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On the nonorientable four-ball genus of torus knots
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The nonorientable four-ball genus of a knot K in S3 is the minimal first Betti number of nonorientable
surfaces in B4 bounded by K. By amalgamating ideas from involutive knot Floer homology and
unoriented knot Floer homology, we give a new lower bound on the smooth nonorientable four-ball
genus 
4 of any knot. This bound is sharp for several families of torus knots, including T4n;.2n˙1/2 for
even n � 2, a family Longo showed were counterexamples to Batson’s conjecture. We also prove that,
whenever p is an even positive integer and 1

2
p is not a perfect square, the torus knot Tp;q does not bound

a locally flat Möbius band for almost all integers q relatively prime to p.

57K10; 57K18

1 Introduction

The nonorientable (smooth) 4-ball genus 
4.K/ of a knot K in the 3-sphere S3 is the minimal first Betti
number b1.F /D dimH1.F IQ/ of any smoothly embedded nonorientable surface F in the 4-ball B4

with @F DK. By definition, 
4.K/� 1 for any knot K in S3, and 
4.K/D 1 if and only if K bounds a
smooth Möbius band in B4. Moreover, if K is smoothly slice, ie K bounds a smoothly embedded disk
in B4, then 
4.K/D 1.

First introduced by Murakami and Yasuhara [39], 
4 has drawn increased attention in recent years. One
class of knots that has received considerable attention is the class of torus knots Tp;q for relatively prime
positive integers p and q. For p� 3 (or similarly, q� 3), it is known that 
4.Tp;q/D 1: T1;q is the unknot
for all q; T2;q bounds an obvious band with q half twists (ie a Möbius band); and a single nonorientable
band move turns T3;q into the unknot for each q (see Allen [1, Section 2.1]). In general, however, the
values of 
4 for torus knots are not known.

In [3], Batson constructed a nonorientable surface Fp;q in B4 with @Fp;q D Tp;q via pinch moves (defined
in Section 2.3). The minimal first Betti number of Fp;q is called the pinch number of Tp;q , which we
denote by #.Tp;q/. Batson conjectured that 
4.Tp;q/D #.Tp;q/. This could be seen as the nonorientable
analogue of the Milnor conjecture

(1-1) g4.Tp;q/D g.Tp;q/D
1
2
.p� 1/.q� 1/;
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which was first proven by Kronheimer and Mrowka [33]. Here g4.K/ denotes the (orientable) 4-ball
genus of a knot K in S3 — the minimal genus of a compact, oriented surface smoothly embedded in B4

bounded by K— and g.K/ denotes the 3-genus of a knot K in S3 — the minimal genus of a compact,
oriented surface smoothly embedded in S3 bounded by K.1

By showing that 
4.T2k;2k�1/D #.T2k;2k�1/D k� 1 for all k � 1, Batson provided an infinite family
of torus knots for which his conjecture is true. Further such infinite families of torus knots were found
by Jabuka and Van Cott [29]. However, Batson’s conjecture was disproved by Lobb [35], who found
that 
4.T4;9/ D 1 while #.T4;9/ D 2. Soon after, Longo [36] generalized this example, showing that

4.T4n;.2n˙1/2/� 2n� 1 while #.T4n;.2n˙1/2/D 2n for all n� 2. Tairi [46] provided another infinite
family of counterexamples, showing in particular that 
4.T4;11/D 1 while #.T4;11/D 2.

In this article, we will shed more light on the nonorientable 4-ball genus of torus knots, in both the smooth
and topological categories. In particular, we will

� develop a new lower bound on 
4 using involutive unoriented Floer homology (Theorems 1.15
and 1.16 below, see Section 1.2 for details), which — for so-called L-space knots (and consequently,
torus knots) — can be read off from the Alexander polynomial (Theorem 1.1 below);

� develop an obstruction to torus knots bounding (locally flat) Möbius bands using linking forms and
number-theoretic arguments (see Section 1.1); and

� use these new tools along with existing tools to either compute or give narrow bounds on 
4 for
some infinite families of torus knots.

Throughout, we will always assume that for any torus knot Tp;q , p and q are positive, relatively prime
integers. The main lower bound on 
4 that we will use is the following.

Theorem 1.1 Let K be an L-space knot. Write the Alexander polynomial �K.t/ of K as a monic ,
symmetric Laurent polynomial , and suppose that its constant term is �1 and that the first nonzero term of
positive degree is tk , ie �K.t/D � � �C t�k � 1C tk � � � � . Then we have the following lower bound on
the nonorientable 4-ball genus: k� 1� 
4.K/. In addition , if K bounds a smoothly embedded Möbius
band in B4, then k D 1.

Remark 1.2 To the best of the authors’ knowledge, Theorem 1.1 provides the first Heegaard–Floer
theoretical proof that the figure-eight knot does not bound a smooth Möbius band inB4 (see Example 4.14).
This seems worth mentioning since it was not until the advent of involutive theory that Heegaard Floer
could be used to show that the figure-eight knot is not slice; see Hendricks and Manolescu [24].
1In contrast to the orientable setting, where g4.Tp;q/D g.Tp;q/ (see (1-1)), it is in general not true that 
4.Tp;q/D 
3.Tp;q/
for any relatively prime positive integers p and q, where 
3.Tp;q/ is the minimal first Betti number of any nonorientable smooth
surface F in S3 with @F DK (as defined by Clark [7]). In fact, the difference between 
3 and 
4 can be arbitrarily large; see
Jabuka and Van Cott [28, Theorem 1.1]. By work of Teragaito [47], it is known that the value of 
3.Tp;q/ is determined by a
recursive, arithmetic function of p and q.
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Remark 1.3 Notice the difference between the Möbius band case and the case of higher first Betti
number. Interestingly, this difference is substantial and cannot be removed since the bound in the case of
higher first Betti number is sometimes sharp; see the proof of Proposition 1.6 in Section 3.

Remark 1.4 The integer k in Theorem 1.1 is called the stretch of the given L-space knot K, which was
defined by Borodzik and Hom in [5]. It is shown in [5, Theorem 3.10] that the stretch of a torus knot Tp;q
is given by

�
1
2
.ak � 1/

˘
C 1, where q > p and

q

p
D Œa0; : : : ; ak�D a0C

1

a1C
1

a2C
1

: : :C
1

ak

is a regular continued fraction expansion with ak > 1 and k � 2.

A quick overview of the proof of Theorem 1.1 is provided in Section 1.2, while the full proof can be
found in Section 4. It turns out that Theorem 1.1 provides a sharper bound than many other existing
lower bounds involving knot invariants (see Section 2). In fact, we will use Theorem 1.1 to give a
partial affirmative answer to a question of Longo [36, Question 4.3], which asks whether his examples
T4n;.2n˙1/2 satisfy 
4.T4n;.2n˙1/2/D 2n� 1.

Proposition 1.5 If n� 2 is even , then 
4.T4n;.2n˙1/2/D 2n� 1D #.T4n;.2n˙1/2/� 1.

In fact, we prove the following more general result.

Proposition 1.6 Let n� 2 be even and k � 0. Then


4.T4nC2k;.4nC2k/.n˙1/C1/D 2nC k� 1D #.T4nC2k;.4nC2k/.n˙1/C1/� 1:

Using Theorem 1.1 and other existing results (see Section 2), we can also find narrow bounds on 
4 for
certain infinite families of torus knots Tp;q with fixed p.

Theorem 1.7 Fix p >3. If q�p�1, pC1, or 2p�1 mod 2p, then #.Tp;q/�1� 
4.Tp;q/� #.Tp;q/.

In particular , we have the following:

(a) Let p be odd.
If q � p� 1 mod 2p, then 
4.T .p; q// 2

˚
1
2
.p� 3/; 1

2
.p� 1/

	
.

If q � pC 1 or 2p� 1 mod 2p, then 
4.Tp;q/D 1
2
.p� 1/.

(b) Let p be even.
If q > p and q � p� 1, pC 1 or 2p� 1 mod 2p, then 
4.Tp;q/ 2

˚
1
2
.p� 2/; 1

2
p
	
.

Remark 1.8 The torus knots in Proposition 1.6 belong to the family considered in Theorem 1.7(b). In
particular, Theorem 1.7(b) tells us that 
4.T4nC2k;.4nC2k/.n˙1/C1/ 2 f2nCk�1; 2nCkg. To prove the

Algebraic & Geometric Topology, Volume 25 (2025)



2212 Fraser Binns, Sungkyung Kang, Jonathan Simone and Paula Truöl

first equality in Proposition 1.6, we will show that performing k pinch moves on T4nC2k;.4nC2k/.n˙1/C1
yields T4n;.2n˙1/2 and then apply Proposition 1.5.

Remark 1.9 The lower bound on 
4 given in the first part of Theorem 1.7(a) is obtained using Theorem 1.1.
We will see that other existing lower bounds involving knot invariants (see Section 2) do not suffice to
show this. The second statement of Theorem 1.7(a) follows from existing work (see Corollary 2.11).
Similarly, the middle case of Theorem 1.7(b) is proved using Theorem 1.1, whereas the others follow
from existing work (see Corollary 2.11).

Remark 1.10 Consider the family of torus knots in Theorem 1.7(b) with q D pC 1. These are of the
form T2n;2nC1. Feller and Golla [13, Proposition 5.7] showed that these torus knots do not bound a
smooth Möbius band inB4 if n�3 mod 4, 2nC1 is square-free, and nC1 is not a square. Theorem 1.7(b)
generalizes this result.

Remark 1.11 Notice that Theorem 1.7 includes the case q D p� 1 when p is odd, but not when p is
even. The latter case was solved by Batson [3]; he showed that 
4.Tp;p�1/D 1

2
.p� 2/D #.Tp;p�1/ for

even p.

We now turn our attention to the family of torus knots T4;q for odd q > 4. We note that the bound, 2, that
Theorem 1.7(b) yields is no better than the one obtained by purely diagrammatic methods in Lemma 2.9.
However, we are able to get more mileage out of Theorem 1.1 than was used in Theorem 1.7(b) since we
need only obstruct the existence of Möbius bands (cf Remark 1.3).

Theorem 1.12 If q � 5 or 7 mod 8, then 
4.T4;q/D 2. Moreover , T4;q does not bound a Möbius band
for almost all q � 1 or 3 mod 8.

In Theorem 1.12, since q is relatively prime to 4, there are four cases to consider: q�1; 3; 5; 7 mod 8. The
cases q � 5; 7 mod 8 are easy to deal with: we first show that 
4.T4;q/� #.T4;q/D 2; and then we use
Theorem 1.1 to show that 
4.T4;q/D2. When q�1; 3 mod 8, we again have that 
4.T4;q/�#.T4;q/D2,
but the lower bound on 
4 given by Theorem 1.1 does not apply. Moreover, other existing lower bounds
involving knot invariants (see Sections 2 and 3.1) do not provide any additional information. At this
point, one might wonder whether Theorem 1.12 can be upgraded to 
4.T4;q/D 2 for all q � 1; 3 mod 8,
confirming Batson’s conjecture for the torus knots T4;q . It is known, however, that this is not the case —
as mentioned above, we have 
4.T4;9/D 1 [35] and 
4.T4;11/D 1 [46].

The issue with applying Theorem 1.1 and the other existing lower bounds is that these lower bounds all
use knot invariants (eg the Arf invariant, signature, upsilon invariant, etc) that are periodic modulo 2p
for Tp;q . Since 
4.Tp;1/D 
4.Tp;3/D 1 for any p, this periodic behavior implies that all of these lower
bounds on 
4.Tp;q/ are at most 1 for all q � 1 or 3 mod 2p. In particular we cannot use these lower
bounds to obstruct T4;q from bounding a Möbius band for q� 1 or 3 mod 8. Instead, to prove the second
statement of Theorem 1.12, we consider the linking form of the double cover of S3 branched over T4;q
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(and more generally branched over Tp;q for p even) and apply Theorem 1.13 below. We in fact prove
something stronger, namely that these torus knots do not even bound locally flat Möbius bands. This
gives us information about the topological nonorientable 4-ball genus 
 top

4 of T4;q . It is worth noting that
this obstruction does not work if p and q are both odd; in this case, the double cover of S3 branched
over Tp;q , which is the Brieskorn sphere †.2; p; q/, is an integral homology sphere (as opposed to a
rational homology sphere if p or q is even) and thus the linking form obstruction vanishes.

1.1 Obstructing Möbius bands in the topological category

For a knot K in S3, let 
 top
4 .K/ denote the minimal first Betti number of any locally flat nonorientable

surface in B4 bounding K; note that 
 top
4 .K/� 
4.K/ for any knot K. Gilmer and Livingston showed

in [18, Theorem D] that there exist knots K with 
 top
4 .K/D 1, but 
4.K/ > 1. They found these knots by

taking the connected sum of a topologically slice knot with a knot K satisfying 
 top
4 .K/D 
4.K/D 1. In

fact, the nonorientable 4-ball genus of topologically slice knots can be arbitrarily large; see Feller, Park
and Ray [15].

In [13, Theorem 1.3], Feller and Golla showed that 
 top
4 .T2n�1;2n/� n� 2 < n� 1D 
4.T2n�1;2n/ for

all n� 5; the latter equality is due to Batson [3]. Moreover, they provided new infinite families of knots
not bounding locally flat Möbius bands and were particularly interested in the question of whether there
exists a torus knot Tp;q with 
 top

4 .Tp;q/D 1 and 
4.Tp;q/ > 1. To the best of the authors’ knowledge, this
question still remains open.

In Section 5, using a bound of Murakami and Yasuhara [39, Theorem 2.5] we prove that torus knots which
bound locally flat Möbius bands are very rare: when p is even and 1

2
p is not a square, the set of odd

integers q satisfying 
 top
4 .Tp;q/D 1 has “zero density”. In particular, we prove the following theorem.

Theorem 1.13 Let p be a positive even integer such that 1
2
p is not a perfect square. Given a positive

integer N , consider the set SN;p D fn 2 Z j 1� n�N; gcd.p; n/D 1g. Then

lim
N!1

]fq 2 SN;p j Tp;q bounds a locally flat Möbius band in B4g
]SN;p

D 0:

Remark 1.14 The proof of Theorem 1.13 actually shows the following: if p is even and 1
2
p is not a

perfect square, then there exists an integer r , relatively prime to p, such that if q admits a prime factor s
with odd exponent in the prime factorization of q and s � r mod 2p, then Tp;q does not bound a locally
flat Möbius band in B4 (see Proposition 5.12). For example, if q� 1 or 3 mod 8 and q has a prime factor
s � 5 mod 8 such that the exponent of s in the prime factorization of q is odd, then T4;q does not bound
a locally flat Möbius band (see Example 5.11 for details). Notice that the smallest values of q satisfying
this condition are q D 35; 65; 91; 105. Thus T4;35, T4;65, T4;91, and T4;105 do not bound locally flat
Möbius bands; moreover, for any q� 1 or 3 mod 8 with q < 105 and q¤ 35; 65; 91, it remains unknown
whether the torus knot T4;q bounds a locally flat Möbius band.

Algebraic & Geometric Topology, Volume 25 (2025)
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1.2 New lower bound on the smooth nonorientable 4-ball genus

In the smooth category, our new lower bound (see Theorem 1.1) comes from a construction which
amalgamates involutive Heegaard Floer homology [24] and unoriented knot Floer homology [12]. Given
a knot K in S3, we construct a module over the ring F2ŒU;Q�=.Q2/, which we call the involutive
unoriented knot Floer homology HFKI0.K/. Using the structure of HFKI0.K/, we can define two
concordance invariants N� and � , which are the values at 1 of the involutive Upsilon invariants ‡ t and ‡ t
defined by Hogancamp and Livingston [25].

Although HFKI0 itself does not seem to satisfy the strong functoriality properties that Heegaard Floer
theory and its variants satisfy, we can still show that N� and � behave nicely under nonorientable cobordisms.
In particular, we have the following results, which can be seen as analogues of the oriented involutive
genus bound given by Juhász and Zemke in [32].

Theorem 1.15 LetK be a knot in S3 which bounds a smooth Möbius band inB4. Then N�.K/��.K/�1.

Theorem 1.16 For any knot K in S3, we have

N�.K/� �.K/� 
4.K/C 1;

�.K/� �.K/� 
4.K/C 1;

N�.K/� �.K/� 
4.K/C 2:

Here , �.K/ is the upsilon invariant defined by Ozsváth , Stipsicz and Szabó [41].

In Section 4, we will prove Theorems 1.15 and 1.16 and use them to derive Theorem 1.1.

1.3 Questions

Recall that a torus knot of the form T4;q bounds a Möbius band when q D 1; 3; 9; 11. Theorem 1.12
eliminates the cases q � 5; 7 mod 8 in the smooth category and tells us that the set of all q such that T4;q
bounds a locally flat Möbius band has zero density, but there can still be infinitely many q such that T4;q
bounds a Möbius band in either smooth or topological category (see Remark 1.14). Thus the following
question naturally arises.

Question 1 Does there exist an integer q … f1; 3; 9; 11g such that 
4.T4;q/D 1? If such an integer q
exists, then are there infinitely many such integers q?

Moreover, all known counterexamples to Batson’s conjecture are of the form Tp;q where p is even. No
example with p and q both odd is currently known. We thus ask the following question.

Question 2 Do there exist relatively prime odd integers p and q such that 
4.Tp;q/ < #.Tp;q/?

In the topological category, Theorem 1.13 tells us that for any even p with 1
2
p not a perfect square, Tp;q

does not bound a locally flat Möbius band for almost all q. However, this obstruction does not imply that

Algebraic & Geometric Topology, Volume 25 (2025)
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the set of q such that Tp;q bounds a locally flat Möbius band is finite. In addition, the case when 1
2
p is a

perfect square remains mysterious. Hence one can ask the following question; note that, when p is odd,

4.Tp;q/D #.Tp;q/D 1 whenever q �˙2 mod p [29, Proposition 1.6].

Question 3 Is there an even integer p � 4 such that Tp;q bounds a locally flat Möbius band in B4 for
infinitely many integers q?

Organization

This article is organized as follows. In Section 2, we recall some previously known results regarding lower
and upper bounds on the nonorientable 4-ball genus before proving Proposition 1.6 and Theorems 1.7
and 1.12 in Section 3. In Section 4, we develop a theory of involutive unoriented knot Floer homology
and prove Theorems 1.15, 1.16, and 1.1. Lastly, in Section 5, we compute the linking form of †.2; p; q/,
which is the branched double cover of S3 along Tp;q , when p is even, and use it to prove Theorem 1.13.
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2 Background on the nonorientable 4-ball genus

In this section, we give an overview of the lower and upper bounds on the nonorientable 4-ball genus
provided in the literature, including a review of pinch moves, the pinch number, and related computations.

2.1 Obstructions for the existence of smooth nonorientable surfaces

Even before the notion of nonorientable 4-ball genus was born, Viro [48] proved that the figure-eight
knot cannot bound a smoothly embedded Möbius band in B4 using Witt classes of intersection forms of
branched covers of B4 branched over nonorientable surfaces.

In [51], Yasuhara formulated an obstruction using the classical signature �.K/ and the Arf invariant
Arf.K/ of a knot K which can be stated as follows.

Lemma 2.1 [51, Proposition 5.1] Let K be a knot in S3 that bounds a smoothly embedded Möbius
band in B4. Then �.K/C 4Arf.K/� 0 or ˙2 mod 8.

Algebraic & Geometric Topology, Volume 25 (2025)
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Remark 2.2 By [34], the Arf invariant satisfies

Arf.K/D
�
0 if �K.�1/�˙1 mod 8;
1 if �K.�1/�˙3 mod 8:

For torus knots Tp;q with relatively prime positive integers p and q, it is given as follows. Without loss
of generality, we assume that q is odd. The determinant of Tp;q is then given as

det.Tp;q/D j�Tp;q
.�1/j D

�
1 if p is odd;
q if p is even;

so
Arf.Tp;q/D

�
0 if p is odd or q �˙1 mod 8;
1 if p is even and q �˙3 mod 8:

Along the same lines as Lemma 2.1, Gilmer and Livingston showed the following.

Lemma 2.3 [18, Theorem 10] Let K be a knot in S3 that bounds a smoothly embedded punctured
Klein bottle F in B4. If †2.B4; F /, the double branched cover of B4 branched over F , has a positive
definite intersection form , then �.K/C4Arf.K/� 0, 2 or 4 mod 8. Moreover , if †2.B4; F / is negative
definite , then �.K/C 4Arf.K/� 0, 4 or 6 mod 8.

It was an open question until work of Batson [3] whether 
4.K/� 3 for all knots K in S3. Batson found
a lower bound on 
4 using Heegaard Floer homology and used it to show that 
4.T2k;2k�1/D k� 1 for
all k � 1. His lower bound was the following.

Lemma 2.4 [3] For any knot K in S3, we have 1
2
�.K/� d.S3

�1.K// � 
4.K/, where d.S3
�1.K//

denotes the correction term by Ozsváth and Szabó [42] of the .�1/-surgery of S3 along K, equipped with
the unique Spinc structure.

Later, Ozsváth, Stipsicz and Szabó defined an additive concordance invariant �.K/ for any knot K in S3

using the Heegaard Floer knot complex [41] and proved the following bound.

Lemma 2.5 [41, Theorem 1.2] For any knot K in S3, we have
ˇ̌
�.K/� 1

2
�.K/

ˇ̌
� 
4.K/.

Using this lower bound, they reproved Batson’s result that the nonorientable 4-ball genus of a knot can
be arbitrarily large by showing that 
4.#nT3;4/D n for all n� 1 [41, Corollary 1.4].

There are now several lower bounds on 
4 that look similar to that given in Lemma 2.5. First, Golla and
Marengon [19] showed that 
4.K/� 1

2
�.K/�minm�0fmC 2Vm.K/g for any knot K in S3, where K

denotes the mirror of K and fVigi are the concordance invariants explored in [40] (and originally defined
in [44]). This bound agrees with the bound in Lemma 2.5 for alternating knots and L-space knots, in
particular for torus knots. In addition, Daemi and Scaduto [9] and Ballinger [2] defined invariants hs
and t in gauge theory and Khovanov homology, respectively, from which similar inequalities can be
obtained. Again, for many knots, including alternating knots and torus knots, these bounds are not better
than the one from Lemma 2.5. Shortly after, Allen showed the following.

Algebraic & Geometric Topology, Volume 25 (2025)



On the nonorientable four-ball genus of torus knots 2217

Lemma 2.6 [1, Proposition 6.5] Let K be a knot in S3 with �.K/ < 2�.K/ such that the double
branched cover of S 3 along K , denoted by †2.S3; K/, is an integer homology 3-sphere and ı.K/ < 0,
where ı.K/ is a concordance invariant defined by Manolescu and Owens [37]. Then

�.K/� 1
2
�.K/C 1� 
4.K/:

It is well known that the double cover of S3 branched along the torus knot Tp;q is the Brieskorn sphere
†.2; p; q/, which is a homology sphere if and only if p and q are both odd. Therefore, Allen’s lower
bound does not apply to the infinite families of torus knots in Theorems 1.7 and 1.12.

Finally, given a knot K, one can obstruct the existence of a Möbius band bounded by K (or possibly
nonorientable surfaces with higher first Betti number) by computing Frøyshov’s h-invariant of †2.S3; K/
and appealing to [16, Theorem 3] or by using Donaldson’s diagonalization theorem as in [27]. Because
the latter method has been used recently to help calculate the nonorientable 4-ball genus of all knots with
8 or 9 crossings in [27] and of all knots with 10 crossings in [17], we will highlight this strategy.

The idea is as follows. Suppose K bounds a Möbius band M and that the double cover of B4 branched
along M —†2.B

4;M/— is positive (resp. negative) definite. Suppose moreover that the double cover
of S3 branched along K—†2.S

3; K/— bounds a negative (resp. positive) definite 4-manifold X . Then
the closed 4-manifold X [†2.S3;K/ .�†2.B

4;M// is negative (resp. positive) definite. By Donaldson’s
diagonalization theorem [11], there exists a lattice embedding .H2.X/;QX /! .Zrank.H2.X//C1;�I /.
If one can show that there is no such embedding, then it follows that K does not bound a Möbius
band. See [27] for details. The downside to this obstruction is that it relies on finding a suitable definite
4-manifold bounded by †2.S3; K/. The more complicated the knot in question, the more nontrivial it
can be to find such a definite 4-manifold and, indeed, such definite 4-manifolds need not exist.

2.2 Obstructions for the existence of topologically locally flat nonorientable surfaces

Given a knot K in S3, recall that 
 top
4 .K/ is the minimal first Betti number of locally flat nonorientable

surfaces in B4 bounded by K. Murakami and Yasuhara [39] proved the following lower bound in this
category.

Lemma 2.7 [39, Theorem 2.5] Suppose that a knot K in S3 bounds a locally flat null-homologous
nonorientable surface of first Betti number g in a compact 4-manifold W bounding S3withH1.W IZ/D0.
Then the linking form � on H1.†2.S3; K/IZ/ splits into a direct sum .G1; �1/˚ .G2; �2/, where the
following conditions are satisfied :

� There exists a square matrix V with integer entries , whose size is 2b2.W /Cg and whose determi-
nant is ˙jG1j, such that �1 is presented by �V �1.

� �2 is metabolic.

Using this lower bound, Gilmer and Livingston [18] were able to prove that there exist knots with 
 top
4 � 3.

Feller and Golla [13, Proposition 1.4] used it to show that if p > 0 with p � 5 mod 8, then Tp;p˙1 does
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not bound a locally flat Möbius band in B4. Moreover, by [13, Proposition 5.6], for each odd prime p and
each choice of sign, there are infinitely many positive integers k such that the knot T2p;2kp˙1 does not
bound a locally flat Möbius band in B4. To the best of the authors’ knowledge, it is unknown whether 
 top

4

can be arbitrarily large.

2.3 Pinch moves and the pinch number

Consider the torus as a square with opposite edges identified. Then the torus knot Tp;q can be represented
by the collection of parallel strands in the square with slope p=q. A pinch move is a nonorientable band
move obtained by attaching an untwisted band between two adjacent strands of Tp;q . The resulting knot
still lies in the torus and is thus a torus knot, which in fact does not depend on the adjacent strands to
which we choose to attach the band. A formula for the resulting torus knot was first provided in [3] and
proved in [29].

Lemma 2.8 [3; 29, Lemma 2.1] Let p and q be relatively prime positive integers and consider a
diagram of the torus knot Tp;q on the flat torus. After applying a pinch move to Tp;q , the resulting torus
knot (up to orientation) is T .jp� 2t j; jq� 2hj/, where t and h are the integers uniquely determined by
the requirements

t ��q�1 mod p and t 2 f0; : : : ; p� 1g;

h� p�1 mod q and h 2 f0; : : : ; q� 1g:

Suppose performing a pinch move on Tp;q yields Tr;s . This pinch move can either be positive or negative;
it is called positive if rq � sp > 0 and negative if rq � sp < 0 (cf [29, Lemma 2.4]). Note that since
Tp;q D Tq;p and Tr;s D Ts;r , performing a pinch move on Tq;p yields Ts;r . Further note that the sign of
a pinch move depends on the order of p and q; that is, the sign of the pinch move performed on Tp;q
yielding Tr;s is opposite of the sign of the pinch move performed on Tq;p yielding Ts;r . Finally, the
pinch number of Tp;q , which we denote by #.Tp;q/, is the minimal number of pinch moves needed to
turn Tp;q into the unknot (which is equivalent to the first Betti number of the nonorientable surface Fp;q
constructed by Batson [3] discussed in the introduction). Using Lemma 2.8, we can prove the following
result, which we will use later.

Lemma 2.9 Let p � 2 and k � 1. Performing a pinch move on the torus knot Tp;kp˙1 yields the torus
knot Tp�2;k.p�2/˙1.2 Consequently,

#.Tp;kp˙1/D

8̂<̂
:
1
2
.p� 1/ if p is odd;
1
2
p if p is even and kp˙ 1¤ p� 1;
1
2
.p� 2/ if p is even and kp˙ 1D p� 1:

2When p D 2 and k D 1, this formula gives T0;�1. However (as the proof shows), Lemma 2.8 yields T0;1. Since T0;1 and
T0;�1 are isotopic to the unknot, we find it convenient to eliminate the use of absolute values, writing Tp�2;k.p�2/˙1 instead of
Tjp�2j;jk.p�2/˙1j
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Moreover , the pinch move performed on Tp;kpC1 is negative , and the pinch move performed on Tp;kp�1
is positive if p > 2 and negative if p D 2.

Proof We perform a pinch move on Tp;kp˙1 with p and k as in the statement of the lemma. Set t Dp�1
and hD k.p� 1/C 1. Then

t .kpC 1/D kp2Cp� kp� 1��1 mod p;

hp D p.kpC 1/� kp � 1 mod kpC 1:

Now since jp�2t j D p�2 and jkpC1�2hj D k.p�2/C1, Lemma 2.8 shows that performing a pinch
move on Tp;kpC1 yields Tp�2;k.p�2/C1. Moreover, this pinch move is clearly negative.

Next let t D 1 and hD k. Then
t .kp� 1/��1 mod p;

hp D kp � 1 mod kp� 1:

Note that jp� 2t j D p� 2 for all p; jkp� 1� 2hj D k.p� 2/� 1 for all p � 3; and jkp� 1� 2hj D 1
when p D 2. Thus Lemma 2.8 shows that performing a pinch move on Tp;kp�1 yields Tp�2;k.p�2/�1
when p � 3 and T0;1 when p D 2. Moreover, this pinch move is clearly positive if p > 2 and negative
if p D 2.

Now, if p is odd, then by performing 1
2
.p�1/ pinch moves to Tp;kp˙1, we obtain the torus knot T1;k˙1,

which bounds a disk; thus #.Tp;kp˙1/D 1
2
.p� 1/. If p is even and kp˙ 1¤ p� 1, then by performing

1
2
.p� 2/ pinch moves to Tp;kp˙1, we obtain the torus knot T2;2k˙1, which bounds a Möbius band; thus
#.Tp;kp˙1/D

1
2
p. If p is even and kp˙1D p�1, then by performing 1

2
.p�2/ pinch moves to Tp;p�1,

we obtain the torus knot T2;1, which bounds a disk; thus #.Tp;p�2/D 1
2
.p� 2/.

It was conjectured in [3] that 
4.Tp;q/D #.Tp;q/. This conjecture is clearly true in some basic cases, as
it is not hard to observe that 
4.T2;q/D 1D #.T2;q/ for all odd q and 
4.T3;q/D 1D #.T3;q/ for all q
relatively prime to 3. Jabuka and van Cott [29] studied Batson’s conjecture and showed that it is true for
several infinite families of torus knots, using pinch moves and the lower bound from Lemma 2.5. Their
main result is the following.

Theorem 2.10 [29, Theorem 1.10 and Corollary 1.11] Let p; q > 1 be relatively prime integers and
suppose that q is odd. Suppose further that there is a sequence of n� 1 pinch moves Tpi ;qi

! Tpi�1;qi�1

starting at Tp;q D Tpn;qn
and ending at the unknot Tp0;1 with p0 � 0 for integers pi ; qi � 1, i 2 f1; : : : ; ng.

For all i 2 f1; : : : ; ng, let "i 2 f˙1g be C1 if the pinch move Tpi ;qi
! Tpi�1;qi�1

is positive and �1
otherwise. For all i 2 f1; : : : ; n� 1g, mi D .piC1C "i"iC1pi�1/=pi is an even integer.

(a) Let p be odd and p > q. If q1 � "1 mod 4 and mi � 2 mod 4 for all i 2 f1; : : : ; n� 1g, then

4.Tp;q/D n.

(b) Let p be even. If "i D 1 for all i 2 f1; : : : ; ng, then 
4.Tp;q/D n.

In both cases , 
4.Tp;q/D #.Tp;q/D n.
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Theorem 2.10 heavily relies on the lower bound
ˇ̌
� � 1

2
�
ˇ̌

on 
4 provided by Ozsváth, Stipsicz and Szabó
(see Lemma 2.5). In fact, Jabuka and Van Cott give formulas for this lower bound for all torus knots Tp;q
in terms of the integers pi , qi , "i and mi from Theorem 2.10; see [29, Theorems 1.7 and 1.8]. Using
these formulas along with Lemma 2.9 and Theorem 2.10, one can prove the following.

Corollary 2.11 (a) If p is odd and q � pC 1 or 2p� 1 mod 2p, then 
4.Tp;q/D 1
2
.p� 1/.

(b) If p is even and q � p� 1 or 2p� 1 mod 2p, then 
4.Tp;q/ 2
˚
1
2
.p� 2/; 1

2
p
	
.

As mentioned in the introduction, Lobb [35] disproved Batson’s conjecture by showing that 
4.T4;9/D 1,
while #.T4;9/D 2. This was achieved by finding a nonorientable band move from T4;9 to the Stevedore
knot, which is slice. Generalizing his approach, an infinite family of counterexamples was given by
Longo [36].

Theorem 2.12 [36] For n� 2, we have #.T4n;.2n˙1/2/D 2n, while 
4.T4n;.2n˙1/2/� 2n� 1.

In her masters thesis, Tairi [46] gave another infinite family of counterexamples to Batson’s conjecture.

Theorem 2.13 [46] (a) #.T4;11/D 2, while 
4.T4;11/D 1.

(b) Let n�0 and m�2. Then #.T4nC2mC2;10nC6mC5/DmC1, while 
4.T4nC2mC2;10nC6mC5/Dm.

As in Lobb’s proof that T4;9 bounds a Möbius band, Tairi’s proof that T4;11 bounds a Möbius band relies
on finding a nonorientable band move from T4;11 to the Stevedore knot. To show that the torus knot
T4nC2mC2;10nC6mC5 bounds a nonorientable surface F with g.F /Dm, Tairi shows that performing
m� 1 pinch moves turns T4nC2mC2;10nC6mC5 into T4;11, which satisfies 
4.T4;11/D 1.

Using this idea, one can start with any torus knot whose nonorientable 4-ball genus is strictly less than its
pinch number and create an infinite family of such torus knots by reversing the pinch move operation. For
each of Longo’s torus knots in Theorem 2.12, we can then produce an infinite family of such torus knots.

Proposition 2.14 For all n� 2 and k � 0,

#.T4nC2k;.4nC2k/.n˙1/C1/D 2nC k; while 
4.T4nC2k;.4nC2k/.n˙1/C1/� 2nC k� 1:

Proof By repeatedly applying Lemma 2.9, performing k pinch moves on T4nC2k;.4nC2k/.n˙1/C1
yields the torus knot T4n;4n.n˙1/C1 D T4n;.2n˙1/2 . By Theorem 2.12, #.T4n;.2n˙1/2/ D 2n and

4.T4n;.2n˙1/2/� 2n� 1. Consequently,

#.T4nC2k;.4nC2k/.n˙1/C1/D 2nC k and 
4.T4nC2k;.4nC2k/.n˙1/C1/� 2nC k� 1:

In Section 3, we will see that when n is even, 
4.T4nC2k;.4nC2k/.n˙1/C1/D 2nC k� 1. In particular,
for k D 0, this shows that half of Longo’s examples in Theorem 2.12 satisfy


4.T4nC2k;.4nC2k/.n˙1/C1/D #.T4nC2k;.4nC2k/.n˙1/C1/� 1:
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3 Calculations: Proofs of Proposition 1.6 and Theorems 1.7 and 1.12

In this section, we prove Proposition 1.6 and Theorems 1.7 and 1.12. In particular, we use Lemma 2.9 to
find upper bounds on 
4 for these families and Theorem 1.1 to find lower bounds.

3.1 The family T4;q

By Lemma 2.9, #.T4;q/D 2 for all q � 5. Thus we have an obvious upper bound 
4.T4;q/� 2 for all q.
Now, from the formula

t3n�T4;2nC1
.t/D

.t8nC4� 1/.t � 1/

.t4� 1/.t2nC1� 1/

D
.t2nC1C 1/.t4nC2C 1/

.t C 1/.t2C 1/
D

� 2nX
kD0

.�t /k
�� 2nX

kD0

.�t2/k
�
;

we see that

�T4;2nC1
.t/D

6nX
kD0

akt
k�3n;

where
a0 D 1; a6n D 1; a3nC1 D 0;

a3n D

(
.�1/3n=2 1C.�1/

n

2
if n is even;

.�1/.3nC1/=2 1C.�1/
.n�1/=2

2
if n is odd;

a3nC2 D

(
.�1/.3nC2/=2 1C.�1/

n

2
if n is even;

.�1/.3nC3/=2 1C.�1/
.n�1/=2

2
if n is odd:

Thus,

�T4;2nC1
.t/D

�
t�3n� � � � � 1C t2C � � �C t3n if n� 2 or 3 mod 4;
t�3n� � � �C 1� t2C � � �C t3n if n� 0 or 1 mod 4:

Hence, applying Theorem 1.1 gives 
4.T4;q/D 2 for all q � 5; 7 mod 8.

On the other hand, Theorem 1.1 cannot be applied to T4;q when q � 1 or 3 mod 8. However, the
obstruction from the linking form on the first homology of the double cover of T4;q from Lemma 2.7 does
obstruct T4;q from bounding a Möbius band for infinitely many q � 1 or 3 mod 8. In fact, Theorem 1.13
(proved in Section 4) implies that

lim
n!1

Pn
kD1 


top
4 .T4;8kC1/

n
D lim
n!1

Pn
kD1 


top
4 .T4;8kC3/

n
D 2:

This means that Batson’s conjecture is also true for torus knots of the form T4;8kC1 and T4;8kC3 for
almost all k � 0. As mentioned in Remark 1.14, we can explicitly find values of q � 1 or 3 mod 8 such
that T4;q does not bound a locally flat Möbius band. See Example 5.11 for details.
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It is worth noting here that Theorem 1.1 gives a sharper lower bound than the other known lower bounds
detailed in Section 2 when q� 5 or 7 mod 8. Using the recursive formulas for �.Tp;q/ [22], �.Tp;q/ [14],
and d.S3

�1.T�p;q// [3], and the formula in Remark 2.2, we see that

�.T4;q/D

�
�2.q� 1/ if q � 1 mod 4;
�2q if q � 3 mod 4;

�.T .4; q//D�.q� 1/ for all odd q;

d.S3�1.T�4;q//D

8̂̂̂<̂
ˆ̂:
q� 1 if q � 1 mod 8;
q� 1 if q � 3 mod 8;
qC 1 if q � 5 mod 8;
qC 1 if q � 7 mod 8;

Arf.T4;q/D
�
0 if q � 1; 7 mod 8;
1 if q � 3; 5 mod 8:

It follows that

.� C 4Arf/.T4;q/ mod 8D

8̂̂̂<̂
ˆ̂:
0 if q � 1 mod 8;
2 if q � 3 mod 8;
4 if q � 5 mod 8;
6 if q � 7 mod 8;ˇ̌�

� � 1
2
�
�
.T .4; q//

ˇ̌
D

�
0 if q � 1 mod 4;
1 if q � 3 mod 4;

1
2
�.T�4;q/� d.S

3
�1.T�4;q//D

8̂̂̂<̂
ˆ̂:
0 if q � 1 mod 8;
1 if q � 3 mod 8;
�2 if q � 5 mod 8;
�1 if q � 7 mod 8:

We can see that Lemma 2.1 only applies when q�5 mod 8 and the lower bound
ˇ̌
1
2
���

ˇ̌
from Lemma 2.5

does not give as sharp a lower bound as Theorem 1.1 when q � 5; 7 mod 8. Consequently, the lower
bounds due to Golla and Marengon, Ballinger, and Daemi and Scaduto mentioned in Section 2 are not as
sharp either. Notice that Batson’s lower bound (from Lemma 2.4) shows that

1
2
�.T�p;q/� d.S

3
�1.T�p;q//� 
4.T�p;q/D 
4.Tp;q/

(since T�p;q bounds a nonorientable surface of first Betti number g if and only if Tp;q bounds a nonori-
entable surface of first Betti number g). Therefore, Batson’s lower bound is also not as sharp as Theorem 1.1
when q � 5; 7 mod 8. Meanwhile, Allen’s bound from Lemma 2.6 does not apply since the double cover
of S3 branched over T4;q is not an integral homology sphere. Finally, the obstruction from Lemma 2.7
applies to the cases q� 5 or 7 mod 8 in the same way as it applies to the cases q� 1 or 3 mod 8; however,
it does not obstruct every such torus knot from bounding a Möbius band (see Example 5.11 for details).

We finally mention that the techniques of [27] can be used to show that T4;q does not bound a Möbius band
for all q � 5 or 7 mod 8, although it requires considerable more work than simply applying Theorem 1.1.
To use this obstruction, one must first locate certain definite 4-manifolds bounded by the double branched
cover along T4;q and then obstruct the existence of certain lattice embeddings given by Donaldson’s
diagonalization theorem [11].
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3.2 A detour: Semigroups and the Alexander polynomial

To apply Theorem 1.1, one must compute the Alexander polynomial. Such computations are often tedious,
especially when considering infinite families of knots. To help with these calculations we exploit a
relationship between the Alexander polynomial of torus knots (or in general, algebraic knots) and certain
subsemigroups of Z�0.

Recall that a knot K is an L-space knot if it admits a positive Dehn surgery which is an L-space; see
[43, Definition 1.1] for the definition of an L-space. It is proven in [43, Theorem 1.2] that when K is an
L-space knot, the Alexander polynomial of K takes the form

(3-1) �K.t/D .�1/
m
C

mX
iD1

.�1/m�i .tni C t�ni /

for some sequence of positive integers 0 < n1 < � � �< nm D g.K/.

The formal semigroup of an L-space knot K, defined in [50, Section 2.1] (see also [4]), is the subset
SK � Z�0 satisfying the following equation in ZŒŒt; t�1��:

(3-2) tdeg�K ��K.t/D .1� t / �

� X
i2SK

t i
�
:

Recall that a knot K is an algebraic knot if it arises as a knot associated to a plane curve singularity
in C2. It is known that algebraic knots are L-space knots [23] and that the formal semigroup SK of
an algebraic knot K is an actual semigroup and it agrees with the traditionally defined semigroup for
algebraic knots [49]. Torus knots are algebraic knots because they are precisely the knots associated to
the singularity zp�wq D 0 for z; w 2C. Therefore, each torus knot gives rise to a semigroup. Moreover,
it is well known that the semigroup for Tp;q is STp;q

D pZ�0CqZ�0 (see eg [6]) and that the Alexander
polynomial of Tp;q is the Laurent polynomial given by

�Tp;q
.t/D t�.p�1/.q�1/=2 �

.t � 1/.tpq � 1/

.tp � 1/.tq � 1/
;

which has degree 1
2
.p� 1/.q� 1/.

Example 3.1 Consider the torus knot K D T3;5. Its Alexander polynomial is given by

�K.x/
:
D x�4 �

.x� 1/.x15� 1/

.x3� 1/.x5� 1/
D x�4� x�3C x�1� 1C x� x3C x4:

On the other hand, the semigroup generated by 3 and 5 is given by

h3; 5i D f0; 3; 5; 6g[Z�8:

This matches the equality given by (3-2):

x4.x�4� x�3C x�1� 1C x� x3C x4/D 1� xC x3� x4C x5� x7C x8

D .1� x/

�
1C x3C x5C x6C

1X
iD8

xi
�
:
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Since algebraic knots are L-space knots, their Alexander polynomials are as in (3-1). Coupling this
with (3-2), we have the following lemma, which was also stated (and proven) in a slightly different way
in [5].

Lemma 3.2 [5, Proposition 3.8] Let K be an algebraic knot whose Alexander polynomial has leading
terms td and t�d . Then , for any integer i , the coefficient of the term t i of �K.t/ is 1 if d C i � 1 … SK
and d C i 2 SK , �1 if d C i � 1 2 SK and d C i … SK , and 0 if d C i � 1 and d C i are either both
contained in SK or both not contained in SK .

3.3 The family Tp;.2kC1/p�1, where p is odd

We now prove the first statement of Theorem 1.7(a) (the second statement of Theorem 1.7(a) is due to
Corollary 2.11). Suppose p is odd and let q � p� 1 mod 2p. Set q D 2kpC .p� 1/D .2kC 1/p� 1.
Notice that by Lemma 2.9, #.Tp;.2kC1/p�1/D 1

2
.p� 1/ and so 
4.Tp;.2kC1/p�1/� 1

2
.p� 1/.

Consider the semigroup SK for the torus knot K D Tp;.2kC1/p�1, which is generated by p and
.2kC 1/p� 1. The degree of the Alexander polynomial �K of K is d D 1

2
.p� 1/..2kC 1/p� 2/. We

first claim that d C i … SK for all 0 � i � 1
2
.p� 3/. Suppose otherwise. Then there exist nonnegative

integers a and b satisfying

apC b..2kC 1/p� 1/D
.p� 1/..2kC 1/p� 2/

2
C i:

Solving for a, we find

aD
.p� 1/.2kC 1/p� 2p� 2b.2kC 1/p

2p
C
1C i C b

p
:

Since p is odd and a 2 Z, we necessarily have that 1C i C b D ˛p for some integer ˛. Since b � 0, we
have that b D ˛p� i � 1� 0, implying that ˛ � 1. Therefore,

aD
.p� 1/.2kC 1/p� 2p� 2.˛p� i � 1/.2kC 1/pC 2˛p

2p

D
�2˛p..2kC 1/p� 1/C .2kC 1/p.p� 1C 2.i C 1//� 2p

2p

�
.2kC 1/p.�2pC 2i CpC 1/

2p
�
�2p.2kC 1/

2p
< 0

using i � 1
2
.p� 3/ in the second-to-last inequality, which contradicts the assumption that a � 0. Thus

dCi …SK for all 0� i � 1
2
.p�3/. It follows from Lemma 3.2 that since the constant term of the Alexander

polynomial is nonzero and d … SK , the constant term of the Alexander polynomial is �1. Moreover, since
d C i … SK for all 0� i � 1

2
.p�3/, we can further deduce by Lemma 3.2 that the first nontrivial term of

positive degree in �K has exponent at least 1
2
.p� 1/. Finally, setting aD 0 and b D 1

2
.p� 1/, we have

that apC b..2kC 1/p� 1/D 1
2
..2kC 1/p� 1/.p� 1/D d C 1

2
.p� 1/. Therefore, d C 1

2
.p� 1/ 2 SK .

By Lemma 3.2, the first nontrivial term of positive degree in �K has exponent 1
2
.p�1/. By Theorem 1.1,


4.Tp;.2kC1/p�1/�
1
2
.p� 3/. Thus we have shown 
4.Tp;.2kC1/p�1/ 2

˚
1
2
.p� 3/; 1

2
.p� 1/

	
.
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3.4 The family Tp;.2kC1/pC1, where p is even

Finally, we prove the middle case of Theorem 1.7(b) (the other cases of Theorem 1.7(b) are due to
Corollary 2.11). Let q � p C 1 mod 2p. Set q D 2kp C p C 1 D .2k C 1/p C 1. By Lemma 2.9,
#.Tp;.2kC1/pC1/D

1
2
p and thus 
4.Tp;.2kC1/pC1/� 1

2
p.

As above, let SK denote the semigroup for Tp;.2kC1/pC1, which is generated by p and .2kC 1/pC 1.
We claim that d C i … SK for all 0� i � 1

2
.p� 2/, where d D 1

2
.p� 1/.2kC 1/p is the degree of the

Alexander polynomial. Indeed, if there exist nonnegative integers a and b satisfying

apC b..2kC 1/pC 1/D d C i;

then
aD

.p� 1/.2kC 1/

2
� b.2kC 1/C

i � b

p
:

Since p is even and a 2Z, i�b
p=2

must be odd. Thus i � b D ˛p
2

, where ˛ is an odd integer. Consequently,

0� b D i �˛
p

2
� �

˛� 1

2
p� 1

(using i � 1
2
.p� 2/) and so ˛ � �1 (using that ˛ is odd). Thus,

aD
.p� 1/.2kC 1/

2
� b.2kC 1/C

i � b

p

D
2kC 1

2

�
p� 1� 2

�
i �˛

p

2

��
„ ƒ‚ …
Dp.˛C1/�.2iC1/

C
˛

2
� �

.2i C 1/.2kC 1/

2
< 0;

contradicting the assumption that a � 0. Moreover, setting aD 1
2
.p� 1/.2kC 1/C 1 and b D 0, we see

that apC b..2kC 1/pC 1/D d C 1
2
p 2 SK . Now arguing as in Section 3.3, we have that the Alexander

polynomial of K has constant term �1 and the first nontrivial term of positive degree has exponent 1
2
p.

Thus by Theorem 1.1, 
4.Tp;.2kC1/p�1/� 1
2
.p� 2/.

3.5 The family T4nC2k;.4nC2k/.n˙1/C1

Finally, we finish the proof of Proposition 1.6. Notice that since n is even, the torus knots in this
family are contained in the set of torus knots considered in Section 3.4 (cf Remark 1.8). Thus we have

4.T4nC2k;.4nC2k/.n˙1/C1/ 2 f2nC k� 1; 2nC kg. Now, by Proposition 2.14,


4.T4nC2k;.4nC2k/.n˙1/C1/D 2nC k� 1:

Remark 3.3 By Lemma 2.9, all of the pinch moves used for the Tp;.2kC1/pC1 family in Section 3.4
are negative; since p is even, [29, Theorem 1.8] tells us that the lower bound given by Lemma 2.5 is 0.
Similarly, by Lemma 2.9, all of the pinch moves used for the Tp;.2kC1/p�1 family in Section 3.3 are
positive. However, since .2kC 1/p � 1 is even, to apply [29, Theorem 1.8], we reverse the role of p
and .2k C 1/p � 1 so that all pinch moves are negative. By doing so we find that the lower bound
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given by Lemma 2.5 is 0. Finally, one can see that the lower bound in Lemma 2.4 is, in general, not as
sharp as Theorem 1.1 for these families (eg for T8;9, the lower bound given by Lemma 2.4 is �4). Thus
Theorem 1.1 gives a much sharper lower bound than the existing lower bounds discussed in Section 2.

4 Involutive obstruction and genus bounds from the unoriented link Floer
TQFT

In this section, we will prove Theorems 1.15, 1.16, and 1.1. We begin by briefly recalling Fan’s disoriented
link Floer TQFT, as defined in [12]. Although Fan’s TQFT accounts for nonorientable cobordisms between
links in S3, there are a number of restrictions of which one should be aware.

Definition 4.1 A disoriented link (in S3) is a quadruple L D .L;p; q; l/ where L is a link in S3, p
and q are finite subsets of L satisfying p\q D∅, such that points in p and points in q appear alternately
on each component of L, and L n .p[ q/ consists of 2n arcs l D fl1; : : : ; l2ng for some integer n.

Remark 4.2 For simplicity, we will occasionally refer to a disoriented link L D .L;p; q; l/ and its
underlying link L interchangeably.

Given a disoriented link L D .L;p; q; l/, where p D fp1; : : : ; png and q D fq1; : : : ; qng, choose any
orientation on L. Viewing the points p and q on L as z-basepoints and w-basepoints respectively gives
the link Floer chain complex CFL.S3;L/ a structure of a curved complex of modules over the ring
F2ŒU1; : : : ; Un; V1; : : : ; Vn�, as shown in [53]. The curvature of this complex is given by the formula

@2CFL.S3;L/
D

X
K2�0.L/

UpK;1
VqK;1

CVqK;1
UpK;2

C � � �CVqK;t
UpK;1

;

where the points of p and q on a component K are labeled pK;1; qK;1; : : : ; pK;t ; qK;t as one travels
along L with the chosen orientation. Consider the truncation of CFL.S3;L/ by identifying all of the
variables Ui and Vi with a single formal variable U , and denote the resulting complex by CFL0.S3;L/.
Then the curvature vanishes and thus CFL0.S3;L/ is a chain complex over the ring F2ŒU �.

Note that CFL.S3;L/ is endowed with two gradings grp and grq . The truncation is not compatible with
this bigrading, and we only get a single grading, called the (normalized) ı-grading, which is given by
ı D 1

2
.�.L/C grp C grq/. Note that unlike in the setting of CFL.S3;L/, U lowers the normalized ı

grading by 1. The resulting ı-graded chain complex CFL0.S3;L/ is called the unoriented link Floer
chain complex of L and its homology is called the unoriented link Floer homology. When L is a knot,
we write CFK0 instead of CFL0 and similarly CFK for CFL.

Definition 4.3 A disoriented link cobordism (in S3�I ) between disoriented links L1D .L1;p1; q1; l1/

and L2 D .L2;p2; q2; l2/ is a pair FD .F; a/ where F is a smoothly embedded surface in S3 � I such
that @F D .L1�f0g/[.L2�f1g/ and a is an oriented 1-manifold which is properly embedded in .F; @F /
such that F n a is orientable and @aD q1�p1Cp2� q2.
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The main theorem of [12] is as follows. Note that, while the theorem is originally stated on the level of
homology, one can observe directly from its proof that it actually holds on chain level up to (a possibly
nonunique) chain homotopy. Slightly more specifically, the map FS is constructed by decomposing the
disoriented link cobordism into a composition of four types of elementary disoriented link cobordisms [12,
Chapter 2] to each component of which one assigns a ı-grading preserving F2ŒU �-module map. Different
decompositions into elementary cobordisms are related by a collection of moves (see [12, Section 7.1]),
each of which preserves the filtered chain homotopy class — see Step 6 in the proof of [12, Theorem 1.3.1].

Theorem 4.4 [12, Theorem 1.3.1] Let S be a disoriented link cobordism between (disoriented ) links
L1 and L2. Then there is a ı-grading-preserving F2ŒU �-module map

FS W CFL0.S3; L1/! CFL0.S3; L2/;

called the cobordism map induced by S , whose chain homotopy class depends only on the isotopy class
of S , as a disoriented link cobordism. This map is functorial in the following sense: if S1 and S2 are
disoriented link cobordisms between L1 and L2 and between L2 and L3, respectively, then we have
functoriality up to chain homotopy:

FS2ıS1
� FS2

ıFS1
:

Remark 4.5 For oriented link cobordisms, the notion of disoriented cobordism is equivalent to the notion
of decorated cobordism in [30; 53]. This equivalence is a little subtle. The decoration in a decorated
cobordism with underlying surface † is an embedded 1-manifold in † whose boundary is required to be
disjoint from the basepoints on the link. On the other hand, we have that the decoration in a disoriented
cobordism is required to coincide with the basepoints on the link. Nevertheless, there is a notion of
compatibility between disoriented and decorated orientable link cobordisms [20, Remark 4.14] and it is
known that the cobordism maps from Zemke’s oriented link Floer TQFT induce the cobordism maps
from Fan’s unoriented link Floer TQFT under truncation for appropriate compatible cobordisms [20,
Remark 4.15].

For later use, we will give some trivial examples of disoriented cobordisms for which Fan’s cobordism
maps can be easily computed.

Example 4.6 Consider the unknot U , made into a disoriented knot U by choosing one p point and
one q point. Performing a nonorientable band move on U with normal Euler number ˙1 gives two
nonorientable cobordisms S˙ from U to U. From the ı-grading shift formula (see [12, Proposition 7.2.5]),
we see that the grading shifts of FSC and FS� are 0 and �1, respectively. Now, from the fact that the
cobordism maps FS˙ induced by S˙ become quasi-isomorphisms after localizing by U�1 (which follows
directly from [20, Proposition 5.4]), we get

FSC D id and FS� D U � id:
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In this section, we will use not only (disoriented) cobordisms in S3� I , but also cobordisms in B4. They
can be seen as disoriented cobordisms from a nontrivial link to the empty link, or from the empty link to
a nontrivial link. To define cobordism maps for such cobordisms, given a disoriented cobordism .S; a/

in B4, we choose any p in the interior of a and its sufficiently small neighborhood N.p/ in B4, so that
S \N.p/ is a boundary-parallel disk in B4 and a \N.p/ is a properly embedded arc on S \N.p/.
We then consider .S nN.p/; a nN.p//, which is now a disoriented cobordism in S3 � I , from some
disoriented link L to the unknot. Then the map F.S;a/ induced by .S; a/ can be naturally defined as the
disoriented cobordism map F.SnN.p/;anN.p// induced by the punctured cobordism .S nN.p/; a nN.p//

by Theorem 4.4. We can similarly define the opposite-direction cobordism map F.�S;a/. Note that this
definition is compatible with the birth/death maps of unknots in Zemke’s oriented link Floer TQFT.

Proposition 4.7 For any disoriented cobordism .S; a/ in B4, the chain homotopy class of the map F.S;a/
depends only the isotopy class of .S; a/. The same statement also holds for .�S; a/.

Proof Choose any two points p and q in the interior of a and choose sufficiently small neighborhoods
N.p/ and N.q/ of p and q, respectively, so that N.p/ \ N.q/ D ∅ and S \ N.p/. We claim that
F.SnN.p/;anN.p// D F.SnN.q/;anN.q//; the desired result follows directly from this claim. To prove
the claim, we first observe that the case when S is orientable is already covered by Remark 4.5. In
the general case when S can be nonorientable, choose any smoothly embedded ball B � B4 such
that N.p/[N.q/ � B , S \B is orientable, and @B intersects transversely with both S and a. Since
.S nB; a nB/ and .S \ .B nN.p//; a\ .B nN.p/// are disoriented cobordisms in S3 � I , we have

F.SnN.p/;anN.p// ' F.SnB;anB/ ıF.S\.BnN.p//;a\.BnN.p// ' F.SnB;anB/ ıF.S\B;a\B/:

Similarly, we also have F.SnN.q/;anN.q// ' F.S\B;a\B/. The claim follows.

We now introduce involutive knot Floer homology. Given an oriented knot K in S3, we can represent it
as a doubly pointed Heegaard diagram H D .†;˛;ˇ; z; w/, and suppose that K lies on the Heegaard
surface †. We have a canonical chain skew-isomorphism

� W CFK.H/! CFK.H/;

where H denotes the Heegaard diagram .�†;ˇ;˛; w; z/. Here, the prefix “skew” means that we are
considering maps which intertwine the actions of U and V on the domain with the actions of V and U
on the codomain.

We then consider the half-twist map

� W CFK.H/! CFK.�.H//

which corresponds to the self-diffeomorphism .S3; K; z; w/ ! .S3; K;w; z/ induced by rotating a
neighborhood of K (in †) halfway around K in the direction of the orientation induced by K. Here,
�.H/ denotes the Heegaard diagram .�†; �.ˇ/; �.˛/; z; w/, where �.ˇ/ and �.˛/ are the images of ˇ
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and ˛ under the given “half-twist” self-diffeomorphism. Now, the doubly pointed Heegaard diagrams
�.H/ and H encode the same oriented knot, so the naturality of link Floer homology [31] tells us that
there is a chain homotopy equivalence

n W CFK.�.H//! CFK.H/;

which is well defined up to chain homotopy. Composing these three maps gives a homotopy self
skew-equivalence

�K D n ı � ı �;

whose chain homotopy class depends only on the oriented isotopy class of K. It is known [52] that �K is
not an involution in general, but rather an order 4 map which satisfies

�2K � 1Cˆ‰;

where ˆ and ‰ are the basepoint actions, which can be easily computed as the formal partial derivatives
of the chain differential with respect to the formal variables U and V , respectively. Note that, since
the truncation from CFK to CFK0 identifies U and V into a single variable U , we see that �K induces a
ı-grading-preserving F2ŒU �-equivariant chain homotopy self-equivalence

�K W CFK0.S3; K/! CFK0.S3; K/;

whose chain homotopy class depends on the oriented isotopy class of K. It is clear that, if we choose the
opposite orientation of K, the map �K is replaced by its homotopy inverse ��1K .

Since �K is now a U -equivariant chain homotopy equivalence of F ŒU �-modules rather than a skew-
equivariant chain homotopy equivalence of F ŒU; V �-modules (which is the case in the oriented setting),
we can define new knot invariants as follows.

Definition 4.8 Given an unoriented knot K, choose either orientation on K and define the involutive
unoriented knot Floer chain complex CFKI0.K/ as the mapping cone of

1C �K W CFK0.S3; K/! CFK0.S3; K/;

which is a chain complex of F2ŒU;Q�=.Q2/-modules. This complex is endowed with a grading which is
uniquely determined from the ı-grading on CFK0.S3; K/ by the rule that the grading of Q is �1. The
homology of CFKI0.K/, called the involutive unoriented knot Floer homology, is denoted HFKI0.K/.

We note our grading conventions for the mapping cone differ from the conventions used in Hendricks and
Manolescu’s definition of involutive Heegaard Floer homology [24].

Remark 4.9 If we denote the differential on CFK.S3; K/ as @K , then the differential @ on CFKI0.K/ is
given by @.aCQb/D @K.a/CQ.aC �K.a/C @K.b//.

It is easy to see that the above definition is independent of the choice of orientation on K.
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Lemma 4.10 Let C and D be chain complexes and g W C !D be a chain homotopy equivalence. Then
for any chain map f W C ! C , the mapping cones of f and g ıf are chain homotopy equivalent.

Proof The differentials on the mapping cones of f and gıf are given by @M.f /.a; b/D .@a; f .a/C@b/
and @M.gıf /.a; b/D .@a; g.f .a//C @b/, respectively. Consider the maps F WM.f /!M.g ıf / and
G WM.g ıf /!M.f /, defined as F.a; b/D .a; g.b// and G.a; b/D .a; h.b//, where h is a homotopy
inverse of g. Then we have

.@M.gıf /F CF@M.f //.a; b/D .@a; .g ıf /.a/C @g.b//C .@a; g.f .a/C @b//D 0;

so F is a chain map, and similarly G is also a chain map. Now, if we denote a null-homotopy of hıg� id
as H , then we have

G ıF � idD .0; h ıg� id/D @M.f / ı .0;H/� .0;H/ ı @M.f /;

so G ıF � id and similarly F ıG � id. Therefore F is a chain homotopy equivalence.

Theorem 4.11 Given a knot K, the chain homotopy equivalence class of CFKI0.K/ as a chain complex
of F2ŒU;Q�=.Q2/-modules depends only on the isotopy class of K.

Proof Choose an orientation on K, which then defines �K on CFKI0.K/. We have to prove that the
mapping cone of 1C �K is chain homotopy equivalent to the mapping cone of 1C ��1K . But since

1C ��1K D �
�1
K ı .1C �K/

and �K is a chain homotopy self-equivalence of CFKI0.K/, Lemma 4.10 implies that the two mapping
cones are indeed chain homotopy equivalent.

The following lemma tells us about the structure of HFKI0. For simplicity, we denote the localization by
introducing a formal inverse of U as U�1.

Lemma 4.12 U�1HFKI0.K/' F2ŒU
˙1;Q�=.Q2/.

Proof Since U�1CFK0.S3; K/ is the truncation of .U; V /�1CFK.S3; K/ by the identification U D V
and .U; V /�1CFK.S3; K/' .U; V /�1F2ŒU; V �, we know that

U�1CFK0.S3; K/' U�1F2ŒU �' F2ŒU
˙1�:

Thus U�1�K , the localization of �K at U , is chain homotopic to the identity map. Now the lemma follows
from the fact that a localization of a mapping cone is chain homotopy equivalent to the mapping cone of
a localized map.

The above lemma, combined with Theorem 4.11, allows us to make the following definition.
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Definition 4.13 Given a knot K, we define two knot invariants N�.K/ and �.K/ as follows:

�.K/Dmaxfr j 9x 2 HFKI0.K/; grı.x/D r; 8n; U
nx … Im.Q/g;

N�.K/Dmaxfr j 9x 2 HFKI0.K/; grı.x/D r; 8n; U
nx ¤ 0I 9m� 0 s.t. Umx 2 Im.Q/gC 1;

where grı.x/ denotes the (normalized) ı-grading of a homogeneous element x.

We note that the grading shifts in the above definition differ from the corresponding grading shifts in the
definitions of d and Nd given by Hendricks and Manolescu [24, Section 5] on account of the different
grading convention for mapping cones we used in our definition of involutive unoriented knot Floer
homology.

As mentioned in the introduction, the invariants � and N� coincide with the values at t D 1 of the
involutive Upsilon invariants ‡ t and ‡ t defined by Hogancamp and Livingston. It thus follows from [25,
Proposition 11 and Theorem 12] that � and N� are (smooth) concordance invariants and

N�.K/� �.K/� �.K/:

Example 4.14 Consider the figure-eight knot K D 41. Its unoriented knot Floer complex has generators
a, b, c, d , and x, whose gradings are all 0, and where the differential is given by

@aD U.bC c/; @b D @c D Ud; @x D @d D 0:

The involution �K , which was computed in [24, Section 8.2], is given by

�K.a/D aC x; �K.b/D c; �K.c/D b; �K.d/D d; �K.x/D xC d:

We will calculate N�.K/ and �.K/ by explicitly computing the cycles of CFKI0.K/. Recall that the differen-
tial of CFKI0.K/ is given by @.sCQt/D @sCQ.sC�K.s/C@t/. Hence an element aCQb 2CFKI0.K/
is a cycle if and only if a is a cycle in CFK0.S3; K/ and .1C �K/.a/D @b.

The space of cycles in CFK0.S3; K/ is generated over F2ŒU � by x, bC c, and d , whose images under
the action of 1C �K are given by d , 0, and 0, respectively. Hence the space of cycles in CFKI0.K/ is
generated over F2ŒU;Q�=.Q2/ by the cycles

UxCQb; bC c; d; Qx:

Let @0 denote the differential on CFK0.K/. Since @0.b/D Ud CQ.bC c/, Ud is in the image of Q in
HFKI0.K/. Likewise @0.aCQx/DU.bCc/CQ.x/, so that U.bCc/ is in the image ofQ in HFKI0.K/.

On the other hand, if UxCQb contained in the image of Q in HFKI0.K/ for some n� 0, then we should
have

U n.UxCQb/DQwC @1.yCQz/

for elements w; y; z 2CFK0.S3; K/. It follows that @yDU nC1.x/, a contradiction. Hence the homology
class of U n.Ux CQb/ is not contained in the image of Q for any n � 0. Finally observe that if
U n.bCc/D 0 in homology then there exist elements z; y 2CFK0.K/ and n� 0 such that @zDU n.bCc/
and .1C �K/.x/C @y D 0. It follows that z D U n�1a, whence U n�1aC @y D 0, a contradiction.
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Figure 1: The cobordism which induces the half twist map �K . Note that the underlying surface
is K � I .

Now, using the definition of N� and � , we have

N�.K/D grı.bC c/C 1D 1 and �.K/D grı.UxCQb/D�1:

Together with Theorem 1.15, which will be proven in this section, we recover the fact that the figure-eight
knot does not bound a smooth Möbius band in B4, which was proven in the topological category in [48].
Note that, since the figure-eight knot is rationally slice, we have �.K/D �.K/D 0.

In general, via a straightforward computation using model complexes as given in [24, Section 8.3], it is
easy to see that the involutive upsilon invariants of a thin knot K (which includes all quasialternating
knots) are given by

N�.K/D �.K/D �.K/D 0 if �.K/C 4Arf.K/� 0 mod 8;

N�.K/D 1; �.K/D 0; �.K/D�1 if �.K/C 4Arf.K/� 4 mod 8:

We thus see that a thin knotK does not bound a smooth Möbius band inB4 if �.K/C4Arf.K/�4 mod 8,
which is the same as Yasuhara’s obstruction from Lemma 2.1.

Now we move on to developing involutive obstructions and bounds on the first Betti number for nonori-
entable slice-surfaces bounding a given knot. Recall that, given a knot K with two prescribed points
p; q 2 K, the map �K on the unoriented knot Floer complex is defined by composing the canonical
conjugation map

�K W CFK0.K; p; q/! CFK0.K; q; p/

together with the “half twist” map (which depends on an orientation of K)

�K W CFK0.K; q; p/! CFK0.K; p; q/:

Note that the half twist map can be seen as a cobordism map induced by the “half twist cobordism”, as
shown in Figure 1. In particular, it is not a skew-isomorphism anymore; it is a genuine isomorphism, as
we are now working with CFK0, where the actions of U and V coincide.
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For more generality, we extend the definition of canonical conjugation map to disoriented links. Given
any disoriented link LD .L;p; q; l/, we also have a canonically defined conjugation map

�L W CFL0.L/! CFL0.L/;

where LD .L; q;p; l/.

Lemma 4.15 Let SD .S; a/ be a disoriented cobordism between disoriented links L1 and L2. Then

F.S;�a/ ı �L1
� �L2

ıF.S;a/;

where �a denotes a endowed with the reverse orientation.

Proof Recall that the cobordism maps in Fan’s unoriented link Floer TQFT are computed by decomposing
a given cobordism into elementary disoriented link cobordisms and composing the maps corresponding
to each of these pieces. Among all possible pieces, we only have to consider nonorientable saddle moves,
since this lemma is verified in all other cases in the proof of [52, Theorem 1.3] (for compatible decorated
link cobordisms). Since the cobordism map for a saddle move is defined via a count of pseudoholomorphic
triangles on certain simple Heegaard triple-diagrams — see the proof of [12, Theorem 5.1.4] — they
homotopy-commute with conjugation maps.

We now have to check that the half twist map �K also homotopy-commutes with (disoriented) cobordism
maps. When the given cobordism is a Möbius band, then the commutativity is very easy to observe.

Lemma 4.16 Let SD .S; a/ be a disoriented cobordism from a disoriented knot K D .K;p; q; l/ to the
empty link , where p and q both consist of a single point. Suppose that S is a smoothly embedded Möbius
band and a is a simple arc. Then , for any choice of orientation on K, we have F.S;�a/ ı �K � F.S;a/,
where �a denotes a endowed with the reverse orientation. Moreover , if S denotes the cobordism from
the empty link to K given by flipping S upside-down , then we have �K ıF.S;a/ � F.S;�a/.

Proof This follows directly from Figure 2.

With Lemma 4.16 at hand, we can now prove Theorem 1.15.

Proof of Theorem 1.15 Let M be a smooth Möbius band in B4 bounding K. Choose a properly
embedded simple arc a�M such thatM na is a rectangle. Then .M; a/ is a disoriented cobordism fromK

to the empty link and .�M;a/ is a disoriented cobordism from the empty link toK. By choosing a interior
point p 2 a\int.M/ and its small neighborhoodN.p/�B4, we can consider two disoriented cobordisms
.M nN.p/; a nN.p// and .�M nN.p/; a nN.p//, which are cobordisms from K to the unknot and
the unknot to K, respectively; note that F.MnN.p/;anN.p// D F.M;a/ and F.�MnN.p/;anN.p// D F.�M;a/.
Then, using [20, Proposition 5.4] on the punctured cobordism .M nN.p/; a nN.p//, we see that there
exists an orientable disoriented cobordism T with first Betti number 1 from K to K, shown in Figure 3,
such that

U c �FT ıF.�M;a/ ıF.M;a/ � U
b�mC1

� id;
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Figure 2: Left, the cobordism S. Right, the cobordism representing �K ı .S;�a/. Note that the
cobordism on the right is isotopic to the one on the left.

wherem, b, and c are the numbers of local minima, saddles, and local maxima ofM ; note that b�m�cD1
since M is a Möbius band. Since the underlying space of T is an orientable cobordism, FT is homotopic
to the U D V truncation of the cobordism map induced by T (viewed as a compatible decorated link
cobordism) with some orientation in Zemke’s oriented link Floer TQFT. Theorem C of [53] implies that
U�1FT � U � id — where here U�1FT is the localization of FT at U — so we see that the localized
map U�1.F.�M;a/ ıF.M;a// is a quasi-isomorphism. Since U�1HFK0.S3; K/' F2ŒU˙1�, we see that
the localized maps U�1F.�M;a/ and U�1F.M;a/ are both chain homotopic to the identity. Also, since
U�1FT � U � id, we know that FT shifts the ı-grading by �1. Hence, if we denote the ı-grading shifts
of F.�M;a/ and F.M;a/ by grı.F.�M;a// and grı.F.M;a//, then we have

grı.F.�M;a//C grı.F.M;a//D�1:

Choose either orientation on K. Lemmas 4.15 and 4.16 imply that F.M;a/ and F.�M;a/ satisfy

F.M;a/ ı �K � F.M;a/; �K ıF.�M;a/ � F.�M;a/:

Figure 3: The orientable cobordism T of first Betti number 1.
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Hence, by choosing relevant chain homotopies, we get maps between involutive homology,

F W HFKI0.K/! F2ŒU;Q�=.Q
2/;

G W F2ŒU;Q�=.Q
2/! HFKI0.K/;

where the grading shifts of F and G are given by grı.F.M;a// and grı.F.�M;a//, respectively. Note that
F and G become quasi-isomorphisms when localized by U�1.

Now, from the definition of N� , we know that there exists an element x 2HFKI0.K/ such that the following
conditions are satisfied.

� The ı-grading of x is N�.K/� 1.

� For any n� 0, we have U nx ¤ 0.

� Umx DQy for some m� 0 and y 2 HFKI0.K/.

Consider the element F.x/ 2 F2ŒU;Q�=.Q2/. Since the localized map U�1F is chain homotopic to U
times the identity map and the homology class of x generates the tower given by the image of Q inside
the (U -)localized homology, we know that F.x/¤ 0. Also, we have U iF.x/DQF.y/, so F.x/DQU i

for some i � 0. Hence the ı-grading of F.x/ is at most �1, so we get

N�.K/� �grı.F.M;a//:

We now consider the element 1 2 CFKI0.unknot/D F2ŒU;Q�=.Q2/. Then G.1/ is a cycle in CFKI0.K/.
Suppose that there exists some m� 0 such that the homology class of UmG.1/ is a multiple of Q. Then
there exist a cycle d 2 CFK0.S3; K/ and chains e; f 2 CFK0.S3; K/ such that

G.Um/D UmG.1/DQd C @.eCQf /D @eCQ.d C eC �K.e/C @f /:

Since G.Um/ is of the form F.�M;a/.U
m/CQc for some c 2 CFK0.S3; K/, we must have

F.�M;a/.U
m/D @e;

ie the homology class ŒF.�M;a/.Um/�2HFK0.K/ vanishes. But this contradicts the fact that the localized
map U�1F.�M;a/ is chain homotopic to identity. Hence we deduce that UmG.1/… Im.Q/ for any m� 0,
which implies that

�.K/� grı.F.�M;a//:

Therefore we deduce that

N�.K/� �.K/� �.grı.F.�M;a//C grı.F.M;a///D 1:

We move on to prove an involutive bound on the nonorientable genus. For this we require the following
lemmas.

Lemma 4.17 [12, Proposition 6.6.2] Let Si D .†; ai /, i D 1; 2; 3, be disoriented link cobordisms on
the same underlying unoriented surface †. Suppose that S1, S2, and S3 are related by a bypass move ,
which is defined as in Figure 4. Then we have FS1

CFS2
CFS3

� 0.
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Figure 4: We say that three disoriented cobordisms are related by a bypass move if they differ
only inside a disk as drawn. See [12, Definition 7.1.5] for more details.

Lemma 4.18 Let S D .S; a/ be a disoriented link cobordism from a disoriented link L to the empty
link. Suppose that the one-manifold a contains a closed component c which is two-sided , ie admits
an orientable neighborhood in S . Then U � FS � 0 and U � FS � 0, where S is given by flipping S
upside-down.

Proof Choose a disk D, smoothly embedded in the interior of B4, which intersects S transversely in its
interior and satisfies @D D c. Choose a small neighborhood ND of D. By perturbing a, we may assume
that S1 D .S nND; a nND/ and S2 D .S \ND; a\ND/ are disoriented cobordisms and c �ND . Note
that, since S D S2 ıS1, we have FS D FS2

ıFS1
.

Since c is two-sided and the interior of D intersects S in finitely many points, S\ND is orientable. Thus,
once again replacing the disoriented cobordism structure on S1 and S2 with the structure of compatible
decorated link cobordisms, by [32, Lemma 5.2] and Remark 4.5, we deduce that U �FS2

� 0. Therefore
U �FS D .U �FS2

/ ıFS1
� 0. The proof for S is the same.

Now, we can prove that the disoriented cobordism maps induced by surfaces of higher first Betti number
homotopy-commute with �K up to multiplication by U .

Lemma 4.19 Let S D .S; a/ be a disoriented cobordism from a disoriented knot K D .K;p; q; l/

to the empty link , where p and q consist of a single point. Suppose that S is a smoothly embedded
nonorientable surface and a is a simple arc. Then , for any choice of orientation on K,

U � .F.S;a/ ı �K/� U �F.S;�a/;

where �a denotes a endowed with the reverse orientation. Also , if S denotes the cobordism from the
empty link to K given by flipping S upside-down , then U � .�K ıF.S;a//� U �F.S;�a/.

Proof We will only provide a proof for .S; a/; the proof for .S; a/ is the same.

We first assume that the first Betti number of S is odd. Then we can consider S , as an abstract surface
with boundary, as a connected sum of a Möbius band and a closed orientable surface, and a as an arc
on S which is shown on the left in Figure 5. Choose an orientation on K and denote by C the disoriented
cobordism from K to .K; q;p; l/ given by a half-twist along the given orientation on K; note that the
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Figure 5: Left, the cobordism S. Right, the cobordism S0. The region enclosed by the dashed
curve is So. The gray circles denote crosscaps, ie Möbius bands attached along their boundaries.

cobordism map induced by C is �K . Then S ıC is isotopic to the disoriented cobordism S0 D .S; b/,
where b is the arc shown on the right in Figure 5.

The oriented arcs �a and b differ in an oriented subsurface So of S . Denote the first Betti number of So
by n. Then one can consider a sequence of properly embedded (oriented) arcs �aD a0; a1; : : : ; an D b,
as drawn in Figure 6, such that

� a0; : : : ; an differ only in So;

� for each i , So n ai consists of a surface Ai of genus i and a surface Bi of genus n� i , where Ai
lies on the right of ai ;

� A0 � A1 � � � � � An.

Note that, since ai is oriented and divides So into two components, we have a well-defined notion of
a component lying on the left side and the right side of ai . Since we have Lemma 4.18 and a bypass
relation for Fan’s TQFT, we can directly apply the arguments used in the proof of [32, Lemma 5.3 and
Proposition 5.5] to show that U �F.S;ai�1/�U �F.S;ai / for all i . Hence we get U �.FSı�K/�U �F.S;�a/.

We now consider the remaining case when the first Betti number of S is even. Then, by Example 4.6,
we see that taking a connected sum of S with a unknotted RP2 with normal Euler number 2 gives a
disoriented cobordism of odd first Betti number which has the same induced cobordism map as S. This
reduces the problem to the case of odd first Betti number, so we get U � .FS ı �K/ � U � F.S;�a/, as
desired.

We are now able to prove Theorem 1.16. Our proof is similar to that of equation 18 in [32, Theorem 1.7].

Proof of Theorem 1.16 Let S be a smoothly embedded nonorientable surface of first Betti number g
in B4 which bounds K. Suppose that S consists of M local maxima, b (possibly nonorientable) saddles,
and mC 1 local minima. Then, by applying [20, Proposition 5.5] as in the proof of Theorem 1.15, there
exists an orientable disoriented cobordism T of first Betti number 3, given as shown in Figure 3, and a
properly embedded oriented arc a � S , such that S n a is orientable and

UM � .FT ıF.�S;a/ ıF.S;a//� U
b�mC1

� id:
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a0 a1 an

Figure 6: The arcs a0; a1; : : : ; an on the orientable surface So.

Following the proof of Theorem 1.15 tells us that the localized maps U�1F.�S;a/ and U�1F.S;a/ are
chain homotopic to the identity map, and if we denote the ı-grading shifts of F.�S;a/ and F.S;a/ by
grı.F.�S;a// and grı.F.S;a//, then we have

grı.F.�S;a//C grı.F.S;a//DM Cm� b D g:

However, since F.S;a/ and F.�S;a/ may not homotopy-commute with �K , they do not induce maps
between HFKI0.K/ and HFKI0.unknot/D F2ŒU;Q�=.Q2/. Fortunately, from Lemmas 4.15 and 4.19, we
see that

U � .�K ıF.S;a//� U �F.S;a/; U � .�K ıF.�S;a//� U �F.�S;a/;

so U �F.S;a/ and U �F.�S;a/ induce maps between involutive homology,

F W HFKI0.K/! F2ŒU;Q�=.Q
2/;

G W F2ŒU;Q�=.Q
2/! HFKI0.K/;

where the grading shifts of F and G are denoted by grı.F.S;a//� 1 and grı.F.�S;a//� 1, respectively.

Now, following the proof of Theorem 1.15 gives

N�.K/� 1� grı.F.S;a//; �.K/� grı.F.�S;a//� 1:

Furthermore, using the same argument for �.K/ implies

grı.F.�S;a//� �.K/� �grı.F.S;a//:

The theorem then follows directly from the above inequalities.

We now focus on the case of L-space knots. The knot Floer homology of L-space knots is very simple:
if K is an L-space knot, then CFK.S3; K/ is a staircase complex which is completely determined by the
Alexander polynomial of K, as shown in [43, Theorem 1.2]. Recall that the Alexander polynomial of K
always takes the form

�K.t/D .�1/
m
C

mX
iD1

.�1/m�i .tni C t�ni /
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for some sequence of positive integers 0 < n1 < � � �< nm D g.K/. The chain complex CFK.S3; K/ is
chain homotopy equivalent to a free chain complex generated by elements x0; x11 ; x

2
1 ; : : : ; x

1
m; x

2
m. Here,

x0 lies on the bigrading .0; 0/ and either

(1) the bigradings of x1m�i and x1m�i�1 differ by .nm�i�nm�i�1; 0/ if i is even and .0; nm�i�nm�i�1/
if i is odd; or

(2) the bigradings of x1m�i and x1m�i�1 differ by .nm�i�nm�i�1; 0/ if i is odd and .0; nm�i�nm�i�1/
if i is even.

Moreover, if x1s lies on the bigrading .i; j /, then x2s lies on the bigrading .j; i/. The differential on the
staircase complex is given as in [24, Figure 12].

The action of �K on such a staircase complex is very easy to describe: we have �K.x0/D x0, �K.x1s /D x
2
s ,

and �K.x2s /D x
1
s . In particular, we have �2K � id. See [24, Section 7] for more details.

Lemma 4.20 Let K be an L-space knot. If the Alexander polynomial of K is of the form

�K.t/D�1C

mX
iD1

.�1/m�i .tni C t�ni /

for some sequence of positive integers 0 < n1 < � � �< nm, then

N�.K/D �.K/� �.K/Cn1:

Proof The unoriented knot Floer chain complex of L-space knots can be written as a graded root, as
described in [20, Section 7]. The involution �K then acts on the graded root as a reflection along the
central axis, so we can consider .CFK0.S3; K/; �K/ as a symmetric graded root, which is defined in [10,
Definition 2.11]. See Figure 7 for a pictorial description of a symmetric graded root induced by the action
of �K on CFK0.S3; K/.

It is shown in [10, Section 6] that the invariants d and Nd can be read off from a symmetric graded root.
As � and N� are defined analogously to d and Nd , Dai and Manolescu’s arguments likewise show that �.K/
can be read off from the given symmetric graded root as the grading of the highest leaf, and N�.K/D �.K/.
Furthermore, �.K/ is the grading of the highest node which is left invariant by the action of �K . Since the
constant term of the Alexander polynomial of K is �1, we have @x0 D U n1.x11 C x

2
1/ in CFK0.K/, so

�.K/ is represented by the cycle U n1x11CQx0 in CFKI0.K/. Also, since Qx1 is a cycle which satisfies

U n1 �Qx1 DQ � .U
n1x11 CQx0/;

we see that U n1 times the homology class ofQx1 is contained in the image ofQ and cannot be annihilated
by any powers of U . Therefore we get

N�.K/� �.K/� .gr.Qx1/C 1/� gr.U n1x11 CQx0/D n1:

We are finally ready to prove Theorem 1.1.
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Figure 7: Left, the symmetric graded root representing CFK0.S3; T6;7/. Right, the symmetric
graded root representing CFK0.S3; T5;6/. Note that the action of �K is given by reflection along
the central axis, given by the gray dashed line. Note moreover that �K.0/¤ �1 for these two
knots, so Lemma 4.20 does not apply.

Proof of Theorem 1.1 Since torus knots admit lens space surgeries [38], and lens spaces are L-
spaces [43], torus knots are L-space knots. The theorem follows directly from Theorems 1.15 and 1.16
and Lemma 4.20.

5 Asymptotically obstructing locally flat Möbius bands

In this section we prove Theorem 1.13 by studying the linking forms of double branched covers of torus
knots. It is well known that the double branched cover over Tp;q is the Brieskorn sphere †2.S3; Tp;q/D
†.2; p; q/. Some number theory and a result of [51] allow us to show that the linking form obstructs
certain torus knots Tp;q — subject to restrictions on p and q— from bounding locally flat Möbius bands.
A subsequent argument shows that the restrictions on p and q are appropriately generic.

5.1 The linking form of †.2; p; q/, where p is even and q is odd

We begin by computing the linking forms of the Brieskorn sphere †.2; p; q/, for any even p and odd q
such that gcd.p; q/D 1. Recall that the linking form of a rational homology 3-sphere M is a Q=Z-valued
bilinear form

�M WH1.M IZ/�H1.M IZ/!Q=Z:
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To compute the linking form �†.2;p;q/ on †.2; p; q/, we start with a Goeritz matrix of Tp;q; recall that,
in [21, Section 3], it is shown that the linking form of the double cover of S3 branched over a knot K is
presented by �G�1 mod 1, where G is a Goeritz matrix of K.

Consider the checkerboard surface F for Tp;q , where p is even, given in Figure 8. Note that F is built
from disks (0-handles) and bands (1-handles). Following [21], the Goeritz matrix G of Tp;q given by F
is the

�
1
2
.pq� 2qC 2/� 1

2
.pq� 2qC 2/

�
-matrix

G D

0BBBBBBBBBBB@

q �1hq 0 0 � � � 0 0

�1vq A �Iq 0 � � � 0 0

0 �Iq A �Iq
: : : 0 0

0 0 �Iq A
:: : 0 0

:::
:::

: : :
: : :

: : :
:::

:::

0 0 0 0 � � � A �Iq
0 0 0 0 � � � �Iq A

1CCCCCCCCCCCA
;

where Iq is the q � q identity matrix, 1hq and 1vq are the horizontal and vertical vectors of size q whose
entries are all 1, respectively, and A is the .q � q/-matrix

AD

0BBBBBBBBB@

0 1 0 � � � 0 0 1

1 0 1 � � � 0 0 0

0 1 0 � � � 0 0 0
:::
:::
:::
: : :

:::
:::
:::

0 0 0 � � � 0 1 0

0 0 0 � � � 1 0 1

1 0 0 � � � 0 1 0

1CCCCCCCCCA
:

Topologically, G can be viewed as a matrix for the intersection form of the double cover of B4 branched
over F , where we consider F as a properly embedded surface by pushing its interior into B4. Denote
this 4-manifold by X . Then @X D †.2; p; q/ and X is simply connected. Instead of computing the
full inverse of G, we will focus on two entries of G�1, namely the

�
1; 1
2
.pq � 2q C 2/

�
-entry and�

1
2
.pq � 2qC 2/; 1

2
.pq � 2qC 2/

�
-entry. It will turn out that these two entries are enough to recover

the linking form. Note that det.G/D det.Tp;q/D j�Tp;q
.�1/j D q if p is even and q is odd. Since all

entries of G are integers, we thus see that all entries of G�1 are integer multiples of 1=q.

Lemma 5.1 The
�
1; 1
2
.pq� 2qC 2/

�
-entry of G�1 is 1=q.

Proof Consider the horizontal vector

v D

�
p

2
;
p

2
� 1; : : : ;

p

2
� 1„ ƒ‚ …

q

;
p

2
� 2; : : : ;

p

2
� 2„ ƒ‚ …

q

; : : : ; 2; : : : ; 2„ ƒ‚ …
q

; 1; : : : ; 1„ ƒ‚ …
q

�

Algebraic & Geometric Topology, Volume 25 (2025)



2242 Fraser Binns, Sungkyung Kang, Jonathan Simone and Paula Truöl

Figure 8: A checkerboard surface F for the torus knot Tp;q , where p is even.

of length 1
2
.pq � 2q C 2/. We claim that vG D .q; 0; : : : ; 0/. Denote the kth entry of vG by .vG/k .

When k D 1,
.vG/1 D

1
2
p � qC q �

�
1
2
p� 1

�
� .�1/D q:

When 2� k � qC 1,

.vG/k D
1
2
p � .�1/C 2 �

�
1
2
p� 1

�
� 1C

�
1
2
p� 2

�
� .�1/D 0:

For k � qC 2, it is easy to check that we also have .vG/k D 0. Thus vG D .q; 0; : : : ; 0/ and so v is the
top row of qG�1. Therefore the

�
1; 1
2
.pq� 2qC 2/

�
-entry of G�1 is given by .1=q/ � 1D 1=q.

Lemma 5.2 The
�
1
2
.pq � 2qC 2/; 1

2
.pq � 2qC 2/

�
-entry of G�1 is of the form m=q, where m is an

integer satisfying 1
2
mp � 1 mod q.

Proof Let v D .v0; v11 ; : : : ; v
q
1 ; v

1
2 ; : : : ; v

q
2 ; : : : ; v

1
p
2
�1
; : : : ; v

q
p
2
�1
/ be the i th row of the matrix qG�1.

For simplicity, our notation of vr
k

here is chosen to be cyclic on r mod q, ie vrCq
k
D vr

k
. Furthermore, we

define vr0 D v0 for any r .

We will show that for any fixed k 2
˚
1; : : : ; 1

2
p� 1

	
, the integers v1

k
; : : : ; v

q

k
are congruent mod q. Since

v is the i th row of qG�1, vG is of the form qei , where ei is the i th standard basis vector. Thus every
entry of vG is either 0 or q. Hence the following conditions hold:

� For any indices k and r such that 0� k � 1
2
p� 3, we have vr

kC1
C vrC2

kC1
� vrC1

k
C vrC1

kC2
mod q.

� For any index r , we have vrC1p
2
�2
� vrp

2
�1
C vrC2p

2
�1

mod q.

We claim that for any r and k with 0� k � p
2
� 1, we have

vrkC v
rC2
k
C � � �C v

rCp�2k

k
D vrC1

k�1
C vrC3

k�1
C � � �C v

rCp�2k�1

k�1
mod q:
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Using the second condition above as the base case, inductively assume that

vrkC1C v
rC2
kC1
C � � �C v

rCp�2k�2

kC1
� vrC1

k
C vrC3

k
C � � �C v

rCp�2k�3

k
mod q:

If 1
2
.p� 2k/ is even, then by the first condition, the quantity

vrkC v
rC2
k
C vrC4

k
C vrC6

k
C � � �C v

rCp�2k�2

k
C v

rCp�2k

k

is equivalent modulo q to

vrC1
k�1
C vrC5

k�1
C � � �C v

rCpC2k�7

k�1
C v

rCpC2k�1

k�1
C vrC1

kC1
C vrC5

kC1
C � � �C v

rCpC2k�7

kC1
C v

rCpC2k�1

kC1
:

Applying the inductive hypothesis to the latter half of this expression, we see that this is equivalent
modulo q to

vrC1
k�1
C vrC5

k�1
C � � �C v

rCpC2k�7

k�1
C v

rCpC2k�1

k�1
C vrC2

k
C vrC4

k
C � � �

� � � C v
rCp�2k�2

k
� vrC3

kC1
� vrC7

kC1
� � � � � v

rCpC2k�7

kC1
� v

rCpC2k�1

kC1
:

Finally, applying the first condition to the terms vrC2
k
C vrC4

k
C � � �C v

rCp�2k�2

k
, the above expression

is equivalent modulo q to
vrC1
k�1
C vrC3

k�1
C � � �C v

rCp�2k�1

k�1
;

as desired.

On the other hand, if 1
2
.p� 2k/ is odd, then by the first condition, the quantity

vrkC v
rC2
k
C vrC4

k
C vrC6

k
C � � �C v

rCp�2k�4

k
C v

rCp�2k�4

k
C v

rCp�2k

k

is equivalent modulo q to

vrC1
k�1
C vrC5

k�1
C � � �C v

rCpC2k�7

k�1
C v

rCpC2k�3

k�1
C vrC1

kC1
C vrC5

kC1
C � � �

� � � C v
rCpC2k�7

kC1
C v

rCpC2k�3

kC1
C v

rCp�2k

k
:

Applying the inductive hypothesis to the latter half of the portion of the expression preceding vrCp�2k
k

,
we see that this is equivalent modulo q to

vrC1
k�1
C vrC5

k�1
C � � �C v

rCpC2k�7

k�1
C v

rCpC2k�3

k�1
C vrC2

k
C vrC4

k
C � � �

� � � C v
rCp�2k

k
� vrC3

kC1
� vrC7

kC1
� � � � � v

rCpC2k�3

kC1
:

Finally, applying the first condition to the terms vrC2
k
C vrC4

k
C � � �C v

rCp�2k

k
, the above expression is

equivalent modulo q to
vrC1
k�1
C vrC3

k�1
C � � �C v

rCp�2k�1

k�1
;

as desired.

Taking k D 1 gives

vr1C v
rC2
1 C � � �C v

rCp�2
1 D vrC10 C vrC30 C � � �C v

rCp�3
0 D

�
1
2
p� 1

�
v0 mod q:
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So, for any r , we have vr1 � v
rCp
1 D .vr1C v

rC2
1 C � � � C v

rCp�2
1 /� .vrC21 C vrC41 C � � � C v

rCp
1 /D 0

mod q, ie vr1 D v
rCp
1 mod q. But since q is relatively prime to p, there exists an integer ˛ such that

˛p D 1 mod q, so we get vr1 D v
rC˛p
1 D vrC11 mod q for all r . Therefore we deduce that v11 D � � � D v

q
1

mod q. It now follows by the first condition and induction on k, that for a fixed k, the integers v1
k
; : : : ; v

q

k

are congruent modulo q.

We next claim that for all k and r , vr
k
�
�
1
2
p � k

�
v
q
p
2
�1

mod q. We will prove this via induction and
appealing to the fact that for all k, v1

k
; : : : ; v

q

k
are equivalent mod q. The claim is clearly true when

k D 1
2
p� 1 and k D 1

2
p� 2. Assume inductively that the claim is true for all j � kC 1. Then

vrk � v
r�1
kC1C v

rC1
kC1
� vrkC2 � 2v

r
kC1� v

r
kC2 � 2

�
1
2
p� k� 1

�
v
q
p
2
�1
�
�
1
2
p� k� 2

�
v
q
p
2
�1

�
�
1
2
p� k

�
v
q
p
2
�1

mod q:

In particular, when k D 0, we have that v0 � 1
2
pv

q
p
2
�1

mod q. Thus, letting v be the last row of qG�1,
we have

.qG�1/pq�2qC2
2

;1
�

1
2
p � .qG�1/pq�2qC2

2
;pq�2qC2

2

mod q:

Since G�1 is symmetric, we have that

.qG�1/
1;pq�2qC2

2

�
1
2
p � .qG�1/pq�2qC2

2
;pq�2qC2

2

mod q:

By Lemma 5.1, the
�
1; 1
2
.pq� 2qC 2/

�
-entry of G�1 is 1=q. Therefore,

.qG�1/pq�2qC2
2

;1
D .qG�1/

1;pq�2qC2
2

D 1

and so 1
2
p � .qG�1/pq�2qC2

2
;pq�2qC2

2

� 1 mod q. Thus we now see that .qG�1/pq�2qC2
2

;pq�2qC2
2

is
congruent to the modular inverse of 1

2
p mod q, as desired.

To calculate �†.2;p;q/ explicitly, we need to understand the domain on which the pairing is defined,
namely H1.†2.S3; Tp;q/IZ/. It turns out that this group is always cyclic, so �†.2;p;q/ is determined by
a single rational number.

Lemma 5.3 H1.†2.S
3; Tp;q/IZ/Š Z=qZ.

Proof The Alexander module ATp;q
of Tp;q is given by ZŒt; t�1�=.�.t//, where �.t/ denotes the

Alexander polynomial of Tp;q; this can be shown easily using Fox calculus. It is known that taking its
quotient by the ideal generated by t C 1 gives the first homology group H1 of †2.S3; Tp;q/; see [45,
Chapter 4] for a general formula for H1 of branched cyclic covers over knots. Therefore we get

H1.†2.S
3; Tp;q/IZ/'ATp;q

=.tC1/'ZŒt; t�1�=.tC1;�Tp;q
.t//'Z=�Tp;q

.�1/Z'Z= det.Tp;q/Z:

Since det.Tp;q/D q, we deduce that H1.†2.S3; Tp;q/IZ/' Z=qZ.

Now we are ready to compute �†.2;p;q/.
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Proposition 5.4 For any relatively prime positive integers p and q with p even , we have

�†.2;p;q/.x; x/��
p

2q
mod 1

for some generator x of H1.†.2; p; q/IZ/.

Proof As above, let X denote the double cover of B4 branched over the surface F after it is pushed
into B4. Then @X D †.2; p; q/ and X is simply connected. Consequently, we have the long exact
sequence

0!H2.X/
G
�!H2.X;†.2; p; q//

f
�!H1.†.2; p; q//! 0:

Given y 2H1.†.2; p; q//, to compute �†.2;p;q/.y; y/ using G, we must first lift y toH2.X;†.2; p; q//
via the map f . Note that we can view H1.†.2; p; q// as the cokernel of G and f as the quotient map.

Since the
�
1; 1
2
.pq� 2qC 2/

�
-entry of G�1 is 1=q by Lemma 5.1, the element

.0; : : : ; 0; 1/ 2H2.X;†.2; p; q//

is a lift of 1 2H1.†.2; p; q//Š Z=qZ. To see this, let k be any integer satisfying f .0; : : : ; 0; k/D 0.
Then we have .0; : : : ; 0; k/T �GvD0 for some vector vD .v1; : : : ; vpq�2qC2

2

/T , where all vi are integers.
But then v DG�1.0; : : : ; 0; k/T , so by comparing the first entries of both sides, we get v1 D k=q. Since
v1 2 Z, k must be a multiple of q. Thus we see that f .0; : : : ; 0; 1/ generates H1.†.2; p; q//, as desired.

Now, recall that the linking form �†.2;p;q/ is presented by �G�1 mod 1. Thus the value of

��†.2;p;q/.1; 1/D .0; : : : ; 0; 1/G
�1.0; : : : ; 0; 1/T

is given by the
�
1
2
.pq� 2qC 2/; 1

2
.pq� 2qC 2/

�
-entry of G�1, which by Lemma 5.2 is given by m=q

where m is some integer satisfying 1
2
mp � 1 mod q. So we get

�†.2;p;q/

�
p

2
;
p

2

�
D�

mp2

4q
��

p

2q
mod 1:

Since q is relatively prime to p, 1
2
p 2H1.†.2; p; q// is also a generator of H1.†.2; p; q//. Therefore

taking x D 1
2
p proves the lemma.

Remark 5.5 Feller and Golla [13] proved that the linking form of the Brieskorn sphere†.2; 2p; 2pk˙1/
represents �p=.2pkC 1/ as a square. This is coherent with our general computation in Proposition 5.4.

5.2 Number theory interlude

Before we can prove Theorem 1.13, we need some number theoretic results.

Lemma 5.6 Suppose that p is even and 1
2
p is not a perfect square. There exists an integer r , relatively

prime to p, such that for any prime s satisfying s� r mod 2p, the integers 1
2
p and �1

2
p are not quadratic

residues mod s.

To prove this, we need the following lemma.
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Lemma 5.7 [8, Lemma 1.14] Let n be an integer such that n� 0; 1 mod 4. Then there exists a unique
group homomorphism

�n W .Z=nZ/�! f˙1g

such that .n=s/D �n.s/ for all odd primes s not dividing n. Here , .n=s/ denotes the Legendre symbol.
Furthermore , we have

�n.�1/D

�
1 if n > 0;
�1 if n < 0:

Proof of Lemma 5.6 Since 1
2
p is not a perfect square, 2p is a multiple of 4 which is not a perfect

square. Using Lemma 5.7, there is a unique nontrivial group homomorphism �2p W .Z=2pZ/�! f˙1g

such that .2p=s/D �2p.s/ for all odd primes s not dividing p. It is a well-known fact (see, for example,
[26, Theorem 3 of Section 5.2]) that for any nonsquare integer n, there exist infinitely many primes for
which n is a quadratic nonresidue; since 2p is not a perfect square, we see that �2p cannot be a trivial
map. Hence the size of ker.�2p/ is exactly half of its domain .Z=2pZ/�.

We claim that there exists an element r not contained in ker.�2p/ such that r � 1 mod 4. Suppose not.
Then for each s … ker.�2p/, s� 3 mod 4. Since half of the elements in .Z=2pZ/� are of the form 4nC3

and the other half are of the form 4nC1, we have that ker�2pDfs 2 .Z=2pZ/� j s� 1 mod 4g. However,
we have �2p.�1/D 1 since 2p > 0, while �1� 3 mod 4. Hence, we have reached a contradiction and
there must exist an element r … ker.�2p/ such that r � 1 mod 4.

Now, for any prime s congruent to r mod 2p, we have

�1D �2p.r/D

�
2p

s

�
D

�
2

s

�2�p=2
s

�
D

�
p=2

s

�
:

Moreover, since s � 1 mod 4, we have that .�1=s/D 1 and, consequently,�
�p=2

s

�
D

�
�1

s

��
p=2

s

�
D�1:

Therefore both 1
2
p and �1

2
p are quadratic nonresidues modulo s.

5.3 Proof of Theorem 1.13

Recall the following theorem of Murakami and Yasuhara, which is a direct corollary of their lower bound
on 
 top

4 from Lemma 2.7.

Theorem 5.8 [39, Corollary 2.7] If a knot K in S3 bounds a locally flat Möbius band in B4, then
the linking form � on H1.†2.S3; K/IZ/ splits into a direct sum .G1; �1/˚ .G2; �2/, where �1 is
represented by the .1� 1/-matrix .˙1=jG1j/ and �2 is metabolic.

To state the next lemma, we introduce the following definition.
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Definition 5.9 Let n be a nonzero integer and let p be a prime factor of n. Let r be the maximal positive
integer such that pr divides n. When r is odd, we say that p is an odd-power prime factor of n.

Now using Theorem 5.8, we can prove the following lemma.

Lemma 5.10 Let K be a knot in S3 satisfying H1.†2.S3; K/IZ/Š Z=nZ for some positive integer n.
Write the linking form � of †2.S3; K/ as �.x; x/D .m=n/x2 mod 1 for some integer m. Suppose that
there exists an odd-power prime factor s of n such that m and �m are not quadratic residues mod s. Then
K does not bound a locally flat Möbius band in B4.

Proof Suppose that K bounds a Möbius band. Then we have a splitting

.H1.†2.S
3; K/IZ/; �/D .G1; �1/˚ .G2; �2/;

where �1 is represented by a .1� 1/-matrix .˙1=jG1j/ and �2 is metabolic. The order of G2 is a perfect
square, so if we write G1 D Z=kZ and G2 D Z=`Z, then ` is a perfect square and s divides k.

Now let 1 be a generator of H1.†2.S3; K/IZ/. Then G1 is generated by `D ` � 1. By our assumption
on �1, there exists an integer r , relatively prime to k, such that �1.r`; r`/D˙1=k. But since

�1.r`; r`/D �.r`; r`/D
m`r2

k

and ` is a perfect square, either m or �m must be a quadratic residue mod k. Since s divides k, this
implies that either m or �m is a quadratic residue mod s, a contradiction.

Example 5.11 Consider the torus knots T4;q , where q is odd. By Proposition 5.4, the linking form on
†2.S

3; T4;q/ is given by �.x; x/ D �2=q mod 1 for some generator x of H1.†2.S3; T4;q/IZ/. It is
well known that ˙2 are both quadratic nonresidues modulo a if and only if a� 5 mod 8. Thus, in this
case, the only possible value of r in the statement of Lemma 5.6 is r D 5. Now by Lemma 5.10, if q has
an odd-power prime factor r � 5 mod 8, then T4;q does not bound a locally flat Möbius band.

More generally, we can prove the following

Proposition 5.12 Let p; q > 0 be relatively prime integers , where p is even. Suppose that 1
2
p is not

a perfect square. Then there exists an integer r , relatively prime to p, such that Tp;q does not bound a
locally flat Möbius band in B4 whenever q admits an odd-power prime divisor congruent to r mod 2p.

Proof By Lemma 5.6, there exists an integer r , relatively prime to p, such that for any prime s congruent
to r mod 2p, 1

2
p and �1

2
p are quadratic nonresidues mod s. The lemma then follows directly from

Lemma 5.10.

For the proof of Theorem 1.13, we will use the following estimate.
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Lemma 5.13 Let P be a set consisting of primes , such that the infinite sum
P
s2P 1=s diverges to 1.

Given a positive integer N , denote the set of positive integers n less than N whose odd-exponent prime
factors are not contained in P by SP;N , and the set of positive integers n less than N which are relatively
prime to p as Tp;N . Then

lim
N!1

jSP;N \Tp;N j

jTp;N j
D 0:

Proof Without loss of generality, we can assume that P does not contain any prime factors of p. Then,
by the inclusion-exclusion principle, the given limit can be computed as the infinite productY

s2P

�
1�

1

s
C
1

s2
�
1

s3
C � � �

�
D

Y
s2P

s

sC1
:

Taking logarithms gives

log
�Y
s2P

s

sC1

�
D�

X
s2P

.log.sC 1/� log.s//� �
X
s2P

1

s
D�1:

Here, we used the fact that log.sC 1/� log.s/� 1=s and
P
s2P 1=s D1. Therefore the limit given in

the statement of the lemma converges to zero.

Recall the following estimate on the sum of reciprocals of primes in arithmetic progressions, which is a
well-known corollary of the prime number theorem.

Lemma 5.14 For any choice of positive integers N , k, and `, such that ` is relatively prime to k, there
exists a constant Ck;` which depends only on k and ` such thatX

s�N; s�` mod k;
s is prime

1

s
D

log logN
�.k/

CCk;`CO

�
1

logN

�
:

We are finally ready to prove the desired asymptotics.

Proof of Theorem 1.13 By Proposition 5.12, there exists some r , relatively prime to p, such that Tp;q
does not bound a locally flat Möbius band in B4 whenever q admits an odd-power prime divisor congruent
to r mod 2p. Moreover, by Lemma 5.14, the sum of reciprocals of all primes congruent to r mod 2p
diverges to1. The theorem then follows from Lemma 5.13.
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