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Quillen homology of spectral Lie algebras
with application to mod p homology of labeled configuration spaces

ADELA YIYU ZHANG

We provide a general method computing the mod p Quillen homology of algebras over the monad that
parametrizes the structure of mod p homology of spectral Lie algebras, including the construction of a
May-type spectral sequence when p D 2. This is the E2-page of the bar spectral sequence converging to
the mod p topological Quillen homology of spectral Lie algebras. As an application, we study the mod p

homology of the labeled configuration space Bk.M IX / of k points in a manifold M with labels in a
spectrum X , which is the mod p topological Quillen homology of a certain spectral Lie algebra by a result
of Knudsen. We obtain general upper bounds for the mod p homology of Bk.M IX /, as well as explicit
computations for k � 3. When p is odd, we observe that the mod p homology of Bk.M

nIS r / for small
k depends only on the cohomology ring of the one-point compactification of M when nC r is even. This
supplements and contrasts with the result of Bödigheimer, Cohen and Taylor when nC r is odd.
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1 Introduction

Spectral Lie algebras generalize the notion of Lie algebras over a field k to the .1�/category of spectra.
They are parametrized by the spectral Lie operad sL , whose underlying symmetric sequence f@n.Id/gn
is given by the Goodwillie derivatives of the identity functor on the category of pointed spaces. The
spectral Lie operad is Koszul dual to the nonunital E1-operad (Ching [23]). The homology operad
fH�.@n.Id/I k/gn of the spectral Lie operad recovers the ordinary Lie operad over k up to a shift (Ginzburg
and Kapranov [31]; Fresse [30]; Ching [23]).
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Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.

http://msp.org
http://dx.doi.org/10.2140/agt.2025.25.1945
http://www.ams.org/mathscinet/search/mscdoc.html?code=17B56, 55N20, 55R80
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/


1946 Adela YiYu Zhang

A natural next step is to study the mod p topological Quillen homology

TQsL
� .LIFp/ WD ��.jBar�.id; sL ;L/j˝Fp/

of a spectral Lie algebra L, defined in analogy to the mod p topological André–Quillen homology of
nonunital E1-algebras introduced by Basterra [7]. One approach is to use the classical bar spectral
sequence

(1) E2
s;t D �s�t Bar�.id; sL ;L˝Fp/) TQsL

sCt .LIFp/;

obtained by skeletal filtration of the geometric realization.

To compute the E2-page, it is necessary to understand the structure of the mod p homology of spectral
Lie algebras. Behrens [9] constructed Dyer–Lashof-type unary operations Qj of degree j � 1 on the
mod 2 homology of connective spectral Lie algebras and determined the relations among these operations.
Building on the work of Behrens, Antolín Camarena [2] identified the monad Lies

R that parametrizes
natural operations on the mod 2 homology of spectral Lie algebras. An algebra over Lies

R is an unstable
module over the algebra R of Behrens’ operations, along with a shifted Lie algebra structure such
that brackets of operations always vanish and the self-bracket on an element x is identified with the
bottom nonvanishing operation Q0 WD Qjxj on x. Following their approach, Kjaer [37] constructed
Dyer–Lashof-type unary operations ˇ�Qj on the mod p homology of spectral Lie algebras for p > 2 and
proved that brackets of operations always vanish. Konovalov [40] computed the relations among unary
operations by studying differentials in an algebraic Goodwillie spectral sequence and thus determined the
entire structure of operations in the odd primary case.

Hence the E2-page of the bar spectral sequence (1) associated to a spectral Lie algebra L is equivalent to
the Quillen homology

HQ
Lies
NR

� .H�.LIFp// WD ��
�
Bar�.id;Lies

R;H�.LIFp//
�

of the Lies
R-algebra H�.LIFp/ when p D 2. Equivalently, the E2-page is obtained by applying to

H�.LIFp/ the total left derived functor ��.LQ
Lies

R
ModFp

.�// of the indecomposable functor

Q
Lies

R
ModFp

W Lies
R!ModFp

on the category of Lies
R-algebras which heuristically kills the Lies

R-algebra structure on a Lies
R-algebra.

The main challenge in computing the Quillen homology of Lies
R-algebras when p D 2 arises from

the identification of the self-bracket with the bottom operation Q0, which precludes a factorization of
the free Lies

R-algebra functor as a composite of the free Lies
F2

-algebra functor followed by the free
R-algebra functor. Furthermore, since the category of Lies

F2
-algebras is nonabelian, we cannot resort to a

Grothendieck spectral sequence.

The method we use involves bounding the Quillen homology of Lies
R-algebras by the Quillen homology of

variants of Lies
R-algebras whose unary and binary operations are disentangled. An upper bound is obtained
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by constructing a May-type spectral sequence with respect to the length filtration of the homogeneous alge-
bra R in Theorem 3.6. To compute the May E1-page we further construct an algebraic Bockstein spectral
sequence, whose E1-page is given by the Quillen homology of a variant of Lies

R-algebras (Definition 3.1).
A lower bound can be produced by mapping into the Quillen homology of another variant of Lies

R-algebras
(Definition 3.21). Then we apply a general result about factoring bar constructions against a composite
monad (Lemma 2.13), which generalizes [17, Proposition 4.19] by Brantner, Hahn and Knudsen, in that
we replace the bar construction computing the Quillen homology of these variant algebras with a smaller
complex obtained as the total complex of a double complex in Corollary 3.10 and Lemma 3.24.

To compute the homotopy groups of these total complexes, we utilize the machinery of Koszul duality for
additive Koszul algebras (Priddy [51]) and Lie algebras ([17]; Chevalley and Eilenberg [22]; May [45];
[51]), as well as explicit understanding of the Bousfield–Cartan–Dwyer operations


i W �hCr;t .ƒ
h.V�//! �2hC1CrCi;2t�1.ƒ

2hC1.V�//; 1� i � r

on the homotopy groups of the free simplicial shifted graded exterior algebra ƒ�.V�/ on a simplicial
F2-module V� (Bökstedt and Ottosen [13]; Bousfield [14]; Cartan [20]; Dwyer [27]; Haugseng and
Miller [34]). Thus we obtain general upper bounds for the Quillen homology of Lies

R-algebras via
Theorem 3.6 and Corollary 3.16, as well as precise formulae in low weights in Corollary 3.7.

Furthermore, we are able to provide a full computation of the Quillen homology of Lies
R-algebras

in universal cases. Denote by FreeModR
ModF2

the free allowable R-module functor. The category ModR
is stable under the desuspension functor †�1 of F2-modules. Then for 1 � n � 1, the R-module
†�n FreeModR

ModF2
.†nCkF2/ is an Lies

R-algebra whose Lies
F2

-structure is trivial. Note that when n D1,
this is the trivial Lies

R-algebra colimi!1†
�n FreeModR

ModF2
.†nCkF2/'†

kF2.

Theorem 1.1 (Theorem 3.28) The Quillen homology

HQ
Lies
NR

�;� .†
�n FreeModR

ModF2
.†nCkF2//Š ��;� Bar�.id;Lies

R; †
�n FreeModR

ModF2
.†nCkF2//

of the Lies
R-algebra †�n FreeModR

ModF2
.†nCkF2/, 1 � n �1 is isomorphic as a bigraded vector space to

the shifted graded exterior algebra over F2 on generators 
I QJ .xk/ satisfying the following conditions:

(1) I D .i1; : : : ; im/ satisfies il � 2ilC1 for l <m, im � 2, and i1� i2� � � � � im � r ;

(2) J D .j1; : : : ; jr / satisfies 0� jl � jlC1C 1 for l < r , 0� jr < n, and if j1 D 0 then either r D 1

or im D 2.

Note in particular that natural operations on a class of degree k in the Quillen homology of Lies
R-algebras

are given by the Quillen homology of the trivial Lies
R-algebras †kF2, and the above theorem gives us a

dimension count.
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Application to labeled configuration spaces The second half of the paper makes use of the computation
of the Quillen homology of Lies

R-algebras to study the mod p homology of the labeled configuration
spectrum

Bk.M;X / WD†1C Confk.M /˝h†k
X˝k

of k points in a parallelizable manifold M with labels in a spectrum X .

The study of labeled configuration spaces dates back to as early as Segal [54] and McDuff [48] as
generalizations of the unordered configuration space of k points in M . The rational homology groups of
labeled configuration spaces are relatively well understood in cases of interests via classical methods; see
for instance Bödigheimer and Cohen [10]; Bödigheimer, Cohen and Taylor [12]; Kříž [42]; Totaro [55];
Félix and Thomas [29].

In contrast, the mod p homology groups of these objects have remained mostly intractable. Classically,
the only known cases are the following:

� M D R1 with arbitrary labeling spectra by May [46; 47] and Steinberger [18, III] who built on
the work of Adem [1], Kudo and Araki [43], Cartan [19], Dyer and Lashof [28], and M D Rn by
Cohen [24, III]. Then

L
k�0 Bk.M IX / is the free En-algebra on X . Its mod p homology is captured by

the Dyer–Lashof operations, a polynomial product, and the Browder brackets as a functor of H�.X IFp/.

� Arbitrary manifold M with labeling spectrum X D†1Sr , where either pD2 or p>2 and nCr is odd
(Bödigheimer, Cohen and Taylor [12]; Milgram and Löffler [49]; Bödigheimer, Cohen and Milgram [11]).
In these cases, there is a homology decomposition

(2) H�

�M
k�0

Bk.M IS
r /IFp

�
Š

O
i

H�.�
iSnCr

IFp/
˝ dim Hi .M /:

In particular, the homology depends only on the Fp-module H�.M IFp/.

The most recent developments in the computation of the homology of labeled configuration spaces
originate from a result of Knudsen [39]. Using the machinery of factorization homology, he established
an equivalence of spectra

(3)
M
k�1

Bk.M IV /'
ˇ̌
Bar�.id; sL ;FreesL .†nV /M

C

/
ˇ̌
:

Here M is a parallelizable n-manifold, sL is the monad associated to the free spectral Lie algebra functor
FreesL , and .�/M

C

the cotensor with the one-point compactification of M in the1-category of spectral
Lie algebras. A rational version of this equivalence was proved by Ayala and Francis [6].

Knudsen’s result opens up a path for extracting information about the homology of labeled configuration
spaces. Knudsen [38] provided a general formula for the Betti numbers of unordered configuration spaces
by observing that the bar spectral sequence with rational coefficients for the bar construction (3) collapses
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at the E2-page. Building on Knudsen’s work, Drummond-Cole and Knudsen [25] computed the Betti
numbers of unordered configuration spaces of surfaces, vastly improving on earlier works including
the case of once-punctured orientable surface by Bödigheimer and Cohen [10]. Brantner, Hahn, and
Knudsen [17] studied the Knudsen spectral sequence with coefficients in Morava E-theory at an odd
prime using Brantner’s results [16] on the structure of the Morava E-theory of spectral Lie algebras. They
computed the weight p part of the labeled configuration spaces in Rn and punctured genus g surfaces
†g;1 for g � 1 with coefficient in a sphere. By letting the height go to infinity, they observed that the
integral homology of Bp.†g;1/ is p-power-torsion free for any odd prime p.

In this paper, we adapt their approach and study the mod p homology of Bk.M;X / for M a parallelizable
n-manifold and X any spectrum by examining the mod p Knudsen spectral sequence, ie the bar spectral
sequence (1) with coefficients in Fp applied to the bar construction (3).

When p D 2, our general understanding of the E2-page, ie the Quillen homology of Lies
R-algebras,

allows us to obtain an upper bound for H�.Bk.M;X /IF2/ in Theorem 5.5 for arbitrary parallelizable
manifold M and spectrum X . In the universal case M DR1 and X D Sr , the bar spectral sequence has
E2-page given by Theorem 3.28. Comparing with the computation of the homology of free E1-algebras
(Adem [1]; Dyer and Lashof [28]; May [46]; Bruner, May, McClure and Steinberger [18]), we see that
there are infinitely many higher differentials and conjecture the following universal pattern, which can be
verified in low weights by sparsity arguments:

Conjecture 1.2 (Conjecture 4.5) Each page of the spectral sequence

E2
s;t D HQ

Lies
NR

s;t .†kF2/) �sCt Bar�.id; sL ; †kF2/

is an exterior algebra. The higher differentials act on the exterior generators of the E2-page as follows ,
see Figure 1:

(1) For an exterior generator ˛ DQj1
� � �Qjm

.xk/ on the E2-page , we have

drC1
rC1.˛/DQr .˛/

for r <m and r � j1C 1.

(2) For an exterior generator ˇ D 
nC1Qj1
: : :Qjm�1

.xk/ on the E2-page , we have
(a) dnC1.ˇ/DQnQj1

: : :Qjm�1
.xk/,

(b) dnC1
mCn.ˇ/D dnC1.ˇ/˝ˇ,
(c) 
ld

nC1.ˇ/D d2nC1
nCl�1.ˇ/ for nC 3� l �m.

These generate all higher differentials under further applications of the 
i operations in accordance with
(2)(b ) and (2)(c), as well as the exterior product.

Remark 1.3 While the pattern of universal differentials is similar to classical ones studied by Dwyer
[26] and Turner [56], the operations Qj on coalgebras over the comonad ��;� Bar�.id;Lies

R; �/ increase
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filtration and hence cannot be constructed directly at the chain level, see Remark 4.6. In forthcoming
work with Robert Burklund and Andrew Senger, we construct a suitable deformation of the comonad
associated to the bar construction jBar�.id; sL ; �/j to the1-category of Postnikov-connective filtered
F2-modules and use the comonad structure to prove the conjectured pattern of differentials.

For small k, we use sparsity arguments to show that the weight k part of the Knudsen spectral sequence with
F2 coefficients always collapses on the E2-page. Thus we obtain an F2-bases of H�.Bk.M IX /IF2/ for
any parallelizable manifold M and spectrum X when k D 2 in Corollary 5.6, and for closed parallelizable
M when k D 3 in Corollary 5.8. In particular, we observe that the F2-module H�.Bk.M IX // depends
on and only on the cohomology ring H�.MCIF2/ when H�.X IF2/ has at least two generators. This
is in contrast to the case when X D Sr , in that the equivalence (2) depends only on the F2-module
H�.M IF2/ [12]. As examples, we produce explicit bases for H�.Bk.M;X /IF2/, k D 2; 3 when X is
an arbitrary spectrum, and M is a closed torus or a punctured genus g surface in Section 5.3, as well as
the (punctured) real projective space RP3 in Section 5.4.

When p > 2, we compute the weight k � p part of the E2-page of the Knudsen spectral sequence with
Fp-coefficients in terms of certain Lies

Fp
-algebra homology in Proposition 6.7. We deduce the existence

of a single dp�2-differential in the Knudsen spectral sequence when M DRn with n� 1, X D S2l and
k D p � 5 in Proposition 6.8. Then we show that the mod p Knudsen spectral sequence collapses when
k D 2 or k D 3 and p � 5.

Corollary 1.4 (Corollary 6.9) Let M n be a parallelizable manifold and X any spectrum. Let g be the
Lies

Fp
-algebra zH�.MCIFp/˝Lies

R.†
nH�.X IFp// with brackets given by

Œy˝x;y0˝x0� WD .y [y0/˝ Œx;x0�;

and CE.g/ the shifted Chevalley–Eilenberg complex (Definition 6.6). Denote by wtn.Hs;t .CE.g//
the weight n part of the Lies

Fp
-algebra homology of g, whose weight grading is induced by regarding

H�.X IFp/ as an Fp-module in weight 1.

(1) For all i , there is an isomorphism of Fp-modules

Hi.B2.M IX /IFp/Š
M

sCtDi

wt2.Hs;t .CE.g//:

(2) If p � 5, then for all i

Hi.B3.M IX /IFp/Š
M

sCtDi

wt3.Hs;t .CE.g//:

Remark 1.5 When X D Sr and k D 2; 3, we observe that the Fp-module H�.Bk.M IS
r /IFp/ depends

on and only on the cohomology ring H�.MCIFp/ when r C l is even; see Remark 6.10. This is again in
contrast to the case when r C l is odd in the equivalence (2) [12].

Algebraic & Geometric Topology, Volume 25 (2025)



Quillen homology of spectral Lie algebras 1951

In follow-up work with Matthew Chen [21], we build on the odd primary method in this paper and
the Drummond-Cole–Knudsen computation [25] of the rational homology of the unordered config-
urations space Bk.†gIS/ to identify the higher differentials in the Knudsen spectral sequence for
H�.Bk.†gIS/IFp/. As a result, we show that for p � 3, the integral homology of Bk.M IS/ has no
p-power torsion for M a closed torus or a punctured genus g � 1 surface when k � p. In particular, the
latter case serves as a simpler proof to Brantner, Hahn and Knudsen’s [17, Theorem 1.10].

1.1 Outline

In Section 2, we recall the definition of spectral Lie algebras and the structure of their mod 2 homology
as algebras over the monad Lies

R. Then we define the Quillen homology of Lies
R-algebras and the mod p

topological Quillen homology of spectral Lie algebras. The two are related by a bar spectral sequence.

In Section 3, we provide general upper bounds for the Quillen homology of Lies
R-algebras and a precise

formula in low weights by comparing with the Quillen homology of two variant algebras when pD2. Then
we explicitly compute the Quillen homology of the Lies

R-algebras †kF2 and †�n FreeModR
ModF2

.†nCkF2/.

In Section 4, we review Knudsen’s result that expresses labeled configuration spaces in parallelizable
manifolds as topological Quillen objects of certain spectral Lie algebras. In the universal case M DR1,
we conjecture patterns of higher differentials.

In Section 5, we apply our understanding of the Quillen homology of Lies
R-algebras to extract explicit

information about the mod 2 homology of labeled configuration spaces, including general upper bounds
and low weight computations. Then we extend the methods to p > 2 to study the odd primary homology
of labeled configuration spaces in Section 6.

1.2 Conventions

We assume that every object is graded and weighted whenever it makes sense. For instance, ModFp

stands for the ordinary category of weighted graded Fp-modules. A weighted graded F2-module M�

is an N-indexed collection of Z-graded Fp-modules fM.w/�gw2N . The weight grading of an element
x 2M.w/n is w, and the internal grading is jxj D n. Morphisms are weight preserving morphisms of
graded Fp-modules. The Day convolution ˝ makes ModFp

a symmetric monoidal category. The Koszul
sign rule x˝y D .�1/jxjjyjy˝x for the symmetric monoidal product ˝ depends only on the internal
grading and not the weight grading.

Similarly, a shifted Lie algebra L over Fp is a weighted graded Fp-module equipped with a shifted Lie
bracket Œ�; � � W Lm ˝Ln ! LmCn�1 that adds weights, as well as satisfying graded commutativity
Œx;y�D .�1/jxjjyjŒy;x� and the graded Jacobi identity

.�1/jxjjzjŒx; Œy; z��C .�1/jyjjxjŒy; Œz;x��C .�1/jzjjyjŒz; Œx;y��D 0:

When pD 3, we further require that ŒŒx;x�;x�D 0 for all x 2L. Denote by Lies
Fp

the category of shifted
weighted graded Lie algebras over Fp , as well as the monad associated to the free Lies

Fp
-algebra functor.

Algebraic & Geometric Topology, Volume 25 (2025)
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When p D 2, we use the abbreviation Lies
D Lies

F2
. We further consider the category Lies;ti of totally

isotropic Lies-algebras, ie Lies-algebras that have vanishing self-brackets. We use the notation h�; �i
exclusively for Lies;ti brackets.

We mean by shifted graded exterior algebra over Fp a graded Fp-module M� together with a graded
commutative product Mm^Mn!MmCn�1 such that x ^x D 0 for all x 2M�. We will often omit the
adjectives shifted graded for the exterior algebra.

We use Fp for both the field Fp and its Eilenberg–MacLane spectrum. The coefficients for the homology
group H�.�/ is F2 unless specifically stated.

We use �n.�/ to denote the following functors: the functor taking the nth homotopy group of a spectrum,
an Fp-module spectrum, or a simplicial Fp-module, as well as the functor taking the nth homology group
of a chain complex over Fp.

We use ��;�.�/ to denote the functor taking the bigraded homotopy groups of a (weighted graded)
bisimplicial Fp-module, which is equivalent to taking the homology groups of the total complex of the
associated double complex via the generalized Eilenberg–Zilber theorem. The bidegree .s; t/ is given by
the pair (simplicial degree, internal degree).
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2 Preliminaries

2.1 The spectral Lie operad

We begin with a brief review of the spectral Lie operad. Ching [23] and Salvatore [53] showed that the
Goodwillie derivatives @n.Id/ of the identity functor Id W Top�! Top� form an operad sL WD f@n.Id/gn
in Spectra. This operad is Koszul dual to the nonunital commutative operad Enu

1 via the operadic bar
construction

sL 'D Bar.1;Enu
1; 1/:

For a description of the operadic bar construction, see [23] for a topological model using trees and [16,
Appendix D] for an1-categorical construction along with a comparison with the topological model.

The nth-derivative @n.Id/ admits an explicit description due to Arone and Mahowald [5], following
the work of Johnson [35]. Let Pn be the poset of partitions of the set n D f1; 2; : : : ; ng ordered by

Algebraic & Geometric Topology, Volume 25 (2025)
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refinements, equipped with a †n-action induced from that on n. Denote by O0 the discrete partition and
O1 the partition fng. Set …n D Pn � f

O0; O1g. Regarding a poset P as a category, we obtain via the nerve
construction a simplicial set N�.P/. The partition complex †j…nj

˘, the reduced-unreduced suspension
of the realization j…nj, is modeled by the simplicial set

N�.Pn/=.N�.Pn�
O0/[N�.Pn�

O1//

for n� 2 and the simplicial 0-circle S0 for nD 1. Then there is an equivalence

@n.Id/'D.†j…nj
˘/

of spectra with †n-action, where D denotes the Spanier–Whitehead dual of a spectrum.

2.2 Operations on the mod 2 homology of spectral Lie algebras

Next, we describe the structure on the mod 2 homology of an algebra L over the spectral Lie operad. It
consists of a Lies-algebra structure along with Dyer–Lashof like unary operations.

The second structure map of a spectral Lie algebra L is given by

� W @2.Id/˝h†2
L˝2

' @2.Id/˝L˝2
h†2
' S�1

˝L˝2
h†2
!L:

At the level of homology, this gives rise to a shifted Lie bracket

Œ�; � � WHm.L/˝Hn.L/!HmCn�1.L/;

making H�.L/ a graded shifted Lie algebra [2, Proposition 5.2].

For L a connective spectral Lie algebra, Behrens defined unary operations of weight 2,

Qj
WHd .L/!HdCj�1.L/;

on the mod 2 homology of L via x 7! ���
�1Qj .x/, where Qj WHd .L/!HdCj .L

˝2
h†2

/ is an extended
Dyer–Lashof operation x 7! ej�d˝x˝x, ��1 WH�.L

˝2
h†2

/!H��1.@2.Id/˝L˝2
h†2

/ is the desuspension
isomorphism, and � is the second structure map [9, Section 1.5; 2, Definition 5.4]. Furthermore, Behrens
showed that the quadratic relations

(4) Qr Qs
D

r�s�1X
lD0

�r�2l�1

s�l

�
QrCs�lQl

for s < r � 2s generate all the relations among the unary operations on a class in some positive degree
[9, Theorem 1.5.1]. By definition, for x a homogeneous class Qi.x/ D 0 whenever i < jxj. Hence
Qr Qs.x/D 0 for jxj � 1 and r � s.

Since the extended Dyer–Lashof operations are defined on the mod 2 homology of all nonconnective
spectra, the operations Qi for all i 2Z can be defined on the mod 2 homology of any spectral Lie algebra
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L with Qi.x/D 0 for any homogeneous class x 2H�.L/ and i < jxj. Let R be the quotient algebra of
the free algebra over F2 on generators fQj gj2Z by the two sided ideal generated by the relations

(5) Qr Qs
D

X
l�r�s�1

�r�2l�1

s�l

�
QrCs�lQl

for all r � 2s.

The Lies-bracket interacts with the unary operations in the following way.

Proposition 2.1 [2, Lemma 6.4, 6.5] For any j 2 Z and x;y homogeneous classes in the mod 2
homology of a spectral Lie algebra , we have ŒQj .x/;y�D 0 and Qjxj.x/D Œx;x�.

Remark 2.2 It follows that Q2jxj�1Qjxj.x/D ŒŒx;x�; Œx;x��D 0. This is guaranteed by the Behrens’
relations, since r D 2jxj � 1� s D 2jxj and the right hand side of (5) vanished due to instability of the
extended Dyer–Lashof operations.

Sometimes it is more convenient to switch to the lower indexing Qj .x/ WDQjxjCj .x/, which automatically
takes into account the instability condition.

Definition 2.3 The lower indexed R-algebra is generated by symbols Qj for j � 0 and relations

(6) QaQb D

X
0�c<.aC2b�1/=3

�aCb�2c�2

b�c

�
QaC2b�2cQc

for 0� a� bC 1. When j < 0 we set Qj D 0.

Definition 2.4 An F2-module M� over R is allowable if for any homogeneous element x 2M� we have
Qj1Qj2 : : :Qjm.x/D 0 whenever j1 < j2C � � �C jmCjxj. Alternatively, an allowable R-module M

is a module over the lower-indexed R-algebra.

Now we extend Behrens’ results to all spectral Lie algebras.

Proposition 2.5 For L any spectral Lie algebra , its mod 2 homology H�.L/ is an allowable module
over R. Furthermore , for all k � 0 and n 2 Z there is an isomorphism of F2-modules ,

H�.@2k .Id/˝h†
2k
.Sn/˝2k

/Š F2

˚
Qj1 : : :Qjk .xn/; jl > 2jlC1 8l < k; jk � n

	
Š F2

˚
Qi1

: : :Qik
.xn/; 8l; il � 0; il > ilC1C 1

	
:

Proof The connectedness assumption in Behrens’ proof of [9, Theorem 1.5.1] is necessary only because
of the connectedness assumption on the following two inputs to the proof. Kuhn [44, Example 7.6] (see
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also [9, Lemma 1.4.3]) showed that for Y a connected space, the transfer � WH�.Y ˝4
h†4

/!H�.Y
˝4
h†2o†2

/

is given by

(7) Qr Qs
7!Qr

oQs
C

X
t

h�s�rCt

s�t

�
C

�s�rCt

2t�r

�i
QrCs�t

oQt :

On the other hand, Arone and Mahowald’s computation [5, Theorem 3.16]

H�.@2k .Id/˝h†
2k
.Sn/˝2k

/Š F2

˚
Qj1 : : :Qjk .xn/; jl > 2jlC1 8l < k; jk � n

	
works for any odd integer n, and extends to positive even integers via the fiber sequence

@2m.Id/˝h†2m
.Sn/˝2m E

�!†�1@2m.Id/˝h†2m
.SnC1/˝2m H

�!†�1@m.Id/˝h†m
.S2nC1/˝m;

which was obtained by differentiating the EHP sequence [5, Proposition 4.7; 9, Corollary 2.1.4]. Behrens
proved the relations by using the transfer formula and inductively checking that they are compatible with
the operadic composition; then he provided a basis by comparing with the Arone–Mahowald answer.
Hence we only need to remove the connectedness assumption on both inputs.

Note that Kuhn’s transfer formula can be obtained as a consequence of the computation of the transfer
map �0 WH�.B†4/!H�.B†2 o†2/ on group homology by Priddy [52, Section 4]. For any j ; n 2 Z,
the Dyer–Lashof operation Qj on a class x in degree n is defined via the canonical isomorphism
HnCj ..†

nF2/
˝2
h†2

/ Š Hj�n.B†2/Œ2n� [46], where Œk� denotes a shift in homological degree by k.
Similarly, the wreath product Qr oQs and the weight 4 operation Qr Qs are defined in Hj�n.B†2o†2/Œ4n�

and Hj�n.B†4/Œ4n� respectively, so the transfer map � on a class in degree n of any spectrum Y is a
shift of �0 by 4n. Hence the formula (7) holds for the transfer map � on any spectrum Y .

Next we extend the Arone–Mahowald computation to nonpositive spheres. We make use of the long
exact sequence

� � � !H�.†
�2@m.Id/˝h†m

.S2nC1/˝m/
P�
��!H�.@2m.Id/˝h†2m

.Sn/˝2m/

E�
��!H�.†

�1@2m.Id/˝h†2m
.SnC1/˝2m/

H�
��! � � �

and isomorphisms

H�.@2m�1.Id/˝h†2m�1
.S2n/˝.2m�1//ŠH�

�
†�1.@2m�1.Id/˝h†2m�1

.S2nC1/˝.2m�1//
�

for all n obtained by Brantner in [16, 4.1.3]; see [37, Lemma 4.4]. There is an equivalence of F2-module
spectra with †m-action

@m.Id/˝h†m
.†nF2/

˝m/'†2mn@m.Id/˝h†m
.†�nF2/

˝m/

for any integers m; n� 0, where the action on †2mn is trivial. Hence we obtain an isomorphism

H�
�
@m.Id/˝h†m

.Sn/˝m/
�
ŠH�

�
†2mn@m.Id/˝h†m

.S�n/˝m/
�

sending Qj1
: : :Qjk

.�n/ to �2kC1nQj1
: : :Qjk

.��n/ when m D 2k , and both vanish when m ¤ 2k for
some k � 0. This addresses the case of the negative spheres.
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For nD 0, we use the long exact sequence above. It follows from the case nD 1 that

H�.@m.Id/˝h†m
.S0/˝m/D 0

when m is not a power of 2. Now suppose that mD 2k . By the [9, Proposition 2.2.5] (see the remark
after [37, Proposition 4.3]), the maps E� and P� preserve the Q operations, sending the class QJ .xn/ to
��1QJ .xnC1/ and ��2QJ x2nC1 to QJ Qn.xn/, respectively. This addresses the case nD 0.

Denote by ModR the category of allowable R-modules and FreeModR
ModF2

the free allowable R-module
functor, which is left adjoint to the underlying functor U

ModR
ModF2

WModR!ModF2
. We will suppress the

adjective allowable from here on. Then there is an additive monad associated with the free R-module
functor, which we denote by AR.

Definition 2.6 [2, Definition 6.1] An Lies
R-algebra is a graded F2-module L� with a shifted Lie bracket

and an (allowable) R-module structure on L� such that

(1) Q0.x/DQk.x/D Œx;x� if x 2Lk , and

(2) Œx;Qk.y/�D 0 for all x;y 2L�.

Denote by Lies
R the category of Lies

R-algebras. To describe the free Lies
R-algebra functor, we recall

the construction of Lyndon words on a set S , which provides a basis for the free Lies;ti-algebra on an
F2-module with F2-basis S .

Construction 2.7 [33] The Lyndon words on a set S is defined recursively as follows: The elements
of S are Lyndon words of length one and given an arbitrary fixed total ordering. Suppose that we have
defined Lyndon words of length less than k with a total ordering. Then a Lyndon word of length k is a
formal bracket hw1; w2i such that:

(1) w1; w2 are Lyndon words whose lengths add up to k.

(2) w1 <w2 in the order defined thus far.

(3) To take into account the Jacobi identity, if w2 D hw3; w4i for some Lyndon words w3; w4, then
we require w3 � w1.

To extend the total order to Lyndon words of weight at most k, we first impose an arbitrary total ordering on
Lyndon words of length k, and then declare that they are greater than all Lyndon words of lower weights.

The free Lies
R-algebra functor can be computed explicitly as follows:

Proposition 2.8 [2, Proposition 7.4] Let V� be an F2-module with an ordered basis B of V�. First
take the free totally isotropic Lie-algebra with h�; �i the free Lies;ti bracket. Denote by B0 the set of
Lyndon words on the letters B, which is an F2-basis of FreeLies;ti

ModF2
.V�/. Then we take the free R-module

on the underlying F2-module of FreeLies;ti

ModF2
.V�/ and obtain a basis consisting of elements of the form
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QIw with w 2 B0. Equip the free R-module FreeModR
ModF2

.Lies;ti.V�// with a Lies bracket Œ�; � � defined
on the induced basis by requiring ŒQIw1;Q

Jw2�D 0 if I ¤∅ or J ¤∅, and setting recursively along
the ordering on B0.

(1) If hw1; w2i is a Lyndon word , then Œw1; w2�D hw1; w2i.

(2) Œw;w� WDQjwjw.

(3) Œw1; w2� WD Œw2; w1� if w1 >w2.

(4) Œw1; w2� WD Œw3; Œw1; w4��C Œw4; Œw1; w3�� if w1 <w2 and w2 D Œw3; w4� with w1 <w3.

Antolín Camarena showed that the monad Lies
R parametrizes natural operations on the mod 2 homology of

connected spectral Lie algebras. The connectivity assumption can be removed in view of Proposition 2.5.
Denote by FreesL the free spectral Lie algebra functor on Spectra given explicitly by

X 7!
M
n�1

@n.Id/˝h†n
X˝n:

Theorem 2.9 [2, Theorem 7.1] The canonical map

Free
Lies

R
ModF2

.H�.X IF2//!H�.FreesL .X /IF2/

of Lies
R-algebras is an isomorphism for any spectrum X .

Proof Behrens proved the theorem in the case when X D Sk , k > 0. Antolín Camarena proved the
isomorphism for X a connected spectrum follows: To extend Behrens’ theorem to a finite wedge of
spheres, he made use of a result of Arone and Kankaarinta that applies Goodwillie calculus to the
Hilton–Milnor theorem [4, Theorem 0.1]. To extend to all connected spectra, note that X ˝F2 can be
written as a filtered colimit of finite wedges of Sm˝F2 in the category of F2-module spectra. The same
arguments work to extend the isomorphism in Proposition 2.5 to all spectra.

The category ModR is stable under the desuspension functor � WD†�1 of F2-modules since the extended
Dyer–Lashof operations are. Namely, for M 2ModR, the F2-module �M has an R-module structure
given by Qj .��1x/ D ��1Qj .x/ for any x 2 M . As a result, for g any Lies

R-algebra, there is an
Lies

R-structure on �g such that the bracket is trivial.

Proposition 2.10 There is a natural Lies
R-module structure on �n FreeModR

ModF2
.†nCkF2/ for 1� n�1,

where the bracket is trivial and Qj acts by x 7! ��nQj .�nx/. The canonical map

FreeModR
ModF2

.†kF2/Š Free
Lies

R
ModF2

.†kF2/!�n FreeModR
ModF2

.†nCkF2/

is surjective.

Proof There is a canonical colimit-to-limit comparison map

(8) FreesL .†kF2/!�FreesL .†kC1F2/
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of spectral Lie algebras over F2, which after taking homotopy groups is the composite of the top and
right arrows of the diagram

FreeModR
ModF2

.†kF2/ Free
Lies

R
ModF2

.�FreeModR
ModF2

.†kC1F2//

†kF2 �FreeModR
ModF2

.†kC1F2/

ev ev

i

Let x be the generator of †kF2. By naturality of the Qj operation, the class Qj .x/ on the top left corner
is mapped to Qj .i.x//, which is sent to ��1Qj�.x/ under evaluation. In general QJ .x/ is mapped to
��1QJ �.x/ for any sequence J . Since the Lies bracket of operations always vanishes and

Œi.x/; i.x/�DQjxj.i.x//D ��1Qjxj.�x/D 0;

the Lies-bracket is trivial on �FreeModR
ModF2

.†kC1F2/. Applying Theorem 2.9, we see that the composite
is surjective since j�.x/j D jxjC 1. Iterating the construction yields the claim.

2.3 Quillen homology of spectral Lie algebras

Now we introduce the main object of interest. The inclusion of trivial Lies
R-algebras admits a left adjoint

Q
Lies

R
ModF2

called the indecomposable functor, ie we have an adjunction

Lies
R ModF2

.
Q

Lies
R

ModF2

T
Lies

R
ModF2

Denote again by Lies
R the monad associated to the free Lies

R-algebra functor.

We would like to understand the left derived functor of this left adjoint, and we take a small detour to
deal with the model structure. We mainly follow Sections 3.1 and 3.2 of [36] and Section 4 of [17].

2.3.1 The derived indecomposable functor Let T be an augmented monad on the category Modk

of weighted graded k-modules, where k is a field. Denote by AlgT .ModF2
/ the category of T-

algebras. The forgetful functor U W AlgT .Modk/ ! Modk admits a left adjoint, the free functor
FreeT

WModk ! AlgT .Modk/.

Denote by s Modk the category of simplicial weighted graded k-modules. Levelwise application of the
adjunction FreeT

a U gives rise to an adjunction between the corresponding categories of simplicial
objects

FreeT
a U W AlgT .s Modk/! s Modk ;

as well as a monad T on s Modk . We equip s Modk with the standard cofibrantly generated model
structure. Suppose that the path objects of s Modk lifts to s AlgT , the category of simplicial T-algebras.
Then this adjunction induces a right transferred model structure on the category of simplicial T-algebras,
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with weak equivalences and fibrations defined on the underlying simplicial weighted graded k-modules
by [36, Theorem 3.2, Remark 3.3]. In particular, this is true for T D R;Lies;Lies;ti;Lies

R, see [17,
Proposition 3.4, 4.14].

Denote by T T W Modk D AlgId.Modk/! AlgT .Modk/ the inclusion of trivial T-algebras, which is
induced by the augmentation. It has a left adjoint QT W AlgT .Modk/! Modk , the indecomposable
functor with respect to the T-algebra structure, which satisfies QT ıFreeT

' id. Applying this adjunction
levelwise to the corresponding categories of simplicial objects, we obtain a Quillen adjunction

QT
a T T

W s AlgT ! s Modk :

The left derived functor LQT of QT can be computed by the following standard recipe.

Construction 2.11 Given a right module R WModk!D over T, and a simplicial object A in AlgT .Modk/,
one can apply the two-sided bar construction Bar�.R;T; �/ levelwise to A. The diagonal of the resulting
bisimplicial complex is a simplicial object in D , denoted by Bar�.R;T;A/.

In particular, if we regard a T-algebra A as the constant simplicial object on U.A/ equipped with a
simplicial T-algebra structure, denoted also as A by abuse of notation, then Bar�.R;T;A/ agrees with
the usual two-sided bar construction.

Since the free resolution Bar�.FreeT;T;A/ is a cofibrant replacement of A in the category of simplicial
T-algebras, the left derived functor of a functor F can be computed by applying F levelwise to a cofibrant
replacement, so

LQT .A/'QT Bar�.FreeT;T;A/D Bar�.id;T;A/:

Now suppose that we have a composite monad R ıL in Modk with distributive law the natural transfor-
mation L ıR)R ıL in the sense of Beck [8, Section 1]. Suppose in addition that L;R and R ıL

are all compatibly augmented and each admit a cofibrant replacement given by the free resolution. Let
AlgL;AlgR;AlgRıL be the respective categories of algebras. Then an R ıL-algebra A is an R-algebra
via the forgetful map U RıL

R
W AlgRıL! AlgR induced by the augmentation of L, and an L-algebra via

the augmentation of R. Furthermore, we have adjunctions

Modk AlgL AlgRıL .
T L

QL

T RıL
L

QRıL
L

Construction 2.12 For A an algebra over R ıL, the free resolution Bar�.FreeR;R;A/ has the structure
of a simplicial R ıL-algebra given as follows. Levelwise, the R ıL-algebra structure map is given by

.R ıL/ ıRın.A/!R ı .R ıL/ ıRı.n�1/.A/! � � � !Rın ı .R ıL/.A/!Rın.A/;

where the rightmost arrow is the R ıL-algebra structure map on A and the other arrows are induced from
the distributive law LıR)RıL. The face and degeneracy maps are structure maps of the monad R and
hence compatible with the levelwise R ıL-algebra structure maps by naturality of the distributive law.
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Levelwise application of QRıL
L

to Bar�.FreeR;R;A/ yields a simplicial L-algebra structure on the bar
construction Bar�.id;R;A/DQRıL

L
Bar�.FreeR;R;A/.

We record the following result about factoring the left derived functor of the indecomposable functor of a
composite monad, which generalizes [17, Proposition 4.19].

Lemma 2.13 Let A be an R ıL-algebra. The homotopy groups of Bar�.id;R ıL;A/ are computed by
the homotopy groups of the bisimplicial object Bar�.id;L;Bar�.id;R;A//.

Recall that the homotopy groups of a bisimplicial k-module can be computed via the Eilenberg–Zilber
theorem, ie by first taking associated chain complexes in both directions and then forming the total
complex of the double complex. See for instance [32, Chapter 4].

Proof The augmentation R ıL!R induces a map of simplicial R ıL-algebras

‰ W Bar�.FreeRıL;R ıL;A/! Bar�.FreeR;R;A/;

where the simplicial R ıL-algebra structure are the target is given by Construction 2.12. This is an
equivalence since both are free resolutions of A as an R ıL-algebra and an R-algebra, respectively, and
weak equivalences in s AlgRıL are detected by the underlying simplicial k-modules. We want to show
that QRıL

L
preserves this weak equivalence. Since U L preserves weak equivalences, it suffices to show

that U L ıQRıL
L
ı‰ is a weak equivalence.

Note that there is an isomorphism

QR
ıU RıL

R Š U L
ıQRıL

L :

Hence U L ıQRıL
L
ı‰ is the map

QR
ıU RıL

R Bar�.FreeRıL;R ıL;A/!QR
ıU RıL

R Bar�.FreeR;R;A/

'QR Bar�.FreeR;R;A/' Bar�.id;R;A/:

Since both U RıL
R

Bar�.FreeRıL;R ıL;A/ and Bar�.FreeR;R;A/ are free resolutions of A in s AlgR

and QR is a left Quillen functor, this is indeed a weak equivalence. Hence

Bar�.id;L;Bar�.id;R;A//'QL
ıQRıL

L Bar�.FreeRıL;R ıL;A/

'QL
ıQRıL

L Bar�.FreeR;R;A/

'QL Bar�.id;R;A/;

and the lemma follows from Construction 2.11.

2.3.2 Quillen homology of s Lies
R

-algebras Since the path object of s ModF2
lifts to s Lies

R, the
discussion in the previous subsection guarantees that any Lies

R-algebra g admits a free resolution
Bar�.FreeLies

R
ModF2

;Lies
R; g/ in Lies

R. Thus the left derived functor of Q
Lies

R
ModF2

is computed by

LQ
Lies

R
ModF2

.g/'Q
Lies

R
ModF2

Bar�.Free
Lies

R
ModF2

;Lies
R; g/' Bar�.id;Lies

R; g/;
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where id WModF2
!ModF2

is the identity functor considered as the trivial right module over the monad
Lies

R with structure map the augmentation.

Definition 2.14 The Quillen homology of a Lies
R-algebra g, denoted by HQ

Lies
NR

� .g/, is the total left
derived functor

HQ
Lies
NR

�;� .g/ WDH�;�LQ
Lies

R
ModF2

.g/' ��;� Bar�.id;Lies
R; g/:

We are interested in computing the Quillen homology of Lies
R-algebras, since it helps to understand

the spectral Lie analog of the mod p topological André–Quillen homology of nonunital E1-algebras
introduced by Kříž [41] and Basterra [7].

Definition 2.15 For L a spectral Lie algebra, its topological Quillen object is the bar construction

TQsL .L/ WD jBar�.id; sL ;L/j:

We define its mod p topological Quillen homology to be

TQsL
� .LIFp/ WD ��.jBar�.id; sL ;L/j˝Fp/:

Using the skeletal filtration of the geometric realization of the bar construction, we obtain a bar spectral
sequence

E2
s;t D �s�t Bar�.id; sL ;L˝Fp/) TQsL

sCt .LIFp/

converging to the mod p topological Quillen homology. When p D 2, we can apply Theorem 2.9
repeatedly and deduce that:

Proposition 2.16 There is a bar spectral sequence

E2
s;t D �s;t Bar�.id;Lies

R; ��.L˝F2//Š HQ
Lies
NR

s;t .H�.LIF2//) TQsL
sCt .LIF2/:

3 Computing the Quillen homology of spectral Lie algebras

In this section, we study the Quillen homology of Lies
R-algebras when p D 2 via comparison with two

smaller double complexes that are easy to compute via Koszul duality arguments.

3.1 May-type spectral sequence and an upper bound

First we find an upper bound for ��;� Bar�.id;Lies
R; g/ by constructing a May-type spectral sequence.

The dimensions of its E1-page is bounded above by the homotopy groups of the bar construction of the
following variant of Lies

R-algebras whose unary and binary operations do not intertwine.

Definition 3.1 Define a Lies;ti
R -algebra to be an F2-module L with an allowable R-module structure

and a Lies;ti-bracket h�; �i such that hx;Qi.y/i D 0 for all x;y 2L. Denote by Lies;ti
R the category of

Lies;ti
R -algebras and also the monad associated to the free Lies;ti

R -algebra functor.
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The underlying F2-module of the free Lies;ti
R -algebra on an F2-module V is given by that of ARıLies;ti.V /.

Hence Lies;ti
R admits an alternative description as the category of algebras over the composite monad

AR ıLies;ti, with distributive law the natural transformation Lies;ti
ıAR)AR ıLies;ti determined by

h�;Qi.�/i D 0 for all i .

Remark 3.2 Comparing with Proposition 2.8, we see that the underlying R-modules of the free Lies
R

and Lies;ti
R -algebra on any F2-module agree. The only difference between the two free functors is that in

the latter we do not change the Lies;ti-algebra to a Lies-algebra via the identification Q0.x/D Œx;x�.

In particular, the bar construction Bar�.id;Lies
R; g/ is levelwise isomorphic to Bar�.id;Lies;ti

R ; g/. The
latter has simpler face maps in the sense that the face maps preserve the unary and binary structures
respectively, whereas in the former, a Lie bracket that is not a self-bracket can be mapped to a self-bracket.
To deal with these face maps, we draw inspiration from the May spectral sequence: suppose that we want
to compute the Ext groups over a Hopf algebroid .A; �/. In good cases, there exists a filtration on �
such that the associated graded is a Hopf algebra .A; � 0/, ie the left and right unit are equal. Then we
obtain a May spectral sequence with E1-page the Ext group over the Hopf algebra � 0, whose cochain
complex has differentials simpler than the cobar complex for � . The higher differentials are determined
by the difference between the left and the right unit.

To construct a filtration on Bar�.id;Lies
R; g/ so that the associated graded assembles to Bar�.id;Lies;ti

R ; g/,
first we need to construct a filtration on any Lies

R-algebra so that the two sides of the identification
Q0.x/D Œx;x� live in different filtrations.

Construction 3.3 (length filtration) Consider the complete filtration

� � � !R.n/!R.n� 1/! � � � !R.1/!R

of the homogeneous algebra R, where R.n/ is the ideal generated by monomials QI with jI j D n. Thus
we obtain functors AR.n/ on ModF2

, sending M to the submodule of AR.M / consisting of QI .x/ for
x 2M and jI j � n. In other words, this assembles to a filtered monad OAR. The images of the induced
evaluation maps AR.q/.M /

evq
�!M form a complete decreasing filtration for any R-module M . Taking

cokernels yields a complete increasing filtration

Fq

l
.M /D coker.AR.q/.M /

evq
�!M /:

We call this the length filtration of M , which gives rise to a filtered object yM as an algebra over the
filtered monad OAR whose underlying R-module is M .

Given an arbitrary Lies
R-algebra g, we would like to equip g with the structure of an Lies;ti

R -algebra. This
boils down to producing a method that equips any Lies-algebra with a Lies;ti-algebra structure.

Construction 3.4 (Lies;ti-structure on Lies-algebras) For g is Lies-algebra with bracket Œ�; � �, let V 0

be the ideal of self-brackets. Thus we obtain a two-step filtration V 0! g of g. Denote by h�; �i the
canonical Lies;ti-bracket on the quotient V D g=V 0DQLies

Lies;ti.g/ and consider V 0 as a trivial Lies;ti-algebra.
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Thus we obtain a Lies;ti-structure on the associated graded of g as the product of V and V 0 with the above
Lies;ti-structures. Denote by Qg the resulting Lies;ti-algebra with h�; �i the Lies;ti-bracket.

Therefore, any Lies
R-algebra g admits a Lies;ti-structure that is unique up to a choice of splitting of g! V.

Denote by Qg the resulting Lies;ti
R -algebra, which has the same underlying R-module structure as g; see

Remark 3.2.

Remark 3.5 If we fix a choice of splitting for g! V , then any Lies bracket Œx;y� in g is equal to a sum
of self-brackets and the Lies;ti-brackets hx;yi in Qg.

Now we compute the E2-page of the bar spectral sequence by constructing a May-type spectral sequence
in the sense that the filtration comes from the length filtration of R-modules in Construction 3.3.

Theorem 3.6 Let g be a Lies
R-algebra and Qg the associated Lies;ti

R -algebra via Construction 3.4. Then there
is a May-type spectral sequence with respect to theR-module structure converging to �s;t Bar�.id;Lies

R; g/:

The E1-page
L

q E1
q;s;t of the May-type spectral sequence has dimensions bounded above by

�s;t Bar�.id;Lies;ti
R ; Qg/;

in the sense that there is another algebraic spectral sequence converging to the May E1-page whose
E1-page is �s;t Bar�.id;Lies;ti

R ; Qg/.

Proof We start by inductively constructing a filtration on .Lies
R/
ın.g/ that heuristically count the number

of Q symbols in a given element.

Since any Lies
R-algebra g is an R-module, it admits a length filtration. The filtration is compatible

with the bracket since brackets of operations always vanish (Definition 2.6). Furthermore, since any
self-bracket Œx;x�DQ0.x/ is in F1

l
.g/ and the right hand side is zero in F0

l
.g/, we deduce that Gr0

l .g/ is
a Lies;ti-algebra, and the Lies;ti-structure can be extended to

L
Grq.g/ via trivial extension to positive q.

On the other hand,
L

Grq.g/ is an R-module since R is homogeneous. Hence Qg D
L

Grq

l
.g/ equipped

with the Lies;ti-bracket in Construction 3.4 is an algebra over the composite monad Lies;ti
R DAR ıLies;ti.

Now we define a new filtration F � on Lies
R.g/ that combines the length filtration on g, the length

filtration on Lies
R.M / for any F2-module M , and the effect of Lies brackets. We extend the length

filtration on g to Lies;ti.g/ via the Day convolution, ie for x 2 Fq

l
.g/, y 2 Fr

l
.g/, we have hx;yi 2

FqCr .Lies;ti.g//, so on and so forth. Then we extend it to a new filtration on Lies
R.g/ by combining with

the length filtration on Lies
R.M / for M an F2-module, using the fact that when gDM is an F2-module,

Gr0
l .Lies

R.M //D Lies;ti.M /. In particular, after passing to the associated graded, the evaluation map
Lies

R.g/! g assembles to the Lies;ti
R -algebra structure map ev W AR ı Lies;ti.Qg/! Qg. This is because

for x 2 g, Œx;x� DQ0jx 2 Lies
R.g/ is mapped to a nonzero element only if x 2 F0

l
.g/, in which case

Q0jx 2 F1 Lies
R.g/ and Q0.x/ 2 F1

l
.g/ while Œx;x� 2 F0 Lies

R.g/.

Iterating this process, we obtain a filtration F � on Lies
R ı.Lies

R/
ın.g/ for all n > 0 by combining

the filtration F � on .Lies
R/
ın.g/ with the length filtration on Lies

R. This is the nth simplicial level of
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Bar�.id;Lies
R; g/, with associated graded assembling to .Lies;ti

R /ın.Qg/. Explicitly, Fq..Lies
R/
ın.g// is the

collection of elements ˛jx in simplicial degree n satisfying the following condition: if we rewrite ˛jx
as an element in .Lies;ti

R /ın.g/ via Remarks 3.2 and 3.5, so any Lies bracket in ˛jx is written as a linear
combination of Lies;ti brackets and Q0 applies to other elements, then the sum of the filtration degree of
x 2 g times the number of times x appears and the number of symbols Qj in any term of ˛jx coming
from applications of the monad Lies;ti

R is at most q.

Since R is a homogeneous algebra and evaluation of brackets do not increase the number of Qj in
the expression, the structure map Lies

R.g/! g is compatible with this filtration, and so are the face
maps and degeneracy maps in Bar�.id;Lies

R; g/. The induced filtration F � on the normalized complex of
Bar�.id;Lies

R; g/ gives rise to a May-type spectral sequenceM
q

E1
q;s;t D

M
q

�s;t Grq Bar�.id;Lies
R; g/) �s;t Bar�.id;Lies

R; g/:

Note that the face maps

.Lies;ti
R /ın.Qg/D

M
q

Grq Barn.id;Lies
R; g/! .Lies;ti

R /ı.n�1/.Qg/D
M

q

Grq Barn�1.id;Lies
R; g/

do not change the associated graded degree unless the differential creates self-brackets — evaluating
the R-module structure or a Lies;ti-bracket is either zero or does not change the number of Q symbols.
Hence they assembles to the Lies;ti

R -algebra structure maps .Lies;ti
R /ıj .Qg/! .Lies;ti

R /ı.j�1/.Qg/ except in
the following situation: for x 2 Gr0

l .g/, the classes 
1.Q
i jx/ WD ŒQi j1jx; 1jQi jx� and Q0jQ

i jx are
both in the second associated graded piece. Hence the total differential @ of the normalized complex of
Bar�.id;Lies

R; g/ sends

1.Q

i
jx/ WD ŒQi

j1jx; 1jQi
jx�

to the element
ŒQi
jx;Qi

jx�C ŒQi
jx; 1jQi.x/�DQ0jQ

i
jxC ŒQi

jx; 1jQi.x/�

in E0
2;�;�

, ie the self-bracket has not been filtered away. Similarly, any class containing 
1.Q
i jx/ with

x 2 Gr0
l .g/ has a face map whose target has at least one self-bracket term. Whereas when x 2 F1

l
.g/, the

self-brackets in the target of such differentials are not visible in the associated graded because the number
of Qj in the term decrease after we rewrite the self-brackets in terms of Q0.

Hence we need to construct another spectral sequence to compute the E1-page of the May-type spectral
sequence. To further filter away the self-brackets in such differentials, we assign weight 1 to 
1.Q

i jx/ and
ŒQi jx; 1jQi.x/� for all i and x 2 Gr0

l .g/, weight 0 to everything else in g, Lies
R.g/, and Lies

R ıLies
R.g/,

including Q0jQ
i jx. Then we propagate the weight to .Lies

R/
ın.g/ for n> 2 by stipulating that further

applying operations Q does not change weight and brackets add weights. The associated graded of this
weight filtration is precisely Bar�.id;Lies;ti

R ; Qg/, since the only face or degeneracy maps that are altered
are the ones involving 
1.Q

i jx/ for x 2 Gr0
l .g/, whose target no longer contains the self-bracket term

Q0jQ
i jx. Therefore we obtain an algebraic spectral sequence that converges to the E1-page of the
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May-type spectral sequence. Then its E1-page has dimensions precisely those of �s;t Bar�.id;Lies;ti
R ; Qg/.

Therefore we obtain an upper bound of the dimension of the E1-page of the May-type spectral sequenceL
q E1

q;s;t .

We will call the spectral sequence above computing the E1-page of the May-type spectral sequence
the 
1-Bockstein spectral sequence. Since differentials preserve weights and the 
1 operation on
Bar�.id;Lies;ti

R ;L/ appears in weight at least four, we immediately deduce the following from Theorem 3.6.

Corollary 3.7 For any Lies
R-algebra g, the homotopy groups of Bar�.id;Lies

R; g/ and Bar�.id;Lies;ti
R ; Qg/

are isomorphic in weight less than four.

Proof In the 
1-Bockstein spectral sequence, the differentials do not appear until weight 4 since 
1.Qj jx/

has weight 4. By construction, differentials in the May-type spectral sequence occur when the source and
target of a face map in Bar�.id;Lies

R; g/ have different number of self-brackets. In weight two and three
this cannot happen. Hence both spectral sequences collapse in weight less than four.

Remark 3.8 In the case where the Lies
R-algebra g has vanishing Lie brackets, we can combine the

two spectral sequences in Theorem 3.6 into a single spectral sequence that converges to the E2-page
of the bar spectral sequence by simply shifting the filtration of any element in g up by 2. Since Q

operations are additive and the Lie structure is trivial, the resulting filtered object gŒ2� is a module over
the filtered monad OAR, whose underlying object is still the R-module g. Then in the bar construction
Bar�.id;Lies

R; g/, the class Q0j˛ always lives in a lower filtration than Œ˛; ˛� for any class ˛, since the
filtration of ˛ is at least 2. Hence the May-type spectral sequence has E1-page given precisely by
�s;t Bar�.id;Lies;ti

R ; Qg/.

Since Lies;ti
R D AR ı Lies;ti is a composite monad, we apply Construction 2.12 and Lemma 2.13 to

compute the homotopy groups of Bar�.id;Lies;ti
R ;L/ for L a Lies;ti

R -algebra.

Construction 3.9 For L a Lies;ti
R -algebra with Lies;ti-bracket h�; �i, denote by AR�.L/ the bar con-

struction Bar�.id;AR;L/ equipped with a Lies;ti-bracket h�; �i given levelwise by

h˛1j˛2j : : : j˛njx; ˇ1jˇ2j : : : jˇnjyi D

�
1j : : : j1jhx;yi if ˛i D ˇi D 1; 1� i � n;

0 otherwise;

where ˛i ; ǰ 2R and x;y 2L. Here we use L to mean the underlying R-module U Lies;ti
R

ModR
.L/.

Corollary 3.10 For L a Lies;ti
R -algebra with Lies;ti-bracket h�; �i, there is an isomorphism of bigraded

homotopy groups
��;� Bar�.id;Lies;ti

R ;L/Š ��;� Bar�.id;Lies;ti;AR�.L//:

3.2 Homology groups of simplicial Lies;ti-algebras

The homotopy groups of Bar�.id;Lies;ti;V�/ for V� a simplicial Lies;ti-algebra can be computed via a
shifted version of the classical Chevalley–Eilenberg complex.

Algebraic & Geometric Topology, Volume 25 (2025)



1966 Adela YiYu Zhang

Recall from [22; 45, Section 5; 51] that given a Lieti-algebra L, ie an unshifted totally isotropic ungraded
Lie algebra over F2, its Lieti-algebra homology is computed by

H Lieti

� .L/ WDH�.LQ
Lieti

F2
ModF2

.L/Œ1�˚F2/DH�.CE.L//:

Here CE.L/ is the standard Chevalley–Eilenberg complex, defined to be the exterior algebra on LŒ1� with
differential ı given by

ı.�x1˝ � � �˝ �xn/D
X

1�i<j�n

Œ�xi ; �xj �˝ �x1˝ � � �˝b�xi ˝ � � �˝b�xj ˝ � � �˝ �xn:

There is no divided power part at p D 2. Since we are working with shifted, graded totally isotropic Lie
algebras, we use a modified version for ease of notation. First we note that given a Lies;ti-algebra L,
there are weak equivalences

(9) N.Bar�.id;Lies;ti;L//'N.†Bar�.id;Lieti
F2
; †�1L//'†CE.†�1LŒ1�/Œ�1�;

where CE is the reduced complex.

Definition 3.11 The Chevalley–Eilenberg complex for a Lies;ti-algebra L is CE.L/D .ƒ�.L/; ı/, where
ƒ�.L/ is the free shifted graded exterior algebra on L (placed in homological degree 0) with a shifted
graded exterior product †�1˝ Œ1�, which we continue to denote by ˝, that increases homological degree
by one and decreases internal degree by one, reflecting the behavior of shifted graded Lie brackets. The
differential ı is given by

ı.x1˝ � � �˝xn/D
X

1�i<j�n

Œxi ;xj �˝x1˝ � � �˝ Oxi ˝ � � �˝ Oxj ˝ � � �˝xn:

Then the Lies;ti-algebra homology of L is given by the bigraded F2-module

H Lies;ti

�;� .L/ WD ��;�.LQLies;ti

ModF2
.L/˚F2/ŠH�;�

�
N.Bar�.id;Lies;ti;L/˚F2/

�
ŠH�;�.CE.L//;

where the last isomorphism follows from rearranging the right hand side in (9).

In the case where L is a simplicial Lies;ti-algebra, its Chevalley–Eilenberg complex CE.L/ is the simplicial
chain complex obtained by applying the Chevalley–Eilenberg complex levelwise. Then Dold–Kan corre-
spondence says that the homotopy groups of CE.L/ are isomorphic to the homology groups of its total com-
plex. A simplicial version of May’s result is recorded in [17, Section 3]. Here we state the shifted version.

Theorem 3.12 [17, Theorem 3.13] Let L be a simplicial Lies;ti-algebra. Then there is a natural
isomorphism of bigraded F2-modules

H Lies;ti

�;� .L/ WD ��;�.LQLies;ti

ModF2
.L/˚F2/ŠH�;�.CE.L//:
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In the total complex of CE.L/, the differential in the homological direction is given by ı in Definition 3.11.
The differential d in the simplicial direction is obtained by applying the shifted graded exterior algebra
functor ƒ� to each simplicial differential di of L and taking the alternating sum, ie

d D d0˝ d0˝ � � �˝ d0C � � �C dr ˝ dr ˝ � � �˝ dr :

Both differentials preserve weights.

If the Lies;ti-bracket on a simplicial Lies;ti-algebra L is trivial, then the differential ı in the homological
direction vanishes and H�;�.CE.L//Š ��;�.ƒ�.L//. The natural operations on the homotopy groups of
simplicial exterior algebras are well-understood by the work of Cartan, Bousfield, and Dwyer. We only
state their results in the case of free algebras, and modify the grading to take into account the fact that we
work with shifted, graded exterior algebras.

Theorem 3.13 [27, Theorem 2.1, Remark 4.4; 14; 20; 34, Theorem 3.9] Let V� be a simplicial graded
F2-module. There are natural operations


i W �h;r;t .ƒ
h.V�//! �2hC1;rCi;2t�1.ƒ

2hC1.V�//; 1� i � r

for all r � 1, satisfying the relations


i
j .x/D
X

.iC1/=2�l�.iCj/=3

�j�iCl�1

j�l

�

iCj�l
l.x/ for all i < 2j:

Here in the trigrading .h; r; t/ records the number of exterior products h, the simplicial degree r in V�,
and the internal degree t .

Furthermore, they computed the homotopy groups of the free exterior algebra on a simplicial F2-module.

Definition 3.14 A sequence I D .i1; : : : ; im/ is 
 -admissible if il � 2ilC1 for 1� l �m�1. The excess
of I is e.I/D i1� i2� � � � � im.

Theorem 3.15 [14, Theorem 8.6; 34, Theorem 3.19] Let A be a graded F2-basis for ��.V�/. Then
��;�.ƒ

�.V�// is the (shifted graded ) exterior algebra on generators 
I .˛/, where ˛ 2 A and I D

.i1; : : : ; im/ is 
 -admissible with e.I/� s.˛/, where s.˛/ is the simplicial degree of the basis element ˛.

The following is immediate by combining Theorems 3.12 and 3.15.

Corollary 3.16 Suppose that L is a Lies;ti
R -algebra with trivial Lie brackets. Then

��;� Bar�.id;Lies;ti;AR�.L//

is isomorphic as a bigraded F2-vector space to the (shifted graded ) exterior algebra over F2 on genera-
tors 
I .˛/, where ˛ is a basis element of �r;�.AR�.L// (see Construction 3.9) and I is 
 -admissible with
e.I/� r .
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Now we can compute the homotopy groups of Bar�.id;Lies;ti
R ;L/ when the Lies;ti structure on L is trivial.

First we recall the following result of Priddy that computes the Ext and Tor groups of a homogeneous
Koszul algebra, which we make use of to compute the Tor groups over R.

Theorem 3.17 [51, Theorem 2.5] Let R be a homogeneous Koszul algebra over F2 on generators
ai ; i 2 J in weight 1 and quadratic relations rj . Let B be a subset of the set S of nonempty sequences
on J such that there is a basis of R consisting of monomials faI gI2S . Then the cohomology algebra
H�;�.A/D Ext�;�

R
.F2;F2/ is isomorphic to the tensor algebra on a_i subject to relations that are linear

dual to the rj .

We record an explicit description of the procedure of cycle completion that produces a given class in the
Tor groups, which will be useful later.

Remark 3.18 Call aiaj allowable if .i; j /2B and unallowable otherwise. Since we are working over F2

and the cohomology of R as a bigraded F2-module is finite in each bidegree, we are allowed identify the
bigraded F2-modules TorR

m;n.F2;F2/ with the F2-linear dual of Extm;n
R
.F2;F2/. To simplify notation, we

will name classes in TorR
m;n.F2;F2/ by its the name of its dual in Extm;n

R
.F2;F2/. A cycle corresponding

to the class
a_i1

a_i2
� � � a_im

2 TorR
m;�.F2;F2/

with .ik ; ikC1/ unallowable for all k in the reduced bar complex over R is a sum
P

j Œaj1
jaj2
j : : : jajm

� 2

R˝m that contains the term Œai1
jai2
j : : : jaim

� with nonzero coefficient. We call this the cycle completion
of the monomial Œai1

jai2
j : : : jaim

�. To find the cycle explicitly, we start with ˛0 D Œai1
jai2
j : : : jaim

�.
The differential @ is a sum of face maps composing adjacent terms aik

aikC1
. We use the relation

aik
aikC1

D
P

bjk
bjkC1

to cancel out the terms Œai1
j : : : jaik

aikC1
j : : : jaim

� in the differential by addingP
Œai1
j : : : jajk�1

jbjk
jbjkC1

jajkC2
j : : : jaim

� to ˛0 for all k and denote the resulting sum ˛1. Then we
pair off the differential for every term in ˛1 � ˛0, ie for each nonzero term in @.˛1 � ˛0/ obtained by
composing an unallowable 2-tuple via the k th face map, we use the relations in R to find a sum in R˝m

whose image under the k th face map cancel out that term. Thus we obtain a new sum ˛2 such that all
terms in the differential on ˛1 are paired off. Now we repeat the process again. It has to terminate since
the number of unallowable adjacent pairs is nonincreasing for any term at each step and there are finitely
many monomials with a given number of unallowable adjacent pairs. In other words, ai1

ai2
� � � aim

can
be written as a unique sum of basis monomials through this iterative process in finite steps.

Lemma 3.19 (1) Suppose that LD†kF2 is a trivial Lies;ti
R -algebra. Then ��;� Bar�.id;Lies;ti;AR�.L//

is the exterior algebra over F2 on generators 
I QJ .xk/, where xk is the generator of ��.L/,
J D .j1; : : : ; jr / satisfies

jlC1C � � �C jr C k � .r � l/� jl � 2jlC1

for 1� l < r and jr > k, and I is 
 -admissible with e.I/� r . In lower indexing , the generators
are 
I QJ .xk/, where J D .j1; : : : ; jr / satisfies 0� jl � jlC1C 1 for all l , and I is 
 -admissible
with e.I/� r .
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(2) Let L be the Lies;ti
R -algebra with underlying R-module �n FreeModR

ModF2
.†nCkF2/; n� 1 and trivial

Lie brackets. Then ��;� Bar�.id;Lies;ti;AR�.L// is the exterior algebra over F2 on generators

I QJ .xk/, where J D .j1; : : : ; jr / satisfies 0� jl � jlC1C 1 for all l < r and 0� jr < n, and I

is 
 -admissible with e.I/� r .

Proof (1) In light of Corollary 3.16, it suffices to compute

��;�.AR�.L//D ��;� Bar�.id;AR; †
kF2/;

where the right hand side is the unstable Tor groups UnTorR�;�.F2; †
kF2/. The unstable Tor groups are

computed by taking the homotopy groups of the subcomplex of the bar complex computing the Tor groups
TorR�;�.F2; †

kF2/ obtained by regarding †kF2 as an unstable trivial module over R and imposing the
instability conditions ŒQj j˛�D 0 for j � j˛j; see [15, Section 3].

The quadratic algebra R is a homogeneous Koszul algebra, since the canonical basis

fQj1 � � �Qjr ; ji > 2jiC18ig

of R is a Poincaré–Birkhoff–Witt basis in the sense of Priddy [51, Theorem 5.3]. In particular, it follows
from Priddy’s machinery [51, Theorems 2.5, 3.8] that the Tor group TorRs;�.F2;F2/ has a basis consisting
of cycles indexed by Qj1 � � �Qjs , where ji � 2jiC1 for all i .

To compute the unstable Tor groups on a class xk of internal degree k, we need to impose the instability
condition Qj .x/ D 0 for j < jxj, then the basis of UnTorRr;�.F2;F2fxkg/ consists of basis elements
of TorRr;�.F2;F2/ satisfying ji > ji�1 � 1C ji�2 � 1C � � � C jr � 1C jxj for all i < r and jr � k, or
equivalently sequences Qj1

� � �Qjs
.xk/, where 0� ji � jiC1C 1 for all i .

(2) Iterating Proposition 2.10 yields a canonical map of R-modules

LD�n FreeModR
ModF2

.†nCkF2/!�1 FreeModR
ModF2

.†1†kF2/Š†
kF2;

which gives rise to a surjective map of Lies;ti
R -algebras with trivial brackets. The underlying F2-module

of L has basis QJ xk , where J D .j1; : : : ; jr / is a basis element of R satisfying jr � nC k. Suppose
that ˛ 2 AR�.L/ is the cycle completion of an element Qj1 j : : : jQjr jxk with k � jr < nC k and
jlC1� 1C � � �C jr � 1Ck � jl � 2jlC1 for l < r . Since cycle completion via Behrens’ relations in the
sense of Remark 3.18 cannot increase the index of the right most operation, the differentials supported by
˛ are the same as those supported by its image in AR�.F2fxkg/, so ˛ is a nontrivial cycle. Otherwise, all
but the rightmost face maps send ˛ to zero, while the rightmost face map from at least one (distinct) term
of ˛ is nonzero, so it is impossible to complete the cycle. Switching to lower-indexing yields the desired
answer.

Combining Theorem 3.15 and Lemma 3.19, we have:
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Corollary 3.20 For gD�n FreeModR
ModF2

.†nCkF2/ with 1� n�1, the E1-page ��;� Bar�.id;Lies;ti
R ; g/

of the algebraic 
1-Bockstein spectral sequence (see Theorem 3.6) is the (shifted graded ) exterior algebra
on generators 
I QJ .xk/, where I D .i1; : : : ; im/ is 
 -admissible with e.I/ � r and J D .j1; : : : ; jr /

satisfies 0� jl � jlC1C 1 for l < r , 0� jr < n.

3.3 Quillen homology of Lies

R
-algebras with trivial brackets

Next we want to identify the differentials in the May-type spectral sequence and the 
1-Bockstein spectral
sequence when gD�n FreeModR

ModF2
.†nCkF2/. There is no canonical map from ��;� Bar�.id;Lies

R; g/ to the
E1-page ��;� Bar�.id;Lies;ti

R ; g/ of the 
1-Bockstein spectral sequence; instead we map Bar�.id;Lies
R; g/

into the bar construction of another variant of Lies
R-algebras.

Definition 3.21 Let ModR>0
� ModR be the subcategory of allowable R-modules M such that

Q0.x/D 0 for all x 2M . Denote by Free
ModR>0ModF2

the free R>0-module functor, and AR>0
the additive

monad associated to the free functor. Let Lies;ti
R>0
DAR>0

ıLies;ti, where the composite monad on the
right has distributivity given by ŒQj .�/; .�/�D 0.

By Proposition 2.8, there is an equivalence of Lies
R-algebras

Lies
R.M /DAR ıLies.M /=.Q0.x/D Œx;x�;x 2M /:

In comparison, there is an equivalence of Lies;ti
R>0

-algebras

Lies;ti
R>0

.M /DAR>0
ıLies;ti.M /DAR ıLies.M /=hQ0.x/; Œx;x�;x 2M i;

where the quotient is taken with respect to the left R-algebra ideal. Hence the category Lies;ti
R>0

of
Lies;ti

R>0
-algebras is the subcategory of Lies

R-algebras L satisfying the condition that Q0.x/D Œx;x�D 0

for all x 2L. The inclusion
T

Lies

R
Lies;ti

R>0

.g/ W Lies;ti
R>0

! Lies
R

of subcategory admits a left adjoint Q
Lies

R
Lies;ti

R>0

.g/ that takes the quotient by the R-algebra ideal of the
self-brackets. When g is a Lies

R-algebra with trivial Lies brackets, Q
Lies

R
Lies;ti

R>0

.g/ is given by equipping the
R>0-module QModR

ModR>0

.g/ with trivial Lies;ti brackets.

Lemma 3.22 Let g be an Lies
R-algebra. There is a surjective map of simplicial F2-modules

' W Bar�.id;Lies
R; g/! Bar�.id;Lies;ti

R>0

;Q
Lies

R
Lies;ti

R>0

.g//:

Proof There is a map of monads Lies
R! Lies;ti

R>0

that sends the symbol Q0 to 0, and this induces the
map of bar constructions in question.

The homotopy group of Bar�.id;Lies;ti
R>0

;L/ is computed in the same way as for Bar�.id;Lies;ti
R ;L/ via

Lemmas 2.13 and 3.19 (Q0 operation no longer appears in the generators).
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Construction 3.23 For L a Lies;ti
R>0

-algebra with Lies;ti-bracket h�; �i, denote by AR>0
�
.L/ the bar

construction Bar�.id;AR>0
;L/ equipped with the simplicial Lies;ti-algebra structure given levelwise by

h˛1j˛2j : : : j˛njx; ˇ1jˇ2j : : : jˇnjyi D

�
1j : : : j1jhx;yi if ˛i D ˇi D 1; 1� i � n;

0 otherwise:

Lemma 3.24 (1) There is an isomorphism

��;� Bar�.id;Lies;ti
R>0

; †kF2/Š ��;� Bar�.id;Lies;ti;Bar�.id;AR>0
; †kF2//

Š ��;�ƒ
�.UnTorR>0

�;� .F2;F2fxkg//:

Hence ��;� Bar�.id;Lies;ti
R>0

; †kF2/ is the exterior algebra on generators 
I QJ .xk/, where J D

.j1; : : : ; jr / satisfies 1� jl � jl C 1 for all l and I is 
 -admissible with e.I/� r .

(2) The homotopy group of Bar�.id;Lies;ti
R>0

; �n FreeModR>0ModF2

.†nCkF2// is the exterior algebra on
generators 
I QJ .xk/, where J D .j1; : : : ; jr / satisfies 1� jr < n and 1� jl � jl C 1 for l < r ,
while I is 
 -admissible with e.I/� r .

(3) For L D �n FreeModR>0
ModF2

.†nCkF2/ with 1 � n �1, the quotient map of monads AR ! AR>0

induces a surjective map ��;� Bar�.id;Lies;ti
R ;L/!��;� Bar�.id;Lies;ti

R>0
;L/ that sends the symbol

Q0 to 0.

In order to use the comparison map (see Lemma 3.22)

'� W ��;� Bar�.id;Lies
R; g/! ��;� Bar�.id;Lies;ti

R>0

; g/

to detect differentials and permanent cycles, we make use of explicit combinatorial formulae of 
i by
Bökstedt and Ottosen. The grading conventions are modified to suit our context.

For r; i 2 N with 1 � i � r , let U.r; i/ be the set of pairs .A;B/ of ordered sequences a1 < � � � < ai ,
b1 < � � �< bi such that fa1; : : : ; aig and fb1; : : : ; big are complementary subsets of

fr � i; r � i C 1; : : : ; r C i � 1g:

Let V .r; i/� U.r; i/ be the subset with a1 D r � i .

Proposition 3.25 [13, Theorem 1.3, Lemma 3.1] Suppose that V� is a simplicial F2-module with face
maps dj . Let z be a representative of a class Œz�2�s;t .V�/ in the normalized complex N.V�/. For 2� i � s,
define


i.z/D
X

.A;B/2V .s;i/

sai
� � � sa2

sa1
.z/˝ sbi

� � � sb2
sb1
.z/ 2ƒ2.V�/:

Then dj .
i.z//D 0 for 0 � j � i C s, and the induced operation 
i W �s;t .V�/! �sCiC1;2t�1.ƒ
2.V�//

are exactly the Dwyer–Bousfield operations in Theorem 3.15.
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Remark 3.26 If in addition V� is exterior, then the formula above for i D 1 induces the operation

1 on ��;�.V�/. The operation 
1 is not well-defined when there is some element a in the simplicial
commutative algebra V� such that a˝ a¤ 0. This is because in N.V�/ the differential sends 
1.a/ to
a˝ a; see [27, Remarks 4.3, 4.4; 13, Remark 3.2].

Hence we obtain natural operations 
i for 1� i � s on

�s;�

�
Bar�.id;Lies;ti;AR>0

�
.†kF2//

�
Š �s;�

�
ƒ�.Bar�.id;AR>0

; †kF2//
�
;

and similarly on

�s;�

�
Bar�.id;Lies;ti;AR�.†kF2//

�
Š �s;�.ƒ

�
�
Bar�.id;AR; †

kF2//
�
:

Suppose that � is a cycle in AR>0
s .†kF2/. In the total complex of Bar�.id;Lies;ti;AR>0

�
.†kF2//, a

representative for the homotopy class 
i.Œ��/ is


i.�/D
X

.A;B/2V .s;i/

˝
sai
� � � sa2

sa1
.�/; sb1

sb2
� � � sbi

.�/
˛
2 Lies;ti

ı.AR>0
/ı.sCi/.†kF2/:

When we iterate the 
i operations, the formula is harder to write down explicitly.

Notation 3.27 Suppose that V� is a simplicial F2-module as a trivial simplicial Lies;ti-algebra. For
distinct classes Œ�1�; : : : ; Œ�n� 2 ��;�.V�/, denote by B.�1; : : : ; �n/ the cycle in the normalized complex
of Bar�.id;Lies;ti;V�/ that represents the class Œ�1�˝ � � � ˝ Œ�n� 2 ��;�.ƒn�1.V�// � ��;�.CE.V�// Š
��;� Bar�.id;Lies;ti;V�/, which is obtained by cycle completion via the Jacobi identity in the sense of
Remark 3.18.

Therefore a homotopy class Œ�1�˝� � �˝Œ�l �with l>1 in �s;�

�
ƒ�.Bar�.id;AR>0

; †kF2//
�

is represented by
an element B.�1; : : : ; �l/ in the summand .Lies;ti/ı.l�1/ı.AR>0

/ı.s�lC1/.†kF2/ of the total complex of
Bar�.id;Lies;ti;AR>0

�
.†kF2//. Since a representative for the homotopy class 
j
i.�/ in the total complex

of ƒ�.Bar�.id;FreeModR>0
ModF2

; †kF2// is given by


j
i.�/D
X

.C;D/2V .sCiC1;j/

X
.A;B/2V .s;i/

sC .sA.�/˝ sB.�//˝ sD.sA.�/˝ sB.�//;

a representative for 
j
i.�/ in the total complex of Bar�.id;Lies;ti;AR>0
�
.†kF2// is given the sum of

over all .A;B/ 2 V .s; i/, .C;D/ 2 V .sC i C 1; j / of B
�
sC sA.�/; sC sB.�/; sDsA.�/; sDsB.�/

�
, with

the three brackets coming from distinct simplicial filtrations.

Theorem 3.28 The Quillen homology

HQ
Lies
NR

�;� .�
n FreeModR

ModF2
.†nCkF2//Š �s;t Bar�.id;Lies

R; �
n FreeModR

ModF2
.†nCkF2//

of the Lies
R-algebra �n FreeModR

ModF2
.†nCkF2/; 1� n�1 is isomorphic as a bigraded vector space to the

exterior algebra on generators 
I QJ .xk/, where I D .i1; : : : ; im/ is 
 -admissible with e.I/ � r and
im � 2, whereas J D .j1; : : : ; jr / satisfies 0 � jl � jlC1C 1 for l < r , 0 � jr < n and if j1 D 0 then
either r D 1 or im D 2.
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Recall from Proposition 2.10 that in the case nD1,

†nCkF2 ' lim
n!1

�n FreeModR
ModF2

.†nCkF2/

is the trivial Lies
R-algebra †kF2.

Before we proceed to prove the theorem, we provide some intuition about the strategy. Since the input
Lies

R-algebra �n FreeModR
ModF2

.†nCkF2/ has vanishing Lie brackets, Remark 3.8 allows us to consider a
single May-type spectral sequence by considering the length filtration on �n FreeModR

ModF2
.†nCkF2/ shifted

up by two. From the construction of the May-type spectral sequence, we see that there is a higher
differential on a class on the E1-page Š ��;�.Bar�.id;Lies;ti

R ;L// if and only if its representative cycle,
considered as an element in Bar�.id;Lies

R;L/, admits a face map that evaluates a non-self-bracket to
a self-bracket. Remark 3.26 and Corollary 3.20 indicate that 
1 is the only operation that arises in
��;�.Bar�.id;Lies;ti

R ;L//Šƒf
I QJ .x/g with I 
 -admissible precisely because self-brackets are zero
in Lies;ti

R -algebras and thus generates all the differentials in the May-type spectral sequence. Hence
we expect ��;� Bar�.id;Lies

R;L/ to be a quotient of ��.Bar�.id;Lies;ti
R ;L// (see Corollary 3.20) by a

suitable ideal generated by 
1.˛/ for all ˛ 2 ��;�.AR�.L//, and we use the induced map on homotopy
groups of ' W Bar�.id;Lies

R;L/! Bar�.id;Lies;ti
R>0

;L/ from Lemma 3.22 to help detect the differentials
and permanent cycles.

Proof of Theorem 3.28 We focus on the case LD†kF2, since in the cases n<1 the only difference is an
extra condition on the rightmost operation in basis elements, so the same argument applies with no change.

Consider the map '� W��;� Bar�.id;Lies
R;L/!��;� Bar�.id;Lies;ti

R>0
;L/ from Lemma 3.22. Its cokernel

consists of all cycles in Bar�.id;Lies;ti
R>0

; †kF2/ whose preimage is the source of a differential to an
element that is in the kernel of '. Since ' is surjective by Lemma 3.22, this is equivalent to finding all
classes ˛ that are cycles in Bar�.id;Lies;ti

R>0
; †kF2/ precisely because the differential @0 in the normalized

complex of Bar�.id;Lies;ti
R>0

; †kF2/ sends ˛ to a linear combination of elements that contain self-brackets
or Q0. In other words, via the inclusion to ��;� Bar�.id;Lies;ti

R ; †kF2/ in Lemma 3.24(3), all elements in
the cokernel of '� support differentials in the May spectral sequence.

We start with the generators of the exterior algebra, see Lemma 3.19. Let Œ˛�DQj1
Qj2
� � �Qjr

.xk/ be a
basis element of ��;� Bar�.id;Lies;ti;AR>0

�
.†kF2//, represented by a cycle

˛ DQj1
j : : : jQjr

jxk C

X
l

Qj 0
1
j : : : jQj 0r

jxk in Bar�.id;Lies;ti
R>0

; †kF2/:

The terms in the summation comes from cycle completion via Behrens’ relations in the sense of
Remark 3.18, with the condition that any term containing Q0 is 0. It has preimage Q̨ the cycle completion
of Qj1

j : : : jQjr
jxk in Bar�.id;Lies

R; †
kF2/ via Behrens’ relations, which is the sum of ˛ and terms

Qj 0
1
j : : : jQj 0r

jxk such that at least one of the Qj 0
l
, l > 1 is equal to Q0. By [13, Lemma 3.1], the

differential @ in the normalized complex of Bar�.id;Lies;ti
R>0

; †kF2/ sends 
i.˛/; i � 2 to zero because
the terms are either zero or cancel out in pairs due to the simplicial identities of face and degeneracy maps.
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Hence its preimage 
i. Q̨ / is also a cycle in the normalized complex of Bar�.id;Lies
R; †

kF2/ and hence a
permanent cycle in the May spectral sequence. Similarly, for any 
 -admissible sequence I D .i1; : : : ; im/

with im � 2, 
I .˛/ lifts to a cycle 
I . Q̨ / in Bar�.id;Lies
R; †

kF2/ and hence a permanent cycle in the May
spectral sequence. By naturality of the 
i operations and Lemma 3.24(3), the class 
I .˛/ with im � 2

and ˛ 2 ��;�.AR�.†kF2// is also a permanent cycle.

On the other hand, the differential @ sends 
1.˛/ to h˛; ˛i D 0 in Bar�.id;Lies;ti
R>0

; †kF2/, whereas its
preimage 
1. Q̨ /D Œs0 Q̨ ; s1 Q̨ � maps to Œ Q̨ ; Q̨ �DQ0j Q̨ under the differential in Bar�.id;Lies

R; †
kF2/, which

is in the kernel of '. In other words, there is a differential in the May-type spectral sequence from

1.˛/ 2 ��;� Bar�.id;Lies;ti

R ; †kF2/ to Q0˛. Similarly, for any 
 -admissible sequence I D .i1; : : : ; im/

with im � 2, 
I
1.˛/ is a cycle in Bar�.id;Lies;ti
R>0

; †kF2/ because of the self-bracket in @
I
1.˛/ D


I

�
@.
1.˛//

�
if the simplicial degree of ˛ is r > 1 and

@
I
1.˛/D @.
1.˛//˝ 
1.˛/˝ 
2
1.˛/˝ � � �˝ 
2m�1 : : : 
2
1.˛/

if r D 1; see [34, 3.9(i)]. On the other hand, its preimage 
I
1. Q̨ / is mapped by the total differential in
Bar�.id;Lies

R; †
kF2/ to the cycle completion B.Q0j Q̨ ; 
1. Q̨ /; : : : ; 
2m�1 : : : 
2
1. Q̨ // (see Notation 3.27)

if r D 1, and to 
I .Œ Q̨ ; Q̨ �/ when r > 1. Note that in ��;� Bar�.id;Lies;ti
R ; †kF2/ Š ƒf
I QJ .xk/g

with I 
 -admissible and J satisfying certain conditions, we have Œ
I .Œ Q̨ ; Q̨ �/�D Œ
I 0.Q0j Q̨ /� with I 0 D

.i1C 2m�1; : : : ; imC 1/. There is a shift in the indexing of the 
 operations because by construction the
self-brackets appearing in the same bracket term live in distinct filtrations when more 
 s are applied, so
replacing each self-bracket by a Q0 in a cycle will increase the index of the acting 
i by one. In particular,
we note that imC 1� 3. Hence there is a differential in the May-type spectral sequence from 
I
1.˛/ to

I 0.Q0j˛/, and all the generators 
I
1.˛/ of the exterior algebra ��;� Bar�.id;Lies;ti;AR>0

�
.†kF2// are

in the cokernel of '�. Again by naturality of the 
i operations and Lemma 3.24(3), the class 
I
1.˛/ 2

��;� Bar�.id;Lies;ti
R ; †kF2/ supports a differential to 
I 0.Q0˛/ in the May-type spectral sequence.

In general, suppose Œ˛� is a basis element of

��;� Bar�.id;Lies;ti
R ; †kF2/Š ��;� Bar�.id;Lies;ti;AR�.†kF2//

that is the exterior product of generators 
I1
.Œ˛1�/; : : : ; 
In

.Œ˛n�/ with each ˛i the cycle completion of a
basis element Œ˛i � 2 ��;�AR�.†kF2/. It is represented by a cycle ˛ D B.
I1

.˛1/; : : : ; 
In
.˛n// in the

total complex of Bar�.id;Lies;ti;AR�.†kF2//, see Notation 3.27, since dj .
Il
.˛l//D 0 for all j and l

by Proposition 3.25. Then Œ˛� supports a differential in the May-type spectral sequence if and only if at
least one of the 
 -admissible sequences Il is of the form Il D .il1

; : : : ; ilm
; 1/. By Corollary 3.20, the

above covers all classes in the F2-basis of the E1-page of ��;� Bar�.id;Lies;ti
R ; †kF2/.

Remark 3.29 Note that ��;� Bar�.id;Lies
R; †

kF2/ is the cofree coalgebra on †kF2 over the comonad

jBar�.id;Lies
R; �/j WD ��;� Bar�.id;FreeLies

R
; �/
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on ModF2
. The coalgebra structure map is given by

jBar�.id;Lies
R; †

kF2/j
'
 �

ˇ̌
Bar�

�
id;Lies

R; jBar�.Free
Lies

R
ModF2

;Lies
R; †

kF2/j
�ˇ̌

�!
ˇ̌
Bar�

�
id;Lies

R; jBar�.id;Lies
R; †

kF2/j
�ˇ̌
;

where the last map makes use of the augmentation FreeLies
R

ModF2

! id; see [16, Appendix D]. In particular,
��;� Bar�.id;Lies

R; †
kF2/ records all natural unary operations on a degree k class in the mod 2 Quillen

homology of Lies
R-algebras, and Theorem 3.28 gives us a dimension count.

4 Application to the Knudsen spectral sequence

The rest of the paper is devoted to studying the mod p homology of labeled configuration spaces using
the computation of Quillen homology of spectral Lie algebras. The coefficients for homology is F2 unless
otherwise specified.

Let M be a manifold of dimension n and X a spectrum. The configuration space of k points in M

labeled by X is the spectrum

Bk.M IX /D†
1
C Confk.M /˝†k

X˝k ;

considered as a weighted spectra of weight k. Here Confk.M / is the space of k-tuples of pairwise
distinct points in M . Denote by sL the monad associated to the free spectral Lie algebra functor FreesL .
The1-category of spectral Lie algebras is cotensored in Spaces, and we write .�/M

C

for the cotensor
with the one-point compactification of M in this category. In [39], Knudsen established the following
equivalence using factorization homology; see [17, Theorem 5.1].

Theorem 4.1 [39, Section 3.4] Let M be a parallelizable n-manifold and X a spectrum. Consider X as
a weighted spectrum of weight one. Then there is an equivalence of weighted spectraM

k�1

Bk.M IX /' jBar�.id; sL ;FreesL .†nX /M
C

/j:

The left hand side is weighted by the index k; the weight filtration on the right hand side is given by
propagating the weight on X via the free spectral Lie operad functor.

Applying the bar spectral sequence (Proposition 2.16) to the bar construction on the right hand side, we
obtain the following:

Proposition 4.2 There is a weighted spectral sequence

(10) E2
s;t D HQ

Lies
NR

s;t

�
H�.FreesL .†nX /M

C

/
�
)

M
k�1

HsCt .Bk.M IX //:
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The Lies
R-algebra structure on the F2-module

H�.FreesL .†nX /M
C

/Š zH�.MC/˝H�.FreesL .†nX //Š zH�.MC/˝Free
Lies

R
ModF2

.H�.†
nX //

has an explicit description.

Proposition 4.3 [17, Proposition 5.9] Let g be a spectral Lie algebra. Then there is a spectral Lie
algebra structure on the cotensor gMC in the category of spectra. The weight two structural map factors as

@2.Id/˝ .D.MC/˝ g/˝2
h†2
!D.MC/˝2

h†2
˝ .@2.Id/˝ g˝2

h†2
/

D.ı�/˝��
�������!D.MC/˝ g;

where D is the Spanier–Whitehead dual and ı the diagonal embedding.

As a result, the shifted Lie bracket on zH�.MC/˝H�.g/ is given by

Œy1˝x1;y2˝x2� WD .y1[y2/˝ Œx1;x2�:

On the other hand, the Steenrod operations on H�.MC/ induces a twisted R-module structure in the
cotensor.

Proposition 4.4 The operations Qj act on zH�.MC/˝H�.g/ by

Qj .y˝x/D
X

i

Sqi�j .y/˝Qi.x/:

Proof Applying the Cartan formula Qj .y˝x/D
P

i Qj�i.y/˝Qi.x/ for the extended Dyer–Lashof
operations Qj W x 7! ej�jxj˝ x˝ x and the identification Q�i D Sqi [46] to the definition of the Qj

operations, we have

Qj .y˝x/D ���
�1

�X
i

Sqi�j .y/˝Qi.x/

�
D

X
i

Sqi�j .y/˝���
�1Qi.x/D

X
i

Sqi�j .y/˝Qi.x/:

Here ��1 is the desuspension isomorphism, and � is the second structure map of spectral Lie algebras.

4.1 The universal case

Now we apply Theorem 3.28 to the case where M is the Euclidean space. While the homology for
Bk.R

nIX / is well-understood [18; 24; 47], we observe interesting patterns of higher differentials in the
associated Knudsen spectral sequence. Furthermore, the computation of the E2-page in these cases will
be useful in deducing the E2-page for a general M .

Since zH�.Sn/DF2f�ng is concentrated in one dimension, the only nonzero Steenrod operation is Sq0
D id,

so the R-module structure on zH�.Sn/˝H�.g/ is given by

Qj .�n˝x/D ��nQj .x/DQj .��nx/; x 2 g:
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In the limiting case M DR1 D lim
n!1

Rn, we have the stabilization

lim
n!1

�n FreesL .†nX /'X;

and the spectral sequence (10) becomes

(11) E2
s;t D HQ

Lies
NR

s;t .†kF2/)HsCt .FreeE1.Sk//:

The E2-page is computed in Theorem 3.28. Namely, it is the exterior algebra generated by one class xk

and two types of operations on coalgebras over the comonad ��;� Bar�.id;Lies
R; �/,

Qj
WE2

h;s;t !E2
h;sC1;tCj�1; j � t;


i WE
2
h;s;t !E2

2hC1;sCi;2t�1; 2� i � s;

under a further splitting of the filtration degree into a sum of homological degree h counting the number
of brackets and simplicial degree s counting the number of Qj .

Comparing with the computation of H�.FreeE1.Sk// [18; 47], which is the E1-page, we can im-
mediately deduce that the E2-page is much larger. Using sparsity arguments, we can identify higher
differentials in low degrees, which allows us to make the following conjecture.

Conjecture 4.5 Each page of the spectral sequence

E2
s;t D HQ

Lies
NR

s;t .†kF2/) �sCt Bar�.id; sL ; †kF2/ŠHsCt .FreeE1.Sk//

is an exterior algebra. The higher differentials on the exterior generators of the E2-page are given as
follows:

(1) For an exterior generator ˛ DQj1
: : :Qjm

.xk/ on the E2-page , we have

drC1
rC1.˛/DQr .˛/

for r <m and r � j1C 1.

(2) For an exterior generator ˇ D 
nC1Qj1
: : :Qjm�1

.xk/ on the E2-page , we have
(a) dnC1.ˇ/DQnQj1

: : :Qjm�1
.xk/,

(b) dnC1
mCn.ˇ/D dnC1.ˇ/˝ˇ,
(c) 
ld

nC1.ˇ/D d2nC1
nCl�1.ˇ/ for nC 3� l �m.

These generate all higher differentials under further applications of 
i operations in accordance with (2)(b )
and (2)(c), as well as the exterior product.

Figure 1 is an illustration of the higher differentials in homological Adams grading .sC t; s/ for ˇ D

nC1Qj1

: : :Qjm
.xk/ and ˛DQnQj1

: : :Qjm�1
.xk/ with internal degree b. Set aD 2bCmC1. Along

the horizontal line sDmC1 we have generators Q1.˛/; : : : ;QnC1.˛/, each receiving a solid differential
via Conjecture 4.5(1). Along the top slope we have, for each l with nC 2 < l � m, a dashed arrow
d2nC1.
nCl�1.ˇ//D 
l.˛/, which correspond to the differentials in Conjecture 4.5(2)(c). Finally we
have a dotted arrow hitting the cross term, corresponding to Conjecture 4.5(2)(b).
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2mC2nC3 �

2mC2nC2 �

2mC2nC1 �

:
:
:

mC3nC5 �

mC3nC4 �

:
:
:

2mCnC2 : : : �

:
:
:

2mC1 �

2m �

:
:
:

mCnC5

mCnC4 �

mCnC3 �

mCnC2 �

mCnC2 �

:
:
:

mC4 � � � �

mC3 �

mC2

mC1 � � � � � � �
aC1 � � � aCnC1

Figure 1: Conjecture 4.5 higher differentials.

Remark 4.6 The pattern in the universal case is similar to the pattern of universal higher differentials
in [26, Proposition 2.6; 56], where divided squares kills off Steenrod operations that are not admissible.
Here, the Dyer–Lashof operations Qj on the E1-page should be represented by the surviving Qj

operations. On the E2-page, the admissibility condition for Qj allows for more admissible sequences
than the Dyer–Lashof algebra. The 
i operations eliminate the Qj operations that do not satisfy the
admissibility condition for Dyer–Lashof operations via higher differentials.

One major difference is that while Steenrod operations can be defined on the spectral sequence filtrationwise
in [26; 56], the operations Qj increase filtration by one. Hence the classical methods of producing
operations on spectral sequences by chain-level constructions no longer apply.

In forthcoming work with Robert Burklund and Andrew Senger, we use a suitable deformation of the
comonad associated to the bar construction jBar�.id; sL ; �/j to the1-category of Postnikov-connective
filtered F2-modules, which allows us to detect the pattern of higher differentials in Conjecture 4.5.

Remark 4.7 The spectral sequence we study here is analogous to the bar spectral sequence

E2
s;t D �s�t Bar�.id;Enu

1˝Fp; ��.A//) �sCt Bar�.id;Enu
1˝Fp;A/

and its dual. The latter was used to identify operations on homotopy groups of spectral partition Lie
algebras and mod p TAQ cohomology operations of nonunital E1-Fp-algebras in [57], which subsumes
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unpublished work of Kříž, Basterra and Mandell. The E2-page of this spectral sequence is the André–
Quillen homology of PolyR-algebras, ie graded F2-modules equipped with Dyer–Lashof operations and
a polynomial product that satisfying the Cartan formula. In contrast to Conjecture 4.5, this spectral
sequence collapses on the E2-page. Heuristically, the phenomenon here arises from the nonadditivity of
the free Lies-algebra functor and the order of the factorization Q

Lies
R

ModF2

DQLies

ModF2

ıQLies
R

Lies , which results
in simplicial homotopy operations. Whereas the Dyer–Lashof operations are additive away from the
bottom operations on even degree classes, so the factorization QPolyR

ModFp
DQModR>0

ModFp
ıQPolyR

ModR>0
does not

introduce simplicial homotopy operations.

4.2 With coefficients

Next, we take up a slightly more complicated case, where M DRn with labels in an arbitrary spectrum X .
Then H�.FreesL .†nX /M

C

/Š�n FreeLies

R
ModF2

.†nH�.X // and the spectral sequence (10) becomes

(12) E2
s;t D HQ

Lies
NR

s;t .�n Free
Lies

R
ModF2

.†nH�.X ///)HsCt .FreeEn.X //:

When X D Sk , the E2-page HQ
Lies
NR

s;t .�n Free
Lies

R
ModF2

.†nCkF2// is computed in Theorem 3.28.

Write H�.X /Š
L

k;l F2fxk;lg, where fxk;lgl is an F2-basis of Hk.X / for each k. Then

gDH�
�
�n FreesL .†nH�.X //

�
Š F2f�ng˝H�

�
FreesL .†nH�.X //

�
Š F2f�ng˝

�M
w2W

F2fQ
Jw; J 2R.d.w//g

�
by [2, Proposition 7.3]. Here R.n/ is the quotient of R by the relations

Qj1 : : :Qjk D 0 if j1 < j2C � � �C jk C n;

and W is the set of Lyndon words on the set of letters f�nxk;lgk;l , which is a basis for the free Lies;ti-
algebra on generators f�nxk;lgk;l .

We define the degree of a word w 2 W to be d.w/ D 1C
P

k;l mk;l.w/.nC k � 1/, where mk;l.w/

counts the number of times the letter �nxk;l appears in w. Set

gw D F2f�ng˝F2fQ
Jw; J 2R.nCjwj/g:

Then g '
L
w2W gw with trivial brackets. Note that this splitting is induced by an equivalence of

sL -algebras in F2-module spectra

.FreesL .†nX //.R
n/C
˝F2 'D.Sn/˝FreesL .†nX ˝F2/'D.Sn/˝FreesL

�_
xk;l

†nCkF2

�
'

_
w2W

.FreesL .†d.w/F2//
.Rn/C ;

where the last step makes use of Corollary 5.13 in [3]. The equivalence above would only be that of
F2-module spectra if we did not kill the brackets by cotensoring with .Rn/C. Therefore we deduce:
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Proposition 4.8 The spectral sequence E2
s;t D HQ

Lies
NR

s;t

�
�n Free

Lies

R
ModF2

.†nH�.X //
�
)HsCt.FreeEn.X //

splits as

E2
s;t Š

M
w2W

HQ
Lies
NR

s;t .gw/)
M
w2W

�sCt Bar�
�
id; sL ; �n FreesL .†n†d.w/�nF2/

�
:

Remark 4.9 The canonical map of spectral Lie algebras

�n FreesL .†nSk/!�1 FreesL .†1Sk/

via stabilization induces an embedding of the E2-pages

HQLies
NR.�n FreeModR

ModF2
.†nCkF2//! HQLies

NR.†kF2/

by Proposition 2.10 and Theorem 3.28. We expect that the higher differentials in the target (Conjecture 4.5)
pull back to higher differentials in the source. Indeed, combinatorially this will yield the computation
of the free En-algebra on a single generator. If H�.X / has multiple generators, then the splitting of
the spectral sequence above via Lyndon words corresponds precisely the Browder bracket on the free
En-algebra on those generators; see [24, III].

5 Upper bounds and low weight computations

For a general parallelizable manifold M of dimension n, the Lies
R-algebra

gD zH�.MC/˝Free
Lies

R
ModF2

.†nH�.X //

has nontrivial Lies-brackets and the precise image of the comparison map '� in Lemma 3.22 becomes
much harder to pin down. Nonetheless, Theorem 3.6 and Corollary 3.10 allow us to obtain a formula for
an upper bound of ��;� Bar�.id;Lies

R; g/ by

��;� Bar�.id;Lies;ti
R ; Qg/Š ��;�

�
CE.AR�.Qg//

�
that is an equivalence in weight less than four. Here QgD zH�.MC/˝FreeLies;ti

R .H�.X // is the associated
Lies;ti

R -algebra, where zH�.MC/ is equipped with the Lies;ti-bracket coming from the associated Lies;ti-
algebra of the Lies-algebra H�.MC/ with its usual cup product; see Construction 3.4. In particular, it
follows from Corollary 3.7 that in weight less than four, the two homotopy groups are isomorphic.

5.1 General upper bounds

We will see that ��;�
�
CE.AR�.Qg//

�
admits a description in terms of the Lies;ti-algebra homology of Qg.

The key observation is that for QgD zH�.MC/˝FreeLies;ti
R .H�.X //, AR�.Qg/ has trivial Lies;ti-structure

away from simplicial degree 0 and its degeneracies, see Construction 3.9, and the Lies;ti-bracket on Qg
vanishes on elements that involve Qi operations.
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Definition 5.1 For a Lies;ti-algebra g, we say that its Lies;ti-structure is supported entirely by a sub-
Lies;ti-algebra g0 if the Lies;ti-algebra g is isomorphic to the product Lies;ti-algebra N ˚ g0, where the
Lies;ti bracket vanishes on the complement N � g.

Lemma 5.2 Let QgDL˝FreeLies;ti
R

ModF2

.V / be a Lies;ti
R -algebra , where L is a nonunital graded commutative

algebra over F2 and the Lies;ti-structure on Qg is the usual one on the tensor product. Then

��;�
�
CE.AR�.Qg//

�
Šƒf
I .˛/; ˛ 2Ag˝H Lies;ti

�;� .Qg/;

where ˛ 2 A is an element of an F2-basis for ��1;�.AR�.Qg// with simplicial degree s.˛/, and I is

 -admissible with e.I/� s.˛/.

Proof Since brackets of operations are zero, the Lies;ti-algebra Qg is supported entirely by the sub-Lies;ti-
algebra g0

0
D L˝ FreeLies;ti

ModF2
.V /. Furthermore, for all m � 1, the Lies;ti-algebra ARm.Qg/ is supported

entirely by the degeneracies coming from g0
0

by Construction 3.9. Hence each simplicial level ARm.Qg/

is isomorphic to the product Lies;ti-algebra Tm˚ g0m, where g0m is the sub-Lies;ti
F2

-algebra consisting of
degeneracies of g0

0
and Tm a trivial Lies;ti-algebra. Since the splittings respect the simplicial Lies;ti-algebra

structure of AR�.Qg/, we deduce that AR�.Qg/ Š T� ˚ g0
�

as simplicial Lies;ti
F2

-algebras. This induces a
splitting of chain complexes

CE.AR�.Qg//Š CE.T�/˝CE.g0
�
/;

where T� is a trivial simplicial Lies;ti-algebra and g0
�

the constant simplicial object on g0
0
. The lemma

then follows from Theorem 3.15, noting that H Lies;ti

�;� .Qg/ŠH Lies;ti

�;� .T0/˝H Lies;ti

�;� .g0
0
/.

It remains to compute ��;�.AR�.Qg// for QgD zH�.MC/˝FreeLies;ti
R .H�.X //. Since g and Qg are isomorphic

as R-modules (see Remark 3.2), we will not distinguish the two. Recall from Proposition 4.4 that the
R-module structure on g is twisted by the Steenrod operations in the sense that

Qj .y˝˛/D
X

0�s�n

SqjCs.y/˝Qs.˛/:

Notation 5.3 Let H [fzg be an F2-basis of the cohomology ring H�.MC/, where z corresponds to the
added point in the one-point compactification and H is a basis for zH�.MC/. For y 2H , denote by jyj
the cohomological degree of y.

Let zB D fxaga be a totally ordered basis for V DH�.X / and B D f�nxaga with the induced ordering,
where n is the dimension of M . Denote by W the set of basic products on the set B. Then

gD zH�.MC/˝H�.FreesL .†nX //Š
M

w2W ;y2H

F2fyg˝F2fQ
Jw; J 2R.jwj/g:

Proposition 5.4 The bigraded homotopy group

��;�.AR�.Qg//D ��;�.AR�.g//

is isomorphic to ��;�.AR�.gtriv//, where the untwisted R-module gtriv has the same underlying F2-module
as g and the R-module structure is given by Qj .y˝x/D y˝Qj .x/ for all j .
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Proof We make use of a spectral sequence to filter away the twisting by the action of the Steenrod
operations. We abuse notation here and denote again by AR�.g/ the associated chain complex of AR�.g/.
Filter g in terms of decreasing cohomological degree of zH�.MC/, so we have

F�p.g/D zH
�p.MC/˝Free

Lies

R
ModF2

.V /Š
M

w2W;y2H;jyj�p

F2fy˝QJ .w/; J 2R.jwj/g

with associated graded pieces given by

G�p.g/D F�p.g/=F�p�1.g/Š
M

w2W;y2H;jyjDp

F2fy˝QJ .w/; J 2R.jwj/g:

Since action by Steenrod operations does not decrease cohomological degree, the induced filtration

F�p.AR�.g// WD AR�.F�p.g//

makes AR�.g/ a filtered chain complex. The associated graded pieces are

G�p.AR�.g//D AR�.G�p.g//D
M

w2W;y2H;jyjDp

AR�.F2fy˝QJ .w/; J 2R.jwj/g/

and the induced differential preserves direct summands.

Using the case M DRn in Proposition 4.8, we deduce that

E1
�p;q DH�pCq

�
Gp.AR�.g//

�
Š

M
w2W;y2H;jyjDp

��
�
AR�.F2fy˝QJ .w/;J 2R.jwj/g/

�
Š

M
w2W;y2H;jyjDp

F2

˚
Qj1 : : :Qjm.y˝w/; .j1; : : : ; jm/ 2R.p; jwj/

	
;

where R.p; jwj/ is the set of sequences .j1; : : : ; jm/ such that:

(1) jl � 2jlC1 for 1� l <m and jwj �p � jm < jwj.

(2) If m� 2 then jl � jlC1C � � �C jmCjwj � .m� l/ for

2� l �m� 1 and j1 > j2C � � �C jmCjwj � .m� 1/:

We claim that every class on the E1-page survives to a class on the E1-page by induction on zH�.MC/

along decreasing cohomological degree.

For y 2 zH n.MC/ 2 F�n.g/ a top cohomology class, there is no nonzero action by a Steenrod operation
on y other than Sq0, so the differential on ˇ in AR�.g/ is the same as the differential in G�n.AR�.g//, ie
ˇ survives to a nonzero class on the E1-page.

Suppose that in F�p�1.AR�.g// D AR�.F�p�1.g//, any basis element ˇ0 D Qj 0
1 : : :Qj 0m.y0 ˝ w0/

of the E1-page is a permanent cycle and they span all permanent cycles in F�p�1.AR�.g//. Let
Œˇ�DQj1 : : :Qjm.y˝w/ be a basis element on the E1-page, with y 2 zH p.MC/. A cycle representing
this class in AR�.G�p.g// is a finite sum

ˇ DQj1 j : : : jQjm j.y˝w/C
X

l

Ql1 j : : : jQlm j.y˝w/
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obtained by cycle completion via Behrens’ relations in the sense of Remark 3.18. Note that lm� jm< jwj

for all l . Let dm be the rightmost face map. Then in AR�.g/

@ˇ D @

�
Qj1 j : : : jQjm j.y˝w/C

X
l

Ql1 j : : : jQlm j.y˝w/

�

D 0C dm

�
Qj1 j : : : jQjm j.y˝w/C

X
l

Ql1 j : : : jQlm j.y˝w/

�
D

X
s�0

Qj1 j : : : jQjm�1 jSqs.y/˝QjmCs.w/C
X

l

X
s�0

Ql1 j : : : jQlm�1 jSqs.y/˝QlmCs.w/:

Note that the sum of these

�l DQl1 j : : : jQlm�1 jSqs.y/˝QlmCs.w/ or Qj1 j : : : jQjm�1 jSqs.y/˝QjmCs.w/

over s � 0 is a boundary in AR�.g/: If lm C s < jwj, then �l D 0. If lm C s � jwj or jm C s � jwj,
then s � 1, since lm � jm < jwj, so �l 2 F�p�1.AR�.g//. By the inductive hypothesis, the sum of
such �l is not a nonzero cycle on the E1-page and thus the boundary of a finite sum of classes in
F�p�1.AR�.g// of the form Qj 0

1 j : : : jQj 0m j.y0˝w0/ with jy0j � pC s > p. Denote by � this finite sum,
so @.ˇC �/D 0 in AR�.g/. Note that � is not a boundary because it is maximally nondegenerate and
� ¤ ˇ since ˇ is not in F�p�1.AR�.g//. Hence ˇC � is a cycle in AR�.g/ corresponding to the basis
element ˇ DQj1 : : :Qjm.y˝w/ on the E1-page. Therefore the dimension of the E1-page is at most
that of the E1-page, so no differential can happen in the spectral sequence.

Combing Lemma 5.2, Proposition 5.4 and Corollary 3.7, we deduce the following general upper bound
and low weight computation of the E2-page of the Knudsen spectral sequence.

Theorem 5.5 Let M be a parallelizable manifold of dimension n and X any spectrum. Let g denote the
Lies

R-algebra zH�.MC/˝ FreeLies
R

ModF2

.†nH�.X // with F2-basis B, and Qg the associated Lies;ti
R -algebra.

An upper bound for the E2-page of the weighted spectral sequence

(13) E2
s;t D HQ

Lies
NR

s;t .g/)
M
k�1

HsCt .Bk.M IX //

is given by

��;�
�
CE.AR�.Qg//

�
Šƒ

˚

I QJ .y˝w/;y˝w 2H ˝B

	
˝H Lies;ti

�;� .Qg/;

where 
I QJ .y˝w/ satisfies the conditions that

(1) J D .j1; : : : ; jm/ with m� 1, 0� jl � jlC1C 1 for 1� l <m, and 0� jm < jyj,

(2) I is 
 -admissible with e.I/�m.

Furthermore , in weight less than four equality is achieved.
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5.2 Low weight computations

Theorem 5.5 allows us to deduce the degeneration of the spectral sequence at weight two and three using
sparsity arguments. Denote by wtk.M / the weight k part of a weighted (bi)graded F2-module M and
set Er .k/D wtk.Er /.

Corollary 5.6 Let g; Qg be the same as in Theorem 5.5 and B;H bases given in Notation 5.3. The weight
two part of the spectral sequence (13)

E2
s;t .2/D wt2.HQ

Lies
NR

s;t .g//)HsCt .B2.M IX //

collapses on the E2-page , and hence

E1.2/ŠE2.2/Š wt2.H Lies;ti

�;� .Qg//˚
M

x2B;y2H

fQj .y˝x/; 0� j < jyjg:

Proof Since classes in the tensor factor

ADƒf
I .QJ .y˝w//; y˝w 2H ˝Bg

of Theorem 5.5 have weight at least two, classes of weight two lie in exactly one of the two tensor
components A and H Lies;ti

�;� .Qg/. The weight two classes in A are of the form Qj .y˝w/, where w has
weight one, ie w is an element of the F2-basis B of V D H�.X /; see Notation 5.3. The weight two
classes in H Lies;ti

�;� .Qg/ are of the form y˝hxa;xbi and .y˝xa/˝ .y
0˝xb/. Hence the weight two part of

the spectral sequence has E2-page concentrated in simplicial degrees 0; 1 and thus cannot admit higher
differentials.

In particular, this demonstrates that for a parallelizable M , the F2-module H�.B2.M IX // depends on
and only on the cohomology ring H�.MC/ when H�.X / has at least two generators.

Remark 5.7 This is in contrast to the case where X D Sr has only one generator in its homology:
Bödigheimer, Cohen and Taylor [12] showed that for any n-manifold M,M

k�1

H�.Bk.M IS
r //Š

nO
iD0

H�.�
n�iSnCr /˝dim Hi .M /

depends only on H�.M / as an F2-module.

There is a clear bijection from the weight 2 part of their decomposition to the basis above: Let xk denote the
generator of the free En-algebra H�.�

n†nSk/. For y a basis element of zH i.MC/ŠHi.M /, the bijec-
tion sends Qj .y˝xnCr / to the tensor with Qj .xrCi/ in the tensor factor H�.�

n�iSnCr / corresponding to
y and 1 in all other tensor factors. The Lies;ti-algebra Lies;ti g is trivial, so wt2.H Lies;ti

.Lies;ti g//Š fyy0g

where y;y0 ranges over distinct basis of zH i.MC/ and the bijection sends yy0 to the tensor with factors
y, y0 and 1 in all other slots.

On the other hand, the homology of Conf2.M /, the space of ordered configurations of two points in M,
also depends only on the cup product structure of H�.M / as discussed in [50, Section 1.1].
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Corollary 5.8 If in addition M is a closed manifold , then the weight three part of the spectral se-
quence (13) collapses on the E2-page , and a basis for H�.B3.M IX // is given by

E1.3/ŠE2.3/Š
M

x;x02B;y;y02H

F2f.Qj .y˝x//˝ .y0˝x0/; 0� j < jyjg˚wt3.H Lies;ti

�;� .Qg//;

Proof Let d denote the generator for zH 0.MC/ Š H 0.M /. Then any element that is a sum of
y˝ hhx1;x2i;x3i 2 H ˝B is killed by a sum of .y˝ hx1;x2i/˝ .d ˝ x3/. Since classes in A have
weights positive powers of two, weight three classes on the E2-page either live in wt3.H Lies;ti

�;� .Qg// with
simplicial degree one or two, or have the form

.Qj .y˝x//˝ .y0˝x0/ 2 wt2.A/˝wt1.H Lies;ti

�;� .Qg//

with simplicial degree two. Hence E2.3/ is concentrated in simplicial degree 1 and 2, so there cannot be
any higher differentials.

At the weight four part we can no longer deduce that the spectral sequence (13) collapses on the E2-page
using sparsity arguments. An upper bound for the bigraded F2-module E2.4/ is given by the weight four
part of A˝H Lies;ti

.Qg/, which consists of

(1) Qi.y˝hx;x
0i/ in simplicial degree one,

(2) QiQj .y˝x/ and Qi.y˝x/˝ .y0˝hx1;x2i/ in simplicial degree two,

(3) Qi.y˝x/˝Qj .y
0˝x0/ and Qi.y˝x/˝ .y1˝x1/˝ .y2˝x2/ in simplicial degree three,

(4) the weight four part of H Lies;ti
.Qg/.

There could well be a d2-differential from degree considerations.

We close this section by a few example computations: the closed torus, the punctured genus g surfaces
with g � 1 and the (punctured) real projective space RP3.

5.3 Example computations: closed torus and punctured genus g surfaces

Let †g;1 be a once-punctured surface of genus g � 1 and †1 the closed torus. Let zB D fxigi be a totally
ordered basis for H�.X / and B D f�2xigi with the induced ordering. Then

zH�.†C
g;1
/D

8<:
F2fai ˚ bi ; i D 1; : : : ;gg if � D 1;

F2fcg if � D 2;

0 otherwise;
with nonzero cup products ai [ bi D c for all i and no nontrivial Steenrod operations.

For the closed surface †1, we have

zH�.†C
1
/ŠH�.†1/D

8̂̂̂<̂
ˆ̂:

F2fdg if � D 0;

F2fa; bg if � D 1;

F2fcg if � D 2;

0 otherwise;

with nonzero cup products a[ b D c and d [y D y for all y 2H�.†1/.
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5.3.1 Weight two For M D †g;1, the weight two classes supporting nonzero CE differentials are
ı.ai ˝x1; bi ˝x2/D c˝hx1;x2i for x1 ¤ x2 2 B, since these are the only nonzero cup products not
involving the unit. Denote by H 1 the set of generators fai ; bi ; i D 1; : : : ;gg for zH 1.†C

g;1
/. Impose a

total ordering on H 1[fc; dg. By Corollary 5.6, a basis for H�.B2.†g;1IX // is given by

E1.2/DE2.2/

Š

M
x2B

F2

˚
Q0.y˝x/; y 2H 1

I Q0.c˝x/; Q1.c˝x/
	

˚

M
x1<x22B

F2

˚
y˝hx1;x2i; .y˝x1/˝ .y˝x2/; y 2H 1

I .c˝x1/˝ .c˝x2/
	

˚

M
x1;x22B

F2f.y˝x1/˝.c˝x2/; y 2H 1
g˚

M
x2B

F2

˚
.y˝x/˝.y0˝x/; y < y0 2H 1

[fcg
	

˚

M
x1<x22B

F2

˚
.y˝x1/˝.y

0
˝x2/C.a1˝x1/˝.b1˝x2/; y¤y0 2H 1; .y;y0/¤ .ai ; bi/

	
:

For M D†1, the weight two classes supporting CE differentials are

ı..a˝x2/˝ .b˝x2//D c˝hx1;x2i and ı..d ˝x1/˝ .y˝x2//D y˝hx1;x2i

for x1 ¤ x2 2 B and y 2 zH�.†C
1
/. By Corollary 5.6, a basis for H�.B2.†1IX // is given by

E1.2/DE2.2/

Š

M
x2B

F2

˚
Q0.y˝x/; y 2H 1

I Q0.c˝x/; Q1.c˝x/
	

˚

M
x1<x22B

F2

˚
.y˝x1/˝ .y˝x2/; y 2H 1

I .z˝x1/˝ .z˝x2/
	

˚

M
x1¤x22B

F2f.y˝x1/˝ .z˝x2/; y 2H 1
g

˚

M
x2B

F2

˚
.y˝x/˝ .y0˝x/; fy < y0g 2 fa; b; c; dg

	
˚

M
x1<x22B

F2

˚
.y˝x1/˝ .y

0
˝x2/; y;y0 2H 1; fy;y0g ¤ fa; bg

	
˚

M
x1<x22B

F2

˚
.y˝x1/˝.y

0
˝x2/C.d˝x1/˝.c˝x2/; fy;y

0
gDfa; bg or .y;y0/D .c; d/

	
:

Example 5.9 When X D Sk with k � 1, we have B D fx D �2�kg, so H�.B2.†1;S
k// has F2-basis˚

Q0.a˝x/; Q0.b˝x/; Q0.c˝x/; Q1.c˝x/I .y˝x/˝ .y0˝x/; fy < y0g � fa; b; c; dg
	
:

The weight two part of the Bödigheimer–Cohen–Taylor decomposition [12],

(14)
M
k�1

H�.Bk.†1IS
k//Š

nO
iD0

H�.�
2�iS2Ck/˝ dim Hi .M /

ŠH�.�
2†2Sk/˝H�.�†S1Ck/˝2

˝H�.S
2Ck/;
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is an F2-module on generators

Q0.xk/˝ 1˝ 1˝ 1; Q1.xk/˝ 1˝ 1˝ 1; 1˝Q0.xkC1/˝ 1˝ 1; 1˝ 1˝Q0.xkC1/˝ 1;

as well as 6 other elements, where we let two of the four tensor factors be 1 and the other two be the
weight 1 generators. There is a one-to-one correspondence by sending y˝x to xkC2�jyj and Qi.y˝x/

to Qi.xkC2�jyj/ for y D a; b; c; d .

5.3.2 Weight three Classes in ADƒ
�

I .Q

j1 j : : : jQjm j.y˝w//;m�1
�

have weights positive powers
of 2. Hence weight three classes in E2.3/ either live in wt3.H Lies;ti

�;� .Qg// or has the form

.Qj .y˝x//˝ .y0˝x0/ 2A˝H Lies;ti

�;� .Qg/; x;x0 2 B:

Let H be the set of generators for zH�.†C
g;1
/ Š zH�.†g/ and H 1 the set of generators for zH 1.†C

g;1
/.

Recall that QgD zH�.†g/˝FreeLies;ti
R

ModF2

.†nH�.X //. Then we have

E2.3/Š
M

x1;x22B

F2

˚
.Q0.y˝x1//˝ .y

0
˝x2/; y 2H 1; y0 2H

	
˚

M
x1;x22B

F2

˚
.Q0.c˝x1//˝ .y˝x2/; .Q1.c˝x//˝ .y˝x2/; y 2H

	
˚wt3.H Lies;ti

�;� .Qg//:

A complete list of an F2-basis of wt3.H Lies;ti

�;� .Qg// can be written down in a straight forward way.

The E2-page is concentrated in simplicial degree 0; 1; 2. We need to investigate all classes in E2
2;�
.3/ to

see if they support nontrivial d2-differentials to E2
0;�C1

.3/. Note that all classes in E2
0;�
.3/ are of the

form y˝hhx1;x2i;x3i for y 2H 1. Since E2.3/ is natural in H�.V /, we can assume x1;x2;x3 2 B

have internal degree k respectively. There are two cases:

(1) The class .Qj .y1˝x1//˝.y2˝x2/2E2
2;�
.3/ has internal degree at most 3k�5 for all y1;y2 2H,

while the class y˝hhx1;x2i;x1i has internal degree 3k � 3 for all y 2H 1. Hence they do not
support d2-differentials.

(2) The other type of classes in filtration 2 are of the form .y1˝ x1/˝ .y2˝ x2/˝ .y3˝ x3/ with
internal degrees at most 3k�5, while the class y˝hhx1;x2i;x3i has internal degree 3k�3. Hence
these classes do not support d2-differentials either.

Therefore the weight three part of the spectral sequence collapses at the E2-page, and we obtain a basis
for H�.B3.†g;1IX //.

For the closed surface †1, QgDH�.†1/˝FreeLies;ti
R

ModF2

.†nH�.X // and Corollary 5.8 says that

E1.3/DE2.3/Š
M

x1;x22B

F2

˚
.Q0.y˝x1//˝ .y

0
˝x2/; y 2H 1; y0 2H [fdg

	
˚

M
x1;x22B

F2

˚
.Q0.c˝x1//˝ .y˝x2/; .Q1.c˝x//˝ .y˝x2/; y 2H [fdg

	
˚wt3.H Lies;ti

�;� .Qg//:

We do not list the F2-basis of wt3..H Lies;ti

�;� .Qg// for simplicity.
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Example 5.10 As in the weight two case, our basis for H�.B3.†1;S
k//, k � 1 is in bijection with

the weight 3 part of Equation (14) by sending y˝ x to xkC2�jyj and Qi.y˝ x/ to Qi.xkC2�jyj/ for
y D a; b; c; d .

5.4 Example computations: (punctured) real projective space

The simplest examples of parallelizable manifolds admitting nontrivial Steenrod actions other than Sq0

are the real projective space RP3 and the once-punctured real projective space PRP3.

Let y be a generator for H 1.RP3/. Then

zH�..RP3/C/ŠH�.RP3/D F2Œy�=.y
4/; zH�.. PRP3/C/D zH�.RP3/D F2fy;y

2;y3
g

with the obvious cup products and one nontrivial Steenrod operation Sq1.y/D y2.

5.4.1 Weight two We deduce H�.B2. PRP3
IX // and H�.B2.RP3

IX // from Corollary 5.6. For
M D PRP3, there is only one nontrivial cup product y [y2 D y3, so

E1.2/DE2.2/D
M

x2B;aD1;2;3

F2fQj .y
a
˝x/; 0� j <ag˚

M
x2B

F2f.y
a
˝x/˝.yb

˝x/; 1�a<b�3g

˚

M
x1<x22B

F2

˚
y˝hx1;x2iI .y

a
˝x1/˝ .y

a
˝x2/; aD 2; 3

	
˚

M
x1¤x22B

F2f.y
a
˝x1/˝ .y

3
˝x2/; aD 1; 2g

˚

M
x1<x22B

F2

˚
.y1
˝x1/˝ .y

2
˝x2/C .y

2
˝x1/˝ .y

1
˝x2/

	
:

For M DRP3, the nonzero cup products are y[yD y2, y[y2D y3 and 1[yaD ya for 0� a� 3, so

E1.2/DE2.2/D
M

x2B;aD1;2;3

F2fQj .y
a
˝x/; 0� j <ag˚

M
x2B

F2f.y
a
˝x/˝.yb

˝x/; 0�a<b�3g

˚

M
x1<x22B

F2f.y
a
˝x1/˝ .y

a
˝x2/; aD 2; 3g

˚

M
x1¤x22B

F2f.y
a
˝x1/˝ .y

3
˝x2/; aD 1; 2g

˚

M
x1<x22B

F2

˚
.ya
˝x1/˝ .y

b
˝x2/C .y

3
˝x1/˝ .1˝x2/; .a; b/¤ .3; 0/

	
˚

M
x1<x22B

F2

˚
.ya
˝x1/˝ .1˝x2/C .1˝x1/˝ .y

a
˝x2/; aD 1; 2; 3

	
:

Example 5.11 When X D Sk with k � 1, we have BD fxD �2�kg, so H�.B2.RP3;Sk// has F2-basis˚
Qj .y

a
˝x/; 0� j < a; aD 1; 2; 3I .ya

˝x/˝ .yb
˝x/; 0� a< b � 3

	
:
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A bijection with weight 3 part of the Bödigheimer–Cohen–Taylor decomposition [12],M
k�1

H�.Bk.RP3
ISk//Š

nO
iD0

H�.�
3�iS3Ck/˝ dim Hi .M /

ŠH�.�
3†3Sk/˝H�.�

2†2SkC1/˝H�.�†SkC2/˝H�.S
kC3/

Š FreeE3.F2fxkg/˝FreeE2.F2ffxkC1g/˝FreeE1.F2fxkC2g/˝F2fxkg;

is given by sending ya˝x to xkC3�a and Qi.y
a˝x/ to Qi.xkC3�a/ for 0� a� 3.

5.4.2 Weight three For the closed manifold RP3 and Qg D H�.RP3/˝ FreeLies;ti
R

ModF2

.†nH�.X //, it
follows from Corollary 5.8 that

E1.3/DE2.3/Š wt3.H Lies;ti

�;� .Qg//˚
M

x1;x22B
1�a�3;0�b�3

F2

˚
.Qj .y

a
˝x1//˝ .y

b
˝x2/; 0� j < a

	
:

For the punctured real projective space PRP3 and QgD zH�.RP3/˝ FreeLies;ti
R

ModF2

.†nH�.X //, weight three
classes in E2.3/ either live in wt3.H Lies;ti

�;� .Qg// or has the form

.Qj .y
a
˝x//˝ .yb

˝x0/ 2A˝H Lies;ti

�;� .Qg/

with x;x0 2 B and 1� a; b � 3. Therefore

E2.3/D wt3.H Lies;ti

�;� .Qg//˚
M

x1;x22B;1�a;b�3

F2f.Qj j.y
a
˝x1//˝ .y

b
˝x2/; 0� j < ag:

A complete list of an F2-basis for wt3.H Lies;ti

�;� .Qg// is given by

(1) y˝hhx1;x2i;x3i for x1;x2;x3 2 B, x1 < x2, x1 < x3 in simplicial degree 0;

(2) .y3 ˝ hx1;x2i/˝ .y
b ˝ x3/C .y

3 ˝ hx1;x3i/˝ .y
b ˝ x2/C .y

3 ˝ hx2;x3i/˝ .y
b ˝ x1/ for

b D 1; 2 and .y˝hx1;x2i/˝ .y
2˝x3/C .y˝hx1;x3i/˝ .y

2˝x2/C .y˝hx2;x3i/˝ .y
2˝x1/ for

distinct xi 2 B in simplicial degree 1;

(3) .ya˝x1/˝ .y
b˝x2/˝ .y

c ˝x3/ for f1; 2g; f1; 1gª fa; b; cg and xi 2 B;X
fi;j ;kgDf1;2;3g; i<j

.y˝xi/˝.y˝xj /˝.y
2
˝xk/;

X
fi;j ;kgDf1;2;3g; j<k

.y˝xi/˝.y
2
˝xj /˝.y

2
˝xk/

for distinct x1;x2;x3 2 B in simplicial degree 2.

Again the E2-page is concentrated in simplicial degrees 0; 1; 2, and we use sparsity to rule out higher
differentials. Suppose that x1;x2;x3 have internal degree k. We examine the two cases that could
potentially support a d2-differential.

(1) The class .Qj .y
a ˝ x1// ˝ .y

b ˝ x2/ 2 E2
2;�
.3/ has internal degree at most 3k � 5 for all

1 � a; b � 3, while the class y ˝ hhx1;x2i;x1i has internal degree 3k � 3. Hence they do not
support d2-differentials.
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(2) The other type of classes in simplicial degree 2 are of the form .ya˝x1/˝ .y
b˝x2/˝ .y

c˝x3/

with internal degrees at most 3k � 5, while the class y˝hhx1;x2i;x3i has internal degree 3k � 3.
Hence these classes do not support d2-differentials either.

Therefore the weight three part of the spectral sequence collapses on the E2-page, and we obtain a basis
for H�.B3. PRP3

IX //.

6 Odd primary homology

In this last section, we apply the same methods to study the mod p homology of Bk.M IX / for p > 2

via the Knudsen spectral sequence with Fp coefficient.

6.1 Odd primary Knudsen spectral sequence

We start by recalling partial progress in understanding the unary operations on the mod p homology of
spectral Lie algebras by Kjaer [37]. He constructed weight p Dyer–Lashof-type operations in analogy to
Behrens’ construction of Qj , which was further clarified by the work of Konovalov.

Proposition 6.1 [37, Definition 3.2; 40, Definition 2.5.17] Let L be a spectral Lie algebra. Then
H�.LIFp/ admits unary operations

ˇ�Qj WH�.LIFp/!H�C2.p�1/i���1.LIFp/; � 2 f0; 1g; j 2 Z:

On a class x 2 H�.LIFp/ such that if jxj is even then 2j ¤ x, the class ˇ�Qj .x/ is given by
��.�

�1ˇ�Qj .x//, where ˇ�Qj is a mod p Dyer–Lashof operation , ��1 the desuspension isomorphism ,
and � W @p.Id/˝h†p

L˝p!L the pth structure map of the spectral Lie algebra L. When jxj D 2l , define
ˇQl.x/ via the isomorphism H�.@p.id/˝h†p

.S2l/˝p/ŠH�
�
†�1.@p.id/˝h†p

.S2l�1/˝p/
�
.

It follows from the instability condition of Dyer–Lashof operations that the allowability condition for the
operations ˇ� are given by ˇ�Qj .x/D 0 if j < 1

2
jxj. Analogous to the case p D 2, brackets of unary

operations always vanish.

Proposition 6.2 [37, Proposition 3.7] For L a spectral Lie algebra , Œˇ�Qj .x/;y�D 0 for any �; j and
x;y 2H�.LIFp/.

The relations among the unary operations were obtained by Konovalov.

Proposition 6.3 [40, Theorem 8.2.14] Let R be the free algebra over Fp on generators ˇ�Qj , �2f0; 1g,
subject to the relations

ˇ�Qj �ˇQi D .�1/�C1

iCj�1X
mDpi

�
p.m� i/� .p� 1/j C �� 1

m�pi

�
ˇQm �ˇ�QjCi�m

C .1� �/

iCj�1X
mDpiC1

�
p.m� i/� .p� 1/j

m�pi

�
Qm �ˇQjCi�m
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for j < pi , and

ˇ�Qj �Qi D

iCj�1X
mDpiC1

�
p.m� i/� .p� 1/j � 1

m�pi � 1

�
ˇ�Qm �QjCi�m

for j � pi . Then the mod p homology of a spectral Lie algebra is an allowable module over R.

Denote by AR the free allowable R-module monad. Let Lies
R WModFp

!ModFp
be the composite monad

AR ı Lies
Fp

subject to the commuting relations Proposition 6.2 when p > 3, and the monad given by

Lies
R.M /DAR ıLies

F3
.M /=hˇ�Qjxj=2.x/D ŒŒx;x�;x�i, where we take the quotient by the R-module

ideal ranging over x 2M in even degree. For M 2ModFp
, let A be an Fp-basis for the free shifted Lie

algebra FreeLies
Fp

ModFp

.M /. The graded Fp-module Lies
R.M / has basis˚

ˇ
�1

1
Qj1 : : : ˇ

�k

k
Qjk jx; x 2A; jk �

1
2
jxj; ji � pjiC1� �iC18i

	
:

Theorem 6.4 [37, Theorem 5.2; 40, Theorem 8.2.17] For X a spectrum. there is an isomorphism of
Lies

R-algebras
Lies

R.H�.X IFp//!H�.FreesL .X /IFp/:

Remark 6.5 For p D 3, Kjaer claimed in [37, Corollary 4.7] that the triple bracket on an even degree
homology class �2l of a spectral Lie algebra is zero by showing that

ŒŒ�2l ; �2l �; �2l � 2H�.@3.id/˝h†3
.S2l/˝3/

vanishes. The claim is incorrect in light of Proposition 6.8 below, and was independently observed by
Nikolai Konovalov. Specifically, Kjaer argued that in the long exact sequence

� � � !H6l�2.†
�2.S2l/˝3

h†3
/!H6l�2.@3.id/˝h†3

.S2l/˝3/!H6l�2..†
�1.S2l/˝3

h†3
/! � � � ;

the middle group is generated as an F3-module by the bottom operation ˇQl �2l , which is mapped
isomorphically onto ��1ˇQl �2l by definition of the bottom operation in [loc. cit., Definition 3.2]. How-
ever, ��1ˇQl �2l 2 H6l�2.†

�1.S2l/˝3
h†3

/ D 0. In fact, one can see that the confusion was caused by
incorrect placement of parentheses. Since the left term is one-dimensional on ŒŒ�2l ; �2l �; �2l �, we see that
ŒŒ�2l ; �2l �; �2l �D �lˇQl �2l , where �l D˙1. This also motivates the modification of the definition of the
bottom operation on an even class in Proposition 6.1.

Now we turn to the odd primary Knudsen spectral sequence

(15) E2
s;t .k/D �s;t .Bar�.id;Lies

R; g/˝Fp/.k/)HsCt .Bk.M IX /IFp/;

where
gDH�.FreesL .†nX /M

C

IFp/Š zH
�.MC

IFp/˝Lies
R.†

nH�.X IFp//:

Furthermore, g has a Lies
Fp

-structure given by Proposition 4.3, ie

Œy1˝x1;y2˝x2� WD .�1/jx1jjy2j.y1[y2/˝ Œx1;x2�:
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We proceed to compute the E2-page of the spectral sequence (15) in low weights in terms of Lies
Fp

-algebra
homology.

Definition 6.6 [22; 45] For a shifted Lie algebra L over Fp , let Leven and Lodd denote the elements in
L with even and odd degrees, respectively. The Chevalley–Eilenberg complex of L is the chain complex

CE.L/D .��.Leven/˝ƒ
�.Lodd/; @/;

where �� and ƒ� are respectively the graded, shifted divided power and exterior algebra functor over Fp ,
and the differential @ on a general element


k1
.x1/
k2

.x2/ � � � 
km
.xm/hy1;y2; : : : ;yni 2 �

�.Leven/˝ƒ
�.Lodd/

is given byX
1�i<j�m


k1
.x1/ � � � 
ki�1.xi/ � � � 
kj�1.xj / � � � 
km

.xm/hŒxi ;xj �;y1; : : :yni

C

X
1�i<j�n

.�1/iCj�1
k1
.x1/ � � � 
km

.xm/hŒyi ;yj �;y1; : : : ; byi ; : : : byj ; : : : ;yni

C
1
2

mX
iD1


k1
.x1/ � � � 
ki�2.xi/ � � � 
km

.xm/hŒxi ;xi �;y1; : : : ;yni

C

mX
iD1

nX
jD1

.�1/j�1
1.Œxi ;yj �/
k1
.x1/ � � � 
ki�1.xi/ � � � 
km

.xm/hy1; : : : ; byj ; : : : ;yni:

Proposition 6.7 Let M n be a parallelizable manifold and X any spectrum.

(1) For k < p, the weight k part of the spectral sequence

E2
s;t .k/D �s�t

�
Bar�.id; sL ;FreesL .†nX /M

C

/˝Fp

�
.k/)HsCt .Bk.M IX /IFp/

has E2-page given by wtk.H�;�.CE.g//, where gD zH�.MCIFp/˝Lies
Fp
.†nH�.X IFp//.

(2) For p � 5, the weight p part of the spectral sequence has E2-page given by

E2
�;�.k/Š wtp

�
H�;�.CE.g//

�
˚

M
y2H;x2B

Fp

˚
ˇ�Qj jy˝x; 1

2
.jxj � jyj/� j < 1

2
jxj
	
;

where H is an Fp-basis of zH�.MCIFp/ and B an Fp-basis of H�.X IFp/.

Proof For k < p, all elements in the weight k part of the E2-page of the spectral sequence do not
contain unary operations ˇ�Qj . When k D p, nondegenerate elements of weight p on the E2-page are
either of the form ˇ�Qj jy˝x 2 Lies

R.g/, ˇ
�Qj .y˝x/ 2 g, or a bracket of weight p. When p � 5, the

unary operation ˇ�Qj cannot be an iteration of brackets on a single element, since ŒŒx;x�;x�D 0 for any
x by the Jacobi identity. Hence there is no d1-differential from a weight p bracket to ˇ�Qj jy˝ x or
y˝ˇ�Qj .x/. The same argument in Proposition 5.4 implies that the twisting of the action of ˇ�Qj by
Steenrod operations can be ignored when computing a basis for the E2-page.
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The condition p � 5 in part (2) is necessary in light of the following computation for Euclidean spaces.

Proposition 6.8 For p � 5, the only higher differential in the weight p part of the spectral sequence (15)
for M DRn, 2� n�1, which converges to H�.Bp.RnIS2l/IFp/, is a dp�2-differential


p.x/ 7! ˇ�Ql jyn˝ �
n.x/:

When p D 3, the above spectral sequence has a d1-differential 
3.x/ 7! ˇ�Ql jx.

Heuristically, this is because the bottom nonvanishing mod p Dyer–Lashof operation on a class x of
degree 2l in the mod p homology of an En-algebra is given by Ql.x/D x˝p, so 
p.x/ is redundant.

Proof Consider the spectral sequence (15) when M DRn and X D S2l with n> 2, so

gD Fpfyng˝Lies
R.Fpf�

n.x2l/g/

with y in internal degree �n and x2l in degree 2l . Set x D yn˝ �
n.x2l/. Then the weight p part of the

E2-page has basis ˚
ˇ�Qj jx; l � j < 1

2
.2l C n/I 
p.x/

	
:

Comparing with the weight p part of the E1-page, which is the weight p part of the mod p homology
of the free En-algebra on the S2l , we see that there are two classes that do not survive to the E1-page, ie

p.x/ in bidegree .p� 1; 2pl � .p� 1// and ˇQl jx in bidegree .1; 2pl � 2/ (see [24, III]). Hence there
has to be a dp�2-differential from 
p.x/ to ˇ�Ql jx.

When p D 3, 
3.x/ is represented by the element ŒŒx;x�;x� 2 Lies
Fp
ıLies

Fp
.g/ � Lies

R ıLies
R.g/. It is

mapped by the differential to ŒŒx;x�;x� 2 Lies
Fp
.g/, which by Remark 6.5 is indeed ˇ�Ql jx.

As an immediate corollary to Proposition 6.7, we see that the weight two part of the spectral sequence (15)
collapses on the E2-page, since the E2-page is concentrated in simplicial degree 0 and 1. When p > 3,
weight three elements on the E2-page are in simplicial degree 1 or 2 since ŒŒx;x�;x�D 0 by the Jacobi
identity. Hence the weight three part of the spectral sequence (15) also collapses on the E2-page.

Corollary 6.9 Let M n be a parallelizable manifold and X any spectrum. Let g be the Lies
Fp

-algebra
zH�.MCIFp/˝Lies

Fp
.†nH�.X IFp//.

(1) For all i , there is an isomorphism of Fp-modules

Hi.B2.M IX /IFp/Š
M

sCtDi

wt2.Hs;t .CE.g//:

(2) If p � 5, then for all i

Hi.B3.M IX /IFp/Š
M

sCtDi

wt3.Hs;t .CE.g//:
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Remark 6.10 For M a connected n-manifold, Bödigheimer, Cohen and Taylor [12] showed thatM
k�1

H�.Bk.M IS
r /IFp/Š

nO
iD0

H�.�
n�iSnCr

IFp/
˝dim Hi .M IFp/

for rCn odd and r � 0. Their proof does not work in the case where rCn is even due to the existence of
nontrivial self-brackets in H�.�

m†mS l/IFp/ when l is even. Roughly speaking, their inductive proof
relies on the canonical map

H�.�
m†mS l

IFp/!H�.�
1†1S l

IFp/

being an injection, which is only true when l is odd. Corollary 6.9 shows that when l is even, the mod p

homology of Bk.M IS
r /, k D 2; 3 depends on the cup product structure on H�.MCIFp/: if a[ b D c

in zH�.MCIFp/, then the d1-differential sends .a˝x/˝ .b˝x/ to

c˝ Œx;x� 2 gD zH�.MC
IFp/˝Lies

R.Fpfxg/;

which is not zero since x has internal degree l .

At higher weights, there generally will be higher differentials in the odd primary Knudsen spectral
sequence (15). In recent work with Matthew Chen [21], we make use of Proposition 6.7 and the
Drummond-Cole–Knudsen computation [25] of the rational homology of the unordered configurations
space Bk.M /, where M D†1 or †g;1 to identify the differentials in the Knudsen spectral sequence for
Bk.†gIS/. As a result, we show that the integral homology of Bk.†1/ is p-torsion-free for k � p. The
same argument works for the punctured surface †g;1 with g � 0, thereby providing a more elementary
proof for [17, Theorem 1.10].
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