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We complete the classification of the smooth, closed, oriented 4-manifolds having Euler characteristic
less than four and a horizontal handlebody decomposition of genus one. We use the classification result
to find a large family of rational homology ball smoothings of cyclic quotient singularities which can
be smoothly embedded into the complex projective plane. Our family contains all such rational balls
previously known to embed into CIP? and infinitely many more. We also show that a rational ball of our
family admits an almost-complex embedding in CP? if and only if it admits a symplectic embedding.

57K40; 57K43, 57R17

1 Introduction

Let By 4, where p > g > 0 are coprime integers, be the rational homology ball smoothing of the cyclic
quotient singularity #( pq — 1, 1). The rational balls B, 4 were used in the smooth rational blow-down
construction of Fintushel and Stern [4] and in its symplectic counterpart by Symington [17]. They played
an important role in the construction of exotic 4-manifolds, starting with the papers of Fintushel and
Stern [5] and Park [15]. The problem of embedding the B 4’s, smoothly or symplectically, in a 4-manifold
was considered by Khodorovskiy [8; 9; 10]. As pointed out by Evans and Smith [3, Section 2], the
existence of holomorphic embeddings B 4 <~ CP? for certain (p, g)’s follows from results in algebraic
geometry — see Hacking and Prokhorov [7] —and explicit symplectic embeddings can be constructed.
Moreover, Evans and Smith [3] showed that no further symplectic embeddings exist beyond those which
are already known. Owens [14] showed that infinitely many B, ;s admit smooth embeddings in CIP 2
but by [3] they cannot be symplectically embedded. The authors extended Owens’ family [11] and
proved the nonexistence of almost complex embeddings [13] without relying on [3]. The present paper
is a natural continuation of [12], where we introduced certain handlebody decompositions that we call
horizontal, classified the closed 4-manifolds with the simplest horizontal decompositions and in doing so
we recovered infinitely many of the known smooth embeddings B, 4 <~ CP2.

This paper consists of two parts. In the first part we complete the classification of the smooth, closed,
oriented 4-manifolds X with Euler characteristic y(X) < 3 and a horizontal decomposition of genus 1.
In the second part we exploit the classification result to determine the rational balls B, ; which admit
smooth embeddings in CP? induced by a genus-1 horizontal decomposition. It turns out that in this way
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we are able to find the largest family so far of B ;’s smoothly embedded into the complex projective
plane. The family contains all such rational balls previously known to embed into CP? and many more.
We show that each rational ball of the family admits a symplectic embedding in CPP? if and only if it
admits an almost-complex embedding.

In order to state our results we need to recall the definition of a horizontal decomposition [12]. Let ¥ be
a handlebody decomposition of a smooth, oriented 4-dimensional cobordism X : d_X — d4+ X. Suppose
that ¥€ has /; handles of index i and let a’j;x =9 . X# S'xS2%fori e {1,3}. Let Xr.: mx - 8}fX be
the cobordism obtained by attaching the 2-handles along a framed link L = U?iﬂ/i cox. According
to [12], the link L and the decomposition ¥ are called horizontal if, for some Heegaard decomposition
Hg UXg x[0,1]U H} of 0"1 X, we have

* ¥ CG; =X x{tijforsome 0 <ty <---<tp, <1
o the i 2-handle of ¥ is attached to y; with framing fr(y;) = fre, (y;) + 1.

Note that the 3-manifold BTX is obtained from 3”1 X by 3-dimensional surgery on each y; with the same
framing fr(y;). We say that ¥ is a horizontal decomposition of type (g, h1, h2, h3), ora (g, hy, ha, h3)-
decomposition. As observed in [12, Section 1], the inequality g > max{h, h3} always holds. We say
that a smooth, closed 4-manifold X has a horizontal decomposition if X := X \ {B*U B*} has asucha
decomposition when viewed as a cobordism S3 — §3.

Together with [12, Theorem 1.7], the following result yields a complete classification of the smooth,
closed, oriented 4-manifolds X having Euler characteristic )(()? ) < 3 and a horizontal decomposition of
genus 1.

Theorem 1.1 Let X be a smooth, closed 4-manifold admitting a (1, h1, ha, 1)-decomposition. Then X
is diffeomorphic, possibly after reversing orientation, to

S* S'xS3  +CP2#S'x 583, +CP2#+CP2#S'xS*® or B, ,U—B,, if y(X)<2,
CP2, CP?*#B,,U—B,,, CP2#2CP2#S'xS> or 3CP2#S'x 83 if y(X) =3,

for some p > g > 0.

From now on we concentrate on (1, /1, k2, 1)-decompositions of a 4-manifold X assuming X ~ +CP2.
Then we have 3 = )(()?) =1—h1 + hy. Since h; < g = 1, the pair (hq, hy) is equal to either (0, 2) or
(1, 3). The proof of [12, Lemma 5.1] shows that a (1, 1, 3, 1)-decomposition of a 4-manifold X induces a
smooth embedding in X of the disjoint union of three 4-manifolds, each consisting of a 1-handle and a
2-handle attached to 34+ (S x D3\ B*) = §! x §2 along a simple closed curve sitting on the standard
genus-1 Heegaard torus. Using this fact, in the following Theorem 1.2 we describe essentially all the
smooth embeddings of Bj ,’s induced by (1, 1, 3, 1)-decompositions of CP2.

We introduce some notation in order to give a more concise statement of Theorem 1.2. When we write
Bp 4 we shall always assume that p and g are coprime integers, but not necessarily satisfying p > g > 0.
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When p # 0, by B, ; we shall denote the rational homology ball B|,| 5, where g is the unique integer
congruent to ¢ modulo |p| and satisfying | p| > § > 0. Note that if p = £1 then ¢ =0 and By 9 = B*.
If p =0 then ¢ = +1 and by B, , we shall denote S' x D3 #qCP2.

Let {x,(a, b)}n>0 be the integer sequence defined by
xo(a,b)=a, xi(a,b)=0>0, xpi2(a,b)=xp41(a,b)+xu(a,b), n=>2,

and denote by Fy, := x,(0, 1) and L, := x,,(2, 1) the n'" Fibonacci and Lucas number, respectively.
Theorem 1.2 A disjoint union =By, 4, U £Bp, 4, U £ Bp; 45 with max{|p;|} > 1 is induced by a
(1, 1, 3, 1)-decomposition of CP? if and only if it coincides with one of the following:

(1) Bp,,q1 YUBp, g, UBps 45, where (p1, p2, p3) is a Markov triple and pyq; = +3p; mod p;, where

(i, j, k) is a permutation of (1,2, 3);
(2) Bx,.q1 U—Bx,.g, U—Bx; g5, Where x3 4+ x1x2x3 = X3 + x3,
X2¢1 = £x3 mod x1, X3¢z = £x; mod (x1x3+x2), and x2¢3 = t+x; mod x3;
(3) BF,q;Y—BF,_.,.qo U BF, q; Wherea and b are odd, coprime integers, ¢ € {£1}, b # ea,

qg1==xLp/Fp_gq mod F;, qp=+xLp/F, mod Fp_,, and q3==+L,/Fp_gq mod Fp.
Remark 1.3 The fact that the disjoint unions of Theorem 1.2(1) embed in CP? is already known [7].

Denote by %;, for i = 1,2, 3, the family of rational homology balls B, ; which admit an orientation-
preserving embedding in CIP? in view of Theorem 1.2(1).

Theorem 1.4 Suppose that |p| > 1 and the rational ball B, ; admits an orientation-preserving embedding
in CPP? induced by a (1, hy, ha, 1)-decomposition. Then:

(1) Bp,q € %y if and only if g?> = —9 mod p.
(2) Bp,q € F, ifand only if ¢> = —1 mod p.
(3) Let
Sp={xeZ/pZ|x= g% mod p for some By.g4 € F3}.

Then, the sequence {|Sp|}, is unbounded.

Remark 1.5 In [11] we constructed infinitely many embeddings B, 4 < CP2, extending a family of
embeddings constructed by Owens [14]. It is not hard to check that our constructions implicitly used
horizontal decompositions of CPP2 — in fact, those constructions led us to the discovery of horizontal
decompositions. At the end of [11, Section 3] we showed that all the balls shown to embed in CcP?
satisfy g2 = —1 mod p. In view of Remark 1.3, Theorem 1.4 implies that all Bp.4’s known so far to
embed in CP? belong to %1 U %, and that (1, &1, ho, 1)-decompositions of CP? induce infinitely many
more embeddings of By 4’s.
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Corollary 1.6 Let B, ;4 be a rational ball which admits an orientation-preserving embedding in CcP?
induced by a (1, hy, hy, 1)-decomposition. Then B, 4 admits an almost-complex embedding in CP? if
and only if it embeds symplectically in CIP? and belongs to Fj.

Proof By [13, Corollary 1.3], if B, ; admits an almost-complex embedding in CP? then ¢ = —9 mod p;
therefore by Theorem 1.4 By, ; € F1, and by Remark 1.3 it embeds symplectically in CIP2. The converse
follows from the well-known fact that symplectic embeddings are almost-complex. a

The paper is organized as follows. In Section 2 we prove Theorem 1.1 when X(f ) <2 and in Section 3
we prove Theorem 1.1 when )(()? ) = 3. In Section 4 we prove Theorem 1.2 and in Section 5 we prove
Theorem 1.4.

Acknowledgements The authors wish to thank the referee for their accurate report, which helped us
to improve the exposition. The present work is part of the MIUR-PRIN projects 2017JZ2SWS5 and
2022NMPLTS. Lisca is a member of the GNSAGA research group (INdAM).

2 Proof of Theorem 1.1 when X(f ) <2

Let X be a smooth, oriented cobordism admitting a (1, &y, ha, 1)-decomposition. In this section we prove
the first part of Theorem 1.1, that is we show that if )(()? ) <2 then X is diffeomorphic, possibly after
reversing orientation, to

S*,  S'x 83, +CP?#S'xS? LCP*#+CP*#S'xS> or B,,U—B,,
for some p > ¢g > 0.

We recall that to an n-component link L C S! x §2, horizontal with respect to the standard genus-1
Heegaard decomposition of S x §2, one can associate an element of mapping class group Map(Z;)
of the genus-1 surface, factorized as a product of Dehn twists [12, Section 1]. This is done as follows.
Let T C S! x §? be the standard Heegaard torus and y1, . .., y, the components of L, viewed as sitting
on T'. Then, to y; we associate the Dehn twist 7; := 1, € Map(T) fori =1,...,n. By definition, the
factorization associated to L is

Fr, = (r,‘f”, ...,‘[fl),

81

where §; = fre, (y;) —fr(y;) € {£1}. The product m, = r,f" ---7, ' is called the monodromy of L.

Now we prove an auxiliary result, which will be also used later on. Recall (see eg [16, Section 1.2]) that
each handlebody decomposition ¥ on a smooth, oriented cobordism X : d_X — d4 X can be viewed
as coming from a Morse function f: X — [0, 1]. The handlebody decomposition # associated with
1— f:X —[0,1] is sometimes called the dual of #. When X has dimension 4 each i-handle of %
corresponds to a 4 — i-handle of . In particular, the cocores of the 2-handles of ¥ are the cores of the
2-handles of %, and vice versa.
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Lemma 2.1 Let X:0_X — 04X be a smooth, oriented 4-dimensional cobordism with a horizontal
handlebody decomposition . Let ¥ be the dual handlebody decomposition on X , viewed as an oriented
cobordism X : —9+ X — —d_X. Then ¥ can be made horizontal via a framed isotopy of the attaching
circles of its 2-handles. Moreover, if ¥ is of type (g, h1, ha, h3) then % is of type (g, h3, ho, hy).

Proof We assume that we are in the setup of Section 1. Recall that the i™ 2-handle of ¥ is attached
to y; with framing fr(y;) = fry; (y;) £ 1 and as a result the 3-manifold B}EX is obtained from 3”1 X by
3-dimensional surgery on each y; with framing fr(y;). Consider, for eachi =1, ..., hy, a parallel copy
y! of y; inside ;. We may assume that the surgeries are performed using tubular neighborhoods of the
yi’s disjoint from the y;’s, and therefore that y; C BTX . It is easy to check that, once endowed with the
framing fr(y;) := fry, (y;) F 1, the framed knot y; is framed isotopic to a 0-framed meridian of y; —also
viewed inside al_fX . In other words, the pair (y;, fr(y/)) prescribes, up to framed isotopy, how to attach
the i 2-handle of %. Clearly the link L' = th i C BTX is horizontal with respect to a Heegaard

1=

decomposition of —813X and the statement follows easily. |

We now continue with the first part of Theorem 1.1. Let X be the complement of two disjoint balls in X,
viewed as a cobordism S — §3 and endowed with a horizontal decomposition. Clearly y(X)=h,—h;—1.

Assume first y(X) < 0. Since h; < g =1, y(X) < 0 implies (&1, h2) € {(0,0), (1,0), (1, 1)}. The case
(h1.h2) = (0,0) is not possible because a single 3-handle cannot give a cobordism from S3 to S3. If
(h1,h2) = (1,0) then X is the double of S! x D3, ie X =~ S! x S3. If (h1, h») = (1, 1) the 2-handle
defines a cobordism X, : S! x §2 — S1 x §2, where y C S! x §2 is a simple closed curve sitting on the
standard genus-1 Heegaard torus T of S x S2 and fr7 (y) & 1. Then, y is the boundary of a compressing
disc in H; and it is easy to check that X =~ +CP?#S' x 3.

If y(X) = 0 the pair (h1, h) is equal to either (0, 1) or (1,2). In the first case, by Lemma 2.1 the
upside-down cobordism X : §3 — S§3 admits a horizontal decomposition of type (1, 1, 1, 0); therefore
by [12, Theorem 1] X 2 §3x [0, 1] and X =~ S*.

Now suppose (h1,%2) = (1,2). Then, the 2-handles define a cobordism X7 : S! x §2 — S! x §2,
where L C S x §? is a 2-component link, horizontal with respect to the standard genus-1 Heegaard
decomposition of S! x §2. The two components y; and y, of L sit on parallel copies of the standard
Heegaard torus 7 C S' x S? and the factorization of L is given by

(2-1) Fr = (82,70,

where §; = frr (y;) —fr(y;) € {1} is equal to minus the relative framing of y; and the monodromy of L
ismp = rgzrfl and 7; := 1), fori =1,2.

Let A C T be a simple closed curve which is the boundary of a compressing disc in H;. Then (4, A)
is a Heegaard diagram for S! x S2 and by [12, Lemma 3.3] (mz (1), 1) is a Heegaard diagram for
04X, = S x §2. In order to have H{(04+Xy;Z) = Z we need mz (1) - A = 0. From now on we
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fix arbitrary orientations of y; and y, and we abuse notation by using y; and y, to also denote the
corresponding homology classes in H1(T'; Z). Define

X:=y1-A, y:=yp2-A and n:=yy-y1.

If x =y =0 we have y; = y, = £ and X has a handlebody decomposition with a 1-handle, two
2-handles attached along + 1-framed unlinked trivial knots in S x S? and a 3-handle. It is easy to check
that X is orientation-preserving diffeomorphic to —§; CP2 #—§,CP2#S! x S3. Hence, from now on
we assume (x, y) # (0, 0). Moreover, we choose the orientations of ¥ and y, so that n > 0. Since

mL() = 152 (1 (1) = 52 (A +81x71) = A+ 81571 + 52972 + 182mx73,
taking the intersection product with §;8,A yields
(2-2) §ox% + 81y2 +nxy =0.

Equation (2-2) implies that x and y divide each other; thus |x| = |y| # 0, and dividing by |xy| = x? = y?
it follows that
82+681+£n=0.

We conclude n € {0,2}. If n = 0 we have y; = £y and 818, = —1; therefore Fy, is either of the form
(v, 7, 1y or (7, 1 Ty), and in both cases m, is the identity. In fact, the components y1 and y, of L, which
are the attaching circles of the two 2-handles, cobound an annulus A of the form y x[0, 1] C T %[0, 1] C Y7,
and they have framings with respect to 4 which are opposite and equal to 1 in absolute value. Sliding for
instance y; over y, changes L into the framed link consisting of y, and a O-framed meridian of y5. By [6,
Example 4.6.3], this shows that X is the double of X, := S! x D3U X ,. We can view X,, \ B as a
cobordism §3 — 94 X,, with a horizontal decomposition of type (1, 1, 1,0). By [12, Proposition 3.1] it
follows that )?),2 >~ £ B 4 for some p > g > 0. Therefore Xz BpqgU—Bp 4.

If n = 2 we must have §; = §, = —sgn(xy), so that y; = xu + aA and y» = —61(xu + bA) for some
a,b € Z (both coprime with x), where u, A C T is a symplectic basis and x can be assumed to be positive
up to reversing the orientation of both y; and y,. Now, n = y, - y; = 2 implies —§;(a —b)x = 2. We
observe that x = 2 gives a contradiction, because this would force both @ and b to be odd, and the
equality —81(a — b) = 1 would be false modulo 2. Therefore x = 1 and b —a = 26;. Twisting the
1-handle as in [12, Figure 3] replaces p with p plus a multiple of A. This allows us to assume y; = p and,
consequently, y» = =81 (u + (b —a)A) = =814 —2A. A Kirby calculus picture of X consists of a dotted

1

unknot U, a —§;-framed meridian of U corresponding to rf and another meridian of U, corresponding

to ‘17282, whose Seifert framing is 28; — &1 = 61. Sliding one meridian over the other we get a picture for
the double of B*; therefore in this case X =S4,

3 Proof of Theorem 1.1 when X(f )=3

The purpose of this section is to prove the following.
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Theorem 3.1 Let X be a smooth, oriented cobordism admitting a (1, hy, h», 1)-decomposition and such
that X()? ) = 3. Then X is diffeomorphic, possibly after reversing orientation, to

CP?, CP?*#B,,U—B,,, CP?#2CP?#S'xS3 or 3CP2#S'xS?
for some p > g > 0.

Let X be the complement of two disjoint balls in X , viewed as a cobordism S3 — S3 and endowed with
the horizontal decomposition. Then 1 = y(X) =—hj+hy—1. Since h1 < g =1, the pair (h1, h») is equal
to either (0,2) or (1, 3). In the first case, the 2-handles define a cobordism X7 : S — S! x S2, where
L C S3 is a 2-component link, horizontal with respect to the standard genus-1 Heegaard decomposition
of 3. By Lemma 2.1 the upside-down cobordism X : $3 — S§3 admits a horizontal decomposition of type
(1,1, 2, 0); therefore by [12, Theorem 1] X =~ +CP2. This proves Theorem 3.1 when (&1, hy) = (0, 2).

When (h1, hy) = (1, 3) the proof of Theorem 3.1 is much more involved and is organized as follows. In
Section 3.1 we prove an auxiliary result and in Section 3.2 we use it to show that to the monodromy
factorization of a horizontal decomposition are associated solutions of certain Diophantine equations —
(3-2) and (3-3). Recall that, given an n-tuple F = (g, ..., g1) of elements of a group G, a Hurwitz move
on F' is a transformation of the form

F=(...gi+1.8,...)> F’=(...,g,-+1g,~gl-_+11,g,~+1,...)
or

F=(...gi+1.8& - > F =(...g.¢8 'gir1g....).

In Section 3.3 we show how the solutions associated to (3-2) change under the application of a Hurwitz
move to the factorization. Hurwitz moves do not change the cobordism X [12, Proposition 4.6], so the
basic idea is to use the equations to find a sequence of Hurwitz moves which simplify the factorization.
We also show how sets of solutions corresponding to various parameters are related, we define the notion
of weakly minimal solution and we observe that applying Hurwitz moves each solution can be made
weakly minimal. As for [12, Theorem 1.7], the inspiration for this proof came from a paper by Denis
Auroux [1]. In Section 3.4 we determine, for the relevant values of the parameters, the weakly minimal
solutions of (3-2). Moreover, for each such solution we recover the corresponding “weakly minimal”
factorization. In Sections 3.5 and 3.6 we determine the cobordisms represented by the weakly minimal
factorizations and identify each closed 4-manifold X from the corresponding Kirby diagram. We proceed
in a similar way in Sections 3.7, 3.8 and 3.9. Equation (3-3) is not used in this section but will be used in
Section 4 to prove Theorem 1.2.

3.1 A trace formula

Let (V,-) be a 2-dimensional, real symplectic vector space. Given v € V, denote by 7,: V — V the

transvection defined by
ww)=w+ w-w)v, welv.

Note that 7,/ (w) = w +n(v-w)v for each n € Z.
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Lemma 3.2 Givenu,v,weVandl,n,meZ,let ® = flr”r’” Then
nm@-w)? +Im@-w)? +Inw-v)? =Imnw-u)(w-v)-u) + 2 —tr(P).

Proof Once we fix [,n,m € Z, the two sides of the equality are continuous functions of u, v and w;
therefore it is enough to prove that they agree when v and w are linearly independent. Using {v, w} as a
basis of V', we easily see that for any endomorphism f,

w(fy— J@ 0 fw)

vew
If we write 7}/ 7))} (v) = av + bw and ]} 1]} (w) = cv + dw, we have

,itl’frﬁ(v) = r,i(av +bw)=a+I1(u-v)u)+b(w+I(u-wu),
Lenem)y = ¢l (cv + dw) = c(v + 1(u-v)u) + d(w + [(u - w)n),

o)
I _n_m l m b
By Ty (V) WV Ty (w) +d+l(—(u w)? + (u v)(u- w)——(u v))
v-w
Finally, we compute a = 1 —mn(v-w)?, b = —m(v-w), ¢ =n(v-w) and d = 1. Plugging in these
values we get the desired equality. O

3.2 Diophantine equations

As explained in [12, Section 1], a horizontal link L = U?:l yi C S 1 % §2 determines a factorization of
the form
Fr —(13 ,rz ,rl ),

where t7;,1 = 1,2, 3, is a positive Dehn twist along y; and §; = fry (y;) — fr(y;) € {£1}. The 2-handles
produce a cobordism from S! x S2 to S x $2 and, as observed in Section 2, this happens if and only
if mp(A)-A =0. Let u, A C T be a symplectic basis of oriented, simple closed curves in the standard
Heegaard torus 7 C S x $2. From now on we fix arbitrary orientations of the y;’s and we abuse notation
by using y; to also denote the corresponding homology classes in H(T'; Z). We have y; = p; it + ¢; A,
i = 1,2, for some coprime p;,q; € Z. Let us introduce the variables x1, x, and x3 by setting

(3-D (x1,x2,x3) = (Y2 Y3, V1" V3. V1" ¥2)-

Then, the trace formula of Lemma 3.2 reads

(3-2) 81x% 4+ 82x5 4 83x3 — x1X2X3 = 818283(2 — tr(mp)).

Moreover, observe that my (A)-A = 0 implies my, (1) = £A; therefore det(my ) = 1 implies tr(my) = £2.
Also, we have

mp(A)-A =152 c20% ()
_773 7722(/\+51p1)/1)
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= 7383 (A +81p1y1 +82(p2 — 81 p1x3)y2)
=A+81p1y1 + (82p2 — 8162 p1X3)y2 + 63(p3 — 81 p1X2 — 82 pax1 + 8162 p1X1X3)Y3.

Therefore, the condition my (1) - A = 0 translates into
(3-3)  81p3 +82p3 +83p2 — 8182 p1p2x3 — 8183 p1 p3xa — 8283 pa p3xy + 618283 p1 p3x1x3 = 0.
In the following sections we study the following sets of solutions of (3-2):

§8182:83 .= {(81,82, 83, x1, X2, x3) € {+1}> X Z° | §1x7 + 8205 + 6205 — x1x2x3 = 8182834},

where a :=2—tr(mp) is either 0 or 4. We shall provide a proof of Theorem 3.1 in the case (1, h2) = (1, 3)

by combining the information on the sets S,f 1:62:83 \with the constraint provided by (3-2). Equation (3-3)

will be used in Section 4.

3.3 Factorizations and Hurwitz moves

827

In this section we show that to understand the sets of solutions Sg 182:83 for all values of the 8;’s it suffices

to study the sets SC} 11 and Sq LLL Gith g € {0, 4}. The latter sets will be analyzed in Sections 3.4
and 3.7.

Let us start with the observation that changing the orientation of one of the curves y; changes the signs of
two of the elements in the associated triple (x1, x2, x3), providing another solution of (3-2). We define
the sign changes as follows:

(x1,x2,x3) > (=x1, —X2,X3), (x1,X2,X3) > (—x1,X2,—x3), (x1,X2,X3) > (X1, —X2, —X3).
Next, we observe that applying a Hurwitz move we get

83_[82_[81 — 182 1,831,81 _ 0 83_581

mp=t 2 =17, T .
Y3 Y2 V1 ‘L’33()/2) Y3 V1 —1:33(;/2) Y3 V1

To see the effect on a solution (x1, X2, x3) of (3-2) note that we are replacing (y3, Y2, y1) With

(=32 (72). 3. 71)

and since I§3 (y2) = Y2 + 83(y3 - y2)y3 the associated triple becomes (x1,83x1x2 — X3, X2). Setting
X3 := 83x1Xx2 — X3, the triple (1, 83, 82, X1, X3, X») satisfies (3-2). Similarly, the other Hurwitz moves
lead to the solutions

(61,683,682, x1,x3,%2), (62,61,683,x2,%X1,x3) and (82,61, 63, X2, X1, X3),
where X1 := §1x2x3 — x1 and X := §x1x3 — X3, which also satisfy (3-2). Call mutations the changes
p1: (81, 82,83, x1,x2,x3) > (81,82, 83, X1, X2, X3),
P2 (81, 82,83, x1,x2,x3) > (81,82, 83, X1, X2, X3),

w3: (81,862,683, x1,x2,x3) — (81,82, 83, X1, X2, X3),
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and, for any permutation o € S3, set

0(8,x):= (35(1), 95(2)» 05 (3)» X5 (1) X5 (2)> X (3))-

Then we see that the Hurwitz moves induce the transformations

(23)ous. (B)ouz. (12opr and (12)opa.

In particular, each of the three mutations is realized, up to permutations, by at least one Hurwitz move.

Definition 3.3 A solution (81, 82, 83, x1, X2, x3) of (3-2) is minimal (resp. weakly minimal) if |x;| < |X;|
(resp. |xi| < |X;|) for each i = 1,2,3. A factorization (rgg, t% rﬁ}) is minimal or weakly minimal if so

is the corresponding solution of (3-2).

Observe that any solution of (3-2) can be modified into a weakly minimal solution by a (possibly empty)
sequence of mutations, each of which makes the quantity |x1| + |x2| + |x3| decrease strictly.

Now suppose that (8, x) = (1, 62,83, X1, X2, x3) is a solution of (3-2) and let
_(8’ x) = (_819 _82’ _831 —X1, —X2, _x3)-

If we represent S' x §2 as a dotted unknot U C S3, the union of U with L gives a Kirby diagram
for X := B* Ug_x X. As already remarked in [12, Section 4.4], taking the mirror image of such a
diagram with respect to a plane intersecting U transversely in two points amounts to replacing the curves
yi = pill + qi A with y; = p; i — q; A and changing the signs of their relative framings. The result is a
diagram of a horizontal decomposition of —X . Observe that

e if (8, x) was associated to the y;’s, to the y;’s is associated — (8§, x).
Moreover, using the notation of Section 3.3 it is easy to check that

e since
(23)oppo(12)opu; =(123) and (12)ouz0(23)ousz = (132),

for each cyclic permutation ¢ of (1,2, 3), the transformation (8§, x) — o (8, x) is realized by a
composition of two Hurwitz moves on the factorization.

Summarizing, the observations above show that there are bijections

Shbads  gbi=b2mb3 - gBibads §low:be@ o)

’

with o any cyclic permutation. Moreover, the above bijections are induced by orientation-reversing
diffeomorphisms in the first case and orientation-preserving diffeomorphisms in the second case. Therefore,
in order to prove Theorem 3.1 it will suffice to determine the oriented cobordisms underlying the minimal
factorizations in the cases (81,62,63) = (1,1,1) and (61,82,83) = (—1,1,1). Since there are two
possibilities for a = 2 —tr(my ), we have four cases in total, which we treat separately below.
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3.4 Minimal solutions when (81, 32,83) = (1,1,1)

In this section we determine the weakly minimal solution of the equation
(3-4) x?+y2+z22—xyz=a,
for a equal to either O or 4.
Proposition 3.4 Let (x, y, z) be a solution of (3-4) with |x|, |y| and |z| pairwise distinct. Then (x, y, z)
is not weakly minimal. Indeed, mutation at the greatest element in absolute value makes the quantity
|x| + |y| + |z| strictly smaller. Moreover, if min(|x|, |y|, |z|) > 1 then mutation at each of the other two
elements makes the quantity |x| + |y| + |z| strictly bigger.
Proof Up to permuting the variables we may assume

X[ > 1y]>lz].

Note that, by (3-4), this implies |z| > 0 (otherwise x2 + y? = a € {0, 4}, which would imply y = 0 = z);
therefore we have xyz # 0. We claim that | x| < |x|. After possibly applying sign changes we may assume
that x, y > 0, and since xyz = x4+ y2 422 —a > 0, we have z > 0 as well. Also, xX = y2 422 —a > 0;
therefore X > 0. Replacing x with y in the equation gives

2y2+ 22— y2z—a < y?(3-2).

Therefore if z > 3 then y is between x and X, and since y < x we must have X < x, as claimed. On the
other hand, z = 2 is impossible because it implies

(x—y)?>=a—A4,
which has no solutions if ¢ = 0 and forces x = y if a = 4. Finally, z = 1 gives
xz—xy+y2=a—1§3,
but since x > y > z > 0 we have x > 2, so
x2—xy+y*= %x2+(%x—y)2 >3x% >3,
This proves the first part of the statement. To prove the second part it suffices to show that if
x| > [y >]z[ =2
then |y| < |P| and |z| < |Z|. We have
2yl <lxyl=lxy—zl+lz| < [Z[+ |y,
so |z| < |y| < |Z|. Similarly,
2x| = fxz] < [xz = y[+ [y <[P+ ]x].
so |y <lx| <7l 0
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Lemma 3.5 A weakly minimal solution (x, y, z) of (3-4) is equal, up to sign changes and permutations,
to

e (0,0,0)o0r (3,3,3)ifa=0;
e (2,0,0), (—1,1,1)0or (2,¢,t) for somet > 2 if a = 4.

Proof By Proposition 3.4, |x|, |y| and |z| are not pairwise distinct. Therefore we can assume, possibly
after permuting the variables and changing two signs, that y = z > 0. Then if a = 0 we have

x2 = (x—-2)y2

If y =0 we get the solution (0, 0, 0), otherwise we must have x = cy, with ¢ = x —2 for some ¢ € Z.
Therefore we have ¢? —cy +2 = 0, which implies ¢ | 2. Moreover, y > 0 implies ¢ > 0, so that ¢ € {1, 2}.
These two values of ¢ lead to the solutions (3, 3, 3) and (6, 3, 3), and the conclusion when a = 0 follows
easily. If a = 4 we have

x2—4=(x—-2)y2%,

which implies either x =2 or x = y? —2. It is easy to check that the solution (2, y, y) can only mutate to
itself and to (y2 —2, y, y); therefore it is weakly minimal if and only if |y? — 2| > 2, which holds for all
y # 1; on the other hand, a necessary condition for (y? —2, y, y) to be weakly minimal is |y? —2| <2,
ie y € {0,1,2}. For y € {0, 2}, up to sign changes we get the weakly minimal solutions (2,0, 0) and
(2,2,2), while for y = 1 we get (—1,1, 1). |

3.5 Underlying 4-manifolds when (;,48,,33) = (1,1,1) anda =0

The minimal solution (0, 0, 0) is realized only by a triple (y1, y2, y3) with y; = y» = y3, and since
mp = 13 must fix A, we have y; = A for each i and the factorization 7)1y 7) = rf. It is easy to check

from the associated Kirby diagram that X =3CP2#S' x S3.

The following computation shows that the minimal solution (3, 3,3) of Lemma 3.5 is realized by a
triple (y1, ¥2, y3) with y3 = w4+ 2A, y» =2+ A and y; = p — A, corresponding to the factorization
Tys Ty Ty, = ‘17;9. Since y3 is nonseparating there is another curve 7 C T2 with y3-7 = 1. The homology
classes of y3 and 7 generate H,(T?;Z); therefore we can express ¥; and ¥, in these coordinates. From
y1-V3 =Y2-y3 =3 we get y; =ays— 3y and y» = by — 3y for some integers a and b, both coprime
with 3. Moreover, y; - Y2 = 3 implies b = a + 1, so that the remainders of ¢ and » modulo 3 are forced
to be 1 and 2 respectively. We can then write

y1=0Bc+1)y3—386=y3—3y and Yy, =Bc+2)y;—35=2y;—3y

for some ¢ € Z, where y := y — cys is another curve satisfying y3 -y = 1. Now it is straightforward to
check that my (y) = y and mp (y3) = y3 + 9y, so y = £A. Without loss of generality, up to reversing
y and the y;’s we may assume y = A. Then mp, = r;g. In particular, since y3-A = 1 we can write
y3 = i+ kA for some k € Z. Any choice of k determines y1, y» and y3, hence a Kirby diagram for X .
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Figure 1: Proof that X =~ CP? when (61,62,63)=(1,1,1)and a = 0.

Twisting the 1—handle as in Section 2 transforms each y; through a power of t; without changing the
underlying 4-manifold; therefore it suffices to identify X fora single value of k. Choosing k = 2 we get

yvi=p—A, y2=2pu+A and y3=p+21.

The resulting Kirby diagram is shown in the first picture from the left in Figure 1, where the presence
of a 3- and a 4-handle is understood. The framings fr(y;) are obtained as follows. If y; = p;u + ¢qi A,
the Seifert framing induced by the Heegaard torus 7T is frr(y;) = piq;. Indeed, since this framing is the
linking number of y; with its push-off in the direction of the negative normal to 7', we have

frr (yi) = k(yi. pint™ +qiA7) = k(yi.qiA™) = pigi.
Then, since (81, 62,83) = (1,1, 1), we obtain fr(y;) = frr(y;) —8; = piqi — 1 foreachi = 1,2, 3. After
the handle slide suggested by the dotted arrow one obtains the central picture of Figure 1. Two further

handle slides indicated the dotted arrows lead to the picture on the right, where the O0-framed 2-handle
cancels with the 3-handle. This shows that X =~ CP?2.

3.6 Underlying 4-manifolds when (81, 8,,83) = (1,1,1) and a = 4

If the solution (2, 0, 0) was realized by curves y;, v2 and y3 then we would have y; -y = y1-y3 =0
and therefore y; = Y2 = y3 up to signs, which is incompatible with y5 - y3 = 2. Thus, (2, 0, 0) cannot be
realized.

Now consider the solution (—1, 1, 1). Since y1 - y2 = 1, we may take y; and y, as a symplectic basis and
write y3 = ayi; + by. Then y1-y3 = 1 and y, - y3 = —1 imply Y3 = Y1 + )2, and the monodromy is

Figure 2: Proof that X = CP? when (81,68,.83) = (1,1,1) and a = 4.
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M = Ty, +y, Ty, Ty, - But it is easy to check that my (y1) = —y1 —3y2 and mp (y2) = —y». Therefore
y2 = £A and y; = £+ kA for some k € Z. Up to applying a 1-handle twist which does not change the
underlying 4-manifold as in Section 3.5, we may assume y; = +u, y» = A and y3 = £(u + A). Then
mjy, = —1;3 and the resulting Kirby diagram is given by the first picture from the left in Figure 2, where
the presence of a 3- and a 4-handle is understood. The indicated handle slides show that X ~CP2.

Finally, consider the solutions (2, ¢,¢) with ¢ > 2. Suppose that ¥ C T is a simple closed curve such that
(v1,7) is a symplectic basis. Then y» = ay; +ty and y3 = by; +ty for some a, b € Z coprime with ¢,
and 2 =y, -y3 =t(a—b) impliest =2 and @ = b + 1. But b + 1 and b cannot be both odd, so (2,1, t)
is never realized.

3.7 Minimal solutions when (81, 32,83) = (—1,1,1)

In this section we determine the weakly minimal solutions of the equation

(3-5) x2+xyz—a=y*+z22

where a € {0, 4}.

Proposition 3.6 Let (x, y, z) be a solution of (3-5) with |x|, |y| and |z| pairwise distinct. Then (x, y, z)
is not weakly minimal. Indeed, mutation at the greatest element in absolute value makes the quantity

|x| + |v| =+ |z| strictly smaller. Moreover, if min(|x|, ||, |z|) > 1 then mutation at the other two elements
makes the quantity |x| + |y| + |z| strictly bigger.

Proof Note that if (x, y,z) is a solution then so is (x, z, y). Therefore, up to swapping y and z we
may assume |y| > |z|. Moreover, it is easy to check that xyz # 0, because otherwise at least two among
x, ¥ and z would be zero. We split the proof into the three cases |x| > |y| > |z|, |y| > |x| > |z| and
[yl>lz] > |x].

First case Suppose |x| > |y| > |z]. We claim that |X| < |x|. Up to sign changes it suffices to assume
x,y > 0. This implies z < 0, because z > 0 gives the contradiction

y24z2=xtdxyz—a>y* +2xz—a>y>* +2(z+2)z—a > y* 4+ 2%

We have x(yz + x) = y? + 22 4+ a > 0; therefore X = —yz — x < 0, which implies, since —yz > 0 and
—x < 0, that |X| < |x|. This shows that mutation at the greatest element in absolute value makes the
quantity |x| + |y| + |z| strictly smaller, in particular that (x, y, z) is not weakly minimal. To prove the
last part of the statement suppose |z| > 1. Then y > 2 and

(3-6) 2zl < xy <xy—z+|z| =Z+|z|,
so |z| < Z. Similarly, we have
2x <|xz| < |xz—y[+ |yl <|V[+x,
s0 y < x < |y|. This concludes the proof of the statement in the first case.
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Before tackling the other cases we observe that up to sign changes we may assume y > 0. Moreover, if

xz < 0 we have

2 2 2

yz—xyz+22>x —xyz+22>x > X" —a,

which is a contradiction. Hence, after a further sign change we may assume x > 0 and z > 0 as well.

Therefore, from now on we assume x, y,z > 0.

Second case Suppose |y| > |x| > |z|. Note that y$ =z2 —x2 +a >0 forcesx =2,z =1 and a = 4,
in which case yy = 1, which is impossible because y > z > 1. Therefore we have yy < 0, which implies
y =xz—y < 0. It follows that 0 < xz < y, hence |y| < |y|. To prove the last part of the statement
suppose |z| > 1. Then |z| < |Z]| follows as before from (3-6). Finally, we have

2yl =|=yz—x[+Ix| <|X[+]y].
hence |x| < |y| < |X|. This proves the statement in the second case.
Third case Suppose |y| > |z| > |x|. Since y§ =z2—x?>+a>0wehave j =xz—y>0.Ify >y
then xz > 2y and, using that z > x + 1 > 2, we get the contradictory inequalities
V2422 =x24xyz—a>2y>—a>y?+(z|+ 1)?>—a > y? + 2.
Therefore |y| = y > y = ||. To prove the last part of the statement observe that
x| <lyzl = |=yz—x|+ x| = [X] + |x],

hence |x| < |X|. Using the extra assumption |x| > 2 we have

2|yl < lxy —z|+lz| < [Z] + Iy,

hence |z| < |y| < |Z|. This proves the third case and concludes the proof of the proposition. |

Lemma 3.7 Let (x, y, z) be a weakly minimal solution of (3-5). Then (|x|, |y|, |z|) is of the form
o (t,t,0) or (¢,0,t) for somet > 0 if a = 0;
e (2,t,t) forsomet > 0 if a = 4.

Proof By Proposition 3.6, |x|, | v| and |z| are not pairwise distinct; therefore we can assume, possibly after
changing two signs, that two variables are equal and nonnegative; also, since the equation is symmetric in
y and z, it suffices to discuss the cases x = y and y = z. We have the following possibilities:

e Whena =0and y = z > 0 we have x2 = (2—x)y2. If y = 0 we get the solution (0,0, 0),
otherwise we must have x = cy with ¢2 =2—x =2—cy, so ¢ | 2; the values of ¢ for which y > 0
are 1 and —2, and the corresponding solutions are (1, 1, 1) and (-2, 1, 1), none of which is weakly
minimal.

e Whena =0 and x = y > 0 we have x2z =72, so either z = 0 or z = x2, and the weakly minimal

solutions are those of the form (¢, ¢, 0) for some ¢ > 0. Because of the symmetry in y and z this
also gives the weakly minimal solutions (¢, 0, ), ¢ > 0.
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e Whena =4and y =z >0 we have x> —4 = (2—x)y?, so either x =2 or x = —y? — 2, and the
weakly minimal solutions are those of the form (2, ¢, ¢) for some ¢ > 0.

e Whena =4 and x = y >0 we have x?z — 4 = z2, which implies z > 0 and z | 4. The only case
where x can be an integer is z = 2, which gives the weakly minimal solution (2, 2, 2). |

3.8 Underlying 4-manifolds when (61, 8,,83) = (—1,1,1) and a =0

When ¢ = 0 the minimal solution (¢,7,0) = (¢,0,7) = (0,0,0) of Lemma 3.7 comes from the trivial
factorization 1) = TA‘[AT;l, because 0 = y1-y2 = ¥2-y3 = y1-y3 and mp (A) = £A implies 7, = 1),
for each i. It is easy to check that in this case X = CP2#2CP2#S' x S3. When ¢ # 0 the same kind of
analysis shows that the solution (, 7, 0) comes from the factorization 1) = 137y 7, 1 Similarly, (¢,0,¢)
comes from a factorization of the form

_ -1 _ -1 _ -1

Since Hurwitz moves on the factorization do not change the underlying 4-manifold, it suffices to analyze
the former case. We may assume y = ¢ + gA for some integer g coprime with ¢, withg =0 if ¢t = 1.
Now we can proceed as in the case n = 0 in Section 2. In fact, as in that case the components y; = y» =y
of L cobound an annulus A of the form y x [0, 1] with framings with respect to A opposite to each other
and equal to 1 in absolute value. Sliding y; over y, changes L into the framed link consisting of y» and
a O-framed meridian of y,. Applying [12, Proposition 3.1] (and the preceding discussion in the same
paper) it follows that X = CP2 # Bt g U—B; 4. Since By g U—B; 4 is not simply connected when 7 > 1

while B1,oU—B1,0 = S4 we get X =~ CP? precisely when the factorization is t ‘L’M‘Elzl.

3.9 Underlying 4-manifolds when (81, 62,83) = (—1,1,1) and a =4

The argument at the beginning of Section 3.6 shows that (2, 0, 0) cannot be realized, while the argument
at the end of the same section shows that (2,1, ¢) is not realizable if ¢ > 2. Therefore, we only need
to discuss the solution (2, 1, 1). Since y; - Y2 = 1 we may take y; and y, as a symplectic basis and

—\ s 9 O+1

Figure 3: Proof that X =~ CP? when (61,62,83) =(—1,1,1) and a = 4.
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write y3 = ay1 + by,. Then, y1-y3 = 1 and y5 - y3 = 2 imply y3 = y2 — 2y and the monodromy is
mr, = Ty,—2y, ‘Cyz‘[y_ll. One can easily check that my (Y1) = —y1, which implies y; = £A. Moreover,
y2 = Fu + kA for some k € Z and my,(y2) = 5y1 — y2. Arguing as in Section 3.5, we may apply a
1-handle twist which does not change the underlying 4-manifold. Therefore, up to changing the signs
of all the curves, we may assume y; = —A and y» = u. Thus, y3 = u + 24, mp, = —‘L’A_S. As in the
previous cases, Figure 3 illustrates some simple Kirby calculus showing X ~CP2

Putting together the results of Sections 3.5, 3.6, 3.8 and 3.9 yields Theorem 3.1 and establishes Theorem 1.1
when )(()? )=3.

4 Proof of Theorem 1.2

Suppose that we have a (1, 1, 3, 1)-decomposition of CPP? with factorization

836261 k
4-1) 73T, Ty = :l:r;L

and associated triple (x1, x2, x3), defined as in (3-1):

(x1,x2,Xx3) = (Y2 V3, Y1 V3. Y1 Y2)-

In this section we are going to show how to recover the curves y; = p;u + ¢; A from (x1, x2, x3). The
key fact we are going to use is the following.

Lemma 4.1 A horizontal decomposition of a smooth, closed 4-manifold X of type (1,1,3,1) with
factorization (4-1) determines an embedding of the disjoint union 81 By, 4, U 82 Bp, 4, U 83 Bp; 45 into X .

Proof Note that S! x D3 is obtained from H x [0, 1] by smoothing corners, where H is a genus-1
handlebody. Hence, the attaching spheres of the three horizontal 2-handles of X are of the form

vi =y x{ti} CTi = 0Hy x{t;}
for some 11, t,13 € (0, 1) with 1 < #, < 3. For some small ¢ > 0 the subsets

Hy x[ti —e,ti + 8] C Hy x][0, 1],

i =1,2,3, are pairwise disjoint, and smoothing corners yields three pairwise disjoint copies of S! x D3
sitting inside S! x D3. Clearly, the core disks of the three horizontal 2-handles are pairwise disjoint as
well; therefore X contains the disjoint union X; U X» U X3, where X; is the smooth 4-manifold obtained
by attaching a four-dimensional 2-handle to S! x D3 along y; C T; with framing fr(y;) = fr, (yi) — 6;.
By [12, Proposition 3.2], X; is orientation-preserving diffeomorphic to §; Bp, 4; - o

Evaluating the left-hand side of (4-1) at y; and taking the products with y; gives

3208 (y1) -y = T T2 () v = T2 () 5,03 () = (1 — 8axav2) - (vi — 83(v3 - vi)v3)
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) (1,1, 1) (1,1, 1) -1,1,1 -1,1,1
a 0 4 0 4
my, r;9 —‘553 T) —1;5
minimal factorization | Ty422Topt+ATu—A Tut+ATATa ATt Tu2ATuT
minimal solutions (3,3,3) -1,1,1) (1,1,0),(1,0,1) 2,1,1)
underlying 4-manifold CP? CP? CP? CP?
Table 1
fori =1,2,3. When i = 1, using that (x1, X2, x3) € S21’82’53 where a =2 —tr(mp) € {0, 4} we obtain

the equality

Tﬁ;’fﬁ;fﬁll ()/1) Y1 = 83)6% + 52)6% —8253)61)62)(3 = 8161 —815253)6%.

On the other hand, evaluating the right-hand side of (4-1) at y; and taking the intersection product with
yi gives
+7} (1) vi = 21+ k@YD) v
Equating the expressions obtained for i = 1,2, 3 we get following equations:
816! —518283)6% = :}:kp%,

(4-2) X3+ 83x1x2 — 8283x7x3 = £(x3 + kp1 p2).

X2 —82x1x3 = £(x2 + kp1p3).
Note that the &+ signs on the right-hand sides are plus signs if and only if @ = 0, since both statements
are equivalent to tr(mp,) = 2.

Remark 4.2 Ifa (1, 1,3, 1)-decomposition of +£CP? has factorization (‘L’Jég’, r%, ‘L';Ell ), the sequence of

Hurwitz moves

8382081 ¢

831,51 8 81 3
]
Y3 V2 V1 V3 Tyg(yl)

82 81 83
T T T,.T.,. =T T
83 & 83 &> &
v2 Tyg Ty% (y1) v3r2 Tyg Tyg Ty% (r1) V3

82 — 51 'L'83'L'82

T, =T
72 k() V372

produces another Kirby diagram of +CP? and an embedding of the same triple of rational homology
balls, because changing a curve y; in a factorization by a power of 7, corresponds to twisting the 1 —handle
of S x D3 U X,,. Note that these moves permute (81, 82, §3) cyclically. Therefore, in order to prove
Theorem 1.2 it suffices to consider, for each possible value of a, a single representative of § = (81, 62, 63)
in each orbit of the Z /3Z-action by cyclic permutations.

The proof of Theorem 1.2 proceeds as follows. The analysis of Sections 3.5, 3.6, 3.8 and 3.9 together
with Remark 4.2 show that a closed 4-manifold with a (1, 1, 3, 1)-decomposition is diffeomorphic to
CP? or CP? precisely in the cases of Table 1. In Sections 4.1, 4.2, 4.3 and 4.4 we analyze the cases
corresponding to the four columns of Table 1. It turns out that the second column of Table 1 is not relevant
for Theorem 1.2, while the first, third and fourth columns correspond, respectively, to the embeddings of
Theorem 1.2(1), (2) and (3).
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41 §=(1,1,1),a=0andm; =7;”°

In this case the equations in (4-2) take the form
—x{ =kpi,
(4-3) X3+ X1X2 — X1X3 = X3+ kp1 p2.

X2 —X1X3 = X2 + kp1p3.
Moreover, in Section 3.5 we showed that the underlying 4-manifold is CPP? only when k = —9 and
(x1, X2, x3) is a nontrivial solution of (3-4) obtained via a sequence of mutations and sign changes from
the minimal solution (3, 3, 3). Therefore — as one can prove by induction on the number of mutations —
we can write x; = 3y;, where (y1, y2, y3) are nonzero integers satisfying Markov’s equation

i+ 3 +93=3y1y2)3.

Relations (4-3) can be written as follows:

v =ri.
(4-4) y1(y2 —3y1y3) = —p1p2.
y1)y3 = p1ps3.

Solving for p1, p2 and p3 we obtain p; = +y1, p» = £(3y1y3— y2) = £J, and p3 = +y3. Therefore,

Y1=Fyiu+qid, y2==£Pru+qA and y3=ZEyzu+qsA,

where, due to relations (3-1), the g;’s satisfy
(4-5) Y192 —$2q1 = £3y3.  y193—y3q1 = £3y> and J2q3 — y3q2 = £3y1.
Note that the first and last of (4-5) imply

(4-6) q1 = :F3¥ mod y;, ¢z = :F3& mod y, and ¢3= i3& mod y3.
Y2 Y3 Y2

Therefore, arguing as in [12, Proposition 3.2 and Lemma 5.1] we conclude that when a (1,1, 3, 1)-
decomposition induces an embedding in CP?2 of a disjoint union of By 4’s, the union is of the form

4-7) By, 4, U Bﬁzﬂz U By;.q3.

where the y;’s satisfy Markov’s equation and the ¢;’s satisfy (4-6).

Conversely, given any nonzero Markov triple (y1, y2, ¥3), the system of congruences (4-6) has a unique
solution in the ¢;’s. In fact, when (y1, y2, ¥3) is a nonzero Markov triple, for either choice of sign
there is a triple (g1, g2, g3) satisfying (4-5) and therefore also (4-6). Indeed, since (y1, J2, y3) is also
a nonzero Markov triple, y1, y» and y3 are pairwise coprime and y;y, = y% + y%, which implies
y3/Y2 = y2/y3 mod y;. Therefore we can find ¢1, g2 and g3 which solve simultaneously the first two
of (4-5). But notice that the last equation is obtained dividing by y; the difference between the second
equation multiplied by y, and the first equation multiplied by y3. It follows that (¢1, g2, ¢3) is in fact a
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solution the whole system (4-5). Now define y; = y1t +¢1A, y2 = Yot +¢2A and y3 = y3pu +¢3A and
consider the cobordism X : d—X — 04+ X with a horizontal decomposition of type (1, 1, 3, 1) prescribed
by the factorization (7y;, Ty,, Ty,;). Then, by (4-5) the triple (x1,x2,x3) = (y2-¥3, 71" ¥3. V1" V2) is
a nonzero solution of (3-4) with a = 0. Using the fact that (yy, y2, y3) and (y1, V2, y3) are Markov
triples mutant of each other it is straightforward to check that (3-3) holds replacing (p1, p2, p3) with
(y1, Y2, y3) and (x1, x2, x3) with (3y1, 3y2, 3y3). Since (3-3) is equivalent to my (1) -A = 0, this implies
mr (L) = £ and therefore X : S3 — §3. Moreover, by Lemma 3.5 the triple (x1, X2, x3) is obtained by
a sequence of mutations from (3, 3, 3), the arguments of Section 3.5 show that X =~ CP? and the disjoint
union (4-7) embeds in it. Since every nonzero Markov triple is of the form (y1, y2, ¥3), this shows that
any disjoint union of the form (4-7) embeds in CIP2. This covers the embeddings of Theorem 1.2(1).

42 §=(1,1,1),a=4andm = -7

By the results of Section 3.6, in this case the underlying 4-manifold is CIP2. Moreover, the only realizable
weakly minimal triple in S i’l’l is (—1, 1, 1), and a simple verification shows that the only triples obtainable
from (—1, 1, 1) via mutations are (2, 1, 1), (—1,—2, 1) and (—1, 1, —2). On the other hand, as observed in
Section 3.3, mirroring the horizontal decompositions produces decompositions of CIP? with monodromy

—1,-1 L1l .
< 8,7 given by (x1, X2, X3) = (—=x1, —X2, —X3).

mp, = —rf and it induces an identification S4_1
Thus, since we are interested in embeddings in CP? , we only need to consider the triples (1, —1,—1),
(-2,—1,-1),(,2,—1)and (1,—1,2). When§ = (—1,—1,—1),a =4 and my = —rj’, the equations in
(4-2) become
x% —4 = —3p%,

(4-8) 2X3 —X1X2 — x%)@ = —3p1p2,

2x2 + x1x3 = —3p1 p3.
If (x1, x2,x3) = (1,—1, —1) it is easy to check that the only solutions are (p1, p2, p3) = +(1,0,1). When
(x1,x2,x3) = (1,2,—1) and (x1, x2, x3) = (1, —1, 2) the only solutions are (p1, p2, p3) = £(1,1,—1)
and (p1, p2, p3) = £(1,—1,0), respectively. Finally, when (x1, x», x3) = (=2, —1, —1), the equations
in (4-8) imply p1 = 0 and say nothing about p, nor ps3. In order to extract information about p, and p3
we evaluate both sides of (4-1) on y, and we take the intersection product with y3, obtaining the equation

2
2X1 — X2X3 —X1X3 = —3p2p3.

The only solutions when (x1, x2, x3) = (—2,—1,—1) are (p2, p3) = £(1, 1), and we conclude that
(p1, p2, p3) = £(0,1,1). We observe that in every case we have max{p;} < 1; therefore none of the
embeddings obtained when § = (1, 1, 1) and @ = 4 are relevant for the statement of Theorem 1.2.

43 §=(-1,1,1),a=0and m; =1,

The analysis of Section 3.8 shows that (x1, x2, x3) is obtained by a sequence of mutations and sign
changes from either (1, 1,0) or (1,0, 1). This implies that the x;’s are pairwise coprime, otherwise by
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(3-5) they would have a nontrivial common factor, but such property is preserved by mutation and sign
changes while (1, 1,0) and (1,0, 1) do not have it. Moreover, the only solution of (3-5) with x; =0 is
the trivial one (0, 0, 0), which is equivalent only to itself up to mutations and sign changes. Therefore
X1 75 0.

Since the underlying 4-manifold is CPP? we argue as in Section 4.2. There is a one-to-one correspondence
S(}’_l’_l <~ SO_I’I’1 given by the map sending (x1, X2, x3) to (—x1, —x2,—x3), and induced by the
operation of taking the mirror image of the Kirby diagram of the underlying 4-manifold. Thus, the
triples (x1, X2, x3) € S(} L1 whose underlying 4-manifold is CIP? are those obtained by a sequence
of mutations and sign changes from either (—1,—1,0) or (—1, 0, —1), the x;’s are pairwise coprime and
x1 #0. When § = (1,—1,—1),a =0 and k = —1, the equations in (4-2) read

Xt =pi,
4-9) x1(x2 + x1x3) = p1p2,

—X1X3 = pP1D3,
and solving for py, p> and p3 we obtain p; = +x1, p» = Fx and p3 = Fx3. Therefore,
yi=Exip+qid, y2=FX2u+q2A and y3=TFx3u+q3d
and, due to relations (3-1), the g;’s satisfy
(4-10) X192 +X2q1 = £x3, X193 +x391 = £x2 and X3¢ —X2q93 = £X1.
Note that the first and last of (4-10) imply

4-11) X2¢1 = £x3 mod x1, Xx3¢p ==+x; mod X, and x¢3 = Fx; mod x3.

-1 -1
3 Tya
an orientation-preserving embedding in CPP? of a disjoint union of £ By 4’s, then such a union is of the

We can conclude that if a (1, 1, 3, 1)-decomposition with factorization of the form (z Ty, ) induces

form
4-12) Bx1 »q1 U _Bm,qz U _Bx3,113v
where the x;’s satisfy (3-2) with § = (1, —1,—1) and a = 0 and the ¢;’s satisfy (4-11).

We are now going to show that, conversely, if (x1, x2, x3) is a nonzero triple of integers satisfying (3-2)
with § = (1, —1, —1) and a = 0 and the triple (x1, x», x3) is obtained by a sequence of mutations and sign
changes from either (—1, —1, 0) or (—1, 0, —1), then the disjoint union (4-12), where the triple (¢1, g2, ¢3)
satisfies (4-11), smoothly embeds in CIP2. We start observing that there is a triple (¢1, g2, ¢3) satisfying
(4-10) with a plus sign on the right-hand side. Indeed, since (x1, X2, x3) is also a solution of (3-2) with
8§ =(1,—1,—1) and @ = 0, by the argument given at the beginning of this section x1, X, and x3 are
pairwise coprime. Moreover, by (3-2) we have x2X; = x% — xf, which implies x2X, = x% mod x; and,
since x1 # 0, (X2, x3) # (0, 0). Therefore there is a simultaneous solution § mod x; of the equations

X =+x3modx; and &xz = +xp mod xj.
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This guarantees that we can find g1, g2 and g3 solving simultaneously the first two equations of (4-10)
with a plus sign on the right-hand side. Now note that the last equation with a plus sign on the right-hand
side is obtained dividing by x; the difference between the first equation multiplied by x3 and the second
equation multiplied by X. Since x; # 0, it follows that (¢1, g2, ¢3) is in fact a solution of the whole
system. Now define

Y1 =X +qi1A, y2=Z%u+q2A and y3=2x3u+q3A

and consider the cobordism X : d_ X — 9+ X with a horizontal decomposition of type (1, 1, 3, 1) prescribed

by the factorization (ry_;, ty_zl, Ty, ). Then, by (4-10) the triple

(y2-v3,¥1-V3, 71 y2) = (X1, X2, X3)

is a solution of (3-2) with § = (1, —1, —1) and a = 0. Using the fact that (x1, x2, x3) and (x1, X2, x3) are
mutant of each other it is straightforward to check using the equality x,X, = x% — xf that (3-3) holds for
§ = (1,—1,—1) replacing (p1, p2, p3) with (x1, X2, x3). Since (3-3) is equivalent to my, (1) - A = 0, this
implies m7, (1) = +A and therefore X : S — S3. But the analysis of Section 3.8 shows that the 4-manifold
underlying the triple (—x1, —x2,—x3) € So_l’l’1 is CP2 precisely when (—x1, —x2, —x3) is obtained
by a sequence of mutations from either (1, 1,0) or (1,0, 1). Since we are assuming that (x1, X2, x3) is
obtained by a sequence of mutations and sign changes from either (—1, —1, 0) or (—1, 0, —1), this implies
that the disjoint union (4-12) smoothly embeds in CP2, which is what we needed to show. This covers
the embeddings of Theorem 1.2(2).

44 §=(-1,1,1),a=4and my = —7;°

We observed in Section 3.3 and Remark 4.2 that for each cyclic permutation o of (1, 2, 3) the transformation
(8,x) — 0(8,x) is realized by a composition of two Hurwitz moves on the factorization. Therefore,
the permutation (123) induces a bijection S4_1’1’1 — S i’_l’l which preserves the set of integer triples
realized as intersection numbers of triples of curves. By the results of Section 3.9 it follows that a triple
(x1,x2,x3) € Si’_l’l is realized by three curves, Y1, y» and y3, if and only if it is obtained from (1,2, 1)
via mutations and sign changes.

It turns out that such triples, as well as the corresponding curves y;, admit an explicit description involving
the Fibonacci and the Lucas numbers. Recall that the Lucas sequence (L, ),cz is defined by the same
recursive relation as the Fibonacci sequence, but starting from Lo = 2 and L1 = 1. We will use the
following identities:

(11) Ln = Fue1 + Fut1,
(12) Loy=(-1"L, and F_,=(-1)"t'F,,
(13) LmLn = Lmsn + (=1)"Lin—n,

(14) 5FnFn = Lmin—(=1)"Lin—n,

(15) LinFn = Fpgn—(=1)" F_n,
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(16) Ly =5F; +4(=1)" = Lap +2(=1)",

a7) ged(Fm, Fn) = Facd(m,n)»

(I8) Fotn = Fin+1Fn + Fy Fy—1,

(19) F?=FyirFpeyp +(=D""F2, n>r>0.

All of the above identities can be found online, eg on Wikipedia, except perhaps (I3), which follows
easily from (I1) and (I5). Proposition 4.4 below shows that the triples (x1, x2, x3) we are interested in
have a specific form, described by the following definition.

Definition 4.3 Let a,b € Z be odd and coprime and ¢ € {1} and denote by L(e,a,b) the triple
(La,—€Lgieh. Lp). Define L C Z3 to be the subset of triples of the form L(e, a, b) with &, a and b as
above.

Proposition 4.4 The set L is contained in S i’_l’l and is invariant under mutations and sign changes.
More specifically, let yu; be the i"™ mutation map defined in Section 3.3 and 8§ = (1,—1,1). Then the
following formulas hold:

(8, L(e,—a—2¢eb,b)) ifi=1,

wi(8,L(e,a,b)) =1 (8, L(—¢,a,b)) ifi =2,

(8,L(e,a,—b—2¢ca)) ifi=23.
Moreover, L coincides with the set of triples obtained from (1,2, 1) by mutations and sign changes.
Proof By looking at (3-5) for § = (1,—1,1) and a = 4, it is easy to check that, given odd coprime
integers a and b, the triples L(1,a,b) and L(—1,a, b) are in Si’_l’l if and only if —L 45 and L,_p

are the roots of the polynomial
x>+ LaLpx— (L2 + Lj +4),

or equivalently that
—Layp+La—p=—LgLy and LaypLep=L2+L}+4.
The first equality follows from (I12) and (I3), the second one from (I3) and the identity
Ly+Li+4=Log+ Loy,
which follows from (I6). Now we compute the mutations of a generic triple
(x1,x2,x3) = (La, —¢Latebs Lp)-

The argument just provided shows that X, = e¢L,_.p; therefore u,(8, L(e,a,b)) = (8, L(—&,a,b)).
Moreover, using (12) and (I3),

A

X1 =—¢LgyepLp—La=—6LggypLlp—La=—6(Lgay2p—Lea) —La=L_4 2¢p,
SO
w1(8, L(e,a,b)) = (8, L(e,—a —2¢b, b)).
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A similar computation yields X3 = L_p_5,, and
w3(8, L(e,a,b)) = (8, L(e,a,—b —2¢ea)).

Finally, the triples that obtained from L (¢, a, b) by sign changes are

* (—La,eLgyep, Lp) = (L—g,eL_gq_gp, Lp) = L(—&,—a,b);

* (=Lag.—eLgqep,—Lp) = (L—g.—6L_4_gp,L_p) = L(e,—a,—b);

* (La.eLgtep—Lp) = (La,eL_g—ep, L—p) = L(—¢,a,—b).
This proves the first part of the statement. In order to prove the last sentence we observe that

(1,2, 1) =L(-1,1,1).

Combining this with the first part of the statement we get that every triple obtained from (1,2, 1) by
mutations and sign changes has the form L (g, a, b). Conversely, we claim that any triple L(e, a, b) can
be transformed by a (possibly empty) sequence of mutations into L(¢’,a’, b") with |a’| = |b’|. To prove
the claim observe that if |a| # |b| then the elements of the triple have pairwise distinct absolute values.
Therefore, by Proposition 3.6 there exists a mutation which makes the sum of the absolute values strictly
decrease, and the claim follows from a standard infinite descent argument. Since a’ and b’ are coprime,
we must have |a’| = |b’| = 1, and up to a change of signs we can assume @’ = b’ = 1, so that L(¢,a’, b’)
is either (1,2, 1) or (1, —3, 1), which are mutants of each other. O

Consider a triple (x1,x2,x3) = (Lg,—€Lg4ep, Lp) € Si’_l’l. Then the equations in (4-2) take the form

4+ x7 = 5p7,
(4-13) 2x3 + x1x2 + x2x3 = 5p1 pa,
2x2 + x1x3 = 5p1 p3.

Using identity (I6) we get p; = £ F, from the first equation; and using identity (I4) the third equation
can be written as

5p1p3 =x2—X2 = —¢Lgyeb —€La—eb = —6(Latp + La—p) = —56Fa Fp,
so p3 = FeFp (since F, # 0). Finally, using (I2), (I3) and (I4) we can write the second equation as
5p1p2 =2x3+ x1(x2 + x1X3) = 2x3 — X1X2
=2Lp—¢eLgaL,_gp
=2Lp—e(Log—ep + Lev) = Lo — Loga—b = 5FaFp—sa,
so p» = £ Fy_,,. Therefore,
(4-14) vi=xFapu+qid, ya=2Fp qu+qaA and  y3=FeFpu+q3i
and, due to relations (3-1), the g;’s satisfy

4-15)  Faqo— Fp_¢aq1 = £Lp, Faqz+eFpq1 = Felgyep and Fp_g0q3 +eFpqo = +L,.
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Observe that Fj,_,, = 0 implies b = ea = +1 and therefore F, = Fj = 1. This leads to a case which
falls outside the scope of Theorem 1.2; therefore from now on we assume Fj_,, # 0. Note that the first
and last of (4-15) imply

La

L
mod F,;, ¢r= :I:Fb mod Fp_.,, and g3 ==+

b—ea a b—ca

(4-16) q1=+F mod Fp.

We conclude that if a (1, 1, 3, 1)-decomposition with monodromy —r;s induces an orientation-preserving
embedding in CPP? of a disjoint union of £ By 4’s, then such a union is of the form

(4-17) BF,q1Y=BFy_c4.q2 Y BF,.q
for some odd, coprime integers a, b and some ¢ € {1}, and where the g;’s satisfy (4-16).

Now we want to argue that, conversely, if a, b are odd and coprime and ¢ € {£1}, then the disjoint
union (4-17), where the ¢;’s satisfy (4-16), smoothly embeds in CIP2. We start observing that, given a, b
and ¢ as above, there is a triple (¢1, g2, ¢3) satisfying (4-15) with the first choice of sign on the right-hand
side. Indeed, by (I12) and (I5) we have

eLpFp—Falg = Foep— Foag = —LoyyepFa—eh = Larep Fp—sq =0 mod Fp_gq,

so Lyp/Fy= Lg/eFy, mod Fp_,. This guarantees that we can find integers ¢, g2 and g3 satisfying the
first and third of (4-15). On the other hand, F, times the third equation minus & F} times the first equation
gives

(15)
Fy_ca(Faqs +eFpq1) = Falg—¢eFpLy = Fag— Foep = —Fp_gqLayehs

and therefore the second equation holds. Now define y;, fori = 1,2, 3, as in (4-14) with the first choice
of sign and consider the cobordism X with a horizontal decomposition of type (1, 1, 3, 1) prescribed by
the factorization (ty;, ry_zl, Ty, ). We claim that (3-3) holds for § = (1, —1, 1) replacing (p1, p2, p3) with
(Fy, Fp—gq,—€Fp) and (x1, x2, x3) with (Lg4, —€L,4.p, Lp). Indeed, after these substitutions (3-3) is
equivalent to

4-18)  F7—Fp o+ F2+ FaFp_cqly— FaFpLayoh —6Fy_oqFyLa +€FaFyLaLy =0,

which turns out to be an identity involving Fibonacci and Lucas numbers. To see why (4-18) holds,
use (12) and (I3) to replace the last term on the left-hand side with F, Fp(Lg4ep — La—eb)s FaFp—caLp
with Fu(Frp_gq— Fa), Fqy FpL,tep with Fy(Fap_gq + Fg), and — Fp_ o, Fp Logq with _Fb2 + Frq—ep Fp-
After cancellations, (4-18) becomes

FoyepFp—F}—F2 , =0,

which holds by (I9). Since (3-3) is equivalent to my (A) - A = 0, this implies m (1) = A and therefore
X: 83 — §3. Moreover, by (4-15) the triple (2 - ¥3,¥1-¥3.¥1-¥2) = (La, —&Lq1sp. Lp) belongs to
LcS i’_l’l; therefore by the last statement of Proposition 4.4 it is obtained from (1, 2, 1) by mutations
and sign changes. Since the identification of S i’_l’l with S, LD s induced by Hurwitz moves, by the
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analysis of Section 3.9 we conclude that X =~ CP? and the disjoint union (4-17) smoothly embeds in it.
This covers the embeddings of Theorem 1.2(3) and concludes the proof of Theorem 1.2.

5 Proof of Theorem 1.4

The organization of the proof requires that we start with Theorem 1.4(3). We need the following result.

Theorem 5.1 (Carmichael’s theorem [2]) Let n be a positive integer, n ¢ {1,2, 6, 12}. Then F,, admits
a primitive factor, ie a prime p such that n = min{k € N7 | p divides F}.

Remark 5.2 An immediate consequence of Carmichael’s theorem is that if n is odd and n > 3, then F,
always admits an odd primitive factor p. Moreover, by (I7), for any integer k we have

Pl Fx < plgcd(Fu, Fy) = Focan k) < nlk.
The following statement implies Theorem 1.4(3). We shall prove it after a few preliminaries.

Lemma 5.3 Given an odd integer a > 1, let S(a) C %3 be the subset of elements of the form B, 4,
and let : N>1 — N be the map given by ¥ (a) = |S(a)|. Then, for each odd prime a > 3 we have
¥(a) = (a — 1)/2. In particular, { is unbounded. Moreover, for each odd integer a > 3 the map
f:S(a) —> Z/F,Z given by f(BF, 4) = q> mod F, is injective.

Let a > 1 be an odd integer. Given b € Z odd and coprime with a and ¢ € {£1}, by Theorem 1.2(3)
there is a smooth, orientation-preserving embedding Bp, , C CP2, where ¢ = +Lp/ Fp_pq mod F,.
We would like to understand how many different such embeddings we can construct if we keep a fixed.
In other words, setting /(b, €) := L/ Fp_g, mod F,, we want to understand for which pairs (b, &) and
(b', &) we have I(b,e) = £1(b', ¢') mod F,. We are going to do this assuming a > 3, because the only
By 4’s that we have when a = 1 or a = 3 are, respectively, B0 = B* and B> 1, which are both already
known to embed in CIP2. In principle we should allow b and ¢ to vary independently of each other, but
we observe that, since @ and b are both odd, by (I2) we have

I(b,e) = Lp/Fp—sa = (—Lp)/(=Fp—sa) = L—p/F_p—(—e)a = 1(=D, —¢).
Therefore, it will suffice to fix ¢ = —1 and understand for which b and »” we have I(b,—1) = £1(b’,—1)
mod Fj,.

Proposition 5.4 Let a and b be odd, coprime integers witha > 3. Then (b, —1) = +£1(b’,—1) mod F,
if and only if b = +b" mod a.

Proof Using (I5) we see that the congruences I(b, —1) = £1(b’, —1) mod F, are equivalent to
Foibva—Fo—p—a = LoFpyya =*Lpy Fpiqg = Lip Fpya = Firpvbta — Frp—p—q mod Fy

and using (I8) to

(5-1) (Fp+b — Frprvb) Fa1 + (Fepr—p — Fp—pr) F—g—1 = 0 mod Fy.
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Since a is odd, by (I2) we have F_, 1 = —F,;4+1 = —F,_1 mod F,, and since F,_; and F, are coprime,
(5-1) is equivalent to
(Fot+p — Fip+p) = (Frp—p — Fp—py) =0 mod Fy.

Thus,

2F,_py =0mod F, ifandonlyif I(h,—1)=I1(b",—1) mod F,,

2F, 1y =0mod F, ifandonlyif I(h,—1)=—I(b",—1) mod F,.
Now observe that if b = £’ mod a then by (I7) gcd(Fpsp/, Fa) = Fg; therefore by (5-2) we have
I(b,—1) = £I(b’,—1) mod F,. Conversely, by Remark 5.2 the number F, admits an odd primitive
factor p. Equations (5-2) imply that p must divide Fpxp if 1(b,—1) = +£I(b’,—1) mod F,, and again
by Remark 5.2 this is equivalent to a | b F b’. In other words, b = £’ mod a. a

(5-2)

Proof of Lemma 5.3 Given any odd integer b coprime with a we have I(b, —1) = I(bg, —1) for some
odd bg such that bg = b mod 2a and 0 < by < 2a. On the other hand, given two odd integers b and b/,
both coprime with a and both lying in the interval (0, 2a), we have

b=b"moda < b=>b" and b=-b'moda < b+b =2a.

Since an odd integer is coprime with a if and only if it is coprime with 2a, the interval (0, 2a) contains
exactly ¢(2a) odd integers coprime with a, where ¢ denotes Euler’s totient function, and since the
involution x + 2a — x has no fixed points among such integers, we get ¥ (a) = %(p(Za) = %(p(a), which
takes the value (¢ — 1)/2 when a is prime. In particular, v is unbounded. This establishes the first part
of the statement.

Now observe that I(b,—1)> = L}/ F} = L3,/ F} = I(b',—1)*> mod F, if and only if
(53) Ly Fl ,—LpFj. .= Ly Foya+ LpFyia)(LiyFypq—LpFpig) =0 mod Fy.
Moreover, by (I5)
Ly Fpra—LpFp4q=Fp—ty—a—Fo—p—a = L—aFp—ty =2F g1 Fp_p
and by (I12), (I5) and (I8),
Ly Fpra+LoForyva =2Fpybta— For—b—a— Fobr—a =2F _gq—p—ty — F—at1(Fpr—p + Fp—p')
= 2F—a+1F—b—b’ mod Fa.

Therefore (5-3) is equivalent to
4Fb—b’Fb+b’ =0 mod Fj.

Let p be a primitive factor of F,;. As observed in Remark 5.2 p is necessarily odd. Then p divides at
least one among Fj,_j and Fp 5/, and by Remark 5.2 we conclude that b = +b" mod a and therefore
by Proposition 5.4 I(b,—1) = +1(b’, —1) mod F. |

By Lemma 5.3 the sequence {i{(a)}, is unbounded. Since, using the notation of Theorem 1.4, we
have |SF,| > ¥ (a), this implies Theorem 1.4(3). We are now going to prove Theorem 1.4(1) and (2).
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Suppose By, , € F1. Without loss of generality we may assume Bp 4 = Bp, 4,, With (p1, p2, p3)
satisfying Markov’s equation p% + p% + p% = 3p1 p2 p3. This implies p% + pg = 0 mod pi; therefore
g% = q3 = 9p3/p3 = —9 mod p;. Similarly, if B, 4 € F, then B, 4 = By, 4, and using the equation
x% + X1X2X3 = x% + x% and the congruence xq; = £x3 mod x; one concludes q2 = —1 mod p. This
proves one direction of both Theorem 1.4(1) and (2).

To prove the other direction of Theorem 1.4(1) it suffices to show that any rational ball B, ; appearing
in the statement of Theorem 1.2 and satisfying > = —9 mod p actually belongs to Fy. If Bp g € F2,
g% =—1 mod p implies p | 8 and we are forced to have p € {1,2} because g2 = —1 mod p is impossible
if 4| p. Therefore B, 4 € {B1,0. B2,1}. But By o and B, ; belong to %; because they both arise from
the Markov triple (2, 1, 1). Now suppose that Br,, , € %3. When a = 3 the rational ball Br, , is equal
to B,1 and therefore belongs %1. Thus, we may assume a > 3. We claim that g2 = —9 mod F, implies

Bf,.q = BF,,F,_,. Indeed, observe that, choosing b =2 —a and ¢ = —1 we have

Moreover,
Lz_a = —La_z = —(Fa_3 + Fa_l) = —(Fa — Fa_4) = Fa_4 InOd Fa.

Therefore, by (I9) we have q2 =F az_ +=—F 42 = —9 mod F,. In view of the last statement of Lemma 5.3,
this proves the claim. Since (1, F,—3, F,) is a Markov triple and F,_4 = 3F,_» mod F,, we have

Br, F,_, € %1, and the other direction of Theorem 1.4(1) holds.

To prove the other direction of Theorem 1.4(2), as in the previous case it suffices to show that any rational
ball B, , appearing in the statement of Theorem 1.2 and satisfying g? = —1 mod p, actually belongs
to F,. As before, if By 4 € %y then By 4 € {B1,0, B2,1}, and both B; o and B> 1 belong to %, because
they arise, respectively, from the triples (x1, x2, x3) = (1,1,0) and (x1, x2,x3) = (2, 1,3). If BF, 4 € 3,
as before we may assume a > 3. We claim that > = —1 mod F, implies Br, 4 = BF, F,_,. This time
we choose b = 1 and ¢ = —1. Then, by (I9), g = +L1/F11g = FF4—1 = £ F,_» mod F, and

F? ,=F,F,4—F}=—1modF,.

Therefore g> = —1 mod F, implies ¢*> = F2_, mod F,. As before, in view of Lemma 5.3 this proves the
claim. Since by (19) the triple (x1, x2, x3) = (Fga, Fz+1, 1) solves the equation x% + x1x2Xx3 = x% + x%,

Fa+1Fa_1 = _1 mOd Fa al’ld Fa_z = _Fa_l IIlOd Fa,

we have Bp, g, , € %5 and the other direction of Theorem 1.4(2) holds. This concludes the proof of
Theorem 1.4.
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