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K-cowaist on complete foliated manifolds

GUANGXIANG SU

XIANGSHENG WANG

Let .M;F / be a connected (not necessarily compact) foliated manifold carrying a complete Riemannian
metric gTM . We generalize Gromov’s K-cowaist using the coverings of M , as well as defining a closely
related concept called the yA-cowaist. Let kF be the associated leafwise scalar curvature of gF D gTM jF .
We obtain some estimates on kF using these two concepts. In particular, assuming that the generalized
K-cowaist is infinity and either TM or F is spin, we show that inf.kF /� 0.

58J20; 53C12, 53C21

1 Introduction

1.1 Main results

Let M be a closed connected oriented smooth Riemannian manifold. Let E!M be a Hermitian vector
bundle with a Hermitian connection rE and RE be the curvature of rE . If dimM is even, Gromov [7,
Section 4; 9, Section 4.1.4] defines the K-cowaist1 of M by

K-cw2.M/D sup
E

.kREk�1/;

where E!M is a unitary bundle for which (at least) one characteristic (Chern) number of E does not
vanish. Gromov also generalizes the definition of the K-cowaist to open manifolds by sticking to bundles
E!M trivialized at infinity and using the characteristic numbers coming from the cohomology with
compact supports. Moreover, if dimM is odd, Gromov defines

K-cw2.M/D sup
k

K-cw2.M �Rk/;

where one takes those k � 0 such that dimM C k is even.

The K-cowaist is closely related to scalar curvature. In [7, Section 51
4

], Gromov proves that every complete
Riemannian spin manifold of dimension n with the scalar curvature kg

TM

� "�2 satisfies

K-cw2.M/� constn"2:

1In [7], K-cowaist was called K-area. But recently, Gromov [9] suggests that K-cowaist should be a more proper name for this
concept.
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In [7, Section 92
3

], Gromov also defines the K-cowaist for foliated manifolds. In this paper, for the case
that M is a foliated manifold again, we further generalize the definition of K-cowaist by considering
the coverings of M . As in [7], we also study the relation between the leafwise scalar curvature and this
generalized K-cowaist.

We now explain it in detail. Let M be a connected oriented (not necessarily compact) manifold carrying
a (not necessarily complete) Riemannian metric gTM . Let F � TM be an integrable subbundle of TM
and gF D gTM jF be the restricted metric on F . In the following, we assume that both dimM and rk.F /
are even. If dimM is odd and rk.F / is even, we replace M by M �S1. If rk.F / is odd, we replace F
by F ˚TS1 and M by M �S1 �S1 or M �S1 depending on whether dimM is even or odd.

We take Q� W zM !M to be a covering of M and zF to be the lifted foliation on zM . Then zM and zF carry
the lifted metrics gT zM and g zF .

Let .E; gE ;rE / be a Hermitian vector bundle over zM with the Hermitian metric gE and the Hermitian
connection rE . We assume that E is trivial at infinity.

LetRED .rE /2 be the curvature ofrE . Hence, for any x2 zM and ˛; ˇ2Tx zM ,RE .˛^ˇ/2End.Tx zM/.
Recall that kRE

zF
k is defined by2 (cf [7]),

(1-1) kRE
zF
k D sup

x2 zM

sup
˛;ˇ2 zFx

˛?ˇ; j˛^ˇ jD1

jRE .˛^ˇ/j:

Now, we can define a pair of closely related concepts.

Definition 1.1 With above notation, if the vector bundle E satisfies that some Chern number of E is
nonzero, we define the (covering) K-cowaist of .M;F / by

(1-2) K-ccw2.M;F /D sup
zM;E

.kRE
zF
k
�1/:

Similarly, if the vector bundle E satisfies the inequalityZ
zM

yA.T zM/.ch.E/� rk.E//¤ 0;

we define the (covering) yA-cowaist of .M;F / by

(1-3) yA-ccw2.M;F /D sup
zM;E

.kRE
zF
k
�1/:

From the index theory viewpoint, among the two concepts given as above, the yA-cowaist perhaps relates
to the scalar curvature more directly. In fact, we can use the yA-cowaist to give a quantitative estimate on
the leafwise scalar curvature.
2In the literature, there are different ways to define the norm of RE (or RE

zF
); see eg [3; 12]. Here, we adopt the same definition

as in [14]. However, for the content discussed in this paper, all these norms work.
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Theorem 1.2 Let M be a connected oriented (not necessarily compact) manifold carrying a complete
Riemannian metric gTM . Let F � TM be an integrable subbundle of TM with the restricted metric
gF D gTM jF . Let kF be the associated leafwise scalar curvature of F . If either TM or F is spin , then

inf.kF /�
2 rk.F /.rk.F /� 1/
yA-ccw2.M;F /

:

Note that in the definition of yA-cowaist, we don’t need that gTM is complete. But for the above theorem,
the completeness is necessary. As in [15], we only give the proof of Theorem 1.2 for the TM spin case
in detail. The F spin case can be proved similarly as in [15, Section 2.5].

To obtain a similar estimate using the K-cowaist, we notice the following reinterpretation of the result
in [7, Section 53

8
]. One can also see [3], [12] or [14] for a more detailed proof of this result.

Proposition 1.3 K-ccw2.M;F /DC1 implies yA-ccw2.M;F /DC1.

Due to this proposition, we have the following corollary of Theorem 1.2.

Theorem 1.4 Under the same assumptions of Theorem 1.2, if we further assume K-ccw2.M;F /DC1,
then inf.kF /� 0.

Since K-cw2.M/DC1 implies K-ccw2.M;F /DC1, as a corollary of Theorem 1.4, one can show
the following result.

Theorem 1.5 (Gromov [9, page 258, footnote 277])) Complete manifolds X with infinite K-cw2.X/,
carry no spin foliations F , where the induced Riemannian metrics in the leaves satisfy kF � � > 0.

1.2 A discussion about the definitions of yA-cowaist

Compared to other similar concepts in the literature, a feature of the definition of yA-cowaist is that
the supremum is calculated using bundles over any coverings of M rather than bundles over M alone.
Whether it is necessary to take the supremum on this larger set turns out to be a delicate problem. For
simplicity, we will assume F D TM in this subsection.

To facilitate our discussion, we use the following definition which resembles the definition of yA-cowaist
but does not use the covering space. Let M be a manifold and .E; gE ;rE / be a Hermitian vector bundle
over M with the Hermitian metric gE and the Hermitian connection rE . If M is noncompact, we also
assume that E is trivial at infinity. Define

yA-area.M/D sup
E

˚
kREk�1 j

R
M
yA.TM/.ch.E/� rk.E//¤ 0

	
:

We discuss several cases separately.
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Case 1: M is noncompact In this case, yA-ccw2.M; TM/ in strictly larger than yA-area.M/ in general.
As a example, let M be an annulus in R2 and F D TM . By [8, page 33 (c)], we have

(1-4) K-cw2.M/D area.M/:

Since dimM D 2, for any vector bundle E over M , we haveZ
M

yA.TM/.ch.E/� rk.E//D
Z
M

c1.E/:

Hence, K-cw2.M/ and yA-area.M/ coincide in this case. Using (1-4), we can see that

yA-ccw2.M; TM/D sup
zM

area. zM/DC1> yA-area.M/:

Case 2: M is compact and the universal covering of M is compact First, we note that ifM is compact,
yA-area.M/ is just a small variant of [5, Definition 1.6].3

Since the universal covering of M is compact, any covering space of M , zM , is also compact. Then by
the same proof of [8, page 33 (d)], we have

yA-area.M/D yA-area . zM/:

Therefore, in this case, yA-ccw2.M; TM/ is equal to yA-area.M/.

Case 3: M is compact and the universal covering of M is noncompact This case is the most
difficult and we do not have a definite answer at the moment. In fact, whether yA-area.M/ is equal to
yA-ccw2.M; TM/ in this case relates closely to Gromov’s question [8, page 34, Question 23]: is there a
closed manifoldM such that K-cw2.M/<1 and the universal covering ofM satisfies K-cw2. zM/D1?

The main difficulty in this case is that the pull-back and push-forward construction for vector bundles do
not work well for the noncompact spaces. If we put some restrictions on the covering spaces, maybe
some partial results are still possible. For example, if we assume �1.M/ is residually finite, we have the
following simple extension of [7, page 26, (v0)].

Proposition 1.6 If M is a closed manifold and �1.M/ is residually finite , for the universal covering
space zM of M ,

K-ccw2.M/� K-cw2.M/� K-cw2 . zM/D K-ccw2. zM/:

Proof Clearly, we only need to show that

(1-5) K-cw2.M/� K-cw2 . zM/:

If zM is compact, (1-5) follows from the push-forward inequality [7, Section 43
5

]. We try to show that the
push-forward argument also works for noncompact zM .

Take a vector bundle E over zM which is trivial outside a compact set K. Since �1.M/ is residually
finite, we can find a finite covering of M , N , such that the covering map from zM to N is injective on K.

3In fact, if M carries a metric with the positive scalar curvature, these two definitions are the same.
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As a result, we can push forward the vector bundle E to a vector bundle EN over N . Since N is a finite
covering of M , we have

K-cw2.N /D K-cw2.M/:

Therefore,
kREk�1 D kREN k�1 � K-cw2.N /D K-cw2.M/;

from which we obtain (1-5).

We also note that the K-cowaist also generalizes [4, Definition 5.1].

2 Proof of Theorem 1.2

In this section we prove Theorem 1.2. Our strategy closely follows the proof of [13, Theorem 1.2]. Note
that in [13], there is a map f WM ! Sn.1/, which enables us to construct suitable bundles over a closed
manifold associated with the noncompact manifold M . Compared to [13], the new idea in this paper is
that we will show that in the current situation, the auxiliary bundles needed for the proof, as well as the
endomorphisms between the these bundles, can be constructed without using the map f .

We argue by contradiction. Assume that

inf.kF / >
2 rk.F /.rk.F /� 1/
yA-ccw2.M;F /

:

Then, by the definition of yA-ccw2.M;F /, there exists

� a covering manifold Q� W zM !M with the lifted foliation zF and the lifted metrics gT zM and g zF ;

� a Hermitian vector bundle E0 over zM with the Hermitian metric gE0 and the Hermitian connec-
tion rE0 , which is trivial at infinity and satisfies

(2-1)
Z
zM

yA.T zM/.ch.E0/� rk.E0//¤ 0I

� a constant � > 0 such that

(2-2) Q��.kF /� 2 rk.F /.rk.F /� 1/kRE0
zF
k> � on zM:

As explained in Introduction, we only prove the TM spin case in detail. In the following, we assume that
TM is spin.

To begin, we note that if both M and zM are compact, by [16, Section 1.1], one gets a contradiction easily.
Therefore, in the following, we assume that zM is noncompact. For the rest of the proof we will only deal
with quantities associated with zM and zF . To simplify the notation, we will denote the foliation . zM; zF /

by .M;F / and the metrics .gT zM ; g zF / by .gTM ; gF /.

Roughly speaking, we will prove Theorem 1.2 in three steps.

(i) We construct a closed manifold yMH3m and a Z2-graded bundle yE over it. We also construct a fiber
bundle yMH3m;R over yMH3m associated with the foliation F .
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(ii) We construct a deformed Dirac operator on yMH3m;R and obtain some estimates about it.

(iii) We construct a closed manifold using yMH3m;R and an operator P E3m;R
R;ˇ;
;C

using the deformed Dirac
operator. We will show that (2-1) implies the index of P E3m;R

R;ˇ;
;C
is not zero while (2-2) implies the

index of P E3m;R
R;ˇ;
;C

is zero. Thus we obtain a contradiction.

As we have said at the beginning of this section, the main difference between the proof of Theorem 1.2
and [13, Theorem 1.2] is the first step.

Step 1 Let .E1 DM �Ck; gE1 ;rE1/, with k D rk.E0/, be the trivial vector bundle on M . Then, let
EDE0˚E1 be a Z2-graded Hermitian vector bundle overM with a Z2-graded metric gE D gE0˚gE1

and a Z2-graded Hermitian connection rE DrE0 ˚rE1 .

Since .E0; gE0 ;rE0/ is trivial at infinity, there exists a compact subset K4 and an isomorphism

(2-3)  W .E0jMnK ; g
E0 ;rE0/! ..M nK/�Ck; gst;rst/D .E1jMnK ; g

E1 ;rE1/:

Following [10, Theorem 1.17], we choose a fixed point x0 2M and let d WM !RC be a regularization
of the distance function dist.x; x0/ such that

jrd j.x/� 3
2
;

for any x 2M .

Set
Bm D fx 2M j d.x/�mg; m 2N

and choose a sufficiently large m such that K � Bm. Note that Bm is compact by completeness of gTM.

To construct the desired closed manifold yMH3m , following [10], we take a compact hypersurface
H3m�M nB3m, which cutsM into two parts such that the compact part, denoted byMH3m , containsB3m.
ThenMH3m is a compact smooth manifold with boundaryH3m. Let gTH3m be the induced metric onH3m.
For a sufficiently small "0 > 0, on the product manifold H3m � Œ�"0; 1C "0�, we construct a metric as
follows.

Near the boundary H3m � f�"0g of H3m � Œ�"0; 1C "0�, ie on H3m � Œ�"0; "0�, by using the geodesic
normal coordinate of H3m �M , for a small "0, there is an isomorphism between H3m � Œ�"0; "0� and a
neighborhood of H3m, denoted by U , in M because H3m is compact. Moreover, we can require that
under this isomorphism, U \MH3m is mapped to H3m � Œ�"0; 0�.

Now, we define the metric on H3m � Œ�"0; "0� to be the pull-back metric obtained from that of U . In the
same way, we can construct a metric onH3m� Œ1�"0; 1C"0�. Meanwhile, the metric onH3m� Œ1=3; 2=3�
is defined to be the product metric of gTH3m and the standard metric on Œ1=3; 2=3�. Finally, the metric
on H3m � Œ�"0; 1C "0� is a smooth extension of the metrics on the above three pieces.

4We can and will choose K to be the closure of an open subset.
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K

yMH3m

V1�M

V2

Z

�"0 0 "0

MH3m M 0H3m
U

H3m�Œ�"
0;1C"0�

Figure 1: Gluing construction.

Using the isometry between H3m� Œ�"0; "0� and U , MH3m[U and H3m� Œ�"0; 1C"0� can be glued into
a smooth Riemannian manifold with boundary,

.MH3m [U/
[
U

.H3m � Œ�"
0; 1C "0�/:

More precisely, the resulting manifold is a quotient space of .MH3m [U/
S
.H3m � Œ�"

0; 1C "0�/, two
points of MH3m [U and H3m � Œ�"0; 1C "0�, respectively, correspond to the same point in the resulting
manifold if and only if the two points are related by the isomorphism between U and H3m � Œ�"0; "0�.

Let M 0H3m be another copy of MH3m with the same metric and the opposite orientation. In a similar way,
we can glue M 0H3m and .MH3m [U/[U .H3m � Œ�"

0; 1C "0�/ to obtain a closed manifold yMH3m . Note
that MH3m [U , M 0H3m and H3m � Œ1=3; 2=3� all have natural isometric embeddings into yMH3m . As a
result, we will view these manifolds as submanifolds of yMH3m in the following. Figure 1 is an illustration
of this gluing construction.

Take V1 WDMH3m [U
ı and V2 D yMH3m nMH3m to be two open subsets of yMH3m . Then

V1[V2 D yMH3m ; V1\V2 DZ WDH3m � .0; "
0/:

As we have said, we will treat V1 DMH3m [U
ı as a submanifold of both M and yMH3m . This means

that, although E is a Z2-graded vector bundle defined over M , its restriction on MH3m [U
ı, that is

EjMH3m[U
ı DEjV1 , is a Z2-graded vector bundle defined over a submanifold of yMH3m . We are going

to extend EjV1 to a Z2-graded bundle yE D yE0˚ yE1 over yMH3m which satisfies

(2-4) . yE0jV2 ; g
yE0 ;r

yE0/' .V2 �Ck; gst;rst/' . yE1jV2 ; g
yE1 ;r

yE1/:

We will construct the yE0 and yE1 separately. The construction of yE1 is straightforward. Since E1jMH3m D

MH3m �Ck , we can take . yE1; g
yE1 ;r

yE1/ to be . yMH3m �Ck; gst;rst/, which satisfies (2-4).

To construct . yE0; g
yE0 ;r

yE0/, we glue two vector bundles as in [1]. Choose the trivial bundle

.E 00; g
E 00 ;rE

0
0/ WD .V2 �Ck; gst;rst/

Algebraic & Geometric Topology, Volume 25 (2025)
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over V2. Recall that Z � U can be viewed as a submanifold of M and Z \K D ∅. Hence, by the
definition of  , (2-3), we have an isomorphism between .E0jZ ; gE0 ;rE0/ (ie ..E0jV1/jZ ; g

E0 ;rE0/)
and .Z�Ck; gst;rst/ (ie .E 00jZ ; g

E 00 ;rE
0
0/). In other words, the restriction of  on Z, denoted by  jZ ,

induces an isomorphism between ..E0jV1/jZ ; g
E0 ;rE0/ and .E 00jZ ; g

E 00 ;rE
0
0/. We define yE0 to be

yE0 WDE0jV1

[
 jZ

E 00jV2 :

By definition,  , thus  jZ , preserves the metric and the connection. As a result, yE0 inherits a metric and
a connection from those of E0jV1 and E 00jV2 . Moreover, the property of gluing construction implies

. yE0jMH3m ; g
yE0 ;r

yE0/' .E0jMH3m ; g
E0 ;rE0/;

. yE0jV2 ; g
yE0 ;r

yE0/' .E 00; g
E 00 ;rE

0
0/D .V2 �Ck; gst;rst/:

Therefore, yE0 also satisfies (2-4).

Let i W E0jV1 ,! yE0 and j W E 00jV2 ,! yE0 be the canonical embeddings in the gluing construction. The
definition of gluing construction implies the composition of maps

j j�1Z ı i jZ W .E0jZ ; g
E0 ;rE0/

i jZ,�! . yE0jZ ; g
yE0 ;r

yE0/
j j�1Z,��! .E 00jZ ; gst;rst/D .Z �Ck; gst;rst/

is just  jZ . Since yE1jV2 D V2 �Ck , we can define

� WD j�1 W . yE0jV2 ; g
yE0 ;r

yE0/ ��! .E 00; g
E 00 ;rE

0
0/D .V2 �Ck; gst;rst/D . yE1jV2 ; g

yE1 ;r
yE1/:

At the same time,  induces the map

 jV1 ı i
�1
W . yE0jV1 ; g

yE0 ;r
yE0/ ��! .E0jV1 ; g

E0 ;rE0/! .E1jV1 ; g
E1 ;rE1/D .V1 �Ck; gst;rst/

D . yE1jV1 ; g
yE1 ;r

yE1/:

Therefore, we have

(2-5) . jV1 ı i
�1/jZ D  jZ ı i j

�1
Z D j j

�1
Z ı i jZ ı i j

�1
Z D j j

�1
Z D �jZ :

Note that the bundle endomorphism jV1ıi
�1 is just a smooth section of Hom. yE0; yE1/ over V1. Similarly,

the bundle endomorphism � is a smooth section of Hom. yE0; yE1/ over V2. Consequently, by (2-5), the
following section ! of Hom. yE0; yE1/ is well defined and smooth:

!x D

�
. jV1 ı i

�1/x if x 2 V1;
�x if x 2 V2:

Moreover, by the property of and �, we know that ! preserves the metrics and connections on yMH3mnK.

Take !� to be the adjoint of ! with respect to g yE0 and g yE1 . Set

W D !C!� W �. yE/! �. yE/;

Algebraic & Geometric Topology, Volume 25 (2025)
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which is an odd and self-adjoint bundle endomorphism of yE. There exists a constant ı > 0 such that

(2-6) W 2
� ı on yMH3m nK:

After the construction of yMH3m and yE, we now explain how to construct a fiber bundle yMH3m;R over
yMH3m associated with the foliation F . Let F? be the orthogonal complement to F , ie we have the

orthogonal splitting

(2-7) TM D F ˚F?; gTM D gF ˚gF
?

:

Following [6, Section 5] (also cf [15, Section 2.1]), let � WM!M be the Connes fibration over M such
that for any x 2M , Mx D �

�1.x/ is the space of Euclidean metrics on the linear space TxM=Fx . Let
T VM denote the vertical tangent bundle of the fibration � W M!M . Then it carries a natural metric
gT

VM such that any two points p; q 2Mx with x 2M can be joined by a unique geodesic along Mx .
Let dMx .p; q/ denote the length of this geodesic.

By using the Bott connection on TM=F (cf [15, (1.2)]), which is leafwise flat, one lifts F to an integrable
subbundle F of TM. Then gF lifts to a Euclidean metric gF D ��gF on F.

Let F?1 � TM be a subbundle, which is transversal to F˚T VM, such that we have a splitting

TMD .F˚T VM/˚F?1 :

Then F?1 can be identified with TM=.F˚T VM/ and carries a canonically induced metric gF?1 . We let
F?2 denote T VM.

The metric gF
?

in (2-7) determines a canonical embedded section s W M ,! M. For any p 2 M, set
�.p/D dM�.p/.p; s.�.p///.

For any ˇ; 
 > 0, following [15, (2.15)], let gTM
ˇ;


be the metric on TM defined by the orthogonal splitting

(2-8) TMD F˚F?1 ˚F?2 ; gTM
ˇ;
 D ˇ

2gF
˚
gF?1


2
˚gF?2 :

For any R > 0, let MR be the smooth manifold with boundary defined by

MR D fp 2M j �.p/�Rg:

Set H3m D �
�1.H3m/ and

MH3m;R D .�
�1.MH3m//\MR; H3m;R DH3m\MR:

Consider another copy M0H3m;R of MH3m;R carrying the metric gTM03m;R defined by (2-8) with ˇD 
 D 1.
Meanwhile, let gTH3m;R be the induced metric on H3m;R by (2-8) with ˇD 
 D 1 and dt2 be the standard
metric on Œ1=3; 2=3�. As we have done for yMH3m , we can glue MH3m;R, M0H3m;R and H3m;R�Œ�"

0; 1C"0�
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together to get a manifold yMH3m;R; cf [13, Section 2.2]. But, unlike yMH3m , yMH3m;R is a smooth manifold
with boundary. Moreover, we can define a smooth metric gT yMH3m;R on yMH3m;R such that

gT
yMH3m;R jMH3m;R

D g
TM3m;R
ˇ;


; gT
yMH3m;R jM0H3m;R

D gTM03m;R ;

gT
yMH3m;R jH3m;R�Œ1=3;2=3� D g

TH3m;R ˚ dt2:

The map � WMH3m;R!MH3m can be extended to yMH3m;R!
yMH3m and we still denote the extended

map by � . As before, we pull the bundles on yMH3m back to yMH3m;R, that is, we take

.E3m;R;r
E3m;R ; gE3m;R/D ��. yE;r

yE ; g
yE /:

As usual, RE3m;R D .rE3m;R/2 is the curvature of rE3m;R .

Step 2 Recall that we have assumed that TM is oriented and spin, which implies that F˚F?1 D�
�.TM/

is spin. Without loss of generality, as in [15, pages 1062–1063], we assume further that F is oriented and
rk.F?/ is divisible by 4. Then F? is also oriented and dim M is even.

It is clear that F˚F?1 ;F
?
2 over MH3m;R can be extended to .H3m;R� Œ�"

0; 1C "0�/[M0H3m;R such that
we have the orthogonal splitting5

(2-9) T yMH3m;R D .F˚F?1 /˚F?2 on yMH3m;R:

Let Sˇ;
 .F˚F?1 / denote the spinor bundle over yMH3m;R with respect to the metric gT yMH3m;R jF˚F?1

(thus with respect to ˇ2gF˚ .gF?1 =
2/ on MH3m;R). Let ƒ�.F?2 / denote the exterior algebra bundle
of F?;�2 , with the Z2-grading given by the natural even/odd parity.

Let

(2-10) DF˚F?1 ;ˇ;

W �.Sˇ;
 .F˚F?1 / y̋ ƒ

�.F?2 //! �.Sˇ;
 .F˚F?1 / y̋ ƒ
�.F?2 //

be the sub-Dirac operator on yMH3m;R constructed as in [15, (2.16)]. It is clear that one can canonically
define the twisted sub-Dirac operator (twisted by E3m;R) on yMH3m;R,

(2-11) DE3m;R

F˚F?1 ;ˇ;

W �.Sˇ;
 .F˚F?1 / y̋ ƒ

�.F?2 / y̋ E3m;R/! �.Sˇ;
 .F˚F?1 / y̋ ƒ
�.F?2 / y̋ E3m;R/:

Let Qf W Œ0; 1�! Œ0; 1� be a smooth function such that Qf .t/D 0 for 0� t � 1
4

, while Qf .t/D 1 for 1
2
� t � 1.

For any p 2 MH3m;R, we connect p and s.�.p// by the unique geodesic in M�.p/. Let �.p/ 2 F?2 jp

denote the unit vector tangent to this geodesic. Then

Q� D Qf

�
�

R

�
�

is a smooth section of F?2 jMH3m;R
. It extends to a smooth section of F?2 jyMH3m;R

, which we still denote by Q� .
It is easy to see that we may and we will assume that Q� is transversal to (and thus nowhere zero on) @ yMH3m;R.
Note that the Clifford action Oc. Q�/ (cf [15, (1.47)]) now acts on Sˇ;
 .F˚ F?1 / y̋ ƒ

�.F?2 / y̋ E3m;R

over yMH3m;R.

5F restricted to .H3m;R � Œ�"0; 1C "0�/[M0H3m;R
needs no longer to be integrable.
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With Oc. Q�/ and W , for " > 0, we introduce the following deformation of DE3m;R

F˚F?1 ;ˇ;

on yMH3m;R, which

combines the deformations in [15, (2.21)] and [16, (1.11)]:

(2-12) D
E3m;R

F˚F?1 ;ˇ;

C
Oc. Q�/

ˇ
C
"��W

ˇ
:

For the deformed operator (2-12), the following estimate holds, which is an analog of [13, Lemma 2.1].
Let h W Œ0; 1�! Œ0; 1� be a smooth function such that h.t/D 1 for 0� t � 3

4
, while h.t/D 0 for 7

8
� t � 1.

Lemma 2.1 There exist c0; ";m;R > 0 such that , when ˇ; 
 > 0 are small enough (which may depend
on m and R),

(i) for any s 2 �.Sˇ;
 .F˚F?1 / y̋ ƒ
�.F?2 / y̋ E3m;R/ supported in the interior of yMH3m;R,6



�DE3m;R

F˚F?1 ;ˇ;

C
Oc. Q�/

ˇ
C
"��W

ˇ

�
s





� c0ˇ kskI
(ii) for any s 2�.Sˇ;
 .F˚F?1 / y̋ ƒ

�.F?2 / y̋ E3m;R/ supported in the interior of MH3m;R nMH3m;R=2,



�h� �R
�
D

E3m;R

F˚F?1 ;ˇ;

h

�
�

R

�
C
Oc. Q�/

ˇ
C
"��W

ˇ

�
s





� c0ˇ ksk:
Proof We follow the same strategy as [13, Lemma 2.1] to prove this lemma. Especially, the proof of (ii)
is the same as the proof of [13, Lemma 2.1(ii)]. Here, we only show how to modify the arguments in [13,
Lemma 2.1] to prove (i).

As in [13, (2.14)–(2.15)], on yMH3m , by using the regularized distance function d.x/, we can find cut-off
functions  m;1;  m;2 W yMH3m ! Œ0; 1� satisfying, for i D 1; 2,

 2m;1C 
2
m;2 D 1;(2-13)

jr m;i j.x/�
C

m
for any x 2 yMH3m :(2-14)

Then we pull  m;1 and  m;2 back to cut-off functions 'm;1 and 'm;2 defined on yMH3m;R. By [13, (2.24)],
we know that

(2-15) 'm;1 D

�
1 if x 2 ��1.Bm/;
0 if x 2 yMH3m;R n�

�1.B2m/;
'm;2 D

�
0 if x 2 ��1.Bm/;
1 if x 2 yMH3m;R n�

�1.B2m/:

Using 'm;i , for any s 2 �.Sˇ;
 .F˚F?1 / y̋ ƒ
�.F?2 / y̋ E3m;R/ supported in the interior of yMH3m;R,

by (2-13), we have the following estimate (cf [13, (2.26)]):

(2-16)
p
2





�DE3m;R

F˚F?1 ;ˇ;

C
Oc. Q�/

ˇ
C
"��W

ˇ

�
s






�





�DE3m;R

F˚F?1 ;ˇ;

C
Oc. Q�/

ˇ
C
"��W

ˇ

�
.'m;1s/





C



�DE3m;R

F˚F?1 ;ˇ;

C
Oc. Q�/

ˇ
C
"��W

ˇ

�
.'m;2s/






�kcˇ;
 .d'm;1/sk�kcˇ;
 .d'm;2/sk;

6The norms below depend on ˇ and 
 . If there is no confusion, we omit the subscripts for simplicity.
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where for each i 2 f1; 2g, we identify d'm;i with the gradient of 'm;i and cˇ;
 . � / means the Clifford
action with respect to the metric (2-8).

For the last two terms in the right-hand side of (2-16), we can use the estimate [13, (2.30)],

(2-17) jcˇ;
 .d'm;i /sj.x/D
�
O
�
1

ˇm

�
COm;R.
/

�
jsj.x/; x 2MH3m;R;

where the subscripts in Om;R. � / mean that the big O constant may depend on m and R.

For the first two terms in the right-hand side of (2-16), by a direct computation, we have

(2-18)
�
D

E3m;R

F˚F?1 ;ˇ;

C
Oc. Q�/

ˇ
C
"��W

ˇ

�2
D

�
D

E3m;R

F˚F?1 ;ˇ;

C
Oc. Q�/

ˇ

�2
C

�
D

E3m;R

F˚F?1 ;ˇ;

;
"��W

ˇ

�
C
"2.��W /2

ˇ2
:

Meanwhile, since W is a constant endomorphism, ie parallel with respect to the connection, outside K,
we know

(2-19)
h
D

E3m;R

F˚F?1 ;ˇ;

;
"��W

ˇ

i
D 0 on yMH3m;R n�

�1.K/:

Therefore, for the second term on the right-hand side of (2-16), by (2-6), (2-15), (2-18) and (2-19), one
has

(2-20)




�DE3m;R

F˚F?1 ;ˇ;

C
Oc. Q�/

ˇ
C
"��W

ˇ

�
.'m;2s/





2
D





�DE3m;R

F˚F?1 ;ˇ;

C
Oc. Q�/

ˇ

�
.'m;2s/





2C 



"��Wˇ .'m;2s/





2 � ı"2ˇ2 k'm;2sk2:
The main difference between the proof of (i) and [13, Lemma 2.1(i)] lies in the estimate of the first term in
the right-hand side of (2-16). Let rk.F /D rk.F/D q, rk.F?1 /D q1 and rk.F?2 /D q2. Since on MH3m;R,
gF D ��gF , for a local orthonormal basis ff1; : : : ; fqg of .F; gF/, we can choose it to be lifted from a
local orthonormal basis of .F; gF /. Moreover, we choose h1; : : : ; hq1 (resp. e1; : : : ; eq2) to be a local
orthonormal basis of .F?1 ; g

F?1 / (resp. .F?2 ; g
F?2 /). Then

ff1; : : : ; fq; h1; : : : ; hq1 ; e1; : : : ; eq2g

is a local orthonormal frame for TMH3m;R. Then, by [13, (2.40)], we have

(2-21)




�DE3m;R

F˚F?1 ;ˇ;

C
Oc. Q�/

ˇ
C
"��W

ˇ

�
.'m;1s/





2
�

�
��kF

4ˇ2
'm;1s; 'm;1s

�
C

�
1

2ˇ2

qX
i;jD1

RE3m;R.fi ; fj /cˇ;
 .ˇ
�1fi /cˇ;
 .ˇ

�1fj /'m;1s; 'm;1s

�

C

��
D

E3m;R

F˚F?1 ;ˇ;

;
Oc. Q�/

ˇ

�
'm;1s; 'm;1s

�
C

��
D

E3m;R

F˚F?1 ;ˇ;

;
"��W

ˇ

�
'm;1s; 'm;1s

�
C

�
"2.��W /2

ˇ2
'm;1s; 'm;1s

�
C

�
Om;R

�
1

ˇ
C

2

ˇ2

�
'm;1s; 'm;1s

�
:

To estimate the right-hand side of (2-21), we proceed term by term.
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(a) For the first two terms, by (1-1) and (2-2),

(2-22)
�
1

2ˇ2

qX
i;jD1

RE3m;R.fi ; fj /cˇ;
 .ˇ
�1fi /cˇ;
 .ˇ

�1fj /'m;1s; 'm;1s

�
C

�
��kF

4ˇ2
'm;1s; 'm;1s

�
�

�

4ˇ2
k'm;1sk

2:

Note that (2-22) is the counterpart of [13, (2.37)–(2.38)] in our situation.

(b) For the third term, by [15, Lemma 2.1], on MH3m;R n s.MH3m/, we have

(2-23)
�
D

E3m;R

F˚F?1 ;ˇ;

;
Oc. Q�/

ˇ

�
DOm

�
1

ˇ2R

�
COm;R

�
1

ˇ

�
:

(c) For the fourth term, sincerE3m;R (resp. ��W ) is a pull-back connection (resp. bundle endomorphism)
via � , by [13, (2.34)] and (2-19), we have

(2-24)
�
D

E3m;R

F˚F?1 ;ˇ;

;
"��W

ˇ

�
D

�
O."=ˇ2/COR."
=ˇ/ on ��1.K/;
0 on yMH3m;R n�

�1.K/:

(d) For the fifth term, by (2-6), we have

(2-25)
�
"2.��W /2

ˇ2
'm;1s; 'm;1s

�
�
"2ı

ˇ2
k'm;1sk

2
��1.B2mnK/

;

where the subscript on the norm means the integral on ��1.B2m nK/.

Now, as in [13, Lemma 2.1], we split every term on the right-hand side of (2-21) into integrals on ��1.K/
and ��1.B2m nK/ separately. At the same time, we choose " small enough that

�

8ˇ2
ksk2

��1.K/
CO

�
"

ˇ2

�
ksk2

��1.K/
� 0:

Then, by (2-22)–(2-25), we have

(2-26)




�DE3m;R

F˚F?1 ;ˇ;

C
Oc. Q�/

ˇ
C
"��W

ˇ

�
.'m;1s/





2
�min

�
�

8
; ı"2

�
k'm;1sk

2

ˇ2
COR

�
"


ˇ

�
k'm;1sk

2
��1.K/

COm;R

�

2

ˇ2

�
k'm;1sk

2

COm;R

�
1

ˇ

�
k'm;1sk

2
COm

�
1

ˇ2R

�
k'm;1sk

2:

By (2-16), (2-20) and (2-26), by taking m sufficiently large and then taking R sufficiently large, one finds
that there exist c0; ";m;R > 0 such that when ˇ; 
 > 0 are small enough, the estimate in (i) of Lemma 2.1
holds.
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Step 3 Let @ yMH3m;R bound another oriented manifold N3m;R such that

zN3m;R D yMH3m;R [N3m;R

is an oriented closed manifold. Let gT zN3m;R be a smooth metric on T zN3m;R such that

gT
zN3m;R jyMH3m;R

D gT
yMH3m;R :

The existence of gT zN3m;R is clear.

Let Q be a Hermitian vector bundle over yMH3m;R such that

.Sˇ;
 .F˚F?1 / y̋ ƒ
�.F?2 / y̋ Em;R/�˚Q

is a trivial vector bundle over yMH3m;R. Then

.Sˇ;
 .F˚F?1 / y̋ ƒ
�.F?2 / y̋ Em;R/C˚Q

is also a trivial vector bundle near @ yMH3m;R under the identification Oc. Q�/C��!C IdQ.

Since the above two vector bundles are both trivial near @ yMH3m;R, by extending them via the trivial
bundle over zN3m;R n yMH3m;R, we get a Z2-graded Hermitian vector bundle � D �C˚ �� over zN3m;R and
an odd self-adjoint endomorphism W0D !0C!0� 2 �.End.�// (with !0 W �.�C/! �.��/, !0� being the
adjoint of !0) such that

�˙ D .Sˇ;
 .F˚F?1 / y̋ ƒ
�.F?2 / y̋ Em;R/˙˚Q

over yMH3m;R, W0 is invertible on N3m;R and

(2-27) W0 D Oc. Q�/C��W C

�
0 IdQ

IdQ 0

�
on yMH3m;R, which is invertible on yMH3m;R nMH3m;R=2.

Recall that h.�=R/ vanishes near MH3m;R \ @MR. We extend it to a function on zN3m;R which equals
zero on N3m;R and an open neighborhood of @ yMH3m;R in zN3m;R, and we denote the resulting function
on zN3m;R by QhR.

Let �zN3m;R W T
zN3m;R ! zN3m;R be the projection of the tangent bundle of zN3m;R. Let 
 zN3m;R 2

Hom.��
zN3m;R

�C; �
�
zN3m;R

��/ be the symbol defined by

(2-28) 

zN3m;R.p; u/D ��

zN3m;R

�p
�1 Qh2Rcˇ;
 .u/C!

0.p/
�

for p 2 zN3m;R; u 2 Tp zN3m;R:

By (2-27) and (2-28), 
 zN3m;R is singular only if uD 0 and p 2MH3m;R=2. Thus 
 zN3m;R is an elliptic
symbol.

On the other hand, it is clear that QhRD
E3m;R

F˚F?1 ;ˇ;

QhR is well defined on zN3m;R if we define it to be zero

on zN3m;R n yMH3m;R.
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Let A W L2.�/! L2.�/ be a second-order positive elliptic differential operator on zNm;R preserving the
Z2-grading of � D �C˚ ��, such that its symbol equals to j�j2 at � 2 T zN3m;R.7 As in [15, (2.33)], let
P

E3m;R
R;ˇ;


W L2.�/! L2.�/ be the zeroth order pseudodifferential operator on zN3m;R defined by

(2-29) P
E3m;R
R;ˇ;


D A�
1
4 QhRD

E3m;R

F˚F?1 ;ˇ;

QhRA

� 1
4 C

W0

ˇ
:

Let P E3m;R
R;ˇ;
;C

W L2.�C/! L2.��/ be the obvious restriction. Then the principal symbol of P E3m;R
R;ˇ;
;C

,
which we denote by 
.P E3m;R

R;ˇ;
;C
/, is homotopic through elliptic symbols to 
 zN3m;R . Thus P E3m;R

R;ˇ;
;C
is a

Fredholm operator. Moreover, the index of the symbol 
 zN3m;R can be calculated by the Atiyah–Singer
index theorem directly (cf [2] and [11, Proposition III.11.24]). Therefore,

(2-30) ind
�
P

E3m;R
R;ˇ;
;C

�
D ind

�

.P

E3m;R
R;ˇ;
;C

/
�
D ind

�


zN3m;R

�
D
˝
yA.T yMH3m/.ch. yE0/� ch. yE1//; Œ yMH3m �

˛
D
˝
yA.TM/.ch.E0/� ch.E1//; ŒM �

˛
¤ 0;

where the inequality comes from (2-1).

For any 0� t � 1, set

(2-31) P
E3m;R
R;ˇ;
;C

.t/D P
E3m;R
R;ˇ;
;C

C
.t � 1/!0

ˇ
CA�

1
4
.1� t /!0

ˇ
A�

1
4 :

Then P E3m;R
R;ˇ;
;C

.t/ is a smooth family of zeroth-order pseudodifferential operators such that the corre-
sponding symbol 
.P E3m;R

R;ˇ;
;C
.t// is elliptic for 0 < t � 1. Thus P E3m;R

R;ˇ;
;C
.t/ is a continuous family of

Fredholm operators for 0 < t � 1 with P E3m;R
R;ˇ;
;C

.1/D P
E3m;R
R;ˇ;
;C

.

Then, by using Lemma 2.1, the exactly same arguments in [13, Proposition 2.2] show that for suitable
";m;R; ˇ; 
 > 0,

dim
�
ker.P E3m;R

R;ˇ;
;C
.0//

�
D dim

�
ker.P E3m;R

R;ˇ;
;C
.0/�/

�
D 0:

As a result, when t D 0, P E3m;R
R;ˇ;
;C

.0/ is also Fredholm and has a vanishing index. By the property of
Fredholm index, we have

ind
�
P

E3m;R
R;ˇ;
;C

�
D ind

�
P

E3m;R
R;ˇ;
;C

.1/
�
D ind

�
P

E3m;R
R;ˇ;
;C

.0/
�
D 0;

which contradicts (2-30) and the proof of Theorem 1.2 is completed.
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7To be more precise, here A also depends on the defining metric. We omit the corresponding subscript/superscript only for
convenience.
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