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On contact mapping classes of prequantizations

SOUHEIB ALLOUT
MURAT SAGLAM

We present examples of prequantizations over integral symplectic manifolds which admit infinitely many
smoothly trivial contact mapping classes. These classes are given by the connected components of the
strict contactomorphism group which project to the identity component of the symplectomorphism group
of the base manifold. Along the way, we study the lifting problem of symplectomorphisms of the base
manifold to strict contactomorphisms of the prequantization.

53D10, 53D12, 53D22

1 Introduction

One of the fundamental questions in contact topology is to understand the group Cont(V, &) of coorien-
tation preserving contactomorphisms of a given cooriented contact structure £ on a closed manifold V.
Understanding Cont(V, £) requires studying its identity component Cont®(V, £) and the contact mapping
class group 7o (Cont(V, &)). The aim of this paper is to study 7o(Cont(V, §)) for a particular class of
contact manifolds called prequantizations. These are total spaces of principal circle bundles V' — M,
with a connection 1-form A which is a contact form whose Reeb vector field generates the circle action
and, therefore, the curvature form of A is an integral symplectic form w on M.

Concerning the contact mapping class group, it is interesting to study the homomorphism
$: o (Cont(V, &)) — mo(Diff(V))

where Diff(V') is the group of diffeomorphisms of V' which preserve the orientation determined by the
coorientation of £. Our main results, which rely solely on algebraic topological methods, provide a large
class of examples of prequantizations (V/, 1) for which the kernel of $ contains an infinite subgroup of
o (Cont(V, £)). This subgroup is given as follows. Given a prequantization (V,A) — (M, w), we get a
natural homomorphism

(D) 70(SCont(V, L)) — 7o (Symp(M, w))

where SCont(V, 1) is the group of strict contactomorphisms, that is, contactomorphisms which preserve
the contact form A, and Symp(M, w) is the group of symplectomorphisms of (M, w). It turns out that
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2508 Souheib Allout and Murat Saglam

the kernel of the above homomorphism is isomorphic to H(} gr(M,Z)] Ty, where 'y, is the flux group
of (M, w); see Theorem 2.10. Then we show that for a large class of integral symplectic manifolds for
which I', turns out to be trivial, the composition

$: Hjp(M,Z) — mo(SCont(V, 1)) — 7 (Cont(V, §))

is injective. More precisely, we prove the following.

Theorem 1.1 Let (M, w) be a closed integral symplectic manifold such that either [w] vanishes on 7t (M)
or (M, w) is monotone on 1, (M) with a nonvanishing monotonicity constant. Suppose, in addition, that
any abelian subgroup of w1 (M) has rank at most one. If (V,\) — (M, w) is a prequantization, then the
homomorphism $ is injective.

The idea of the proof is as follows. For a given class o € Hc} r(M, Z), the associated strict contactomor-
phism L, acts on a loop ¢ in the conformally symplectic frame bundle CSp(€), up to free homotopy, by
concatenation with an iterate of the Reeb frame loop, which is defined by picking a symplectic frame of a
contact hyperplane and pushing it forward by the Reeb flow along a circle fiber. The amount of iteration
of the Reeb frame loop is {[a], [§]), where § is the projection of § to M . Then, we associate a Maslov-type
index to the Reeb frame loop which we use to show that the resulting loop Ly 0§ is not freely homotopic
to § whenever ([o], [8]) # 0. Using this Maslov-type index, we show the following statement:

Proposition 1.2 Let (V, 1) — (M, w) be a prequantization. Suppose that either [w] vanishes on 7, (M)
or (M, w) is monotone on 7, (M) with nonvanishing monotonicity constant. Then the Reeb frame loop
is of infinite order in 1 (CSp(§)). In particular, the Reeb flow, seen as a loop in Cont(V, ), is of infinite
order in it (Cont(V, §)).

We note that the Maslov index that we associate to the Reeb frame loop can be seen as a reformulation
of the first Maslov index, which is a homomorphism from 1 (Cont(V, &)) to Z, of Casals, Ginzburg
and Presas [7], applied to the Reeb loop (see also [8; 9]). A similar result was also obtained by Albers,
Shelukhin, and Zapolsky, as an application (among other applications) of some spectral invariants which
they associate to contactomorphisms of prequantization bundles (see [1] for more details).

Theorem 1.3 Let (X4, wo) be a surface of genus g > 2 with an integral symplectic form and wgs be
the Fubini-Study form on CP", which is normalized so that the standard CP! C CP" has unit area.
Consider a prequantization (V, L) — (CP" x X4, wgs @ wg). Then the homomorphism

9: Hyp(Zg, Z) — mo(Cont(V, £))

is injective. Moreover, ker($) contains the image of $ for n odd, and contains §(2Hal, r(Xg.2)) forn

cven.

More generally, we describe a setting for which the composition $ o $ fails to be injective; see
Proposition 3.12. In principle, this provides examples other than the ones given in the above theorem.
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In what follows we give an account of previous results in the direction of this work. The first result we
want to mention is given by Giroux [16], which says that § is injective for V = T3 and & the standard
tight contact structure (see also [13, Proposition 2]). The first example, according to our knowledge,
of a closed contact manifold for which the kernel of $ is nontrivial is attributed to Chekanov; see
Eliashberg and Fraser [12] and Vogel [25]. The statement here is that for any overtwisted contact structure
£ on S3, my(Cont(S3, £)) is either Z, or Z, @ Z, depending on the Hopf invariant. Later in [11],
Dymara introduced an invariant for overtwisted contact structures on S*, which enabled her to show that
a homomorphism from 7o (Cont(S3, £)) to Z, that she constructed is surjective for every overtwisted .

The first example where the contact structure is tight and also the kernel of ¢ is infinite was given by
Ding and Geiges in [10], following an observation made by Gompf in [18]. Here the contact manifold is
S! x S2 with the standard tight contact structure. Later in [17], Giroux and Massot showed that the kernel
of $is Z 4 for V the d-fold fiber cover of the unit cotangent bundle of a suitable surface of genus at
least 2. In [21], Massot and Niederkriiger constructed hypertight contact manifolds in every odd dimension
for which the kernel of $ contains nontrivial but finite-order elements. Lanzat and Zapolsky [20] then
constructed an embedding of certain (braid) subgroups G of the symplectic mapping class group of the
Am-Milnor fiber, which is noncompact and exact, to the contact mapping class group of the associated
contactization and showed that G is contained in the kernel of $.

The last two works we want to mention are due to Gironella. In [14] he constructed examples of
overtwisted contact manifolds, in every odd dimension, admitting smoothly trivial finite order contact
mapping classes. Lastly, in [15] Gironella generalized the constructions in [10] to provide examples of
tight contact manifolds in all odd dimensions, which admit smoothly trivial contact mapping classes of
infinite order.

Questions and further discussion

Given a prequantization bundle (V, 1) over an integral symplectic manifold (M, w), the kernel of the
homomorphism (1) is naturally identified with H(} g(M,Z)/ Ty, — see Theorem 2.10 — and one obtains

a homomorphism
$: Hjp(M,Z)/ To — mo(Cont(V, £)).

We do not know any example for which the homomorphism ¢ fails to be injective.

One may perhaps find situations where the image of $ contains elements which are isotopic to the identity
in the group of formal contactomorphisms, namely the group of pairs (¢, ®), where ¢ € Diff(}') and ®
is a bundle map of TV covering ¢ and preserving £ conformally symplectically. A candidate setting for
this is when the Reeb frame loop is contractible, in other words, when M admits an element in 7, (M)
of unit symplectic area on which ¢ (7' M) vanishes.

On the other hand, the noninjectivity of $ has the potential to provide examples of strict contactomorphisms
that are contact isotopic to the identity but without translated points in the sense of Sandon [23]. The
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2510 Souheib Allout and Murat Saglam

setting of such an example could be that there is some « € ker $ represented by a nonsingular closed
1-form on M such that the time-one-map of its symplectic gradient flow is without fixed points. Recently,
Cant [6] provided examples of contactomorphisms on standard contact spheres that are contact isotopic to
identity yet without translated points. However there is no known example of a strict contactomorphism
with these properties.

Outline of the paper

In Section 2, we discuss generalities about prequantizations, and study the homomorphism (1). In
Section 3, we give our main results, namely Theorem 3.11, Proposition 3.12 and Corollary 3.13.

Acknowledgements

We thank Felix Schlenk for initiating this work, and for many useful discussions and comments on
this manuscript. We thank Alberto Abbondandolo, Stefan Nemirovski and Stefan Suhr for very helpful
discussions and comments on this manuscript and also for providing encouragement. We also thank
Hansjorg Geiges for his comments during the presentation of this work in a series of lectures in the
Arbeitsgemeinschaft Symplektische Topologie at University of Cologne. Lastly, we thank the referee for
the comments on this paper.

Allout is fully and Saglam is partially supported by the SFB/TRR 191 “Symplectic Structures in Geometry,
Algebra and Dynamics”, funded by the DFG (Projektnummer 281071066 - TRR 191).

2 Generalities on strict contactomorphisms of prequantizations

In this section we fix our setting, recall some generalities on prequantizations and determine the kernel of
the homomorphism (1). Most of the results presented in this section can be found in the classical books
of Banyaga [2] and Souriau [24]. We try to keep our presentation minimal and we refer to [2; 24] for
further details.

Let (M, w) be a 2n-dimensional closed integral symplectic manifold, that is, the value of [w] over any
integral homology 2-cycle is an integer. Then a classical fact due to Kobayashi provides our main object
of study. We fix S! := R/Z for the rest of this manuscript.

Theorem 2.1 [4;19] Letm:V — M be a principal S'-bundle whose Euler class is a lift of —[w]. Then
there is a contact form A on the total space V such that

(pl) the vector field that generates the S'-action is the Reeb vector field of ;
(p2) n*w =dA.

We call such a bundle (V, A), together with a contact form as above, a prequantization over (M, »).

Algebraic & Geometric Topology, Volume 25 (2025)
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Given a prequantization (V, A) over (M, w) we want to understand the induced homomorphism
) SCont(V,A) — Symp(M,w), ¢+ @,

where SCont(V/, 1) is the group of strict contactomorphisms of (V, 1), that is, diffeomorphisms of V'
that preserve A, and Symp(M, w) is the group of symplectomorphisms of (M, w). Notice that any strict
contactomorphism ¢ of (V, 1) is in particular an S'-equivariant diffeomorphism of V' and therefore
descends to a diffeomorphism ¢ of M, which preserves w due to (p2).

Our main objective is to characterize the image and the kernel of the map (2) and of the induced map
3 7o (SCont(V, 1)) — 7o (Symp(M, w))

on mapping class groups. The surjectivity of the map (2), and of the map (3), relies on the answer to the
question whether a given ¢ € Symp(M, w) can be lifted (maybe after an isotopy) to a map ¢ € SCont(V, A).

In order to study this lifting problem, we fix the S'-bundle 77: V — M as in Theorem 2.1 and consider
the space % of all contact forms on V' that satisfy (p1) and (p2). Notice that & is an affine space given by

4) P={A+B|BeQy(V)and B(X) =0} = {h+7*a |a € Qy(M)}

for any fixed A € %, where Q}; denotes the space of closed forms. Let Diffg: (1) be the group of
S!-equivariant diffeomorphisms of V. We consider the action of the subgroups

(5) Diff¢, (V) = {¢ € Diffg1 (V) | §*» = w}
and
(6) Diffg, (V) = {¢ € Diffg1 (V) | § =1d}.

on & by the pull-back. We note that ¢ € Diffg, (V) if and only if ¢ € Diffg:1 (V) and ¢*(dA) = d for
all A € % and the stabilizer of any A € % in Diffg 1 (V) is precisely SCont(V, A). On the other hand we
have the identification

(7 Diffg, (V) = C®(M,S")
since any ¢ € DiffISd1 (V) is given by

_ X
(®) p(p) = Pr(x(p)) (»)

for a unique smooth map f: M — S!, where qth denotes the flow of the vector field X that generates
the S!-action.

Theorem 2.2 Let (V, L) be a prequantization over (M, ®) and assume that H*(M, Z) is torsion-free.
Then the homomorphism (3) is surjective.

Proof We first show that the identity component of Diff‘é’ . (V) acts transitively on &. In fact, given
the line segment A; = A +tf, ¢ € [0, 1], joining A and A + B, we define the vector field Y on V by the
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equations A(Y) =0 and B = —iydA. Note that he = B,dA; =dAand A,(Y) =0 for all € [0, 1]. Now
let ¢; be the flow of Y. We get

L tie = 7 Gha+ Lyho) = 67 (B + 1y dis +d 0 (Y)) = 97 (B +1yd1) =0.
Hence ¢; (A +¢B) = A and ¢, € Diffg, (V) for all 7 € [0, 1]. In fact [X, Y] = 0 since

0=A([X.Y]) = X(A(Y)) - YA (X)) —dM(X.Y)
and
0= l[X,Y]d)\ = gled)\ —lYng)\ = —§£X,3 =0.

Note that any ¢ € Symp(M, w) lifts to some @ € Diff‘S" (V) since ¢ pulls back the circle bundle V — M
to a circle bundle on M, which has the same Euler class since H?(M, Z) is torsion-free. The resulting
bundle equivalence provides ¢. Then there is some ¢ in the identity component of Diff‘S" 1 (V) such that
Y*(@*A) = A. So g oy € SCont(V, A) and @ o ¥ is isotopic to ¢ in Symp(M, w). O

Lemma 2.3 Let A € ? and ¢ € SCont(M, L) be such that ¢ =1d. Then ¢ = (/b;X for some t € S1.

Proof Given ¢ € DiffISd1 (V) as in (8), an easy computation shows that

©)] A =r+rrdf
where df is the differential of f: M — S! viewed as the 1-form f*dt. Now if ¢ preserves A, then f is
a constant map and therefore ¢ = ¢tX for some 7 € S!. |

Theorem 2.4 Let (V, 1) be a prequantization over (M, ) and assume that H?(M,7) is torsion-free.
Then the following are equivalent.

(1) The action of DiffISd1 (V) on P is transitive.

(2) The first cohomology group Hal, g (M, R) is trivial.

(3) The homomorphism (2) is surjective. In other words, the sequence

0 — S' — SCont(V, ) — Symp(M, ) — 0
is exact.
Proof We recall that every class in H;, g (M, Z) is represented by the differential of a circle valued
function. Combining this fact with (9) gives the noncanonical identification
%/ Diffg, (V) ~ Hyp(M.R)/Hjp(M.Z),

which shows the equivalence of (1) and (2).

Now assume that DiffISd1 (V) acts transitively on % and let ¢ € Symp(M, w). Then ¢ lifts to some
Qe Diffé’ (V) as in the proof of Theorem 2.2. We have some ¢ € DiffISdl (V) such that ¥*(¢*A) = A.
Hence @ o ¢ is in SCont(V, A) and lifts ¢. Together with Lemma 2.3 we get the exact sequence above.
For the converse statement, we take A’ € % and by the proof of Theorem 2.2, there is some ¢ in the
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identity component of Diffg (V) such that 9*A" = A and ¢ € Symp(M, w). By assumption there is a lift
@ € SCont(V, L) of ¢. Then we get p o3~ ! € DiffISd1 (V)and (¢ o~ H)*A' = A. O

Remark 2.5 The assumption that H2(M, Z) is torsion-free is essential for Theorems 2.2 and 2.4. It is
possible to construct an integral symplectic manifold (M, ) with nontrivial torsion in H*(M,Z) and a
symplectomorphism that does not preserve a class e € H?(M, Z) that lifts —[w]. Such a symplectomor-
phism cannot be lifted even to an S!-equivariant map of the circle bundle with Euler class e.

Given a prequantization (V, A) — (M, w), we now want to understand the kernel of the map (3). To this
end we define the subgroups
¥ :={p € Symp(M, w) | ¢ lifts to SCont(V,A)}

and
% := £ N Symp® (M, w)

where Symp® (M, w) is the identity component.
By Lemma 2.3, the map (2) now fits into the exact sequence
0—S'— SCont(V,A) > £ —0

which defines a Serre fibration. In fact, it is easy to see that once restricted to the identity components,

the above sequence reads
0— S' — SCont®(V, 1) - Ham(M, w) — 0

where Ham(M, w) is the group of Hamiltonian diffeomorphisms. Then the homotopy lifting property for
0-cells follows from the nontrivial fact that any path of Hamiltonian diffeomorphism starting at Id is a
Hamiltonian isotopy. For the details, we refer to [3].

An immediate consequence of the above lemma is the following exact sequence of mapping class groups:
0 — mo(SCont(V, L)) = mo(£) — 0.
On the other hand if H?(M, Z) is torsion-free we have the exact sequence
0 — 7o(H) = 79(£) = 7o(Symp(M, w)) — 0.

It turns out that the elements of & are characterized by their effect on holonomy and this effect is explicitly
determined for the elements of ¥. Let y: [0, 1] — M be a piecewise smooth curve and p € 771 (y(0)).
Then there exists a unique curve 7 : [0, 1] — V such that

PO =p. mop=y. Ap)=0.
We call 9, suppressing its initial condition, the horizontal lift of y. If y is a loop, that is y(0) = y (1),
then the holonomy Hol(y) € S! of y is defined by

Pty P (1) = P(0).

Algebraic & Geometric Topology, Volume 25 (2025)



2514 Souheib Allout and Murat Saglam

We note that the holonomy does not depend on y(0) and it is invariant under positive reparameterizations

-1

of y. Moreover, Hol(y ~!) = — Hol(y) where y~! is some (hence any) negative reparametrization of y.

Now given a diffeomorphism ¢ of M one considers its effect on holonomy, namely the map
(10) E,:Loop(M) —S', y > Hol(poy)—Hol(y),

where Loop(M ) is the space of piecewise smooth maps from S! to M. The following fact, which we
spell out in accordance with our purposes, is due to Kostant and says that the holonomy effect determines
whether a symplectomorphism ¢ lifts to SCont(V, A).

Theorem 2.6 (Kostant [22, Proposition 3.3]) A symplectomorphism ¢ € Symp(M, w) admits a lift to
SCont(V, A) if and only if E, = 0.

Proof We fix a point x € M and put y = ¢(x). After trivializing the circle bundle near x and y, we
fix a map n: 7! (x) — 7~ !(y), which reads as a rotation with respect to any other choice of such
trivializations. Now given p € V' we take a path y such that y(0) = 7(p) and y(1) = x and we define
@(p) by the equation
goy(1)=n((1))

where @ oy is the horizontal lift of ¢ oy with g oy (0) = @(p) and y is the horizontal lift of y with
y(0) = p.

Note that ¢ is well defined if and only if £, = 0. Moreover ¢, whenever is well defined, is an Sl
equivariant lift of ¢, which maps horizontal lifts of curves in M to horizontal lifts of their images under ¢.
It is not difficult to show that this property together with the fact that ¢ is symplectic implies that ¢ is in

SCont(V, ). O
Given ¢ € Symp® (M, w), it is easy to understand its effect on holonomy. We begin with the following
observation.

Lemma 2.7 Lety;,¥a,....vk:S' — M be a family of smooth loops. Suppose there is an oriented

surface ¥ with boundary 0¥ = S1 U S U ---U Sy consisting of k circles and a smooth map o : ¥ — M
extending each yj, that is, for each j, once S; is oriented as the boundary of ¥ and identified with S!,
ols; = yj. Then we have

k
ZHol(yj) :/ oc*w mod Z.
— b
j=1
Proof We first note that for any smooth y: S! — M,

Hol(y)=/~k mod Z
1z

where 7 is any loop that lifts y. In fact, given a lift 7: S — V', we consider the horizontal lift y of y
with 7(0) = 7(0) and define a smooth map 7:[0, 1] — S! such that

¢ (P($) =7 ().

Algebraic & Geometric Topology, Volume 25 (2025)
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Note that t(1) = Hol(y) modulo Z. We lift t to a map into R, still denoted by 7, such that 7(0) = 0 and
consider the smooth map

A=V, (5,0 ¢ (P(s))

on the domain A := {(s,7) e R | 0 <t < 1(s), s € [0, 1]}. Note that n*d A = 0. By Stokes’ theorem,

0=/An*d)\=/ﬁ)»+r(1)—/ﬁk

Now let 0: X — M be as in the statement. Since X has the homotopy type of a graph, there exists a lift

and the claim follows.

0: % — V of ¢. By the above observation we get
k

/ o*w =/ 6*di= | &*»=) Hol(y;) mod Z. O
z z E)> iz

An immediate consequence of this lemma is the following.

Proposition 2.8 For any ¢ € Symp(M, w), the map (10) descends to a homomorphism
Eg: HI(M,Z) »S', [yl Eg(p).

Moreover the map

(11) Symp®(M, w) — Hom(H; (M, Z).S"), ¢+~ E,

is a homomorphism.

Proof Given smooth loops y; and y, representing the same class in H{(M, Z), there is an oriented
surface X with two oriented boundary components S1 and S> and a smooth map o: ¥ — M such that
ols,=yiandols, = yz_l. We get

Hol(y1) + Hol(y; ') = Hol(y1) — Hol(y) = / 0w
=
and therefore
Eom) -~ Eor) = [ wooro- [ o= [ o w)- [ s =0
= = ) b
Now given @1, @5 € Symp® (M, w) and [y] € H;(M, Z), we have [¢, o y] = [y] in H{(M,Z) and

E(olotpz(y) = E(pl ((,020)/)+E(p2()/) = E<pl()/)+E¢2()/). O

Notice that 7€ is precisely the kernel of the homomorphism (11). Our next objective is to relate the
homomorphism (11) to the flux homomorphism

(12) Flux: Symp®(M, w) — H}p(M,R)/ Ty.

Algebraic & Geometric Topology, Volume 25 (2025)
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Recall that if (¢7);e[0,1] is a symplectic isotopy of a closed symplectic manifold (M, ), not necessarily
integral, generated by the time dependent symplectic vector field X, the flux of (¢;);e[o,1] is defined by

1
Flux(¢;) = / [ix,w]dt € H}p(M,R).
0

It turns out that Flux(g;) stays invariant under any homotopy of the path (¢;);¢[o,1] in Symp® (M, w),
which fixes the end points Id and ¢; and consequently defines a homomorphism

Flux: Symp® (M, w) — H}p(M,R)

where Symp® (M, w) is the universal cover of Symp® (M, w), seen as the space of homotopy classes, in
the above sense, of paths in Symp® (M, w) starting form the identity. Viewing 7; (Symp® (M, ), Id) as a
subgroup of Symp® (M, w), one defines the flux group

ry,:= Flux(nl(Sympo(M, a)),Id)) - Hal,R(M, R)

and obtains the homomorphism (12). It turns out that Flux(¢;) vanishes if and only if (¢;) is homotopic
to a Hamiltonian isotopy. Hence the kernel of (12) is precisely the group Ham(M, w) of Hamiltonian
diffeomorphisms.

The following observation relates Flux to the homomorphism (11) if w is integral.

Lemma 2.9 Let (¢;) be a symplectic isotopy starting at Id. Then for any smooth loop y: S — M, we
have

/ Flux(¢;) = E¢,(y) mod Z.
Y

Proof Given y and ¢, as above, one defines the smooth map o: [0, 1] x S! — M by o' (s, 1) = ¢; (v (s)).
An easy computation shows that

(13) / Flux(g;) = / oc*w
[v] [0,1]xS!
and from Lemma 2.7 it follows that
/ o*w = Hol(y ') + Hol(p; o y) = Ey,(y) mod Z. O
[0,1]xS!

We have the following characterization of the mapping class group 7o ().

Theorem 2.10 We have the following canonical isomorphisms of groups:

(14) o (%) = %/ Ham(M, ©) = H} (M, Z)/ T.

Proof The statement follows immediately from Lemma 2.9 and the fact that 'y, is contained in
H}o(M.,Z) as o is integral. m|

Algebraic & Geometric Topology, Volume 25 (2025)
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3 H!,(M,Z)in zo(Cont(V, £)) and in mo(Diff(V))

The aim of this section is to provide a class of examples of prequantizations (V, A) — (M, w) such that
7o (#) is an infinite subgroup of 7o(SCont(V, 1)) and the homomorphism

(15) 70(#) — 7o(Cont(V, £))
is injective, while the homomorphism
(16) 70 (#H) — 7o (Diff(V))

is trivial. Here & stands for the kernel of A, Cont(V,£) is the group of coorientation (given by A)
preserving contactomorphisms of (V, ) and Diff(V') is the group of orientation (determined by A)
preserving diffeomorphisms of V.

We begin with an explicit description of the inverse of the isomorphism (14). Let « be a closed integral
1-form on M given by a = df for some f € C®°(M,S'). We define the symplectic gradient X, of «
via —a =1y, @ and we let (¢,) denote its flow. Then the time-one-map ¢; belongs to 3 with a lift

(17) Ly V>V, La=¢;{mo¢1

in SCont(V, 1), where ¢, is the time-one-map of the flow (¢;) of the horizontal lift X}, of X, and the
map ¢}(On is given by (8). Indeed as we saw in the proof of Theorem 2.2,

(18) ()" A=A —tr*a.

Together with (9) we see that Ly preserves A. We also note that the maps d)}‘; » and ¢; commute for all
t € R. Indeed as in the proof of Theorem 2.2, the vector fields X and X} commute and the map f o7 is
invariant under the flow of X}. We have the following observation on the action of Ly on loops in V.

Lemma 3.1 Let§: S! — V be a loop. Then Ly o § is freely homotopic to the loop § * y{ﬁ where
yv: S! — V denotes the parameterized Reeb orbit starting at the point §(0) and k = |, sTha.

Proof Note that the loop Ly 048 is freely homotopic to the loop qu};  © 6 via the isotopy (¢;) so it is
enough to show that § = y{ﬁ is freely homotopic to the loop ¢}{) . ©6. To this end we consider the pull-back
bundle §*V — S!, where § = 7 0§ and trivialize it via the section §. After identifying the total space
with T2 = S! x S!, where the bundle projection 7 corresponds to the projection to the first circle, the
loop & * y{ﬁ reads (S! x {0}) * ({0} x S1)¥ and the loop ¢}(on o8 reads t — (¢, f(1)), where f:S! — S!
is of degree k. It is clear that these loops are homotopic in T 2. |

As a consequence of the lemma we get the following class of prequantizations where the map (15) is
injective due to topological reasons; more precisely, due to the fact that (16) is injective.

Proposition 3.2 Let (M, w) be a closed integral symplectic manifold such that
(1) [w] vanishes on 7, (M);

(2) any abelian subgroup of 1(M) has rank at most one.
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Let (V, 1) — (M, w) be a prequantization. Then for any closed integral 1-form o on M, L is isotopic
to Id in Diff(V') if and only if [«] is trivial in HalIR (M, 7).

Lemma 3.3 Let H be an abelian group of rank at most one. Then every Z-central extension of H is
trivial. More precisely, it G is a group with a central subgroup C isomorphic to Z and G/C is isomorphic
to H then G is isomorphic to H x Z. In particular, G is abelian.

Proof The commutator subgroup [G, G] is contained in C = Z. The map G x G — Z that sends a
couple (a, b) to the commutator aba—'h~! factors to a skew-symmetric bilinear map B: H x H — 7.
Since H has rank at most one, it follows that B is identically zero. O

Proof of Proposition 3.2 The homotopy exact sequence associated to the bundle V — M reads
(19) o (V) > m(M) = 71 (SY) = 1 (V) = m (M) — 0

where the connecting homomorphism is given by integrating w over spheres in M . By the first assumption,
the fiber yy is of infinite order in 771 (V). We note also that the image of 7 (S!) is always central in 7 (V),
that is ypr commutes with every element of 771 (V). In fact, given any loop 1 in V' (having the same base
point with yy-) and its projection 7 in M, yy- and 1 can be seen as loops in the total space of the pull-back
bundle 7*V — S!, which is diffeomorphic to T? and therefore has abelian fundamental group.

Now if L is isotopic to Id and § is a loop in V, then by Lemma 3.1, § is freely homotopic to § * y{j.
Then there is a loop 8 in V such that 8§ x B~! = § * y,’} in 771 (V). We write § = 708 and B = 7 o B.
Then § commutes with 8 in 7r1 (M) and by assumption § and B are contained in a subgroup H of rank at
most one. Then, by Lemma 3.3, the subgroup 7, ! (H) is abelian. As § and B are contained in 7 ' (H),
we conclude that y{} is contractible and therefore k = |; 5@ = 0. Since § is arbitrary we get [¢] =0. O

Remark 3.4 The above statement shows that the flux group Iy, is trivial in this case and o (), being
isomorphic to Hal, g (M, Z), injects into 7o (Diff(V')).

Example 3.5 A typical example for the above proposition is an oriented surface of genus at least two.

Our next objective is to use Proposition 3.2 as a springboard to describe prequantizations for which the
homomorphism (15) is injective for contact topological reasons. We want to replace the role of the Reeb
orbit with the loop induced by the Reeb flow in the bundle CSp(¢) — V' of conformally symplectic frames
of &.

The bundle CSp(§) — V is a principal CSp(2n, R)-bundle, where CSp(27, R) denotes the group of con-
formally symplectic matrices. As the symplectic group Sp(2#, R) is a deformation retract of CSp(2n, R),
it is natural to consider the isomorphism, called the Maslov index, given by

Index: 771 (CSp(2n, R)) = 71 (Sp(2n, R)) — 71 (U(n)) = 71 (SH = Z
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where the first arrow is given by the polar decomposition and the second arrow is induced by the
determinant map. We have the homotopy exact sequence

(20) - > (V) = 11 (CSp(2n, R)) — w1 (CSp(§)) = 1 (V) = 0

and it is easy to see that the connecting homomorphism is given by integrating the first Chern class ¢ (£)
over spheres in V. Here we view £ as a complex vector bundle of rank 7, by choosing a complex structure
on £ compatible with dA. We note that the space of such complex structures is nonempty and contractible.
In the same vein, ¢ (T M) is well defined and we have ¢ (§) = 7n*¢; (T M'). Combining this with (20),
we conclude that the homomorphism

21 m1(CSp(2n, R)) — 71 (CSp(§))

is injective if and only if ¢ (7T'M') vanishes on every sphere of vanishing symplectic area in M . Note that
this is equivalent to assuming that (M, w) is monotone on w,(M), that is, there is some « € R (in fact
k € Q), which we call the monotonicity constant, such that ¢1 (T M) = kw on 7, (M ). We also remark
that the image of 1 (CSp(2n, R)) in 71 (CSp(§)) is always central. This follows from the argument given
in the proof of Proposition 3.2 for the bundle V' — M and the fact that 7r; (CSp(2n, R)) is abelian.

Our aim now is to study the loop in CSp(€) that is associated to the Reeb flow and to determine sufficient
conditions such that it is of infinite order in 71 (CSp(§)). Let p € V and &, be a symplectic frame of &,.
We define the Reeb frame loop in the frame bundle by

(22) Ty:S!—CSpE), 1+ ()T,

which defines an element in m (CSp(§), %p). Next we assume that the Reeb orbit y} is contractible. Let
j:ID — V be a capping disc, that is j = yp- on dD. Let F be a symplectic framing of j*&. Writing 'y
with respect to the framing %|3p, we get the loop

r}:S! - CSp(2n, R)

to which we can associate its Maslov index.

Lemma 3.6 Let j: S?:=D/dD — M be the sphere given by j = m o j. Then we have
Index(I')) = —(¢1 (J*TM). $%) = —(c1(TM). j(S7)).

In particular, IndeX(FI]}) does not depend on %. Moreover, Index(F{}) is independent of the capping disc
if and only if (M, w) is monotone on 7, (M).

Proof Let x € S? denote the image of D in the quotient. We take a collar neighborhood U of 9D in
D and let U be the corresponding disc neighborhood of x € S2. We pick a symplectic framing § of
J¥*TM| i say extending 7%, and lift it to a Reeb invariant framing % of j*&|y extending %,. Note
that this is possible since U is contractible. On the other hand, & descends to a symplectic framing % of
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J¥TM| §2\{x}- Viewing ¢q( J*T M) as the homotopy class of the clutching function that is used to glue
the trivial bundles (]T*TM|S2\[7, %) and (]T*TM|U,@) along oU, we get

(c1(j*TM), S?) = Index(F|yz) = — Index (Y| ,57)
where we view @Lm (resp. @|al7) as a loop in CSp(2#, R) using the framing @|3(7 (resp. 9?_7|a(7). Using
the symplectic isomorphism 7., we get
(e1(j*TM). ) = — Index(%],)

where 1 denotes the preimage of dU in D and the loop 4|, is obtained via the framing %. Since 9| is
homotopic to the loop 9|y, which is defined via the framing %, and since FIJ, reads as the constant loop
with respect to the framing 9|yp, we get

(c1(J*TM), S?) = —Index(¥|ap) = — Index(T'},),
where the left hand side is clearly independent of the framing %.

Recall that (M, ®) is monotone on (M) if and only if ¢ (§) vanishes on 7,(V). Now given two
capping discs ji, jo: D — V, we glue them together, say after reversing the orientation of the second, to
get a sphere j: S2 — V. We have

Index(I'}}) —Index(I')) = (c1 (j*£), S2).

Hence Index(F{}) = Index(F{}) if ¢1 (&) vanishes on 75 (V). On the other hand, given a sphere S in V,
one can choose some capping disc j;: D — V with j;(0) € S and define the capping disc j, to be the
concatenation of j; and S. Repeating the above construction for these two capping discs leads to a sphere
j in the homotopy class of S. Then the above formula says that c¢; (§) vanishes on S if the index is
independent of the capping discs. a

Remark 3.7 The above construction of the Maslov index can also be carried out in the case where yy-
is null homologous. In this case the capping disc is replaced by a capping surface j: ¥ — V and the
relative index is given by evaluating c¢; (7'M ) over the closed surface j: X := /0% — M.

An immediate consequence of the above lemma is the following.

Proposition 3.8 Let (V,A) — (M, w) be a prequantization. Suppose that either [w] vanishes on 7,(M')
or (M, ) is monotone on 7, (M) with nonvanishing monotonicity constant. Then the Reeb frame loop
I'y is of infinite order in 1 (CSp(§)).

Proof Notice that if [w] is trivial on 77, (M) then the Reeb orbit is of infinite order in 7r1 (V). Since 'y
projects to yp the statement follows.

Now assume that there is sphere in M with unit symplectic area. Then yp is contractible. Given a
capping disc j: D — V with p = j(1), with a framing & of j*£ extending %), the loop I'y based at
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% p is homotopic to a loop in CSp(§,) based at &), whose homotopy class is given by Index(l"{}) after
(CSp(&p), Fp) is identified by (CSp(2n, R), Id). By monotonicity, the homomorphism (21) is injective.
Hence I'y is of infinite order in 71 (CSp(§), ¥, ) if and only if IndeX(F{,) is nonzero.

1=/ x:/j*cm:/ P o.
Yy D S2

Since the monotonicity constant is assumed to be nonzero, Index(F{,) does not vanish.

On the other hand,

Finally, if yy is torsion, say of order d, in 71 (V'), then we consider the loop Fl‘f in 771 (CSp(§)) and apply
the Maslov index construction to Fg. The argument above applies word by word to I'I“,’ and we conclude
that Fl‘f and consequently I'y is of infinite order. a

Given p € V and a symplectic frame %), of &,, we define a map

Cont(V, &) = CSp(§). ¢ ¢x%F),

and get the induced homomorphisms 771 (Cont(V, §), Id) — 71 (CSp(§), Fp) which maps the homotopy
class of the Reeb loop ((/5;)( )sest to the homotopy class of I'y,. Hence the Reeb loop is of infinite order in
m1(Cont(V,&),1d) if 'y is of infinite order in 71 (CSp(&), ¥p). Hence we get the following corollary.

Corollary 3.9 Let (V,A) — (M, w) be a prequantization. Suppose that either [w] vanishes on 7, (M) or
(M, w) is monotone on 7, (M) with nonvanishing monotonicity constant. Then the Reeb loop (¢tX )tes!
is of infinite order in 71 (Cont(V, §)).

After establishing the setting in which I'y is suitable to take the role of yy in the proof of Proposition 3.2,
we are ready to prove the lemma that is analogous to Lemma 3.1.

Lemma 3.10 Let§:S! — CSp(£) be a loop with its projection §: S' — V. Then (Lg)« 08 is freely
homotopic to the loop § x F{ﬁ where T'y: S! — CSp(£) is the Reeb frame loop based at 8(0) and

Proof Recall that Ly = ¢ 0 qj}{m where « = df for some f: M — S! and ¢ is the time-one-map of

the flow (¢;) of the horizontal vector field X}. From (18) it follows that

(@)« (Go.dA) = (§.dA), 1 €[0,1]

is a smooth path of isomorphisms of rotating contact structures
& :=ker(A+ (1 — Dr*a), ¢€]0,1],
seen as symplectic vector bundles. Note that £, = ker A = £ and by (9) we have that
(@7 )w: (E1.dN) — (Eo. d2)
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is also an isomorphism. Notice that the vector field X is the Reeb vector field for every contact form
A+ (t — 1)m*« and by projecting along X, we get a smooth path

Pri(5r.dd) — (§1.dD)

of isomorphisms of symplectic vector bundles. Observe that P; is the identity map. Now we define a
path of loops

0:8' x[0,1] = CSp(§),  (5,1) = Pro (@) (B 08(s).
which defines a free homotopy between o (-,0) = Pyo (¢}(on)* 08 and o(-,1)=(Lg)xo0 5.

We claim that Py o (¢J§‘;n)* 04 is freely homotopic to § % F{; in CSp(&). To see this, we write § := 7 0§
and consider the pull-back bundle §*V — S!. Let A: §*V — V be the bundle map covering §. Next
we take a symplectic trivialization of 8*TM and lift it to an S'-invariant trivialization of the pull-back
bundle A*§ — §* V. Pairing this trivialization with the trivialization of §*V — S! described in the proof
of Lemma 3.1, we identify CSp(A*£) with T2 x CSp(2n, R) in such a way that § reads as (S x {0}) in
T?2 paired with a loop 7 in CSp(2n, R) based at Id, and I‘fﬁ reads as ({0} x S1)¥ in T2 paired with the
constant loop Id in CSp(2n, R) since A*£ is trivialized in an S!-invariant fashion. Hence 8 * F{ﬁ reads
as (S! x {0}) % ({0} x S1)X paired with 7. On the other hand since Py is given by the projection along X,
forany s € S' and u € 3(5), we have

X _ X _ — X
PO © (¢fon)*u - PO (d(¢f((§(s)))8(s)[u] + ag(s) (T[*U)X) - d(¢f((§(s)))8(s)[u]
Again since A*£ is trivialized in an S!-invariant fashion, P o (qb;(O o)* 0§ reads
s+ ((s, £(5)),n(s)) € T* x CSp(2n, R),

where f: S! — S! is of degree k. Therefore, Py o (q)on )x 04 is freely homotopic to § x F{ﬁ in
T2 x CSp(2n, R). m|

Now we are ready to state our first main result.

Theorem 3.11 Let (M, w) be a closed integral symplectic manifold such that either [w] vanishes on
(M) or (M, w) is monotone on w,(M) with a nonvanishing monotonicity constant. Suppose that
any abelian subgroup of w1 (M) has rank at most one. If (V,A) — (M, w) is a prequantization, then
for any closed integral 1-form o on M, L, is isotopic to 1d in Cont(V, §) if and only if [«] is trivial in
H)o(M.Z).

Proof If [w] vanishes on 7, (M) then this follows from Proposition 3.2. Now, suppose [w] does not
vanish on 77, (M) and (M, w) is monotone on 7, (M) with a nonvanishing monotonicity constant. If L
is isotopic to Id in Cont(V, &) and Sisa loop in CSp(§), then by Lemma 3.10 § is freely homotopic to
§ * I'{ﬁ. So there is a loop B in CSp(&) such that B % 8 * ;é_l =§x* I'{ﬁ in 71 (CSp(£)). Let § and B be
the projections of § and 3 to V respectively. Then § 185! = y{j where y{ﬁ is the projection of F’;.
But, we can assume )/{ﬁ is contractible by iterating L, (or equivalently, by considering a suitable multiple
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na of ). In this case, § commutes with 8 in 71 (V). It follows that § and 8 are contained in an abelian
subgroup H of rank at most one since the S!-fiber of V is torsion in 71 (V) (by the assumption that
[w] does not vanish on 7, (M)) and every abelian subgroup of 71 (M) has rank at most one. It follows,
by Lemma 3.3, that the subgroup 7, ! (H) is an abelian subgroup of 71 (CSp(£)) since it is a Z-central
extension of H (the Reeb frame loop is of infinite order by Proposition 3.8). Hence § and B are contained
in the abelian subgroup 7, ! (H) and therefore Fllﬁ is contractible. But by Proposition 3.8 this is possible
only if k = [ = 0. Since § is arbitrary we get @ =0 in Hal,R(M, 7). m|

Now let (W, wp) be a simply connected integral symplectic manifold. Consider the product symplectic
manifold M := W x X,, o := ow ® wy, where wy is any integral symplectic form on the surface X of
genus g > 2 and let 7 : (V,A) — (M, w) be a prequantization. Then V restricted to W x {pt}, denoted
by V|w, defines a prequantization of (W, wy). Note that 71 (M) = m1(Zg) and Iy, is trivial (see, for
example, [5, Theorem 3]). Then by Theorem 2.10, the kernel of the homomorphism (which is surjective

in this case)
76(SCont(V, 1)) = 7o (Symp(M, »))

is given by Hj (M, Z) = H}o(S¢.Z) = Z*#. So we get the homomorphism
9: Hig(Zg.2) — mo(Cont(V. §))

and we have the natural homomorphism $: o(Cont(V, £)) — mo(Diff(V)).

Proposition 3.12 Suppose that the S'-action on V |7, given by the Reeb flow, defines a torsion loop in
1 (Diffy(V |w)) of order k. Then every mapping class in the subgroup kH;, g (Xg, Z) Cmo(SCont(V, 1))
is smoothly trivial.

Proof Leto:S!x[0,s]— X, be asymplectic embedding of a small cylinder and let f:[0, e]—>S! =R/Z
be a smooth function that vanishes near 0 and . Now, f induces a function f 1 Xg — St as follows:
extend f to S! x [0, ¢] in the obvious way, so it induces a function on the image of o which can be
extended to be identically zero outside. The differential form d f represents an integral cohomology class
and, conversely, every integral cohomology is represented by such a function (with a suitable choice of o
and the degree of f'). Therefore, every element of Hal, g(M, Z) can be represented as the differential of a
function f o p where p: M — X is the projection and f is as above.

Recall that by (17), the lift of ai(f~ o p) to SCont(V, A) is given by ¢(Xfop)on o @1 where @ is the time-
one-map of the flow (¢;) of the horizontal lift of the symplectic gradient of d( f o p). Since ¢y is isotopic
to the identity, one needs only to show that if the degree of f is k (where f:[0,¢] — S! is seen as a
loop) then d)(Xfop)on is isotopic to the identity.

Leto:S! x[0,¢] — X, be as above and f: [0, ] — S! be such a map of degree k. Denote by C the
image of 0. Let V|c denote the restriction of the S!-bundle V to W x C and Z = V| denote the
restriction of V to W x {pt}. Then the map pow: V|c — C defines a fiber bundle with fiber Z and the
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S!-action preserves each fiber. Our claim is that p o: V|c — C is equivalent, in an S'-equivariant
way, to Z x C — C where Z is seen as the prequantization of (W, wy).

We first show that the bundle p o w: V|c — C is trivial, in an S!-equivariant way, when restricted
to S! x {0} C C, where C is identified with S! x [0, ¢]. Fix yo € W and suppose, without loss of
generality, that the loop Sy, := {yo} X ST x {0} has zero holonomy. Then for every y € W, the loop
Sy 1= {y} x S! x {0} also has zero holonomy since for some ¢ € Ham(W, wy/) with ¢(yo) = », the
Hamiltonian diffeomorphism ¢ x Id of M maps S),, to S). Now, horizontal lifts of the loops S, for
y € W produce an S!-equivariant identification of all the fibers (p o 7)1 (z) for z € S! x {0}. Now we
can argue in the same fashion and identify all the fibers (p o 7)™ 1(2), for z € S! x [0, €], S'-equivariantly
just by considering the foliation of S! x [0, &] by intervals {s} x [0, £] and their associated horizontal lifts.

X
Now, the map ¢(fop)on reads

¢ ZxC—=>ZxC (g, (x, )= (f(0)-q. (x.)))

X~
(fop)om

where f(y)-¢ means the action of f(y) € S! on g. So, ¢(Xf » has the form
(o) orr

(q? (X, y)) = (¢J’(q)? (X, y))

where ¢ : [0, €] — Diff®(Z) is a loop based at Id. In our case, ¢ is contractible if / has degree k (since, by
assumption, the Reeb flow defines a torsion loop of order k in 71 (Diff’(Z))). This shows that ¢%

. . o (fep)om
is isotopic to the identity. a

Corollary 3.13 Let (g, wo) be a surface of genus g > 2 with an integral symplectic form and wrs be
the Fubini—Study form on CP", which is normalized so that the standard CP' C CP™ has unit area.
Consider a prequantization (V,A) — (CP" x Zg, wrs @ w¢). Then the homomorphism

9: Hjp(Zg.Z) — mo(Cont(V, £)),

is injective. Moreover, ker($) contains the image of $ for n odd, and contains .SB(ZHL} r(Xg.2)) forn

cven.

Proof The injectivity of $ follows from Theorem 3.11. Note that the prequantization V' |c pn is the Hopf
bundle S?"*! — CP" and the Reeb loop is given by the loop ¢ > diag(e?™?, ..., e?™) in U(n + 1).
This defines a loop in SO(2# + 2) which is contractible if n is odd and of order 2 if n is even. The rest is
a direct consequence of Proposition 3.12. |
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