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We study the structure of the RO(G)-graded homotopy Mackey functors of any Eilenberg—MacLane
spectrum HM for G a cyclic p-group. When R is a Green functor, we define orientation classes uy
for HR and deduce a generalized gold relation. We deduce the ay, uy-isomorphism regions of the
RO(G)-graded homotopy Mackey functors and prove two induction theorems. As applications, we
compute the positive cone of HA, as well as the positive and negative cones of HZ. The latter two cones
are essential to the slice spectral sequences of MU (€27) and its variants.
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1 Introduction

Let G be a finite group. In G-equivariant topology the role of ordinary cohomology is played by Bredon
cohomology. These theories are easy to define, but making computations in them is more complicated
than in their nonequivariant analogues. This comes mainly from two reasons. Firstly, Bredon theories
take coefficients in diagrams of abelian groups, indexed over subgroups of G. Secondly, rather than
graded over integers, Bredon theories are naturally graded over the ring of representations of G — they
are RO(G)-graded.

These two reasons are connected. As shown in [16], a Z-graded Bredon theory extends to RO(G)-graded
theory if and only if the coefficients are in the form of a Mackey functor. As in nonequivariant topology,
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2934 Igor Sikora and Guoqi Yan

a Bredon theory with coefficients in a Mackey functor M is represented by the Eilenberg—MacLane
spectrum HM. Spectra of this form are ubiquitous in equivariant homotopy theory.

For instance, in the groundbreaking work of Hill, Hopkins and Ravenel [11] on the Kervaire invariant one

problem, the authors studied the Cg-equivariant spectrum MU @) = g 8 MUR, where N, CC 8 is usually
2 Cs 2

1908

Q = (D~ MU (C)Cs gatisfies the periodicity, gap and detection theorems, which makes it a powerful

referred to as the HHR norm functor. With a suitably chosen class D € w5 MUR, the spectrum
tool in detecting the Kervaire invariant one elements in the stable stems. The gap theorem is deduced
from a Bredon cohomology computation,

HG(S™24: 2).
Hahn and Shi [10], showed that at the prime 2, all of the Morava E-theories receive real-orientations
MUgr — E,

which lifts to G-equivariant maps NCG2 MUr — E,, where G is any finite subgroup of the Morava
stabilizer group that contains C,. With a suitably chosen class D € n*Gp - NCG2 MUR, this orientation
admits a factorization
NE MUp —— E,
C> z

’e
7
e
e
e

—1A7G
DT'NE MU

which turns the computations in chromatic homotopy theory to computations of the two equivariant
spectra on the left. The main tool for the equivariant computations is the slice spectral sequence first
invented by Dugger [3] and utilized to a great extent by Hill, Hopkins and Ravenel [11].

By the slice theorem of [11], the slices of MU (€D are of the forms
HZACy p Ag S™PH, e # HCCyu, m=0.

The trick of Hill, Hopkins and Ravenel [13, Corollary 10.4] can be used to prove that the slices of
DN CG2 MUy are again of the above form, except that in this case, we allow m to be negative integers.
Thus the inputs of the RO(G)-graded slice spectral sequences of the periodic D~ MU (€D a5 well as
the periodic versions of quotients of MU (G gre given by the positive and negative cones of the RO(G)-
graded homotopy groups of HZ, ie the areas corresponding to homology and cohomology of actual
representation spheres. Since the multiplicative structure of the slice spectral sequence is indispensable
in determining the differentials, and the two kinds of most important classes, the Euler and orientation
classes, are not in regular-representation-graded homotopy, knowing the entire positive cone and negative
cone structure is essential even for computing the Z-graded homotopy groups of D~! MU (Cor )

The main goal of this paper is determining the structure of HM ¢ when G is a cyclic group of a prime
power order. As applications, we utilize our structural theorems to determine the positive and negative
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cone of HZ, as well as the positive cone of HA. By working p-locally, it suffices to concentrate on the
prime 2 as we will explain in Section 2. So for the rest of the introduction, G = Cyk.

Cellular chains for representation spheres

One of the tools we use for the calculations of RO(G)-graded abelian group structure are the cellular
chain and cochain complexes of representation spheres. We give explicit descriptions of differentials in
these complexes for any representation V' and coefficients M in Theorem 2.6, which can be summarized
as follows:

Theorem Let G = Cy«, the cellular chain CSG(SY; M) and cochain CE (S'; M) for the representation
sphere SV are completely determined for any G -Mackey functor M and follow from its structure.

This theorem is a wide extension of the result in Section 3 of [13], which computed these differentials for
the constant Mackey functor Z. Having this description we can compute two important entries: HM |y |_yp
for V orientable and HM _y,. The first one is equal to the top homology group of S¥ and is computed in
Proposition 2.23:

Proposition The Mackey functor structure of HM ||y is given as

M(Gy)? ifGy C H,
M(H) otherwise.
The structure maps are induced from M and from the fixed point Mackey functor of the G-module M(Gy).

HM y\—y(H) = {

An analogous computation for nonorientable V is given in Propositions 5.1 and 5.2. As noted above,
we also compute HM _y-, which is equal to the bottom homology group of the S”. This is done in
Proposition 2.19.

a) -periodicity

Let S° — SV be the inclusion and denote the corresponding class in n_GV(S %) by ay, as well as its
Hurewicz image in HI_(?V for any Green functor R. For G = C,«, denote by A its faithful irreducible
representation. Then multiplication by a; in HM ¢ together with the induction method allows us to
reduce computations to groups graded over representations with the total degree —1, 0 and 1. We first
note that we can easily describe multiplication by this element using Propositions 3.7 and 3.9, which can
be summarized as follows:

Proposition The multiplication map a; : HM IG, — HM IG/—A is an isomorphism unless the total degree
of V is either 0, 1 or 2. Moreover, if the total degree of V' is equal to zero then a,, is an epimorphism, and
if the total degree of V' is 2 then a;, is a monomorphism.
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2936 Igor Sikora and Guoqi Yan

The implication of this proposition is strong: most classes in HM 9 are infinitely divisible by a;,, or support
infinite a; -towers. The Mackey functor structure of HM pr with |V | = 0 determines the Mackey functors
HM y 5 and HM _, (for a precise statement, see Proposition 3.9). This allows us to concentrate on
the degrees where | V| = —1,0, 1.

Assume we want to compute HM g Using the proposition above, we see that if V' is not of total degree
—1, 0 or 1, we can add/subtract A from it (this corresponds to the division/multiplication by a; ) until
either we hit one of these degrees or the multiplicity of A reaches zero. In the latter case, the obtained
representation W is such that Gy :=ker(W) # e, and the computation can be reduced to a cyclic 2-group
of smaller order. In the first case, although in general we can only fit the homotopy Mackey functors in
total degrees —1 and 1 into long exact sequences (Proposition 4.1), we have complete control of them (as
well as the homotopy Mackey functors in total degree 0) in the positive and negative cone, which enables
us to determined the positive cones of HZ and HA and the negative cone of HZ. In general, these ideas
lead to the two main induction theorems in this paper; see Theorems 4.3 and 4.4.

Induction method

A Mackey functor M over an abelian group G consists of an abelian group M(H) with an action of
G/ H for every subgroup H of G. These abelian groups are connected by restrictions and transfers. If
G = C,«k, a G-Mackey functor has simple structure, that can be presented by a Lewis diagram:

M(G)

()

M(G")

-
(]
M(e)

Downward looking arrows are the restrictions and upward looking arrows are transfers. Here G’ is the
unique subgroup of index two.

We observe that if V is a G-representation, the G-equivariant computations of HM IG, can be reduced to
the G/ Gy -equivariant computations of the V'™ homotopy group of an Eilenberg-MacLane spectrum with
another coefficient M *Cv. Here Gy := ker(V'), and the new Mackey functor is called the Gy -truncation
of M and is obtained from M by forgetting M(K), where K are proper subgroups of Gy-. Therefore if
Gy # e we reduced the computation to a smaller group. Since in this paper we are concerned with the
homotopy of all Eilenberg—MacLane spectra, M #Gv can belong to a different class of Mackey functors
from that of M. For example, the Burnside Mackey functor ACZ « 18 not constant, and we have

C ~
(&Cgk)# 2 = &Czk—l @ Zzzk—l .
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Multiplicative structure

If the Mackey functor M is a Green functor, ie a commutative ring in the category of Mackey functors,
then the coefficients HM ? is a RO(G)-graded ring. The methods presented in the paper allow for the
analysis of this ring. The key ingredients are Euler classes ay-, orientation classes #3 and relations
between these elements. In Proposition 2.28 we prove that for any G-representations V, W the classes ayp
and ap commute, as well as classes uy and uy by Proposition 2.29. The relation between the classes
ay and uyy is called the gold relation and was first observed by Hill, Hopkins and Ravenel [13] in the
case of the constant Mackey functor Z. We generalize this relation to the following in Proposition 3.16:

Proposition Let V, W be chosen from A; for 1 <i < k such that Gyy C Gy . Let R be a Green functor.
Then there is the following relation in HI_Q?:

ay -trg;” (Duw =aw -uy.
Positive and negative cone

We conclude the paper with computations of the positive cone and negative cone for any G-Mackey
functor M. This serves as a presentation how the induction method can be used for calculations. In
particular, we provide descriptions of both cones in the case of HZ in Theorems 5.4 and 6.6, as well as
the positive cone of HA in Theorem 5.5.

Related work

Computations of coefficients of Eilenberg—MacLane spectra over cyclic 2-groups have long history. For
the group C,, basing on an unpublished work of Stong, Lewis, Jr [17, Section 2] computed H&fz, where
A is the Burnside Mackey functor. Calculations for the constant Mackey functor F, by Caruso can be
found in [2] and by Hu and Kriz in [14, Proposition 6.2]. The computations for the constant Mackey
functor Z may be found in Dugger’s work [3, Appendix B]. The full RO(C,)-graded Mackey functor
valued coefficients of HM for any Mackey functor M was given by Ferland [5] and may also be found
in Ferland and Lewis, Jr [6, Chapter 8]. Using the method based on the Tate square as developed by
Greenlees and May [9], Greenlees computed the coefficients of HZ in [8]. Basing on this work, the first
author computed coefficients of HM for any C,-Mackey functor M with an insight into multiplicative
structure in [21].

The computations for cyclic 2-groups of higher order were focused so far on the cases of Z and F,. For
the first case, partial description is provided by Hill, Hopkins and Ravenel [13]. The full structure of
RO(G)-graded ring HZ f“ was computed by Nick Georgakopoulos [7]. The second author computed the
same ring using the Tate square method in [24]. In [23], he also computed the ring structure of coefficients
of HF, over any cyclic 2-group. Using Tate square methods, the coefficients of HZ over groups C,2
with p odd are computed by Zeng [25]. The work of Ayala, Mazel-Gee and Rozenblyum [1] provides an
oo-categorical calculation in the odd primary case.
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1A Notation and conventions

Unless indicated otherwise, G = C,« for k > 1, a cyclic group of order a power of 2. By G’ we will
denote the subgroup of G of index 2. A general Mackey functor over G will be denoted by M, and a
general Green functor will be denoted by R.

For a Mackey functor M, we denote by HM . := m,(HM ), the Mackey functor valued RO(G)-graded
homotopy groups of the G-spectrum HM. By HM 51 we mean the value of this Mackey functor at
G/ H-level. Structural maps of the Mackey functor HM y- for a given representation V' will be denoted
by res(V)g and tr(V)IIg . When calculating G-homotopy groups of HM, the structural maps of M will
be denoted by reslf(l and trg for K C H.

Let R be a general Green functor. Then its associated Eilenberg—MacLane spectrum is a ring spectrum.
In particular, there is a unit map 1: S® — HR and multiplication map u: HR A HR — HR.

If x € Z[G] and M is a Z[G]-module, by , M we denote the submodule of x-torsion elements, ie
M ={meM|xm=0}.

In the more concrete computations of the positive and negative cones, we adopt the following notational
conventions as in [24; 23; 25]: [c] means a polynomial generator while {(a, b) means additive generators.
For example, Z /2[c](a, b) means we have elements of the form c’a, ¢'h,i > 0 all of whom are 2-torsion.

By Z/2(a');>1 (bj)jzl we mean that there are elements of the form a’b”/,i, j > 1 all of whom are

2-torsion. The notation x !

means divisibility, ie x 7!y (or equally %) means an element that satisfies
1 z zZ
; s ;9 F? .

the form 2/a. In some cases they are just formal symbols, not 2 times of an actual element a. The

x-x~1y = y. The notation [ ](z) means we have the elements z, = ... Some elements have
number 2! in 2/a means that its image under resf (equally its image under the Borel completion map

HM — F(EGy, HM)) is 2! times an actual class a.

1B General assumption

Our methods work for general Mackey functors M and Green functors R over the group Cp«. For a
simpler RO(G)-grading, in the whole paper we will work p-locally. See Section 2A for more details on
the grading.

We note here that if M (or R) has the property that M(G/H) is a finitely generated abelian group for
each subgroup H C G, it can be argued using equivariant Kiinneth and universal coefficient spectral
sequences, see Lewis, Jr and Mandell [18], that HM IF,I is also finitely generated for each V € RO(G).
Therefore integral information can be completely recovered from local information. This includes the
most interesting cases: the Burnside Green functor A, the constant Mackey functors A for A4 a finitely
generated abelian group. RO(G) and R(G), are the real and complex representation Green functors,

respectively. Note that in the A case, p-localization is not needed for a simpler grading by a theorem of
Hu and Kriz; see [25, Proposition 4.25].

Algebraic € Geometric Topology, Volume 25 (2025)



On the structure of the RO(G)-graded homotopy of HM for cyclic p-groups 2939
Acknowledgements

Sikora would like to thank Krakow University of Economics, who supported this work under the
POTENCIJAL program (project number 089/EIM/2024/POT), financed by a subsidy granted to the
University. Both authors want to extend their thanks to the referee, whose deep insights and thorough
review highly increased the readability and quality of the paper.

2 Basics

In this section we first introduce the basic notions which will be used in our computations. Then we
completely determine the cellular chain and cochains of a representation sphere S”. Using this result, we
define Euler and orientations classes and discuss commutativity properties among them.

2A The RO(G)-grading

Irreducible real representations of the group C,« are as follows:

(1) The 1-dimensional trivial representation. We will denote this representation by 1.
(2) The 1-dimensional sign representation, denoted by «.

(3) 2-dimensional representations A(m) for 1 < m < 2% — 1 and m # 2%¥~!. The action is given by

T

. 2m
rotation by an angle >

Irreducible real representations of the group C,« for odd p are as follows:

(1) The 1-dimensional trivial representation. We will denote this representation by 1.

(2) 2-dimensional representations A(m) for 1 < m < pK — 1. The action is given by rotation by an
2mm

angle i
For all primes, put A; := A(pK=7) for 1 < j < k. Note that A; = 2o when p = 2. Our convention in this
paper on enumerating the generating representations is chosen to support the induction on the group order.
Therefore it is different from the one used in Hill, Hopkins and Ravenel’s work [11; 12; 13], Zeng’s
work [25] as well as the second author’s work in [24; 23] in that the ordering of the representations is

reversed.

In this paper we will focus at p = 2, because it essentially contains the corresponding odd primary results.
The reason is as follows. Since we work p-locally, we have the stable equivalence of representation
spheres SArp) ~ §HP) for (r, p) = 1; see [25, page 26]. This enables us to focuson 1,1;,1 < j <k
(and o for p = 2) without losing any information. For odd p, the spheres involved in the computations
will be S! and S/, 1 < Jj < k. For p =2, the spheres involved will be S §%and SH, 2 < j <k, with
S2e — ghi by convention. As a consequence, any result for p = 2 will contain the corresponding result
for an odd p as a special case, where we only focus on those representations with even numbers of « in it.
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2940 Igor Sikora and Guoqi Yan

The homotopy groups . HM will be graded over the following free abelian group on representations:
RO(Cor) :=Z{1, 0, hp, ..., A}

this will be referred to as the RO(G)-grading. More precisely, we will study the structure of the direct
sum of the following abelian groups for V' running over elements in RO(G):

HMV:[SV,HM]G, Ve {ao +aia+ayrhy+---+aphy | x,y,a; € Zforall 2 <i fk}.

Here [—, —]9 denotes the homotopy class of maps in genuine G-spectra, M is a Mackey functor over G
and HM is the associated Eilenberg—MacLane spectrum.

Definition 2.1 (1) An element of RO(G) is called a virtual representation. If
k
V=a+aa+ Zaiki
i=2

such that a¢; > 0 for all 0 <i < k, we will refer to it as an (actual) G-representation.
(2) The total dimension/degree (underlying dimension/degree) of V =ag+ajo+ Z?:z a;A; is defined

to be the sum |V| =ag +a; + 225‘:2 a;.
(3) The fixed dimension of V' as above is the number a.
(4) For V e RO(G) with VG =0, let Amin(V) and Amax (V) be the first and last irreducible G-

representations that appear in V' with nonzero coefficients in the list o, Ay, A3,...,Ax. When V
is clear, we simply use Amin and Amax. If V' is an actual G-representation, let Gy be its kernel
{g€G|gv=vforallv e V}. Notein fact we have Gy = G, . For a general V € RO(G),
define Gy = G,
(5) An actual G-representation V' is orientable if the action of G on V factors through SO(|V|). A
virtual G-representation V' is orientable if it can be written as V = V' — V" such that both V' and

max *

V' are orientable representations.

Definition 2.2 For 1 < j < k we define the elements of Z[G]
=Y v and = ) (),
0<i<2/ 0<i<2/

where y is the generator of G. We also put ¢y = 1.

Remark 2.3 (1) Note that the element {; gives the norm element in Z[G/C,«—;] via the quotient map
Z|G]— Z[G/ Cyk—j]. In particular, { is the norm element in Z[G] and will also be denoted by N. These
elements satisfy the equations

G-y =1-y", G+y)=1-y".
(2) For an odd prime p, we define the elements {; in the same way, with 2 replaced by p. In this case, all

representations are orientable, thus we do not need an analogue of Zj for the differentials in Theorem 2.6.
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2B Cellular chains and cochains of representation spheres

In this subsection we will describe the cellular structure of the representation spheres. We begin with
recalling the shearing isomorphism, which will be used extensively throughout the paper.

Proposition 2.4 (shearing isomorphism [19; 20, Section 4]) Let G be a group and H its subgroup.
Then for an H-space B and G-space A there is a G-homeomorphism,
(G+ At BYAA =Gy A (BAresgr A),  (g,b,a) > (g,b,g7 " a).
In particular, if B = S® and A = S for some G-representation V, we have that
G/HLASY =Gy ng SV
We now move to the description of the cellular structure of representation spheres. As observed in [12],
the representation sphere S for an actual representation V = yo + 25;2 a;jX; has a simple cellular

structure, since the stabilizers has a linear order. Consider S* T* with i < j. Recall that A; = 2«. The
sphere S i has a cellular structure

50 shti

" a
(1) ~ / \\\
N

N
G/Gy, , AS! G/Gy, , A S?

where X(,;) denotes the mi-skeleton of a G-CW complex. Since i < j, we have that Gy, C Gy, and
G/Gry ASM = G/Gy, , AS?

by the shearing isomorphism (Proposition 2.4). Smashing S i with (1), and concatenating with the
cellular structure on S*i, we get the cellular filtration of S* %/ as

0 A A A oA ol XA
5 > Shi > Shi _—
S° Se Sh_ S*ASS Skithj
(2) \\\\ / f’\\\ / \\\\ / T’\\\ /
G/Gry y AS! G/Gry y NS? G/Gry NS G/Gry, AS*

This easily generalizes to a general G-representation V = a1« + Zf:z ajhl;. We record it as a lemma:

Lemma 2.5 For an actual G -representation V =a o + Zf:z a;\i, the sphere SY has a cellular structure
that starts with S°, G/ Ghrmn s N S and ends with G/ G4 N SIVI. It has one equivariant cell in each
dimension and the stabilizers are in descending order.
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We will now state the theorem which will be fundamental for many computations in this paper. Let V
be an actual G-representation with V¢ = 0. Let S be equipped with the cellular structure as in the
above lemma. For a better presentation of the result, write V = Vo + V; +--- + V, with V € {0, o},
Vie{li,...,Ax} for 1 <i <n and the kernels of the representations V; are in descending order. Note
that Vo = 0 if V is orientable and Vy = o if V is nonorientable. Since S* has a canonical base point, the
point at infinity, all cellular chains and cochains are reduced in this paper.

Theorem 2.6 Let G = Cyx and let V' be as above. Lets; = |Vo+---+ V;|,i > 0. Then the (reduced)
cellular chain complex C*G (SY:; M) is as follows:

(1) IfV is orientable, then C¢ = M(G), CZ = Cg_l = M(Gy;) fori > 1. For the differentials, we
have fori > 1,
Gv;_y
as,- =1- Y, as,-—l = ;logz |G/GV1._1 | trGVi .

(2) IfV is nonorientable, then CZ = M(G), CF = M(G’) and CZ = Csf"_l = M(Gy;) fori > 1.
For the differentials, we have fori > 1,

_ Gy,_,
8s,- =1+ Y, as,-—l = é—logz |G/GVi_l| trGVi’

The (reduced) cellular cochain complex C(S Ve M) is as follows:

(1) IfV is orientable, then Co = M(G), Cg = Cy ~!' = M(Gy;) fori > 1. For the differentials, we
have fori > 0,
i+1 _ P GVi
8S = 1 — y, 8S — é‘]ng |G/GVZ | reSGVH_l .

(2) IfV is nonorientable, then C% = M(G), CL = M(G’) and Ccs;i = C(S;"_1 = M(Gy;) fori > 1. For

the differentials, we have 0° = resg,, and fori > 0,

i+1 i — Gy,
e =1+y, %"= Zlogz |G/GVi|reSGVi+1 .
If G = Cpi for p odd, then all representations are orientable. The results on the cellular chain and cochain
still hold, with {yoe, |G /G| replaced by its odd primary analogue g“logp G/ G, |» see also Remark 2.3.
Proof We will only prove the part for chains. The proof for cochains is analogous. We are going to

proceed by induction on the group order.

The theorem is true for G = C,, where the cellular chain C*C 2(S"®; M) is given by

trf 1—y 1+y
M(G) «— M(e) «— M(e) «—--- < M(e),

with the differentials interchanging between 1 — y and 1 4 y except the beginning one.
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Now fix k > 2 and assume that the theorem is true for groups C,; for j < k. Let G = C,« and recall that
G’ is the subgroup of G such that [G : G'] =2. Let W =V +--- + V; be the biggest subrepresentation
of V that does not contain Ag. Note that in degrees < |W | the complex CZ (S, M) is the same as
C*G (S"'; M), and the latter is equal to C*G /(S W M*#C2) (for the definition of M #C2, see Definition 2.12).
Thus by induction we need to prove the claim for the tail of C*G (SV, M), consisting of the following
terms:

M(Gw) < M(e) <~ M(e) < --- < M(e).

The idea is to make use of the Mackey functor structure on cellular chains. More precisely, let S¥ denote
the cellular structure given in Lemma 2.5, with one cell in each dimension. Then i, S V. the restricted
cellular structure, has one 0-cell G’/G’, and two cells in each higher dimension. That is, if G/H4 A S*
is an i-cell of S¥ for i > 1, then the corresponding restricted cell to i py SV is

ig/(G/Hy NS =G JHL AS'VyG' [Hy A S".
For H C G’ there is the folding map
Gy A i G/H, =G/G' . NG/H, - G/H .
Applying the contravariant part of M to this map and using additivity of a Mackey functor, we get an
embedding which corresponds to resg, in the cellular chain
M(H) 5> ZIG) ® 716 i M(H) = Z|G/ G| ® M(H).

It sends x € M(H) to 1 ® x + y ® x in the middle term and then to 1 ® x + ¥ ® yx on the right.
These embeddings collectively form a chain map because they come from the natural transformation
G/ G; A — = G/G4 A — applied to the cellular filtration of S¥. Because of this embedding, we can
regard C(SY; M) as a subchain complex of CZ /(i oS V. M) and are left to show that the later has the
stated differentials.

Now if, S V = 56V asa representation sphere for G’ also has the cellular structure described in
Lemma 2.5. We use ié,SV to refer to this cellular structure. Both complexes C*G /(i (";,SV; M) and
C*G /(ié,é’ VM) COIHIIE the homology of S i'V with coefficient in M ig/ (the restricted Mackey
functor to G’, see Definition 3.1). By the inductive assumption we know how to compute the homology
of the former, so this forces the differentials in the latter chain complex. Furthermore, we will construct a
quasiisomorphism

v CE e ST M) = ¢ iESY M)

in Lemma 2.7. The differentials in C*G /(i oS V. M) are also determined there. Then from the embedding
A ’

(3) CES” M) = igS" M) = 2[G/GN®CE(S": M), n=1,

we deduce the differentials in Cf SV M). a

Algebraic € Geometric Topology, Volume 25 (2025)
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Lemma 2.7 There exists a quasiisomorphism
v G SY M) = g, SY M).

Proof We proceed by the induction on the group order. For the group C,, the subgroup G’ is the trivial
group. Let V- =ma, m > 1. For i) S V' = SIml recall that we use the reduced cellular structure such that
there is only one cell in dimension 2. We have the diagram

0 0 0 0
[

0 M(e)
! ! ! ! |
! ! ! ! | Yrm
T ¥ 1 ¥ -, + + +
M(e) — ndS? M(e) <~ dS? M(e) X ndS? M(e) «— - - —— IndS? M(e) +— IndS> M(e)
where ¥, is the m™ component of . It is defined by

Um(2) = 1,9)2)=1®z+y®yz  form even,
e 1,-)(2)=1®z—y®yz form odd.
The differentials in the second row are given by

Vl®z) =z, V(y ®z) =z,
(1-U®2)=18z-y®yz, (I-y)rR:)=y@z-11yz,
I+)(1®2)=19z+y®yz, (1+Y)(¥Q2)=yQz+1Qy:z.

It is easily seen that v is a quasiisomorphism.
Now let G = C,« and assume that ¥ has been constructed for groups C,; with j < k. Let W be as in
Theorem 2.6 so that Gy # e. Note that W can be regarded as a G’ =~ G/ C,-representation. By induction,
we can assume that the maps

Un: G (i S M) — G i6,S™ M)
are constructed for n < |[W|.
To construct ; for i > |W|, we are going to consider three cases. We firstly consider the case when
Vo =0. If W # 0, suppose that Gy = Cyr—i. Recall that §j = Y g; 5/ ¥! (see Definition 2.2) and
Indg M = Z[G]®z[a M for M a H-module. We are to determine the differentials in the second row
and construct vertical chain maps that are a quasiisomorphism in the following diagram:

C . .
1-y2 1) ! 1-y2 10%) 1-y2
e M) T ) T o) S e T e
| | |
| | |
+ + +

[
l(l,y)

|
1_
e 2 1ndG, M(Cpr—i) +— Ind%, M(e) +— IndS, M(e) «— IndS, M(e) +— IndG, M(e) «— ---

1
Here & (y?) = Y o<i<2i (¥))".
Note that the induction Indg is with respect to the Weyl G/H-action on M(H), which comes from the
1 x y on action on G/G’ x G/H. On the other hand, there is a Weyl G/G’-action on C*G/(ig,ﬁW; M),
which comes from the y x1-action on G/G’ x G/H. We have, for H C G’,

G/G'xG/H = G/H( ¢y UG/Hy ).
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where 1 x y send (e, e) to (e, y) = y(y, e). Thus it acts as permuting the two factors with an internal
twist. And y x 1 acts by permuting the two factors without any internal twist. We note the differentials in
the second row are y x1-equivariant.

Denote by (1, y) the map sending x € M(Cyi—i) to 1 ® x + y @ yx, with

M(Cy—i) = C§_ (i&SV: M).
To make sure that the second row has the Saléle homology as the first row at degree |W |, the first unknown
differential in the second row must be ; tr, k=t By further comparing higher homology, we know the

following differentials must be interchanging between 1 — y and ;. Since the dashed arrows should
be chain maps, the only possibility is that they interchange between (1, 0) and (1, y). The completed

diagram is
1—y2 ti1(r)u 1—y2 Ee_1(r®) 1—-y2
e M(Cyi) <y— M( ) e Mie) T M(e) ———— M)

l(l ¥) l(l 0) l(l,)’) l(lao) l(lay)
¢ tczk i

L IndS, M(Cori) - TndG, M(e) 2 TndG, M(e) +—— 1ndS, M(e) +—— IndS, M(e) +— ---
Here by y we mean the 1 x y-action as mentioned above. The differentials in the second row are given by
e )1 ®x) = 1841 (D) e ™ () +y ® yhimi (D) e (),

Gte? ) ®7) = 1@ G (D) e~ (1) +y ® L (D) ™ (),
1-y)(1®x)=1x—y yx,
1=y =y®y—1Qyy,
G(1©x) =1® &G (Y)x +7 @ yi—1(y?)x,
Gy ®@y) =10 yi-1(rP)x +y ® G—i (y7)x.
The vertical maps are given by
L)@ =1®z+y®yz, (1,00(z2)=1®:.

The embedding (3) is induced by *x G/ H Pald G/G'xG/H for HC G’. In particular, it sends x € M(e)
lR®x+yRx € Indg, M(e), from where we deduce all the differentials of CZ(SV; M).

For Vo =0 and W =0, that is SV = S« we start from

G’ _.,2 L (y?
MG 2 Me) " Me) 2 e

I I I
ll 1(1,0) H(Ly) ! (1,0)
4

4
e
M(G') <(—y IndS, M(e) +—— IndS, M(e) +—— Indg, M(e) —

and deduce the differentials and chain maps as in the previous case. Here the map tr (1 y) sends
1®x+y®ytotrd (x4 yy). It is deduced from the map G/ G’ x x & G/G' xGle.
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Now for the V = « case. Assume Gy = Cyi—i, then it is contained in G’. Using the same method, we
deduce the completed diagram

14y2 [FERTT! ok 142 i1 14y2
e M(Copemi) T M(e) e M(e) T M(e) —— M)
lu —) Ja,O) la,—w lu,m lu,—y)
§1 eZk i §A

— 1_
Y IndS, M(Cori) 4 IndG, M(e) 2 TndG, M(e) +—— 1ndS, Mi(e) +— IndS, M(e) +— ---

where (1,—y)(2)=1®z—y ®yz. |

Remark 2.8 We have also showed how to deduce the homology Mackey functors using the cellular
chains C*H (ifS V. M) for different H C G. Note that these chains have one cell in each dimension,
therefore are easier to compute. Since restrictions and transfers are transitive, we can take H = G’. The
maps A and V in the following diagram are usually used to deduce resg, and trg,:

cS(SV; M)

EV

CEig SV M) — = CFig,S”: M)

It is not obvious that there exist restrictions and transfers between the two chains of abelian groups on the
left. In fact, there is no chain map in the direction of the dashed arrow that makes the triangle commute.
However, since Hy () is an isomorphism, we can deduce the restrictions and transfers between the
homology of the two chains on the left by first computing Hx(A) and Hy (V).

Remark 2.9 The motivations for the differentials in Theorem 2.6 are simple: they are the universal
formulas for all Mackey functors, thus they should satisfy the least amount of restrictions that make the
cellular chain/cochain complexes.

Example 2.10 The chain complex Cy(S*t2*«; M) is given by

trG/ 1— G’ I3
0 M©G) << M(G") L ey E mey - mie) £ mce).

Example 2.11 The cochain complex C*(S22+t242+243. A1) with k > 3 in C,k is given by

(H—y)resc
0— M(G) —) M(G ) —> M(G ) —) M(Czl\ 2) —) M(Czk 2) —) M(Czk 2)
£ Cok—2
resc

L M(Cpis) —22 M(Ces) ~5 M(Cis) S5 M(Cois) ~ M(Cr—s).
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2C Induction method

In this subsection we will describe the induction method, which enables us to reduce computations to
smaller groups when Gy # e.

Definition 2.12 Let M be a G-Mackey functor and let H < G. Then an H-truncation of M is the
G/ H-Mackey functor M #H defined by

MM (K/H) = M(K)
for H < K < G. The transfers, restrictions, and Weyl group actions are the respective structural maps

of M.

Remark 2.13 Intuitively, the H-truncation of M amounts to forgetting all of the information below the
H-level of the Mackey functor M.

Example 2.14 Let A(Cy) be the Burnside Mackey functor over C4. Then A(C4)¥C2 is the Cy/ Cs-
Mackey functor
A(Cy)

resAg jtr&

A(Cy)

The basis for retrieving G-information on HM ¢ from the H and G/H computations is the following

result:
Proposition 2.15 Let H < G and let (HM)H be the H -categorical fixed points spectrum of HM . Then
there is the following equivalence of G/ H -spectra:

(HM)H ~ H(M*H).

Proof This comes from the following chain of isomorphisms, for H < K < G:
(M) = (8" HM TR 2 (87 HM]E = 7€ (HM).
For n = 0, we then obtain that
o (M) = 7 (HM) = M(K) = MP (K /H) = g (M), 0
Now consider a G-representation V. Since Gy acts trivially on it, we can regard it as a G/ Gy -

representation. If Gy # e, then a5 = 0 and G/ Gy is a cyclic 2-group of smaller order. Then we
can reduce to G/ Gy -computations by the following corollary:
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Corollary 2.16 Let V be such that Gy # e. Then
G/G
HM § = (HM ¥ [/,

The above isomorphism also preserves the Mackey functor structure. For Gyy C K C H, we have
H H/Gy H H/Gy
resg < TeSg and trg < Ugig, -

2D Classes ay and uy

In this section we will define the classes @y and uyp. We start with the definition of Euler classes ap.
Recall that M denotes an arbitrary Mackey functor and R is an arbitrary Green functor.

Definition 2.17 Let V be an actual irreducible G-representation and consider the inclusion of fixed
points i : .S 0 SV, We define the element aj € HI_Q(_;V to be the class of the map

SOL sV = sV A 50 N SV A HR.

It factors through the ring maps S° — HA — HR. This class is well-known as the Euler class of V. Note
that ay = 0 if V¢ £ 0, since S® — SV will be equivariantly null-homotopic.

Remark 2.18 Let W € RO(G), V be an irreducible representation and let x € HM g, Then multipli-
cation by the element ay is given by

ay NANX

SW = SOASW 2225 SV ANHM,

or
ay ANX

SW e SONSW N GV HA A HM — 5 SV AHM.
where the second map uses the HA-module structure on HM .

We can compute the homotopy Mackey functors at the degrees of the Euler classes:

Proposition 2.19 LetV =a;0 + Zf:z a;jA; be an actual G -representation. Recall that Ay, is the first
irreducible representation with nonzero coefficient in the list o, A5, ..., Ay (see Definition 2.1). Then
HM fV ~ M(G)/ trg/\ . For the Mackey functor structure, we have

coker(tr? ifGy, . € H,
HM _y(H) ={ (11, ) Ain =2
0 otherwise.

For K C H, if K C G,__, then reslf(l, trg are both 0. For G, . C K C H, the maps resg and trg are
induced from that of M.

Proof The first claim directly comes from the cellular chain of S¥ from Lemma 2.5.

. Gy .
bmin &~ HM " 'min = () by the shearing

. G
For the Mackey functor structure, if H C G, ., then HM _}} M _\p

isomorphism (see Proposition 2.4) and the definition of HM.
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Now take G . C K C H. The first two terms of the G/H and G/ K-level cellular chains are

0 +— M(G/H x G/G) +—= M(G/H x G/Gj,,)

resllg (/ /)Lrg
1xV

0+— M(G/KxG/G) +— M(G/K xG/Gy,,)
where V: G/G,_. — G/G is the canonical projection of G-sets. We have the identifications
M(G/H x G/Gy,,.) = M(G xp i},G/G,.) = M(G o | H/mein) =~ @ M(G/G,)
G/H G/H

and the map 1 x V is the sum of the maps trg/\ . Similarly for the G/ K-level chain complex. Taking the

0™ homology proves the claim. O

Remark 2.20 It will be proved later that the map ay : HM g — HM fV is the projection on the cokernel
of trgy (see Proposition 3.10). For a Green functor R, we have ay = 1€ R(G) / trgV, the class represented
by 1 € R(G).

Example 2.21 If G = C4, R = A, we have

HA-a +—= AC)/ gy HA +—— A(Cy)/ g
0 A(Cy)/ e
0 (/ /j 0 0(/ /)0
0 0

Let A(Cy) =Z(1, ¢, d), where ¢ =[Cy/ (3], d =[Cy4/e], and A(C) = Z(1, w), where @ =[C3 /e]. Then
HA_;,(G/G) =7Z{a)) ® Z{ca,), and HA_,(G/C;) = Z(resg‘zL a;). We have trg‘z‘(resgj ay) = cay,.

Now we turn our attention to the second family of generators, the orientation classes u3 which will be
defined in Definition 2.25. Recall the definition of orientable representations in Definition 2.1.

Remark 2.22 Note that the only irreducible nonorientable representation of G is the sign representation c.
In particular, V = ag +aja+ ) ,<; <4 airi € RO(G) is nonorientable if and only if a; is odd and every
nonorientable representation V' can be written as V = V' &+ « with orientable V.

We first study the Mackey functor structure on the (|V|—V')-degree.
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Proposition 2.23 Let G = C,«. Let V be an orientable (not necessarily irreducible) G -representation.
Then HM |GV|—V ~ M(Gy)©. For the Mackey functor structure, we have

M(Gy)? ifGy ¢ H,

M(H) otherwise.

For K C H C Gy, the maps resH trH are induced from that of M. IfGV CKCH, then resK is induced
by inclusion of fixed points, and trf ¥ 1s given by trC (x) =(1+y*"")-xand transitivity.

HM\y |-y (H) = {

Proof SV has a cellular filtration with cells in top two dimensions given by G/Gy A S VI=1 and
G/Gy+ NS VI, So its chain complex with coefficient in M has the following form in top dimensions:

1—
-« M(G/Gy) < M(G/Gy).
The kernel of the top differential is M(Gy)¢. Thus the first claim follows.

For the claim about the Mackey functor structure, notice that the lattice of subgroups of G has a linear
order. By transitivity of restrictions and transfers, we may assume that [H : K] = 2.

When H C Gy, the shearing isomorphism G/H+ A S V=Vl ~ =~ G/Hy AS° (see Proposition 2.4) implies an
isomorphism of Mackey functors HM0¢GV =~ HM |y |- ViG Now let Gy C K C H=C,i =(y 2k_i).
Thus K = Cyimr = (27 ).
diagram

Let V: G/K — G/H be the natural projection. In the commutative

M(G/H x G/Gy) &8 M(G/H x G/ Gy)

Vxll J/Vxl

M(G/K xG/Gy) E8 MG/ K x G/Gy)

the first and second rows are the differential C|V|_1(SV; M) (1—_;/ C|V|(SV; M) on the G/H and
G/ K-levels, respectively. We have the identifications
M(G/H x G/Gy) =[G/Hy AG/Gy 1, HM|® =[G A if;(G/Gy ), HM]®
= i3 (G/Gy 1), HM" = Z[G) ®z(m) iz M(Gy)

and similarly for M(G/K x G/Gy). Here the notation iy, M(Gy) means we are restricting the Weyl
G/ Gy-action to an H/Gy-action on M(Gy). To understand the differential 1 x (1 — y), we have to
understand the action of y on Z[G]®z[q1if; M(Gy) coming from y : G/ Gy — G/ Gy . Tracing through
the identifications we conclude that it acts by left multiplication on Z[G].

The commutative diagram above becomes

) (1-y) .
ZIG ®@zim iy M(Gy) +—— Z[G] @z i} M(Gy)

l |

. (1-y) .
ZIG]®zkix M(Gy) +—— Z[G] ®@z(k1i x M(Gy)

Algebraic € Geometric Topology, Volume 25 (2025)



On the structure of the RO(G)-graded homotopy of HM for cyclic p-groups 2951

where both (1 — y) are given by left multiplication on Z[G]. The kernels of these two (1 —y) are

(ZIG) ®z1m) iy M(Gy)C = Z[G/H]® ® M(Gy) =~ M(Gy)H,
and
(ZIG]®z1k) i} M(Gy))¢ = Z[G/K]® @ M(Gy)X = M(Gy)X

The induced maps on kernels is the map induced from the G-equivariant map Z|G/H]| — Z|G/ K] by
sending 1 to 1 + yzk_l, which can be easily seen to be Z Lz upon taking (—)€. Thus restrictions are
induced by inclusion of fixed points.

For the transfers, we have the double-coset formula

resKotrK(x)—(l—l— 2= l) - X

2/{7!’

. . . . . H
Since restrictions are inclusions of subgroups, we deduce tr (x) = (1 +y ) x. O

Construction 2.24 For an orientable G-representation V, consider the commutative diagram

M(G)
_ - - resgy

—

HM M(GV)G — M(Gy) =, M(Gy)

|V| V=
The map (1 —y) is the top differential of Cx(S"'; M). The dashed arrow is induced from resgV, since for
any H C G, we have resg (M(G)) € M(H)®. We make the following definition of orientation classes

for Green functors.

Definition 2.25 For V' an orientable G-representation, R a Green functor, we define the orientation

class uy to be the element resG (1) e HR|V| v

Remark 2.26 (1) Note that by Construction 2.24 we obtain that the multiplication by
uy: HR§ — HRS, _,

is the restriction map resg , by the following commutative diagram
14

HRS X . HRG

==V
res@ . e}
SG1 res(|V| V)GV
Gy Uv Gy
HRSY - HRSY,_,

where res(|V | — V)gV is inclusion of G-fixed points, and the horizontal map in the second row is
an isomorphism.

Algebraic € Geometric Topology, Volume 25 (2025)



2952 Igor Sikora and Guoqi Yan

(2) Definition 2.25 is restricted to Green functors. However, since every Mackey functor M is a module
over Burnside Mackey functor A, we can consider the induced action of HA? on HM ? We can
still deduce uy : HM g — HM ﬁ/l—V is resgV as above. If R is a Green functor, its orientation class
coincides with the image of the orientation class of HA through the canonical ring map HA — HR.

Example 2.27 (1) When R =Z, HZy|—y = Z, and the definition of orientation classes here agrees
with the orientation classes used widely in previous computations of [11; 13; 25; 7; 24].

(2) When R = A and G = Cy, the Weyl actions are always trivial, and we have

HA» 2o +— A(Cy) HA, ) +— Ale)
1 (/ 52 1 (/ /)2

A(G) Ale)

res 2 ({ /)tr? 1 L /)2

A(e) A(e)

If A(Cy) = Z (1, w), where w = [Cy/e], then uyy € HA»_»4(G/G) correspond the generator 1
and HA, »4(G/G) = Z{uyy) @ Z{wusyy). This agrees with a general definition of orientation
classes for all finite groups of Kriz [15].

The following two propositions allow us to restrict our attention only to classes coming from irreducible
representations.

Proposition 2.28 Let G = C,x and V, W be two G -representations. Then the following equalities hold
in %S, thus hold in HRY :

ayaw =away =dy+w =Aadw+v -
Proof RO(G)-graded commutativity is studied by Dugger in [4]. Using his theory, we will show that
these equalities actually hold in the G-equivariant stable stems. Since for any two G-representation
Vi, V2 we have ay,ay, = ay, +y,, we can assume that V, W are irreducible. Using the methods in [24,

Appendix B], we can compute for each A;, 7(S*) =1 and 7(S%) =1 —trg, ) resg/. Here t(X) € Jrg S0
is the trace of identity of a finite G-complex X studied in [4, Section 4.19].

Now we will use [4, Proposition 1.2]. Take any x € H?VSO, y € anSO. If V=X;and W = A; for
some 1 <i,j <k, then xy =1(S*)" yx = yxifi = j, and xy = t(S*)0¢(S*)Oyx = yx if i # .

IfV =2 forl1 <i<k,and W =, then xy = t(S*)%7(S%)%yx = yx.

IfV=W=aq,thenxy =1(S%"yx =1 —trg, ° resg,)yx. The class trg, oresg, yX may not be zero
in general. But if x = y = q,, it becomes zero because resg/ ag = 0. O
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Proposition 2.29 Let V, W are two orientable G -representations. Assume Gy C Gy. Regard HM as
an HA-module. Then:

(1) The map uy: HM|W| w > HMC is the restriction map resg;”

\V|+|W |-V —-W

(2) The map uyw : HM Vi—y HM is an isomorphism.

\V|+IW|-V-W
(3) We have that upuy = uwuy in HA ., and thus in HR . for all Green functors R.

Proof Consider the following commutative diagram where horizontal maps are restriction maps in
HM \w|—w and HM |y |+ \w|—v—w, and vertical maps are multiplication by uy and its restrictions:

G Gy
I'CSG I'CSG
HMG " L HMC Y s HMC
\w-w W -

uy uy uy | =
resg Cw
Gy

I‘CSG

— " gM e — Y MO

G
HM \p owi—v—w VW =V =W VW |—V—W

By Theorem 2.6, the above diagram is

G
res gV

M(Gw)® —— M(G) —L M(Gy)

N

M(Gy)? —— M(Gy)®" —— M(Gy)

All maps labeled i are inclusion of fixed points, and we deduce the first vertical map is induced from
resgf/”. This proves (1). An analogous argument will prove (2).

Then we see that the following isomorphic diagrams commute:

G

G G o G
HM§ —""— HMG, M(G) —% M(Gw)

G Gy
u u res
J ’ J Y l v erSGV

1
HM Gy =5 HMS, oy M(Gy)® —— M(Gy)®

When M = A, the two images of 1 € HA in HAG agree, which proves (3). a

=\Vi+w|-V-w

3 Vanishing, a, u-isomorphism regions and the gold relation

In this section we determine the parts of the RO(G)-graded homotopy Mackey functors HM , where
multiplication by different Euler and orientation classes are isomorphism. We also study the parts when
they vanish and deduce a gold relation for Green functors R, generalizing the original gold relation of [13].
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3A a,,, uy -isomorphism regions

In this subsection we study the RO(G)-graded regions where multiplications by a; ,aq and u; are
isomorphisms, respectively. For simplicity, we write A = A, as it will play a very important role. Recall
that we are working over G = Cy«, thus A is the faithful representation.

We start with definitions of Mackey functors which will be used for the description of the homology of a
unit representation sphere.
Definition 3.1 [22] For H C G = Cyk, let M ig be the H-Mackey functor defined by
MG (H/K)=M(G/K), KCH,

with restrictions and transfers induced from that of M. This is the restricted Mackey functor. The
restriction functor ig: Mackg — Macky is the right adjoint of the induction functor Tg
Definition 3.2 [22] Let G = C,« and let M be a Z[G]-module.

(1) The fixed-point Mackey functor FP(M) is defined by

FP(M)(G/H)=M*".

Since restrictions and transfers are transitive, we specify them for H = C,;i = ()/zk_i) and
K = Cyi—1 for 1 <i < k. We have resg =1and trIIg =1+ )/Zk_l.
(2) The fixed-quotient Mackey functor FQ(M) is defined by
FOM)(G/H)= M/H.
Since restrictions and transfers are transitive, we specify them for H = C,i = (yzk_i) and

K = Cyi—1 for 1 <i < k. We have resg =1 +y2’\'*i and trg =1.
Recall that we have the forgetful functor U : Mackg — Z[G]-mod, M + M(e). Then FP is the right
adjoint of U and FQ is the left adjoint.

Definition 3.3 Let G = C,« and let M be a Z[G]-module. Define a new Z[G]-module structure on M,
denoted by M, via the rule y *m = —y -m, where the right-hand-side action is the original G-action
on M. Then we define

(1) the twisted fixed-point Mackey functor TFP (M) by
TFP(M) = FP(M),

(2) the twisted fixed-quotient Mackey functor TFQ (M) by
TFQ(M) = FQ(M).
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Note that 2 % m = y2-m. This implies TFP(M)}$, = FP(M)|S, and TFQ(M)|S, = FO(M)| ..
The top two levels of TFP(M) and TFQ (M) look like

a+nM M/(1+y)
(s o]
(1-yHyM M/(1—-y?)

Remark 3.4 (1) The action on M is the same as the diagonal action on 7 ®z M, where 7 is the
sign representation of G. To avoid confusion, if M is a Mackey functor, we will always use y - m
to denote the canonical Weyl action for m € M(H), H C G.

(2) The adjective “twisted” comes from the fact that they arise from HM g when U is nonorientable.

The top differential in this case is 1 4+ y on M(e), which corresponds to 1 —y on M(e).

Consider now the cofiber sequence
S(V);y — S° - sV,

We can use this cofiber sequence to compute the groups HM ,?V for an irreducible actual G-representation
and n € Z and the action of the element ¢ on HM 9. We will first need the following lemma.

Lemma 3.5 The RO(G)-graded homotopy Mackey functor HM y (S(X)+) is given as
FQ(M(e)) if|V|=0andV is orientable,
TFQ(M(e)) if|V|=0andV isnonorientable,
HMy(S(A)+) = 4 FP(M(e)) if |[V| =1 and V is orientable,
TFP(M(e)) if|V|=1andV isnonorientable,
0 otherwise.

Proof We first compute the G/G-level abelian group and claim it is as
M(e)/(1—vy) if |V|=0and V is orientable,
M(e)/(1+y) if |V|=0and V is nonorientable,
HMS(S(M)4) = { M(e)® if [V| =1 and V is orientable,
(1+y)M(e) if |V| =1 and V is nonorientable,
0 otherwise.

The unit sphere S(1) is the homotopy cofiber in the sequence

Gle 2705 Gle —— S(V).

By the long exact sequence in homotopy associated to this cofiber sequence we get

HMS , (Ger) — HMS , (S(V) 1) — HMS(Gey) —> HMS(G/ey)
— HM(S(A\)+) = HMP_,(G/ey).
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For any G-representation W we have that HM G w(G/ey) = HM le In particular, it is zero if [W| # 0
and equal to M (e) if |W| =0 as abelian groups. As Z[G]-modules, the action depends on the orientability
of W. If W is such that |W | = 0 and orientable, then HM EV(G/ e+) = M(e); if W is nonorientable, then
HM EV(G/ ey)= 1[(25. We can see this fact by looking at the shearing isomorphisms (see Proposition 2.4)

Gles nSY L Gles A ST (g,d) —— (yg,a)
Gy Ne ST —— G4 A, SV (g.87'a) — (yg.g7 'y la)

Therefore in the sequence above the third and fourth arguments are zero unless |V | = 0. In the latter case
we have that the outer groups are equal to zero and the long exact sequence above takes the form

0 — HMG, (S()1) — M(e) = M(e) — HMG(S(\)4) — 0
or
0 — HMS, (SO)4+) — Mle) =¥ M(e) — HMG(S()4+) — 0,

depending on the orientability of V. The conclusion on the abelian group structure follows. The Mackey
functor structure can be computed as in Remark 2.8. a

Remark 3.6 Using the same cofiber sequence we can compute the HM -cohomology Mackey functor of
S(A)+ and obtain that HM ~VT1(S(L)4) = HM y(S(1)+) as Mackey functors. This comes from the
fact that S(A)+ ~ ST A D(S(A)4).

Proposition 3.7 (a;-isomorphism region) Let V be a G -representation such that |V| # 0,1, 2. Then
the multiplication map a) : HM yy — HM y,_), is an isomorphism of Mackey functors.

Proof Consider the cofiber sequence S(1)4+ — S — S*. Taking the V'™ homology we obtain
HMS$(S(\)4) —— HMG —— HMS . —— HM S (S(V)4).
If |V| # 0,1, 2, the outer groups are zero by Lemma 3.5. This is also true when we replace G by any

subgroup of G. Thus the claim follows. O

Remark 3.8 Note that traditionally the term “a;-periodic classes” is used for classes that support
an infinite a)-tower. From Proposition 3.7 we know nontrivial classes of total dimensions < —1 are
a, -periodic.

Proposition 3.9 Let V be a G -representation such that |V | = 0 and recall that res(V') and tr(V') are
structure maps of HM . Then:

(1) HMS A= coker(tr(V)eG) and the map a) : HM 7, G HM?Y, G _,, is the projection onto the cokernel.
(2) HMC v = ker(res(V) ) and the map a;,: HM e HM is the inclusion of the kernel.

The Mackey functor structures on HM _, and HM 4, are induced from that of HM 7 G
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Proof (1) Consider the long exact sequence obtained by smashing cofiber sequence S(A); — S° — S A
with SV A HM :

HMG(S(A)4+) — HMY —— HM{ , —— HM_ (S(M)).
Since |V| =0, by Lemma 3.5 the rightmost group is 0. To understand the first map in the sequence above,

consider the commutative diagram of cofiber sequences

Gley —— SO —— S()‘l)

|l

SA)y —— SO — §*
where S ()‘1 ) denotes the 1-skeleton of S*. The left vertical map is the inclusion of the bottom cell. Taking

the V" homology we obtain the commutative diagram

M(e) ——— HM{ —— HM$(S}) —— 0

G G
Me)/(1-y) — HMy — HMY, , —— 0
The first top horizontal map exhibits the transfer in the Mackey functor HM j,. Therefore the bottom left
map is the map on M (e)/1 — y induced by tr(V'). Thus the claim follows.

(2) This comes from a similar analysis by taking the V" cohomology.

For the Mackey functor structure in (1), by induction, we only need to consider the restriction and transfer
between adjacent subgroups. In the following diagram

HM§ —— HM § /u(V)¢

trg,( \)resg, tg,( \)resg,
’ /7 ’
HMS —— HM G /uw(V)
both horizontal arrows are the natural surjections, and the result follows. The Mackey functor structure
in (2) is completely analogous. |

Combining Propositions 3.7 and 3.9 we can deduce groups HM ;?V for V orientable and irreducible.

Proposition 3.10 Let V be an irreducible actual representation. Then we have that
M(G) ifn =0,
HM ,?V = coker(trgV) ifn <0,
ker(resgV) ifn > 0.
Moreover, we have that
e the map ay: HM g — HM EV is the projection onto the cokernel;
e themapay: HMg — H]\_Jg is the inclusion of the kernel,;
e the multiplication ay : HMSV — HM&_I)V is an isomorphism for n € 7, such thatn # 0, 1.
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Proof We first consider the case V' = A, the faithful representation. We then have that HM ((); = M(G) by
the defining property of Eilenberg—MacLane spectra. For n < 0, the formula follows from Proposition 3.9
in case of n = —1 and from Proposition 3.7 for n < —1. The case n > 0 follows analogously.

Now assume that V' is an irreducible representation. Then we have that HM ,?V ~ HM 11GV),%GV.

Assume that V' # «. The representation V is G/ Gy -faithful, so by the previous paragraph we get that
M(G) ifn=0,
H(MﬁGV)géGV = coker(tr(]\_lﬂGV)eG/GV) ifn<0,
ker(res(MﬁGV)g/GV) ifn>0.

However, since the transfers and restrictions in the Mackey functor M #Gv are defined as transfers and
restrictions in M, so we obtain the abelian group structures as stated. For the multiplications by ay, as
above, we can assume V' = A, the faithful representation. Consider the following cellular filtration of
SMA > 1:

0 NN . Qomh y QmA s ..
S > S(l) > S(z) > S(3) >

AN
N ™~ ™~ S
N N N N
AN N N N
AN AN AN AN
AN AN AN AN

G/eJr/\S1 G/e+/\S2 G/e+/\S3 G/e+/\S4

Smash the diagram with HM and take my. Since ng Gley NSPANHM =0 fori # 0, we see that the
first horizontal map induce the projection onto the cokernel of treG, and the other horizontal maps induce
isomorphisms. This proves the claim about ay : HM ;?V — HM (Gn—l)V when n < 0. For n > 0, we can
dualize the cellular structure.

The case V' = « follows from the similar considerations. O
Using the multiplication by the element a; , we can prove the following vanishing result.

Lemma 3.11 (vanishing) LetV =ag+ajo + 25;2 a;M; be such that one of the following conditions
is satisfied:

(1) ap>0,a9+a; >0anday+ a; —I—Z{:zai >0 forall2 <j<k,or
(2) ag<0,a90+a; <0andag+ a; —I—le:zai <O0Oforall2 <j <k.

Then HM y = 0.

Proof We will proceed by induction on the order of G. The claim is true for the trivial group. Now
assume that the statement is correct for G’ = Cyx—1. Thus the vanishing is true for all subgroup level of
the Mackey functor. Consider the first case with all sums simultaneously greater than 0. We then have
that

HMS > (HM#2)¢/C

= aptarataziort++ag—1Ai—1 apotarotaria+otag—1Ai—1’
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and the latter is 0 by the inductive assumption (note that the last index in the sum missing). By

Proposition 3.7 the map

a3k HMG — HM

= aptaiatazAzt-tag—1Ak—1
is an isomorphism, because the target has total dimension greater than 0. Thus the claim follows. The
proof of the second case is completely analogous. a

Using vanishing (Lemma 3.11) we can describe a;; -isomorphism regions for 2 <i < k.

Corollary 3.12 (a)-isomorphism region) For C,x with p odd, letV = ag + Zf;l ajh;i. Foreach s
such that 1 < s < k, multiplication by a; : HM y — HM y,_,  is an isomorphism of Mackey functors
when one of the following conditions is satisfied:

(1) a0—|—22{=1 a;j >2foralls < j <k,or

(2) ag+2Y7_,ai<O0foralls<j<k.

For Cyk, let
k

V=ay+ao+ Zaiki.
i=2
For each s such that 2 < s < k, multiplication by a)  : HM y — HM y_,  is an isomorphism of Mackey
functors when one of the following conditions is satisfied:

(1) ag+a; +2Z{=2a,~ >2foralls < j <k,or
2) ag+a; —|—2Z{=2a,~ <O0foralls < j <k.
Multiplication by ay : HM v — HM v, is an isomorphism if one of the following conditions is satisfied:
(1) ao+ay>0,a0+ay +2Y7)_, a;>1forall2< j <k, or
(2) ag+ay <0,a9+ay +2YJ_, a; <0forall2 < j <k.

Proof The proof for p odd and p = 2 are analogous. We will assume p = 2, and use the notation
A1 =2c«. For each 2 < s < k, the sphere S(Ay) is a two-cell complex, and we have a cofiber sequence
Cor [ Cotms 4 —> S(hs)4 = Coic/ Cop—s . A S

We get the following long exact sequence of Mackey functors
oo = HMy (Cor [ Cor—s) — HM y (S(As)) = HM y—1 (Cyic /| Copr—s) — - .
The two Mackey functors on the outside only cares about the C,x—s-representation
iézk_s(V) =ag+ay +2ay+--+2as+ag Ay + o+ aphp_s.
By the previous lemma, we deduce that Hy (S(Ag)) = 0 when one of the following is satisfied:
() ag+a; +22{:2a,~ > 1foralls < j <k,or
2) ao+a+2Y7_ja; <0foralls < j <k,
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Then the cofiber sequence
S(hg)4 — SO — S§hs
provides us with the long exact sequence
v HMy(SOy) — HM y = HM y_5, — HMy_1(S(hs)) — -

The map a, is an isomorphism when the two outside Mackey functors vanish. And we have finished the
proof for a, . For ag, the only difference is that the sphere S(a) = Cyx /Cyi—1 is a one-cell complex.
All the proofs are along the same line. O

Using the vanishing property, we can also deduce when multiplication by u)  is an isomorphism. From
Theorem 2.6 we deduce

M(Cpi—i)® if % =0,

ker(rq )/(1—y) ifsx=—1,
4 GHM AS*i—2 = St M) = Cok—i
@ e S5 2+*( )= coker(tr ) if £ =-2,

2k—i

0 otherwise.

Then we look at the cofiber sequence
hi Ai—2

5) HM — HM A S™7% — Cy, .

In general, the cofiber Cux,- is not an Eilenberg—MacLane spectrum (it is one in the special case of
M = 7), but it has a finite Postnikov tower, which enables us to extend the vanishing results to this case.
Before that, first let us notice that the map u;, is an C,«x—-equivariant equivalence, thus i} Coi Cu 2 Xk

Since S*s is built from S° out of cells of orbit type Cyk [/ Cyi—s, we deduce:

Lemma 3.13 The spectrum C,, Y isay,;,ay -local.

RN

Corollary 3.14 (u) -isomorphism region) For p odd, let V = ag + Zle a;A;. For each s such that
1 < s <k, multiplication by u) .: HMy — HM y_,_, is an isomorphism of Mackey functors when
one of the following conditions is satisfied:

(1) ag>0andag+2YJ_ a;>0foralll <j<s—1,or

(2) ap<-3andag+2Y)_ a;j<—3forall1 <j<s—1.

If p =2, let
k

V=ay+a,x —i—Zaiki
i=2
For each s such that 2 < s < k, multiplication by u; : HMy — HM y_,_, is an isomorphism of
Mackey functors when one of the following conditions is satisfied:

(1) ap>0andag+a; >0,a9 + a; +2Z{=2a,~ >0forall2<j<s—1,or
(2) ap<—3andag+a; <—3,ap+ aq —i—ZZ{:zai <—3forall2 <j<s—1.

Multiplication by uyo: HM y — HM vy 4554 is an isomorphism when ag > 0 or ag < —3.
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Proof Again we assume p = 2 and the odd primary case is analogous. We also assume 2 < s < k since
the 1, case is proved in the same way. Consider the long exact sequence

Upg
wy+1Cu,, > HMy — HMy 155, —> 7y Cy,, .

We want to find the range where the two outside Mackey functors vanish. By a, , ..., ay, -periodicity

of 1. Cy, , we can assume V = x + yo + le;é ajA;. From the computation (4), we know Cy,  is

concentrated at x = —2, —1, 0, and we get its Postnikov tower

Cuy, = P —— HM;

|

Ple—>'HM,

|

P2 —— X *HM,
where M ;, i =1, 2, 3 are some Mackey functors. Then we get a strongly convergent spectral sequence
Ey,=nyP* = ayCy,,.
where P* is the fiber of PS — P!, The conditions stated are the conditions for E %, s = 0and
Epy =0 m

Remark 3.15 For M = Z, from the formula (4) and the fact that uy : Z = HZo => HZ,_), = Z we
know Cy, =~ %72 H M. We can get a finer condition than the one stated in the theorem, which is left to
the reader.

3B au-relation (aka gold relation)
In this subsection, we generalize the gold relation [13, Lemma 3.6] for R = Z to the general case.

Proposition 3.16 (au-relation) Let V, W be chosen from A; for 1 <i <k such that Gy C Gy . Let R
be a Green functor. Then there is the following relation in HRY:

ay -trg’l’/V(l)uW =aw -uy.

Since HI_320_W = R(Gw )Y by Proposition 2.23, and trgz/ (1) € R(Gy)C, the class trg;”(l)uW € HI_??_W
makes sense.
M(Gw)°
o .
$log, |G/ G| tTe " (M(e))

Proof This follows from Theorem 2.6. O

Lemma 3.17 Let W be one of A; for1 <i <k. Then HM?_W_)\ o~

Lemma 3.18 Let W be one of A;, 1 <i <k, then we have the following relation in HRY :
ay -treGW(l)uW =aw -u.
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Proof We only need to prove for the universal case R = A. We claim that the following commutative
diagrams are isomorphic:

HAS —*— HAS, AG) — 2 AG)/u€
luk luW Jvresg lresgw
HAS | s HAS ae) v
AS AS Ale) —— A(Gw)/|G/ G| s

The corresponding abelian groups are isomorphic by previous computations, and that A (H) has trivial
G

e

Weyl action for each H C G. That a; is projection and u), is res; are proved in Proposition 3.9 and

Remark 2.26, respectively.

To show that up is induced from reng , we look at the following isomorphic commutative diagrams:
G reng G G reng G
HAZ, ——— HATY AG)/ tg ———— A(Gw)/re™

lu w lu w lreSgW l 1
resG

G G G f G
HAS \ Ly —= HAY y  AGW)/IG/Gw |t —— A(Gw)/ ue™
The map f is induced from the identity of A(Gy ) thus send X to X, and we deduce that uy is induced
from resgw.

We are left to show that ap is induced from treG ", We consider the following filtration of S AASW

0 N A N A N A w N A w
Sr > Sty ,SK > S*ASH) > SAAS
\\\\ / K\ / \\\ / F\\\ /
Gles A S! Gles N S? G/Gw, AS*AS! G/Gw, AS* A S?

The map awy: S A SA A SW its in the first row. By running a spectral sequence, we can see
that the classes that contribute to JTZG (S* A SW A HA) are subquotients of nzG (G/ex A S? A HA),
78(G/Gw . AS* AST A HA) and 78 (G/Gw ;. A S* A S? A HA). We have
5 (G/er A S* A HA) = Ale),
78 (G/Gw . A S* ASTAHA) = HATY (S%) = ker(u§") /(1 ) = 0,
78(G/Gw . AS* A S? A HA) = HASY (S*) = A(Gw)/ udW .
We already know that
A(Gw)

G/ oA w G
7S (S*ASW AHA) = HAG ,, , = =00
2 WA TG G| uSY

~ A(Gw)/x®ZL/|G/Gwl(x)

by the previous lemma, where x is represented by the free Gy -set Gy /e = treGW (1). The differential
dy: A(e) = 78(G/Gw 4 A S* A HA) — 72(G/ex A S? A HA) = Ale)
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must be |G/ G|, and we have the following extension:
h
0 A(0)/IG/Gw| = HAT ;_y — A(Gw)/ ug" — 0,
where 7 is induced from trg W . Thus ap is induced from trg”/.

In A(Gw)/x ® Z/|G/Gw|{x) we have that a)uy = (1,0) and apu) = (0, x), where 1 is Gy /Gw .
We deduce
awu) =ay - Xuwy =ak-treGW(1)uW. a

Proof of Proposition 3.16 Let V, W be chosen from A;, 1 <i <k with e # Gy C Gy. Note A#OV is
a Green functor for G/ Gy . Regard V, W as G/ Gy -representations and by abuse of notation, we will
still write V, W. By induction on k, we get

ay - treGW/GV(l)uW =awuy
in (H&ﬁGV)* since V' is a faithful G/ Gy -representation. We have
w&m /G (1) = g (1),

where the transfer on the right is in A. Thus the claim follows. a

4 Induction theorems

In this section, we prove our induction theorems. The results fit HM . in exact sequences where the
rest of the terms are computable in terms of H (M #2), and H(M igZ)*. Thus we can carry out the
computations by induction on the order of G = C,«. The initial input is the structure of HM 52, which is
completely determined by the first author in [21].

Recall that Proposition 3.7 reduces our consideration of HM - to those V € RO(G) such that |V | =
2,1,0,—1,—=2. Proposition 3.9 then tells us how to further reduce to those V with |V | =1,0,—1. We
first relate the homotopy groups in degrees V with |V | = £1.

Proposition 4.1 LetV € RO(G) with |V | = 1. If V is orientable, then we have the exact sequence of
abelian groups

0 — Im(res(V + 1 —1)F) > M(e)® - HMG 2 HM S, — M(e)/(1 —y) — Im(tr(V — )G) — 0.
If V is nonorientable, then we have the exact sequence of abelian groups

0 — Im(res(V + 1 —k)f) —>¢, M(e) — HMIG/ iR HMIG,_A — M(e)/(1 +y)— Im(tr(V — l)g) — 0.
Each exact sequence can be upgraded to an exact sequence of Mackey functors.

Proof By Lemma 3.5, when V is orientable, the long exact sequence on homology of the cofiber
sequence
a
SA)4 — SO 5 g*
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gives us

res(V+1-1)¢ a
G ———— M) > HM§ = HM§_;, — M(e)/(1—y)

(V' —1)¢
_—

MG, | HM

G 9 G
HMYy, | — HMy_,_,.

By Proposition 3.9, the first a) can be identified with the inclusion of ker(res(V + 1 — k)eG), whose
cokernel is Im(res(V + 1 — k)f). The third @) can be identified with projection to coker(tr(V — l)ec),
whose kernel is Im(tr(V — 1)5). Replacing G by H C G, we get and exact sequence of Mackey functors.

The case for nonorientable V' is completely analogous. a

Remark 4.2 Proposition 4.1 tells us that the homotopy Mackey functors with |V | =1 and |V | = —1
determine each other up to extension if we can figure out the maps in the long exact sequences and
understand the |V | = 0 grading, since both (V 4+ 1—A) and (V — 1) have underlying degree 0 there.

The following two theorems are the main theorems in this section. For simplicity, if U € RO(G), we
use the same notation for its restriction to subgroups. If Gy # e, we also use the same notation for the
corresponding G/ Gy -representation. For definitions of Mackey functors FP, FQ and TFP, TFQ, see
Definitions 3.2 and 3.3, respectively.

Theorem 4.3 (induction theorem A) LetU = ag +a;a + Ef.;za,-)\i € RO(G) with |U| = 0. Then:
(1) When ay =0, HM ¢y can be computed from H(Mi,gz)y and H(M*C2)y.

(2) Whenay < —1,if U is orientable, we have the exact sequence of Mackey functors
a res‘(;)
0— HM y 1, —> HMy —— FP(M(e)) > HM y_i 43,
If U is nonorientable, we have the exact sequence of Mackey functors
a resé_)
0—>HMy+), — HMy —— TFP(M(e)) > HMy—1+),.-
Here resg_) is the map induced from resf on the G/ H -level. In each sequence, the first and last
Mackey functors can be computed from H(M¥2), and H(M igz)*.

(3) Whenay > 1, if U is orientable, we have the exact sequence of Mackey functors

trg_)

HM y_3, 41— FQ(M(e)) —— HMy => HM y_;, — 0.

If U is nonorientable, we have the exact sequence of Mackey functors

(=)
HM y_, +1 — TFO(M(e)) —— HM y 2% HM y_;, — 0.

Here tr$™) is the map that is induced from trf on the G/ H -level. In each sequence, the first and
last Mackey functors can be computed from H(M #C2) and H(M igz)*.
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Proof The case a; = 0 follows from Corollary 2.16. It describes the restrictions and transfers between
subgroups that are not equal to e. The rest of the structure can be deduced from H (M igz)U.

Consider the cofiber sequence
Shg)4 — SO — S,

Since |U| = 0, we have that |U + A;| =2 and |U — Ay — 1| = —3. Thus
U+ SA)+ ANHM =gy, —1S(Ag)+ ANHM =0.
The homology long exact sequence together with Lemma 3.5 give us the four exact sequences.

Now we show that groups other than HM g in the exact sequences can be reduced to C,- and G/ C;-
equivariant computations. Since the proofs for orientable and nonorientable U are completely analogous,
we assume U is orientable.

In part (2), if ap = —1, then U + A is a G/ C,-representation and we know the first and last Mackey
functors via G/C,-computations. If @y < —2, let W = U — ayAg. By Proposition 3.7, HM p =
HM 74, and the former Mackey functor can be computed G/ C;-equivariantly. Similarly for HM yp 1 =
HM 45, —1.- Then we get the structures of the relevant homotopy Mackey functors above the group C.
The rest of the structure can be deduced from H (M ng)*.

In part (3), if a; = 1, the computations of the first and last Mackey functors can be reduced to computations
over G/Cy. Ifay = 2,let W =U —ayry. Wehave HM yj_;, = HM w and HM ), 41 = HM w11,
thus the computations above the group C, can be reduced to G/C,. H(M igz),, tells us the rest of the
structure. |

For the cases |U| = %1, we have the following result:

Theorem 4.4 (induction theorem B) LetU = ag + a1 + Ef.‘zzaik,- € RO(G).
When |U| = 1:
(1) Ifay <0, then HMS can be computed from H(Z\_/Iigz)* and H(M¥#¢2),.
(2) Ifay =1 and U is orientable, then we have the exact sequence of Mackey functors
FP(M(e)) > HMy => HM g3, — FO(M(e)),
where the third Mackey functor can be computed from H(M*C€2), and H(M ng),,.
(3) Ifay =1 and U is nonorientable, then we have the exact sequence of Mackey functors
TFP(M(e)) - HMy > HM y_;, — TFQ(M(e)),
where the third Mackey functor can be computed from H(M #C2), and H(M igz)*.
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When |U| = —1:
(1) Ifay =0, then ry HM can be computed from H(M¥%2), and H(Migz)*.
(2) Ifay <—1andU is orientable, then we have the exact sequence of Mackey functors
FP(M(e)) » HM y 3, —> HMy — FQ(M(e)),
where the second Mackey functor can be computed from H(M #C2), and H(M igz),,.
(3) Ifay <—1 and U is nonorientable, then we have the exact sequence of Mackey functors
TFP(M(e)) » HM y 43, —> HMy — TFQ(M(e)).
where the second Mackey functor can be computed from H(M¥#¢2), and H(M igz)*.

Proof The proof for the cases |U| = £ 1 are analogous, and we only prove it for |U| = 1. The case a =0
follows from Corollary 2.16. The exact sequences comes from the cofiber sequence S(A)+ — S° — S A,
If ap <—1,let W = U — ayAr. By Proposition 3.7, we have the isomorphism HM y =~ HM yp, and
the latter Mackey functor can be reduced to the homotopy of HM #C2_ Then we understand the Mackey
functor structure above C,. H(M igz),, tells us the rest.

If ap > 1,let W = U —ayAy. By Proposition 3.7, HM ¢, = HM y and the latter Mackey functor can
be reduced to the homotopy of HM #C2 The rest of the structure can be deduced from H (M igz)*. O

S The positive cone of HM for arbitrary M

In this section we will show how to use the methods described in previous sections to describe the positive
cone of HM ¢ for an arbitrary Mackey functor M. Here the positive cone HM pGOS is the subgroup of
HM ¢ indexed by V € RO(G) such that a; <0 for 1 <i <k. As examples, we completely compute the
positive cone of HZ and HA.

SA Structure of the positive cone for arbitrary M

Note that in the positive cone, all indexing representations will have | V| <0, since a n-dimensional G-CW
complex cannot have a nonzero (n+1)™ homology. By Proposition 3.7 and 3.9, multiplication by a; o 18
an isomorphism when | V| < —1, and it is projection to coker(tr¥) when |V| = 0. So the V" homotopy
groups with | V| = 0, —1 are the only groups we need to describe. Note that when V is orientable with
|V| = 0, this is discussed in Proposition 2.23.

5SA1 HM f,; for nonorientable V' with |V | = 0 We first describe HM IG, for nonorientable V' with
|[V]=0.

Proposition 5.1 We have that
HM lG—(x = ker(trg,) and

H]\_lg_mx =4 M(G') foroddn > 1, where {; = 1 + y (see Definition 2.2).
Proof This directly follows from Theorem 2.6. O
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Notation Let V = ZISI-S % @i\i be an actual orientable representation (recall that A; = 2or). Recall also
that elements uyy, uy» commute for irreducible (thus general) orientable W and W’ (see Proposition 2.29).
We will write

uy = uilluiz ...ui" € Hf_‘x|GV|_V.

Note that uy: HM S — HM §

Vi—y = ~ M(Gy)Y is the restriction resg

Proposition 5.2 Let V =1—a+|V’|—V' be a nonorientable representation with V' =3, ;< aiA; #0.
Then

() HM = M(Gy),

(2) multiplication uy: HMG ~ ker(trG/) — HMV =, M(Gy) is the restriction map resg;/.
Note that in point (2) the image of resg; always lies in the codomain when restricted to the domain, by
the double-coset formula.

Proof (1) This follows from Theorem 2.6.

(2) Letv:S!'—S*AHM bea representative of an element in HM IG_ - Then consider the commutative
diagram
id Au v’

S|V| vAid So— 1/\S|V|/\HM SO‘_I/\SV//\HM

\ l

S*AG/Gl, SV A HM

The diagonal map displays the restriction of the class in HM o 1o HM | GV' =~ HM Gy = M(Gy), and
the vertical map is the inclusion of ¢ M(Gy) in M(Gy) when taking 7T|V’|( ).

The restriction map res(1 — a)G, is induced by the restriction in the Mackey functor M. This can be
seen as follows Letv:S'— S o, A HM be a representative of a class in HM . Then its restriction to
HM o 18 given by the composite

G/Gyrp "SI - S 5 HM.

Note that G/Gy:4 A S'™% = G/Gy . by the shearing isomorphism. Thus restriction of v gives a class
in M(Gy), as expected.

Therefore since the diagonal map is induced by resgw and the vertical map is an inclusion, the multipli-

cation by uy has to be the restriction. a

5A2 HM g for V with |V | = -1 Now we will compute the entries in the positive cone graded over
V with |V| = —1. We first observe that if V has |V| = —1, then there exists a unique orientable G-
representation U with U9 =0 such that V = |U|—U —1 or |U |—U —a depending on the orientability of V.
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Proposition 5.3 Let U = Z{:l aihi,a; > 0andaj #0. Let W = U — A; and s be the biggest integer
such that Ay appears in W with nonzero coeftficient. Then

MG g
(I-pMGy) 7 =7
ker(¢s ok
HMG = 26y’ g =
M\yl-1-u -9 M(Go) ifaj and W # 0,
ker(tr&
_KerlGy) g 1 and W =0,
(I-y)M(Gy)
and M(Gy)
ST g >0
(I+y)MGy) — 7 =7
ker (s trGW)
HM G = 056yl rg =
HUle-U = ) o ueyy 9T WA
ker(¢; r8’
M IfajzlandW:O
(I+y)M(Gu)
Proof This follows directly from Theorem 2.6. O

In the next two subsections, we will use the theory described above to derive the positive cones of the
most important Eilenberg—MacLane spectra HZ and HA over C,«. Note that the whole RO(G)-graded
homotopy of HIF,, in particular the positive cone, is determined by the second author [23].

5B The constant Mackey functor Z

In this subsection we will describe the structure of the positive cone of HZ. Recall the Mackey functor
Z is given by Z(H) = Z for H C G. Using transitivity, the restrictions and transfers are determined by
resg =1and trlf(l =2 when [H : K] = 2. Since Z is actually a Green functor, the positive cone of HZ
has a ring structure. The reader can compare the following result with [12].

Theorem 5.4 Let G = Cyx, k > 1. Then we have

H7C = . Z[aa’{aki|2§l:§.k}, {“Ai|1§i§k}]
TP 2ag, {20y, |2 <0 kY, 2 aguy, —apuy | 1S G <i <k}

Proof The result is true for £k = 1 by [3; 8; 25]. It is true for k = 2 by [24]. Assume it is true for k — 1.
For G = C,«, the relations can be readily deduced from Propositions 2.19 and 3.16. We are left to show
that we have the additive splitting

(6) Hzg)s = Zlay, Nag. ... ay,_, tUzg, .-, ukk_l]/{ZkaA,(, relations for Cyr—1}
® L5, Viz1lanJluze. - up_ J(1.da) /2aq. 2% ay, ).
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For the notation, see the introduction (Section 1A). Let V' be in the positive cone. Then we get nontrivial
classes only when |V| < 0, since a n-dimensional G-CW complex cannot have (n+1)-dimensional
homology. By Corollary 2.16 and the induction assumption, we get the classes

@) Zlag, ....ay, _, Uz, ... Uy, ,]/{relations for Cpx—1}

when V' does not contain any copies of Ay. Write V = v+ ayy, where V*# does not contain A - Note
ay > 0 since V is in the positive cone. We use H Z;Sﬁ to denote the subring of the first summand in (6)
with a), having 0™ power. That is, posﬁ is the direct sum of all representations in the positive cone
without any copy of Ay.

If |V“| <0, then H ZG .+ 1s known as in (7), and Propositions 3.9 and 3.7 gives us the first direct summand
of (6), since multlphcatlon by ay, will either be an isomorphism or a surjection. If |V#| >0, let ¢ be the
unique integer such that |V —cAy| = 0 or —1 depending on whether |V| is even or odd. Let d = ay —c,
then we have V = V¥# — Ay —dAg. Write W = V# — ). We will show that the groups HZI(/; with
|V#| > 0 consist of precisely the second summand in (6).

By Proposition 2.23 and an easy generalization of Proposition 2.29, we know the elements u, generate a
subring Z[{uy, | 1 <i < k}] which gives us the groups HZEV = 0 with |[W| =0, since HZp—na =0
for odd n by Proposition 5.1. Multiplying by powers of a,, gives us all the classes in the gradings with
|V# > 0 and |W| = 0 by Propositions 3.9 and 3.7.

By Proposition 5.3, for U an actual G-representation, we have that
G
We look at the following exact sequence:

/7

G G’
HZS, o, HZS, , > HZ§ —— HZG, 4,

|U|—U—«a

Since trg, =2, we see ag is the projection Z — 7 /2, and we obtain the classes Z /2[{uy, | | <i <k}|{aq).
Multiplying by powers of a;, gives us all the classes in gradings with |V# > 0 and |[W| = —1 by
Propositions 3.9 and 3.7. |

SC Burnside Mackey functor A

In this subsection we will describe the structure of the positive cone for HA, where A is the Burnside
Mackey functor (actually a Green functor). Recall that for a general finite group G, the Burnside Green
functor for H C G is given by

A (H) = the Grothendieck ring on isomorphism classes of finite H-sets,

where the addition is disjoint union and product is the Cartesian product. In particular, it has a free Z-basis
given by the isomorphism classes of H/L, L C H. We will use [H /L] to denote the isomorphism class
of H/L. For K C H C G, reslf(l is given by restricting the H-action to a K-action, and trIIg is given
by H xx ().
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Fix G = Cy«x and consider A(C,«). The Z-basis will be denoted by a)](k), where a)}k) is the class
corresponding to the isomorphism class [Cyx /Cox—;]. In particular, a),(ck) corresponds to the free G-set
and a)(()k) is the unity of the ring. Similarly we define a)}k) for subgroups of G.

The restrictions are explicitly given by
200D if1<j<i,
resC (a)(’)) = { (.’_11 T /=
wy ™ ) if j=0.
The transfers are given by

trc (a)(’ Dy = wj(’_al

for0<j;=<i—-1
By Proposition 2.23 and the fact that Weyl actions in A are trivial, we have

A(Cyr—j) if Co—j C H,

HA» , (H) =
Az, (H) {A(H) otherwise.

It is the constant Mackey functor with value A (C,x—; ) from the G/G-level to the G/Cyk—;-level. At the
G/C,k—j-level and below, it is the Burnside Mackey functor for the group Cyi—;.

At the C,«—;-level, we have the actual products a)l.(k Doy A, for 0 =i <k — j and they form a Z-basis
of HA»—,;(G/Cyr—j). Since resg = 1 in this degree, we denote the lifts of these classes to the
G/G-level by [a)(k Ny A, ], since they are not actual products anymore.

For a general orientable V = E{zlaiki with aj # 0, the group HA|GV‘_V has a Z-basis [a)i(k_j)uV],
0<i<k-—j.

Theorem 5.5 Let G = Cyx. We have

HAS = A(G)[da. {ay, 12<i <k}, {fo*Duy 1| 1<j <k, 0<i <k-j}]/S

£2pos

where S is the set of relations consisting of the following:
(1) Foralll < j <k we have that a)](k)aa =0.
(2) Forall2<i < j <k we have thato®ay, = 0.

(3) Foralll < ji <j,<kand0<iy <k—j, 0<i, <k— j,, we have that

; k—i p . . .
2“[0),-(2 ]Z)lejz]ukjl ifiy 4+ j1 = o,
[a)(k Jl)u;hjl] [a)(k J2)u;hj2] = 212_11+’1[w(k_12)ux. Luag, if j <iy+ j1 <ix+ ja,
2fz—h+lz[w,(lk 02wy lusy,ifi 1> i+ o

In particular, we have that forall 1 <[ < j <k,

(k—j) (k—j)

up, o uy; | = [w;

u;\lu;‘j].
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(4) Foralll <i,j <k, we have that

2itiaf*=N) wy ] ifiy < j, andiy <k — j —ia,
2k—f[a)<k—f')uk] ifiy <j, andiy >k — j —i,
21+12[w(k_/>l.1u“ ifiy > j, andiy <k —j—i,,
k=i =Duy ] ifiy > j, andiy >k —j —iy.

o [wE=Duy ] =

12

(5) Foralll < j <i <k we have that ay, [a)(k J)u;v.] =a;uy,-

Proof The case when kK = 1 is shown in [21]. Assume the result is true for kK — 1. We use the same
notation V = V*# —az A and W = V¥ — ¢A when |V#| > 0 as in Theorem 5.4.

We first deduce the relations. Since A is a Green functor, we have the Frobenius relation: for any
a€ HApy(K) and b € HAw (H),

trK (a)-b= trK (a-resg H(p)).

The relations (1) and (2) are direct consequences of the Frobenius relation. Relation (5) follows
from the gold relation in Proposition 3.16. More precisely, we have G), = Cyr-i, Gy; = Cor—j

andtr 2" ’(1) a)l(kjf).

For (3), we look at the following diagram coming from the pairing Hﬁz_)‘h O HAZ—MZ L HA4_Aj1 —j,"

A(Cyimiy) ® A(Coimip) —— A(Cyemis)

- |

A(Cyimiy) ® A(Coimsn) —— A(Cyimiy)

resCzk—j; ® ll ll
A(Cypin) ® A(Cyimip) —— A(Cymiy)

Since the target has restrictions given by 1 above G//C,«—j,-level by Proposition 2.23, to understand the
product on the G/ G-level, it suffices to restrict it to the G/C,«—j,-level. We notice
ll .f . . < .
resczk “( (k My = (k—j2) 1 l.1+].1 _].2’
2k=i> 272771 ) +12 if iy + j1 > ja.

. i1+j1—Jj2
Together with

(k=j2) . ,k=j2) — {212a)l(1+]112)]2 ifiy + j1 >ix+ Jo,
T 2110)1(5 2 iy + ) i+ o
we deduce that
2,-1601.(2{6—12)%],1”%2 ifiy 4+ j1 < ja.
resg (o (k— ]l)ukjl] [w (k— ]Z)M)‘fz]): 2jz—j1+i1w(k—jz)u)hj 1y, if jo <iy+ j1 <iy+ ja,

Sk—ip i i> G
J2—j1+iz P if g ; i ;
2 il Ay UA g, ifi;y 4+ j1>1i+ jo.
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. G
Since rese

_=11in HA4_), _;,, relation (3) follows. Note that since ijz C ijl,
2k—i2

k—j k-
[0 uy; wp, | = [0 uy, Juy,)

by Proposition 2.29. For relation (4), we use the pairing HAo O HA,_;, LN HA,_,, and the argument
is similar to the that of (3).

Using the gold relation (see Proposition 3.16), to prove the structure of HAPOS, we are left to show that
we have the additive splitting

AG)ar e, {ay, 2 =i sk =1}, {lofDuy ]| 1= j <k—1,0=i <k—j}]
(8) HAPOS = 3 !

A6} Vizilan, [{lo*Dup, ]I 1= j <k —=1,0=i <k —j}](1,a0)

2aq

The relations in S consists of the relations (1), (2), as well as the relations (3), (4), (5) where only the
elements u; with i # k are involved. The proof of the second summand in (8), which corresponds to the
gradings with |Vﬁ| > 0, is completely analogous to the case of HZ. We only need to consider the first
summand in (8), which correspond to |V#| < 0.

Note that
©9) (Ac)2 = Ag L,

where M g is to indicate that M is the relevant H-equivariant Mackey functor. Z* is the levelwise dual
of Z generated by the free sets, ie Z*(Cyi) = Z(w(()i)) and reslf(l =2 and trIIg =1 when [H : K] = 2.
Under the splitting, a)i(k_j) € A(G) with 0 <i < k — j on the left correspond to a)i(k_j_l) € A(G') on
the right.

Thus we have the splitting of G’-equivariant spectra
(HAG)®> ~ HAg v HL,.

We consider the subring HAG o of the first summand in (8), where posﬁ are all representations of the
positive cone without any copy of ay, . It corresponds to the classes with a;, having 0t power and
additively decomposes as

(10) HAC

AC = (HAG)T,

pos (HZG’)pm

via Corollary 2.16, with

A A(G)ag. fay, 12<i <k =1} {01 Duy 111 < j<k—1,0<i <k—j}]
( G)pos_ S/

by induction. Here S’ is the set of relations for the group G’. We notice that, via the identification (10),
the difference between this ring and HAG .+ consists of the groups

Z({loF S uy) | U = S_ aid; with a; #0. 1< j <k —1})
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since a),(ck) kills any Euler class by the Frobenius relation. These groups comes from (HZ7 ,)pm

Proposition 2.23. Taking into account the particular case of relation (3), we get a surjective ring map

AG)[aa tay, 12 =i <k} AlofPDup |1 < j <k, 0<i <k—j}] > HA]

2pos’

and the relation set S is proved above. O

Remark 5.6 As mentioned in Section 2A, this result essentially contains the odd primary result since we
are working locally. Let p be an odd prime, and G = Cpn. Recall the convention that A; = 2a, p-locally,
the positive cone in this case would be

HAS = AG)[{ay, |1 <i <k} {0 Du 1| 1< j <k 0<i<k-j}]/S

2pos

In the definition of wj(k) and in the relations (1)—(5), 2 should be changed to p.

6 The negative cone of HM for arbitrary M

In this section we determine the structure of the negative cone HM g’;g of HM ¢, which is the subgroup

indexed by V € RO(G) such that ¢; > 0 for 1 <i < k. As an example, we completely compute the
negative cone of HZ.

6A Structure of the negative cone for arbitrary M

The homotopy groups with |V| < —1 in the negative cone are 0 since an n-dimensional CW-complex
does not have n+1-dimensional cohomology. As a consequence, we only need to care about the V'
homotopy groups where |V | =0, 1.

6A1 HM g for orientable V with |[V| =0

Proposition 6.1 Let V be an orientable (not necessarily irreducible) G -representation. Then HM & vy =
M(Gy)/G. For the Mackey functor structure, we have

M(Gy)/H ifGy C H,

HMy_y|(H) =
My—y|(H) {M(H) otherwise.

For K C H C Gy, the maps res}?, trK are induced from that of M. If GV C K C H, then trK is induced
by the canonical projection, and resg is given by resC (x) =(14y? ) X and transitivity. Moreover,

the map uy: M(Gy)/G = HMV v~ HM = M(G) is induced by trG

Proof The proof is dual to that of Proposition 2.23. O
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6A2 HM g for nonorientable V with [V | =0

Proposition 6.2 (1) The Mackey functor structure of HM g_l is given by

M(G")/Im(resG,) if H=G,
HM o4 (H)={ — G ,
M(H) otherwise.

The map trg, is the canonical projection, and resg,(x) = (1 — y) - x. Transfers and restrictions on
other levels are induced from that of M.

(2) The Mackey functor structure of HM ¢, for odd n > 1 is given by

no—n

HM ngn(H) = MG/t -M(G)) ifH=G,
o B A—/j(\H/) otherwise.

The map trg/ is the canonical projection, and resg/(x) = (1 —y) - x. Transfers and restrictions on
other levels are induced from that of M.

Proof We first note that since resg/ a =1, we have HM oy (H) = M(H) for H C G’. Now for each
H C G’, the Weyl action on HM ,fl (S™*) comes from the action on S™¢ (sign action for n odd) as well
as the action on M(H). We have that there is an isomorphism

HMna_nig, ~7Q® (H]\_loig,) ~7Q® (Z\_/Iig/) (levelwise tensoring).

For the Mackey functor structure between the levels G and G’, our proof works for both n = 1 and odd
n > 1, so we will assume n = 1. Replacing the top differential by ¢; in the cellular cochain complex from
Theorem 2.6 provides the proof for odd n > 1. The sphere S* fits into the cofiber sequence

G/G'L - G/G, — S*.

Its cellular cochain complex with coefficient in M is

resG,
0— M(G) —= M(G')

with differential induced from the folding map V : G/ G’ — G/G. To deduce the Mackey functor structure,
we have to apply G/G’ x — to this map and consider the following commutative diagram, where the
vertical arrows induce the restrictions and transfers in the Mackey functor structures:

G/GxG/G Y G/GxG/G M(G) ——%", M(G)
TVxl TVxl lresg lA
G/G' xG/G Y G/6 x GG MG MGy @ M(GY)

Here we made the identification
G/G'xG/G = G/Gée,e) I G/Gzy’l),
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and the vertical maps correspond to the restriction Cg, (S%; M) — Cg, (i, S%; M). In the right square,
the map A is the diagonal, and (1, y)(x) = (x, yx). For any x € M(G’) from the top right corner,

A(x) = (x,x) = (x,0) + (0, x) = (0, —yx) + (0,x) = (0. (1 = )x)

modulo the image of (1, ¥). From the construction of ¥, in the proof of Theorem 2.6, we deduce that
in HM o1, we have resg,(x) = (1 —y) - x. Note that the G-module structure on HM gl_l is actually
7Z® M(G’). By the double-coset formula, we deduce trg/ =1. a

Proposition 6.3 We have that
HMS | =coker(resg,) and HMS, , = M(G')/¢i - M(G')

— noa—n

foroddn > 1.
Proof This follows directly from Theorem 2.6. a

Proposition 6.4 Let V =a—1+V'—|V’| be a nonorientable representation with V' =", ;4 ¢idi #0.
Then

(D HMG — M(Gy) ,
§i1M(Gy)
(2) multiplication uy: HM g = % — HM g_l o coker(resg,) is the transfer map trg;.
Proof The proof is dual to that of Proposition 5.2. a

6A3 HM for V with [V| =1

Proposition 6.5 LetU = Z{Zl aiii, a; >0andaj #0. Let W = U — A; and s be the biggest integer
such that As appears in W with nonzero coefficient. Then

M(GU)G ifa; >2
¢, M(Gu) o
M(Gy)© ;
HM?¢ =] =Y ifaj=1and W #0,
= U-|U|+1 Im(é-sresgg/) J ?é
G
MO rg; =1 and W =0,
Im(resGU)
and
M(G
4y M(Gv) ifa; > 2,
Ej A_/[(GU)
& M(Gu) oo
HMC =] === ifaj=1and W # 0,
P U-1U+a Im(Zs resgg) ! #
MOV ey and W= o
Im(¢; reng)
Proof This follows directly from Theorem 2.6. O
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6B The constant Mackey functor Z

In the following theorem we compute the negative cone of HZ. The notation comes from the previous
computations via Tate squares in [24; 23; 25]. For the methods to deduce the entire Mackey functor
structure, we refer the reader to [24, Section 6]. Briefly speaking, by induction, we are only concerned
with trg, and resg,, which can be deduced from a, multiplications by a trick of Hill, Hopkins and Ravenel
[13, Lemma 4.2].

Theorem 6.6 Let G = Cyi, k > 1, then HZS,, can be written as the direct sum of the following

Zneg

3k—1+ %k(k — 1) summands. (For simplicity, all indices i, j have range > 1.)
(1) The torsion-tree part (k summands):
Z(2u30) @ Zlupg (4uih) & Zluy ! usg)(8uy) @ @ Zluy! ... upa (25 uy’).

(2) The 2-torsion part (involving ay, k summands):

Z/2[u2a][ o ,a;;,...,a;;](E_ _lu;J)EBZ/Z[u;l][a;l,..., ;I:](E_laxziu;o{)(aa)
®Z/2uy} uy ey ). a WS ey uy) ) aw)
@..-EBZ/Z[uM,.. 1]( akkuzé)(aa);

and (not involving ay, k — 1 summands):
z/2ay}, ... ,a;;](z—la;;u;;) ®Z/2ay),....a; (= ay] WolYe-ez/2(s” a)\kuzé).
(3) For a fixed s where 2 < s < k, the 2°-torsion part (k — s + 1 summands):

sp,,—1 -1 qp,,—1
7/2 [”2w"“’uks—1][als+1

N (z~! a,. ”A])
—1 -1 =J
EBZ/QS[uZa,...,uAs_l][ Ayt akk]( a;\ +lu)\x )
@ DL/2Lusy.... uy " DT akkuksj)
Proof The theorem is true for k = 1 by [3; 8; 25]. It is true for kK = 2 by [24]. Assume it is true for k — 1.
Note that since Z is a constant Mackey functor, for any H C G, we have that (HZg)? = H 2.G/H»
where we use HZ g to emphasize the K-equivariant HZ. When V' € RO(G) does not contain any copy
of Ag, by Corollary 2.16, we get an isomorphism which we will denote by
Cok—1 o G
*"HL" = HLY.
Here, for simplicity, we used V' for both the C,x—1 and the C,«-representation. Under this map, we have
e*(ay,) = ay, and e*(uy,) = u,,.
Write V = V¥ 4 az Ay and note that @ > 0 since we are in the negative cone. There are several different

cases to consider.

When |Vﬁ| > 1, then by Proposition 3.7, classes in H ZIG/:: are all infinitely a, -divisible. For torsion
classes in degrees with |V#| = 0, by induction, we know they are all infinitely divisible by a), ;- Since
resg (ap,_,) = 0, these classes restrict to 0 under reseG. By Proposition 3.9, they are divisible by a3, .
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They are actually infinitely divisible by a;, , since for any x € H ZG with |V#] =0, a;lx is in total
degree > 2, thus 1nﬁn1tely ay,~divisible. As a result, we deduce that the torsion classes in H ZG with
[VH > 0are e*HZ,, Cak '[a ;1]

For torsion-free classes in H ZI(/; with |V# > 0, we know that HZ ga consist of all the “negative powers”
of the uy,’s as in part (1), with no u,, involved. By induction, we know that the Mackey functors they
generate have Z in each level, with reslf(l equal to 1 or 2 when [H : K] = 2. Thus restrictions are injective
on these classes and they are not divisible by a;, .

If |V“| < 0, then let ¢ be the unique positive integer such that the total degree of W = V4 chg equals 0
or 1 depending on whether |V#| is even or odd. Let dj = ay — ¢, so that we have V = W + djAy.

If |W| = 0 and orientable, we get the torsion-free classes
— — k —i
Z[”x,:_l’---’uzé](z “x,f)

by Proposition 6.1. They are not a; -divisible as before. This completes the inductive proof of part (1). If
|W| = 0 and nonorientable, we get the classes

Z/2luy) s T ay  ung) (aa)
by Proposition 6.4. We will justify their names later. Since HZ{;, = Z, the restrictions of these classes

to the trivial subgroup are 0, thus they are infinitely divisible by ay, . This finishes the inductive proof of
the classes in part (2) involving a.

Now we consider the gradings with |W| = 1. By Proposition 6.5, we have H A U—|Ul+a = = 0 for any
orientable U. Thus we only need to look at the groups H Zg, with W = U — |U| + 1. From the cofiber
sequence

G/G, — S° %% s,

we can derive long exact sequences for some orientable G-representation U

G
I'CS
() > HLG > HLG 4oy \U|—>HZU |U|+1——_>HZU |U|+1——>HZU Ul+a ="
and
resG, tG
(x%) - _’HZUH |U|_’HZU+1 |U|_’HZU |U|+1—a HZU |U|—>HZU u|
We focus on the groups HZU U|+1 and HZU U|+1— o 10 the middle.

In the sequence (), the first group is 0 by Theorem 2.6, since in the cellular cochain of SY, d IU=2| — ot

U+a+1 |U| =Z/2
since in the cellular cochain of SUt®, ¢IUI=1 = ¢; for some i which is 0, and d/VI=2 =14y = 2.

Since each group is cyclic, as can be seen easily from the cellular cochain, we know the sequence () is

for some i and Z is torsion-free. The last group is 0 by Proposition 6.5. The group H VA

always of the form

Ay

res@, .
(1) 0 — 5 7/2 %y g2t 9 gt 4y
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for 1 <i < k. More concretely, from the cellular cochain, we have

)2k ife>2,
HM S, =32/2" ifc=1and Am(VH) = 4;,
0 ifc=1and V#=|V¥.

Thus all the 2/~ !-torsion groups in H Zg/ with |W| > 1 lift to H ZIG, and become 2-torsion, when i > 2.
For example, we look at the 4-torsion classes in H ZIG, for V in the negative cone. There are two sources
of these classes. One is from the quotient group C,x—1 through ¢* when we already have |Vﬁ| > 0.
Another is from the subgroup G’ lifted via resg,, when |V#| < 0 but |W| = 1. By induction, we have the

4-torsion classes in H Zfl;eg (k — 2 summands),

Z/4uzgllay) - ay,) W= ayuy )e}az/4[um][aA a5l tuy )
@@L Huz (T ay_ uy).

They give rise to classes in HZC, via ¢*, and we should join [axkl] since they are infinitely a, -divisible.

Zneg
These are the first £ — 2 summands of the 4-torsion classes in part (3) for C,x. The last summand of the

4-torsion classes are lifted via resg, from the classes

7/2(%" ak, 11420{)
in HZ.9' . These classes lifts to

—nee Z 4 —1 2—1 —i _j
/[uza]( Ay U ).

2
Notice that we added [u;o}] since resg,(u 2¢) is a unit. The 2%-torsion classes for 2 < s < k are proved
the same way, and we finished the inductive proof of part (3).

We are left with the proof of the 2-torsion classes that does not involve ay. The first £ — 2 summands
come from &* followed by a; ,-divisibility. The last summand

Z/2Z az usy)
comes for the sequence (11) when i = 1. From the cellular cochain, we know in the case of |V #| < 0 and
[W|=1, HZ% =7Z/2only if W =% +aiA1+ Ag,a; # 0. In these case, these groups are generated by
Z/265 ay uy)).
Since they are a; -divisible, we will finish the proof once we justify the notation.

As in [24], the classes

Z/2[u2a](trc (e3oc)a)\k )
can be also written as

-1,-1,,—1, —i
Z]2(  a, akkuzé).
The exact sequence () tells us

7/2(7a 1akklum) ag =7./2(%" aklum)

since HZS = 0. To justify the names of the classes

U |U|+1
Z/Z[u;zl,.. u}\.kl]< a)\kuza)(aa)
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we look at the exact sequence (x). We get
z)2=7 ay ugy) -ae = 2/2(S7 ay  ugg) (aq).

This is because in the degrees U — |U |, transfers are either 1 or 2, and ker(tr(U — |U |)g,) =0. |

Remark 6.7 The result has been verified additively by Anderson duality used in [25]. We have Iz (HZ) ~
¥2=% H7,. Anderson duality gives the short exact sequence of abelian groups

0— Ext"(HZS |.Z) > HZ _,_, — Homan(HZS . Z) — 0.

Zx—1>
Torsion and torsion-free classes in H deg will dualize to H Zgos (sometimes outside the positive cone)
via Ext! (—, Z) and Homap(—, Z), respectively. By an abuse of notation, we denote this duality by D.
For example, we have the dualities
k,—1y _
DQ2%u; ) =1,
i —1 k—i -1
DQ2'uy ) =2 upuy,
-1 -1,-1 2 —1
DX a,. Upy) = Aoy ay, s
-1, —1,—1y_ -1
D(E aaa}‘i uza) —aaa)‘,ia}"ks
—1,—1, -1\ _
D(X ay, ”Ak) =ay,.,
-1, -1,-1 -1
D(Z ay, Uy )= ax, )y, (t=s5=>2).
The divisibility relations between the Euler and orientation classes on the right hand sides of the equations
can be seen by cellular computations. See for example [12].
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