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We study the structure of the RO.G/-graded homotopy Mackey functors of any Eilenberg–MacLane
spectrum HM for G a cyclic p-group. When R is a Green functor, we define orientation classes uV

for HR and deduce a generalized gold relation. We deduce the aV ;uV -isomorphism regions of the
RO.G/-graded homotopy Mackey functors and prove two induction theorems. As applications, we
compute the positive cone of HA, as well as the positive and negative cones of HZ. The latter two cones
are essential to the slice spectral sequences of MU ..C2n // and its variants.
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1 Introduction

Let G be a finite group. In G-equivariant topology the role of ordinary cohomology is played by Bredon
cohomology. These theories are easy to define, but making computations in them is more complicated
than in their nonequivariant analogues. This comes mainly from two reasons. Firstly, Bredon theories
take coefficients in diagrams of abelian groups, indexed over subgroups of G. Secondly, rather than
graded over integers, Bredon theories are naturally graded over the ring of representations of G — they
are RO.G/-graded.

These two reasons are connected. As shown in [16], a Z-graded Bredon theory extends to RO.G/-graded
theory if and only if the coefficients are in the form of a Mackey functor. As in nonequivariant topology,
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2934 Igor Sikora and Guoqi Yan

a Bredon theory with coefficients in a Mackey functor M is represented by the Eilenberg–MacLane
spectrum HM. Spectra of this form are ubiquitous in equivariant homotopy theory.

For instance, in the groundbreaking work of Hill, Hopkins and Ravenel [11] on the Kervaire invariant one
problem, the authors studied the C8-equivariant spectrum MU ..C8// DN

C8

C2
MUR, where N

C8

C2
is usually

referred to as the HHR norm functor. With a suitably chosen class D 2 �
C8

19�8
MUR, the spectrum

�D .D�1MU ..C8///C8 satisfies the periodicity, gap and detection theorems, which makes it a powerful
tool in detecting the Kervaire invariant one elements in the stable stems. The gap theorem is deduced
from a Bredon cohomology computation,

H�G.S
m�C

2k IZ/:

Hahn and Shi [10], showed that at the prime 2, all of the Morava E-theories receive real-orientations

MUR!En

which lifts to G-equivariant maps N G
C2

MUR ! En, where G is any finite subgroup of the Morava
stabilizer group that contains C2. With a suitably chosen class D 2 �G

��G
N G

C2
MUR, this orientation

admits a factorization
N G

C2
MUR

//

��

En

D�1N G
C2

MUR

99

which turns the computations in chromatic homotopy theory to computations of the two equivariant
spectra on the left. The main tool for the equivariant computations is the slice spectral sequence first
invented by Dugger [3] and utilized to a great extent by Hill, Hopkins and Ravenel [11].

By the slice theorem of [11], the slices of MU ..C
2k // are of the forms

HZ^C2kC ^H Sm�H ; e ¤H � C2k ; m� 0:

The trick of Hill, Hopkins and Ravenel [13, Corollary 10.4] can be used to prove that the slices of
D�1N G

C2
MUR are again of the above form, except that in this case, we allow m to be negative integers.

Thus the inputs of the RO.G/-graded slice spectral sequences of the periodic D�1MU ..C
2k // as well as

the periodic versions of quotients of MU ..C
2k // are given by the positive and negative cones of the RO.G/-

graded homotopy groups of HZ, ie the areas corresponding to homology and cohomology of actual
representation spheres. Since the multiplicative structure of the slice spectral sequence is indispensable
in determining the differentials, and the two kinds of most important classes, the Euler and orientation
classes, are not in regular-representation-graded homotopy, knowing the entire positive cone and negative
cone structure is essential even for computing the Z-graded homotopy groups of D�1MU ..C

2k //.

The main goal of this paper is determining the structure of HM G
? when G is a cyclic group of a prime

power order. As applications, we utilize our structural theorems to determine the positive and negative
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cone of HZ, as well as the positive cone of HA. By working p-locally, it suffices to concentrate on the
prime 2 as we will explain in Section 2. So for the rest of the introduction, G D C2k .

Cellular chains for representation spheres

One of the tools we use for the calculations of RO.G/-graded abelian group structure are the cellular
chain and cochain complexes of representation spheres. We give explicit descriptions of differentials in
these complexes for any representation V and coefficients M in Theorem 2.6, which can be summarized
as follows:

Theorem Let G D C2k , the cellular chain C G
� .S

V IM / and cochain C G
� .S

V IM / for the representation
sphere SV are completely determined for any G-Mackey functor M and follow from its structure.

This theorem is a wide extension of the result in Section 3 of [13], which computed these differentials for
the constant Mackey functor Z. Having this description we can compute two important entries: HM jV j�V

for V orientable and HM�V . The first one is equal to the top homology group of SV and is computed in
Proposition 2.23:

Proposition The Mackey functor structure of HM jV j�V is given as

HM jV j�V .H /D

�
M.GV /

H if GV �H;

M.H / otherwise:

The structure maps are induced from M and from the fixed point Mackey functor of the G-module M.GV /.

An analogous computation for nonorientable V is given in Propositions 5.1 and 5.2. As noted above,
we also compute HM�V , which is equal to the bottom homology group of the SV . This is done in
Proposition 2.19.

a�-periodicity

Let S0 ! SV be the inclusion and denote the corresponding class in �G
�V
.S0/ by aV , as well as its

Hurewicz image in HRG
�V

for any Green functor R. For G D C2k , denote by � its faithful irreducible
representation. Then multiplication by a� in HM G

? together with the induction method allows us to
reduce computations to groups graded over representations with the total degree �1, 0 and 1. We first
note that we can easily describe multiplication by this element using Propositions 3.7 and 3.9, which can
be summarized as follows:

Proposition The multiplication map a� WHM G
V
!HM G

V��
is an isomorphism unless the total degree

of V is either 0, 1 or 2. Moreover , if the total degree of V is equal to zero then a� is an epimorphism , and
if the total degree of V is 2 then a� is a monomorphism.

Algebraic & Geometric Topology, Volume 25 (2025)



2936 Igor Sikora and Guoqi Yan

The implication of this proposition is strong: most classes in HM G
? are infinitely divisible by a�, or support

infinite a�-towers. The Mackey functor structure of HM V with jV j D 0 determines the Mackey functors
HM VC� and HM V�� (for a precise statement, see Proposition 3.9). This allows us to concentrate on
the degrees where jV j D �1; 0; 1.

Assume we want to compute HM G
V

. Using the proposition above, we see that if V is not of total degree
�1, 0 or 1, we can add/subtract � from it (this corresponds to the division/multiplication by a�) until
either we hit one of these degrees or the multiplicity of � reaches zero. In the latter case, the obtained
representation W is such that GW WD ker.W /¤ e, and the computation can be reduced to a cyclic 2-group
of smaller order. In the first case, although in general we can only fit the homotopy Mackey functors in
total degrees �1 and 1 into long exact sequences (Proposition 4.1), we have complete control of them (as
well as the homotopy Mackey functors in total degree 0) in the positive and negative cone, which enables
us to determined the positive cones of HZ and HA and the negative cone of HZ. In general, these ideas
lead to the two main induction theorems in this paper; see Theorems 4.3 and 4.4.

Induction method

A Mackey functor M over an abelian group G consists of an abelian group M.H / with an action of
G=H for every subgroup H of G. These abelian groups are connected by restrictions and transfers. If
G D C2k , a G-Mackey functor has simple structure, that can be presented by a Lewis diagram:

M.G/

M.G0/

� � �

M.e/

Downward looking arrows are the restrictions and upward looking arrows are transfers. Here G0 is the
unique subgroup of index two.

We observe that if V is a G-representation, the G-equivariant computations of HM G
V

can be reduced to
the G=GV -equivariant computations of the V th homotopy group of an Eilenberg–MacLane spectrum with
another coefficient M ]GV. Here GV WD ker.V /, and the new Mackey functor is called the GV -truncation
of M and is obtained from M by forgetting M.K/, where K are proper subgroups of GV . Therefore if
GV ¤ e we reduced the computation to a smaller group. Since in this paper we are concerned with the
homotopy of all Eilenberg–MacLane spectra, M ]GV can belong to a different class of Mackey functors
from that of M. For example, the Burnside Mackey functor AC

2k
is not constant, and we have

.AC
2k
/]C2 ŠAC

2k�1
˚Z�C

2k�1
:

Algebraic & Geometric Topology, Volume 25 (2025)
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Multiplicative structure

If the Mackey functor M is a Green functor, ie a commutative ring in the category of Mackey functors,
then the coefficients HM G

? is a RO.G/-graded ring. The methods presented in the paper allow for the
analysis of this ring. The key ingredients are Euler classes aV , orientation classes uV and relations
between these elements. In Proposition 2.28 we prove that for any G-representations V;W the classes aV

and aW commute, as well as classes uV and uW by Proposition 2.29. The relation between the classes
aV and uW is called the gold relation and was first observed by Hill, Hopkins and Ravenel [13] in the
case of the constant Mackey functor Z. We generalize this relation to the following in Proposition 3.16:

Proposition Let V;W be chosen from �i for 1� i � k such that GV �GW . Let R be a Green functor.
Then there is the following relation in HRG

? :

aV � tr
GW

GV
.1/uW D aW �uV :

Positive and negative cone

We conclude the paper with computations of the positive cone and negative cone for any G-Mackey
functor M. This serves as a presentation how the induction method can be used for calculations. In
particular, we provide descriptions of both cones in the case of HZ in Theorems 5.4 and 6.6, as well as
the positive cone of HA in Theorem 5.5.

Related work

Computations of coefficients of Eilenberg–MacLane spectra over cyclic 2-groups have long history. For
the group C2, basing on an unpublished work of Stong, Lewis, Jr [17, Section 2] computed HAC2

? , where
A is the Burnside Mackey functor. Calculations for the constant Mackey functor F2 by Caruso can be
found in [2] and by Hu and Kriz in [14, Proposition 6.2]. The computations for the constant Mackey
functor Z may be found in Dugger’s work [3, Appendix B]. The full RO.C2/-graded Mackey functor
valued coefficients of HM for any Mackey functor M was given by Ferland [5] and may also be found
in Ferland and Lewis, Jr [6, Chapter 8]. Using the method based on the Tate square as developed by
Greenlees and May [9], Greenlees computed the coefficients of HZ in [8]. Basing on this work, the first
author computed coefficients of HM for any C2-Mackey functor M with an insight into multiplicative
structure in [21].

The computations for cyclic 2-groups of higher order were focused so far on the cases of Z and F2. For
the first case, partial description is provided by Hill, Hopkins and Ravenel [13]. The full structure of
RO.G/-graded ring HZC4

? was computed by Nick Georgakopoulos [7]. The second author computed the
same ring using the Tate square method in [24]. In [23], he also computed the ring structure of coefficients
of HF2 over any cyclic 2-group. Using Tate square methods, the coefficients of HZ over groups Cp2

with p odd are computed by Zeng [25]. The work of Ayala, Mazel-Gee and Rozenblyum [1] provides an
1-categorical calculation in the odd primary case.

Algebraic & Geometric Topology, Volume 25 (2025)
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1A Notation and conventions

Unless indicated otherwise, G D C2k for k � 1, a cyclic group of order a power of 2. By G0 we will
denote the subgroup of G of index 2. A general Mackey functor over G will be denoted by M, and a
general Green functor will be denoted by R.

For a Mackey functor M, we denote by HM ? WD �?.HM /, the Mackey functor valued RO.G/-graded
homotopy groups of the G-spectrum HM. By HM H

V
we mean the value of this Mackey functor at

G=H -level. Structural maps of the Mackey functor HM V for a given representation V will be denoted
by res.V /H

K
and tr.V /H

K
. When calculating G-homotopy groups of HM, the structural maps of M will

be denoted by resH
K

and trH
K

for K �H .

Let R be a general Green functor. Then its associated Eilenberg–MacLane spectrum is a ring spectrum.
In particular, there is a unit map � W S0!HR and multiplication map � WHR^HR!HR.

If x 2 ZŒG� and M is a ZŒG�-module, by xM we denote the submodule of x-torsion elements, ie

xM WD fm 2M j xmD 0g:

In the more concrete computations of the positive and negative cones, we adopt the following notational
conventions as in [24; 23; 25]: Œc� means a polynomial generator while ha; bi means additive generators.
For example, Z=2Œc�ha; bi means we have elements of the form cia; cib; i � 0 all of whom are 2-torsion.
By Z=2haiii�1hb

j ij�1 we mean that there are elements of the form aibj ; i; j � 1 all of whom are
2-torsion. The notation x�1 means divisibility, ie x�1y (or equally y

x
) means an element that satisfies

x �x�1y D y. The notation
�

1
x

�
hzi means we have the elements z;

z

x
;

z

x2
;

z

x3
; : : : . Some elements have

the form 2ia. In some cases they are just formal symbols, not 2 times of an actual element a. The
number 2i in 2ia means that its image under resG

e (equally its image under the Borel completion map
HM ! F.EGC;HM /) is 2i times an actual class a.

1B General assumption

Our methods work for general Mackey functors M and Green functors R over the group Cpk . For a
simpler RO.G/-grading, in the whole paper we will work p-locally. See Section 2A for more details on
the grading.

We note here that if M (or R) has the property that M.G=H / is a finitely generated abelian group for
each subgroup H � G, it can be argued using equivariant Künneth and universal coefficient spectral
sequences, see Lewis, Jr and Mandell [18], that HM H

V
is also finitely generated for each V 2RO.G/.

Therefore integral information can be completely recovered from local information. This includes the
most interesting cases: the Burnside Green functor A, the constant Mackey functors A for A a finitely
generated abelian group. RO.G/ and R.G/, are the real and complex representation Green functors,
respectively. Note that in the A case, p-localization is not needed for a simpler grading by a theorem of
Hu and Kriz; see [25, Proposition 4.25].
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2 Basics

In this section we first introduce the basic notions which will be used in our computations. Then we
completely determine the cellular chain and cochains of a representation sphere SV. Using this result, we
define Euler and orientations classes and discuss commutativity properties among them.

2A The RO.G /-grading

Irreducible real representations of the group C2k are as follows:

(1) The 1-dimensional trivial representation. We will denote this representation by 1.

(2) The 1-dimensional sign representation, denoted by ˛.

(3) 2-dimensional representations �.m/ for 1 � m � 2k � 1 and m¤ 2k�1. The action is given by
rotation by an angle 2m�

2k
.

Irreducible real representations of the group Cpk for odd p are as follows:

(1) The 1-dimensional trivial representation. We will denote this representation by 1.

(2) 2-dimensional representations �.m/ for 1 � m � pk � 1. The action is given by rotation by an
angle 2m�

pk
.

For all primes, put �j WD �.p
k�j / for 1� j � k. Note that �1 D 2˛ when pD 2. Our convention in this

paper on enumerating the generating representations is chosen to support the induction on the group order.
Therefore it is different from the one used in Hill, Hopkins and Ravenel’s work [11; 12; 13], Zeng’s
work [25] as well as the second author’s work in [24; 23] in that the ordering of the representations is
reversed.

In this paper we will focus at pD 2, because it essentially contains the corresponding odd primary results.
The reason is as follows. Since we work p-locally, we have the stable equivalence of representation
spheres S�.rpi / ' S�.p

i / for .r;p/D 1; see [25, page 26]. This enables us to focus on 1; �j , 1� j � k

(and ˛ for p D 2) without losing any information. For odd p, the spheres involved in the computations
will be S1 and S�j, 1� j � k. For p D 2, the spheres involved will be S1;S˛ and S�j, 2� j � k, with
S2˛ D S�1 by convention. As a consequence, any result for p D 2 will contain the corresponding result
for an odd p as a special case, where we only focus on those representations with even numbers of ˛ in it.
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The homotopy groups �?HM will be graded over the following free abelian group on representations:

RO.C2k / WD Zf1; ˛; �2; : : : ; �kgI

this will be referred to as the RO.G/-grading. More precisely, we will study the structure of the direct
sum of the following abelian groups for V running over elements in RO.G/:

HM V D ŒS
V ;HM �G ; V 2

˚
a0C a1˛C a2�2C � � �C ak�k j x;y; ai 2 Z for all 2� i � k

	
:

Here Œ�; � �G denotes the homotopy class of maps in genuine G-spectra, M is a Mackey functor over G

and HM is the associated Eilenberg–MacLane spectrum.

Definition 2.1 (1) An element of RO.G/ is called a virtual representation. If

V D a0C a1˛C

kX
iD2

ai�i

such that ai � 0 for all 0� i � k, we will refer to it as an (actual) G-representation.

(2) The total dimension/degree (underlying dimension/degree) of V Da0Ca1˛C
Pk

iD2 ai�i is defined
to be the sum jV j D a0C a1C 2

Pk
iD2 ai .

(3) The fixed dimension of V as above is the number a0.

(4) For V 2 RO.G/ with V G D 0, let �min.V / and �max.V / be the first and last irreducible G-
representations that appear in V with nonzero coefficients in the list ˛; �2; �3; : : : ; �k . When V

is clear, we simply use �min and �max. If V is an actual G-representation, let GV be its kernel
fg 2 G j gv D v for all v 2 V g. Note in fact we have GV D G�max . For a general V 2 RO.G/,
define GV DG�max .

(5) An actual G-representation V is orientable if the action of G on V factors through SO.jV j/. A
virtual G-representation V is orientable if it can be written as V D V 0�V 00 such that both V 0 and
V 00 are orientable representations.

Definition 2.2 For 1� j � k we define the elements of ZŒG�

�j WD
X

0�i<2j


 i and �j WD
X

0�i<2j

.�
 /i ;

where 
 is the generator of G. We also put �0 D 1.

Remark 2.3 (1) Note that the element �j gives the norm element in ZŒG=C2k�j � via the quotient map
ZŒG�!ZŒG=C2k�j �. In particular, �k is the norm element in ZŒG� and will also be denoted by N . These
elements satisfy the equations

�j .1� 
 /D 1� 
 2j; �j .1C 
 /D 1� 
 2j :

(2) For an odd prime p, we define the elements �j in the same way, with 2 replaced by p. In this case, all
representations are orientable, thus we do not need an analogue of �j for the differentials in Theorem 2.6.
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2B Cellular chains and cochains of representation spheres

In this subsection we will describe the cellular structure of the representation spheres. We begin with
recalling the shearing isomorphism, which will be used extensively throughout the paper.

Proposition 2.4 (shearing isomorphism [19; 20, Section 4]) Let G be a group and H its subgroup.
Then for an H -space B and G-space A there is a G-homeomorphism ,

.GC ^H B/^AŠGC ^H .B ^ resG
H A/; .g; b; a/ 7! .g; b;g�1a/:

In particular , if B D S0 and AD SV for some G-representation V, we have that

G=HC ^SV
ŠGC ^H S resG

H
V :

We now move to the description of the cellular structure of representation spheres. As observed in [12],
the representation sphere SV for an actual representation V D y˛C

Pk
iD2 ai�i has a simple cellular

structure, since the stabilizers has a linear order. Consider S�iC�j with i < j . Recall that �1 D 2˛. The
sphere S�j has a cellular structure

(1)

S0 // S
�j
.1/

//

{{

S�j

{{

G=G�jC ^S1

bb

G=G�jC ^S2

cc

where X.m/ denotes the m-skeleton of a G-CW complex. Since i < j , we have that G�j �G�i
, and

G=G�jC ^S�i ŠG=G�jC ^S2

by the shearing isomorphism (Proposition 2.4). Smashing S�i with (1), and concatenating with the
cellular structure on S�i , we get the cellular filtration of S�iC�j as

(2)

S0 S
�i

.1/
S�i S�i ^S

�j
.1/

S�iC�j

G=G�iC
^S1 G=G�iC

^S2 G=G�jC
^S3 G=G�jC

^S4

This easily generalizes to a general G-representation V D a1˛C
Pk

iD2 ai�i . We record it as a lemma:

Lemma 2.5 For an actual G-representation V D a1˛C
Pk

iD2 ai�i , the sphere SV has a cellular structure
that starts with S0;G=G�minC

^S1 and ends with G=G�maxC
^S jV j. It has one equivariant cell in each

dimension and the stabilizers are in descending order.

Algebraic & Geometric Topology, Volume 25 (2025)
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We will now state the theorem which will be fundamental for many computations in this paper. Let V

be an actual G-representation with V G D 0. Let SV be equipped with the cellular structure as in the
above lemma. For a better presentation of the result, write V D V0C V1C � � � C Vn with V0 2 f0; ˛g,
Vi 2 f�1; : : : ; �kg for 1� i � n and the kernels of the representations Vi are in descending order. Note
that V0D 0 if V is orientable and V0D ˛ if V is nonorientable. Since SV has a canonical base point, the
point at infinity, all cellular chains and cochains are reduced in this paper.

Theorem 2.6 Let G D C2k and let V be as above. Let si D jV0C � � �CVi j, i � 0. Then the (reduced )
cellular chain complex C G

� .S
V IM / is as follows:

(1) If V is orientable , then C G
0
DM.G/, C G

si
D C G

si�1
DM.GVi

/ for i � 1. For the differentials , we
have for i � 1,

@si
D 1� 
; @si�1 D �log2 jG=GVi�1

j tr
GVi�1

GVi

:

(2) If V is nonorientable , then C G
0
DM.G/, C G

1
DM.G0/ and C G

si
D C G

si�1
DM.GVi

/ for i � 1.
For the differentials , we have for i � 1,

@si
D 1C 
; @si�1 D �log2 jG=GVi�1

j tr
GVi�1

GVi

:

The (reduced ) cellular cochain complex C �
G
.SV IM / is as follows:

(1) If V is orientable , then C 0
G
DM.G/, C

si

G
D C

si�1
G
DM.GVi

/ for i � 1. For the differentials , we
have for i � 0,

@siC1
D 1� 
; @si D �log2 jG=GVi

j res
GVi

GViC1

:

(2) If V is nonorientable , then C 0
G
DM.G/, C 1

G
DM.G0/ and C

si

G
DC

si�1
G
DM.GVi

/ for i � 1. For
the differentials , we have @0 D resG

G0
, and for i � 0,

@siC1
D 1C 
; @si D �log2 jG=GVi

j res
GVi

GViC1

:

If GDCpk for p odd , then all representations are orientable. The results on the cellular chain and cochain
still hold , with �log2 jG=GVi

j replaced by its odd primary analogue �logp jG=GVi
j, see also Remark 2.3.

Proof We will only prove the part for chains. The proof for cochains is analogous. We are going to
proceed by induction on the group order.

The theorem is true for G D C2, where the cellular chain C
C2
� .Sn˛IM / is given by

M.G/
trG

e
 ��M.e/

1�

 ���M.e/

1C

 ��� � � �  M.e/;

with the differentials interchanging between 1� 
 and 1C 
 except the beginning one.
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Now fix k � 2 and assume that the theorem is true for groups C2j for j < k. Let G DC2k and recall that
G0 is the subgroup of G such that ŒG WG0�D 2. Let W D V0C � � �CVt be the biggest subrepresentation
of V that does not contain �k . Note that in degrees � jW j the complex C G

� .S
V ;M / is the same as

C G
� .S

W IM /, and the latter is equal to C G0

� .S
W;M ]C2/ (for the definition of M ]C2 , see Definition 2.12).

Thus by induction we need to prove the claim for the tail of C G
� .S

V ;M /, consisting of the following
terms:

M.GW / M.e/ M.e/ � � �  M.e/:

The idea is to make use of the Mackey functor structure on cellular chains. More precisely, let SV denote
the cellular structure given in Lemma 2.5, with one cell in each dimension. Then i�

G0
SV , the restricted

cellular structure, has one 0-cell G0=G0C, and two cells in each higher dimension. That is, if G=HC^S i

is an i -cell of SV for i � 1, then the corresponding restricted cell to i�
G0

SV is

i�G0.G=HC ^S i/DG0=HC ^S i
_ 
G0=HC ^S i :

For H �G0 there is the folding map

GC ^G0 i
�
G0G=HC ŠG=G0C ^G=HC!G=HC:

Applying the contravariant part of M to this map and using additivity of a Mackey functor, we get an
embedding which corresponds to resG

G0
in the cellular chain

M.H /
�
�! ZŒG�˝ZŒG0� i

�
G0M.H /Š ZŒG=G0�˝M.H /:

It sends x 2 M.H / to 1˝ x C 
 ˝ x in the middle term and then to 1˝ x C 
 ˝ 
x on the right.
These embeddings collectively form a chain map because they come from the natural transformation
G=G0C ^ � ) G=GC ^ � applied to the cellular filtration of SV. Because of this embedding, we can
regard C G

� .S
V IM / as a subchain complex of C G0

� .i
�
G0

SV IM / and are left to show that the later has the
stated differentials.

Now i�
G0

SV D S i�
G0

V as a representation sphere for G0 also has the cellular structure described in
Lemma 2.5. We use i�

G0
SV to refer to this cellular structure. Both complexes C G0

� .i
�
G0

SV IM / and
C G0

� .i
�
G0

SV IM / compute the homology of S i�
G0

V with coefficient in M#G
G0 (the restricted Mackey

functor to G0, see Definition 3.1). By the inductive assumption we know how to compute the homology
of the former, so this forces the differentials in the latter chain complex. Furthermore, we will construct a
quasiisomorphism

 W C G0

� .i
�
G0S

V
IM / '�! C G0

� .i
�
G0S

V
IM /

in Lemma 2.7. The differentials in C G0

� .i
�
G0

SV IM / are also determined there. Then from the embedding

(3) C G
n .S

V
IM /

�
,��! C G0

n .i�G0S
V
IM /Š ZŒG=G0�˝C G

n .S
V
IM /; n� 1;

we deduce the differentials in C G
� .S

V IM /.
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Lemma 2.7 There exists a quasiisomorphism

 W C G0

� .i
�
G0S

V
IM /

'
�! C G0

� .i
�
G0S

V
IM /:

Proof We proceed by the induction on the group order. For the group C2, the subgroup G0 is the trivial
group. Let V Dm˛, m� 1. For i�e SV D S jmj, recall that we use the reduced cellular structure such that
there is only one cell in dimension m. We have the diagram

0

��

0

��

oo 0

��

oo 0

��

oo � � �oo 0oo

��

M.e/oo

 m
��

M.e/ IndC2
e M.e/

r
oo IndC2

e M.e/
1�

oo IndC2

e M.e/
1C

oo � � �oo IndC2

e M.e/oo IndC2
e M.e/oo

where  m is the mth component of  . It is defined by

 m.z/D

�
.1; 
 /.z/D 1˝ zC 
 ˝ 
 z for m even;
.1;�
 /.z/D 1˝ z� 
 ˝ 
 z for m odd:

The differentials in the second row are given by
r.1˝ z/D z; r.
 ˝ z/D z;

.1� 
 /.1˝ z/D 1˝ z� 
 ˝ 
 z; .1� 
 /.
 ˝ z/D 
 ˝ z� 1˝ 
 z;

.1C 
 /.1˝ z/D 1˝ zC 
 ˝ 
 z; .1C 
 /.
 ˝ z/D 
 ˝ zC 1˝ 
 z:

It is easily seen that  is a quasiisomorphism.

Now let G D C2k and assume that  has been constructed for groups C2j with j < k. Let W be as in
Theorem 2.6 so that GW ¤ e. Note that W can be regarded as a G0ŠG=C2-representation. By induction,
we can assume that the maps

 n W C
G0

n .i�G0S
W
IM /! C G0

n .i�G0S
W
IM /

are constructed for n� jW j.

To construct  i for i > jW j, we are going to consider three cases. We firstly consider the case when
V0 D 0. If W ¤ 0, suppose that GW D C2k�i . Recall that �j D

P
0�i<2j 


i (see Definition 2.2) and
IndG

H M D ZŒG�˝ZŒH �M for M a H -module. We are to determine the differentials in the second row
and construct vertical chain maps that are a quasiisomorphism in the following diagram:

� � � M.C2k�i /
1�
2

oo

.1;
 /

��

M.e/

��

�i�1.

2/ tr

C
2k�i

e
oo M.e/

��

1�
2

oo M.e/

��

�k�1.

2/

oo M.e/

��

1�
2

oo � � �oo

� � � IndG
G0M.C2k�i /

1�

oo IndG

G0M.e/oo IndG
G0M.e/oo IndG

G0M.e/oo IndG
G0M.e/oo � � �oo

Here �j .
 2/D
P

0�i<2j .

2/i .

Note that the induction IndG
H is with respect to the Weyl G=H -action on M.H /, which comes from the

1� 
 on action on G=G0 �G=H . On the other hand, there is a Weyl G=G0-action on C G0

� .i
�
G0

SW IM /,
which comes from the 
�1-action on G=G0 �G=H . We have, for H �G0,

G=G0 �G=H DG=H.e;e/qG=H.
;e/;
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where 1� 
 send .e; e/ to .e; 
 /D 
 .
; e/. Thus it acts as permuting the two factors with an internal
twist. And 
 � 1 acts by permuting the two factors without any internal twist. We note the differentials in
the second row are 
�1-equivariant.

Denote by .1; 
 / the map sending x 2M.C2k�i / to 1˝xC 
 ˝ 
x, with

M.C2k�i /D C G0

dk�1
.i�G0S

V
IM /:

To make sure that the second row has the same homology as the first row at degree jW j, the first unknown
differential in the second row must be �i tr

C
2k�i

e . By further comparing higher homology, we know the
following differentials must be interchanging between 1� 
 and �k . Since the dashed arrows should
be chain maps, the only possibility is that they interchange between .1; 0/ and .1; 
 /. The completed
diagram is

� � � M.C2k�i /
1�
2

oo

.1;
 /

��

M.e/

.1;0/

��

�i�1.

2/ tr

C
2k�i

e
oo M.e/

.1;
 /

��

1�
2

oo M.e/

.1;0/

��

�k�1.

2/

oo M.e/

.1;
 /

��

1�
2

oo � � �oo

� � � IndG
G0M.C2k�i /

1�

oo IndG

G0M.e/
�i tr

C
2k�i

e
oo IndG

G0M.e/
1�

oo IndG

G0M.e/
�k
oo IndG

G0M.e/
1�

oo � � �oo

Here by 
 we mean the 1�
 -action as mentioned above. The differentials in the second row are given by

.�i tr
C

2k�i

e /.1˝x/D 1˝ �i�1.

2/ tr

C
2k�i

e .x/C 
 ˝ 
 �i�1.

2/ tr

C
2k�i

e .x/;

.�i tr
C

2k�i

e /.
 ˝y/D 1˝ 
 �i�1.

2/ tr

C
2k�i

e .y/C 
 ˝ �i�1.

2/ tr

C
2k�i

e .y/;

.1� 
 /.1˝x/D 1˝x� 
 ˝ 
x;

.1� 
 /.
 ˝y/D 
 ˝y � 1˝ 
y;

�k.1˝x/D 1˝ �k�1.

2/xC 
 ˝ 
 �k�1.


2/x;

�k.
 ˝y/D 1˝ 
 �k�1.

2/xC 
 ˝ �k�1.


2/x:

The vertical maps are given by

.1; 
 /.z/D 1˝ zC 
 ˝ 
 z; .1; 0/.z/D 1˝ z:

The embedding (3) is induced by ��G=H
��1
 ���G=G0�G=H for H �G0. In particular, it sends x 2M.e/

to 1˝xC 
 ˝x 2 IndG
G0 M.e/, from where we deduce all the differentials of C G

� .S
V IM /.

For V0 D 0 and W D 0, that is SV D Sak�k, we start from

M.G0/

1

��

M.e/
trG0

e
oo

.1;0/
��

M.e/

.1;
 /
��

1�
2

oo M.e/

.1;0/
��

�k�1.

2/

oo � � �oo

M.G0/ IndG
G0 M.e/

trG0

e .1˚
/
oo IndG

G0 M.e/oo IndG
G0 M.e/oo � � �oo

and deduce the differentials and chain maps as in the previous case. Here the map trG0

e .1˚ 
 / sends
1˝xC 
 ˝y to trG0

e .xC 
y/. It is deduced from the map G=G0 ��
1��
 ���G=G0 �G=e.
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Now for the V0 D ˛ case. Assume GW D C2k�i , then it is contained in G0. Using the same method, we
deduce the completed diagram

� � � M.C2k�i /
1C
2

oo

.1;�
/

��

M.e/

.1;0/

��

�i�1.

2/ tr

C
2k�i

e
oo M.e/

.1;�
/

��

1C
2

oo M.e/

.1;0/

��

�k�1.

2/

oo M.e/

.1;�
/

��

1C
2

oo � � �oo

� � � IndG
G0M.C2k�i /

1C

oo IndG

G0M.e/
�i tr

C
2k�i

e
oo IndG

G0M.e/
1�

oo IndG

G0M.e/
�k
oo IndG

G0M.e/
1�

oo � � �oo

where .1;�
 /.z/D 1˝ z� 
 ˝ 
 z.

Remark 2.8 We have also showed how to deduce the homology Mackey functors using the cellular
chains C H

� .i
�
H

SV IM / for different H � G. Note that these chains have one cell in each dimension,
therefore are easier to compute. Since restrictions and transfers are transitive, we can take H DG0. The
maps � and r in the following diagram are usually used to deduce resG

G0
and trG

G0
:

C G
� .S

V IM /

�

%%

�

��

C G0

� .i
�
G0

SV IM /
 

// C G0

� .i
�
G0

SV IM /

r

ee

It is not obvious that there exist restrictions and transfers between the two chains of abelian groups on the
left. In fact, there is no chain map in the direction of the dashed arrow that makes the triangle commute.
However, since H�. / is an isomorphism, we can deduce the restrictions and transfers between the
homology of the two chains on the left by first computing H�.�/ and H�.r/.

Remark 2.9 The motivations for the differentials in Theorem 2.6 are simple: they are the universal
formulas for all Mackey functors, thus they should satisfy the least amount of restrictions that make the
cellular chain/cochain complexes.

Example 2.10 The chain complex C�.S
˛C2�k IM / is given by

0 M.G/
trG

G0

 ��M.G0/
.1�
/ trG0

e
 �������M.e/

1C

 ���M.e/

�k
 �M.e/

1C

 ���M.e/:

Example 2.11 The cochain complex C �.S2˛C2�2C2�3 IM / with k � 3 in C2k is given by

0!M.G/
resG

G0

���!M.G0/
1�

���!M.G0/

.1C
/ resG0

C
2k�2

�����������!M.C2k�2/
1�

���!M.C2k�2/

�2
�!M.C2k�2/

1�

���!M.C2k�2/

�2 res
C

2k�2

C
2k�3

��������!M.C2k�3/
1�

���!M.C2k�3/

�3
�!M.C2k�3/

1�

���!M.C2k�3/:
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2C Induction method

In this subsection we will describe the induction method, which enables us to reduce computations to
smaller groups when GV ¤ e.

Definition 2.12 Let M be a G-Mackey functor and let H � G. Then an H -truncation of M is the
G=H -Mackey functor M ]H defined by

M ]H .K=H / WDM.K/

for H �K �G. The transfers, restrictions, and Weyl group actions are the respective structural maps
of M.

Remark 2.13 Intuitively, the H -truncation of M amounts to forgetting all of the information below the
H -level of the Mackey functor M.

Example 2.14 Let A.C4/ be the Burnside Mackey functor over C4. Then A.C4/
]C2 is the C4=C2-

Mackey functor
A.C4/

A.C2/

resA trA

The basis for retrieving G-information on HM G
? from the H and G=H computations is the following

result:

Proposition 2.15 Let H �G and let .HM /H be the H -categorical fixed points spectrum of HM . Then
there is the following equivalence of G=H -spectra:

.HM /H 'H.M ]H /:

Proof This comes from the following chain of isomorphisms, for H �K �G:

�K=H
n .HM H /D ŒSn;HM H �K=H Š ŒSn;HM �K D �K

n .HM /:

For nD 0, we then obtain that

�
K=H
0

.HM H /Š �K
0 .HM /DM.K/DM ]H .K=H /D �

K=H
0

.HM ]H /:

Now consider a G-representation V . Since GV acts trivially on it, we can regard it as a G=GV -
representation. If GV ¤ e, then ak D 0 and G=GV is a cyclic 2-group of smaller order. Then we
can reduce to G=GV -computations by the following corollary:
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Corollary 2.16 Let V be such that GV ¤ e. Then

HM G
V Š .HM ]GV /

G=GV

V
:

The above isomorphism also preserves the Mackey functor structure. For GV �K �H , we have

resH
K $ resH=GV

K=GV
and trH

K $ trH=GV

K=GV
:

2D Classes aV and uV

In this section we will define the classes aV and uV . We start with the definition of Euler classes aV.
Recall that M denotes an arbitrary Mackey functor and R is an arbitrary Green functor.

Definition 2.17 Let V be an actual irreducible G-representation and consider the inclusion of fixed
points i W S0! SV . We define the element aV 2HRG

�V
to be the class of the map

S0 i
�! SV

Š SV
^S0 1^�

���! SV
^HR:

It factors through the ring maps S0!HA!HR. This class is well-known as the Euler class of V. Note
that aV D 0 if V G ¤ 0, since S0! SV will be equivariantly null-homotopic.

Remark 2.18 Let W 2RO.G/, V be an irreducible representation and let x 2HM G
W

. Then multipli-
cation by the element aV is given by

SW Š S0 ^SW SV ^HM ;
aV ^x

or
SW Š S0 ^SW SV ^HA^HM SV ^HM :

aV ^x 1^�

where the second map uses the HA-module structure on HM .

We can compute the homotopy Mackey functors at the degrees of the Euler classes:

Proposition 2.19 Let V D a1˛C
Pk

iD2 ai�i be an actual G-representation. Recall that �min is the first
irreducible representation with nonzero coefficient in the list ˛; �2; : : : ; �k (see Definition 2.1). Then
HM G

�V
ŠM.G/= trG

G�min
. For the Mackey functor structure , we have

HM�V .H /D

�
coker.trH

G�min
/ if G�min ¨H;

0 otherwise:

For K �H , if K � G�min , then resH
K
; trH

K
are both 0. For G�min �K �H , the maps resH

K
and trH

K
are

induced from that of M.

Proof The first claim directly comes from the cellular chain of SV from Lemma 2.5.

For the Mackey functor structure, if H � G�min , then HM
G�min
�V

Š HM
G�min
�jV j

D 0 by the shearing
isomorphism (see Proposition 2.4) and the definition of HM.
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Now take G�min �K �H . The first two terms of the G=H and G=K-level cellular chains are

0 M.G=H �G=G/oo

resH
K

��

M.G=H �G=G�min/
1�r
oo

0 M.G=K �G=G/oo

trH
K

TT

M.G=K �G=G�min/
1�r
oo

where r WG=G�min !G=G is the canonical projection of G-sets. We have the identifications

M.G=H �G=G�min/ŠM.G �H i�H G=G�min/DM

�
G �H

a
G=H

H=G�min

�
Š

M
G=H

M.G=G�min/

and the map 1�r is the sum of the maps trH
G�min

. Similarly for the G=K-level chain complex. Taking the

0th homology proves the claim.

Remark 2.20 It will be proved later that the map aV WHM G
0
!HM G

�V
is the projection on the cokernel

of trG
GV

(see Proposition 3.10). For a Green functor R, we have aV D
N12R.G/=trG

GV
, the class represented

by 1 2R.G/.

Example 2.21 If G D C4, RDA, we have

HA�˛ oo
D
// A.C4/= trC4

C2

0

��

HA�� oo
D
// A.C4/= trC4

e

res
C4
C2 ��

0

0

SS

0

��

A.C2/= trC2
e

0

��

tr
C4
C2

TT

0

0

VV

0

0

TT

Let A.C4/DZh1; c; di, where cD ŒC4=C2�, d D ŒC4=e�, and A.C2/DZh1; !i, where !D ŒC2=e�. Then
HA��.G=G/D Zha�i˚Zhca�i, and HA��.G=C2/D ZhresC4

C2
a�i. We have trC4

C2
.resC4

C2
a�/D ca�.

Now we turn our attention to the second family of generators, the orientation classes uV which will be
defined in Definition 2.25. Recall the definition of orientable representations in Definition 2.1.

Remark 2.22 Note that the only irreducible nonorientable representation of G is the sign representation ˛.
In particular, V D a0Ca1˛C

P
2�i�k ai�i 2RO.G/ is nonorientable if and only if a1 is odd and every

nonorientable representation V can be written as V D V 0˙˛ with orientable V 0.

We first study the Mackey functor structure on the (jV j�V )-degree.
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Proposition 2.23 Let G D C2k . Let V be an orientable (not necessarily irreducible) G-representation.
Then HM G

jV j�V
ŠM.GV /

G . For the Mackey functor structure , we have

HM jV j�V .H /D

�
M.GV /

H if GV ¨H;

M.H / otherwise:

For K�H �GV , the maps resH
K
; trH

K
are induced from that of M. If GV �K�H , then resH

K
is induced

by inclusion of fixed points , and trH
K

is given by tr
C

2i

C
2i�1

.x/D .1C 
 2k�i

/ �x and transitivity.

Proof SV has a cellular filtration with cells in top two dimensions given by G=GV C ^ S jV j�1 and
G=GV C ^S jV j. So its chain complex with coefficient in M has the following form in top dimensions:

� � �  �M.G=GV /
1�

 ���M.G=GV /:

The kernel of the top differential is M.GV /
G . Thus the first claim follows.

For the claim about the Mackey functor structure, notice that the lattice of subgroups of G has a linear
order. By transitivity of restrictions and transfers, we may assume that ŒH WK�D 2.

When H �GV , the shearing isomorphism G=HC^SV�jV jŠG=HC^S0 (see Proposition 2.4) implies an
isomorphism of Mackey functors HM 0#

G
GV
ŠHM jV j�V #

G
GV

. Now let GV �K �H DC2i D h
 2k�i

i.
Thus K D C2i�1 D h
 2k�iC1

i. Let r W G=K ! G=H be the natural projection. In the commutative
diagram

M.G=H �G=GV /

r�1
��

M.G=H �G=GV /
1�.1�
/
oo

r�1
��

M.G=K �G=GV / M.G=K �G=GV /
1�.1�
/
oo

the first and second rows are the differential CjV j�1.S
V IM /

1�

 ��� CjV j.S

V IM / on the G=H and
G=K-levels, respectively. We have the identifications

M.G=H �G=GV /Š ŒG=HC ^G=GV C;HM �G Š ŒGC ^H i�H .G=GV C/;HM �G

Š Œi�H .G=GV C/;HM �H Š ZŒG�˝ZŒH � i
�
H M.GV /

and similarly for M.G=K �G=GV /. Here the notation i�
H

M.GV / means we are restricting the Weyl
G=GV -action to an H=GV -action on M.GV /. To understand the differential 1� .1� 
 /, we have to
understand the action of 
 on ZŒG�˝ZŒH � i

�
H

M.GV / coming from 
 WG=GV !G=GV . Tracing through
the identifications we conclude that it acts by left multiplication on ZŒG�.

The commutative diagram above becomes

ZŒG�˝ZŒH � i
�
H

M.GV /

��

ZŒG�˝ZŒH � i
�
H

M.GV /
.1�
/
oo

��

ZŒG�˝ZŒK � i
�
K

M.GV / ZŒG�˝ZŒK � i
�
K

M.GV /
.1�
/
oo
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where both .1� 
 / are given by left multiplication on ZŒG�. The kernels of these two .1� 
 / are

.ZŒG�˝ZŒH � i
�
H M.GV //

G
Š ZŒG=H �G ˝M.GV /

H
ŠM.GV /

H ;

and
.ZŒG�˝ZŒK � i

�
H M.GV //

G
Š ZŒG=K�G ˝M.GV /

K
ŠM.GV /

K :

The induced maps on kernels is the map induced from the G-equivariant map ZŒG=H �! ZŒG=K� by
sending 1 to 1C 
 2k�i

, which can be easily seen to be Z
1
! Z upon taking .�/G . Thus restrictions are

induced by inclusion of fixed points.

For the transfers, we have the double-coset formula

resH
K ı trH

K .x/D .1C 

2k�i

/ �x:

Since restrictions are inclusions of subgroups, we deduce trH
K
.x/D .1C 
 2k�i

/ �x.

Construction 2.24 For an orientable G-representation V, consider the commutative diagram

M.G/

resG
GV

��vv

HM G
jV j�V

ŠM.GV /
G // M.GV /

1�

// M.GV /

The map .1�
 / is the top differential of C�.S
V IM /. The dashed arrow is induced from resG

GV
, since for

any H �G, we have resG
H
.M.G//�M.H /G. We make the following definition of orientation classes

for Green functors.

Definition 2.25 For V an orientable G-representation, R a Green functor, we define the orientation
class uV to be the element resG

GV
.1/ 2HRG

jV j�V
.

Remark 2.26 (1) Note that by Construction 2.24 we obtain that the multiplication by

uV WHRG
0 !HRG

jV j�V

is the restriction map resG
GV

, by the following commutative diagram

HRG
0

uV
//

resG
GV
��

HRG
jV j�V

res.jV j�V /G
GV

��

HR
GV

0

uV
// HR

GV

jV j�V

where res.jV j �V /G
GV

is inclusion of G-fixed points, and the horizontal map in the second row is
an isomorphism.
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(2) Definition 2.25 is restricted to Green functors. However, since every Mackey functor M is a module
over Burnside Mackey functor A, we can consider the induced action of HAG

? on HM G
? . We can

still deduce uV WHM G
0
!HM G

jV j�V
is resG

GV
as above. If R is a Green functor, its orientation class

coincides with the image of the orientation class of HA through the canonical ring map HA!HR.

Example 2.27 (1) When RDZ, HZjV j�V DZ, and the definition of orientation classes here agrees
with the orientation classes used widely in previous computations of [11; 13; 25; 7; 24].

(2) When RDA and G D C4, the Weyl actions are always trivial, and we have

HA2�2˛
oo
D
// A.C2/

1
��

A.C2/

2

TT

res
C2
e
��

A.e/

tr
C2
e

TT

HA2��
oo
D
// A.e/

1
��

A.e/

1
��

2

TT

A.e/

2

TT

If A.C2/D Zh1; !i, where ! D ŒC2=e�, then u2˛ 2 HA2�2˛.G=G/ correspond the generator 1

and HA2�2˛.G=G/D Zhu2˛i ˚Zh!u2˛i. This agrees with a general definition of orientation
classes for all finite groups of Kriz [15].

The following two propositions allow us to restrict our attention only to classes coming from irreducible
representations.

Proposition 2.28 Let G D C2k and V;W be two G-representations. Then the following equalities hold
in �G

? S0, thus hold in HRG
? :

aV aW D aW aV D aVCW D aWCV :

Proof RO.G/-graded commutativity is studied by Dugger in [4]. Using his theory, we will show that
these equalities actually hold in the G-equivariant stable stems. Since for any two G-representation
V1;V2 we have aV1

aV2
D aV1CV2

, we can assume that V;W are irreducible. Using the methods in [24,
Appendix B], we can compute for each �i , �.S�i /D 1 and �.S˛/D 1� trG

G0
ı resG

G0
. Here �.X / 2 �G

0
S0

is the trace of identity of a finite G-complex X studied in [4, Section 4.19].

Now we will use [4, Proposition 1.2]. Take any x 2 �G
�V

S0, y 2 �G
�W

S0. If V D �i and W D �j for
some 1� i; j � k, then xy D �.S�i /1�1yx D yx if i D j , and xy D �.S�i /0�.S�j /0yx D yx if i ¤ j .

If V D �i for 1� i � k, and W D ˛, then xy D �.S�i /0�.S˛/0yx D yx.

If V DW D ˛, then xy D �.S˛/1�1yxD .1� trG
G0
ı resG

G0
/yx. The class trG

G0
ı resG

G0
yx may not be zero

in general. But if x D y D a˛, it becomes zero because resG
G0

a˛ D 0.
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Proposition 2.29 Let V;W are two orientable G-representations. Assume GV �GW . Regard HM as
an HA-module. Then:

(1) The map uV WHM G
jW j�W

!HM G
jV jCjW j�V�W

is the restriction map resGW

GV
.

(2) The map uW WHM G
jV j�V

!HM G
jV jCjW j�V�W

is an isomorphism.

(3) We have that uV uW D uW uV in HA?, and thus in HR? for all Green functors R.

Proof Consider the following commutative diagram where horizontal maps are restriction maps in
HM jW j�W and HM jV jCjW j�V�W , and vertical maps are multiplication by uV and its restrictions:

HM G
jW j�W

resG
GW

//

uV

��

HM
GW

jW j�W

res
GW
GV

//

uV

��

HM
GV

jW j�W

ŠuV

��

HM G
jV jCjW j�V�W

resG
GW
// HM

GW

jV jCjW j�V�W

res
GW
GV
// HM

GV

jV jCjW j�V�W

By Theorem 2.6, the above diagram is

M.GW /
G i

//

��

M.GW /
res

GW
GV
//

��

M.GV /

Š

��

M.GV /
G i

// M.GV /
GW

i
// M.GV /

All maps labeled i are inclusion of fixed points, and we deduce the first vertical map is induced from
resGW

GV
. This proves .1/. An analogous argument will prove .2/.

Then we see that the following isomorphic diagrams commute:

HM G
0

uW
//

uV

��

HM G
jW j�W

uV

��

M.G/
resG

GW
//

resG
GV

��

M.GW /
G

res
GW
GV

��

HM G
jV j�V

uW
// HM G

jV jCjW j�V�W
M.GV /

G 1
// M.GV /

G

When M DA, the two images of 1 2HAG
0

in HAG
jV jCjW j�V�W

agree, which proves .3/.

3 Vanishing, a; u-isomorphism regions and the gold relation

In this section we determine the parts of the RO.G/-graded homotopy Mackey functors HM ? where
multiplication by different Euler and orientation classes are isomorphism. We also study the parts when
they vanish and deduce a gold relation for Green functors R, generalizing the original gold relation of [13].
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3A a�s
; u�s

-isomorphism regions

In this subsection we study the RO.G/-graded regions where multiplications by a�s
; a˛ and u�s

are
isomorphisms, respectively. For simplicity, we write �D �k , as it will play a very important role. Recall
that we are working over G D C2k , thus � is the faithful representation.

We start with definitions of Mackey functors which will be used for the description of the homology of a
unit representation sphere.

Definition 3.1 [22] For H �G D C2k , let M#G
H be the H -Mackey functor defined by

M#G
H .H=K/DM.G=K/; K �H;

with restrictions and transfers induced from that of M. This is the restricted Mackey functor. The
restriction functor #G

H WMackG!MackH is the right adjoint of the induction functor "G
H

.

Definition 3.2 [22] Let G D C2k and let M be a ZŒG�-module.

(1) The fixed-point Mackey functor FP .M / is defined by

FP .M /.G=H /DM H :

Since restrictions and transfers are transitive, we specify them for H D C2i D h
 2k�i

i and
K D C2i�1 for 1� i � k. We have resH

K
D 1 and trH

K
D 1C 
 2k�i

.

(2) The fixed-quotient Mackey functor FQ.M / is defined by

FQ.M /.G=H /DM=H:

Since restrictions and transfers are transitive, we specify them for H D C2i D h
 2k�i

i and
K D C2i�1 for 1� i � k. We have resH

K
D 1C 
 2k�i

and trH
K
D 1.

Recall that we have the forgetful functor U WMackG ! ZŒG�-mod, M 7!M.e/. Then FP is the right
adjoint of U and FQ is the left adjoint.

Definition 3.3 Let G D C2k and let M be a ZŒG�-module. Define a new ZŒG�-module structure on M,
denoted by zM , via the rule 
 �m WD �
 �m, where the right-hand-side action is the original G-action
on M . Then we define

(1) the twisted fixed-point Mackey functor TFP .M / by

TFP .M /D FP . zM /;

(2) the twisted fixed-quotient Mackey functor TFQ.M / by

TFQ.M /D FQ. zM /:
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Note that 
 2 �mD 
 2 �m. This implies TFP .M /#G
G0 DFP .M /#G

G0 and TFQ.M /#G
G0 DFQ.M /#G

G0 .
The top two levels of TFP .M / and TFQ.M / look like

.1C
/M

.1�
2/M

1 1�
 and

M=.1C 
 /

M=.1� 
 2/

1�
 1

Remark 3.4 (1) The action on zM is the same as the diagonal action on zZ˝Z M , where zZ is the
sign representation of G. To avoid confusion, if M is a Mackey functor, we will always use 
 �m
to denote the canonical Weyl action for m 2M.H /, H �G.

(2) The adjective “twisted” comes from the fact that they arise from HM G
U

when U is nonorientable.
The top differential in this case is 1C 
 on M.e/, which corresponds to 1� 
 on AM.e/.

Consider now the cofiber sequence
S.V /C! S0

! SV:

We can use this cofiber sequence to compute the groups HM G
nV

for an irreducible actual G-representation
and n 2 Z and the action of the element a� on HM G

? . We will first need the following lemma.

Lemma 3.5 The RO.G/-graded homotopy Mackey functor HM V .S.�/C/ is given as

HM V .S.�/C/D

8̂̂̂̂
<̂̂
ˆ̂̂̂:

FQ.M.e// if jV j D 0 and V is orientable;
TFQ.M.e// if jV j D 0 and V is nonorientable;
FP .M.e// if jV j D 1 and V is orientable;
TFP .M.e// if jV j D 1 and V is nonorientable;
0 otherwise:

Proof We first compute the G=G-level abelian group and claim it is as

HM G
V .S.�/C/D

8̂̂̂̂
<̂̂
ˆ̂̂̂:

M.e/=.1� 
 / if jV j D 0 and V is orientable;
M.e/=.1C 
 / if jV j D 0 and V is nonorientable;
M.e/G if jV j D 1 and V is orientable;

.1C
/M.e/ if jV j D 1 and V is nonorientable;
0 otherwise:

The unit sphere S.�/ is the homotopy cofiber in the sequence

G=e G=e S.�/:
1�


By the long exact sequence in homotopy associated to this cofiber sequence we get

HM G
VC1.G=eC/!HM G

VC1.S.�/C/!HM G
V .G=eC/

1�

���!HM G

V .G=eC/

!HM G
V .S.�/C/!HM G

V�1.G=eC/:

Algebraic & Geometric Topology, Volume 25 (2025)



2956 Igor Sikora and Guoqi Yan

For any G-representation W we have that HM G
W
.G=eC/ŠHM e

jW j
. In particular, it is zero if jW j ¤ 0

and equal to M.e/ if jW jD 0 as abelian groups. As ZŒG�-modules, the action depends on the orientability
of W. If W is such that jW j D 0 and orientable, then HM G

W
.G=eC/DM.e/; if W is nonorientable, then

HM G
W
.G=eC/DAM.e/. We can see this fact by looking at the shearing isomorphisms (see Proposition 2.4)

G=eC ^SW

Š

��


^1
// G=eC ^SW

Š

��

.g; a/
� //

_

��

.
g; a/
_

��

GC ^e S jW j // GC ^e S jW j .g;g�1a/
� // .
g;g�1
�1a/

Therefore in the sequence above the third and fourth arguments are zero unless jV j D 0. In the latter case
we have that the outer groups are equal to zero and the long exact sequence above takes the form

0 HM G
VC1

.S.�/C/ M.e/ M.e/ HM G
V
.S.�/C/ 0

1�


or
0 HM G

VC1
.S.�/C/ AM.e/ AM.e/ HM G

V
.S.�/C/ 0;

1�


depending on the orientability of V. The conclusion on the abelian group structure follows. The Mackey
functor structure can be computed as in Remark 2.8.

Remark 3.6 Using the same cofiber sequence we can compute the HM -cohomology Mackey functor of
S.�/C and obtain that HM�VC1.S.�/C/ŠHM V .S.�/C/ as Mackey functors. This comes from the
fact that S.�/C ' S1 ^D.S.�/C/.

Proposition 3.7 (a�-isomorphism region) Let V be a G-representation such that jV j ¤ 0; 1; 2. Then
the multiplication map a� WHM V !HM V�� is an isomorphism of Mackey functors.

Proof Consider the cofiber sequence S.�/C! S0! S�. Taking the V th homology we obtain

HM G
V
.S.�/C/ HM G

V
HM G

V��
HM G

V�1
.S.�/C/:

If jV j ¤ 0; 1; 2, the outer groups are zero by Lemma 3.5. This is also true when we replace G by any
subgroup of G. Thus the claim follows.

Remark 3.8 Note that traditionally the term “a�-periodic classes” is used for classes that support
an infinite a�-tower. From Proposition 3.7 we know nontrivial classes of total dimensions � �1 are
a�-periodic.

Proposition 3.9 Let V be a G-representation such that jV j D 0 and recall that res.V / and tr.V / are
structure maps of HM V . Then:

(1) HM G
V��
Š coker.tr.V /Ge / and the map a� WHM G

V
!HM G

V��
is the projection onto the cokernel.

(2) HM G
VC�
Š ker.res.V /Ge / and the map a� WHM G

VC�
!HM G

V
is the inclusion of the kernel.

The Mackey functor structures on HM G
V��

and HM G
VC�

are induced from that of HM G
V

.
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Proof (1) Consider the long exact sequence obtained by smashing cofiber sequence S.�/C!S0!S�

with SV ^HM :

HM G
V
.S.�/C/ HM G

V
HM G

V��
HM G

V�1
.S.�/C/:

Since jV j D 0, by Lemma 3.5 the rightmost group is 0. To understand the first map in the sequence above,
consider the commutative diagram of cofiber sequences

G=eC //

��

S0 //

��

S�
.1/

��

S.�/C // S0 // S�

where S�
.1/

denotes the 1-skeleton of S�. The left vertical map is the inclusion of the bottom cell. Taking
the V th homology we obtain the commutative diagram

M.e/ HM G
V

HM G
V
.S�
.1/
/ 0

M.e/=.1� 
 / HM G
V

HM G
V��

0

D

The first top horizontal map exhibits the transfer in the Mackey functor HM �

V
. Therefore the bottom left

map is the map on M.e/=1� 
 induced by tr.V /. Thus the claim follows.

(2) This comes from a similar analysis by taking the V th cohomology.

For the Mackey functor structure in (1), by induction, we only need to consider the restriction and transfer
between adjacent subgroups. In the following diagram

HM G
V

//

resG
G0

��

HM G
V
=tr.V /Ge

resG
G0

��

HM G0

V
//

trG
G0

JJ

HM G0

V
=tr.V /G

0

e

trG
G0

JJ

both horizontal arrows are the natural surjections, and the result follows. The Mackey functor structure
in (2) is completely analogous.

Combining Propositions 3.7 and 3.9 we can deduce groups HM G
nV

for V orientable and irreducible.

Proposition 3.10 Let V be an irreducible actual representation. Then we have that

HM G
nV D

8<:
M.G/ if nD 0;

coker.trG
GV
/ if n< 0;

ker.resG
GV
/ if n> 0:

Moreover , we have that

� the map aV WHM G
0
!HM G

�V
is the projection onto the cokernel ;

� the map aV WHM G
V
!HM G

0
is the inclusion of the kernel ;

� the multiplication aV WHM G
nV
!HM G

.n�1/V
is an isomorphism for n 2 Z such that n¤ 0; 1.
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Proof We first consider the case V D �, the faithful representation. We then have that HM G
0
DM.G/ by

the defining property of Eilenberg–MacLane spectra. For n< 0, the formula follows from Proposition 3.9
in case of nD�1 and from Proposition 3.7 for n< �1. The case n> 0 follows analogously.

Now assume that V is an irreducible representation. Then we have that HM G
nV
Š H.M ]GV /

G=GV

nV
.

Assume that V ¤ ˛. The representation V is G=GV -faithful, so by the previous paragraph we get that

H.M ]GV /
G=GV

nV
D

8̂<̂
:

M.G/ if nD 0;

coker.tr.M ]GV /
G=GV
e / if n< 0;

ker.res.M ]GV /
G=GV
e / if n> 0:

However, since the transfers and restrictions in the Mackey functor M ]GV are defined as transfers and
restrictions in M, so we obtain the abelian group structures as stated. For the multiplications by aV , as
above, we can assume V D �, the faithful representation. Consider the following cellular filtration of
Sm�, m� 1:

S0 Sm�
.1/

Sm�
.2/

Sm�
.3/

� � �

G=eC ^S1 G=eC ^S2 G=eC ^S3 G=eC ^S4

Smash the diagram with HM and take �0. Since �G
0

G=eC ^S i ^HM D 0 for i ¤ 0, we see that the
first horizontal map induce the projection onto the cokernel of trG

e , and the other horizontal maps induce
isomorphisms. This proves the claim about aV WHM G

nV
!HM G

.n�1/V
when n� 0. For n> 0, we can

dualize the cellular structure.

The case V D ˛ follows from the similar considerations.

Using the multiplication by the element a�, we can prove the following vanishing result.

Lemma 3.11 (vanishing) Let V D a0C a1˛C
Pk

iD2 ai�i be such that one of the following conditions
is satisfied :

(1) a0 > 0, a0C a1 > 0 and a0C a1C
Pj

iD2
ai > 0 for all 2� j � k, or

(2) a0 < 0, a0C a1 < 0 and a0C a1C
Pj

iD2
ai < 0 for all 2� j � k.

Then HM V D 0.

Proof We will proceed by induction on the order of G. The claim is true for the trivial group. Now
assume that the statement is correct for G0 D C2k�1 . Thus the vanishing is true for all subgroup level of
the Mackey functor. Consider the first case with all sums simultaneously greater than 0. We then have
that

HM G
a0Ca1˛Ca2�2C���Cak�1�k�1

Š .HM ]C2/
G=C2

a0Ca1˛Ca2�2C���Cak�1�k�1
;
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and the latter is 0 by the inductive assumption (note that the last index in the sum missing). By
Proposition 3.7 the map

a
ak

�k
WHM G

V !HM G
a0Ca1˛Ca2�2C���Cak�1�k�1

is an isomorphism, because the target has total dimension greater than 0. Thus the claim follows. The
proof of the second case is completely analogous.

Using vanishing (Lemma 3.11) we can describe a�i
-isomorphism regions for 2� i � k.

Corollary 3.12 (a�s
-isomorphism region) For Cpk with p odd , let V D a0C

Pk
iD1 ai�i . For each s

such that 1� s � k, multiplication by a�s
WHM V !HM V��s

is an isomorphism of Mackey functors
when one of the following conditions is satisfied :

(1) a0C 2
Pj

iD1
ai > 2 for all s � j � k, or

(2) a0C 2
Pj

iD1
ai < 0 for all s � j � k.

For C2k , let

V D a0C a1˛C

kX
iD2

ai�i :

For each s such that 2� s � k, multiplication by a�s
WHM V !HM V��s

is an isomorphism of Mackey
functors when one of the following conditions is satisfied :

(1) a0C a1C 2
Pj

iD2
ai > 2 for all s � j � k, or

(2) a0C a1C 2
Pj

iD2
ai < 0 for all s � j � k.

Multiplication by a˛ WHM V !HM V�˛ is an isomorphism if one of the following conditions is satisfied :

(1) a0C a1 > 0; a0C a1C 2
Pj

iD2
ai > 1 for all 2� j � k, or

(2) a0C a1 < 0; a0C a1C 2
Pj

iD2
ai < 0 for all 2� j � k.

Proof The proof for p odd and p D 2 are analogous. We will assume p D 2, and use the notation
�1 D 2˛. For each 2� s � k, the sphere S.�s/ is a two-cell complex, and we have a cofiber sequence

C2k=C2k�sC! S.�s/C! C2k=C2k�sC ^S1:

We get the following long exact sequence of Mackey functors

� � � !HM V .C2k=C2k�s /!HM V .S.�s//!HM V�1.C2k=C2k�s /! � � � :

The two Mackey functors on the outside only cares about the C2k�s -representation

i�C
2k�s

.V /D a0C a1C 2a2C � � �C 2asC asC1�1C � � �C ak�k�s:

By the previous lemma, we deduce that HV .S.�s//D 0 when one of the following is satisfied:

(1) a0C a1C 2
Pj

iD2
ai > 1 for all s � j � k, or

(2) a0C a1C 2
Pj

iD2
ai < 0 for all s � j � k.
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Then the cofiber sequence
S.�s/C! S0

! S�s

provides us with the long exact sequence

� � � !HM V .S.�s//!HM V

a�s
��!HM V��s

!HM V�1.S.�s//! � � � :

The map a�s
is an isomorphism when the two outside Mackey functors vanish. And we have finished the

proof for a�s
. For a˛, the only difference is that the sphere S.˛/D C2k=C2k�1 is a one-cell complex.

All the proofs are along the same line.

Using the vanishing property, we can also deduce when multiplication by u�s
is an isomorphism. From

Theorem 2.6 we deduce

(4) �G
� HM ^S�i�2

DH G
2C�.S

�i IM /D

8̂̂̂<̂
ˆ̂:

M.C2k�i /G if � D 0;

ker.trG
C

2k�i
/=.1� 
 / if � D �1;

coker.trG
C

2k�i
/ if � D �2;

0 otherwise:
Then we look at the cofiber sequence

(5) HM
u�i
��!HM ^S�i�2

! Cu�i
:

In general, the cofiber Cu�i
is not an Eilenberg–MacLane spectrum (it is one in the special case of

M D Z), but it has a finite Postnikov tower, which enables us to extend the vanishing results to this case.
Before that, first let us notice that the map u�i

is an C2k�i -equivariant equivalence, thus i�
C

2k�i
Cu�i

' �.
Since S�s is built from S0 out of cells of orbit type C2k=C2k�s , we deduce:

Lemma 3.13 The spectrum Cu�i
is a�i

; a�iC1
; : : : ; a�k

-local.

Corollary 3.14 (u�s
-isomorphism region) For p odd , let V D a0C

Pk
iD1 ai�i . For each s such that

1 � s � k, multiplication by u�s
WHM V !HM VC2��s

is an isomorphism of Mackey functors when
one of the following conditions is satisfied :

(1) a0 > 0 and a0C 2
Pj

iD1
ai > 0 for all 1� j � s� 1, or

(2) a0 < �3 and a0C 2
Pj

iD1
ai < �3 for all 1� j � s� 1.

If p D 2, let

V D a0C a1˛C

kX
iD2

ai�i :

For each s such that 2 � s � k, multiplication by u�s
W HM V ! HM VC2��s

is an isomorphism of
Mackey functors when one of the following conditions is satisfied :

(1) a0 > 0 and a0C a1 > 0; a0C a1C 2
Pj

iD2
ai > 0 for all 2� j � s� 1, or

(2) a0 < �3 and a0C a1 < �3; a0C a1C 2
Pj

iD2
ai < �3 for all 2� j � s� 1.

Multiplication by u2˛ WHM V !HM VC2�2˛ is an isomorphism when a0 > 0 or a0 < �3.
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Proof Again we assume p D 2 and the odd primary case is analogous. We also assume 2� s � k since
the u2˛ case is proved in the same way. Consider the long exact sequence

�VC1Cu�s
!HM V

u�s
��!HM VC2��s

! �V Cu�s
:

We want to find the range where the two outside Mackey functors vanish. By a�s
; : : : ; a�k

-periodicity
of �?Cu�s

, we can assume V D xCy˛C
Ps�1

iD2 ai�i . From the computation (4), we know ��Cu�s
is

concentrated at � D �2;�1; 0, and we get its Postnikov tower

Cu�i
D P0

��

HM3
oo

P�1

��

†�1HM2
oo

P�2 †�2HM1'
oo

where M i , i D 1; 2; 3 are some Mackey functors. Then we get a strongly convergent spectral sequence

E1
V;s D �V P s

) �V Cu�s
;

where P s is the fiber of P s ! P s�1. The conditions stated are the conditions for E1
V;s
D 0 and

E1
VC1;s

D 0.

Remark 3.15 For M DZ, from the formula (4) and the fact that u�s
WZDHZ0

Š�!HZ2��s
DZ we

know Cu�s
'†�2HM1. We can get a finer condition than the one stated in the theorem, which is left to

the reader.

3B au-relation (aka gold relation)

In this subsection, we generalize the gold relation [13, Lemma 3.6] for RD Z to the general case.

Proposition 3.16 (au-relation) Let V;W be chosen from �i for 1� i � k such that GV �GW . Let R

be a Green functor. Then there is the following relation in HRG
? :

aV � tr
GW

GV
.1/uW D aW �uV :

Since HRG
2�W
DR.GW /

G by Proposition 2.23, and trGW

GV
.1/2R.GW /

G, the class trGW

GV
.1/uW 2HRG

2�W

makes sense.

Lemma 3.17 Let W be one of �i for 1� i � k. Then HM G
2�W �� Š

M.GW /
G

�log2 jG=GW j
trGW

e .M.e//
.

Proof This follows from Theorem 2.6.

Lemma 3.18 Let W be one of �i , 1� i � k, then we have the following relation in HRG
? :

a� � tr
GW
e .1/uW D aW �u�:
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Proof We only need to prove for the universal case RDA. We claim that the following commutative
diagrams are isomorphic:

HAG
0

a�
//

u�
��

HAG
��

uW

��

A.G/

resG
e

��

proj
// A.G/=trG

e

resG
GW

��

HAG
2��

aW
// HAG

2���W
A.e/

tr
GW
e
// A.GW /=jG=GW j tr

GW
e

The corresponding abelian groups are isomorphic by previous computations, and that A.H / has trivial
Weyl action for each H � G. That a� is projection and u� is resG

e are proved in Proposition 3.9 and
Remark 2.26, respectively.

To show that uW is induced from resG
GW

, we look at the following isomorphic commutative diagrams:

HAG
��

resG
GW

//

uW

��

HAGW

��

uW

��

A.G/= trG
e

resG
GW

��

resG
GW

// A.GW /=trGW
e

1
��

HAG
2���W

resG
GW
// HAGW

2���W
A.GW /=jG=GW j tr

GW
e

f
// A.GW /= trGW

e

The map f is induced from the identity of A.GW / thus send Nx to Nx, and we deduce that uW is induced
from resG

GW
.

We are left to show that aW is induced from trGW
e . We consider the following filtration of S� ^SW

S0 S�
.1/

S� S� ^SW
.1/

S� ^SW

G=eC ^S1 G=eC ^S2 G=GW C ^S� ^S1 G=GW C ^S� ^S2

The map aW W S� ! S� ^ SW sits in the first row. By running a spectral sequence, we can see
that the classes that contribute to �G

2
.S� ^ SW ^HA/ are subquotients of �G

2
.G=eC ^ S2 ^HA/,

�G
2
.G=GW C ^S� ^S1 ^HA/ and �G

2
.G=GW C ^S� ^S2 ^HA/. We have

�G
2 .G=eC ^S2

^HA/DA.e/;

�G
2 .G=GW C ^S� ^S1

^HA/DHAGW

1
.S�/D ker.trGW

e /=.1� 
 /D 0;

�G
2 .G=GW C ^S� ^S2

^HA/DHAGW

0
.S�/DA.GW /= trGW

e :

We already know that

�G
2 .S

�
^SW

^HA/DHAG
2�W �� Š

A.GW /

jG=GW j tr
GW
e

ŠA.GW /=x˚Z=jG=GW jhxi

by the previous lemma, where x is represented by the free GW -set GW =e D trGW
e .1/. The differential

d1 WA.e/D �
G
2 .G=GW C ^S� ^HA/! �2.G=eC ^S2

^HA/DA.e/
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must be jG=GW j, and we have the following extension:

0!A.e/=jG=GW j
h
�!HAG

2���W !A.GW /= trGW
e ! 0;

where h is induced from trGW
e . Thus aW is induced from trGW

e .

In A.GW /=x˚Z=jG=GW jhxi we have that a�uW D .1; 0/ and aW u� D .0;x/, where 1 is GW =GW .
We deduce

aW u� D a� �xuW D a� � tr
GW
e .1/uW :

Proof of Proposition 3.16 Let V;W be chosen from �i , 1� i � k with e ¤GV �GW . Note A]GV is
a Green functor for G=GV . Regard V;W as G=GV -representations and by abuse of notation, we will
still write V ;W. By induction on k, we get

aV � trGW =GV
e .1/uW D aW uV

in .HA]GV /? since V is a faithful G=GV -representation. We have

trGW =GV
e .1/D trGW

GV
.1/;

where the transfer on the right is in A. Thus the claim follows.

4 Induction theorems

In this section, we prove our induction theorems. The results fit HM ? in exact sequences where the
rest of the terms are computable in terms of H.M ]C2/? and H.M#G

C2
/?. Thus we can carry out the

computations by induction on the order of G D C2k . The initial input is the structure of HM
C2
? , which is

completely determined by the first author in [21].

Recall that Proposition 3.7 reduces our consideration of HM V to those V 2 RO.G/ such that jV j D
2; 1; 0;�1;�2. Proposition 3.9 then tells us how to further reduce to those V with jV j D 1; 0;�1. We
first relate the homotopy groups in degrees V with jV j D ˙1.

Proposition 4.1 Let V 2RO.G/ with jV j D 1. If V is orientable , then we have the exact sequence of
abelian groups

0! Im.res.V C 1��/Ge /!M.e/G!HM G
V

a�
�!HM G

V��!M.e/=.1� 
 /! Im.tr.V � 1/Ge /! 0:

If V is nonorientable , then we have the exact sequence of abelian groups

0! Im.res.V C1��/Ge /!�1
M.e/!HM G

V

a�
�!HM G

V��!M.e/=.1C 
 /! Im.tr.V �1/Ge /! 0:

Each exact sequence can be upgraded to an exact sequence of Mackey functors.

Proof By Lemma 3.5, when V is orientable, the long exact sequence on homology of the cofiber
sequence

S.�/C! S0 a�
�! S�
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gives us

HM G
VC1

a�
�!HM G

VC1��

res.VC1��/Ge
���������!M.e/G!HM G

V

a�
�!HM G

V��!M.e/=.1� 
 /

tr.V�1/Ge
������!HM G

V�1

a�
�!HM G

V�1��:

By Proposition 3.9, the first a� can be identified with the inclusion of ker.res.V C 1� �/Ge /, whose
cokernel is Im.res.V C 1� �/Ge /. The third a� can be identified with projection to coker.tr.V � 1/Ge /,
whose kernel is Im.tr.V �1/Ge /. Replacing G by H �G, we get and exact sequence of Mackey functors.

The case for nonorientable V is completely analogous.

Remark 4.2 Proposition 4.1 tells us that the homotopy Mackey functors with jV j D 1 and jV j D �1

determine each other up to extension if we can figure out the maps in the long exact sequences and
understand the jV j D 0 grading, since both .V C 1��/ and .V � 1/ have underlying degree 0 there.

The following two theorems are the main theorems in this section. For simplicity, if U 2RO.G/, we
use the same notation for its restriction to subgroups. If GU ¤ e, we also use the same notation for the
corresponding G=GU -representation. For definitions of Mackey functors FP , FQ and TFP , TFQ, see
Definitions 3.2 and 3.3, respectively.

Theorem 4.3 (induction theorem A) Let U D a0C a1˛C†
k
iD2

ai�i 2RO.G/ with jU j D 0. Then:

(1) When ak D 0, HM U can be computed from H.M#G
C2
/U and H.M ]C2/U .

(2) When ak � �1, if U is orientable , we have the exact sequence of Mackey functors

0!HM UC�k

a�
�!HM U

res.�/e
����! FP .M.e//!HM U�1C�k

:

If U is nonorientable , we have the exact sequence of Mackey functors

0!HM UC�k

a�
�!HM U

res.�/e
����! TFP .M.e//!HM U�1C�k

:

Here res.�/e is the map induced from resH
e on the G=H -level. In each sequence , the first and last

Mackey functors can be computed from H.M ]C2/? and H.M#G
C2
/?.

(3) When ak � 1, if U is orientable , we have the exact sequence of Mackey functors

HM U��kC1! FQ.M.e//
tr.�/e
���!HM U

a�
�!HM U��k

! 0:

If U is nonorientable , we have the exact sequence of Mackey functors

HM U��kC1! TFQ.M.e//
tr.�/e
���!HM U

a�
�!HM U��k

! 0:

Here tr.�/e is the map that is induced from trH
e on the G=H -level. In each sequence , the first and

last Mackey functors can be computed from H.M ]C2/? and H.M#G
C2
/?.
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Proof The case ak D 0 follows from Corollary 2.16. It describes the restrictions and transfers between
subgroups that are not equal to e. The rest of the structure can be deduced from H.M#G

C2
/U .

Consider the cofiber sequence

S.�k/C! S0
! S�k :

Since jU j D 0, we have that jU C�k j D 2 and jU ��k � 1j D �3. Thus

�UC�k
S.�k/C ^HM D �U��k�1S.�k/C ^HM D 0:

The homology long exact sequence together with Lemma 3.5 give us the four exact sequences.

Now we show that groups other than HM G
U

in the exact sequences can be reduced to C2- and G=C2-
equivariant computations. Since the proofs for orientable and nonorientable U are completely analogous,
we assume U is orientable.

In part .2/, if ak D�1, then U C �k is a G=C2-representation and we know the first and last Mackey
functors via G=C2-computations. If ak � �2, let W D U � ak�k . By Proposition 3.7, HM W Š

HM UC�k
and the former Mackey functor can be computed G=C2-equivariantly. Similarly for HM W �1Š

HM UC�k�1. Then we get the structures of the relevant homotopy Mackey functors above the group C2.
The rest of the structure can be deduced from H.M#G

C2
/?.

In part .3/, if akD1, the computations of the first and last Mackey functors can be reduced to computations
over G=C2. If ak � 2, let W DU �ak�k . We have HM U��k

ŠHM W and HM U��kC1ŠHM WC1,
thus the computations above the group C2 can be reduced to G=C2. H.M#G

C2
/? tells us the rest of the

structure.

For the cases jU j D ˙1, we have the following result:

Theorem 4.4 (induction theorem B) Let U D a0C a1˛C†
k
iD2

ai�i 2RO.G/.

When jU j D 1:

(1) If ak � 0, then HM G
U

can be computed from H.M#G
C2
/? and H.M ]C2/?.

(2) If ak � 1 and U is orientable , then we have the exact sequence of Mackey functors

FP .M.e//!HM U

a�
�!HM U��k

! FQ.M.e//;

where the third Mackey functor can be computed from H.M ]C2/? and H.M#G
C2
/?.

(3) If ak � 1 and U is nonorientable , then we have the exact sequence of Mackey functors

TFP .M.e//!HM U

a�
�!HM U��k

! TFQ.M.e//;

where the third Mackey functor can be computed from H.M ]C2/? and H.M#G
C2
/?.
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When jU j D �1:

(1) If ak � 0, then �U HM can be computed from H.M ]C2/? and H.M#G
C2
/?.

(2) If ak � �1 and U is orientable , then we have the exact sequence of Mackey functors

FP .M.e//!HM UC�k

a�
�!HM U ! FQ.M.e//;

where the second Mackey functor can be computed from H.M ]C2/? and H.M#G
C2
/?.

(3) If ak � �1 and U is nonorientable , then we have the exact sequence of Mackey functors

TFP .M.e//!HM UC�k

a�
�!HM U ! TFQ.M.e//;

where the second Mackey functor can be computed from H.M ]C2/? and H.M#G
C2
/?.

Proof The proof for the cases jU jD˙1 are analogous, and we only prove it for jU jD 1. The case akD 0

follows from Corollary 2.16. The exact sequences comes from the cofiber sequence S.�/C! S0! S�.

If ak � �1, let W D U � ak�k . By Proposition 3.7, we have the isomorphism HM U Š HM W , and
the latter Mackey functor can be reduced to the homotopy of HM ]C2 . Then we understand the Mackey
functor structure above C2. H.M#G

C2
/? tells us the rest.

If ak � 1, let W DU �ak�k . By Proposition 3.7, HM U��k
ŠHM W and the latter Mackey functor can

be reduced to the homotopy of HM ]C2 . The rest of the structure can be deduced from H.M#G
C2
/?.

5 The positive cone of HM for arbitrary M

In this section we will show how to use the methods described in previous sections to describe the positive
cone of HM G

? for an arbitrary Mackey functor M. Here the positive cone HM G
pos is the subgroup of

HM G
? indexed by V 2RO.G/ such that ai � 0 for 1� i � k. As examples, we completely compute the

positive cone of HZ and HA.

5A Structure of the positive cone for arbitrary M

Note that in the positive cone, all indexing representations will have jV j � 0, since a n-dimensional G-CW
complex cannot have a nonzero .nC1/th homology. By Proposition 3.7 and 3.9, multiplication by a�k

is
an isomorphism when jV j � �1, and it is projection to coker.trG

e / when jV j D 0. So the V th homotopy
groups with jV j D 0;�1 are the only groups we need to describe. Note that when V is orientable with
jV j D 0, this is discussed in Proposition 2.23.

5A1 HM G
V

for nonorientable V with jV j D 0 We first describe HM G
V

for nonorientable V with
jV j D 0.

Proposition 5.1 We have that
HM G

1�˛ D ker.trG
G0/ and

HM G
n�n˛ D �1

M.G0/ for odd n> 1, where �1 D 1C 
 (see Definition 2.2).

Proof This directly follows from Theorem 2.6.
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Notation Let V D
P

1�i�k ai�i be an actual orientable representation (recall that �1D 2˛). Recall also
that elements uW , uW 0 commute for irreducible (thus general) orientable W and W 0 (see Proposition 2.29).
We will write

uV WD u
c1

�1
u

c2

�2
: : :u

ck

�k
2HAG

jV j�V :

Note that uV WHM G
0
!HM G

jV j�V
ŠM.GV /

G is the restriction resG
GV

.

Proposition 5.2 Let V D1�˛CjV 0j�V 0 be a nonorientable representation with V 0D
P

1�i�k ai�i¤0.
Then

(1) HM G
V
D �1

M.GV 0/,

(2) multiplication uV 0 WHM G
1�˛
Š ker.trG

G0
/!HM G

V
Š �1

M.GV 0/ is the restriction map resG0

GV
.

Note that in point (2) the image of resG0

GV
always lies in the codomain when restricted to the domain, by

the double-coset formula.

Proof (1) This follows from Theorem 2.6.

(2) Let v WS1!S˛^HM be a representative of an element in HM G
1�˛

. Then consider the commutative
diagram

S jV
0j S˛�1 ^S jV

0j ^HM S˛�1 ^SV 0 ^HM

S˛�1 ^G=G0
V C
^S jV

0j ^HM

v^id id^uV 0

The diagonal map displays the restriction of the class in HM G
1�˛

to HM
GV 0

1�˛
ŠHM

GV 0

0
DM.GV 0/, and

the vertical map is the inclusion of �1
M.GV 0/ in M.GV 0/ when taking �G

jV 0j
.�/.

The restriction map res.1� ˛/G
G0

V

is induced by the restriction in the Mackey functor M. This can be
seen as follows. Let v W S1! S˛ ^HM be a representative of a class in HM G

1�˛
. Then its restriction to

HM
GV 0

1�˛
is given by the composite

G=GV 0C ^S1�˛
! S1�˛

!HM :

Note that G=GV 0C ^S1�˛ ŠG=GV 0C by the shearing isomorphism. Thus restriction of v gives a class
in M.GV 0/, as expected.

Therefore since the diagonal map is induced by resG
GV 0

and the vertical map is an inclusion, the multipli-
cation by uV has to be the restriction.

5A2 HM G
V

for V with jV j D �1 Now we will compute the entries in the positive cone graded over
V with jV j D �1. We first observe that if V has jV j D �1, then there exists a unique orientable G-
representation U with U GD0 such that V DjU j�U�1 or jU j�U�˛ depending on the orientability of V.
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Proposition 5.3 Let U D
Pj

iD1
ai�i ; ai � 0 and aj ¤ 0. Let W D U ��j and s be the biggest integer

such that �s appears in W with nonzero coefficient. Then

HM G
jU j�1�U D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

�j
M.GU /

.1�
 /M.GU /
if aj � 2;

ker.�s trGW

GU
/

.1�
 /M.GU /
if aj D 1 and W ¤ 0;

ker.trG
GU
/

.1�
 /M.GU /
if aj D 1 and W D 0:

and

HM G
jU j�˛�U D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

�j
M.GU /

.1C
 /M.GU /
if aj � 2;

ker.�s trGW

GU
/

.1C
 /M.GU /
if aj D 1 and W ¤ 0;

ker.�1 trG0

GU
/

.1C
 /M.GU /
if aj D 1 and W D 0:

Proof This follows directly from Theorem 2.6.

In the next two subsections, we will use the theory described above to derive the positive cones of the
most important Eilenberg–MacLane spectra HZ and HA over C2k . Note that the whole RO.G/-graded
homotopy of HF2, in particular the positive cone, is determined by the second author [23].

5B The constant Mackey functor Z

In this subsection we will describe the structure of the positive cone of HZ. Recall the Mackey functor
Z is given by Z.H /D Z for H �G. Using transitivity, the restrictions and transfers are determined by
resH

K
D 1 and trH

K
D 2 when ŒH WK�D 2. Since Z is actually a Green functor, the positive cone of HZ

has a ring structure. The reader can compare the following result with [12].

Theorem 5.4 Let G D C2k , k � 1. Then we have

HZG
pos D

Z
�
a˛; fa�i

j 2� i � kg; fu�i
j 1� i � kg

�
2a˛; f2ia�i

j 2� i � kg; f2i�j a�i
u�j � a�j u�i

j 1� j < i � kg
:

Proof The result is true for k D 1 by [3; 8; 25]. It is true for k D 2 by [24]. Assume it is true for k � 1.
For G D C2k , the relations can be readily deduced from Propositions 2.19 and 3.16. We are left to show
that we have the additive splitting

(6) HZG
pos D ZŒa�k

�Œa˛; : : : ; a�k�1
;u2˛; : : : ;u�k�1

�=f2ka�k
; relations for C2k�1g

˚Zhui
�k
ii�1Œa�k

�Œu2˛; : : : ;u�k�1
�h1; a˛i=f2a˛; 2

ka�k
g:
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For the notation, see the introduction (Section 1A). Let V be in the positive cone. Then we get nontrivial
classes only when jV j � 0, since a n-dimensional G-CW complex cannot have .nC1/-dimensional
homology. By Corollary 2.16 and the induction assumption, we get the classes

(7) ZŒa˛; : : : ; a�k�1
;u2˛; : : : ;u�k�1

�=frelations for C2k�1g

when V does not contain any copies of �k . Write V D V ]C ak�k , where V ] does not contain �k . Note
ak � 0 since V is in the positive cone. We use HZG

pos]
to denote the subring of the first summand in (6)

with a�k
having 0th power. That is, pos] is the direct sum of all representations in the positive cone

without any copy of �k .

If jV ]j � 0, then HZG
pos]

is known as in (7), and Propositions 3.9 and 3.7 gives us the first direct summand
of (6), since multiplication by a�k

will either be an isomorphism or a surjection. If jV ]j> 0, let c be the
unique integer such that jV � c�k j D 0 or �1 depending on whether jV j is even or odd. Let d D ak � c,
then we have V D V ] � c�k � d�k . Write W D V ] � c�k . We will show that the groups HZG

V
with

jV ]j> 0 consist of precisely the second summand in (6).

By Proposition 2.23 and an easy generalization of Proposition 2.29, we know the elements u�i
generate a

subring ZŒfu�i
j 1 � i � kg� which gives us the groups HZG

W
D 0 with jW j D 0, since HZn�n˛ D 0

for odd n by Proposition 5.1. Multiplying by powers of a�k
gives us all the classes in the gradings with

jV ]j> 0 and jW j D 0 by Propositions 3.9 and 3.7.

By Proposition 5.3, for U an actual G-representation, we have that

HZG
jU j�U�1 D 0 and HZG

jU j�U�˛ D Z=2:

We look at the following exact sequence:

HZG0

jU j�U
HZG

jU j�U
HZG

jU j�U�˛
HZG0

jU j�U�1
:

trG
G0 a˛

Since trG
G0
D 2, we see a˛ is the projection Z!Z=2, and we obtain the classes Z=2Œfu�i

j 1� i �kg�ha˛i.
Multiplying by powers of a�k

gives us all the classes in gradings with jV ]j > 0 and jW j D �1 by
Propositions 3.9 and 3.7.

5C Burnside Mackey functor A

In this subsection we will describe the structure of the positive cone for HA, where A is the Burnside
Mackey functor (actually a Green functor). Recall that for a general finite group G, the Burnside Green
functor for H �G is given by

A.H /D the Grothendieck ring on isomorphism classes of finite H -sets;

where the addition is disjoint union and product is the Cartesian product. In particular, it has a free Z-basis
given by the isomorphism classes of H=L, L�H . We will use ŒH=L� to denote the isomorphism class
of H=L. For K � H � G, resH

K
is given by restricting the H -action to a K-action, and trH

K
is given

by H �K .�/.
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Fix G D C2k and consider A.C2k /. The Z-basis will be denoted by !.k/j , where !.k/j is the class
corresponding to the isomorphism class ŒC2k=C2k�j �. In particular, !.k/

k
corresponds to the free G-set

and !.k/
0

is the unity of the ring. Similarly we define !.k/j for subgroups of G.

The restrictions are explicitly given by

res
C

2i

C
2i�1

.!.i/j /D

�
2!.i�1/

j�1
if 1� j � i;

!.i�1/
0

if j D 0:

The transfers are given by

tr
C

2i

C
2i�1

.!.i�1/
j /D !.i/jC1

for 0� j � i � 1.

By Proposition 2.23 and the fact that Weyl actions in A are trivial, we have

HA2��j .H /D

�
A.C2k�j / if C2k�j �H;

A.H / otherwise:

It is the constant Mackey functor with value A.C2k�j / from the G=G-level to the G=C2k�j -level. At the
G=C2k�j -level and below, it is the Burnside Mackey functor for the group C2k�j .

At the C2k�j -level, we have the actual products !.k�j/
i �u�j for 0� i � k � j and they form a Z-basis

of HA2��j .G=C2k�j /. Since resG
C

2k�j
D 1 in this degree, we denote the lifts of these classes to the

G=G-level by Œ!.k�j/
i u�j �, since they are not actual products anymore.

For a general orientable V D †
j
iD1

ai�i with aj ¤ 0, the group HAG
jV j�V

has a Z-basis Œ!.k�j/
i uV �,

0� i � k � j .

Theorem 5.5 Let G D C2k . We have

HAG
pos DA.G/

�
a˛; fa�i

j 2� i � kg; fŒ!.k�j/
i u�j � j 1� j � k; 0� i � k � j g

�
=S;

where S is the set of relations consisting of the following:

(1) For all 1� j � k we have that !.k/j a˛ D 0.

(2) For all 2� i � j � k we have that !.k/j a�i
D 0.

(3) For all 1� j1 � j2 � k and 0� i1 � k � j1, 0� i2 � k � j2, we have that

Œ!.k�j1/
i1

u�j1
� � Œ!.k�j2/

i2
u�j2

�D

8̂<̂
:

2i1 Œ!.k�j2/
i2

u�j2
�u�j1

if i1C j1 � j2;

2j2�j1Ci1 Œ!.k�j2/
i2

u�j2
�u�j1

if j2 � i1C j1 � i2C j2;

2j2�j1Ci2 Œ!.k�j2/
i1Cj1�j2

u�j2
�u�j1

if i1C j1 > i2C j2:

In particular , we have that for all 1� l � j � k,

u�l
� Œ!.k�j/

i u�j �D Œ!
.k�j/
i u�l

u�j �:
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(4) For all 1� i; j � k, we have that

!.k/i1
� Œ!.k�j/

i2
u�i
�D

8̂̂̂<̂
ˆ̂:

2i1Ci2 Œ!.k�j/
k�j�i1

u�i
� if i1 � j ; and i1 � k � j � i2;

2k�j Œ!.k�j/
i2

u�i
� if i1 � j ; and i1 > k � j � i2;

2jCi2 Œ!.k�j/
k�j�i1

u�i
� if i1 > j ; and i1 � k � j � i2;

2k�i1 Œ!.k�j/
i2

u�i
� if i1 > j ; and i1 > k � j � i2:

(5) For all 1� j < i � k we have that a�i
Œ!.k�j/

i�j u�j �D a�j u�i
.

Proof The case when k D 1 is shown in [21]. Assume the result is true for k � 1. We use the same
notation V D V ]� ak�k and W D V ]� c�k when jV ]j> 0 as in Theorem 5.4.

We first deduce the relations. Since A is a Green functor, we have the Frobenius relation: for any
a 2HAV .K/ and b 2HAW .H /,

trH
K .a/ � b D trH

K .a � resH
K .b//:

The relations .1/ and .2/ are direct consequences of the Frobenius relation. Relation .5/ follows
from the gold relation in Proposition 3.16. More precisely, we have G�i

D C2k�i , G�j D C2k�j

and tr
C

2k�j

C
2k�i

.1/D !.k�j/
i�j .

For .3/, we look at the following diagram coming from the pairing HA2��j1
�HA2��j2

�
�!HA4��j1��j2

:

A.C2k�j1 /˝A.C2k�j2 /
�
//

1˝1

��

A.C2k�j2 /

1

��

A.C2k�j1 /˝A.C2k�j2 /
�
//

res
C

2
k�j1

C
2

k�j2

˝1

��

A.C2k�j2 /

1

��

A.C2k�j2 /˝A.C2k�j2 /
�
// A.C2k�j2 /

Since the target has restrictions given by 1 above G=C2k�j2 -level by Proposition 2.23, to understand the
product on the G=G-level, it suffices to restrict it to the G=C2k�j2 -level. We notice

res
C

2
k�j1

C
2

k�j2

.!.k�j1/
i1

/D

�
2i1 if i1C j1 � j2;

2j2�j1!.k�j2/
i1Cj1�j2

if i1C j1 > j2:

Together with

!.k�j2/
i1Cj1�j2

�!.k�j2/
i2

D

�
2i2!.k�j2/

i1Cj1�j2
if i1C j1 > i2C j2;

2i1!.k�j2/
i2

if i1C j1 � i2C j2;

we deduce that

resG
C

2
k�i2

.Œ!.k�j1/
i1

u�j1
� � Œ!.k�j2/

i2
u�j2

�/D

8̂<̂
:

2i1!.k�j2/
i2

u�j1
u�j2

if i1C j1 � j2;

2j2�j1Ci1!.k�j2/
i2

u�j1
u�j2

if j2 � i1C j1 � i2C j2;

2j2�j1Ci2!.k�j2/
i1Cj1�j2

u�j1
u�j2

if i1C j1 > i2C j2:
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Since resG
C

2
k�i2

D 1 in HA4��1��2
, relation .3/ follows. Note that since G�j2

�G�j1
,

Œ!.k�j2/
i2

u�j1
u�j2

�D Œ!.k�j2/
i2

u�j2
�u�j1

by Proposition 2.29. For relation .4/, we use the pairing HA0�HA2��i

�
!HA2��i

and the argument
is similar to the that of .3/.

Using the gold relation (see Proposition 3.16), to prove the structure of HAG
pos, we are left to show that

we have the additive splitting

(8) HAG
pos D

A.G/Œa�k
�
�
a˛; fa�i

j2� i � k � 1g; fŒ!.k�j/
i u�j � j 1� j � k � 1; 0� i � k � j g

�
zS

˚
A.G/hui

�k
ii�1Œa�k

�
�
fŒ!.k�j/

i u�j � j 1� j � k � 1; 0� i � k � j g
�
h1; a˛i

2a˛
:

The relations in zS consists of the relations .1/; .2/, as well as the relations .3/; .4/; .5/ where only the
elements ui with i ¤ k are involved. The proof of the second summand in (8), which corresponds to the
gradings with jV ]j> 0, is completely analogous to the case of HZ. We only need to consider the first
summand in (8), which correspond to jV ]j � 0.

Note that

(9) .AG/
]C2 ŠAG0 ˚Z�G0 ;

where MH is to indicate that M is the relevant H -equivariant Mackey functor. Z� is the levelwise dual
of Z generated by the free sets, ie Z�.C2i / D Zh!.i/

0
i and resH

K
D 2 and trH

K
D 1 when ŒH W K� D 2.

Under the splitting, !.k�j/
i 2A.G/ with 0� i < k � j on the left correspond to !.k�j�1/

i 2A.G0/ on
the right.

Thus we have the splitting of G0-equivariant spectra

.HAG/
C2 'HAG0 _HZ�G0 :

We consider the subring HAG
pos]

of the first summand in (8), where pos] are all representations of the
positive cone without any copy of a�k

. It corresponds to the classes with a�k
having 0th power and

additively decomposes as

(10) HAG
pos] Š .HAG0/

G0

pos˚ .HZ�G0/
G0

pos

via Corollary 2.16, with

.HAG0/
G0

pos D
A.G0/

�
a˛; fa�i

j 2� i � k � 1g; fŒ!.k�1�j/
i u�j � j 1� j � k � 1; 0� i � k � j g

�
S 0

by induction. Here S 0 is the set of relations for the group G0. We notice that, via the identification (10),
the difference between this ring and HAG

pos]
consists of the groups

Z
˝˚
Œ!.k�j/

k�j uU � j U D†
j
iD1

ai�j with aj ¤ 0; 1� j � k � 1
	˛
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since !.k/
k

kills any Euler class by the Frobenius relation. These groups comes from .HZ�
G0
/G
0

pos via
Proposition 2.23. Taking into account the particular case of relation (3), we get a surjective ring map

A.G/
�
a˛; fa�i

j 2� i � kg; fŒ!.k�j/
i u�j � j 1� j � k; 0� i � k � j g

�
�HAG

pos;

and the relation set S is proved above.

Remark 5.6 As mentioned in Section 2A, this result essentially contains the odd primary result since we
are working locally. Let p be an odd prime, and G D Cpn . Recall the convention that �1 D 2˛, p-locally,
the positive cone in this case would be

HAG
pos DA.G/

�
fa�i
j 1� i � kg; fŒ!.k�j/

i u�j � j 1� j � k; 0� i � k � j g
� ı

S;

In the definition of !.k/j and in the relations (1)–(5), 2 should be changed to p.

6 The negative cone of HM for arbitrary M

In this section we determine the structure of the negative cone HM G
neg of HM G

? , which is the subgroup
indexed by V 2 RO.G/ such that ai � 0 for 1 � i � k. As an example, we completely compute the
negative cone of HZ.

6A Structure of the negative cone for arbitrary M

The homotopy groups with jV j � �1 in the negative cone are 0 since an n-dimensional CW-complex
does not have nC1-dimensional cohomology. As a consequence, we only need to care about the V th

homotopy groups where jV j D 0; 1.

6A1 HM G
V

for orientable V with jV j D 0

Proposition 6.1 Let V be an orientable (not necessarily irreducible) G-representation. Then HM G
V�jV j

Š

M.GV /=G. For the Mackey functor structure , we have

HM V�jV j.H /D

�
M.GV /=H if GV �H;

M.H / otherwise:

For K �H �GV , the maps resH
K
; trH

K
are induced from that of M. If GV �K �H , then trH

K
is induced

by the canonical projection , and resH
K

is given by res
C

2i

C
2i�1

.x/D .1C
 2k�i

/ �x and transitivity. Moreover ,
the map uV WM.GV /=G ŠHM G

V�jV j
!HM G

0
DM.G/ is induced by trG

GV
.

Proof The proof is dual to that of Proposition 2.23.
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6A2 HM G
V

for nonorientable V with jV j D 0

Proposition 6.2 (1) The Mackey functor structure of HM G
˛�1

is given by

HM ˛�1.H /D

(
M.G0/=Im.resG

G0
/ if H DG;

AM.H / otherwise:

The map trG
G0

is the canonical projection , and resG
G0
.x/D .1� 
 / �x. Transfers and restrictions on

other levels are induced from that of M.

(2) The Mackey functor structure of HM G
n˛�n for odd n> 1 is given by

HM n˛�n.H /D

(
M.G0/=�1 �M.G0/ if H DG;

AM.H / otherwise:

The map trG
G0

is the canonical projection , and resG
G0
.x/D .1� 
 / �x. Transfers and restrictions on

other levels are induced from that of M.

Proof We first note that since resG
G0
˛ D 1, we have HM n˛�n.H /ŠM.H / for H �G0. Now for each

H �G0, the Weyl action on HM H
n .S

n˛/ comes from the action on Sn˛ (sign action for n odd) as well
as the action on M.H /. We have that there is an isomorphism

HM n˛�n#
G
G0 Š

zZ˝ .HM 0#
G
G0/Š

zZ˝ .M#G
G0/ (levelwise tensoring).

For the Mackey functor structure between the levels G and G0, our proof works for both nD 1 and odd
n> 1, so we will assume nD 1. Replacing the top differential by �1 in the cellular cochain complex from
Theorem 2.6 provides the proof for odd n> 1. The sphere S˛ fits into the cofiber sequence

G=G0C �!G=GC! S˛:

Its cellular cochain complex with coefficient in M is

0!M.G/
resG

G0

���!M.G0/

with differential induced from the folding map r WG=G0!G=G. To deduce the Mackey functor structure,
we have to apply G=G0 � � to this map and consider the following commutative diagram, where the
vertical arrows induce the restrictions and transfers in the Mackey functor structures:

G=G �G=G G=G �G=G0
1�r
oo M.G/

resG
G0

��

resG
G0

// M.G0/

�
��

G=G0 �G=G

r�1

OO

G=G0 �G=G0
1�r
oo

r�1

OO

M.G0/
.1;
 /

// M.G0/˚M.G0/

Here we made the identification

G=G0 �G=G0 ŠG=G0.e;e/qG=G0.
;1/;
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and the vertical maps correspond to the restriction C �
G
.S˛IM /! C �

G0
.i�

G0
S˛IM /. In the right square,

the map � is the diagonal, and .1; 
 /.x/D .x; 
x/. For any x 2M.G0/ from the top right corner,

�.x/D .x;x/D .x; 0/C .0;x/D .0;�
x/C .0;x/D .0; .1� 
 /x/

modulo the image of .1; 
 /. From the construction of  1 in the proof of Theorem 2.6, we deduce that
in HM ˛�1, we have resG

G0
.x/D .1� 
 / � x. Note that the G-module structure on HM G0

˛�1
is actually

zZ˝M.G0/. By the double-coset formula, we deduce trG
G0
D 1.

Proposition 6.3 We have that

HM G
˛�1 D coker.resG

G0/ and HM G
n˛�n DM.G0/=�1 �M.G0/

for odd n> 1.

Proof This follows directly from Theorem 2.6.

Proposition 6.4 Let V D˛�1CV 0�jV 0j be a nonorientable representation with V 0D
P

1�i�k ci�i¤ 0.
Then

(1) HM G
V
D

M.GV /

�1M.GV /
,

(2) multiplication uV 0 WHM G
V
Š

M.GV /

�1M.GV /
!HM G

˛�1
Š coker.resG

G0
/ is the transfer map trG0

GV
.

Proof The proof is dual to that of Proposition 5.2.

6A3 HM G
V

for V with jV j D 1

Proposition 6.5 Let U D
Pj

iD1
ai�i , ai � 0 and aj ¤ 0. Let W D U ��j and s be the biggest integer

such that �s appears in W with nonzero coefficient. Then

HM G
U�jU jC1 D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

M.GU /
G

�j
M.GU /

if aj � 2;

M.GU /
G

Im.�s resGW

GU
/

if aj D 1 and W ¤ 0;

M.GU /
G

Im.resG
GU
/

if aj D 1 and W D 0;

and

HM G
U�jU jC˛ D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

�1
M.GU /

�j
M.GU /

if aj � 2;

�1
M.GU /

Im.�s resGW

GU
/

if aj D 1 and W ¤ 0;

�1
M.GU /

Im.�1 resG0

GU
/

if aj D 1 and W D 0:

Proof This follows directly from Theorem 2.6.
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6B The constant Mackey functor Z

In the following theorem we compute the negative cone of HZ. The notation comes from the previous
computations via Tate squares in [24; 23; 25]. For the methods to deduce the entire Mackey functor
structure, we refer the reader to [24, Section 6]. Briefly speaking, by induction, we are only concerned
with trG

G0
and resG

G0
, which can be deduced from a˛ multiplications by a trick of Hill, Hopkins and Ravenel

[13, Lemma 4.2].

Theorem 6.6 Let G D C2k , k � 1, then HZG
neg can be written as the direct sum of the following

3k � 1C 1
2
k.k � 1/ summands. (For simplicity, all indices i; j have range � 1.)

(1) The torsion-free part (k summands):

Zh2u�i
2˛i˚ZŒu�1

2˛ �h4u�i
�2
i˚ZŒu�1

�2
;u�1

2˛ �h8u�i
�3
i˚ � � �˚ZŒu�1

�k�1
; : : : ;u�1

2˛ �h2
ku�i
�k
i:

(2) The 2-torsion part (involving a˛, k summands):

Z=2Œu�1
2˛ �Œa

�1
˛ ; a�1

�2
; : : : ; a�1

�k
�h†�1a�1

˛ u�1
2˛ i˚Z=2Œu�1

�2
�Œa�1
�3
; : : : ; a�1

�k
�h†�1a�i

�2
u
�j
2˛
iha˛i

˚Z=2Œu�1
�2
;u�1
�3
�Œa�1
�4
; : : : ; a�1

�k
�h†�1a�i

�3
u
�j
2˛
iha˛i

˚ � � �˚Z=2Œu�1
�2
; : : : ;u�1

�k
�h†�1a�i

�k
u
�j
2˛
iha˛iI

and (not involving a˛, k � 1 summands):

Z=2Œa�1
�3
; : : : ; a�1

�k
�h†�1a�i

�2
u
�j
2˛
i˚Z=2Œa�1

�4
; : : : ; a�1

�k
�h†�1a�i

�3
u
�j
2˛
i˚ � � �˚Z=2h†�1a�i

�k
u
�j
2˛
i:

(3) For a fixed s where 2� s � k, the 2s-torsion part (k � sC 1 summands):

Z=2s Œu�1
2˛ ; : : : ;u

�1
�s�1

�Œa�1
�sC1

; : : : ; a�1
�k
�h†�1a�i

�s
u
�j

�s
i

˚Z=2s Œu�1
2˛ ; : : : ;u

�1
�s�1

�Œa�1
�sC2

; : : : ; a�1
�k
�h†�1a�i

�sC1
u
�j

�s
i

˚ � � �˚Z=2s Œu�1
2˛ ; : : : ;u

�1
�s�1

�h†�1a�i
�k

u
�j

�s
i:

Proof The theorem is true for k D 1 by [3; 8; 25]. It is true for k D 2 by [24]. Assume it is true for k�1.
Note that since Z is a constant Mackey functor, for any H � G, we have that .HZG/

H D HZG=H ,
where we use HZK to emphasize the K-equivariant HZ. When V 2RO.G/ does not contain any copy
of �k , by Corollary 2.16, we get an isomorphism which we will denote by

"� WHZ
C

2k�1

V
Š�!HZG

V :

Here, for simplicity, we used V for both the C2k�1 and the C2k -representation. Under this map, we have
"�.a�i

/D a�i
and "�.u�i

/D u�i
.

Write V D V ]Cak�k and note that ak � 0 since we are in the negative cone. There are several different
cases to consider.

When jV ]j � 1, then by Proposition 3.7, classes in HZG
V ]

are all infinitely a�k
-divisible. For torsion

classes in degrees with jV ]j D 0, by induction, we know they are all infinitely divisible by a�k�1
. Since

resG
e .a�k�1

/D 0, these classes restrict to 0 under resG
e . By Proposition 3.9, they are divisible by a�k

.
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They are actually infinitely divisible by a�k
, since for any x 2 HZG

V
with jV ]j D 0, a�1

�k
x is in total

degree � 2, thus infinitely a�k
-divisible. As a result, we deduce that the torsion classes in HZG

V
with

jV ]j � 0 are "�HZ
C

2k�1

V
Œa�1
�k
�.

For torsion-free classes in HZG
V

with jV ]j � 0, we know that HZG
V ]

consist of all the “negative powers”
of the u�i

’s as in part (1), with no u�k
involved. By induction, we know that the Mackey functors they

generate have Z in each level, with resH
K

equal to 1 or 2 when ŒH WK�D 2. Thus restrictions are injective
on these classes and they are not divisible by a�k

.

If jV ]j< 0, then let c be the unique positive integer such that the total degree of W D V ]C c�k equals 0

or 1 depending on whether jV ]j is even or odd. Let dk D ak � c, so that we have V DW C dk�k .

If jW j D 0 and orientable, we get the torsion-free classes

ZŒu�1
�k�1

; : : : ;u�1
2˛ �h2

ku�i
�k
i

by Proposition 6.1. They are not a�k
-divisible as before. This completes the inductive proof of part (1). If

jW j D 0 and nonorientable, we get the classes

Z=2Œu�1
�2
; : : : ;u�1

�k
�h†�1a�1

�k
u�i

2˛iha˛i

by Proposition 6.4. We will justify their names later. Since HZe
W
D Z, the restrictions of these classes

to the trivial subgroup are 0, thus they are infinitely divisible by a�k
. This finishes the inductive proof of

the classes in part .2/ involving a˛.

Now we consider the gradings with jW j D 1. By Proposition 6.5, we have HZG
U�jU jC˛

D 0 for any
orientable U. Thus we only need to look at the groups HZG

W
with W D U � jU jC 1. From the cofiber

sequence
G=G0C �! S0 a˛

�! S˛;

we can derive long exact sequences for some orientable G-representation U

(�) � � �!HZG0

UC2�jU j!HZG
UC˛C1�jU j

a˛
�!HZG

U�jU jC1

resG
G0

���!HZG0

U�jU jC1

trG
G0

��!HZG
U�jU jC˛!� � �;

and

(��) � � � !HZG0

UC1�jU j!HZG
UC1�jU j

a˛
�!HZG

U�jU jC1�˛

resG
G0

���!HZG0

U�jU j

trG
G0

��!HZG
U�jU j! � � � :

We focus on the groups HZG
U�jU jC1

and HZG
U�jU jC1�˛

in the middle.

In the sequence (�), the first group is 0 by Theorem 2.6, since in the cellular cochain of SU , d jU�2j D 2i

for some i and Z is torsion-free. The last group is 0 by Proposition 6.5. The group HZG
UC˛C1�jU j

DZ=2

since in the cellular cochain of SUC˛, d jU j�1 D �i for some i which is 0, and d jU j�2 D 1C 
 D 2.
Since each group is cyclic, as can be seen easily from the cellular cochain, we know the sequence (�) is
always of the form

(11) 0 Z=2 Z=2i Z=2i�1 0
a˛ resG

G0
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for 1� i � k. More concretely, from the cellular cochain, we have

HM G
W D

8<:
Z=2k if c � 2;

Z=2i if c D 1 and �max.V
]/D �i ;

0 if c D 1 and V ] D jV ]j:

Thus all the 2i�1-torsion groups in HZG0

V
with jW j � 1 lift to HZG

V
and become 2i-torsion, when i � 2.

For example, we look at the 4-torsion classes in HZG
V

for V in the negative cone. There are two sources
of these classes. One is from the quotient group C2k�1 through "� when we already have jV ]j � 0.
Another is from the subgroup G0 lifted via resG

G0
, when jV ]j< 0 but jW j D 1. By induction, we have the

4-torsion classes in HZG0

neg (k � 2 summands),

Z=4Œu�1
2˛ �Œa

�1
�3
; : : : ; a�1

�k�1
�h†�1a�i

�2
u
�j

�2
i˚Z=4Œu�1

2˛ �Œa
�1
�4
; : : : ; a�1

�k�1
�h†�1a�i

�3
u
�j

�2
i

˚ � � �˚Z=4Œu�1
2˛ �h†

�1a�i
�k�1

u
�j

�2
i:

They give rise to classes in HZG
neg via "�, and we should join Œa�1

�k
� since they are infinitely a�k

-divisible.
These are the first k � 2 summands of the 4-torsion classes in part .3/ for C2k . The last summand of the
4-torsion classes are lifted via resG

G0
from the classes

Z=2h†�1a�i
�k�1

u
�j
2˛
i

in HZG0

neg. These classes lifts to
Z=4Œu�1

2˛ �h†
�1a�i

�k
u
�j

�2
i:

Notice that we added Œu�1
2˛
� since resG

G0
.u2˛/ is a unit. The 2s-torsion classes for 2� s � k are proved

the same way, and we finished the inductive proof of part .3/.

We are left with the proof of the 2-torsion classes that does not involve a˛. The first k � 2 summands
come from "� followed by a�k

-divisibility. The last summand

Z=2h†�1a�i
�k

u
�j
2˛
i

comes for the sequence (11) when i D 1. From the cellular cochain, we know in the case of jV ]j< 0 and
jW j D 1, HZG

W
DZ=2 only if W D�Ca1�1C�k ; a1¤ 0. In these case, these groups are generated by

Z=2h†�1a�1
�k

u
�j
2˛
i:

Since they are a�k
-divisible, we will finish the proof once we justify the notation.

As in [24], the classes
Z=2Œu�1

2˛ �htr
C

2k

C
2k�1

.e3˛/a
�1
�k
i

can be also written as
Z=2h†�1a�1

˛ a�1
�k

u�i
2˛i:

The exact sequence (�) tells us

Z=2h†�1a�1
˛ a�1

�k
u�i

2˛i � a˛ D Z=2h†�1a�1
�k

u�i
2˛i

since HZG0

U�jU jC1
D 0. To justify the names of the classes

Z=2Œu�1
�2
; : : : ;u�1

�k
�h†�1a�1

�k
u�i

2˛iha˛i
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we look at the exact sequence (��). We get

Z=2h†�1a�1
�k

u�i
2˛i � a˛ D Z=2h†�1a�1

�k
u�i

2˛iha˛i:

This is because in the degrees U � jU j, transfers are either 1 or 2, and ker.tr.U � jU j/G
G0
/D 0.

Remark 6.7 The result has been verified additively by Anderson duality used in [25]. We have IZ.HZ/'

†2��k HZ. Anderson duality gives the short exact sequence of abelian groups

0! Ext1.HZG
?�1;Z/!HZG

�k�2�?! HomAb.HZG
? ;Z/! 0:

Torsion and torsion-free classes in HZG
neg will dualize to HZG

pos (sometimes outside the positive cone)
via Ext1.�;Z/ and HomAb.�;Z/, respectively. By an abuse of notation, we denote this duality by D.
For example, we have the dualities

D.2ku�1
�k
/D 1;

D.2iu�1
�i
/D 2k�iu�i

u�1
�k
;

D.†�1a�1
�i

u�1
2˛ /D a2

˛a�i
a�1
�k
;

D.†�1a˛a�1
�i

u�1
2˛ /D a˛a�i

a�1
�k
;

D.†�1a�1
�k

u�1
�k
/D a�k

;

D.†�1a�1
�t

u�1
�s
/D a�t

a�s
a�1
�k

.t � s � 2/:

The divisibility relations between the Euler and orientation classes on the right hand sides of the equations
can be seen by cellular computations. See for example [12].
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