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Algebraic models for equivariant rational homotopy theory were developed by Triantafillou and Scull
for finite group actions and S' action, respectively. They showed that given a diagram of rational
cohomology algebras from the orbit category of a group G, there is a unique minimal system of DGAs
representing a unique G-rational homotopy type that is weakly equivalent to it. However, there can be
several equivariant rational homotopy types with the same diagram of cohomology algebras. Halperin,
Stasheff, and others studied the problem of classifying rational homotopy types up to cohomology in the
nonequivariant case. In this article, we consider this question in the equivariant case. For the case G = C),
for prime p, under suitable conditions, we are able to determine the equivariant rational homotopy types
with isomorphic diagram of cohomology algebras in terms of nonequivariant data. We give explicit
examples to demonstrate how these theorems can be applied to classify equivariant rational homotopy
types with isomorphic cohomology.

55P62, 55P91; 16E45, 18G10

1 Introduction

Any two simply connected spaces are said to have the same rational homotopy type if there is a zigzag of
morphisms between them, each inducing isomorphism on their rational cohomology. Quillen and Sullivan
give algebraic models, namely, differential graded Lie algebras [8] and differential graded commutative
algebras, written as DGAs in short (minimal algebras, [14, Section 2]) respectively, describing simply
connected spaces up to their rational homotopy type.

We say two G-simply connected spaces (i.e. G-space X whose fixed point spaces, X, are simply

connected for all subgroups H of G) have the same G-rational homotopy type if there is a zigzag of
G-maps, each inducing an isomorphism on the rational cohomology of the fixed point of the spaces under
every subgroup of G. Triantafillou [16] (for finite G) and Scull [11] (for G = S 1y define algebraic models
describing G-simply connected spaces up to the same G-rational homotopy type. These models lie in the
subcategory of injective objects (Definition 2.2) of the category of functors from the orbit category of G,
O¢ (Definition 2.1), to the category of cohomologically 1-connected DGAs. We refer to functors from
O to the category of cohomologically 1-connected DGAs (graded algebras/vector spaces) as a diagram
of DGAs (graded algebras/vector spaces) over Og and as a system of DGAs over Og when it is injective.
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In [16, Theorem 6.2; 11, Theorem 6.28], the authors show that there is a one-to-one correspondence
between G-simply connected spaces up to the G-rational homotopy type and isomorphism classes of
minimal system of DGAs (Definition 2.14) over Og.

A natural question is to ask for all minimal algebras and, therefore, rational homotopy types with
isomorphic (rational) cohomology algebras. Given a graded algebra A*, define the moduli set of all
minimal algebras (up to isomorphism) with cohomology A*,

M 4+ = {rational homotopy type of X | H*(X; Q) = A™*}.

In the nonequivariant context, the set M 4+ has been studied by several authors including [5; 7; 10; 12;
13] with different viewpoints. Lupton [7] shows that for any positive integer n there is a graded algebra
A* such that the cardinality of M 4+ is n.

Lemaire and Sigrist [6] produce an infinite family of distinct rational homotopy types with the same
cohomology algebra and rational homotopy Lie algebra. Halperin and Stasheff [5], study M 4+ by
considering the set of perturbations of a bigraded model constructed from 4*. In particular, they show that
for A* = H*((S? Vv S?) x S3;Q), the set M 4+ consists of two points. Shiga and Yamaguchi [13] study
the set M 4+ by constructing a correspondence between M 4+ and rational points of Grassmann manifolds
modulo an equivalence relation generated by the group of automorphisms of DGAs [13, Theorem 2.1,
Corollary 2.3].

In this article, we study the equivariant analogue of M 4+, defined as the moduli set of all minimal systems
of DGASs (up to isomorphism) with cohomology diagram of graded algebras A* over Og,

Mg* := {M | M is a minimal system of DGAs over Og and H™(/; Q) = A*},

where Q is the constant coefficient system defined by Q(G/H) := Q, for every subgroup H of G.
A minimal system of DGAs over Og which determines the G-rational homotopy type of a G-simply
connected space is obtained by taking elementary extensions (Definition 2.11) inductively. An elementary
extension is the equivariant analogue of the Hirsch extension used to construct minimal algebras [4,
Chapter 16.2]. Unlike the nonequivariant case, the generators added at n™ stage extension in the
construction of Jl, which we denote by .ll,, can have degree greater than n.

The construction of an elementary extension of a system of DGAs U/ over Og depends on the following
data: a diagram of vector spaces V' over Og of degree n and an element [o] € H" (U/; V'), and the extension
is denoted by U4*(V'). Any two nonisomorphic minimal systems of DGAs, with an isomorphic diagram
of cohomology algebras, differ at some n™ stage.

A necessary condition for isomorphic elementary extensions over the same system of DGAs over Og, is
given by Scull [11, Proposition 11.52].

In Section 3, we define condition C, on a system of DGAs which ensures that two elementary extensions
over the same system of DGAs are nonisomorphic, as proved in Proposition 3.11. This improves our
understanding of Mg* and more specifically gives a method to construct minimal systems of DGAs that
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are not quasi-isomorphic but have the isomorphic cohomology diagrams. For instance, we show that
Mﬁ* can have more than one point in Example 3.13.

In order to study MJGM, for a cohomology diagram of graded algebras A* over Og which can be considered
as a diagram of DGAs with zero differential, it is imperative to understand its minimal model, that is, a
minimal system of DGAs .l over Og with a morphism p: M — A* inducing isomorphism in cohomology.
However, the cohomology diagram of a given G-space is not always injective, as can be seen from
examples (Example 4.2). In such cases, we need to consider the injective envelope of the diagram
of DGAs (Theorem 2.5), whose differential need not be zero, making the ensuing computations more
complex. In Proposition 4.1, we give a simple condition to verify when a diagram of DGAs over an orbit
category of Cp, for prime p, is injective.

Moreover, we observe that at each stage of the construction of a minimal system if the associated diagram
of vector spaces (Definition 3.9) involved in the elementary extension is injective, then the computations
simplify. We therefore, consider the following question:

Question 1.1 What conditions on an injective cohomology diagram of graded algebras ensure that the
associated diagram of vector spaces added for each elementary extension are injective?

We answer this question when G = Cp, where p is prime. In Proposition 4.5, we show that if the
cohomology diagram A* over Oc, has the property that the structure map A(G/e) — A(G/G) is a retract
(Definition 2.21) and the minimal model is Jl, then the associated diagram of vector spaces at every stage
of the construction of it is injective. In this case, the equivariant minimal model Jl of A* is levelwise
minimal, i.e. M(G/H) is a minimal model for A*(G/H), reducing the problem to the nonequivariant

case.

The diagram of graded algebras, A* over Og, is said to be equivariantly k-intrinsically formal if there
exists a k-isomorphism (Definition 2.20) between any two minimal systems in the equivariant moduli
set Mf‘*. Further, if this set Mg* is a singleton, then we say A* is equivariantly intrinsically formal.

Define a system of DGAs to be equivariantly formal if its weak equivalence class (Definition 2.10) can
be completely determined by its cohomology diagram. A G-space is equivariantly formal if the minimal
system of DGAs corresponding to it is equivariantly formal. With this set up, we consider the following
question:

Question 1.2 Can we compute the cardinality of G -rational homotopy types with isomorphic cohomology
diagrams over Og or say when the cohomology diagram is equivariantly intrinsically formal?

We address this question for G = Cp, for p prime, in Section 5. We extend the results of [13], for
systems of DGAs over @Cp in Theorem 5.4. In Theorem 5.6, under suitable conditions, we determine the
cardinality of a subclass of Mi’; in terms of the nonequivariant set M 4+(c, /¢). In Corollary 5.7, we
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give a sufficient condition for a diagram of graded algebras to be equivariantly intrinsically formal, that
is, the equivariant moduli set corresponding to A* is a point. More precisely, we prove the following.

Theorem 5.6 and Corollary 5.7 Let A* be a diagram of graded algebras over Oc, such that its structure
map is a retract with minimal model M. Assume that A* is equivariantly (n—1)-intrinsically formal and
M(Cp/Cp) does not have elements of degree > n. Then the following statements are true.

(1) The set of isomorphism classes of minimal systems containing M, is determined by the moduli
set corresponding to A*(Cp/e).

(2) If A*(Cp/e) does not have elements of degree > n + 1, then the cardinality of the equivariant
moduli set corresponding to A* coincides with that of the moduli set corresponding to A*(Cp/e).

(3) If the minimal models of M(Cp/e) and H*(M(C,/e)) are isomorphic, then A* is equivariantly
intrinsically formal. In particular, M is equivariantly formal.

This allows us to produce examples of equivariantly formal C,-spaces; for instance, see Example 6.1. As
a further application of Theorem 5.6 and Corollary 5.7, in Example 6.2 we demonstrate how to prove
that a given diagram of DGAs is equivariantly n-intrinsically formal for a particular n. Further, using the
work of Shiga and Yamaguchi [5] for the nonequivariant case, we are able to compute the cardinality of
Mi‘i for a given diagram of graded algebras A* over Oc, in Examples 6.3 and 6.5.

In the forthcoming work [9; 15], we extend these results for Cpn- and Cpq-diagrams of graded algebras.

2 Background

In this article, we work with DGAs over Q and assume G to be a finite group.

Definition 2.1 Given a group G, the category of canonical orbits is the category whose objects are
G-sets G/H and morphisms are G maps between them. We denote this category by Og.

Definition 2.2 An object / in a category C is said to be injective if for every injective morphism
f:X — Y and every morphism g: X — I,

there exists a morphism 4 : Y — I such that o f = g.

A diagram of DGAs is a covariant functor from the orbit category O¢ to the category of cohomologically
1-connected DGAs. If this functor is injective, then we refer to it as a system of DGAs in line with [16].
We will denote the category of systems of DGAs by DGAYC.

Algebraic & Geometric Topology, Volume 25 (2025)



Equivariant intrinsic formality 2855

By forgetting the differential in a diagram of DGAs we get a diagram of rational vector spaces, also
known as a dual rational coefficient system. The category of dual rational coefficient systems will be
denoted by Vecy,. A rational coefficient system is a contravariant functor from Og to the category of
rational vector spaces. We denote the category of rational coefficient systems by Vecg.

Let X be a G-space such that X is nonempty and simply connected for all # < G. Then the corre-
sponding diagram of cohomology algebra of X with differential 0 is 1-connected (i.e. H'(X#;Q) =0
for every subgroup H of G). This need not be an injective dual coefficient system. However, every dual
coefficient system has an injective envelope.

We now describe [11, Proposition 7.34], the embedding of a given coefficient system .A into its injective

envelope 7.

Definition 2.3 We define

(1) Vi = () ker A k).
HCK

where ég g : G/H — G/ K is the projection and A(éq, k) is the induced structure map on the functor A.
Note that Vg is defined to be A(G/G). Let T = Py V7, where

2 V3(G/K) :=Homow e, m) (G/H), Vi),
There is an injective morphism A — 7 extending the natural inclusions of (g g ker A(éq k).

Proposition 2.4 [16, Section 4] A dual coefficient system A is injective if and only if it is of the form
A= @y V73 for some collection of Q(N(H)/H)-modules Vg and

V(G/K) = Homomy, my(G/H) X, V).

Given a diagram of DGAs, forgetting the differential will give a dual rational coefficient system whose
injective envelope is a diagram of DGAs, with 0 differential. However, the map into the injective envelope
of dual rational coefficient system will not be a quasi-isomorphism in general.

Fine and Triantafillou [3] prove the existence of injective envelope for a diagram of DGAs.

Theorem 2.5 [3, Theorem 1] For a diagram of DGAs o over Og, where G is finite group, there is an
injective system of DGAs $(sA), called the injective envelope of s, along with an inclusion i : i — $(s4)
which is a quasi-isomorphism.

We now describe their construction.

Definition 2.6 Let G be a group and H < G. Let Ay be a DGA over Q such that N(H)/H acts on it
by DGA automorphisms. The associated system of DGAs A g, of the DGA Ap, is a system of DGAs
defined as follows. Let Vi be a copy of Ay considered as a graded Q(N (H)/H)-module by forgetting
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the differential and let V%, be the induced injective diagram of vector spaces Definition 2.3. Let sV}, be
copy of V3, with a shift of degree by 4-1. We denote by /\ ;; the system of acyclic DGAs generated by
Vi ®sVy,, where d(V3;) = sV7,. Now we define the associated system sif by

An(G/K) for (K) < (H),
Homgv(m)/m)(Q(G/H)X, Ag)  for (K) # (H),

where (H) is the conjugacy class of H in G. The value of this functor on morphism is obvious.

A (G/K) = {

Definition 2.7 Let s be a system of DGAs and let A be the subalgebra of s{(G/H) which is equal to
Ngcg ker gy g, where sd g g is the morphism induced by the projection G/H — G/H'. Let sl
be the associated system to A . The enlargement of o at H is the system of DGAs $ i (s4) defined by

AG/K)RAg(G/K) for K < H,
A(G/K) otherwise,
where K < H means that K is a proper subgroup of a conjugate of H. The value of the functor $ g7 ()

S () = {

on morphisms is the obvious one, namely, they are equal to the old morphisms when restricted to the
subsystems s and s g respectively.

The injective envelope of a system of DGAs o is constructed by the following steps. First, we consider
enlargement at G, namely, $G(s4) of the given system. Next we consider a maximal subgroup H of G,
and take the enlargement of $g(sf) at H' —that is, we construct $ g/ ($G (1)) — where H' is some
conjugate of H. We repeat this process until we reach the trivial subgroup. For details, see [3].

Remark 2.8 Note in the construction of the injective envelope, we add new elements and kill their
cohomology class by adding their suspension. So if we start with an injective diagram of graded algebras,
thought of as a diagram of DGAs by considering the differential zero, then it is injective as a diagram of
DGAs.

We now want to define weak equivalences on the category OG[DGA]. Before that, we define the notion of
homotopy on systems of DGAs.
Definition 2.9 Given a system of DGAs U, define U(¢, dt) as the DGA diagram

W(t, di)(G/H) = WG/H) ®q Q(t, dt).

where Q(z, dt) are free with ¢ in degree 0 and d¢ in degree 1. Two morphisms of DGAs f, g: WU; — U,
are said to be homotopic if there exists a DGA morphism H: Uy — U, ® Q(¢, dt) such that poH = f
and pi H = g where p;: U, ® Q(z, dt) — U, are defined as p;(t) =i fori =0, 1 and p;(dt) = 0.

This does not define an equivalence relation on DGAYG. However, it does give an equivalence relation on
minimal (Definition 2.14) systems of DGAs, which we discuss later in this section. We define a coarser
relation on DGAYC. Given two diagrams of DGAs, AU and %, if there is a morphism f in U — % or
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B — U inducing a cohomology isomorphism at each level (at G/H for all H < G) then f is said to be
a quasi-isomorphism. The equivalence relation generated by quasi-isomorphisms is defined as a weak
equivalence of systems of DGAs. Using the notion of injective envelopes, we can define weak equivalence
on the category of diagrams of DGAs

Definition 2.10 Let ¢/ and V be two DGA diagrams over Og. We say U and V are weakly equivalent if
there is a weak equivalence between their injective envelopes.

Recall that associated with any G-space X, there is the system of DGAs given by the de Rham—Alexander—
Spanier algebra ¢(X)(G/H) := A(X H) for every H < G. Triantafillou [16, Theorem 1.5] proves that
there is a bijective correspondence between the G-space X (with every fixed point set simply connected)
and the minimal system of DGAs My of €(X).

Scull generalizes these ideas to spaces with an S action. In [11, Section 21], Scull shows that, unlike the
nonequivariant case, the notion of minimality in the equivariant case arising from filtration via minimal
extensions of systems of DGAs does not satisfy the decomposability condition.

Note that homotopy defines an equivalence relation on morphisms from M — B for any system of
DGAs %, whenever L is a minimal system [11, Proposition 3.5]. Further, given a quasi-isomorphism
p:U — B of a system of DGAs and a morphism f: Ml — % from a minimal system ., there is a lift
g: M — AU such that pg >~ f [11, Proposition 3.6].

The results [16, Theorem 1.5; 11, Theorem 4.13] show that the category of G-spaces (whose fixed points
sets are simply connected) up to rational homotopy equivalences is equivalent to the category of minimal
systems of 1-connected DGAs modulo homotopy equivalences.

In order to give the construction of a minimal model of a system of DGAs we first define elementary
extensions.

Definition 2.11 Given a system of DGAs U, a diagram of vector spaces V assigned to be of degree n,
and amap a: V — Z"T1(U) (here Z(U) denotes the kernel of /), the elementary extension of U with
respect to o and V', denoted by U/*(V), is constructed as follows.

LetV —>Vo=%V; 25V, - be aminimal injective resolution of V' constructed by taking V; to
be the injective embedding of coker w;_1, which is of finite length.

Construct a commutative diagram

Wo wi

14 Vo Vi Vs
N
Zn+1(Z/[) un-i—l un+2 un+3
= d d d
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The maps «; are constructed inductively by first noting that do;w;—; = ddoj—; =0, so dotj|imw;_, =0
and then by the injectivity of &/ we get a commutative diagram

Vi/Imw 1 <2 Vi

d“’l %

un—i—i-i—l

Define U*(V) =U® (®l Q(I_/i)), where Q(V;) is the free graded commutative algebra generated
at G/H by the vector space V;(G/H) in degree n + i; the differential is defined on U by the original
differential on 2/, and on the generators of V; by d = (—1)’a; + w;. Since V; is injective for all i by
construction, as a vector space the system is the tensor product of injectives and hence injective. Thus,
U*(V) is a new system of DGAs.

Remark 2.12 We use /*(V') to denote the elementary extension of I/ by a diagram of vector spaces V
with respect to the map o. We denote the elementary extension of ¢/ by the diagram of vector spaces V
by U(V) if we do not want to focus on the map «.

The following result shows when two elementary extensions are isomorphic.
Proposition 2.13 [11, Lemma 11.53] Suppose f:U*(V) — L{O‘/(Z’) is a map between two degree n

elementary extensions of U with the following properties:

(1) f restricts to an isomorphism of U.
(2) OnV, f(x)=g(x)+a(x), where g: V — V' is an isomorphism and a(x) € U.

Then f is an isomorphism.
A minimal system of DGAs is defined as follows.

Definition 2.14 A system of DGAs Jt is minimal if M = | ,, M,, where My = M, = Q and M, =
My,—1(V) is the elementary extension for some diagram of vector spaces V of degree > n.

Theorem 2.15 [11, Theorem 3.8] If f: M — N be a quasi-isomorphism between minimal systems of
DGAs, then f >~ g, when g is an isomorphism.

Thus, if we have two minimal systems M and N, and quasi-isomorphisms p;: M — U and p;: N — U by
the lifting property of maps from minimal systems to systems of DGAs, we get a map f: . — N which
is a quasi-isomorphism. By Theorem 2.15, we get f/ =~ g where g is an isomorphism. Now we define the

following.

Definition 2.16 If Jl is a minimal system and p: M — U is a quasi-isomorphism, we say that Al is a
minimal model of AU.
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Maps between two minimal systems of DGAs are much nicer, in the sense that they are always homotopy
equivalent to a levelwise map of extensions. We will make use of this fact later.

Lemma 2.17 [11, Lemma 13.57] Any morphism f: M — N between minimal systems of DGAs is
homotopic to a morphism g which maps M, to N, for all n.

Remark 2.18 Given a morphism g as in Lemma 2.17, by Theorem 2.15 we get that g is an isomorphism.
Then Proposition 2.13 implies that if M, = My—1(V) and N, = Np—1 (V') then V =~ V' and for any
xeV,g(x)=x+b for some b € N;_1.

Observe that any minimal system is cohomologically 1-connected, that is, it satisfies H°(l) = Q and
H'(At) = 0. It can be shown that being cohomologically 1-connected is sufficient for a diagram of DGAs
to have a minimal model.

Theorem 2.19 [11, Theorem 3.11] If AU is a system of DGAs which is cohomologically 1-connected,
then there exists a minimal model of AU, i.e. a minimal system Jl and a quasi-isomorphism p: Jl — .

Note that this construction ensures that p restricted to JM,, — AU is an n-isomorphism.

Definition 2.20 We say a morphism f: U/ — B between two systems of DGAs is an n-isomorphism if
f*: H*(U) — H*(B) is isomorphism up to degree n and monomorphism at degree (n + 1).

In the nonequivariant setup, we define the following.

Definition 2.21 (retract) Given a DGA A and a sub-DGA B of A, we say B is a retract of A if there is
a DGA-morphism r: A — B such that r oi =idp. Here i : B — A is the inclusion morphism and the
morphism r is called the retraction.

3 Equivariantly intrinsically formal graded algebras

A cohomologically 1-connected DGA is said to be formal if its minimal model is weakly equivalent to
the minimal model of its cohomology algebra. Recall that a minimal algebra m is a free graded algebra
which can be written as an increasing union of m;’s where mo = m = Q, and my_; — my, is a Hirsch
extension for every k [4, Theorem 10.3]. A minimal model of a 1-connected DGA u, is a pair (m, p),
where m is a minimal algebra and p: m — u is a quasi-isomorphism.

A simply connected space is said to be formal if the corresponding minimal model is formal. The
rational homotopy groups of formal spaces can be computed from its cohomology algebra and by rational
Postnikov tower [1, Theorem 3.3]. A graded algebra A* is said to be k-intrinsically formal if for any
minimal algebra m with H*(m) =~ A* the sub-DGA my of m generated by elements degree < k, is
unique up to isomorphism. If my is unique for every k, the graded algebra A* becomes intrinsically

Algebraic & Geometric Topology, Volume 25 (2025)



2860 Rekha Santhanam and Soumyadip Thandar

formal, and any space with cohomology algebra A* will be formal. In this section, we introduce the
notion of formality and intrinsic formality in the equivariant setup with some examples. We first prove
the following facts in the nonequivariant case.

Proposition 3.1 Let m and m’ be two minimal algebras with mj = m;c If there is a morphism
My41 —> My, which is a (k+1)-isomorphism, then my 4. = mj_ ,.

Proof Let f:myp4; — m;c 4 bea (k + 1)-isomorphism, which is an extension of the isomorphism
from my — m).

Consider the diagram
My =My —— My

g/?(
| =

/ id /
My — My

where the bottom horizontal arrow is the identity. The obstructions to finding a lift mj | — myg;
successively lie in the relative cohomology, [4, Proposition 11.1], H' ! (my ;. My, Vi) where V'
are the degree i generators of m}c 41 If the relative cohomology H i "'l(mkﬂ,m;c +1) vanishes for
i + 1 < k + 2, then all the obstructions vanish. Note, we only have to consider i up to k + 2, as my 1 is
generated by elements of degrees < k + 1.

Consider the long exact sequence in cohomology
k k k+1 k+1
o> HN(mpyy) > H () )) > H gy om) ) = H mgyq) > -

Now, from our assumptions on the map f, it follows that H=K+2(m k+1> m}( Jrl) vanishes. Therefore,
we have a lift g such that fg is homotopic to the identity on m}{ 41

The existence of this g implies that f is cohomologically surjective in all degrees. Also, g is cohomo-
logically injective in all degrees. Since f is a cohomological isomorphism in all degrees < k + 1, so

is g.
Similarly, consider the diagram
My = my ———my

h 2
7
< id
Mpp1 — Mp4q

We get a lift /i as before, and conclude that g/ is homotopic to the identity. Thus, g is cohomologically
surjective in all degrees. Therefore, it is a cohomological isomorphism in all degrees.

Since fg ~1id, f is also a cohomological isomorphism.
Both my; and m}c 4 are minimal algebras, and quasi-isomorphism implies isomorphism. Hence

My 1q ;m;€+1. O
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Corollary 3.2 Let m and m’ be minimal algebras. A k-isomorphism between my, and m}c induces a
quasi-isomorphism.

We can talk about formality and intrinsic formality in the equivariant case as follows.

Definition 3.3 We say a system of DGAS, (4, d) is equivariantly formal if there is a weak equivalence
between (o, d) and the injective envelope of (H(s4), 0). That is, the isomorphism of graded algebras
is realized by a zigzag of quasi-isomorphisms of the system of DGAs. A G-space X is said to be
equivariantly formal if the minimal system of DGAs representing it is equivariantly formal.

Definition 3.4 (equivariantly intrinsically formal) A diagram of graded algebras A over O¢, for some
finite group G, is called equivariantly k-intrinsically formal (abbreviated to equivariantly k-IF) if for
any two minimal systems M and J" with H*(M) = A = H* ('), the subsystems . and ./} have the
property that there is a map from Jil; — Jl/t;c or Jl/L;c — Ay which is a k-isomorphism. For any two such
minimal systems . and JAl’, if there is a map ¢: M — M’ which is a quasi-isomorphism, we say A is
equivariantly intrinsically formal (abbreviated to equivariantly IF).

Remark 3.5 (1) The above notion of intrinsic formality is compatible with that of the nonequivariant
case by Proposition 3.1.

(2) Any diagram of graded algebras is 2-intrinsically formal. Let A be a diagram of graded algebras
and let /L be any minimal algebra such that H* (M) = A. By the definition of minimal algebra
Mo = Q = M. For any diagram of vector spaces V, H3(M;; V) = 0. So in order to get
My = MY (V), the choice of y € H?(My; V) is unique and M, is uniquely determined.
Thus, if A is equivariantly IF and the diagram of cohomology algebras for a G-space X is
isomorphic to A, then X is equivariantly formal.

Proposition 3.6 Let a cohomology diagram A be equivariantly n-IF with A"+1 = A"+2 = 0. Let [l be
the minimal model for A with M, = My+1. Then A is equivariantly (n+1)-IF.

Proof First, note that if Jl is any minimal system then for any n > 0 the inclusion Jl;, — Jl is an
n-isomorphism.

Let A" be another minimal system with H* (M) = A. As A is equivariantly n-IF, let ¢, : A, — AL, be
an n-isomorphism.

/
n+1°

Note that H" 2 (M4 1) = H" 2 (My) = 0 as My — A is (n + 1)-isomorphism and A1 (M) =
A" =0. We claim that H"+2(Al],, ;) = 0. Now if « € H" (L], |)
an (n+1)-isomorphism by injectivity, we have a nonzero member which is the image of o in H" T2 (M') =
A"T2 = 0 and this is a contradiction. The map H" T2 (M,4,) — H ”+2(J1/L;l +1) induced by ¢y, is a zero

map and hence a monomorphism.

Since M, = My+1, we rewrite the map as ¢, : My — M

is nonzero then as JI/L;Z = M is
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Using a similar argument, we conclude that H/ (M) — H’ (A/t; 41) 1s an n-isomorphism for j < n.
Hence, A is equivariantly (n+1)-1F. |

Example 3.7 (1) Consider the space X = S"v S"v-..vS§”", which is (p+ 1) many copies of spheres
of dimension n > 2. There is an action of C, on X which permutes the first p copies of S” and
keeps the last copy fixed. Note that the cohomology algebra is equivariantly n-IF as the fixed point
sets are (n—1)-connected. The cohomology algebra also satisfies the hypothesis of Proposition 3.6
so it is equivariantly (n+1)-IF. Since all higher cohomologies are zero, by Proposition 3.6 we
conclude that the cohomology algebra is equivariantly IF.

(2) Consider X = 8" x---x 8" be product of p-copies of S”*’s with p a prime number and n > 3.
Then there is a Cp-action on X by permutation and the fixed point set is homeomorphic to S”.
As both fixed point sets are (n — 1) connected, so the space is equivariantly n-IF. As n > 3, using
Proposition 3.6 the cohomology diagram is equivariantly (n4-1)-IF.

We give a condition under which a map of systems of DGAs can be extended to a map from an elementary
extension of the domain.

Proposition 3.8 Let f: U — B be a map of systems of DGAs and U“ (V') be an elementary extension
with respect to some «.

(1) If f': V — B satisfies fa = df’, one can extend f toU ® Q(V) using f" on V.
(2) The converse is also true. Let f:U*(V) — B be a morphism, i.e. df = fd.If f' = f|y, then f’
satisfies fo = df’.

Proof Suppose f': V — B satisfies fa = df’, we can extend f to U ® Q(V) using f’ on V; the
condition on f” ensures that this map respects the differential. We now extend the map to V¢ using the
injectivity of B and define it on the rest of the resolution inductively. Given f” on V;, we must define a
map f”:V ;41 — Bsuch that f’'d = df’. To ensure this is satisfied, we consider the differential from V;
to Viy1; defined by d = (—1)*e; + w;. We need to find a map f” such that

S (Vi +w+i) = (=0 flag + 1w = df,
or equivalently, (—1)! f’a; —df’ = fw;. Observe that since
(=1 flai —df Ywi—y = (=) faywi—y —df wi—
= (=1 fdej—y — fdw;—y = fd((=1)'ei—y —wi—y) = fd(=d) =0,
the map (—1)? f'a — df vanishes on Im(w;_;) C V;, and we have

Vi/lmw;—y —— Vi

Bn+i+1
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where the map V;/Imw;_; — B"Ti+1 is given by (—1)! fa; —df. Since B is injective, we can define
f” on V;4 1. Continuing in this manner, we extend f” to all generators, and therefore to a DGA map on
all of U(V).

Conversely, take f” = f|p. Consider the injective resolution of V, i.e.
Vs Voo Vi,

The map Vo —% V; when restricted to V(C V) is woly = 0, since V' is the injective envelope of
coker(w). By definition, if we pick an element x € V, the derivation d has no horizontal component
on V, thatis,d =a on V. Hence fa =df’, onV, where ' = f|y:

w wo w1

Va Vo Vy Vs
R Rk
Z”+1(U) UZ-FI us+2 us+3 0

We now recall the construction of the minimal model of a system of DGAs from [11, Theorem 3.11]. Let
U be a system of DGASs; then inductively we build the minimal model M = (] /M, where each Jl,, is an
elementary extension as in Section 2, so that M, = A/LZ_I (V). Here y € H" ™ (My—1; V).

Consider the diagram
J‘/Ln—l

|

ker f —— M/
l

n—1 8 u

Here p is an (n—1)-isomorphism, « is a quasi-isomorphism and  is surjective.

The system of DGAs M, =M, 1 ® (®H Q (Q;EIEBZ Q;’ZI)), where U and U}, are from Definition 2.3
and ) U7, is the system obtained from U, by considering the degree of every element shifted by +1.

The differential on .U}, _, is defined accordingly. Here, the map

1

Blit,—, = P, Blu =1id, ,B(Zx)zcix forxezg.

Let Q be the coefficient system defined by Q(G/H) = Q for every subgroup H of G. Define R :=
ker B @ Q, and the diagram of vector spaces V = H "+1(R). The map y is the elementary extension
obtained by considering [id] € H*(V; V) and considering its image, under the inclusion i : ker 8 — AL} _,,
in H*(M;,_,; V). Since « is quasi-isomorphism, there is a preimage y € H*(M,—1; V), of i *[id] such

that o*[y] = i *[id].

Let X be a G-space and A be its cohomology diagram. Let Jl be the minimal model of .A. Then there
exists a quasi-isomorphism J <> A. The system of DGAs, J, is a minimal system and by definition we
have A = | ;5 Mi, where A, = M) _, (V).
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Definition 3.9 Let A be an injective cohomology diagram and (M, p) be its minimal model. Let
My = JI/LZ_I (V), be the n™ stage construction of .t, which is obtained by taking elementary extension
of M,_; with the injective resolution of V. We refer to V' as the n”" stage associated diagram of vector
spaces of A.

Let U be a system of DGAs over Og and .l be the minimal model of AU. Let the restriction at the (n—1)
level, p: M,_; = N — U be such that p is an (n—1)-isomorphism, p*[y] = 0, for y € H"T1(N; V)
and N7 (V) is the n™ stage of (. That is, p: M, = NV (V) — U is an n-isomorphism, a cohomology
isomorphism up to degree n and monomorphism at degree n + 1.

Let y’ € H"TL(N: V). We say NY (V) satisfies condition C, with respect to N¥ (V) if the following is
true:

Condition C,, With the above assumptions, there exists ¥ € Aut(N) and g € Aut(V) such that ky =
dy (g + B), where B: V — N.

Remark 3.10 Note that if we choose 0 = p* and y = y’ then p*[y] = 0. Also, there always exists
k =id € Aut(N) and g = id € Aut(V) so that k oid = id o ¥ (considering 8 = 0).

Proposition 3.11 Let ./l be a minimal system with M,_; = N and M,, = NY (V). Assume y’ €
H"T1(N; V). Then the following statements are equivalent:

(1) NY'(V) satisfies condition Cy,.

(2) NY(V) and NY' (V) are isomorphic.

Proof (2) = (1) If f:NY(V)— NY' (V) is an isomorphism then by Remark 2.18 and Lemma 2.17,
we may assume that f takes (NY (V))(n) to (NY'(V))(n); that is, f is a levelwise isomorphism. Since
isomorphisms are quasi-isomorphisms, and a quasi-isomorphism between minimal systems is homotopic
to an isomorphism which is level invariant by Remark 2.18, we can assume, f: N — N is an isomorphism.
For x € V we have f(x) = x + b(x), where b: V — N.

As, fd =df, we have for x € V, fy(x) =dy f(x) = dy/(x + b) = dy(id(x) + D) (here the first
equality comes from the converse part of Proposition 3.8). So the maps f: N — N and id: V — V give
that condition C,, is satisfied.

(1) = (2) If there exists k € Aut(N) and g € Aut(V) such that ky = d,,/(g + B), then by Proposition 3.8
this implies that  extends to a map &: N¥ (V) — N¥' (V). By Proposition 2.13, % is isomorphism. O
Example 3.12 We define a G = C, action on X = S3 v S3 v §3, where C, acts on (S3 v S3) by
switching copies and acts on S trivially.

The fixed point set X¢ = S3. We denote the cohomology diagram of X by A and, the generators of the
cohomology by x, y, and z. Note that deg(x) = 3 = deg(y) and deg(z) = 5.
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Then A(e) = Q(x, y,z)/D and A(G) = Q(z)/E, where D = (x?,z%,xy,xz, yz) and E = (z?).
We will compute the minimal system for X under G action up to the 6" stage. We get that
Mo =Q =My = M3,
iy = {/\(a3,b3) at G/e,
Q at G/ G,
My = M3,
A(as, b3, c5,ds) at G/e,
- {/\(cs) at G/G.
The differential is d(a3) = 0 = d(b3), d(ds) = ab, and d(c5) = 0, so

Jl/t6 = J‘/ts .
At each stage, H ”+2(A/Ln; V') is zero for n < 5; thus, condition Cjs is satisfied trivially.

Later in Examples 6.1 and 6.4, we show that this diagram of graded algebras is equivariantly 5-IF.

Example 3.13 Consider X = (S v §3) x §3 with a diagonal action of G = C,, where C, acts on
(S3 Vv §3) by switching copies and acts on S° trivially. Then X¢ =~ S°. We denote the cohomology
diagram by .4, and the generators of the cohomology by x, y and z. Note that, deg(x) = 3 = deg(») and
deg(z) =5, so

A {A(x, V/(xy)®@A(z) atGle,

A(2) at G/G.

At the 7" stage, we have
Aas, b3, cs,ds,eq, f7) atGle,
A(cs) at G/ G,
with d(a) =d(b) =d(c) =0, d(ds) =ab, d(e7) = ad, d(f7) = bd, and
Aaz. by, cs.ds.el, [7) atGle,
A(cs) at G/ G,
with d(a) = d(b) = d(c) =0, d(ds) = ab, d(e}) = ad + ac and d(f;) = bd. Clearly, .7 and L’ are
not quasi-isomorphic as a system of DGAs by Proposition 3.11.

M7 =M (V) {

A = A (V) {

Let ¥, ¥’ and V be as in Proposition 3.11. We say N V/(Z) satisfies condition PHy, if the following holds.

Condition PH,, (1) N?'(V) does not satisfy condition C, with respect to NV (V).

(2) Thereexistsamap o, : H*(N V/(I_/)) — U such that a,’; is isomorphism for i <# and monomorphism
fori =n+1, and

H*(N) —2— u

an
-
H*(NY'(V))
commutes for x <n —1.
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Inductively, if the condition PH, holds for all n > 1, we say that the condition plural homotopy type
is satisfied. In this case we will get a new minimal system Moo = N U NY' (VYU WY (V)s(W)U---,
and a map 0 : H*(Mso) — U which is an isomorphism. Thus, we get more than one nonisomorphic
minimal algebra with the same cohomology algebra.

Remark 3.14 (1) It is difficult to check condition C,, for each n, as it involves the computation of
elementary extension at each level.

(2) Note, this condition allows us to find plural homotopy types. But when this condition is not satisfied,
it is not clear whether the given diagram of graded algebras will be equivariantly intrinsically
formal or not. We now provide a few examples where the condition plural homotopy type is not
satisfied. We prove later in the article that they are equivariantly intrinsically formal.

We give a couple of examples of equivariantly intrinsically formal and equivariantly z-intrinsically formal
diagrams of graded cohomology algebras.

Example 3.15 Let n be an odd integer > 3 and p be a prime. Let X = S” x --- x S” be the product of
p copies of §" with the G = C), action t(ay,as,...,ap) = (az,as,...,ap_1,a;) where ¢ is a generator
of Cp. The fixed points of X under G, X G ~ §". Thus, the cohomology diagram of X, which we denote
by A, is given by

_ {Q3[x1,x2,...,xp]/(xi2 |li=1,2,...,p) atGl/e,
Qslyl/(»?) at G/ G,

where y corresponds to the generator of the cohomology algebra for X¢. We want to compute the
minimal model Al for this cohomology diagram.

On further calculation we get
Mo=---=My—1 =Q
and
— A(a127a237'--7a(p—1)p7b) at G/e’
" AWG) at G/ G,
with zero differential. Here the process ends at the n™ stage, since we get a quasi-isomorphism from
M, — A. So the minimal system is obtained at the n" stage.

From the calculation, we see that
H ' M) =0

for every r, and we conclude that condition PH, is not satisfied for any r. Also, if M’ is any minimal
algebra with H*(M") = A, then " consists of at least as many generators as .Il,,. Thus, one can define an
n-isomorphism via inclusion from ., — Jt’. Later in Example 6.1(1) we will show that the cohomology
diagram is equivariantly IF.
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Example 3.16 Let n be an even integer > 2 and p be a prime. Let X = S§” x--- x S§” be the product
of p copies of " with G = C, action given by t(ay,as,...,ap) = (az,as,...,ap_1,a1) where t is
a generator of Cp. The fixed points of X under G is X G ~ S". Thus, the cohomology diagram of X,
which we denote by A, is given by

A:{Qn[xl,xz,...,x,,]/(xl?|i=1,2,...,p) at G/e,
Qulyl/(»*) at G/G,

where y corresponds to the generator of the cohomology algebra for X¢. We want to compute the
minimal model for the cohomology diagram.

Putting all the stages together, we get the following:

Mo=Q =My =---=My—1,
M :{/\(alz,a23,...,a(p_l)p,b) at G/e,
" AWG) at G/G.

Since the both G/e and G/G levels of the spaces are (n—1)-connected, the cohomology diagram is
equivariantly (n—1)-IF.

Next, we claim that the cohomology diagram is equivariantly n-IF. If we consider any minimal system
M with H*(M') = A then M, = My—y. Now M), = M, (V). Then we claim that there is a map
My, — A, that is an n-isomorphism.

First, note that M(G/e) and M(G/G) are (nonequivariantly) minimal algebras. For any other minimal
system .U’ and, for any H < G, M, (G/H) has at least as many generators as that in ., (G/H). Since the
cohomology diagrams of both .l and .’ are isomorphic, the generators which contribute to the nonzero
cohomology classes of Jil, mapping to the generators of .l,, which are nontrivial classes defines an
inclusion map Jl,, — J,. This map is an n-isomorphism by construction.

Also,
My == Mpp—2.

The map Mzy—p = My — M), — M, _, is a (2n—2)-isomorphism since Al =0,forn+1<i<2n—1;

i _ {A(alz,a23,...,a(p_l)p,clz,...,C(p_l)p,b,b/) at G/e,
=L AD, b at G/ G,
with d(c;j) = al.zj for all i, j and d(b") = b>.

Given that JM;,—;(G/H) are minimal algebras for all H < G, using the earlier argument (the way we
show that A is equivariantly n-IF) we can show that A is equivariantly (2n—1)-IF.

Later in Example 6.1(2) we will show that the product of even spheres under the above action is
equivariantly formal.
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4 Injectivity of the associated diagram of vector spaces

In the nonequivariant case, various authors [12, Theorem 3.2; 5, Example 6.5; 13] give different methods
to determine the plural homotopy types of a given graded algebra. These results often use the fact that at
the n™ extension stage, we are adding generators only in degree n. This is not true in the equivariant
case. However, if the associated diagram of graded vector spaces at the n'" stage is injective then, the
generators added are only in degree n.

In this section, we restrict our group to G = Cp, for prime p, and describe conditions under which a

diagram of DGAs or a diagram of vector spaces is injective.

Proposition 4.1 Let G = C,, where p is a prime. Let A € DGA"S. Then s as an element of Vecy, is
injective if and only if the map A (é, g): 4(G/e) — A(G/G) is surjective.

Proof The injective envelope for s is given by $(A) = I @ Z;, where Z; and I, are systems
corresponding to the vector spaces /, = ker s(é,.¢) and Ig = s4(G/G) respectively. Given that the map
s (., ) is surjective, we have a short exact sequence

3) 0 — ker A(é.,g) = A(G/e) - A(G/G) — 0,
which splits as Q-vector spaces. So 4(G/e) = ker A(é,.,g) B A(G/G).

Also,

“) 7¢(G/ G) = Homq(g/6)(Q(G/ G)°, I6) = Ig,
) 7(G/e) = Homge) (Q(G/ G)*, I) = I,

6) 73 (G/G) = Homgc)(Q(G/e)® . 1) =0,

@) 7; (G/e) = Homg(G/e) (Q(G/e)®, Ie) = Io.

Since $(A) = I, ® I, we get that
9(A)(G/e) = T (G/e) ® TH(Gle) = kersh(é,.6) ® 4(G/G) = sl(G/e),
I(A)NG/G) =I5(G/G)®I;(G/G) = Ig = A(G/G).
Therefore, the injective envelope of o is itself implying that s is injective.
Conversely, if s is injective, then o == 77, @ Z;. Then using (3)—(7) we get that the map (¢, ) is the
projection
A(G/G) dkerd(é,,q) =I;(Gle) DI, (Gle) - I5(G/G) DI (G/G) = A(G/G),
and hence is surjective. a
Example 4.2 Consider the G-space X = S3, where G = C, acts on S by reflection, which fixes the

equator sphere S2. So here G = C,, X9 = S2 and X¢ = S3. The corresponding cohomology diagram
is given by H*(X; Q), which is not injective. This follows from Proposition 4.1.
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Note that if a cohomology diagram .A is injective and for each 7, and the associated diagram of vector
spaces for A is injective, then at elementary extension we only add elements of degree 7 to l,— (G/H) to
obtain M, (G/H), for all H < G. Then by [1, Lemma 3.2] the differential will be levelwise decomposable.
Also, the map p(G/H): (M(G/H),d)— (A(G/H), 0) is a quasi-isomorphism and surjective, since the dif-
ferential in A(G/H) is 0. Thus, by the lifting lemma [2, Lemma 12.4], there is a map «: Ng — M(G/H).
Since a g is a quasi-isomorphism between two minimal algebras, it is an isomorphism. In view of this,
we have the following proposition.

Proposition 4.3 Let A be a cohomology diagram over Og, which is injective, and for each n, the associ-
ated diagram of vector spaces of A is injective. If (N, pgr) is the minimal model for A(G/H) where
pH: Ng — A(G/H) is a quasi-isomorphism and M be a minimal system for A, then M(G/H) =~ N .

Remark 4.4 Let us consider the above proposition when G = Cj, for p prime and (N, p.) and (Ng, pG)
are minimal models for A(G/e) and, A(G/G) respectively. If there exists a map 6: N, — Ng such that
the following diagram commutes:

No —25 (G Je) —2— A(G/e)

9*l | 4. | Ao

Ng —ad M(G/G) > A(G/G)
Then the minimal system for the diagram of graded algebras .4 can be given by
M(G/e) = No, M(G/G)= Ng.
We have the following result.

Proposition 4.5 Let G = Cp, for p prime. If the structure map in the cohomology diagram A,
Ae,c: A(G/e) — A(G/G), is a retraction of DGAs then the associated diagram of vector spaces is
injective. In particular, the minimal model of the cohomology diagram is levelwise minimal.

Proof Since the structure map A, g : A(G/e) — A(G/G) is a retraction, there exists i : A(G/G) —
A(G/e) such that A, g oi =1id. This implies A, ¢ is surjective, and it follows that A is injective diagram
of graded algebras. Note that for any minimal system of DGAs N, the DGA N(G/ G) is nonequivariantly
minimal by construction. Let p: /Ml — A be the minimal model and let M, g : M(G/e) — M(G/G) be
the corresponding structure map. We claim that there exists an inclusion map of DGAs j: M(G/G) —
M(G/e). Since A(G/e) is a DGA with zero differential, p(G/e): M(G/e) — A(G/e) is a surjective
quasi-isomorphism, by the lifting lemma, there exists a lift j : M(G/G) — M(G/e) such that the following
diagram commutes:

M(Gle) LG5 4i(Gle)

7 T
MG/ G) — e A (G/G)
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Therefore,
®) Ae,goiop(G/G) = A, gop(Gle)oj = p(G/G) =p(G/G)oMeGoj.

Since p(G/G) is a quasi-isomorphism, Al, G o j: M(G/G) — M(G/G) is a quasi-isomorphism. It then
follows that Jl, g o j is an isomorphism and therefore j: M(G/G) — M(G/e) is an inclusion.

Next, we show that all the associated systems of vector spaces are injective by induction on n where
M = |JMy,. Recall My = M,u—1(V), where V is H"T!(ker(B) & Q) is the associated diagram of
vector spaces at the n'M stage. Any element of V(G/G) looks like the product of the elements of
Mp—1(G/G), A(G/G) and ) A(G/G). We study case by case to conclude that V (¢, ¢) is surjective.
Let [x] € V(G/G).
(1) If x e M*F(G/G), ie. [x] € V(G/G), then j(x) € dMy—1(G/e).
As B = p on JM,—1, we have i o p(G/G)(x) = p(G/e) o j(x). This implies i o B(G/G)(x) =
B(G/e) o j(x), which implies j(x) € ker B(G/e). As j is a DGA-map, we get dj(x) = jd(x),
which gives j(x) € V(G/e).
(2) If x € ) A(G/G) then by injectivity of A, one gets a preimage in Y A(G/e). The differential is
zero for elements in ) _ A, so we get a preimage in V (G/e).
(3) Assume x is the product of elements in J,—;, A and ) A. In this case, note that the maps i, j
induce a DGA-map g: M(G/G) ® Q(A® Y. A)(G/G) — M(G/e) @ Q(AD Y A)(G/e). If
x = m.a.sb where m € W(G/G), a € A(G/G) and sb € Y A(G/G), with [x] € V(G/G), then
we have [g(m.a.sb)] € V(G/e).

Hence, V is injective and it follows that the minimal model Al is levelwise minimal. |

Example 4.6 Consider X = (S3 Vv §3) x §3 with action of G, where G = C, acts on (S® v §3) by
switching copies and acts on S trivially. We denote the cohomology diagram by A.

Then A(G/e) = A(x,)/{xy) ® A(z) and A(G/G) = A(z) where the generators of the cohomology are
x, y and z, and deg(x) = 3 = deg(y) and deg(z) = 5.
Using Proposition 4.1 we get that the given cohomology diagram is injective. Let J denote its minimal

model.

We h
© have {/\(a,b) at G/e,
My =

Q at G/G.
Note that p: M3 — A is the extension of the map p: M, — A. It is defined by p(a) = x and p(b) = y.
It can be verified that Jil4 = Jl3, as there are no elements in the cohomology of degree 4.
Computation for Jls: From [11], the construction of minimal model we get
Qe(sz,ab) atG/e,
Qe(s2) at G/ G,
where Q, (x;) denotes the Q-vector space generated by the elements x; of degree n.

L/I:HG(R)Z{
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Using Proposition 4.1, we see that V is injective and can compute Jls.
One can show that

H®(My; V) = Hom(V, H(Mg)) = Q, = Q.
Here the map y: V — H®(.l4) takes ab — ab. Thus,

Nas, by, cs,ds) atGle,
A(cs) at G/G.
The differential is d(a3) = 0= d(b3), d(ds) = ab, d(c5) =0, and p: M5 — A maps ¢cs — z and ds5s — 0.

Ms Z/‘/LZ(Y):{

5 Classifying rational homotopy types with isomorphic cohomology

In this section, we consider the diagram of graded algebras, A* over Oc,, where p is a prime number
and the structure map A, ¢ is a retract. Then by Proposition 4.5, we get that the minimal model for .4*
is levelwise minimal. We denote the minimal model for A*(G/H) by Ng. We use techniques from
[13] to give an inductive construction for the minimal systems of DGAs with cohomology algebra A*.
We assume Il is the minimal model for A*, so that M(G/H) =~ N, for each subgroup H of G. We
cannot directly extend the results of [13] because minimal algebras with cohomology A*(G/H), for
every H < G, do not always give rise to a minimal system with cohomology diagram A*.

The following proposition compares the levelwise weak equivalence of diagrams of DGAs with a weak
equivalence of the diagrams of DGAs when they are levelwise minimal in the nonequivariant sense.

Proposition 5.1 Let M and N be two DGA diagrams over Og, for some finite group G having the
same cohomology at each level of subgroups, and M(G/H) and N(G/H) are minimal algebras for every
subgroup H of G. Let $ 4 and 9 denote their injective envelopes. If $ 4 and 9y are weakly equivalent
then for every subgroup H of G, M(G/H) and N(G/H) have the same rational homotopy type.

Conversely, if there is a DGA diagram map r: M — N such that r (G/H): M(G/H) — N(G/H) is a

weak equivalence for every subgroup H of G, then $ 4 and $y are weakly equivalent.

Proof Let 9,4 and $y denote the injective envelopes for .l and, N respectively. Let us assume that there
is a weak equivalence ¢: $ 4 — $5. Then we have the diagram

M N
ll lj
¢
Su—— 95

where i and j are inclusions, which are also quasi-isomorphisms. Thus, we get a weak equivalence
between Jl and N, and for every subgroup H of G, M(G/H) and N(G/H) are quasi-isomorphic as
DGA:s.
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Conversely, if there exists a map r: /M — N satisfying the hypothesis then consider the composition map
ML N — Iy

By [3, Proposition 8], we get a map ¢: $ 4 — $y which is the extension of the composition above:

M—L N
zl lj
Su——->9y
M P N

Hence, this is a quasi-isomorphism, since other maps in the above diagram are quasi-isomorphisms. 0O

We now describe the subset Nj:.’f of MS’;, which is defined to be the set of systems of DGAs over Oc,
which have cohomology A* up to weak equivalence and are minimal at each level G/H.

Construction 5.2 Let A* be a diagram of graded algebras over Og, where G = C), so that the structure
map A, .g: A(G/e) - A(G/G) is a retract.

We say that minimal algebras pfl_l , i = 1,2, satisfy the minimal (n — 1) property for A* if they satisfy
the following conditions:

(1),—1 Both the algebras p”;_l, fori =1, 2, are generated by elements of degree <n—1 and fori =1, 2
they are Q[G/e]- and Q[G/ G]-modules respectively.

(2)p—1 There is a Cp-DGA-map §: p;_l — pﬁ_l such that ®,_; = {prll_1 , p,f_l , 6} defines a diagram
of DGAs with a morphism between diagram of graded algebras

o) (H* @ne1)(n))) — A

which is an isomorphism for j <n — 1, and a monomorphism for j = n, where ((H*%,_1)(n))
is subgraded algebra diagram of H*(%,_;) generated by elements of degree < n.

For instance, let (Jll, p) be the minimal model of A. By Proposition 4.5 it follows that MM(G/e) and
M(G/G) are minimal models for A(G/e) and A(G/G). There are maps

p(G/e): M(G/e) = A(G/e),  p(G/G): MG/ G) — A(G/G),

which are quasi-isomorphisms. Then the subalgebra (M(G/H)),—1 of M(G/H) generated by elements
of degree less than or equal to n — 1 satisfies the minimal (z — 1) property for A* for H equal to {e} or G.

We denote by K the kernel of the map 6 : H*((P—1(n)) — A*. Also, we let K' and K? denote
(K(G/e))*™1 and (K(G/G))"t! respectively.

Let piD be the minimal algebras obtained by adding generators to p;_l, whose differentials form a basis
for Ki fori =1,2.
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Consider the diagram of DGAs #p = {p},. p3. 0}, where 6 is induced from § in %, and let
op: (H*(@p)(n)* — A*
be the morphism induced by o,,_;.

We set
dimg A(G/H)"™ =u;,  dimg A(G/H)" T /(AG/H)(n)" ! =s;,
for (i, H) = (1,e) or (2,G) and fori = 1, 2 we set
H"H(pé))
(H*(pp)(n))+!

Since the subalgebras generated by elements of degree < 1 of the diagram of algebras H"™1(%p) and

dimg H" " (ph) =v;, dimg = 1.
H"t1(%,_,) are isomorphic, we have

ui—si=vi—t; fori=1,2.
Fori =1, 2, let /; be integers satisfying

max(0,4; —s;) <; <t; fori=1,2,
and W; be subspaces of H ntl ( pi)) such that dim W; = [; for i = 1, 2 with the condition that
©) Wi N (H*(pp) ()" = {0}.
Denote the minimal algebras obtained by adding /; generators (in degree 1) to p}), whose differentials
span W;, by piWi.
This implies that H(p*"i)(n) = H(pi))(n) for i = 1,2. We then have graded algebra maps
oi.p: (H(p"")(m) — A*(G/H)
with
H'™ T (p" Yy @ W, = H'™  (ph) for i = 1,2,

such that ,
H 1 (pi Wy < —dim AH(G/H)
(Hp P+t~ =T TR )1 (G H)

for (i, H) = (1,G) or (2, ¢).

img

Let p;,W’ be the minimal algebras obtained by adding generators (in degree #n) with zero differential to
i, W;
o

so that the cokernel of the map

oi,p: (H(p"") ()" — A"(G/H)
becomes trivial for (i, H) = (1, ¢e) or (2, G). We get graded algebra maps
Oyt (H(p") ()" — A*(G/H)

. " . . <
such that fori =1, 2, Opy p—y ArC isomorphisms for * < n.
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We say that the pair (W;, W,) satisfies condition K if the following holds.

Condition K (a) Given linear monomorphisms
i H™ 1 (p"M0) [ (H (p™P0) )™ — A LG/ H) [ (AG/H) (m))"+
where (i, H) = (1,¢) or (2, G), the maps oW, ,—1 ® ¢; can be extended to graded algebra maps
oWt (H(P")(n+1)* — A*(G/H).

which are Q(G/e) and Q(G/G)-module maps for i = 1, 2 respectively.

1,W; 2,W @)(WI:WZ)
n

(b) There exists morphism of DGAS, n: p,"" " — px such that VW p2

={pn’" ' P 7.n}isa
diagram of DGAs and the pair of maps {ow, », Ow,,»} induce a morphism

oW1, Wa),n+ H* (9)}(1W1’W2) (n+ 1))* — A*

satisfying conditions (1), and (2),.

Remark 5.3 (1) If there exists W;’s such that dimg W; = #;, the map n always exists so that condition
(1), and (2), are satisfied. In fact, they will lead us to the minimal model for A*.

(2) The pairs ( [),1,’W1 ,ow,,n) and ( p,f ’WZ, ow,,n) depend on the subspaces W;. If there are several
choices of W;, i.e. the choices of /; are large, there is a higher possibility of finding a minimal
system containing p;_l and pﬁ_l.

(3) Consider a diagram of graded algebras .A which is equivariantly (z—1) IF with minimal model .t
such that M,—;(G/e) = p;_l and M,—1(G/G) = p,%_l. The map § always exists when /; = ¢;
and gives the minimal model for (H*(A), 0). If 6 doesn’t exist for any /; < #; then what we can
say is that there is no other minimal system with cohomology A, whose n'" stage at G/H, for both
H = e, G is a minimal algebra.

Let Gr(v;, /;)(Q) be the set of rational points of the Grassmann manifolds of /;-dimensional Q-subspaces
in the v;-dimensional spaces H"1( p})) and H"T1( plz)) respectively for i = 1, 2. Define

My 1) = {(W1. Wa) € Gr(vy. [1)(Q) x Gr(v2, L)(Q) | Wi N (H*(pp)(n))" ! = {0}},
Oq,.1p) = {(Wi, Wa) € My, 1,) | (Wy, W>) satisfies condition K}.
Let G; and G, be the group of DGA automorphisms of plD and p%) respectively. Then G; and G,
act on H"*1(pp) and H'"“Ll(p]l)) respectively, and hence on Gr(vy,/1)(Q) and Gr(v,,/5)(Q). Let
(Wi, W) €0y, 1, and (¢1, ¢2) be an element of G| x G,.
Then it is easy to see that (¢, ¢») can be extended to DGA isomorphisms

i,0: (W)

Wi_>pn

bi: py
for i =1, 2 respectively.
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Conversely, let (W) @ W>) and (W, @W),) be (I +/,)-dimensional subspaces of H ntl( p},)EBH mE1( p%)

such that there are DGA isomorphisms
1L,w/ 2,W,
Soip™ = o g™
Then (f11pp. f2|p}) € G1 X Ga.

However, it is not always true that such a pair will give rise to a morphism of DGA diagrams over Oc,;
that is, for such a pair there may not exist a C;,-DGA map 6 such that condition K(b) is satisfied.

Further, for isomorphic pairs (Wy, W) and (W], Wy) if there are two pairs of maps ¢; and 6, such that
the diagram

S LW
Pn > Pn

A

2,W. 2,W;
pn t——pn

commutes for a pair of automorphisms ( f1, f>), then the DGA diagrams X = ( p,I,’W1 , p,zl’WZ, 01) and

Y = (P%’W{, p,% W, 6,) are weakly equivalent. In particular, if we take their injective envelopes $y
and $y, by Proposition 5.1 there is a map $y — $y which is a weak equivalence.

2,W,

1,
n ’ n

2,W; 1,w/
n 2’ pn 1

Moreover, p ,and p are minimal algebras in the nonequivariant sense; any

p
quasi-isomorphism between them is an isomorphism.

We now define an equivalence relation on the set 07, ;, as follows. Two elements (W, W) and (W], W))

in 0y, ;, are equivalent if there is a pair of DGA isomorphisms ( f1, f2) such that either one of the

following diagrams commutes:

LW, N 1L,w/ LW, f 1,W
Pt —— pn ! pn t——pn "
A e Wl e

2,W. 2,W; 2,W; 2,W-
P’ 7 Pn’ Pn’ 7 P’

We denote this relation by «.
Using Propositions 4.5 and 5.1 and Construction 5.2, we have the following theorem.
Theorem 5.4 Let the diagram of graded algebras A* over Oc,, where p is a prime number, be such

that the structure map A(G/e) — A(G/G) is a retract. Let M be the minimal model for A*. The set of
isomorphism classes of minimal algebras N with the properties

(1) N} contains the minimal algebra My, satisfying (1); and (2)g,

(2) Nk (G/H) is minimal in the nonequivariant sense for every subgroup H of Cp,
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corresponds bijectively to the disjoint union of orbit spaces

Xy = |_|@11,12/K,

where « is the equivalent relation mentioned in Construction 5.2.

Remark 5.5 Let the diagram of graded algebras .A* over Oc,, where p is a prime number, be such that
the structure map is a retract. If A* is equivariantly (n—1)-intrinsically formal and H* (N¢,)=H A)=0
for i > n, then Hi(p,zl’Wz) = 0 for i > n and one has Theorem 5.6.

Theorem 5.6 Let the diagram of graded algebras A* over Oc,, where p is a prime number, be such
that the structure map A(G/e) — A(G/G) is a retract. Let J be the minimal model for A*. If A* is
equivariantly (n—1)-intrinsically formal and N, ép = 0 for i > n, where N is the minimal model for
A*(Cp/H) for every subgroup H of Cp, then the set of isomorphism classes of the minimal system I,
containing the minimal system My—; is determined by the set M 4+(c,/e)-

Moreover, if A* is equivariantly (n—1)-IF and A*(Cp,/e) =0 for j > n+ 1, then the cardinality of Mf@
is the same as the cardinality of M 4+(c, /e)-

Proof By Proposition 4.5 it follows that the minimal model of A* is levelwise minimal. Throughout the

proof, we use G to denote Cp.

We first show that if % is any system of DGAs such that H*(%) = A* and %B,,_; = M, _, then B is
weakly equivalent to a system of DGAs which is minimal at each G/H in the nonequivariant sense.

To show this, let Ny denote the nonequivariant minimal model for M(G/H). Let L denote the minimal

model for B(G/e). We define
L atGle,
V.=
Ng atG/G.

We claim that " is a system of DGAs, and it is weakly equivalent to %.

First, note that B(G/ G) is quasi-isomorphic to Ng = V' (G/G). This is true since B, (G/G) contains
My—1(G/G) as a sub-DGA in the nonequivariant sense. Also, HX(B(G/G)) = HK(Ng) = A(G/G)
and H (B(G/G)) = 0 for i > n. Thus, B(G/G) is obtained by adding an acyclic vector space to Ng,
and hence the inclusion map Ng — B(G/G) is a quasi-isomorphism. Now observe that, (V' (G/e))" ! =
L™= N1 and Né =0 for i > n, so we can define the map 0:V(G/e) — V(G/G) by 0|V (G/e)" !
as the map JMy,—(G/e) = N ! — M,—1(G/G) = Ng_l and zero at (V' (G/e)?) for i > n, so that V' is
a diagram DGAs.

Next, we show that V" is a system of DGAs. Note that V1 = M, is already a system of DGAs. Since
ViI(G/G) = Né =0 for i > n, so the maps V?(G/e) — V*(G/G) are zero maps for i > n and hence
surjective. V,,—1 = JM;,—1 being a system, the map V"’ (G/e) — V’/(G/G) is surjective for j <n—1;
thus, combining we get that L — Ng is surjective and hence, by Proposition 4.1, V" is a system.
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Also, we have a map from V" — & which is the identity up to the (n—1)*' stage and since ¥*(G/G) = 0
for i > n so V' (G/e) — B (G/e) the quasi-isomorphisms will fit in to the diagram V" — %:

Vi(G/e) —— B (G/e)

ol/(ée,G)l l%(ée,G)

VI(G/G) — B(G/G)
Thus, using the converse of Proposition 5.1 we get that " and & are weakly equivalent.
Thus, any such DGA diagram J{ of the form
S L at G/e,
Ng atG/G,
with the property that m is a minimal algebra, and ¥,,_; = JM,—1 is a system of DGAs. Thus, the plural
homotopy types are determined by m. The cardinality of the set of such m is determined by the set

M.A*(G/e)- O

Corollary 5.7 Let the diagram of graded algebras A* over Oc,, where p is a prime number, be such that
its structure map is a retract. Let M be the minimal model for A*. If A* is equivariantly (n—1)-intrinsically
formal, N, (i?,, = 0 for i > n and N, is formal, then A* is equivariantly intrinsically formal. In particular,
M is equivariantly formal.

Proof By Theorem 5.6, l,—; is determined by the set M 4+(c,/¢) and since H *(Ng) is formal, the
cardinality of this set in one. This holds for each n and hence A* is equivariantly IF. O

6 Examples

Example 6.1 Letn > 2 and p be a prime. Let X = S” x.-- x S” be the product of p copies of S”
with the G = Cp action #(ay,ay, ...,ap) = (az,as,...,ap—1,a;) where ¢ is a generator of Cp. Then
we have the following two cases.

(1) Let n be odd. From Example 3.15 we conclude that the cohomology diagram is equivariantly
n-IF. Using Corollary 5.7 we conclude that the product of odd spheres under the above action is
equivariantly formal.

(2) Let n be an even integer. From Example 3.16 the cohomology diagram is equivariantly (2n—1)-IF.
So by using Corollary 5.7 we conclude that the product of even spheres under the above action is
equivariantly formal.

Example 6.2 Consider X = (S3Vv S3)x S? with diagonal action of G = C5, where C, acts on (S3 Vv S3)
by switching copies and acts trivially on S°.
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We denote the cohomology diagram by A, the generators of the cohomology by x, y, and z. Note that
deg(x) = 3 = deg(y) and deg(z) = 5, and
o [NED/ N @A) atGe,
A(z2) at G/G.
First, note that A is injective by Proposition 4.1. We claim that the cohomology diagram is equivariantly

6-IF.

To see this, first, note that the cohomology diagram is equivariantly 3-IF since A is 2-connected and the

minimal system of DGAs,
{/\(a3, b3) atG/e,
M3 =
Q at G/ G,

which is equivariantly IF.
Next, if we consider any minimal system " with H* (M) = A then M} = M3. Now M, = M3 (V).
We claim that the inclusion Jl3 — M; is a 4-isomorphism, so A becomes equivariantly 4-IF.

Since .y — .l is 4-isomorphism, the map H i (M) - H Iy = H* (M) = A is isomorphism for i <4
and monomorphism for i = 5.

Therefore, H' (M3) — H' (AL}) is isomorphism for i < 4 as H 4"y = 0. Hence, we need to show
H3(M3) — H? () is monomorphism, i.e. we must show H°(Al},) = 0.

Assume to the contrary that there exists [3] € H> (At},) nonzero. Then B € (L3 (V))>. Now we consider
the corresponding resolution of V':

14 Vo— V) —5V,
|
Z4(3) Nk M M

Note that Z*(M3) = Jl/t‘; = A/Lg = 0. Thus, g = @; = 0 and the differential is dependent only on wq and
w; at the V¢ and V1 level, respectively. The element 8 € V1 is nonzero in the cohomology so it is not
in the image of wg. In particular, 8 € V{/Im(wg) and V { /Im(wg) — V5 is an injection, which implies
that d(B) # 0 and B is not a cohomology class. This implies H> (M) = 0. Hence, H>(M3) — H?(AL})
is a monomorphism. So the map .3 — .l is a 4-isomorphism and hence A is equivariantly 4-IF.

Next, we claim that A is equivariantly 5-IF.

We note that
. {/\(03,b3,65,d5) at G/e,

A(cs) at G/G.
So if M’ is any minimal system with H*(M") = A, then by previous argument we get JI/L’3 = JM3 and
M4 — M, is a 4-isomorphism.
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We claim that 5 — . is a S-isomorphism.

Since My — M’ is a S-isomorphism, there are elements p,q € Ml of degree 5 such that [ p] maps to z
and the differential of ¢ kills the product xy and H(}) = 0.

We define the map Jls — Jl/Us which when restricted to Jl3 is the previous map and sends @, b to p,q
respectively. The induced map indeed is an isomorphism H* (Ms) — H* () for i <5 and monomorphism
fori = 6.

Hence, A is equivariantly 5-IF. Since A% = A7 = 0 from Proposition 3.6 we conclude that A is equivariantly
6-1F.

The minimal system up to 6" stage is given by
Nas, by, cs,ds) atGle,
A(cs) at G/G.
The differential is d(a3) = 0=d(b3), d(ds) = ab, d(c5) =0, and p: Mg — A maps c5s — z and d5 — 0.

Thus, the cohomology diagram satisfies the hypothesis of Theorem 5.6. Hence, the set of isomorphism
classes of the minimal system containing .Ilg is in bijection with M 4+(G/¢). From [13] and Theorem 5.6,
it follows that the /\/lii consists of three points. The description is given in [13, Example 5].

Example 6.3 Consider the space X = (S2? v S?) x S? with the action of G = C», by switching copies
of (S3 v S§3) and acts on S° trivially. We denote the cohomology diagram by A, and the generators
of the cohomology by x, y, and z. Note that deg(x) = 2 = deg(y) and deg(z) = 3. The cohomology
diagram is given by
A= {A(X» W/{xy)®Az) atGle,
A(2) at G/G.

By Proposition 4.1, we conclude that A is injective. The cohomology diagram is equivariantly 3-IF. The
minimal system up to 3" stage is given by

_|N(az,by,c3.d3,eq,ep) atGle,

B {/\(C3) at G/G.
The differential is given by d(a,) = 0 = d(b,), d(d3) = ab, d(c3) =0, d(eq) = a?, d(ep) = b? and
p: M3 — A maps (c3,az,b3) = (z,x,y) and (d3, eq, €p) — (0,0, 0).

Thus, the cohomology diagram satisfies the hypothesis of Theorem 5.6. Hence, the set of isomorphism
classes of the minimal system containing .Il4 is determined by the set M 4+ (G/¢). From Theorem 5.6, we
conclude that Mﬁi is the same as M 4x(G/e)- By [13, Example 4] then we conclude that Miﬁ contains
exactly two points.

Example 6.4 There is a diagonal G action on X = S3 Vv S3 v §3 where G = C, acts on (S® v S3) by
switching copies and acts on S trivially.
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Note that the fixed point set X @ is homeomorphic to S°. We denote the cohomology diagram by A, and
the generators of the cohomology by x, v, and z. Note that, deg(x) = 3 = deg(y) and deg(z) = 5, and

Q(x,y,2)/(x%, 22, xy,xz2,yz) at Ge,
B {@<z>/<z2> al G/G.
This diagram of graded algebras is equivariantly 5-IF,

A(as, b3, c5,ds) at G/e,
N {/\(Cs) at G/G.
The differential is d(a3) = 0 = d(b3), d(ds) = ab, and d(cs) = 0.

Thus, the cohomology diagram satisfies all the hypotheses of Theorem 5.6 and hence up to isomorphism
the number of minimal algebras containing Jls with the same cohomology diagram can be computed
similarly.

Example 6.5 Letn > | be an integer and let X = (S” v §”) x S2"~!. Then there is a G = C, action
on X switching the two copies of S” and keeping the S2"~! copy fixed. We denote the cohomology
diagram by A and the generators of the cohomology by x, y, and z. Note that, deg(x) = n = deg(y) and
deg(z) =2n—1, and

{/\(x, ¥)/{(xy) @ A(z) at G/e,
AZ) at G/G.

Since the map A(G/e) — A(G/G) is onto, we see that the given cohomology diagram is injective.

(1) If nis odd, the cohomology diagram is equivariantly 2zn-intrinsically formal. The minimal system up

to 2n stage is given by
Aa@n, by, cap—1,d2n—1) atGle,

MH,, =

2 {/\(CZn—l) atG/G.

The differential is d(a,) = 0= d(by), d(dyn—1) = ab, d(cyp—1) =0, and p: My, — A maps crp—1 —> 2z
and dy,_1 — 0.

Thus, the cohomology diagram satisfies the hypothesis of Theorem 5.6. Hence, the set of isomorphism
classes of the minimal system containing Jlg is obtained similarly.

(2) If n is even, the cohomology diagram is equivariantly (2n—1)-IF. The minimal system up to the
(2n—1)" stage is given by

Aan,bn, can—1,dan—1,€a,€p) atGle,

A(can—1) at G/G.

The differential is d(a,) = 0 = d(b,), d(dan—1) = ab, d(can—1) = 0, d(es) = a?, d(ep) = b? and
p:Mop—1 — Amaps (cay—1,an, by) = (z,x,y) and (dr,—1, eq, €p) — (0,0,0).

Map—1 = {

Thus, the cohomology diagram satisfies the hypothesis of Theorem 5.6. Hence, the set of isomorphism
classes of the minimal system containing ., is in bijection with the set M 4+(G/¢). The case n =2 is
computed in [13].
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