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JOZEF H PRZYTYCKI

For a reduced alternating diagram of a knot with a prime determinant p, the Kauffman—Harary conjecture
states that every nontrivial Fox p-coloring of the knot assigns different colors to its arcs. We prove a
generalization of the conjecture, stated nineteen years ago by Asaeda, Przytycki and Sikora: for every
pair of distinct arcs in the reduced alternating diagram of a prime link with determinant §, there exists a
Fox §-coloring that distinguishes them.

57K10; 57M12
1 History of the alternation conjecture

In 1998, Louis H Kauffman and Frank Harary formulated the following conjecture [7]:

Alternation conjecture Let D be a reduced, alternating diagram of a knot K having determinant p,
where p is prime. Then every nontrivial p-coloring of D assigns different colors to different arcs.

This conjecture is now known as the Kauffman—Harary conjecture. It was proved for rational knots [9; 13],
Montesinos knots [1], some Turk’s head knots [6], and algebraic knots [5]. In 2009, Thomas W Mattman
and Pablo Solis proved this conjecture using the notion of pseudocolorings. A generalization of this
conjecture, known as the generalized Kauffman—-Harary (GKH) conjecture, was formulated by Marta M
Asaeda, Adam S Sikora and the fifth author in 2004 [1]. They proved this conjecture for Montesinos
links in the same paper. In this paper, we prove it in full generality.

The paper is structured as follows. In the next section we introduce the GKH conjecture and we prove it
in Section 3. In Section 4, we reformulate and prove the conjecture for nonprime alternating links. We
illustrate the results with some examples in Section 5. In the last section, we discuss pseudocolorings,

followed by some open questions.

2 Preliminaries

In this section, we state the original GKH conjecture and then some alternative versions. The difference
between the original and generalized Kauffman—Harary conjecture is that the former is restricted to links
with prime determinant. Note that the only link whose determinant is prime is the Hopf link.
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Generalized Kauffman-Harary conjecture If D is a reduced alternating diagram of a prime link L,
then different arcs of D represent different elements of Hy (M ) , 7)), where M L(2) denotes the double
branched cover of S3 branched along L.

The GKH conjecture was formulated in [1] using the homology of the double branched cover of S3
branched along L. We use a diagrammatic version of this conjecture by using the universal! group of
Fox colorings Col(D) for a prime link L with diagram D.

Definition 2.1 The group Col(D) is the abelian group whose generators are indexed by the arcs of D,
denoted by arcs(D), and whose relations are 2b —a — ¢ = 0, given by the crossings of D. More precisely,

Col(D) = {arcs(D) ‘ :Xb }

c=2b—a

It is known that Col(D) = Z & H, (Méz), Z) (see for example [14]).

Definition 2.2 Let Col™4/(D) =~ Z be the group of trivial colorings of D. This group is embedded in
Col(D) and the quotient group Col(D)/Col™ (D) is called the reduced group of Fox colorings. We
denote it by Col™!(D).

Notice that, for a diagram D of a link L, Col™Y(D) = H;(M L(2)’ 7)), and, for nonsplit alternating links,
this group is finite with nonzero determinant.

The first two statements of the following conjecture are equivalent to the original GKH conjecture, while
part (c) offers an extension.

Conjecture 2.3 (alternative forms of the generalized Kauffman—Harary conjecture) Let D be a reduced
alternating diagram of an alternating prime link and let §( D) denote the absolute value of its determinant.

(a) Let Z1™! denote the free abelian group with basis set arcs(D). The map Z*<! N Col(D) is
injective on the arcs of D, that is, B(a;) # B(aj) fori # j.

(b) The diagram D hast Fox §(D)-colorings y1, y2, ..., Vt, such that, for every pair of distinct arcs
aji,aj, there exists yi such that yy(a;) # yi(a;).

(c) If Colred(D) =Zn, ®ZLn, ®---® Ly, withn;11 |n;, then there are s Fox n-colorings such that,
for each pair of arcs, one of these colorings distinguishes them.

Remark 2.4 Parts (a) and (b) of Conjecture 2.3 are equivalent to each other, since, for a finite group G,
we have G = Hom(G, Zy,) = Hom(G, Zs(p)), where G = Zy, @ Zp, ® -+ ® Lp, With n; 1 |n; and
8(D) = nyny---ng. In particular, Hom(Col™¢(D), Z.§(py) = Hom(Col™(D), Zy,) = Col™¥(D). Thus,
we can work with a group or its dual. To distinguish elements in the group, we often analyze its
homomorphisms (dual elements) into the given ring. See [10], for example.

I Analogous to the fundamental group and the fundamental quandle, this group is often called the fundamental group of Fox
colorings.
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b c=2b—a

Figure 1: Fox coloring relation at crossing v.

b

3 Proof of the generalized Kauffman—Harary conjecture

The proof of the GKH conjecture is organized as follows. First we define the crossing matrix C’(D) and
coloring matrix L(D) of a link diagram D. Following [11], we prove that every column of the coloring
matrix represents a nontrivial Fox §(D)-coloring. Then, using the fact that the coloring matrix of the
mirror image of D is the transpose of L, we prove part (b), and equivalently, part (a) of Conjecture 2.3.
Additionally, we show that the columns of the coloring matrix generate the group Col™!(D) and use this
fact to prove part (c) of Conjecture 2.3.

Definition 3.1 A Fox k-coloring of a diagram D is a function f: arcs(D) — Zj, satisfying the property
that every arc is colored by an element of Z; = {0, 1,2, 3, ...,k —1} in such a way that, at each crossing,
the sum of the colors of the undercrossings is equal to twice the color of the overcrossing modulo k. That
is, if at a crossing v the overcrossing is colored by b and the undercrossings are colored by @ and ¢, then
2b —a—c =0 modulo k. See Figure 1 for an illustration. The group of Fox k-colorings of a diagram D
is denoted by Colg (D) and the number of Fox k-colorings is denoted by col; (D). Analogously to
Definition 2.2, we quotient Coly (D) by the group of trivial colorings and denote this by Col}fd(D).

The matrix describing the space of colorings Col(D) is referred to by Mattman and Solis [11] as the
crossing matrix for a fixed arbitrary ordering of crossings and arcs. If the diagram D of n crossings has
no trivial components, then this is an # x n matrix. For an alternating link diagram, we can order arcs in
agreement with the ordering of crossings. Thus we have:

Definition 3.2 Fix an ordering of the crossings of a reduced, connected, alternating link diagram D of a
nontrivial link. Then the set of arcs inherits the order of the set of crossings. In this way, the over-arc has
the same index as the crossing. The crossing matrix* of D, denoted by C’(D), is an n x n matrix such
that each row corresponds to a crossing that gives the relation 2b —a — ¢ = 0 (see Figure 1). The entries
of the matrix are defined as®

2 if a; is the over-arc at ¢;,

C/; =1—1 ifa; is anunder-arc at ¢; (i # j),
0  otherwise.

2The alternative, more descriptive name could be unreduced fundamental Fox colorings matrix.

31t is possible that two under-arcs at a crossing are not distinct. Then the relation 2b —a — ¢ = 0 becomes 2b — 2a = 0. For
instance, this may occur for the Hopf link.

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 2: Neighborhood of the crossing ¢; in D (on the left) and D.

The following lemma holds only for alternating links and plays an important role in the proof of the GKH
conjecture:

Lemma 3.3 Let D be a reduced alternating link diagram with crossing matrix C'(D) and let D be its
mirror image. Then the matrix C'T is a crossing matrix for D.

Proof Denote the crossings of the diagram D by cq, ..., c, and let the over-arc at the crossing ¢; be
denoted by a;. Notice that, in the matrix C’(D), all entries on the diagonal are 2. We obtain D by
crossing-change operations and we keep the ordering and names of the crossings. Now let a; denote
the over-arc at the crossing ¢; in the diagram D. In the row corresponding to the crossing ¢;, suppose
the columns corresponding to the arcs a¢; and aj have —1 as entries. Then, in the matrix C’ (D), the
column corresponding to a; must have entries —1 in the rows corresponding to the crossings ¢; and ck;
see Figure 2. |

Recall that, if §(D) # 0, then Col™d(D) is a finite group whose invariant factor decomposition is
Col*4(D) = Zn, ®ZLny, ®---® Ln,, with n; 41 |n; for all i. Notice that s is the minimum number of
generators of this group and 7, is the annihilator of the group. Let C(D) denote the reduced crossing
matrix of D, which is the matrix obtained from C’(D) by removing its last row and last column. We
call the arc corresponding to the last column of C’(D) the base arc. This matrix describes the group
Col™d(D). The matrix C~!(D) is a matrix with rational entries. However, n;C~!(D) is an integral
matrix, which we denote by L,, (D). Observe that the columns of Ly, (D) modulo n; represent Fox
ni-colorings of the diagram D after coloring the base arc by color 0.

The following result also holds for reduced nonalternating diagrams:

Theorem 3.4 Let D be a reduced diagram of a link with nonzero determinant. Then the columns of
Ly, (D) modulo n; generate the space of Fox n-colorings of D.

Algebraic & Geometric Topology, Volume 25 (2025)
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Proof Let C(D) be the reduced crossing matrix of D and let Col"*d(D) = Lp, ®Lny,® -+ ® Ly, with
n;41|n; for all i. After row and column operations, C (D) can be reduced to its Smith normal form

ni
( )

na

Csne(D) = g

\ Yy

Its inverse matrix, CS_NIF(D), with entries in Q has the form

1/
( " 1/112

Conp(D) = 1/ny

Thus, we obtain the integral matrix
ni/ny A
ni / ny O

L3NF(D) = ni Cop(D) = ny/ng

1
n

0

K ni
Now the i™ column (0,0, ...,ny/n;,....0)" of LyNF(D) modulo ny with i < s generates the subgroup
Zy; of Zp,. Since Colifld(D) = Hom(Zp, ® Zn, ® -+ @ ZLn,. Ln,), the columns of L\ generate
Colffld(D), as desired. ad

For alternating diagrams we can prove the following stronger result, which proves part (b) and, equivalently,
part (a) of Conjecture 2.3:

Theorem 3.5 Let D be a reduced alternating diagram of a prime link. For any two arcs a; and a;, there
exists a column of L, (D) which distinguishes them.

Proof Suppose the arcs (indexing rows) of the coloring matrix n; C~!(D) = Ly, (D) are given by

ai,as,...,a—; as shown below:
ap . 1,1 €1,2 ... Cin—1
a:| c c e Cogp—
-1 2 2,1 2,2 2,n—1
Ly, (D)=mC (D)= . : o .
dn—1: \Cn—1,1 ¢p—1,2 --- Cn—1,n—1
ay : 0 0o ... 0

Algebraic & Geometric Topology, Volume 25 (2025)
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Recall that the reduced crossing matrix C(D) is obtained from C’(D) by removing its last row and
last column. Now each column of L,, (D) colors the remaining first # — 1 arcs of the diagram. For a
complete Fox n;-coloring of D, we color the last (base) arc a, by color 0. If any ¢; ; = 0 mod n; for
i < n, then column C; modulo 7; cannot distinguish between the arcs a, and a;. If all the entries of the
rows corresponding to a; and a; are not identical modulo 7y, then they can be automatically distinguished
by the column in which they are different.

Step 1 If there is no column Cj of Ly, (D) such that ¢; j # 0 mod iy, then every entry in the i" row is
0 mod ny. It follows that, in the transpose matrix LZ; , (D), the column Cl.T is the zero column modulo 7.
This would result in the existence of a pseudocoloring of D (see Definition 6.1 below [11]), which is a
contradiction.* Thus, the base arc @, can be distinguished from any other arc by some column in L, (D)
modulo 77.

Step 2 Furthermore, if there are two arcs a; and a; with the same color in every column of L, (D),
then we choose arc a; as the base arc, which implies that the colors of a; are equal to zero. So we are
back to Step 1. O

The next theorem proves part (c) of Conjecture 2.3, which is a more general version of Theorem 3.5.

Theorem 3.6 If Col™!(D) = Zn, ®Zn, ® -+ ® Ln,, with nj 11 |n;, then there are s Fox nj-colorings
(not necessarily corresponding to the columns of the coloring matrix) which distinguish all arcs. That is,
for each pair of arcs, one of these colorings distinguishes them.

Proof Denote the generators of the group Col®(D) by a1, as, ..., as. Every generator ; is a linear
combination of some columns of the coloring matrix L, (D) modulo n; (see Theorem 3.4). Therefore,
they correspond to some coloring of the diagram D. Hence, for every pair of arcs there is a column of
Ly, (D) modulo n; that distinguishes them. a

Remark 3.7 Let Col™!(D) be the cyclic group Zy,.

(a) There exists a nontrivial Fox n-coloring that distinguishes all arcs. This follows directly from
Theorem 3.6 for s = 1.

(b) Additionally, if n; is a prime number, then the original Kauffman—Harary conjecture holds. That
is, every nontrivial Fox n-coloring distinguishes all arcs. This follows because every nonzero
element of Zj, is its generator.

4 Nonprime alternating links

Theorems 3.5 and 3.6 do not hold as stated for the connected sum of alternating links> (see part (a) of
Lemma 4.1). In Theorem 4.2, we present a version of the GKH conjecture which holds for nonprime
alternating links.

4We work with links but the method of [11] can be extended to this case as well.
3The connected sum of alternating links is an alternating link; see for example [16].
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(Ov O)

2-1 0 0 0
1 2-1 0 0
cpy=|-1-1 2 0 o 0, 1)
0 0—1 2 —1 (0.2)
0 0 0-1 2

Figure 3: Left: the reduced crossing matrix for the square knot. Right: the square knot 3| # 3,
with two Fox 3-colorings distinguishing every pair of arcs.

Lemma 4.1 [14] Let D = D; # D, be the connected sum of two link diagrams. Then:

(a) The arcs connecting the two components represent the same element in Col(D).

(b) Col™(D; # D,) == Col®d(D;) @ Col™(D,).

Theorem 4.2 Let D = D # D, #---# Dy, where D; is a reduced alternating diagram of a prime link L;
fori =1,2,...,n. Then:

(a) For any pair of arcs different from arcs joining D; with D; 1, there exists a Fox ny-coloring which
distinguishes them.

(b) There are t (t < s) Fox ny-colorings such that any pair of arcs different from the ones joining D;
with D; 1 is distinguished by one of them.

Proof This result follows from Theorems 3.4 and 3.5 and Lemma 4.1. O

Remark 4.3 Theorem 4.2 was formulated for connected sums of diagrams. However, from William W
Menasco’s result (see [12; 8]), it follows that, if an alternating diagram represents the connected sum of
alternating links, then it is already a connected sum of diagrams.

Example 4.4 Let D be an alternating diagram of the square knot; that is, D = 3; #3;, with reduced
crossing matrix C (D) (see Figure 3). Then Col™!(3, #3;) = Z3 @ Z3. Observe that columns 3 and 5 of
L3(D) modulo 3 (Figure 4) distinguish all pairs of arcs except the ones connecting 3; with 3;. Also, the

32100 02100
34200 01200
L3y(D)=3C"'(D)=|33300], L3(D)mod3=]00000
22221 22221
11112 11112

Figure 4: Matrices L3(D) and L3 (D) modulo 3 for the square knot.
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24 20 12 10 16 11 3 20 12 10 16 11
1224 6 12 15 9 12 3 6 12 15 9
15 16 18 8 17 13 15 16 18 8 17 13

L(77) = L(77) mod 21 =

6 5 3 13 4 8| 6 5 3 13 4 8
18 22 9 11 26 10 18 1 9 11 5 10
1210 6 5 8 16 1210 6 5 8 16

Figure 5: Matrices L(77) and L(77) modulo 21. Some nontrivial Fox 21-colorings of 77 do not
distinguish all arcs, for example columns 1 or 3 of L modulo 21. However, columns 2, 4, 5 and 6
distinguish all arcs.

third row (corresponding to the third crossing in the chosen ordering and, therefore, to the third arc) has
all zero entries. That is, the third arc cannot be distinguished from the base arc.

5 Examples of Fox colorings

In this section we study examples of alternating link diagrams and their Fox colorings. For the structure
of the group Col®(D) = H;(M 2) , Z) for knots up to 10 crossings, see [2, Appendix C].

Example 5.1 Kauffman and Harary showed that the knot 7 is a counterexample to their conjecture for
a knot with nonprime determinant [7]. We have det(77) = 21 and Col™¥(7;) = Z,;.% See Figure 6 for a
Fox 21-coloring distinguishing all arcs.

4 1
(—7\/_
0
\\_20/
12
Figure 6: The knot 77 with a Fox 21-coloring which distinguishes all arcs.

Example 5.2 Consider the family of links obtained by closing the braids (010, 1) These links are
sometimes called Turk’s head links and can also be obtained by drawing the Tait diagrams of the wheel
graphs W,,. The closed formula for the determinant of the D(W,,) is given in [15]. Examples for n = 5
and n = 6 are drawn in Figure 7 and their reduced groups of Fox colorings are as follows:

(a) Forn =35, D(Ws) is 10123 in Rolfsen’s table [17]. Col™(D(Ws)) = Z11 ® Z1;.

(b) Forn =6, D(W;) is the link 12374 in Thistlethwaite’s tables [15; 18]. Col®d(D(W)) = Z4o D Zs.
A closed formula for Col™¢ (0105 )7 is given in [4].

61t was noticed in [9] that the Kauffman—Harary conjecture holds for any rational (2-bridge) knot without restrictions on the
determinant of the knot. However, as they note, the formulation of the conjecture needs to be changed from “every nontrivial Fox
D-coloring” to “there exists a Fox D-coloring”. See Remark 3.7.

Algebraic & Geometric Topology, Volume 25 (2025)
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(1,0)

(0,0)
(2,0)
o,/ (10,2 / (4,10)
(7,9)
3,7)
(7,4) .0

2075

(1,0)

(2,0)
(32,7)\(39,2) \477) (0,0)
(14, 4) /
(25,4)

(7,6)
(36, 1)

Figure 7: The knot D(W5) with two Fox colorings distinguishing all arcs (on the left), and the
link D(W;s) with two Fox colorings distinguishing all arcs (on the right).

51 1 112127 8 3 3 141414 10
10 5 10 10 10 10 5 10 0 10 10 10 10 10
10 1 11 1 1212 7 8 13 3 4 14 14 10
101212 7 1414 9 6 11 11 13 3 3 10
101 1 1 7127 8 1313 4 4 1410
1012 121214 9 9 6 11111313 3 0
108 8 8 6 611 4 9 9 7 7 75
57779 9 4116 6 8 8 810
0 313131111 6 9 9 1412121210
1014 4 4 1313 8 7 12 7 1 1 1 10
10 3 3 131111 6 9 1414 7 121210
101414 4 3 13 8 7 1212 1 11 1 10
10 10 10 10 10 0 10 5 10 10 10 10 5 10
10141414 3 3 8 7 12121 1 1 5

9 5 110111818 5 7 3 20 1
1 6 1112 9 16 16 20 14 19 3 18 18 14
14 7 0 14 7 141414 0 14 7 14 14 14
6 8 1016 5 1212 8 7 9 11 10 10 14
151311 516 9 9 13 14 12 10 11 11 7
131517 9 121219 151416 18 17 3 0
1117 2 13 8 15 8 171420 5 2 16 14
131517 9 121919 8 14 16 18 3 3 14
516 6 11101717 2 0 11 1 20 20 14
18 17 16 13 8 151517 7 6 5 16 16 14
1018 5 15 6 13131114 1 9 1212 14
1216 20 11 10 17 3 2 14 18 1 13 20 14
141414 7 14 0 14 1414 14 14 14 7 14
12 16 20 11 10 3 3 16 14 18 1 20 20 7

1 14

Figure 8: Left: L(P(3,3,3,3,3)) modulo 15. The colorings given by columns 3, 4 and 10
distinguish all arcs. Right: L(P(3, 3, 3, 6)) modulo 21. The colorings given by columns land 6

distinguish all arcs.

Example 5.3 The group Col™ for pretzel links is given in [1, Proposition 7] and its generalization to

Montesinos links in [1, Proposition 8]. Here are two examples with their coloring matrices modulo 71:

(a) Let P(3,3,3,3,3) be a pretzel knot with 15 crossings. Col™® = Z5s ® Z3 & Z3 & Z5. See its
coloring matrix L(P (3,3, 3, 3, 3)) modulo 15 in Figure 8, left.

(b) Let P(3,3,3,6) be a pretzel knot with 15 crossings. Col'™ = Z,, @ Z3 ® Z5. See its coloring
matrix L(P(3, 3,3, 6)) modulo 21 in Figure 8, right.

6 0Odds and ends

6.1 Pseudocolorings

An important tool in our proof of Theorem 3.5 is the idea of pseudocolorings. In [11] and in this paper,

it is shown that no pseudocolorings exist for reduced, prime, alternating link diagrams. However, the

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 9: Left: the torus knot 7°(3, 4) (819 in Rolfsen’s table [17]) depicted as the pretzel knot
P (3, 3, —2) showing the ordering of crossings and arcs. Right: the pseudocoloring given by the
second column; compare Remark 6.5.

existence of pseudocolorings can be used to see how far a diagram is from being an alternating link
diagram. In this section, we briefly explore this concept. Proposition 3.2 in [11] depends on the fact that,
for reduced alternating diagrams, the rows of the crossing matrix add to zero. This does not hold for
nonalternating diagrams, as we illustrate in the following examples.

Definition 6.1 Let D be a link diagram and € € {—1, +1}. Following Mattman and Solis [11], we
define an e-pseudocoloring of D as a coloring of the arcs of D such that, at all but two crossings, the
Fox coloring convention 2b —a — ¢ = 0 is satisfied. We denote the other two crossings by ¢4 and ¢,
where the coloring conventions are 2b —a —c¢ = +1 and 2b —a — ¢ = €, respectively. To obtain the
pseudocolorings as defined in [11], put € = —1.

For an alternating link diagram D, our convention was to order crossings first, and then the set of arcs
inherits the order of the set of crossings. Compare Figure 1. The reason for such a choice is that C’(D)
is the same as C’(D)T. This does not work for nonalternating link diagrams.

In general, we can arbitrarily order crossings and arcs. In Figure 9 we give an example of ordering
crossings and arcs for the knot 819. We first choose a basepoint and an orientation (shown by an arrow in
Figure 9, left). Starting at this basepoint, we move along the knot and order crossings. Next, arcs can be
ordered arbitrarily with the base arc always being the last one. In Figure 9, the first coordinate gives the

number of the crossing and the second one gives the number of the arc.

In the following example, we analyze nonsplit, nonprime alternating diagrams:

Example 6.2 Let D = D # D, be a nonsplit, nonprime alternating link diagram. D always has a
—1-pseudocoloring using color 1 on D; and color 0 on D,. We illustrate this idea for the square knot
3, #3; in Figure 10.

On the other hand, nonalternating link diagrams often have —1-pseudocolorings and + 1-pseudocolorings.
See Examples 6.3 and 6.4. If the determinant of a knot with diagram D is equal to 1, we have

Algebraic & Geometric Topology, Volume 25 (2025)
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0

C+1

Figure 10: —1-pseudocoloring of the square knot with the + 1-crossing denoted by ¢4+ and the
—I-crossing denoted by c_;.

~1-1 0 0 0 0 0 0 2 0 O
0-1-1 0 2 0 0 0 0 0 0

00 2 0-1-1 0 0 0 0 0

2 0-1-1 0 0 0 0 0 0 0

00 0 2 0-1-1 00 0 0

com=| 0 0 0-1-1 0 0 0 0 0 2
-1 0 0 0 0 2 0 0 0 0—1

00 00 0 0-1-1 0 2 0

00 00 0 0 0 2 0-—1-—1

00 00 0 0 0-1-1 0 2

20 0 0 0 0 0 0-1-1 0

Figure 11: The crossing matrix of the Conway knot. Notice that the rows of the crossing matrix
satisfy the linear equation Ry — Ry — R3 — R4 — Rs— R¢ — R74+ Rs+ Ry + Rio+ Ry =0.

L(D) = C7Y(D) and every column of C~!(D) colors the first n — 1 arcs of the diagram. Then,
for a complete e-pseudocoloring of D, we color the last (base) arc a, by color 0.

1 1

Example 6.3 Consider the braid word 03 0,05 0,5 201 0, 0,05 ! whose closure is the Conway knot. The
determinant of this knot is 1 and its crossing matrix C’(D) is given in Figure 11. The + 1-pseudocoloring
given by column 4 and the —1-pseudocoloring given by column 1 in the matrix shown in Figure 12 are

illustrated in Figure 13, left and right, respectively.

Example 6.4 Consider the torus knot 7°(3, 4) with diagram D and crossings and arcs ordered as illustrated
in Figure 9. Its crossing matrix is shown in Figure 15. Three columns of C~!(D) (Figure 16) are integral
and they yield e-pseudocolorings. Column 5 gives a —1-pseudocoloring (Figure 14, right) and columns 1
and 2 give + 1-pseudocolorings. The 4+ 1-pseudocoloring corresponding to column 1 is shown in Figure 14,
left.

Nonalternating link diagrams always have e-pseudocolorings, as we describe in the following remark:

Algebraic & Geometric Topology, Volume 25 (2025)
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6 -6 -2 2 —4-10 -3 4 & 12
-33 32 12 -8 22 52 17 =22 —44 —66
-9 9 4 -2 6 14 5 —6 —12 —18
21 -21 -8 5 —14 -34 —11 14 28 42
-21 21 8§ =5 14 33 11 —14 —-28 —42
3 3 -1 1 -2 =5 -1 2 4 6
39 -39 —-15 9 -27 —63 =21 26 52 78
13 -13 -5 3 -9 =21 -7 9 18 26
-13 13 5-3 9 21 7 =9 —18 =27
26 —26 —10 6 —18 —42 —14 18 35 52
0 0 0 0 O o 0 0 O 0

L(D) =

Figure 12: Coloring matrix for the Conway knot. The last row of zeroes correspond to the
coloring of the base arc.

Figure 13: The Conway knot with 4 1-pseudocoloring (left) and —1-pseudocoloring (right). The
last crossing ¢ on the left changes to c—; on the right.

Remark 6.5 Let D be a nonalternating link diagram.

(1) Every integral column of C~!(D) leads to some e-pseudocoloring.

(2) D has an e-pseudocoloring. This follows from the fact that every nonalternating diagram has a
tunnel of length at least two. Now we can color D by coloring one of the arcs of the tunnel by
color —1 and all other arcs by color 0 to get the + 1-pseudocoloring. An example of such a coloring
is shown in Figure 9, right.
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C+

C+1

Figure 14: The torus knot 7°(3,4) (8,9 in Rolfsen’s table [17]) depicted as the pretzel knot P (3, 3, —2).

2 0 0 0-1-1 0 O

-1 -1 0 0 2 0 0 0

0 0 0 0 2 0-1-1

, _ 0 0 0-1-1 0 2 O
(D)= 0o 0 0 2 0-1-1 0
2 0-1-1 0 O O O

-1 0 2 0 0 0 0 -1

0-1-1 0 0 0 0 2

Figure 15: C’(P(3,3,—2)). The rows satisfy Ry + R, — R3 — R4 — Rs— R¢— R7— Rg = 0.

2 0-3%2 % 3
01 $%0 -3 -
SRR
c'oy=] -3 0-113 4 2
IR RRER
4 033 s
2 03tz 4

Figure 16: C~!(D) corresponding to T'(3, 4) with three integral columns.

6.2 Future directions

The Kauffman—Harary conjecture was extended to the case of virtual knots by Mathew Williamson [19]
and proved by Zhiyun Cheng [3]. A natural question is to ask whether the conjecture in [1] holds
for virtual links whose determinants are not prime. Another path of further research is to look for a
natural generalization to nonalternating diagrams using a set-theoretic Yang—Baxter operator or a general

Yang—Baxter operator.

An interesting prospect is to approach the generalized Kauffman—Harary conjecture from the perspective
of incompressible surfaces in the double branched cover M L(z) of S branched along L. This was outlined
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in [1] with the hope of proving the GKH conjecture. Now that the GKH conjecture is proved, we can

proceed in the opposite direction and analyze incompressible surfaces in M ]EZ).

Acknowledgements

Bakshi acknowledges the support of Dr Max Rossler, the Walter Haefner Foundation and the ETH

Ziirich Foundation. Montoya-Vega acknowledges the support of the National Science Foundation through

grant DMS-2212736. Mukherjee was supported by the American Mathematical Society and the Simons

Foundation through the AMS-Simons Travel Grant. Przytycki was partially supported by Simons
Collaboration Grant 637794.

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]
(11]

[12]

(13]

MM Asaeda, JH Przytycki, A S Sikora, Kauffiman—Harary conjecture holds for Montesinos knots, J.
Knot Theory Ramifications 13 (2004) 467-477 MR Zbl

G Burde, H Zieschang, Knots, 2nd edition, De Gruyter Studies in Mathematics 5, de Gruyter, Berlin (2003)
MR Zbl

Z Cheng, Kauffman—Harary conjecture for alternating virtual knots, J. Knot Theory Ramifications 24
(2015) art. id. 1550046 MR Zbl

A Christiana, H Guo, J H Przytycki, Using Fibonacci numbers and Chebyshev polynomials to express
Fox coloring groups and Alexander—Burau—Fox modules of diagrams of wheel graphs, preprint (2023)
arXiv 2310.19979 To appear in Contemp. Math.

D B Damiano, E M Sennott, Coloring algebraic knots and links, J. Knot Theory Ramifications 17 (2008)
553-578 MR Zbl

NE Dowdall, T W Mattman, K Meek, P R Solis, On the Harary—Kauffman conjecture and Turk’s head
knots, Kobe J. Math. 27 (2010) 1-20 MR Zbl

F Harary, L H Kauffman, Knots and graphs, 1: Arc graphs and colorings, Adv. in Appl. Math. 22 (1999)
312-337 MR Zbl

J Hoste, The enumeration and classification of knots and links, from “Handbook of knot theory” (W
Menasco, M Thistlethwaite, editors), Elsevier, Amsterdam (2005) 209-232 MR Zbl

L H Kauffman, S Lambropoulou, On the classification of rational tangles, Adv. in Appl. Math. 33 (2004)
199-237 MR Zbl

S Lang, Algebra, 3rd edition, Graduate Texts in Math. 211, Springer (2002) MR Zbl

T W Mattman, P Solis, A proof of the Kauffman—Harary conjecture, Algebr. Geom. Topol. 9 (2009)
2027-2039 MR Zbl

W Menasco, Closed incompressible surfaces in alternating knot and link complements, Topology 23 (1984)
37-44 MR Zbl

L Person, M Dunne, J DeNinno, B Guntel, L. Smith, Colorings of rational, alternating knots and links,
preprint (2002)

Algebraic & Geometric Topology, Volume 25 (2025)


https://doi.org/10.1142/S0218216504003251
http://msp.org/idx/mr/2069036
http://msp.org/idx/zbl/1095.57003
https://doi.org/10.1515/9783110270785
http://msp.org/idx/mr/1959408
http://msp.org/idx/zbl/1009.57003
https://doi.org/10.1142/S0218216515500467
http://msp.org/idx/mr/3383527
http://msp.org/idx/zbl/1335.57012
http://msp.org/idx/arx/2310.19979
https://doi.org/10.1142/S0218216508006324
http://msp.org/idx/mr/2420024
http://msp.org/idx/zbl/1149.57018
http://msp.org/idx/mr/2779233
http://msp.org/idx/zbl/1229.57005
https://doi.org/10.1006/aama.1998.0634
http://msp.org/idx/mr/1675756
http://msp.org/idx/zbl/1128.57301
https://doi.org/10.1016/B978-044451452-3/50006-X
http://msp.org/idx/mr/2179263
http://msp.org/idx/zbl/1096.57003
https://doi.org/10.1016/j.aam.2003.06.002
http://msp.org/idx/mr/2074397
http://msp.org/idx/zbl/1057.57006
https://doi.org/10.1007/978-1-4613-0041-0
http://msp.org/idx/mr/1878556
http://msp.org/idx/zbl/0984.00001
https://doi.org/10.2140/agt.2009.9.2027
http://msp.org/idx/mr/2550465
http://msp.org/idx/zbl/1184.57006
https://doi.org/10.1016/0040-9383(84)90023-5
http://msp.org/idx/mr/721450
http://msp.org/idx/zbl/0525.57003

The generalized Kauffman—Harary conjecture is true 2081

(14]

(15]

[16]

(17]

(18]

(19]

JH Przytycki, 3-coloring and other elementary invariants of knots, from “Knot theory” (V FR Jones, J
Kania-Bartoszyriska, J H Przytycki, P Traczyk, V G Turaev, editors), Banach Center Publ. 42, Polish Acad.
Sci. Inst. Math., Warsaw (1998) 275-295 MR Zbl

JH Przytycki, From Goeritz matrices to quasi-alternating links, from “The mathematics of knots” (M
Banagl, D Vogel, editors), Contrib. Math. Comput. Sci. 1, Springer (2011) 257-316 MR Zbl

JH Przytycki, R P Bakshi, D Ibarra, G Montoya-Vega, D Weeks, Lectures in knot theory: an exploration
of contemporary topics, Springer (2024) MR Zbl

D Rolfsen, Knots and links, Mathematics Lecture Series 7, Publish or Perish, Berkeley, CA (1976) MR Zbl
M B Thistlethwaite, Knot tabulations and related topics, from “Aspects of topology” (IM James, EH

Kronheimer, editors), London Math. Soc. Lecture Note Ser. 93, Cambridge Univ. Press (1985) 1-76 MR
Zbl

M Williamson, Kauffiman—Harary conjecture for virtual knots, master’s thesis, University of South Florida
(2007) Available at https://digitalcommons.usf.edu/etd/3916

RPB: Institute for Theoretical Studies, ETH Zurich
Zurich, Switzerland

Current address: Department of Mathematics, University of California, Santa Barbara
Santa Barbara, CA, United States

GM-V: Department of Mathematics, The Graduate Center CUNY
New York, NY, United States

Department of Mathematics, University of Puerto Rico at Rio Piedras
San Juan, PR, United States

SM: Department of Mathematics, University of Denver
Denver, CO, United States

HG, JHP: Department of Mathematics, The George Washington University
Washington, DC, United States

JHP: Department of Mathematics, University of Gdarnisk
Gdansk, Poland

rheapalak@math.ucsb.edu, hguo300gwu.edu, gabriel.montoyavegabb@gc.cuny.edu,

sujoymukherjee.math@gmail.com, przytyck@gwu.edu

Received: 13 January 2023 Revised: 24 November 2023

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


http://msp.org/idx/mr/1634462
http://msp.org/idx/zbl/0904.57002
https://doi.org/10.1007/978-3-642-15637-3_9
http://msp.org/idx/mr/2777853
http://msp.org/idx/zbl/1221.57010
https://doi.org/10.1007/978-3-031-40044-5
https://doi.org/10.1007/978-3-031-40044-5
http://msp.org/idx/mr/4738299
http://msp.org/idx/zbl/1546.57001
http://msp.org/idx/mr/515288
http://msp.org/idx/zbl/0339.55004
http://msp.org/idx/mr/787823
http://msp.org/idx/zbl/0571.57004
https://digitalcommons.usf.edu/etd/3916
mailto:rheapalak@math.ucsb.edu
mailto:hguo30@gwu.edu
mailto:gabriel.montoyavega55@gc.cuny.edu
mailto:sujoymukherjee.math@gmail.com
mailto:przytyck@gwu.edu
http://msp.org
http://msp.org




ALGEBRAIC & GEOMETRIC TOPOLOGY
msp.org/agt

EDITORS

PRINCIPAL ACADEMIC EDITORS
Kathryn Hess
kathryn.hess@epfl.ch
Ecole Polytechnique Fédérale de Lausanne

John Etnyre
etnyre @math.gatech.edu
Georgia Institute of Technology

BOARD OF EDITORS

Julie Bergner

Steven Boyer

Tara E Brendle

Indira Chatterji

Octav Cornea
Alexander Dranishnikov
Tobias Ekholm

Mario Eudave-Muifioz
David Futer

John Greenlees
Matthew Hedden
Kristen Hendricks
Hans-Werner Henn

Daniel Isaksen

University of Virginia
jeb2md@eservices.virginia.edu
Université du Québec a Montréal
cohf@math.rochester.edu
University of Glasgow
tara.brendle @ glasgow.ac.uk
CNRS & Univ. Céte d’ Azur (Nice)
indira.chatterji @math.cnrs.fr
Université’ de Montreal
cornea@dms.umontreal.ca
University of Florida
dranish@math.ufl.edu

Uppsala University, Sweden
tobias.ekholm @math.uu.se

Univ. Nacional Auténoma de México
mario @matem.unam.mx

Temple University
dfuter@temple.edu

University of Warwick
john.greenlees @warwick.ac.uk
Michigan State University
mhedden @math.msu.edu
Rutgers University
kristen.hendricks @rutgers.edu
Université Louis Pasteur
henn@math.u-strasbg.fr

Wayne State University

isaksen @math.wayne.edu

Thomas Koberda
Markus Land
Christine Lescop
Norihiko Minami
Andrés Navas
Robert Oliver
Jessica S Purcell
Birgit Richter
Jérome Scherer
Vesna Stojanoska
Zoltdn Szabd
Maggy Tomova
Daniel T Wise

Lior Yanovski

University of Virginia
thomas.koberda@virginia.edu
LMU Miinchen

markus.land @math.lmu.de
Université Joseph Fourier

lescop @ujf-grenoble.fr

Yamato University
minami.norihiko @yamato-u.ac.jp
Universidad de Santiago de Chile
andres.navas @usach.cl
Université Paris 13
bobol@math.univ-paris13.fr
Monash University
jessica.purcell@monash.edu
Universitit Hamburg
birgit.richter @uni-hamburg.de
Ecole Polytech. Féd. de Lausanne
jerome.scherer@epfl.ch

Univ. of Illinois at Urbana-Champaign
vesna@illinois.edu

Princeton University
szabo@math.princeton.edu
University of lowa
maggy-tomova@uiowa.edu
McGill University, Canada
daniel.wise @mcgill.ca

Hebrew University of Jerusalem
lior.yanovski @ gmail.com

See inside back cover or msp.org/agt for submission instructions.

The subscription price for 2025 is US $760/year for the electronic version, and $1110/year (4$75, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Algebraic & Geometric Topology is
indexed by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Algebraic & Geometric Topology (ISSN 1472-2747 printed, 1472-2739 electronic) is published 9 times per year and continuously online, by
Mathematical Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.
Periodical rate postage paid at Oakland, CA 94615-9651, and additional mailing offices. POSTMASTER: send address changes to Mathematical
Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.

AGT peer review and production are managed by EditFlow® from MSP.
PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing

https://msp.org/
© 2025 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/agt
mailto:etnyre@math.gatech.edu
mailto:kathryn.hess@epfl.ch
mailto:jeb2md@eservices.virginia.edu
mailto:cohf@math.rochester.edu
mailto:tara.brendle@glasgow.ac.uk
mailto:indira.chatterji@math.cnrs.fr
mailto:cornea@dms.umontreal.ca
mailto:dranish@math.ufl.edu
mailto:tobias.ekholm@math.uu.se
mailto:mario@matem.unam.mx
mailto:dfuter@temple.edu
mailto:john.greenlees@warwick.ac.uk
mailto:mhedden@math.msu.edu
mailto:kristen.hendricks@rutgers.edu
mailto:henn@math.u-strasbg.fr
mailto:isaksen@math.wayne.edu
mailto:thomas.koberda@virginia.edu
mailto:markus.land@math.lmu.de
mailto:lescop@ujf-grenoble.fr
mailto:minami.norihiko@yamato-u.ac.jp
mailto:andres.navas@usach.cl
mailto:bobol@math.univ-paris13.fr
mailto:jessica.purcell@monash.edu
mailto:birgit.richter@uni-hamburg.de
mailto:jerome.scherer@epfl.ch
mailto:vesna@illinois.edu
mailto:szabo@math.princeton.edu
mailto:maggy-tomova@uiowa.edu
mailto:daniel.wise@mcgill.ca
mailto:lior.yanovski@gmail.com
http://dx.doi.org/10.2140/agt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
https://msp.org/
https://msp.org/

ALGEBRAIC &

Volume 25 Issue 4 (pag

The zero stability for the one-row colored s [3-Jones polynomial
WATARU YUASA
Quillen homology of spectral Lie algebras with application to mod p homology of labeled configt
ADELA YIYU ZHANG
Coarse Alexander duality for pairs and applications
G CHRISTOPHER HRUSKA, EMILY STARK and HUNG CONG TRAN
K-cowaist on complete foliated manifolds
GUANGXIANG SU and XIANGSHENG WANG
Line bundle twists for unitary bordism are ghosts
THORSTEN HERTL
The generalized Kauffman—Harary conjecture is true
RHEA PALAK BAKSHI, HUIZHENG GUO, GABRIEL MONTOYA-VEGA, SUJOY MUKHERJE
Rigidity of elliptic genera for nonspin manifolds
MICHAEL WIEMELER
Shrinking without doing much at all
MICHAEL FREEDMAN and MICHAEL STARBIRD
Action of the Mazur pattern up to topological concordance
ALEX MANCHESTER
Kauffman bracket intertwiners and the volume conjecture
ZHIHAO WANG
rizontal decompositions, IT
PAOLO LI1SCA and ANDREA PARMA
On the nonorientable four-ball genus of torus knots
FRASER BINNS, SUNGKYUNG KANG, JONATHAN SIMONE and PAULA TRUOL
Generalised Baumslag—Solitar groups and hierarchically hyperbolic groups
JACK O BUTTON
Geometric and arithmetic properties of Lobell polyhedra
NIKOLAY BOGACHEV and SAMI DOUBA
Formality of sphere bundles
JIAWEI ZHOU
A Quillen stability criterion for bounded cohomology
CARLOS DE LA CRUZ MENGUAL and TOBIAS HA
equivariant motives of flag varieties
CAN YAYLALI
Small Heegaard genus and SU(2)
JOHN A BALDWIN and STEVEN SIVEK
Harmonic measures and rigidity for surface group actions on the circle
MASANORI ADACHI, YOSHIFUMI MATSUDA and HIRAKU NOZAWA
Finite groups of untwisted outer automorphisms of RAAGs
COREY BREGMAN, RUTH CHARNEY and KAREN VOGTMANN
Computations on cobordism groups of projected immersions
ANDRAS CSEPAI
Rank-preserving additions for topological vector bundles, after a construction of Horrocks
MORGAN P OPIE
Power sum elements in the G skein algebra
BODIE BEAUMONT-GOULD, ERIK BRODSKY, VIJAY HIGGINS, ALAINA HOGAN, JOSEP!

f prequantizations




	1. History of the alternation conjecture
	2. Preliminaries
	3. Proof of the generalized Kauffman–Harary conjecture
	4. Nonprime alternating links
	5. Examples of Fox colorings
	6. Odds and ends
	6.1. Pseudocolorings
	6.2. Future directions
	Acknowledgements

	References
	
	

