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Warped product metrics on hyperbolic and complex hyperbolic manifolds

BARRY MINEMYER

We study warped-product metrics on manifolds of the form X \ Y, where X denotes either H" or CH",
and Y is a totally geodesic submanifold with arbitrary codimension. The main results that we prove
are curvature formulas for these metrics on X \ ¥ expressed in spherical coordinates about Y. We also
discuss past and potential future applications of these formulas.

53C20, 53C35; 53C56, 57R25

1 Introduction

1.1 Main results

Let H” denote real hyperbolic space with real dimension 7, and let CH"” denote complex hyperbolic
space with complex dimension 7. In this paper, X will denote either H"” or CH", and Y will denote a
totally geodesic submanifold of X. So if X = H" then Y = HF, and if X = CH" then Y is either H¥ or
CHF for some 0 <k <n—1. Let M be a Riemannian manifold, and N a totally geodesic submanifold
of M. We say that the pair (M, N) is modeled on (X, Y) if X is the universal cover of M and, within
this cover, Y corresponds to the universal cover of N.

The purpose of this paper is to develop curvature formulas for warped-product metrics on X \ ¥ when the
pair (X, Y) is one of (H", H¥), (CH", H"), or (CH", CH¥). These cases are detailed in Sections 2, 3,
and 4, respectively. In each case we write the metric on X in spherical coordinates about Y (Theorems 2.1,
3.1, and 4.1), we consider the corresponding warped product metric where we allow for variable coefficients
in the metric tensor ((2-2), (3-3), and (4-2)), and we compute formulas for the components of the (4, 0)
curvature tensor with respect to these coefficient functions (Theorems 2.2, 3.4, and 4.3). These last three
theorems should be considered the main results of this paper.

1.2 Applications for these curvature formulas

Specific cases for these formulas are already known and have been used in various applications in the
literature. Some examples are as follows. The case when X = H"” and Y = H"~2 was used by Gromov
and Thurston in [7] (discussed further below) and by Belegradek in [1]. When X = H" and Y = HO is
a point, this leads to the basis for the Farrell and Jones warping deformation used in [5]. This process
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2906 Barry Minemyer

is described by Ontaneda in [13] and used by the same author in [14]. The case when X = CH" and
Y = CHP is a point was used by Farrell and Jones in [6], and the same X but with Y = CH"~! was
considered by Belegradek in [2]. Finally, the cases when (X, Y) are either (CH?, H?) or (CH”, CH"~?)
were used by the author in [9] and [10].

While the author believes that the curvature formulas in Theorems 2.2, 3.4, and 4.3 will have many
future uses, the primary motivation for the development of these curvature formulas was for the following
application.

In [7] Gromov and Thurston famously construct pinched negatively curved manifolds which do not
admit hyperbolic metrics. In this construction they consider pairs (M, N') modeled on (H”, H”~2) which
satisfy a few special topological and geometric conditions. The pinched negatively curved manifold X
which does not admit a hyperbolic metric is then the d-fold cyclic branched cover of M about N (where
d € N can take all but possibly finitely many values). The difficulty in all of this is showing that X exists,
constructing a pinched negatively curved metric on X, and proving that X does not admit a hyperbolic
metric.

It is an open question as to whether or not this construction can be extended to the locally symmetric pairs
(CH", CH”~') and (CH?, H?). In a forthcoming paper [11] the author shows that the d-fold cyclic
ramified cover of M about N for the case (CH”, CH"~!) does admit an almost negatively %—pinched
Riemannian metric. The fact that such a pair (M, N) can be realized so that the ramified cover is a
smooth manifold for some integer d > 2 is a result of Stover and Toledo in [15]. The constructions of

this Riemannian metric uses the curvature formulas proved in Theorems 2.2 and 4.3 below.

One last remark about these curvature formulas. In [1], [2], and [9] it is proved that the manifold M \ N,
where (M, N) is modeled on one of (H”, H"~2), (CH", CH"?2), or (CH?, H?), admits a complete,
finite volume, negatively curved Riemannian metric. The curvature formulas developed in this paper are
extensions of the curvature formulas computed and used in these three articles.

1.3 Obstructions to M \ N admitting a complete, finite volume Riemannian metric of
negative sectional curvature

Consider the finite volume manifold M \ N. The three cases where N has real codimension two in M
are modeled on one of (H”, H"2), (CH", CH"~!), or (CH?Z, H?). In all of these cases, the manifold
M \ N admits a complete, finite volume Riemannian metric whose sectional curvature is bounded above
by a negative constant [1; 2; 9].

When the real codimension of N is greater than two, the manifold M \ N should not admit a complete,
finite volume, negatively curved metric because it generally will not be aspherical. This fact should be
realized in the curvature equations in Theorems 2.2, 3.4, and 4.3. More specifically, there should be one
or more equations which obstructs such a metric, but these curvature equations should vanish when N
has codimension two.
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In all cases except one “exceptional case” the obstruction is a sectional curvature equation of the form
1 v"\?
a-n 2 (%)
where v: R — R is a positive, increasing real-valued function. In order to alter the metric on M \ N to
be complete, one needs to define a warping function for v that will make each component of N into the
boundary of a cusp of the manifold. One easily checks that (1-1) is nonpositive if and only if 1 < (v')2.
But for the Riemannian metric to have any chance of having finite volume one needs lim, oo v'(r) = 0.

The one exceptional case is when (M, N) is modeled on (CH”, CH"~2). Here, all curvature equations
of the form (1-1) vanish, and so this obstruction is more subtle. It should be noted that the vanishing of
(1-1) is what leads to the metric developed in [10], which shows that a finite volume manifold of the form
M\ N where (M, N) is modeled on (CH", CH"~2) admits a complete, finite volume metric which is
negatively curved when restricted to a (nonintegrable) real codimension one distribution. The calculation
in [10] is very complicated, whereas the work required to show that one cannot vary the curvature formulas
in this setting to obtain global negative curvature (and finite volume) is pretty straightforward. A quick
argument for this is given in Section 4.6.

1.4 Layout of this paper

In Section 2 we study manifolds of the form H” \ HF, in Section 3 we consider CH" \ H", and in
Section 4 we analyze CH” \ CH¥. The calculations in Sections 3 and 4 become very complicated. So in
Section 3 we restrict our attention to CH?3\ H3 and in Section 4 we restrict to CH? \ CH? to make these
calculations simpler to follow. In each case, these are the smallest choices for n and k which capture
all of the different formulas for the curvature tensor, up to the symmetries of the curvature tensor (and
with respect to the frames chosen in each section). That is, from these cases one knows all of curvature
formulas for general CH” \ H” and CH" \ CHX. Also, notice that we only consider CH” \ H” in
Section 3 instead of the more general CH” \ H¥. The reason for this is due to simplicity: in general
there are several ways that HF¥ can sit inside of CH” which requires a case-by-case analysis. But in all
situations this copy of HF is contained in a copy of H”, and then one can apply our formulas here to
CH™\ H". Section 5 is a short section on some known formulas that are referenced throughout the paper,
and Section 6 is devoted to computing values for Lie brackets from Section 3.

We end this section with the following three remarks which deal with notational differences between this
paper and [1; 2; 9].

Remark 1.1 In this paper we scale the complex hyperbolic metric to have sectional curvatures in the
interval [—4, —1], whereas in the previous three references the curvatures were scaled to [—1, —i]. To
adjust the formulas in [1; 2; 9], one simply multiplies the warping functions 4, v, and 4, by % With
this adjustment (and the following remark), one sees that the formulas in these references agree with the
codimension two versions of the formulas in Theorems 2.2, 3.4, and 4.3.
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Remark 1.2 Another major notational difference between this paper and [1; 2] is the formula used for
the curvature tensor. Let g be a Riemannian metric with Levi-Civita connection V, and let W, X, Y, and
Z be vector fields. In this paper we follow [4] and use the notation

(1-2) R(X,Y)Z :Vyvxz—VXVYZ-i-V[X’Y]Z

for the curvature tensor R of g. The negative of this formula is used in [1; 2]. So, in particular, the
(4, 0)-curvature tensor (R(X,Y)Z, W), in this paper is equivalent to (R(X, Y)W, Z)¢ in [1; 2].

Remark 1.3 We will be considering many different metrics throughout this paper. For a sectional
curvature tensor R we will frequently use the notation R& to emphasize that this tensor is with respect to
the metric g. We use a superscript as subscripts will frequently be used for components of the curvature
tensor. At times, we do just use R if the metric is to be understood from context.

2 Curvature formulas for warped product metrics on H” \ H*

2.1 Expressing the metric in H” in spherical coordinates about H*

Let us first note that in Sections 2.1, 3.1, and 4.1 we closely follow the notation and terminology used
in [2].

Let h,, denote the hyperbolic metric on H”. Since H¥ is a complete totally geodesic submanifold of the
negatively curved manifold H”, there exists an orthogonal projection map 7 : H” — HX . This map 7 is
a fiber bundle whose fibers are totally geodesic (n—k)-planes.

For r > 0 let E(r) denote the r-neighborhood of H¥. Then E(r) is a real hypersurface in H”, and
consequently we can decompose k, as

hyn = (hn)r +d"2

where (h,,), is the induced Riemannian metric on E(r). Let 7, : E(r) — HF denote the restriction of 7
to E(r). Note that 7, is an S” ¥~ 1_bundle whose fiber over any point ¢ € HF is the (n—k—1)-sphere of
radius r in the totally geodesic (n—k)-plane 7~ !(g). The tangent bundle splits as an orthogonal sum
V(r) @ H(r) where V(r) is tangent to the sphere 7, !(¢) and #(r) is the orthogonal complement to V(r).

It is well known (see [1] or [7] when k = n —2 and [13] for general k) that for an appropriate identification
of E(r) = H* x S" %=1 the metric (h,), can be written as

(hp)r = cosh?(r)hy + sinh?(r)o,_k_1,

where k. denotes the hyperbolic metric on H* and 0, —i—1 denotes the round metric on the unit sphere
S"~k=1 Note that (h,), restricted to H(r) is cosh?(r)hy and (h,), restricted to V(r) is sinh? (r)6,,_k_1.
We summarize this in the following theorem.
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Theorem 2.1 The hyperbolic manifold H" \ H¥ can be written as E x (0, 0o) where E =~ HFK x S"~*—1
equipped with the metric

2-1) hy = cosh?(r)hy + sinh®(r)o,—x—; +dr>.

2.2 The warped product metric and curvature formulas

For some positive, increasing real-valued functions %, v: (0, 00) — R, we define
(2-2) Ari=h2(Nhg +v2(r)o,_g—; and A:=A,+dr.
Of course, A = h;,, when h = cosh(r) and v = sinh(r).

Fix p € E(r) for some r and let ¢ = 7(p) € H¥. Let {)?i}fle be an orthonormal frame of H¥ with
respect to hj near g which satisfies [)? i X jlg =0forall 1 <i,j < k. These vector fields can be
extended to a collection of orthogonal vector fields {X; }f‘zl in a neighborhood of p via the inclusion

H* — E x (0, 00). Analogously, define an orthonormal frame {)? j }7_ of S*~k—1 near (the projection

1
of) p which satisfies [X;, X ], =0 forall k +1 <i, j <n—1, and extend this frame to vector fields

{X; ;’;}C_H in a neighborhood of p via the inclusion S*¥~1 — E x (0, 00). Lastly, let X,, = %.

The orthogonal collection of vector fields {X;}

7, satisfies the following:
(1) (Xi, Xi)p=h*>forl1 <i<k.

Q) (X;, Xi)p=v2fork+1<i<n-—1.

() (Xn, Xu)a =1

“4) [X;.Xj]p=0foralli, ;.

It should be noted that property (4) is special to the real hyperbolic case and will not be true in Sections 3
and 4 below.

Now define the corresponding orthonormal frame near p by ¥; = %X jforl <i <k, Y = %X ; for
k+1=<j<n-—1,and Y, = X,. This frame satisfies the property that [Y¥;,Y;], =0for1 <i,j <n—1.
We can then apply formulas (5-4) through (5-7) to write the (4, 0) curvature tensor R* in terms of R*r
as follows, where 1 <a,b<kandk+1<c,d <n-—1:

N2 "\?

KM ) = K0 Y= () K20 = KM e v = ()
o n "

K*(Ya.Ye) = K¥ (Yo Yo) =5 K (Yo Ya)=—T K'(YeYn)=—".

In the above equations, we use the notation
K(X,Y)=(R(X,Y)X.Y)
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to denote the sectional curvature of the 2-plane spanned by X and Y. The above equations are the only
terms that appear (up to the symmetries of the curvature tensor). So, in particular, all mixed terms of R*
are identically zero.

Now, the (4, 0) curvature tensor R*" is simple to calculate. Since both A(r)H¥ and v(r)S"*~! have
constant curvature, and h(r)Hk X v(r)S”_k_1 is metrically a product, we have that for 1 <a, b, <k and
k+1<c,d <n-—1,

1
Kkr(YasYb):_ KAV(YC’Yd)=v_27 Kkr(YaaYc)=O-

1
h_2 b
Putting this all together yields the following.

Theorem 2.2 Up to the symmetries of the curvature tensor, the only nonzero terms of the (4, 0) curvature
tensor R* are

1 h'\? 1 V' \2
KA ¥p ==z = (7). Ko =5-(3),
!4,/ 17 "
K (Yo Yo = =22 KA (Ve vy =1 KA (Yo Yn) = =

hv e

wherel <a,b<kandk+1<c,d <n-—1.

One easily checks that plugging in the values v(r) = sinh(r) and h(r) = cosh(r) gives all sectional
curvatures of —1.

3 Curvature formulas for warped product metrics on CH"” \ H"

As mentioned in the introduction, for simplicity we are going to restrict ourselves to the case when n = 3.
This is exactly the smallest dimension which captures every nonzero component of the curvature tensor,
and so nothing is lost with this restriction (see Remark 3.5).

3.1 Expressing the metric in CH? in spherical coordinates about H?

Let c3 denote the complex hyperbolic metric on CH?3 normalized to have constant holomorphic sectional
curvature —4. Since H?3 is a complete totally geodesic submanifold of the negatively curved manifold C H?3,
there exists an orthogonal projection map 77 : CH?3 — H3. This map 7 is a fiber bundle whose fibers are
totally real totally geodesic 3-planes, and therefore have constant sectional curvature —1.

For r > 0 let E(r) denote the r-neighborhood of H3. Then E(r) is a real hypersurface in CH?, and
consequently we can decompose c3 as

c3 = (CS)r +dr2’

where (c3), is the induced Riemannian metric on E(r). Let 7, : E(r) — H?3 denote the restriction of 7
to E(r). Note that 7, is an S2-bundle whose fiber over any point ¢ € H? is the 2-sphere of radius r in the

Algebraic & Geometric Topology, Volume 25 (2025)
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totally real totally geodesic 3-plane 7 ~!(g). The tangent bundle splits as an orthogonal sum V(r) @ H(r)
where V(r) is tangent to the 2-sphere 7, !(¢) and H(r) is the orthogonal complement to V().

The orthogonal projection 7 induces a unique geodesic flow on CH?3 as follows. Let p € CH? and let
q = (p). Then there exists a unique unit-speed geodesic from p to ¢ and, moreover, this geodesic is
contained in w1 (g) since this is a totally geodesic copy of H?3. We define the geodesic flow

¢:[0,00) x CH?> - CH?
by just moving along this geodesic for the given amount of time (and ¢ (¢, p) = g for all t > d(p, q)).

For r, s > 0 there exists a diffeomorphism ¢, : E(s) — E(r) induced by this geodesic flow. Fix p € E(r)
arbitrary, let ¢ = 7(p) € H3, and let y be the unit speed geodesic such that y(0) = g and y(r) = p. In
what follows, all computations are considered in the tangent space T, E (7).

Note that V(r) is tangent to both E(r) and the totally real totally geodesic 3-plane 7~ !(g). Then since
n~1(q) is preserved by the geodesic flow, we have that d¢;, takes V(s) to V(r). Since exp;1 (7))
is a totally real 3-plane, there exists a suitable identification 771 (g) 2 S? x (0, o0) where the metric ¢3
restricted to 77 ~1(g) can be written as

sinh?(r)o? +dr?.
Here, o2 is the round metric on the unit 2-sphere.

Let

(3-1) K=l Fy= L0
Y7900 T T sind oy

be an orthonormal frame on a neighborhood of (the projection of) p in S2, where 6 and ¥ denote the
standard spherical coordinates on S2. Extend these to orthogonal vector fields { X4, X5} on 7~ 1(g) via
the inclusion S? — 771(g). Note that both X4 and X5 are invariant under d¢;,. Let X = a%.

Let J denote the complex structure on CH?3. It is well known that J, » preserves complex subspaces in
T,C H?3 and maps real subspaces into their orthogonal complement. Since (X4, X5, X¢) spans a real
3-plane in 7, CH?, its orthogonal complement H,, (r) is spanned by (J X4, J X5, J X6). In what follows
we define vector fields X1, X5, and X3 which are just scaled copies of J X4, J X5, and J X, respectively.

3.1.1 The vector fields X1 and X, First note that (J X4, X¢) spans a real 2-plane in 7, CH?> (since
its J-image is contained in its orthogonal complement). So P = exp,,(span(J X4, X)) is a totally real
totally geodesic 2-plane in CH? which intersects H? orthogonally. Since this intersection is orthogonal,
P is preserved by the geodesic flow ¢. Therefore, span(J X4) is preserved by d¢.

The set P N H?3 is a (real) geodesic. Let a(s) denote this geodesic parameterized with respect to arc
length so that «(0) = g. Then define (X1), = (d n);la/ (0). There exists a positive real-valued function
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a(r, s) such that the metric c3 restricted to P is of the form dr? + a?(r, s)ds?. But since R acts by
isometries on P via translation along «, the function a(r, ) is independent of s. Then since the curvature
of a real 2-plane is —1, we have that a(r) = cosh(r).

We analogously define X5 by replacing X4 with X5 in the above description. All conclusions follow in
an identical manner. Thus, we can write the metric ¢3 restricted to exp, (X1, X2, X6) as

cosh?(r)(dX? +dX2) +dr>.

3.1.2 The vector field X3 This is also mostly analogous to the definition of X;. But this time
note that (J X, X¢) spans a complex line in TPCH3 (since it is preserved by its J-image). So
O = exp,(span(J Xe, X¢)) is a complex geodesic in CH?3 which intersects H?> orthogonally. Since
this intersection is orthogonal, Q is preserved by the geodesic flow ¢. Therefore, span(J X¢) is preserved

by d¢.

The set Q N H?3 is a (real) geodesic. Let B(f) denote this geodesic parameterized with respect to arc
length so that B(0) = ¢. Then define (X3), = (d7)~'B’(0). There exists a positive real-valued function
b(r,t) such that the metric c3 restricted to Q is of the form dr? + b%(r,t)dt>. But since R acts by
isometries on Q via translation along §, the function b(r, ¢) is independent of 7. Then since the curvature
of a complex geodesic is —4, we have that b(r) = cosh(2r).

3.1.3 Conclusion

Theorem 3.1 The complex hyperbolic manifold CH? \ H? can be written as E x (0, 00) where
E =~ H? x S? equipped with the metric

(3-2) ¢3 = cosh?(r)(dX? + dX3) + cosh?(2r)d X3 + sinh®(r)(d X3 + dX2) +dr?.

In (3-2), d X through d X5 denote the covector fields dual to the vector fields X; through X, respectively.
Lastly, notice that dX 12 +dX 22 is the hyperbolic metric with constant sectional curvature —1, and
dX f +dX 52 is the spherical metric with constant sectional curvature 1.

3.2 The warped product metric and curvature formulas in CH3 \ H?3

For some positive, increasing real-valued functions 4, i, v: (0, 00) — R define

43 Wr = h2(r)(dXE 4 dX3) + h2(r)dX? + 0% (r)(dX2 +dX2),
woi=p, +dr?.
Of course, i = ¢3 when h = cosh(r), h, = cosh(2r), and v = sinh(r).

Define an orthonormal basis {Y; }l.6=1 with respect to i by

G4 Vi=ix, n=lx, n=lx. n=1x. vn=1lx. r=x.
h h hy v v
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Our goal is to compute formulas for the components of the (4, 0) curvature tensor R* in terms of the
warping functions %, h,, and v (this is the content of Theorem 3.4). As a first step, we need to compute
the components of the (4, 0) curvature tensor R¢3 of the complex hyperbolic metric with respect to the
orthonormal basis given above. We can do this with the help of formula (5-1). To use this formula note
that, by construction, we have that J Y4 =Y, J Y5 = Y5, and J Y¢ = Y3 (again, when the metric is c3,
that is, when h = cosh(r), h, = cosh(2r), and v = sinh(r)). Lastly, we use the notation

R¢3

ijkl - = <RCS(YI" YJ')Yk’ Yl)c3

Then, up to the symmetries of the curvature tensor, the nonzero components of the (4, 0) curvature tensor
R are
c3
(3-5)  —4=R{j14 = R3%s = R3is
— R€3 I »1 5] I »1 %] I »1 %] . »1 %] I »1 %]
(3-6) —1=Ri315 = Ry313 = Ri515 = Rig16 = Ra323 = Ryung

= R3326 = R3i34 = R33as = Ridss = Rigys = Rsgse:
(3-7)  —2=R{},s = Riiz6 = R3336,

(3-8) -1 = R1245 = R1346 = R2356 = Ri§24 = Ri%34 = R§%35-
3.3 Lie brackets

We now need to compute the values of the Lie brackets of the orthogonal basis { X; }l-6=1. A first observation
is that, by construction, each of these vector fields is invariant under the flow of %. This implies that
[Xi, X¢] =0 for all 1 <i < 6. From this we can deduce that

/ / / / /

h h h v v
[Y1’Y6]:ZY1’ [Y2, Y] = —Y2, [Y3,Y6]=h—’Y3, [Y4,Y6]=;Y4, [YS,YG]:;YS.
r

Next, we know that each Lie bracket is tangent to the level surfaces of r. Thus, for all 1 <i,j <6,the
Lie bracket [X;, X;] has no X term. For all 1 <1, j, k <5 define structure constants c - by

(3-9) [X:. X;]= Z ck Xp.

Two quick observations about the structure constants. The first is that clkj = —c]].‘l. due to the antisymmetry
of the Lie bracket. The second observation is about the values of 025 and 025. Recall the definitions for
)?4 and )?5 from (3-1). Then

= —cot(f) X s.

(3-10) [X4,X5] [8 1 8] —cos(f) a

00’ sm(@) alﬁ 51112(9) 31ﬂ
We therefore conclude that cf“s =0and c} 25 = —cot(0).

The following theorem gives almost a full description of the values of the Lie brackets. Some quantities
are only defined up to sign, but this is sufficient to compute the curvature formulas in Theorem 3.4. The
interested reader can find the proof of Theorem 3.2 in Section 6.

Algebraic & Geometric Topology, Volume 25 (2025)



2914 Barry Minemyer

Theorem 3.2 The values for the Lie brackets in (3-9) are

[X1, X2] = £X1, [X1, X3] = Feot(0) Xz + X4,

[X1, X4] = X3 F X5, [X1, X5] = —cot(0) X2 £+ X4,

[X2, X3] = xcot(0) X1 + X5, [X2, X4] =0,

[X2, X5] = cot(0) X1 + X3, [X3, X4] = — X1 £ cot(0) X5,

[X3, X5] ==X, Feot(0) X4, [X4, Xs5]=—cot(0)X5.
In the above equations, all of the & and F signs are related. For example, if it is the case that
[X1, X2] = X1, then [ X1, X4] = X3 — X5 and so on.

3.4 The Levi-Civita connection and formulas for the (4, 0) curvature tensor R*

In this subsection we first compute the Levi-Civita connection V associated to the metric p with respect
to the frame (Y; l.6=1. The difficult part in all of this is computing the Lie brackets in Theorem 3.2. From
there it is now a simple calculation using formula (5-3) to prove the following theorem.

Theorem 3.3 The Levi-Civita connection V compatible with p is determined by the following 36

equations:
Uyt = Fir, -y, Vy Y= 41y
Y] 1 — l’l 2 l’l 6, Y] 2 = h 1,
1/ h h, v 1/ h hy v 1
Vy Ya= = — — " 4+ —)Yu, Vy Ya=—(—— T+ V3T Vs,
n's 2(h,v hv+hhr) . YRS Z(hrv hv+hhr) 3Tt
1 n
VYIYSZ:&EYAh VY1Y6:zYIs
h/
VYZYI == 0, VY2Y2 = _ZY67
1/ h h, v
Vy, Y3 = ~ — )Y, Vy, Ys =0,
Y213 Z(h,v hv+hhr) > Y274
\(h h v n
Vy, Vs = —~ T Ys, Vy, Ye = — V>,
1213 2(h,v hv+hhr) 3 Y2767 02
1 1/ h h, v 1 1/ h hy v
Vy ¥i = +— cot(§)Ya + ~ Y., Ve Ya=T—cot(O)Y; + = T Ys,
v Y1 =5 col(®) 2+2(h,v oh hh,) . 1Yz =¥y~ cot(®) 1+2(hrv o hh,) s
h 1/ h h, v 1
Vy. Y3 = —-T Y, VyYa=—= —— 2 — Y1 £+ — cot(6)Ys,
Y313 h, 6 Y314 Z(hrv o hhr) 1 hrCO( )Ys
1( h hy v 1 d
Vy Vs = — = — — L _ Yo F —cot(0)Ys,  Vy.Ye=-LYs,
v3 s 2(h,v v hh,) 2F g, coUOYs v3te =7 13
1( h h, v
Vy, ¥y = —~ o Y Vy, Y2 =0
Ya'l 2(h,v hv+hh,) } Ya'2
1( h h, v !
Vy, Y3 = = o Y Vy,Ya = ——7,
Y, 13 2(hrv+hv+hhr) 1 Yy 14 6
v/
Vy,Ys =0, Vy, Y6 = —Ya,
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1 1 1( h h v
Vys Y1 = - cot(6)Y>, Vysts = 0 cot(0) ¥y — E(hrv + ﬁ + hhr)YB’
1( h h, v 1
VysYs = - = Y Vys¥a = - cot(0)Y
Y543 2(h,v T T hhr) > rta = ot
1 v’ v’
Vs ¥s = ——col(9)Ys — —Ye, VrsYe = —Ys,

VyeY1 = Vy Ya = Vy Y3 = Vy Yy = Vy, ¥s = Vy Y6 = 0.

By combining Theorem 3.3 with (1-2), and remembering that Y = X¢ = % and X4 = %, we compute

the following formulas for the (4, 0) curvature tensor R®. As in equations (3-5) through (3-8) we use the

notation

Rg'kl = (RF(Yi, Y)Yi. Y1)

Theorem 3.4 In terms of the basis given in (3-4), the only independent nonzero components of the (4, 0)

curvature tensor R* are the following:

R* —_ h_/ z_i
1212 — h h2’

2
Ris,s = —(v—,) L
4545 v v2’

h'v'

R .=RY,, =———
1515 2424 hv ’

Rt =R =— — ——t
e = N5 =T T\ gz T T e 22 Tk 2

w — pM —_
R3434 - R3535 -

o, \aw2nz T wrn T w22 22 o o

R _pn __Mh 3v? h? h? Lt
13137772323 pp, \4h2h2 4vZ2h2 4v2h2 202 2h2  2h2
h//
RI1L616 = R/2L626 =T
h
h//
Rigy = —7-.
3636 hr
"
no o pk
Risa6 = Rsgse = T

L [(hY (vY [(h2Y
meo_ pk - —-{-)-(=
R1436_R2536_2hr|:(v) (h) (Uh) '

1T (Y (v Y
Koo —RM . = | 7
R1634—R2635_ 2h|: (U ) +(h,-)/+(vhr)i|’

1 h ’ h / v2 /
Ri346 = Ry3s6 = g[(g) + (Ir) * (hhr) ]
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1(h2 h? v 2 2 2)

i et Tt e e

2 2 2
Ri524 :—l(_h + b Y —3)
4\ h2v2 = h%2v%  h2h2  h?
It is a tedious exercise in hyperbolic trigonometric identities to check that, when & = cosh(r), i, =cosh(2r),
and v = sinh(r), the above formulas reduce to the constants in (3-5) through (3-8). Also, note that the first

nine equations above give the sectional curvatures of the coordinate planes, while the last six equations
are formulas for the nonzero mixed terms.

Remark 3.5 Let us explain how the above curvature formulas contain all of the formulas that arise in
the case of CH" \ H” for generic n. In general, one can write the complex hyperbolic metric ¢, as

cn = cosh?(r)hy—1 + cosh®(2r)d X 2 + sinh(r)a,—1 + dr?
and the corresponding warped-product metric as
n = h>(hy—1 +h2(r)dX? +v2(r)on—1 +dr?
where 0,1 is the round metric on S”~! and the vector field X, is defined in the same manner as X3. As

2n—1
i=n+1

for all 1 <i <n —1 in the same manner as above which defines an orthogonal basis for the orthogonal

above, we choose an orthonormal basis { X; for the S”~! factor. We use these vectors to define X;

complement to X, in the H” factor. We then define an orthonormal basis {Y; 122 | exactly as in (3-4).

Curvature formulas for the nonzero components of R*” corresponding to the base H" are of the form
RZ’; g for 1 <1i,j <n and are encoded in the formulas for R‘IL212 and Rf 313- Note that there are no
mixed terms here since H” does not contain any holomorphic pairs, that is, a pair of unit vectors (A4, B)
which satisfy that JA = £ B. All curvature formulas for the S"~! factor, which are of the form R};, , for
n+1<k,f <2n—1, are contained in the term Rffs 45- Again there are no mixed terms here since there
are no holomorphic pairs of vectors. The curvature formulas R’f 414 and R’; 434 above give formulas for
Rl‘«n

iki
all mixed terms of the metric h2(r)h,—1 + h2(r)d X2 + v*(r)o,—1. Finally, all of the formulas above

containing a “6” give the rest of the curvature formulas for p,,.

X where 1 <i <mandn+ 1<k <2n—1. The terms R’f425, R‘1L245, and Rﬁc524 give formulas for

4 Curvature formulas for warped product metrics on CH" \ CHF

As mentioned in the introduction, for simplicity we are going to restrict ourselves to the case whenn =5
and k = 2. These are the smallest choices for n and k£ which capture every formula for the curvature
tensor in the general case, so nothing is lost with this restriction (see Remark 4.4).
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4.1 Expressing the metric in CH? in spherical coordinates about CH?

Let ¢5 denote the complex hyperbolic metric on CH? normalized to have constant holomorphic sectional
curvature —4. Since CH? is a complete totally geodesic submanifold of the negatively curved manifold
CH?, there exists an orthogonal projection map 7 : CH?® — CH?. This map  is a fiber bundle whose
fibers are totally geodesic 6-planes isometric to CH?3.

For r > 0 let E(r) denote the r-neighborhood of CH?. Then E(r) is a real hypersurface in CH?, and
consequently we can decompose ¢s as

¢s = (¢s)y +dr?,

where (cs), is the induced Riemannian metric on E(r). Let 7, : E(r) — CH? denote the restriction
of 7 to E(r). Note that 7, is an S°-bundle whose fiber over any point g € CH? is (topologically) the
5-sphere of radius 7 in the totally geodesic 6-plane 7~ !(g). The tangent bundle splits as an orthogonal
sum V(r) @ H(r) where V(r) is tangent to the 5-sphere 77, !(¢) and H(r) is the orthogonal complement
to V(r). Note that this copy of S® does not have constant sectional curvature equal to 1, but rather it is an
example of a Berger sphere. This will be discussed further below.

One can use the orthogonal projection 7 to define a geodesic flow on CH? towards the copy of CH?
in a completely analogous manner as to what was done in Section 3.1. For r,s > 0 there exists a
diffeomorphism ¢g,: E(s) — E(r) induced by this geodesic flow along the totally geodesic 6-planes
orthogonal to CH?. Fix p € E(r) arbitrary, let ¢ = w(p) € CH?, and let y be the unit speed geodesic
such that y(0) = ¢ and y(r) = p. In what follows, all computations are considered in the tangent space
TyE(r).

Note that V(r) is tangent to both E(r) and the totally geodesic 6-plane 7~ (g). Then since 7~ 1(q) is
preserved by the geodesic flow, we have that d¢s, takes V(s) to V(r). Consider the complex geodesic
P = exp, (span(a%, J 8%)). P intersects E(r) orthogonally, and P N E(r) is isometric to a circle
of radius r. Thus, since a complex geodesic has curvature —4, there exists a suitable identification
P = S! x (0, 00) where the metric ¢s restricted to P can be written as

4 sinh®(2r)d6* +dr?,

where d6? denotes the round metric on the unit circle S. Note that the presence of the “1/4” is to make
the metric complete when extended to the core CH?.

Notice that % is a vector field on the five sphere S® mentioned above. More generally, thinking of S° as
the unit sphere in C3 with respect to the usual Hermitian metric, there is an obvious free action of the
circle S' on S>. The unit tangent vector field with respect to this action corresponds to the vector field
% above. This action fibers S° over the complex projective plane CIP2, and the Riemannian submersion
metric on this fiber bundle is an example of a Berger sphere (see [6, page 59] for more details). Let ()
be a unit-speed geodesic in S° orthogonal to J a% such that «(0) = p. Then exp,, (@’(0), dr) forms a
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totally real totally geodesic 2-plane in CH?. Thus the curvature of this 2-plane is —1. Since the direction
of « orthogonal to J % was arbitrary, we can write the Riemannian metric (¢5), restricted to V(r) as

sinh?(r) p» + % sinh?(2r)d 6>
where p, denotes the complex projective metric on CP2.
Now let B(t) be any unit speed geodesic in CH? such that 8(0) = g. Then Q = exp, (span(8'(0), y'(0)))
is a totally real totally geodesic submanifold of CH?>, and thus K(f’,y’) = —1. Therefore, the metric
¢s restricted to Q can be written as cosh?(r)dt? + dr?. But since y was arbitrary, we can write the

metric on the 5-dimensional submanifold determined by CH? and % as cosh? ¢; + dr2. This leads to
the following.

Theorem 4.1 The complex hyperbolic manifold CH?> \ CH? can be written as E x (0, 00) where
E = CH? x S* equipped with the metric
“4-1) ¢5 = cosh?(r)ca + sinh?(r) ps + % sinh?(2r)d6? + dr?.

4.2 The warped product metric, orthonormal basis, and curvature formulas in CH?® \ CH?

For some positive, increasing real-valued functions %, v, v, : (0, c0) — R define the Riemannian metrics
Yro = h*(r)ez +v2(r) pa,
4-2) Yri="Vro+ %v?(r)d@z,
y.=yr+d r2.
Of course, y = ¢5 when & = cosh(r), v = sinh(r), and v, = sinh(2r).
For the remainder of this section, fix p = (¢1,4,r) € CH? x S° x (0, 00) = CH? \ CH?, and write

g €S? as (g2, 0) where g5 € CP2%and 0 € SL. Let ()v(l, )?2, )?3, )?4) be an orthonormal collection of
vector fields near g; € CH? which satisfies:

(1) [X:,Xj]y =0forall1<i,j <4
() J)?2|¢11 = )?1|111 and J)?4|¢11 = 523|£]1'
Define an analogous collection of vector fields ()\f 5, X 6. X 7, X g) about g, € CP? so that J X 6lg> = X 5lga>

JX 8lg = X 7lg,, and [)? i X ilgs =0 forall 5 <i,j < 8. Extend both collections to vector fields
(X1,...,Xg) near p. Lastly, let Xo = % and X9 = %

Define an orthonormal basis {Y,-}f-‘=1 with respect to y by
Y—IX Y—IX Y—IX Y—IX Y—lX
l_h 1 2_h 2 3_h 3, 4_h 4, S_U 5
(4-3) 1 1 1 1
Ye=—X¢, Y7=—-X7, Ys=—-Xg, Yo=7—Xo, Yio= X0
v v v 5V
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Our goal is to compute formulas for the components of the (4, 0) curvature tensor R? in terms of the
warping functions £, v, and v,. As a first step, we need to compute the components of the (4, 0) curvature
tensor R of the complex hyperbolic metric with respect to the orthonormal basis given above. Just as in
Section 3 we can do this with the help of formula (5-1). To use this formula note that, by construction,
we have that J Y, =Y, J Y4 =Y3, JYg =Y5, JYg = Y7, and J Y19 = Yo at the point p (and again,
when the metric is ¢35, so when & = cosh(r), v = sinh(r), and v, = sinh(2r)). Lastly, we use the notation

cs .
Rijskl =(REYi, Y)Yk, Yi)es.
Then, up to the symmetries of the curvature tensor, the nonzero components of the (4, 0) curvature tensor
R€5 are

(4-4) —4 =R‘i€12 = R§334 = Rg5656 = Rgfns = R;?10,9,10’

4-5) —1 =Rl.c].5l.j where {7, j} ¢ {{1,2},{3,4},{5,6},{7,8},{9,10}},

(4-6) -2 =Rl.cj?kl where (i, j) # (k,1) € {(1,2),(3,4),(5,6),(7,8),(9,10)},
4-7) -1 :Rf]ijl where (i, j) # (k,1) € {(1,2),(3,4),(5,6),(7,8),(9,10)},
(4-8) 1 :Rl.cfjk where (i, j) # (k,1) € {(1,2), (3,4),(5,6),(7,8), (9, 10)},

Let us quickly note that, since CIP? is dual to CH?, we have the following curvature formulas for RP2:

_ pbP2 _ pP2
4= R5656 - R7878’
_ pb2 __ pP2 _ pP2 _ pb2
1= R5757 - RSSSS - R6767 - R6868’
_ pP2  _ p2 D2
2= R5678 - 2R5768 - 2R5867'

In the above formulas, Rfﬁc ;= (RP2(Y:, Y)Yy, Y1) p, and with the abuse of notation of ¥; denoting the
restriction of ¥; to CP2.

4.3 Lie brackets and curvature formulas for y, g

The vector fields { X; }}gl form an orthogonal frame near p which satisfies the following properties (at p):

(1) [Xi,X;] is tangent to the level surfaces of r for 1 <i, j <09.

(2) [Xi, X;]is tangent to CH? xexpp(J%) for1 <i,j <4.

(3) [Xi, X;]is tangent to S° for 5 <i, j <8.

4) [X;, X10] = 0 since X; is invariant under the flow of % forl1 <i <09.

(5) [Xi, Xo] = 0 since X; is invariant under the flow of - for 1 <i <8.

(6) [Xi,.X;]=0fori €{1,2,3,4} and j € {5,6,7,8} since these vector fields were defined via

inclusion.

By the above points, and since [)? i X jlp=0forall 1 <i,j <8, there exist structure constants c;; such
that [X;, X;]p = cij Xo. Note that ¢;; = —c;;. The following lemma provides the values for the structure
constants.
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Lemma 4.2 The values for the structure constants are c1p = ¢34 = ¢5¢ = c78 = 2, and all other
(independent) structure constants are equal to zero.

A quick note is that by “independent” structure constants we just mean that, obviously,

€21 =C43 =Ce5 =Cg7 = —2#0.
Proof All of the structure constants can be found by combining formula (5-7) with the curvature formulas
(4-6) through (4-8). To see that ¢, = 2, we combine (4-6) with (5-7) to obtain

% sinh? (2r)])/ _ c128inh(2r) (cosh(r)) _s
cosh?(r) ~ cosh®(r) \sinh(r) ) c1z.

An analogous argument shows that ¢34 = ¢56 = ¢78 = 2. To see that

4=2R75 51, =0+0+([Y1.Y2]. Yo)cs (ln|:

C13 = C14 = (23 = (24 = €57 = C58 = C67 = C68 =0
we use the same equations as above, but note that the left hand side is now 0 instead of 4.
Lastly, to see that ¢15 = 0, note that

0= RS} =0+ ([Ys,Y1], Yo) (m[MD/Jro
10,1,5,9 » 1], X9)es sinh(r)
—%015 sinh(2r)

- sinh(r) cosh(r)

The argument that the remaining structure constants are 0 is identical to the argument above. |

(In2cosh(r))’ = —c15 tanh(r).

We now, for some fixed r and 6, compute the components of the (4,0) curvature tensor RA"¢ with
respect to the orthonormal frame {Yi}?:l. Since [X;, Xj] =0fori €{1,2,3,4} and j € {5,6,7,8}, the
metric y, g is a product metric. Then since the (4, 0) curvature tensor scales like the metric, up to the
symmetries of the curvature tensor the only nonzero components of R?"¢ are

4 1
Yro _ p¥ro _ T Yri6 _ p¥r0 _ p¥ro _ p¥ro _
R1212 - R3434 - hz’ R1313 - R1414 - R2323 - R2424 - hz’
4 1
Yri6 _ p¥Yro _ T Yri6 _ p¥r6 _ p¥r6 _ p¥r6 _
R5656 - R7878 - v2 ’ R5757 - R5858 - R6767 - R6868 - v2’
2 2
Yro __ Yroo _ Yri6 _ = Yr.o __ Yr6 _ Yro _ <
R1234 - 2Rl324 - 2R1423 - hz’ R5678 - 2R5768 - 2R5867 - 1)2.

In particular, note that mixed terms of the form Rﬁ’seé are 0.

4.4 Curvature formulas for y,

Formulas (5-4) through (5-7) allow us to compute the (4, 0) curvature tensor R” in terms of RY". We use
a very different approach from Section 3 to compute the nonzero components of RY”. The background
for our current computations can be found in Section 5.5, all of which comes from [3, pages 235-242].
The metric y, is a Riemannian submersion metric with (horizontal) base y, ¢ and (vertical) fiber %v%d 62.
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So our approach is to compute the A and T tensors of y;, and to then use Theorem 5.5 to compute the
components of RY". The computations in this subsection are very similar to [2, Section 6].

First, the T-tensor is identically zero by Remark 5.2 and since the vertical S!-fibers are totally geodesic.
The argument for why this fiber is totally geodesic is identical to that in [2, Section 6].

We now compute the A tensor associated with y,. By Theorem 5.4 we have that
Ax, X2 = 3V [X1, X2] = Xo

Analogously, Ay, X4 = AxsXe¢ = Ax,Xs = Xo and Ax, X; =0if {i, j} ¢ {{1,2},{3.4},{5,6},{7.8}}.
Also, by (5-9) we have Ax,X; =0for 1 <i <8&.

Now, by (5-12) we see that
(Ax, Xo. X2)y, = —(Ax, X2, Xo)y, = —3V7.

By this same equation we know that there are no other nonzero components of Ay, X9. Therefore,

h2
Analogously, we have that
Ax, X9 = 10 X1, Ax;Xo = _1_2)(4, Ax, Xo = lU_X&
4 h2 4 h2 4 h2

1 v2 1v2 1 v2 1 v2
Ax;Xo=———Xs. A Xo=-Xe. Ay.Xo=—TXe Ay.Xo=-LX
9= 40 6, X6 9_4v2 5, X, 49 = 102 8, X3 9—41)2 7.

We are now ready to use Theorem 5.5 to compute the nonzero components of RY”. By (5-15) we have
that

1 v?
(R (X1, X0)X1, Xo)y, = (Ax, Xo, Ax, Xo)y, 16hr2’
and thus
Yr 4 Y 'U%
(4-9) Rig19 = 2o S (R (X1, Xo) X1, Xo)y, = s
r
2
Identically, R 2929 = R3939 = R’ 1049 = 4h’4 Also, a completely analogous computation shows that
2
(4-10) RV o =RV =RV —RIV —_T
5959 = T6969 — 7979 T T8989 T 1

By (5-18) we have that
(R (X1, X2)X1. X2)y, = (R"9(X1, X2) X1, X2)y, , — 3(Ax, X2, Ax, X2)y,
= (R (X1, X2)X1. X2)y, , — 207,
and thus
30?2 4 3?2

r Vr, r
(4-11) R)1/212 = R12f2 4h:‘ -T2 ﬁ = Rg434-
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An identical argument shows that

4 32
4-12 RYr  —RYr_ —__ _ 7T
(4-12) 5656 — 17878 = 13 T 47
Since Ay, X; = 0if {i, j} ¢ {{1,2},13,4},{5,6}, {7, 8}}, the above argument also provides
(4-13) RY; = Ryji7 if i/} ¢ ({1.2).{3.41.{5.6}. {7.8}}.

We now compute the mixed terms of R?":
(R (X1,X2)X3, X4)y, = (R"9(X1, X2) X3, Xa)y, o —2(Ax, X2, Ax; X4)y,
= (RVr,G(Xl, XZ)X3, X4))/r'9 - %vyz-v

and therefore

Yr Yr.0 vrz' 2 v72' Yr Yr
(4-14) Ri%34 = Ri34 — A = T2 o4 = 2R354 = —2R} 3.
Identically
2 2
Yr Y4 v _ 2 v _ Yr _ Yr
(4-15) R3678 = Rssgs - ﬁ — 2 ﬁ = 2R35765 = —2R5367-
Now
(R (X1, X2)X5. X6)y, = (R (X1, X2) X5, X6)y, , — 2{Ax, X2. Axs X6)y, = —2 07,
and hence
4 16 RVr _ U% _ RVr _ Ryr _ Ryr
(4-16) 1256 = " Hp2,2  t1278 T M3456 = M3478¢
Finally, the same argument yields
Yr Yr Yr Yr UI%
(4-17) Ri536 = Ri728 = R3546 = R3745 = T ahtd
% % % % vy
r r r r r
(4-18) Ri6as = Riga7 = R3645 = R3547 = AhAvd

The final thing that needs to be done is to show that all other mixed terms are 0. Any mixed term contains
0, 1, or 2 vertical vectors (since this is just Y9). A mixed term with two vertical vectors has the form

Ryr

199 With i # j. By (5-15) and since the T'-tensor is identically O we have that

(R(Xi, X9)X;, Xo) = (Ax; Xo, Ax, Xo) = (f(r)Xi,g(r)X;) =0

for some functions f and g of r. If there is one vertical vector, then the mixed term is 0 by (5-17) (again
using the fact that the 7'-tensor is identically 0).

This just leaves the case of no vertical vectors. Recall that a pair of unit vectors (A4, B) is a holomorphic
pair if JA = £ B. If the collection {Y;, Y}, Y, Y,} contains two holomorphic pairs, then we have seen
above that this component of the curvature tensor is (potentially) nonzero. We need to show that it is 0 in
all other cases.
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The applicable formula for 0 vertical vectors is (5-18), which reduces to
(4-19) (R"(X,Y)Z,Z') = -2{Ax Y, Az Z') +{Ay Z, Ax Z') — (Ax Z, Ay Z').

But recall from above that Ay, X; = 0if {i, j} ¢ {{1,2},{3,4},{5,6},1{7,8}}, thatis, if (¥;,Y;) isnot a
holomorphic pair. Therefore, if the collection {Y;, Y}, Yx, Y,} does not contain two holomorphic pairs,
then every term on the right-hand side of (4-19) is 0. Hence, all remaining mixed terms are identically 0.

4.5 Curvature formulas for y
Combining (4-9) through (4-18) with formulas (5-4) through (5-7) proves the following theorem.

Theorem 4.3 In terms of the basis given in (4-3), the only independent nonzero components of the
(4,0) curvature tensor RY are given by the following formulas, where i € {1,2,3,4}, k € {5,6,7, 8},
(i,j)e{(1,2),(3,4)}, and (k,l) € {(5,6),(7,8)}:

2
RY. =RY —_ }L, - i - ﬁ
1212 3434 h hz 4h4’

N\ 2 2
v oy _ v 4 3v
R3656 = R7g73 = _(_) + 02 41;;’

v
14,7 2
R, .. = M v
9197 " hy, T 4n®
1.,/ 2
R — VY, vy
k9k9 VU, 4p4’
1o,/
R — _h v
ikik — ho
P\? 1
Y _ pY _ pY _ pY _
R1313 - R1414 - R2323 - R2424 - _(Z - h_z’

N\ 2

v 1
Y  _pY  _pY _py -
R3757 = Rsgs3 = Rg767 = Reges = (v) +v2’

14
RY - _h_
i,10,i,10 = ~ 77
1
RY — _v_
k,10,k,10 v
14
RY __%
9,10,9,10 — )
Ur
2 v2
Y  _Aap¥ Yy r
Ri234 =2Rj3p4 = —2R1yp3 = T2 T oA
2 v2
RY . =2RV .—=-2RV =" _ T
5678 5768 5867 = 2 oy
% % % vy
_ _ — r
Rijir = 2Ry = 2R = =553
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/

v v

v 14 Y _ r r
Ri,j,9,10 - 2Ri,9,j,10 - 2Ri,10,j,9 Y (ln h ) ’

/
v v
Y —opY — _9RY =1
R 19,10 = 2R 01,10 = ~2Rg 10,10 = ) (ln v ) :
Unlike Section 3, this time is a much simpler exercise in hyperbolic trigonometric identities to check
that, when 4 = cosh(r), v = sinh(r), and v, = sinh(2r), the above formulas reduce to the constants in

equations (4-4) through (4-8).

Remark 4.4 Here we explain how the above curvature formulas contain all of the formulas that arise
in the case for CH” \ CH™ for generic n and m with n > m.! In general, one can write the complex
hyperbolic metric ¢; as

¢, = cosh?(r)em + sinh? () pp—m—1 + % sinh?(2r)d6? + dr?
and the corresponding warped-product metric as
Yn = hz(r)cm + Uz(r)Pn—m—l + %vf(l‘)d@z +dr?

where p,_m—1 is the complex projective metric on CP”~™~1 and a% is defined in the same manner as
above. Choose an orthonormal basis {X i}l.zfl for the CH™ factor in such a way that X; = J X; 4+ for all

odd i with 1 <i <2m. Analogously choose an orthonormal basis { X }jz.igfn 4 of the CP?™=1 factor.
2n

We then define an orthonormal basis {Y;};7, exactly as in (4-3).

The nonzero components of the curvature tensor R for the base CH™ are of the form Rl’;”l i for
1 <i,j <2m or mixed terms of the form RZ f H1.j.j41 for i and j odd (or permutations of these indices).

The curvature formulas from these components are encoded in the formulas for R’llzu, Ri'313, and R¥23 4
above. The analogous curvature formulas for the CP"~™~! component are contained in the above
formulas for R§656, R;’757, and R;’678. Ifl1 <i<2mand2m+ 1<k <2n -2, formulas for all
components of the form Rg’,’(’l. « &re given by the same indices above. The mixed terms between the CH™
and CP"~"~1 components are given by the Rz}/j & formula. Finally, all of the formulas above containing
either a “9” or a “10” give the formulas for all components of RY” that contain either Y,,—1 or Y2,.

4.6 The exceptional case CH" \ CH" 2

Notice that, when k = n — 2, there are no sectional curvatures of y of the form

v’ 2 1 2
-(5)+(G)
That is because we can write CH” \ CH" 2 =~ CH" 2 x S3 x (0, 00), and CPP! (the base of the Hopf

fibration) has constant holomorphic curvature 4. So the purpose of this subsection is to prove the following:

IWe use CH" instead of CHF since k is also used as an index in Theorem 4.3.
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Lemma 4.5 There do not exist functions h, v, and v, that, when inserted into (4-2), yield a complete
finite volume Riemannian metric on CH" \ CH”" 2 with nonpositive sectional curvature, and which
interpolate to the values

h(r) =cosh(r), wv(r)=sinh(r), v,(r)=sinh(2r)
near r = 0.

Proof Consider a finite volume manifold M \ N where (M, N) is modeled on (CH”, CH"~?2). The
ambient complex hyperbolic metric on M \ N will not be complete since we have removed a copy of N.
To make the metric complete at N we need to turn the normal S!-bundle over N into a cusp of M \ N.
Geometrically, thinking of the cusp occurring as r approaches —oo, this is equivalent to defining the
functions /4, v, and v, over R instead of [0, c0). We then need these functions to agree with the values in
Lemma 4.5 for all values of r larger than the normal injectivity radius of N.

The functions %, v, and v, need to be positive for the metric to be Riemannian, and they need to be
nondecreasing for there to be any chance of nonpositive curvature. Since these functions are positive,
nondecreasing, and must eventually agree with the values in Lemma 4.5, we must have that all three of
the following limits are zero:
lim A, v, v; =0.
r—>—00

Lastly, even though we will not need this below, note that in order to have finite volume, at least one of 4,
v, and v, must also approach 0 as r — —o0.

Now, from the formula for the R5¢5¢ term in Theorem 4.3 we must have that

4 — N2 3 2 16—4 N2 2
W)? 32 W? _ (v
v2 4v4 — 3 “\v

In particular, since (v') — 0 as r — —oo, we see that a necessary requirement for nonpositive curvature

is that

(4-20)

(4-21) lim 2> 1.

r—>—00

From the formula for the Rjgjo term in Theorem 4.3 we must have that

Vvl v? 302 3
4-22 2 g = 2 TV
(4-22) vu,  4vt T 4v4 ~ oo,

Comparing (4-20) and (4-22), we see that

4—v')? - 3v'v),

v
5 = 44— <3V —
v VUy vy

is also a necessary requirement for nonpositive curvature. But as r — —oo, we know that 4 — (v')? — 4
and 3v'v). — 0. Thus, we must have that

(4-23) lim — =00 = lim X =0.
r—>—00 U, r—>—00 v
Equations (4-21) and (4-23) provide a contradiction, proving the lemma. O
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5 Preliminaries

5.1 Formula for the curvature tensor of CH” in terms of the complex structure J

The components of the (4,0) curvature tensor of the complex hyperbolic metric g can be expressed in
terms of g and the complex structure J. The following formula can be found in [8] or in [2, Section 5]
(recall Remark 1.2 from the introduction). In this formula X, Y, Z, and W are arbitrary vector fields:

(5-1) (REX.Y)Z. W) =(X.W)g(Y.Z)g —(X.Z)g (Y. W),
F (X IW) (Y, JZ) g — (X, TZ)g (Y. IW)g +2(X. JY) g (W, J Z)sg.

5.2 Koszul’s formula for the Levi-Civita connection

Let X, Y, and Z denote vector fields on a Riemannian manifold (M, g). The following is the well-known
“Koszul formula” for the values of the Levi-Civita connection V (which can be found in [4, page 55]):

(5-2) (VyX,Z)g = %(X(Y,Z)g—i—Y(Z,X)g—Z(X,Y)g—([X,Z],Y)g—([Y,Z],X)g—([X,Y],Z)g).

In this paper we will usually be considering an orthonormal frame (Y;). In this setting we know that
(Yi,Y;)g = &ij, where §;; denotes Kronecker’s delta. Therefore the first three terms on the right hand
side of formula (5-2) are all zero. Thus, in an orthonormal frame, formula (5-2) reduces to

(5-3) (V¥ X, Z)g =—2(([X. Z1.Y)g +{[Y. Z]. X) ¢ + {[X. Y]. Z)).

5.3 General curvature formulas for warped product metrics

The curvature formulas below, which were worked out by Belegradek in [1] and stated in [2, Appendix B],
apply to metrics of the form g = g, 4+ dr? on manifolds of the form E x I where [ is an open interval
and E is a manifold. The formulas are true provided that for each point ¢ € E there exists a neighborhood
U, in E of g and a local frame {X; } defined on Uy such that, for any r € (0, 00), the collection {Xj;} is
gr-orthogonal. So, as r varies, the g-lengths of vectors may change, but g-orthogonality does not. Such
a family of metrics (E, g,) is called simultaneously diagonalizable. Let

hi(r) ==V gr(Xi, X;).

Then the local frame {Y;} defined by

Yi = —X;

1
hi
is a gr-orthonormal frame on Uy for any value of r. We then have the following formulas for the (4,0)
curvature tensor R in terms of the (4,0) curvature tensor R8", the collection {%; }, and the Lie brackets

[Y;,Y;]. Note that (-,-) is used to denote the metric g and dr = a%:
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/1,7
(5-4) <Rg(Yz~,Y,-)n,Y,->=<Rg'(n,Y,-)n,Y,->—#,
ey
(5-5) (RE(Y;, Y)Y, Y)) = (RS (Y;.,Y))Yi.Y;) if {i,j} # {k.1},
!
(5-6) (Rg(Yi,ar)Yi,ar)z—h—’ and (R®(Y;,0r)Y;,0r) =0 if i # j,

i

N / [N
(57 2<Rg(ar,nm,Yk>=<m,Yk1,Yj>(1nh—’)+<[Y,-,Yi],Yk>(1n”—k)+<[Y,-,Yk1,Y,->(1n ’ )
Ik I hh

5.4 The Nijenhuis tensor
In Sections 3 and 4 we explicitly dealt with CH”. Since the almost complex structure on CH” is

integrable, we have that the Nijenhuis tensor is identically equal to zero. Explicitly, for any vector fields
X and Y on CH", we have that

(5-8) 0=[X.Y]|+J[JX. Y]+ J[X,JY]-[JX,JY]

where J denotes the complex structure on CH”.
5.5 The A and T tensors of a Riemannian submersion

All of this subsection comes from [3, pages 236-241], but where we make small changes in the notation
to fit the notation in this paper. The original source of most of this material is [12].

Let (M, g) and (B, &) be two Riemannian manifolds and ¢: M — B a smooth submersion. Let p € M
and ¢ = ¢(p). By F,, we denote the fiber ¢ ~1(q). The vertical distribution at p, denoted by V', is the
tangent space to Fj, within T, M. The horizontal distribution ¥, is the orthogonal complement to V', in
T, M . Note that, by construction, the vertical distribution is always integrable whereas the horizontal
distribution may or may not be integrable.

The vertical distribution is equal to the kernel of the map ¢«: T,M — T, B and thus ¢« induces an
isomorphism from ¥, to 7T, B. If this map is an isometry then we call ¢ a Riemannian submersion. If B
is a submanifold of M and the Riemannian submersion ¢ is the identity on B (which implies that g is
just g restricted to B), we call g a Riemannian submersion metric.

Let v € T, M. The vector Vv € T, M denotes the projection of v onto V', and similar for #v. Let D
denote the Levi-Civita connection of the Riemannian metric g on M.

For the remainder of this subsection, U, V', and W will always denote vertical vector fields in 7, M while
X, Y, and Z will denote horizontal vector fields. With this notation, we are now prepared to define the T’
and A tensors.

Definition 5.1 [3, Definition 9.17] The (2, 1) tensor field 7 on M is defined by
Tg,E2 = HDyg,(VE2) +V Dyg, (#E2)

where E1 and E, are vector fields on M.
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Remark 5.2 Notice that Ty V' gives the second fundamental form for the fiber. From this observation
one sees that, if the fiber is totally geodesic, then the 7'-tensor is identically zero.

Definition 5.3 [3, Definition 9.20] The (2, 1) tensor field A on M is defined by
Ag,Ey = #Dyg,(VE2) +V Dyg, (HE>)

where E1 and E, are vector fields on M.

The following are properties of the A-tensor that follow from the definition and Theorem 5.4 below:

(5-9) AyX = AyV =0,

(5-10) AxU =#DxU and AxY =V DyY,

(5-11) AxY = —Ay X,

(5-12) Ay is alternating, so g(AxY,U) = —g(AxU,Y).

We will need the following theorem in Section 4.4, whose proof is in [3].

Theorem 5.4 [3, Proposition 9.24] For all horizontal vector fields X and Y,
AxY = 1v[X,Y].

Thus, the A-tensor measures the obstruction to integrability of the horizontal distribution.

The last theorem that we need from [3] contains formulas for the components of the sectional curvature
tensor R of g with respect to the A and T -tensors.

Theorem 5.5 [3, Theorem 9.28] Let ¢: (M, g) — (B, g) be a Riemannian submersion. Let R be the
curvature tensor with respect to g, R the curvature tensor with respect to g, and R the curvature tensor of
g restricted to each vertical fiber. We then have

(5-13) g(RAUVIW.W') = g(RU.VIYW,W')—g(Ty W.Ty W') + g(Ty W.Ty W),
(5-14) g(RU VW, X)=g((DyT)uW,X)—g((DuT)y W, X),
(5-15) gRX.U)Y.V)=g((DxT)yV.Y)—g(Tu X, TvY)+g(DuA)xY,V) +g(Ax U, Ay V),
(5-16) g(R(UV)X,Y)=g((DuA)xY,V)—g((DyA)xY.U)+g(AxU,AyV)

—8AxV, AyU)—g(Tu X, Ty Y) +g(Ty X, Ty Y ),
(5-17) g(R(X.Y)Z,U) =g((DzA)xY . U)+g(AxY.TuZ)—g(Ay Z, Ty X)—g(AzX. Ty Y).
(5-18) g(R(X,Y)Z,Z/) = g(I\é(X,Y)Z,Z/)—2g(AXY,AZz/) —{-g(AYz,AXZ/)—g(AXZ,AYz/).

6 Computations for the Lie brackets for CH? \ H?

The whole purpose of this section is to prove Theorem 3.2.
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Proof of Theorem 3.2 There are 5 x 10 = 50 structure constants to compute from (3-9). From (3-10)
we know that Cis =0 and 625 = —cot(0), leaving 48 unknown structure constants.

We can combine formula (5-7) with equations (3-5) through (3-8) to compute many of the constants. As
a first example, note that

hY 2c] cosh(r) Y
0=2R%, =0+2([V3, 11],Y n— ) =—-""1L (1 ,
6131 +2([¥3. 11l 1>c3(nhr) cosh(2r)(ncosh(2r))

and thus c%3 = 0. We can analogously show

1 _1_2 _ 2 _2 _3 _3 _3 _ 3 _ 4 _ 4 _ 4 _ 5 _ 5 _ 5
0=c4 =C15 =033 =Chy =Ch5 = Cl3 = Ch3 = C34 = (35 = (14 = Cpy = C34 = C{5 = C35 = C35.

This narrows us down to 32 unknown constants.
Continuing with the same formula and equations, we have that

cosh? (r))’ _ cysh (ln cosh” (r))l

sinh?(r) v? sinh?(r)

0=2Rg},5s =0+0+ ([Ya,Y5]. Y1)e, (ln

and therefore ¢ i5 = 0. Analogously, cfs = Cis = cfz = cfz = cfz = 0. This reduces us to 26 unknowns.
But we can also use the same curvature formulas here, but with the indices permuted, to derive some
simple equations relating some of the constants. For example,

sinh(r) sinh(r)
0=2R3 .=0 Y1,Y4], Y 1 Y1,Y5], Y. 1
6415 + ([Y1. Y4], 5)63(n h( )) ([Y1,Ys], 4)03(11 cosh(r)
1 5 4 sinh(r) \
=_ 1 ,
h (cis + 615)( ! cosh(r)
and thus cf 4= —ci‘s. Analogously, we have the identities
4 4 1 1
Cog=—C35, C34=—C35, Ci3=—Cp3, Clq=—Cy Cis=—Css.

Combining formula (5-7) with the fact that 2Rg 413 = 2 gives that

N h, ’ AN
= ([Y4.Y3]. Y1)es (ln h_) +([Y1, Ya], Y3) ¢4 (ln 7) +([Y1. Y3]. Y4) s (111 —)

iy
c34h hY cl4h heY ci‘3v 02\
— In - In2r
h,v(nh,)+ o \" ) e M,

—c314 cosh(r) c134 cosh(2r)
cosh(2r) sinh(r)  cosh(r) sinh(r)

6-1) =

) (tanh(r) — 2 tanh(2r))

cf3 sinh(r)
cosh(r) cosh(2r)

It is an exercise in hyperbolic trigonometric identities (or one can consult [9, (5.9)]) to check that the

(2 coth(r) — tanh(r) — 2 tanh(2r)).

values
4 3 1
(6-2) ciz=1, cip=1 c33=-1
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satisfy (6-1). In theory, there could be other solutions for these structure constants. But any potential
solution must hold for all positive values of r. Plugging in the values r = 2, 3, and 4 yields the following
three equations (constants rounded to four decimal places):

2 =10.0393c}, +2.0707¢3, —0.0313c7;,
2 =0.005¢3, +2.0099¢3, —0.0049¢75,
2 =0.0007c}, +2.0013¢3, —0.0007c75.

One can check that these three equations are independent and so the solutions (6-2) are unique (note that
the values in (6-2) do not perfectly satisfy the above three equations due to roundoff error). In exactly the
same manner we can use Rg%53 with [9, (5.9)] to compute

5 _ 3 _ 2 _

This leaves 20 unknowns together with the 6 identities listed above. Now, using Rg3135, we have that

/

0= ([¥1,Ys], Y3)e, (ln hv—r)/ +([Y3, Y11, Y5) 5 (1n hv—r)

_ cfs cosh(2r) cf3 sinh(r)
~ \cosh(r)sinh(r)  cosh(r) cosh(2r)

hz Y
+ ([Y3’Y5]7Y1>C3 (lnh )
rU

) (2 tanh(2r) — coth(r))

(3;5 cosh(r)
cosh(2r) sinh(r)

Just like for (6-1) above, one can obtain an independent system of equations by inserting different values

(2 tanh(r) — 2 tanh(2r) — coth(7)).

for r into the above equation. One can check that the only solution to this equation is cf3 = cf’s = C%s =0.
Analogously, we can use Rg%z, 4 to show that c§3 = c§’4 = c§4 = 0. These equations reduce us to 14

unknowns.

This is as much information as we can gain from formula (5-7). So we next turn to the Nijenhuis
tensor (5-8). First applying this to (Y7, Y2), we have

0=[Y1,Y2] = J[Y4.Y2] = J[Y1,Y5] —[Y4,Y5]

1 2 4 34 C%s C?s 1
:E(012Y1+012Y2)+J TY1+7Y5 -J TY2+7Y4 +;COt(9)Y5

1 1 cl 1
= E(c}z —ctHY1 + E(cfz +c34)Y2 — %n + ;(cfs + cot(6))Ys.
Therefore,

1 _g—_.2 2 _ _ .1 1 _ .4 __ 5 2 __ .5
€24 =0=—ciy, c15=—C0U(0) = —C35, Cjp=Cl5=—Clgs Cip = —Ciy-

We can also apply the Nijenhuis tensor to the pairs (Y1, Y3) and (Y3, Y3), but these are much less
productive. These applications only give us the pair of identities

2 _ 5 1 _ 4
C13 = —C34, (33 = —C35,

the former of which comes from the pair (Y7, Y3), and the latter from the pair (Y>, Y3).
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At this stage, we have reduced our 10 Lie brackets as follows:

>

] =i X1+ iy Xa, [X1. X3] = ci3 X2 + Xa,
] [X1, X5] = —cot(0) X, +612X4,
X2, X3] = —ci3 X1 + Xs, [Xa, X4] = —c%, X5,
] =cot(®) X1+ X3+ Xa, [ 1=
] [ 1=

[X3’ XS = _XZ + C%3X4’

X3, X4
X4, X5
Notice that, using the known identities, we can reduce the system to three unknowns: (3112, cfz, and cf3.

All that is left is to show that ¢}, = %1, ¢, =0, and ¢?; = Fcot ().

At this point we have exhausted all of our “easy” options. The only way to obtain new relationships
between the structure constants is to compute new components of R3. To do this, one needs to first
use (5-2) with the values for the Lie brackets given above to compute the Levi-Civita connection V
compatible with ¢3. Of course, these formulas will contain the constants 0112, c%z, and c%S. But when the
correct values for these constants are inserted, these formulas will reduce to those of Theorem 3.3. Then
once one has computed V, they can use those values to compute the components of R¢3.

The first component that will be useful is R{3,,:

—1=R31, = (Vr, V1, Y1 = Vr, Vi, Y1 + Viy, p) 11 Ya)e

el 2 1 2

—c c c
=(V 12y, _tanh(r)Ys | — V 12 y 12y, vy 12y, ¥,,Y
< r (c sh(r) 2 —tanh(r) 6) Yl(cosh(r) 2 +cosh(r) n 1—i_cosh(r) o2

B 51nh2(r) B ((C%z)2 + (cfz)z)
cosh?(r) cosh?(r)

c3

= (c])?+(c})* =

The next component that we use is R1 312- We will skip the details and just note that

2

c
0=R%3  =—12 ____.cot(h),
1512 7 sinh(r) cosh(r) cot(6)

which implies that C%z = 0. Combining this with the first equation shows that C112 = *1. Finally, to
compute ¢Z; we use R{3,,:

—c2 cl
O = Rc3 = 13 - 12 ’ t 9 ’
1412 sinh(r) cosh(r)  sinh(r) cosh(r) cot(f)
Therefore,
0%3 = —(£1) cot(8) = Fcot(9). -
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