pasted together by
the (R, €)-well-matched condition.

The (R, €)-panted subsurface was originally defined by Liu and Markovic [13], and it does not require any
feet-matching condition when two (R, €)-good pants are pasted along an (R, €)-good curve. Geometrically,
an (R, ¢)-multicurve L € ZI‘E”’G represents the trivial element in Q}I'eh; (M) if and only if it bounds an
(R, €)-panted subsurface of height at most 4’. The definition of an (R, €)-nearly geodesic subsurface is
same as an (R, €)-good assembly in [11], but we stick to this terminology since we have been using it
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throughout [14; 19; 23]. Theorem 2.2 of [11] implies that, if € > 0 is small enough and R > 0 is large
enough, an (R, €)-nearly geodesic subsurface is 1-injective.

In [23, Proposition 3.11], the author proved the following result, which generalizes [19, Corollary 2.11].

Proposition 2.11 [23, Proposition 3.11] Let M be an oriented cusped hyperbolic 3-manifold. Then for
any constant @ > 4, any small € > 0 depending on M and any large real number R > 0 depending on M
and e, the following statement holds. For any null-homologous oriented (R, €)-multicurve L € Zl";‘tlog R,

there is a nontrivial invariant o (L) € Z, such that 6 (L1 U L,) = o (L) 4+ 0(L>,) and the following hold.

If o (L) = 0, for any integer R' > R, L is the oriented boundary of an immersed subsurface f:S % M
satisfying the following conditions.

(1) If we write L as a union of its components L. = L1 U---U Ly, then S is decomposed as oriented
subsurfaces S' = (U{;l H,’) U S’ with disjoint interior, such that I1; N S is a single curve ¢; that
is mapped to L;.

(2) Therestriction f |1y, : I1; > M is a pair of pants such that |hly, (L;)—R| <€, and |hlf, (s)—R'| <€
holds for any other component s C dI1;.

(3) If we fix a normal vector v; € N'! (+/L;) for each component L; of L, then we can make sure
|footy,; (IT;) — v;| < € holds for all i.

(4) The restriction f'|g/: S’ @ M is an oriented (R’, €)-nearly geodesic subsurface.

(5) For any component s C S’ N T1; that is mapped to y € I' g ¢, we take its orientation induced from
I1;, then we have
Ifoot,, (IT;) — foot; (S') — (1 + 7i)| < %.

We call the immersed pants in condition (2) (R, R’, €)-good pants, and we call the immersed subsurface
f:S % M constructed in Proposition 2.11 an (R’, €)-nearly geodesic subsurface with (R, €)-good
boundary. We can also assume that S has no closed component.

Remark 2.12 For the immersed subsurface S & M constructed in Proposition 2.11, the collection of
curves € C S (giving the decomposition of .S) gives a graph-of-space structure on .S with dual graph I':
each component of S \ € gives a vertex of I', and each component of 6 gives an edge of I'. Let v; be the
vertex of I' corresponding to IT; C .S. We can further modify the nearly geodesic subsurface S & M as
in [20, Section 3.1, Step IV], such that the combinatorial length of any topological essential path in I"
from v; to v; (possibly i = j) is at least ReR/2,

Moreover, if we endow S with a hyperbolic metric such that all d-curves of S have length 2R and all
curves in 6 have length 2R’. Since all seams (shortest geodesic segments between boundary components)

have lengths at least e R/2

and each geodesic segment in a pair of pants or a hamster wheel from a cuff
to itself has length at least R, any proper essential path in S from L; to L; (possibly i = j) has length at

least R.
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2.3 The connection principle of finite-volume hyperbolic 3-manifolds

The connection principle is a fundamental tool that constructs geometric segments and d-framed segments
in finite volume hyperbolic 3-manifolds. The idea of connection principle was initiated in [10], and
the first officially stated connection principle is given in [13, Lemma 4.15]. In [22], the author proved
a version of connection principle for oriented cusped hyperbolic 3-manifolds, which is the connection
principle will be used in this paper. In [12; 23], connection principles with homological control in frame
bundles are obtained for oriented closed and cusped hyperbolic 3-manifolds respectively.

At first, we recall the definition of oriented 0-framed segments and associated objects [13, Definition 4.1].
They are the geometric objects constructed by our connection principle.

Definition 2.13 An oriented d-framed segment in M is a triple
5= (S7 ﬁini, ﬁter)

such that s is an immersed oriented compact geodesic segment (simply called a geodesic segment), 7ijn;
and 71 are unit normal vectors of s at its initial and terminal points respectively.

We have the following objects associated to an oriented d-framed segment s:

e The carrier segment of s is the (oriented) geodesic segment s, and the height of s is the height of s.

e The initial endpoint pini(s) and the terminal endpoint pi.(s) are the initial and terminal points of
s respectively.

e The initial framing 7i;ni(5) and the terminal framing h;(s) are the unit normal vectors 7ijn; and A,
respectively.

o The initial direction fy,i(s) and the terminal direction fi;(s) are the unit tangent vectors in the

direction of s at pini(s) and pe(s) respectively.

* The initial frame and the terminal frame of 5 are (pini(5), fini (5), 7iini (5)) and (peer(5), rer(5), Tieer(5))
respectively.

e The length I(s) € (0,00) of s is the length of its carrier s, the phase ¢(s) € R/2x7Z of s is the
angle from the parallel transport of 7;,; along s to 7iger.

e The orientation reversal of 5 = (s, llini, Her) 1s defined to be
5 = (5, fier, flini)-
e For any angle ¢ € R/2xn7Z, the frame rotation of s by ¢ is defined to be
5(¢) = (5, COS @ - Tiini + SiN @ - (fini X THini), COS @  Thier + SIN @ - (fier X Tirer)).-

Now we state the connection principle in [23, Theorem 3.7]. Since we do not need a homological
statement in frame bundles, we only state a weaker version of condition (3) here.
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Theorem 2.14 [23, Theorem 3.7] Let M be an oriented cusped hyperbolic 3-manifold, and let

P =(p.lp.iip).q = (q.1p.7ip) € SO(M)

be two frames based at p,q € M respectively. Let £ € H{(M,{p, q};Z) be a relative homology class
with boundary d¢ = [q] — [p].

Then for any § € (0,1072), there exists T = T(M,&,8) depending on M, £ and §, such that for any
t > T, there is a 0-framed segment s trom p to g such that the following hold.

(1) The heights of p and q are at most logt, and the height of s is at most 2logt.

(2) The length and phase of s are §-close to t and 0 respectively. The initial and terminal frames of s
are §-close to p and q respectively.

(3) The relative homology class of the carrier of s equals § € H{(M,{p,q}; 7).

3 Preliminaries on hyperbolic geometry

In this section, we give some geometric estimates on d-framed segments and geodesic segments, by using
elementary hyperbolic geometry. Most of these results can be found in [22, Section 3], while some of
them were originally proved in [13]. We have a new result (Proposition 3.5) that estimates the length of a
consecutive chain of geodesic segments (see definition below), where some involved geodesic segments
can be short.

We first need a few geometric definitions on d-framed segments from [13, Section 4].

Definition 3.1 Let0 < 4§ < %, L > 0and 0 < 0 < 7 be three constants.

(1) Two oriented d-framed segments s and s are §-consecutive if the terminal point of s is the initial
point of &', and the terminal framing of s is §-close to the initial framing of s’. The bending angle
between s and s’ is the angle between the terminal direction of s and the initial direction of &’.

(2) A §-consecutive chain of oriented d-framed segments is a finite sequence s1, . . . , 55, such that each
5; is §-consecutive to 5;41 fori = 1,...,m — 1. It is a §-consecutive cycle if furthermore s, is
d-consecutive to §1. A §-consecutive chain or cycle is (L, 0)-tame if each s; has length at least 2L
and each bending angle is at most 6.

(3) Foran (L, 6)-tame §-consecutive chain s1, . . ., 5, the reduced concatenation, denoted by s1 - - - 5,
is the oriented d-framed segment defined as the following. The carrier segment of s1 - - - 55, is
homotopic to the concatenation of carrier segments of sy, ..., §,,, with respect to endpoints. The
initial and terminal framings of s; - - - 55, are the closest unit normal vectors to the initial framing
of 51 and the terminal framing of s,, respectively.

(4) For an (L, f)-tame §-consecutive cycle s1, ..., 5, the reduced cyclic concatenation, denoted by
[s1 - - 5m], is the oriented closed geodesic freely homotopic to the cyclic concatenation of carrier
segments of 5y, ..., Sy, assuming it is not null-homotopic.
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Without considering initial and terminal framings, we can also talk about the following terms on geodesic
segments: consecutive geodesic segments and their bending angles, a consecutive chain and a consecutive
cycle of geodesic segments and their (L, #)-tameness, the reduced concatenation of a consecutive chain
of geodesic segments, and the reduced cyclic concatenation of a consecutive cycle of geodesic segments.

The following lemma from [13] is very useful for estimating length and phase of a concatenation of
oriented d-framed segments. The function /() is defined by 1(0) =2 log(sec %9)

Lemma3.2 [13,Lemma4.8] Given positive constants §, 6 and L with 0 <0 < and L > 1(0)+10log?2,
the following statements hold in any oriented hyperbolic 3-manifold.

(1) Ifsq,...,smisan (L, 0)-tame §-consecutive chain of oriented d0-framed segments, denoting the
bending angle between s; and s; 1 by 6; € [0, 6), then

m m—1
Isi---sm)— ) 1)+ D 1(6)

i=1 i=1

m— l)e(—L-l—lOlogZ)/Z sin (/2)
L —log?2

_

and

‘w(sl cesm) = Y @(si)| < (m—1)(8 + LA 2 6in (6/2)),

i=1

where |- | on R/2nZ is understood as the distance from zero valued in [0, 7].
(2) Ifsy,...,s5misan (L, 0)-tame §-consecutive cycle of oriented d-framed segments, denoting the
bending angle between s; and s; 1 by 6; € [0, 0) with s,,4+1 equal to s; by convention, then
me(—L+10l0g2)/2 ¢ify 6/2)
L —log?2

<

‘1([51 s — Y 1)+ Y 1(6:)

i=1 i=1

and

'go([sl csm)) = Y @(si)| < m(8 +eTETI0ED 2 in (9/2)),

i=1

where |- | on R/2nZ is understood as the distance from zero valued in [0, 7).

For an (L, 8)-tame §-consecutive chain of d-framed segments s, ..., 5,, we need the following lemma

in [23] to bound the difference between initial frames of 51 and 51 - - - 55,.

Lemma 3.3 [23,Lemma3.4] Letd, 6 and L be positive constants with 0 <0 < and L > I(6)+101log 2.
If s1,...,8, is an (L, 0)-tame §-consecutive chain of oriented d-framed segments, then the distance
between the initial frames of $1 and 51 - -+ 5, in SO(M), (s, is at most 8e L.

The following lemma in [22] bounds the distance between a §-consecutive cycle of geodesic segments
and the corresponding closed geodesic, which is useful for bounding heights of closed geodesics arising
from geometric constructions.
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Lemma3.4 [22,Lemma3.7] Given positive constants 6 and L with 0 <8 < and L >4(1(6)+10log?2),
the following statement holds in any oriented hyperbolic 3-manifold. If s1, ..., Sy is an (L, 8)-tame cycle
of geodesic segments with m < L, and the bending angle between s; and s; 1 lies in [0, ) for each i,
with s,,+1 equal to s1 by convention, then the closed geodesic [sy - - - S| lies in the 1-neighborhood of
the union | J/L, s;.

The following result generalizes Lemma 3.2(1), which estimates the length of a consecutive chain of
geodesic segments where some involved geodesic segments are short.

Proposition 3.5 Given any positive constants ¢ and L with 0 < 6 < 7 and
L > max{12/(w —60) + 80log2,241log2 — 16log(% — 6)}.

the following statement holds in any hyperbolic 3-manifold. Let sq, ..., sy be a consecutive chain of
geodesic segments such that one of the following hold for eachi = 1,...,m —1:

(1) either both s; and s; 1 have length at least L, and the bending angle between s; and s;41 lies in
[0,7 —6], or

(2) exactly one of s; and s;41 has length at least L, and the bending angle between s; and s; 1 lies in
[0.5 —6].
Then we have

[s1esm) = 3 2150,

i=1

Proof We lift the consecutive chain of geodesic segments sq, ..., Sy, to the universal cover, and work
on a consecutive chain of geodesic segments in H?3. If m = 1 or 2, the result follows directly from the
cosine law of hyperbolic geometry (see also estimates below), so we assume that m > 3.

Let x; be the initial point of sy and let x,,41 be the terminal point of s,,. For any i = 2,...,m, let x; be
the terminal point of s;_1, which is also the initial point of s;. Let y; = X1, ym = Xm+1, and let y; be
the middle point of s; foreachi =2,...,m—1. Foranyi =1,...,m—1, let ; be the geodesic segment
from y; to y;+1. We will use Lemma 3.2(1) to estimate /(¢ - - ty—1) = 1(S1 -+ Sm)-

We need to estimate lengths of #; and bending angles between #; and #;;. We claim that
(3-1) I(t:) = 3(d(yi. Xi41) + d(Xig1.Vig1)) = L.

Casel Both/(s;) and /(s;41) are at least iL. Then d (yi, xj+1), d(Xit1, Vig1) = %L and by assumption
at least one of them is greater than %L. By [13, Lemma 4.10(2)], we have

I(ti) =d(yi,yiv1) = d(yi. Xit1) +d(Xig1, Yig1) — 1w — LyiXiy1Yit1)
>d(yi, Xi+1) +d(Xig1, yig1) — 1(w —0)
> 2(d(yi.xig1) +d(Xig1. yis1) = 3L
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Case II Otherwise, one of /(s;), [(s;+1) is at most %L, and we assume that /(s;) < %L. By assumption
of this lemma, we have /(s; 1) > L and £y;X;1yi+1 > 5 + 0. So we have d(y;, x;+1) < I(s;) < %L
and d(x;11, Vit1) = %l(s,url) > %L. Since ZyiXiy1yi+1 > %, we have

I(ti) = d(yi, yit1) = d(Xig1, yit1) = 3(d (i, Xig1) + d(Xig1. Yig1)) = 3 L.
So (3-1) holds in both cases.
Then we claim that Zy; y;+1X;+1 < 5 — 6. In Case I above, we apply [13, Lemma 4.10(1)] to get

1
—1L+31082)/2 _ &
Lyiyiy1Xipr <eCs R

In Case IT above, Zy;X;41yi+1 > 5 + 0 implies Zy; yj1Xi41 < 5 — 0 directly.
The same argument implies Zy; 2y;i11X;42 < 5 — 0. So we get
(3-2) LYiYig1Vi42 2 T — LYiVig1Xig1 — LYig2Viv1Xiq2 27 —2(5 —0) = 26.
For the consecutive chain of geodesic segments #1, . .., #;—1, by (3-1) and (3-2), each segment has length
at least %L and each bending angle is at most 7 — 26. By Lemma 3.2(1), we have
m—1 e(—%L+1010g2)/2

U100 5m) =111+ tm=1) Z ) 1(6) = (m—2)1(r = 26) = (m ~2)

i=1

+L—log2

m—1

m—1
3
= Y1) - =2 =20)+ 1) = 3 3 1@,
i=1 i=1
Here the last inequality holds since %l (t) > ll—zL > I(wr —20) 4 1 for each ¢;, by (3-1). By (3-1) again,

we have

m—1 m—1
1
[stoosm) = 3 3 10) = 5 S (@i xig) +d(xier, i)

i=1 i=1
m—1

= %(d(h,m) + ;(d(xi,yi) +d(yi, Xi+1)) +d(Xm,ym))

- % S i), O

i=1
4 Reduction of the domain and target in Theorem 1.2

In this section, we prove a few preparational results that reduce the domain and target manifolds A and N
in Theorem 1.2 to some convenient form. Recall that when talking about a cusped hyperbolic 3-manifold,
we mean a compact 3-manifold with tori boundary whose interior admits a complete hyperbolic metric

with finite volume, unless otherwise indicated.
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4.1 Reducing the domain manifold M

At first, we prove that any cusped hyperbolic 3-manifold M has a finite cover that satisfies a convenient
homological condition.

Proposition 4.1 For any oriented cusped hyperbolic 3-manifold M , it has a finite cover M’ with two
distinct boundary components Ty, T, C dM’, such that the kernel of

H\(T1UTy;Z) — H{(M'; Z)

contains an element oy + oy € H{(T1 U T,; 7Z) such that 0 # «y € H{(T1;7Z) and 0 # oy € H{(T; 7).

Note that we do need at least two boundary components of M’ in Proposition 4.1. If all boundary
components of M are Hj-injective (eg M is the complement of a two-component hyperbolic link with
nonzero linking number), then any boundary component of any finite cover of M is Hj-injective.

Proof We take a boundary component 7" of M, a slope ¢ on T, and a slope / on 7 that intersects ¢ once.

By [17, Proposition 4.6] and its proof, there is a geometrically finite r1-injective connected oriented
immersed subsurface i : S & M, such that the following hold:

e S has exactly two oriented boundary components, C; and C,.

e i maps both C; and C; to T, and ix[C;] = —i«[C,] = d|c] for some positive integer d.

For any positive integer D, let Tp be the covering space of T corresponding to {dc, DI) < {(c,!} = (T).
Let Sp be the 2-complex obtained by pasting S and two copies of Tp (denoted by Tp 1 and Tp >), such
that Cy, C, C 98 are pasted with curves in Tp ; and Tp » corresponding to £dc, respectively. Then the
map i : S & M and covering maps Tp 1, Tpr — T C M together induce amap ip: Sp & M. By [15,
Theorem 1.1], when D is large enough, ip is a 7rj-injective map.

Since hyperbolic 3-manifold groups are LERF [2] and Sp embeds into the covering space of M corre-
sponding to (ip)«(71(Sp)) < 1 (M), there is a finite cover M’ of M, such thatip: Sp G M lifts to
an embedding ip:Sp < M’. Since ip is an embedding, 77 = fD(TD,I) and T, = ZD(TDJ) are two
distinct boundary components of M. Since ip|g: .S < M’ gives an embedded oriented subsurface of
M’ whose boundary consists of a pair of essential curves on T and T respectively,

H\(T\UTy:Z) — H(M"; Z)
is not injective. Let «q be the intersection of 0.5 N 77, and let «, be the intersection of d.S N 75, then
a1+ oy € Hi (T UT,;7Z) is an element in the kernel with the desired form. O
A similar argument as in Proposition 4.1 proves a similar result on certain mixed 3-manifolds.
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Proposition 4.2 Let M be an oriented mixed 3-manifold with tori boundary such that oM intersects
with a hyperbolic piece M of M. Then M has a finite cover M’ with a hyperbolic piece M| of M’,
such that M(; N oM’ contains two components Ty and T», and the kernel of

H\(T\UTy:Z) — H{(My; Z)

contains an element a1 +ap € H{(T1 U T 7Z) such that 0 # oy € H{(T1:Z) and 0 # «ap € H{(T3; 7).

Proof Let T be a component of My N dM. By the proof of Proposition 4.1, there is a 7{-injective
2-complex ip: Sp & My < M, such that Sp is a union of three surfaces, S, Tp 1 and Tp 5, and both
Tp,1 and Tp » are mapped to 7" via covering maps.

Since ip: Sp 9 M is mapped into a hyperbolic piece My of M, by [21], (ip)«(71(Sp)) is a
separable subgroup of w{(M). Since Sp embeds into the covering space of M corresponding to
(ip)«(m1(Sp)) < w1 (M), there is a finite cover M’ of M, such thatip: Sp & M lifts to an embedding
ip: Sp < M’. Since Sp is connected, the image of ip is contained in a hyperbolic piece Mjc M.
Since ip is an embedding, T} = fD(TD,l) and T, = ;D(TD,Z) are two distinct boundary components of
M and they are both contained in M; N dM’. Similar to the proof of Proposition 4.1, the existence of
the subsurface ip|g: S — M’ implies that

H\(T1UTy;Z) — H{(M'; Z)

is not injective, and the kernel contains an element in the desired form. O

4.2 Reducing the target manifold N

To reduce the target manifold NV, we first need to prove two topological lemmas. The first one is quite
elementary, while the second one uses results on branched coverings between 3-manifolds.

Lemma 4.3 For any compact oriented 3-manifold N with nonempty tori boundary, there exists a proper
map g: N — D? x S such that the following hold.

(1) The degree of g is at least 3.
(2) g induces a surjective homomorphism on 7.

(3) The restriction of g to each boundary component of N is a covering map to S' x S' ¢ D?> x S of
positive degree.

Conditions (2) and (3) in this lemma imply that g is an “allowable primitive map”, according to the
terminology in [8].

Proof Let the boundary components of N be T4,...,T;. Foreachi =1,...,k, let j;: T; > N
be the inclusion map, then the free rank of the image of (j;)«: H{(7;;Z) — H{(N;Z) is at least 1.
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So there exists a surjective homomorphism «: H{(N;Z) — Z such that « o (j;)«: H(T;;Z) — Z is
nontrivial for all i. We consider « as an element in Hom(H;(N;Z);Z) =~ H'(N;Z), then the dual
of o in Hy(N, dN;Z) is represented by a compact oriented (possibly disconnected) proper subsurface
3 C N. By doing surgery, we can assume that for each i, ¥ N 7T; consists of parallel essential circles
with consistent orientation. By our choice of «, ¥ intersects with each 7; nontrivially.

We take a proper map /hg: = — D? = D? x {pt} of degree at least 3, such that for any 77, the restriction
of ho|: =N T; — S' = dD? on each component of ¥ N 7; has the same positive degree d;. This
map hg can be constructed by first pinching ¥ \ N(0X) to a point, with the resulting space being a
one-point union of discs, then each disc is mapped to D? by a branched cover of positive degree. The
restriction /1g|: XN T; — ST = ST x {pt} can be extended to a covering map /;: T; — S x S! of positive
degree as following. Since each component A of 7; \ (X N 7;) is an annulus, and its two boundary
components are mapped to S x {pt} with the same degree d;, we define h;|4 to be a (orientation
preserving) covering map to (S x ')\ (S x {pt}) of degree d;. Then we have h; 1(S' x{pt})) = =NT;
and deg(h;) = deg(ho|: =N T; — S1).

The maps /g and h;, i = 1,...,k together give a map
k
h: EU(U T) — (D?>x{pthH U (S x s c D?x st
i=1
The map / extends to a proper map g: N — D?x S, since it extends to a neighborhood of XU (UT;) C N
and (D2 x S1)\ ((D2 x {pt}) U (ST x Sl)) is a 3-ball.

By construction, we have deg(g) = Zf;l deg(h;) = deg(ho) > 3; thus condition (1) holds. For the
composition N £, D2xS!' > S! the preimage of pt € S! is exactly %, so the induced homomorphism
H{(N;Z)— H;(S';Z) is the same as «: H;(N;Z) — Z. Since « is surjective, g induces a surjective
homomorphism on both H; and 7ry; thus condition (2) holds. Since g: N — D? x S is an extension of
hi: Ti — S1x S, condition (3) holds. O

Lemma 4.4 For any compact oriented 3-manifold N with nonempty tori boundary, there exists a compact
oriented 3-manifold M with connected torus boundary, such that M virtually properly 2-dominates N .

Proof We first take a proper map g: N — D? x S! satisfying the conclusion of Lemma 4.3. These
conditions make [8, Theorem 4.1] applicable, so g: N — D? x S is homotopic to a branched covering
map relative to the boundary, such that the branching locus is a link (a disjoint union of circles) in D?>x S!.
By [3, Theorem 6.5], g: N — D? x S is further homotopic to a simple branched covering, and we still
denote this map by g. Here by simple branched covering, we mean that g is a branched covering of
degree d € Z -, such that for any p € D? x S, g7 (p) consists of at least  — 1 points.

Note that if g: N — D? x S is a nonbranched cover, then N = D? x S! and we can simply take
M = D? x S'. So we can assume that g is a genuine branched cover.
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Let L C D? x S! be the branched locus of the simple branched covering g: N — D? x S, and write
L =L{U---ULg as aunion of its components. We take a tubular neighborhood

N(L)=N(Ly)U---UN(Ly)

of L=L;U---U L. On the torus dN(L;), we take an oriented meridian #; that bounds the meridian
disc of N(L;), and take an oriented longitude /; that intersects with m; exactly once. For each L;, we
take M; to be a copy of X 1 xS 1 and take a linear homeomorphism

di: OM; = 0% 1 x ST — ON(L;)

that maps oriented curves 0% 1 x {*} and {*} X § ! to m; and /; respectively. Then we take M to be

— (D> x s\~ | (OM")'

{oivie, =1
Now we need to construct a finite cover M’ — M and a degree-2 map M’ — N.

Let £ =g~ !(L)C N. Since g: N — D? x S! is a branched covering, there is a tubular neighborhood
N(&£) of £ in N, such that the restriction map g|: N \ N(¥£) = D? x S\ N(L) is a covering map of
degree d = deg(g).

Let $; = g~ '(L;). Since g: N — D? x S is a simple branched covering, there is a unique component
EB? of &; such that g is locally a 2-to-1 map near 3?, and g is a local homeomorphism near any point
in &; \35? = U;”zl SE{ . The restriction of g to dN (SE?) — dN(L;) is a finite cover corresponding to a
subgroup of 71 (dN(L;)) in one of the following two types:

(D) (2m;, kili) <1 (IN(L;)) or

(2) (2mi, kili +m;) < (IN(Li))
for some positive integer k;. For any j € {1,...,n;}, the restriction of g to dN (55{ ) — dN(L;) is a finite
cover corresponding to subgroup

3) {mi ] i) < 7 (N (Li)
for some positive integer k.j .

In case (3), let nﬁj l; [/ c N (éE’ ) be one (oriented) component of the preimage of m;,l; C IN(L;),

]

respectively. Then m; — m; and I — [; are covering maps of degree 1 and kj respectively, and these

two curves intersect once on dN (SE’ ). We take M; J = =X11xS ! and a degree- klj covering map
pliM! =%, xS" > M; =%, xS,
that is the product of id: X ; — X, and the degree—kij covering map Sl - ST Let
vl oM =95, x S' = IN(Z))
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be the linear homeomorphism that maps oriented curves 9% 1 x{*} and {*}xS! to nﬁlj and l? respectively.
Then we have the following commutative diagram:

, J .
IM] =05 xS! i, INE) CN\N(®)

@1) Al 1)

OM; =05, 1 xS~ ON(L;) € D2 x ST\ N(L)

In case (1) above, let ﬁq?, l~l-0 CON ($?) be one (oriented) component of the preimage of m;, l; C IN(L;),
respectively. Then nh? — m; and l~l.0 — [; are covering maps of degree 2 and k; respectively, and these
two curves intersect once on IN (SB?). We take Ml.0 = X,, xS, and take a degree-4k; covering map

pYMP =%5,xS' > M=%, ;xS

It is the product of the degree-4 covering map X, , — X ; that factors through ¥ 5 (which restricts to
a degree-2 cover on each boundary component), and the degree-k; covering map S! — S!. Let

Y2 MDY =955, x ST — ON(ED)

be a linear map that restricts to a homeomorphism on each component of aMiO, such that it maps
each oriented boundary component of 9%, » X {*} to n%?, and maps oriented curves {x} x S on both
components of IM io to / 1.0. Then we have the following commutative diagram:

0
OMO =855, x §' —Vy AN (%) C N\ N(%)

(4-2) p? Il gll

OM; =05, 1 xS —2 ON(Lij) € D2 x S'\ N(L)
In case (2) above, let rh?, l;p C ON (&B?) be one (oriented) component of the preimage of m;, /; C IN(L;),
0
i
2k; respectively, and these two curves intersect (algebraically) twice on N (32?). Here llp corresponds
to 2(kil; +m;) — (2m;) = 2kil; € m(ON(L;)). We take Mio = Y52 x1/(x,0) ~ (¢(x),1), where
¢: Xy 2 — X5 5 is the nontrivial deck transformation of the double cover g: X5 » — X 5. Note that g

respectively. There is actually a unique 1~i°. Then m; — m; and l~l.° — [; are covering maps of degree 2 and

restricts to a degree-2 cover on each boundary component of 3, ,. Then we take the degree-4k; covering
map
pliMP =%, xI/~— M;=%;; xS

that is a composition £3 5 x I/~ — 1, x S — ;| x S'. Here the first map takes the double
covering map ¢: X5 » — 21,2 on each fiber and takes the identity map on the base S 1, the second map
is the product of the double cover ¥ 5 — X ; and the degree-k; covering map S I 5 S!. Then each
oriented component of the p? -preimage of 92 ; x {*} is a component of 03, » x {*}. Each oriented
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component of the p?—preimage of {*} x S is a flow line of Ml.0 along the /-direction, and it intersects
the corresponding component of 93, , x {*} algebraically twice.

There exists a linear map
YL OIMD =055 5 x I/~ — IN(LY)

that restricts to a homeomorphism on each component of dM io’ such that it maps each oriented boundary
component of 03, » X {*} to Vh?, and maps an /-flow line on each component of M l.O to ll.o. Then we
have the following commutative diagram:

0
oM VT AN(0) C N\ N(®)

(4-3) p?\l g|l
aM; —2 s AN(Li) C D2 x ST\ N(L)

Now we take two copies of N \ N(£) and denote them by (N \ N(¥£)); and (N \ N(£)), respectively.
Foranyi =1,...,k and j = 1,...,n;, we take two copies of Ml.j and denote them by (Mij)l and
(Ml.j ),. Foranyi =1,...,k, Ml.0 has two boundary components, and we denote them by (8Ml.0)1 and
(8Mi°) » respectively. Then we take M’ to be the union of manifolds

(NANE@) 1, (N\N®)2, (M), (M), M fori=1,....k j=1,....n,
by pasting maps
W12 0(M )1 — ONED) T CNANE) 1, ()21 (M )2 — (N(E]))2 C (N \N(&))a,
WD 1: OMP)) — ONED) T € (N\NED 1. W D2: OM)2 — (ON(ED))2 C (N \N(£))a.

The homeomorphisms (wij )1 and (wij ), denote copies of the map wij on the corresponding copy of M l.j ,
while (wlp |)1 and (1//1.0 |)2 denote the restriction of wlp on the corresponding component of BMZ.O.

The covering map 7: M’ — M is defined by the following covering maps on pieces of M:
o g|maps (N \N(£)1,(N\N(£)), C M'to D> x S2\N(L)C M,
. pij maps (Mij)l,(Mij)ZCM’toMi CMfori=1,....,kand j =1,...,n;,
o pYmaps M? C M'to M; C M fori =1,... k.
Here 7 is a well-defined map because of three commutative diagrams (4-1), (4-2) and (4-3).
The degree-2 map f: M’ — N is defined by the following maps on pieces of M":
 The identity map that maps (N \ N(£))1, (N \N(£)), C M' to N\N(¥)C N.

e A pinching map that maps (Ml-j)l, (Ml.j)Z =% xSlcM o N(SB{) = D?x S! C N. This
map is the product of a degree-1 pinching map ¥; ; — D? and the identity map S! — S'.
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e A pinching map that maps M = 5,5 x I/~ C M' to N(£?) = D* x S' C N, where ~ is
induced by the identity map of X, > or the nontrivial deck transformation of ¥, » — ¥ 5. Here
we take a fixed degree-2 pinching map ¥, » — D? on each fiber, such that it commutes with
monodromy homeomorphisms of M l_o and N (58?), and restricts to a homeomorphism on each
boundary component.

Then f is a degree-2 proper map from M’ to N. |
Now we are ready to prove the following result.

Proposition 4.5 For any compact oriented 3-manifold N with nonempty tori boundary, there exists a
one-cusped oriented hyperbolic 3-manifold M , such that M virtually properly 2-dominates N .

Proof By Lemma 4.4, N is virtually 2-dominated by a compact oriented 3-manifold N’ with connected
torus boundary. By [23, Lemma 4.1], N’ is 1-dominated by a compact oriented irreducible 3-manifold
N with connected torus boundary.

This result follows from the proof of Proposition 3.2 of [4], although the result in [4] is only stated for
closed 3-manifolds. By [16, Theorem 7.2], there exists a hyperbolic knot K C N that is null-homotopic
in N”. We take M to be a hyperbolic Dehn-filling of N\ N(K), then M is a one-cusped hyperbolic
3-manifold. The proof of Proposition 3.2 of [4] constructs a degree-1 map f: M — N’'. More precisely,
the map £ is identity on N\ N(K), it extends to the meridian disc of the filled-in solid torus since K is
null-homotopic in N”, and it extends to the whole solid torus since N” is irreducible. O

5 Topological construction of virtual domination

In this section, we give the topological part of the proof of Theorem 1.2, and we also point out how to
modify the works to prove Theorem 1.3.

To prove Theorem 1.2, it suffices to prove the following result.

Theorem 5.1 Let M be a compact oriented hyperbolic 3-manifold, such that dM has two components
T1 and T, and the kernel of H{(T1 UT5;7Z) — H{(M ; Z) contains an element a1 +a € H{(T1 UTy; Z)
with 0 #£ oy € H{(T1;7Z) and 0 # oy € H{(T»;Z). Let N be a compact oriented hyperbolic 3-manifold

with connected torus boundary. Then M has a finite cover M, such that there is a propermap f: M’ — N
with deg(f) € {1,2,4}.

We first prove that Theorem 5.1 implies Theorem 1.2.

Proof of Theorem 1.2 (by assuming Theorem 5.1) Let M be a compact oriented cusped hyperbolic
3-manifold, and let N be a compact oriented 3-manifold with tori boundary, as in Theorem 1.2. By
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Lemmas 4.1 and 4.5, there are compact oriented 3-manifold M and N; with tori boundary, such that the
following hold:

(1) M, is a finite cover of M and dM; contains two components, 7} and 75, such that the ker-
nel of H(Ty U T»;7Z) — H;(M;;Z) contains an element oy + oy € H{(T1 U T»;7Z) with
0#ay € H(T1;Z) and 0 # ay € H{(T5; 7).

(2) N, is an oriented one-cusped hyperbolic 3-manifold that admits a finite cover p: N, — N and a
degree-2 map g: N, - N.

Theorem 5.1 implies that M has a finite cover M, and there is a proper map /: M, — N; such that
deg(h) € {1, 2, 4}.

Let g: M3 — M, be the covering space of M, corresponding to (/x) ™! (p«(71(N2))), then we have the
following commutative diagram:
M3 L} N,

] 1%
M, s Ny
Here
deg(q) = [711(M2) : g« (1 (M3))] = [7r1(M2) : (hs) ™! (px(r1 (N2)))]
is a factor of deg(p) = [m1(N1) : p«(;r1(N2))]. Since deg(h) - deg(q) = deg(p) - deg(h’), deg(h’) is a
factor of deg(h) € {1,2,4}. So [/ =goh': M; LN N, £ N is a map such that deg( /') € {2, 4, 8}.

Since M3 has tori boundary, b1 (M3) > 1 holds. So M3 has a cyclic cover r: M’ — M3 of degree
8/deg(f’). Then f = f'or: M’ — N is a proper map of degree 8, as desired. |

The following three subsections are devoted to prove Theorem 5.1, modulo a 7my-injectivity result
(Theorem 5.17). We always assume that M and N satisfy the assumption of Theorem 5.1.

5.1 Initial data of the construction

In this section, we first give some geometric data deduced from N, then we give some related geometric
notions on M .

We first prove the following lemma on triangulation of flat tori. The resulting triangulation will be the
restriction of our desired triangulation of a cusped hyperbolic 3-manifold to its horotorus.

Lemma 5.2 For any flat torus T, any primitive closed geodesic [ on T, and any € € (0,0.1), T has a

geometric triangulation such that the following hold.

(1) [ is contained in the 1-skeleton of this triangulation.
(2) There exists r € (0, €), such that all edges have length in [r, (1 + 2¢)r).

(3) Any inner angle of any triangle is e-close to 7.
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Proof Up to multiplying the flat Riemannian metric on 7" with a positive real number, we can assume
that 7 is isometric to C/Z & Zz for some complex number zg € C with Im(zg) > 0, and the closed
geodesic / corresponds to the edge from 0 to 1.

We consider the lattice Ay = Z @ Zwq of C for wy = %(1 + «/gi). For large N € N, we take w to be
the point in A closest to Nzy. Note that Im(w) > 0 holds if N > 1/Im(zg).

Let T': C — C be the linear transformation that maps N, w € Ag to N, Nz € Z & Z z, respectively. Then
%T maps A to a lattice of C that contains Z @ Zz. The equilateral triangulation of C corresponding
to A induces a triangulation of 7', and / is contained in the 1-skeleton.

It is straight forward to check that, if N is large enough (say N > 6/(e -Im(zg))), then all inner angles of
the above triangulation of 7" are e-close to 5. So we get an e-almost-equilateral geodesic triangulation
of T', such that all triangles are isometric to each other.

For each triangle in this triangulation of 7', we take middle points of its edges and divide it into four
smaller triangles, to get a finer e-almost-equilateral geodesic triangulation, such that all smaller triangles
are similar to the original ones. We do this process repeatedly so that all edges have length at most €. Let
r be the length of the shortest edge, then the Euclidean sine law implies that all edges have length in
[r, (14 2¢)r). O

Let € > 0 be a constant smaller than the 3-dimensional Margulis constant. For the one-cusped hyperbolic
3-manifold NV as in Theorem 5.1 (considered as an open complete Riemannian manifold), let N, be the
complement of the cusp end with injectivity radius at most €y /10, and let 7, be the boundary of N.. By
a classical application of the Lefschetz duality, there is a primitive closed geodesic / on 7 that spans
ker(H(Tc:R) — Hi(Nc:R)).

Construction 5.3 We construct a geometric triangulation of a compact submanifold of NV containing N,
whose geometry near dN, is quite special. In the process, we also construct two submanifolds of N,
which are denoted by Ngoar and Ny. These notations will be used several times in the remaining of this
paper.

Let € € (0,€/100) be a constant smaller than the injectivity radius of N,.

(1) By Lemma 5.2 (applied to €/100), the horotorus 7, (also called the outside torus) has a geometric
triangulation, such that / is contained in the 1-skeleton, all edges have length in [r, (1 4+ 2¢/100)r)
for some r € (0,€/100), and all inner angles of triangles are €/100-close to Z.

(2) Let T/ be the horotorus in N, that has distance (+/6/3)r from T, which is also called the inside
torus. For any triangle A in T¢, we take its circumcenter, and let va be its closest point on 7. For
any vertex n of the triangulation of 7, let its closest point on T} be vy.

(3) We connect v to the three vertices of A and obtain a (hyperbolic) tetrahedron in N. All inner
angles of all triangles on the boundary of this tetrahedron are e-close to 5. Note that the triangle A
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For the above geometric triangulation of Ny, we use Vy = {n,n,,
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Figure 1: A picture of the triangulation near dNy, viewing from the outside of Ny. Each black
triangle lies in the outside torus 7. Up to homotopy, blue edges connect 7, (the outside torus)
and T (the inside torus), while red and green edges lie in 77,.

contained in 7¢ is not a face of this tetrahedron, since A is only a Euclidean triangle but not a
hyperbolic one.

For any two triangles A{ and A, contained in 7, that share an edge, we add an edge connecting
va, and va,. This edge and the edge A; N A, together give a hyperbolic tetrahedron in N.

For any vertex n and two triangles A; and A, contained in 7, such that A; N A, is an edge
containing n, we get a hyperbolic tetrahedron with vertices n, v,, va, and va,. A picture of the

tetrahedra we have constructed can be found in Figure 1, which gives a triangulation of a compact
submanifold containing 7.

Let Neonar be the union of tetrahedra (with disjoint interior) constructed in previous steps, and let
Ny be the union of N, and Ngoj1ar, Which is compact and is a deformation retract of N. Then we
extend the above triangulation of Ngeiar to @ geometric triangulation of Nj.

..., ny} to denote the set of vertices,

and let Viy 53 = Vy N dNy. If there is an oriented edge from n; to n;, we denote it by e;; and denote its
orientation reversal by ¢;;. For each triangle with vertices n;, nj and ny, we denote the corresponding

marked triangle by A;;x (with an order on its vertices). We can naturally identify dNo with dN, = T¢,
and identify their triangulations.
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nj

nj

Figure 2: Construction of the new edge e;;x near dNo, where vertex 7y is to the left of e;;. Here
the black and blue edges are the same as in Figure 1, while the red edges are the new edges
constructed in Construction 5.4.

Instead of directly working with the above geometric triangulation of Ny, we add more edges to get a
cellulation of Ny.

Construction 5.4 For any triangle A;;y that only intersects with dNy along an edge ¢;;, we add an
oriented path e;jx in A;jy from n; to nj of constant geodesic curvature, such that the tangent vector of
e;jk atn; is €/200-close to the average of tangent vectors of e¢;; and e;, and the same for the tangent
vector of e;j at nj. See Figure 2 for a picture of ¢;;x. After this construction, there are two edges from
n; ton;.

The new edge ¢;j; divides A;ji to a bigon and a triangle. We denote the bigon by B, and abuse
notation to denote the new triangle by A;;x. For a triangle A;;x obtained by this modification process, it
is called a modified triangle. The original triangle A;;j (defined in Construction 5.3) will not be used
anymore.

After adding these edges to the triangulation of Ny in Construction 5.3, we get a cellulation of Ny, which
is called a geometric cellulation.

We use N () and N @ to denote the 1- and 2-skeletons of the above geometric cellulation of N respectively.
This cellulation also gives a handle structure of a neighborhood of Ny in N, and we use N (M and N@ to
denote the union of 0-, 1-handles, and 0-, 1-, 2-handles.

Let m be a simple closed curve on T that intersects with / exactly once. We isotope m to a curve y in
No \ Neoltar, s0 that it is disjoint from N (), and intersects with all triangles in N3 transversely. Let
N'(y) be the union of all tetrahedra that intersect with y, then we can assume that N'(y) is a neighborhood
of y homeomorphic to the solid torus. Let N, be Ny \ int(N(y)). The above cellulation of Ny induces a
cellulation of N,, and we denote the 2-skeleton of N,, by N,Sz).
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Since the 2-skeleton carries the first homology group, we have the following commutative diagram:

H{(NyD:Z) — Hi(Ny:Z)
(5-D l l
Hi(N®:Z) — Hi(No:Z) — H\(N:Z)
Here all homomorphisms are induced by inclusions, and all horizontal homomorphisms are isomorphisms.

The following lemma provides some elementary properties of vertical homomorphisms in diagram (5-1).

LemmaS.5 Leti: N)Sz) — N be the inclusion map, and let ¢ be the meridian of N(y), then the following
hold.

(1) is: H{(NS?:Z) — H\(N:Z) is surjective.
(2) The kernel of i is spanned by a nontorsion element [c] € H; (N)Sz); 7), and [c]—[!] is a torsion
element in H, (Néz); 7).

(3) The inclusion INy — N)Sz) induces an injective homomorphism on H{(-;7Z).

Proof Since horizontal homomorphisms in diagram (5-1) are isomorphisms, it suffices to study the
inclusion N, — Ny. We consider the Mayer—Vietoris sequence given by No = N, UN(y):

Hy(0N(y): Z) — H1(Ny: Z) ® Hi(N(y): Z) - H(No: Z) — 0.

Item (1) follows from the surjectivity of H{(N,;Z)® H(N(y); Z) — H;(No; Z) and the surjectivity
of Hi(IN(y); Z) — Hi(N(y): Z).

Now we prove item (2). By the Mayer—Vietoris sequence, the kernel of H;(Ny;Z) — H;(No;Z) is
spanned by the meridian ¢ of N(y). Since [/] spans ker(H{(0Ng; R) — H;(Ny; R)), we take the minimal
d € Z~¢ such that d[I] =0 € H;(Ny;Z). So d! bounds a compact oriented surface S in Ny, and the
algebraic intersection number between m C dNg and S is d. Since y is isotopic to m in Ny, the algebraic
intersection number between y and S is d. So S N N,, is a compact oriented surface in N,, and it implies
that d[/]—d[c] =0 € H{(Ny:Z), so [c]—[!] is a torsion element in H; (N)SZ); 7). Moreover, the above
argument also shows that k/ does not bound a compact oriented surface in N,, for any k € Z~ (. So [/] is
not a torsion element in H;(Ny;Z), and [c] is not a torsion element either.

For the composition H;(d0No;Z) — H{(Ny;Z) — Hi(No;Z), its kernel is spanned by a multiple
of [/]. Since item (2) implies that [/] is not an torsion element in H;(N,;Z), the homomorphism
H{(0Ny; Z) — H;(Ny;Z) is injective. O
Recall that M has two boundary components, 77 and 75, such that the kernel of

H(T'UTyZ) — H{(M Z)
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contains oy +ap € H{(Ty U Ty; Z) with 0 # «; € H(Ty;Z) and 0 # o € H{(T»; Z). Now we treat
M as a noncompact open hyperbolic 3-manifold, and consider 7 and 75 as two horotori of M. The
following lemma gives some data that will instruct us to construct the mapped-in 2-complex j: Z 9> M.

Lemma 5.6 For any € € (0, 10_2), there exist Rg > 0, such that for any R > R\, there exist the following
maps and homomorphisms:

e up to rechoosing the horotori Ty and T, in M (by changing their heights), we have maps
ia,l . 8N0 — T1 and 1.3’23 8N0 — Tz,

e iy Hy(N®:7) — Hy(M:Z) and iy: Hi(NS?:;Z) — H{ (M Z),
e i:H\(N:Z)— Hi(M;Z),
e i1.iz: NV — M (note that N = NV holds),

such that the following properties hold.

(1) Foranys =1,2, iy, maps each triangle in 0Ny to a Euclidean geometric triangle in T such that
each inner angle is e-close to %, and the length of each edge lies in [R, (1 + €) R].

(2) For any s = 1, 2, the following diagram commutes:

Hy(0Ny: Z) — Hy(NP:7Z)

(ia,‘y)*l l/is

H(Ts:Z) ——— H{(M:Z)

(3) The following diagram commutes:

H (NP z) 22 gy z)

|

Hi(N:Z)
(4) Foranys=1,2,is|yw isanembedding, is|,\ o) =iyl and the following diagram commutes:
0 0

N z) B 1)

L

Hy(N?:7)

Here all undefined homomorphisms are induced by inclusions.

Proof By Lemma 5.5(3), the inclusion induced homomorphism H;(dNy; Z) — H(Ny; Z) is injective.
So H{(Ny;Z) has a direct summand H = 7 that contains H,(dNy: Z) as a finite index subgroup, with
H(Ny;Z)~ H® H' and let [H : H;(0Ny; Z)] = k.
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Recall that by Lemma 5.2, 0Ny is equipped with a triangulation induced by a geometric triangulation of
the Euclidean torus d/NV,, such that each triangle of 0N, is almost an equilateral triangle with length at
most 2¢. We identify 9Ny and dN, with the quotient of R? by a lattice

AN=AZ + (B+ Cwy)Z,

such that each triangle in 9Ny and N, corresponds to an equilateral triangle in R? of edge length 1 (this
identification is not an isometry). Here 4, B, C € Z with 4, C # 0 and wy = %(1 + \/gi). Moreover,
we can assume that the R-coefficient null-homologous curve / C Ny corresponds to 4 € A.

Similarly, by Lemma 5.2, for any s = 1, 2, T has a geodesic triangulation such that the following hold.

* Any inner angle of a triangle is {5-close to 7.

e There exists 75 € (O, 16_0)’ such that all edges of triangles have length in [rs, (1 + %)rs).

e The homology class oy € Hy(T§; Z) is represented by the d. 0 power of a simple closed geodesic
[y for some dg € Z~¢, and /; is contained in the 1-skeleton of this triangulation.

By the same process as above, we identify T with the quotient of R? by a lattice
As = AsZ + (Bs + Cswo) Z,

with Ay, Cy # 0 and [; corresponds to Ag € Ag. By subdividing triangles, we can assume that A;dy = A,d,
holds. Moreover, by rechoosing horotori parallel to 77 and 77, respectively, we can assume that 7y = r;
holds, and let r = r; = rs.

Let D be the least common multiple of 4;C;d; and A,C,d,. For any a € Z~(, we construct a map
iy s: 0Nog — Ty as following. We have

Ay = AsZ + (Bs + Csw)Z > ak D - A = (ak DA)Z + (ak D(B + Cwy))Z,

since
(5-2) akDA = (akAQ)A
Ag)
and
D D D
(5-3) ak D(B + Cawy) = (akBA—S _ akCBsm)As n (akCa)(Bs + Cywp).

So the scaling by ak D gives a map from R?/A to R?/Ay, and it maps each equilateral triangle of length
1 to an equilateral triangle of length ak D. Since we identified Ny and T with R?/A and R?/Ag
respectively, the ak D-scaling map induces iy : dNg — T, such that it maps each triangle in dNj to a
triangle in 7 of inner angle e-close to 5, and with edge length contained in [akDr, (1 + %)akDr). If
R > Ry =2k Dr/e, there exists a positive integer @, such that [akDr, (1 + %)akDr) C[R,(14+¢)R].
So we can choose a such that item (1) holds for both i3 | and i3 .
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Note that the simple closed curve / in dN; corresponds to A € A, which is mapped to ak DA € Ay via
the ak D-scaling map. Since oy = dy/s corresponds to dgAs € Ay, (i)« maps [ to

(aka L)as € H\(Ty: 7).

dSAS
Since we assumed A;d; = Ard, and oy +ap, =0 € H{(M;Z), we have
. . D
(5-4) (i9,1)+()) + (i9,2)+(l) = ak A (a1 +0o2) =0€ H(M;Z).

di Ay
Now we define is: H; (N)fz); 7)— H{(M;Z) for s = 1,2. By (5-2) and (5-3),
(i3,5)%: H1(ONo: Z) — H\(T§:; Z)
maps each element to a k-multiple of an element in H;(7§; Z). Since
H{(N{?:Z) = Hi(Ny;Z) = H® H'
for some H containing H,(0Ny; Z) with [H : H,(0Ny; Z)] = k, the homomorphism
(ig,s)x: H1(0No; Z) — H1(Ts; Z)

uniquely extends to a homomorphism hg: H — H,(Ty; Z), and we define is: H; (Njfz); 7)— Hi{(M;7Z)
to be
H\(N?;Z) - H 2 H\(Ty;2) - H(M; 2).

Here the first homomorphism is the projection to the direct summand H, and the third homomorphism is
induced by inclusion. It is straight forward to check that the commutative diagram in item (2) holds.

Note that N deformation retracts to No = N, U N'(y) and N(y) is a solid torus. Once we prove that
the meridian ¢ of N(y) lies in the kernel of i1 + i,: H; (NJ£2); Z)— H{(M;Z), then i; + i, induces a
homomorphism i : Hy(N;Z) — H;(M; Z) and the commutative diagram in item (3) holds. Recall that
Lemma 5.5(2) implies that [/] — [c] is a torsion element in H (N)EZ); 7)=H® H'. Since H = 7%, we
have [¢c]—[/] € H'. By the definition of #; and i, above, i1 ([c]—[/]) = i>([c]—[/]) = 0 holds. So we have

(@1 +ix)(c]) = (G + )] + (1 +i2)(c] =[] = (@1 + i) ([[]) = (g, (7] + (E5,2)«([7]) = 0.
Here the third equation follows from item (2) and the fourth equation follows from (5-4).

To define iy: N)Sl) — M, we first define is|8N(§“ = ia,s|aN(§”, and arbitrarily extend iy to a maximal
subcomplex K of N)El) that deformation retracts to dNy. Then since edges in N)Sl) \ K form a basis of
H; (NJEI); 7)/Hy (8N0(1); 7)), we can extend iy to N,Sl) so that the commutative diagram in item (4) holds.
Finally, we slightly perturb i if necessary, so that is| 50 is an embedding. O

Now we give some notation on the geometry of N. Most of the items (except item (3)) are similar to
those of [23, Notation 4.4].
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Notation 5.7 (1) For any oriented edge ¢;; (or ¢;j%) in N M let v j (v; k) be the unit tangent vector of
eij (e;jr) based at n;. By Construction 5.4, v;j« lies in the plane in Ty; M containing v;; and V;x, and is
€/200-close to (V;; + V;x)/|Vij + Vik|. For any marked geodesic triangle A;j in N let

- Vij X Uik

Nijk = =5 _—= >
|Vij X Vi |
then it is a normal vector of A;;j at n;, and we have a frame

Fijx = (i, ij.liji) € SO(N)p, .

For any marked modified triangle A, defined in Construction 5.4, with e;; contained in dNy (which is

not an edge of A;jx), the frames Fy;; and Fy;; are defined as in the previous case. For Fjjy, let

Vijk X Vik _ Vij X Vjk

ﬁ[]k = = > - 1= = )
[Vijre X Vike|  [vij X Vig|
and we get a frame

Fijk = (i, Vijk. fiji) € SO(N )y, .

For each frame F;jj, we denote —F;jx = (n;, —V;j, —7i;jk), then we have a finite collection of frames
in N:
FNn ={EF;jk | Ajjk is a marked triangle in N(z)}.

(2) Foranys=1,2,letmy s =is(ng)and Vas s =is(Vn). We take an isometry ts: TN |y, — TM|y,,
that descends to is: Vy — Viz,s, such that the following holds for any ny € Vi . At ng € Viy 5, there
is a frame (U, 71x ) such that vy, is tangent to the direction of / C dN,, and Uy x 11y points up straightly
into the cusp. We require that #; maps vy and 7y to U; and 7} based at my, s respectively, such that vy,
is tangent to the direction of /g C T and T);c X ﬁ}( points up straightly into the cusp. Then #; induces
an SO(3)-equivariant isomorphism s : SO(N)|y,, — SO(M)|y,, ,, denoted by the same notation. We

denote Fl.%’s = (mjz, ﬁgffs, ﬁgflk’s) = t5(Fjjr) € SO(M)|m; ,, and let

Fms =ts(Fn) CSOM).

(3) Since N® contains finitely many 2-cells, there exists ¢g € (0, ), such that all inner angles of
bigons and triangles in N () and all dihedral angles between adjacent 2-cells of N @) Jie in [P0, ]

Remark 5.8 Let n; and n; be two vertices of dNy such that ¢;; is contained in dNy, and let n; be the
vertex not contained in 0Ny such that n;, nj and nj span an triangle in the original triangulation of Ny
and it lies to the left of e;;, as in Figure 2. We give coordinates of 7, nliN such that v;; &~ (1,0,0) with
vanishing second coordinate and the vector pointing to the cusp is (0,0, 1).

Let
2.6,

- I 1 r 1—e 3
vo=| =, L= = .
07 \2°2/36 2r

Algebraic & Geometric Topology, Volume 25 (2025)




Virtual domination of 3-manifolds, 111 1631

Assuming all triangles in 7, C N are equilateral triangles of length r, an elementary computation gives
R ¥o 11 V6 . R vy + (1,0,0) NI EEN)

=t =g~ (355-5) W= (T )

Uy X Uy o (o 22 1)

192 % vy | T3 73)

In this remark, the actual vectors are all 55-close to their numerical approximations above.

Nijk = V3 =

Remark 5.9 Although the frame bundle of a compact orientable 3-manifold N with connected torus
boundary is trivial, there may not be a trivialization of SO(/N) such that its restriction to d/N has third
vector pointing outward. So we do not have a homological instruction as good as [23, Proposition 4.5],
which reduces the degree of virtual domination by a half.

5.2 Construction of the immersion j: Z & M

In this section, we construct the 7;-injective immersion j: Z 9> M. Since Z is a 2-complex, we will
inductively construct the 0-, 1-, 2-skeletons of Z and the restrictions of j on these skeletons. Throughout
this section, we fix a small number € € (0, 102) and a sufficiently large number R € (L, +00) such that
all (finitely many) constructions below (invoking Theorems 2.11 and 2.14) are applicable.

Construction 5.10 We define Z° to be a finite set V1,1, V1,2, V2,1, V2,2, ..., V7,1, U 2}, whose cardinality
doubles the cardinality of Vy = N©). Then we define j°: Z% — M by jo(vk,s) =mys=1Is(ng) € M
forany k € {1,2,...,l} and 5 € {1, 2}.

Here we take two copies of N () since we work with two boundary components 77 and 75 of M. Now
we construct the 1-complex Z! of Z.

Construction 5.11 For any unorien;ed edge ¢;; (or e;jk) in NO it gives two edges 65’1 and 95,2

s (or egk’s) connects v; s and vj ;s for s =1,2. So Z! consists of
two isomorphic components Z 11 and Z 21, and each of them is isomorphic to N (1. For the vertices and

(or
zZ zZ : 1
ik and eijk,z) in Z*, such that e

edges of Z! corresponding to vertices and edges in N M NNy, they form a subcomplex of Z! and we
denote it by 9, Z!.

A picture of Z! near a vertex of 0pZ 1 is shown in Figure 1.

The indices of vertices induce a total order on the set of vertices in N (0), and also induce total orders on
the vertex set of Z 11 and the vertex set of Z 21 Any edge e;jj (or ¢;j) in N () between n; and n ; with
i < j has an orientation that goes from #n; to n;, and we always fix such a preferred orientation. Edges of
VA4 11 and Z 21 have identical orientations.

The map j': Z! — M on 1-skeleton is given in the following construction, which consists of two maps
jl1 A 11 — M and j21 : Z; — M on the two (identical) components of Z!,
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Construction 5.12 For any s = 1, 2, we do the following construction.

(1) For each oriented edge eZ _ C Z ! withi < j contained in d pZ we map it to the oriented geodesic

ij,s
segment homotopic to is(e;;) relative to endpoints, via a homeomorphism. Note that these geodesic

segments have length contained in [21og R, 21log R + 4¢] (by Lemma 5.6(1)).

(2) For each oriented edge e s CZs ! with i < j not contained in dp Z!, we apply Theorem 2.14 to
construct a 9- framed segment $ij,s in M from m; 5 to m; s such that the following conditions hold,

and we map eZ _ to the carrier of s; 7,5 via a homeomorphism.

ij,s
(a) The length and phase of s;; s are f—o—close to 2R and 0 respectively, and the height of s;; 5 is

at most 2log R + 2.

(b) Let k be the smallest index such that n;, n; and n; form a triangle in N @), the initial and
terminal frames of s;; s are {5-close to Fl.%’s and —Fj%’s respectively.

(c) The relative homology class of the carrier of s;; 5 in Hy (M, {m; g, m; s}:7) equals the relative
homology class of is(e;j).

(3) For any oriented edge eZ, .= C Z! with i < j that corresponds to e¢; ik CN M we apply

ijk,s
Theorem 2.14 to construct a d-framed segment s;;x ¢ in M from m; s to mj s such that the

following conditions hold, and we map el.Z. ks © the carrier of §;; ¢ via a homeomorphism.

(a) The length and phase of ;¢ ¢ are 75-close to 2R and 0 respectively, and the height of s s

is at most 2log R + 2.

o el . . i_ M o M .
(b) The initial and terminal frames of s;; ¢ are 15-close to F ik and Fjl. k.s respectively.

(c) The relative homology class of the carrier of 5, ¢ in Hy (M, {m; s, m; s}; 7.) equals the relative
homology class of is(e;jx).

Figure 1 shows the geometry of j!(Z!) near a vertex v; ; corresponding to n; € dNj.

Remark 5.13 (1) In Construction 5.12(1), the tangent vector of j (eU ) at m; s is almost (0,0, 1)
(with respect to the preferred coordinate system), while the tangent vector of F l% is almost (1,0, 0).
This is the crucial reason why we need extra edges (e;jx and el ks yin N and Z!, which takes care of

this difference. We map eZ . C 0pZy ! to the geodesic segment in the relative homotopy class of is(e; i),

ij,s
instead of prescribing its tangent vectors at initial and terminal points, since we need to construct proper

maps between 3-manifolds with tori boundary.

(2) In Construction 5.12(2), if we take another vertex ng, of N such that n;, n; and ny/ also form a
triangle in N @ then we can rechoose frames of s;; ¢ so that it still satisfies item (2), with respect to
F%/S and F k/ in item (2)(b). The reason is that F; ;s = F;jj - A and —F;;;r = (—Fj;i) - A for the
same A4 € SO(3) while #; is SO(3)-equivariant.

(3) In Construction 5. 12(3) by our construction of the triangulation of N near dNy in Construction 5.3(1),

the third coordinate of v vl s is at most €/100. Up to changing coordinate, we assume that vljy ¢ has trivial
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second coordinate, then it is € /100-close t

. . >M . € 1
in Figure 2, then Uigs 18 %—close to ( ,

to (1,0, 0). We suppose that ny lies to the left of ¢;;, as shown
V3
6

|§

T3
(55-5)(0575)

) atm; gz is ——Close to (

), and the initial frame of s;; s 18 g-close to

See also Remark 5.8.

-1 3 f 0)
ij,s ijk,s 27’ Zf
If we consider Figure 2 as a picture of j 1(Z1)in M, the dihedral angle between the hyperplane determined

Moreover, the common perpendicular vector of j;(eZ ) and j'(eZ

the above vector and the geodesic triangle homotopic to T (relative to vertices) is e-close to

weos{( 1 20 (L)) (2 ) = ot

Note that this computation will be crucial for our proof of Theorem 5.17 in Section 6.

Before we construct the 2-complex Z, we need the following lemma that proves certain closed curves
arising from Construction 5.12 are good curves.

Lemma 5.14 Under the conditions in Construction 5.12, it R is large enough, we have the following
good curves.

(1) For any bigon B;jj in N® | the concatenation of j! (elj o) jl(egk’s) is homotopic to a null-
homologous (R;j, €)-good curve y;j s of height at most 2log R + 3 in M, with

6
R;i=R+logl;i —1lo .
ij glij g3+ﬁ

Here [;j denotes the length of the Euclidean geodesic segment iy s(e;;) and l;j € [R, (1 + €)R].
(2) For any triangle A;jy in N with vertices n;, nj and ny, the concatenation of j! (eU )] ! (ejZk’s)
and j (eki ;) is an (R;j, €)-good curve y;ji s of height at most 2log R + 3 in M, with
Rijk = 3R —(I(7r — b;jx) + I(mw — Ojki) + 1 (7w — Op5))-

(Here j'(eZ ) is replaced by j (el] k. ¢) if Ajjx is a modified triangle ) Here 0; . is the inner angle

ij, s)
of the triangle A; ;. at vertex n;. Moreover, if A;jy is contained in N , Vi ik,s 18 null-homologous
in M; if A;jy is not contained in le ), then y;jk,1 Y Vijk,2 is null-homologous in M .

Note that if R is large enough, all good curves in this lemma have length contained in [2R, 6 R].

Proof (1) Note that j (el] k. ;) is the carrier of s;jx s, and we assumed that vlly ¢ has trivial second

coordinate as in Remark 5.13(2). So by Remark 5.13(3), the initial and terminal frames of s;; ; are

(55500573 m (5-65)(0555)
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respectively (with respect to preferred coordinates). For ¢ = w —arcsin —= f the initial and terminal frames
of the frame rotation s; (¢) are £-close to

(54230 (L))

respectively.

For j! (eZ ), its initial and terminal directions are (2/R)-close to (0,0, 1) and (0, 0, —1) respectively.

Since j (e ) is a geodesic segment in a cusp, it parallel transports (0, 1,0) to (0, 1,0). We obtain

ij,s

a d-framed segment t with phase 0, by equipping j!(eZ .) with initial and terminal framings (0, 1, 0).

ij,s
Then for ¢’ = m + arcsin —= 2 , its ¢’-rotation t(¢’) is a d-framed segment with 0-phase, with initial and

terminal frames (4/ R)-close to
1 343 1 33
(000 (55-3770)) (000 (55 -3770))

If R > 22 then t(¢), s; ik,s(@) isa ( )—consecutive cycle of d-framed segments, with both bending

respectively.

) close to arccos 32. By elementary hyperbolic geometry, the length of t(¢’) equals

VIE + 441
—

angles (5

2log

Lemma 3.2(2) implies that the concatenation of j (el i O 1 (eg k.s) 18 homotopic to a closed geodesic
Yijk,s With complex length 2e-close to
6
2Rij; =2R+2logl;;j —2log ——.
ij glij g 312

SO ¥jjk,s is an (R;;, €)-good curve.

We take large enough R, so that heights of 77 and T, are at most log R. Since the heights of s;; s
and t are at most 2log R + 2, Lemma 3.4 implies the height of y,jk s 1s at most 2log R 4 3. By the

homological conditions in Construction 5.12(1) and (3)(c), j'(eZ ) and j!(eZ, ) represent the same

ij,s
relative homology class, so y;jx s is a null-homologous closed geodesic in M .

ijk,s

(2) We prove this result in the case that A;jx is not a modified triangle, and the case of modified triangles
can be proved similarly.

By our constructions of j (el i $)s J (ej k,s) and j (eki’s) in Construction 5.12(2), we equip them with
initial and terminal frames as following to get three d-framed segments.
e Equip ;! (eg ;) with initial and terminal frames that are -close to ﬁgfjk ;and _ﬁjl'\z/'[k , respectively.
S WA R . € >M >M .
e Equip j (ej k,s) with initial and terminal frames that are 5-close to Nikis and —n Kji.s respectively.

e Equip j! (ekZl.,s) with initial and terminal frames that are {5-close to ﬁ%j’s and —ﬁ%j’S respectively.
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By Construction 5.12(2) and Remark 5.13(2), the phases of these d-framed segments are < -close to 0.

-
M >M €

Since 7 ks = Mikj s these three d-framed segments form a £-consecutive cycle. Then Lemma 3.2(2)

5
implies that the concatenation is homotopic to a closed geodesic y;jx s with complex length 2e-close to

2R;jk = 6R —2(I(mw — O;jx) + I(mw — 0i;) + I(w — Ok;5)).
SO Vijk,s 18 an (R;jx, €)-good curve. The height bound of y;;x ¢ follows from the argument in (1).

By Construction 5.12(2), ¥;;,s is homologous to the concatenation of is(e;;), is(e;x) and ig(ex;). If A;jx
is a triangle in N,fz), Lemma 5.6(4) implies that y;;x  is null-homologous in M . If A;jy is not contained
in lez), it is a meridian disc of N'(y), then Lemma 5.6(4) implies that y;;x 1 U ¥;j«,> is homologous to
i1(0A;jk) +1i2(dA;jk), which is null-homologous in M by Lemma 5.6(3). |

Now we construct the 2-complex Z, by adding surfaces to two copies of Z!. Rigorously speaking, two
copies of Z! are not the 1-skeleton of Z as a CW-complex, but we still call it the 1-skeleton of Z, for
our convenience. The map j!: Z' — M and the construction of Z below automatically give the desired
immersion j: Z & M.

Construction 5.15 We take R’ to be an integer greater than all the R;; and R;;j in Lemma 5.14.

(1) Recall that Z! has two components: Z 11 and Z 21 and each of them is isomorphic to N (1. The
1-skeleton Z™) of Z consists of two copies of Z!, so we have zW = le’l U 221,1 U le,z U Z;’z. For
any s = 1, 2, the restriction of j to Zsl’1 and Zsl’2 equals j! |Zs1' We denote the two copies of 8le in
ZW by 9,70,

(2) For any triangle A;;x in 0Ny with vertices n;, nj and ny, and any component Z sl ot ZM with

. Z,t 1,t . VA Z
s,t € {1,2}, we paste a triangle Aijk,s to Z;> along the concatenation of edges €5 Cs
VA

7. is mapped to a path homotopic to is(e;;) (Construction 5.12(1)) and i S|aN“) extends
’ 0

zZ
1 and ey i
in Zg . Since e
to iy g: INg — Ts (Lemma 5.6(4)), the j 1 -image of this concatenation is null-homotopic in M, so we

map the triangle Aikt , to the corresponding totally geodesic triangle in M.

(3) For any bigon B;jj in N)Ez) containing an edge e;; C dNg and any s = 1, 2, we do the following
construction.

By Lemma 5.14(1), the concatenation of ;! (eg’s), j! (egk’s) is homotopic to a null-homologous (R;j, €)-
good curve y;jk s in M, via a nearly geodesic two-cornered annulus A;; ¢ (see Figure 3, left). Let w; ks

be the tangent vector of the shortest geodesic in 4;jx ¢ from y;jx ¢ to m; s, and let
Vijk,s = Wijk,s + (1 + i) € N'(Vijhers)-
By Proposition 2.11 and Remark 2.12, two copies of y;jx s bound an (R;;, R, €)-nearly geodesic
subsurface S;jx ¢ & M, such that the following hold.
(a) The two feet of S;jx s on two copies of y;jx s are both (¢/R)-close to ¥jjk s-
(b) Any essential path in S;; s with end points in dS;;x s must have combinatorial length (with respect

to the decomposition of S;jx s to pants and hamster wheels) at least R’ eR/2,
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zZ €Z
1,1 1,2 .50 ks
and ekZi’s in Zg>" and Z; " respectively. The restriction of j on S;; s is naturally defined by two copies

We identify the two boundary components of S;;x ¢ with the two copies of concatenations of e

of the nearly geodesic 2-cornered annulus A4;;x  and the above (R;;, R’, €)-nearly geodesic subsurface
Sijk,s > M.

(4) For any triangle A;;x in N)fz) not contained in Ny and any s = 1, 2, we do the following construction.
Z
ij,s
homologous (R;jx, €)-good curve y;jx s in M, via a nearly geodesic three-cornered annulus 4;;x s (see

By Lemma 5.14(2), the concatenation of j!(eZ ), j 1(eJ.Zk’S) and j 1(e,i)s) is homotopic to a null-
Figure 3, right). Let J)ijk,s be the tangent vector of the shortest geodesic in A;jx ¢ from y;jx s to mj s,
and let Vjjx s = Wijk,s + (1 + i) € NI( /Vijk,s)- By Proposition 2.11 and Remark 2.12, two copies of
Yijk,s bound an (R;jx. R, €)-nearly geodesic subsurface S;jx ¢ & M, such that conditions (a) and (b)
in item (3) hold.
z Lz
1,1 1,2 ij.s> Cjk,s
and eé’s in Zg*" and Z;’" respectively. The restriction of j on S;; ¢ is naturally defined by two copies

We identify the two boundary components of S;jj ; with the two copies of concatenations e

of the nearly geodesic 3-cornered annulus A; s and the above (R;jx, R, €)-nearly geodesic subsurface
S; ks M.

(5) Up until now, the 2-complex we have constructed has (at least) two components, one containing
le’l U le,z and one containing 221,1 U Z;’z. For any triangle A;jx in N @ not contained in N,fz), we
do the following construction.

zZ
ij,s
an (R;jx.€)-good curve y;jx ¢ via a three-cornered annulus A;jx ¢ in M, and y;jx,1 U ¥;jk,2 is null-

By Lemma 5.14(3), for any s = 1, 2, the concatenation j!(eZ ), jl(ejZk’s), jl(ekZl.,s) is homotopic to
homologous in M . Let w;j s be the tangent vector of the shortest geodesic in A;jx s from y;jx s to mj s,
and let U;jx s = Wijk,s + (1 + i) € N( /Vijk,s)- By Proposition 2.11 and Remark 2.12, two copies of
Yijk,1 U Vijk,2 bound an (R;jk, R', €)-nearly geodesic surface S;jx 9 M, such that conditions (a) and
(b) in item (3) hold, with S;; s replaced by ;.

z

. . . . . Z Z
We identify the four boundary components of S with two copies of concatenations of e; €k i

zZ eZ eZ
ij,2°%jk,2> “ki2
defined by two copies of the nearly geodesic 3-cornered annuli 4;jx 1 UA;jk 2, and the above (R;jx, R', €)-

and e in Z 11 )1 ,Z 11 2 and Z 21’1, Z 21’2 respectively. The restriction of j on Sy is naturally

nearly geodesic subsurface S;jx & M.

Note that the surfaces S;jx s and S;jx in Construction 5.15(3), (4) and (5) may not be connected, so Z
may not be connected and has at most four connected components. One can actually work harder as in
[13] to make sure these surfaces are connected, but we choose to save some work here.

Alternatively, Z is obtained from four copies of N ), denoted by N 1(2)’1, N2(2),1’ N 1(2)’2 and Nz(z)’2
respectively, by making the following modifications.

(1) Each triangle in N ® N 8N, is not modified.
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Figure 3: The two-cornered annulus and three-cornered annulus in Construction 5.15.

(2) For any bigon B;jj or triangle A;jx in N,Ez) \ dNg and any s = 1, 2, the two copies of B;jj or
Ajjk in NS(Z)’1 , Ns(z)’2 are replaced by a compact orientable surface S;jx ; with two boundary
components.

(3) For each triangle A;jx in N (@) not contained in N,Ez), its four copies are replaced by a compact
orientable surface S;;x with four boundary components.

5.3 Construction of virtual proper domination

In this section, we construct the desired finite cover M’ of M and the proper nonzero map f: M’ — N,
modulo a 7rq-injectivity result (Theorem 5.17).

Recall that the 1-skeleton Z(!) of Z has four identical components. So Z has at most four components,
and we take a component of Z that contains the least number (one, two or four) of components of the
1-skeleton. We abuse notation and still denote this component by Z, and we still denote the restriction of
j on this component by ;.

The next section is devoted to prove the mq-injectivity of j: Z &> M and some further refinements. To
state this result, we first need to define a compact 3-manifold % with boundary.

Recall that the cellulation of Ny in Construction 5.4 induces a handle structure on a compact neighborhood
N(Ng) of Ny. Let N (D be the union of 0- and 1-handles of this handle structure. Then we define a
compact oriented 3-manifold % as following.

Construction 5.16 (1) We start with four copies of N(l), denoted by N&l)’l, Ngl)’l, NEI)’Z and Ngl)’z
respectively.
(2) For any triangle A;;x contained in N () NNy, the corresponding 2-handle is pasted to N1 along
an annulus L;;. Then for each copy of N (M we attach a 2-handle along the same annulus L;j.
(3) For any bigon B;j or triangle A;jx in N)SZ) \ N, the corresponding 2-handle is pasted to N2
along an annulus L;j. For any s = 1,2, we take the surface S;;x ¢ from Construction 5.15(3)
or (4), which has two boundary components. Then we attach S;jx ¢ X I to N 51)’1 UN §‘)’2 via an
orientation reversing homeomorphism from 0.S;;x ¢ x I to copies of L;jx in N §1)" UN §1)’2.
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(4) For any triangle A;jf in N ) not contained in N,fz), the corresponding 2-handle is pasted to N 1)
along an annulus L;;;. We take the surface S;;j constructed in Construction 5.15(5), which has
four boundary components. Then we paste S;jj x I to the four copies of N () via an orientation
reversing homeomorphism from 95 x I to the four copies of L; ;.

Then we take % to be the component of the resulting manifold containing the least number (1, 2 or 4) of
components of N M,

In the construction of & (Construction 5.16), after the second step, we obtain four copies of the same
3-manifold, which is homeomorphic to the union of N'(!) and a neighborhood of dN,. Here each copy has a
unique boundary component homeomorphic to the torus. Since further constructions in Construction 5.16
do not affect these four tori, we obtain at most four tori components of 3% and we denote their union
by 0,%.

Now we can state the result to be proved in Section 6.

Theorem 5.17 For any small € € (0, 1072), there exists Ry > 0 depending on M and e, such that the
following statement holds for any R > R. If the construction of j: Z 9 M satisfies all conditions in
Constructions 5.11, 5.12 and 5.15 (involving € and R), then j: Z 9 M is mq-injective and the m-image
Jx(m1(Z)) < w1 (M) is a geometrically finite subgroup.

Moreover, the convex core of the covering space M of M corresponding to jx(w1(Z)) < mi (M) is
homeomorphic to the 3-manifold % \ 0,% as oriented manifolds, and the cusp ends of M corresponding
to 0,% are mapped to Ty U T, C OM via the covering map.

The proof of Theorem 5.17 is more complicated than proofs of corresponding 71 -injectivity results in
[19; 23], since the construction of the mapped-in 2-complex j: Z & M is more complicated. The proof
of Theorem 5.17 is more geometric, which is in different flavor from other constructions in this section,
so we defer its proof to Section 6.

For N@ | it has a unique boundary component homeomorphic to the torus, and we denote it by d,N @),
The following elementary property of ¥ is important for the construction of virtual domination.

Lemma 5.18 There exists a proper map g: (%, %) — (N®,dN®) of deg(g) € {1,2,4}, such that
g~ ! (apN<2)) = 0,%, and the restriction of g on each component of 0,% is an orientation preserving
homeomorphism to 0,N @),

Proof We construct g by following the steps in Construction 5.16 that constructs %.

First, g maps one, two or four copies of N(!) in % to N c N by identity. Then g maps each 2-handle
in & corresponding to A;;x C dNy to the corresponding 2-handle in N @ by homeomorphism. So g
maps d,% to dpN (2), and the restriction of g on each component of dp% is an orientation preserving
homeomorphism to 9,N?.
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In steps (3) and (4) of Construction 5.16, each 2-handle in N @ not contained in dNy corresponds to
a bigon B;ji or triangle A;jx, and it gives (S;jx,1 X 1) U (S;jk,2 X I) or S;jx x I in %. Then each
component of (S;jx,1 X I) U (Sjjk,2 x I) or S;jx x I in & is mapped to the corresponding 2-handle
Biji x 1T or Ajjp x I in N (@), via the product of a pinching map on surfaces and the identity on 7. Then
we get a proper map g (%, 0%) — (N @, 3N @) that maps 3% \ dp% to NG\ 8PN(2).

We have deg(g) € {1,2, 4} since g~! (N(l)) consists of 1, 2 or 4 copies of N and the restriction of g
on each such component is identity. a

Now we are ready to prove Theorem 5.1.

Proof of Theorem 5.1 We first consider M as a noncompact 3-manifold with cusp ends. We take
small € > 0 and large enough R > 0 such that Constructions 5.12, 5.15 and Theorem 5.17 hold, and we
construct a mapped in 2-complex j: Z & M. By Theorem 5.17, ji: w1(Z) — w1 (M) is injective and
the convex core of jx(1(Z)) < Isomy (H?) is homeomorphic to % \ dp%. Let M be the covering space
of M corresponding to jx(m(Z)) < w1 (M), then it contains a submanifold homeomorphic to & \ 0,%,
such that ends of % \ 9,% correspond to cusp ends of M.

Now we chop off cusp ends of M and consider it as a compact 3-manifold with boundary. As a manifold
with boundary, M contains a compact submanifold homeomorphic to % such that % N AM =9 %

By Agol’s celebrated result that hyperbolic 3-manifold groups are LERF [2], the covering map M—>M
factors through a finite cover M’ of M, such that & is mapped into M’ via embedding, we have
% N aM/ - 81)2{.

Recall that we have a handle decomposition of a neighborhood N(Ng) of Ny, and we can identify N(Ng)
with N. By Lemma 5.18, there is a proper map g: (%, %) — (N @, dN?)) such that g~ (BI,N(z)) =0,%
and deg(g) € {1, 2, 4}. Note that each component of IN ) \ pN (@) s the boundary of a 3-cell, which is
homeomorphic to S2. Then we extend g to a proper map f: M’ — N as following.

Let K be a component of M’ \ %, then K is disjoint from d,% and 9K is the union of 9, K = K N M’
and d; K = K N%. Then 9; K has a neighborhood d; K x I in K. Since g maps each component of
9; K C 8% to an S2-component of 3N that bounds a 3-cell, we first map 9; K x I C K to a union of
3-cells in Ny that maps d; K x 0 = 9; K via g and maps 9; K x 1 to centers of 3-cells. Then we map
K\ (0; K x I to a graph in N(Ny) such that each component of d; K x 1 is mapped to the corresponding
center of 3-cell and each component of d,, K is mapped to a point in d(N'(Ng)). Moreover, we can assume
that this graph misses N M, By the above definition of " on components of M’ \ %, we get a proper map
fi(M',0M") — (N(Ny), 0N (Ng)) = (N, dN).

For any point p € N, we have f~!(p) = g~ !(p), while / and g have the same local mapping degree
at f~1(p). So deg(f) = deg(g) € {1,2, 4} holds. |
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5.4 Proof of Theorem 1.3

The proof of Theorem 1.3 is similar to the proof of Theorem 1.2, and we sketch the proof in the following.

We start with a compact oriented mixed 3-manifold M with tori boundary such that its boundary intersects
with a hyperbolic JSJ piece, and a compact oriented 3-manifold N with tori boundary.

Propositions 4.2 and 4.5 imply the following hold.

e M has afinite cover M’ with two boundary components 7'; and 7> contained in the same hyperbolic
JSJ piece M; C M', such that the kernel of H(Ty U T5:7Z) — H;(M: Z) induced by inclusion
contains an element that has nontrivial components in both Hy(77;7Z) and H(T3; Z).

e N is virtually 2-dominated by a one-cusped oriented hyperbolic 3-manifold N’.

By the argument at the beginning of Section 5 (Theorem 5.1 implies Theorem 1.2), it suffices to prove
that M’ virtually dominates N’ with virtual mapping degree in {1, 2, 4}. By abusing notation, we still use
M and N to denote M’ and N’ respectively, and use M|, to denote the hyperbolic piece of M containing
T,,T, C M.

Then we take a geometric cellulation of N as in Constructions 5.3 and 5.4, and construct instructional
maps and homomorphisms as in Lemma 5.6, with M replaced by M. Then we choose small enough
€ > 0 and large enough R > 0, and follow Constructions 5.10, 5.11, 5.12 and 5.15 to construct a map
j:Z 9 My. By Theorem 5.17 (to be proved in Section 6), if R is large enough, j: Z 9 M) is
1-injective, and the convex core of j (1 (Z)) < 71 (Mp) < Isom (H?) is homeomorphic to % \ dpt.

So the covering space My of M, corresponding to j«(m1(Z)) < m1(Myp) contains a submanifold
homeomorphic % \ 9,%, and 0,% corresponds to cusp ends of M,. Now we chop off cusp ends of
My and consider it as a compact 3-manifold with tori boundary, the corresponding ]\20 contains a
compact submanifold homeomorphic to % such that IMy N% = 0,%, and Mo N % is mapped to
T/UT, CoMyNoM.

Let M be the covering space of M corresponding to j«(mw1(Z)) < m(My) < 1 (M), then it contains a
submanifold homeomorphic to MO. Since dM contains the tori boundary components 7 and 75 of M,
% C ]\20 is also a compact submanifold of M such that M N% = dp%. Since j: Z — M maps into a
JST hyperbolic piece My C M, by [21] (which heavily relies on [2]), j«(7;(Z)) is a separable subgroup
of 1 (M). Then by [18], there is an intermediate finite cover M’ of M — M, such that % is mapped
into M’ via embedding, and £ N dM’ = 0,% holds.

Again, we identify N with a neighborhood N'(Ny) of Ny, which has an induced handle structure. By
Lemma 5.18, there is a proper map g: (%, 3%) — (N®,dN®) such that g_l(apN(z)) = 0,% and
deg(g) € {1,2,4}. Then we extend g to a proper map f: (M’,oM’) — (N(Ny), dN(Ny)). For each
component K of M’ \ %, the map f can be defined exactly as in the proof of Theorem 5.1, which maps
each component of K N dM’ to a point in dN'(Ng). Then we have deg( /) = deg(g) € {1,2,4}.

Algebraic & Geometric Topology, Volume 25 (2025)



Virtual domination of 3-manifolds, 111 1641
6 Proof of n;-injectivity

In this section, we devote to prove the m{-injectivity result Theorem 5.17, and the proof is more difficult
than the 71 -injectivity results in [19; 23]. One reason is that our constructions of Z and j: Z 9> M are
more complicated. The more important reason is that the induced map ; : Z — M = H? on universal
covers is not a quasi-isometric embedding.

We sketch the structure of this section in the following. In Section 6.1, we define an (ideal) 3-complex
Z3 that contains Z as a deformation retract, then we define a family of representations

pi:m1(Z3) — Isom(H?)

and a family of maps Ji Z3 — H? that is pr-equivariant, such that i 5= 7 and p; = j. In Section 6.2,
we prove that Jjo: Z3 5> H3is a quasi-isometric embedding and some further details, via a more
complicated definition of modified sequence than in [19]. In Section 6.3, we prove that any j; is a
quasi-isometric embedding, and finish the proof of Theorem 5.17.

6.1 An extension of Z and a family of maps

By Construction 5.15(2), for any s, ¢ € {1, 2}, each triangle A;; J x C ONy gives a triangle AU ks in Z with
s,t € {1,2}. If we fix s and ¢, then the union of all such A , gives atorus Ty C Z. Each T{ C Z is
combinatorially isomorphic to dNy, and the restriction of j on T! is homotopic to a covering map to
Ty C M. Since both T} and T’ are peripheral tori in M, the lifting of j|: T — M to the universal cover
is not a quasi-isometric embedding, so neither is ; : Z — M = H?3. To treat this undesired situation, we

extend Z to an ideal 3-complex Z3 as following.

Definition 6.1 For each triangulated torus 77 C Z with 5,7 = 1, 2, we take a cone over T} and delete
the cone point, and denote the resulting ideal 3-complex by C(T). We define Z? to be the union of Z
and all these C(TY).

It is clear that Z3 deformation retracts to Z. For any vertex v’ _, edge eZ " and triangle A k ; (copies of v;,

i,s’ ljS

Ajjk in T}) contained in T}, their cones give an edge a trlangle and a tetrahedron in Z3 respectively,
AZ! and TZ,

zoos’ leOS z]koos

Z
z]’

with the cone point deleted. We denote these cones by eZ respectively.

We define j;: Z3 9> M as following, which is an extension of j : Z &> M. We require that j; maps e

lOO N
to the geodesic ray from j (v s) o the ideal point corresponding to the cusp end Ty of M, maps A% g OO s
to the ideal trlangle given by i (e ") and the ideal point, and maps 7’ Z:I 1o the ideal tetrahedron

ij,s ijkoo,s

glven by j (A ) and the ideal point. To prove Theorem 5.17, the main step is to prove that the lifting

i ]k K
T Z3 > M =H?3 of Jj1: Z3* 9 M to the universal cover is a quasi-isometric embedding.

Now we define a family of maps {/;: VARSS & | £ €0, 1]} (the map given by ¢ = 1 is the above j;)
and a family of representations {p;: 71(Z3) — Isomy (H?) | t € [0, 1]}, such that j; is p;-equivariant.
We also have the property that j, maps each component of the preimage of Z \ Z™) in Z3twa totally
geodesic subsurface of H?3.
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The map j;: Z3 &> M gives us the following parameters. All parameters are similar to the ones given in
[23, Parameter 5.4], except items (3) and (4).

Parameter 6.2 (1) For each vertex v sEZ () and each edge el 7 s fcz® \0p,Z M (or e k ) adjacent
to v; ¢, the initial frame of s;; s (or 5i]k,s) equals Fijk Ajj s (or FU ©.s Aijk,s) for some A,J,s € SO(3)

(or A;jk s) thatis f—o—close to id € SO(3) (see Construction 5.12(2)(b) and (3)(b)).

; ] te ZWN\9,ZW (or eZt ;). the complex length of the associated d-framed
segment s;; s (or §;jk ) equals 2R + A;; 5 (or 2R + Aijk,s) for some complex number A;j s (or A;jx o)
with modulus at most £ < (see Construction 5.12(2)(a) and (3)(a)).

(2) For each edge eZ

(3) For each edge 6’5 st CpZ M, J (65 ’st) is homotopic to an Euclidean geodesic segment g;; s in the
horotorus Ts C M of length (1 + 7;7,5) R with |7;; s| < € (see Construction 5.12(1) and Lemma 5.6(1)).

(4) For each vertex v s €0pZ (), we take a preferred edge el s e 0pZ (M and let ny be the vertex of
N such that nj, nj, ng form a triangle in N ) not contained in dNy, and ny lies to the left of the edge
eij (as in Figure 2). Let F; s = (j (vl o) Vij s, i s) be the frame based at j(v 5) such that Ujj,s 1S tangent

to g;j,s (in item (3)) and 7i; 5 is tangent to j; (e ) Then we have

00,8

Flis=Fis-X-Bis,

where X € SO(3) satisfies
10 0
(BT 3T (v, x =00 -1|-X
5 Uz (V2 xU3) )—
01 0

for vectors v, and v3 in Remark 5.8 and B; s € SO(3) is e-close to id € SO(3).

(5) For each decomposition curve C of some surface S;;x s (or S;jx) and is not an inner cuff of any
hamster wheel, the corresponding good curve has complex length 2R’ + ¢, for some complex number
&c with |E¢| < 2€ (the condition of (R, €)-good curves).

(6) For each hamster wheel H in some Sjjx s Or S;jk, it has R’ rungs (common perpendicular segments
of its two outer cuffs) rg 1, ..., rg g/, and these rungs divide both outer cuffs ¢ and ¢’ to R’ geodesic
segments Sg 1, ..., SH, g and s}“, . ,S/}I’R, respectively. Then for any i = 1,..., R, the complex
distance between ¢ and ¢’ along rgr ; is R'—21logsinh 1 + pu g ; with | ;| <e/R’[11, (2.9.1)]; and for
any i =1,..., R'—1, the complex distance between rg; and rg ;+; along sg; and S}U are 2+ vy ;
and 2 + U}I’i respectively, with [vg |, [V ;| <e€/R'[11, (2.9.3)].

(7) For each decomposition curve C of some surface Sjjx s (or S;jjx), the feet of its two adjacent
good components differ by 1 4+ i 4 n¢, for some complex number n¢ with [n¢| < 100€ (the (R, €)-
well-matched condition in [11, Section 2.10]) and |n¢| < €/ R’ if formal feet are defined on both sides
of C. Here if C is contained in 9S;jx s, the foot from the three-cornered annulus (or two-cornered
annulus) 4;j ¢ is the foot of the shortest geodesic segment from y;jx ¢ to a preferred vertex v; s, as in
Construction 5.15(3), (4) and (5).
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So we have parameters

Aijs, Aijk,s» Bis €SO(3),  Aijs: hijks:§c-nc, hH i VH,i»VE,; €C,  Tijs €R
associated to j;: Z3 9> M, and these parameters are very small with respect to metrics of SO(3), C

and R, respectively.

Note that the data in Parameter 6.2(5) and (6) determine shapes of all (R’, €)-good components, as in the
discussion after [23, Parameter 5.4].

For any ¢ € [0, 1], we take parameters
tAjjs tAijk,s, tBis €SO3), thij s, thiji,s tEc.tnc. thm i v tvy,; €C, ttjs €R.

Here for any A € SO(3) close to id, 14 denotes the image of ¢ € [0, 1] under the shortest geodesic
[0,1] = SO(3) from id to A. These parameters give rise to a map J;: Z3 — H3 that is equivariant with
respect to a representation p;: 71 (Z3) — Isomy (H?), and j; can be defined by a developing argument
as following.

We use Z’ to denote the subcomplex of Z3 consisting of following pieces:

e« 7zZW(z (as in Construction 5.11),
e all triangles A;J.k , C Z corresponding to triangles A;jx C dN,

Zt Z.!  and ideal tetrahedra T2/

e all ideal edges ¢; ., ij,00,8 ijkoo,s"

ideal triangles A

We define Z” to be the union of Z’ and all decomposition curves and boundary components of S;jx
and Sjjx. The inclusion Z"” — Z 3 is 7 -injective on each component. We further define Z”” to be the
union of Z” and following pieces:

e For each two-cornered or three-cornered annulus A§ ks in Z C Z?3, take an edge from a vertex
t : t
vj ¢ 1O the corresponding good curve Viik.s
e For each pair of pants in Z C Z?3, take its three seams.
e For each hamster wheel in Z C Z3, take all of its short seams between adjacent inner cuffs, and

2 R’ seams from two outer cuffs to all inner cuffs.

Let 7: Z3 — Z?3 be the universal cover of Z3, then each component of 77 1(Z') = Z' c Z3 is the
universal cover of a component of Z’. We also use mp7: H?> — M to denote the universal cover of M.
The construction of j;: Z3 — H? is given in the following.

Construction 6.3 We will first define j,: Z3 — H? on Z” = n~1(Z") C Z?3, by the following steps.

(1) We start with a vertex ’71'11 € Z3 such that n(ﬁil D= vl.l ,»and a point p € H?3 such that 7 (p) =
j(vl.1 ) € M. Then we have an isometry of tangent spaces (d7ps)p: TPH3 — Trpr(p)(M), and we

define f;(ﬁil’l) = p.
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(2) Lete e be an edge from v v g to another vertex ! i1 such that it projects to eZ lcz! \dpZ. We
map eg’l to a geodesic segment in H* of length R + ¢ Re(A;;,1) from p to some q € H3, such that its

tangent vector at p is the tangent vector of

We parallel transport —F; k. 1(t)(t ImA;j 1) - (t4j;, 1)1 along this geodesic segment to get a frame
fj%’l(t) € SO, (H?). Here F 1(t)(t ImA;j 1) denotes the frame rotation of F 1(t) by angle
tImA;; 1. Then we take an 1sometry

H — T j! 1)M
that identifies F M 1(z) with F jl k | €S0; (v} )(M ). Under this identification, we can further define the
map j; on edges ad]acent to v; , that do not prOJect to 0, Z, as in item (1).

(3) Ifv v 1 corresponds to a vertex n; € dNj, then v 1 is contained in the torus T C 0pZ and let T1 be
the component of 77! (T ) C VA containing v 1 then we do the following construction. Let eZ lcz®
be the edge of Z AL adjacent to v 1 corresponding to the preferred edge e;; € ANy as in Pararneter 6.2(4),
and let iy be the vertex of N (© as in Figure 2. The geodesic ray starting from p = Jt(U, 1) and tangent
with the normal vector of ’

(drn)y (Fig - (X -1Bi)™h)

gives an ideal point b € 9H?3, and it determines a horoplane P going through p. Then we take an
”k (X 1B )7h) with
length (1 +77;;,1) R and map v 1t its endpoint. The parameters 7y, ; (in Parameter 6.2(3)) inductively

Euclidean geodesic segment in P tangent to the tangent vector of (dmpr), > W(F

give triangles in P with edge length (I +t75,1)R. In this way, we get a map ir: T1 — P.

(4) Fori;: T 11 — P defined in (3), we homotopy each edge in T 11 to a geodesic segment in H? (relative
to endpoints) and each triangle in T 11 to the corresponding totally geodesic triangle, to get the desired
7iv0.1» ideal tetrahedron T 0.1 IN 73
adjacent to Tl, we map them to the geodesw ray, the ideal geodesm triangle and the ideal hyperbohc

map Jy|: T}' — H?. For each ideal edge eZ , ideal triangle AZ

tetrahedron determined by the ideal point » € 9H? and J; T I — H3, respectively.

(5) For any vertex ¥} i1 € T1 that corresponds to v} i1 € T there is an preferred edge ef i adjacent to
| € T1 Then we get a frame F 7.1 based at ],(v h 1) such that its tangent vector is tangent to i ,(elZ], D
H3 —>T(v )M that maps Fj 4

€ T1 as in item (2).

and its normal vector points to b € dH 3. We take the isometry Tj~ @h )
.1

to FM, .X.(tBy .1)- Then we construct J; on edges of Z A adjacent to v}

ik’ 1 i’,1

(6) By applying the construction in items (2), (3), (4) and (5) inductively, we define j, on the component
WofZ cZz3 containing v 1> and let W' be the image of W in Z’. Note that when ¢ = 0, for any

triangle A,]k (or bigon Bijk) in Ng \ 0Ny, the Jo-image of any component of 7! (ef 11 ]Zk 11 €ri 1)
(or 1(e i k WY ez i )) lies in a hyperbolic plane in H3. For A; k- this claim follows from item (2) since

the normal vector of F A’i 1(0) is parallel transported to the normal vector of —F A’fc 1(0), and the same
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holds if i, j and k are permuted. For B, this claim follows from Remark 5.8 that the # = 0 case is
modeled by an equilateral tessellation of the horoplane.

When ¢t = 1, j; is exactly the restriction of J: Z — H? on W. Since f,|ﬁ, is defined by geometric
parameters, it induces a representation ,ofV: 71(W) — Isom (H?), such that ft|ﬁ, is p?/—equivariant.

(7) Now we work on Z"”’. For any line component / C Z"' of the preimage of some C C 95; ik,1 (or
dS;;x) that is adjacent to W, it corresponds to a bi-infinite concatenation of edges in W, and J: maps
this concatenation to a bi-infinite quasigeodesic in H3. We map / to the bi-infinite geodesic that share
end points with the above quasigeodesic, equivariant under the 1 (C)-action (via ,off/). For each edge e
of 2" adjacent to / that is mapped to an edge contained in a three-cornered annulus (or two-cornered
annulus) in Z, we map it to the shortest geodesic segment between the corresponding vertex in W and
the bi-infinite geodesic j;(/) in H?.

(8) For each line component !’ C Z” in the preimage of an (R, €)-good curve C’ in S; % and adjacent
tolin Z", we map the seam s between / and /’ to the geodesic segment whose feet are the (1+7mi +2n¢)-
shift of the closest feet on j; (/) (arising from an edge in a three-cornered or a two-cornered annulus in
item (7)). The complex length of j;(s) is determined by the parameters of this good component, which
determines the j;-image of /’, a bi-infinite geodesic in H?. Let 1 (C’) acts on H? by translating along
J¢(1"), with complex translation length 2R’ 4+ £c/, and we define j; on [’ to be 71 (C’)-equivariant.

Then we apply this process inductively to define j, on one component of VA \ Z'. For a hamster wheel,
the complex lengths of its seams are determined by parameters (g i, VH i, ”}I ; in Parameter 6.2(6) and
complex lengths of its outer cuffs.

(9) Then we define j; on Z"” inductively by the process in items (2)—(8). Again, since j,: Z” — H?3
is defined by geometric parameters, it induces a representation p;: 7;(Z%) — Isom(H?) and Jr is
pr-equivariant.

At the end, since each component of Z3\ Z"” is topologically a disc, we can further triangulate Z3 and
map each new triangle in Z3 to a geodesic triangle in H?. Then the map j;: Z”” — H? extends to a
ps-equivariant map J; : Z3 — H3. Here Ji Z — H3 is the lifting of j: Z* 9> M to universal covers,
and jo maps each component of VA \ Z'into a hyperbolic plane in H?3.

Note that Jo: Z3 > H3 maps each component of VA \ Z'toa totally geodesic subsurface of H?, maps
each ideal tetrahedron in Z3 to an ideal tetrahedron in H3, and the union of these pieces is Z3. Then Jo
pulls back the hyperbolic metric on H? to metrics on aforementioned pieces of Z3, and further induces a
path metric on Z3. Each component of Z3 \ ZW is called a 2-dimensional piece or a 3-dimensional
piece of Z3, according to its dimension.

Now we prove a lemma that describes the coarse geometry of Z3, with respect to the above metric. These
estimates may not be optimal.
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Lemma 6.4 If R > 0 is large enough, the following estimates hold for Z3, with respect to the above

metric.

(1) For any vertex v € 73 and any edge e € ZW pot containing v, dz3(v, €) > log R.
(2) For any two distinct 3-dimensional pieces of Z3, their distance is at least 1o log R.

(3) For any two distinct edges e, e € ZD that do not share a vertex and do not lie in the same
3-dimensional piece of 73, we have dzs(er,e2) = % log R.

(4) For any two distinct vertices v, Vy € 23, we have d23 (v1,v2) = log R.

Proof We take R > 0 large enough that
log R > max {4,21(w —¢g) + 10, —101log (sin ¢g)}.

Note that all edges of ZM that project to d, Z have length at least 2log R (Construction 5.12(1)), and
all other edges have length at least 2R — 1 > 2log R (Construction 5.12(2) and (3)).

(1) Let e be an edge of Z M et v be a vertex of Z3 not contained in e, and let y be the shortest oriented
path in Z3 from v to e.

If v and e do not lie in the closure of the same component of VA \ Z M, then the interior of y intersects
with Z( at finitely many edges, and let ¢’ be the first such edge. Then ¢’ and v lie in the same component
of the closure of Z3 \ ZM and v is not a vertex of ¢’. So it suffices to assume that v and e lie in the
closure C of the same component of Z3\ Z(1).

(a) We first suppose that C is a 3-dimensional piece. Let the ideal point corresponding to C be oo,
then the projection of C gives a tessellation of R? consisting of equilateral triangles of length R.
A computation in hyperbolic geometry gives d53(v, e) > log R. So we can assume that C is a
2-dimensional piece.

(b) If y intersects with the preimage of some surface piece S, ks OF S, k> Remark 2.12 implies that
dz3(v,e) =1(y) = R >log R. So y does not intersect with any S,Jk g or Sljk, and is homotopic
to a concatenation of subsegments of edges in Z 7 relative to endpoints, as shown in Figure 4.

(¢) There must be k£ > 2 edges in Figure 4, and all edges have length at least 21og R except the last
one. Since y lies in a 2-dimensional piece, each inner angle between edges is at least ¢q. If the
last edge has length at least % log R, then Lemma 3.2(1) implies

dzi(v.e) =1(y) = (k—1)-2log R+ flog R— (k = 1)(I(r — o) + 1)
>log R+ (k—1)(3log R—I(7 —¢p) — 1) > log R.
If the last edge has length less than % log R, then Lemma 3.2(1) implies
dzs(v.e) =1(y) = (k—1)-2log R—(k = 2)(I(w —¢o) +1) — g log R
>log R+ (k—2)(2log R— I(w —¢o)— 1) > log R.
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v

Figure 4: The shortest path in a piece of VA \ ZW from v to e, without intersecting §,- ks Of §,- k-

(2) Let Cq and C; be two distinct 3-dimensional pieces of Z3; then C1 N Cy = @ holds. Let y be the
shortest path in 73 between C 1 and C,. We call intersections of y with 3-dimensional and 2-dimensional
pieces of Z3 \Z (1) as 3-dimensional subsegments and 2-dimensional subsegments of . We can assume
that ¢ does not have any 3-dimensional subsegment, otherwise the proof can be reduced to a subsegment

of y. So we can assume that y only has 2-dimensional subsegments.

(a) If y intersects with some component of S,Jk s or S,Jk, then dZ3(v e)=1I(y)> R>1logRasin
(1)(b). So we assume that y does not intersect with any such S; ijk,s OF S, k> and the intersection of
y with 2-dimensional pieces of VA \Z 7D are as shown in Figure 5.

(b) If a 2-dimensional subsegment of y is homotopic to a concatenation of k > 3 subsegments of
edges of Z W relative to endpoints, as in Figure 5, left, then all such subsegments have lengths
at least 2 log R except the first and last one. We divide into three cases. If both the first and last
subsegments of edges have length at least + 7 log R, by Lemma 3.2(1), we have

I(y) =2x zlog R+ (k —2)2log R— (k — 1)(I(w — o) + 1)
= 3 log R+ (2k —5)(log R — 21 (1t — o) —2) + 3k —9)(I(r — o) + 1)
>log R.
If exactly one of the first and last subsegment of edges has length at least % log R, we have
I(y) = 3log R+ (k —2)21log R — (k —2)(I(w —¢o) + 1) —  log R
= 3log R+ (2k — 1) (log R —21(w — o) —2) + (3k —9) (I (7t — o) + 1)
>log R.
If both the first and last subsegments of edges have length at most % log R, we have
I(y) = (k —2)2log R— (k —3)(I(w —¢po) + 1) —2- 3 log R
= 2log R+ (2k — 2)(log R — 21 (7w — o) —2) + (3k — L) (I (7w — o) + 1)
> log R.
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Figure 5: Intersection of y and components of VA \ zW,

By (2)(b) above, we can assume that only Figure 5, right, shows up. If all subsegments of edges in
Figure 5, right, have length less than log R, since all edges of Z M have length at least 2 log R, the
vertices in each occurrence of Figure 5, right, must be the same vertex, contradicting with the fact
that ¢ connects two distinct 3-dimensional pieces. So some subsegment of edge in Figure 5, right,
must have length at least log R. Since the angle in Figure 5, right, is at least ¢, a computation in
hyperbolic geometry gives sinh(/(y)) > sinh(log R) - sin ¢¢; thus

[(y) = log R + log (sin ¢pg) > 1—90 log R.

(3) Let eq and e, be two distinct edges of Z O that do not share a vertex and do not lie in the same

3-dimensional piece of Z3. Let y be the shortest path in Z3 between e1 and e;. If y intersects with a

component of S, jk,s OF S, Sijks then /() > log R as in (1)(b) above. So we assume that ¢ does not intersect

with any such S; ijk,s OF S, ik» and we consider the intersection of y with components of VA \Z (M as the

following cases.

(a)

(b)

If y has a 2-dimensional subsegment as shown in Figure 5, left, with k£ > 3 edges in ZM show up
in the picture. Then (2)(b) implies /(y) > log R holds. So we can assume that all 2-dimensional
subsegments of y are as shown in Figure 5, right.

If some subsegment of edge in Figure 5, right, has length at least %log R, then the argument
as in (2)(c) implies /(y) > §log R + log (sin¢g) > %log R. So we can assume that, for any
2-dimensional subsegment of y as in Figure 5, right, all subsegments of edges have length smaller
than % log R.

(c) We call concatenations of adjacent 2-dimensional subsegments of y as 2-dimensional pieces of y,

(d)

and we also call 3-dimensional subsegments of y as 3-dimensional pieces. Note that by (3)(b),
each 2-dimensional piece of y lies in the link of a vertex of Z3 In particular, y cannot be a single
2-dimensional piece, since e; and e, do not share a vertex of Z3, thus ¥ must contain at least one
3-dimensional piece.

If y contains two 3-dimensional pieces, since each 3-dimensional piece of Z3 is convex (as a
subset of H?), these two 3-dimensional pieces of Y must be contained in two distinct 3-dimensional
pieces of Z3. Then item (2) implies that /(y) > % log R holds. So we can assume that y has at
most one 3-dimensional piece.
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(e) So y is a concatenation of one 2-dimensional piece, one 3-dimensional piece and one 2-dimensional

piece. It is possible that one 2-dimensional piece of ¥ may degenerate, but these 2-dimensional
pieces cannot both degenerate, since e; and e, do not lie in the same 3-dimensional piece of VAS
If exactly one of the two 2-dimensional pieces of y degenerates, we assume that the degenerated
edge contains the terminal point of . The unique 2-dimensional piece of y lies in the (3 log R)-
neighborhood of a vertex v. Then v is a vertex of ey, and is contained in a 3-dimensional piece C
of Z3 \ ZW_ Since e1 and e, do not share a vertex, ¢, is contained in C and does not have v as
its vertex. By (1), dz3(e2,v) > log R holds. So we have /(y) > log R — % log R = %log R.

If neither two 2-dimensional pieces of y degenerate, then there are two vertices v; and v, of the
same 3-dimensional piece C of Z3, such that the two 2-dimensional pieces of y lie in (% log R)-
neighborhoods of v; and v, respectively. Since e; and e, do not share a common vertex, v;
and v, are two distinct vertices of C. Since d 73 (v1,v2) = dc(v1, v2) = 21log R holds, we have
[(y) > 210gR—2-%logR = %logR.

(4) Let vy and v, be two distinct vertices of Z3, and let y be the shortest path in Z3 between v 1 and v,.

If y intersects with some component of §,~ jk,s OF §,~ k> or if y intersects with some 2-dimensional piece
of Z3 as in Figure 5, left, with & > 3, then (1)(b) and (2)(b) imply /(y) > log R hold, respectively. So
we assume that each 2-dimensional subsegment of y is as shown in Figure 5, right.

(a)

(b)

If the initial point v{ of y is contained in a 2-dimensional subsegment of y, as in Figure 5, right,
then the subsegment of edge containing v has length at least 21log R. So as in (2)(c), we have
[(y) = log R.

If the initial point v; of y is contained in a 3-dimensional subsegment of y, then the other end
point of this 3-dimensional subsegment is contained in an edge not containing v;. Then by (1), we
have /(y) > log R. |

6.2 Estimation on the ideal model of Z
In this section, we prove the following result on the map Jo: Z3 — H? defined in the last section.

Proposition 6.5 Given the metric on Z3, for large enough R > 0, the following statements hold.
(1) The map Jo: Z3 > H3isa quasi-isometric embedding.
(2) The representation pg: 71 (Z3) — Isom (H?) is injective.

(3) The map jy: Z3 > H?isan embedding.

(4) The convex core of H?/po(r1(Z?)) is homeomorphic to the 3-manifold %\ 3,% in Theorem 5.17,

as oriented manifolds.

The idea of the proof of Proposition 6.5 is similar to proofs of corresponding results in [19; 23], but

the actual proof is more complicated, since the construction of the 3-complex Z? is more involved. In

particular, we will have a more complicated definition of the modified sequence.
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We take large enough R so that there is an L satisfying the inequality
(6-1) max {1000, 2/ (r — o)} < L < 535 log R.
Here ¢y is as defined in Notation 5.7(3).

For any two points x, y € Z" C Z3, we will estimate dys (Jo(x), jo()). Let y be the shortest path in VA
from x to y, and we will assume that y intersects with A nontrivially in its interior. Let x1, x5, ..., X,
be the intersection points of y N ZM that follow the orientation of y. If y contains a subsegment of an
edge in ZW we only record the endpoints of this subsegment. This sequence x1, X, ..., x5 is called the
intersection sequence of y, and let xo = x and x,,4+1 = y. We use y; = X;X; 1 to denote the subsegment
of y (and the geodesic segment) from x; to x;4+1. Such a y; is called a 3-dimensional piece of y if it is
contained in the union of ideal tetrahedra of Z3.

Now we make the following assumption on y.

Assumption 6.6 For the segment Xx;, we assume the following hold.
(1) Either x is a vertex of Z3, or x lies on an edge of ZM and its distance to any vertex of Z3 is at
least L, or the distance between x and any vertex of Z3 is at least L + ﬁ log R.
(2) If xx7 is not a 3-dimensional piece, then d(x, x{) > ﬁ log R.

We also assume the same condition holds for X, y.
If y satisfies Assumption 6.6, we construct the modified sequence of y as follows.

Construction 6.7 Foranyi =1,...,n, we do the following modification.
(1) If neither y;_1 nor y; are 3-dimensional pieces and both of following hold:
e d(xj,v;) < L for some vertex v; # x; (then x; and v; lie on the same edge of Z3 and v; 18
unique, by Lemma 6.4(1)(4)),
o d(xi_1,x) < ﬁ log R or d(xi,xj41) < llﬁ log R,
then we replace x; by v;.

(2) If y;_1 or y; is a 3-dimensional piece, then exactly one of them is. Without loss of generality, we
assume ¥; (from x; to x;41) is a 3-dimensional piece, and y;_; is not. Then we do the following
two steps.

(a) If d(xj,v;) < L for some vertex v; # x; and d(x;—1,x;j) < llﬁ log R, we replace x; by v;.
Similarly, if d(x;41,vi4+1) < L for some vertex vj 41 7 x;+1, then x;1 1 # » and x; 4, exists
by Assumption 6.6(1). In this case, if d(x;41,X;42) < ﬁ log R, we replace x;4+1 by v;41.

(b) If the modification in step (1) is done for x; but not for x;; and d(x;41,v;) < L, then by
Lemma 6.4(1), v; is contained in an edge containing x;, and we replace x;4+ by v;. We do
a similar process if the modification in step (1) is done for x; 41 but not for x;.

Note that during the modification process, if some X; is replaced by v;, then they lie on the same edge of
7@ and we must have d(x;i,vi) < L.
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After doing the above process, by replacing certain x; by corresponding vertices of Z3, we get the modified
sequence X = Yo, ¥1,---, Ym> Ym+1 = y of y. Note that a few points in the intersection sequence might
be replaced by the same point y;. Then y; and y;4 lie in the same component of VA \ ZM . Each
component of VA \ Z W s either a simply connected convex hyperbolic surface with piecewise geodesic
boundary, or a convex hyperbolic 3-manifold obtained by an infinite union of ideal tetrahedra. Let
¥/ = Yivit1 be the shortest path in the piece of VA \ ZW from yi to yiy1, and we say that y/ is a
2-dimensional or a 3-dimensional piece if it lies in a 2-dimensional or a 3-dimensional piece of VA \Z M,
respectively. We define the modified path y’ of y to be the concatenation of y,, yl’ veeos Voo

Any y; that also lies in the intersection sequence of y is called an unmodified point, otherwise it is called
a modified point. Any y/ that is also a piece of y is called an unmodified piece of y'.

We will prove a few properties of the modified path in the following.

Lemma 6.8 If y satisfies Assumption 6.6, then for any i = 0,1,...,m, y/ is either an unmodified
3-dimensional piece or satisfies [(y]) > L.

Proof Casel If both y; and y;4+ are modified points, by Lemma 6.4(4), we have

I(y{) =d(yi,yi+1) =logR> L.
Case Il If both y; and y;4; are unmodified points, we divide into the following subcases.

e If y/ is a 3-dimensional piece, then it is unmodified and the result trivially holds. So we assume
that y; is not a 3-dimensional piece in the following.

e If y; = x of y;j4+1 = y, we assume y; = x without loss of generality. Then Assumption 6.6(2)
implies /(y}) = d(yi, yi+1) = llﬂ log R > L. So we assume that y; and y; 4 are not x and y

respectively.
o If y/ intersects with any component of §,— jk,s OF §,~ ik then /(y{) > R > L, by Remark 2.12.
ﬁ log R, then the result
trivially holds. If /(y]) < ﬁ log R, then by Lemma 6.4(3), y; and y;4+1 must lie on two adjacent

o If y/ does not intersect with E,-jk,s or §ijk’ we have two cases. If /(y/) >

edges of Z M with a common vertex v. Then we must have d(yi,v),d(yi+1,v) > L, otherwise
yi or y;+1 should be modified in Construction 6.7(1) or (2)(a). Since we have Zy;vy;11 > ¢o
(Notation 5.7(3)), we get

d(yi,yi+1) 2 d(yi.v) +d(yig1,v) = 1w —¢o) 2 2L — I(wr — o) = L.

Case III If exactly one of y; and y;; is modified, we assume that y; is unmodified and y; 4 is modified.
Then there are x; and X;4; in the intersection sequence of y, such that x; = y; and x;; is modified
to y;4+1 (in Construction 6.7). If y; = x; = x, then since y;+ is a vertex of Z? and distinct from Vi,
Assumption 6.6(1) implies d(y;, yi+1) = L. So we assume that y; # x in the following; thus it lies on
an edge of zW,
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Yi+1

Figure 6: The position of x; = y;, x;4+1 and y;4;.

If y; and y; 11 do not lie on the same edge of Z(, since ;41 is a vertex of Z(), Lemma 6.4(1) implies
d(yi,yi+1) =logR> L.

So y; and y; 4 lie on the same edge, and the picture is shown in Figure 6. Suppose that d(y;, yi+1) < L

holds. Since x; 41 is modified to y; 41, we have d(x;+1, y;+1) < L. Since x; = y;, we have
d(xi,xj41) <2L < ﬁ log R.

If X;X;31 is not a 3-dimensional piece, then x; should be modified, according to Construction 6.7(1) or

(2)(a), and we get a contradiction. If X;X; ] is a 3-dimensional piece, then the fact that x; 4 is modified

implies that x; should be modified, according to Construction 6.7(2)(b), which is impossible. So we must

have d(yi, yi+1) = L. o

The next job is to estimate the angle Z£y;_1y; y;+1. To obtain this estimate, we first prove the following
lemma.

Lemma 6.9 We suppose that y satisfies Assumption 6.6. Let x; and x;41 be two consecutive points in
the intersection sequence of y with x; # x, such that when producing the modified sequence, x; is not
modified (thus y; = x;) and x; 41 is replaced by y; 1, then the following hold.

(1) If x;x;51 is not a 3-dimensional piece, then £X;1YiVi+1 = 20 L/2,

(2) If X;x;31 is a 3-dimensional piece, while x; and y; 4+, do not lie in the same edge of Z(l), then
Zxiy1yiyier < 2e7 52,
(3) If X;x;+1 is a 3-dimensional piece, while x; and y;y lie in the same edge of ZD | then

g
LXi+1YiYit1 < 7.

Proof Since x; is replaced by y;41, by Construction 6.7, we have d(x;+1, yi+1) < L. Since y;y;i 11
is a piece of the modified sequence and is not an unmodified 3-dimensional piece, Lemma 6.8 implies
d(xi, yi+1) =d(yi, yiv1) = L.
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Case I Suppose that y; = x; does not lie in any edge of A containing y;41. Since y;4 is a vertex of
zW, by Lemma 6.4(1), we have d(y;, yi+1) > log R. Then we get

sinhd (yi4+1,Xi+1) <2eL/2,
sinhd(yi, yit1)

(6-2) LXi41YiYit1 S 28I LXj41YiYig1 =
So the proof of (2) is done.
Case II Suppose that y; = x; lies in an edge of zM containing ;4 1, the picture is shown in Figure 6.

(a) Suppose that X;X;1 is not a 3-dimensional piece. Then the triangle in Figure 6 does not lie in a
3-dimensional piece of Z3 \Z(l), we have Zy; y;41Xi4+1 = ¢, and
d(yi.xix1) Zd (i, yig1) +d (i1, Xig1) — 17w — o)
> d(yig1.X%i+1) + (L= 1(w — o)) = d(yig1. Xi+1) + 5 L.
So we have

sinhd(Xj+1, Vi+1) <20-L/2,
sinhd(yi, xj+1) —

(6-3) LXit1YiYie1 S2sinLXjp1yiyiv1 <2

Then (6-2) and (6-3) together imply (1).
(b) Suppose that X;X; 3 is a 3-dimensional piece. Since X; is not modiﬁed by Construction 6.7(2)(b),
we have d(yi, Vi+1) = L > d(Xi4+1, Yi+1)- SO £Xi4+1XiVi+1 < Z, and the proof of (3) is done. O

The next technical lemma estimates the angle Zy;_; y; y;+1 in the modified path.

Lemma 6.10 There exists no > 0 (only depend on the geometry of the triangulation of N') such that
for large enough L > 0 (depending on n¢) and large enough R > 0 (depending on L), the following
statements hold for any y satisfying Assumption 6.6.

(1) If neither Vi/—l nor y; are unmodified 3-dimensional pieces, then Zy;_1y;yi+1 > 1o.

(2) Ifeither y/_, or y; is an unmodified 3-dimensional piece, then Zy;_1yi yi+1 = 5 + no-
Note that it is impossible that both y/_, and y/ are unmodified 3-dimensional pieces.

Proof Recall that the constant ¢g > 0 defined in Notation 5.7(3) is a lower bound of all inner angles of
triangles in N and all dihedral angles between intersecting totally geodesic triangles in N. We take a
smaller ¢ if necessary, such that ¢ € ( , 2”—0)

For any vertex vZ of Z3, we have a subspace S,z C T} =52 con31st1ng of all unit tangent vectors
at vZ tangent to jo-images of pieces of VA \Z (1) that]are adjacent to vZ. If vZ corresponds to a vertex
vin N\ dNp, S,z is a union of finitely many geodesic arcs in S2, and it is determined by the geometry
of N near v. If vZ corresponds to a vertex in 9Ny, S,z is a union of finitely many geodesic arcs and
one hexagon in S? (corresponding to a 3-dimensional component of VA \ ZM: see Figure 1). Moreover,
in the second case, S,z also depends on R. The hexagon degenerates to a point when R goes to infinity,
and the limit geometry only depends on the geometry of N. The metric on S?2 induces a path metric on
each S, z. For fixed R, we only have finitely many isometric classes of .S, z, since the vertex set of AY,
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is a finite union of 7y (Z)-orbits. So there exists Ry > 0 and a constant 6y > 0, such that for any R > Ry,
any vertex vZ of Z3 and any two vectors vy, v, € S,z C S2, if their distance under the path metric of
S,z is at least ¢, then the angle between them is at least 6.

We take no = min{1 ¢y, 360 }. We also take large L and R such that L > 21og(8/n¢), R > (8/10)%*® and
(6-1) holds. Since the definition of the modified sequence is complicated, we need to run a case-by-case

argument.

Case I We first assume that y; is an unmodified point.

(1) Both y;_; and y;4; are unmodified points. Then the concatenation of y;-1y; and y;y; 1] is the
shortest path in Z3 from Yi—1 t0 Yit1.

(a) We first suppose that neither of y;—7y; or y;y;+1 are 3-dimensional pieces. Since the dihedral
angle between corresponding totally geodesic subsurfaces in H? is at least ¢y (Notation 5.7(3)),

(6-4) LXi1XiXig1 = LYi—1YiVi+1 = $o > No.

(b) We suppose that one of y;—7y; and y; y;11 is a 3-dimensional piece. By the explicit vectors in
Remark 5.13(3), the dihedral angle between the boundary of an ideal tetrahedron and an adjacent
geodesic subsurface (not the boundary of an ideal tetrahedron) in Z3 is at least arccos(—%) > %”

So we have

KF/4

(6-5) LXi1XiXi41 = LYi-1ViVi+1 > 73 > 5 +no.
Note that (6-4) and (6-5) will be repeatedly used in the remainder of this proof.

(2) Exactly one of y;_; and y;4; is a modified point, and we assume that y;_; is unmodified and y;
is modified. Then we have y;_y = x;_1, ¥i = X;, and y;4+ is replaced by x; 4 as in Construction 6.7.
In particular, we have d(x;41, yi+1) < L holds.

(a) We first suppose that X;x;1; is not a 3-dimensional piece. Then Lemma 6.9(1) implies that
IXit1YiVie1 = 2eL/2 < %(f)o. By (6-4) and (6-5) respectively, Zy;—1y;X;j+1 is at least ¢g or

3?” in the two cases of this lemma. So we get that Zy; _y; ;41 is at least 19 or 5 4 1 in these

two cases.

(b) Now we suppose that X;x; 1 is a 3-dimensional piece, then X; 1 X; is not a 3-dimensional piece. So

neither y;— y; nor y; y; 1 are unmodified 3-dimensional pieces, and d(y;—1, yi),d(yi, Vi4+1) = L
by Lemma 6.8.
(i) If y; and y; 41 do not lie on the same edge of V4 (), then Lemma 6.9(2) implies

LXiy1Viyip1 <2e L2,

and (6-4) implies Zy;—1iYi+1 = No-
(i) If y; and y;4+ lie on the same Edge of ZW | then Lemma 6.9(3) implies £x; 41 Vi Vit1 = %
Since y is the shortest path in Z3, (6-5) implies

3
LYi—1YiYi41 = LXi—1XiYit1 = LXi—1XiXi+1 — LXi+1)iVi+1 = 5 — 5 > No-

Algebraic & Geometric Topology, Volume 25 (2025)



Virtual domination of 3-manifolds, 111 1655

(3) Both y;_1 and y;4+1 are modified points. So y; = x;, while y;_1 and y; 41 are modified from x;_
and x; 41 respectively. In this case, neither y;—7y; nor y; ;31 are unmodified 3-dimensional pieces, and
d(yi-1,i),d(yi, yi+1) = L by Lemma 6.8.

(a) Neither X;—1x; nor X;X;1 are 3-dimensional pieces. By Lemma 6.9(1), we have

LXi1YiYie1, £Xi41ViYie1 = 207112,

Then by (6-4), we have Zx;_1y;iX;j4+1 = ¢g, SO

Lyi—1yivigr = do—4e 2> Lo > nq.

(b) Both X;Z7X; and X;x; 1, are 3-dimensional pieces. It is impossible.

(c) Exactly one of X;-1X; and X;X; 1 is a 3-dimensional piece. We assume that X;_1X; is not a 3-
dimensional piece and X;X; 11 is a 3-dimensional piece. By Lemma 6.9(1), £x;_1y; yi—1 < 207L/2,
e If y; and y;4; do not lie on the same edge of ZM | then Lemma 6.9(2) implies

LXit1yiyign <27 H2

Since Zxj_1yiXi+1 = ¢o (equation (6-4)), we have Zy;_1 yiyit1 = o —4e /2 = 1 = o.
e If y; and y;4; lie on the same edge of Z(l), then Lemma 6.9(3) implies £x; 41 piyiq1 = %
Since £x;_1YiXi+1 = 37” (equation (6-5)), we get
LYi—1YiYi+1 = LXi—1ViXit1 — £Xi—1YiVi—1 — £Xi41ViVi+1
> 37”—26_L/2—%7t > 1no.

So the proof of Case I is done.

Case II Now we assume that y; is a modified point. In this case, there might be several consec-
utive points X;, ..., X;4+% in the intersection sequence of y that are modified to y;; then we have

d(yi,xi),...,d(yi,xj+x) < L. Note that neither y;_1y; nor y;y;+; are unmodified 3-dimensional
pieces in this case.

(1) Both y;_; and y;4; are unmodified points.

(a) We assume that £ = 0 holds; then the picture is shown as in Figure 7(a). This figure shows
a flattened picture of Z%ina hyperbolic plane, while the actual picture is bended in H3. By
Construction 6.7, at least one of d(x;—1,x;) and d(x;, x;+1) is smaller than % log R and we
assume d(x;—1, X;j) < llﬁ log R. Then we have

1
d(xj—1,yi) <d(xj—1,x;)) +d(xi, yi) < ——log R+ L.

160
By Assumption 6.6(1), even if x;_; = x, we know that x;_ lies on an edge of ZD | Since
1 1
d(xi—1,yi) < mlogR +L< %log R,

by Lemma 6.4(1), x;—; and y; must lie on the same edge of VAQS
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i i
Ps I Py Xi_ Xi+k
Xi—1 T Xit1 x/ ]Xz+1 Xibk+1

Figure 7: y; is a modified point, while y;—; = x;—1 and y; 41 = X;4x+1 are not.

e If X;—1x; is not a 3-dimensional piece, then Zx;_1y;x; > ¢¢ holds by the definition of ¢¢ in
Notation 5.7(3).

e If X;-71Xx; is a 3-dimensional piece, then X;X; 1 is not a 3-dimensional piece. Since Xxjisa
modified point and x;_1 is not, by Construction 6.7(2), we have d(X;, Xj+1) < —n 1 60 log R. The
same argument as above implies Zx; yiXj+1 > ¢o-

Let S be the subset of S? corresponding to vertex y; given in the beginning of this proof, and

let ¥;—; and ¥; 41 be points in S given by tangent vectors of y;x;—1 and y;X;1 respectively.
The above inequalities on Zx;_1 y;x; and £x; yix;+1 imply ds(V;—1, Vj1+1) > ¢g, otherwise the
concatenation X;_1X; - X;X;+1 1S not the shortest path in Z3 from Xj—1 to X;j41. The choice of 6
implies Zy;—1yi Vi+1 = £Xij—1YiXi+1 = 09 > 1o holds. This argument will be used repeatedly in
the following part of this proof, referred as “the argument in Case II(1)(a)”.

(b) We assume that kK = 1 holds; then the picture is shown in Figure 7(b).

e If X;X;11 is not a 3-dimensional piece, then we have Zx;y;xj+1 = ¢o. The argument in
Case II(1)(a) implies £y;—1yiyi+1 = £Xi—1YiXi+1 = 6o = no-

e If Xjx;1 is a 3-dimensional piece, then by Construction 6.7(2), either d(x;_1, x;) < llﬁ log R
or d(Xj41,Xj42) < ﬁlogR holds. We assume that d(x;—_1,x;) < ﬁlogR holds. By
Assumption 6.6(1) and Lemma 6.4(1) again, even if x;_; = x holds, x;_; lies on an edge of
A containing y;. Since X;_1x; is not a 3-dimensional piece, we have Zx;_1 yiX; > ¢¢. The
argument in Case II(1)(a) implies £y;_1y; yi+1 = £Xi—1ViXi+2 = 0y = no.

(¢) We assume that k > 2 holds; then the picture is shown in Figure 7(c). Here either X;x;+1 or
Xi+1Xi+2 is not a 3-dimensional piece; thus either Zx; y;x;+1 > ¢o or £Xj4+1YiXit+2 = ¢o holds.
Again, the argument in Case II(1)(a) implies Zy;—1 Vi Vi+1 = £Xi—1ViXi+k+1 = 6o = 1o.

(2) Exactly one of y;—; and y;4; is a modified point, and we assume y;_; is modified (from x;_;) and
Vi+1 is unmodified (equals x; 4 x4 1). Since y;—; and y; are distinct vertices of VALR by Lemma 6.4(4),
we have d(y;—1, yi) = log R. Since x;—; and x; are modified to y;_; and y; respectively, we have
d(xj—1,yi—1),d(xi, yi) < L. So we have

sinhd (x;—1, yi—1) <20 R/2,

LXi_1YiVie1 <2sin4xj_1yiy_1 <2
i—1)i)i—-1 = i—1)iy-1 = sinhd(yi—1. yi)

Moreover,
d(xi—1.Xi) = d(yi—1, yi) —d(xi—1, yi—1) —d(xi, i) = log R—2L > L log R.
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Yi—1 Vi Vi

Xi—1 TNtk
T x,-/ ]xi+1 \ Xitk+1

Figure 8: y;_; and y; are modified points, while y;+; = Xj4x+1 1S not.

Now we claim that Zx;_1 y;X;+x+1 = 6o holds, and the proof divides into following cases.

(a) We first assume that k& = 0 holds; then the picture is shown in Figure 8, left. Since x; is mod-
ified to y;, by Construction 6.7, X;X;+; cannot be a 3-dimensional piece, and we must have
d(xi, xj11) < llﬁ log R. By Assumption 6.6(1) and Lemma 6.4(1), even if x;41 = y holds,
Xi+1 lies on an edge of AY containing y;, and we have Zx;y;x;+1 > ¢o. By the argument in
Case TI(1)(a), we have Zx;_1yiXj+1 = 6p.

(b) We assume that k = 1 holds, then the picture is shown in Figure 8, middle.

e If X;X;11 is not a 3-dimensional piece, then we have Zx;y;x;j+1 = ¢o. The argument in
Case II(1)(a) implies Zx;—1yixij4+2 = 6p.

e If X;X;3, is a 3-dimensional piece, then X;;1X;4, is not a 3-dimensional piece. Since
d(xij—1,Xxi) > 1 log R, by Construction 6.7(2), we must have d(X; 41, Xj42) < ﬁ log R. By
Assumption 6.6(1) and Lemma 6.4(1), even if x; 4, = y holds, x; 4, lies on an edge of ZM
containing y;, and Zx;11piXj4+2 = ¢o holds. Again, the argument in Case II(1)(a) implies
£LXi—1YiXi+2 = 0.

(c) We assume that k£ > 2 holds; then the picture is shown in Figure 8, right. Then either X;x; 1| or
Xi+1Xi+2 is not a 3-dimensional piece; thus either Zx; y;x;+1 > ¢o or £X;4+1YiXit2 = ¢o holds.
Again, the argument in Case II(1)(a) implies Zx;_1 Vi X;j+k+1 = 6o.

So the claim is established, and we have

—R/2

LYi—1YiVi+1 = LYi-1ViXithk+1 = £Xi—1YViXitk+1 — £Xi—1YiVi—1 = 0o —2e = 1o-

(3) Both y;_1 and y;4 are modified points. Then y;_; and y;; are obtained by modifying x;_; and
Xit+k+1 respectively. Since y;—1, y; and y;4; are distinct vertices of Z, by Lemma 6.4(4), we have
d(yi—1,¥i),d(yi, yi+1) = log R. By the modification process in Construction 6.7,

d(xi—1, yi=1),d(Xi, yi)s - d(Xi4k, Vi), d (X k41, Vie1) < L.
By the computation at the beginning of Case 11(2), we have

LXi-1YiViet. LXigp1 Vivier <2820 d(xi_1.x0) . d(Xi k. Xipkt1) > S log R.
As in Case I1(2), we claim that Zx;_1y;X;+x+1 = 0o, and the proof divides into following cases.
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Yi+1 Yi+1 Vi+1

Figure 9: All of y;—;, y; and y; 4+ are modified points.

(a) We first assume that k& = 0 holds; then the picture is shown in Figure 9, left. Since
d(xj—1,xi),d(xi, Xj+1) > % log R,
Construction 6.7 implies that x; should not be modified. This case is impossible.
(b) We assume that k& = 1 holds; then the picture is shown in Figure 9, middle.
e If X;X;11 is not a 3-dimensional piece, then we have Zx;y;x;j+1 = ¢o. The argument in
Case II(1)(a) implies Zx;—1yixij4+2 = 6p.

e If X;Xx;11 is a 3-dimensional piece, then since
1
d(xi—1,Xi), d(Xj4k> Xitk+1) > 3 1og R,

Construction 6.7(2) implies that x; and x; 11 should not be modified. This case is impossible.
(c) We assume that k& > 2 holds; then the picture is shown in Figure 9, right. Then either X;x; 1 or
Xi+1Xi+2 is not a 3-dimensional piece; thus either Zx; y;x;+1 > ¢o or £Xj41YiXit2 = ¢o holds.
Again, the argument in Case II(1)(a) implies Zx;_1ViXj+k+1 = 6o.
So the claim is established, and we have

—R/2

LYi1YiYi1 Z LXi—1YiXivk+1 — £Xi—1YiVi—1 — LXitk+1)ViVi+1 = 0o —de > 1o-

The proof of Case II is done and the proof of this lemma is finished. |
Now we are ready to prove Proposition 6.5.

Proof of Proposition 6.5 We first take 79 > 0 in Lemma 6.10, and take L > 0 such that %L satisfies the
assumption of Proposition 3.5 with respect to %7)0- Then we enlarge L and take large R > 0 so that (6-1)
and Lemma 6.10 hold.

1) foz Z3 5> H3isa quasi-isometric embedding Since 7" (defined before Construction 6.3) is
2-dense in Z3, we only need to prove that the restriction Jo|: Z" >H3isa quasi-isometric embedding.
More precisely, for any x, y € Z", we will prove that

(6-6) 3d53(x, ) = 75 log R—4L < dgs (Jo(x), Jo(y)) < dz5(x, y) + 75 log R+ 4L.

We first do the following two-step modification on x and y.
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Modification I If x or y lie in the (L+ g log R)-neighborhood of some vertex of Z* (which is unique
by Lemma 6.4(4)), we replace it by the corresponding vertex. So we can assume that x and y are
either vertices of Z3 or do not lie in the (L—I—SI—O log R)-neighborhood of any vertex of Z3. Under this
assumption, we only need to prove the following estimate, which implies (6-6):

(6-7) 3d53(x,y) — 751og R < dyz (jo(x). jo(»)) < dzs(x. y) + 45 log R.

Let y be the shortest path in Z3 from x to y. If the interior of y is contained in VA \Z 7 then Jo(¥)
is a geodesic segment in H?3; thus dzs3(x,y) = dys (Jo(x), jo(¥)) holds and (6-7) holds. So we can
assume that  is not contained in Z3\ Z(1.

Modification I We take the intersection sequence X1, ..., X,. If

d(x,x1) < —=1logR or d(x,,y)<-——IogR,

160 160
we replace x or y by x; or x, respectively. We still denote the new initial and terminal points by x and y,
and still denote the new shortest path between x and y by y. Then we only need to prove the following
estimate, which implies (6-7):

(6-8) 3d53(x.y) < dgs (o(x). jo(») Sdz:(x.y).

We claim that the path ¢ obtained by Modifications I and II satisfies Assumption 6.6. We will only argue
for the initial point x, and the proof for the terminal point y is the same.

o If we did Modification I for x, then the new x is a vertex of Z3 and its distance to any edge of
ZM not containing x is at least log R (by Lemma 6.4(1)). So Modification II is not applied to x,
and Assumption 6.6 holds.

e If we did not do Modification I but did Modification II for x, then the new x lies on an edge of
ZW and its distance to any vertex of Z3 is at least (L + 81—0 log R) 160 log R=L+ 160 log R.
After Modification II, if XX7 is not a 3-dimensional piece and d(x, x;) < 160 log R, then the edges

of ZW containing x and x; share a vertex v (by Lemma 6.4(3)) and Zxvx; > ¢g holds. So we

have

d(x,x1) > d(x,v) +d (v, x1) — I(T — o) > (L n 1é0 logR) 17— ¢p) > —— 160 log R,
which is impossible. So Assumption 6.6 holds in this case. If XX7 is a 3-dimensional piece,
Assumption 6.6 trivially holds.

e If we do neither Modification I nor Modiﬁcation II for x, then the distance between x and any
vertex of Z3 is at least L + 30 logR > L+ 160 log R, and we have d(x,x1) > 160 log R. So
Assumption 6.6 holds.

Now we take the modified sequence yi,..., ym of y, and let y/ be the shortest path (in a piece of
Z3\ ZW) from y; to y;41. The modified path  is the concatenation of Yo Vis-eos Vi
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For each consecutive y; and y/, , in the modified path y, we have the following possibilities.

* If neither of them are unmodified 3-dimensional pieces, then Lemma 6.8 implies /(y;), [(y; +1) =L,

and Lemma 6.10(1) implies the bending angle is at most = — 1.

o If either y/ or y/ 41 is an unmodified 3-dimensional piece, exactly one of them is. Then Lemma 6.8
implies that one of /(y;) or /(y/ 4+1) is atleast L, and Lemma 6.10(2) implies the bending angle is
at most 7 — 1)o.

Then Proposition 3.5 implies
m m
z x 1 1 1
(6-9)  dp3(o(x), joW) =1y Ym) =5 ) 1) =5 ) dzs(yi,yit1) = 5dz3(x, p).
2 2 2
i=0 i=0

On the other hand, since the metric on Z3 is a path metric induced by the metric of H?3, we always have
dys (o(x), jo(»)) <d 3(x, ). So (6-8) holds for the path y obtained after Modifications I and II; thus
(6-6) holds for any x, y € Z". This implies that

(6-10)  Zdzs(x.y)— 5 log R—4L —8 < dys (jo(x), jo(y)) <dz3(x,p) + 25 log R+ 4L +38

holds for any x, y € Z3, by the 2-denseness of Z” C Z3. So jo: Z3 — H? is a quasi-isometric
embedding.

(2) my-injectivity of pg Since 71(Z) = 71 (Z?) is torsion-free and Jo: Z3 > H3is Po-equivariant,
the fact that j, is a quasi-isometric embedding implies that pq is injective.

Moreover, since 771 (Z3) is neither a surface group nor a free group, the covering theorem [6] implies that
po(m1(Z?)) < Isomy (H?) is a geometrically finite subgroup.

(3) Injectivity of fo Now we prove that jo: Z3 > H3is injective. For x, y € 73 such that
dzs(x,y) > %logR > 23—010gR—|—8L + 16,

the left hand side of (6-10) implies jo(x) # jo(»). Moreover, if x and y lie in the same component of
Z3\ ZW | then since j, restricts to an embedding on this component, we have jo(x) # jo(»).

So we can assume that d 35 (x, ) < 1 log R holds, while x and y lie in different components of Z3\ Z(V.
We take the shortest path y in 73 from x to v and take the intersection sequence x1, ..., x,. Let x = xg

and y = x,4+1, and we denote the subpath of y from x; to x; 1 by y;. Then we have /(y;) < Llog R for
alli =0,...,n. So forany y; withi =1,...,n—1, one of the following hold:

(i) either y; is a 3-dimensional piece,

(i1) or y; is a 2-dimensional piece, and by Lemma 6.4(3), the two edges of zM containing x; and x; 4
share a vertex v;; moreover, since ZX;v;X;+1 = ¢g, we have d(x;, v;), d(x;+1, Vi) < %log R.

Moreover, y contains at most one 3-dimensional piece, since by Lemma 6.4(2), any two different
3-dimensional components of Z3\ Z () have distance at least 1—% log R.
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Now we prove jo(x) # jo(¥) by dividing into the following cases.

(a) If y contains no 3-dimensional pieces, then all vertices v; in item (ii) above must be the same
vertex, thus x and y lie in two 2-dimensional pieces of VA \ ZW that share a vertex. Since Jo
maps these two pieces to two totally geodesic subsurfaces in H? that are disjoint except at the
common edge or vertex, we have jo(x) # jo(»). So we can assume that y contains exactly one
3-dimensional piece in the following.

(b) If y or yy is a 3-dimensional piece, we assume that y is. Then by item (ii) again, the 3-dimensional
piece of VA \Z () containing x and the 2-dimensional piece of Z3 \ AY, containing y share a
vertex. Then as in case (a), the geometry of jo implies jo(x) # jo(»). So we further assume that
neither Yo nor y;, are 3-dimensional pieces, and # > 2 holds in the following.

(c) If n =2, then y; is a 3-dimensional piece. By the proof of Lemma 6.10, Case I (1)(b), the bending
angle at y; and y, are both at most %JT < Z, s0 we have Jo(x) # jo(»). So we can further assume
that n > 3 in the following.

(d Son >3. Forsome 1 <i <n—1, y; is the unique 3-dimensional piece of y. Then Xx; is
(% log R)—close to a vertex v; of ZM, and Xit1 18 (% log R)—close to a vertex v;41. We must
have v; = v; 11, otherwise d 55 (v;, v;+1) = log R by Lemma 6.4(4) and d 53 (X, Xj+1) = % log R,
which is impossible. So both x; and x;4; lie on edges of AY containing v;, and by item (ii),
the 2-dimensional pieces of VA \ A, containing x and y share the vertex v;. So we obtain
Jo(x) # Jo(y) as in case (a).

The proof of the injectivity of Jo: Z3 — H? is finished.

(4) Homeomorphic type of the convex core Since Jo: Z3 > H3 s injective and is pg-equivariant, the
image fo(Z 3) has a closed po (7 (Z?))-equivariant neighborhood N (Z 3) in H3. By the construction
of %, we can see that N' (Z 3)/po(1(Z?)) is homeomorphic to % \ d,%, as oriented manifolds.

Also note that N (Z 3)/po(1(Z?)) is a finite volume submanifold of H?3/pg (71 (Z?)) such that the
inclusion induces an isomorphism on 1. Since all boundary components of % are incompressible, by
tameness of open hyperbolic 3-manifolds [1; 5], each component of

(H/po(mi(Z)) \ (N(Z3)/ po(m1(Z7)))
is homeomorphic to the product of a surface and (0, 00). So H?/po (71 (Z?)) is homeomorphic to %\ d,%.

Since po(1(Z?)) < Isom. (H?) is a geometrically finite subgroup and d,% corresponds to cusp ends of
H?3/po(1(Z3)), the convex core of H3/po(r1(Z?)) is homeomorphic to % \ 9,%. Note that all above
homeomorphisms preserve natural orientations on involved manifolds. |

6.3 Proof of quasi-isometric embedding

The following proposition is the main result of this subsection, which is the last technical piece of the
proof of Theorem 5.17.
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Proposition 6.11 Forany ¢ € [0, 1], j;: Z* — H? is a quasi-isometric embedding.

To prove Proposition 6.11, we need the following two lemmas. The first lemma appeared as Lemma 5.7
of [23], which estimates the geometry of j, on 2-dimensional pieces of VA \ zW,

Lemma 6.12 For any § € (0, 1079), there exists €y > 0 and Ry > 0, such that for any positive numbers
€ €(0,€9), R > Ry and any positive integer R" greater than all of the R;; and R;jj in Lemma 5.14, the
following statement holds.

If {j; Z3 > H3 | t €0, 1]} is constructed with respect to €, R and R’, then for any t € [0, 1] and any x
and y lying in the closure of a 2-dimensional piece C C VA \Z(l) such that x € dC, we have

(6-11) 3du3 (e(x), J1 () < dz3(x, y) = 2dygs (e (%), 1 (1))
Moreover, let e be an edge in A containing x (with a preferred orientation). If d(x, y) > 100, then
(6-12) ds2(O(x, y,€), 0(jr(x), j:(»), J1(e))) < 108

Here O(x, y, e) denotes the point in S? determined by the tangent vector of Xy in H?, with respect to
a coordinate of Ty (H?) given by a frame p = (x, v, 1), where v is tangent to e and 7 is tangent to C
(points inward). Similarly, ©(j;(x), j:(»), J:(e)) is defined with respect to a frame based at j;(x), with
the first vector tangent to J+(e), and the second vector is e-close to be tangent to 7:(C) (points inward).

The second lemma estimates the geometry of J: on 3-dimensional pieces of Z3 \ Z M Since this lemma
only concerns 3-dimensional pieces of Z3, we do not need the R; j» Rijk and R part of Z3, but we still
state them in the following lemma, so that its statement is parallel with the statement of Lemma 6.12. We
will only give a sketch of the proof of this lemma and some computations are skipped.

Lemma 6.13 For any § € (0, 107%), there exists €y > 0 and Ry > 0, such that for any positive numbers
€ € (0,€9), R> Ry and any positive integer R" greater than all of the R;; and R;jj in Lemma 5.14, the
following statement holds.

If {j;: Z3 > H?3 | t € [0, 1]} is constructed with respect to €, R and R’, then for any t € [0, 1], the
following hold. For any x and y lying in the closure of a 3-dimensional piece C C VA \Z M) we have

(6-13) (1= 8)dpps (e (x), e (1) < dz3(x, p) < (14 8)dys (e (x), J: (1))
Moreover, if x belongs to an oriented edge e C Z W contained in the boundary of C, then
(6-14) ds2(O(x, y,), ©(ji (x), ji (). je(e))) < 106.

Here ©(x, y, e) denotes the point in S* determined by the tangent vector of Xy in H?3, with respect to a
coordinate of Ty (H?) given by a frame p = (x, v, 11), where v is tangent to e and 7 is tangent to a face
of C (points inward). O(j;(x), j:(y), j:(e)) is defined by a similar frame based at j;(x), given by j;(e)
and j;(C).
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Proof Note that we did not give a precise definition of j, on ideal tetrahedra of Z3 in Construction 6.3(4),
so it suffices to prove this lemma for some choice of J;.

We can use the Klein model of the hyperbolic space to (noncanonically) identify each ideal tetrahedron in
73 with a 3-simplex in the 3-ball (with one vertex on the boundary). Then we use the linear structure of
the 3-simplex to define the j; map on each tetrahedron, which is piecewise smooth on C. Moreover, if
€ > 0 is small enough, the restriction of /; on each ideal tetrahedron is very close to an isometry, up to
the second derivative, in the following sense.

(1) For any two unit tangent vectors v; and U, based at the same point z € C, we have
(6-15) (V1. D2) — (D i (1), D i (91))] < 8.

Here if z lies in the boundary of an ideal tetrahedron, then ¥; and v, point toward the same ideal
tetrahedron.

(2) For any geodesic y contained in an ideal tetrahedron contained in C, the geodesic curvature of
Jroy is always bounded above by §3.

Equation (6-15) implies that j;|¢ is a (1+38)-bi-Lipschitz map, so (6-13) holds.

Now we work on the angle estimate, and we identify both C and j,(C) with convex subsets of the upper
half space model of H?, such that all vertices have z-coordinate 1. We take projections of x and y to R2,
and let the Euclidean distance between these projections by d.

Case I We first suppose that d > 4R /8. Since the z-coordinate of x is at most /(R /2)2 + 1 (by
Construction 6.3(3)), an elementary computation implies that the tangent vector of Xy at x is at most &
away from (0, 0, 1). Since J;|c is induced by an almost isometry of the equilateral tessellation of R?, the
Euclidean distance between the projections of j;(x) and j;(y) to R2 is at least 2R /5. So the tangent
vector of j;(x)j:(») at j;(x) is at most 28 away from (0, 0, 1). Since the geometry of C and j;(C) are
close on their boundaries, (6-14) holds in this case.

Case I Now we suppose that d < 4R /§. Since the equilateral tessellation of R? has side length R,
an elementary area estimate implies that Xy intersects with m < 20/§ ideal tetrahedra of C. Let
Y1, Y2, ..., VYm be the intersections of Xy with these tetrahedra such that their concatenation gives Xy.
Then j; 0¥y, j1 © V2. ..., Ji © Ym are smooth curves in tetrahedra of j;(C) such that their concatenation
is homotopic to j;(x) j;(»), and their geodesic curvatures are always bounded above by §°.

Foreachi =1,2,...,m—1, by (6-15), the angle between the terminal tangent vector of j;(y;) and the
initial tangent vector of j;(y;1) is at most 453,

Let y/ be the geodesic segment that share endpoints with J+(¥:). The condition on geodesic curvatures
implies that the initial tangent vectors of y; and J¢+(y:) differ by at most 263, and the same holds for their
terminal tangent vectors. So the angle between the terminal tangent vector of y; and the initial tangent
vector of y/_, is at most 1083,
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Since we have m < 20/§ geodesic segments y;, then initial tangent vectors of y; and J:(x) J: (p) differ
by at most 1083 - 20/8 = 20082 < §. Since the tangent vector of yp is 283-close to the tangent vector of
jt o ¥1, (6-14) holds in this case. O

Given these two lemmas, we are ready to prove Proposition 6.11.
Proof of Proposition 6.11 For 71y given in Lemma 6.10, we take § € (0, 79/40). Then we take small

€ > 0 and large R > 0 satisfying Lemmas 6.12 and 6.13.

To prove j; is a quasi-isometric embedding, for any two points x, y € Z3, we want to prove the following
inequality:

@16 dz0e0) = 5(L+ 1oglog R+2) = dyps (o), i ()

<ddzs(x. ) +12(L 3

* 160

As in the proof of Proposition 6.5, we replace x and y by two 2-close points in Z" and then do

10gR+2).

Modifications I and II. After this modification process, the shortest path y in Z3 from x to y satisfies
Assumption 6.6.

Recall that the modification process moves both x and y by distance at most L + % log R+ 2. Lemmas
6.12 and 6.13 imply that j;(x) and j;(y) are moved by distance at mos£2(L + % log R + 2). So to
prove (6-16), it suffices to prove the following inequality for points x, y € Z” satisfying Assumption 6.6:
(6-17) 1d73(x.p) S dgs (o (x). jo (1) < 4dz5(x. p).

For the new x and y, we take the shortest path y in 73 from x to », and take the modified sequence
V1s---, Yn- Let y/ be the shortest path in Z3 from ¥; to y;41 (in the closure of a component of VA \ Z(l)),
and let y’ be the concatenation of y/ for i =0, 1,...,n. Since y satisfies Assumption 6.6, Lemmas 6.8
and 6.10 imply the following:

e Each y/ is either an unmodified 3-dimensional piece, or /(y;) > L holds.
e If neither y/_, nor y; are unmodified 3-dimensional pieces, then Zy; 1 y; yi+1 > no.
o Ify/ | or ¥/ is an unmodified 3-dimensional piece, then Zy;_; y; yi4+1 = Z +no.
Let z; = f, (»i), and let §; be the geodesic segment in H> from z; to z; ;. Then we have zo = jt (x) and
Zn+1 = J¢(»). By Lemmas 6.12 and 6.13, since 8 < 19/40, the following conditions hold for §;.
(1) Foranyi =0,...,n, we have %l(yi/) < 1(8;) < 2I(y/). Moreover, if y/ is not an unmodified
3-dimensional piece, /(§;) > %L holds.
(2) If neither Vi,—l nor yl.’ are unmodified 3-dimensional pieces, then £z; _1z;zj 41 = %770-

(3) If y/_, or y is an unmodified 3-dimensional piece, then £z; _1z;z;41 > F + %770-
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On one hand, we have

dygs (G (x). e (9) < D 18:)

i=0
<2) 1) (by item (1))
i=0

< 4dys (jo(x). jo(¥)) (by (6-9))
<4dz;3(x, ).
On the other hand, since L is large with respect to 7g, items (2) and (3) and Proposition 3.5 imply that

n
dpps (e (x), je (1)) = % Z 1(6;) (by Proposition 3.5)
i=0

=006 Gyitem (1)
i=0

1
z Zd 73(x, »).
We have proved (6-17) holds for the modified endpoints x and y; thus (6-16) holds for any x, y € Z3.
So Jy: Z} > H¥isa quasi-isometric embedding. O

Now we finish the proof of Theorem 5.17.

Proof of Theorem 5.17 By Proposition 6.11, each J;: Z3 > HPisa quasi-isometric embedding.
Moreover, since 71 (Z?) is torsion free and J; is p;-equivariant, each representation

pi: m1(Z3) — Isomy (H?)
is injective. Again, since J;: Z3 > H3isa quasi-isometric embedding and Z3 = VA /m(Z3) is compact
after truncating cusp ends, p;(1(Z3)) < Isom (H?) is a geometrically finite subgroup.

So {p:(1(Z?)) | t €0, 1]} forms a continuous family of geometrically finite subgroups of Isom (H?).
Then the convex core of H3/j.(71(Z3)) = H3/p; (1 (Z3)) is homeomorphic to the convex core of
H?3/po(7w1(Z?)), which is homeomorphic to % \ 3,% (as oriented manifolds) by Proposition 6.5(4). O

References

[1] T Agol, Tameness of hyperbolic 3-manifolds, preprint (2004) arXiv math/0405568
[2] T Agol, The virtual Haken conjecture, Doc. Math. 18 (2013) 1045-1087 MR Zbl
[3] IBerstein, A L Edmonds, On the construction of branched coverings of low-dimensional manifolds, Trans.

Amer. Math. Soc. 247 (1979) 87-124 MR Zbl

Algebraic & Geometric Topology, Volume 25 (2025)


http://msp.org/idx/arx/math/0405568
https://doi.org/10.4171/dm/421
http://msp.org/idx/mr/3104553
http://msp.org/idx/zbl/1286.57019
https://doi.org/10.2307/1998776
http://msp.org/idx/mr/517687
http://msp.org/idx/zbl/0359.55001

1666

(4]

(5]

(6]

(7]

(8]

(9]
(10]

(11]

[12]

[13]

[14]
[15]

(16]

(17]

(18]

[19]
(20]

[21]

(22]

(23]

Hongbin Sun

M Boileau, S Wang, Non-zero degree maps and surface bundles over S 1 J. Differential Geom. 43 (1996)
789-806 MR Zbl

D Calegari, D Gabai, Shrinkwrapping and the taming of hyperbolic 3-manifolds, J. Amer. Math. Soc. 19
(2006) 385-446 MR Zbl

RD Canary, A covering theorem for hyperbolic 3-manifolds and its applications, Topology 35 (1996)
751-778 MR Zbl

J A Carlson, D Toledo, Harmonic mappings of Kihler manifolds to locally symmetric spaces, Inst. Hautes
Etudes Sci. Publ. Math. 69 (1989) 173-201 MR Zbl

A L Edmonds, Deformation of maps to branched coverings in dimension three, Math. Ann. 245 (1979)
273-279 MR Zbl

A Gaifullin, Universal realisators for homology classes, Geom. Topol. 17 (2013) 1745-1772 MR Zbl

J Kahn, V Markovic, Immersing almost geodesic surfaces in a closed hyperbolic three manifold, Ann. of
Math. 175 (2012) 1127-1190 MR Zbl

J Kahn, A Wright, Nearly Fuchsian surface subgroups of finite covolume Kleinian groups, Duke Math. J.
170 (2021) 503-573 MR Zbl

Y Liu, Immersing quasi-Fuchsian surfaces of odd Euler characteristic in closed hyperbolic 3-manifolds, J.
Differential Geom. 111 (2019) 457-493 MR Zbl

Y Liu, V Markovic, Homology of curves and surfaces in closed hyperbolic 3-manifolds, Duke Math. J. 164
(2015) 2723-2808 MR Zbl

Y Liu, H Sun, Virtual 1-domination of 3-manifolds, Compos. Math. 154 (2018) 621-639 MR Zbl

E Martinez-Pedroza, Combination of quasiconvex subgroups of relatively hyperbolic groups, Groups
Geom. Dyn. 3 (2009) 317-342 MR Zbl

R Myers, Homology cobordisms, link concordances, and hyperbolic 3-manifolds, Trans. Amer. Math. Soc.
278 (1983) 271-288 MR Zbl

P Przytycki, D T Wise, Mixed 3-manifolds are virtually special, J. Amer. Math. Soc. 31 (2018) 319-347
MR Zbl

P Scott, Subgroups of surface groups are almost geometric, J. Lond. Math. Soc. 17 (1978) 555-565 MR
Zbl

H Sun, Virtual domination of 3-manifolds, Geom. Topol. 19 (2015) 2277-2328 MR Zbl

H Sun, Virtual homological torsion of closed hyperbolic 3-manifolds, J. Differential Geom. 100 (2015)
547-583 MR Zbl

H Sun, A characterization on separable subgroups of 3-manifold groups, J. Topol. 13 (2020) 187-236 MR
Zbl

H Sun, The panted cobordism groups of cusped hyperbolic 3-manifolds, J. Topol. 15 (2022) 1580-1634
MR Zbl

H Sun, Virtual domination of 3-manifolds, II, J. Lond. Math. Soc. 108 (2023) 869-915 MR Zbl

Department of Mathematics, Rutgers University
Piscataway, NJ, United States

hongbin.sun@rutgers.edu

Received: 21 April 2023 Revised: 31 October 2023

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


http://projecteuclid.org/euclid.jdg/1214458532
http://msp.org/idx/mr/1412685
http://msp.org/idx/zbl/0868.57029
https://doi.org/10.1090/S0894-0347-05-00513-8
http://msp.org/idx/mr/2188131
http://msp.org/idx/zbl/1090.57010
https://doi.org/10.1016/0040-9383(94)00055-7
http://msp.org/idx/mr/1396777
http://msp.org/idx/zbl/0863.57010
https://doi.org/10.1007/BF02698844
http://msp.org/idx/mr/1019964
http://msp.org/idx/zbl/0695.58010
https://doi.org/10.1007/BF01673511
http://msp.org/idx/mr/553345
http://msp.org/idx/zbl/0406.57003
https://doi.org/10.2140/gt.2013.17.1745
http://msp.org/idx/mr/3073934
http://msp.org/idx/zbl/1316.57017
https://doi.org/10.4007/annals.2012.175.3.4
http://msp.org/idx/mr/2912704
http://msp.org/idx/zbl/1254.57014
https://doi.org/10.1215/00127094-2020-0049
http://msp.org/idx/mr/4255043
http://msp.org/idx/zbl/1469.57022
https://doi.org/10.4310/jdg/1552442607
http://msp.org/idx/mr/3934597
http://msp.org/idx/zbl/1419.57031
https://doi.org/10.1215/00127094-3167744
http://msp.org/idx/mr/3417184
http://msp.org/idx/zbl/1334.57033
https://doi.org/10.1112/S0010437X17007965
http://msp.org/idx/mr/3778186
http://msp.org/idx/zbl/1394.57004
https://doi.org/10.4171/GGD/59
http://msp.org/idx/mr/2486802
http://msp.org/idx/zbl/1186.20029
https://doi.org/10.2307/1999315
http://msp.org/idx/mr/697074
http://msp.org/idx/zbl/0532.57006
https://doi.org/10.1090/jams/886
http://msp.org/idx/mr/3758147
http://msp.org/idx/zbl/1511.57025
https://doi.org/10.1112/jlms/s2-17.3.555
http://msp.org/idx/mr/494062
http://msp.org/idx/zbl/0412.57006
https://doi.org/10.2140/gt.2015.19.2277
http://msp.org/idx/mr/3375528
http://msp.org/idx/zbl/1323.57013
http://projecteuclid.org/euclid.jdg/1432842365
http://msp.org/idx/mr/3352799
http://msp.org/idx/zbl/1350.57030
https://doi.org/10.1112/topo.12128
http://msp.org/idx/mr/4138737
http://msp.org/idx/zbl/1448.57024
https://doi.org/10.1112/topo.12255
http://msp.org/idx/mr/4461854
http://msp.org/idx/zbl/1533.57039
https://doi.org/10.1112/jlms.12770
http://msp.org/idx/mr/4639942
http://msp.org/idx/zbl/07738079
mailto:hongbin.sun@rutgers.edu
http://msp.org
http://msp.org

ALGEBRAIC & GEOMETRIC TOPOLOGY
msp.org/agt

EDITORS

PRINCIPAL ACADEMIC EDITORS
Kathryn Hess
kathryn.hess@epfl.ch
Ecole Polytechnique Fédérale de Lausanne

John Etnyre
etnyre @math.gatech.edu
Georgia Institute of Technology

BOARD OF EDITORS

Julie Bergner

Steven Boyer

Tara E Brendle

Indira Chatterji

Octav Cornea
Alexander Dranishnikov
Tobias Ekholm
Mario Eudave-Muifioz
David Futer

John Greenlees

Ian Hambleton
Matthew Hedden
Kristen Hendricks
Hans-Werner Henn

Daniel Isaksen

University of Virginia
jeb2md@eservices.virginia.edu
Université du Québec a Montréal
cohf@math.rochester.edu
University of Glasgow
tara.brendle @ glasgow.ac.uk
CNRS & Univ. Céte d’ Azur (Nice)
indira.chatterji @math.cnrs.fr
Université’ de Montreal
cornea@dms.umontreal.ca
University of Florida
dranish@math.ufl.edu

Uppsala University, Sweden
tobias.ekholm @math.uu.se
Univ. Nacional Auténoma de México
mario@matem.unam.mx

Temple University
dfuter@temple.edu

University of Warwick
john.greenlees @warwick.ac.uk
McMaster University
ian@math.mcmaster.ca
Michigan State University
mhedden @math.msu.edu
Rutgers University
kristen.hendricks @rutgers.edu
Université Louis Pasteur

henn @math.u-strasbg.fr

‘Wayne State University

isaksen @math.wayne.edu

Thomas Koberda
Markus Land
Christine Lescop
Norihiko Minami
Andrés Navas
Robert Oliver
Jessica S Purcell
Birgit Richter
Jérome Scherer
Vesna Stojanoska
Zoltdn Szabd
Maggy Tomova
Daniel T Wise

Lior Yanovski

University of Virginia
thomas.koberda@virginia.edu
LMU Miinchen

markus.land @math.lmu.de
Université Joseph Fourier

lescop @ujf-grenoble.fr

Yamato University
minami.norihiko @yamato-u.ac.jp
Universidad de Santiago de Chile
andres.navas @usach.cl
Université Paris 13
bobol@math.univ-paris13.fr
Monash University
jessica.purcell@monash.edu
Universitit Hamburg
birgit.richter @uni-hamburg.de
Ecole Polytech. Féd. de Lausanne
jerome.scherer@epfl.ch

Univ. of Illinois at Urbana-Champaign
vesna@illinois.edu

Princeton University
szabo@math.princeton.edu
University of lowa
maggy-tomova@uiowa.edu
McGill University, Canada
daniel.wise @mcgill.ca

Hebrew University of Jerusalem
lior.yanovski @ gmail.com

See inside back cover or msp.org/agt for submission instructions.

The subscription price for 2025 is US $760/year for the electronic version, and $1110/year (4-$75, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Algebraic & Geometric Topology is
indexed by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Algebraic & Geometric Topology (ISSN 1472-2747 printed, 1472-2739 electronic) is published 9 times per year and continuously online, by
Mathematical Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.
Periodical rate postage paid at Oakland, CA 94615-9651, and additional mailing offices. POSTMASTER: send address changes to Mathematical
Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.

AGT peer review and production are managed by EditFlow® from MSP.
PUBLISHED BY

:l mathematical sciences publishers
nonprofit scientific publishing
https://msp.org/
© 2025 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/agt
mailto:etnyre@math.gatech.edu
mailto:kathryn.hess@epfl.ch
mailto:jeb2md@eservices.virginia.edu
mailto:cohf@math.rochester.edu
mailto:tara.brendle@glasgow.ac.uk
mailto:indira.chatterji@math.cnrs.fr
mailto:cornea@dms.umontreal.ca
mailto:dranish@math.ufl.edu
mailto:tobias.ekholm@math.uu.se
mailto:mario@matem.unam.mx
mailto:dfuter@temple.edu
mailto:john.greenlees@warwick.ac.uk
mailto:ian@math.mcmaster.ca
mailto:mhedden@math.msu.edu
mailto:kristen.hendricks@rutgers.edu
mailto:henn@math.u-strasbg.fr
mailto:isaksen@math.wayne.edu
mailto:thomas.koberda@virginia.edu
mailto:markus.land@math.lmu.de
mailto:lescop@ujf-grenoble.fr
mailto:minami.norihiko@yamato-u.ac.jp
mailto:andres.navas@usach.cl
mailto:bobol@math.univ-paris13.fr
mailto:jessica.purcell@monash.edu
mailto:birgit.richter@uni-hamburg.de
mailto:jerome.scherer@epfl.ch
mailto:vesna@illinois.edu
mailto:szabo@math.princeton.edu
mailto:maggy-tomova@uiowa.edu
mailto:daniel.wise@mcgill.ca
mailto:lior.yanovski@gmail.com
http://dx.doi.org/10.2140/agt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
https://msp.org/
https://msp.org/

ALGEBRAIC & G

Volume 25 Issue 3 (pag

A-polynomials, Ptolemy equations and Dehn filling
JOSHUA A HOWIE, DANIEL V MATHEWS and JESSICA S
The Alexandrov theorem for 2 + 1 flat radiant spacetimes
LEO MAXIME BRUNSWIC
Real algebraic overtwisted contact structures on 3-spheres
SEYMA KARADERELI and FERIT OZTURK
Fully augmented links in the thickened torus
ALICE KWON
Unbounded sl3-laminations and their shear coordinates
TSUKASA ISHIBASHI and SHUNSUKE KANO
Bridge trisections and Seifert solids
JASON JOSEPH, JEFFREY MEIER, MAGGIE MILLER and A
Random Artin groups
ANTOINE GOLDSBOROUGH and NICOLAS VASKOU
A deformation of Asaeda—Przytycki—Sikora homology
ZHENKUN L1, YI XIE and BOYU ZHANG
Cubulating a free-product-by-cyclic group
FRANCOIS DAHMANI and SURAJ KRISHNA MEDA SATIS
Virtual domination of 3-manifolds, IIT
HONGBIN SUN
The Kakimizu complex for genus one hyperbolic knots in the 3-s
Luis G VALDEZ-SANCHEZ
Band diagrams of immersed surfaces in 4-manifolds
MARK HUGHES, SEUNGWON KIM and MAGGIE MILLER
Anosov flows and Liouville pairs in dimension three
THOMAS MASSONI
Hamiltonian classification of toric fibres and symmetric probes
JOE BRENDEL
An example of higher-dimensional Heegaard Floer homology
YIN T1AN and TIANYU YUAN
Fibered 3-manifolds and Veech groups

CHRISTOPHER J LEININGER, KASRA RAFI, NICHOLAS Ri




	1. Introduction
	2. Preliminaries on the good pants construction
	2.1. Constructing nearly geodesic subsurfaces in finite-volume hyperbolic 3-manifolds
	2.2. Panted cobordism groups of finite volume hyperbolic 3-manifolds
	2.3. The connection principle of finite-volume hyperbolic 3-manifolds

	3. Preliminaries on hyperbolic geometry
	4. Reduction of the domain and target in Theorem 1.2
	4.1. Reducing the domain manifold M
	4.2. Reducing the target manifold N

	5. Topological construction of virtual domination
	5.1. Initial data of the construction
	5.2. Construction of the immersion j1.5mu-:ZM
	5.3. Construction of virtual proper domination
	5.4. Proof of Theorem 1.3

	6. Proof of 1-injectivity
	6.1. An extension of Z and a family of maps
	6.2. Estimation on the ideal model of Z
	6.3. Proof of quasi-isometric embedding

	References
	
	

