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K-cowaist on complete foliated manifolds

GUANGXIANG SU
XIANGSHENG WANG

Let (M, F) be a connected (not necessarily compact) foliated manifold carrying a complete Riemannian
metric g7 . We generalize Gromov’s K-cowaist using the coverings of M, as well as defining a closely
related concept called the A-cowaist. Let k¥ be the associated leafwise scalar curvature of gf =g™|f.
We obtain some estimates on k¥ using these two concepts. In particular, assuming that the generalized
K-cowaist is infinity and either TM or F is spin, we show that inf(kF ) <o0.

58J20; 53C12, 53C21

1 Introduction

1.1 Main results

Let M be a closed connected oriented smooth Riemannian manifold. Let £ — M be a Hermitian vector
bundle with a Hermitian connection VE and RE be the curvature of VZ. If dim M is even, Gromov [7,
Section 4; 9, Section 4.1.4] defines the K-cowaist! of M by

K-cwo (M) = sgp(HRE I=h,

where £ — M is a unitary bundle for which (at least) one characteristic (Chern) number of £ does not
vanish. Gromov also generalizes the definition of the K-cowaist to open manifolds by sticking to bundles
E — M trivialized at infinity and using the characteristic numbers coming from the cohomology with

compact supports. Moreover, if dim M is odd, Gromov defines

K-cwy (M) = sup K-cwp (M X R ),
k

where one takes those k > 0 such that dim M + k is even.

The K-cowaist is closely related to scalar curvature. In [7, Section 5 %], Gromov proves that every complete
. . . . . . . ™™ _ .
Riemannian spin manifold of dimension n with the scalar curvature k8"~ > &2 satisfies

K-cw»(M) < const, 2.

In [7], K-cowaist was called K-area. But recently, Gromov [9] suggests that K-cowaist should be a more proper name for this
concept.
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In [7, Section 9%], Gromov also defines the K-cowaist for foliated manifolds. In this paper, for the case
that M is a foliated manifold again, we further generalize the definition of K-cowaist by considering
the coverings of M. As in [7], we also study the relation between the leafwise scalar curvature and this
generalized K-cowaist.

We now explain it in detail. Let M be a connected oriented (not necessarily compact) manifold carrying
a (not necessarily complete) Riemannian metric g7™ . Let F € TM be an integrable subbundle of TM
and gF = ¢TM | be the restricted metric on F. In the following, we assume that both dim M and rk(F)
are even. If dim M is odd and rk(F) is even, we replace M by M x S'. If rk(F) is odd, we replace F
by F®TS!and M by M x S' x S! or M x S! depending on whether dim M is even or odd.

We take 7: M — M to be a covering of M and F to be the lifted foliation on M. Then M and F carry
the lifted metrics g7™ and gf .

Let (E, g%, VE) be a Hermitian vector bundle over M with the Hermitian metric g% and the Hermitian
connection VE . We assume that E is trivial at infinity.

Let RE = (VE)?2 be the curvature of VZ . Hence, forany x € M and o, B € Tx M, RE (a AB) €End(T M).
Recall that ||Rg || is defined by? (cf [7]),

(1-1) IREl=sup  sup  [RE(@np)l.
xeM a,ﬂefx
alB, lenB|=1

Now, we can define a pair of closely related concepts.

Definition 1.1 With above notation, if the vector bundle E satisfies that some Chern number of E is
nonzero, we define the (covering) K-cowaist of (M, F) by

(1-2) K-cewa(M, F) = sup (J|RE(™").
M.E

Similarly, if the vector bundle E satisfies the inequality
[ A i EnE) - ey o
M

we define the (covering) A-cowaist of (M, F ) by

(1-3) A-ccwy(M, F) = sup (JIRE( Y.
M.E

From the index theory viewpoint, among the two concepts given as above, the A-cowaist perhaps relates
to the scalar curvature more directly. In fact, we can use the A-cowaist to give a quantitative estimate on
the leafwise scalar curvature.

21n the literature, there are different ways to define the norm of RE (or Rg); see eg [3; 12]. Here, we adopt the same definition
as in [14]. However, for the content discussed in this paper, all these norms work.
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K-cowaist on complete foliated manifolds 2039

Theorem 1.2 Let M be a connected oriented (not necessarily compact) manifold carrying a complete
Riemannian metric gT™ . Let F € TM be an integrable subbundle of TM with the restricted metric

gt =g™ . Let kT be the associated leafwise scalar curvature of F . If either TM or F is spin, then

21k(F)(k(F)—1)
A-ccws (M, F) .

inf(kF) <

Note that in the definition of ;‘;—cowaist, we don’t need that gTM is complete. But for the above theorem,
the completeness is necessary. As in [15], we only give the proof of Theorem 1.2 for the TM spin case
in detail. The F' spin case can be proved similarly as in [15, Section 2.5].

To obtain a similar estimate using the K-cowaist, we notice the following reinterpretation of the result
in [7, Section 5%]. One can also see [3], [12] or [14] for a more detailed proof of this result.
Proposition 1.3 K-ccwy (M, F) = +oo implies A-cews (M, F) = +00.

Due to this proposition, we have the following corollary of Theorem 1.2.

Theorem 1.4 Under the same assumptions of Theorem 1.2, if we further assume K-ccw,(M, F) = 400,
then inf(kF) <0.

Since K-cw; (M) = 400 implies K-cew, (M, F) = 400, as a corollary of Theorem 1.4, one can show
the following result.

Theorem 1.5 (Gromov [9, page 258, footnote 277])) Complete manifolds X with infinite K-cw,(X),
carry no spin foliations F, where the induced Riemannian metrics in the leaves satisfy k¥ > o > 0.

1.2 A discussion about the definitions of A-cowaist

Compared to other similar concepts in the literature, a feature of the definition of A-cowaist is that
the supremum is calculated using bundles over any coverings of M rather than bundles over M alone.
Whether it is necessary to take the supremum on this larger set turns out to be a delicate problem. For
simplicity, we will assume ' = T'M in this subsection.

To facilitate our discussion, we use the following definition which resembles the definition of A-cowaist
but does not use the covering space. Let M be a manifold and (E, g€, VE) be a Hermitian vector bundle
over M with the Hermitian metric g€ and the Hermitian connection V. If M is noncompact, we also
assume that £ is trivial at infinity. Define

A-area(M) = sgp{”RE 17| f3y A(TM)(ch(E) —1k(E)) # 0}.
We discuss several cases separately.
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Case 1: M is noncompact In this case, A-cew, (M, TM) in strictly larger than A-area(M ) in general.
As a example, let M be an annulus in R? and F = TM. By [8, page 33 (c)], we have

(1-4) K-cws (M) = area(M).

Since dim M = 2, for any vector bundle £ over M, we have
/ A(TM)(ch(E) —1k(E)) = / c1(E).
M M

Hence, K-cw; (M) and ;‘;—area(M ) coincide in this case. Using (1-4), we can see that

A—ccwz(M, TM) = sup area(]VI) =400 > A—area(M).
M

Case 2: M is compact and the universal covering of M is compact First, we note that if M is compact,
A-area(M) is just a small variant of [5, Definition 1.6].3

Since the universal covering of M is compact, any covering space of M, M, is also compact. Then by
the same proof of [8, page 33 (d)], we have

A—area(M )= A-area (]\71 ).
Therefore, in this case, A-ccws (M, TM) is equal to A—area(M ).
Case 3: M is compact and the universal covering of M is noncompact This case is the most
difficult and we do not have a definite answer at the moment. In fact, whether A—area(M ) is equal to

A—CCWZ(M , TM) in this case relates closely to Gromov’s question [8, page 34, Question 23]: is there a
closed manifold M such that K-cw, (M) < oo and the universal covering of M satisfies K-cw, (1\71 ) =o00?

The main difficulty in this case is that the pull-back and push-forward construction for vector bundles do
not work well for the noncompact spaces. If we put some restrictions on the covering spaces, maybe
some partial results are still possible. For example, if we assume 71 (M) is residually finite, we have the

following simple extension of [7, page 26, (V')].

Proposition 1.6 If M is a closed manifold and 7r1(M) is residually finite, for the universal covering
space M of M ,

K-cewy (M) > K-cwy (M) > K-cwy (M) = K-ccwy(M).
Proof Clearly, we only need to show that
(1-5) K-cwy (M) > K-cwy (1\7[).
If M is compact, (1-5) follows from the push-forward inequality [7, Section 4%]. We try to show that the
push-forward argument also works for noncompact M.

Take a vector bundle E over M which is trivial outside a compact set K. Since w1 (M) is residually
finite, we can find a finite covering of M, N, such that the covering map from M to N is injective on K.

31n fact, if M carries a metric with the positive scalar curvature, these two definitions are the same.
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As a result, we can push forward the vector bundle E to a vector bundle En over N. Since N is a finite
covering of M, we have
K-cwy(N) = K-cwy(M).
Therefore,
IRE ™ = | REN | ! < K-ewa(N) = K-ewa (M),
from which we obtain (1-5). O

We also note that the K-cowaist also generalizes [4, Definition 5.1].

2 Proof of Theorem 1.2

In this section we prove Theorem 1.2. Our strategy closely follows the proof of [13, Theorem 1.2]. Note
that in [13], there is a map f: M — S”(1), which enables us to construct suitable bundles over a closed
manifold associated with the noncompact manifold M. Compared to [13], the new idea in this paper is
that we will show that in the current situation, the auxiliary bundles needed for the proof, as well as the
endomorphisms between the these bundles, can be constructed without using the map f.

We argue by contradiction. Assume that

2tk(F)(k(F)—1
inf(kT) > rA( )(k(F)—1)
A-ccwar (M, F)
Then, by the definition of A-ccws (M, F), there exists
¢ a covering manifold 7 : M — M with the lifted foliation F and the lifted metrics gTM and g1E ;

e a Hermitian vector bundle E¢ over M with the Hermitian metric g0 and the Hermitian connec-
tion VEo, which is trivial at infinity and satisfies

@ [ AR ehEo) —sk(Ea)) £ 0

¢ aconstant k¥ > 0 such that
(2-2) fr*(kF)—2rk(F)(rk(F)—1)||Rj€.°|| >k on M.
As explained in Introduction, we only prove the TM spin case in detail. In the following, we assume that
TM is spin.
To begin, we note that if both M and M are compact, by [16, Section 1.1], one gets a contradiction easily.
Therefore, in the following, we assume that M is noncompact. For the rest of the proof we will only deal

with quantities associated with Z\ZI and F.To simplify the notation, we will denote the foliation (M F )
by (M, F) and the metrics (g7 M, g¥) by (¢TM , gF).
Roughly speaking, we will prove Theorem 1.2 in three steps.

(i) We construct a closed manifold M Hs,, and a Z-graded bundle E over it. We also construct a fiber

bundle A?L%3m, R over M Hs,, associated with the foliation F.
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(i) We construct a deformed Dirac operator on A?ng_%m’ R and obtain some estimates about it.

€3m.R
PR,ﬂ,y,+

operator. We will show that (2-1) implies the index of P?g 'Jf , is not zero while (2-2) implies the

index of P R3’é’ ’f 4 1s zero. Thus we obtain a contradiction.

(iii)) We construct a closed manifold using A?ngm, R and an operator using the deformed Dirac

As we have said at the beginning of this section, the main difference between the proof of Theorem 1.2
and [13, Theorem 1.2] is the first step.

Step1 Let (E; = M x Ck, gE1 VE) with k = rk(Eo), be the trivial vector bundle on M. Then, let
E = Eo® E; be a Z,-graded Hermitian vector bundle over M with a Z,-graded metric g€ = gfo g g£1
and a Z,-graded Hermitian connection VE =vEo g VEL

Since (Eg, g0, VE0) is trivial at infinity, there exists a compact subset K* and an isomorphism
(2-3) ¥ (Eolmk. g0, VFO) — (M \ K) x C¥, g4, Vo) = (Erla\k. 51 VED).

Following [10, Theorem 1.17], we choose a fixed point xg € M and let d : M — R be a regularization
of the distance function dist(x, xo) such that

Vd|(x) < 3,
forany x e M.

Set
Bn={xeM|dx)<m}, meN

and choose a sufficiently large m such that K C B,,. Note that B,, is compact by completeness of g7 ™.

To construct the desired closed manifold A Hs,,» following [10], we take a compact hypersurface
H3m € M\ B3y, which cuts M into two parts such that the compact part, denoted by My, , contains B3,.
Then Mg, is a compact smooth manifold with boundary H3,,. Let gTH3m be the induced metric on Hzyy,.
For a sufficiently small &’ > 0, on the product manifold H3,, x [—¢’, 1 + '], we construct a metric as
follows.

Near the boundary Hsy,, x {—¢&'} of H3y x [—&', 1+ &'], ie on Hapy X [—€’, €], by using the geodesic
normal coordinate of H3,, C M, for a small &', there is an isomorphism between H3,, x [—¢’,&'] and a
neighborhood of H3,,;, denoted by U, in M because H3,, is compact. Moreover, we can require that
under this isomorphism, U N My, is mapped to H3p, x [—¢’,0].

Now, we define the metric on Hz,, X [—¢’, €] to be the pull-back metric obtained from that of U. In the
same way, we can construct a metric on Hzp, X [1—¢, 1 +¢’]. Meanwhile, the metric on Hzp, x [1/3,2/3]
is defined to be the product metric of g7H3m and the standard metric on [1/3,2/3]. Finally, the metric
on Hspy x [—¢', 1+ & is a smooth extension of the metrics on the above three pieces.

#We can and will choose K to be the closure of an open subset.
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—VicM—

—1—
— Z%—

—Mp,,—i —_M —>
U s
P H3mx[—¢',1+¢] : ﬁ
Figure 1: Gluing construction.
Using the isometry between Hz,, X [—¢,¢'] and U, My, UU and H3,, x [—¢, 1 +¢’] can be glued into
a smooth Riemannian manifold with boundary,

(Mps,, UU) | J(Ham x [—€/. 1+ €')).
U

More precisely, the resulting manifold is a quotient space of (Mg, UU) | J(H3m % [—€", 1 + €']), two
points of Mg, UU and Hz, x [—€', 1+ €'], respectively, correspond to the same point in the resulting
manifold if and only if the two points are related by the isomorphism between U and Hs,, x [—¢, &'].

Let M b}m be another copy of My, with the same metric and the opposite orientation. In a /s\imilar way,
we can glue M I/'I3m and (Mg, UU) Uy (H3m x [—€', 1 + €]) to obtain a closed manifold Aij Hs,,- Note
that My,,, VU, M ;13)11 and H3p, x [1/3,2/3] all have rlatural isometric embeddings into My, . As a
result, we will view these manifolds as submanifolds of My, in the following. Figure 1 is an illustration
of this gluing construction.

Take V1 := Mpy,,, UU® and V, = M Hsm \ MH,,, to be two open subsets of M Hs,,- Then
ViUV, =My,,, ViNVa=Z:=Hzpyx(0,¢).

As we have said, we will treat Vi = Mp,,, U U® as a submanifold of both M and M Hs,,- This means
that, although E is a Z,-graded vector bundle defined over M, its restriction on Mp,, U U®, that is
E| My, VU = Ely,,is a Z»-graded Vfif)tor lzundle:\ defined overa submanifold of M Hs,,- We are going
to extend E|y, to a Z,-graded bundle £ = Eog @ E over My,,, which satisfies

(24) (Boly, g0, VE0) = (1, x CF g V) = (Bl 51 VEY).

‘We will construct the Eo and E 1 separately. The construction of E 1 is straightforward. Since E | My, =
My, % Ck, we can take (El,gfl , VEI) to be (MHSm x Ck, gst» Vst), which satisfies (2-4).

To construct (Eo, gEO, VEO), we glue two vector bundles as in [1]. Choose the trivial bundle

(E), gF0,VE0) .= (V2 x CK, g, Vi)
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over V5. Recall that Z C U can be viewed as a submanifold of M and Z N K = &. Hence, by the
definition of v, (2-3), we have an isomorphism between (Eg|z, g£0, VE0) (ie ((Eolvy)|z. gFo, vEoy)
and (Z x Ck, gst» Vo) (e (Egz, gEt/), VE())). In other words, the restriction of ¢ on Z, denoted by |z,
induces an isomorphism between ((Eo|y,)|z. gFo, VE0) and (Eplz, gEé, VEf)). We define Eg to be

EO = E0|V1 U E(/)|V2'
Ylz

By definition, ¥, thus |z, preserves the metric and the connection. As a result, Eo inherits a metric and
a connection from those of Egly, and E(|y,. Moreover, the property of gluing construction implies

(Eolmys,, -850, VE0) ~ (Eolmy,, . 850, VE0),
(Eoly,, gE0, VE0) ~ (Ef, g0, VEO) = (V2 x CF, gy, V).
Therefore, EO also satisfies (2-4).

Leti: Eoly, — Eo and JiEyly, = Eg be the canonical embeddings in the gluing construction. The
definition of gluing construction implies the composition of maps

-1 . j = ) Foy 17!
jlIZ 0ilz: (Eolz. g% VE0) {5 (Eg|7, gBo, VE0) L2 (Ef| 7. g4, Vo) = (Z x CF gy, Vi)
is just ¥|z. Since 157?1|V2 = V5 x C¥, we can define
vi=j 7V (Eoly,, gB0, VE0) = (EY, gB0, VE0) = (V, x CF, gy, V) = (E1 |1y, gE1, VEY).

At the same time, ¥ induces the map

W|V1 Oi_l: (E0|V1’gE0’ VEO) - (E0|V1’gEO’ VEO) g (E1|V1agEl’ VEI) = (Vl X Ck’ &sts Vst)

= (Eily,.g"'. VF).
Therefore, we have
.1 _ =1 =1 =1 =1 _

(2-5) Yl oi™ Dz =Vlzoilz =jlz cilzoilz =jlz =vlz.

Note that the bundle endomorphism /|y, oi ~! is just a smooth section of Hom(ﬁo, E 1) over V7. Similarly,
the bundle endomorphism v is a smooth section of Hom(ﬁg, E 1) over V,. Consequently, by (2-5), the
following section w of Hom(l?o, E 1) is well defined and smooth:

Wlv, oi l), ifxel,
Vx if x € V5.

Wy =
Moreover, by the property of ¢ and v, we know that w preserves the metrics and connections on M Him \ K.
Take w™* to be the adjoint of w with respect to gEO and gEA 1. Set
W =w+w*:T(E)—>T(E),
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which is an odd and self-adjoint bundle endomorphism of E. There exists a constant § > 0 such that
(2-6) W2>68 on My, \K.

After the construction of M Hs,, and E, we now explain how to construct a fiber bundle ./lA/t%m, R over
M Hs,, associated with the foliation F. Let F L be the orthogonal complement to F, ie we have the
orthogonal splitting

2-7) TM =F@Ft, g™ =g¢Fggf

Following [6, Section 5] (also cf [15, Section 2.1]), let 7 : Ml — M be the Connes fibration over M such
that for any x € M, M, = 7~ (x) is the space of Euclidean metrics on the linear space T M/ Fy. Let

TV denote the vertical tangent bundle of the fibration 7 : .Ml — M. Then it carries a natural metric

gTVM such that any two points p, g € A, with x € M can be joined by a unique geodesic along Jl.

Let d"x(p, q) denote the length of this geodesic.

By using the Bott connection on TM/ F (cf [15, (1.2)]), which is leafwise flat, one lifts F to an integrable
subbundle % of T.Al. Then g¥ lifts to a Euclidean metric g7 = 7*gf on %.

Let 9**{' C Tt be a subbundle, which is transversal to F @ T VAL, such that we have a splitting
TM=(FoTVM)®F.

Then @f‘ can be identified with Tt/ (% & T" M) and carries a canonically induced metric gg‘li. We let
F5 denote TV

The metric gf *in (2-7) determines a canonical embedded section s: M < (L. For any p € J, set
p(p) = d'=» (p,s((p))).

For any B, y > 0, following [15, (2.15)], let g};”)f be the metric on 7.l defined by the orthogonal splitting

gL

o 1 gl
(2-8) TM=F&F &%, ggfy‘:ﬂzg‘*eai—z@g‘*z.
For any R > 0, let Alg be the smooth manifold with boundary defined by

Mg ={peM]|p(p) =R}
Set 3, = n_l(H3m) and

Moy, R = (T (Mpy, ) VMR,  H3m, g = Ham N MR.

Consider another copy Jl/tg,@m, R Of Mg, R carrying the metric gTJWSm,R defined by (2-8) with f =y = 1.
Meanwhile, let gT%msR be the induced metric on #3,, g by (2-8) with B =y =1 and d#? be the standard
metric on [1/3,2/3]. As we have done for A7IH3m, we can glue sy, R, My, g and Hzm gx[—€', 1+¢]
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together to get a manifold ./lA/ng_gm, R; cf [13, Section 2.2]. But, unlike M Hapmo Jl?t%m, R 1s a smooth manifold
T/‘%%Sm

with boundary. Moreover, we can define a smooth metric g R on My, g such that
T M3m. R Tl
R — m, H3m - R —
|M%3m*R =88,y - 8 o |M§e3m,k =8

’
TMZ%m,R s

T s,

g .R |%3m,Rx[l/352/3] — gT%3m,R @ dtz

The map 7 : My, R = MH,, can be extended to J’I;ngm, rR—M Hs,, and we still denote the extended
map by 7. As before, we pull the bundles on M H,, back to /lA/t%m, R, that is, we take

m MRy — s vE _E
(€3m. g, VEm R g&m Ry = z*(E VE o)
As usual, R®m.R = (V¥3m.R)? is the curvature of V&3m.R,

Step 2 Recall that we have assumed that 7'M is oriented and spin, which implies that & %f‘ =a*(TM)
is spin. Without loss of generality, as in [15, pages 1062-1063], we assume further that F is oriented and
rk(F~1) is divisible by 4. Then F+ is also oriented and dim ./l is even.

It is clear that & @ ?ﬁf‘, @é‘ over Jlye;,, g can be extended to (3, g x [—¢€', 1 +&']) U Jl/Lf%Sm g such that
we have the orthogonal splitting®

(2-9) Tllses, R = (FOFL)®F5  on My, k-

Let Sg,, (F @ 9**{') denote the spinor bundle over JT/Lng, r with respect to the metric g7 #am & |F@gi

(thus with respect to f2g7 @ (gglL /y?) on Mg, R)- Let A*(@é‘) denote the exterior algebra bundle
of 9;2#*’ with the Z,-grading given by the natural even/odd parity.

Let
(2-10) Dyggi g, T(Spy (T @ F1) & A*(Fy)) — [(Sp,, (F & F1) & A™(F3))

be the sub-Dirac operator on Jﬂ%sm R constructed as in [15, (2.16)]. It is clear that one can canonically
define the twisted sub-Dirac operator (twisted by €3,, gr) on ‘/@Lg@m, R»

Q-11) D T (Spy (FOFT) B A*(F3) ®€am.r) = [(Sp,, (FOF) @A™ (F3) 8E3m.p).

FOFL,
Let f: [0, 1] — [0, 1] be a smooth function such that f(t) =0for0<t < %, while f(t) =1 for % <t<l.

1

For any p € Mg, R, We connect p and s(7(p)) by the unique geodesic in M (). Let o(p) € F5|p

denote the unit vector tangent to this geodesic. Then

5= f(g)o

is a smooth section of %é— s, - It extends to a smooth section of @ZL |fises,,. > Which we still den(lte byo.
Itis easy to see that we may and we will assume that ¢ is transversal to (and thus nowhere zero on) 9.y, r.
Note that the Clifford action () (cf [15, (1.47)]) now acts on Sg,(F ® F1) ® A*(F3) ® €3m.R
over Ay, .R-

SF restricted to (Hzp, g X [—€', 1+ &)U A/Lf}€3m R Needs no longer to be integrable.
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With ¢(6) and W, for ¢ > 0, we introduce the following deformation of D 3’“ R on Jl?t%m, R, Which

1By
combines the deformations in [15, (2.21)] and [16, (1.11)]:
_ €3m.R C(O)
(2-12) D%ﬁ%,ﬂ y + _,3 —|— ,3

For the deformed operator (2-12), the following estimate holds, which is an analog of [13, Lemma 2.1].
Let i: [0, 1] — [0, 1] be a smooth function such that 2(z) = 1 for 0 <t < 3 while h(t) =0 for % <t<l.

Lemma 2.1 There exist co, &, m, R > 0 such that, when B,y > 0 are small enough (which may depend
onm and R),

(i) foranyseT'(Sg,(F® 9?J-) ® A*(9?J-) ® €3m.R) supported in the interior of L//l;tg@m,R,G

Ssmzj c(&) N enr*W o = co
JGB% B, y ,3 ,3

— lIsl;

B

(i) foranyseT'(Sg,(Fd @f) QA* (@%—) ®€3m,R) supported in the interior of Myes,,,, R \ Mses,,, R /25
co
— lIsll-

P\ ~Eam.r é@) | W
((F)rrst (3) + 55+ 25 1= 5

Proof We follow the same strategy as [13, Lemma 2.1] to prove this lemma. Especially, the proof of (ii)

is the same as the proof of [13, Lemma 2.1(ii)]. Here, we only show how to modify the arguments in [13,
Lemma 2.1] to prove (i).

Asin [13, (2.14)=(2.15)], on M Hs,,» by using the regularized distance function d(x), we can find cut-off
functions Y, 1, ¥Ym,2: ]\7IH3m — [0, 1] satisfying, fori = 1,2,

(2-13) Ymi+Uma=1

(2-14) [Vrm,il(x) < % for any x € MHM-

Then we pull ¥,,,,1 and V¥,,2 back to cut-off functions ¢y,,1 and ¢, > defined on JIA/L%m, Rr. By [13,(2.24)],
we know that

1 ifxen_l(Bm),
0 ifXEM%3m,R\JT_1(B2m)»

0 ifxen 1 (Bn),

2-15 = i
( ) Pmg { 1 if x € My, R \ 71 (Bam).

Om,2 = {

Using @p,i, for any s € I'(Sg,,, (F & @f‘) ® A*(Q?é-) ® €3m,R) supported in the interior of AA/L%3m,R,
by (2-13), we have the following estimate (cf [13, (2.26)]):

C3m. R c(@) en*W
(2-16) ﬁ‘(D%%MﬁTJr 5 )

pEam.R c(&) en*W
RS

(235,455 Joma

—llcp.y (dom, 1)l = ey (dpm.2)s,

%The norms below depend on f and y. If there is no confusion, we omit the subscripts for simplicity.
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where for each i € {1, 2}, we identify dg,,,; with the gradient of ¢, ; and cg , (-) means the Clifford
action with respect to the metric (2-8).

For the last two terms in the right-hand side of (2-16), we can use the estimate [13, (2.30)],

217) ¢p.y @i 516) = (05 ) + Om R )IsI@). € ey, .

where the subscripts in O,, gr(-) mean that the big O constant may depend on m and R.
For the first two terms in the right-hand side of (2-16), by a direct computation, we have
Ay~ 2 AN\ 2 * 2. % 2
Cam R ¢(G) en*W Cam R ¢(0) Cam R en*W7 e*(n*W)
2-1 D > — =\D_" — D > .
(2-18) ( FoFLBy T B * B FoTLBy T B T|Psest.py B + B2

Meanwhile, since W is a constant endomorphism, ie parallel with respect to the connection, outside K,

we know

< *
(2_19) |: €3m.R en*W

FOF By B

Therefore, for the second term on the right-hand side of (2-16), by (2-6), (2-15), (2-18) and (2-19), one
has

} =0 on My, g\ 7 N(K).

Ean &) en*W 2
(2-20) H (D@;#Ilj, syt 5 + 3 (¢m,25)
em*W

= ' (D(‘?’”"’R + @) (Om,25) 3

FOF By B
The main difference between the proof of (i) and [13, Lemma 2.1(i)] lies in the estimate of the first term in
the right-hand side of (2-16). Let tk(F) = rk(%F) = ¢, tk(F{) = q1 and rk(F5) = g2. Since on My, R
g7 = n*gF, for alocal orthonormal basis { fi, . ... fa) of (F, g7), we can choose it to be lifted from a

2
+

2 82
2
= gllomas®

(¢m,25)

local orthonormal basis of (F, gF ). Moreover, we choose /i1, ..., hg, (resp. e1,...,e4,) to be alocal
orthonormal basis of (97’{- ggll) (resp. (9%, g%L )). Then

{fla--'afq’hI’---’hquela~--aeq2}

is a local orthonormal frame for T'Jily,,, gr. Then, by [13, (2.40)], we have

. éG) em*W
(2-21) H(Diieg?llj,ﬂ,ﬁTJr 2 )(wm,ls)

2

n*kF 1 < _ _
= (T omasiomas )+ (555 X RS £)0pp B Ao B )om 15, m1)
ij=1

E3m 5(5’) E3m 87T*W
(2250, Plomtsms (255, 75 reoms

e2(m*W)? 1 y?
+ gz Ym1S¢mis +| Om,r E-i-@ m,18, Pm,15 |

To estimate the right-hand side of (2-21), we proceed term by term.
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(a) For the first two terms, by (1-1) and (2-2),
1 & Cam R _1 _1 a*kF
@) |35 > REE(fi f)epy (B f)epy (BT f)0mas, oms )+ me,ls,wm,ls
i,j=1
> jgllomasi®
Note that (2-22) is the counterpart of [13, (2.37)—(2.38)] in our situation.

(b) For the third term, by [15, Lemma 2.1], on Ay, R \ S(MH,,,), we have

(2-23) |:D%€B%1L,ﬂ,y’ 7] = O (,32_R) + Om,R (B)

(c) For the fourth term, since Vé3m.8 (resp. #* W) is a pull-back connection (resp. bundle endomorphism)
via i, by [13, (2.34)] and (2-19), we have

[D%m,R SH*W}_{O(E/,BZ)‘FOR(EV/,B) on 7~ 1(K),
goF.By" B | |0 on Mgy, g \ 7 1(K).

(2-24)

(d) For the fifth term, by (2-6), we have

2(7[ W)Z 2
(2'25) (’B—(pm 15, ¥m, IS) ,32 ||‘/’m 1S|| 7= 1(Bam\K)’
where the subscript on the norm means the integral on 7! (B2, \ K).

Now, as in [13, Lemma 2.1], we split every term on the right-hand side of (2-21) into integrals on 7! (K)
and 771 (Ba, \ K) separately. At the same time, we choose & small enough that

K &
LR C3 [

Then, by (2-22)-(2-25), we have

2-26) |(DpEmr 4 @) | en”W (@m.18) 2
FoFt.By | B B -l
. )K 2 ||<.0m,1S||2 &y y? 2
> min §,88 T-'_OR ,3 ||§0m lS” —I(K)+OmR ,32 ||‘/’m,ls||

+Omr 2 Vlomas P+ Om( oo ) lmas|?
m,R ,3 Om,18 m ,32R Om,15]|" -

By (2-16), (2-20) and (2-26), by taking m sufficiently large and then taking R sufficiently large, one finds
that there exist cg, &, m, R > 0 such that when B, y > 0 are small enough, the estimate in (i) of Lemma 2.1
holds. O
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Step 3 Let an%%m, R bound another oriented manifold N5, g such that

N3m,R = Mges,,,R UN3m,R
is an oriented closed manifold. Let gTN 3m.R be a smooth metric on TN 3m,R such that

TN3m.R| — Ty, R
g |M?€3m,R =g 3m-f

The existence of gTﬁ 3m.R ig clear.
Let O be a Hermitian vector bundle over J/&L%m, R such that
(Spy(F ST & A*(F3) Bm p)- & Q
is a trivial vector bundle over J,‘;Lg@m, R- Then
(Sp.y(F ®TT) & A" (F2) ® émp)+ © O
is also a trivial vector bundle near d.il,,, g under the identification ¢(5) + 7*w + Idg.

Since the above two vector bundles are both trivial near 8Jl7t%3m, R, by extending them via the trivial
bundle over N 3m,R \Jl?t%m, R, We get a Z,-graded Hermitian vector bundle £ = &4 @ &_ over N 3m,R and
an odd self-adjoint endomorphism W’ = o’ + w™* € T'(End(§)) (with @": T'(§4) — ['(£-), o’ being the
adjoint of w’) such that

EL =(Sp,(FOTFT)RA*(Fy) ®EmRr)+ DO

over JMes,,,R> W’ is invertible on N3, g and

(2-27) W =¢(6)+n*W + 0 1ldo
IdQ 0

on g, R, Which is invertible on Mg, g \ My, R/2-

Recall that #(p/R) vanishes near Jlgy,, g N dAMg. We extend it to a function on N 3m,R Which equals
zero on N'3,, g and an open neighborhood of 8A7L%3m, R In N 3m,R» and we denote the resulting function
on N3m,R by h~R.

Let Moo & Tﬂ3m,R — N3m,R be the projection of the tangent bundle of ﬂ3m,R. Let yN3’"sR €

Hom(z%  &4,7%  £_) be the symbol defined by
N3m,R N3m, R
(2-28) y B R(pouy=az  (V=lhkeg, ) +0'(p)) for p€ Namr. u € TpNamr.

By (2-27) and (2-28), y‘mmﬁ is singular only if v = 0 and p € Mg, r/2. Thus yﬂbm’R is an elliptic
symbol.

€3m.R

%@@f,ﬂ,th is well defined on N'3,, g if we define it to be zero

On the other hand, it is clear that h rRD
on N3pm, R \ My, R-
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Let A: L2(§) — L?(£) be a second-order positive elliptic differential operator on N m,R preserving the
Z,-grading of £ = £4 @ £_, such that its symbol equals to |5|? at 7 € TNz, g7 As in [15, (2.33)], let

Pﬁgg’ R [2(£) — L?(£) be the zeroth order pseudodifferential operator on N 3m,R defined by

%3m R - %3114 R -1 OM/,
(2-29) PRy =4 4h Dj@gLﬂthA 4+?.
Let P;‘?g f g L?(£1) — L?(£_) be the obvious restriction. Then the principal symbol of P?g’ Jf 4

which we denote by y(P E3m.R 5. )» is homotopic through elliptic symbols to )/N 3m.R_ Thus P ngl f is a
Fredholm operator. Moreover the index of the symbol y ¥3m.® can be calculated by the Atiyah—Singer
index theorem directly (cf [2] and [11, Proposition III.11.24]). Therefore,

(2-30) ind(PR %) = ind(y(Pgy ) = ind(y )
= (A(T Mps,,)(ch(Eo) — ch(E1)). [Mu,,])
= (A(TM)(ch(Eo) —ch(E1)), [M]) # 0,
where the inequality comes from (2-1).

Forany 0 <t <1, set

plam. péam (-’ 11— 1
(2-31) R3/3 ;+(t) Rgﬂ ’f++— +ATE— A%,
v B B
Then P;?El . + (t) is a smooth family of zeroth-order pseudodifferential operators such that the corre-
sponding symbol y (P R3/§n f 4 (1)) is elliptic for 0 <7 < 1. Thus Pl%ag”f . (¢) is a continuous family of

Fredholm operators for 0 < ¢ < 1 with piamr (1) = Eam.R

R.B.y,+ R.B.y,+*

Then, by using Lemma 2.1, the exactly same arguments in [13, Proposition 2.2] show that for suitable
e,m,R,B,y>0,

dim(ker(P’s %, (0))) = dim(ker(Pg 5%, (0)%)) =0

€3m.R

As aresult, when 1 =0, Pp By, +(0) is also Fredholm and has a vanishing index. By the property of

Fredholm index, we have

ind(P gy, ) = ind(Pigt, (1)) = ind(Pg, (0) =0

which contradicts (2-30) and the proof of Theorem 1.2 is completed.
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convenience.

Algebraic € Geometric Topology, Volume 25 (2025)



2052

Guangxiang Su and Xiangsheng Wang

References

(1]
(2]
(3]

[4]

(5]

(6]

(7]

(9]

(10]

(1]

(12]
[13]

[14]

[15]
[16]

MF Atiyah, K-theory, Benjamin, New York (1967) MR Zbl
MF Atiyah, IM Singer, The index of elliptic operators, I, Ann. of Math. 87 (1968) 484-530 MR Zbl

C Bir, B Hanke, Boundary conditions for scalar curvature, from “Perspectives in scalar curvature, 117,
World Sci., Hackensack, NJ (2023) 325-377 MR Zbl

M-T Benameur, J L Heitsch, Enlargeability, foliations, and positive scalar curvature, Invent. Math. 215
(2019) 367-382 MR Zbl

S Cecchini, R Zeidler, Scalar and mean curvature comparison via the Dirac operator, Geom. Topol. 28
(2024) 1167-1212 MR Zbl

A Connes, Cyclic cohomology and the transverse fundamental class of a foliation, from “Geometric
methods in operator algebras”, Pitman Res. Notes Math. Ser. 123, Longman, Harlow (1986) 52-144 MR
Zbl

M Gromov, Positive curvature, macroscopic dimension, spectral gaps and higher signatures, from “Func-
tional analysis on the eve of the 21st century, II”, Progr. Math. 132, Birkhéuser, Boston, MA (1996) 1-213
MR Zbl

M Gromov, 101 guestions, problems and conjectures around scalar curvature, preprint (2017) Available at
https://www.ihes.fr/~gromov/positivescalarcurvature/596/

M Gromov, Four lectures on scalar curvature, from “Perspectives in scalar curvature, I”’, World Sci.,
Hackensack, NJ (2023) 1-514 MR Zbl

M Gromov, HB Lawson, Jr, Positive scalar curvature and the Dirac operator on complete Riemannian
manifolds, Inst. Hautes Etudes Sci. Publ. Math. 58 (1983) 83—-196 MR Zbl

H B Lawson, Jr, M-L Michelsohn, Spin geometry, Princeton Math. Ser. 38, Princeton Univ. Press (1989)
MR Zbl

M Listing, Homology of finite K-area, Math. Z. 275 (2013) 91-107 MR Zbl

G Su, X Wang, W Zhang, Nonnegative scalar curvature and area decreasing maps on complete foliated
manifolds, J. Reine Angew. Math. 790 (2022) 85-113 MR Zbl

X Wang, On a relation between the K-cowaist and the A-cowaist, Proc. Amer. Math. Soc. 151 (2023)
4983-4990 MR Zbl

W Zhang, Positive scalar curvature on foliations, Ann. of Math. 185 (2017) 1035-1068 MR Zbl

W Zhang, Positive scalar curvature on foliations: the enlargeability, from “Geometric analysis”, Progr.
Math. 333, Birkhéuser (2020) 537-544 MR Zbl

Chern Institute of Mathematics & LPMC, Nankai University
Tianjin, China

School of Mathematics, Shandong University
Jinan, China

guangxiangsu@nankai.edu.cn, xiangsheng@sdu.edu.cn

Received: 22 June 2022

Geometry & Topology Publications, an imprint of mathematical sciences publishers :.msp


http://msp.org/idx/mr/224083
http://msp.org/idx/zbl/0159.53302
https://doi.org/10.2307/1970715
http://msp.org/idx/mr/236950
http://msp.org/idx/zbl/0164.24001
https://doi.org/10.1142/9789811273230_0010
http://msp.org/idx/mr/4577919
http://msp.org/idx/zbl/1530.53054
https://doi.org/10.1007/s00222-018-0829-6
http://msp.org/idx/mr/3904454
http://msp.org/idx/zbl/1411.53022
https://doi.org/10.2140/gt.2024.28.1167
http://msp.org/idx/mr/4746412
http://msp.org/idx/zbl/07851051
http://msp.org/idx/mr/866491
http://msp.org/idx/zbl/0647.46054
https://doi.org/10.1007/s10107-010-0354-x
http://msp.org/idx/mr/1389019
http://msp.org/idx/zbl/0945.53022
https://www.ihes.fr/~gromov/positivescalarcurvature/596/
https://doi.org/10.1142/9789811273223_0001
http://msp.org/idx/mr/4577903
http://msp.org/idx/zbl/1532.53003
https://doi.org/10.1007/BF02953774
https://doi.org/10.1007/BF02953774
http://msp.org/idx/mr/720933
http://msp.org/idx/zbl/0538.53047
https://www.jstor.org/stable/j.ctt1bpmb28
http://msp.org/idx/mr/1031992
http://msp.org/idx/zbl/0688.57001
https://doi.org/10.1007/s00209-012-1124-7
http://msp.org/idx/mr/3101798
http://msp.org/idx/zbl/1284.55010
https://doi.org/10.1515/crelle-2022-0038
https://doi.org/10.1515/crelle-2022-0038
http://msp.org/idx/mr/4472869
http://msp.org/idx/zbl/1502.53034
https://doi.org/10.1090/proc/16526
http://msp.org/idx/mr/4634899
http://msp.org/idx/zbl/1528.53043
https://doi.org/10.4007/annals.2017.185.3.9
http://msp.org/idx/mr/3664818
http://msp.org/idx/zbl/1404.53038
https://doi.org/10.1007/978-3-030-34953-0_22
http://msp.org/idx/mr/4181014
http://msp.org/idx/zbl/1471.58002
mailto:guangxiangsu@nankai.edu.cn
mailto:xiangsheng@sdu.edu.cn
http://msp.org
http://msp.org

ALGEBRAIC & GEOMETRIC TOPOLOGY
msp.org/agt

EDITORS

PRINCIPAL ACADEMIC EDITORS

Kathryn Hess
kathryn.hess @epfl.ch
Ecole Polytechnique Fédérale de Lausanne

John Etnyre
etnyre @math.gatech.edu
Georgia Institute of Technology

BOARD OF EDITORS

Julie Bergner

Steven Boyer

Tara E Brendle

Indira Chatterji

Octav Cornea
Alexander Dranishnikov
Tobias Ekholm

Mario Eudave-Muiioz
David Futer

John Greenlees
Matthew Hedden
Kristen Hendricks
Hans-Werner Henn

Daniel Isaksen

University of Virginia
jeb2md@eservices.virginia.edu
Université du Québec a Montréal
cohf @math.rochester.edu
University of Glasgow
tara.brendle @ glasgow.ac.uk
CNRS & Univ. Cote d’ Azur (Nice)
indira.chatterji @math.cnrs.fr
Université” de Montreal
cornea@dms.umontreal.ca
University of Florida
dranish@math.ufl.edu

Uppsala University, Sweden
tobias.ekholm @math.uu.se

Univ. Nacional Auténoma de México
mario@matem.unam.mx

Temple University

dfuter @temple.edu

University of Warwick
john.greenlees @warwick.ac.uk
Michigan State University
mhedden @math.msu.edu
Rutgers University
kristen.hendricks @rutgers.edu
Université Louis Pasteur
henn@math.u-strasbg.fr

Wayne State University
isaksen@math.wayne.edu

Thomas Koberda
Markus Land
Christine Lescop
Norihiko Minami
Andrés Navas
Robert Oliver
Jessica S Purcell
Birgit Richter
Jérome Scherer
Vesna Stojanoska
Zoltan Szabo
Maggy Tomova
Daniel T Wise

Lior Yanovski

University of Virginia
thomas.koberda@virginia.edu
LMU Miinchen

markus.land @math.Imu.de
Université Joseph Fourier

lescop @ujf-grenoble.fr

Yamato University
minami.norihiko@yamato-u.ac.jp
Universidad de Santiago de Chile
andres.navas @usach.cl
Université Paris 13

bobol @math.univ-paris13.fr
Monash University
jessica.purcell@monash.edu
Universitit Hamburg
birgit.richter @uni-hamburg.de
Ecole Polytech. Féd. de Lausanne
jerome.scherer @epfl.ch

Univ. of Illinois at Urbana-Champaign
vesna@illinois.edu

Princeton University
szabo@math.princeton.edu
University of Iowa
maggy-tomova@uiowa.edu
McGill University, Canada
daniel.wise@mcgill.ca

Hebrew University of Jerusalem
lior.yanovski @ gmail.com

See inside back cover or msp.org/agt for submission instructions.

The subscription price for 2025 is US $760/year for the electronic version, and $1110/year (4+$75, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Algebraic & Geometric Topology is
indexed by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Algebraic & Geometric Topology (ISSN 1472-2747 printed, 1472-2739 electronic) is published 9 times per year and continuously online, by
Mathematical Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.
Periodical rate postage paid at Oakland, CA 94615-9651, and additional mailing offices. POSTMASTER: send address changes to Mathematical
Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.

AGT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing

https://msp.org/
© 2025 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/agt
mailto:etnyre@math.gatech.edu
mailto:kathryn.hess@epfl.ch
mailto:jeb2md@eservices.virginia.edu
mailto:cohf@math.rochester.edu
mailto:tara.brendle@glasgow.ac.uk
mailto:indira.chatterji@math.cnrs.fr
mailto:cornea@dms.umontreal.ca
mailto:dranish@math.ufl.edu
mailto:tobias.ekholm@math.uu.se
mailto:mario@matem.unam.mx
mailto:dfuter@temple.edu
mailto:john.greenlees@warwick.ac.uk
mailto:mhedden@math.msu.edu
mailto:kristen.hendricks@rutgers.edu
mailto:henn@math.u-strasbg.fr
mailto:isaksen@math.wayne.edu
mailto:thomas.koberda@virginia.edu
mailto:markus.land@math.lmu.de
mailto:lescop@ujf-grenoble.fr
mailto:minami.norihiko@yamato-u.ac.jp
mailto:andres.navas@usach.cl
mailto:bobol@math.univ-paris13.fr
mailto:jessica.purcell@monash.edu
mailto:birgit.richter@uni-hamburg.de
mailto:jerome.scherer@epfl.ch
mailto:vesna@illinois.edu
mailto:szabo@math.princeton.edu
mailto:maggy-tomova@uiowa.edu
mailto:daniel.wise@mcgill.ca
mailto:lior.yanovski@gmail.com
http://dx.doi.org/10.2140/agt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
https://msp.org/
https://msp.org/

ALGEBRAIC & G

Volume 25 Issue 4 (pag

The zero stability for the one-row colored s [3-Jones polynomial
WATARU YUASA
Quillen homology of spectral Lie algebras with application to mod p homology of labeled confi;
ADELA YIYU ZHANG
Coarse Alexander duality for pairs and applications
G CHRISTOPHER HRUSKA, EMILY STARK and HUNG CONG TRAN
K-cowaist on complete foliated manifolds
GUANGXIANG SU and XIANGSHENG WANG
Line bundle twists for unitary bordism are ghosts
THORSTEN HERTL
The generalized Kauffman—Harary conjecture is true
RHEA PALAK BAKSHI, HUIZHENG GUO, GABRIEL MONTOYA-VEGA, SUIOY MUKHERIJE!
Rigidity of elliptic genera for nonspin manifolds
MICHAEL WIEMELER
Shrinking without doing much at all
MICHAEL FREEDMAN and MICHAEL STARBIRD
Action of the Mazur pattern up to topological concordance
ALEX MANCHESTER
Kauffman bracket intertwiners and the volume conjecture
ZHIHAO WANG
Horizontal decompositions, IT
PAOLO LISCA and ANDREA PARMA
On the nonorientable four-ball genus of torus knots
FRASER BINNS, SUNGKYUNG KANG, JONATHAN SIMONE and PAULA TRUOL
Generalised Baumslag—Solitar groups and hierarchically hyperbolic groups
JACK O BUTTON
Geometric and arithmetic properties of Lobell polyhedra
NIKOLAY BOGACHEV and SAMI DOUBA
Formality of sphere bundles
JIAWEI ZHOU
A Quillen stability criterion for bounded cohomology
CARLOS DE LA CRUZ MENGUAL and TOBIAS HARTNICK
T-equivariant motives of flag varieties
CAN YAYLALI
Small Heegaard genus and SU(2)
JOHN A BALDWIN and STEVEN SIVEK
Harmonic measures and rigidity for surface group actions on the circle
MASANORI ADACHI, YOSHIFUMI MATSUDA and HIRAKU NOZAWA
Finite groups of untwisted outer automorphisms of RAAGs
COREY BREGMAN, RUTH CHARNEY and KAREN VOGTMANN
Computations on cobordism groups of projected immersions
ANDRAS CSEPAT
Rank-preserving additions for topological vector bundles, after a construction of Horrocks
MORGAN P OPIE

Power sum elements in the G skein algebra



http://dx.doi.org/10.2140/agt.2025.25.1917
http://dx.doi.org/10.2140/agt.2025.25.1945
http://dx.doi.org/10.2140/agt.2025.25.1999
http://dx.doi.org/10.2140/agt.2025.25.2037
http://dx.doi.org/10.2140/agt.2025.25.2053
http://dx.doi.org/10.2140/agt.2025.25.2067
http://dx.doi.org/10.2140/agt.2025.25.2083
http://dx.doi.org/10.2140/agt.2025.25.2099
http://dx.doi.org/10.2140/agt.2025.25.2115
http://dx.doi.org/10.2140/agt.2025.25.2143
http://dx.doi.org/10.2140/agt.2025.25.2179
http://dx.doi.org/10.2140/agt.2025.25.2209
http://dx.doi.org/10.2140/agt.2025.25.2253
http://dx.doi.org/10.2140/agt.2025.25.2281
http://dx.doi.org/10.2140/agt.2025.25.2297
http://dx.doi.org/10.2140/agt.2025.25.2317
http://dx.doi.org/10.2140/agt.2025.25.2343
http://dx.doi.org/10.2140/agt.2025.25.2369
http://dx.doi.org/10.2140/agt.2025.25.2391
http://dx.doi.org/10.2140/agt.2025.25.2413
http://dx.doi.org/10.2140/agt.2025.25.2441
http://dx.doi.org/10.2140/agt.2025.25.2451
http://dx.doi.org/10.2140/agt.2025.25.2477
http://dx.doi.org/10.2140/agt.2025.25.2507

	1. Introduction
	1.1. Main results
	1.2. A discussion about the definitions of -cowaist

	2. Proof of 1.2
	References
	
	

