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Computations on cobordism groups of projected immersions

ANDRÁS CSÉPAI

We use a classifying space construction by Szűcs and Terpai to extend Salomonsen’s exact sequence
from cobordism groups of immersions to cobordism groups of hyperplane projections of immersions with
prescribed singularities. We apply this to obtain results on these cobordism groups in small and large
codimensional cases.

57R90; 57R42, 57R45

1 Introduction

A projected immersion, or shortly prim map, is defined as a smooth map f WM ! P between manifolds
such that there is an immersion g WM # P�R for which f is the composition prP ıg, where prP denotes
projection to P . Prim maps are maps with singularities, and their cobordism groups are natural general-
isations of cobordism groups of immersions and fit into the larger theory of cobordisms of singular maps;
see eg Ando [1], Kalmár [6], Sadykov [9], Szűcs [16] and Szűcs and Terpai [19] for different approaches.

Throughout this paper G will denote either of the groups O and SO (although everything goes through
without change if G is any stable group in the sense of Wall [21, Section 8.2], ie a direct limit of linear
groups with certain properties which imply that it makes sense to talk about cobordism groups with
G-structure). We shall denote by 
G

kC1
the tautological vector bundle over BG.k C 1/ and by �G

r the
pullback of 
G

kC1
by the projection of S.rC1/
G

kC1
, that is, the sphere bundle of 
G

kC1
˚� � �˚
G

kC1
with

rC1 summands. Note that here r D1 also makes sense: �G
1 is simply the bundle 
G

kC1
. The cobordism

groups of immersions and prim maps M n!RnCk with normal bundle induced from a vector bundle �
in the case of immersions, and with normal G-structure and at most †1r-type singularities in the case of
prim maps, will be denoted by Imm�.n; k/ and PrimG

r .n; k/, respectively. Note that if s < r , there is a
natural forgetful homomorphism 'r

s W PrimG
s .n; k/! PrimG

r .n; k/.

Szűcs and Terpai [19] proved the isomorphism PrimG
r .n; k/Š Imm�

G
r .n; kC 1/ for all r . Using this, we

will prove:

Theorem 1.1 For all 0� s < r �1 the forgetful homomorphism 'r
s fits into a long exact sequence

� � � ! PrimG
s .n; k/

'r
s
�! PrimG

r .n; k/! Imm.sC2/�G
r�s�1.n� .sC 1/.kC 1/; .sC 2/.kC 1//

! PrimG
s .n� 1; k/! � � � :
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2442 András Csépai

The paper is organised as follows: in Section 2 we recall the definitions of singularities and cobordism
groups of immersions and prim maps with prescribed singularities; in Section 3 we prove Theorem 1.1
and make a few remarks on it; then in Section 4 we apply this theorem to complete the computation
of the cobordism groups PrimG

r .n; k/ modulo small torsion groups where k is either at most 1 or at
least 1

2
.n� 2/.

2 Singularities and cobordism of prim maps

Definition 2.1 For a smooth map f WM ! P and a number r , we define †r .f /�M to be the set of
points p 2M where the corank of the differential of f (ie dim ker dfp) is r . For generic maps f the subset
†r .f /�M is a manifold; hence we can consider for any s � r the subset †r;s.f / WD†s.f j†r .f //, and
iterating this process yields the definition of the subset †S .f / for any weakly decreasing sequence S

of nonnegative integers. This classification of singular points defines the Thom–Boardman singularity
type †S .

Definition 2.2 A map f WM ! P is said to be a Morin map if dim ker dfp � 1 for any point p 2M . In
this case, each point p 2M belongs to †1r .f / for some r � 0, where †1r denotes †1;:::;1;0 with r ones.
A Morin map f is called a †1r-map if †1rC1.f / is empty.

Remark 2.3 Morin [8] proved that for a Morin map f WM !P , the germs of f at two points p; q 2M

coincide up to local coordinate change precisely if they both belong to †1r .f / for some r . This local
singularity defined by †1r is also commonly denoted by Ar .

Now if f W M ! P is a prim map, then it is Morin. Moreover, the kernel line bundle ker df over
†1.f / is trivial. Here we assume prim maps f to be equipped with a fixed trivialisation of ker df which
corresponds to fixing the regular homotopy class of their immersion lifts g WM # P �R (the maps such
that f D prP ıg); we will consider projections of immersions with different trivialisations of the kernel
bundle to be different prim maps.

Remark 2.4 It is not hard to see that the opposite of the above observation also holds, namely a Morin
map with trivialised kernel line bundle is prim; see eg [13].

Definition 2.5 Fix a number 0� r �1. Two prim maps f0 WM
n
0
! PnCk and f1 WM

n
1
! PnCk with

closed source manifolds and at most †1r-type singularities are said to be prim †1r-cobordant if

(i) there is a manifold W nC1 with boundary @W DM0 tM1,

(ii) there is a prim †1r-map F W W ! P � Œ0; 1� such that for i D 0; 1 the restriction F jMi
is

fi WMi! P � fig.
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If the stable normal bundles of f0, f1 and F above are equipped with G-structures, then we call them
prim G-†1r-cobordant. This cobordism is an equivalence relation and we denote the cobordism class
represented by a map f by Œf � (suppressing G and r in the notation).

Definition 2.6 For two prim †1r-maps f WM n!RnCk and g WN n!RnCk with normal G-structures,
forming their disjoint union defines an abelian group operation Œf �C Œg� WD Œf tg� on the set of prim
G-†1r-cobordism classes of maps of n-manifolds to RnCk ; this group will be denoted by PrimG

r .n; k/.

Definition 2.7 For 0 � s < r �1, assigning to a prim G-†1s -cobordism class Œf � the prim G-†1r-
cobordism class of f defines the forgetful homomorphism 'r

s W PrimG
s .n; k/! PrimG

r .n; k/.

The analogue of the cobordism group PrimG
r .n; k/ for general (nonprim) Morin maps can be defined

analogously to Definitions 2.5 and 2.6; we will denote this group by MorG
r .n; k/.

The special case r D 0 of Definition 2.5 yields the cobordism of immersions with stable normal G-
structures whose cobordism group is denoted by ImmG.n; k/. In this case not only the stable, but also the
actual normal bundle can be specified; if r D 0 and the normal bundles of f0, f1 and F in Definition 2.5
are induced from a vector bundle �, we get the definition of cobordism of immersions with normal
�-structures, ie �-immersions. This cobordism group is denoted by Imm�.n; k/. Note that we have
ImmG.n; k/D Imm


G
k .n; k/ where 
G

k
is the tautological vector bundle over BG.k/.

3 Proof of Theorem 1.1

Recall that for any vector bundle �, there is a Pontryagin–Thom type isomorphism (due to Wells [22])
Imm�.n; k/Š �nCk.�T �/Š �s

nCk
.T �/, where T � denotes the Thom space of � and � is the functor

�1S1. In other words, the classifying space of cobordisms of �-immersions is �T �. Similarly,
cobordisms of singular maps also have classifying spaces, ie spaces X such that the appropriate cobordism
group of maps M n ! RnCk is isomorphic to �nCk.X /; see eg [9] or [16] for general constructions.
In [19] Szűcs and Terpai identified the classifying space of the prim cobordism groups PrimG

r .n; k/ for
0� r �1 with ��T �G

r , yielding

PrimG
r .n; k/Š �

s
nCkC1.T �

G
r /Š Imm�

G
r .n; kC 1/:

Recall that �G
r is defined as the pullback p�

rC1

G

kC1
, where prC1 W S.r C 1/
G

kC1
! BG.kC 1/ is the

projection of the sphere bundle. For r D1 this bundle has contractible fibre, and hence in this case prC1

is a homotopy equivalence. The geometric interpretation of �G
r -immersions g WM n # RnCkC1 is that

they are immersions with normal G-structure, endowed with r C 1 sections �1; : : : ; �rC1 of �g which
have no common zeros. The identification of the cobordism group Imm�

G
r .n; kC 1/ with PrimG

r .n; k/

on the level of representatives of cobordism classes assigns to the tuple .g; �1; : : : ; �rC1/ a prim map
f WM !RnCk such that for each i the set †1i .f / is ��1

1
.0/\ � � � \ ��1

i .0/; hence †1rC1.f / is empty.
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Lemma 3.1 For any 0� s < r �1 there is a cofibration

T �G
s ,! T �G

r ! T .sC 2/�G
r�s�1:

Proof Consider the disk bundle D�G
r of �G

r which is the pullback p�
rC1

D
G
kC1

. Now S.r C 1/
G
kC1

is
the union of the disk bundles of the pullbacks of .sC 1/
G

kC1
and .r � s/
G

kC1
over S.r � s/
G

kC1
and

S.sC 1/
G
kC1

, respectively. That is,

S.r C 1/
G
kC1 DD.sC 1/�G

r�s�1[D.r � s/�G
s

glued along their common sphere bundles. Thus D�G
r is the union of D.sC2/�G

r�s�1
and D.r�sC1/�G

s .
We obtain the Thom space T �G

r by factoring D�G
r by S�G

r , and if we also factor this Thom space by
the subspace D.r � sC 1/�G

s =S�
G
r jD.r�s/�G

s
we get T .sC 2/�G

r�s�1
. But D.r � sC 1/�G

s deformation
retracts to D�G

s , and this retraction takes the subspace S�G
r jD.r�s/�G

s
to S�G

s ; hence T .sC 2/�G
r�s�1

is
the factor of T �G

r by T �G
s .

The long exact sequence of the cofibration in Lemma 3.1 in stable homotopy groups is

� � � ! Imm�
G
s .n; kC 1/! Imm�

G
r .n; kC 1/

! Imm.sC2/�G
r�s�1.n� .sC 1/.kC 1/; .sC 2/.kC 1//! Imm�

G
s .n� 1; kC 1/! � � � :

Here the homomorphism Imm�
G
s .n; k C 1/ ! Imm�

G
r .n; k C 1/ is induced by the natural inclusion

T �G
s � T �G

r , and hence it assigns to the cobordism class of an immersion equipped with sC 1 sections
without common zeros .g; �1; : : : ; �sC1/ the cobordism class of .g; �1; : : : ; �sC1; �1; : : : ; �r�s/ for some
sections �1; : : : ; �r�s . This, when considered as a map PrimG

s .n; k/!PrimG
r .n; k/, is clearly the forgetful

homomorphism 'r
s and so Theorem 1.1 is proved.

Remark 3.2 From the proof of Lemma 3.1 it is also apparent that the homomorphism PrimG
r .n; k/!

Imm.sC2/�G
r�s�1.n� .sC 1/.kC 1/; .sC 2/.kC 1// in Theorem 1.1 assigns to the cobordism class of a

prim †1r-map f WM n!RnCk with immersion lift g the cobordism class of gj
†1sC1 .f /

with its natural
normal structure. Geometrically this means that the only obstruction to removing the singularities more
complicated than †1s of a prim †1r-map by a cobordism is the cobordism class of its restriction to the
closure of the †1sC1-locus.

Remark 3.3 The extreme cases sD r �1 and r D1 of Theorem 1.1 are worthwhile to spell out; in fact
these are the only cases we will need in the next section and they were (explicitly or implicitly) already
obtained in [19]. Firstly, if s D r � 1, we get the long exact sequence

� � � ! PrimG
r�1.n; k/! PrimG

r .n; k/! Imm.rC1/.
G
k
˚"1/.n� r.kC 1/; .r C 1/.kC 1//

! PrimG
r�1.n� 1; k/! � � � ;

where "1 is the trivial line bundle and Imm.rC1/.
G
k
˚"1/.n � r.k C 1/; .r C 1/.k C 1// is naturally

isomorphic to Imm.rC1/
G
k .n� r.k C 1/; .r C 1/k/. This is the sequence coming from the analogue

Algebraic & Geometric Topology, Volume 25 (2025)
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of the key fibration (see [16]) for prim cobordisms which was used in [19] to prove its main theorem.
Secondly, if r D1, we get the long exact sequence

� � � ! PrimG
s .n; k/! ImmG.n; kC 1/! Imm.sC2/
G

kC1.n� .sC 1/.kC 1/; .sC 2/.kC 1//

! PrimG
s .n� 1; k/! � � � ;

which was shown to be rationally split in the case G D SO in [19] and was used to determine the ranks of
the cobordism groups PrimSO

s .n; k/.

Remark 3.4 For s D 0, r D1 and k > 0 the exact sequence in Theorem 1.1 is an exact sequence of
Salomonsen [10]: the cobordism groups in this case are

PrimG
0 .n; k/D ImmG.n; k/; PrimG

1.n; k/D ImmG.n; kC 1/;

Imm2�G
1.n� k � 1; 2kC 2/D Imm2
G

kC1.n� k � 1; 2kC 2/;

and the forgetful homomorphism '1
0

is the map induced by the embedding of a hyperplane RnCk �

RnCkC1. Salomonsen’s proof of his sequence is a special case of our proof here.

4 Computations

In the following, for any prime p, we denote by Cp the Serre class of abelian groups of order a power
of p, and, for any number m, by C�m the class of groups of order some combination of primes at most m.
The symbol Š

C
for a Serre class C will denote isomorphism modulo C .

In [18] the classifying spaces of cobordisms of codimension-0 oriented and unoriented and codimension-1
oriented prim maps were identified with familiar spaces, which yields the correspondences

PrimO
r .n; 0/Š �

s
nC1.RP rC1/Š

C2

�
0 if r is even or1;
�s.n� r/ if r is odd;

PrimSO
r .n; 0/Š �s.n/˚�s.n� r/;

PrimSO
r .n; 1/Š �s

nC1.CP rC1/ Š
C�rC1

rM
iD0

�s.n� 2i/:

Moreover, the groups MorG
r .n; 1/ for G DO;SO were also computed modulo small torsion groups in

[12] and [17], respectively:

MorO
r .n; 1/Š

C2

0 and MorSO
2rC1.n; 1/ŠC2

MorSO
2r .n; 1/ ŠC�2rC1

rM
iD0

�s.n� 4i/:

We can now get an analogous description of codimension-1 unoriented prim cobordism groups:

Proposition 4.1 For all n and r we have

PrimO
2r .n; 1/ŠC2

PrimO
2r�1.n; 1/ ŠC�2r

r�1M
iD0

�s.n� 2� 4i/:

Algebraic & Geometric Topology, Volume 25 (2025)
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Proof The exact sequence of Theorem 1.1 in the case G DO , k D 1 and s D r � 1 is of the form

� � � ! PrimO
r�1.n; 1/! PrimO

r .n; 1/! Imm.rC1/
O
1 .n� 2r; r C 1/! PrimO

r�1.n� 1; 1/! � � � ;

and since the Thom space T .r C 1/
O
1

is RP1=RP r , we have

Imm.rC1/
O
1 .n� 2r; r C 1/Š �s

n�rC1.RP1=RP r /:

Observe that if r is even, then the homology of RP1=RP r with Zp coefficients vanishes for all odd
primes p; hence by Serre’s extension of the Whitehead theorem (see [11]), �s

n�rC1
.RP1=RP r /Š

C2

0.
This implies the isomorphism PrimO

r .n; 1/Š
C2

PrimO
r�1.n; 1/ for all even r .

The case of r odd is strongly inspired by [17]. Note that if r is odd, then the embedding SrC1 ,!

RP1=RP r as a “fibre” of this Thom space is an isomorphism in homology with Zp coefficients for all
odd primes p. Hence, again by Serre’s theorem, it is also an isomorphism in stable homotopy groups
modulo C2. Thus the long exact sequence above takes the form

� � � ! PrimO
r�1.n; 1/! PrimO

r .n; 1/! �s.n� 2.r C 1//! PrimO
r�1.n� 1; 1/! � � �

modulo C2. We will prove that this sequence has an m-splitting �s.n� 2.r C 1//! PrimO
r .n; 1/, ie a

homomorphism whose composition with the map PrimO
r .n; 1/! �s.n�2.r C1// in the sequence is the

multiplication by m in �s.n� 2.r C 1//, such that m has no prime divisors larger than r C 1. If such
an m-splitting exists, then the long exact sequence splits modulo C�rC1, and hence an induction on r

implies our statement.

Now the following steps will conclude the proof:

(i) For any r , if there is an immersion M 2r # R2rC2, where M is oriented, such that the algebraic
number of .rC1/-tuple points (the points counted with signs) is m, then there exists an m-splitting
� W �s.n� 2.r C 1//! PrimO

r .n; 1/ of the above sequence.

(ii) For any r , the order m.r/ of the cokernel of the stable Hurewicz homomorphism

h2r�2 W �
s
2r�2.CP1/!H2r�2.CP1/

is such that there is an immersion M 2r # R2rC2 where M is oriented and whose algebraic number of
.rC1/-tuple points is m.r/.

(iii) For any r , the number m.r/ defined above has no prime divisors greater than r C 1.

All of these statements were essentially proved in [17, Parts 2 and 3], so we only spell out what is
different in our case. For the proof of (i) the only thing missing in [17] is that the map constructed as
a representative of the image �.x/ for an element x 2 �s.n� 2.r C 1// is actually a prim map; this is
not spelled out there, but it is apparent from its construction and Remark 2.4. Part (ii) is only stated
in [17] in the case where r is even; however, its proof goes through for any r by just changing the normal
Pontryagin number hp1.�f /

r=2; ŒM �i (for an immersion f WM 2r # R2rC2) to the normal Euler number
he.�f /

r ; ŒM �i. Finally, the proof of (iii) in [17] goes through without change.

Algebraic & Geometric Topology, Volume 25 (2025)
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Remark 4.2 The above proposition implies that the cobordism group MorSO
r .n; 1/ is isomorphic to

PrimO
rC1.nC 2; 1/ modulo C�rC1, and the proof suggests an even stronger connection between them. It

would be interesting to know if there is a geometric explanation for this.

This completes the computation of cobordism groups PrimG
r .n; k/ (modulo small torsion) when the

codimension k is at most 1. Next we will consider the cases where rD1 and the codimension is large, more
precisely when n is either 2kC1 or 2kC2. Note that for n� 2k we have PrimG

1 .n; k/Š ImmG.n; kC1/

since in this case a generic hyperplane projection of an immersion M n # RnCkC1 only has †1;0-type
singularities, and this also holds for cobordisms W nC1 # RnCkC1 � Œ0; 1� between them.

The cobordism groups MorG
1 .n; k/ were computed for nD 2kC 1; 2kC 2 in [4] and [20], respectively

(see also [2, Remark 10.11]), in terms of Nn for G D O and �n for G D SO. In our computation of
their prim analogues we will use the group ImmG.n; kC 1/ instead, which was computed modulo small
torsion in [13] and [14] for G DO;SO, respectively,

ImmO.n; kC 1/Š
C2

�
�n�k�1 if k is odd;
0 if k is even;

ImmSO.n; kC 1/ Š
C�3

�
Pn;kC1˚�n�k�1 if k is odd;
Pn;kC1 if k is even;

whenever n< 3kC 3, where Pn;kC1 is the subgroup of �n consisting of cobordism classes ŒM � whose
each Pontryagin number pI ŒM � such that pI is divisible by a normal Pontryagin class Npi with 2i > kC1

is zero.

Lemma 4.3 For all k there is an exact sequence

0! PrimG
1 .2kC2; k/! ImmG.2kC2; kC1/!A! PrimG

1 .2kC1; k/! ImmG.2kC1; kC1/! 0;

where AŠZ if GDSO, AŠZ2 if GDO and the arrow ImmG.2kC2; kC1/!A is the homomorphism
#†12 which assigns to the cobordism class of an immersion the algebraic number of †12-points of its
generic hyperplane projection (the number of points with their natural signs if A Š Z and modulo 2

if AŠ Z2).

Proof The exact sequence of Theorem 1.1 with r D1 and s D 1 contains the portion

� � � ! Imm3
G
kC1.1; 3kC 3/! PrimG

1 .2kC 2; k/! ImmG.2kC 2; kC 1/! Imm3
G
kC1.0; 3kC 3/

! PrimG
1 .2kC 1; k/! ImmG.2kC 1; kC 1/! 0:

Here we can use [20, Lemmas 1 and 2] to determine the cobordism group Imm3
G
kC1.i; 3k C 3/ Š

�s
3kC3Ci

.T 3
G
kC1

/ for i D 0; 1; this yields that for i D 0 it is the group A defined above and for i D 1 it
is trivial. The fact that ImmG.2kC 2; kC 1/!A is #†12 follows immediately from Remark 3.2.

Proposition 4.4 For all k we have

PrimO
1 .2kC 1; k/Š ImmO.2kC 1; kC 1/; PrimO

1 .2kC 2; k/ < ImmO.2kC 2; kC 1/ is of index 2:

Algebraic & Geometric Topology, Volume 25 (2025)



2448 András Csépai

Proof We use Lemma 4.3 with G D O , by which it is sufficient to prove that the homomorphism
#†12 W ImmO.2k C 2; k C 1/ ! Z2 is nontrivial. In other words, we want to show that there is an
immersion f WM 2kC2!R3kC3 such that its hyperplane projection has an odd number of †12-points.
But by [15] this number is (modulo 2) the same as the number of triple points of f , and by [5] for any k

there is an immersion f as above with an odd number of triple points.

In the following `.n/ will denote the largest number l such that 3l divides
�
3n
n

�
. For two groups A and B

we will use A ? B to denote an extension of A by B, ie a group for which there is an exact sequence
0! B!A ? B!A! 0.

Proposition 4.5 For all k we have

PrimSO
1 .2kC 1; k/Š

8<:
ImmSO.2kC 1; kC 1/ ? Z6 if k D 1; 3;

ImmSO.2kC 1; kC 1/ ? Z3`..kC1/=2/ if k > 3 is odd;
ImmSO.2kC 1; kC 1/ ? Z if k is even;

PrimSO
1 .2kC 2; k/Š ImmSO.2kC 2; kC 1/:

Proof We now use Lemma 4.3 with G D SO; in this case we want to determine the homomorphism
#†12 W ImmSO.2kC 2; kC 1/! Z.

If k is odd, then for any oriented immersion f WM 2kC2!R3kC3 the triple points of f (in the source M )
have natural signs, and by [15] their algebraic number is the same as #†12 Œf �. The minimal positive
number of these triple points was determined by Eccles and Mitchell [3] and Li [7]. Using their notation
it is 3�.kC1/=2, where �m is 2 for mD 1; 2 and 3`.m/�1 for m> 2 (here we need its triple since we are
counting triple points in the source and not in the target). Thus the image of #†12 is 3�.kC1/=2Z and our
claim for k odd follows.

The case of k even is simpler, since again by [15], if f WM 2kC2! R3kC3 is an oriented immersion
where k is even, then the oriented cobordism class of its †12-points is of order 2, ie it is trivial. Hence in
this case the homomorphism #†12 is zero and the claim again follows.

References
[1] Y Ando, Cobordisms of maps with singularities of given class, Algebr. Geom. Topol. 8 (2008) 1989–2029

MR Zbl

[2] A Csépai, Analogues of the Atiyah–Wall exact sequences for cobordism groups of singular maps, J. Singul.
26 (2023) 128–169 MR Zbl

[3] P J Eccles, W P R Mitchell, Triple points of immersed orientable 2n-manifolds in 3n-space, J. Lond. Math.
Soc. 39 (1989) 335–346 MR Zbl
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[17] A Szűcs, On the cobordism groups of cooriented, codimension one Morin maps, J. Singul. 4 (2012) 196–205
MR Zbl
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