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K-cowaist on complete foliated manifolds

GUANGXIANG SU
XIANGSHENG WANG

Let (M, F) be a connected (not necessarily compact) foliated manifold carrying a complete Riemannian
metric g7M . We generalize Gromov’s K-cowaist using the coverings of M, as well as defining a closely
related concept called the A-cowaist. Let k¥ be the associated leafwise scalar curvature of gf =¢g™|.
We obtain some estimates on k¥ using these two concepts. In particular, assuming that the generalized
K-cowaist is infinity and either TM or F is spin, we show that inf(kF ) <0.

58J20; 53C12, 53C21

1 Introduction

1.1 Main results

Let M be a closed connected oriented smooth Riemannian manifold. Let £ — M be a Hermitian vector
bundle with a Hermitian connection VE and RZ be the curvature of VZ. If dim M is even, Gromov [7,
Section 4; 9, Section 4.1.4] defines the K-cowaist! of M by

K-cwy(M) = sgp(MRE I=h,

where E — M is a unitary bundle for which (at least) one characteristic (Chern) number of E does not
vanish. Gromov also generalizes the definition of the K-cowaist to open manifolds by sticking to bundles
E — M trivialized at infinity and using the characteristic numbers coming from the cohomology with

compact supports. Moreover, if dim M is odd, Gromov defines

K-cwy (M) = sup K-cwy (M x ]Rk),
k

where one takes those k > 0 such that dim M + k is even.

The K-cowaist is closely related to scalar curvature. In [7, Section 5 %], Gromov proves that every complete

. . . . . . . ™™™ _ .
Riemannian spin manifold of dimension 7 with the scalar curvature k& = > g2 satisfies
K-cwa (M) < const, 2.

n [7], K-cowaist was called K-area. But recently, Gromov [9] suggests that K-cowaist should be a more proper name for this
concept.
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In [7, Section 9%], Gromov also defines the K-cowaist for foliated manifolds. In this paper, for the case
that M is a foliated manifold again, we further generalize the definition of K-cowaist by considering
the coverings of M. As in [7], we also study the relation between the leafwise scalar curvature and this

generalized K-cowaist.

We now explain it in detail. Let M be a connected oriented (not necessarily compact) manifold carrying
a (not necessarily complete) Riemannian metric g7 . Let F € TM be an integrable subbundle of TM
and gf = g™ | F be the restricted metric on F. In the following, we assume that both dim M and rk(F')
are even. If dim M is odd and rk(F) is even, we replace M by M x S!. If tk(F) is odd, we replace F
by F®TS!and M by M x S' x S or M x S! depending on whether dim M is even or odd.

We take 7: M — M to be a covering of M and F to be the lifted foliation on M. Then M and F carry
the lifted metrics g7™ and gf .

Let (E, g%, VE) be a Hermitian vector bundle over M with the Hermitian metric g% and the Hermitian
connection VE. We assume that E is trivial at infinity.

Let RE = (VE)?2 be the curvature of VE . Hence, for any x € M anda, Be Ty M, RE (aAB) €End(Tx M).
Recall that || Rg || is defined by? (cf [7]),

(1-1) IRZll=sup  sup  [RE(@AB).
x€EM  «,BeFy
alB, lanBl=1

Now, we can define a pair of closely related concepts.

Definition 1.1 With above notation, if the vector bundle E satisfies that some Chern number of E is
nonzero, we define the (covering) K-cowaist of (M, F) by

(1-2) K-cewa(M, F) = sup (J|IRE[ ™).
M,E

Similarly, if the vector bundle E satisfies the inequality
f _A(TM)(ch(E) —1k(E)) # 0,
M

we define the (covering) A-cowuaist of (M, F) by

(1-3) A-cewy (M. F) = sup (|RE[).
M.E

From the index theory viewpoint, among the two concepts given as above, the A-cowaist perhaps relates
to the scalar curvature more directly. In fact, we can use the A-cowaist to give a quantitative estimate on
the leafwise scalar curvature.

21n the literature, there are different ways to define the norm of R E (or R g); see eg [3; 12]. Here, we adopt the same definition
as in [14]. However, for the content discussed in this paper, all these norms work.
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Theorem 1.2 Let M be a connected oriented (not necessarily compact) manifold carrying a complete
Riemannian metric g™ . Let F € TM be an integrable subbundle of TM with the restricted metric

gt =g™ . Let k¥ be the associated leafwise scalar curvature of F. If either TM or F is spin, then

2rk(F)(k(F)—1)
A—CCWz(M, F) '

inf(kF) <

Note that in the definition of A—cowaist, we don’t need that gTM is complete. But for the above theorem,
the completeness is necessary. As in [15], we only give the proof of Theorem 1.2 for the TM spin case
in detail. The F spin case can be proved similarly as in [15, Section 2.5].

To obtain a similar estimate using the K-cowaist, we notice the following reinterpretation of the result
in [7, Section 5%]. One can also see [3], [12] or [14] for a more detailed proof of this result.
Proposition 1.3 K-ccwy (M, F) = 400 implies A—ccwz(M , F) = +o0.

Due to this proposition, we have the following corollary of Theorem 1.2.

Theorem 1.4 Under the same assumptions of Theorem 1.2, it we further assume K-ccwy (M, F) = + o0,
then inf(kF) <0.

Since K-cwy (M) = +o0o implies K-ccw, (M, F) = 400, as a corollary of Theorem 1.4, one can show
the following result.

Theorem 1.5 (Gromov [9, page 258, footnote 277])) Complete manifolds X with infinite K-cw,(X),
carry no spin foliations F, where the induced Riemannian metrics in the leaves satisfy k¥ > o > 0.

1.2 A discussion about the definitions of A-cowaist

Compared to other similar concepts in the literature, a feature of the definition of A-cowaist is that
the supremum is calculated using bundles over any coverings of M rather than bundles over M alone.
Whether it is necessary to take the supremum on this larger set turns out to be a delicate problem. For
simplicity, we will assume ' = T'M in this subsection.

To facilitate our discussion, we use the following definition which resembles the definition of A-cowaist
but does not use the covering space. Let M be a manifold and (E, g€, VE) be a Hermitian vector bundle
over M with the Hermitian metric g€ and the Hermitian connection V. If M is noncompact, we also
assume that £ is trivial at infinity. Define

A-area(M) = s%p{HRE 17| [3y A(TM)(ch(E) —tk(E)) # 0}.
We discuss several cases separately.

Algebraic & Geometric Topology, Volume 25 (2025)
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Case 1: M is noncompact In this case, A-ccw,(M, TM) in strictly larger than A-area(M) in general.
As a example, let M be an annulus in R? and F = TM. By [8, page 33 (c)], we have

(1-4) K-cwa (M) = area(M).

Since dim M = 2, for any vector bundle £ over M, we have
/ A(TM)(ch(E) —1k(E)) = [ c1(E).
M M

Hence, K-cw,(M) and A—area(M ) coincide in this case. Using (1-4), we can see that

A-ccwz(M ,TM) = sup area(M ) = 400> A—area(M ).
M

Case 2: M is compact and the universal covering of M is compact First, we note that if M is compact,
A-area(M) is just a small variant of [5, Definition 1.6].3

Since the universal covering of M is compact, any covering space of M, M, is also compact. Then by
the same proof of [8, page 33 (d)], we have

A-area(M ) = A-area (1\7 ).
Therefore, in this case, A—CCWz(M ,TM) is equal to A-area(M ).
Case 3: M is compact and the universal covering of M is noncompact This case is the most
difficult and we do not have a definite answer at the moment. In fact, whether A—area(M ) is equal to

A-ccws (M, TM) in this case relates closely to Gromov’s question [8, page 34, Question 23]: is there a
closed manifold M such that K-cw, (M) < oo and the universal covering of M satisfies K-cwa (M) = 00?

The main difficulty in this case is that the pull-back and push-forward construction for vector bundles do
not work well for the noncompact spaces. If we put some restrictions on the covering spaces, maybe
some partial results are still possible. For example, if we assume 1 (M) is residually finite, we have the
following simple extension of [7, page 26, (v/)].

Proposition 1.6 If M is a closed manifold and 7r1(M) is residually finite, for the universal covering
space M of M,

K-cewy (M) > K-cwy(M) > K-cwy (M) = K-ccwy(M).
Proof Clearly, we only need to show that

(1-5) K-cwa(M) > K-cws (M).

If M is compact, (1-5) follows from the push-forward inequality [7, Section 4%]. We try to show that the
push-forward argument also works for noncompact M.

Take a vector bundle E over M which is trivial outside a compact set K. Since m; (M) is residually
finite, we can find a finite covering of M, N, such that the covering map from Mto N is injective on K.

3In fact, if M carries a metric with the positive scalar curvature, these two definitions are the same.
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As a result, we can push forward the vector bundle E to a vector bundle £y over N. Since N is a finite
covering of M, we have
K-cwa(N) = K-cwy(M).
Therefore,
| RE ™! = [ REN | ! < K-cwa(N) = K-ewa(M),
from which we obtain (1-5). O

We also note that the K-cowaist also generalizes [4, Definition 5.1].

2 Proof of Theorem 1.2

In this section we prove Theorem 1.2. Our strategy closely follows the proof of [13, Theorem 1.2]. Note
that in [13], there is a map f: M — S (1), which enables us to construct suitable bundles over a closed
manifold associated with the noncompact manifold M. Compared to [13], the new idea in this paper is
that we will show that in the current situation, the auxiliary bundles needed for the proof, as well as the

endomorphisms between the these bundles, can be constructed without using the map f .

We argue by contradiction. Assume that
2rk(F)(tk(F)—1
inf(kF) > rA( )k(F) - 1)
A-cewy (M, F)

Then, by the definition of A—cch(M , F), there exists

e a covering manifold 7 : M — M with the lifted foliation F and the lifted metrics gTM and gﬁ ;

e a Hermitian vector bundle Eg over M with the Hermitian metric g0 and the Hermitian connec-
tion VEO, which is trivial at infinity and satisfies

@-1) /M A(T i) (ch(Eo) — tk(Eo)) # 0:
e a constant ¥ > 0 such that
(2-2) 7Ty =2 1k(F)(tk(F) — 1)||R§°|| >k on M.

As explained in Introduction, we only prove the 7'M spin case in detail. In the following, we assume that
TM is spin.

To begin, we note that if both M and M are compact, by [16, Section 1.1], one gets a contradiction easily.
Therefore, in the following, we assume that M is noncompact. For the rest of the proof we will only deal

with quantities associated with ]\:J and F.To simplify the notation, we will denote the foliation (1\2 JF )
by (M, F) and the metrics (7™, gF) by (g™, gF).

Roughly speaking, we will prove Theorem 1.2 in three steps.

(i) We construct a closed manifold M Hs,, and a Z-graded bundle E over it. We also construct a fiber
bundle AA/L%3m, g over M H,, associated with the foliation F.
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(il)) We construct a deformed Dirac operator on JIA/L%M, Rr and obtain some estimates about it.

€3m.R
PR,,B,ynL
is not zero while (2-2) implies the

(iii)) We construct a closed manifold using AA/ng_gm, Rr and an operator

€3m.R
R’ﬂ’y’+

. 4 ) . ..
index of P R3Z” f 4 1s zero. Thus we obtain a contradiction.

using the deformed Dirac
operator. We will show that (2-1) implies the index of P

As we have said at the beginning of this section, the main difference between the proof of Theorem 1.2
and [13, Theorem 1.2] is the first step.

Step1 Let (E; = M x Ck, gEr VE) with k = rk(Ey), be the trivial vector bundle on M. Then, let
E =Ey® E be a Z5-graded Hermitian vector bundle over M with a Z,-graded metric gE =gEoggk
and a Z,-graded Hermitian connection VE = vEo g VEL

Since (Eg, g£0, VE0) is trivial at infinity, there exists a compact subset K* and an isomorphism
(2_3) w: (E0|M\K’ gE()? VEO) - ((M \ K) X Ck? 8sty vst) = (El |M\K’ gEl ’ VE])

Following [10, Theorem 1.17], we choose a fixed point xg € M and let d : M — R be a regularization
of the distance function dist(x, xo) such that

Vd|(x) < 3,
for any x € M.

Set
Bn={xeM|dx)<m}, meN

and choose a sufficiently large m such that K C B,,. Note that B,, is compact by completeness of g7 ™.

To construct the desired closed manifold M. Hs,» following [10], we take a compact hypersurface
H3m € M\ B3, which cuts M into two parts such that the compact part, denoted by My, , contains B3y,.

TH3m pe the induced metric on Hap,.

Then My, is a compact smooth manifold with boundary H3,,. Let g
For a sufficiently small &’ > 0, on the product manifold H3,, x [—¢’, 1 + &’], we construct a metric as

follows.

Near the boundary Hs3,, x {—&'} of Hz, x [—¢', 1 + &], ie on H3y,, x [—¢€, €], by using the geodesic
normal coordinate of Hz,, € M, for a small &, there is an isomorphism between Hs,, X [—¢,¢'] and a
neighborhood of Hj,, denoted by U, in M because Hs,, is compact. Moreover, we can require that
under this isomorphism, U N My, is mapped to H3,, x [—¢', 0].

Now, we define the metric on Hsz,, X [—¢’, €] to be the pull-back metric obtained from that of U. In the
same way, we can construct a metric on Hz,, x [1—¢’, 14 ¢’]. Meanwhile, the metric on H3,, x [1/3,2/3]
is defined to be the product metric of g7 #3m and the standard metric on [1/3,2/3]. Finally, the metric
on Hz,, x [—€’, 1+ ¢'] is a smooth extension of the metrics on the above three pieces.

#We can and will choose K to be the closure of an open subset.
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<U-~> :
—— Hyux[—¢,1+8']'—>

. . . . . ,
. . MH3m

Figure 1: Gluing construction.

Using the isometry between Hz,, X [—¢',¢'] and U, Mpy,, UU and Hz,, x [—€', 1 + €] can be glued into
a smooth Riemannian manifold with boundary,

(My,, UO) | J(Ham x [-€/. 1+ €']).
U

More precisely, the resulting manifold is a quotient space of (Mg, UU) | J(H3zm % [—€', 1 + €']), two
points of Mp,, UU and H3,, x [—€’, 1 4 €], respectively, correspond to the same point in the resulting
manifold if and only if the two points are related by the isomorphism between U and Hsp, X [—¢’, €'].

Let M ;hm be another copy of My, with the same metric and the opposite orientation. In a /s\imilar way,
we can glue M I/Llsm and (Mg, UU) Uy (Hzm x [—€', 1+ €]) to obtain a closed manifold 1\,4\ H,,- Note
that My,, VU, M ;hm and H3,, x [1/3,2/3] all have Ilatural isometric embeddings into My,,,. As a
result, we will view these manifolds as submanifolds of My, in the following. Figure 1 is an illustration
of this gluing construction.

Take V; := My, UU® and Vo = My, \ My, to be two open subsets of Mg, . Then
ViUV =Mpy,,, ViNVa=Z:=Hzpyx(0,¢).

As we have said, we will treat V| = My,,, U U® as a submanifold of both M and M Hs,,- This means
that, although E is a Z,-graded vector bundle defined over M, its restriction on Mp,,, UU®, that is
E| My, VU = Ely,, is a Z»-graded veftor lzundleA defined over a submanifold of M Hs,,- We are going
to extend E|y, to a Z,-graded bundle £ = Eo @ E; over Mpy,, which satisfies

(24) (Bol,. g0, VE0) = (Vy x CF g Vo)) = (B |y, gB1. V),
We will construct the EO and E 1 separately. The construction of E 1 is straightforward. Since E | My, =
My, x Ck, we can take (El,gﬁl , VE‘) to be (]\71H3m x Ck, g« Vi), which satisfies (2-4).
To construct (Eo, gﬁo, VEO), we glue two vector bundles as in [1]. Choose the trivial bundle
(Eg, g0, VE0) 1= (V2 x CF, gy, Vi)
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over V5. Recall that Z C U can be viewed as a submanifold of M and Z N K = @. Hence, by the
definition of v, (2-3), we have an isomorphism between (Eg|z, g0, VE0) (ie ((Eolv)|z, gFo, vEoy)
and (Z x CK, gy, V) (ie (Ejlz. gEt/), VEf/))). In other words, the restriction of ¥ on Z, denoted by ¥ |z,
induces an isomorphism between ((Eo|y,)|z. gFo, VEo) and (Eylz, gE(), VEé). We define Eg to be

Eo:= Eoly, U Egly,.
¥z

By definition, ¥, thus 1|z, preserves the metric and the connection. As a result, E inherits a metric and
a connection from those of Eo|y, and E{|y,. Moreover, the property of gluing construction implies

(Eolmy,, -850, VE) = (Eoluy, . g0, VEO),
(Eoly,. gE0, VE0) ~ (Ef, gE0, VE0) = (Vo x CF, gy, V).
Therefore, Eo also satisfies (2-4).

Leti: Eoly, — Eo and JiEjly, — Eo be the canonical embeddings in the gluing construction. The
definition of gluing construction implies the composition of maps

-1 iz p Eo wEo\ JIZ'
jl1Z oilz: (Eolz, g5, VE0) 42, (Ey|z. gFo, vEo) LIz, (Eglz. ga» Vo) = (Z x CK, gy, Vi)
is just ¥|z. Since E1|V2 =V, x Ck, we can define
vi= 7V (Eoly,. g0, VEO) =5 (B, gBo, VE0) = (V, x CK, gy, Vo) = (E1|v,. gE1. VEY),
At the same time, ¥ induces the map
Ulv 0i ' (Eolvy, 850, V) =5 (Eolv,, 870, V) — (Erlwy, g71, VEY) = (M x CF, gy, Vi)
= (E1ly,, g"1, V5.
Therefore, we have
.1 _ =1 _ o —1 _ =1 =1 _
(2-5) Wly,0i™ Dz =Vlzoilz =jlz cilzoily =jlz =vlz.

Note that the bundle endomorphism /|y, oi ~! is just a smooth section of Hom(ﬁ 0, E 1) over V1. Similarly,
the bundle endomorphism v is a smooth section of Hom(ﬁo, E 1) over V5. Consequently, by (2-5), the
following section w of Hom(Eo, E 1) is well defined and smooth:

Wly, 0i™hy ifxeVy,
Vx if x € V5.

Wy =
Moreover, by the property of ¥ and v, we know that @ preserves the metrics and connections on M Han \ K.
Take @™ to be the adjoint of w with respect to gE0 and g}f 1. Set

W=w+w0*:T(E)—>T'(E),
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which is an odd and self-adjoint bundle endomorphism of E. There exists a constant § > 0 such that
(2-6) W2>68 on My, \K.

After the construction of M Hs, and E, we now explain how to construct a fiber bundle ,/IA/L%M, R over
M Hs,, associated with the foliation F. Let F L be the orthogonal complement to F, ie we have the
orthogonal splitting

2-7) TM = F@ FL, g™ —gF ggF"

Following [6, Section 5] (also cf [15, Section 2.1]), let 7 : Ml — M be the Connes fibration over M such
that for any x € M, M, = 7~ 1 (x) is the space of Euclidean metrics on the linear space Ty M/ Fy. Let

TV denote the vertical tangent bundle of the fibration 7 : Al — M. Then it carries a natural metric
gTVM such that any two points p, g € MM, with x € M can be joined by a unique geodesic along .
Let d"x(p, q) denote the length of this geodesic.

By using the Bott connection on TM/ F (cf [15, (1.2)]), which is leafwise flat, one lifts F to an integrable
subbundle % of T.l. Then g¥ lifts to a Euclidean metric g7 = 7*gf on %.

Let %f‘ C TM be a subbundle, which is transversal to F @ T V.iL, such that we have a splitting
TM=(FoTV M) ®Fi.

Then %f‘ can be identified with T M/ (F & TV ) and carries a canonically induced metric ggli. We let
9«% denote TVAL.

The metric gf *in (2-7) determines a canonical embedded section s: M — L. For any p € J, set
p(p) = d"= ) (p,s((p))).

For any B, y > 0, following [15, (2.15)], let ggﬁjf be the metric on 7 Jl defined by the orthogonal splitting

gl

o 1 gl
(2-8) TM=FOF T &F5, gp,=p%¢" & gy—z ®g”2.
For any R > 0, let Ml g be the smooth manifold with boundary defined by

Mr={peM]|p(p) <R}
Set 3, = 7~ (Hz,) and
Moz, R = (7 (Mp,, ) VMR, Ham, R = Ham N MR.

Consider another copy J(/L’%Sm, R Of Mg, R carrying the metric gTMSm.R defined by (2-8) with g =y = 1.
Meanwhile, let gT%3m=R be the induced metric on ¥3,, g by (2-8) with f =y =1 and d¢? be the standard
metric on [1/3,2/3]. As we have done for My, , we can glue Alg,, R M, g and Hzp g x [, 14¢']
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together to get a manifold /lA/t%m, R; cf [13, Section 2.2]. But, unlike M Hipm» ./‘7(,31({3m’ R 1s a smooth manifold

T]’;t%:?)m

with boundary. Moreover, we can define a smooth metric g R on M%3m, R such that

T M3m. R T
.R — n, K3
|M%3m R = Epy 1 "

T./Mg}f:;m

g Rl x[1/3.2/3] = & O @ di,

The map 7 : My, , R = MH,,, can be extended to JT/ngMN rR—M Hs,, and we still denote the extended
map by m. As before, we pull the bundles on Mg, back to Alys,,, g, that is, we take
(Eam,r, VR, gfmr) = w*(E,VE, oF),
As usual, R®3m.R = (V¥3m.R)2 is the curvature of V3m.R,
Step 2 Recall that we have assumed that 7'M is oriented and spin, which implies that & & 9**{' =a*(TM)

is spin. Without loss of generality, as in [15, pages 1062-1063], we assume further that F is oriented and
rk(F1) is divisible by 4. Then F is also oriented and dim Jl is even.

It is clear that & & @f‘ @ZL over Jly,,, g can be extended to (#3,, g X [—€', 1 +€']) U Méﬁm, g such that
we have the orthogonal splitting®

(2-9) T‘//‘;L?@m,R = (9; @ 9;%) @ "O}é_ on J’I;L%3m R

Let Sg,, (F @ %f‘) denote the spinor bundle over Jl’;tg@m, r with respect to the metric g7 Wz R |7+

(thus with respect to f2g” @ (g%lL /y?) on Mg, r)- Let A*(g%) denote the exterior algebra bundle

of 97’;"*, with the Z,-grading given by the natural even/odd parity.
Let
(2-10) Dyggi g, T(Spy(F@ F1)® A*(F5)) — ['(Sp ., (FBF1) & A*(F3))

be the sub-Dirac operator on A?t%3m, R constructed as in [15, (2.16)]. It is clear that one can canonically
define the twisted sub-Dirac operator (twisted by €3,,, ) on JIA/L%M, R

Q-11) D2"R - T(Sg (FOFT) R A*(FF) ®€3m.r) = (g (FOFT)® A*(FF) ® € R).

FOFL By

Let f: [0, 1] — [0, 1] be a smooth function such that f(t) =0for0<t< %, while f(t) =1 for % <t<l.

L

For any p € Jly,,, g, We connect p and s(7r(p)) by the unique geodesic in M (p). Let o(p) € F5 |p

denote the unit vector tangent to this geodesic. Then

5= f(%)a

is a smooth section of %é‘ ity =~ It extends to a smooth section of @é— |fises,,. x> Which we still dengte byo.
Itis easy to see that we may and we will assume that 0 is transversal to (and thus nowhere zero on) 0.y, r.
Note that the Clifford action ¢(6) (cf [15, (1.47)]) now acts on Sg ., (F ® F1) ® A*(Fy) ® €3m,R
over My, .R-

3% restricted to (Hzpm g X [—¢', 1+ &)U JI/L;(,3 g heeds no longer to be integrable.
’ 3m >
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With ¢(6) and W, for ¢ > 0, we introduce the following deformation of Di;;”g;’j By on JlA/L%m, R, Which
combines the deformations in [15, (2.21)] and [16, (1.11)]: v

E3m.R ¢(o)
(2-12) FeFLp.y + _,3 B

For the deformed operator (2-12), the following estimate holds, which is an analog of [13, Lemma 2.1].
Let i: [0, 1] — [0, 1] be a smooth function such that () = 1 for 0 <7 < 7, while h(z) =0 for 2 <t<l.

Lemma 2.1 There exist co, &, m, R > 0 such that, when B,y > 0 are small enough (which may depend
onm and R),

(i) foranys € I'(Sg,,(F @ gl) ® A*(@é‘) ® €3m.R) supported in the interior of Jl?L%m,Rﬁ

H( péam. c((}) syr*W)
s

FOFL,B, y /3 B

co
> — s

B

(i) foranys e F(S,g,y(df’@@f-) QA* (@é—) ® €3m,R) supported in the interior of Mse,,,,, R \ Mgy, R /25
co
> — sl

o\ ek (P E@)  entW
H(h(ﬁ)l)%@%,ﬂsvh(E%T* B ) B

Proof We follow the same strategy as [13, Lemma 2.1] to prove this lemma. Especially, the proof of (ii)

is the same as the proof of [13, Lemma 2.1(ii)]. Here, we only show how to modify the arguments in [13,
Lemma 2.1] to prove (i).

Asin [13, (2.14)—(2.15)], on M H,,» by using the regularized distance function d(x), we can find cut-off
functions ¥m,1, Ym,2: A7IH3m — [0, 1] satisfying, fori =1, 2,

(2-13) Yt +Vmo=1
(2-14) [VYm.il(x) < % for any x € ]\711.13m.

Then we pull ¥, 1 and ¥y, 2 back to cut-off functions ¢y,,1 and ¢y, » defined on ./lA/L%m, Rr.- By [13, (2.24)],
we know that

1 ifxenx 1 (Bn),

0 ifxe Ji’;t;—;@m,R \ JT_I(BZm),

0 ifxen 1 (Bn),

2-15 = il
2-15)  ¢ma % 1 if x € Moy, R \ 71 (B2m)-

Om,2 = {

Using ¢p,,;, for any s € I'(Sg ,, (F @ @f‘) ® A*(?#*é-) ® €3m.R) supported in the interior of M%BM,R,
by (2-13), we have the following estimate (cf [13, (2.26)]):

C3m.R c(0) en*W
(2-16) \/5‘ (D%%ﬂ A

pEam.R c(&) en*W
RSN

€3m.R 5(5') en*W
| (P20, 55+ Jema

—lleg,y (dpm. )5l =llcp,y (dem.2)s].

%The norms below depend on 8 and y. If there is no confusion, we omit the subscripts for simplicity.
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where for each i € {1, 2}, we identify dg,,,; with the gradient of ¢, ; and cg ,, (-) means the Clifford

action with respect to the metric (2-8).

For the last two terms in the right-hand side of (2-16), we can use the estimate [13, (2.30)],
1

2-17) 4.y gm,)s16) = (O( g ) + Om R () )Isl(x).  x € ey, 1.

where the subscripts in O, g(-) mean that the big O constant may depend on m and R.

For the first two terms in the right-hand side of (2-16), by a direct computation, we have
Ap~ 2 Ap~ 2 * 2 * 2
Cam R () en*W Cam R ¢(0) Cam R en*W e (n*W)
2-1 pe3m. —Z =(D_"™ — D" .
(2-18) ( st By T B + B FoFt.By T B | Psest.py B + B2

Meanwhile, since W is a constant endomorphism, ie parallel with respect to the connection, outside K,

we know

*
(2_19) [ %Sm.R ETT W

77 .8y’ B
Therefore, for the second term on the right-hand side of (2-16), by (2-6), (2-15), (2-18) and (2-19), one
has

] =0 on Jl?tg@m,R\n_l(K).

Cam c(@) en*W 2
(2-20) H (Dg;g;ij’ﬂ,y + T + /3 )((pm,zs)

_ C3m. R ¢(0) en* W de” 5
~| (ot + 2 Joman| + |75 > s lomasl?.

The main difference between the proof of (i) and [13, Lemma 2.1(i)] lies in the estimate of the first term in
the right-hand side of (2-16). Let tk(F) = rk(F) = ¢, tk(F{) = q1 and rk(F3) = g2. Since on My, g,

g% =n*gF, for alocal orthonormal basis { fi, ..., fq) of (F, g7), we can choose it to be lifted from a

2 2 52
+

(om,25)

local orthonormal basis of (F, gF ). Moreover, we choose /1, ..., hg, (resp. ey, ..., eq,) to be alocal
orthonormal basis of (@f, ggli) (resp. (97’%-, g%L )). Then

{fl,...,fq,hl,...,hql,el,...,eqz}
is a local orthonormal frame for T'/Mly,,, r. Then, by [13, (2.40)], we have

o6) en*W

%3)11,R
(2-21) ”(D%%%’ﬂ’ﬁ 5 + 3 )(wm,w)

T k¥

q
Z(—4ﬁz 9"m,1s’9"m,ls)+(— > R&m’R(fi’fj)cﬂ,y(ﬁ_lfi)cﬂ,y(ﬁ_lfj)fﬁm,ls’<Pm,ls)

E3m é(&) E3m EJT*W
=T o s

e2(m*W)? 1 y?
+ Tz YmaSémas +| Om,r EJFE Pm, 1S, Pm,1S ).

To estimate the right-hand side of (2-21), we proceed term by term.

2

Algebraic & Geometric Topology, Volume 25 (2025)



K-cowaist on complete foliated manifolds 2049

(a) For the first two terms, by (1-1) and (2-2),
1 g E3m.R —1 —1 n*kF
@22 | 355 2o ROE Ui Sepy (BT gy (B S omas. emas ) + me,ls, Om.15
i,j=1
= ygallomsl”
Note that (2-22) is the counterpart of [13, (2.37)—(2.38)] in our situation.

(b) For the third term, by [15, Lemma 2.1], on Mg, g \ $(MH,,,), we have

Gmr  COT_ 5 (1 1
(2-23) |:D%9%1L,ﬂ,y’ T:| = Om(IBZR) + Om,R(ﬁ)

(c) For the fourth term, since Vé3m.R (resp. w* W) is a pull-back connection (resp. bundle endomorphism)
via i, by [13, (2.34)] and (2-19), we have

[D% en*W]:{O(e/ﬁ2)+oR(sy/ﬂ) on 71 (K),

FOTLBy B 0 on My, & \ 71 (K).

(2-24)

(d) For the fifth term, by (2-6), we have

Z(JT*W)Z 82
(2-25) (ﬂ—§0m 15, @m, 15) ra I @m,1512 =1 (B \K)’
where the subscript on the norm means the integral on 7! (B2, \ K).

Now, as in [13, Lemma 2.1], we split every term on the right-hand side of (2-21) into integrals on 7! (K)
and 771 (Ba, \ K) separately. At the same time, we choose & small enough that

K 2 € 2
R 3 [
Then, by (2-22)—(2-25), we have

W
(2-26) H (D;j‘;g’lj’ By + %fj) + Snﬂ )(wm’ls)

2

lgm,15]?

.\ K 2 s gy 2
> mind £, L2 1 0 () 15131+ Omr B lomas]

1
+0m (5 ) lomasI? + O 3 ) homasl®

By (2-16), (2-20) and (2-26), by taking m sufficiently large and then taking R sufficiently large, one finds
that there exist cg, &, m, R > 0 such that when 8, y > 0 are small enough, the estimate in (i) of Lemma 2.1
holds. =
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Step 3 Let BJIA/L%M, R bound another oriented manifold N'3;,, g such that

N3m, R = Myes,,, R YU N3m,R
is an oriented closed manifold. Let gTN 3m.R be a smooth metric on TN 3m,R such that

TN3m.R| .. _ o Ty, R
g By, n =8

The existence of gTN 3m.R is clear.
Let O be a Hermitian vector bundle over JIA/L%M’ R such that
(Spy(FDTT) ® A™(F3) ® €m,p)- @ Q
is a trivial vector bundle over ﬁ%m, R- Then
(Spy(FDTT) & A*(F2) ®Em,p)+ © O
is also a trivial vector bundle near BJ@L%M, g under the identification ¢(6) + 7*w +Idg.

Since the above two vector bundles are both trivial near 8]1;(%3,"’ R, by extending them via the trivial
bundle over N3, g \ Mg, g, We get a Z,-graded Hermitian vector bundle & = £4 @ £_ over N3, g and
an odd self-adjoint endomorphism W’ = @" + w™* € T (End(§)) (with @": T'(§4) — ['(£-), »’* being the
adjoint of w”) such that

EL=(Sp,(FOF)RAN (FY)BEmRr)+ ® 0

over Jlys,, r, W’ is invertible on N3, g and

(2-27) W =¢E(@6)+n*W + 0 ldo
IdQ 0

on Jlys,,, R, Which is invertible on Mse,,, R \ Mses,, R/2-

Recall that /1(p/R) vanishes near Jy,, g N dAlg. We extend it to a function on N 3m,R Which equals
zero on N3, g and an open neighborhood of BLAA/Lg@m, R in N 3m,R» and we denote the resulting function
on Ngm,R by ﬁR.

Let Tan i - Tff3m,R — Jn\'f3m,R be the projection of the tangent bundle of ‘N3m,R. Let )/N3V"-R €

Hom(mZ Ep,m2 £_) be the symbol defined by
N3m,r N3m.R

(2-28) yVImR(p o) = 7r§,3 (v-lﬁ%c&y(u) +'(p)) for pe Jﬁ\'f3m’R, ue Tth\'f3m,R.

m, R
By (2-27) and (2-28), y‘ﬁ3’"’R is singular only if u = 0 and p € Ay, r/2- Thus y‘ﬁ3m=R is an elliptic
symbol.

€3m.R

Foo yh~R is well defined on N3m,R if we define it to be zero
1 P>

On the other hand, it is clear that h rD
on N3m, R \ M, R-
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Let A: L?(§) — L?(£) be a second-order positive elliptic differential operator on N m,R preserving the
Z»-grading of £ = £, @ £_, such that its symbol equals to || at n € Tﬂ‘3m r.” Asin[15, (2.33)], let

P?/’g" Jf L?(§) — L?(£) be the zeroth order pseudodifferential operator on N 3m,R defined by

/
€3m. R w

(2-29) PR = A4hgD hrA™% + L2

R.By FOFL.B.y

Let P§3I’3" Jf 4t D L2 (Ep) — 3Lz1g§ ) be the obvious restriction. Then the pr1n01pa1 symbol of Pﬁgg ’yR o

which we denote by y(PR By, Jr) is homotopic through elliptic symbols to y‘N 3m.R_Thus Pﬁi'g" K isa
Fredholm operator. Moreover, the index of the symbol y*37.% can be calculated by the Atiyah— Smger
index theorem directly (cf [2] and [11, Proposition III.11.24]). Therefore,
. E€3m . €3m : N m
(2-30) ind(Pg’ ) = ind(y(Pg’x ) = ind(y"3m k)
= (A(T M) (ch(Eo) —ch(E1)), [Mas,))
= {A(TM)(ch(Eo) —ch(E1)), [M]) # 0.

where the inequality comes from (2-1).

Forany 0 <7 <1, set

%m %m ([_1)0)/ _l(l—f)(,()
@-31) PRBys ()= PRy + 5 4 B

M—

A”

Then Pii’; K + (t) is a smooth family of zeroth-order pseudodifferential operators such that the corre-

€3m.R €3m.R

sponding symbol )/(P +(t)) is elliptic for 0 <¢ < 1. Thus P RB.y +(t) is a continuous family of

Fredholm operators for 0 <1 <1 with piam-r (1) = piamr

R.B,y,t+ Rﬂy+

Then, by using Lemma 2.1, the exactly same arguments in [13, Proposition 2.2] show that for suitable
e,m,R, B,y >0,

dim(ker(P "%, (0))) = dim(ker(P "%, (0)*)) =0

€3m.R

As a result, when t = 0, PR,B,yHr

Fredholm index, we have

(0) is also Fredholm and has a vanishing index. By the property of

ind(Pelyt, ) = ind(Pp (1) =ind(PRipst, (0)) =0

which contradicts (2-30) and the proof of Theorem 1.2 is completed.
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7To be more precise, here A also depends on the defining metric. We omit the corresponding subscript/superscript only for
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