
ATG

Algebraic & Geometric
Topology

msp

Volume 25 (2025)

Generating the liftable mapping class groups of cyclic covers of spheres

PANKAJ KAPARI

KASHYAP RAJEEVSARATHY

APEKSHA SANGHI





msp

Algebraic & Geometric Topology 25:5 (2025) 2883–2903
DOI: 10.2140/agt.2025.25.2883
Published: 17 September 2025

Generating the liftable mapping class groups of cyclic covers of spheres

PANKAJ KAPARI

KASHYAP RAJEEVSARATHY

APEKSHA SANGHI

For g�2, let Mod.Sg/ be the mapping class group of a closed orientable surface Sg of genus g. We derive
a finite generating set for the liftable mapping class groups corresponding to finite-sheeted regular branched
cyclic covers of spheres. As an application, we provide an algorithm to derive presentations of these liftable
mapping class groups, and the normalizers and centralizers of periodic mapping classes corresponding
to these covers. Furthermore, we determine the isomorphism classes of the normalizers of irreducible
periodic mapping classes in Mod.Sg/. Moreover, we derive presentations for the liftable mapping class
groups corresponding to covers induced by certain reducible periodic mapping classes. Consequently, we
derive a presentation for the centralizer and normalizer of a reducible periodic mapping class in Mod.Sg/

of the highest order 2gC 2. As final applications of our results, we recover the generating sets of the
liftable mapping class groups of the hyperelliptic cover obtained by Birman and Hilden and the balanced
superelliptic cover obtained by Ghaswala and Winarski.

57K20; 57M60

1 Introduction

For integers g; k � 0, let Sg;k be a connected, closed, and orientable surface of genus g with k marked
points (with the understanding that Sg;0 is denoted by Sg), and let Mod.Sg;k/ be the mapping class group
of Sg;k . It is a natural question to ask whether one can obtain a presentation for the normalizers and
the centralizers of periodic mapping classes. Birman and Hilden [2, Theorem 8] obtained a presentation
for the normalizer of a hyperelliptic involution. Furthermore, they showed in [3, Theorem 4-5] that
for certain finite-sheeted regular branched covers of hyperbolic surfaces, the normalizers of periodic
mapping classes arise as the lifts of the liftable mapping class groups associated with these covers
(see Section 2.2). Consequently, they obtained in [3, Section 5] a presentation for the normalizers of
periodic mapping classes for covers over the sphere, assuming that every mapping class lifts. Recently,
Ghaswala and Winarski [10, Theorem 1.3] classified the finite-sheeted regular cyclic branched coverings
over the sphere under which every mapping class lifts. In a subsequent work [9, Theorem 5.7], they
obtained a presentation for the liftable mapping class group of a balanced superelliptic cover. More
recently, Hirose and Omori [13, Theorem 5.3] obtained another presentation of the liftable mapping class
group of the balanced superelliptic cover, and hence its normalizer [13, Theorem 6.12]. For unbranched
regular cyclic covers over nonspherical surfaces of genus at least three, Dey, Dhanwani, Patil, and
Rajeevsarathy [6, Theorem 2.10] derived a finite generating set for the liftable mapping class groups.
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As the main result of this paper (see Theorem 3.3 and Corollary 3.4.1), we generalize these results by
providing a generating set for the liftable mapping class groups associated with arbitrary cyclic branched
covers of spheres. As an application, we provide an algorithm (see Algorithm 4.3) for obtaining a
presentation for the liftable mapping class groups, the normalizers, and the centralizers of these periodic
mapping classes. To prove our results, we have used an algebraic characterization of the Birman–Hilden
property due to Broughton [5, Theorem 3.2] (see Theorem 2.10) and the theory of geometric realizations
of cyclic actions obtained by Parsad, Rajeevsarathy, and Sanki [29, Theorem 2.7 and 2.24].

In [5, Example 4.1], Broughton has described the isomorphism classes of the normalizers of irreducible
periodic mapping classes of prime orders. First, we generalize this result to the class of all irreducible
periodic mapping classes (see Proposition 4.4). A similar result has been obtained for the centralizers
of irreducible periodic mapping classes by Kapari, Rajeevsarathy, and Sanghi in [16, Proposition 4.12].
Furthermore, we classify the isomorphism types of the normalizers and the centralizers of all irreducible
periodic mapping classes (up to conjugacy and power) in Mod.S3/ along with the conjugacy classes of
their generators (see Table 1 on page 2895).

For an even integer g > 0, let F 0 2 Mod.Sg=2/ be an irreducible periodic mapping class represented
by a 2�=n-rotation F 0 of a polygon P (following the theory developed in [29]). We take two copies of
P such that one supports F 0 and another supports F 0�1. We remove open (invariant) disks about the
center of these polygons and glue the resultant boundaries. This gives a reducible periodic mapping class
F 2Mod.Sg/ of order n. As an application of Algorithm 4.3, we have obtained a presentation for the
liftable mapping class group LModp.S0;4/ of the cover p corresponding to F (see Proposition 4.6).

Proposition 1 For integers g > 0 and n > gC 1 such that g is even , let F 2Mod.Sg/ be a periodic
mapping class as described above. Then

(i) LMod.S0;4/D ha; b; c j a
2 D b2; Œa; b�D .ac/2 D .bc/2 D 1i, if the corresponding orbifold of F

has a branch point of order 2, and

(ii) LMod.S0;4/D ha; b; c j c
2 D Œa; c�D Œb; c�D 1i, otherwise ,

where a and b represent half-twists , and c represents a Dehn twist in Mod.S0;4/.

As a consequence of the presentation derived in Proposition 1, we have derived a presentation for the
normalizer N.F / and the centralizer C.F / of F when nD 2gC 2.

Corollary 2 For an even integer g > 0, let F 2Mod.Sg/ be a periodic mapping class of order 2gC 2 as
described above. Then

C.F /D hF;G1;G2 j F
2gC2

D ŒG1;F �D ŒG2;F �D 1; .G1G2/
2
D FgC2

i

N.F /D
˝
F;G1;G2;G3 j F

2gC2
D ŒG1;F �D ŒG2;F �D ŒG1;G3�D 1;

.G1G2/
2
D FgC2;G3FG�1

3 D F�1;G2
1 DG2

3 ; .G3G2/
2
D FgC1

˛
;

where the Gi are pseudoperiodic mapping classes.
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Furthermore, for periodic mapping classes described above, when gC 1< n< 2g, we have derived the
following presentation for the centralizer C.F / of F .

Corollary 3 For integers g > 0 and gC 1< n< 2g such that g is even , let F 2Mod.Sg/ be a periodic
mapping class as described above. Then

C.F /D hF;G1;G2 j F
n
D ŒG1;F �D ŒG2;F �D 1i;

where the Gi are pseudoperiodic mapping classes.

As final applications of Theorem 3.3, in Section 4.4, we recover the generating sets of the liftable mapping
class groups of a hyperelliptic cover obtained by Birman and Hilden [2] and a balanced superelliptic
cover obtained by Ghaswala and Winarski [9] (see Propositions 4.7 and 4.8). This paper is organized
as follows. In Section 2, we provide a succinct review of the concepts and results used in this paper.
In Section 3, we derive the main result, and its applications are described in Section 4.

2 Preliminaries

For integers g; k � 0, let Sg;k be a connected, closed, and orientable surface of genus g with k marked
points. Let HomeoC.Sg;k/ be the group of all orientation-preserving self-homeomorphisms of Sg;k ,
which preserve the set of marked points. The mapping class group of Sg;k , denoted by Mod.Sg;k/, is the
group of path components of HomeoC.Sg;k/. The elements of Mod.Sg;k/ are called mapping classes.
We will write Sg for Sg;k whenever kD 0. Throughout this article, we assume that g� 2 whenever kD 0,
unless mentioned otherwise.

2.1 Cyclic actions on surfaces

A finite cyclic group G is said to act on Sg via homeomorphisms if there exist an injective homomorphism
� WG!HomeoC.Sg/. Let Aut.G/ be the automorphism group of G. For i D 1; 2, two finite cyclic group
actions �i WG! HomeoC.Sg/ on Sg are said to be conjugate if there exist an h 2 HomeoC.Sg/ and an
automorphism ! 2Aut.G/ such that �2.x/D h�1.!.x//h

�1 for every x 2G. We always identify G with
its image �.G/ in HomeoC.Sg/. Consider the natural quotient map � WHomeoC.Sg/!Mod.Sg/. By the
Nielsen realization theorem [8; 19; 20; 28], any finite cyclic subgroup of Mod.Sg/ is an isomorphic image
of a finite cyclic subgroup of HomeoC.Sg/ under the projection map � . The following result (see [5, Propo-
sition 2.1]) is a consequence of the Nielsen realization theorem and a result of Macbeath [23, Theorem 3].

Proposition 2.1 For a finite cyclic group G acting on Sg, the map G ! �.G/ is a one-to-one corre-
spondence between conjugacy classes of finite cyclic group actions on Sg and conjugacy classes of finite
cyclic subgroups of Mod.Sg/.
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By the Nielsen realization theorem, a periodic mapping class F 2 Mod.Sg/ is represented by an
F 2HomeoC.Sg/, known as its Nielsen representative of order jF j. Furthermore, F can be chosen as an
isometry of some hyperbolic metric on Sg. Thus, the hFi-action on Sg induces a finite-sheeted regular
branched cover p WSg!OF , where OF denotes the quotient orbifold Sg=hFi. The cover p has branched
points x1;x2; : : : ;xk of orders n1; n2; : : : ; nk , respectively, where each ni divides jF j. Topologically,
OF is homeomorphic to Sg0;k , for some integer g0 � 0 known as the orbifold genus of OF . The tuple
.g0I n1; n2; : : : ; nk/ is called the signature of OF and will be denoted by �.OF /. Throughout this article,
in a given signature .g0I n1; n2; : : : ; nk/, the ni’s are arranged so that n1 � n2 � � � � � nk . By the mul-
tiplicativity of the Euler characteristic under the cover p, one can deduce the Riemann–Hurwitz formula:

(1)
2g� 2

n
D 2g0� 2C

kX
iD1

�
1�

1

ni

�
:

Since g� 2, OF is a hyperbolic orbifold with universal cover isometric to the Poincaré upper half plane H.
The deck group of the universal cover H!OF , denoted by �orb

1
.OF /, is called the orbifold fundamental

group of OF . From the orbifold covering space theory [30, Chapter 13], we have the short exact sequence

(2) 1! �1.Sg/! �orb
1 .OF /

�
�! hFi ! 1:

The group �orb
1
.OF / is a cocompact Fuchsian group (see [18; 22]) and admits a presentation of the form

(3)
�
˛1; ˇ1; : : : ; ˛g0

; ˇg0
; 
1; : : : ; 
k

ˇ̌̌



ni

i D

g0Y
jD1

Œ j̨ ; ǰ �

kY
iD1


i D 1

�
:

A group having a presentation of the form (3) will be denoted by � . The homomorphism � from the
sequence (2) above is known as the surface kernel map.

Remark 2.2 We identify the cyclic group hFi with Zn where the generator F is mapped to 1 2 Zn

under this identification. Furthermore, Aut.hFi/ will be identified with Z�n such that the map F ! F` is
identified with the map 1! `, where gcd.`; n/D 1. Any surface kernel map associated with F will be
written as �! Zn.

For � W � ! Zn and 1 � i � g0; 1 � j � k, let �.˛i/ D ai , �.ˇi/ D bi , and �.
j / D cj . Since � is a
surjective homomorphism with a torsion-free kernel, we have

jcj j D nj ;(4)
g0Y

jD1

Œaj ; bj �

kY
jD1

cj D

kY
jD1

cj D 1;(5)

ha1; b1; : : : ; ag0
; bg0

; c1; c2; : : : ; cki D Zn:(6)

In classical parlance [4], an ordered .2g0Ck/-tuple .a1; b1; : : : ; ag0
; bg0

; c1; c2; : : : ; ck/ of elements
of Zn is called a generating �-vector if it satisfies (4)–(6) above.
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Definition 2.3 For i D 1; 2, let �i W � ! Zn be two surface kernel maps. Then we say that �1 is
equivalent to �2 if there exist ı 2Aut.�/ and ` 2Z�n such that .`; ı/ � �1 WD ` ı �1 ı ı D �2, where ` acts
by multiplication.

There is a one-to-one correspondence between the set of all surface kernel maps �! Zn and the set of
all generating �-vectors [11, Theorem 3]. Therefore the group Z�n �Aut.�/ acts on the set of all surface
kernel maps and consequently acts on the set of all generating �-vectors.

Throughout this article, the symmetric group on k letters will be denoted by †k . The following result
(see [31, Theorem 5.8.2]) describes automorphisms of a cocompact Fuchsian group � .

Theorem 2.4 Let c D
Qg0

jD1
Œ j̨ ; ǰ �

Qk
iD1 
i be an element of the free group

F D h˛1; ˇ1; : : : ; ˛g0
; ˇg0

; 
1; 
2; : : : ; 
ki:

Then each automorphism of � is induced from an automorphism � W F ! F such that the elements
�.c/; �.
1/; : : : ; �.
k/ are conjugate to cs; 
 s

�.1/
; : : : ; 
 s

�.k/
, respectively, where s D ˙1 and � 2 †k

such that ni D n�.i/.

An automorphism of � is said to orientation-preserving if s D 1 in Theorem 2.4. Let AutC.�/ denote
the index-two subgroup of Aut.�/ consisting of orientation-preserving automorphisms. The follow-
ing result (see [4, Proposition 2.2]) is a consequence of the works of Harvey [11, Theorem 3] and
Macbeath [23, Theorem 3].

Proposition 2.5 There is a one-to-one correspondence between conjugacy classes of finite cyclic group
actions on Sg and Z�n �AutC.�/-equivalence classes of generating �-vectors.

Let � W � ! Zn be a surface kernel map. For 1 � j � k, since jcj j D j
j j D nj , we have �.
j / D
.n=nj /dj D cj for some dj 2 Z�nj

. The Zn-action on Sg can be encoded by the tuple

.n;g0I .d1; n1/; .d2; n2/; : : : ; .dk ; nk//

known as a cyclic data set, which first appeared in [29, Definition 2.1].

Definition 2.6 A tuple of nonnegative integers of the form

D D .n;g0I .d1; n1/; .d2; n2/; : : : ; .dk ; nk//

is called a cyclic data set of genus g and degree n if the following conditions hold:

(i) For each 1� i � k, ni j n, ni � 2, and gcd.di ; ni/D 1.

(ii) lcm.n1; : : : ; Oni ; : : : ; nk/D lcm.n1; n2; : : : ; nk/ for all 1� i � k.

(iii) If g0 D 0, then lcm.n1; n2; : : : ; nk/D n.

(iv)
Pk

iD1
n
ni

di � 0 .mod n/.

(v) 2g�2
n
D 2g0� 2C

Pk
iD1

�
1� 1

ni

�
.
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The integers n, g0, and g corresponding to a data set D will be denoted by n.D/, g0.D/, and g.D/,
respectively. The following definition describes the equivalence of two cyclic data sets.

Definition 2.7 Two cyclic data sets

.n;g0I .d1; n1/; .d2; n2/; : : : ; .dk ; nk// and .n0;g00I .d
0
1; n
0
1/; .d

0
2; n
0
2/; : : : ; .d

0
k0 ; n

0
k0//

are said to be equivalent if the following conditions hold:

(i) nD n0, g0 D g0
0
, and k D k 0.

(ii) There exists ` 2 Z�n and � 2†k such that .`di ; ni/D .d
0
�.i/

; n0
�.i/

/ for all 1� i � k.

The next result originally due to Nielsen [27] follows from Propositions 2.1, 2.5, and [12, Proposition 14].

Proposition 2.8 The equivalence classes of cyclic data sets of genus g and degree n are in one-to-one
correspondence with conjugacy classes of finite cyclic subgroups of Mod.Sg/ of order n or conjugacy
classes of Zn-actions on Sg.

The conditions of Definition 2.6 were first given by Harvey [11, Theorem 4]. Harvey [12, Proposition 14]
constructed explicit automorphisms of � to establish Nielsen’s result. The cyclic data set corresponding
to a periodic mapping class F 2Mod.Sg/ will be denoted by DF .

2.2 Birman–Hilden theory

Let F 2Mod.Sg/ be a periodic mapping class and p W Sg! OF � Sg0;k be the corresponding finite-
sheeted regular branched cover. The symmetric mapping class group, denoted by SModp.Sg/, is the
subgroup of Mod.Sg/ consisting of mapping classes represented by homeomorphisms which preserve the
fibers of p. The liftable mapping class group, denoted by LModp.Sg0;k/, is the subgroup of Mod.Sg0;k/

consisting of mapping classes represented by homeomorphisms that lift under p. A cover is said to
have the Birman–Hilden property if two isotopic fiber-preserving homeomorphisms are fiber isotopic.
It is known [3; 25] that the cover p has the Birman–Hilden property. The Birman–Hilden property is
equivalent to the existence of the short exact sequence [3; 26]

(7) 1! hFi ! SModp.Sg/! LModp.Sg0;k/! 1:

Further, it is known [3, Theorem 4] that SModp.Sg/ is the normalizer of F in Mod.Sg/.

Let �.OF / D .g0I n1; n2; : : : ; nk/ be the signature of OF . The subgroup of Mod.Sg0;k/ consisting
of mapping classes that preserve the orders of the marked points of OF according to �.OF / will be
denoted by Mod�.Sg0;k/. The group OutC.�/ is the image of the projection map Aut.�/! Out.�/
restricted to AutC.�/, where Out.�/ is the group of outer automorphisms of � . There is an isomorphism
(see [5, Proposition 2.2]) between Mod�.Sg0;k/ and OutC.�/. Consequently, throughout this article,
Mod�.Sg0;k/ will be identified with OutC.�/ and their elements will be used interchangeably.

Algebraic & Geometric Topology, Volume 25 (2025)



Generating the liftable mapping class groups of cyclic covers of spheres 2889

Remark 2.9 For F 2Mod.Sg/, the normalizer and centralizer of F will be denoted by N.F / and C.F /,
respectively. The natural projection maps �1 WZ

�
n �AutC.�/!Z�n and �2 WZ

�
n �AutC.�/!OutC.�/

will be used throughout the paper.

The following result of Broughton (see [5, Theorem 3.2]) gives an algebraic characterization of the
Birman–Hilden property.

Theorem 2.10 Let F 2 Mod.Sg/ be a periodic mapping class and �F be a generating �-vector cor-
responding to hFi. Let Mod�F

and Z�n .�F / denote the group �2.Stab.�F // and �1.Stab.�F //, where
Stab.�F / is the stabilizer of �F under Z�n �AutC.�/-action. Then there are exact sequences

(8) 1! hFi !N.F /!Mod�F
! 1

and

(9) 1! C.F /!N.F /! Z�n .�F /! 1:

We conclude this subsection with the following useful remark.

Remark 2.11 From the exact sequences (7) and (8), it follows that

(10) LModp.Sg0;k/ŠN.F /=hFi ŠMod�F
:

Hence, we have a description of liftable mapping classes as orientation-preserving outer automorphisms
of � stabilizing a fixed generating �-vector corresponding to hFi-action on Sg up to an automorphism
of hFi. Let CLModp.Sg0;k/ denote the image of C.F / in LModp.Sg0;k/. By Theorem 2.10 and (10),

(11) LModp.Sg0;k/=CLModp.Sg0;k/Š .N.F /=hFi/=.C.F /=hFi/

ŠN.F /=C.F /

Š Z�n .�F /:

Hence, the elements of CLModp.Sg0;k/ are orientation-preserving outer automorphisms of � stabilizing
a fixed generating �-vector corresponding to the hFi-action on Sg with Aut.hFi/ acting trivially.

3 Generating the liftable mapping class group of spherical cyclic covers

In this section, we derive a generating set for liftable mapping class groups associated with spherical cyclic
actions on surfaces. For a periodic mapping class F 2Mod.Sg/, an hFi-action on Sg is called spherical
if g0.DF /D 0. In this case, we say that F is a spherical mapping class and Sg ! OF is a spherical
cover. Throughout this paper, we will assume that F 2Mod.Sg/ is a spherical periodic mapping class.

Remark 3.1 Let F be a spherical mapping class with the data set

DF D .n; 0I .d1; n1/; .d2; n2/; : : : ; .dk ; nk//:

Algebraic & Geometric Topology, Volume 25 (2025)
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We observe that the tuple �
c1 D

n

n1

d1; c2 D
n

n2

d2; : : : ; ck D
n

nk

dk

�
is precisely a generating �-vector associated to F . This tuple will be denoted by �F and called the
generating �-vector associated with DF .

For the rest of this section, we fix a spherical mapping class F 2Mod.Sg/ with associated data set DF ,
generating �-vector �F , and spherical cover p W Sg ! S0;k . For some fixed 1 � j � k � 1 such that
j
j j D j
jC1j, consider the map �j W �! � defined on generators by

�j .
j /D 
jC1; �j .
jC1/D 

�1

jC1
j
jC1; �j .
i/D 
i when i ¤ j:

Since

�j

� kY
iD1


i

�
D

kY
iD1


i ;

by Theorem 2.4, �j is an orientation-preserving automorphism of � . At the level of generating �-vectors,
�j acts by permuting cj and cjC1. The following result (see [4, Proposition 2.6]) describes the action of
AutC.�/ on the generating �-vectors.

Proposition 3.2 For Z�n �AutC.�/-action on generating �-vectors , AutC.�/ acts on generating �-
vectors by arbitrarily permuting the cj ’s while preserving their orders. Furthermore , Z�n acts on the
generating �-vectors by multiplication.

The action of Mod.S0;k/ on H1.S0;k ;Z/ induces a surjective homomorphism  WMod.S0;k/!†k with
kernel, denoted by PMod.S0;k/, known as the pure mapping class group of S0;k . Therefore, we have the
short exact sequence

(12) 1! PMod.S0;k/!Mod.S0;k/
 
�!†k ! 1:

For i D 1; 2; : : : ; k�1, let �i 2Mod.S0;k/ be a half-twist such that  .�i/D .i; iC1/. For 1� i < j < k,
let aij D .�j�1�j�2 � � � �iC1/�

2
i .�j�1�j�2 � � � �iC1/

�1. It is known [1; 9] that

Mod.S0;k/D h�i j 1� i < ki and PMod.S0;k/D haij j 1� i < j < ki:

For simplicity, we will also denote the restriction of  onto LModp.S0;k/ and CLMod.S0;k/ by  . Since,
elements of PMod.S0;k/, by definition, act trivially on H1.S0;k ;Z/, it follows that PMod.S0;k/ is a sub-
group of LModp.S0;k/. Since PMod.S0;k/ fixes each branch point, it follows that �1ı�

�1
2
.PMod.S0;k//

is trivial. Therefore, by Remark 2.11, PMod.S0;k/ is also a subgroup of CLModp.S0;k/. Hence, we have
the short exact sequences

(13) 1! PMod.S0;k/! LModp.S0;k/
 
�!HN ! 1

and

(14) 1! PMod.S0;k/! CLModp.S0;k/
 
�!HC ! 1;
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where HN and HC are subgroups of †k . Throughout this paper, we will denote the images of
LModp.S0;k/ and CLModp.S0;k/ under  by HN and HC , respectively. By (11), we have the short
exact sequence

(15) 1! CLModp.S0;k/! LModp.S0;k/
q
�! Z�n .�F /! 1:

Let B be the collection of all half-twists �i;j 2Mod.S0;k/ that permute the branch points corresponding
to ci and cj in �F such that ni D nj and di D dj , where i < j . Since .1; �i;j / � �F D �F , we have
�i;j 2 CLModp.S0;k/. Now, we describe a generating set for LModp.S0;k/.

Theorem 3.3 For A D faij j 1 � i < j < kg such that hAi D PMod.S0;k/ and B as above , we have
CLModp.S0;k/D hA[Bi.

Proof Given the short exact sequence (14), it is enough to show that  .B/ generates HC . For � 2HC ,
there exist a ı 2CLModp.S0;k/ such that  .ı/D � . Without loss of generality, let .1; 2; : : : ; s/ be a cycle
in the cycle decomposition of � for some s � k. Since ı 2 CLModp.S0;k/, we have .1; ı/ ��F D �F .
Thus c1 D cj for every 1 � j � s. It follows that n1 D nj and d1 D dj for all 1 � j � s. Since
.1; 2; : : : ; s/D .1; s/.1; s�1/ � � � .1; 2/ and .1; 2; : : : ; s/ was an arbitrary cycle in the decomposition of � ,
we have that � is a product of the  .�i;j / for 1� i < j � k. Hence, A[B generates CLModp.S0;k/.

In the following remark, we describe an explicit construction of a finite set C � LModp.S0;k/ such that
q.C /D Z�n .�F /.

Remark 3.4 For ` 2Z�n .�F / such that `¤ 1, since q is surjective, there exists a ı 2 LModp.S0;k/ such
that q.ı/D `. Without loss of generality, for s � k, let .1; 2; : : : ; s/ be one of the disjoint cycles in the
cycle decomposition of  .ı/. Since .`; ı/ ��F D �F , we have

.`cs; `c1; : : : ; `cs�1/D .c1; c2; : : : ; cs/:

Thus, we have `s � 1 .mod n1/ and for 2� i � s, we have ci D `ci�1 and c1 D `cs . Hence,

(16) .c1; c2; : : : ; cs/D .c1; `c1; : : : ; `
s�1c1/:

For 1< j � s, we observe that .1; 2; : : : ; s/D .1; s/.1; s� 1/ � � � .1; 2/ and

(17) .1; j /D  .�1�2 � � � �j�2�j�1�j�2 � � � �2�1/:

By (16), it follows that �F is a disjoint union of tuples of the form .c; `c; : : : ; `s�1c/, where c2Z�n . Hence,
by (17), there is a ı` 2Mod.S0;k/ such that .ı`/D .ı/. Since .ı`/D .ı/, we have .`; ı`/��F D�F ,
and therefore, ı` 2 LModp.S0;k/ such that q.ı`/ D `. For C D fı` 2 LModp.S0;k/ j ` 2 Z�n .�F /g,
by (15), it follows that  .B [C / generates HN .

The following corollary is a direct consequence of Theorem 3.3, Remark 3.4, and (13).

Corollary 3.4.1 For A, B defined as above , and C D fı` 2 LModp.S0;k/ j ` 2 Z�n .�F /g, we have
LModp.S0;k/D hA[B [C i.
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4 Applications

In this section, we derive several applications of Theorem 3.3.

4.1 An algorithm for deriving a presentation for the normalizer and the centralizer of a
spherical mapping class

We first recall a standard method to find a presentation for a group extension. Consider a short exact
sequence of groups

1!N
i
�!G

j
�!Q! 1:

Let N D hS1 jR1i and QD hS2 jR2i be presentations such that, for q D 1; 2, Sq and Rq are sets of
generators and relators for the corresponding groups, respectively. For a set S , the free group on S will
be denoted by F.S/. For each s 2 S2, consider an s0 2 j�1.fsg/. Define

SQ WD fs
0
2G j s 2 S2g and SN WD fi.a/ j a 2 S1g:

Any r 2 R2 can be written as r D s
�1

1
s
�2

2
: : : s

�k

k
, where sq 2 S2 and �q D ˙1 for 1 � q � k. For

r 0 D .s0
1
/�1.s0

2
/�2 : : : .s0

k
/�k 2G, we have j .r 0/D r . Since r D 1 2Q, we have r 0 2 ker j D Im i . Thus,

there exists ar 0 2 F.i.S1// such that i.ar 0/D r 0. Define

RQ WD fi.ar 0/D r 0 j j .r 0/D r 2R2g:

Since i.N / is normal in G, for every s 2S2 and a2S1, we have s0i.a/.s0/�1 2 i.N /. Let sa 2F.i.S1//

such that s0i.a/.s0/�1 D sa. Define

RNQ D fs
0i.a/.s0/�1

D sa j a 2 S1; s 2 S2g

and

RN D fi.a1/
�1i.a2/

�2 � � � i.ak/
�k D 1 j aq 2 S1; a

�1

1
a
�2

2
: : : a

�k

k
2R1; �q D˙1; 1� q � kg:

The following lemma is a well-known result in combinatorial group theory (see [14, Proposition 2.55]).

Lemma 4.1 For a short exact sequence of groups

1!N
i
�!G

j
�!Q! 1

and given presentations N D hS1 jR1i, QD hS2 jR2i, a presentation for G is given by

hSN [SQ jRN [RQ[RNQi;

where SN , SQ, RN , RQ, and RNQ are defined above.

The elements of SN and SQ will be called kernel generators and lifted generators, respectively. The
equations of the sets RN , RQ, and RNQ will be called kernel relations, lifted relations, and conjugacy
relations, respectively.

We will now describe well-known [1; 9] presentations for Mod.S0;k/ and PMod.S0;k/.
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Lemma 4.2 (a) The group Mod.S0;k/ is generated by �i for 1� i < k and has the following relations.

(i) Œ�i ; �j �D 1 for ji � j j> 1.

(ii) �i�iC1�i D �iC1�i�iC1.

(iii) .�1�2 � � � �k�1/
k D 1.

(iv) �1�2 � � � �k�1�k�1 � � � �2�1 D 1.

(b) The group PMod.S0;k/ is generated by aij for 1� i < j < k and has the following relations.

(i) Œapq; ars �D 1, where p < q < r < s.

(ii) Œaps; aqr �D 1, where p < q < r < s.

(iii) Œarsapr a�1
rs ; aqs �D 1, where p < q < r < s.

(iv) apr aqr apq D aqr apqapr D apqapr aqr for p < q < r .

(v) .a12a13 � � � a1.k�1// � � � .a.k�3/.k�2/a.k�3/.k�1//.a.k�2/.k�1//D 1.

Now, we provide the following algorithm for deriving presentations for LModp.S0;k/, C.F /, and N.F /.

Algorithm 4.3 Let F 2Mod.Sg/ be a spherical mapping class with given cyclic data set

DF D .n; 0I .d1; n1/; .d2; n2/; : : : ; .dk ; nk//:

Step 1 From the given data set DF , construct the set B of all half-twists �i;j such that  .�i;j /D .i; j /,
ni D nj , and di D dj , where i < j .

Step 2 By using Remark 3.4, construct a finite set C � LModp.S0;k/ such that q.C / generates Z�n .�F /.

Step 3 For AD fai;j j 1 � i < j < kg, A[B [C (resp A[B) is a generating set for LModp.S0;k/

(resp CLModp.S0;k/) (this follows by Theorem 3.3 and Corollary 3.4.1).

Step 4 Find a presentation for  .LModp.S0;k// and  .CLModp.S0;k// in generating set  .B [C /

and  .B/, respectively (determination of such presentations will depend on DF ).

Step 5 Use Lemmas 4.1 and 4.2 and the presentations obtained in Step 4 to obtain a presentation for
LModp.S0;k/ and CLModp.S0;k/.

Step 6 Construct the sets QA, eB, and eC consisting of one lift for each element of A, B, and C , respectively.
(For determining these lifts , the theory developed in [15; 29] can be used ).

Step 7 Use Lemma 4.1 to obtain presentations of N.F / (resp C.F /) by lifting the presentations of
LModp.S0;k/ (resp CLModp.S0;k/) obtained in Step 5 in the generating set fFg [ QA [ eB [ eC (resp
fFg[ QA[ eB).
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4.2 Normalizers and centralizers of irreducible periodic mapping classes

A periodic mapping class F 2Mod.Sg/ is called irreducible if �.OF /D .0; n1; n2; n3/, that is, OF �S0;3.
Thus, irreducible periodic mapping classes are spherical. Since OF � S0;3, we have Mod.S0;3/Š†3.
Therefore, in this case, we identify Mod.S0;3/ with †3. The group with a presentation of the form

hx;y j xm
D 1; yn

D 1; xyx�1
D y`i;

where ` 2 Z�n with `¤ 1, will be denoted by Zn Ì` Zm. The following result describes normalizers and
centralizers of irreducible periodic mapping classes. We note that the result about the centralizer has also
been obtained in earlier work (see [16, Proposition 4.9]).

Proposition 4.4 For g � 2, let F 2Mod.Sg/ be an irreducible periodic mapping class of order n with
corresponding generating �-vector �F D .c1; c2; c3/ and signature .0I n1; n2; n3/. Then the following
statements hold :

(i) If there is an `2Z�n such that `3D1 and .c1; c2; c3/D .c1; `c1; `
2c1/, then `¤1, LModp.S0;3/ŠZ3,

C.F /D hFi, and N.F /Š Zn Ì` Z3.

(ii) If there is an ` 2 Z�n such that `2 D 1, ` � 1 .mod n1/, and .c1; c2; c3/ D .c1; c2; `c2/, then
LModp.S0;3/Š Z2. Furthermore:

(a) If `D 1, then n� 2gC 2 and C.F /DN.F /Š Zn �Z2.

(b) If `¤ 1, then C.F /D hFi and N.F /Š Zn Ì` Z2.

(iii) Otherwise , LModp.S0;3/D 1 and C.F /DN.F /D hFi.

Before proving Proposition 4.4, we provide the following example which shows that all of the cases
mentioned in the statement of the proposition occur.

Example 4.5 In Table 1, we list the isomorphism type of the normalizers and the centralizers of
irreducible periodic mapping classes up to conjugacy and power in Mod.S3/, and the conjugacy classes
of their generators. In this table, DG denotes the conjugacy class of the periodic map, which lifts under
the cover p W S3!OF .

Proof of Proposition 4.4 For ı 2Mod.S0;3/ and ` 2 Z�n , assume that .`; ı/ ��F D �F .

Case 1 For jıj D 3, without loss of generality, let ı D .1; 2; 3/. Then we have

.`; ı/ ��F D .`c3; `c1; `c2/D .c1; c2; c3/:

This implies that n1D n2D n3D n, c2� `c1 .mod n/, c3� `c2� `
2c1 .mod n/, c1� `c3 .mod n/, and

`3D 1. From the Riemann–Hurwitz formula (1), we have nD 2gC1. If `D 1, then 3c1� 0 .mod 2gC1/.
Since gcd.c1; 2gC 1/ D 1, we have 2gC 1 D 3, which is not possible as g � 2. Thus, ` ¤ 1. From
Theorem 3.3 and Remark 3.4, it follows that CLModp.S0;3/ D 1 and LModp.S0;3/ Š Z3. Hence
C.F /D hFi and N.F /Š Zn Ì` Z3.
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DF N.F / C.F / DG

.7; 0I .1; 7/; .2; 7/; .4; 7// Z7 Ì2 Z3 Z7 .3; 1I .1; 3/; .2; 3//

.7; 0I .5; 7/; .1; 7/; .1; 7// Z7 �Z2 Z7 �Z2 .2; 0I .1; 2/8/

.8; 0I .1; 4/; .1; 8/; .5; 8// Z8 Ì5 Z2 Z8 .2; 1I .1; 2/4/

.8; 0I .3; 4/; .1; 8/; .1; 8// Z8 �Z2 Z8 �Z2 .2; 0I .1; 2/8/

.9; 0I .1; 3/; .1; 9/; .5; 9// Z9 Z9 -

.12; 0I .1; 2/; .1; 12/; .5; 12// Z12 Ì5 Z2 Z12 .2; 1I .1; 2/4/

.12; 0I .2; 3/; .1; 4/; .1; 12// Z12 Z12 -

.14; 0I .1; 2/; .3; 7/; .1; 14// Z14 Z14 -

Table 1: Isomorphism classes of the normalizers and the centralizers of irreducible periodic
mapping classes up to conjugacy and power in Mod.S3/.

Case 2 For jıj D 2, since n1 � n2 � n3, without loss of generality, let ı D .2; 3/. Then we have

.`; ı/ ��F D .`c1; `c3; `c2/D .c1; c2; c3/:

This implies that n2Dn3Dn, `�1 .mod n1/, c3�`c2 .mod n/, c2�`c3 .mod n/, and `2D1. Thus, by
Theorem 3.3 and Remark 3.4, we have LModp.S0;3/ŠZ2. If `D1 then LModp.S0;3/DCLModp.S0;3/,
and therefore C.F /D N.F /Š Zn �Z2. By a result of Maclachlan [24], the order of a finite abelian
subgroup of Mod.Sg/ can be at most 4gC4. Since Zn�Z2 is abelian, we must have n� 2gC2. If `¤ 1,
then CLModp.S0;3/D 1. Hence C.F /D hFi and N.F /Š Zn Ì` Z2.

Case 3 Otherwise, we have LModp.S0;3/D 1, and so it follows that C.F /DN.F /D hFi.

4.3 A presentation for the liftable mapping class group associated with some reducible
periodic mapping classes

Since we have already determined liftable mapping class groups, normalizers, and centralizers of all
irreducible periodic mapping classes, we now focus on some reducible periodic mapping classes. Let
F 2Mod.Sg/ be an irreducible periodic mapping class with

DF D .n; 0I .d1; n1/; .d2; n2/; .1; n//:

From the theory developed in [29], DF can be realized by a 2�=n-rotation F of a polygon P with
side pairing. Without loss of generality, we assume that F has such a representative. We note that the
tuple .1; n/ in DF corresponds to the fixed point at the center of P . Consider the maps F and F�1 on
two distinct copies of P . Since the sum of the angles at the center of the polygon P for F and F�1 adds
up to 0 .mod 2�/, we remove small open (invariant) disks around the centers of two copies of P and
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glue the resultant boundaries. This leads to a map F 0 representing a spherical periodic mapping class
F 0 2Mod.S2g/ with

DF 0 D .n; 0I .d1; n1/; .�d1; n1/; .d2; n2/; .�d2; n2//:

In the following proposition, we derive a presentation for LModp.S0;4/, where p W S2g!OF 0 .

Proposition 4.6 For g even and n> gC 1, let F 2Mod.Sg/ be a periodic mapping class with

DF D .n; 0I .d1; n1/; .�d1; n1/; .d2; n2/; .�d2; n2//:

Then the following statements hold :

(i) When n1 D 2, we have:

(a) ŒN.F / W C.F /�D 2 and ŒMod.S0;4/ W LModp.S0;4/�D 6.

(b) CLModp.S0;4/D h�1; a13 j .�1a13/
2 D 1i.

(c) LModp.S0;4/D h�1; �3; a13 j �
2
3
D �2

1
; Œ�1; �3�D .�1a13/

2 D .�3a13/
2 D 1i.

(ii) When n1 ¤ 2, we have:

(a) ŒN.F / W C.F /�D 2 and ŒMod.S0;4/ W LModp.S0;4/�D 12.

(b) CLModp.S0;4/D PMod.S0;4/.

(c) LModp.S0;4/D ha12; a13; ı D �
�1
1
�3 j ı

2 D Œa12; ı�D Œa13; ı�D 1i.

Proof Case 1 First, assume that n1 D 2. Since lcm.n1; n2/D n, either n2 D n or n2 D n=2. By the
Riemann–Hurwitz formula (1), it follows that either

�.OF /D .0I 2; 2; 2g; 2g/ or �.OF /D .0I 2; 2;gC 1;gC 1/:

Up to power, either

(i) DF D .2gC 2; 0I .1; 2/; .1; 2/; .1;gC 1/; .�1;gC 1// or

(ii) DF D .2g; 0I .1; 2/; .1; 2/; .1; 2g/; .�1; 2g//.

By Theorem 3.3, it follows that HC D h .�1/D .1; 2/i Š Z2. For ı D �3, we have .�1; ı/ ��F D �F .
Therefore, ı 2 LModp.S0;4/. Thus, by Remark 3.4, we get HN D h.1; 2/; .3; 4/i ŠK4, where K4 is the
Klein four group. Hence,

ŒN.F / W C.F /�D ŒLModp.S0;4/ W CLModp.S0;4/�D ŒK4;Z2�D 2

and
ŒMod.S0;4/ W LModp.S0;4/�D Œ†4 WK4�D 6:

We now use Algorithm 4.3 to obtain a presentation for LModp.S0;4/. Assume that

HN D hc D .1; 2/; d D .3; 4/ j c
2
D d2

D Œc; d �D 1i and HC D hc j c
2
D 1i:
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For generators of Mod.S0;4/ and PMod.S0;4/, we follow the notation as in Lemma 4.2. It can be
seen that PMod.S0;4/ is a free group of rank 2 generated by fa12; a13g. Therefore, the kernel gen-
erators are SA D fa12; a13g. The lifted generators are SC D f�1; �3g. Since a12 D �2

1
, we have

LModp.S0;4/D h�1; �3; a13i. By Lemma 4.1, there are the following relations in LModp.S0;4/:

(i) Lifted relations:

(a) �2
3
D �2

1
.

(b) Œ�1; �3�D 1.

(ii) Conjugacy relations:

(a) �1a13�
�1
1
D a�1

13
��2

1
.

(b) �3a13�
�1
3
D a�1

13
��2

3
.

Hence, the above presentation simplifies as stated.

Case 2 We now assume that n1¤ 2. In this case d1¤�d1. Since n> gC1, n1¤ n2. By Theorem 3.3,
we have CLModp.S0;4/D PMod.S0;4/. Furthermore, for ıD ��1

1
�3, since  .ı/D .1; 2/.3; 4/, we have

.�1; ı/ ��F D �F . Therefore ı 2 LModp.S0;4/. In this case, we have

HN D hc D .1; 2/.3; 4/ j c
2
D 1i:

Thus, it follows that

ŒN.F / W C.F /�D ŒLModp.S0;4/ W CLModp.S0;4/�D ŒZ2 W 1�D 2

and
ŒMod.S0;4/ W LModp.S0;4/�D Œ†4 W Z2�D 12:

We now use Algorithm 4.3 to derive a presentation for LModp.S0;4/. The kernel generators are
SADfa12; a13g and the lifted generators are SC DfıD�

�1
1
�3g. Therefore, LModp.S0;4/Dha12; a13; ıi.

By Lemma 4.1, the following relations hold in LModp.S0;4/:

(i) Lifted relations:

(a) ı2 D 1.

(ii) Conjugacy relations:

(a) ıa12ı
�1 D a12.

(b) ıa13ı
�1 D a13.

Hence, our assertion follows.

Now, we derive a presentation for N.F / and C.F / for F 2Mod.Sg/ with

DF D .2gC 2; 0I .1; 2/; .1; 2/; .1;gC 1/; .�1;gC 1//

by using Lemma 4.1 and the presentations of CLModp.S0;4/ and LModp.S0;4/ derived in Proposition 4.6.
By [17], F is a reducible mapping class of the highest order. Furthermore, it is known [21] that any
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Figure 1: A realization of a reducible periodic mapping class F 2 Mod.S2/ of order 6 with
reduction system fzg.

periodic mapping class having a representative with a fixed point can be realized by a rotation of a polygon.
Since F has no fixed points, it cannot be realized as a rotation of polygons. As described before, F has
been constructed by pasting two irreducible cyclic actions. This realization of DF will be used to derive
a presentation for N.F /.

Corollary 4.6.1 For an even integer g > 0, let F 2Mod.Sg/ be such that

DF D .2gC 2; 0I .1; 2/; .1; 2/; .1;gC 1/; .�1;gC 1//:

Then

C.F /D hF;G1;G2 j F
2gC2

D ŒG1;F �D ŒG2;F �D 1; .G1G2/
2
D FgC2

i

and

N.F /D
˝
F;G1;G2;G3 j F

2gC2
D ŒG1;F �D ŒG2;F �D ŒG1;G3�D 1;

.G1G2/
2
D FgC2; G3FG�1

3 D F�1; G2
1 DG2

3 ; .G3G2/
2
D FgC1

˛
:

Proof We provide the computation details for gD 2 as similar computations and methods will generally
work. We will need the oriented simple closed close curves ab, bc, de, ef , and c1 shown in Figure 1 for
describing the generators of the normalizer of F . (Here, ab is the curve homotopic to the concatenation
of a and b.) From [7, Example 4.5], we get that F is conjugate to TabTbcT �1

ef
T �1

de
. Without loss of

generality, we assume that F D TabTbcT �1
ef

T �1
de

. For c2 WDF.c1/ and c3 WDF.c2/, let G1D Tc1
Tc2

Tc3
,

G2D TabTbc , and G3DG1.TabTbcTc3
TdeTef /

3. By comparing actions of generators of LModp.S0;4/

and their lifts on suitable curves, one can see that �1 lifts to G1, a13 lifts to G2, and ��1
1
�3 lifts to

the handle swap map G D .TabTbcTc3
TdeTef /

3 under p. Thus �3 lifts to G3 D G1G. Now, we find
relations in N.F / and C.F /. According to Lemma 4.1, we have the following relations in N.F /:
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(i) Kernel relations:
(a) F6 D 1.

(ii) Conjugacy relations:
(a) G1FG�1

1
D F i1 .

(b) G2FG�1
2
D F i2 .

(c) G3FG�1
3
D F i3 .

(iii) Lifted relations:
(a) G2

1
G�2

3
D F i4 .

(b) ŒG1;G3�D F i5 .
(c) .G1G2/

2 D F i6 .
(d) .G3G2/

2 D F i7 .

We make use of the fact that the symplectic representation  WMod.S2/! Sp.4;Z/ is faithful when
restricted to finite subgroups of Mod.S2/. Now we list the images of the generators of N.F / under the
map  with respect to the basis fŒab�; Œbc�; Œde�; Œef �g of H1.S2;Z/, where Œab� is the homology class of
the curve ab. We have

 .F /D

0BB@
0 �1 0 0

1 1 0 0

0 0 1 1

0 0 �1 0

1CCA;  .G1/D

0BB@
0 �2 �2 �1

2 2 1 2

�2 �1 0 �2

1 2 2 2

1CCA;  .G2/D

0BB@
0 �1 0 0

1 1 0 0

0 0 1 0

0 0 0 1

1CCA;

 .G/D

0BB@
0 0 �1 0

0 0 0 �1

�1 0 0 0

0 �1 0 0

1CCA;  .G3/D

0BB@
2 1 0 2

�1 �2 �2 �2

0 2 2 1

�2 �2 �1 �2

1CCA:
Now, it follows that i1 D 1, i2 D 1, i3 D �1, i4 D 1, i5 D 1, i6 D 4, and i7 D 3. Hence, our assertion
follows. (Alternatively, writing all generators as a product of Dehn twists, one can directly perform
computations to verify the relations in the presentation of N.F /.)

The following result is a direct corollary of Proposition 4.6.

Corollary 4.6.2 For integers g > 1 and gC 1 < n < 2g such that g is even , let F 2 Mod.Sg/ be a
periodic mapping class with

DF D .n; 0I .d1; n1/; .�d1; n1/; .d2; n2/; .�d2; n2//:

Then
C.F /D hF;G1;G2 j F

n
D ŒG1;F �D ŒG2;F �D 1i:

Proof This follows directly from Lemma 4.1 and Proposition 4.6 by observing that CLModp.S0;4/ is a
free group of rank 2.
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4.4 Recovering generating sets for the liftable mapping class groups of the hyperelliptic
cover and the balanced superelliptic cover

In this subsection, we recover the generating sets of the liftable mapping class groups associated with
the hyperelliptic cover first derived by Birman and Hilden [2], and for the balanced superelliptic cover
obtained by Ghaswala and Winarski [9].

An F 2 Mod.Sg/ is said to be a hyperelliptic involution if it has a representative F 2 HomeoC.Sg/

of order 2 which has 2g C 2 fixed points. The data set and generating �-vector corresponding to a
hyperelliptic involution is given by

DF D .2; 0I .1; 2/; .1; 2/; : : : ; .1; 2/„ ƒ‚ …
2gC2 times

/

and

(18) �F D .c1 D 1; c2 D 1; : : : ; c2gC2 D 1/;

respectively.

Proposition 4.7 (Birman–Hilden [2, Theorem 8]) For g � 2, let F 2 Mod.Sg/ be a hyperelliptic
involution and let p W Sg! S0;2gC2 be its associated cover. Then

LModp.S0;2gC2/D h�i j 1� i < 2gC 2i DMod.S0;2gC2/:

Proof Since jF j D 2, we have N.F / D C.F /. Therefore, LModp.S0;2gC2/ D CLModp.S0;2gC2/.
By Theorem 3.3 and (18), it follows that

HN DHC D h .�i;j /D .i; j / j 1� i < j � 2gC 2i:

Since

h .�i;j /D .i; j / j 1� i < j � 2gC 2i D h .�i/D .i; i C 1/ j 1� i < 2gC 2i D†2gC2;

we have HN D†2gC2. The result now follows from the observation that

hai;j j 1� i < j < 2gC 2i � h�i j 1� i < 2gC 2i:

A periodic mapping class F 2Mod.Sg/ with data set

DF D .n; 0I .1; n/; .�1; n/; : : : ; .1; n/; .�1; n/„ ƒ‚ …
.kC1/-pairs

/

is called a balanced superelliptic map, where k D g=.n� 1/. The generating �-vector corresponding to
DF is given by

(19) �F D .c1 D 1; c2 D�1; : : : ; c2kC1 D 1; c2kC2 D�1/:
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Proposition 4.8 (Ghaswala–Winarski [9, Lemma 5.1]) For g � 2, let F 2 Mod.Sg/ be a balanced
superelliptic mapping class and let p W Sg! S0;2kC2 be its associated cover. Then

LModp.S0;2kC2/D haij ; �i0C1�i0��1
i0C1; �1�3 � � � �2kC1 j 1� i < j < 2kC 2; 1� i 0 � 2ki:

Proof By Theorem 3.3 and (19), it follows that

HC D h .�ij /D .i; j / j 1� i < j � 2kC 2; i � j .mod 2/i D h.i; i C 2/ j 1� i � 2ki:

For ı 2 LModp.S0;2kC2/ and ` 2 Z�n , we have .`; ı/ ��F D �F . Since

.`; ı/ ��F D ı � .`;�`; : : : ; `;�`/;

by (19), we have `D˙1. By (19), it follows that there exist an order-2 rotation ˇ 2Mod.S0;2kC2/ such
that  .ˇ/ D .1; 2/.3; 4/ � � � .2k C 1; 2k C 2/ and .�1; ˇ/ � �F D �F . Therefore ˇ 2 LModp.S0;2kC2/

and hq.ˇ/i ŠHN =HC Š Z�n .�F /. By Remark 3.4, we have

HN D h .�i;iC2/;  .ˇ/ j 1� i � 2ki:

For 1 � i � 2k, we observe that  .�iC1�i�
�1
iC1

/ D .i; i C 2/ and  .�1�3 � � � �2kC1/ D  .ˇ/. The
assertion now follows by Corollary 3.4.1.

As an immediate consequence of Theorem 2.10, we provide an alternative proof of the following result by
Ghaswala and Winarski [10] about characterizing spherical covers for which LModp.S0;k/DMod.S0;k/.

Proposition 4.9 (Ghaswala–Winarski [10, Theorem 1.3]) For g � 2, let F 2Mod.Sg/ be a spherical
mapping class with the generating �-vector �F D .c1; c2; : : : ; ck/. Then LModp.S0;k/DMod.S0;k/ if
and only if c1 D c2 D � � � D ck and k � 0 .mod n/.

Proof We have LModp.S0;k/ D Mod.S0;k/ if and only if �i 2 LModp.S0;k/ for every 1 � i < k.
By Theorem 2.10, �i 2 LModp.S0;k/ if and only if .1; �i/ ��F D �F . It follows that .1; �i/ ��F D �F

if and only if c1 D c2 D � � � D ck and k � 0 .mod n/. The conclusion k � 0 .mod n/ follows by
Definition 2.6(iv).
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