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Quillen homology of spectral Lie algebras
with application to mod p homology of labeled configuration spaces

ADELA YIYU ZHANG

We provide a general method computing the mod p Quillen homology of algebras over the monad that
parametrizes the structure of mod p homology of spectral Lie algebras, including the construction of a
May-type spectral sequence when p = 2. This is the E2-page of the bar spectral sequence converging to
the mod p topological Quillen homology of spectral Lie algebras. As an application, we study the mod p
homology of the labeled configuration space By (M ; X') of k points in a manifold M with labels in a
spectrum X, which is the mod p topological Quillen homology of a certain spectral Lie algebra by a result
of Knudsen. We obtain general upper bounds for the mod p homology of By (M ; X)), as well as explicit
computations for k& < 3. When p is odd, we observe that the mod p homology of By (M™"; S™) for small
k depends only on the cohomology ring of the one-point compactification of M when n 4 r is even. This
supplements and contrasts with the result of Bodigheimer, Cohen and Taylor when 7 + r is odd.
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1 Introduction

Spectral Lie algebras generalize the notion of Lie algebras over a field k to the (co—)category of spectra.
They are parametrized by the spectral Lie operad 5., whose underlying symmetric sequence {d,(Id)},
is given by the Goodwillie derivatives of the identity functor on the category of pointed spaces. The
spectral Lie operad is Koszul dual to the nonunital E-operad (Ching [23]). The homology operad
{H4(3,(Id); k)}, of the spectral Lie operad recovers the ordinary Lie operad over k up to a shift (Ginzburg
and Kapranov [31]; Fresse [30]; Ching [23]).
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A natural next step is to study the mod p topological Quillen homology
TQS? (L;Fp) := mx(|Bar.(id, 5.2, L)| ® F,)

of a spectral Lie algebra L, defined in analogy to the mod p topological André—Quillen homology of
nonunital [E;-algebras introduced by Basterra [7]. One approach is to use the classical bar spectral
sequence

(1) EZ, = mym Bar,(id, 5.2, L ® Fp) = TQ}Y,(L: Fp),

A\

obtained by skeletal filtration of the geometric realization.

To compute the E2-page, it is necessary to understand the structure of the mod p homology of spectral
Lie algebras. Behrens [9] constructed Dyer—Lashof-type unary operations Q7 of degree j — 1 on the
mod 2 homology of connective spectral Lie algebras and determined the relations among these operations.
Building on the work of Behrens, Antolin Camarena [2] identified the monad Lie;f2 that parametrizes
natural operations on the mod 2 homology of spectral Lie algebras. An algebra over Lie%2 is an unstable
module over the algebra R of Behrens’ operations, along with a shifted Lie algebra structure such
that brackets of operations always vanish and the self-bracket on an element x is identified with the
bottom nonvanishing operation Q¢ := Q *l on x. Following their approach, Kjaer [37] constructed

Dyer—Lashof-type unary operations 8¢ Q/ on the mod p homology of spectral Lie algebras for p > 2 and
proved that brackets of operations always vanish. Konovalov [40] computed the relations among unary
operations by studying differentials in an algebraic Goodwillie spectral sequence and thus determined the
entire structure of operations in the odd primary case.

Hence the E2-page of the bar spectral sequence (1) associated to a spectral Lie algebra L is equivalent to
the Quillen homology

Lie% . .
HQ, " (Hx(L;Fp)) := mx(Bar,(id, LieZ, , Hx(L; Fp)))

of the Lie%—algebra Hy(L;F,) when p = 2. Equivalently, the E 2_page is obtained by applying to

Hy(L;IFp) the total left derived functor 4 (IL Q;}Zgﬂ? (—)) of the indecomposable functor
D

Lie;i2 s
QMode : Lie; — Modp,
on the category of Lie%—algebras which heuristically kills the Lie%—algebra structure on a Lie%—algebra.

The main challenge in computing the Quillen homology of Lie%—algebras when p = 2 arises from
the identification of the self-bracket with the bottom operation Q(, which precludes a factorization of
the free Lie%—algebra functor as a composite of the free Lie]sFZ -algebra functor followed by the free
‘R-algebra functor. Furthermore, since the category of Liesz—algebras is nonabelian, we cannot resort to a
Grothendieck spectral sequence.

The method we use involves bounding the Quillen homology of Lie%—algebras by the Quillen homology of
variants of Lie%—algebras whose unary and binary operations are disentangled. An upper bound is obtained
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by constructing a May-type spectral sequence with respect to the length filtration of the homogeneous alge-
bra R in Theorem 3.6. To compute the May E !-page we further construct an algebraic Bockstein spectral
sequence, whose E '-page is given by the Quillen homology of a variant of Lie%-algebras (Definition 3.1).
A lower bound can be produced by mapping into the Quillen homology of another variant of Lie%—algebras
(Definition 3.21). Then we apply a general result about factoring bar constructions against a composite
monad (Lemma 2.13), which generalizes [17, Proposition 4.19] by Brantner, Hahn and Knudsen, in that
we replace the bar construction computing the Quillen homology of these variant algebras with a smaller
complex obtained as the total complex of a double complex in Corollary 3.10 and Lemma 3.24.

To compute the homotopy groups of these total complexes, we utilize the machinery of Koszul duality for
additive Koszul algebras (Priddy [51]) and Lie algebras ([17]; Chevalley and Eilenberg [22]; May [45];
[51]), as well as explicit understanding of the Bousfield—Cartan—-Dwyer operations

Vit Thara (N (V) = Tongrpr izt ATTOR), 1<i<r

on the homotopy groups of the free simplicial shifted graded exterior algebra A*(V,) on a simplicial
[F,-module V, (Bokstedt and Ottosen [13]; Bousfield [14]; Cartan [20]; Dwyer [27]; Haugseng and
Miller [34]). Thus we obtain general upper bounds for the Quillen homology of Lie%—algebras via
Theorem 3.6 and Corollary 3.16, as well as precise formulae in low weights in Corollary 3.7.

Furthermore, we are able to provide a full computation of the Quillen homology of Llef—algebras
in universal cases. Denote by FreeMggR the free allowable R-module functor. The category Modz
is stable under the desuspension functor ¥~ ! of F,-modules. Then for 1 < n < oo, the R-module
X" FreeMOdR (E”"‘kIFz) is an Llef—algebra whose Lle]F -structure is trivial. Note that when n = oo,

this is the tr1V1a1 Lleﬁ—algebra colim; yo0 27" Freeﬁgd;? (E”+kIF ) ~ YATF,.

Theorem 1.1 (Theorem 3.28) The Quillen homology
Lie%, _
HQ*I;R(E_” Freeﬁggg (2"KRy)) %% Bar, (id, Lle , X" Freeﬁg% (2"HkE,))

of the LieZ —algebra pI FreeMOdR (="*kF,), 1 <n < oo is isomorphic as a bigraded vector space to
the shifted graded exterior a]gebra over IF, on generators yy O y(xy) satisfying the following conditions:

(1) I =(y,...,im) satisfiesi; > 2ij41 forl <m, iy, >2,andiy —ip—--—ipm =71,

2) J=(j1,...,Jr) satisfies0 < j; < jjy1+ 1 forl <r, 0 < j, <n,andif j; =0 then either r =1
oriy, =2.

Note in particular that natural operations on a class of degree k in the Quillen homology of Lie%—algebras
are given by the Quillen homology of the trivial Lie%—algebras YK TF,, and the above theorem gives us a
dimension count.
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Application to labeled configuration spaces The second half of the paper makes use of the computation
of the Quillen homology of Lie%—algebras to study the mod p homology of the labeled configuration
spectrum

Bi(M, X) := Z%Confy (M) @5, X®*

of k points in a parallelizable manifold M with labels in a spectrum X.

The study of labeled configuration spaces dates back to as early as Segal [54] and McDuff [48] as
generalizations of the unordered configuration space of & points in M. The rational homology groups of
labeled configuration spaces are relatively well understood in cases of interests via classical methods; see
for instance Bodigheimer and Cohen [10]; Bodigheimer, Cohen and Taylor [12]; KfiZ [42]; Totaro [55];
Félix and Thomas [29].

In contrast, the mod p homology groups of these objects have remained mostly intractable. Classically,
the only known cases are the following:

e M = R with arbitrary labeling spectra by May [46; 47] and Steinberger [18, III] who built on
the work of Adem [1], Kudo and Araki [43], Cartan [19], Dyer and Lashof [28], and M = R”" by
Cohen [24, IIT]. Then 5o Bk (M ; X) is the free E,-algebra on X. Its mod p homology is captured by
the Dyer—Lashof operations, a polynomial product, and the Browder brackets as a functor of Hx(X;[Fp).

e Arbitrary manifold M with labeling spectrum X = 3X°°S”, where either p =2 or p > 2 and n+r is odd
(Bodigheimer, Cohen and Taylor [12]; Milgram and Loffler [49]; Bodigheimer, Cohen and Milgram [11]).
In these cases, there is a homology decomposition

(2) H, (@ Bk(M, Sr),Fp) ~ ® H*(QiSn+r;Fp)®dimHi(M)-
k>0 i

In particular, the homology depends only on the [F,-module Hy (M ;Fp).

The most recent developments in the computation of the homology of labeled configuration spaces
originate from a result of Knudsen [39]. Using the machinery of factorization homology, he established
an equivalence of spectra

3) €D Br(M: V) ~ |Bar,(id, 5.2, Freet? (£" V)M ™).
k>1
Here M is a parallelizable n-manifold, s.# is the monad associated to the free spectral Lie algebra functor

Free’?, and (—)M " the cotensor with the one-point compactification of M in the co-category of spectral
Lie algebras. A rational version of this equivalence was proved by Ayala and Francis [6].

Knudsen’s result opens up a path for extracting information about the homology of labeled configuration
spaces. Knudsen [38] provided a general formula for the Betti numbers of unordered configuration spaces
by observing that the bar spectral sequence with rational coefficients for the bar construction (3) collapses

Algebraic & Geometric Topology, Volume 25 (2025)



Quillen homology of spectral Lie algebras 1949

at the E2-page. Building on Knudsen’s work, Drummond-Cole and Knudsen [25] computed the Betti
numbers of unordered configuration spaces of surfaces, vastly improving on earlier works including
the case of once-punctured orientable surface by Bédigheimer and Cohen [10]. Brantner, Hahn, and
Knudsen [17] studied the Knudsen spectral sequence with coefficients in Morava E-theory at an odd
prime using Brantner’s results [16] on the structure of the Morava E-theory of spectral Lie algebras. They
computed the weight p part of the labeled configuration spaces in R” and punctured genus g surfaces
X1 for g = 1 with coefficient in a sphere. By letting the height go to infinity, they observed that the
integral homology of B, (Xg 1) is p-power-torsion free for any odd prime p.

In this paper, we adapt their approach and study the mod p homology of By (M, X) for M a parallelizable
n-manifold and X any spectrum by examining the mod p Knudsen spectral sequence, ie the bar spectral
sequence (1) with coefficients in I, applied to the bar construction (3).

When p = 2, our general understanding of the EZ-page, ie the Quillen homology of Lie%—algebras,
allows us to obtain an upper bound for Hy (B (M, X);F,) in Theorem 5.5 for arbitrary parallelizable
manifold M and spectrum X. In the universal case M = R® and X = S’, the bar spectral sequence has
E?-page given by Theorem 3.28. Comparing with the computation of the homology of free E »,-algebras
(Adem [1]; Dyer and Lashof [28]; May [46]; Bruner, May, McClure and Steinberger [18]), we see that
there are infinitely many higher differentials and conjecture the following universal pattern, which can be
verified in low weights by sparsity arguments:

Conjecture 1.2 (Conjecture 4.5) Each page of the spectral sequence
Lies,
E2, =HQ,,*(Z¥F,) = my1, Bar.(id, s.2, ¥ F,)

is an exterior algebra. The higher differentials act on the exterior generators of the E?*-page as follows,
see Figure I:

(1) For an exterior generator o = le Qjm (xx) on the E*-page, we have
dr—HVr—H(O‘) = Qr(a)
forr <mandr < j; + 1.

(2) For an exterior generator § = Y41 le .. Qjm—l (xx) on the E?-page, we have
@ d"™(B) = 0n0Qjy - Qjpy (xk),
®) d" M ymin(B) =d" T (B) @ B,
© yd"" N (B) =d*" yp1(B) forn+3 <1 <m.

These generate all higher differentials under further applications of the y; operations in accordance with
(2)(b) and (2)(c), as well as the exterior product.

Remark 1.3 While the pattern of universal differentials is similar to classical ones studied by Dwyer
[26] and Turner [56], the operations O ; on coalgebras over the comonad 4 « Bar, (id, Lie%, —) increase
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filtration and hence cannot be constructed directly at the chain level, see Remark 4.6. In forthcoming
work with Robert Burklund and Andrew Senger, we construct a suitable deformation of the comonad
associated to the bar construction |Bar, (id, s.Z, —)| to the co-category of Postnikov-connective filtered
[»-modules and use the comonad structure to prove the conjectured pattern of differentials.

For small k, we use sparsity arguments to show that the weight & part of the Knudsen spectral sequence with
IF, coefficients always collapses on the E2-page. Thus we obtain an F,-bases of Hy(By (M ; X);TF,) for
any parallelizable manifold M and spectrum X when k& = 2 in Corollary 5.6, and for closed parallelizable
M when k = 3 in Corollary 5.8. In particular, we observe that the F-module Hy(By (M ; X)) depends
on and only on the cohomology ring H*(M +;F,) when H,(X:[F,) has at least two generators. This
is in contrast to the case when X = S”, in that the equivalence (2) depends only on the F,-module
H*(M;TF,) [12]. As examples, we produce explicit bases for Hy (B (M, X);F,), k = 2,3 when X is
an arbitrary spectrum, and M is a closed torus or a punctured genus g surface in Section 5.3, as well as
the (punctured) real projective space RPP3 in Section 5.4.

When p > 2, we compute the weight k < p part of the E2-page of the Knudsen spectral sequence with
[Fp-coefficients in terms of certain Lieﬁ;p—algebra homology in Proposition 6.7. We deduce the existence
of a single d,_,-differential in the Knudsen spectral sequence when M = R" withn > 1, X = S? and
k = p =5 in Proposition 6.8. Then we show that the mod p Knudsen spectral sequence collapses when
k=2ork=3and p>5.

Corollary 1.4 (Corollary 6.9) Let M" be a parallelizable manifold and X any spectrum. Let g be the
Lie}, -algebra H*(M*;T,y) ® LieS, (3" Hy (X ; F,)) with brackets given by
rex,y®xT:=0puy)elxx]

and CE(g) the shifted Chevalley—Eilenberg complex (Definition 6.6). Denote by wt,(H; ;(CE(g))
the weight n part of the Liepr—algebra homology of g, whose weight grading is induced by regarding
Hy(X:;F),) as an F,-module in weight 1.

(1) For alli, there is an isomorphism of [,-modules

Hi(By(M: X):Fp) = P wia(Hy,(CE(g)).
s+t=i
(2) If p =5, then for all i

H;(B3(M; X);F,) = @D wis(Hs, (CE(g)).
s+t=i

Remark 1.5 When X = S” and k = 2, 3, we observe that the [F,-module Hx(By (M ;S");F,) depends
on and only on the cohomology ring H*(M*;F,) when r +1 is even; see Remark 6.10. This is again in
contrast to the case when r + / is odd in the equivalence (2) [12].
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In follow-up work with Matthew Chen [21], we build on the odd primary method in this paper and
the Drummond-Cole—Knudsen computation [25] of the rational homology of the unordered config-
urations space By (Xg:S) to identify the higher differentials in the Knudsen spectral sequence for
Hy (B (Xg:S);Fp). As aresult, we show that for p > 3, the integral homology of By (M ;S) has no
p-power torsion for M a closed torus or a punctured genus g > 1 surface when k& < p. In particular, the
latter case serves as a simpler proof to Brantner, Hahn and Knudsen’s [17, Theorem 1.10].

1.1 Outline

In Section 2, we recall the definition of spectral Lie algebras and the structure of their mod 2 homology
as algebras over the monad Lie%. Then we define the Quillen homology of Lie%—algebras and the mod p
topological Quillen homology of spectral Lie algebras. The two are related by a bar spectral sequence.

In Section 3, we provide general upper bounds for the Quillen homology of Lie%—algebras and a precise
formula in low weights by comparing with the Quillen homology of two variant algebras when p = 2. Then
we explicitly compute the Quillen homology of the Lie%—algebras Y F, and =" Freemgggz (S"HEE,).

In Section 4, we review Knudsen’s result that expresses labeled configuration spaces in parallelizable
manifolds as topological Quillen objects of certain spectral Lie algebras. In the universal case M = R,
we conjecture patterns of higher differentials.

In Section 5, we apply our understanding of the Quillen homology of Lie%-algebras to extract explicit
information about the mod 2 homology of labeled configuration spaces, including general upper bounds
and low weight computations. Then we extend the methods to p > 2 to study the odd primary homology
of labeled configuration spaces in Section 6.

1.2 Conventions

We assume that every object is graded and weighted whenever it makes sense. For instance, Modp,
stands for the ordinary category of weighted graded [F,-modules. A weighted graded [F-module M,
is an N-indexed collection of Z-graded F,-modules { M (w).}yeN. The weight grading of an element
X € M(w), is w, and the internal grading is |x| = n. Morphisms are weight preserving morphisms of
graded [F,-modules. The Day convolution ® makes Modp, a symmetric monoidal category. The Koszul
sign rule x ® y = (—1)*I1y ® x for the symmetric monoidal product ® depends only on the internal
grading and not the weight grading.

Similarly, a shifted Lie algebra L over [, is a weighted graded IF,-module equipped with a shifted Lie
bracket [—, —]: Ly ® Ly — Lyn—1 that adds weights, as well as satisfying graded commutativity
[x, y] = (=1)*II¥I[, x] and the graded Jacobi identity

—DXE [y, 2+ (DY, [z, X))+ (DI X 3] = 0.

When p = 3, we further require that [[x, x], x] = 0 for all x € L. Denote by Liepr the category of shifted
weighted graded Lie algebras over [F,,, as well as the monad associated to the free Liei«p—algebra functor.
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When p = 2, we use the abbreviation Lie’ = Lie,. We further consider the category Lie’ o

of totally
isotropic Lie®-algebras, ie Lie®-algebras that have vanishing self-brackets. We use the notation (—, —)

exclusively for Lie*! brackets.

We mean by shifted graded exterior algebra over [F,, a graded FF,-module M, together with a graded
commutative product M,, A My — My, +,—1 such that x A x = 0 for all x € M,. We will often omit the
adjectives shifted graded for the exterior algebra.

We use I, for both the field IF,, and its Eilenberg-MacLane spectrum. The coefficients for the homology
group H,.(—) is IF, unless specifically stated.

We use 7, (—) to denote the following functors: the functor taking the n™ homotopy group of a spectrum,
an [,-module spectrum, or a simplicial IF,-module, as well as the functor taking the n™ homology group

of a chain complex over [,.

We use 7« «(—) to denote the functor taking the bigraded homotopy groups of a (weighted graded)
bisimplicial IF,-module, which is equivalent to taking the homology groups of the total complex of the
associated double complex via the generalized Eilenberg—Zilber theorem. The bidegree (s, ¢) is given by
the pair (simplicial degree, internal degree).
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2 Preliminaries

2.1 The spectral Lie operad

We begin with a brief review of the spectral Lie operad. Ching [23] and Salvatore [53] showed that the
Goodwillie derivatives d,(Id) of the identity functor Id: Top, — Top, form an operad 5. := {d,,(Id) },
in Spectra. This operad is Koszul dual to the nonunital commutative operad E3} via the operadic bar
construction

5.2 ~DBar(1,E5, 1).
For a description of the operadic bar construction, see [23] for a topological model using trees and [16,
Appendix D] for an oco-categorical construction along with a comparison with the topological model.

The n™-derivative 9, (Id) admits an explicit description due to Arone and Mahowald [5], following
the work of Johnson [35]. Let P, be the poset of partitions of the set n = {1,2,...,n} ordered by
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refinements, equipped with a 3, -action induced from that on n. Denote by 0 the discrete partition and
1 the partition {n}. Set I1,, =P, — {6, i}. Regarding a poset P as a category, we obtain via the nerve
construction a simplicial set N,(P). The partition complex |I1,|°, the reduced-unreduced suspension
of the realization |I1,|, is modeled by the simplicial set

No(Pu)/(No(Pn = 0) U No (P — 1))
for n > 2 and the simplicial O-circle S° for n = 1. Then there is an equivalence
0 (Id) >~ D(Z|T1,|?)

of spectra with X,-action, where D denotes the Spanier—Whitehead dual of a spectrum.

2.2 Operations on the mod 2 homology of spectral Lie algebras

Next, we describe the structure on the mod 2 homology of an algebra L over the spectral Lie operad. It
consists of a Lie®-algebra structure along with Dyer—Lashof like unary operations.

The second structure map of a spectral Lie algebra L is given by

£:0,(1) @z, L2 = () @ LR, ~ST @ LY — L.

At the level of homology, this gives rise to a shifted Lie bracket
[—. —]: Hu(L) ® Hpy(L) = Hpyn—1(L),
making Hy (L) a graded shifted Lie algebra [2, Proposition 5.2].
For L a connective spectral Lie algebra, Behrens defined unary operations of weight 2,
071 Hy(L) — Hyyj—1 (L),

on the mod 2 homology of L via x > &0~ 1 Q7 (x), where Q7 : Hy(L) — Hyyj (Lf’zzz) is an extended
Dyer-Lashof operation x —¢;_4 ® X ® X, o ' Hy (L;?ZZZ) - Hy 1(0,(Id)® L;?)%z) is the desuspension
isomorphism, and £ is the second structure map [9, Section 1.5; 2, Definition 5.4]. Furthermore, Behrens
showed that the quadratic relations

NN el R Y NN
) QrQs= Z(:) ( o )Qr+s lQl
for s < r < 2s generate all the relations among the unary operations on a class in some positive degree
[9, Theorem 1.5.1]. By definition, for x a homogeneous class Q(x) = 0 whenever i < |x|. Hence
0" 0%(x) =0 for |x| > 1and r <s.

Since the extended Dyer—Lashof operations are defined on the mod 2 homology of all nonconnective
spectra, the operations Q' for all i € Z can be defined on the mod 2 homology of any spectral Lie algebra
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L with O%(x) = 0 for any homogeneous class x € Hx(L) and i < |x|. Let R be the quotient algebra of
the free algebra over F, on generators { O/} jez by the two sided ideal generated by the relations

Ar NS _ r—21-1 Ar+s—I Al
5) oo= Yy ("2 )o+r'o
I<r—s—1
for all r < 2s.

The Lie®-bracket interacts with the unary operations in the following way.

Proposition 2.1 [2, Lemma 6.4, 6.5] For any j € 7Z and x, y homogeneous classes in the mod 2
homology of a spectral Lie algebra, we have [0/ (x), y] = 0 and 0"*!(x) =[x, x].

Remark 2.2 It follows that 02*I=1 Q*l(x) =[x, x],[x, x]] = 0. This is guaranteed by the Behrens’
relations, since r = 2|x| — 1 < = 2|x| and the right hand side of (5) vanished due to instability of the
extended Dyer—Lashof operations.

Sometimes it is more convenient to switch to the lower indexing Q; (x) := 0XI+J (x), which automatically
takes into account the instability condition.

Definition 2.3 The lower indexed R-algebra is generated by symbols O j for j > 0 and relations
-~ — a+b—2c¢-2\ = —
(6) 0a0p = Z ( b—c )Qa+2b—2c Oc
0<c<(a+2b-1)/3
for0<a <b+1. When j <0 weset Q; =0.
Definition 2.4 An [F,-module M, over R is allowable if for any homogeneous element x € M, we have

071072 ... QJm(x) =0 whenever j; < jo+---~+ jm + |x|. Alternatively, an allowable R-module M
is a module over the lower-indexed R-algebra.

Now we extend Behrens’ results to all spectral Lie algebras.

Proposition 2.5 For L any spectral Lie algebra, its mod 2 homology H (L) is an allowable module
over R. Furthermore, for all k > 0 and n € Z there is an isomorphism of F,-modules,

Hy(dyx (1) ®pz, (SM)®2) =R {071 ... 0% (xn). j1 > 2js41 VI <k, jx = 1)

EFZ{Q,'I ...Qik(xn), VI,ij>0,i;>ij41+ 1}.

Proof The connectedness assumption in Behrens’ proof of [9, Theorem 1.5.1] is necessary only because
of the connectedness assumption on the following two inputs to the proof. Kuhn [44, Example 7.6] (see
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also [9, Lemma 1.4.3]) showed that for Y a connected space, the transfer v: Hx (Yh%t) — Hy (Yh%tZZZ)

is given by

(7) QrQs'_)Qers"FZI:(S_r—i_l)—i—(sz_tr_—tt)]Qr—H_tth-
t

s—t
On the other hand, Arone and Mahowald’s computation [5, Theorem 3.16]
K = o~ . . .
Hy (951 (I1d) ®p 3, (SM®) = F{07" ... Q%% (xn). ji > 2j141 VI < k. ji = n}

works for any odd integer n, and extends to positive even integers via the fiber sequence
E H
02m(1d) ®px,,, (SN)F*™ = £7102 (1) ®pz,,, (S"THEH" = 710 (1d) @)z, (SFHE™,

which was obtained by differentiating the EHP sequence [5, Proposition 4.7; 9, Corollary 2.1.4]. Behrens
proved the relations by using the transfer formula and inductively checking that they are compatible with
the operadic composition; then he provided a basis by comparing with the Arone-Mahowald answer.
Hence we only need to remove the connectedness assumption on both inputs.

Note that Kuhn’s transfer formula can be obtained as a consequence of the computation of the transfer
map tg: Hy«(BX4) - H«(BX;?X,) on group homology by Priddy [52, Section 4]. For any j,n € Z,
the Dyer—Lashof operation Q7 on a class x in degree # is defined via the canonical isomorphism
Hyj ((E"Fz)%z) >~ Hj_,(BX,)[2n] [46], where [k] denotes a shift in homological degree by k.
Similarly, the wreath product Q"2 Q° and the weight 4 operation Q" Q° are defined in Hj_,(BX22%,)[4n]
and Hj_,(BX4)[4n] respectively, so the transfer map 7 on a class in degree n of any spectrum Y is a
shift of ¢ by 4n. Hence the formula (7) holds for the transfer map 7 on any spectrum Y.

Next we extend the Arone—Mahowald computation to nonpositive spheres. We make use of the long
exact sequence

c = Hio(E720 (1d) g3, (S*"FH)®™) L Hy(92m(1d) ®15y, (S

E. _ H.
—5 Hy (37102 (1d) ®px,,, (S"THE2™) —5 ...

and isomorphisms
Hy(@2m1(1d) ®px,,,_, (S)PC"™D) = Ho (ST (B2m—-1(1d) ®px,,,_, (SFHBC"™D))

for all n obtained by Brantner in [16, 4.1.3]; see [37, Lemma 4.4]. There is an equivalence of F;-module
spectra with 3,,-action

Om (1) ®p3,, (Z"F2)®™) = 529, (1d) ®ps,,, (S7"F2)®™)
for any integers m, n > 0, where the action on X?™” is trivial. Hence we obtain an isomorphism
Hy (9m(1d) ®psx,, (S)®™)) = Hy (2" 9 (1d) @)z, (STHE™))

sending le . ij (tn) to 02k+1”Qj1 .. ij (t—n) when m = 2% and both vanish when m # 2% for
some k > 0. This addresses the case of the negative spheres.
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For n = 0, we use the long exact sequence above. It follows from the case n = 1 that
Hy (3 (1d) ®43,, (S°)®™) =0

when m is not a power of 2. Now suppose that m = 2. By the [9, Proposition 2.2.5] (see the remark
after [37, Proposition 4.3]), the maps E and Py preserve the Q operations, sending the class Q7 (x,) to

0107 (xpt1) and 07207 X241 to 07 0" (xy), respectively. This addresses the case n = 0. |
Denote by Modz the category of allowable R-modules and Freemgﬁ the free allowable R-module

functor, which is left adjoint to the underlying functor UM dR Modz — Modp,. We will suppress the
adjective allowable from here on. Then there is an additive monad associated with the free R-module
functor, which we denote by Az.

Definition 2.6 [2, Definition 6.1] An Lie%-algebra is a graded IF,-module L, with a shifted Lie bracket
and an (allowable) R-module structure on L, such that

(1) Op(x) = 0F(x) = [x,x]if x € L, and

() [x,0%(»)]=0forall x,yeL,.

Denote by Lie}i2 the category of Lie%—algebras. To describe the free Lie%—algebra functor, we recall
s,t

the construction of Lyndon words on a set S, which provides a basis for the free Lie
[F,-module with [F,-basis S.

-algebra on an

Construction 2.7 [33] The Lyndon words on a set .S is defined recursively as follows: The elements
of § are Lyndon words of length one and given an arbitrary fixed total ordering. Suppose that we have
defined Lyndon words of length less than k& with a total ordering. Then a Lyndon word of length k is a
formal bracket (w;, w,) such that:

(1) wy,w; are Lyndon words whose lengths add up to k.
(2) wq < wj in the order defined thus far.
(3) To take into account the Jacobi identity, if w, = (w3, wy4) for some Lyndon words w3, w4, then
we require w3 < wj.
To extend the total order to Lyndon words of weight at most k, we first impose an arbitrary total ordering on
Lyndon words of length &, and then declare that they are greater than all Lyndon words of lower weights.

The free Lie%—algebra functor can be computed explicitly as follows:

Proposition 2.8 [2, Proposition 7.4] Let V, be an IF»-module with an ordered basis B of V,. First
take the free totally isotropic Lie-algebra with (—, —) the free Lie®!! bracket. Denote by B’ the set of
Lyndon words on the letters B, which is an I -basis of Freek,}gd]F (V.). Then we take the free R-module

on the underlying [, -module of Freell;,}f)d (V) and obtain a bas1s consisting of elements of the form
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0w with w € B'. Equip the free R-module Frc=,e,11:,l/lgg§2 (Lie*Y(V,)) with a Lie® bracket[—, —] defined
on the induced basis by requiring [0 wy, 0/ w,] = 0if I # @ or J # @, and setting recursively along

the ordering on B’.
(1) If (wy,w,) is a Lyndon word, then [wy, w;] = (w1, wy).
2) [w,w]:= 0™y,
3) [wi, wa] = [wz, wi] if wy > ws.

@) [wy, wa] = w3, [wy, wa]] + [wa, [w, w3]] if wy < wy and wy = [w3, wy] with wy < ws.

Antolin Camarena showed that the monad Lie;2 parametrizes natural operations on the mod 2 homology of
connected spectral Lie algebras. The connectivity assumption can be removed in view of Proposition 2.5.
Denote by Free* the free spectral Lie algebra functor on Spectra given explicitly by

X > P 9a(1d) @z, X",

n>1
Theorem 2.9 [2, Theorem 7.1] The canonical map
Liet, ;
FreeN;ZEFZ (Hx(X:;F,)) — Hy(Free’? (X);F»)

of Lie% -algebras is an isomorphism for any spectrum X .

Proof Behrens proved the theorem in the case when X = S*, k > 0. Antolin Camarena proved the
isomorphism for X a connected spectrum follows: To extend Behrens’ theorem to a finite wedge of
spheres, he made use of a result of Arone and Kankaarinta that applies Goodwillie calculus to the
Hilton—Milnor theorem [4, Theorem 0.1]. To extend to all connected spectra, note that X ® I, can be
written as a filtered colimit of finite wedges of S™ ® [ in the category of F,-module spectra. The same
arguments work to extend the isomorphism in Proposition 2.5 to all spectra. |

The category Mody is stable under the desuspension functor €2 := %! of F,-modules since the extended
Dyer—Lashof operations are. Namely, for M € Modz, the [F>-module €2M has an R-module structure
given by 0/ (07 1x) = 6710/ (x) for any x € M. As a result, for g any Lie%—algebra, there is an

Lie%—structure on 2g such that the bracket is trivial.

Proposition 2.10 There is a natural Lie%, -module structure on Q" Freeyodz (="kF,) for 1 <n < oo,
R Mod]]:2

where the bracket is trivial and Q7 acts by x — o~"Q/ (¢"x). The canonical map
Modz Lies Mode
FreeMgdgz (ZFFy) = FreeMong (2FF,) — Q" Freeyo ar, (7K,

is surjective.

Proof There is a canonical colimit-to-limit comparison map
8) Frees‘f(EkIFz) — QFree’Z (ZkH1F,)
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of spectral Lie algebras over [,, which after taking homotopy groups is the composite of the top and
right arrows of the diagram

Modz Liez, Modz
FreeMgd§2 (ZKFy) —— FI‘CCMOEFZ (2 FreeMgdg2 (ZkF1R,))

&V |

$kF, < i 5 QFreeﬁggg(Ek‘HFz)

Let x be the generator of TKF,. By naturality of the Q7 operation, the class O/ (x) on the top left corner
is mapped to Q7 (i (x)), which is sent to ¢! 07 ' (x) under evaluation. In general Q7 (x) is mapped to
o0~ 107 o (x) for any sequence J. Since the Lie® bracket of operations always vanishes and

[i (x),i(x)] = 0™l (x) =o' 0™l(0x) = 0,

the Lie®-bracket is trivial on Freeﬁgg;%z (=k+1F,). Applying Theorem 2.9, we see that the composite

is surjective since |0 (x)| = |x| + 1. Iterating the construction yields the claim. a

2.3 Quillen homology of spectral Lie algebras

Now we introduce the main object of interest. The inclusion of trivial Lie%—algebras admits a left adjoint
Lie

QM0§F2 called the indecomposable functor, ie we have an adjunction

. odr
Lle% ———— Modp,.
Lies
T. R
M()d]]:2

Denote again by Liefk the monad associated to the free Lie%—algebra functor.

We would like to understand the left derived functor of this left adjoint, and we take a small detour to
deal with the model structure. We mainly follow Sections 3.1 and 3.2 of [36] and Section 4 of [17].

2.3.1 The derived indecomposable functor Let T be an augmented monad on the category Mody
of weighted graded k-modules, where k is a field. Denote by Algy (Modp,) the category of T-
algebras. The forgetful functor U: Algy (Mody) — Mody admits a left adjoint, the free functor
Free! : Mod; — Algr (Modg).

Denote by s Mody, the category of simplicial weighted graded k-modules. Levelwise application of the
adjunction Free! 4 U gives rise to an adjunction between the corresponding categories of simplicial
objects

Freel HU: Algr (s Modg ) — s Modg,

as well as a monad T on s Mod;. We equip s Mod; with the standard cofibrantly generated model
structure. Suppose that the path objects of s Mody, lifts to s Algy, the category of simplicial T-algebras.
Then this adjunction induces a right transferred model structure on the category of simplicial T-algebras,
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with weak equivalences and fibrations defined on the underlying simplicial weighted graded k-modules
by [36, Theorem 3.2, Remark 3.3]. In particular, this is true for T = ﬁ,Lies,Lies’ti,Lie%, see [17,
Proposition 3.4, 4.14].

Denote by TT: Mod;, = Algiq(Mody) — Algy (Mody) the inclusion of trivial T-algebras, which is
induced by the augmentation. It has a left adjoint Q7 : Algr (Modg) — Mody, the indecomposable
functor with respect to the T-algebra structure, which satisfies QT oFree” ~id. Applying this adjunction
levelwise to the corresponding categories of simplicial objects, we obtain a Quillen adjunction

of —|TT:sAlgT — s Mody, .

The left derived functor L QT of QT can be computed by the following standard recipe.

Construction 2.11 Given aright module R:Mody — 2 over T, and a simplicial object 4 in Algy (Mody,),
one can apply the two-sided bar construction Bar, (R, T, —) levelwise to A. The diagonal of the resulting
bisimplicial complex is a simplicial object in &, denoted by Bar.(R, T, 4).

In particular, if we regard a T-algebra A as the constant simplicial object on U(A) equipped with a
simplicial T-algebra structure, denoted also as 4 by abuse of notation, then Bar,(R, T, A) agrees with
the usual two-sided bar construction.

Since the free resolution Bar, (Freel, T, A) is a cofibrant replacement of A4 in the category of simplicial
T-algebras, the left derived functor of a functor F' can be computed by applying F levelwise to a cofibrant

replacement, so
LOT (4) ~ OT Bar,(Free!, T, 4) = Bar.(id, T, A).

Now suppose that we have a composite monad R o L in Mody with distributive law the natural transfor-
mation L o R = R o L in the sense of Beck [8, Section 1]. Suppose in addition that L, R and Ro L
are all compatibly augmented and each admit a cofibrant replacement given by the free resolution. Let
Algy, Algp, Algp, . be the respective categories of algebras. Then an R o L-algebra A4 is an R-algebra
via the forgetful map U }: °L. Alg RoL — Algp induced by the augmentation of L, and an L-algebra via
the augmentation of R. Furthermore, we have adjunctions

L QfoL
Mody =———= Alg; =———— Algp.r -

Construction 2.12 For A an algebra over R o L, the free resolution Bar, (FreeR , R, A) has the structure
of a simplicial R o L-algebra given as follows. Levelwise, the R o L-algebra structure map is given by

(RoL)oR°™(A)—> Ro(RoL)oR°" V(4) > ---—> R0 (RoL)(4A) > R°"(A),

where the rightmost arrow is the R o L-algebra structure map on A and the other arrows are induced from
the distributive law L o R = Ro L. The face and degeneracy maps are structure maps of the monad R and
hence compatible with the levelwise R o L-algebra structure maps by naturality of the distributive law.
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Levelwise application of Qf”‘ to Bar, (Free® | R, A) yields a simplicial L-algebra structure on the bar

construction Bar,(id, R, A) = Qf°L Bar, (Free® | R, A).

We record the following result about factoring the left derived functor of the indecomposable functor of a
composite monad, which generalizes [17, Proposition 4.19].

Lemma 2.13 Let A be an R o L-algebra. The homotopy groups of Bar,(id, R o L, A) are computed by
the homotopy groups of the bisimplicial object Bar, (id, L, Bar,(id, R, A)).

Recall that the homotopy groups of a bisimplicial £X-module can be computed via the Eilenberg—Zilber
theorem, ie by first taking associated chain complexes in both directions and then forming the total
complex of the double complex. See for instance [32, Chapter 4].

Proof The augmentation R o L — R induces a map of simplicial R o L-algebras
v Bar.(FreeR°L, RoL A)— Bar.(FreeR, R.A),

where the simplicial R o L-algebra structure are the target is given by Construction 2.12. This is an
equivalence since both are free resolutions of A as an R o L-algebra and an R-algebra, respectively, and
weak equivalences in s Alg g,y are detected by the underlying simplicial k-modules. We want to show
that QfOL preserves this weak equivalence. Since UL preserves weak equivalences, it suffices to show
that UL o Qf °L 5y is a weak equivalence.

Note that there is an isomorphism
0RoURL = UL oQfL.
Hence UL o Q£°L o W is the map
oo UI§°L Bar, (Free®°L Ro L, 4) > 0R o U}:"L Bar, (Free® | R, 4)
~ QR Bar.(FreeR, R, A) ~Bar,(id, R, A).
Since both UI§°L Bar, (FreeR°L R o L, A) and Bar, (Free®, R, A) are free resolutions of A in s Algp
and QR is a left Quillen functor, this is indeed a weak equivalence. Hence
Bar, (id, L, Bar.(id, R, A)) ~ Q% o Q®°L Bar, (Free®°L R o L, 4)
~0Lo Q§°L Bar, (Free®, R, 4)
~ 0L Bar,(id, R, A),

and the lemma follows from Construction 2.11. O

2.3.2 Quillen homology of s Lie}-algebras Since the path object of s Modp, lifts to s Lie%, the
s -
Lie? in Lie%. Thus the left derived f ?Lie%' db
, 1eﬁ,g) in LieZ . Thus the left derived functor o QMosz is computed by

discussion in the previous subsection guarantees that any Lie

LieX
R
Bar, (FreeMO b,

algebra g admits a free resolution

Lies Lies Lie . . .
LQNEZEFZ (9) ~ QN}ZZ}FZ Bar, (FreeMong , Lle%, g) ~ Bar,(id, LIC%, g),
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where id: Modp, — Modp, is the identity functor considered as the trivial right module over the monad

Lie“;2 with structure map the augmentation.

Lie,
Definition 2.14 The Quillen homology of a Lie%—algebra g, denoted by HQ*leR (g), is the total left

derived functor ,
Lie%s

Lie% . .
HQ.."(9) 1= HxL Oy, (9) = 7 v Bar, (id. Lie . g).

We are interested in computing the Quillen homology of Lie%—algebras, since it helps to understand
the spectral Lie analog of the mod p topological André—Quillen homology of nonunital [E,-algebras
introduced by KiiZ [41] and Basterra [7].
Definition 2.15 For L a spectral Lie algebra, its topological Quillen object is the bar construction
TQ*? (L) := |Bar,(id, s.Z, L)|.
We define its mod p topological Quillen homology to be
TQS? (L;Fp) := mx(|Bar.(id, s.Z, L)| @ Fp).

Using the skeletal filtration of the geometric realization of the bar construction, we obtain a bar spectral

sequence
Esz,t = g, Bar,(id, s.Z2, L ® ) = TQift(L; F,)

converging to the mod p topological Quillen homology. When p = 2, we can apply Theorem 2.9
repeatedly and deduce that:

Proposition 2.16 There is a bar spectral sequence

. . Lie’
E2, = g, Bar,(id, LieSs. (L ® F2)) = HQ,, X (Ha(L: ) = TQSY, (L: Fy).

3 Computing the Quillen homology of spectral Lie algebras

In this section, we study the Quillen homology of Lie%—algebras when p = 2 via comparison with two
smaller double complexes that are easy to compute via Koszul duality arguments.

3.1 May-type spectral sequence and an upper bound

First we find an upper bound for w4 « Bar,(id, Lie%, g) by constructing a May-type spectral sequence.
The dimensions of its £ !-page is bounded above by the homotopy groups of the bar construction of the
following variant of Lie%—algebras whose unary and binary operations do not intertwine.

Definition 3.1 Define a Lie%ti—algebra to be an [F,-module L with an allowable R-module structure

and a Lie®!-bracket (—, —) such that (x, Q%(y)) = 0 for all x, y € L. Denote by Lie%ti the category of
s, ti

Lie%ﬁ—algebras and also the monad associated to the free Liez3"-algebra functor.
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S, ti

The underlying I;-module of the free Lie2"-algebra on an I>-module V' is given by that of Az oLie®t(V).

s, ti
R . .
Az oLie®", with distributive law the natural transformation Lie®" oAz = Az o Lie®™" determined by

(—, 0'(—)) =0forall i.

Hence Liez" admits an alternative descrlption as the category of algebras over the composite monad

Remark 3.2 Comparing with Proposition 2.8, we see that the underlying R-modules of the free Lie%
and Lie%ti—algebra on any [F,-module agree. The only difference between the two free functors is that in

s,ti

the latter we do not change the Lie®!'-algebra to a Lie®-algebra via the identification Q¢(x) = [x, x].

In particular, the bar construction Bar, (id, Lie% 7 g) is levelwise isomorphic to Bar,(id, Lie% “, g). The
latter has simpler face maps in the sense that the face maps preserve the unary and blnary structures
respectively, whereas in the former, a Lie bracket that is not a self-bracket can be mapped to a self-bracket.
To deal with these face maps, we draw inspiration from the May spectral sequence: suppose that we want
to compute the Ext groups over a Hopf algebroid (A4, I'). In good cases, there exists a filtration on I"
such that the associated graded is a Hopf algebra (A4, I'’), ie the left and right unit are equal. Then we
obtain a May spectral sequence with E!-page the Ext group over the Hopf algebra I'/, whose cochain
complex has differentials simpler than the cobar complex for I". The higher differentials are determined
by the difference between the left and the right unit.

s, ti

. 9),
first we need to construct a ﬁltratlon on any Lleﬁ—algebra so that the two sides of the 1dent1ﬁcat10n

To construct a filtration on Bar, (id, L1e , @) so that the associated graded assembles to Bar, (id, L1e

0o(x) =[x, x] live in different filtrations.

Construction 3.3 (length filtration) Consider the complete filtration
> RMm)—>Rm—-1)—--- >R >R

of the homogeneous algebra R, where R (1) is the ideal generated by monomials Q! with |I| = n. Thus
we obtain functors AR( y on Modp,, sending M to the submodule of .AR(M ) consisting of O (x) for

x € M and |I| > n. In other words, this assembles to a filtered monad A The images of the induced
evaluation maps .AR(q)(M ) &4 M form a complete decreasing filtration for any R-module M . Taking

cokernels yields a complete increasing filtration
F/ (M) = coker(Ag ) (M) =% M).

We call this the length filtration of M, which gives rise to a filtered object M as an algebra over the
filtered monad flﬁ whose underlying R-module is M.

s,ti

Given an arbitrary Llef—algebra g, we would like to equip g with the structure of an L1e -algebra. This

s, ti

boils down to producing a method that equips any Lie®-algebra with a Lie®"-algebra structure.

s,ti

Construction 3.4 (Lie®"-structure on Lie®-algebras) For g is Lie®-algebra with bracket [—, —], let V"’

be the ideal of self-brackets. Thus we obtain a two-step filtration V' — g of g. Denote by (—, —) the
Lie* s,t

Lios-t (g) and consider V' as a trivial Lie®"-algebra.

canonical Lie®"!"-bracket on the quotient V =g/ V' =

Algebraic & Geometric Topology, Volume 25 (2025)



Quillen homology of spectral Lie algebras 1963

s,ti

Thus we obtain a Lie*"-structure on the associated graded of g as the product of V and V' with the above

Lie®U-structures. Denote by § the resulting Lie*U-algebra with (—, —) the Lie®'-bracket.
Therefore, any Lie3;-algebra g admits a Lie* ot

s,ti
R

-structure that is unique up to a choice of splitting of g — V.
Denote by § the resulting Lie:U-algebra, which has the same underlying R-module structure as g; see

Remark 3.2.

Remark 3.5 If we fix a choice of splitting for g — V/, then any Lie® bracket [x, y] in g is equal to a sum
of self-brackets and the Lie®!-brackets (x, y) in §.

Now we compute the £2-page of the bar spectral sequence by constructing a May-type spectral sequence
in the sense that the filtration comes from the length filtration of R-modules in Construction 3.3.

s,ti
> R
is a May-type spectral sequence with respect to the R-module structure converging to s ; Bar, (id, Lie%, 9).

Theorem 3.6 Letgbea Lie;f3 -algebra and § the associated Lie’2" -algebra via Construction 3.4. Then there

The E'-page P ¢ E ‘}, 5.t Of the May-type spectral sequence has dimensions bounded above by

5.« Bar (id, Lie%s". §).

in the sense that there is another algebraic spectral sequence converging to the May E'-page whose
E'-page is 7 ; Bar, (id, Lie%ti, 9).

Proof We start by inductively constructing a filtration on (Lie%)"” (g) that heuristically count the number
of O symbols in a given element.

Since any Lie%-algebra g is an R-module, it admits a length filtration. The filtration is compatible
with the bracket since brackets of operations always vanish (Definition 2.6). Furthermore, since any
self-bracket [x, x] = Qo(x) is in Fl1 (g) and the right hand side is zero in F? (g), we deduce that Gr? (g) is
a Lie®!-algebra, and the Lie®*!"-structure can be extended to @ Gr(g) via trivial extension to positive g.
On the other hand, € Gr?(g) is an R-module since R is homogeneous. Hence § = b Gr;I () equipped
with the Lie®*%-bracket in Construction 3.4 is an algebra over the composite monad Lie%ti = Az oLie® ot
Now we define a new filtration F* on Lie%(g) that combines the length filtration on g, the length
filtration on Lie%(M ) for any [F,-module M, and the effect of Lie® brackets. We extend the length
filtration on g to Lie*%(g) via the Day convolution, ie for x € F;I (9), y € Fj(g), we have (x, y) €
F9+7 (Lie*'(g)), so on and so forth. Then we extend it to a new filtration on Lie;f2 (g) by combining with
the length filtration on Lie% (M) for M an F,-module, using the fact that when g = M is an [F,-module,

Gr? (Lie% (M)) = Lie*%(M). In partjcular, after passing to the associated graded, the evaluation map
s,t
= R
for x € g, [x,x] = Qg|x € Lie%(g) is mapped to a nonzero element only if x € F? (g), in which case
Qolx € F! LieZ (g) and Qo(x) € F} (g) while [x, x] € F° LieZ (9).

Lie%(g) — g assembles to the LieZ:"-algebra structure map ev: Az o Lie*%(§) — §. This is because

Iterating this process, we obtain a filtration F* on Lie;f2 o(Lie%)"” (g) for all » > 0 by combining
the filtration F* on (Lie%)”’ (g) with the length filtration on Lie%. This is the n'" simplicial level of
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Bar, (id, Lie%, g), with associated graded assembling to (Lie%ﬁ)”’ (9). Explicitly, F q((Lie%)”’ (g)) is the

collection of elements «|x in simplicial degree n satisfying the following condition: if we rewrite «|x

as an element in (Lie%ﬁ)m (g) via Remarks 3.2 and 3.5, so any Lie® bracket in «|x is written as a linear

combination of Lie®!! brackets and Q applies to other elements, then the sum of the filtration degree of

X € g times the number of times x appears and the number of symbols Q7 in any term of «|x coming
s,ti

from applications of the monad Lieﬁ is at most ¢.

Since R is a homogeneous algebra and evaluation of brackets do not increase the number of Q7 in
the expression, the structure map Lie% (g) — g is compatible with this filtration, and so are the face
maps and degeneracy maps in Bar, (id, Lie%, g). The induced filtration F* on the normalized complex of
Bar, (id, Lie%, g) gives rise to a May-type spectral sequence

P E, . = P 7:..Gr Bar.(id. LieS, . g) = 7, Bar.(id, Lie, . g).
q q

Note that the face maps

(Lie%ﬁ)on (9 = @ Gr? Bary, (id, Lie%, g) — (Lie%d)c’("_l)(ﬁ) = @ Gr? Bar,,_1 (id, Lie%, 9)
q q
do not change the associated graded degree unless the differential creates self-brackets — evaluating

s,ti

the R-module structure or a Lie*-bracket is either zero or does not change the number of Q symbols.

Hence they assembles to the Lie%ﬁ—algebra structure maps (Lie%ti)°j (g) — (Lie%ti)°(j —D(@) except in
the following situation: for x € Gr?(g), the classes y;(Q'|x) := [0Q%|1]x, 1]O!|x] and Qy|O|x are
both in the second associated graded piece. Hence the total differential d of the normalized complex of
Bar, (id, Lie%, g) sends

y1(Q'|x) :=[Q"|1]x.1]Q"|]
to the element

[O|x, O'|x] +[0'[x, 1|0 (x)] = Q0| Q' x +[0'|x, 1]Q" (x)]

in E g’ o ie the self-bracket has not been filtered away. Similarly, any class containing y; (Q|x) with
X € Gr? (g) has a face map whose target has at least one self-bracket term. Whereas when x € Fl1 (g), the
self-brackets in the target of such differentials are not visible in the associated graded because the number
of Q7 in the term decrease after we rewrite the self-brackets in terms of Q.

Hence we need to construct another spectral sequence to compute the E!-page of the May-type spectral
sequence. To further filter away the self-brackets in such differentials, we assign weight 1 to y; (Q|x) and
[OF|x,1|Q%(x)] forall i and x € Gr? (g), weight 0 to everything else in g, Lie%(g), and Lie%2 o Lie%(g),
including Q| Q"|x. Then we propagate the weight to (Lie%)m (g) for n > 2 by stipulating that further
applying operations Q does not change weight and brackets add weights. The associated graded of this
weight filtration is precisely Bar,(id, Lie;{i, g), since the only face or degeneracy maps that are altered
are the ones involving y; (Q%|x) for x € Gr? (g), whose target no longer contains the self-bracket term
00| O%|x. Therefore we obtain an algebraic spectral sequence that converges to the E!-page of the
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May-type spectral sequence. Then its £ !-page has dimensions precisely those of r; ; Bar, (id, Lie%ﬁ, 9).

Therefore we obtain an upper bound of the dimension of the E!-page of the May-type spectral sequence
@q quisﬂt : D

We will call the spectral sequence above computing the E!-page of the May-type spectral sequence
the y;-Bockstein spectral sequence. Since differentials preserve weights and the y; operation on
Bar, (id, Lie%ﬁ, L) appears in weight at least four, we immediately deduce the following from Theorem 3.6.
Corollary 3.7 For any Lie% -algebra g, the homotopy groups of Bar, (id, Lie%, g) and Bar, (id, Lie%ti, g)
are isomorphic in weight less than four.

Proof In the y;-Bockstein spectral sequence, the differentials do not appear until weight 4 since y; (Q i1x)
has weight 4. By construction, differentials in the May-type spectral sequence occur when the source and
target of a face map in Bar, (id, Lie%, g) have different number of self-brackets. In weight two and three
this cannot happen. Hence both spectral sequences collapse in weight less than four. O

Remark 3.8 In the case where the Lie%—algebra g has vanishing Lie brackets, we can combine the
two spectral sequences in Theorem 3.6 into a single spectral sequence that converges to the E2-page
of the bar spectral sequence by simply shifting the filtration of any element in g up by 2. Since O
operations are additive and the Lie structure is trivial, the resulting filtered object g[2] is a module over
the filtered monad flﬁ, whose underlying object is still the R-module g. Then in the bar construction
Bar, (id, Lie%, g), the class Qg always lives in a lower filtration than [«, «] for any class o, since the
filtration of « is at least 2. Hence the May-type spectral sequence has E!-page given precisely by
s+ Bar, (id, Lie%ti, 9).

Since Lie%ti =Azo Lie*! is a composite monad, we apply Construction 2.12 and Lemma 2.13 to
compute the homotopy groups of Bar,(id, Lie%ﬁ, L)for L a Lie%ﬁ—algebra.

Construction 3.9 For L a Lie;{i—algebra with Lie*-bracket (—, —), denote by AR,(L) the bar con-
struction Bar, (id, A%, L) equipped with a Lie® i_pracket (—, —) given levelwise by
... |1[{x,y) ifaj=8;=1,1<i=<n,

0 otherwise,

(@rlaal . lenlx. B1lBal .. |Baly) = {

where o;, Bj € R and x, y € L. Here we use L to mean the underlying R-module Ul\%[fé’zj (L).
R

Corollary 3.10 For L a Lie%‘i—algebra with Lie®*-bracket (—, —), there is an isomorphism of bigraded

homotopy groups ' '
TTx,+ Bar, (id, Lie%“, L) = 7y« Bar,(id, Lie®", AR, (L)).
3.2 Homology groups of simplicial Lie*'%-algebras

s,

The homotopy groups of Bar,(id, Lie®*!, V,) for V, a simplicial Lie*!-algebra can be computed via a

shifted version of the classical Chevalley—Eilenberg complex.
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Recall from [22; 45, Section 5; 51] that given a Lie'"-algebra L, ie an unshifted totally isotropic ungraded
Lie algebra over IF,, its Lie'-algebra homology is computed by

HY'(L):= H(L Oy (L1 ®F2) = Hy(CE(L).

Here CE(L) is the standard Chevalley—Eilenberg complex, defined to be the exterior algebra on L[1] with
differential § given by

$(ox1 ® - ®0xp) = Z [0Xi,0x]]®0X1 Q@ Q0X; ® - Q0X; ® - ®0Xy.
1<i<j<n

There is no divided power part at p = 2. Since we are working with shifted, graded totally isotropic Lie

s,ti

algebras, we use a modified version for ease of notation. First we note that given a Lie>>"-algebra L,

there are weak equivalences
9) N (Bar,(id, Lie*", L)) ~ N(Z Bar.(id, Lieg, . ©~' L)) ~ SCE(Z ™' L[1]))[-1],

where CE is the reduced complex.

Definition 3.11 The Chevalley—Eilenberg complex for a Lie®*'-algebra L is CE(L) = (A*(L), §), where
A®(L) is the free shifted graded exterior algebra on L (placed in homological degree 0) with a shifted
graded exterior product ¥~ ® [1], which we continue to denote by ®, that increases homological degree
by one and decreases internal degree by one, reflecting the behavior of shifted graded Lie brackets. The
differential § is given by

Bx1®®xp) = ¥ [ix]®X ® @i ® @ ® @ Xy

1<i<j<n

Then the Lie*!-algebra homology of L is given by the bigraded F,-module
HY (L) := e u(L Qﬁg;’;z (L) ®TF,) = Hyx(N(Bar,(id, Lie*", L) ® F,)) = Hy «(CE(L)),
where the last isomorphism follows from rearranging the right hand side in (9).

In the case where L is a simplicial Lie®!-algebra, its Chevalley—Eilenberg complex CE(L) is the simplicial
chain complex obtained by applying the Chevalley—Eilenberg complex levelwise. Then Dold—Kan corre-
spondence says that the homotopy groups of CE(L) are isomorphic to the homology groups of its total com-
plex. A simplicial version of May’s result is recorded in [17, Section 3]. Here we state the shifted version.

Theorem 3.12 [17, Theorem 3.13] Let L be a simplicial Lie>"-algebra. Then there is a natural
isomorphism of bigraded IF,-modules
HES" (L) = mau (L Qk&ﬁlﬁz (L) ®F,) = Hy «(CE(L)).
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In the total complex of CE(L), the differential in the homological direction is given by § in Definition 3.11.
The differential d in the simplicial direction is obtained by applying the shifted graded exterior algebra
functor A® to each simplicial differential d; of L and taking the alternating sum, ie

d=dy®dy®---Qdo+---+d, ®d, ®---®d,.
Both differentials preserve weights.

s,ti

If the Lie®*'"-bracket on a simplicial Lie*'"-algebra L is trivial, then the differential § in the homological

direction vanishes and Hy «(CE(L)) = 74 x(A*(L)). The natural operations on the homotopy groups of
simplicial exterior algebras are well-understood by the work of Cartan, Bousfield, and Dwyer. We only
state their results in the case of free algebras, and modify the grading to take into account the fact that we

work with shifted, graded exterior algebras.
Theorem 3.13 [27, Theorem 2.1, Remark 4.4; 14; 20; 34, Theorem 3.9] Let V, be a simplicial graded
F,-module. There are natural operations
Vi Ty (N (V) = mopg1 i (W), 1<i<r
for all v > 1, satisfying the relations
—i+1—1 . .
vivj(x) = Z (j - )yi+j_lyl(x) forall i <2j.
J
(i+1)/2<I<(@+j)/3

Here in the trigrading (&, r, t) records the number of exterior products /, the simplicial degree r in V,,
and the internal degree ¢.

Furthermore, they computed the homotopy groups of the free exterior algebra on a simplicial F,-module.

Definition 3.14 A sequence I = (i1, ..., i) is y-admissible if i > 2i; 4, for 1 <] <m—1. The excess
of I is e(l) =i1—ip— —Ipm.

Theorem 3.15 [14, Theorem 8.6; 34, Theorem 3.19] Let A be a graded IF,-basis for m«(V,). Then
s« (A*(V,)) is the (shifted graded) exterior algebra on generators yy(«), where « € A and I =
(i1,...,im) is y-admissible with e(I) < s(a), where s() is the simplicial degree of the basis element .

The following is immediate by combining Theorems 3.12 and 3.15.

s, ti
R .

7« « Bar,(id, Lie®", AR, (L))

Corollary 3.16 Suppose that L is a Lie2"-algebra with trivial Lie brackets. Then

is isomorphic as a bigraded [ -vector space to the (shifted graded) exterior algebra over I, on genera-
tors yy (o), where o is a basis element of 7, x (AR, (L)) (see Construction 3.9) and I is y-admissible with
e(l)y=r.
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S,ti
R

First we recall the following result of Priddy that computes the Ext and Tor groups of a homogeneous

Now we can compute the homotopy groups of Bar,(id, Lie%", L) when the Lie® i structure on L is trivial.

Koszul algebra, which we make use of to compute the Tor groups over R.

Theorem 3.17 [51, Theorem 2.5] Let R be a homogeneous Koszul algebra over F, on generators
aj,i € J in weight 1 and quadratic relations rj. Let B be a subset of the set S of nonempty sequences
on J such that there is a basis of R consisting of monomials {aj};ecs. Then the cohomology algebra
H**(A) = Ext’;*(IFz, IF,) is isomorphic to the tensor algebra on a;’ subject to relations that are linear
dual to the r;.

We record an explicit description of the procedure of cycle completion that produces a given class in the
Tor groups, which will be useful later.

Remark 3.18 Call a;a; allowable if (i, j) € B and unallowable otherwise. Since we are working over [,
and the cohomology of R as a bigraded F,-module is finite in each bidegree, we are allowed identify the
bigraded [F>-modules Tor,ﬁ,n (IF,, ) with the [F5-linear dual of Ext'z’n (IF», ). To simplify notation, we
will name classes in Tor,ﬁ’n (5, F») by its the name of its dual in Ext'z’" (5, ). A cycle corresponding

to the class

VvV _V \ R
aj aj, ---a; € Tory (>, F,)

with (ig,ix+1) unallowable for all k in the reduced bar complex over R is a sum Y ilajilaj, .. laj,] €
R®™ that contains the term [a;, |aj,| . . . |ai,,] with nonzero coefficient. We call this the cycle completion
of the monomial [a;,|a;,|. .. |a;,]. To find the cycle explicitly, we start with «g = [a;, |ai,| ... |ai,,].
The differential d is a sum of face maps composing adjacent terms a;, a;,,,. We use the relation
A @iy = )_bj. bj. ., to cancel out the terms [a;, | ... |a; @i ,|...|ai,,] in the differential by adding
D lai |- laje_1bj|bjy i |@jic s - - - laiy,] to g for all k and denote the resulting sum «;. Then we
pair off the differential for every term in a; — g, ie for each nonzero term in d(e; — &g) obtained by
composing an unallowable 2-tuple via the k' face map, we use the relations in R to find a sum in R®"™
whose image under the k" face map cancel out that term. Thus we obtain a new sum «, such that all
terms in the differential on o1 are paired off. Now we repeat the process again. It has to terminate since
the number of unallowable adjacent pairs is nonincreasing for any term at each step and there are finitely
many monomials with a given number of unallowable adjacent pairs. In other words, a;,a;, - - - a;,, can
be written as a unique sum of basis monomials through this iterative process in finite steps.

Lemma3.19 (1) Supposethat L = »k IF5 is a trivial Lie%ti -algebra. Then 4 « Bar, (id, Lie*t AR, (L))
is the exterior algebra over F, on generators y; Q7 (x;), where xj is the generator of (L),
J =({j1,..., jr) satisfies
Jisr+t jr k= =1) < j1 = 2j141
for1 <[l <r and j, >k, and I is y-admissible with e(I) < r. In lower indexing, the generators
are y; Q j (xx), where J = (ji. ..., j,) satisfies 0 < j; < ji.1 + 1 foralll, and I is y-admissible
withe(I) <r.
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(2) Let L be the Lie%i-algebra with underlying R-module Q" Frc=,e,11:,l/lgg§2 (Z"+*Fy),n > 1 and trivial
Lie brackets. Then m4 s Bar,(id, Lie®", AR,(L)) is the exterior algebra over F, on generators
v1 Q5 (xx), where J = (ji...., jr) satisfies0 < j; < jy41 + 1 foralll <r and0 < j, <n, and I

is y-admissible withe(I) <r.

Proof (1) In light of Corollary 3.16, it suffices to compute
a6 (ARG (L)) = 704, Bar, (id, Az, TFTF),

where the right hand side is the unstable Tor groups UnTorE* (F,, =KTF,). The unstable Tor groups are
computed by taking the homotopy groups of the subcomplex of the bar complex computing the Tor groups
Torzz*(IFz, ¥kTF,) obtained by regarding =¥, as an unstable trivial module over R and imposing the
instability conditions [Q/ |a] = 0 for j < |a|; see [15, Section 3].

The quadratic algebra R is a homogeneous Koszul algebra, since the canonical basis
{07 07 ji > 2ji1Vi}

of R is a Poincaré-Birkhoff-Witt basis in the sense of Priddy [51, Theogem 5.3]. In particular, it follows
from Priddy’s machinery [51, Theorems 2.5, 3.8] that the Tor group Torf* (5, F») has a basis consisting
of cycles indexed by Q71 --- Q/s, where j; < 2j;4; foralli.

To compute the unstable Tor groups on a class xj of internal degree k, we need to impose the instability
condition 07 (x) = 0 for j < |x|, then the basis of UnTorf* (5, F2{xx}) consists of basis elements
of TOTZ?*(Fz,Fz) satistfying j; > ji_1— 1+ ji—o—1+---+ j, — 1+ |x|foralli <r and j, >k, or
equivalently sequences O ITREE 0 i (xg), where 0 < j; < jiy1 + 1 foralli.

(2) Tterating Proposition 2.10 yields a canonical map of R-modules

dr dn
L = Q" Freeyoqt, (E"TFF2) — Q Freeyioit, (ST F,) = 4,

S,ti
_ R —_
of L has basis 07 xj, where J = (J1,..., jr) is a basis element of R satisfying j. > n + k. Suppose
that « € AR,(L) is the cycle completion of an element Q/!|...|07"|x; with k < j, < n + k and
Jig1—1+-+jr—1+k =< j; <2jj4, for/ <r. Since cycle completion via Behrens’ relations in the

which gives rise to a surjective map of Lie?:"-algebras with trivial brackets. The underlying IF,-module

sense of Remark 3.18 cannot increase the index of the right most operation, the differentials supported by
« are the same as those supported by its image in AR, (IF2{xz}), so « is a nontrivial cycle. Otherwise, all
but the rightmost face maps send « to zero, while the rightmost face map from at least one (distinct) term
of « is nonzero, so it is impossible to complete the cycle. Switching to lower-indexing yields the desired
answer. d

Combining Theorem 3.15 and Lemma 3.19, we have:

Algebraic & Geometric Topology, Volume 25 (2025)



1970 Adela YiYu Zhang

Corollary 3.20 For g = Q" Freeﬁggg (Z"HkF,) with 1 < n < oo, the E'-page 7 « Bar, (id, Lie$: “, 9)
of the algebraic y1-Bockstein spectral sequence (see Theorem 3.6) is the (shifted graded) exterior algebra
on generators y; Q y(xy), where I = (i1, ...,im) is y-admissible with e(I) < r and J = (ji, ..., jr)
satisfies 0 < j; < jiy1 + 1 forl <r, 0 < j, <n.

3.3 Quillen homology of Lie;_2 -algebras with trivial brackets

Next we want to identify the differentials in the May-type spectral sequence and the y;-Bockstein spectral

sequence when g = Q" Freeﬁggg (="*kF,). There is no canonical map from s, Bare (id, Lie;z, g) to the

s, ti

E'-page my « Bar,(id, Liez", g) of the y;-Bockstein spectral sequence; instead we map Bar, (id, Llef ,0)

into the bar construction of another variant of Lleﬁ—algebras

Definition 3.21 Let Modz _o, € Modz be the subcategory of allowable R-modules M such that
Qo(x) = 0 for all x € M. Denote by FreeMog§>(> the free R~ -module functor, and Az the additive

s, ti

monad associated to the free functor. Let Lles i = Az 7., °Lie™", where the composite monad on the

right has distributivity given by [0/ (—), (— )] = 0

By Proposition 2.8, there is an equivalence of Lie%—algebras
Liek (M) = Ag oLie*(M)/(Qo(x) = [x,x], x € M).

. . . . s.t
In comparison, there is an equivalence of Lleﬁ1 -algebras
>0

Liesfi (M) = Az_, oLie™ (M) = Ag oLie®(M)/(Qo(x), [x, x], x € M),

where the quotient is taken with respect to the left R-algebra ideal. Hence the category Lles St of
Lle%“ . -algebras is the subcategory of Llef—algebras L satisfying the condition that Q¢ (x) =[x, x] =0
>

for all x € L. The inclusion Liet,

t
T..5% (9): Llei1 —>Lle—
i R>0

of subcategory admits a left adjoint QLle‘ i (g) that takes the quotlent by the R-algebra ideal of the
Fq (g) is given by equipping the

72>0

self-brackets. When g is a Llef—algebra w1th trivial Lie® brackets, Q
R ~o-module QMOdR (g) w1th trivial Lie®" brackets.

Lie

Lemma 3.22 Let g be an Lie%—algebra. There is a surjective map of simplicial IF, -modules

Lie%
¢ Bar,(id, Lie%,, g) — Bar,(id, Lie" 0 "%, (g)).
>0 ez

=9

s,ti

Proof There is a map of monads LICR — Llf:Ta that sends the symbol Qj to 0, and this induces the

>0
map of bar constructions in questlon. O

The homotopy group of Bar, (id, Lles St L) is computed in the same way as for Bar, (id, Lles L) via
Lemmas 2.13 and 3.19 (Q, operatlon no longer appears in the generators).
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Construction 3.23 For L a Lleitl -algebra with Lie®!-bracket (—, —), denote by ARZ%(L) the bar

st

construction Bar, (id, AR , L) equlpped with the simplicial Lie’>"-algebra structure given levelwise by

1[(x,y) ifa;=B;=1,1<i=<n,
otherwise.

(ar]as|...lonlx, Bi1lB2l...|Buly) = {(1)|

Lemma 3.24 (1) There is an isomorphism
7a s Bary(id, Lie%" | £¥F,) 2 7, , Bar, (id, Lie®", Bar, (id, A5 __, Z¥F,))
> R=o0 > >0
2 74,4 A" (UnTory 5 (Fa, Fa{xz }).
Hence 4 « Bar, (id, Lie%ti Y’ XT,) is the exterior algebra on generators yy O y (xy), where J =
(Ji,...,jr) satisfies 1 < j; < j;+ 1 foralll and I is y-admissible withe(I) <r.

(2) The homotopy group of Bar,(id, Lles b Qn FreeMOdR>o(2”+kIF2)) is the exterior algebra on
I
generators yy Q y (xx), where J = (]1, .. .,],) satisfies 1 < j, <nand 1 < jy < j;+1forl <,
while I is y-admissible withe(I) <.

(3) For L = Q" FreeﬁogR >0 (S"5F,) with 1 < n < oo, the quotient map of monads Az — Aﬁ>0

induces a surjective map 7T+ % Bar, (id, Lles U L) — 14 5 Bar, (id, Lles St L) that sends the symbol
Q() to 0.

In order to use the comparison map (see Lemma 3.22)
@x 1 x5 Bary (id, LieZ; , g) — 7+« Bar, (id, Lle;: ;9

to detect differentials and permanent cycles, we make use of explicit combinatorial formulae of y; by
Bokstedt and Ottosen. The grading conventions are modified to suit our context.

For r,i e N with 1 <i <r, let U(r,i) be the set of pairs (4, B) of ordered sequences a; < --- < a;,
by <--- < bj such that {ay,...,a;} and {by, ..., b;} are complementary subsets of
{r—i,r—i+1,...,r+i—1}.

Let V(r,i) C U(r,i) be the subset witha; =r —1i.

Proposition 3.25 [13, Theorem 1.3, Lemma 3.1] Suppose that V, is a simplicial IF;-module with face
maps dj. Let z be a representative of a class [z] € ms ¢ (V,) in the normalized complex N(V,). For2 <i <s,
define

Vi(2) = Y Sap-SaySay (2) ® S, -+ sp,5p, (2) € AX(VL).
(A,B)eV(s,i)

Then dj(yi(z)) =0 for 0 < j <i + s, and the induced operation y; : 75 ;(V,) — Tg4it1,21—1 (A%(V,))
are exactly the Dwyer—Bousfield operations in Theorem 3.15.
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Remark 3.26 If in addition V, is exterior, then the formula above for i = 1 induces the operation
Y1 on 7« x(V,). The operation y; is not well-defined when there is some element ¢ in the simplicial
commutative algebra V, such that a ® a # 0. This is because in N(V,) the differential sends y; (@) to
a® a; see [27, Remarks 4.3, 4.4; 13, Remark 3.2].

Hence we obtain natural operations y; for 1 <i <s on
5.« (Bar, (id, Lie™", AR7O(Z¥F,))) = 7y« (A*(Bar, (id. A_ . ZFF>))).
and similarly on
7rs  (Bara (id, Lie®™", AR.(ZFF,))) = 75 4 (A* (Bar. (id, Az, £5TF))).

Suppose that £ is a cycle in ARZ®(ZXF,). In the total complex of Bar,(id, Lie®%, AR *(Z¥F,)), a
representative for the homotopy class y; ([€]) is

Vi (%’) = Z (Sa,- “+SarSa, (3):)’ ShyShy * " Sb; (%—)) e Lies,ti O(Aﬁ>0)°(s+i)(EkF2).
(A,B)eV(s,i)

When we iterate the y; operations, the formula is harder to write down explicitly.

Notation 3.27 Suppose that V, is a simplicial F-module as a trivial simplicial Lie®*"

-algebra. For
distinct classes [£1], ..., [Ex] € 7« «(V4), denote by B(&;, ..., &,) the cycle in the normalized complex
of Bar,(id, Lie®"!!, V,) that represents the class [£1] ® -+ ® [£4] € T4 (A"~ (VL)) C 74+ (CE(V))) =
74,5 Bar, (id, Lie’ ’ti, V,), which is obtained by cycle completion via the Jacobi identity in the sense of

Remark 3.18.

Therefore a homotopy class [§;]®- - -®[&;] with [ > 1 in 75 « (A' (Bar, (id, Aﬁﬂ), ZkIFz))) is represented by
an element B(£y, ..., &) in the summand (Lie®%)°(—Do (A7§>0)°(s_l+1)(2k1[?2) of the total complex of
Bar, (id, Lie®!!, AR>? (2¥TF,)). Since a representative for the homotopy class ¥; vi (§) in the total complex

o . d ..
of A*(Bar,(id, Freexg d;;o, YXIF,)) is given by

yjvi(§) = > > sc(54() ®58(E) ®sp(s4(§) ®55(E)).

(C,D)eV(s+i+1,j) (4,B)eV(s,i)
a representative for y;y;(£) in the total complex of Bar, (id, Lie® ot AR?O(Zk IF,)) is given the sum of
over all (4,B) € V(s,i), (C,D)eV(s+i+1,j)of B(sCsA(S),scsB(S),stA(é),stB(S)), with
the three brackets coming from distinct simplicial filtrations.

Theorem 3.28 The Quillen homology
Lies, _ _
HQ.,F (Q" Freepiog? (" T4T,)) 2 g, Bar, (id, Liefy, " Freeyioqk (5" Fy)

of the Lie%-a]gebra Qn Free:llt,l/[gg?2 (="*kF,), 1 < n < oo is isomorphic as a bigraded vector space to the

exterior algebra on generators yy Q y(xi), where I = (i1, ...,im) is y-admissible with e(I) < r and
im > 2, whereas J = (ji,..., jr) satisfies0 < j; < ji+1 + 1 forl <r, 0 < j, <nandif j; =0 then
eitherr =1 ori,, = 2.
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Recall from Proposition 2.10 that in the case n = oo,
sHkE, ~ lim Q" Freeﬁgggz (S"HER,)

is the trivial Lie%—algebra TKF,.

Before we proceed to prove the theorem, we provide some intuition about the strategy. Since the input
Lie%-algebra Q" FreeﬁggR (2"+kF,) has vanishing Lie brackets, Remark 3.8 allows us to consider a
single May-type spectral sequence by considering the length filtration on " Freemgg (E”+k IF,) shifted
up by two. From the construction of the May-type spectral sequence, we see that there is a higher
differential on a class on the E'-page = 7, 4 (Bar, (id, Lles U 1)) if and only if its representative cycle,
considered as an element in Bar, (id, Lleﬁ, L), admits a face map that evaluates a non-self-bracket to
a self-bracket. Remark 3.26 and Corollary 3.20 indicate that y; is the only operation that arises in
74,5 (Bar, (id, Lles L)) = A{y; Qs (x)} with I y-admissible precisely because self-brackets are zero

in Lles ,t

algebras and thus generates all the differentials in the May-type spectral sequence. Hence
we expect 7,5 Bare (id, Llef L) to be a quotient of 74 (Bar,(id, Lles 1)) (see Corollary 3.20) by a
suitable ideal generated by y; () for all o € 4 «(AR,(L)), and we use the induced map on homotopy
groups of ¢: Bar,(id, L1e , L) — Bar,(id, Lles o L) from Lemma 3.22 to help detect the differentials

and permanent cycles.

Proof of Theorem 3.28 We focus on the case L = KT, since in the cases 1 < oo the only difference is an
extra condition on the rightmost operation in basis elements, so the same argument applies with no change.

Consider the map @y : 4 « Bar, (id, LICR, L) — w4 « Bar,(id, L1es At L) from Lemma 3.22. Its cokernel
consists of all cycles in Bar,(id, L1es 4 $kF,) whose prelmage 1s the source of a differential to an
element that is in the kernel of ¢. Smce @ is surjective by Lemma 3.22, this is equivalent to finding all

St $5F,) precisely because the differential 8 in the normalized

classes « that are cycles in Bar, (id, L1e
complex of Bar,(id, L1es A sk IFy) sends o to a linear combination of elements that contain self-brackets
or Qo In other words, via the inclusion to 7 x Bar,(id, Lles At Ek IF5) in Lemma 3.24(3), all elements in

the cokernel of ¢, support differentials in the May spectral sequence.

We start with the generators of the exterior algebra, see Lemma 3.19. Let [@] = O i 0 e 0 i (xx) be a
basis element of 7 « Bar,(id, Lie®, ARZ%(ZXTF,)), represented by a cycle

a:le|...|Qj,|xk+ZQj{|...|Qj;|xk in Bar,(id, Llestl Ek]Fz).
/

The terms in the summation comes from cycle completion via Behrens’ relations in the sense of
Remark 3.18, with the condition that any term containing Qy is 0. It has preimage @ the cycle completion
of QO 11| 10; jr|Xk in Bar,(id, LieZ;, EkIFz) via Behrens’ relations, which is the sum of « and terms
Q/1| |Ql /|xx such that at least one of the QJ , [ > 1is equal to Q. By [13, Lemma 3.1], the
differential 0 in the normalized complex of Bar, (id, Lles St Y , kTF,) sends y;(a),i > 2 to zero because
the terms are either zero or cancel out in pairs due to the snnphclal identities of face and degeneracy maps.
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Hence its preimage y; (&) is also a cycle in the normalized complex of Bar, (id, L1e , Xk IF,) and hence a
permanent cycle in the May spectral sequence. Similarly, for any y-admissible sequence I=(1,....im)
with i, > 2, yy (o) lifts to a cycle y7 (&) in Bar,(id, L1e , ©¥IF,) and hence a permanent cycle in the May
spectral sequence. By naturality of the y; operations and Lemma 3.24(3), the class yy (o) with i, > 2
and o € n*,*(AR.(EkIFz)) is also a permanent cycle.

On the other hand, the differential 0 sends y; («) to (&, ) = 0 in Bar,(id, Lles St Y , ¥TF,), whereas its
preimage y; (&) = [so@, s1&] maps to [&, &) = Qo|& under the differential in Bar, (1d L1e , ©¥F,), which
is in the kernel of ¢. In other words, there is a differential in the May-type spectral sequence from
Y1 (o) € s 5 Bar, (id, Lie%, S%F,) to Q. Similarly, for any y-admissible sequence I = (i1, ..., in)
with i, > 2, y7y1 (@) is a cycle in Bar,(id, Lles i $kT,) because of the self-bracket in dy;y; (o) =
v1(d(y1(e))) if the simplicial degree of « is r > 1 “and

yryi(a) =0(y1(a) @ y1(a) ® 271 (@) ® -+ & Yam—1 ... y2y1()

if r = 1; see [34, 3.9(1)]. On the other hand, its preimage Y7y (&) is mapped by the total differential in
Bar, (id, Lie%;, ©XTF,) to the cycle completion B(Qo|d, y1 (@), . . ., Yam—1 ... Y2Y1(a)) (see Notation 3.27)
if r =1, and to yy([&, &@]) when r > 1. Note that in 7y x Bar,(id, Lles A SKkE) > A{yrOs ()}
with I y-admissible and J satisfying certain conditions, we have [y ([¢, oz])] = [yr(Qol@)] with I’ =
(i1 +2™"1, ... im+1). There is a shift in the indexing of the y operations because by construction the
self-brackets appearing in the same bracket term live in distinct filtrations when more y's are applied, so
replacing each self-bracket by a Oy in a cycle will increase the index of the acting ; by one. In particular,
we note that i, + 1 > 3. Hence there is a differential in the May-type spectral sequence from y;y; (@) to
v1/(Qola), and all the generators 7y () of the exterior algebra TTx,% Bar,(id, Lie® ot AR?O(Ek I,)) are
in the cokernel of ¢,. Again by naturality of the y; operations and Lemma 3.24(3), the class y7y;(«) €
T ,x Bar, (id, Lles i 5[, ) supports a differential to y;/(Qoe) in the May-type spectral sequence.

In general, suppose [«] is a basis element of
%% Bar, (id, Lles At Z‘kIFZ) > 7.« Bar, (id, LieSt, AR.(Z‘kIFz))

that is the exterior product of generators yy, ([a1]), . .., v1, ([an]) With each «; the cycle completion of a
basis element [o;] € JT*,*AR.(Ek]Fz). It is represented by a cycle @ = B(yy, (1), ..., v1,(2y)) in the
total complex of Bar,(id, Lie®!, AR,(Z*F,)), see Notation 3.27, since d i (v1, (7)) = 0 for all j and /
by Proposition 3.25. Then [«] supports a differential in the May-type spectral sequence if and only if at
least one of the y-admissible sequences /I is of the form I; = (i;,,....i,,1). By Corollary 3.20, the
above covers all classes in the [F-basis of the £ !-page of 7 « Bar, (1d Lles A SkE,). |

Remark 3.29 Note that 7 x Bar,(id, L1e Ek IF,) is the cofree coalgebra on »k IF» over the comonad
|Bar, (id, Lie%, —)| 1= 74« Bar,(id, Freey s , -)

Algebraic & Geometric Topology, Volume 25 (2025)



Quillen homology of spectral Lie algebras 1975
on Modg,. The coalgebra structure map is given by

Bar, (id. Liet, , £¥F,)| < |Bar, (id, Lic%,. |Bar. (Freer ® . Lic%., SKF

|Bar, (id, LieZ, 2)| <—| ar.(l , 1e7§,| ar, ( reeyjoqy, - Lieg - 2)|)|

— |Bar. (id, LieS;., [Bar, (id. Liel;. ©¥F,)|)

]

where the last map makes use of the augmentation Free;}z?lg — id; see [16, Appendix D]. In particular,
T+ ,% Bar, (id, Lie%, yk IF,) records all natural unary operatioils on a degree k class in the mod 2 Quillen

homology of Lie%—algebras, and Theorem 3.28 gives us a dimension count.

4 Application to the Knudsen spectral sequence

The rest of the paper is devoted to studying the mod p homology of labeled configuration spaces using
the computation of Quillen homology of spectral Lie algebras. The coefficients for homology is IF, unless
otherwise specified.

Let M be a manifold of dimension #» and X a spectrum. The configuration space of k points in M
labeled by X is the spectrum

Bi(M; X) = £Confy (M) ®5, Xk,

considered as a weighted spectra of weight k. Here Confy (M) is the space of k-tuples of pairwise
distinct points in M. Denote by 5.# the monad associated to the free spectral Lie algebra functor Free*~ .
The co-category of spectral Lie algebras is cotensored in Spaces, and we write (—)™ * for the cotensor
with the one-point compactification of M in this category. In [39], Knudsen established the following

equivalence using factorization homology; see [17, Theorem 5.1].

Theorem 4.1 [39, Section 3.4] Let M be a parallelizable n-manifold and X a spectrum. Consider X as
a weighted spectrum of weight one. Then there is an equivalence of weighted spectra

P Bi(M: X) ~ |Bar,(id, 5.2 Free* (2" X)M 7).
k>1

The left hand side is weighted by the index k; the weight filtration on the right hand side is given by
propagating the weight on X via the free spectral Lie operad functor.

Applying the bar spectral sequence (Proposition 2.16) to the bar construction on the right hand side, we
obtain the following:

Proposition 4.2 There is a weighted spectral sequence

Lie?,
(10) E?, = HQ,, " (Hx(Free*” (S"X)M ")) = @D Hyrs(Bi(M: X)).
k=1
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The Lie%—algebra structure on the [F>-module
G -~ < -~ Li S
Hy(Free’Z (S" )M ™) = (M) ® Hy (Free*Z (5" X)) =~ H*(M 1) ® FreeM'ng[P2 (H( (=" X))
has an explicit description.

Proposition 4.3 [17, Proposition 5.9] Let g be a spectral Lie algebra. Then there is a spectral Lie
algebra structure on the cotensor gM " in the category of spectra. The Weight two structural map factors as

0,010 ® (DM ) @ P2, - DML ® (0:(10) ® 982) ~— 2 D(MH) 8 4.

where D is the Spanier—Whitehead dual and § the diagonal embedding.

As a result, the shifted Lie bracket on H *(M™1)® Hy(g) is given by

V1 ®x1,y2 @ x2]:= (y1 U y2) ® [x1, x2].
On the other hand, the Steenrod operations on H*(M ™) induces a twisted R-module structure in the

cotensor.

Proposition 4.4 The operations Q7 act on H* (M) ® Hy(g) by
0/ (y®x) = ZSq’ T(»)® 0" (x).

Proof Applying the Cartan formula Q7 (y ® x) = D Q77 (y) ® Q% (x) for the extended Dyer—Lashof
operations Q7 : x > €¢j_|x| ® X ® x and the identification 0~ = Sqi [46] to the definition of the O/
operations, we have

0/ (y®x)=Ewo™ (Z S (1 ® Q"(x)) =Y 8¢ (»®&sTI Q' () =) SI (1)® Q' (x).
i i i
Here 0! is the desuspension isomorphism, and £ is the second structure map of spectral Lie algebras. 0

4.1 The universal case

Now we apply Theorem 3.28 to the case where M is the Euclidean space. While the homology for
B (R"; X) is well-understood [18; 24; 47], we observe interesting patterns of higher differentials in the
associated Knudsen spectral sequence. Furthermore, the computation of the £2-page in these cases will
be useful in deducing the E2-page for a general M.

Since H*(S™) =F,{t,} is concentrated in one dimension, the only nonzero Steenrod operation is Sq° = id,
so the R-module structure on H *(S™) ® Hy(g) is given by

0/ (tn®x)=07"0/(x)=0/(c7"x), xeg.
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In the limiting case M =R* = lim R”, we have the stabilization
n—>oo

lim Q" Free’? (2"X) ~ X,
n—>o0
and the spectral sequence (10) becomes

il
1€5
R

(11) E2, =HQ, ;*(SKFy) = Hyy(FreeEos(K)).

The E2-page is computed in Theorem 3.28. Namely, it is the exterior algebra generated by one class xj
and two types of operations on coalgebras over the comonad 4 x Bar, (id, Lie%, -),

OJ - F2 2 .
Q' Eh,s,t - Eh,s+1,t+j—1’ J =t
.2 2 .
Vi Eh,s,t - E2h+1,s+i,2t—1’ 2<i=<s,
under a further splitting of the filtration degree into a sum of homological degree / counting the number

of brackets and simplicial degree s counting the number of Q.

Comparing with the computation of Hy (Free®oe(S¥)) [18; 47], which is the E®-page, we can im-
mediately deduce that the E2-page is much larger. Using sparsity arguments, we can identify higher
differentials in low degrees, which allows us to make the following conjecture.

Conjecture 4.5 Each page of the spectral sequence
L' S
Esz’t = HQS::R(EkIFz) = 754+ Bar,(id, 5.2, EkIFz) ~ Hs+,(FreeE°° (Sk))

is an exterior algebra. The higher differentials on the exterior generators of the E?-page are given as
follows:

(1) For an exterior generator a = le .. Qjm (xx) on the E?-page, we have

dr—HVr—H(O‘) = Qr(a)
forr <mandr < j; + 1.
(2) For an exterior generator f = Y41 le e Qjm—l (xx) on the E?-page, we have
(a) dn+1(/3) = Qi’lel e Qjm—l (Xk),
b) d"ymin(B) =d"(B)® B,
© yd" N (B)=d* yuqi_1(B) forn+3 =<1 <m.

These generate all higher differentials under further applications of y; operations in accordance with (2)(b)
and (2)(c), as well as the exterior product.

Figure 1 is an illustration of the higher differentials in homological Adams grading (s + ¢, s) for 8 =
Vn+1 le .. Qjm (xx) and o = O, le .. Qjmfl (xz) with internal degree b. Seta =2b+m+ 1. Along
the horizontal line s = m + 1 we have generators Q1 (ct), ..., Q,+1(a), each receiving a solid differential
via Conjecture 4.5(1). Along the top slope we have, for each / with n + 2 <[ < m, a dashed arrow
drn+1(Vn+1—-1(B)) = yi (), which correspond to the differentials in Conjecture 4.5(2)(c). Finally we
have a dotted arrow hitting the cross term, corresponding to Conjecture 4.5(2)(b).
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Figure 1: Conjecture 4.5 higher differentials.
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Remark 4.6 The pattern in the universal case is similar to the pattern of universal higher differentials
in [26, Proposition 2.6; 56], where divided squares kills off Steenrod operations that are not admissible.
Here, the Dyer—Lashof operations Q/ on the E®-page should be represented by the surviving Q7
operations. On the E2-page, the admissibility condition for Q7 allows for more admissible sequences
than the Dyer—Lashof algebra. The y; operations eliminate the O/ operations that do not satisfy the
admissibility condition for Dyer—Lashof operations via higher differentials.
One major difference is that while Steenrod operations can be defined on the spectral sequence filtrationwise
in [26; 56], the operations O/ increase filtration by one. Hence the classical methods of producing

operations on spectral sequences by chain-level constructions no longer apply.

In forthcoming work with Robert Burklund and Andrew Senger, we use a suitable deformation of the
comonad associated to the bar construction |Bar,(id, s, —)| to the co-category of Postnikov-connective
filtered [F,-modules, which allows us to detect the pattern of higher differentials in Conjecture 4.5.

Remark 4.7 The spectral sequence we study here is analogous to the bar spectral sequence
Eg, = mymy Bar, (id, EG) ® Fp, w4 (A4)) = 754 Barl(id, Eg ® Fp, A)

and its dual. The latter was used to identify operations on homotopy groups of spectral partition Lie

algebras and mod p TAQ cohomology operations of nonunital [E,-IF,-algebras in [57], which subsumes
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unpublished work of KiiZ, Basterra and Mandell. The E2-page of this spectral sequence is the André—
Quillen homology of Poly p-algebras, ie graded F,-modules equipped with Dyer—Lashof operations and
a polynomial product that satisfying the Cartan formula. In contrast to Conjecture 4.5, this spectral
sequence collapses on the E£2-page. Heuristically, the phenomenon here arises from the nonadditivity of

. . Liex  _ ALie® Lie% :

the free Lie’-algebra functor and the order of the factorization Q. dr, = PMody, © QLie}z, which results
in simplicial homotopy operations. Whereas the Dyer—Lashof operations are additive away from the
bottom operations on even degree classes, so the factorization Qi,loéﬂfép = Qﬁggl’;;o o Qll\)/locl)}g; » does not

introduce simplicial homotopy operations.

4.2 With coefficients

Next, we take up a slightly more complicated case, where M = R” with labels in an arbitrary spectrum X .

Then Hy (Free’? (X" X)M +) ~ Q" Free;}z;;z[F (X" Hy« (X)) and the spectral sequence (10) becomes
2

Lie% Lie

(12) EZ, =HQ,, " (Q" Freey i (5" Hv(X))) = Hj 4 (Free®n (X)).
Lies; Lies,
When X = S¥, the E2-page HQS;3 (4 FreeNngz (="*tkTF,)) is computed in Theorem 3.28.
Write Hy(X) =~ @k,l Fa{xk,1}, where {xg ;}; is an [F;-basis of Hj (X) for each k. Then
g = Hy(Q" Free*” (2" Hy (X)) = Fa{tn} ® Hy(Free®? (" Hy(X)))
=~ Fa{in} ® ( P Fi{07w. J e ﬁ(d(w))})
wew

by [2, Proposition 7.3]. Here R(n) is the quotient of R by the relations

le _._ij =0 if ji<jp4--+ jx+n,
St

and W is the set of Lyndon words on the set of letters {o" x ; }x.;, Which is a basis for the free Lie
algebra on generators {0" xx ;}k ;-

We define the degree of a word w € W to be d(w) =1+ 3 ;myg (w)(n + k — 1), where my ;(w)
counts the number of times the letter 0™ xj ; appears in w. Set

gw =2 {tn} ®F2{07w, J € R(n + |w))}.

Then g >~ @, cj 9w With trivial brackets. Note that this splitting is induced by an equivalence of
s.%-algebras in [F;-module spectra

(Free*? (5" X)) ®R" @ F, ~ D(S") @ Free'? (£" X @ Fy) ~ D(S") ® Freesf(\/ stk IFZ)
XK.l
~ \/ (Free*” (24R,)) ®D",
wew
where the last step makes use of Corollary 5.13 in [3]. The equivalence above would only be that of
IF,-module spectra if we did not kill the brackets by cotensoring with (R”)™". Therefore we deduce:
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Lie%, Lies,
Proposition 4.8 The spectral sequence E}; = HQS;3 R(Qn Free@iﬁmz(zn Hy(X))) = Hyps(FreePn (X))
splits as

Lie% ) _
ESZJ ~ @ HQ, ;" (gw) = @ ms4s Bar, (id, s.2, Q" Free’Z (2" 54W) "F)).
wew wew

Remark 4.9 The canonical map of spectral Lie algebras
Q" Free*Z (2"S*) — Q% Free’? (z*°S¥)
via stabilization induces an embedding of the E2-pages
HQ"r(Q" Freeyo f, (5" F2)) — HQM (2 Fy)

by Proposition 2.10 and Theorem 3.28. We expect that the higher differentials in the target (Conjecture 4.5)
pull back to higher differentials in the source. Indeed, combinatorially this will yield the computation
of the free [E,-algebra on a single generator. If H,(X) has multiple generators, then the splitting of
the spectral sequence above via Lyndon words corresponds precisely the Browder bracket on the free
[E,,-algebra on those generators; see [24, II1].

5 Upper bounds and low weight computations

For a general parallelizable manifold M of dimension 7, the Lie%—algebra
~ Lie%
g=H*M")® Freey g, (5" Hx (X))

has nontrivial Lie®-brackets and the precise image of the comparison map ¢« in Lemma 3.22 becomes
much harder to pin down. Nonetheless, Theorem 3.6 and Corollary 3.10 allow us to obtain a formula for
an upper bound of 74 « Bar,(id, Lie%, g) by

T«,% Bar, (id, Lie;gi, §) = 7+« (CE(AR.(§)))

that is an equivalence in weight less than four. Here g = H* MH® Freelicr" (H« (X)) is the associated
Lie%ﬁ—algebra, where H*(M 1) is equipped with the Lie®!-bracket coming from the associated Lie®!-
algebra of the Lie®-algebra H*(M T) with its usual cup product; see Construction 3.4. In particular, it

follows from Corollary 3.7 that in weight less than four, the two homotopy groups are isomorphic.

5.1 General upper bounds

We will see that 7y (CE(AR. (ﬁ))) admits a description in terms of the Lie*U-algebra homology of §.
The key observation is that for § = H *MTH® Free-iex" (Hx (X)), AR.(§) has trivial Lie®!-structure

s,

away from simplicial degree O and its degeneracies, see Construction 3.9, and the Lie’"-bracket on g

vanishes on elements that involve Q! operations.
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s,ti

Definition 5.1 For a Lie® ’ﬁ—algebra g, we say that its Lie>"-structure is supported entirely by a sub-

s,ti

Lie*U-algebra g’ if the Lie*'-algebra g is isomorphic to the product Lie*!-algebra N @ g/, where the

Lie*% bracket vanishes on the complement N Cg.

Lemma5.2 Letg=L® FreeLle (V) be a Lles U_algebra, where L is a nonunital graded commutative
algebra over F, and the Lie®! structure on g is the usual one on the tensor product. Then

74 (CE(AR.(3))) 2 Alyr(@), o € 4} ® HES ().

where o € A is an element of an [F,-basis for w> «(AR.(g)) with simplicial degree s(c), and I is
y-admissible with e(I) < s(a).

Proof Since brackets of operations are zero, the Lie®" St

algebra gy = L ® Freell\‘,izd , (V). Furthermore, for all m > 1, the Lie®-algebra AR, (§) is supported

-algebra g is supported entirely by the sub-Lie®

entirely by the degenera01es coming from g by Construction 3.9. Hence each simplicial level AR ()

s,t

is isomorphic to the product Lie*"-algebra T}, & g,,, where g, is the sub—Liei;;—algebra consisting of

s,ti s,ti

degeneracies of g;, and 75, a trivial Lie*"-algebra. Since the splittings respect the simplicial Lie*"-algebra
structure of AR,(§), we deduce that AR, (§) = 7, & g, as simplicial Lieii:—algebras. This induces a
splitting of chain complexes

CE(AR.(§)) = CE(T.) ® CE(g,).

where T, is a trivial simplicial Lie*!-algebra and g, the constant simplicial object on - The lemma

then follows from Theorem 3.15, noting that Hjj’iis’ﬁ (9) =~ H*L’if'ﬁ (TH) ® H}jﬁs’“ (gp)- O

It remains to compute 7« «(AR.(g)) for g = H (M) ®Freelix" (H«(X)). Since g and g are isomorphic
as R-modules (see Remark 3.2), we will not distinguish the two. Recall from Proposition 4.4 that the
R-module structure on g is twisted by the Steenrod operations in the sense that

Qyea)= Y SIT(»® 0 @.
0=<s=<n

Notation 5.3 Let H U {z} be an [F,-basis of the cohomology ring H*(M ), where z corresponds to the
added point in the one-point compactification and H is a basis for H* (M ™). For y € H, denote by |y|
the cohomological degree of y.

Let B = {xa}q be a totally ordered basis for V = Hy(X) and B = {6"x,},4 with the induced ordering,
where 7 is the dimension of M. Denote by W the set of basic products on the set B. Then
o= H"(M") @ Hu(Free’” (2" X)) = (D Faiy} ®@F2{07w. J € R(lw))}.
weW,yeH

Proposition 5.4 The bigraded homotopy group
Tx,%(ARe(9)) = 74,5 (AR4(9))

is isomorphic to 7« « (AR4(guriv)), where the untwisted R-module gy, has the same underlying IF»-module
as g and the R-module structure is given by 0/ (y ® x) = y ® Q7 (x) for all j.
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Proof We make use of a spectral sequence to filter away the twisting by the action of the Steenrod
operations. We abuse notation here and denote again by AR,(g) the associated chain complex of AR,(g).
Filter g in terms of decreasing cohomological degree of H *(M™), so we have

~ Lies — —
F_p(g) = H*P(M*) ®Freey, (V)= P FRiy®0 W) JeR(w)}
weW,yeH,|ylzp
with associated graded pieces given by

G_p(9) = F_p(g)/ F_p—1(g) = &y Fo{y ® Q7 (w), J € R(Jw|)}.
weW,yeH,|y|=p

Since action by Steenrod operations does not decrease cohomological degree, the induced filtration

F_,(AR.(9)) := AR.(F_p(9))

makes AR, (g) a filtered chain complex. The associated graded pieces are

G_p(AR,(9) =AR.(G-,(@) = P  ARF{y® 0’ (w). J e R(jw)})
weW,yeH,|y|=p

and the induced differential preserves direct summands.

Using the case M = R” in Proposition 4.8, we deduce that

E', =H pig(Gp(AR(@) = P  m(AR(F2{y® 07 (w).J € R(Iw))}))
weW,yeH,|y|l=p

= P FRA0N...0"G W), (i jm) € R(p, W]},

weW,yeH,|y|l=p
where R(p, |w]) is the set of sequences (ji,. .., jm) such that:
(1) jr<2jjpiforl </ <mand|w|—p = jm<|wl|
(2) If m>2then j; > ji41+-+ jm+|w|—(m—1) for
2</=<m-1 and j;>jo+ -+ jm+|w|—(m—-1).
We claim that every class on the E '-page survives to a class on the E°-page by induction on H* (M)
along decreasing cohomological degree.

For y € H" (M ™*) e F_,(g) a top cohomology class, there is no nonzero action by a Steenrod operation
on y other than Sq°, so the differential on B in AR,(g) is the same as the differential in G_, (AR,(g)), ie
B survives to a nonzero class on the £E°°-page.

Suppose that in F_,_;(AR.(g)) = AR.(F_,—1(g)), any basis element ' = 0/1...0in(y ® w')
of the E!-page is a permanent cycle and they span all permanent cycles in F_ p—1(AR.(g)). Let
[B]= 07'... 0" (y ® w) be a basis element on the E !-page, with y € H? (M ™). A cycle representing
this class in AR,(G—,(g)) is a finite sum

B=071...10/"|(y@w)+Y_ 0"|...|10"|(y ®w)
l
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obtained by cycle completion via Behrens’ relations in the sense of Remark 3.18. Note that /,,, < j,, < |w]|
for all /. Let d,;, be the rightmost face map. Then in AR, (g)

% = a(@f'w LECETE N Q”"I(y®w))

— 0+ (0] LECERE AR 18718 w)

=Y " 0/'[...|0/" | 8¢ (y)®Q’"’+s(w)+ZZQ"| 101 8q° () ® 0" (w).

§=0 [ 5>0

Note that the sum of these

0 =0"|...10"1Sq*(») ® Q" T (w) or QI1]...|Q7m1]Sq () ® QI (w)

over s > 0 is a boundary in AR,(g): If /,, + 5 < |w|, then §; = 0. If [,,, + 5 > |w| or j, +5 > |w|,
then s > 1, since [, < jm < |w|, so 0 € F_,_1(AR.(g)). By the inductive hypothesis, the sum of
such 6; is not a nonzero cycle on the E°-page and thus the boundary of a finite sum of classes in
F_p_1(AR,(g)) of the form 071]...|10m|(y' @ w’) with |y'| = p+s > p. Denote by £ this finite sum,
s0 d(B 4+ &) = 0 in AR,(g). Note that £ is not a boundary because it is maximally nondegenerate and
& # B since B is notin F_, {(AR,(g)). Hence B + £ is a cycle in AR,(g) corresponding to the basis
element B = Q71 ... 0/7(y ® w) on the E!-page. Therefore the dimension of the E!-page is at most

that of the E°°-page, so no differential can happen in the spectral sequence. a

Combing Lemma 5.2, Proposition 5.4 and Corollary 3.7, we deduce the following general upper bound
and low weight computation of the E2-page of the Knudsen spectral sequence.

Theorem 5.5 Let M be a parallelizable manifold of dimension n and X any spectrum. Let g denote the
Lie%, -algebra H*(MT)® FreeLle (Z” H,(X)) with Fy-basis B, and § the associated Lie3; U_algebra.
An upper bound for the E 2-page of the weighted spectral sequence

(13) E2, = HQus* (9) = @D Hys (B (M: X))
k>1

is given by
74, (CE(AR.(3))) = A{y10s(y®w), y@w € HR B} ® H*L},is"i @),
where y7 O y(y ® w) satisfies the conditions that
N J=U1seoes jm)withm>1,0=<j; < jiz1+1forl1 <] <m,and0 =< j, <|y|,
(2) I is y-admissible with e(I) < m.
Furthermore, in weight less than four equality is achieved.

Algebraic & Geometric Topology, Volume 25 (2025)



1984 Adela YiYu Zhang

5.2 Low weight computations

Theorem 5.5 allows us to deduce the degeneration of the spectral sequence at weight two and three using
sparsity arguments. Denote by wt; (M) the weight k part of a weighted (bi)graded F,-module M and
set E7 (k) = wty (E").

Corollary 5.6 Let g, g be the same as in Theorem 5.5 and B, H bases given in Notation 5.3. The weight
two part of the spectral sequence (13)

Lie%
E3,(2) = wia (HQy, " (8) = Hots(Ba(M: X))
collapses on the E?-page, and hence

EXQ) = E2Q)=wuHE " @)e @ (0i(rex).0<j <y
x€EB,yeH

Proof Since classes in the tensor factor

A=Ay(Q;(y®w)). y®we H® B}

of Theorem 5.5 have weight at least two, classes of weight two lie in exactly one of the two tensor
$,t

components A and H];,ii (§). The weight two classes in A are of the form Q i (¥ ® w), where w has
weight one, ie w is an element of the [F,-basis B of V = H,(X); see Notation 5.3. The weight two
classes in H>,]:’i§;s'li (§) are of the form y ® (x4, xp) and (y ® x5) ® (' ® xp). Hence the weight two part of
the spectral sequence has E2-page concentrated in simplicial degrees 0, 1 and thus cannot admit higher

differentials. O

In particular, this demonstrates that for a parallelizable M, the F,-module H..(B,(M; X)) depends on
and only on the cohomology ring H*(M *) when H,(X) has at least two generators.

Remark 5.7 This is in contrast to the case where X = S” has only one generator in its homology:
Bodigheimer, Cohen and Taylor [12] showed that for any n-manifold M,

n

@ H, (Bk (M; Sr)) ~ ® H, (Qn—iSn—i-r)@dim H; (M)

k>1 i=0
depends only on H*(M) as an FF,-module.
There is a clear bijection from the weight 2 part of their decomposition to the basis above: Let x; denote the
generator of the free E,-algebra H, (2" »"Sk). For y a basis element of fli(M+) >~ H;(M), the bijec-
tion sends O i (¥ ®xp4r) to the tensor with Q (x,4;) in the tensor factor Hy ("1 S"*7) corresponding to
Y(Lie g) = (1))
where y, ' ranges over distinct basis of H! (M ™) and the bijection sends yy’ to the tensor with factors

y and 1 in all other tensor factors. The Lie*!-algebra Lie®! g is trivial, so wt, (H€

v, " and 1 in all other slots.

On the other hand, the homology of Conf, (M), the space of ordered configurations of two points in M,
also depends only on the cup product structure of H*(M) as discussed in [50, Section 1.1].
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Corollary 5.8 If in addition M is a closed manifold, then the weight three part of the spectral se-
quence (13) collapses on the E?-page, and a basis for H,(B3(M ; X)) is given by
— . iasutio
E*Q)=EQ) = P AU ©x).0=/<[yl}ews(HI @),
x,x'€B,y,y’eH

Proof Let d denote the generator for H° (M™*) = H°(M). Then any element that is a sum of
¥y ® ({x1,x2),x3) € H® B is killed by a sum of (y ® (x1,x2)) ® (d ® x3). Since classes in 4 have
weights positive powers of two, weight three classes on the E2-page either live in wt3 (H*L’if:s’n (g)) with

simplicial degree one or two, or have the form
(07 (y®x) ® (V' ®x') € wa(4) ® Wiy (HS " (§))

with simplicial degree two. Hence E2(3) is concentrated in simplicial degree 1 and 2, so there cannot be
any higher differentials. |

At the weight four part we can no longer deduce that the spectral sequence (13) collapses on the E2-page
using sparsity arguments. An upper bound for the bigraded F,-module E2(4) is given by the weight four
part of A® H Lie™" (), which consists of
(1) Qi(y ® (x,x’)) in simplicial degree one,
) 0; Qj (y®x)and Q;(y ® x) @ (' ® (x1,x,)) in simplicial degree two,
3) 0i(yex)®Q;(y ®x")and Q;(y ® x) ® (y1 ®x1) ® (2 ® X3) in simplicial degree three,
(4) the weight four part of H Lie® (9).
There could well be a d?-differential from degree considerations.

We close this section by a few example computations: the closed torus, the punctured genus g surfaces
with g > 1 and the (punctured) real projective space RIP>.

5.3 Example computations: closed torus and punctured genus g surfaces

Let X4 1 be a once-punctured surface of genus ¢ > 1 and X the closed torus. Let B= {x;}; be a totally
ordered basis for H,(X) and B = {o2x;}; with the induced ordering. Then
Folai @ bii=1,...,g} ifx=1,
H*(Z;I) = {Fy{c} if x =2,
0 otherwise,

with nonzero cup products a; U b; = ¢ for all i and no nontrivial Steenrod operations.

For the closed surface ¥, we have

Fy{d} if x =0,
Fy{a,b} ifx=1,
Fy{c} if % =2,
0 otherwise,

H () = H*(S) =

with nonzero cup products a Ub =c and d U y = y for all y € H*(Z1).
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5.3.1 Weight two For M = X, i, the weight two classes supporting nonzero CE differentials are
8(a; ® x1,b; ® x5) = ¢ ® (x1, x) for x; # x, € B, since these are the only nonzero cup products not
involving the unit. Denote by H! the set of generators {a;,b;, i = 1,..., g} for H! (Ez,'l). Impose a
total ordering on H' U {c, d}. By Corollary 5.6, a basis for Hy (B2(Xg,1; X)) is given by
E®(2) = E*(2)

= P F{0(r®x). ye H'; Dolc®x). 01 ®x))

xX€B

@ @ Fofy ® (x1,x2), (0 ®x1)® (¥ ®x2), y€ H'; (¢ ®x1) ® (¢ ® x2)}
X1<x2€B

& P FA(ex)R(®x), ye H} P RA(y®x)®(/'®x), y <) € H Uic}}
X1,X2€B xX€B

& P FRA0ex)(®x)+(@®x)®b1®x), y#)y € H', (v,)) # (ai,bi)}.
X1<x2€B

For M = ¥, the weight two classes supporting CE differentials are

§((@®x2) ® (b Q®x2)) =c®(x1,x2) and 8((d ®x1) ® (¥ ®x2)) =y ® (x1.x2)
for x; #x, € Band y € IE'I*(ZI"). By Corollary 5.6, a basis for Hy(B,(X1; X)) is given by
E®2) = E*(2)

= EB F2{0o(y ®x), y € H'; Qo(c ®x), Q1(c ®x)}

xeB
@ @BFz{(y@)xl)@(y@xz),yeHl;(Z®x1)®(z®x2)}
® 59 FA(y®x1)®(z®x2), ye H'}
xX1#x2€B
o E%Fz{(ym)@(y’@x), {y<y'}elab,cd})
o P BIFz{(y®x1)®(y/®xz), vy e HL {p.y'} # {a. b}
& P FA0ex)S(/ @x)+d@x1)®(c®x2), {y, ¥} =1{a,b}or (y, ) = (¢,d)}.
X1 <x2€B

Example 5.9 When X = S* with k > 1, we have B = {x = 0514}, s0 Hx(B>(Z1, S¥)) has F,-basis
{00(@®x). Qo(b®x). Qolc®x). 01(c®x): (y®X)® (¥ ®x). {y <y} Cla.b.c.d}}.

The weight two part of the Bodigheimer—Cohen—Taylor decomposition [12],

n
(14) P Hi(Bi(S1:5%)) = R) Hu (@2 52 )@ dim Hi (M)
k>1 i=0
~ H,(Q*225%) ® H (QES'T5)®2 g H,(S21F),
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is an [Fp-module on generators
Q0(x)®1®1®1, 01(xRIRIR1, 1®Qi(xks1)®1I®1, 1818 Qo(xry1) ®1,
as well as 6 other elements, where we let two of the four tensor factors be 1 and the other two be the

weight 1 generators. There is a one-to-one correspondence by sending y ® x to Xg 42|y and Q,— (y®x)
to Qi(Xg42-|y) for y =a,b,c,d.

5.3.2 Weight three Classesin A=A ()/1 (071]...10/m|(y@w)), m> 1) have weights positive powers
of 2. Hence weight three classes in £2(3) either live in wt3 (HH:S’“ (g)) or has the form

st

Qi ®x)R (Y ®x)e A® H'; (). x,x' €B.

Let H be the set of generators for fI*(E;l) ~ f]*(Eg) and H'! the set of generators for H! (Z; -
Recall that § = H*(Z,) ® FreeL'e%; (X" Hy(X)). Then we have
2

Mod
EXQ) = P FR{(Qor®x1)® (/' ®xy). ye H', y' € H}
X1,X2€B
& P FA(Qoc®x)®(®x). (01(c®x)®(y®x2), y € H} ®wz (HEE™ ).
X1,X2€B

A complete list of an [F,-basis of wt; (HS,E’if'ti (9)) can be written down in a straight forward way.

The E2-page is concentrated in simplicial degree 0, 1, 2. We need to investigate all classes in E % L(3) 1o
see if they support nontrivial d2-differentials to Eg +41(3). Note that all classes in Eé ,(3) are of the
form y ® ({x1,x2),x3) for y € H'. Since E?(3) is natural in H,(V), we can assume X, X5, X3 € B
have internal degree k respectively. There are two cases:

(1) The class (Qj (y1®x1)®(y2®x3) € E% ,(3) has internal degree at most 3k —5 forall yy, y, € H,
while the class y ® ({(xy, x32), x1) has internal degree 3k — 3 for all y € H'. Hence they do not
support d >-differentials.

(2) The other type of classes in filtration 2 are of the form (y; ® x1) ® (y2 ® X2) ® (3 ® x3) with
internal degrees at most 3k — 5, while the class y ® ({x1, x»), x3) has internal degree 3k —3. Hence
these classes do not support d >-differentials either.

Therefore the weight three part of the spectral sequence collapses at the £2-page, and we obtain a basis
for H*(B3(Zg51; X))

For the closed surface ¢, g = H*(Z1) ® FreeLie;’iIi (X" H« (X)) and Corollary 5.8 says that

MOdIE:2
EX)=EQ= P FR{(Qrex)®( ®xy). ycH', y' e HU{d}}
X1,X2€B
& P F{(Qc®x1)®(1®x2), (Q1(c®X)®(y®x2), y € HU{d}}
X1,X2€B

o wis(HS ™ (@)
We do not list the F,-basis of wts (L (§)) for simplicity.
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Example 5.10 As in the weight two case, our basis for Hy(B3(Z;, S¥)), k > 1 is in bijection with
the weight 3 part of Equation (14) by sending y ® x t0 Xg45_|,| and 0i(y ® x) to Qi(Xky2-y|) for
y=a,b,c,d.

5.4 Example computations: (punctured) real projective space

The simplest examples of parallelizable manifolds admitting nontrivial Steenrod actions other than Sq°
are the real projective space RPP3 and the once-punctured real projective space RP3.
Let y be a generator for H!(RP?). Then

H*(RP*)) = H*(RP?) = Fay)/ (v*), H*(RP)F) = H*RP?) = Fa{y, . »°)

with the obvious cup products and one nontrivial Steenrod operation Sq' (y) = »2.

5.4.1 Weight two We deduce H*(Bz(RfP’3;X)) and Hy(B,(RP?; X)) from Corollary 5.6. For
M = RIP3, there is only one nontrivial cup product y U y2 = y3, so

EXQ=E'Q= P FA0;0"®x). 05/ <a}dPFA( @)@ ®x). 1<a<h=<3)
x€B,a=1,2,3 x€B
& P FRye(x,x);("®x)® (' ®x), a=2,3}
X1<x2€B
& P RO xR ex). a=12)
.X175X2€B
& P R{0ex)0?ex)+(7ex)® (' ®x)}.
X1<x2€B

For M = RP3, the nonzero cup products are yU y = y2, yUyp%2=yp3and 1Up? = y? for 0 <a <3, so
E*Q=E*Q= @ Fi0;0“ex).0<j<a}o@FR{(*®x)®(’ ®x). 0<a<b<3}
x€B,a=1,2,3 xeB

& P FAG'®x)® (1 ®x2), a=2,3}

xX1<x2€B

& P R0’ ®x) a=12)

X1#x2€B

& P FR{0'@x)e(’ex)+(0’®x)®(18x)), (.b)# (3,0)

xX1<x2€B

& P FR{0'@x)®(1®x)+(18x)®(*®x). a=1.2,3}.

X1<x2€B
Example 5.11 When X = S with k > 1, we have B = {x = 0,11}, s0 Hyx(B»(RP?, 5%)) has F,-basis
{0/0"®x),0=j<a,a=1,23("0x)®(°*®x), 0<a<b =<3}
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A bijection with weight 3 part of the Bodigheimer—Cohen—Taylor decomposition [12],

n
@ Hy(By (RP3; Sk)) o~ ® H*(Q3—iS3+k)®dimH,-(M)
k>1 i=0
o~ H*(Q3E3Sk) ® H*(szzskﬂ) ® H*(SZESk“) ® H*(Sk+3)

= Free™ (Fa{xx }) ® Free™ (Fa {{xg +1}) ® Free®! (Fa{xg 42}) ® Fa {xy ),

is given by sending y? ® x to X 13— and Q; (»* ® x) to Q; (X 43_q) for 0 <a < 3.

5.4.2 Weight three For the closed manifold RP? and § = H*(RP?) ® Freeﬁj}’; (Z"Hy (X)), it
2

follows from Corollary 5.8 that

EXG) =EXQ) =zwis(HE @ e P R0 ®x)®0°P®x:). 0< ) <al.

X1,X2€B
1<a<3,0<b<3

For the punctured real projective space RP3 and g= H* RP3) ® Freeﬁzz’f’]; (X" H« (X)), weight three
classes in E2(3) either live in wts (Hj:fis'" (g)) or has the form :

St

Qi ®x) @O’ ®x)e AR HIS (§)
with x,x’ € B and 1 <a, b < 3. Therefore

EXG) =wu(HE " @e P RO @)’ ®x). 0= <al.

X1,X2€B, 1<a,b<3
A complete list of an [F,-basis for wt; (HJ,:},?‘S’li (9)) is given by
(1) y® ({x1,x2), x3) for x1,x5,x3 € B, X1 < X, X1 < X3 in simplicial degree 0;
2 (@ (x1.x2) @ (P ®x3) + (1 ® (x1.33)) ® () @ x2) + (1 ® (x2,x3) ® (¥’ ® x) for

b=1.2and (y ® (x1,X2)) ® (? ®x3) + (¥ ® (x1,x3)) @ (V> ® x2) + (¥ ® (x2,x3)) ® (¥y* ® x1) for
distinct x; € B in simplicial degree 1;

3 *@x)® (' ®x2)® (¥ ®x3) for {1.2}.{1. 1}  {a.b,c} and x; € B;
> (Y ®X)®(y®x)® (y* ®x1), > (Ve ®x) 8 ®x;)
{i,j.k3={1,2,3},i<j {i,j.k3={1,2,3}, j<k
for distinct x1, x5, x3 € B in simplicial degree 2.
Again the E2-page is concentrated in simplicial degrees 0, 1, 2, and we use sparsity to rule out higher

differentials. Suppose that x1, x,, x3 have internal degree k. We examine the two cases that could
potentially support a d2-differential.

(1) The class (Qj 0*®x1)® (yb ® xy) € E; ,(3) has internal degree at most 3k — 5 for all
1 <a,b <3, while the class y ® ({x1, x,), x1) has internal degree 3k — 3. Hence they do not
support d >-differentials.
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(2) The other type of classes in simplicial degree 2 are of the form ()¢ ® x1) ® ( yb ®x2) R (¥ ®x3)
with internal degrees at most 3k — 5, while the class y ® ({x1, X3}, x3) has internal degree 3k — 3.
Hence these classes do not support d2-differentials either.

Therefore the weight three part of the spectral sequence collapses on the E2-page, and we obtain a basis
for Hy(B3(RP3; X)).

6 Odd primary homology

In this last section, we apply the same methods to study the mod p homology of By (M ; X) for p > 2
via the Knudsen spectral sequence with [, coefficient.

6.1 Odd primary Knudsen spectral sequence

We start by recalling partial progress in understanding the unary operations on the mod p homology of
spectral Lie algebras by Kjaer [37]. He constructed weight p Dyer—Lashof-type operations in analogy to
Behrens’ construction of O/, which was further clarified by the work of Konovalov.

Proposition 6.1 [37, Definition 3.2; 40, Definition 2.5.17] Let L be a spectral Lie algebra. Then
Hy(L;IF,) admits unary operations

ﬂeri H*(LQFp) - H*+2(p—1)i—e—1(L§]Fp)’ €e€{0,1}, j e Z.

On a class x € Hyx(L;IF,) such that if |x| is even then 2j # x, the class ,BE_Qj(x) is given by
£x(01B€ Q7 (x)), where B€ Q7 is a mod p Dyer—Lashof operation, 0~ the desuspension isomorphism,
and§: 0p(1d) Qpx, L®P — L the p™ structure map of the spectral Lie algebra L. When |x| = 2/, define
BO! (x) via the isomorphism H (3 (id) Qns, (S3H)®ry ~ H, (Z_l(8p(id) ®nx, (SZI_I)@’I’)).

It follows from the instability condition of Dyer—Lashof operations that the allowability condition for the

operations € are given by f€QJ (x) = 0 if j < %|x| Analogous to the case p = 2, brackets of unary
operations always vanish.

Proposition 6.2 [37, Proposition 3.7] For L a spectral Lie algebra, [8€ Q7 (x), y] = 0 for any €, j and
X,y € He(L;Fp).

The relations among the unary operations were obtained by Konovalov.

Proposition 6.3 [40, Theorem 8.2.14] Let R be the free algebra over IF, on generators € Q/, € €{0, 1},
subject to the relations

i+j—1 . .
B€0Q) - BOI = (—1)<+! i (P(m—l)—(P— '1)J +e—1
m— pi

m=pi

i+j—1 . .
ti-o Y (p(m —i)—(p— 1)])Q—m poiTi-m

m=pi+1 m=pi
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for j < pi, and

I Y b AV (p—1)i—1 -
Beoi-0i= Y (p(m ’;)_ (1?_1)1 )ﬁ—GQm-QHI—m
m=pi+1 pt

for j < pi. Then the mod p homology of a spectral Lie algebra is an allowable module over R.

Denote by A7 the free allowable R-module monad. Let Lie% :Modp, — Modg, be the composite monad
Az o Liepr subject to the commuting relations Proposition 6.2 when p > 3, and the monad given by

Lie%(M) = Ag oLiep, (M)/(B¢ 0x1/2(x) = [[x, x], x]), where we take the quotient by the R-module
ideal ranging over x € M in even degree. For M € Modg,, let 4 be an [Fp-basis for the free shifted Lie
algebra Freeﬁi%{r}p (M). The graded F,-module Lie% (M) has basis

{BI'Q/1 ... Bk QJk|x, x € A, jik = 3Ix|, ji = pjis1 —€ir1Vi}.

Theorem 6.4 [37, Theorem 5.2; 40, Theorem 8.2.17] For X a spectrum. there is an isomorphism of
Lie%-algebras
Lie%(H* (X;Fp)) — Hy(Free*? (X); Fp).

Remark 6.5 For p = 3, Kjaer claimed in [37, Corollary 4.7] that the triple bracket on an even degree
homology class t5; of a spectral Lie algebra is zero by showing that

[[t21, ta1), ta1] € He(33(id) ®p5, (S2)®?)

vanishes. The claim is incorrect in light of Proposition 6.8 below, and was independently observed by
Nikolai Konovalov. Specifically, Kjaer argued that in the long exact sequence

o= Hgp o (S72(SP)R2 ) = Her—2(33(id) @1z (S7)®%) > He o (Z71(SHd) — -+,

the middle group is generated as an F3-module by the bottom operation /3_Ql tp7, which is mapped
isomorphically onto 6~ Q% 1,; by definition of the bottom operation in [loc. cit., Definition 3.2]. How-
ever, 0 01, € H61_2(Z_1(SZI);?§3) = 0. In fact, one can see that the confusion was caused by
incorrect placement of parentheses. Since the left term is one-dimensional on [[t57, t57], t2;], we see that
[[tar, ta1], t27] = l,Ll,B_Ql tr7, where p; = £ 1. This also motivates the modification of the definition of the
bottom operation on an even class in Proposition 6.1.

Now we turn to the odd primary Knudsen spectral sequence

(15) E; (k) = 75, (Bar,(id, Lie%y, ) ® Fp) (k) = Hy40(Br (M X); Fp),

where
9= Hy(Free’? (" X)M " F,) = H*(M*:F,) ® LieS, (3" Hy (X F,)).

Furthermore, g has a Lieﬁ;ﬂ—structure given by Proposition 4.3, ie
V1 ®x1. y2 ®x2] := (=DM I2) () U y) @ [x1. x2].
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We proceed to compute the E2-page of the spectral sequence (15) in low weights in terms of Liei-p—algebra
homology.

Definition 6.6 [22; 45] For a shifted Lie algebra L over IF,, let Leye, and Logq denote the elements in
L with even and odd degrees, respectively. The Chevalley—Eilenberg complex of L is the chain complex
CE(L) = (I"* (Leven) ® A*(Logd), 9),
where I'* and A® are respectively the graded, shifted divided power and exterior algebra functor over I,

and the differential d on a general element

Vit (X0 Vo (X2) =+ Vi, Xm) (Y1, Y24 - - Yn) € T (Leven) ® A*(Lodd)
is given by

> Ve D) Vig—1 () Vi =1 (55 Vi () (X2 X1 V1. V)

1<i<j<m

+ Y DT T g D) - Vi ) (i i Yis e T B vn)

1<i<j<n

m
3 v D) Va2 (50 Vi Cem) (X0 Xil Y12 vn)

i=1

+ ) D DT i 2D Vi (5D Vi1 () -+ Vi (m) (P12 T ).
i=1j=1

Proposition 6.7 Let M" be a parallelizable manifold and X any spectrum.
(1) Fork < p, the weight k part of the spectral sequence
E2, (k) = 7y, (Bar,(id, 5.2, Free™ (8" X)M ") @ F,)) (k) = Hy1t(Bi(M; X); Fp)
has E?-page given by wty (Hy «(CE(g)), where g = H*(M™; Fp) ® Lieﬁ;p (Z"Hy (X Fp)).
(2) For p > 5, the weight p part of the spectral sequence has E?-page given by

E} (k) = wip(Heu(CE@)) & €D Fp{BQ/ly®x, 3(x|—Iy]) <Jj < 3lxI}.
yeH,xeB

where H is an IF,-basis offl*(M*‘; F,) and B an IF,-basis of Hy(X ;).

Proof For k < p, all elements in the weight k part of the EZ-page of the spectral sequence do not
contain unary operations /@ . When k = p, nondegenerate elements of weight p on the E2-page are
either of the form B€Q/|y ® x € Lie%(g), B€0J (y ® x) € g, or a bracket of weight p. When p > 5, the
unary operation f€ @/ cannot be an iteration of brackets on a single element, since [[x, x|, x] = 0 for any

x by the Jacobi identity. Hence there is no d;-differential from a weight p bracket to B€Q/|y ® x or

¥ ® BEQJ (x). The same argument in Proposition 5.4 implies that the twisting of the action of 8¢ QJ by
Steenrod operations can be ignored when computing a basis for the E2-page. |
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The condition p > 5 in part (2) is necessary in light of the following computation for Euclidean spaces.

Proposition 6.8 For p > 5, the only higher differential in the weight p part of the spectral sequence (15)
for M =R", 2 <n < oo, which converges to H«(B,(R"; 821); Fy), is a d,,_,-differential

Yp(x) > B0 yn ® 0" ().

When p = 3, the above spectral sequence has a d ' -differential y3(x) — B€Q!|x.

Heuristically, this is because the bottom nonvanishing mod p Dyer—Lashof operation on a class x of
degree 2/ in the mod p homology of an [E,-algebra is given by 0 (x) = x®2, so ¥p(x) is redundant.

Proof Consider the spectral sequence (15) when M = R” and X = S2/ with n > 2, so

9 =Fp{yn} ® Liex (Fp{o" (x21)})

with y in internal degree —n and x,; in degree 2/. Set x = y, ® 6" (x5;). Then the weight p part of the
E?-page has basis
{BQ/|x, 1 = j < 5Q1+n); yp(x)}.

Comparing with the weight p part of the £°°-page, which is the weight p part of the mod p homology
of the free I ,-algebra on the S2/, we see that there are two classes that do not survive to the E-page, ie
¥p(x) in bidegree (p —1,2p/ —(p — 1)) and ,3_Q1|x in bidegree (1,2pl —2) (see [24, III]). Hence there
has to be a d,_,-differential from y,(x) to B¢ 0!|x.

When p = 3, y3(x) is represented by the element [[x, x], x] € Lie]st o Lieﬁ;n (g) C Lie}, oLiej (g). Itis
mapped by the differential to [[x, x], x] € Liefgp (g), which by Remark 6.5 is indeed € Q! |x. |

As an immediate corollary to Proposition 6.7, we see that the weight two part of the spectral sequence (15)
collapses on the E2-page, since the EZ-page is concentrated in simplicial degree 0 and 1. When p > 3,
weight three elements on the E2-page are in simplicial degree 1 or 2 since [[x, x], x] = 0 by the Jacobi
identity. Hence the weight three part of the spectral sequence (15) also collapses on the E2-page.

Corollary 6.9 Let M" be a parallelizable manifold and X any spectrum. Let g be the Liepr-algebra
H*(M*:F,) ® Lieg, (2" Hx(X:Fp)).

(1) For alli, there is an isomorphism of [F,-modules

H;i(By(M; X);Fp) = @D wiy(H,, (CE(g)).
s+t=i
(2) If p =5, then for all i

Hi(B3(M: X):Fp) = €D wis(Hy,(CE(g)).
s+t=i
Algebraic & Geometric Topology, Volume 25 (2025)
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Remark 6.10 For M a connected n-manifold, Bodigheimer, Cohen and Taylor [12] showed that

n
D He(Bi(M:S7):Fp) = Q) Hi(Q" 7 S"H" ) 84m Hi (MED)
k=1 i=0
for r +n odd and r > 0. Their proof does not work in the case where r 4 n is even due to the existence of
nontrivial self-brackets in Hy(QMX™S?); F,) when / is even. Roughly speaking, their inductive proof
relies on the canonical map

Hyo(QME™S! Fy) — H (Q©Z® S Fy)
being an injection, which is only true when / is odd. Corollary 6.9 shows that when / is even, the mod p

homology of By (M;S"), k = 2,3 depends on the cup product structure on H*(M *;TF,): ifaUb = ¢
in H* (M *;Fp), then the d;-differential sends (¢ ® x) ® (b ® x) to

c®[x,x] € g= H*(M*;F,) ® Lies, (Fp{x}),

which is not zero since x has internal degree /.

At higher weights, there generally will be higher differentials in the odd primary Knudsen spectral
sequence (15). In recent work with Matthew Chen [21], we make use of Proposition 6.7 and the
Drummond-Cole-Knudsen computation [25] of the rational homology of the unordered configurations
space By (M), where M = X or Xy ; to identify the differentials in the Knudsen spectral sequence for
By (2g;S). As aresult, we show that the integral homology of By (X;) is p-torsion-free for k < p. The
same argument works for the punctured surface ¥, | with g > 0, thereby providing a more elementary
proof for [17, Theorem 1.10].
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