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The zero stability for the one-row colored s(3-Jones polynomial

WATARU YUASA

The stability of coefficients of colored (sl,-)Jones polynomials {Jls(lzn () }n was discovered by Dasbach
and Lin. This stability is now called the zero stability of J;([zn (¢). Armond showed zero stability for
a B-adequate link by using the linear skein theory based on the Kauffman bracket. We prove the zero

stability of one-row colored sl3-Jones polynomials {J;[il (q)}n for B-adequate links L with antiparallel

twist regions by using the linear skein theory based on Kuperberg’s sl3-webs. This implies the existence
of many g-series obtained from a quantum invariant associated with sls.

57K10, 57K14, 57K 16

1 Introduction

The colored g-Jones polynomial of a knot K is a quantum invariant obtained from an irreducible
representation of a simple Lie algebra g. We will discuss some stability of coefficients of the one-

+1/2]| p € N}, which is a quantum invariant of K

row colored sl3-Jones polynomials {J ;([3,1 (q9) € Zlg
associated with irreducible representations of sl3 corresponding to the one-row Yang diagram (7). This
kind of stability for the colored (sl,-)Jones polynomials was discovered by Dasbach and Lin [5; 6]. They
showed that some leading coefficients, concerning the degree of ¢, of {J;([?n (¢)}n are independent of the
colorings n (where n + 1 is the dimension of an irreducible representation) if a knot K is alternating.
They also conjectured that the first n coefficients of J ;([ZN (g) are constant for all N greater than » if K is
alternating. Armond [1] proved this conjecture for a larger class of links, called adequate links, which
contain alternating links. Independently, Garoufalidis and Lé [9] proved more general stability, called
k-stability, for alternating links, where k is a nonnegative integer. In the sense of Garoufalidis and L&,
the stability proved in [1] corresponds to the zero stability. The k-stability also ensures the existence of a
g-series called the k-limit, which is closely related to quantum modular forms. The 0-limit is also known
as the tail of K.

Definition 1.1 Let J ;([Zn (q9):= j:qu;([fn (@) =ao+Y 12, a;q" be a normalization of the colored Jones
polynomial J ;([Zn (¢) of a knot K, where the sign is
chosen so that ag is positive. The tail of K is a g-series @ (¢) € Z[q] satisfying
25l
Ok (q)— I (@) € 4" Z[4]
for any positive integer .
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1918 Wataru Yuasa

Note that the integrality theorem for the colored Jones polynomial proved by Lé [20] claims that the
coefficients of J, K n(q) become integral, and therefore its tail ®g (q) belongs to Z[g]. Armond and
Dasbach [3] showed that the tail of an adequate knot is determined by its reduced B-graph.! A similar
result was obtained by Garoufalidis, Norin and Vuong [11]. They stated that the first three coefficients
of @k (q) of an alternating link K are described in terms of its reduced Tait graph. From these results,
we can see that the tail is not useful in distinguishing links. However, tails of knots and links give us
interesting g-series related to quantum modular forms. For example, Garoufalidis and L& [9] showed
that tails of alternating links are described as a generalization of Nahm sums. In particular, the tail of a
(2, m)-torus link is the (false) theta series. In work of Armond and Dasbach [2], Hajij [13] and Yuasa [25],
an Andrews—Gordon-type identity for the (false) theta series was derived from two explicit formulas for
the tail of a (2, m)-torus link. Explicit formulas for tails of other knots and links have been studied by
Garoufalidis and L& [9], Elhamdadi and Hajij [7], Keilthy and Osburn [15] and Beirne and Osburn [4],
and for quantum spin networks by Hajij [13].

Our goal is to develop a study of the stability and tails for J ;([zn (g) to quantum invariants J 1%', ;. (9) associated
with a higher-rank simple Lie algebra g. Many problems arise when we consider higher-rank cases. For
example, we have to choose a sequence of irreducible representations to consider the stability because
the colored g-Jones polynomial of a knot is parametrized by dominant weights. Moreover, the explicit
computation of the colored g-Jones polynomials of a given knot is much more difficult than in the sl case.

The aim of this paper is to show zero stability of the one-row colored s(3-Jones polynomial {J?n (@) }n
of a B-adequate link K with antiparallel twist regions. The one-row coloring n for K means ’that all
components of K are colored by the irreducible representation of the highest weight nw; (or we write it
as (n,0)), where {w; };—1,> correspond to the fundamental weights of sl3. There are some studies on the
explicit computation of the colored s(3 Jones polynomial: for the trefoil knot by Lawrence [19], for the
(2,2m+1)- and (4, 5)-torus knots with general coloring by Garoufalidis, Morton and Vuong [10; 12],
for 2-bridge links with one-row coloring by Yuasa [24], and for pretzel links with one-row coloring by
Kawasoe [14]. These explicit formulas give tails of the colored s(3-Jones polynomial of some links; see
Garoufalidis and Vuong [12] and Yuasa [25; 26]. For the A-colored g-Jones polynomial of the (a, b)-torus
knot when g is a simple Lie algebra of rank 2, Garoufalidis and Vuong [12] proved the k-stability for
any k. They used the formula of Rosso and Jones in [22] to prove it. Here we prove the zero stability
of the one-row colored sl3-Jones polynomial for any antiparallel B-adequate link using the linear skein
theory for sl3 developed by Kuperberg [18]. Our proof is inspired by work of Armond [1] using the
Kauffman bracket.

Theorem 1 (zero stability for the one-row colored s(3-Jones polynomial; see Theorem 4.16) For any
antiparallel B-adequate link L, there exists CI>5L[3 (¢) in Z[q] such that

5(3 Tsl3 n+1
O (@) — I 5@ € 4" Z]q].
IThey consider A-graphs. However, this corresponds to B-graphs in our convention. That is, our ¢ is ¢! in [3].
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The zero stability for the one-row colored s3-Jones polynomial 1919

An antiparallel B-adequate link is an oriented link whose representative is a B-adequate link diagram

with only antiparallel twist regions; see Definition 4.1.

This result and its proof are an extension of the work on the zero stability of colored sl,-Jones polynomials
in [1] to sl3. We will discuss the zero stability for general B-adequate links in a forthcoming paper.

This paper is organized as follows. In Section 2, we introduce the sl3 version of the linear skein theory
and review properties of sl3-webs and s(3-clasps. In Section 3, we discuss a lower bound on the minimum
degree of a clasped sl3-web. In Section 4, we prove the zero stability of the one-row colored sl3-Jones
polynomials by calculating clasped sl3-webs. In the appendix, we prove some new formulas for the
clasped sl3-webs used in this paper.
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2 sl3-webs and sl;3-clasps

We mainly work with a space of sl3-webs, which is a linear combination of oriented planar trivalent
graphs with coefficients in R = Z((¢'/®)). Let us introduce some useful symbols for elements in R. We
define

o a quantum integer by [n] := (¢"/? —q™"/?)/(q"/? — g~ '/?) for any nonnegative integer n € Zx,
and
e a quantum binomial coefficient by [} | := [n]!/([k]![n —k]!) for 0 <k <n, and [} | = 0 for k > n,
where [n]!:=[n][n—1]---[1].
Let us define s(3-web spaces based on [18]. We consider a surface ¥ equipped with signed marked
points (P,s), where P C 0¥ is a finite set and s : P — {+, —} a map.

A tangled trivalent graph on ¥ is an immersion of a directed graph G into X satisfying:

(1) The valency of a vertex of G is 1 or 3.
(2) All crossing points are transversal double points of two edges with under/over-passing information.
(3) The set of univalent vertices of G coincides with P.

(4) A neighborhood of a vertex in X is one of
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1920 Wataru Yuasa

A tangled trivalent graph is flat if it has no crossings. An elliptic face of a flat trivalent graph G is a
0-gon (ie a disk), 2-gon or 4-gon in the set of connected components of ¥ \ G which does not touch the
boundary of X.

Definition 2.1 (sl;3-web spaces [18]) Let G(s; X) be the set of the boundary-fixing isotopy classes of
tangled trivalent graphs on X. The sl3-web space W(s; X) is the quotient of the R-module spanned by
G(s; X) modulo the following sl3-skein relations:

[ ] [ ]
—_ —_
~ ~
=)} =)}
PN PN
\
i
\ s\ ’
) P
~__ - ~__ -

’

An sl3-web is an element in WW(s; X) and a basis web is an sl3-web represented by a graph in G(s; X)
with no elliptic faces.

The s(3-skein relations realize the Reidemeister moves (R1’) and (R2)—(R4):

R1) |b<—> ‘ [ (R2) /\<—y [
\\ p/ \\ , \ [ \/\/
ST T ST T FTIN 27T AR PN
N //\ , /\ / \ /J\\ /)s\‘ /)\\
R3) XS0 Ry i o Il L

The above means that s[3-webs on the left and right sides represent the same element in an sl3-web space
for any choice of orientation of the edges.

It is easy to see that any tangled trivalent graph decomposes into a sum of basis webs by using the
sl3-skein relations. In fact, the set of basis webs consists of a basis of the sl3-web space:

Theorem 2.2 [18; 23] The set of basis webs on a surface ¥ with signed marked points s : P — {4+, —}
is a basis of W(s; ) as a Z[g*"/®]-module.

In some cases, one can give the set of basis webs via an argument concerning the Euler characteristic.
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The zero stability for the one-row colored s3-Jones polynomial 1921

Example 2.3 Let D be a disk with a basepoint * € dD. We identify signed marked points on 9D \ {*}
with a sequence of signs. Then the following isomorphisms hold for any € € {+, —}:

(1) W(@; D) of a disk D with no marked points is isomorphic to a free R-module spanned by the
empty diagram &.

(2) W(e; D) =0.

(3) W(ee; D) = 0.

(4) Wo(ee; D) is a free R-module spanned by an oriented simple arc.

(5) W(eee; D) =0.

(6) W(eee; D) is a free R-module spanned by a tripod with a sink or source vertex.

In the above, € means the opposite sign of €.

We review a diagrammatic definition of an s[3-clasp introduced in [18; 21; 17; 26] and note some useful
properties. The sl3-clasp plays a similar role to the Jones—Wenzl projector in the Kauffman bracket skein
theory.

In what follows, we will mainly consider tangled trivalent graphs or sl3-webs in a rectangle D =
[0, 1] %[0, 1]. We assume that the set of marked points lies in the top edge I; = [0, 1] x {1} and the bottom
edge Iy =0, 1] x {0}, and a basepoint * at (0, 0). In this situation, the set of marked points is divided into
PO and PM | where PU) := PN I, and we denote the assignment of signs by s pU) - {+,—} for
j =0, 1. One can identify s /) with a sequence of signs on [0, 1]x{j} arranged from 0 to 1. We abbreviate
Gs©Ous®: Dy and W(s©@ LsD; D) by G(s©@, 5Dy and T£(s©@, §1), respectively, where §() is a
sequence consisting of the opposite signs of s(1) 2 When we describe diagrams representing sl3-webs
in D, we omit from the notation the signs, the basepoint, and the boundary of D. The composition
TL(S1,82) @ TL(sg,s1) = TL(sg,s2) is defined by gluing the top side of an sl3-web in TL(sg, s1) and
the bottom side of an sl3-web in TL(s1,52).

We first define the sl3-clasp in TL(—"", —"").

Definition 2.4 (one-row colored sl3-clasps) The s(3-clasp JW_m described by a white box withm € Z ¢
is defined as follows:

1
(1) JW_ = %]:=+.
m+1 m [m] m
2) IW_n+1 = %]:= E)F %\— Py m—1

In the above, an edge labeled by m represents the m-parallelization of the edge. JW = is defined by the

same diagram with oppositely directed edges.

2We take the opposite sign § () to be consistent with the composition.
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We next introduce the sl3-clasp in TL(—"+", =" +4").
Definition 2.5 (two-row colored sl3-clasps) We define
m n in{rm,n}
i (7107 ]

Wonn= 05 = 3 ki
i=0 [ i ]

m n

One can define JW m_» in the same way.

For convenience in the computation of s(3-webs, we will introduce “stair-step” and “triangle” webs in
Definitions 2.6 and 2.7, which were also used in [16; 17; 24; 8]. In these definitions, the orientation of
edges of sl3-webs is not explicitly given because it is uniquely determined according to your choice of

the orientation of an edge around the box.

Definition 2.6 For positive integers n and m, a stair-step web is defined recursively by

m m—1 1
n<1$}»n:11{E S and n«{i}»n:n&l{i}»n for m > 1.
jrlj: m et 1

1

Definition 2.7 For positive integers n, define the triangle webs by

1 1
%X =Y and ”ZX” = %1 for n > 1.
n—1
1 " 1 n—1

Definition 2.8 (general type of the sl3-clasps) Let s; and s, be two sequences of signs which consist
of m pluses and n minuses. We define an sl3-clasp in TL(s1, §») by gluing stair-step webs to the top and
the bottom of JW_nm . as follows:

Repeating these operations, we can arbitrarily exchange signs in sequences on the top and bottom of the
disk, respectively, and we obtain an s(3-web in 7L (s, §;). We denote it by JWif and depict it as

52
s .
The resulting sl3-clasp is independent of choice of sequences of stair-step webs; see [26]. Thus, JW?? is

uniquely determined by s; and s,.

One can prove the following useful formulas for sl3-clasps by straightforward computation:
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Lemma 2.9 Let sy, s, and s3 be sequences of signs. An arc labeled by a positive integer m (resp. n)

denotes m-parallelization (resp. n-parallelization) of the arc.

(1) 52 :[S3} ], [...)‘\“.1:0, #]:0

T T
(3) % — (_l)mnqmn/6 [ *\# ¥ [ >‘\ | — (_l)mnq—mn/G %},

m n m n

@ % ot ["*‘*"_ }\\ _mm$
o gt st

no_ (n*+3n)/3 7" no_ ~@*+3n)/3 7
® R S R S E

Proof One can prove (1)—(6) by induction on labels and the skein relations. See [24; 26], for example. O

We give a definition of the one-row colored sl3-Jones polynomial of oriented framed links via an sl3-web.
First we introduce a normalization of a Laurent series by shifting the g-degree and changing the sign.

Definition 2.10 (minimum degree) We define the minimum degree d«: R = Z((q*/%)) — %Z U oo by
d«(f(q)) = %d for a nonzero series f(q) =Y 1o 4 aiq"® in Z((q'/9)) such that ag # 0. For the zero
polynomial, we define its minimum degree as co. We also define a normalization f(g) of a nonzero
Laurent series f(g) as

oo
f(@) =2~ D ) =2 Tairaq"® € Z1g" ]

In the above, we choose the sign so that the constant term Fa is positive.
We note some properties of the minimum degree and useful examples:

Lemma 2.11 Forany f(q), g(q) € R:

(1) d«(f(q)+ g(g)) = min{d«(f(¢)).dx(g(q))}

(2) d«(f(@g(q) = dx(f () + dx(g(q)).
The equality in (1) holds if and only if d«(f(q)) # d«(g(q)) or d«(f(q)) = d«(g(q)) =: d with
aq+bg #0, where f(q) = Y724 aiq"/® and g(q) = 352 4 big®.
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Example 2.12 For any positive integer n and 1 <k <n,

-1
() =~ =1). @) =1-1). d([Z]) =—2k(n=k). d(m ) = 2k(1=F).
These follow from the identity (1 —g™) ™! =1+ ¢™ +¢*" +--- € R = Z((¢"/®)) and Lemma 2.11.

Definition 2.13 Let L be a link diagram of a framed link whose framing is given by the blackboard
framing. One can replace arcs of the link diagram with n parallelized arcs and put white boxes on the
n parallelized arcs. The resulting diagram, denoted by L, represents an sl;-web in a disk D with no
marked points.? The one-row colored sl3-Jones polynomial Jz[-%n (g) with (n, 0)-coloring (or n boxes) is
defined by L™ = Jlﬁ,[} (¢g)@. We also define a variation of the 2)ne-row colored sl3-Jones polynomial as
fz[*n (q), according to Definition 2.10.

Remark 2.14 o Skein relations realize the Reidemeister moves (R1')—(R4) for arcs with one-row
colored clasps because clasped arcs are expressed as linear combinations of sl;-webs. Hence,
Jz[3n (g) is an invariant of framed links.

¢ The choice of framing of L appears as multiplication by +¢°; see Lemma 2.9(6). This difference
is ignored in the normalization f]i[3n (g); thus, it is an invariant of links.

e [.¢ [20] showed the integrality theorem for a quantum g invariant of links. It says that f2[3n (¢)

belongs to Z[q].

We will discuss zero stability of fz[3n (g) for a certain class of links in the following sections. Let us recall
the definition of zero stability and tails of the one-row colored sl3-Jones polynomials.

Definition 2.15 (one-row colored sl3-tail) The one-row colored sl3-Jones polynomial {fz[3n (@)}n of a
link L is zero stable if there exists a formal power series <I>i[3 (g) in Z[q] such that

P (q) — J73,(q) € "' Z[4]

for all n > 1. We call @2[3 (q) the one-row colored sl3-tail of L, or simply the sl53-fail of L when
{ le-‘n () }n is zero stable.

3 The minimum degree of clasped s[3;-webs

We will prove the existence of the s(3-tail of the one-row colored sl3-Jones polynomial by developing an
sl3 analog of Armond’s argument [1] using the Kauffman bracket. In this section, we will discuss a lower
bound on the minimum degree of a clasped sl3-web with no crossings in a disk.

First we prepare a lemma that studies the isomorphisms in Example 2.3 in detail:

3Such an sl3-web space W(@; D) is spanned by the empty diagram @; see Example 2.3.
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Lemma 3.1 Let G € G(—+; D) be a connected flat trivalent graph in a disk D with two marked points
such that G # 0. There exists a sequence, composed only of 2- and 4-gon relations, that reduces G to an
oriented simple arc y without increasing the number of connected components of intermediate graphs.

Proof Let us assume that G has at least one elliptic face and G # 0. We only have to attend to the 4-gon
relation because the 2-gon relation does not change the number of connected components of a graph. Let
us prove the claim by induction on the number v(G) of vertices. A connected flat trivalent graph G with
v(G) = 2 has to be the diagram in the left-hand side of the 2-gon relation in Definition 2.1, and G with
v(G) = 3 does not exist because a trivalent vertex is a sink or source. Let G' be a connected flat trivalent
graph with v(G) > 4 and assume that it has at least one internal 4-gon F. Example 2.3(2) claims that we
cannot describe a circle in D which intersects G at a single edge. Example 2.3(5) claims that no circle
intersects two incoming (resp. outgoing) edges and one outgoing (resp. incoming) edge of G. This fact
requires that four edges incident to corners of F' connect to other parts of G like either

where the subgraphs X7, X3, and X3 of G are connected. We apply the 4-gon relation at F in (i):

A <Epel] = fp e+ et

Graphs after applying the 4-gon relation are divided into the left and right parts containing X; and X3,

respectively, by cutting along a vertical line in D. Right and left subgraphs are considered sl3-web
in a disk with two marked points whose number of vertices is smaller than v(G). The right subgraph
containing X is connected due to Example 2.3(2). Hence these subgraphs satisfy the induction hypothesis.
For case (ii), a sequence of the 2- and 4-gon relations changes X3 into an arc without increasing the
number of components because v(X3) < v(G). Then one can obtain a graph consisting of X; and X, by
applying the 2-gon relation twice. The resulting graph also satisfies the induction hypothesis. |

Proposition 3.2 Let G be a flat trivalent graph in a disk with no marked points, and we identify G with
its value in R (see Example 2.3). Then

d(G) = —1v(G) —¢(G),

where v(G) is the number of trivalent vertices of G and ¢(G) is the number of connected components
of G. Moreover, d«(G) = —c(G) holds when v(G) = 0.

Proof We first prove d«(G) = —c(G) when v(G) = 0. If G has no trivalent vertices, then it consists
only of loop components. By using an innermost argument and the trivial loop relation in Definition 2.1,

it is easy to see that G = [3]¢(@). We obtain dy(G) = ¢(G)d«([3]) = —c(G) because [3] =g + 1 + ¢ L.
c(G)
i=1
connected components of G. Choose a point p; on the outermost edge of G; and a small interval I, for

eachi =1,2,...,¢(G). Then one can take disks {Di}f(G) with two marked points alli =1,2,...,¢(G)

Let us consider when G = |_| G; is a nontrivial flat trivalent graph with v(G) > 0, where the G; are
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such that G; \ int(/p;) C Dj, d1p, is precisely the marked points of D;, and D; N Dj = & fori # j.
Apply Lemma 3.1 to G; N D; for all i € {1,2,...,¢(G)} to obtain a disjoint union I' := | |;27" y;
simple loops from G. Each component y; is obtained from G; by a sequence of 2- and 4-gon relations
preserving the number of connected components. Let G = G’ + G” be a 4-gon relation appearing in the
above sequence; we can assume that G’ # 0 and d«(G’) < d«(G") without loss of generality. Then

* di(G) = min{d«(G), d«(G")} = d«(G),

e v(G)=v(G')+4, and

e ¢(G)=c(G).
Thus,

di(G) + 3v(G) + ¢(G) = ds(G") + v(G") + ¢(G) + 1.

Suppose instead that G’ is obtained by a 2-gon relation, that is, G = [2]G". Then

¢ du(G) =du(G)) -3,

e v(G)=v(G')+2, and

e ¢(G)=c(G).
Thus,

d(G) + 7v(G) + ¢(G) = ds(G') + 7v(G") + ¢(G").

As mentioned above, we can choose a reduction sequence from G to I' so that flat trivalent graphs in

this sequence satisfy the above inequality for the minimum degree. Note that d«(I") = —c(I") because
v(I") = 0. Hence, G and T should satisfy
d(G) + 3v(G) + ¢(G) = dy(T) + 3v(T) + ¢(T) = 0. o

Next we give a lower bound on the minimum degree of a flat trivalent graph with sl3-clasps. Let us

consider the minimum degree of coefficients appearing in expansion formulas of sl3-clasps.

Lemma 3.3 (the single clasp expansion formula [17, Proposition 3.1]) For any positive integer m,

Jj 1 m—j—1
m m—1 )
W= 5= Y ) ,
=0 1 m—1

where /™ (q) := (~1)/[m — j1/[m].
One can obtain the following lemma from the single clasp expansion formula and induction on #:

Lemma 3.4 The one-row colored sl3-clasp has an expansion

IWom =3 fu (@M
M

with d«(far(q)) = %U(M), where the sum runs over finitely many flat trivalent graphs M, and v(M) is
the number of trivalent vertices in M. We remark that M may contain 4-gons or 2-gons.
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Proof It is obvious that the claim is true for m = 1, 2. We prove it by induction on m. A flat trivalent
graph in the right-hand side of the single clasp expansion of JW_m has a stair-step web with 2 vertices
and JW _,—1. We know that d ( fj(m) (@)= % J by Example 2.12. Lemma 3.3 and the induction hypothesis
derive an expansion

J 1 m—j—1
m—1
Wom =33 1) (@) ,
j=0 M 1 m—1

where d«(far(q)) = %v(M ). The flat trivalent graph in the right-hand side has 2j 4+ v(M) vertices, and

(/" @) 1 @) = 4 ("™ (@) + ds (/a1 (@) = §(2] + v(M)) by Lemma 2.11. This expansion
satisfies the condition of our claim. |

Remark 3.5 The proof of Lemma 3.4 can be used to show that M constructed by composing webs
e ke L Lerscm
Jj+1
for j =1,2,...,m—1. Labels j and j + 1 in the bottom mean the j" and (j+1)* marked points,
respectively.

Lemma 3.6 The two-row colored sl3-clasp has the expansion

min{m,n} M. M
IW_mn = Z Z f(m,n;t)(Ml’M27M3,M4;Q)TM4 Mﬂ
t=0 M|,M>,M3,M4 1 2 (m,n;t)

with ds(fonney (M1, Ma, M3, My; q)) = 1e(t + 1) + Y7_; Tv(M;), where

TM4 Mﬁ o
My M2 e

Proof Apply Lemma 3.4 to each one-row colored sl3-clasp in the right-hand side of Definition 2.5. Then

m

m

we obtain an expansion as in the statement such that

L7 117]

Sommsey(My, Mo, M3, My: q) = (—1)thM1 (@) /(@) Soa () S, ().

One can calculate the minimum degree as

mirn 4
d*(f(m,n;t)(MI» My, M3, My; q)) = dx« ((_l)t%) + d*(fMi (@)

t i=1

4
=31+ 1)+ Fu(M). O
i=1
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Figure 1: Itis a k-holed disk D(k) with k = 3. A shaded rectangle labeled by i is D;. Marked

points with sign + (resp. —) are described as black (resp. white) dots. In this case, s(O)

s"gl) =+, sgo) = Egl) ——, and sgo) = s"gl) ——+-+. A tangled trivalent graph G defines

TL(—+. —+) ® TL(++. +4) ® TL(+——, +——) > R.

We introduce notation for a planar algebra specialized to our situation because it is useful for writing
sl3-webs in the form of an equation. Let D be a disk, and D; fori = 1,2,..., k disjoint rectangles in
D\ dD. Each D; is homeomorphic to [0, 1] x [0, 1] and it has a basepoint at (0, 0) and marked points
P, = Pl.(o) L Pl.(l) . The set Pl.(j ) of marked points lies in the edge of D; corresponding to [0, 1]x {j}. We
have a k-holed disk D(k) := D\ Ule int(D;) with marked points Uf:l P;. A small disk D; share P;
with D(k) fori =1,2,...,k, see Figure 1. Let a sequence of signs sl@) (resp. s§1)) be an assignment of
signs to a set of marked points Pl.(o) (resp. Pi(l)) of D(k) foreachi =1,2,..., k. Then we consider the
sl3-web spaces

. W(Ul_ls,,D(k)) where s; —s(O)Us(l)
o 72GQ, sy =wEQ usV: D) fori =1,2,... k.

As I mentioned above, D(k) and D; share the set of marked points P; = Pl.(o) u Pl.(l). Then the sequence
of signs sl.(j ) of Pi(j ) in D(k) is consistent with §l.(j ) of Pl.(j ) in D; for j =1, 2. For example, an edge
terminating at p € P; in D(k) can be composed with an edge starting from p in D;. Thus, the sign of p
in D(k) and D; are different. For a tangled trivalent graph G € Q(Ul_l Si; D(k)) a linear map

k
-(0
6: Q76" 5(") - W(@. D) = Z((q"/*)
i=1
is induced by a map D(k) U (D U D, U---U Dg) — D. This map composes sl3-webs in D; for
i=1,2,...,k with G in D(k).

In this paper, we only consider segregated sign sequences s( ) = emigni and s( ) = 1(0) =¢e™ie"i | where

€1is + or — and m;, n; € Z> satisty m; +n; = #P(O) P(l) The identity web 1 s in Tﬁ(s( ) (1)) is
m; + n; parallel strands in D;. The identity web 1 s and the sl3-clasp JW m in D are simply denoted
by 1p, and JWp,, respectively.
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Definition 3.7 Set sl§0) = El.(l) =¢eMighiforalli =1,2,..., k. Ge Q(Uf;l si: D(k)) is adequate if
¢ G is a disjoint union of oriented simple arcs, and

» Forevery j =1,2,...,k, any pair of strands in 1p; belong to different connected components of
the graph G(®f~€:1 1 D,.) which is composed of oriented simple loops.

See Example 3.8. We also call the clasped s(3-web G(®f~€=1 W Di) adequate when G is adequate.

Example 3.8 The left sl3-web below is adequate, but the right is not adequate because of the dotted arc:

Proposition 3.9 Let D(k) = D\ |_|f-‘:1 int(D;) be a k-holed disk with signed marked point sl.(o) =
§O = emigni on the it boundary component for i = 1,2,...,k. For any flat trivalent graph G in

Gl 51 D(O)). . .
ds (G(@JWD,.)) > —1v(G) —c(G(g) 1D,-))-

In particular, d (G((@iyfz1 IWp,)) = d«(G (®f~‘:1 1p,)) holds when G has no trivalent vertices due to
Proposition 3.2. Moreover, dx (G (®f-<=1 JWDI.)) = dx (G (®f-<=1 1Di)) holds when G is adequate.

Proof Lemma 3.6 expands all sl3-clasps in D; fori =1,2,...,k as

min{my,n1}  min{my,ng}

G(éJWDi): Y Z'“Z(ﬁfti(M(i)§Q))G(é)TM(i)iti)»

i=1 11=0 =0 MO MU Ni=] i=1
where
e ) () Means a summation over M(i), Mz(i), M3(i) and M4(i);
. TM(i)J,ti is the sl3-web defined in Lemma 3.6; and
o« SiMD:9) = fommiany M MDD M) with de(f,(MD:9)) = Jat + 1) +
Z}l=1 %U(Mj(i))-
We remark that v(G(®/_, tMD],)) = Sk i v(Mj(i)) + v(G) by definition. Now

k k
a0 o ((TTAMs0)o( @1m04,))

i=1 i=1
k k

. k
=gt + 1)+ 30 3 juM) +d (G(® TM(i)it"))'

i=1 i=1j=1 i=1
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Proposition 3.2 gives a lower bound on dy (G(®f~‘:1 M@, ) using the number of vertices and
connected components:

k k

0u(6(@1401,)) 213w +00) (o @ 14101, )

i=1 i=1j=1 i=1

Let G(®f~€=1 r@ tf) be an sl3-web whose intersection with D(k) is G and with each D; is 11?0 | 4

where
) ~
T, = miti G it
e

In other words, G(®f-€=1 Tl(i)it,-) is obtained by replacing all M j(i) in G(@ff;l M (i)it[) with identity
webs.

Remark 3.5 says that G(@f;l rPMD ] ti) is obtained from G((X)f-c:l r@ ti) by a sequence of zip cobor-
disms which replace parallel strands with the I;. Then ¢(G(®f_, 1M ® b)) (G (®L, 1101 ,))
holds because a zip cobordism reduces the number of connected components. Combining these inequalities
with (3-1), we obtain
k k k k

32 a.((TT a0 s0)s( @111, )) = - bt + 0~ hu@ —c(o( @ 1194, ))

i=1 i=1 i=1 i=1
One can make a similar argument when the JW p, have one-row colored sl3-clasps by using Lemma 3.4.
If the i disk D; has a one-row colored sl3-clasp, then we read 1 M @) | yas M @ and S (M @ ¢) as
Jar@(q), and replace Z;=1 %U(Mj(i)) with %U(M(")).

Finally, we observe how the right-hand side of (3-2) changes by a single orientable saddle cobor-
dism which transforms #; to t; + 1. One can see that the single orientable saddle cobordism changes
c(G(®f=1 Tl(i)iti)) by 1 by considering the orientation of strands in Tl(i)iti. Hence, the right-hand
side of (3-2) is a monotonically increasing function on 0 < #; < min{m;, n;}. Consequently,

k

a(( [T 50 0)s(@111,)) = 4@ —c(G(é 101,))

i=1 i=1 i=1

--ter{e o))

i=1
because Tl(i)io = 1p, by definition.
When v(G) = 0, the right-hand side becomes d (G(®f~€:1 1p,)) by Proposition 3.2. Moreover, if G is
adequate, c(G(®f~€=1 Tl(i)iti)) strictly decreases by the orientable saddle cobordism changing #; from 0
to 1 for some i. Hence, we obtain d«(G(®*_, IWp,)) = dx(G(®*_, 1p,)). One can make a similar
argument when all the JW p, are one-row colored sl3-clasps and G is adequate. O
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4 Zero stability of the one-row colored sl3-Jones polynomial

We show the zero stability of the one-row colored sl3-tail for a certain class of B-adequate oriented links.

Definition 4.1 Let D be a disk equipped with pairwise disjoint twist regions D; fori = 1,...,k in
int(D) such that each D; is isomorphic to [0, 1] x [0, 1] with a basepoint at (0, 0) and an assignment
1:{D; }f.‘zl — 27 ~¢. An antiparallel B-adequate link is an oriented link represented by an oriented link
diagram L in D satisfying the following conditions:

e L N D(k) is an adequate graph G, where D(k) := D\ |_|f~;1 int(Dj).

e LN D;isatwist region R, with negative /; := I (D;) half twists of antiparallel strands for each i;
see Figure 2.

Example 4.2 The diagram below represents an antiparallel B-adequate link:

¥

LD\
Y
A

J

|
:

Example 4.3 (plumbed-like links) Let X be a planar embedded graph equipped with a weight
l: E(X) — 2Z> for the edge set E(X). Then we obtain an antiparallel B-adequate link diagram
from X by replacing all vertices with positively oriented circles and then adding a twist Rj(.) between
two circles connected by an edge ¢ € E(X).

Before we prove the zero stability for antiparallel B-adequate links, let us introduce some symbols for
values of special sl3-webs and coefficients. We can describe the one-row colored sl3-Jones polynomial
by using these values.

Lemma 4.4 We have
. . 2n—j42
[n—j+1[2n—2j +2] 0 : [Znn—ZJj—f—Z]
. O =—5—
2] ["]
J

y M (j) = (=1)1=d g8/ 2H kDT,
A
L= : or :
' U I Ve

Figure 2: The diagram R;, has /; crossings, where /; € 2Z.~.

AW () = A (j),
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where

Proof It is well known that the value of a closure of JW_m_» is obtained by quantum dimension
[m + 1][n 4+ 1][m + n + 2]/[2], and it is just A(j'?). One can compute the value y by using Lemma 2.9(3),
(4) and (6). O ( j) was computed in [25]. ]

Lemma 4.5 We have
du(AP () = du(AP(j = 1) +2. du(OP())) = du(©P(j — 1) + 1,
de(y () = dey PG =) + (2= j +3).

Proof From Lemma 2.11 and Example 2.12, one can compute the minimum degrees of A (j) and
O™ (j) as dx (A (j)) = —2n+ 2 and dx (O (j)) = —2n + /. O

An n- parallelization L, of the antiparallel B-adequate link diagram L defines an adequate graph G, :=
L,NDk)e (Ul_1 si; D(k)), where s(o) gl) = €'é!’ for some ¢; € {+}, and an n-parallelization
(Rj;)n = LpN D; of [; half twists for any i. Then we define a clasped s(3-web R;l_") in D; by inserting
one-row colored sl3-clasps for each n parallelized strands of (Rj,),. The one-row colored sl3-Jones
polynomial J, sls (q) of the antiparallel B-adequate link L is obtained by replacing (R;; ), of L, with R(").
Using a linear map defined by G, this replacement is described as G (@l_l (Ry, (")))

Lemma 4.6 For an antiparallel B-adequate link diagram L with twist regions D;,
n

k k k
1 — Gn(®(Rl,~ (”))) = Z 1_[ ™ (4 li)Gn(®M(li;n)),

i=1 t1,t2..,tk=0i=1 i=1

where
n—t,\ \>(t, /\n—l,' n—t,'/\ ti Vn—t,-
)y 1y — o s A0 = , [ ,
DY (3 l) =y ()" @(n)( ) and M(ti;n) = or
n—t; Y Tn—t n—t; 1T ti Yn—t;

Proof Apply the formula

£% =2 o

G)(")(z) &
shown in [25] to all twist regions, and resolve twists by definition of ™ () in Lemma 4.4. We obtain
the desired formula. O

Algebraic € Geometric Topology, Volume 25 (2025)



The zero stability for the one-row colored s3-Jones polynomial 1933
Lemma 4.7 de(TD (15 1)) = du (T — 1 1)) + Li(n—t: + 3) + 1.

Proof By Lemmas 2.11 and 4.5,
de (T (@55 1)) = Lide(y ™ (@) + du (A (1)) — du (O™ (17))
= Lidi (Y™t — 1)) + du (AP (6 — 1)) = du (@D (1 — 1)) + Li(n—t; + 3) + 1
= de(TD G — L)+ Li(n—t; + 3) + 1. O

Proposition 4.8 Let L be an antiparallel B-adequate link diagram with disjoint twist regions D;,
1:{Dj}*_, —2Z.qand G= LN D(k). Then

k k k
Gn(® (Ry, ("))) -[1r™©" Gn(®JWD,-) € g* D 1 d. (LM)zZ[g)
i=1 i=1 i=1
To prove Proposition 4.8, we prepare several lemmas. First of all, let us introduce an operation S
corresponding to the single orientable saddle cobordism at D; fori =1,2,..., k. More precisely, S
acts on the set {®f-‘=1 Tl(i)iti [0>1¢ > n} of an sl3-web in |_|f~‘=1 D; as follows: S replaces Tl(j)itj
with 114 )itj_l, and acts as the identity on 114 )¢0 in D;j or elements in D; with i # j. Note that
®f-‘:1 @D ;; changes to ®f‘:1 1p,; by a composition of orientable saddle cobordisms. For instance,
S ,i" - 8 2IZS lt ! realizes this deformation.

Lemma 4.9 For an adequate graph G of the antiparallel B-adequate link diagram L in Proposition 4.8
and any fixed tuple (t1, ..., 1) € {0, ..., n}*,

ds (G(é) M(t,-;n))) > du (Gn(éTl‘%,.))-

i=1 i=1
Proof A clasped sl3-web M (¢;; n) has five sl3-clasps in D;. Foralli = 1,2,...,k, one can choose
five small disks Dy 1),..., D, 5) in D; so that each small disk surrounds a single sl3-clasp. The
intersection of L and D\ | [{D; j) |1 <i <k, 1= j <5} is a graph G’ with no trivalent vertices. Then
Gn (®f~‘:1 M(ti:n)) =G, (®f~€:1 ®;:1 JWp,; ;) by the construction of G’, where JWp,; , is a one- or
.. k 5 ;
two-row colored clasp. Apply Proposition 3.9 to G, (®i=1 X i—=1 Wb, j)) to obtain

dy (Gn ( é M(t;; n))) =d, (G;, ( é é JWD(,-,j)))

i=1j=1
k 5 k

zd*(G;(®®1D(i’j))) =d*(Gn(®T1(i)¢ti))- O
i=1j=1 i=1

Lemma 4.10 For an adequate graph G of the antiparallel B-adequate link diagram L in Proposition 4.8
and any fixed tuple (t1, ..., t;) € {0, ..., n}* with 0 < tj <n,

k k
d (r(">(z,~; 1;)Gn ( X119y, )) > d, (r<"> (tj — 1:1;)Gp (s,- ( Qr19y,, )))

i=1 i=1
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Proof Note that d« (Gy (®f~‘:1 110}, ) = —c(Gn (®f~€:1 110} ,)) and ds (Gu (S (®Z_1 110y,))) =
—c (Gn (S i (®f-<=1 ol t ))) by Proposition 3.2. The orientable saddle cobordism .S; changes the number
of connected components by =1 or 0. Hence dy (G, (®f=1 119} ,)) = du(Ga (S (®f-‘=1 110} ,.))) -
This inequality and Lemma 4.7 imply

k k
da (F(”)(lj;lj)Gn(® Tl(i)iti)) =de (P (1:17))+ds (Gn(® Tl(i)ift))

i=1 i=1

k
> du(D(t:1)) +ds (Gn (Sj (® A )))—

i=1

k
=d (TP (G=1:1))+ds (Gn (s,- (@ 19y, ))) +lj (n—tj+3)

i=1
k
—d, (F(”)(zj—l; 1))Gn (S;((X) Tl(")it,-)))ﬂj (n—tj+3).
i=1

One can easily see that /; (n — 1t + 2) > 3 because /j € 2Z~¢ and 0 <t; < n. m|

Lemma 4.11 For an adequate graph G of the antiparallel B-adequate link diagram L in Proposition 4.8
andany 0 < j <k,

k

a.(( [1r6, )6 D1, ))-a:((TTr ) G(é) 1))z 2043

i=1 i=1 i=1 i=1

where 6;; is the Kronecker delta function.

Proof The adequacy of G, says that c(Gn(®l_1 110 5 1)) —¢(Gn (®l_1 1p;)) = —1. We know
de (TP (1;1))) — ds(DM(0; 1)) = [ (n + 1)+ 1 by Lemma 4.7, while di (Gn (R 11D 5,.)) =
—c(Gn (®f~€=1T1(")¢5ﬁ)) and dy (Gn (@l_l 1p, )) = —c(Gn (®l_1 1p, )) by Proposition 3.2. Hence,

o{(flwsn)e( @)+ flrow)e(Gen)

i=1 i=1

k
= d (T (1:17)) = du (0™ (0: 1)) + ds (Gn(®T1(i)¢5ij )) —dy (Gn(® 1,),.))

i=1 i=1
k . k
=li(n+1)+1 —c(c-;,,(®¢1<’)¢5ﬁ)) + c(Gn(® 105))
i=1 i=1
:[j(n+%)+222n+3.
The last inequality holds because /; is a positive even integer. O
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Lemma 4.12 For an adequate graph G of the antiparallel B-adequate link diagram L in Proposition 4.8,
k

oo(TTr )6 @10,)) = (( T w:m)en( @i ))

i=1 i=1 i=1 i=1

Proof This assertion comes from the adequacy of G and Proposition 3.9. |

Proof of Proposition 4.8 By Lemmas 2.11 and 4.9, we obtain

k k k k
ds (( [1T% @ zi)) Gn ( & M (; n))) = (Z di (T (133 z»)) +dy (Gn ( &) M (; n)))
i=1 i=1 i=1

i=1

k k
> (Zd*(F(”)(ti;li))) + da (Gn(®¢1“’¢t,-))

i=1 i=1
k k
—a.((TTr®wi)e (@14, ))
i=1 i=1

Choose a sequence of orientable saddle cobordisms that changes G, (@Ll Tl(")iti) to

Gn(éﬂmo) - Gn(élpi),

i=1 i=1

and apply Lemma 4.10 to d« ((]_[f;l @ li))Gn (®f~€=1 Tl(i)iti )) along the sequence until just before
the last step. We can apply Lemma 4.11 to the last orientable saddle cobordism given by S;. This operation
gives

k

k k k
o-((TTr@wsn)e( @104, )) = ar(( TTr6usin)en( @1294s, )
i=1 i=1 i=1 =1
k

k
> d, (( []r™o: 1,~))G,,(® 1D,.)) +2n +3.

i=1 i=1

The above two inequalities and Lemma 4.12 imply

k k k k
(4-1) d« (( []r®w: 1,-)) Gn(® M(t; n))) > d, (( []r®o: 11-)) G,,(@ 1p, )) +2n+3
i=1

i=1 i=1 i=1

k k
= d, (( []r®o: zi)) Gn((g)JwD,. )) +2n+3

i=1 i=1

for any (t1,%3,...,%) # (0,0,...,0).
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Finally, we will compare d« (G, (®f~€:1 (R}, ™)) to ds (]_[f-‘:1 y ™) G, (®f~‘:1 M (0;n))) by using the
expansion in Lemma 4.6 and (4-1). By Lemma 4.6,

k

i=1
k k k k

= (1'[ e o; l»)cn(@M(o;n)) + > (1‘[ F<”>(r,-;l,~))cn(®M(z,~;n>)
i=1 i=1 (t1,t2...,t;)#(0,0,...,0) ~i=1 i=1

= (ﬁ ' o; l,-))Gn(éJWDi) + > (ﬁ T (1 li))Gn(éM(li;n)).

i=1 i=1 (t1,t2...,t;)#(0,0,...,0) ~i=1 i=1

By Lemma 2.11 and (4-1), one can obtain
k

k k
d. (Gn(®(Rl,. “”)) - (H r®; zi)) Gn(®JwDi))
i=1 i=1 i=1
k k

= i ) (4.7, .
B (tl,tz...,t,?)l;?(o,o,...,o){d* (( 1_[ r (Z”l’))G” (® M(tl’”)))}

i=1 i=1

k k
> dy (( ]_[ ™ (0 1,-)) G,,(@JWD,.)) +2n+3.

i=1 i=1

Note that . . .
ds (Gn ( KR, (")))) =d, (( [Tr™: zi)) G ( X IWp, ))
i=1 i=1 i=1
by (4-1) and T™(0; ;) = [T, y®(0)% by definition. O

Definition 4.13 For f(g) and g(g) in Z((¢)), we define f(q) =, g(q) if d« (f(q) —g(@)=>n+1.

Proposition 4.14 Let JW p, represent M (0; n) in D;, as defined in Lemma 4.6. If G is adequate, then

k k
Gut1 (®JWD,.) =nt1 Gn(®JwD,.).

i=1 i=1

We will prove this proposition using a similar strategy to [1]. Let us explain it in our situation. Choose
a one-row colored sl3-clasp with n + 1 strands in G, (®f»€=1 1 Di)‘ It corresponds to n + 1 parallel
circles in G(®f=1 1 Di)‘ First we move the n + 1 parallel strands to the left side of the two-row colored
sl3-clasps at the center of D;. The “left side” is determined by the orientation of n + 1 parallel strands at
each sl3-clasp:
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| n+1 rn+1 | n+1 rn+1

Y A o

[

¥ A
R / .

[n+1  Tn+t [n+1  in+l

[

In the above, the chosen n + 1 parallel strands are expressed as a dotted arc labeled by n + 1. We remark
that this deformation of sl3-webs does not change the coefficients. We assume that the chosen n + 1
parallel strands pass through m two-row colored sl3-clasps JWp, ,JWp,,...,JWp, in this order by
replacing labels of twist regions if necessary. We denote the initial s[3-web by G+ (0), and a clasped
sl3-web obtained by unclasping the leftmost strand of the n + 1 strands from JWp,,...,JWp, |, and
JWp, in G+ (0) by G™+D () for j =1,2,...,m— 1. If one could unclasp the leftmost strand from
JWp,,...,JWp, _, then the sl3-web would become G+ 1 (m —1). One can shrink the unclasped strand
in GtV —1) to JWp, as follows:

____________________

i e s i =
n+l il TTond n+l il Tond
GUED(0) » G (1) = B H=g - 5= TS
i A i i
e A i A

. "Uon+1 L T "Uon+1

____________________

——————————

n: ‘n
~ :E,L
n+l i Pont
e > Ei._* _.:g zg(n+1)(m_1)_
5 i

! Pon+l

We will see that the above sequence of sl3-webs can be realized by computing G*D () modulo
q" ' Zlq].

n+1

Lemma 4.15 ki =

n+1

We defer the proof of this lemma to the appendix; see Proposition A.6.

Proof of Proposition 4.14 Let us do the unclasping operation that we explained. Choose n + 1 parallel
circles passing the left side of sl3-clasps IWp,,...,JWp, . We apply Lemma 4.15 to the 7 sl3-clasp
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Figure 3: A flat sl3-web H® 11 () obtained from H® 1 ().
JWp, in G(”‘H)(j —1)for j =1,2,...,m—2. Then we obtain
kil
G(n+1) i1 =G(n+1) )+ (=1 n+1 [J H(n+1) .
G-1 R e A

where H#+t1 () is a clasped sl3-web corresponding to the second term in Lemma 4.15. We use kj
above although k; = n 4 1 in this situation because it will be useful for later discussion. We compare
dy (G () to dy (HPHD (7). Let G@HD () and H?HD (/) denote flat trivalent graphs obtained by
replacing all slz-clasps in G+ () and H®*1 (), respectively, with identity webs. Proposition 3.9
says that the lower bound on the minimum degree dy(H”*1(/)) is given by the number of vertices
and connected components of H. By tracing strands of H”*1) () as in Figure 3, one can see that
c(GUHD (G — 1) — (A" () =n+ 1 and v(H®TD(j)) = 2n. By Proposition 3.9,
du(HOFD () = = 5o EOHD () = RV () = =5 @m) = (@ V() — (n + 1))
= 3(1+2) =@V ())).

Proposition 3.2 and v(G 1 (7)) = 0 give dy (G TV () = —(G D (j)). Moreover, d4(G" TV () =
d (G (7)) holds by adequacy of G"*1( ) and Proposition 3.9. Using Lemma 2.11 and Example 2.12,
the above facts lead to the inequality

kil ~ . . )
dy ((—1)"“%#”“)(1)) > 1(n+2)+ (L (n4+2)+de (G (1)) = (1+2) +du (G TV ().

It also holds that dy (G (j — 1)) = dy(G”T1(})) due to Propositions 3.2 and 3.9. In fact, the
adequacy of these clasped sl3-webs and G#TD(; —1) = G+ () imply

(G (j = 1) = de(GHV( = 1) = —e @D (j 1))

= —c(GTD(j)) = dx (G () = di (G TV ().
Thus we obtain

. ) kil =~ . n+1)
G(n+l)(]) - G(n—i—l)(] _ 1) — (_1)n+1 J H(n—i—l)(]) c q(n+2)+d*(G )ZIICII/6]],
[n+kj+2]

where dy (G D) 1= d (GO (j — 1)) = du (G ().

This result holds independently of the number m — j of sl3-clasps that the n + 1 parallel strands pass
through, and also the number k; of the oppositely oriented strands adjacent to the n + 1 parallel strands.
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We repeatedly apply Lemma 4.15 to JWp,,...,JWp, , and obtain
GU(0) =ppy GOV (1) =gy o =gy GOV — 1),

Let G+ () be an sl3-web removing the small circle from G+ (m — 1):

. 5 =5
CrtOm-1)= = =g, "= == =g
: : : ks

rad

Then we obtain

[n+2n+ km + 3] G ()
[n+1]n+kpy + 2]

by Proposition A.1. From the above equality, it is easily seen that

G(n+l)(m _ )

G(”'H)(l) =ut1 G(n-l—l)(o)

holds for any k,,. Next, we consider the leftmost strand of the other n + 1 parallel circles. One can
unclasp the leftmost strand from sl(3-clasps exactly in the same way. The label k; in this argument might
be n. However, it works independently of k; as I mentioned above. We repeatedly apply this argument

until all » 4- 1 parallel circles passing through sl3-clasps become n parallel strands. Consequently, we
obtain G,y (®f~‘:1 1p;) =n+1 G,,(®f-‘:1 1p,). O

Theorem 4.16 Let L be an antiparallel B-adequate link. Then

T3 @) =T33 .(q) € " Z]q].

In other words, the one-row colored sl3-Jones polynomial {Jz >(q)}n of L is zero stable.

Proof Let us take a link diagram G(®{€_1 Ry, ) of L with an adequate graph G and twist regions
1:{D; }f.‘ — 2Z~¢. The one-row colored sl3-Jones polynomial J '3 . (q) is given by the normalization
in Definition 2.10 of the clasped sl3-web G (®1_1 (Ry; (”))) Lemma 4.6 and Proposition 4.8 claim that

k
Gn(®(R§;”>) =2nt1 H y ™ (0)" Gn(®JwDi),

i=1 i=1 i=1
k k k
1 .
Gnt1 (®(Rg1+ ))) =ont3 | [T 0)1Gry (®JWD,~),
i=1 i=1 i=1

and Proposition 4.14 claims
k

k
Gn(®JwD,.) =11 Gnt1 (®JWD,.).

i=1 i=1
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It is easy to see that f(q) =, g(q) if f(q) =n g(g) for some N > n, and (—~1)*1¢*2 f(q) =,
(—l)lquZg(q) if f(q) =, g(q) for any ky, k,, [; and [,. Hence, the above equivalence relations
derive

k k k k k
6a( @KL =i [Ty 01 6a( @30, ) = TT*00 s @

i=1 i=1 i=1 i=1 i=1
k
+1
=p+1 Gut1 (®(R§In )))
i=1

This means fi‘fnﬂ (q9)— filfn(q) e q"t1z[q"®]. ]

Appendix Formulas for clasped s[3-webs

It is well known that the closure of JW_m_n is given by
m

[m+1]n+ 1]m+n+2]

A(m,n) = = 2l

mn / mn
Proposition A.1 %@ = AZ}Z,: ;,)n) ﬁ .

Proof It is known that this clasped sl3-web space is one-dimensional and it is spanned by JW_m _n.

mn mn
!
fid-cit

The closures of the diagrams in the left- and right-hand sides are given by A(m + [/, n) and A(m, n),
respectively. Hence, C = A(m +[,n)/A(m, n). a

Thus, we set

In order to prove Lemma 4.15, we prepare some lemmas.

Lemma A.2 (the bubble skein expansion formula [24])

I—t

. _ l—a I-b
EE% z""“{“ib’k’”['f][ﬁ][é][é][kif_’aiﬁz] t_ﬂb .
t=max{a,b} []c;][é][lbc][é] k—a k—b

k—a ' k=b k—t
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1kl 1kl bk
[ C————
Lemma A.3 [17, Theorem 33] % = +% ! —m I—1.
1k1 1k1 1 k1

k
_ (_l)k 1
Lemma A .4 1@] = kT 1] .

Proof Apply Lemma 3.3 to an sl3-clasp in the left side above. Then one can see that the diagrams in the
expansion vanish except for the last term, due to the bottom sl3-clasp. This becomes the right-hand side

by Lemma 2.9(2). O
k+1 | k+1 |

Lemma A.5

k 1-1 k 1-1

Proof Itis known that the s[3-web space on a disk with clasped endpoints JW_;, IW , x+1 and JW _y 11
is spanned by one clasped sl3-web in the right-hand side. See for example [18; 17] for details. Hence we
only have to determine the coefficient C such that

k+1 | k+1 1

Attach an sl3-web
-1
1

k
to the top of the sl3-webs in both sides. The left-hand side becomes (—1)* A(k, 1)/ ([k + 1]A(k, ] —1))-
JW_i {141 by Lemma A.4 and Proposition A.1. The right-hand side becomes C[k + 1 + 2]/ ([k + 1][[]) -
JW_k 1+1 by Lemma A.2. We obtain the value C in the assertion by solving this equation. a

1kl I

/
Proposition A.6 % = % + (—l)k“ﬁ I-1.
1

1k1 1 k1 P

Proof Let us denote the second coefficient in the assertion by ay := (—1)*T1[1]/[k + [ + 2]. We first

attach an sl;3-clasp
k+1

i
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to the top left of the diagrams in Lemma A.3. Next we calculate the second and the third terms in the

right-hand side of the resulting equation. More precisely, we will show

k+1 1 k+1 [

[/]
[k + 1k + + 2]

| —

The second sl3-web on the left-hand side was already done in Lemma A.5, and it provides a coefficient
(=D)X[! 4+ 1]/[k + [ + 1]. Equation (A-1) holds if the first s[3-web provides a coefficient a5_; because
the summation of these coefficients is calculated as

K o o D)
[k+1]“"‘1+( [k+1][k+l+2])(( D [k+l+1])

RN [/]

=D +1[k+1][k+1+1][k+1+2]([k][k+l+2]+[l+1])
1k 1 _

=(=1) +1[k+1+2]_ak.

We used [k + 1][k +/ + 1] —[k][k + ! + 2] = [l + 1] in the equation above. Hence, let us prove

k+1 1

(A-2)

by induction on k. One can easily prove (3-2) at k = 1 by expanding the middle s[3-clasp. We assume that
(A-2) holds when k = n. This means that Proposition A.6 also holds when k = n by the above argument.
Thus, we apply Proposition A.6 to the middle sl3-clasp on the left-hand side of (A-2) at k =n + 1, and
one can confirm that this gives the right-hand side of (A-2). |
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