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Rigidity of elliptic genera for nonspin manifolds

MICHAEL WIEMELER

We discuss the rigidity of elliptic genera for nonspin manifolds M with S!-action. We show that if the
universal covering of M is spin, then the universal elliptic genus of M is rigid. Moreover, we show
that there is no condition which only depends on 7, (M) that guarantees the rigidity in the case that the
universal covering of M is nonspin.

53C27, 57R15, 57R91, 57S15, 58126

1 Introduction

A A-genus is a ring homomorphism ¢: Q30 — A, where A is a C-algebra and Q%© is the oriented

bordism ring. For such a homomorphism one denotes by
CP?] ,;
g =Y A it ¢z
4 2i +1
i=0

the logarithm of ¢.
A A-genus ¢ is called elliptic if there are §, € € A such that its logarithm is given by

u
g = [ =
0 1—-282z2+€z4

Examples of elliptic genera are the signature and the /I—genus. For background material on elliptic genera

see the books by Hirzebruch, Berger and Jung [10] and by Landweber et al. [12].

There is a universal elliptic genus ¢ : Q3° — C[¢] which actually takes values in Q[g]. For an oriented
even-dimensional manifold M the coefficients of ¢[M ] are indices of the signature operator on M twisted
with some vector bundles (for a precise definition see Bott and Taubes [4, Section 2]). In the following
we are mainly concerned with this genus (and its equivariant refinement). Therefore we call ¢ the elliptic
genus.

If the oriented closed even-dimensional manifold M is acted on by the circle group S!, then ¢[M] can
be refined to the equivariant elliptic genus ¢pg1[M] € R(S1)[¢] ® Q of M, where R(S') = Z[Ar, A7 1]is
the complex representation ring of S!. Note that ¢g1[M] is an equivariant bordism invariant of M.
So ¢g1[M]is of the form
o0
$si M= aurrq"
n=0keZ
with a,,; € Q such that for fixed n > 0 there are at most finitely many k € Z with a,,; # 0.
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2084 Michael Wiemeler

We call ¢pg1[M]rigid if a,; = 0 whenever k # 0. It has been conjectured by Witten [17] that equivariant
elliptic genera of closed, spin manifolds with S !-action are rigid. Here an oriented manifold is called
spin if its second Stiefel-Whitney class vanishes.

Witten’s conjecture was proved by Bott and Taubes [4]. Alternative proofs have been given by Dessai [6],
Liu [14], Taubes [15] and Wiemeler [16]. Herrera and Herrera [9] proposed a proof of the rigidity of
elliptic genera of m,-finite, oriented manifolds. However, a mistake in the proof was found by Amann
and Dessai [1]. They suggested that assuming 75- and m4-finiteness would be enough to come around
this problem and to prove the rigidity (see the correction to [9]).

The aim of this paper is to clarify Lemma 1 of [9]. We find a counterexample to the original statement
and obtain the same conclusion under additional hypothesis. We note that Amann and Dessai clarified the
proof of Lemma 2 of [9].

Lemma 1 of [9] claims that if M is an even-dimensional orientable manifold acted on by S 1 then the H-
fixed point components in M which contain S ! -fixed points are orientable for every subgroup H C S'!. We
prove this claim under the extra assumption that the universal covering of M is a spin manifold. This then
implies the rigidity of the elliptic genera of closed, oriented S !-manifolds M with spin universal cover.

‘We note that if the oriented, closed, connected manifold M has a finite cover M which is spin then the
rigidity of ¢ g1[M] can be deduced directly from the Bott—Taubes theorem. Indeed, by the Lefschetz
fixed point formula we can assume that there are S!-fixed points in M. This implies that the action of S
on M lifts to an action on M. Moreover, since M — M is an equivariant covering map with k < oo
sheets the equivariant elliptic genera of M and M are related as follows:

kgsi[M]=¢gi1[M].
Therefore the rigidity for M follows from the rigidity for M.
However, we also note that there are manifolds with spin universal cover which do not admit any finite

spin cover (see Ebert’s explanation [7]). Therefore we think it is worth stating and proving the following:

Theorem 1.1 Let M be a closed, oriented, even-dimensional S'-manifold whose universal covering is
spin. Then the equivariant elliptic genus of M is rigid.

Using an argument which goes back to Hirzebruch and Slodowy [11] one sees that this theorem implies
the following generalization of a result of Atiyah and Hirzebruch [2].

Corollary 1.2 Let M be a closed, connected, oriented manifold whose universal covering is spin such
that S acts nontrivially on M. Then the A -genus of M vanishes.

In [1] (see also the addendum) examples of oriented, closed, simply connected, effective S !-manifolds
M with (M) = Z, and /I(M ) # 0 were given. In view of the original claim in [9] and Corollary 1.2
one might ask if there is any condition on m; of a closed, connected, oriented, effective .S I_manifold M
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Rigidity of elliptic genera for nonspin manifolds 2085

with nonspin universal covering which guarantees the vanishing of A (M). Using equivariant surgery, we
give the following negative answer to this question.

Theorem 1.3 Let V' be a group such that there is a closed, connected, oriented manifold P of dimension
4n > 8 with nonspin universal covering and ,(P) = V. Then there is a closed, connected, oriented,
effective S'-manifold M of dimension 4n with /I(M) #0andm,(M) = V.

To explain the proof of Theorem 1.1 we have to recall the strategy of proof of Bott and Taubes [4].

Let M be a closed, spin, even-dimensional S!-manifold. Then the proof of the rigidity of ¢g1[M] in [4]
has two geometric inputs:

(1) For every subgroup H C S, the fixed set M is orientable.

(2) Orientations on M can be chosen in a specific way.

The first property is established in Lemma 10.1 of [4] and also follows from a theorem of Edmonds [8].
How to choose the orientations for M is explained on pages 157-158 of [4]. That the choice of
orientations discussed there is possible is guaranteed by Lemma 8.1 of [4], which is a special case of
Lemma 9.3 of [4]. These lemmas also give relations between the weights of the isotropy representations
at the various S !-fixed points in M.

From these two properties Bott and Taubes deduce the rigidity of elliptic genera using the Lefschetz fixed
point formula and complex analysis. If M is not spin such that the S !-action has these two properties, then
one can also prove the rigidity for this S!-action along the same lines. As noted by Herrera and Herrera
[9], to do so one only needs the orientability of those components of M*H which contain S!-fixed points.

Our proof is completed by showing that this holds if the universal covering of M is spin.

This paper is structured as follows. We give a counterexample to Lemma 1 of [9] in Section 2. In Section 3
we then give a proof of this lemma under the extra assumption that the universal covering is spin. With
this result we can complete the proof of Theorem 1.1. In Section 4 we then prove a refined version of
Theorem 1.3. Then in Section 5 we give another example which shows that there is also a gap in the
proof of Lemma 2 in [9]. This gap is different from the mistake found by Amann and Dessai.

Acknowledgements

I would like to thank Manuel Amann and Anand Dessai for discussions on the subject of this paper. I
would also like to thank Matthias Wink for comments on an earlier version of this paper. I thank the
referee for comments which helped to improve the readability of this paper.

This research was funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Founda-
tion) under Germany’s Excellence Strategy EXC 2044-390685587, Mathematics Miinster: Dynamics—
Geometry—Structure and within CRC 1442 Geometry: Deformations and Rigidity.

Algebraic € Geometric Topology, Volume 25 (2025)



2086 Michael Wiemeler

2 An example of an orientable S !-manifold with nonorientable singular
strata

Lemma 1 of [9] claims that if M is an orientable S!-manifold of even dimension and F ¢ MH is a
H-fixed point component for some H C S with FS l # & then F is orientable. Here we give an example

that shows that this claim is actually false.
For i = 1,2 let V; be the irreducible S !-representation of weight i. Let
M =SV eV eR)

be the unit sphere in the S!-representation Vlk1 @ Vzk 2 @R, where S acts trivially on R and k; > 1,
ky > 2.
Then F; :=M IZ =5 (Vzk 2 ®R) is connected and contains both S !-fixed points. Moreover, by the slice
theorem, there is an orbit O1 C F; which has an invariant neighborhood in M of the form

Uy = S' xz, D(R?1 g R?*271),
where R_ is the nontrivial irreducible Z,-representation and R is the trivial one-dimensional Z;-

representation. Here D (V') denotes the unit disc in the representation V.

Moreover, let
My = S' xz, (P(R®* ®R_) x S(RZ17! g R%*272)),

Here P (V) denotes the projectivization of the representation V. Note that M, is an orientable S!-

manifold.
Moreover, the Z,-fixed point component F, := (S!/Z,) x P(R?) x S(R?¥272) in M, is nonorientable
and contains an orbit O, with an invariant neighborhood in M, of the form

Uy = S! xz, D(R?*1 @ R2k271,

Hence we can glue M7 \ U, and M, \ U, along U; = dU, to get an orientable S'-manifold M. The
manifold M contains a Z;-fixed point component F* which can be constructed from F; and F; by gluing
Fi \UIZ2 and F,\ UZZZ along 8U1Z2 = 8U2Z2. Since

Ul =U = (S'/Z,) x DR,
F is the equivariant connected sum of F; and F5 at the principal orbits O and O,. So F is nonorientable
and contains all S!-fixed points.

The problem in the proof of Lemma 1 of [9] seems to be a false application of Lemma 9.1 of [4]. This
lemma gives a formula for the first Chern class ¢; (E) € H?(S?;Z) of an equivariant complex vector
bundle E over S? acted on effectively by S! by rotation. It says that

2-1) 1 (E)S*=my —mg,
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where m and mg are the sums of weights of the S !-representations on the fibers of E over the two
fixed points N, S € S2, respectively.

In their proof, Herrera and Herrera construct spheres S? with S'!-action and equivariant maps f:S? — M
and apply the above formulato E = f*T M. This bundle has a compatible complex structure by Lemma 9.2
of [4]. However, the circle actions on these spheres S? are in general not effective. They have principal
isotropy group some Zj C S, k > 1. In this situation the formula (2-1) has to be corrected by multiplying
the left hand side with k.

So if k is even the parity of the right hand side does not tell anything about the parity of the first Chern
class c¢{(£). But that is needed for the proof.

3 Manifolds with universal covering that is spin

In this section we argue, that the proof of the rigidity of elliptic genera can be carried out under the
assumption that the universal cover of the S !-manifold is spin. This gives the following theorem.

Theorem 3.1 Let M be a closed, oriented, even-dimensional S -manifold such that its universal cover
admits a spin structure. Then the equivariant elliptic genus of M is rigid.

As explained in the introduction, to prove the theorem, it suffices to show the following lemma.

Lemma 3.2 Let M be an oriented, even-dimensional S'-manifold whose universal covering is spin.
Moreover, let F ¢ M* be a fixed point component of a subgroup H C S' which contains S -fixed
points. Then the following holds:

e [F is orientable.

e An orientation for F' can be chosen as specified in [4, pages 157-158].
The basic observation which makes the proof of this lemma possible is the following:

Lemma 3.3 An orientable manifold M has spin universal covering if and only if for every map
f:8% = M we have f*w,(TM) = 0.

Here w,(E) € H?(B; Z,) denotes the second Stiefel-Whitney class of the vector bundle £ — B. This
lemma is well known (see [13, pages 88-89]). But for the sake of completeness we also give a proof here.

Proof We may assume that M is connected. Let p: M — M be the universal covering of M. Then
by the Hurewicz theorem there is an isomorphism 7, (]\2 ) —> H, (M ; Z.). Moreover, by the universal
coefficient theorem there is an isomorphism

H?(M;Z>) =~ hom(Hy(M;Z):; Z>) = hom(ny(M), Z,).
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Therefore M is spin if and only if for every map f: S? — M we have
0= f*wa(T M) = f*p*wa(TM) = (po [)*wy(TM).

Since p is a covering we also have that py: m, (M ) = mo(M) is an isomorphism. Hence, the claim
follows. O

Proof of Lemma 3.2 Using Lemma 3.3 one can modify the proof of Lemma 9.3 of [4] slightly to see
that this lemma holds for the tangent bundle of M. Therefore the second claim in Lemma 3.2 follows
once the first claim is shown. So we concentrate on the proof of the first claim.

Let M be an oriented, even-dimensional S '-manifold whose universal covering is spin. Let F € M* be
a fixed point component of H = Z; C S! which contains an S!-fixed point. We can assume without
loss of generality that H is the principal isotropy group of the induced S!-action on F. The irreducible
real H -representations are given by

Vo, Visooos Vik2)s

where V) is the trivial one-dimensional representation, for 0 </ < k/2 we have V; = C on which an
element z € H C S! C C acts by complex multiplication with z! . If, moreover, k is even then Vj 2=R
on which a generator of H acts by multiplication with —1.

Accordingly there is a equivariant splitting
TM|p=E¢®E @ D E[g/

into S'!-invariant subbundles, such that for each x € F, E;|, =~ Vl.li as H-representations for some /; > 0

andi =0,...,[k/2]. Note that Ey = TF. Moreover, each E;, 0 <i < k /2, has an S!-invariant complex
structure.

So if k is odd, orientability of F follows from the orientability of M. Therefore assume that k is even.
As in the proof of Lemma 1 of [9], we construct an S !-equivariant map

I S? > F,
such that

(1) S acts on S? by rotation with principal isotropy group H and fixed points N, S,

@) f(N)=f(S) € FS,
(3) f*wa(Eo @ Ek /) # 0 if F is not orientable.

To construct f we start with an equivariant embedding
g:S!x(S'/H)— F,
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here S'! acts on the second factor of S! x (S /H) by multiplication. By moving the orbit g({1}x(S'/H))
into an S'!'-fixed point, we can homotope g to a equivariant map
g1:S'x(S'/H) — F,

which is an embedding on (S! x (S'/H))\ ({1} x (S /H)) and collapses {1} x (S'/H) to an S!-fixed
point. Therefore there is amap f: S — F with the properties (1) and (2) and such thatim f =im g; =: A.
Using Mayer—Vietoris sequences one sees that

gt H*(A;Zy) — H*(S' < (S'/H); Zy),  f*: H*(A;Z,) — H*(S*Z,)

are isomorphisms. Hence it suffices to show that we can choose g such that g*w,(Eo @ Ex ;) =
giwa(Eg @ Eg /) # 0 if F is nonorientable.

Note that, since the S'-action on M is orientation preserving, the codimension of all H’-fixed point
components for H' C S 1 is even. Therefore the inclusion Fy <> F is one-connected. Here F, denotes
the union of all principal orbits in F. Note that Fj is an open and dense subset of F. Hence, if F is
nonorientable, then Fy is also nonorientable. Note that 77: Fy — Fy/S! is a principal (S!/H)-bundle.

Therefore we have
(3-1) Eo|lp, = TFo=n*(T(Fy/S")) ®R.

Hence, it follows that Fy/S" is a nonorientable manifold. Choose an embedding g’: S! < Fy/S! such
that g’*w (T (Fo/S"')) = a is a generator of H'(S';Z,).

Then the principal (S!/H)-bundle Fj |g/(s1) is trivial. Therefore g’ lifts to an S'-equivariant embedding

g:S'x (S'/H) — F.
It follows from (3-1) that

g¥Eg=g*TFy=g*n*(T(Fo/S") @R =n*g"" (T (Fo/S")) ®R.
Hence we have
g*wi(Eg) =ae H¥*(S' x(S'/H);Z,) = Az,(a.b), g wy(Ey) =0.

Moreover, since S acts transitively on S'/H, we have g* E /2 = E ®y, where E is a vector bundle
over the first factor S! and y = S x g Vj /2. Note that Ey/, and E have even rank since F has even
codimension in M. Hence, we have w(E) = g*w;(Ex/2) and g* w2 (Ex/2) = wi(E)wi(y) = wi(£)b.

Since Eo @ Ey/, is orientable, we have w (E) = g*w(Ey/2) = g*w(Eo) = a and g*wy(Eg /) = ab.
Therefore we get

g wa(Eo ® Exjp) = g wa(Ex/2) +a° = g*wy(Ey ) = ab # 0.
This completes the construction of f.
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Since E' = @fi 21_1 E; hasan S 1—equivariant complex structure, we deduce from (2) and Lemma 9.1

of [4] that f*¢1(E’) = 0 and hence f*w,(E’) = 0.
By Lemma 3.3, it follows that
0= ffwa(TM) = ffwa(E")+ [fwa(Eo® Eg/2) = f*wa(Eo ® Eg/2).

Hence, by (3), F is orientable and the claim is proved. O

Remark 3.4 The examples of the manifolds M and M, in Section 2 show that the first claim in
Lemma 3.2 becomes false when one removes one of the assumptions that the universal covering of M is
spin or that F' contains a fixed point.

Using the arguments of [11, Section 1.5] or [9, Section 1.4] we get:

Corollary 3.5 Let M be a closed, connected, oriented manifold whose universal covering is spin such
that S acts nontrivially on M. Then the A -genus of M vanishes.

For a manifold M, denote by /1, ,,: 7w5(M) — Hy(M; Z) the Hurewicz map which sends a homotopy
class of maps f: S? — M to the homology class fx[S?], where [S?] denotes the fundamental class
of S2. Note that Lemma 3.3 can be used to prove the following sufficient conditions for the universal
covering being spin.

Lemma 3.6 A connected, orientable manifold M has spin universal covering if one of the following
three conditions holds:

(1) im Ay, is finite and of odd order.
(2) imhy,, is finite and M is spin°.
(3) M is spin€ and ¢y (M) is torsion.
Here a oriented manifold M is called spin€ if w, (7T M) is contained in the image of the natural map

H*(M;7) — H?*(M:Z,). Moreover, if this is the case then for every preimage b € H*(M;Z) of
wy (T M) there is a spin® structure on M with ¢; (M) = b (see [13, Appendix D]).

Proof of Lemma 3.6 Let f: S* — M be a map. By Lemma 3.3, we have to show that under any of the
three conditions f*w,(TM) = 0.

First assume that (3) holds. Then since H?(S?; Z) is torsion-free, we have 0 = f*c; (M) = f*w,(TM)
mod 2.

Algebraic € Geometric Topology, Volume 25 (2025)



Rigidity of elliptic genera for nonspin manifolds 2091
Next assume that im /1, , is finite. Let p: S? — S2 be a map of degree |im hypol|. Then f o pis null
homologous. Hence we have

0=p*fFw(TM) = |imhy,| [ w(TM).
So, if | im /5, | is odd, the claim follows.
If M is spin®, then we can do the above calculation with ¢y (M) instead of w, (7T M) and conclude that
0= f*c;(M)= f*w(TM) mod 2. ad
Lemma 3.6 together with Theorem 3.1 and Corollary 3.5 gives the following corollary.
Corollary 3.7 Let M be a closed, connected, oriented, even-dimensional S _manifold such that one of
the following conditions is satisfied:

(1) im hy, is finite and of odd order.
(2) imh,, is finite and M is spin°.
(3) M is spin€ and ¢y (M) is torsion.

Then the equivariant elliptic genus of M is rigid. Moreover, the A -genus of M vanishes if the action is
nontrivial.

Conditions (1) and (2) in this corollary are quite close to the original condition of Herrera and Herrera for
the rigidity of elliptic genera. However, the example of Amann and Dessai [1] and Corollary 4.3 below
show that the conditions after the “and” cannot be removed.

4 Equivariant surgery

In this section we prove a refined version of Theorem 1.3 from the introduction. To do so we have to set
up some notation.

Let M be a connected manifold with universal covering p: M — M. Then from the Hurewicz theorem
we get an isomorphism
(M) =my(M) = Hy(M; 7).

Since 71 (M) is acting on M, we get a Z[my (M )]-module structure on 7,(M ). Here Z[m{(M)] is the
group ring of 71 (M). In the rest of this section this Z[r; (M )]-module structure on 75 (M) is assumed.

If dim M > 4 and M’ is constructed from M by taking the connected sum of M with a simply connected
manifold N in a point x € M, then the universal covering M’ of M’ is constructed from M by taking
the connected sum with copies of N in every point in p~!(x). In particular,

m(M') = (M), (M) =my(M)®Zix (M')]Qmy(N).
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Similarly, if dim M > 6 and M’ is constructed from M by surgery on an embedded sphere S? C M,
then p~1(S?) is the disjoint union of embedded spheres in M and M’ is constructed from M by surgery
on all of these spheres. In particular,

(M) = (M), m(M') = (M) Z[e (M)][¢],

where ¢: S? — M is the inclusion of the embedded sphere on which we do surgery.
Now we can state and prove the main result of this section.
Theorem 4.1 Let G be a finitely presented group and V a Z[G]-module such that there is a closed,
connected, oriented manifold P of dimension 4n > 8 with nonspin universal covering and
(4-1) T (P)=G, m(P)xV.
Then there exists a closed, connected, oriented, effective S!-manifold M of dimension 4n such that:

e Ti(M)=G,m,(M)x=V.

e The universal covering of M is nonspin.

o M is equivariantly bordant to a linear S -action on C P?". In particular, /f(M) = /f((C P2™) £ 0.

Proof Recall first that if M is a manifold and ¢ € H?(M; R) for some ring R then ¢ induces a
homomorphism
(M) = R, [l f*c[S?]

We denote this homomorphism also by c¢. Note that the homomorphism c is invariant under the action of
T (M) on T[z(M).

Next we recall some properties of .S!-manifolds and their orbit spaces.
Let N be a connected effective S !-manifold of dimension 7 > 7 such that:

(1) For each nontrivial H C S!, codim MH > 4.

(2) There are S'-fixed points in N.

We denote by Ny the union of principal orbits in N. Then Ny is an open dense subset of N and by (1)
the inclusion ¢: Ny < N is 3-connected. Moreover, by (2), the map

7 =m(S") = 1 (No) = 71 (N)
induced by the inclusion of an orbit is trivial.
By the exact homotopy sequence for the fibration p: Ng — Ny/S' we see that there is a exact sequence
0 — 72(No) 225 ma(No/S1) LM, 7 .
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Here we have identified the connecting homomorphism 75 (No/S ') — 71(S!) in the exact sequence
with the homomorphism induced by the first Chern class ¢;(Ny) € H?(Ny/S';Z) of the S!-bundle
No — Ny/S'. Moreover, we see that py: 1 (Ny) — m1(No/S?) is an isomorphism.

Since p*T(Ny/S') is stably isomorphic to 7Ny we see that for a € ,(N,y) we have
w2 (TN ) (txa) = wa (T No)(a) = wa (T (No/S"))(psa).

Now let ¢: S2 x D3 < Ny/S!, such that ¢1(No)([#|s2xf03)) = 0. Then there is an equivariant
embedding

$:S'xS2x D" 3 < Ny N,
where S! acts on the first factor by multiplication, covering ¢.
In this situation we can do equivariant surgery on ¢~5, ie construct an S''-manifold
N' = (N\¢(S' x S2x D" 3)) Ugiygaygma S' x D3 x §m~*

by equivariant gluing. On the level of orbit spaces N(; /S is constructed from Ny/S' by surgery on ¢.
Moreover, N’ is equivariantly bordant to N and satisfies (1) and (2) from above.

In particular we have 4 (N(;/Sl) =~ 11(No/S1) and

ma(Ng/SY) = w3 (No/S)/ Zlrry (No/ S H$ 52103]-

Moreover, ¢1(Ny) and wy (T (Nj/S1)) are the homomorphisms induced from ¢ (No) and wo (T (No/S1))
on this quotient, respectively.

After these general remarks we describe the construction of M. Let N = C P2" equipped with a linear
effective S !-action such that (1) and (2) hold. Moreover, let P’ be the (4n—1)-manifold from Lemma 4.4
below. Then (4-1) holds for P’ and the universal covering of P’ is nonspin.

Let ¢q: D41 < Ny/S! and ¢p,: D*"~! < P’ be embeddings. Then form the equivariant connected
sum

N'=(N\ p N p1(D*" 1)) Ugan—2, 51 (P \ g2 (D*" 1)) x ST

Then N’ satisfies (1) and (2) and is equivariantly bordant to N since P’xS! is an equivariant boundary. On
the level of orbit spaces N/ S is the connected sum of No/S! and P’. Therefore we have 1 (N§/S') =
71(P") = G and, moreover

(N /SY) = 1y (P) @ Z[G] ® 72 (No/S') = m2(P') ® Z[Gla & Z[G]b,

where a, b is a Z-basis of 7,(Ng/S!) such that a is a generator of the image of 75 (Ng) — m2(No/S1)
and ¢1 (No)(b) = 1. Note that ¢1(N§)|z,(pry = 0 since the restriction of the S!-bundle Ny — Nj/S! to
P’ \ ¢ (D*"1) is trivial.
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Let g1...., gk be generators of G. Then the (1 —g;)b, i =1,...,k, are in the kernels of both ¢ (N})
and wy (T (Ny/S 1)). So we can represent these homotopy classes by disjointly embedded spheres with
trivial normal bundle. We do equivariant surgery on these spheres to get a S''-manifold N such that (1)
and (2) hold for N” and 71 (NJ/S') = G and

(N /ST =V ® Z[Gla @ Zb.

By Lemma 3.3, we can find ¢ € 5(P’) = V such that wy (T P’)(¢) = wo(T(No/S"))(a). Then ¢ (N])
and wy (T (N /S")) are trivial on ¢ +a € m5(NJ'/S1). So we can represent ¢ + a by an embedding of a
sphere with trivial normal bundle and do equivariant surgery on this sphere to get an S !-manifold M. For
this M, (1) and (2) hold. Moreover, 1(My/S') = G, m,(My/S') = V @& Zb. Since ¢, (My)(h) = 1,
and ¢;(My)|y = 0 we see from the exact homotopy sequence for the fibration My — M,/S! that
m1(My) = G and m,(My) = V. Since My — M is 3-connected the claim follows. m]

From Theorem 4.1 we immediately get the following corollary which is Theorem 1.3 from the introduction.

Corollary 4.2 Let V be a group such that there is a closed, connected, oriented manifold P of dimension
4n > 8 with nonspin universal covering and w,(P) = V. Then there is a closed, connected, oriented
S!-manifold M of dimension 4n with /I(M) #0and (M) = V.

The following corollary shows that the condition (1) of Corollary 3.7 gives the optimal condition which
only depends on im /, ., and guarantees the vanishing of the /f—genus of a closed, oriented S !-manifold M.

Corollary 4.3 Let V be a finitely generated, abelian group. Assume that V' is either infinite or finite and
of even order. Then there is a simply connected, closed, oriented manifold M of dimension 4n > § such
that:

b Hz(M,Z)Zsz(M):V
o S acts effectively on M.
e M is equivariantly bordant to a linear S'-action on C P?". In particular, A(M) = A(C P2 #0.

Proof By Theorem 4.1 and the Hurewicz theorem it suffices to show that there is a closed oriented
4n-manifold P which is simply connected and nonspin such that H,(P;Z) = V.

To do so first note that by our assumption on V' there is a nontrivial homomorphism v : V' — Z,. Moreover,
the group V fits into a exact sequence

(4-2) 0zh Lzke 8y
with some 0 < ky <k, < o0. Letay,...,ag, be the standard basis of Zk1,

Denote by W the total space of the nontrivial $#”~2-bundle with structure group SO(4n — 1) over S2.
Then by taking the connected sum of several copies of W and S? x S#"~2, we construct a simply

Algebraic € Geometric Topology, Volume 25 (2025)



Rigidity of elliptic genera for nonspin manifolds 2095

connected manifold P; with H,(Py;Z) = Z*2 and such that w,(TP;) € H2(Py;Z5) corresponds to
¥ o ¢ under the isomorphism H?(Py;Z,) = hom(H,(Py:Z),Z5).

Since (4-2) is exact we can represent the homology classes corresponding to the ¢(a;) by disjointly
embedded spheres in Py with trivial normal bundles. By doing surgery on these spheres we get a manifold
P as required. o

The following lemma is used in the proof of Theorem 4.1.

Lemma 4.4 Let P be a closed, connected, oriented manifold of dimension n > 7. Then there exists a
closed, connected, oriented manifold P’ such that

e dimP' =n-1,
o 11 (P) = (P), my(P') = my(P),

e the universal covering of P’ is spin if and only if the universal covering of P is spin.

Proof Let f: P —]—1,n+ 1] be a Morse-function on P such that f(x) € [(4i —1)/4, (4i + 1)/4] for
all critical points x of f with indexi =0,...,n. Let W = f_l(]—l, %]) and P’ = f_l(%) = JW.
Then P can be constructed from W by attaching handles of dimension at least 4. Similarly W can be
constructed from f~1([12, 2]) = P'x[ L2, 1] by attaching handles of dimension at least n —3. Therefore
the inclusion W < P is 3-connected. Moreover the inclusion P’ < W is (n—4)-connected. Since
n > 7, it follows that P’ < P is 3-connected. So the first two claims of the lemma follow. The last claim

follows from Lemma 3.3 because TP’ @R =~ T P|p:. O

5 Another example

In this section we give an example which shows that there is also a gap in the proof of Lemma 2 in [9]
which persists even after the correction of Amann and Dessai.

This lemma is the analog of Lemma 9.3 in [4]. Its purpose is to guarantee that the second claim of
Lemma 3.2 holds for 75- and m4-finite closed oriented S !-manifolds M. In the proof of that lemma the
finiteness assumption on the homotopy groups is only used to show that the parity of the sum of weights
of the isotropy representation at any S !'-fixed point in M is independent of the fixed point. Then the
lemma is concluded from this condition on the weights.

However, the condition on the weights is not good enough to conclude the lemma as the following
example shows. Let C Pi be C P? equipped with the following S!-action

S! x(CPi — <CPi, (g,[z0:21:22]) 20 : glzl :gilzz].
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Then one can form the equivariant connected sum C P2 # CPEL at the fixed points [1 : 0: 0] € CPi.
The resulting S !-manifold M is diffeomorphic to C P2 #C P2. Moreover, the sum of weights at each
S1-fixed point in M is odd and all H-fixed point sets M for H c S! are orientable. However,
Lemma 2 of [9] does not hold for the Z,-fixed point component on which S! acts nontrivially. And,
indeed, A(M) = -1 #0.

We think the problem in the proof of Lemma 2 of [9] is the last equation on page 350. In this equation the
constant c¢ is not integral. It is just a rational number with denominator equal to the order of the principal
isotropy group of the S'-action on the fixed point component in question. Therefore one cannot say
anything about the parity of the left hand side of the equation from the parity of the sum on the right
hand side unless one only has odd order finite isotropy groups.

Under the assumption that all finite isotropy groups of points in M have odd order, the proofs of both
Lemma 1 and Lemma 2 of [9] work so that one can correct the main result of that paper as follows:

Theorem 5.1 Let M be a connected, oriented, 75~ and m4-finite closed manifold of even dimension
such that S acts on M without finite isotropy groups of even order. Then the equivariant elliptic genus
of M is rigid. Moreover, the A -genus of M vanishes if the action is nontrivial.

Under the assumption that the S!-action on M is semifree, ie all orbits are either free orbits or S'-fixed
points, we get the following stronger result.

Theorem 5.2 Let M be a connected, oriented, closed manifold of even dimension such that S! acts
semifreely on M. Assume that one of the following two conditions holds:

e M is m,- and m4-finite.

o The universal covering of M is spin.

Then a multiple of M is equivariantly bordant to a spin manifold with semifree S!-action.

Proof By [5, Theorem VI, m,- and m4-finiteness imply that the S'-action is either even or odd, ie
the codimensions of all fixed point components are either congruent to zero modulo four or to two
modulo four, respectively. By the (k=1)-case of the proof of Lemma 9.3 of [4] and Lemma 3.3, the same
conclusion holds if the universal covering of M is spin.

By cutting out an open tubular neighborhood of M S' from M , one sees that the normal unit sphere
bundle to MS' bounds an oriented free S!-manifold. Since the action on M is of even or odd type,
this means that the disjoint union of the normal unit sphere bundles to the fixed point components of
codimension divisible by four (not divisible by four, respectively) bounds an oriented free .S !-manifold.
So the claim follows from Theorem 2.4 of [3]. O
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We conjecture that under the assumptions of Theorem 3.1 or 5.1, a multiple of M is also equivariantly

bordant to a spin manifold with circle action. We note in this context that the vanishing of the /I-genus

implies that a multiple of M is nonequivariantly bordant to a spin manifold with nontrivial circle action
(see [2, Section 2.3]).
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