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For a reduced alternating diagram of a knot with a prime determinant p, the Kauffman–Harary conjecture
states that every nontrivial Fox p-coloring of the knot assigns different colors to its arcs. We prove a
generalization of the conjecture, stated nineteen years ago by Asaeda, Przytycki and Sikora: for every
pair of distinct arcs in the reduced alternating diagram of a prime link with determinant ı, there exists a
Fox ı-coloring that distinguishes them.

57K10; 57M12

1 History of the alternation conjecture

In 1998, Louis H Kauffman and Frank Harary formulated the following conjecture [7]:

Alternation conjecture Let D be a reduced , alternating diagram of a knot K having determinant p,
where p is prime. Then every nontrivial p-coloring of D assigns different colors to different arcs.

This conjecture is now known as the Kauffman–Harary conjecture. It was proved for rational knots [9; 13],
Montesinos knots [1], some Turk’s head knots [6], and algebraic knots [5]. In 2009, Thomas W Mattman
and Pablo Solis proved this conjecture using the notion of pseudocolorings. A generalization of this
conjecture, known as the generalized Kauffman–Harary (GKH) conjecture, was formulated by Marta M
Asaeda, Adam S Sikora and the fifth author in 2004 [1]. They proved this conjecture for Montesinos
links in the same paper. In this paper, we prove it in full generality.

The paper is structured as follows. In the next section we introduce the GKH conjecture and we prove it
in Section 3. In Section 4, we reformulate and prove the conjecture for nonprime alternating links. We
illustrate the results with some examples in Section 5. In the last section, we discuss pseudocolorings,
followed by some open questions.

2 Preliminaries

In this section, we state the original GKH conjecture and then some alternative versions. The difference
between the original and generalized Kauffman–Harary conjecture is that the former is restricted to links
with prime determinant. Note that the only link whose determinant is prime is the Hopf link.

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.
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Generalized Kauffman–Harary conjecture If D is a reduced alternating diagram of a prime link L,
then different arcs of D represent different elements of H1.M

.2/
L
;Z/, where M

.2/
L

denotes the double
branched cover of S3 branched along L.

The GKH conjecture was formulated in [1] using the homology of the double branched cover of S3

branched along L. We use a diagrammatic version of this conjecture by using the universal1 group of
Fox colorings Col.D/ for a prime link L with diagram D.

Definition 2.1 The group Col.D/ is the abelian group whose generators are indexed by the arcs of D,
denoted by arcs.D/, and whose relations are 2b�a�cD 0, given by the crossings of D. More precisely,

Col.D/D
�

arcs.D/
ˇ̌̌ b

b cD2b�a

a �
:

It is known that Col.D/D Z˚H1.M
.2/
L
;Z/ (see for example [14]).

Definition 2.2 Let Coltrivial.D/Š Z be the group of trivial colorings of D. This group is embedded in
Col.D/ and the quotient group Col.D/=Coltrivial.D/ is called the reduced group of Fox colorings. We
denote it by Colred.D/.

Notice that, for a diagram D of a link L, Colred.D/DH1.M
.2/
L
;Z/, and, for nonsplit alternating links,

this group is finite with nonzero determinant.

The first two statements of the following conjecture are equivalent to the original GKH conjecture, while
part (c) offers an extension.

Conjecture 2.3 (alternative forms of the generalized Kauffman–Harary conjecture) Let D be a reduced
alternating diagram of an alternating prime link and let ı.D/ denote the absolute value of its determinant.

(a) Let Zjarcsj denote the free abelian group with basis set arcs.D/. The map Zjarcsj ˇ
�! Col.D/ is

injective on the arcs of D, that is , ˇ.ai/¤ ˇ.aj / for i ¤ j.

(b) The diagram D has t Fox ı.D/-colorings y1;y2; : : : ;yt , such that , for every pair of distinct arcs
ai ; aj , there exists yk such that yk.ai/¤ yk.aj /.

(c) If Colred.D/D Zn1
˚Zn2

˚ � � �˚Zns
with niC1 jni , then there are s Fox n1-colorings such that ,

for each pair of arcs , one of these colorings distinguishes them.

Remark 2.4 Parts (a) and (b) of Conjecture 2.3 are equivalent to each other, since, for a finite group G,
we have G Š Hom.G;Zn1

/ Š Hom.G;Zı.D//, where G D Zn1
˚Zn2

˚ � � � ˚Zns
with niC1 jni and

ı.D/D n1n2 � � � ns . In particular, Hom.Colred.D/;Zı.D//Š Hom.Colred.D/;Zn1
/Š Colred.D/. Thus,

we can work with a group or its dual. To distinguish elements in the group, we often analyze its
homomorphisms (dual elements) into the given ring. See [10], for example.
1Analogous to the fundamental group and the fundamental quandle, this group is often called the fundamental group of Fox
colorings.
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b c D 2b� a

a

Figure 1: Fox coloring relation at crossing v.

3 Proof of the generalized Kauffman–Harary conjecture

The proof of the GKH conjecture is organized as follows. First we define the crossing matrix C 0.D/ and
coloring matrix L.D/ of a link diagram D. Following [11], we prove that every column of the coloring
matrix represents a nontrivial Fox ı.D/-coloring. Then, using the fact that the coloring matrix of the
mirror image of D is the transpose of L, we prove part (b), and equivalently, part (a) of Conjecture 2.3.
Additionally, we show that the columns of the coloring matrix generate the group Colred.D/ and use this
fact to prove part (c) of Conjecture 2.3.

Definition 3.1 A Fox k-coloring of a diagram D is a function f W arcs.D/! Zk satisfying the property
that every arc is colored by an element of Zk D f0; 1; 2; 3; : : : ; k�1g in such a way that, at each crossing,
the sum of the colors of the undercrossings is equal to twice the color of the overcrossing modulo k. That
is, if at a crossing v the overcrossing is colored by b and the undercrossings are colored by a and c, then
2b� a� c � 0 modulo k. See Figure 1 for an illustration. The group of Fox k-colorings of a diagram D

is denoted by Colk.D/ and the number of Fox k-colorings is denoted by colk.D/. Analogously to
Definition 2.2, we quotient Colk.D/ by the group of trivial colorings and denote this by Colred

k
.D/.

The matrix describing the space of colorings Col.D/ is referred to by Mattman and Solis [11] as the
crossing matrix for a fixed arbitrary ordering of crossings and arcs. If the diagram D of n crossings has
no trivial components, then this is an n� n matrix. For an alternating link diagram, we can order arcs in
agreement with the ordering of crossings. Thus we have:

Definition 3.2 Fix an ordering of the crossings of a reduced, connected, alternating link diagram D of a
nontrivial link. Then the set of arcs inherits the order of the set of crossings. In this way, the over-arc has
the same index as the crossing. The crossing matrix2 of D, denoted by C 0.D/, is an n� n matrix such
that each row corresponds to a crossing that gives the relation 2b� a� c D 0 (see Figure 1). The entries
of the matrix are defined as3

C 0ij D

8<:
2 if ai is the over-arc at ci ;

�1 if aj is an under-arc at ci .i ¤ j /;

0 otherwise:

2The alternative, more descriptive name could be unreduced fundamental Fox colorings matrix.
3It is possible that two under-arcs at a crossing are not distinct. Then the relation 2b � a� c D 0 becomes 2b � 2aD 0. For
instance, this may occur for the Hopf link.
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Crossing change

ck

ci

cj

ai

ak

aj

ckNak

ci

Nai

cjNaj

Figure 2: Neighborhood of the crossing ci in D (on the left) and D.

The following lemma holds only for alternating links and plays an important role in the proof of the GKH
conjecture:

Lemma 3.3 Let D be a reduced alternating link diagram with crossing matrix C 0.D/ and let D be its
mirror image. Then the matrix C 0T is a crossing matrix for D.

Proof Denote the crossings of the diagram D by c1; : : : ; cn and let the over-arc at the crossing ci be
denoted by ai . Notice that, in the matrix C 0.D/, all entries on the diagonal are 2. We obtain D by
crossing-change operations and we keep the ordering and names of the crossings. Now let Nai denote
the over-arc at the crossing ci in the diagram D. In the row corresponding to the crossing ci , suppose
the columns corresponding to the arcs aj and ak have �1 as entries. Then, in the matrix C 0.D/, the
column corresponding to Nai must have entries �1 in the rows corresponding to the crossings cj and ck ;
see Figure 2.

Recall that, if ı.D/ ¤ 0, then Colred.D/ is a finite group whose invariant factor decomposition is
Colred.D/ D Zn1

˚Zn2
˚ � � � ˚Zns

, with niC1 jni for all i . Notice that s is the minimum number of
generators of this group and n1 is the annihilator of the group. Let C.D/ denote the reduced crossing
matrix of D, which is the matrix obtained from C 0.D/ by removing its last row and last column. We
call the arc corresponding to the last column of C 0.D/ the base arc. This matrix describes the group
Colred.D/. The matrix C�1.D/ is a matrix with rational entries. However, n1C�1.D/ is an integral
matrix, which we denote by Ln1

.D/. Observe that the columns of Ln1
.D/ modulo n1 represent Fox

n1-colorings of the diagram D after coloring the base arc by color 0.

The following result also holds for reduced nonalternating diagrams:

Theorem 3.4 Let D be a reduced diagram of a link with nonzero determinant. Then the columns of
Ln1

.D/ modulo n1 generate the space of Fox n1-colorings of D.

Algebraic & Geometric Topology, Volume 25 (2025)
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Proof Let C.D/ be the reduced crossing matrix of D and let Colred.D/D Zn1
˚Zn2

˚ � � �˚Zns
with

niC1 jni for all i . After row and column operations, C.D/ can be reduced to its Smith normal form

CSNF.D/D

0BBBBBBBB@

n1

n2 0
: : :

ns

1

0 : : :

1

1CCCCCCCCA
Its inverse matrix, C�1

SNF.D/, with entries in Q has the form

C�1
SNF.D/D

0BBBBBBBB@

1=n1

1=n2 0
: : :

1=ns

1

0 : : :

1

1CCCCCCCCA
Thus, we obtain the integral matrix

LSNF
n1
.D/D n1C�1

SNF.D/D

0BBBBBBBB@

n1=n1

n1=n2 0
: : :

n1=ns

n1

0 : : :

n1

1CCCCCCCCA
Now the i th column .0; 0; : : : ; n1=ni ; : : : ; 0/

T of LSNF
n1
.D/ modulo n1 with i � s generates the subgroup

Zni
of Zn1

. Since Colred
n1
.D/ D Hom.Zn1

˚ Zn2
˚ � � � ˚ Zns

;Zn1
/, the columns of LSNF

n1
generate

Colred
n1
.D/, as desired.

For alternating diagrams we can prove the following stronger result, which proves part (b) and, equivalently,
part (a) of Conjecture 2.3:

Theorem 3.5 Let D be a reduced alternating diagram of a prime link. For any two arcs ai and aj , there
exists a column of Ln1

.D/ which distinguishes them.

Proof Suppose the arcs (indexing rows) of the coloring matrix n1C�1.D/ D Ln1
.D/ are given by

a1; a2; : : : ; an�1 as shown below:

Ln1
.D/D n1C�1.D/D

0BB@
a1 W c1;1 c1;2 : : : c1;n�1

a2 W c2;1 c2;2 : : : c2;n�1
:::

:::
:::

:::
:::

an�1 W cn�1;1 cn�1;2 : : : cn�1;n�1

an W 0 0 : : : 0

1CCA:

Algebraic & Geometric Topology, Volume 25 (2025)
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Recall that the reduced crossing matrix C.D/ is obtained from C 0.D/ by removing its last row and
last column. Now each column of Ln1

.D/ colors the remaining first n� 1 arcs of the diagram. For a
complete Fox n1-coloring of D, we color the last (base) arc an by color 0. If any ci;1 D 0 mod n1 for
i < n, then column C1 modulo n1 cannot distinguish between the arcs an and ai . If all the entries of the
rows corresponding to ai and aj are not identical modulo n1, then they can be automatically distinguished
by the column in which they are different.

Step 1 If there is no column Cj of Ln1
.D/ such that ci;j ¤ 0 mod n1, then every entry in the i th row is

0 mod n1. It follows that, in the transpose matrix LT
n1
.D/, the column C T

i is the zero column modulo n1.
This would result in the existence of a pseudocoloring of D (see Definition 6.1 below [11]), which is a
contradiction.4 Thus, the base arc an can be distinguished from any other arc by some column in Ln1

.D/

modulo n1.

Step 2 Furthermore, if there are two arcs ai and aj with the same color in every column of Ln1
.D/,

then we choose arc aj as the base arc, which implies that the colors of ai are equal to zero. So we are
back to Step 1.

The next theorem proves part (c) of Conjecture 2.3, which is a more general version of Theorem 3.5.

Theorem 3.6 If Colred.D/D Zn1
˚Zn2

˚ � � �˚Zns
, with niC1jni , then there are s Fox n1-colorings

(not necessarily corresponding to the columns of the coloring matrix) which distinguish all arcs. That is ,
for each pair of arcs , one of these colorings distinguishes them.

Proof Denote the generators of the group Colred.D/ by a1, a2, . . . , as . Every generator ai is a linear
combination of some columns of the coloring matrix Ln1

.D/ modulo n1 (see Theorem 3.4). Therefore,
they correspond to some coloring of the diagram D. Hence, for every pair of arcs there is a column of
Ln1

.D/ modulo n1 that distinguishes them.

Remark 3.7 Let Colred.D/ be the cyclic group Zn1
.

(a) There exists a nontrivial Fox n1-coloring that distinguishes all arcs. This follows directly from
Theorem 3.6 for s D 1.

(b) Additionally, if n1 is a prime number, then the original Kauffman–Harary conjecture holds. That
is, every nontrivial Fox n1-coloring distinguishes all arcs. This follows because every nonzero
element of Zn1

is its generator.

4 Nonprime alternating links

Theorems 3.5 and 3.6 do not hold as stated for the connected sum of alternating links5 (see part (a) of
Lemma 4.1). In Theorem 4.2, we present a version of the GKH conjecture which holds for nonprime
alternating links.

4We work with links but the method of [11] can be extended to this case as well.
5The connected sum of alternating links is an alternating link; see for example [16].

Algebraic & Geometric Topology, Volume 25 (2025)
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C.D/D

0BBBBB@
2 �1 0 0 0

�1 2 �1 0 0

�1 �1 2 0 0

0 0 �1 2 �1

0 0 0 �1 2

1CCCCCA .1; 0/
.2; 0/

.0; 0/

.0; 1/
.0; 2/

.0; 0/

Figure 3: Left: the reduced crossing matrix for the square knot. Right: the square knot x31 # 31

with two Fox 3-colorings distinguishing every pair of arcs.

Lemma 4.1 [14] Let D DD1 # D2 be the connected sum of two link diagrams. Then:

(a) The arcs connecting the two components represent the same element in Col.D/.

(b) Colred.D1 # D2/Š Colred.D1/˚Colred.D2/.

Theorem 4.2 Let D DD1 # D2 # � � � # Dn, where Di is a reduced alternating diagram of a prime link Li

for i D 1; 2; : : : ; n. Then:

(a) For any pair of arcs different from arcs joining Di with DiC1, there exists a Fox n1-coloring which
distinguishes them.

(b) There are t (t � s) Fox n1-colorings such that any pair of arcs different from the ones joining Di

with DiC1 is distinguished by one of them.

Proof This result follows from Theorems 3.4 and 3.5 and Lemma 4.1.

Remark 4.3 Theorem 4.2 was formulated for connected sums of diagrams. However, from William W
Menasco’s result (see [12; 8]), it follows that, if an alternating diagram represents the connected sum of
alternating links, then it is already a connected sum of diagrams.

Example 4.4 Let D be an alternating diagram of the square knot; that is, D D x31 # 31, with reduced
crossing matrix C.D/ (see Figure 3). Then Colred.x31 # 31/D Z3˚Z3. Observe that columns 3 and 5 of
L3.D/ modulo 3 (Figure 4) distinguish all pairs of arcs except the ones connecting x31 with 31. Also, the

L3.D/D 3C�1.D/D

0BBBBB@
3 2 1 0 0

3 4 2 0 0

3 3 3 0 0

2 2 2 2 1

1 1 1 1 2

1CCCCCA ; L3.D/ mod 3D

0BBBBB@
0 2 1 0 0

0 1 2 0 0

0 0 0 0 0

2 2 2 2 1

1 1 1 1 2

1CCCCCA
Figure 4: Matrices L3.D/ and L3.D/ modulo 3 for the square knot.
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L.77/D

0BBBBBBB@

24 20 12 10 16 11

12 24 6 12 15 9

15 16 18 8 17 13

6 5 3 13 4 8

18 22 9 11 26 10

12 10 6 5 8 16

1CCCCCCCA
; L.77/ mod 21D

0BBBBBBB@

3 20 12 10 16 11

12 3 6 12 15 9

15 16 18 8 17 13

6 5 3 13 4 8

18 1 9 11 5 10

12 10 6 5 8 16

1CCCCCCCA
Figure 5: Matrices L.77/ and L.77/ modulo 21. Some nontrivial Fox 21-colorings of 77 do not
distinguish all arcs, for example columns 1 or 3 of L modulo 21. However, columns 2, 4, 5 and 6

distinguish all arcs.

third row (corresponding to the third crossing in the chosen ordering and, therefore, to the third arc) has
all zero entries. That is, the third arc cannot be distinguished from the base arc.

5 Examples of Fox colorings

In this section we study examples of alternating link diagrams and their Fox colorings. For the structure
of the group Colred.D/DH1.M

.2/
D
;Z/ for knots up to 10 crossings, see [2, Appendix C].

Example 5.1 Kauffman and Harary showed that the knot 77 is a counterexample to their conjecture for
a knot with nonprime determinant [7]. We have det.77/D 21 and Colred.77/D Z21.6 See Figure 6 for a
Fox 21-coloring distinguishing all arcs.

1

2

4

7

12

20

0

Figure 6: The knot 77 with a Fox 21-coloring which distinguishes all arcs.

Example 5.2 Consider the family of links obtained by closing the braids .�1�
�1
2
/n. These links are

sometimes called Turk’s head links and can also be obtained by drawing the Tait diagrams of the wheel
graphs Wn. The closed formula for the determinant of the D.Wn/ is given in [15]. Examples for nD 5

and nD 6 are drawn in Figure 7 and their reduced groups of Fox colorings are as follows:

(a) For nD 5, D.W5/ is 10123 in Rolfsen’s table [17]. Colred.D.W5//D Z11˚Z11.

(b) For nD 6, D.W6/ is the link 123
474

in Thistlethwaite’s tables [15; 18]. Colred.D.W6//DZ40˚Z8.

A closed formula for Colred.�1�
�1
2
/n is given in [4].

6It was noticed in [9] that the Kauffman–Harary conjecture holds for any rational (2-bridge) knot without restrictions on the
determinant of the knot. However, as they note, the formulation of the conjecture needs to be changed from “every nontrivial Fox
D-coloring” to “there exists a Fox D-coloring”. See Remark 3.7.
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.1; 0/ .0; 0/

.4; 10/

.7; 9/

.7; 1/

.3; 7/

.7; 4/

.10; 2/

.2; 0/

.0; 1/

.0; 1/

.36; 4/

.32; 7/ .39; 2/

.14; 4/

.25; 4/ .36; 1/

.7; 6/

.4; 7/
.0; 0/

.2; 0/

.1; 0/

Figure 7: The knot D.W5/ with two Fox colorings distinguishing all arcs (on the left), and the
link D.W6/ with two Fox colorings distinguishing all arcs (on the right).

0BBBBBBBBBBBBBBBBBBBBBBB@

5 1 1 1 12 12 7 8 3 3 14 14 14 10

10 5 10 10 10 10 5 10 0 10 10 10 10 10

10 1 11 1 12 12 7 8 13 3 4 14 14 10

10 12 12 7 14 14 9 6 11 11 13 3 3 10

10 1 1 1 7 12 7 8 13 13 4 4 14 10

10 12 12 12 14 9 9 6 11 11 13 13 3 0

10 8 8 8 6 6 11 4 9 9 7 7 7 5

5 7 7 7 9 9 4 11 6 6 8 8 8 10

0 3 13 13 11 11 6 9 9 14 12 12 12 10

10 14 4 4 13 13 8 7 12 7 1 1 1 10

10 3 3 13 11 11 6 9 14 14 7 12 12 10

10 14 14 4 3 13 8 7 12 12 1 11 1 10

10 10 10 10 10 0 10 5 10 10 10 10 5 10

10 14 14 14 3 3 8 7 12 12 1 1 1 5

1CCCCCCCCCCCCCCCCCCCCCCCA

0BBBBBBBBBBBBBBBBBBBBBBB@

9 5 1 10 11 18 18 5 7 3 20 1 1 14

1 6 11 12 9 16 16 20 14 19 3 18 18 14

14 7 0 14 7 14 14 14 0 14 7 14 14 14

6 8 10 16 5 12 12 8 7 9 11 10 10 14

15 13 11 5 16 9 9 13 14 12 10 11 11 7

13 15 17 9 12 12 19 15 14 16 18 17 3 0

11 17 2 13 8 15 8 17 14 20 5 2 16 14

13 15 17 9 12 19 19 8 14 16 18 3 3 14

5 16 6 11 10 17 17 2 0 11 1 20 20 14

18 17 16 13 8 15 15 17 7 6 5 16 16 14

10 18 5 15 6 13 13 11 14 1 9 12 12 14

12 16 20 11 10 17 3 2 14 18 1 13 20 14

14 14 14 7 14 0 14 14 14 14 14 14 7 14

12 16 20 11 10 3 3 16 14 18 1 20 20 7

1CCCCCCCCCCCCCCCCCCCCCCCA
Figure 8: Left: L.P .3; 3; 3; 3; 3// modulo 15. The colorings given by columns 3, 4 and 10
distinguish all arcs. Right: L.P .3; 3; 3; 6// modulo 21. The colorings given by columns 1and 6
distinguish all arcs.

Example 5.3 The group Colred for pretzel links is given in [1, Proposition 7] and its generalization to
Montesinos links in [1, Proposition 8]. Here are two examples with their coloring matrices modulo n1:

(a) Let P .3; 3; 3; 3; 3/ be a pretzel knot with 15 crossings. Colred
D Z15˚Z3˚Z3˚Z3. See its

coloring matrix L.P .3; 3; 3; 3; 3// modulo 15 in Figure 8, left.

(b) Let P .3; 3; 3; 6/ be a pretzel knot with 15 crossings. Colred
D Z21˚Z3˚Z3. See its coloring

matrix L.P .3; 3; 3; 6// modulo 21 in Figure 8, right.

6 Odds and ends

6.1 Pseudocolorings

An important tool in our proof of Theorem 3.5 is the idea of pseudocolorings. In [11] and in this paper,
it is shown that no pseudocolorings exist for reduced, prime, alternating link diagrams. However, the

Algebraic & Geometric Topology, Volume 25 (2025)
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1; 5

2; 1

3; 7

4; 4

5; 6 6; 3

7; 8

8; 2

0

�1

0

0

0

0

0

0
cC1

cC1

Figure 9: Left: the torus knot T .3; 4/ (819 in Rolfsen’s table [17]) depicted as the pretzel knot
P .3; 3;�2/ showing the ordering of crossings and arcs. Right: the pseudocoloring given by the
second column; compare Remark 6.5.

existence of pseudocolorings can be used to see how far a diagram is from being an alternating link
diagram. In this section, we briefly explore this concept. Proposition 3.2 in [11] depends on the fact that,
for reduced alternating diagrams, the rows of the crossing matrix add to zero. This does not hold for
nonalternating diagrams, as we illustrate in the following examples.

Definition 6.1 Let D be a link diagram and � 2 f�1;C1g. Following Mattman and Solis [11], we
define an �-pseudocoloring of D as a coloring of the arcs of D such that, at all but two crossings, the
Fox coloring convention 2b� a� c D 0 is satisfied. We denote the other two crossings by cC1 and c�,
where the coloring conventions are 2b � a� c D C1 and 2b � a� c D �, respectively. To obtain the
pseudocolorings as defined in [11], put � D�1.

For an alternating link diagram D, our convention was to order crossings first, and then the set of arcs
inherits the order of the set of crossings. Compare Figure 1. The reason for such a choice is that C 0.D/

is the same as C 0.D/T . This does not work for nonalternating link diagrams.

In general, we can arbitrarily order crossings and arcs. In Figure 9 we give an example of ordering
crossings and arcs for the knot 819. We first choose a basepoint and an orientation (shown by an arrow in
Figure 9, left). Starting at this basepoint, we move along the knot and order crossings. Next, arcs can be
ordered arbitrarily with the base arc always being the last one. In Figure 9, the first coordinate gives the
number of the crossing and the second one gives the number of the arc.

In the following example, we analyze nonsplit, nonprime alternating diagrams:

Example 6.2 Let D D D1 # D2 be a nonsplit, nonprime alternating link diagram. D always has a
�1-pseudocoloring using color 1 on D1 and color 0 on D2. We illustrate this idea for the square knot
x31 # 31 in Figure 10.

On the other hand, nonalternating link diagrams often have �1-pseudocolorings and C1-pseudocolorings.
See Examples 6.3 and 6.4. If the determinant of a knot with diagram D is equal to 1, we have
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1
1

0

cC1

0

0

1

c�1

Figure 10: �1-pseudocoloring of the square knot with theC1-crossing denoted by cC1 and the
�1-crossing denoted by c�1.

C 0.D/D

0BBBBBBBBBBBBBBBBBB@

�1 �1 0 0 0 0 0 0 2 0 0

0 �1 �1 0 2 0 0 0 0 0 0

0 0 2 0 �1 �1 0 0 0 0 0

2 0 �1 �1 0 0 0 0 0 0 0

0 0 0 2 0 �1 �1 0 0 0 0

0 0 0 �1 �1 0 0 0 0 0 2

�1 0 0 0 0 2 0 0 0 0 �1

0 0 0 0 0 0 �1 �1 0 2 0

0 0 0 0 0 0 0 2 0 �1 �1

0 0 0 0 0 0 0 �1 �1 0 2

2 0 0 0 0 0 0 0 �1 �1 0

1CCCCCCCCCCCCCCCCCCA
Figure 11: The crossing matrix of the Conway knot. Notice that the rows of the crossing matrix
satisfy the linear equation R1�R2�R3�R4�R5�R6�R7CR8CR9CR10CR11 D 0:

L.D/ D C�1.D/ and every column of C�1.D/ colors the first n � 1 arcs of the diagram. Then,
for a complete �-pseudocoloring of D, we color the last (base) arc an by color 0.

Example 6.3 Consider the braid word �3
2
�

1
��1

3
��2

2
�

1
��1

2
�

1
��1

3
whose closure is the Conway knot. The

determinant of this knot is 1 and its crossing matrix C 0.D/ is given in Figure 11. The C1-pseudocoloring
given by column 4 and the �1-pseudocoloring given by column 1 in the matrix shown in Figure 12 are
illustrated in Figure 13, left and right, respectively.

Example 6.4 Consider the torus knot T .3; 4/with diagram D and crossings and arcs ordered as illustrated
in Figure 9. Its crossing matrix is shown in Figure 15. Three columns of C�1.D/ (Figure 16) are integral
and they yield �-pseudocolorings. Column 5 gives a �1-pseudocoloring (Figure 14, right) and columns 1
and 2 giveC1-pseudocolorings. TheC1-pseudocoloring corresponding to column 1 is shown in Figure 14,
left.

Nonalternating link diagrams always have �-pseudocolorings, as we describe in the following remark:
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L.D/D

0BBBBBBBBBBBBBBB@

6 �6 �2 2 �4 �10 �3 4 8 12

�33 32 12 �8 22 52 17 �22 �44 �66

�9 9 4 �2 6 14 5 �6 �12 �18

21 �21 �8 5 �14 �34 �11 14 28 42

�21 21 8 �5 14 33 11 �14 �28 �42

3 �3 �1 1 �2 �5 �1 2 4 6

39 �39 �15 9 �27 �63 �21 26 52 78

13 �13 �5 3 �9 �21 �7 9 18 26

�13 13 5 �3 9 21 7 �9 �18 �27

26 �26 �10 6 �18 �42 �14 18 35 52

0 0 0 0 0 0 0 0 0 0

1CCCCCCCCCCCCCCCA
Figure 12: Coloring matrix for the Conway knot. The last row of zeroes correspond to the
coloring of the base arc.

2

�8
�5

�2

5

0

9

6

3

�3

1

cC1

cC1

6

�33
�21

�9

21

0

39

26

13

�13

3

c�1

cC1

Figure 13: The Conway knot withC1-pseudocoloring (left) and �1-pseudocoloring (right). The
last crossing cC1 on the left changes to c�1 on the right.

Remark 6.5 Let D be a nonalternating link diagram.

(1) Every integral column of C�1.D/ leads to some �-pseudocoloring.

(2) D has an �-pseudocoloring. This follows from the fact that every nonalternating diagram has a
tunnel of length at least two. Now we can color D by coloring one of the arcs of the tunnel by
color �1 and all other arcs by color 0 to get theC1-pseudocoloring. An example of such a coloring
is shown in Figure 9, right.

Algebraic & Geometric Topology, Volume 25 (2025)



The generalized Kauffman–Harary conjecture is true 2079

�2

0

0

�2

�3

�4

�1

�1

cC1

cC1

2

0

0

2

3

3

1

1

cC1

c�1

Figure 14: The torus knot T .3; 4/ (819 in Rolfsen’s table [17]) depicted as the pretzel knot P .3; 3;�2/.

C 0.D/D

0BBBBBBBBBBB@

2 0 0 0 �1 �1 0 0

�1 �1 0 0 2 0 0 0

0 0 0 0 2 0 �1 �1

0 0 0 �1 �1 0 2 0

0 0 0 2 0 �1 �1 0

2 0 �1 �1 0 0 0 0

�1 0 2 0 0 0 0 �1

0 �1 �1 0 0 0 0 2

1CCCCCCCCCCCA
Figure 15: C 0.P .3; 3;�2//. The rows satisfy R1CR2�R3�R4�R5�R6�R7�R8 D 0.

C�1.D/D

0BBBBBBBBBBBB@

�2 0 �2
3

2
3

2 10
3

5
3

0 �1 4
3

2
3

0 �2
3
�

1
3

�1 0 �1
3

1
3

1 5
3

4
3

�3 0 �1 1 3 4 2

�1 0 1
3

2
3

1 4
3

2
3

�4 0 �5
3

2
3

3 16
3

8
3

�2 0 �1
3

4
3

2 8
3

4
3

1CCCCCCCCCCCCA
Figure 16: C�1.D/ corresponding to T .3; 4/ with three integral columns.

6.2 Future directions

The Kauffman–Harary conjecture was extended to the case of virtual knots by Mathew Williamson [19]
and proved by Zhiyun Cheng [3]. A natural question is to ask whether the conjecture in [1] holds
for virtual links whose determinants are not prime. Another path of further research is to look for a
natural generalization to nonalternating diagrams using a set-theoretic Yang–Baxter operator or a general
Yang–Baxter operator.

An interesting prospect is to approach the generalized Kauffman–Harary conjecture from the perspective
of incompressible surfaces in the double branched cover M

.2/
L

of S3 branched along L. This was outlined
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in [1] with the hope of proving the GKH conjecture. Now that the GKH conjecture is proved, we can
proceed in the opposite direction and analyze incompressible surfaces in M

.2/
L

.
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