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On the homotopy groups of the suspended quaternionic projective plane
and applications
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We determine the (2, 3)-primary components of the homotopy groups 7, 4 (ZFHP2) forall 7 <r <15
and k > 0. Essentially, we give the determinations of the integral homotopy groups 7, (Z¥H P?)
for all 0 < r < 15 and k > 0, which in particular include the unstable ones. As applications, we first
construct a suspended generalized Hopf fibration by a Toda bracket localized at 2. Then we provide two
classification theorems for CW complexes of type S*T* U e37% U e!2%* (for k > 1 but k # 4) localized
at 3, one of which states that the homotopy type of the space (ZkHP3)(3) as a CW complex of the above
type depends only on its Steenrod module. Our results also yield some wedge decompositions of 3-local
suspended self smash products of quaternionic projective spaces.
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1 Introduction

Homotopy groups occupy a central and foundational position in homotopy theory, encapsulating the
essence of building spaces. In addition to the homotopy groups of spheres, the homotopy groups of
finite CW complexes have been extensively studied. Experts have given many fundamental results,
such as JHC Whitehead [29], AL Blakers and W S Massey [2], IM James [7], H Toda [26] and
ME Mahowald [10]. Nowadays, the Blakers—Massey theorem, the James theorem [7, Theorem 2.1],
the relative EHP sequence (see Whitehead [28]) and Toda bracket methods are still critical methods to
determine the unstable homotopy groups of finite CW complexes.
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Projective spaces are core objects in algebraic topology. The homotopy theory of quaternionic projective
spaces has been studied by JF Adams [1], D Sullivan [23] and James [8]. The homotopy groups of the
suspended quaternionic projective spaces are studied by A Liulevicius [9] and the second author [16]. It
is worthy mentioning that at the time of [9], the homotopy groups 7; (S”) determined by Toda in [27]
were not well known. Liulevicius did not use Toda’s results but the Adams spectral sequence, and he
determined many stable homotopy groups of projective spaces.

et enote the quaternionic projective space o imension 7. It 1s the orbit space
Let HP" d he q ionic projective space of di i It is the orbit sp
(H"*! —{0})/(H - {0}) = S*"*3 /83,

and admits a CW decomposition S* U e® U --- U e*". Here we determine the homotopy groups
nr+k((EkHP2)(p)) for all 7 <r < 15 and all k > 0 (where p € {2, 3}); equivalently speaking, we
determine the (2, 3)-primary components of these groups.

Moreover, we study some unstable homotopy groups 7,4 x ((EkHPz)(z)) for a much greater r, that is,
r = 36. These homotopy groups are significantly enigmatic, and their determinations are exceedingly
arduous; see Theorems 6.8.2 and 6.8.6.

It is well known that 3(S>) ~ Z/8 & Z/3, which tells us for any prime p ¢ {2,3}, SHP2 ~ §>v S°
localized at p. Further, we know for a prime p ¢ {2,3} that the homotopy groups nr+k(2k HP?)
(for r <15 and k > 0) localized at p can be computed straightforwardly by Hilton and Milnor’s formula
and Toda’s results, and so these groups localized at p are essentially known in history. For r < 6,
these groups are just homotopy groups of spheres which are also known. However, for the groups
Ty +k(2k H P2) localized at 2 or 3, especially for the unstable homotopy groups, the situations are more
and more mysterious as r grows. In [5], Brayton Gray gives a method to determine the homotopy type of
the homotopy fiber of the pinch map by his relative James construction. In some sense, Gray’s method
(our Proposition 3.1.1) gives another view to understand the relative homotopy group method, namely,
the James theorem. Gray’s method is one of our fundamental methods to determine the homotopy groups
of the 2-cell complexes.

The first main theorem is stated as follows:

Theorem 1 The (2, 3)-primary components of 7w, 4k (SKH P2) for 7<r <15 and k > 0 are summarized
in Table 1

It is noteworthy that, among the groups 7, & (S*¥H P2) for 7 <r < 15 localized at 2 or 3, the determination
of 7119((E4HP2)(2)) requires the most effort, closely trailed by 711 ((EZHPZ)(Z)), 7r13((22]H[P2)(2))
and JTigS((HPZ)(3)). In particular, to determine JTigs((HPZ)(g)), we use the (strong) Jacobi identity of
Toda brackets, which is one of the trickiest tools in Toda bracket theory; see the proof of Theorem 5.3.1.

Since there are well-known isomorphisms 77, (HP?) ~ 7, (S'!) @ 7,1 (S?3), we will omit all the proofs
for the determinations of nr+k(EkHP2) localized at 2 or 3 in the case k = 0.
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r\k 0 1 2 3 4 5 6 7 8 9 10
7 443 0 —
o0 o0 —
0 o0 2 —
10 0 2 2 2 —
11| o043 849 842  84+4 o0o+8 16+4 —
+9 +9 +4+49 +9
12 22 0042 22 23 24 23 22 -
13 23 23 oo422 23 24 23 ocot22 22 -
14 | 844 220042 2243 43 2243 2243 2243 2243 243 -
+24-32 +3
15| 4422 1648 16422 16422 oco+16 32427 64+27 128427 oco+128 128427 —
+3 +943 49 +27 42427 +27

Table 1: The (2, 3)-primary components of 7, (S¥H P2). In this table, n indicates Z/n, n™
indicates (Z/n)™ (for positive n), oo indicates Z, 0 indicates the trivial group and + indicates
the direct sum. For k > r—6, the groups 7, (X¥H P?) are in the stable range. The (2, 3)-
components of the groups 7, (S¥H P?) for k = (r—6)+1 are just denoted by bar “—; the
remaining entries in the table lying in the stable range are therefore omitted.

As a first application, in the following main theorem for which we refer the reader to Theorem 7.2.1, we
construct a suspended generalized Hopf fibration by a Toda bracket localized at 2. Empirically speaking,
a homotopy class with a particularly strong geometric meaning is often a generator of the homotopy
group, but X%/ localized at 2 is not, which provides an interesting counterexample.

Theorem 2 After localization at 2, let h: S'' — HP? be the homotopy class of the Hopf fibration
whose homotopy cofiber is H P3. Then, for some odd t, $h is contained in the Toda bracket

{Jj1,vs,2tvg},

where S5 L5 SH P2 is the inclusion, and v, € 734 (S™) for n > 4 are the Hopf classes. Moreover,
Sh generates m12(SHP?) ~ Z/8, but £®h cannot generate any direct summand of nfl (HP?) ~
7)16 & Z/4.

We say that a CW complex X is a homology n-dimensional quaternionic projective space if H, (X;Z) ~
H, (HP"™;Z) as graded groups. Up to homotopy, a simply connected 1-dimensional quaternionic
projective space is just the sphere of dimension 4. (Note: the simply connected condition is necessary, as
taking the wedge product with a noncontractible acyclic space preserves the reduced homology.) It is
clear that the homotopy type of a p-local (for p € {2, 3}) suspended simply connected 2-dimensional
quaternionic projective space, ie a CW complex S (4;;” Ur e?;r)” for n > 1 and f some map, is only
dependent on the order of [ f] € w74, (S fp‘g" ) &~ Z/24 ® Zp); see our Corollary 2.1.1. For suspended

simply connected 3-dimensional quaternionic projective spaces, the classification becomes complicated.
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As applications of Theorem 1, we provide two classification theorems for k-fold (where k > 1 but
k # 4) suspended simply connected 3-dimensional quaternionic projective spaces localized at 3. (Note:
For Theorem 3, in the case k = 4, we are unable to give the classification by current techniques. For
Theorem 4, the assumption k # 4 is necessary; see Remark 7.2.4.)

Our third main theorem for, which we refer the reader to Theorem 7.2.1, is stated as follows:

Theorem 3 After localization at 3, suppose k > 1 but k # 4. Then, up to homotopy, the k-fold

suspension of simply connected homology 3-dimensional quaternionic projective spaces, that is, CW

complexes of type S4tk 8tk yel2tk

EkHP?’, EkHPZ U3Ekh312+k, EkHPZVS12+k, Ek_lAVSS+k,

S4-‘rk Vv E4+kHP2, (S4+k V. S8+k) Uck €12+k’ S4+k v, S8+k v S12+k.

, can be classified as the following:

By a Steenrod module we mean a cohomology module over the Steenrod algebra, or a homology module
over the dual algebra of the Steenrod algebra. We adhere to conventional terminology, that is, localized
at a prime p, we refer to a simply connected CW complex X as being of finite type if H; (X Z(p)) is
a finitely generated Z (,)-module for each i. As we see in the following main theorem, for which we
refer the reader to Theorem 7.2.3, the homotopy type of (EkHP3)(3) for k > 1 and k # 4 is completely
determined by its simply connectedness, finite type property and Steenrod module structure.

Theorem 4 After localization at 3, suppose X is a simply connected CW complex of finite type, and
Ho(X;Z/3) ~ H (ZFHP3:Z/3)
as Steenrod modules where k > 1 but k # 4. Then X ~ S¥H P3,

There is a connection between the wedge decompositions of self smashes of finite CW complexes and the
modular representation theory. The homology of the functorial indecomposable factors of self smashes
of a 2-cell suspension has been determined in [22] by P Selick and the third author. And the wedge
decompositions of self smashes of real, complex, quaternionic and Cayley projective spaces localized
at 2 are studied in [31, Proposition 3.4] by the third author. Here, as applications of Theorem 4, utilizing
the methods in [31], we provide two wedge decompositions of suspended self smashes of quaternionic
projective spaces localized at 3; see Theorems 7.3.2 and 7.3.3.

Theorem 5 After localization at 3, there exist homotopy equivalences
SHP> AHP?~ S vE’HP?, SHP?AHP?~3°HP?VY,
where Y is a 6-cell CW complex and sky3(Y) = S HP2.

Acknowledgements This work is supported in part by the Natural Science Foundation of China (NSFC
grant 11971144), High-level Scientific Research Foundation of Hebei Province. And this work is also
supported in part by the start-up research fund from Beijing Institute of Mathematical Sciences and
Applications.
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2 Preliminaries

2.1 Notation and some fundamental facts

In this paper, all spaces, maps and homotopy classes are pointed, basepoints and constant maps are
denoted by *, and homotopy classes of constant maps are denoted by 0. If we take the p-localization,
we always use the original symbols of the spaces, maps and homotopy classes to denote them after
localization at p, and H, (—) denotes the mod p reduced homology. The homotopy fiber is called the
fiber for short. For a map or a homotopy class f, we use Cy to denote the homotopy cofiber of f', and
the homotopy cofiber is called the cofiber for short.

For a nonnegative integer m, let Z/m denote Z/mZ. For a prime p, let
Zi(py =1a/b|a,b € Z are coprime and p { b},

that is, the group or the ring of p-local integers; for a Z,)-module A of form Z,) or Z/ Pk, we use
G = A{X} to denote a Z,)-module G which is isomorphic to A and generated by X. For example,
G = 7. /4{x} stands for G ~ Z /4 and G is generated by x; (Z/m)¥ denotes the direct sum of k-copies of
Z/m. We use @ to denote both the internal direct sum and the external direct sum. And ord(X) denotes
the order of the element X of a group.

Letay,as,...,an € A where A is a Z- or Z,)-module. Then {(ay,as,...,a,) denotes the submodule
generated by ay,as, ..., a,. Weknow («, B, y) also denotes a stable Toda bracket, but these two meanings
of (—, —, —) are always easy to distinguish. We use Z to denote the set of positive integers. Suppose p
is a prime. For a finitely generated abelian group G, the p-primary component of G is

G/{(g € G | ord(g) = ¢" for some prime ¢ # p and some n € Z ),
and the so-called (2, 3)-primary component of G is
G/{(g € G | ord(g) = q" for some prime g ¢ {2,3} and some n € Z ).

Our result gives the homotopy groups after localization at p € {2, 3}, which naturally correspond to the
(2, 3)-primary components of these groups.

For a commutative unitary ring R, let
Riai,az,...,ay,...,} where |ai| = ji
denote the graded free R-module with basis a1, a»,...,a,,... and where ay, is of degree ji.

We often use the obvious notation X <> Y to denote the inclusion map from X to Y, where X and Y are
spaces or modules. For a space X, let X\"* denote the n-fold self smash product of X, and X"\° = §9.

We follow Toda’s notation and directly use the symbols for the generators of 7, (S") in [11; 12; 13; 14;
18; 27]. The only two differences are: we denote Toda’s E by 3, the suspension functor, and we denote

Algebraic & Geometric Topology, Volume 25 (2025)
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Toda’s A by P, the boundary homomorphism of the EHP sequence. By abuse of notation, sometimes we

m+1 where

use the same symbol to denote a map and its homotopy class. For a CW complex Z =Y Ug e
dim(Y') < m, we denote the mapping cylinder M, by My to indicate My ~ Y, although My /Y does

not only depend on Y. Readers will see the benefit of this notation throughout this paper.

Leta € my(X), B € 1y (S™) where n > 2 and let k € Z. Commonly and reasonably, «f is the abbreviation
of @ o B and k«a o 8 is the abbreviation of (k) o B; here we only use the symbol kaf to denote k(af).
So it is necessary to point out that

kaf # kaop in general.

Of course, kaff = ka o B always holds if f is a suspension, or the codomain of  is S or a group-like
H -space [28, page 118]. However, to write the equation [27, Proposition 1.4, page 11] {«, B,y} 0 X6 =
—(ao{B,v,6}) briefly, we denote —(x 0 {B, ¥, 6}) by —ax 0o {8, ¥, 8}, and denote {(—a) oX | X € {B,7,5}}
only by (—«a) o {B, v, 6}. In this way, we can write the above equation conveniently as

{a,,B,y}oE8 = _ao{ﬂ’)/?g}?

and no confusion will arise.

By the p-local Whitehead theorem [30, Lemma 1.3], we have the following two corollaries:

Corollary 2.1.1 Let p be aprime anda: XX — Y be a homotopy class, where XX and Y are simply
connected CW complexes. Then, after localization at p, for any invertible element ¢ in the ring Z (), the
cofibers of to and o have the same homotopy type, that is, Crq =~ Cg.

Proof Denote idg: by ¢;. We notice that, after localization at p, for any invertible element ¢ in the
ring Zp), t(idsx) = idx Ate; € [EX, £X] has the inverse 1 ! (idg x) = idy A1y € [EX, £X]. Then
this corollary follows from the p-local Whitehead theorem and the naturality of cofiber sequences, by
checking the Z ,)-homology. Consider the following commutative diagram with rows cofiber sequences;
we leave it to the reader to verify that the homomorphism Hy (Crq; Z(p)) LLN Hy(Cy:Zp)) is an
isomorphism for each k > 0:

X 2 Y — 5 Cy

|

(2'1) t(idzx)J/ idl I ¥
1

X 25y ——C, O

Corollary 2.1.2 After localization at a prime p, suppose m, n1, np > 2 are integers, ji:S"* — §"1v §"2
fork = 1,2 are the inclusions and yy, € £1,,—1(S™ 1) fork =1, 2. Then, for any two invertible numbers
t1 and 15 in the ring Zp), the cofibers of t1 j1y1 +t2j2y2 and j1y1 + j2y2 have the same homotopy type,
that is,

Ctljlyl +i2j2y2 = Cj1V1+j2y2'

Algebraic & Geometric Topology, Volume 25 (2025)
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Proof Following Toda, we use (4 to denote the homotopy class of the identity map of Sk After
localization at p, consider the following diagram:

gm t11v1+t2j2v2 gy g2

lml l(l/tl)’fnlv(l/tZ)an
gm Jvitjay2 gniy, gn2

By assumption, y; and y, are suspensions. Then

1 1 . : 1 1 . 1 1 )
(t_tnl Y _Ln2>(t1J1V1 +12)2y2) = (_tnl \Y% —an) otij1y1 + (_Lnl \Y —an) otz j2y2
1 15) 151 15) t o)

1 1 . .
= —lp; Ol1Y1 + —lny 012Y2 = J1Y1 + J2Y2,
h 1)
so the above diagram is commutative. Then this corollary follows immediately from the p-local Whitehead
theorem and the naturality of cofiber sequences, by checking the Z / p-homology. a

Some fundamental facts on homotopy groups are in the following.

Remark 2.1.3 Let X be an (n—1)-connected CW complex and 7, (X) # 0. Then 7, +k(EkX ) is in the
stable range if and only if d +k < 2(n +k)—1 if and only if k > d —2n 4 2. Hence 74 (ZXH P™) for
1 <m < oo is in the stable range if and only if k > d —6. Moreover, this relation still holds for X =S 0 In
this case, taking n = 0, we have that ;4 (S¥) is in the stable range if and only if k > d —2n+2=d +2.

Roughly speaking, the following [3, Corollary 5.1] proposition tells us that 771 (—) commutes with colimits
for pointed and connected spaces:

Proposition 2.1.4 Let I be a category with initial object and let X : I — S be a diagram of pointed and
connected spaces. Then the fundamental group of the homotopy colimit is given as a colimit of groups:

71 (hocolimy; X) =~ colimy 71 (X). |

2.2 On the cell structures of the fibers and cofibers

Lemma 2.2.1 [4, page 237] Let f: X — Y be a fibration where X and Y both have the homotopy type
of CW complexes and Y is path connected. Then the fiber of f also has the homotopy type of a CW
complex. |

The following lemma is an immediate consequence of [4, Theorem 2.3.1, page 62].

Lemma 2.2.2 Let f: X — Y be a cellular map between CW complexes. Then the mapping cylinder
My and the mapping cone Cy of f are both CW complexes. Moreover, X and Y are subcomplexes of
My, and Y is a subcomplex of Cy. |

Algebraic & Geometric Topology, Volume 25 (2025)
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2.3 Extension problems of Z ,)-modules

We give the following lemma to prevent losing solutions when we meet extension problems. We use
gcd(a, b) to denote the greatest common factor of integers a and b.

Lemma 2.3.1 Suppose p is a prime.

(1) Let0— A— B — Z/p" — 0 be an exact sequence of Zpy-modules. Then such Z,)-modules
B are given by

B~ (A® Lp)/{(C(x).—p"x) | x € Z(p)),

where { € Homg, , (Z ), A); if [{] € Extlz(p) (Z./ p", A) runs over EXtIZ(p) (Z./p", A), then, up to
isomorphism, the formula gives all such Zp,)-modules B.

2) Letm,n € Z4,t =min{m,n} and
0—>Zp®Z/p" - B—>1Z/p" -0

be an exact sequence of Z,)-modules. Then, up to isomorphism, all such Z ,)-modules B are
given by
B~Z/p"®L/p ®Lpy for0<i<t—1,
or
B~Z/p" I oz/p’ ®Zp for0<j<i<nandj<t.
Proof (1) We only need to notice that
= 0= Zp) X—pr>Z(p) proj —7Z/p" =0

is a projective resolution of Z/ p”. Then (1) follows immediately from [20, Theorem 7.30, page 425].

(2) We will use some basic techniques in homological algebra; see [20, page 370]. For the projective
resolution of Z/ p",
—>O—>Z(p) Z(p)—>Z/p — 0,

the deleted projective resolution is
—)O—)Z(p) Z(p) — 0.
Applying Hom(—, Z,) ® Z/ p™), we have the cochain complex,
df dy
00— HOl‘Il(Z(p), Z(p) (a) Z/pm) N HOl‘Il(Z(p), Z(p) D Z/pm) 20— ---
Then
EXtIZ(p) (z/p", Z(p) ® 7] p™) = Ker(dz*)/lm(dl*) = Hom(Zp). Z(p) ® Z/p™)/ Im(dl*)
~7Z/p" ®Z/p" for t =min{m, n}.

Algebraic & Geometric Topology, Volume 25 (2025)
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For &, &5, e Hom(Z ), Z(py ®Z/ p™) where €] (1) = (1,0) and &5 (1) = (0, 1), we put &1 = &} +Im(d;)
and g5 = ¢/, + Im(d;"). Then
Exty, , (Z/p" Lipy ® L/ p™) = L/ p"{e1} @ Z/ p' {e2}.
Notice that if gcd(A, p) = ged(u, p) =1 for A, u € Z, then
(Zp) ®Z/ ™) & L)) /(0" ) (x). wp” €5(x)). =p"x) | x € Zp))
=(Zp) ®Z/P™) & L))/ {((p' 1 (x), p’ 5(x)), —p"x) | x € Zp)).
So, by (1) of this lemma, all such Z,)-modules B are given by
B~ ((Zp) B L/ P™) & Z(p))/ (P’ (x), p7 €5(x)), —p" %) | x € L),
where 0 <i <nand 0 < j <t = min{m, n}. For such integers i and j, we distinguish two cases.
Casel (i < j,equivalently 0 <i < j <t = min{m,n}, also equivalently 0 <i <¢—1) Then
(Zp)y®LZ/ P"VBL () /(€1 (x). pT€3(x)). —p"x) | x € Z(p))
Z(pyta,b,c} B Z(pta.b,c} _ Lpylat+p/~'b—p"e,b,c}
" (p"b, pla+pib—pc) — (p™b,pi(a+p/Tib—p"ic))  (p"b,pi(a+p/~b—p'Tic))
~ Z/meBZ/piéBZ(p).

Case2 (i > j,equivalently 0 <j <i <mandj <t) Let

b =p~a+b-p"c.
Then (Z(p) ® Z/ p™) ® L))/ {((p' &} (x), p/ 5 (x)), —p"x) | x € Z(p)) is isomorphic to

Zpyta,b,c} B Z(pla,b,c} | Zpla piIatb—picc)
(p™b,p'a+ pib—prc) ~ (p"b.p/(p~la+b—pr~ic))  (p™b,p/(pi~a+b—p"ic))
Zpyta, b’ c} 3 Zpla,b' ¢}

~ (pHn=ic— pmEi—ig pibly _ (pm I (p"ic—a), pib)
Z(p){pn_ic—a,b/,c} m+i—j J
i rie—ay. pie) P @R @ e,

Combining the above two cases, we infer the desired result. a

2.4 The Toda bracket

Toda brackets are the art of constructing homotopy liftings and homotopy extensions of maps. They play a
fundamental role in dealing with composition relations of homotopy classes, and are deeply studied in [27].
We will freely use the well-known properties of Toda brackets shown in [27, pages 9—12], especially
Propositions 1.2, 1.4 and 1.6 therein.

To give a detailed proof of our Corollary 2.4.2, we need to state some definitions about Toda brackets.
For the sequence of spaces and maps

LLMEN  where go f ~x,

Algebraic & Geometric Topology, Volume 25 (2025)
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if amap g: Cy — N makes the diagram

Cr
strictly commutative, we say g is an extension of g with respect to f. A coextension of f with respect to

g, that is, f: YL =CtTLUC™L — Cg, is defined as the following: Using the cone functor C(—) = — AT
where [ has basepoint 1, define f T to be the composition

(2.42) C+L£>CLQ>CMJ,L>N vemic,,
CcCM
where ¢ is the quotient map and the map C f= f Aidy is extended over f. Define f ~ as a composition

of the form

C‘L&CL%N%Cg,
N

where g is an extension of g f with respect to idz . Then f L= f ~|L, and finally define f (XL =
CtLUC™L—Cgtobe f=fTUf~.

In general, up to homotopy, neither the extension nor the coextension of a map is unique. To indicate
another map, the above map g is also denoted by exts(g), and the above map f is also denoted by
coextg (f). Suppose a € [L,M], B € [M,N] and Ba = 0. An extension of o with respect to 8,
which is denoted by exty (8), is defined to be [ext, (b)] for some choice of ext,(b), where a can be any
representative map of o and b can be any representative map of ; a coextension of § with respect to «,

which is denoted by coextg(a), is defined to be [coexty/ (a’)] for some choice of coexty (a’), where a’
can be any representative map of & and b’ can be any representative map of j.

The following is a paraphrase of [27, Proposition 1.7, page 13], which is essentially the definition of Toda
brackets.

Definition 2.4.1 [27] Given the sequence of spaces and homotopy classes
wesny b yny ZY sy
where o 0 £" 8 = By = 0, the Toda bracket indexed by n, denoted by {«, X" B, "y },, is defined to be
the collection of all compositions of the form
(—1)" exty, , (@) o Z" coext, (y),
that is, the collection of homotopy classes of the form
(—1)"[exty,, (@) o X" coext, (c)] where aca, befandc€y.
The Toda bracket {«, 8, y}o is denoted by {«, 8, y} for short. We shall give a detailed proof of the

following useful corollary, which is well known to experts, and will use the same notation to denote a
map and its homotopy class if there is no ambiguity.

Algebraic & Geometric Topology, Volume 25 (2025)
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Corollary 2.4.2 For any cofiber sequence
e sx 2, dy L,
the relationidsx € {p, i, f} always holds.

Proof We regard p as the composition
e yihex/xLetxucey,
where ¥ is the inverse of ¢: CTX UC~X = CX/X given by ¢(a) = * for any a € C*X and
d(x At) =[x At]forany x At € C™ X. We know C; retracts to XX by pinching CY to *, taking
p:C=( U CX)U; CY »Cx/x L ctxucx

as this retraction. So p|c, = p, that is, p is an extension of p with respect to i. In the following, we
explain that we can construct a map f: XX — C; which is a coextension of f with respect to i, and f
is exactly a right inverse of p.

An extension of i o f with respect to idy, that is, i o f, is taken as the composition C™X — Y vCX —»
Y Uy CX. Then we take ]7 = f+ U f_, where f_ = jcf oio f and f+ follows the definition given
by (2.4a). Thus p o f * is the constant map. Successively, p o f is the composition
ctxucx%cx/xLctxucx,

which is ids x . O
We introduce some common terms on dealing with Toda brackets:
Remark 2.4.3 (1) Supposen >0,xc[X"Y,Z],B€[X,Y]and y € [W, X] satisfy o X" = Boy =0,
and [X*T1W, Z] is abelian. Then

x€{a, "B, X"y}, mod A

means that {«, X" 8, "y}, contains X and it is a coset of the subgroup A. If A is generated by {a;} e
then mod A is also denoted by moda, for A € A.

For a € G/H where G is an abelian group and H is a subgroup, we say H the indeterminacy of the
coset @, denoted by Ind(a) = H. So

Ind(f o{a, £"B, X"y}n 0 Xg) = f olnd({ar, £" B, "y }n) 0 Zg.
(2) Suppose G is an abelian group, {K;} is a family of subgroups of G, a; € G/K; and
g§€8j, £, C8;E-Cd), 28 28, 223, g

We write
ge€a;, Caj,Ca;, C---Caj, 2, 2a, 2--2a, >¢ mod A,

if Ind(a;,,) = A. That is, mod A corresponds to the largest coset.
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(3) Suppose G is an abelian group, B is a subgroup of G and g, g’ € G. Then
g=g mod B &L g_g¢ e B.

Suppose U € G and X € G. Then

Xx=U mod B &L there exists y € U suchthat Xx=y mod B; 0=U & oeu.

(4) A Toda bracket consisting of only one element is usually identified with its element.

3 On the fiber of the pinch map

3.1 Gray’s relative James construction

Suppose A is a closed subspace of X . Following nowadays’ popular notation J(X) for the ordinary James
construction, we use J(X, A) to denote the relative James construction instead of Gray’s (X, A)o [5].

Proposition 3.1.1 Let X be a path-connected CW complex and A be its path-connected subcomplex. Let
i: A X be the inclusion. Successively, we have the inclusioni: (A, A) — (X, A). Then the following

statements hold.
(1) There exists a fiber sequence

J(A)%J(X, A) > X U; CAS 34,

where p is the pinch map, J(A) is the ordinary James construction and J(i) is the inclusion

extended overi: (A, A) — (X, A).

Moreover, if K BNy I Ny, F 4, 3K is a cofiber sequence where K and L are path-connected CW

complexes, then there exists a fiber sequence
c q
where M, is the mapping cylinder of f and J(is) is the inclusion extended by the inclusion
ifi (K, K) — (ML, K)
(2) If X/A is path-connected, and QX A and X /A are CW complexes of finite types, then

Hio(J(X, A):K) ~ Ho(X:K) @ Ho(QTA; k)  for k a field.
(3) There exists a filtration

Jo(X.A) S N(X. A Sh(X.AC-. JX.A=|] (X 4
n>0

where Jo(X,A) == and J1(X,A) = X.

(4) If X =XX"and A=XA’, then J5(X,A) = X Upy,, ;1 C(X A A'), where [1x,i] is the Whitehead
product.

(5) Jn(X.A)/Jn—1(X. A) = X AANTD and J(X, A) = T \/,20 X A AN
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Proof By Lemmas 2.2.1 and 2.2.2, and since any point of a CW complex is nondegenerate, U < V is a
closed cofibration if and only if (V, U) is an NDR pair. Hence this proposition is essentially given by Gray:

(1) from [5, Theorems 2.11, and 4.2, and Lemma 4.1], regarding Cf as M; UCK,

(2) from [5, Theorem 5.1],

(3) from [5, page 498],

(4) from [5, Corollary 5.8],

(5) from [5, page 499 and Theorem 5.1]. O

Corollary 3.1.2 Suppose 2 <n <m and

smLsn o cp & s
is a cofiber sequence. Then there exists a fiber sequence

J(Msn, S™) — Cp L sm+1
and J(Mgn, S™) admits a CW decomposition as
J(Mgn, S™) ~ §S"Ue" T ye T2myent3my. .. (infinitely many cells).

Proof By Proposition 3.1.1(1), for the cofiber sequence

sm L sn s cp 4 smT
there exists a fiber sequence J(Mgn, S™) — Cr 4, §m+1_ By Proposition 3.1.1(5),

I (Mgn, 8™ =2 \/ S"AS™ =%\ sPHmr

r>0 r=0

Thus ﬁ*(J(MSn, S™)) @,Zo ﬁ*(S”+m’), which is isomorphic to

ZAYns Yn+m- Yn+2m- Yn+3m.--.5 Wwhere |Ypymr| =n+mr.
Notice 2 < n < m. As the fiber of the pinch map S” U e"tm+1 L, gm+1 " j(Mgn, S™) is simply
connected. Then, J(Mgn, S) admits a CW decomposition as

J(Mgn, S™) >~ S"Ue T e T2m e t3M ... (infinitely many cells). O

Similarly, we have the following corollary:

Corollary 3.1.3 Given a cofiber sequence X Ly sc f 4, ¥ X, where X and Y are path-connected

CW complexes, there exists an isomorphism of graded groups

O

Ho(J(My,X):Z) ~ ﬁ*( \/ Y /\XA";Z).

n>0

Recall in Proposition 3.1.1(1), for a map K ER L, J(if): J(K) = J(ML, K) is the inclusion extended
over the inclusion iz : (K, K) < (M, K).
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Lemma 3.1.4 Suppose2 <n <m and S™ i> S" — Cy 4, §m+1 s a cofiber sequence. Then there

exists a commutative diagram for each k > 0, where j ., STl S J(Mgn, S™) is the inclusion:

e (5™ — LU (I(Mgn. ™)

| E

1 (™) ———— e (2T (Mg, S™))

@ | . lid
Jen *
T (1Y) = o (BT (Mgn, S™))

Proof There exists a commutative diagram
J@r)
id c
|0
J(S™) —— J(J(Msn,S™))
< id
I
JMgn) —— J(J(Mgn,S™))

Since, in the homotopy category of pointed path-connected CW complexes, there exists an isomorphism
of functors J(—) = QX (—), S" — Mgn» is a homotopy equivalence, and the inclusion J(Mgn) —
J(J(Mgn,S™)) is extended by jprg,: Msn < J(Mgn,S™). Let Jon: S" — J(Mgn,S™) be the
inclusion. Then we have the homotopy-commutative diagram

QX
Qsmtl 2 p(Mgn, S™)

Ml lQEG@

QS"tl L QRJ(Mgn, S™)
o] Jis
QTj,
QS"tl 2, QX J(Mgn, S™)
Applying the functor mrz (—) to this diagram, we obtain the result. O
Corollary 3.1.5 Letm > 2 be an integer, and Z =Y Uy e™ 1 for some map f where Y is a CW
complex satistfying:
(1) Y is simply connected and not contractible.

(i) Hy(Y;Z) is finitely generated for each k > 0, and the cell structure of Y is minimal, that is, the
cell structure of Y is consistent with its homology.

(iii)) dim(Y) <m.
Let r =min{qg € Z4 | Hy(Y; Z) # 0}, namely, the dimension of the bottom cell(s) of Y. Then, for the
fiber J(My,S8™) of Z pinch, S™+1 we have

sk; (J(My,S™) = J,(My.S™) for j=m(@—1)+r—1.
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Proof By the first equation of Proposition 3.1.1(5), after checking homology, we notice the steps of attach-
ing higher cells (by induction on the dimensions of the skeletons) give an isomorphism of functors, which
are the direct diagrams used to define the colimits colim, J,(My, S™) and colim, sk, (J(My, S™)).
Notice that isomorphic functors have isomorphic colimits. Hence the result holds. |

The following lemma is well known. For completeness, we give a detailed proof.
Lemma 3.1.6 After localization at 2, SH P? ~ §° U, e°. After localization at 3, SH P2 ~ S° U, (5) e’.
Proof We know that H P? is the cofiber of the map Sropt: ST — S 4. By checking the cohomology ring,

we see that fheps has the Hopf invariant 1.

After localization at 2, fhepr has the Hopf invariant 1. By [27, Proposition 8.1, page 82], we have
[ fHopt] = v4 mod 2v4, Xv". Thus X[ fops] = vs mod 2vs. By Corollary 2.1.1, Cys 2 Cyy5 for any odd
integer . Then we obtain the result of the first part.

After localization at 3, we know Hy(SHP2) = Z/3{a, b} for |a| = 5 and |b| = 9 with Steenrod operation
Pl(b) = a. Since 73(S°) = Z/3{a1(5)} [27] and Pl(bh) = a suggests TH P2 # S>v §°, we have
2[ frop] = £a1(5). By Corollary 2.1.1, THP? >~ §° Uy, (5) €°. m|

Remark 3.1.7 In the proof of Lemma 3.1.6, we point out a fundamental fact: on spheres of dimension
1, 3 or 7, for the generalized Hopf invariants defined by Toda, the generalized Hopf invariants defined
by GW Whitehead, and the original Hopf invariants defined by Hopf, the first two correspond to each
other up to sign, and the first two are truly generalized by the third. On this fact, see [24, page 60;
27, Proposition 8.1, page 82; 28, Theorem 8.17, page 540] for more details.

Remark 3.1.8 By Proposition 3.1.1(1), taking f = =¥ JHopt> we derive that the fiber of the pinch map
pi: SFH P2 — S8k is J(Mgasr, S7TH5).

From now on, we fix the symbol Fy to denote the fiber of the pinch map S¥H P2 2% §8+k that is,
Fr = J(Mgatx,S7T%), and let p = £%®p;.

By Proposition 3.1.1(4), Corollary 3.1.5 and Lemma 3.1.6, we have the following lemma:

Lemma 3.1.9 Suppose k € Z 4. Then, up to homotopy, after localization at 2,
skigpak (Fi) = SR Uy 11125,
where fr = [l4+k. Va+k] is the Whitehead product; after localization at 3,
skigak (Fi) = g4tk Ug, o142k
where gy = [t44k, 1 (4+ k)] is the Whitehead product, and o (4 + k) generates n7+k(S4+k) ~7/3.0
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Lemma 3.1.10 [28, Theorem 8.18, page 484] Suppose @ € np1(X), B € mg+1(X), ¥y € mm(SP),
d € 1, (SY) and write 11 = [idg1]. Then

[@oXy,BoXs] =[a,Blo(y ASAL) =][a, Blo Z(y AS). O

Corollary 3.1.11 Suppose k € Z . Then, after localization at 2,

Jie = Eltaqk, tayrl o vak 47 = £ P(lak49) © Vag47:
after localization at 3,

8k = £tk tatrr] oo (2k +7).

Proof By Lemma 3.1.10, after localization at 2,

Jie = ltatk, vari] = [tak © Bizqk, tatk © Zvapk] = [tk tatk] © T(a4k AV34k)
= *[tatk, tatk] 0 Vor+7
on [tyqk-task] = £P(akyo) and P(Z2azm—1) = P(l2m+1) © dam—1, Where az,,—1 is contained in
(52~ 1); see [27, Proposition 2.5]. After localization at 3,
8k = [tavk, 21(4+k)] = [arkoT i34k, tark 01 (3+K)] = [tatk, tark]oX (34 A1 (3+K))
= £[t4tk. tatrloon (2k+7). m

Lemma 3.1.12 (1) After localization at 2, up to homotopy,
skao(F1) = S° v §'13, ska3(F2) = S Uz, e, skas(F3) =S’ v S,
skao(Fs) = S Uy, e!?, sk3z(F5) = S Upguy, €21, skas(Fe) = S0 Up(y,,) €2,
sksg(F7) = S U 2, e*®, skq1(Fg) = S'? Up(y,,) €7,

011V}
where f4 = vgo11 — 2t'ogv15 for some odd t'.
(2) After localization at 3, up to homotopy,
skag(F1) = S Vv S13,  skaps(F2) = S€Ug, e!, skpg(F3) =87 v S,
skag(Fy) = S8 Ug, 2, skap(Fs) =S v S?!,  skas(Fg) = S0 Uy, €.

Here gx = £(tqqk,tayrx]oa1(2k +7) € n11+2k(S4+k) fork = 2,4 or 6 is of order 3.

Proof (1) We will freely use some well-known results on [t t»] and some relations of the generators
of m(S") due to Toda in [27]. However, more conveniently, the reader can also find the results on
[tm, tm] in [19, (1.3), page 3], and find the relations of the generators of 74 (S") in [19, table, page 104].
After localization at 2:

S1=1[t5,15]0v9 =vs5n8v9 =0,  fo = [t6,v6] = =206, f3=[t7,17]0v13 =00v13 =0,

+ fa =[5, 18] ovis = (20’ —208) ov15 = (Z0') o v15 —208v15 = XVg011 — 208V15,
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for x odd. For ¢ odd, f4 and 7 f4 have the same cofiber, so we can replace the original f4 by f4 =
vgo11 — 2t'ogvys for ¢’ odd. Then

f5 =119, 0] ov17 = (09716 + €9 + Vo)v17 = Vov17, fo = E£P(v21),

f7=lt1. il ovar = (011v18)v21 = 011 V7.
(2) After localization at 3, we have

gk = [tatk. 01(4+K)] = [tapi. tark] 0012k +7) € 7y 1424 (S*TF)  for k > 1.
If44+k =1 mod 2, by [27, (13.1)], we know
2 1142k (S4TF) = 71240 (S7FF)

is monomorphic for each above k. Notice the Whitehead product is in Ker(X). Thus g; = g3 = g5 = 0.
If 4 + k = 0 mod 2, by [27, (13.1)] there is an isomorphism sending the order-3 element o (2k + 7)
to gr, and so ord(gy) = 3. |

4 Main tools to compute the cokernels and kernels
4.1 The diagram Long(m, k, t), sequence Long(m, k) and so on
Recall from Remark 3.1.8 that py and Fj denote the pinches and fibers, respectively.

Definition 4.1.1 We fixed the symbols iy, 0k, @k -+, Wi+ and Ox 4, to denote the maps of the following
homotopy commutative diagram with rows fiber sequences, where dy is the composition Q5 8+k =,
JSTHe s J(Mgasr, S71K) = Fi and we define i = £%;:

a i Dk
QS8+k K Fy K TEH p2 §8+k
l J/(ﬂk-l—t wk+t=Qt2tl 9k+l=9t2tl
Qg4 Qligys

Qi +1 g8+k+t Qf Frsy Qi sk+iy p2 @ Pt Q! §8+k+t
For a map or a homotopy class K LN L, the inclusion (K, K) < (Mg, K) is denoted by iy as in
Proposition 3.1.1(1).

Definition 4.1.2 (1) There exists the following a commutative diagrams with exact rows induced by
the above. If k > 1, then 94 := (J(i))x o t where t is the isomorphism 7, 11 (S31K) — 7, (J(S8TF)),
I =iy, in the 2-local case, and | = iy, (44k) in the 3-local case. This diagram is called Long(m, k, 1):

) Cok Pl ak"‘m
1 (S3HE) s (F) ——— s i (SFH P2) — 2y (S84 —— 1 (Fr)

-1 Y Ok 415 W41y =21 »t Pk +1%

Ik 4tx Pk+1x
Tomt 146 (SETET) —— 1 (Fre) —— Tomget (BF T H P2) —— 7 (S8 —— 714y (Fiet)
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(2) Long(m, k,t) induces the following commutative diagram with short exact rows, called Short(m, k, t).
Here ix, induces Coker(dkx,, ) = ik, (7tm(Fk)). By abuse of notation, iy, (7rm (F%)) is also denoted by
Coker(dg,,4)-

0 ig, (T (Fp)) ——— 7 (SFH P2) — 2, Ker(dg, ) —— 0
4-2) J/A(m,k,t)ZEt lB(m,k,t)ZZ’ lC(m,k,Z)ZE’
pk+l*

0 —— ittty (Tt (Fi4)) —— T (EFHTHP2) — Ker(d,, ) ——0

(3) The following short exact sequence is called Short(m, k):
(4-3) 0 — Coker(d,, . )~ m (SFHP?) — Ker(dg, ) — 0.
The following short exact sequence is still called Short(m, k):

0 — ig, (nm(Fk))%nm(EkHPz) — Ker(d, ) — 0.

(4) The following exact sequence is called Long(m, k):

ak* ] a *
@-4) T (ST e (F) 5 70 (SFH P 2) 2555 11, (S8F) 220 1 (F).

4.2 Some diagrams on skeletons of the fibers

Lemma 4.2.1 Letm € Z, suppose K =Y Uy e™*1 is a CW complex, where Y = sk, (K) is a
path-connected CW complex, and suppose d is the composition
QS = J(S™) S J(My, S™).

Then, for the fiber sequence
QS™HIL J(My,S™) — K — S™F!,

there exists a homotopy-commutative diagram

sm— .y

1l |

Qs+t 2 g(my, s™)

Proof Using Proposition 3.1.1(1), the lemma follows by the homotopy-commutativity of the following
diagram:
S m

‘ c\

SMm = 5 J(§™) —— QM

| <7

My < J(My,S™) 0

\\

N

—
N

Y

[

Algebraic & Geometric Topology, Volume 25 (2025)



On the homotopy groups of the suspended quaternionic projective plane and applications 2999

Lemma 4.2.2 Suppose k > 1. Then there exists a homotopy-commutative diagram
Jk
g4tk K Fy
919 l lq}k-i—t
t gkt EIt o
QLS — Q' Fryy
which induces a commutative diagram

Tm(S4HRy 5 ()

(4-5) E‘l l¢k+z*

Jk+t
Tomae (SHRF) =25 e (Frgy)

This diagram of homotopy groups is called COM(m, k,t).

Proof For any triad (m, k, t), we consider Long(4 + k, k, t) given by (4-1). In this case, ¢y, induces
Tapic(F) ~ wate(Q Fryy).

By the naturality of Hurewicz isomorphisms and the adjoin, we have the commutative diagram

Jk+t
Hypjeqr (S¥TRH) —2

|

jk-‘rt*
Tgqhqr (SR ——=

|

(Q7 jx+1)
ﬂ4+k(9t54+k+t) RN

Hyykyt(Fagrye)

J%

Tatk+t (Fatk+t)
Tapk41(Q Fagiqr)

By Corollary 3.1.2, Fyypys = S¥ThTE Ul +2k+20 ... Thus

S4+k+t) Jk+ix

Hyqp4( —> Hyyktt(Favk+r)

is an isomorphism. Successively,
t cd+k+ty Jk+t t
Ta4k (278 ) = Tak+1 (2 Fasiye)

is an isomorphism. Therefore all the 4-maps in the following diagram induce isomorphisms between the
(4+k)™-homotopy groups: .
g4tk Jk s Fy
Q! l l¢k+t
Qf §4+k+t m QtFk—i—l

S4+k

By the cellular approximation theorem, any map f : — Q! Fy 1, decomposes as the following, up

to homotopy: 1
S4+k°‘(m—s4+k>s4+k%9t1’k+t for x(f) € Z.
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(Regard x(—) as a Z-value function.) Thus 741 (R Fi4;) = Z{[incl]} and f induces

for T4k (SU9) > 74 1 (QF Free). tas = x(f) - [inel].
Therefore
XG0 ji) =21, x(Q g0 (RE) = 1.
If X (P 1s © Ji) = X (R jrys 0 (RFX")), then the result holds; if x (¢g1; 0 jx) = —x (R jr4s 0 (QI X)),
replace ji by —ji. |

Remark 4.2.3 We fix the notation j; and j,é to denote the inclusions of the following homotopy-

commutative diagram:
S4+k

.,l \k)
Jk
F, —— SkH P2
Ik
We use the notation fk and Ji to denote the inclusions of the following homotopy-commutative diagram
S4* T Skajer17(Fr)
\\\>\\\$ lﬂ
Jk
Fi
By abuse of notation, without giving rise to ambiguity,
Jio Jie Jie Jiand By, B E% 1, 2%
are all denoted by j for simplicity.
4.3 The diagram BUND(m + 1, k)
By Lemmas 3.1.6 and 4.2.1, we have the following:

Corollary 4.3.1 Suppose Xy € ng(S°) and k € Z . After localization at p = 2 or 3, there exists a

homotopy-commutative diagram .
gT+k _ZY  catk

o |
a
Qsstk X py

taking Eky = V44 in the 2-local case, and taking Eky = 1(4 + k) in the 3-local case. It induces a
commutative diagram after localization at p = 2 or 3:

(ST ., T (S4HKY
(4-6) = e
Tmt1(SETF) m Tom (Fie)
We call this diagram BUND(m + 1, k). O
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4.4 The sequence PISK(m, k) and diagram D(m + 1, k)
Similar to Corollary 4.3.1, we have the following:

Corollary 4.4.1 Letk € Z.. For each k, there exists a fiber sequence
QSll+2ki>J(Ms4+k , S10+2k) N Sk3k+17(Fk)i>Sll+2k,
inducing the following exact sequence, denoted by PISK(m, k):
dx *
@47 g1 (ST2) S5 1 (J(Mgatac, $1072)) — st sk 17 (Fi) +5 7o (S11F26)
Ly fome1(J(Mgasi, STOH2KY).
Here d« = dxm+1, dg«m» respectively. Moreover, there exists the following commutative diagram,
denoted by D(m + 1, k), taking by, = f; in the 2-local case, and taking by = g in the 3-local case, (the

properties of f; and g are in the proof of Lemma 3.1.12):
by

7Tm(S10+2k)2 JTm(S4+k)
(4-8) l lj*
Haaky D= 9smt 1042k
Tmt1 (SR Tm(J(Mgatic, S1OT25)) ]

5 w4k (ZFHP?) localized at 3

In this section, all spaces, maps and homotopy classes are localized at 3 whether we say “after localization
at 3” or not. And H, (—) denotes reduced homology with Z /3 coefficients. For an element X € 74 (X), a
lifting of X up to sign is denoted by X if there is no confusion.

5.1 Determination of , .z (X*HP?) for 7 <r <13 but r # 11

As the reader will see in the following theorem, the homotopy groups nr+k(EkHP2) for7<r <13 but
r # 11 are easy to determine.

Theorem 5.1.1 After localization at 3,

0 ifk>1 Zy ifk>1
SFHP?) ~ - sFH P2~ O -
774k ) {2/3 ifk =0, etk "o ifk=o0.
Ty ifk=2 0 ifk>1
sFH P2~ ) O ’ sFHP?) ~ -
7o-+k ) {0 otherwise, 710+ ) 7/3 itk =0,
0 if k>0and k # 1, 0 if k>0 and k ¢ {2, 6},
sFHP?) ~ SEH P2 &
124k ) {2(3) ifk=1, i34k ¥\ 2@ ifk=2or6.

Proof This theorem follows from observing the corresponding Long(m, k) given by (4-4) and utilizing
Lemmas 3.1.12 and 5.2.2 together with the group structures of 74(S™) in [27]. In these cases, the
Z3)-module extension problems are all trivial. |
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5.2 Determination of 114 (Z*HP?)

The determinations of n11+k(2k H P?) are involved, in some sense because these homotopy groups are
related to the generalized Hopf fibration S'! — H P2 whose mapping cone is H P 3.

Recall from [27, (13.4) and Theorem 13.4, page 176] that, after localization at 3, nég (8% =7Z/3{a1},
nf(SO) =7Z/3{ar} and ap = (o1, 3¢, o1).
Theorem 5.2.1 After localization at 3,
iy (HP?) = Z/9(}.
where &1 € (j, o1, 1) for j o = +3a;.

Proof For the cofiber sequence S8 @), g5 J1, s p2 P 9 ---, applying nfz(—), we have an
exact sequence '
0— 75 (S0 L5 75 (HP2) 2% 75 (8% — 0,
where
Jr;g(SO) =7/3{az}, JTég(SO) =7Z/3{o1} and oz = (o1, 3, 01).
Since aj oy € ng (S%) =0, we have that (j, o1, 1) is well defined. By [27, (3.9), (i) and (ii), page 33],
we have (o1, a1, 3t) = —ap = —(@1, 3¢, 7). Thus
Jix(@2) € jixlan, 3t 1) = j oo, 3t,a1) = —j o{ar, a1, 3t) = £(j, o1, 01) 03t = £3(j, o1, 01).
Therefore ji«(a) is divisible by 3. Taking &1 € (j, a1, a1) such that ji«(az) = j oap = +3a7, we

infer the result. O

In the proof of the above theorem, without constructing &1, to determine the group extension Jrfl (HP?)~
7 /9orZ/3607Z/3, we only need to notice the result of Liulevicius, namely, thl (HP3) = nfl (HP*®)=0
[9, Theorem II.17] together with the cofibration S I , HP?2 > HP3, by which we see that the induced
homomorphism nfl (S — nfl (H P?) is onto.

The following lemma provides important information about the suspended generalized Hopf fibration
S11+k — EkHPZ:

Lemma 5.2.2 Suppose k > 1 and HP3 = HP? Uy e'2, where h: S'1 — H P2 is the homotopy class
of the attaching map. Then

skh 3% forall X € myy 41 (SFHP?).

Proof To obtain a contradiction, assume that there exists X € n11+k(2k H P2) such that =Kk = 3x.
Let g: S¥XH P2 — SKHP2/TKH P! be the pinch map and consider the space SKHP3/SFHP! =
§8+k Ugoskh e12+k By assumption and 114k (S8tk) ~ 7 /3 when k > 1 [27], we have

goXkh =¢qo3x=3(gox)=0.
Then S¥H P3/SkH P~ §8+k  g12+k,
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On the one hand, H«(SKHP3/S¥HP') =7 /3{a, b} for |a| = 12+ k and |b| = 8 + k, with Steenrod
operation P, (a) = b; see [6, Example 4.L.4, page 492].
On the other hand, H,(S31% v §12+k) jg splitting as a Steenrod module.

Then TXH P3 / SKH P is not homotopy equivalent to S 8+k \, §12+k which is a contradiction. This
forces XX £ 3x for all X € n11+k(EkHP2). |

We can now determine ;14 (X H P2) for all k > 0.

Theorem 5.2.3 After localization at 3,
Z)/9 if k> 1butk # 4,
Tk (SKHPY) ~ L Z2/9@ Ly if k =4,
Z]3® L)y ifk =0.
Proof For k > 5, the groups n11+k(EkHP2) are in the stable range. By Theorem 5.2.1, we have
7r11+k(2k]HIP2) ~ 7/9 for k > 5.

For k € {3,2, 1}, consider Long(11 + k, k) given by (4-4). By Lemmas 3.1.12 and 5.2.2, and the groups
7% (S™) in [27], we infer that 714(Z3H P?), 713(X2H P?) and 71, (SZH P?) are all groups of order 9,
and the elements X%/ cannot be divisible by 3. Thus the elements ¥k h are all of order 9. Therefore
these three groups are all isomorphic to Z /9.

For k = 4, consider Long(15, 4) given by (4-4). By the above paragraph, ord(X3%) = ord(£°h) =9, so
m15(Z4H P?) contains the element X*h of order 9. By Lemma 3.1.12 and the groups 7« (S™) in [27],

m14(Fa) = m16(S'?) = 0.
Since
m15(Fa) = joms5(S®) = j o (Z/3{a2(8)} @ Z3){lis. ts]}) = Z/3{j 0 2(8)} ® Z(3){j 15, 15]}
and 715(S1?) = Z /3{a1(12)}, we have

m15(ZYHP?) = Z3){x} ® Z/9{Z*h}  for some X.
We know
pax(Z*h) = £ (p3«(Z°h)) = £Ta; (11) = £ (12),
and
iax(j oa2(8)) = £ (i35(j caa(7))) = £ (3T3h) = £354h.

This gives the following relation for some integer » > 0 and some invertible £ in the ring 7 3):
iax(j o[z, 1g]) =3"€x mod Z*h.
Notice that for any b € Z /9, there exists an isomorphism,
(Z@)®Z/9)/((37.0).(0,3)) ~ Z/3" & Z/3.
By exactness r > 1 is impossible, so r = 0. Therefore 7r15(Z*H P?) = Z(3){jso i3, 18]} ®Z/9{Z*h}. O
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5.3 Determination of w154 (X *H P?)
As before, let us determine the stable homotopy group first.
Theorem 5.3.1 After localization at 3,
nS(HP?) = Z/27{@,)  for @z € (j, a1, az).

Proof For the cofiber sequence S8 “1C% §5 J1, S p2 2Ly §9 ... applying 75 (—), we have an
exact sequence _
0— 7 (SO L5 (HPY) 2577 (50) 220 1 (50),
where
73 (8% =Z/3{az}, Im(a1(5)«) = ay 075 (S0) = (a1 0az) =0,

by [27, Theorem 13.9, page 180]. It follows that there is a short exact sequence
0 — 73, (S0 L% 25 (HP2) 2% 25 (S0) — 0.
By [25, Theorem 14.14 (ii)], we know

7 (80) = Z/9as}. oy € —{e2. 1. 31).
Notice
ajof{ay,3t,a1) =a10a2 =0, 3{og,3t,01) =30 =0.

Then by the strong Jacobi identity [27, (3.7), page 33] for (a1, o1, 3¢, a1, 3¢),
0= ({a1,a1,3t), 01,3ty — {01, {1, 3e, 1), 3t) + {1, a1, (3t, a1, 31)).
In the proof of Theorem 5.2.1, we have already shown (o, o1, 3t) = —a». Hence
0=aj—(o1,02,3t) mod 3aj,

which tells that all elements in {«1, oz, 3t) are of order 9, and so any element in (¢, &2, 3t) generates
T11(S%) ~ 7Z./9. Choosing &5 € (J, o1, o2), we have,

30, € (j,(xl,ocz) o3t==jo0 (0[1,0[23L).
Thus ord(3a2) = 9, successively ord(az) = 27. So 7'[155 (HP?) =7/27{a,}. |
We give the following lemma to construct an element to compute 71g(Z3H P?):

Lemma 5.3.2 There exists @>(7) € {j3.21(7). 22(10)} € m13(S3HP?) such that
Y®0,(7) = @, mod 3a, and ord(Z"a@,(7)) > 27 forall n > 0.

Proof By m17(S7) ~ Z/3 [27, Theorems 13.8 and 13.9, page 180], we have a(7) o a2(10) = 0. So
{j3,01(7),22(10)} is well defined, taking &> (7) from this Toda bracket. By Theorem 5.3.1, nigl (S%) ~
7./9 = Z,/3? and ord(a2) = 3, we have

200(72(7) € :E(j,al,()lz) ER==02)
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modulo j o7, (S%) + 75 (HP2)oar C (3372@,) = (3&>). Thus
200&2(7) = :E&z mod 3&2.

So X%u;(7) is of order 27, successively, ord(X" (7)) > 27 for all n > 0. |
The following two propositions are used to determine the cokernels and kernels.

Proposition 5.3.3 After localization at 3,
mi8(Fa) = Z/3{jB1(8)}. mio(Fa) =Z/9%ja i (8)} @ Z(3){j 03110} and ¢«(3t19) = 3io.

Proof Recall that PISK(m, k) and D(m, k) denote (4-7) and (4-8), respectively.
For m15(F4), by PISK(18,4), we have m1g(Fa) = Z/3{jB1(8)}.
For m19(F4), we consider PISK(19, 4). By Corollary 3.1.2,

skis(J(Mgs, S'8)) = S8,
By D(19,4) and since g4 is of order 3,

Ker(dy: m19(S'0) — m15(Fs)) = Z3)13119}.
It follows that we have a splitting exact sequence
0— 7119(Sg)j—*>7T19(Sk29(F4))q—*>Z(3){3L19} — 0.

Therefore 719(F4) = Z /9 ja{ (8)} ® Z(3)1J 03t19}, where g« (3t19) = 3t10. O

Proposition 5.3.4 After localization at 3,
(1) mi7(F2) =Z/9j(6)} and m16(F2) = Z/9{jB1(6)}.
(2) Ker(d1x,4: 116(S°) = m15(F1)) =0 and Ker(d2x,,: 117(S1%) = 716(F2)) = 0.
Proof (1) Consider PISK(18,2) given by (4-7). From Corollary 3.1.2,
skio(J(Mgs, %)) = S6.
Through D(18,2) given by (4-8), the following diagram is commutative:
(S — B 71(59)
Zl% j*l%
m18(8"%) ~ mia (J (M. §™4))
Notice that

g2x(m17(S') = g2 0 m17(S'*) = [16. t6] 0 1 (11) 0 (@1 (14)) = [16. t6] 0 (@1 (11) 0 @1 (14)) = 0.
Thus d«(m18(S 1)) = 0. It follows that there is a short exact sequence induced by PISK(18, 2)
0 — 17(S%) = jum17(ska3(F2)) — 0.
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Hence 717(sk23(F2)) = Z/9{ja(6)}. The homotopy group m16(F2) = Z/9{jp1(6)} follows immedi-
ately from observing PISK(16, 2) given by (4-7).

(2) Recall that dg, is the homomorphism 0y : 7, (S35 5 7,1 (Fp).

e For determining Ker(d;«,,), consider BUND(16, 1) given by (4-6). By [27, (13.1), page 172 and
Theorem 13.9, page 180], the restriction X, (s)) iS an isomorphism and ji« is a monomorphism

(Lemma 3.1.12). Moreover, by [27, Lemma 13.8, page 180], we know the restriction o1 (5)«| (g, (s)) is @
monomorphism. Thus Ker(d14,,) = 0.

e For determining Ker(d2x,,), consider BUND(17,2) in (4-6). Since the homomorphism X is an
isomorphism j4 is a monomorphism, and [27, (13.1), page 172 and Lemma 13.8, page 180] gives
a1(6)x(t2(9)) = —3B1(6). Thus a1(6)« is monomorphic, and so Ker(d2«,,) = 0. |

We can now give the determinations of 5+k(EkHP2) for all k£ > 0.

Theorem 5.3.5 After localization at 3,

Z.)27 ifk>9orke{7,6,5,3},
Z/21® L) ifk=8or4,
T154k (SFHP?) ~ 3 Z/9 ifk =2,
Z/9BZ/3 ifk=1,
Z/3 if k=0.

Proof For k > 9, the groups n15+k(2k H P?) are in the stable range, so by Theorem 5.3.1 we have
m154k (EKHP?) &~ 7./27 for k > 9.

For k € {7,6,5,3}, by Lemma 5.3.2 £%¥73%,(7) € 71511 (S¥H P?) with ord(Z¥ 3@, (7)) > 27. Then,
by Long(15 + k, k) together with Lemma 3.1.12, 7r15+k(ZkHP2) ~ 7,27 with ord(Z*¥ 3@, (7)) = 27.

For k = 8, from the above, ord(@2(7)) = ord(Z%@»(7)) = 27, so X°a&»(7) is of order 27, that is,
723(Z8H P?) contains X°a»(7) of order 27. Through Long(23, 8) given by (4-4), m23(X3HP?) ~
Z/27 @ Z(3).

For k = 4, by the proof for k € {7,6, 5, 3}, we have ord(X4&,(7)) = 27 and so 19 (X*H P?) contains an
order-27 element X4&, (7). By Long(19, 4) together with Proposition 5.3.3, 19 (Z4H P?) ~ 7.]2T®ZL3).

For k = 2, by Proposition 5.3.4 and Short(17, 2) given by (4-3), m17(Z?HP?) ~ Z /9.
For k = 1, by Proposition 5.3.4 and Short(16, 1), m16(SHP?) ~ m16(S° VS~ Z/90 7 /3. m|

We show a corollary used to determine n14+k(EkHP2):
Corollary 5.3.6 Ifk > 5 ork = 3, then

. 8+k
8k*15+k' 7T15+k(S + ) g nl4+k(Fk)
is trivial.

Proof The assertion follows from Long(15 + k, k) given by (4-4), Theorem 5.3.5 and the exactness. O
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5.4 Determination of 714, (Z*HP?)

We need the following lemmas to compute the homotopy groups.

Lemma 54.1 m13(F4) =7Z/3{jB1(8)}.

Proof Using a similar method to the proof of Proposition 5.3.4(1), we obtain this lemma. a
Lemma 5.4.2 Coker(04x,,) ~ Coker(0d2x,,) ~ Coker(d1x,,) ~ Z/3.

Proof We notice that
a1(5)caz(8) = =3p1(5)
by [27, Lemma 13.8, page 180], and

311740 (S7T") =0 for any n > 0.

Then this lemma follows from observing the corresponding BUND(m + 1, k) given by (4-6) and making
use of Proposition 5.3.4(1) together with Lemma 5.4.1. |

After the above preparation, we can determine n14+k(EkHP2) for k > 0:

Theorem 5.4.3 After localization at 3,
Z/3 ifk>4orke{21},
Ttk (SFHPY) ~ { Zsy @ Z/3 ifk =3,
Z/3607Z/3 ifk=0.

Proof Recall Short(m, k) stands for (4-3).

For k > 5 or k = 3, we use Short(14 + k, k). By Corollary 5.3.6 and Lemma 3.1.12, we obtain the result.
Here the groups n14+k(2kHP2) are in the stable range when k > 8.

For k = 4,2 or 1, by Short(14 4 k, k) and Lemma 5.4.2, the result holds. |

6 1,11 (ZFHP?) localized at 2

In this section, unless otherwise specified, all spaces, maps and homotopy classes are localized at 2
whether we emphasize “after localization at 2 or not. And H(—) denotes the reduced homology with

7Z/2 coefficients. For an element X € m4(X), a lifting of X up to sign is denoted by X if there is no

k
n+k’

nr’f 4k 10 [27]. We denote Toda’s E by X, the suspension functor, and we denote Toda’s A by P, where

confusion. And 7,4 (S k) localized at 2 is also denoted by 7 which naturally corresponds to Toda’s

A denotes boundary homomorphisms of the EHP sequence. In this section, we often freely use the
well-known group structures of JT’]: 4 forn <11 in [27]. For the convenience of readers, in the next
paragraph we shall give a brief introduction of Toda’s naming convention for the generators of 7 (S";2);
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this naming convention is also adopted by [11; 12; 13; 14; 18]. Since Toda’s 2-primary component method
in [27] naturally corresponds to the 2-localization method, we use the language of the 2-localization to
state the facts on the 2-primary components.

Roughly speaking, for X representing a Greek letter, X, denotes one of the generators of 7,4, (S") for
some r; the subscript n indicates the codomain of X,,. Moreover, X, 4 := TkX,, X := %X, and XL is
the abbreviation of X, 0 X, 4, 0---0X, 4 1), (/ factors). The usages of X,, and X;; are similar to above. In
j4r(S 7 (not a stable homotopy group), if a generator is written without a subscript, then this generator
does not survive in the stable homotopy group JTrS (S°) or its X*°-image is divisible by 2. For example,
for 0 € m4(S'?) and 0" € m12(S?), their Z*®°-images satisfy 0 = 0 and Z®¢"" = 80 of order 2.
There is an advantage of this naming convention, that is, we can examine the commutativity of unstable
compositions conveniently,

XpoY; = %Yy,oX; forsome i and j ifn>a+b,
where {X; } was born in 74 (S%) and {y;} was born in 74(S by: see [27, Proposition 3.1]. For example,
for the elements in [27]
On € 740 (S™) for n>8 and Un € To+n(S™) for n >3,

08+3M; = £ g+30], successively, 011418 = (11020 (& is not necessary, since 3 is of order 2). But
O10M17 # H10019; see [27, page 156]. Some common generators are summarized in [27, page 189; 19,
(1.1), page 66].

6.1 Some relations of generators of z] and Toda brackets

The following fundamental relations of generators of 77 and Toda brackets are critical to compute the
cokernels and kernels:

Proposition 6.1.1 (1) P(t13) € {ve, N9, 2t10}.
(2) 0" =20",%0" =+20" and %0’ = 209.
(3) 0" ={vs,2vg,4i10}.

(4) vg9oi = 2x09Vv16 for x odd, and vi1014 = 0.
(5) vsXo’ =2vsog and vs(Zo')n1s = 0.
(6) vgVg = Vgeg = 2VgV14 and vV7V19 = V7819 = 0.
(7) {5 €{vs, 88, Zo'}1.
®) n*u=4L.
9) veng =0.

(10) veo9n16 = Vee9 = 2V6V14.

(11) P(31) =20%.
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Proof (1) See [27, Lemma 5.10, page 45].
(2) See [27, Lemma 5.14, page 48].
(3) By [18, Proposition 2.2 (9), page 84], we have
0" €{vs,2vg,4119}3 C {vs,2vg, 4110}, Ind{vs,2vg, 4119} =v500+ 471152 =0.
Hence the result holds.
(4) The first is from [27, (7.19), page 71] and the second from [27, (7.20), page 72].
(5) See [27, (7.16), page 69].
(6) By [27, (7.17) and (7.18), page 70], v7v;15 € n178 is of order 2.
(7) See [27, (v), page 59].
(8) See [27, (7.14), page 69].
(9) This follows from 78, = 0.
(10) veo9n1a = veeg is from [27, page 152], and veeg = 2VgV14 is just a part of (6).

(11) See [27, (10.10), page 102]. O
Some known stable homotopy groups of quaternionic projective spaces are stated in the following.

Proposition 6.1.2 After localization at 2:
(1) 75 (HP*®) =0, 78 (HP*®) ~ Z) and 75 (HP®) ~ x5 (HP®) ~ Z/2.
2) 7 (HP?)~Z/A®Z/16, ni,(HP2) ~ (Z/2)%, n3,(HP?) ~ Z/2 and 755 (H P?) = 7./128{a}
fora € (j,v, o).
Proof (1) See [9, Theorem I1.9].

2) nfl (H P?) is from [16, page 198]; notice that niﬂ(Q%) = nfl (HP?). nf3(HP2) and nf4(HP2)
are from [16, Lemma 2.7]. nfs (HPZ) is from [16, Lemma 3.3]. O

6.2 Determination of 7, (Z*HP2) for 7<r <10

As usual, we need to compute cokernels and kernels to transform long exact sequences into short exact

sequences.
Lemma 6.2.1 (1) Coker(d1x,,) = 0 and Ker(d1x,) = Z(2){8ts}.
(2) Coker(d1x,,) = Ker(d1x,,) =0.
(3) Coker(01x,,) = Coker(d2x,5) = Coker(03x,,) = Ker(d1x,,) = 0 and Ker(92x,,) ~ Ker(93x,5) ~
Z]2.

Proof The result follows immediately from the corresponding diagrams BUND(m + 1, k) given by (4-6)
and the groups 77 in [27]. O
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To compute 711 (X£2H P?), the homotopy groups of spheres we need are only those like 7711 (S®) and
711(S19), which are of quite low dimension. But the computation is exceedingly arduous, necessitating
a highly subtle technique.

Proposition 6.2.2 After localization at 2, w11 (S*H P?) ~ Zy).

Proof By Proposition 3.1.1(1)-(2), we have the fiber sequence
QS2HP2 4 J(Mgo, SHP?) — S8 25 S2H P2,

where skq3(J(Mgo, YHP?)) = S°. It induces the following exact sequence (here the homomorphism
can be replaced by vg, , because for the cofiber sequence S° 2% S© 2, S2H P2, vg can extend to the
fiber of j,; alternatively we can use the James theorem [7, Theorem 2.1]):

n191—>7r161]2—*>n (EZHPZ)—nrlO — 0.
By ve, (77,) = (v6n3) = 0 and Lemma 4.2.1, we have an exact sequence,

0— w8, L2571 (S2HP2) 25 710 S 0.
We know [27]
w0 =Ze){P(u3)} 7wy = Z/2{n0}.

By Proposition 6.1.1(1), P(t13) € {ve, 09, 2t10}, SO

J2x(P(113)) € j2o{ve, N9, 2t10} = —{j2. V6. Mo} 0 2t11 = —2{j2, Ve, N9}
Thus j2«(P(t13)) is divisible by 2. Hence, 711(Z2H P?) & Z(y). m|

We can now determine nr+k(EkHP2) for7<r <10andall k£ > 0.

Theorem 6.2.3 After localization at 2,

0 ifk>1 Ty ifk>1
SEHP2) ~ = sk P2y~ 1 7@ =
77k V¥ 24 ifk=o, 7k ( )X\ z2)2 ifk=o.
7)2 ifk>3ork=0, ,
kyr p2 / L ki p2 Z]2 ifk>2,
ﬂ9+k(2 HP )% Z(z) 1fk=2, 7[10+k(2 HP )% . _
0 o 0 ifk=1or0.
itk=1,

Proof We recall that Short(m, k) denotes (4-3), and Long(m, k) denotes (4-4).

For n7+k(ZkHP2), in the case k > 1, the groups n7+k(EkHP2) are in the stable range. So
74k (SXHP?) ~ 75 (HP?) ~ 75 (HP®) for k > 1.

By Proposition 6.1.2(1), the result holds.

For ng+k(EkHP2), in the case k > 2, the groups ng+k(EkHP2) are in the stable range. So
gk (EFHP?) ~ 7§ (HP?) ~ 75 (HP™®) for k > 2.
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By Proposition 6.1.2(1), we obtain the result in the case k > 2. In the case k = 1, we consider Short(9, 1).
By Lemma 6.2.1(1), we obtain the result.
For 7r9+k(2kHP2), in the case k > 3, the groups n9+k(EkHP2) are in the stable range. So

Tosk (SXHP?) ~ 7§ (HP?) ~ 75 (HP®) for k > 3.
By Proposition 6.1.2(1), we obtain the result in the case k > 3. In the case k = 2, it is just Proposition 6.2.2.
In the case k = 1, we consider Short(10, 1). By Lemma 6.2.1(2), the result follows.

For nlo_,_k(EkHPz), in the case k > 4, the groups are in the stable range. By Proposition 6.1.2(1), we
obtain the result. In the case k € {3, 2, 1}, we consider Short(10 + &, k). By Lemma 6.2.1(3), we obtain
the result. O

6.3 Determination of 11,x (Z*HP?)
As usual, to determine the homotopy groups, we compute the cokernels and kernels first.

Lemma 6.3.1 (1) Coker(d3«,5) = Z/8{jo’} and Ker(03x,,) = Z/4{2v11}.
(2) Coker(04x,5) = Z(2){jos} ® Zg{j X0’} and Ker(d4x,5) = Z/4{2v12}.
(3) Coker(d2%,,) = Z/4{jo"} and Ker(02x,5) = Z/4{2v10}.

(4) Coker(d1x,5) = Z/2{jo""} and Ker(d1x,,) = Z/4{2ve}.

Proof This lemma follows straightforwardly from observing the corresponding diagram BUND(m+1, k)
in (4-6) and making use of Proposition 6.1.1(2) together with the corresponding group structures of 7/
in [27]. m|

Next we determine the groups n11+k(ZkHP2) for k > 0 which are related to the generalized Hopf
fibration whose cofiber is H P3. Like the 3-local case, their computation is arduous.

Theorem 6.3.2 After localization at 2,

YL if k > 5,
LI8®L/AD Ly ifk =4,
Z/8®L/4 ifk =3,
Tk (ZHP?) ~ Z/8®7)2 itk =2
7./8 ifk=1,

Proof For k > 5, the groups 7r11+k(2kHP2) are in the stable range. Hence n11+k(EkIHIP2) ~
Tl'igl (H P?) for k > 5. By Proposition 6.1.2(2), we obtain the result.

For k = 3, we consider Short(14, 3). By Lemma 6.3.1(1), we have an exact sequence
0— Z/8{jo’} = m4(Z3HP?) 2327, /4{2v1 1} — 0.
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Since
p3otj,v7,2v10} = —{p3, j,v7}02v11 3 —2v11,
there exists
X € {j,v7,2v10} such that p3«(X) = —2vq1,
and so
4x € {j,v7,2v10} 0 4t14 = —j o {v7,2v10, 4113}.

By Proposition 6.1.1(2)(3),
40’ € {v7,2v10, 4113} mod 40”,
that is,
{v7,2v10, 4113} = Z/2{40"}.
Thus
—Jj o{v7.2v10, 4113} = Z/2{4jo"}.

Hence there exists ¢ € Z such that 4x = t(4jo’). Let X' = x—tjo’. So 4X' = 0 and p34«(X') = —2vy;.
Thus ord(x’) = 4. Then
m4(Z2HP?) = Z/8{jo’'y ® Z/4{X}.

For k = 4, we consider Short(15,4). By Lemma 6.3.1(2), we have an exact sequence
0—Z/8{jZ0’} ® Lzt jos} — mis(SHP?) 257 /4{2v1,} — 0.
Thus 7115(S*HP?) ~ Z ) @ A, where
A=7/8,Z/]16,Z/8DL)2,Z/8DL/A, Z/16DZ]/2 or Z]32.

We consider Short(14, 3, 1) given by (4-2). Through COM(14, 3, 1) given by (4-5), we know the ho-
momorphism A(14, 3, 1) in Short(14, 3, 1) is monomorphic, and obviously C(14, 3, 1) is monomorphic.
By the snake lemma, we know the homomorphism X : 714(X3H P?) — 15(Z*H P?) is monomorphic.
Finally, by the result of 14(2Z*H P?), we have 15(Z*HP?) ~ Zp) D Z/8 B L /4.

For k = 2, we consider Short(13,2). By Lemma 6.3.1(3), we have an exact sequence
0— Z/4{jo"} — m13(Z2HP?) 2257 /4{2v10} — 0.
Thus 713(Z?HP?) ~ Z/16,Z/8 S Z/2 or 7./4 ® Z/4. Since
p204{J.v6,2ve} = —{p2, j,ve} ©2v10 > —2v10,
there exists y € {j, v7,2v10} such that p,«(y) = —2v10. By Proposition 6.1.1(2)—(3),
4y € {j, 6, 2v9} 0 di13 = —j 0 {vg,2v9, 4112} 3 2j0” mod j o (vs 00+ 47%;) =0,
so 4y = 2jo" is of order 2. Then y is of order 8. Thus 713(Z?HP?) ~ Z/8 @ Z /2. Notice
P2« (2y + jo"') = pax(2y) = 4vio # 0,22y + jo) = dy + 2jo" = 2jo" +2j0" = 0.
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Hence ord(2y + jo'') = 2. We show (y) + (2y + jo”) is a direct sum. Suppose
(6-1) ay+bR2y+ jo’)=0 forsome a,b € Z.
Applying p«, we have

(6-2) a+2b=0 mod 4.

Multiplying (6-1) by 2, we have 2a = 0 mod 8, equivalently saying a = 0 mod 4. Substituting it into
(6-2), we have 2b = 0 mod 4, that is, b = 0 mod 2. Substituting this into (6-1), we obtain a = 0 mod 8.
So the sum is a direct sum. Therefore 713(X2HP?) = Z/8{y} ® Z/2{2y + jo"}.

For k = 1, we consider Short(12, 1). By Lemma 6.3.1(4), we have an exact sequence
0— Z/2{jo"} = m12(SHP?) 227, /4{2v9} — 0.
So w12(SHP?) ~Z/8 or Z/4 @ Z/2. Since
p1o{j.vs,2vg} = —{p1, j,vs}02v9 3 —2vg,

there exists @ € {J, vs, 2vg} such that p1«(a) = —2v9. By Proposition 6.1.1(3),

d4a€{j,vs,2vg}0di1s = —j o{vs,2vg, 4111} = jo'.
So 4a = jo'” is of order 2. Then ord(a) = 8, and so 712(ZHP?) ~ Z/8. O
6.4 Determination of 712, (Z*HP?)
The following lemma is a preparation for using Long(14,2).
Lemma 6.4.1 ma(F2) ~ (Z)2)2.
Proof By Lemma 3.1.12, skp3(F>) = S°© Uag, €12 by [27],

w8y = Z./8{V6} ® Z/2{e6}.

So m14(F2) ~ m14(S® Usss ') & (Z/8{V6} & Z/2{6}) /(L /4{206}) ~ (Z/2)>. o
Theorem 6.4.2 After localization at 2,

(Z/2)? ifk>6o0rke{2,0},

(Z)2)3 if k =5or3,

A N7 R S
Zipy®Z/2 ifk=1.
Proof We recall that Long(m, k) stands for (4-4).
For k > 6, the n12+k(ZkHP2) are in the stable range. Hence

Mok (SKHP?) &~ 75, (HP?) for k > 6.
Consider Long(12 + k, k). Since nf (8% = 7159 (89 =0,

m18(ZCHP?) ~ m13(Fe) ~ wie ~ L2 S 7/2.
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For 1 <k <5, we consider Long(12+k, k). Since nf (8% = ng (59) =0, we have n12+k(EkHP2) ~
124k (Fy) for 1 <k <5. By Lemmas 6.4.1 and 3.1.12, we obtain the result. O

6.5 Determination of w134 (X *HP?)

The following lemma is a preparation for using BUND(r + 14, r).
Lemma 6.5.1 715(F) =Z/2{jvg} ® Z/2{jnee7} ® Z/2{jie} ® Z2){j o 4u15}.

Proof We consider PISK(15, 2) given by (4-7),
w1845 115 (I (Mgo, S') — m15(ska3(Fa)) — 712 %5 m14(J(Mge, S™)).
Through D(16,2) given by (4-8), we have
Coker(dx: m{g — m15(J (Mgs, S')) = Z/2{jvg} ® Z/2{jnec7} ® L/ 2 jjue}-

By D(15,2),
Ker(ds: 712 — m1a(J(Mge, S'))) = Z {4115}

Then 715(ska3(F2)) = Z/2{jvg} ® Z/2{jnee7} & Z/2{jie} ® Z(2){4115}. o
We recall that dg, is the homomorphism O, 7 (S3HKY > 7 (Fy).

Lemma 6.5.2 We have
Coker(dgxr0) ~ (Z/2)* ® Z(z), Coker(ds«,5) ~ (Z/2)°, Coker(d4x,5) ~ (Z/2)*,
Coker(d3x,,) ~ (Z/2)3, Coker(d24,4) ~ (Z/2)* ® Z(z), Coker(d1x,5) ~ (Z/2).

Proof For Coker(dy«,_ ,,) with r # 2 listed in this lemma, the result follows immediately from observing
the corresponding BUND(r + 14, r). For Coker(d24,4), it follows from observing BUND(16, 2) and
making use of Lemma 6.5.1. |

After the above preparations, we can now determine 734 (Ek HP?):

Theorem 6.5.3 After localization at 2,

(Z/2)? ifk>17,
7]2)? @ L ifk=6o0r2,
SEE P2y & ¢ @ :
7T13+k( ) (2/2)3 ifk=5,3,10r0,
(Z/)2)* if k =4.

Proof For k > 7, the groups n13+k(EkHP2) are in the stable range. So 7r13+k(2kHP2) ~ ni% (HP?)
for k > 7. By Proposition 6.1.2(2), we obtain the result.

For 1 <k <6, consider Long(13 + k, k). Since ngg (S9) is trivial, n13+k(ZkHP2) ~ Coker (g s, ;)
for 1 <k <6. By Lemma 6.5.2, the result follows. |
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6.6 Determination of 714, (X*HP?)

We show the following lemmas to compute 7r14+k(ZkHP2):

Lemma 6.6.1 (1) m6(F2) =7Z/8{jveoo} ® Z/2{jniom11} ® Z/2{j o n15}.
(2) mis(Fs) =Z/8{josvis} ®Z/2{jnsio} and jvgo11 = 2t'ogvy5 fort’ odd.

Proof (1) By Lemma 3.1.12, ska3(F2) = S® Upp, e!°. We consider PISK(17, 2) given by (4-7), and
we observe D(18,2) and D(17,2) given by (4-8). Then d (7111?) = dx (7‘[1165) = 0. Since

Y(S® Uz e!®) = Z(S® U e'’) =S v ST,
we have the homotopy-commutative diagram with rows fiber sequences
J(Mge, S1*) ——— skoz(Fp) ——— S1°
l QEl lQE
QJ(Mg7,81°) —— Q(S7Tv S —— Q86

So we have the commutative diagram with exact rows (by the Hilton—Milnor formula, the second row splits)

0 7S m16(ska3(F2)) ml2 0
zl EJ sz
0 ”177 ”177597711$ ”1176 0

By [27, Theorem 7.3, page 66], nf6 DN 71177 is an isomorphism. By the five lemma, 71¢(ska3(F2)) DN
nl, @® 7 ]$ is an isomorphism, and the first row also splits.
(2) In a similar manner to the proof of Lemma 6.4.1, we obtain the result. O
Lemma 6.6.2 (1) Coker(d7«,,) ~ (Z/2)?.

(2) Coker(dgx,,) ~ (Z/2)? and Coker(dsx,,) ~ (Z/2)>.

(3) Coker(dax,o) ~ (Z/2)?, Coker(d3s,3) ~ Z/2 @ Z () and Coker(dzx,,) ~ (Z/2)>.

(4) Coker(d14,4) ~ (Z/2).

(5) Ker(drs,,4)=0forl <r<7.
Proof We recall that BUND(m + 1, k) denotes (4-6).
(1) Consider BUND(22, 7). By vi1014 = 0 in Proposition 6.1.1(4), we obtain the result.

(2) Consider the corresponding BUND(r 415, r). By vgo12 =2x09Vv16 for x odd in Proposition 6.1.1(4),
we obtain the result.

(3) The result follows from observing the corresponding BUND(r + 15, r) and using Lemma 6.6.1.
(4) The result follows from examining BUND(16, 1) and making use of Proposition 6.1.1(5).
(5) The result follows from observing the corresponding BUND(r + 14, r), and Lemma 6.5.1. |
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We can now determine n14+k(EkHP2).

Theorem 6.6.3 After localization at 2,

7]2 ifk>8,
(Z.)2)? ifk=17,6,5472orl,
Tiask (SFHP?) ~ 22670 P

Z/8®Z/4dZ/2 ifk=0.
Proof For k > 8, the groups n14+k(EkHP2) are in the stable range. So n14+k(EkHP2) ~ nf4(HP2)
for k > 8. By Proposition 6.1.2(2), we obtain the result.
For 1 <k <7, consider Short(14 + k, k) given by (4-3). By Lemma 6.6.2, we infer the result (in these

cases, the Z;)-module extension problems are all trivial). |

6.7 Determination of 715, (Z*HP?)

We have now reached the most intricate part of determining the (2, 3)-primary components of the homotopy
groups n,+k(EkHP2) for 7 <r < 15but k > 0, that is, n15+k(EkHP2) localized at 2.

Let us first construct some elements which connect the stable homotopy group nfs (H P?) and the unstable
homotopy groups.

Lemma 6.7.1 (1) There exists 615 € {j7, 11,014} € m22(Z"HP?), and ord(X"5,5) > 128 for all
n=>0.
(2) There exists 2014 € {j, V10, 2013} C m21(Z°H P?), and ord(X"20 14) > 64 for all n > 0.
(3) There exists 4013 € {j5, V9, 4012} C w20(Z°H P?), and ord(4513) > 32.
(4) There exists 809 € {1, vs, 808} C m16(ZH P?), and ord(X"809) > 16 for all n > 0.
Proof (1) By Proposition 6.1.1(4), the Toda bracket {7, v11,014} is well defined. Choose 15 from it.

By Proposition 6.1.2(2), we have
X015 € £(j,v,0) > +a

modulo j o 75} (S%) + 75 (HP2) oo C 8755 (HP?) = (84). Thus
Y015 = +a mod 8a.
Since ord(a) = 128, X*°075 is also of order 128.

(2) By Proposition 6.1.1(4) and since o19Vv17 € 71218 is of order 4, the Toda bracket {jg, vi9, 2013} is
well defined. Choose 204 from it. By Proposition 6.1.2(2), we have

$°2014 € +(j,v,20) > £2a
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modulo j o7, (S%) + 75 (HP2) 020 C 16755 (HP2) = (164). Thus

£%°2014 = £2a mod 16a.
Since ord(d) = 128, £°°20 14 is of order 64, which completes the proof of (2).

(3) By Proposition 6.1.1(4) and since ogv16 € 7r199 is of order 8, the Toda bracket { s, vg, 4012} is well
defined. Take 4013 from it. By Proposition 6.1.2(2), we have

Y %4013 € £(j,v,40) > +4a
modulo j o 75 (S0) + 78 (HP2) 040 C 1675 (HP?) = (164). Thus
%4013 = £4a mod 16a.
Since ord(@) = 128, X403 is of order 32, which is the desired conclusion.

(4) Since vs0g € 71155 is of order 8, the Toda bracket { s, vs, 8cg} is well defined. We take 809 from it.
By Proposition 6.1.2(2), we have

Y809 € £(j,v,80) 3 £8a
modulo j o nfl (S%) + JTSS(HPZ) 080 C (164). Thus X®809 = +8a mod 164. Since ord(d) = 128,

>®8ayg is of order 16. O

As before, the following two lemmas are used to prepare for examining BUND(m, k), and compute the
cokernels and kernels, respectively.

Lemma 6.7.2 (1) 7T20(F5) = Z/S{]é‘g}
(2) mio(Fa) =Z/8{jis} ®Z/2{jvsvie} ® Z2){j 0 8i19}.
(3) m17(F2) = Z/8{jL6} ® Z/2{)j D6v1a} ® Z/2{j o 1135},

Proof (1) Since

) P4 7/8{Lo} @ 7./ 2{vgv
720(5k32(F5)) = 720(S® Upgy,, €)= jomy ~ —2L— = / {§9}_ [2{ov17}
(Vov17) (Vov17)

~ 7/8,
the result follows.

(2) We examine PISK(19, 4) given by (4-7). By Corollary 3.1.2, skas(J(Mgs, S'8)) = S8, Considering
D(20, 4) given by (4-8), we have

Coker(dy: w30 — m19(J(Mgs, S'®))) = Z/8{jls} ® Z/2{j Vsvie}.

Here we notice f4, (18) = V8011118 — 2t'08v15718 = (v8N11)012 —0 = 0. Through D(19,4) given
by (4-8),
Ker(ds: g — m13(J(Mgs, S'®))) = Z(2){8t19}.
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Hence PISK(19, 4) induces a short exact sequence,
0— Z/8{jls} @ Z/2{jVgvi6}=>m20(sk19(Fa)) = Z(2){8t19} — 0,
which obviously splits and gives the desired result.

(3) Consider PISK(17,2). By Corollary 3.1.2, we have skjo(J(Mgs, S'4)) = S6. By D(18,2), we
have
Coker(dy: mlg — m17(J(Mgs, S'))) = Z/8{j 6} ® Z/2{j Vsv14};

by D(17,2), we have
Ker(ds: {5 — mi6(J(Mge, S'*) = Z/2{n3s}.

Hence PISK(17, 2) induces a short exact sequence,
0— Z/8{jL6} ® Z/2{j vevia}=>mi7(ska3(F2)) — Z/2{m5} — 0.

Similar to the proof of Lemma 6.6.1(1), this sequence splits and then we deduce the result. a

Lemma 6.7.3 (1) We have

Coker(0gx,4) ~ 7. /8®ZL(2), Ker(dgx,;)~7Z/16, Coker(dex,,)~7Z/8, Ker(0ex,, )~ Z/8,

Coker(0sx,,)~Z/8, Ker(0sx,,) ~Z/4, Coker(03x,,)~ 7./86(Z/2)?, Ker(03x,5) ~Z/2.
(2) Coker(04xy,) = m19(F4) = Z/8{jls} ® Z/2{jVs016} D Z(2)1] 0819} and Ker(dgx,y) ~ Z /4.
(3) Coker(dz4,4) ~ Z/8 & (Z/2)? and Ker(d24,,) ~ Z/2.
(4) Coker(d14,,) ~ (Z/8)? and Ker(31x,,) ~ Z/2.

Proof (1) The result follows from the corresponding diagrams BUND(m+ 1, k) and Proposition 6.1.1(4)
and (6).

(2) Consider BUND(20,4) and BUND(19,4). By Lemmas 6.7.2(2) and 6.6.1(2), and Proposition 6.1.1(4),
we derive the result.

(3) Consider BUND(18,2) and BUND(17, 2). By Lemmas 6.7.2(3) and 6.6.1(1), and Proposition 6.1.1(6)
and (10), we infer the result.

(4) By Proposition 6.1.1(6) and (10) and the group structures of 7'[156 and nf7, we obtain

vsogn15 =0 mod vsvg, vseg

(check its X-image).

Next consider BUND(17, 1) and BUND(16, 1). By Proposition 6.1.1(5), we deduce the result. O

We can now give the determination of 7154 % (SKH P2) localized at 2, the most arduous part of determining
71k (SFHP2) for 7 < r < 15 localized at 2 or 3.
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Theorem 6.7.4 After localization at 2,

7/128 ifk>7andk #8,
Z7.]128 @ Z () if k =8,
7./64 ifk =6,
7154k (SFHP?) ~ 2/32 I:fk i >
(2)@2/16@2/2 ifk =4,
7.]16 ® (Z.]2)? ifk=3or2,
716D 7/8 ifk=1,
(Z)2)?*®Z/4 ifk=0.

Proof For k > 9, the groups n15+k(2k H P?) are in the stable range. Hence
n15+k(ZkHP2) A nigs(HPz) for k >9.
By Proposition 6.1.2(2), we obtain the result.

For k = 7, consider Long(22, 7). By Lemma 6.7.1(1), we know 72, (X7H P?) contains the element
G15 of order at least 128. Since 22(F7) ~ w1 a Z/8 we have m35 ~ Z/16, so, in Long(22, 7), i7« is
monomorphic and p74 is epimorphic. Therefore 72 (Z7HP?) = Z/128{55}.

For k = 8, consider Short(23,8). By m22(Z’HP?) = Z/128{515} and Lemma 6.7.1(1), we know
723(Z8H P?) contains the element X515 of order 128. By Lemma 6.7.3(1),

Coker(0ds,,,) ~ Z/8® L), Ker(ds,,;) ~ Z/16.
Since 72, (X7H P?) contains an element of order 128, m23(X3H P?) ~ 7 /128 ® Z(3).

For k = 6, consider Short(21, 6). By Lemma 6.7.1(2), 721 (£®H P?) contains the element 2014 of order
at least 64. By Lemma 6.7.3(1), 721 (Z°H P?) ~ Z/64.

For k = 5, consider Short(20, 5). By Lemma 6.7.1(3), m20(Z>H P?) contains the element 40 3 of order
at least 32. Then, by Lemma 6.7.3(1), m20(Z°HP?) ~ Z/32.

For k = 1, consider Short(16, 1). By Lemma 6.7.1(4), 71¢(XH P?) contains the element 859 of order at
least 16; by Lemma 6.7.3(4), m16(SHP?) ~ Z/16 ® Z /8. Successively, by Lemma 6.7.1(4), we know
the elements X80 (n > 0) are all order 16.

For k = 3 or 2, we consider Short(15 + k, k). By the above proof for k = 1, m1g(X3H P?) contains
the element 2809 of order 16 and n17(22HP2) contains the element X80¢ of order 16. Then, by
Lemma 6.7.3(1) and (3), respectively, we deduce the result.

For k = 4, consider Short(19, 4). By Lemmas 6.7.3(2) and 2.3.1(2), m19(S*H P?) ~ Z(,) ® K, where
KelZ/8®Z/2,7/8®L/4.Z/16DZ/2, 78D (Z]2)*.Z/32DZ/2,(Z/8)* Z/8DL/2&Z/4)}.

By the proof for k = 1, we know X3809 € m19(Z*H P?) is of order 16. Then
m19(SHP?) ~ Zp) ®Z/32 D Z/2 ot L) ®Z/16 D Z/2.
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To exclude the extra solution, consider the following fiber sequence, where Uy = J(Mg11, Z3HP?)
denotes the fiber of the inclusion j4: S8 < Z4H P?:

Uy — S35 T4 H P2,
By checking homology, S is splitting and X : 717(S11) — m1g(S'?) is an isomorphism, so we obtain

sko1(Us) = S v S18. So there is a fiber sequence up to dimension 20 (here @ = vg Vv f for some
homotopy class f, since vg can extend to Uy),

§ity g182=vsV/, S84 S4H P2,
which induces an exact sequence,
m19(S%) 201 (SHHP?) — mig(ST) @ mis(819) 2 ms(SP).
Denote (xo11, yt1g) € m1g(S1) @ m18(S1®) by (x, y) for simplicity, for x, y € Z.

By the result for Coker(d4,,,) in Lemma 6.7.3(2), we know the homomorphism j4, is monomorphic. So
Jja, (m10(S®)) ~ m19(S®) ~ Z/8 ® 7 /2. Through observing vg, : Z/16{011} — Z/8{vgo11} @ (else),
we derive ax(1,0) = vgoy1. Suppose a«(0, 1) = mvgoy, mod ogvys, ngitg for some m € Z. Then

a,(—m, 1) =logvis +1'ngue for some 1,1’ € Z.

Since
mig(S'T) @ mis(S'®) = ((1.0)) ® ((—m. 1)) ~ Z/16 @ Z(3).

m18(S8) = Z/8{vgo11} ® 7 /8{0gv15} B Z/2{ngjio},
by [27],

Ker(as) = ((8,0)) ® (b(—m, 1)) x Z/2 @ L),
where b = ord(logvis + I'ngit9) € Z 4. Hence we have an exact sequence induced by the above,
0—>Z/8DZ/2— mo(E*HP?) — Z/2® Zz) — 0.

This tells us that any element of finite order contained in 7r19(24]HIP2) is of order at most 16. Recall
that we have already shown

m19(ZHP?) ~ Zy ®Z/32DL/2 0r Loy ®Z/16 D Z/2.
Thus 719(S*HP?) ~ Z2) ® Z/16 © Z /2. m|

6.8 Determination of some unstable 7364 (X *HP?)

In this subsection, we will study some homotopy groups nr+k(EkHP2) for a much greater r, namely,
r = 36. These homotopy groups are much more mysterious than those for 7 < r < 15 and their
determinations pose exceedingly formidable challenges.

364k (SFH P?) is in the stable range <= k > 36— 8+ 2 = 30.
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We will determine 736.429(Z2°HP?), m36+28(Z28HP?) and m36427(Z2’H P?), and will examine
m3e+11(STHP?).

In this subsection, the results

w2 ~(Z)2)8, wdh ~nddx(Z)2)°, nié~(Z]2)*,
are used freely; see [14, Theorem 1.1]. Also ﬂgg (8% =7Z/2{si} and nﬁgg (S%) = 0; see [18, Theorem 2(b),
page 81 and Theorem 3(a), page 105].

Lemma 6.8.1 {V31+n.€34+nka2+n,2t624+n} = 0 for any n > 0.

Proof Since nfz (S%) =0, for any n > 0 we have

{V314n, €34+nKa2+n. 2t624n ) 2 {V314+n: E34+n. 2K42+n} 2 {V31+n, €34+n, 214240} O K434n
31 _ _
C il okaztn =00k434n =0,

_ _ 34+n 314n _ _
$0 Ind{v31+4n, €34+nKa2+n, 2U62+n} = V314n O g3 1, + 27631, = V3140 00+ 0=0. O

Theorem 6.8.2 After localization at 2,
(Z/2)% if k =29,
T4k (SKHP?) ~ {(Z/2)7  if k =28,
(Z/2)° ifk=27.

Proof We only show the case k = 27; similar proofs work for the other two cases.

For 63 (227H P?), we use Long(63,27) given by (4-4). By Lemma 3.1.9(1), we have skgq(F11) = S3!.
Since ngf = T[ﬁgg (S%) =0, in Long(63, 27), i»7 is monomorphic. Recall that nfs (S%) =7Z/2{eic} where
ve = 0. By observing BUND(63, 27) given by (4-6), we have d27,., = 0. So, in Long(63, 27), p27« is
epimorphic. Then Long(63,27) gives a short exact sequence

0= (Z/2)° = 163(STHP2) 222557, /2{e35k43) — 0.

Since
P27+1J27, V31, €34K42} = P27 01{j27, V31, €34Ka2} = { P27, J27,V31} © £35K43 D €35K43,
there exists e35k43 € {j27, V31, £34K42} such that p27*(@43) = g35ik43. Lemma 6.8.1 tells us that
2635K43 € {j27, V31, €34K42} 0 2L63 = — j27 0 {V31, €34K42, 262} = 0.

Thus 2e35ic43 = 0, and so £35k 43 is of order 2. Therefore 763 (X2’ H P?) is isomorphic to (Z/2)®. O

Similar to the above, n§6 (H P?) can also be obtained.

For the following lemmas, we point out that, N Oda denotes the generator B € 71213 119 defined in [13]
by C», that is, C = ,3; see [18, (2.1), page 52].
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We recall from [18, Theorem 4.3 (a), page 104] that
mag = L/24Copuz0} ® Z/2{015041} B Z/2{> Py }.

To obtain vi6 o g and Coker(d11,,4), we give the following lemmas:

Lemma 6.8.3 (1) vigCr € Z/Z{P(833)} ® Z/2{P(\733)} and
0 if 1)16C2 = (0 mod P(l_)33),
vieCatzo = 2, . B _
Eé’ if V16C2 = P(833) mod P(V33).

2 1
(2) V16079041 = E160%4 € M43

(3) vizo Py =Ak3; mod Ex)2 and vigo 3Py = (23Q)k34 mod 47 )2,
(4) [t15,v15] =0 and skso(Fi1) = S5 v §33,
(5) ma7(F11) = j(i1s0m}3 ®iszonys ®lirs,izs]o i) ~ (Z/2)® & (Z/2)* ® Z(y), generated by

*//

(j 0i15)x{V15.015. 005 ¥ TC*, (22 N)k33, E150%,. 015 143,22}

(J 0i33)x{k33.033} and (j o[i1s.i33])xta7.
Also
mag(EF11) = (2(j 0i15)) o msS @ (Z(j 0iz3)) o mig ~ 748 ® 73
Here ;m S™ s S15\ §33 form = 15, 33 are the inclusions.
(6) If v16C2 =0 mod P(l_)33), then
Coker(d11, : 45 — ma7(F11)) = (2/2)° ® (Z/2)* @ Z(2).
generated by

YN o153 ), (J oi33)«{kas, 0550 and  (j olirs, i33])«ta7.

(J ol15)x{Vk15,015, 0% %1, 1
If v16C2 = P(g33) mod P(v33), then
Coker(d11, : m48 — maz(F11)) ~ (2/2)° & (Z/2)* ® L ).
generated by
(J oi15)x V15, 15, 0¥ 051 W 015300}, (J 0i33)xik3s, 0330 and  (j o[i1s,i33])xla7.

Proof (1) By [13, Lemma 16.4, page 53], we know XC, = P(n41). Then

V172 Ca = v170 P(141) = v17 0 [120. 12011130 = [117. t17]v33730 = 0.
So
v16Ca € Ker(D: 38 — m4d) = P(3}).
By [12, (3.4), page 12], P(n}3) = Z/2{P(e33)} ® Z/2{P(v33)}. By [27, Theorem 14.1], e;x = n?p and
b =0. By [14, (5.8)], P(n33035) = X*. Hence P(e33) 0 j139 = ¢* and P (933) 0 39 = 0.
(2) By [18, Proposition 3.5 (3), page 60] we know the two relations 1)130{*6 = t£13031 mod Aos; for ¢
odd, and (£31)034 = 0.
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Then v1607y = t§16034 mod O for ¢ odd. Hence
V16019041 = tE160%, = £1602, for ord(02y) = 2.
(3) Notice two facts: H(Py) = k31 [18, Proposition 3.3 (4), page 90], and H (Ak31) = v§5/c31 [14, proof
of Jtig’] Then H(v13P1) = Z(Vi2 AVi2) 0k31 = V§5K31. Hence v13P1 = Ak31 mod Enﬁ. Therefore,
1)1623P1 = (E3A)K34 mod 247'[44
(4) By Proposition 6.1.1(11) and (4), [t15,Vv15] = £P(131) 0 va9 = 201251)29 = 0. By Lemma 3.1.9,
Sk50(F11) = Sls \ S33.
(5) By the Hilton—Milnor formula,
QISP VS~ Qs x Q8P x QS x Qs x
Then, up to isomorphism,
747(skso(F11)) = ma6(2S"% x Q53 x Q5*) = wf3 @ 735 & 74
where the isomorphism ni? &) 71273 @ 71277 — 147(skso(F11)) is induced by the inclusions and iterated

Whitehead products; see [28, Theorem 8.1, page 533]. By [14, Theorem 1.1], n47 ~ (Z/2)8, generated by
Vic1s, 015, 1M 0%, W B8F, (R2A)k33, £1502; and 01543 22 By [27], 133 = 7Z./2{k33} ® Z/2{02,}.
Hence

47(skso(F11)) ~ (Z/2)° @ (2/2)* ® (),
generated by

*//

(j 0i15)x{V15,015. 0051, ¥ %, (22 N)k33, E150%,. 015 143,22}
(J 0i33)xlk33, 0%} and (j o[i15,i33])xla7.

Since sks1(ZFy1) = S16v §34,
mag(SF11) = (2() 0i15)) 0 748 & (B(J 0133)) 0 i ~ 74 & 73
(6) By Lemma 3.1.4, there exists a commutative diagram

d11
Tig —s 7a7(F11)

UlG*J/ lE

(Z/)«
748 — mag(TF11)

that is,

011 ~ ~
719 . 47
8—>J01150ﬂ4769jol33077 @J0[115,133]°ﬂ47

vlg*l ' lE

(Z/) Lo .
774186 —— 2(J 0115)072%86692(] 0133)on2§

By [14, Theorem 1.1], 7133, ;5 DN T35+ 16 is monomorphic. Notice
(Im d114) N (j o [i15.i33] 0 747) = 0.
Then, by (1)—(3) and (5) of this lemma, the result follows. O
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Recall from [18, Theorem 2 (b), page 81] that

7l =7)24CV} @ 22T Fy} & 7/ 24e 10827}
and from [12] that
TR ~T/1687/8® (Z/2)*

generated by p1s, v15K18, P15, Y15, &% and Y. (F € n 1s the generator, not the fiber F3.)

To study vig 0 n47 and Ker(d11,,,), we give the following two lemmas:

Lemma 6.8.4 (1) Cz(l) (S {Cz, 2[39, 80’39}1.
2) DV o3g = {5, 235, 8038}1 mod T )s

Proof (1) This is just the definition of Cz(l) given by Oda; see [17, Definition 3.6].
(2) We notice the following facts:
DV = u* mod Srld (by [18, (2.3), page 52]).
H (") = n2op30 (by [12, (3.11)]).

It is easy to obtain nuo = eu by [27, Theorem 14.1, page 190]. Then

H(D§1)039) = 1129/430039 = £29/437.
Since H(g*') = n29€30 = 29137 [12, (3.4)], 0 € (1, 2¢,80) [27, page 189].
Then

H{&",2138,8038}1 C {£29137.2t38.8038}1 2 €29 0 {137, 238, 8038}1 3 £20/437.

Notice 2 = ev = 0 [27, Theorem 14.1], and 8n2299+10 = 0. Thus

38 .
Ind{e29737, 2138, 8038}1 = €29737 0 i = €29137 © (€38, V3g) = 0.

Hence H{&*',213g,8038}1 = £29437. Then the result follows from the exactness of the EHP sequence. O

Lemma 6.8.5 (1) \)15F2 = 1)16819/227 =0.
(2) We have

U16C( ) { 0 if U16C2 =0 mod P(l_)33)
= (ED( )) 0 049 mod w1 k1 03,16 if V16C2 = P(e33) mod P(v33).

(3) Ker(d11,: 747 = mag(Fi1)) = Z/2{EF»} & Z/2{e19k27} & G, where

G {Z/Z{Cz(l)} if v16Ca2 = 0 mod P(V33),
0 if v16Co = P(e33) mod P(v33).
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Proof (1) vige19k27 = 0 is obvious; see Proposition 6.1.1(6). Next, we consider vi5F,. We know
H(F,) = al3s for some odd a by [18, Proposition 3.2(2), page 89]. By [27, Proposition 2.2, page 18
and Proposition 3.1, page 25], we have

H(vi5F2) = S(v14 Avis) 0alss = avielss = avao(v3203s).
By [27, Theorem 14.1(ii)], v¢ = 0, so H(v15F>2) = 0. Then vi5F5 € En
Finally, by [18, Theorem 3 (c), page 106], ord(w}5) =2 and

Ker(2: 138 — 731 (5°)) = Z/4{20],}.
Notice
X®W15F) =voX®Fy€ev onigg(So) = (vek) = 0.

Then vis5F> € 2w]5) = 0.
(2) By Lemma 6.8.4(1), v16C2(1) € v160{C2, 2139, 8039}1. The proof falls into two cases.

Casel (v16C> =0 mod Pv33) We have vi¢Cy =tP V33 for some ¢ € Z. By [18, Proposition 3.2 (1),
page 57], we have (v, 2¢,80) = 0. Then

V16C2(1) €v16°01C2,2139,8039}1 S 1P(V33),239,8039}1 2 P{t(V33),2t41,8041}3 =0.
Since 871}3 =0,
Ind{tP(V33), 2t39, 8039 }1 = 1P (V33) © (€39, D39) + 745 08040 = 0,
so {tP(V33), 239, 8039}1 = 0. And so
116CY =0 if v16C, =0 mod Piss.

Essentially, we have also proved { P(V33), 2t39, 8039}1 = 0 (the method of the proof for the triviality of
the above Toda bracket carries over to any ¢ € 7).

Case2 (v16C2 = Pe33 mod Pi33) By Lemma 6.8.4(2) and P(g33) = X&* [12, (3.4)], we have, for
some z € 7,

V16C2(1) €v160{C2,2t39,8039}1 C {P(e33) +2P(V33),239,8039}1
C {P(e33),2t39,8039}1 +{2P(V33),2t39,8039}1 = { P(£33), 2139, 8039}1 + 0
= {P(£33), 2139, 8030}1 = {Z&", 2139, 8039}1 2 T{&™, 2138, 80733},
> E(D( )039 + 2X) = (ED(I))U40 + %2x  for some X € 7,2,
and so Ind{P(g33), 2t39,8039}1 = P(g£33) 0 (€39, V39) + 7140 080409 = 0. Then

v16C(1) = (ZD(I))G40 mod 227145

(if v16C, = Pe33 mod Pvs3).
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(3) We have shown that skso(F11) = S v §33 in Lemma 6.8.3(4). By use of Lemma 3.1.4, there exists
the following commutative diagram (here, by abuse of notation, j denotes the inclusions, although they
are different inclusions; in this case, these two j and these two 3j all induce monomorphisms):

011
Hi?—>]orr46@] 07'[
v16*l lE
(El)* .
T = (T)onil @ (Zj)on}s

15 X 16 : E

By [18, Theorem 3 (c), page 106], we know 7 ¢ => 7 is a monomorphism. Thus j o n4g @ J On
(Zj)o ni76 @ (Xj)o nz’;‘ is a monomorphism. So Ker(vi¢«) = Ker(dq14). Then, by (1) and (2) of this
lemma, we obtain the result. O

Recall that vigCs € Z /2{ P(e33)} D Z/2{ P (V33)}. Equivalently speaking, either v1C> =0 mod P (V33)
or V16C2 = P(833) mod P(l_)33).

By Lemmas 6.8.3(6) and 6.8.5(3), we have the following theorem:

Theorem 6.8.6 After localization at 2, if v16C> =0 mod P (v33), then w47(X 1 H P?) satisfies the short
exact sequence

0 (Z/2)® & Ly S mar (S HPH S 2/2(EFo) @ 2/ 2{e10R27} @ Z/2(CV} — 0.
If v16Cy = P(e33) mod P(v33), then m47 (S H P?) satisfies the short exact sequence
0—(2/2)7 ® ZnySmar(EHP) LS 7 /2(5 F)} @ 7./ 2{e19k27} — 0.

Here (Z./2)® ® Z(zy and (Z/ 2) @ Z 3y in these two sequences are the abbreviations of Coker(811*48) in
Lemma 6.8.3(6). O

7 Applications

7.1 The Hopf fibration S'' — H P2 localized at 2

We notice on [8, page 38], P,  := HP”+1/HP”+1_k; see [8, page 21]. Then we have the following
proposition:

Proposition 7.1.1 [8, page 38] Let h,: S**T3 — H P" be the homotopy class of the Hopf fibration
and pH: HP" — S*" be the pinch map. Then
pHoh, =n(z44x),

where X € 77(S*) is the homotopy class of the Hopf fibration. Of course, after localization at 2, we have
X = 4v4 mod Xv'.
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Theorem 7.1.2 After localization at 2, for the homotopy class of the Hopf fibration h: S'! — H P2, the
relation
>h =xa

holds for some odd x, where a € {j1, vs,2vg} generates w12 (SH P?) ~ Z/8. But ¥°°h cannot generate

any direct summand of 3, (HP?) ~ Z/16 ® Z./4.

Proof By [15, Remark 3 (3)], we obtain, ord(X°°h) = %! = 895 (without taking the localization).
Then, after localization at 2, ord(X°°h) = 8. By Theorem 6.3.2, we have 712 (XHP?) ~ Z/8{a} for
ae{ji,vs,2vg}. So Xh is of order 8 and £h = xa for some odd x. By using Theorem 6.3.2, we have
S (HP?) ~ Z/16 D Z/4. o
Corollary 7.1.3 After localization at 2,

YHP3 ~THP?Uge!3,

wherea € {1, vs,2vg} C m12(SHP?) = Z/8{a}. a

7.2 Two classification theorems
In this subsection, for convenience, after localization at 3, we use P [i] to denote P} : H; (-)— Hi_ap (-),
that is, the dual of the Steenrod operation.

As already stated in the introduction, given a CW complex X, we say that X is a homology n-dimensional
quaternionic projective space if H, (X;Z) ~ H, (HP™;Z) as graded groups.

We recall that, after localization at 3, 712(S°) = Z/3{a2(5)}, m12(S°) = Z /3{a1(9)}, h: S — HP?
is the attaching class of HP3 = H P2 Uy, e!2. Recall from Theorem 5.2.3 that

m15(E*HP?) = Zy{jao s, 18]} ® Z/9{X*h}

localized at 3. After localization at 3, let A = S° Uy, 5y €', it: §° — S°v §% and i§: S° — S° v §?
be the inclusions, ¢, = Ek_l(ig oaz(5) + i oa1(9)). By use of this notation, we give the following
classification theorems:

Theorem 7.2.1 After localization at 3, up to homotopy, the k-fold (for k > 1 but k # 4) suspension
of the simply connected homology 3-dimensional quaternionic projective spaces can be classified as the
following:

EkHP3, EkHPZ U3Ekh612+k, EkHP2VSIZ+k, Ek_lAVS8+k,
S4+k V. E4+kHP2 (S4+k V. S8+k) Ue elz-i—k S4+k V. S8+k V. S12+k
9 k ’ .
Proof Suppose k > 1 but k # 4 and spaces are localized at 3. The proof will be divided into two steps.

Algebraic & Geometric Topology, Volume 25 (2025)



3028 Juxin Yang, Juno Mukai and Jie Wu

Step 1 Notice that n11+k(EkHP2) = 7/9{=kh}; see Theorem 5.2.3. By Corollaries 2.1.1 and 2.1.2,
any k-fold suspension of a simply connected homology 3-dimensional quaternionic projective space, that
is, any CW complex of type S Atk o8tk yel2tk g homotopy equivalent to some CW complex listed
in our theorem.

Step 2 We first examine the Steenrod module structures of the CW complexes listed in our theorem.
eFor SKH P2 Uy, 21K, P12+ k] =0and PL[8 + k] #0. On P12 + k] = 0, because

(skH P2 Ussk s e12+k)/S4+k ~ §8+k\, gl2+k
eFor (S4Hk v §8+ky U, e!12+k P12+ k] # 0 and P}[8 4 k] = 0. Notice

(§4Fk \ §8+k) Ue, e12+k)/S4+k ~ pkt+dp p2.
oFor Skl 4y §8+k pl12 4 k] = P8+ k] = 0.
Then we consider the homotopy groups,

T4k (EF 1AV 88K = 7 e (S*TF Uy iy €T v S8R 2 23,
n11+k(S4+k v §8tky SlZ+k) ~ (Z/3)?,

Z/9{="hy

(35kh)
T4k (SKHP2 v 1210y ~ 7,79,

n11+k(2k]H[P2 Usskp e12+k) A ~7/3,

Hence we only need to show that

S4+k Vi E4+kHP2 i (S4+k V. Ss+k) U(,‘k €12+k.

Since
(S4+k V. E4+kHP2)/S8+k ~ S4+k v, S12+k,

4+k 8+k 12+k 8+k 4+k 12+k
((S4HF v S8HR) U, o124K) /84K = 4R Uy 2K,

n11+k(S4+k v §12+k) o 73,
T4k (S4TE Ugs (4-+k) el2tky — o,
S4tk v 54Tk H P2 is not homotopy equivalent to (45 v §8+k) Uck el2tk,
The above facts imply the CW complexes listed in our theorem are not homotopy equivalent to each
other. d

The following lemma is easy; we leave its proof to the reader. Notice that there is a diagram (similar to
(2-1)) which contains a map K % C 'r and Sq™ ™" commutes with W*.

Lemma 7.2.2 Let f € y,—1(S™) wherem > n +2 and let K = C¢. Then Sq™™": H"(K;Z/2) —
H™(K;7Z/?2) is trivial. O
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The Steenrod square operations control (Ek]HIPZ)(Z) very strongly. Up to homotopy, (Zk]HIPZ)(Z) for
k > 0 is determined by its simply connectedness, finite type property and Steenrod module structure. This
interesting result is essentially shown by the third author in [31, Lemma 3.9], utilizing the theory of the

Cohen group. Notice Lemma 7.2.2, Corollary 2.1.1 and 774, (S(A'Z';'”) ~ 7/8 forn > 1.

But the Steenrod square operations control (EkHP3)(2) poorly. In fact, setting
FI*((HP3)(2)) = Z/Z{u4, us, ulz} for |u,| = i,
we know Sq8(u12) = Sq (12) = 0 and Sq? (ug) = u4; see [6, Example 4L.4, page 492].

The situation in the 3-local case is quite different. The Steenrod power operations command a deep influ-
ence over the space (2 ]HIP3)(3). That is, as the reader will see in the following theorem, (=¥ ]HIP3)(3)
for k > 1 but k # 4 is entirely dictated by its simply connectedness, finite type property and Steenrod
module structure, up to homotopy.

Theorem 7.2.3 After localization at 3, suppose Z is a k-fold (for k > 1 but k # 4) suspension of a
simply connected homology 3-dimensional quaternionic projective space.

(1) If Hy(Z) has nontrivial Steenrod operations P} of dimension 8 +k and 12+k, then Z ~ S¥H P3.

(2) If Hy(Z) ~ Hy(S¥H P?) as Steenrod modules, then Z ~ S¥H P3. Moreover, if X is a 3-local
simply connected CW complex such that H;(X; Z(3)) is a finitely generated 7 (3)-module for
each i, and H(X) ~ H,(S¥HP3) as Steenrod modules, then X ~ S¥H P3.

Proof (1) Afterlocalization at 3, suppose k > 1 but k # 4. Since P[8+k]# 0 and 77,1 (S*T*)~ Z/3,
we take
skjj4x(Z) = ZFHP? and Z = SFHP? Uy !127F,

where f € n11+k(EkHP2) = 7Z/9{=*h}. Now, to obtain a contraction, suppose f is divisible by 3,

that is, there exists X € n11+k(EkHP2) such that f = 3x. Notice that 7114 (S8+k) & 7/3. Then
Z/S4+k ~ S8+k qu3x€12+k ~ S8+k U0e12+k ~ S8+k V. S12+k.

Here g: SKH P2 — (SKH P2)/S*** is the pinch. By assumption, for Hx(Z), P1[12 + k] # 0. Then

Hi(Z)S*k) ~ H,(S8F v §12tk) satisfies PL[12 4 k] # 0, which is impossible. This forces f to be
of order 9. By Corollary 2.1.1, we deduce the result.

(2) The first part of (2) is an immediate consequence of (1); in fact, the hypotheses for Z of (1) and (2)

are equivalent as P2 = — P} P}, The second part of (2) follows directly from the first part. |

Remark 7.2.4 For Theorem 7.2.3, the condition k 7 4 is indispensable. For example, C;, o615+ 54h %
S4H P3 after localization at 3. Although they both have nontrivial Steenrod operations P,! of dimension
12 and 16, we see that they are not homotopy equivalent by checking the 15" homotopy groups.
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7.3 Wedge decompositions of suspended self smashes

Suppose {Ay},~, is a family of spaces and {f,,: A, — A,+1},2, is a family of maps. We denote the
homotopy colimit of the sequence
VPN Ny TN

by hocolim¢, A,. If A, = Ay and f,, =f; forall n > 1, then hocolims, A4, is also denoted by hocolims, A1.
For example, given a map g: B — B, the notation hocolimg B stands for the homotopy colimit of the
sequence B 2> B & B — ...,

Let X be a p-local path-connected CW complex for p prime, and let the symmetric group S, act on X\
by permuting positions. Thus, for each T € S;;, we have a map 7: X" — X”"*. Using the construction of
the classical group structure of [Z X", ¥ X "], we obtain a map ||k | : ZX" — ZX for any k in the
group ring Zp)[Su]. Then the Z/ p coefficient reduced homology H,(ZX"") becomes a module over
Z(p)[Sn]; the module structure is decided by permuting factors in the graded sense for each 7 € S;,. Let
1 = Xyeq be an orthogonal decomposition of the identity in Z,)[S,] in terms of primitive idempotents
and ' be the classical comultiplication of the suspension as a co-H space. Then the composition

XM 5\ / £XM - \/ hocolimy,, | SX
o o
is a homotopy equivalence because its induced map on the singular chains over Z ) is a natural homotopy
equivalence with respect to X ; see [31, Section 3.1, pages 32-34; 21, pages 11-12] for more details.

By abuse of notation, for k € Z,)[Sy], the map [|k| and the element k are both denoted by k. The
following is just a special and the most simple case of the above by taking » = 2, p an odd prime and
using 1 = 1 (1 +(12)) + 1(1—(12)).
Lemma 7.3.1 After localization at an odd prime p, suppose X is a path-connected CW complex.

(1) [31] There exists a natural decomposition with respect to X ,

% X" ~ hocolim(i 4 (12))/2 ZX " \/ hocolim(; _(12)/2 ZX 2.

(2) [31] ﬁ*(ZX A2) becomes a module over the group ring Z(p)[S2]. The module structures are
given by: for (12) € Sy C Z(,)[S,] which decides a map £ X2 12, 5.x/2,

(12)5: H (ZX™?) > H (SX™?), o(a®b) > (=)l (b @ a):;
fork € Zpy € Z(p)[S2] which decides a map £ X2 k, s xn2,
ky: Ho(EX"?) > Ho (X)), o(a®b)— k(o(a ®Db)).
Hereo: Hy (=) — H*+1(E—) denotes the suspension isomorphism.
3) [211  Hi(hocolimg+(12))2 SX*?) = Im((1(1 £ (12))),: H«(ZX"?) — H(2X"?). O
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The following decomposition is surprising:
Theorem 7.3.2 After localization at 3, SHP? AHP? ~ S13 v Z5HP3.

Proof We denote @ ® b by ab for short. After localization at 3, H.(HP?=7 /3{x,y}:=V, where
|x| =4, |y| =8 and P]}(y) = x. Then

ﬁ*(]l-]IP2 AHP?) =V ®V =7Z/3{xx,xy, yx, yy}.
By Lemma 7.3.1, taking X = H P2, we have
YHP? AHP? = hocolim(; 1 (12))/2(EH P? A HP?) v hocolim(; —(12))/,2(SH P> AHP?).

Then H, (hocolim(1+(12))/2(EHP2 AHP?)) = Im(%(l + (12)))* =7Z/3{o(xx),0(xy+yx),c(yy)},
where

lo(xx)[ =9, Jo(xy+yx)| =13, [o(yy)|=17,

Pi(o(yy) =o(xy+yx), Pi(o(xy+yx)) =—o(xx),
Hy(hocolim(;—(12))/2(SH P2 AHP?)) =Im(3 (1 - (12))), = Z/3{o(xy — yx)}.

Here |o(xy — yx)| = 13. By applying Ho(—:2Z) and 71(—) (see Proposition 2.1.4), we know the spaces
hocolim(ljc(lz))/z(E]HIP2 AH P2) are simply connected. So hocolim(l_(lz))/z(E]HIP2 AHP?) ~ S13,
By Theorem 7.2.3(1), we obtain

hocolim 4 (12))/2(SHP2 AHP?) ~ X HP3, O
We show a similar decomposition with respect to H P 3:

Theorem 7.3.3 After localization at 3,
SHP3 AHP? ~Z°HP3 vy,
where Y is a 6-cell CW complex and sky3(Y) = X HP2.
Proof We denote a ® b by ab. After localization at 3,
H (HP?) =Z/3{x.y.z}:=V. Plz)=-y. Plz)=x. Pl(y)=x.
where |x|=4, |y|=8 and |z|=12. And
Hy(HP3AHP3 =V QV =Z/3{xx,Xy,XZ, yX, VY, VZ,ZX, 2y, 2Z}.
By Lemma 7.3.1, taking X = HP3, we have
YHP3 AHP? =~ hocolim(; 4 (12))/2(EH P> AHP?) v hocolim(; _(12)),2(SHP> AHP?).

By applying I—~IO(—; 7.) together with 1 (—) (see Proposition 2.1.4), hocolim(li(lz))/z(EHP3 AHP3)
are simply connected. Consider

H, (hocolim(l_(lz))/z(EHP3/\HP3)) :Im(%(l—(lZ)))* =7/3{c(xy—yx),0(xz—zx),0(zy—yz)},

Algebraic & Geometric Topology, Volume 25 (2025)
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where |o(xy — yx)| = 13, |o(xz —zx)| = 17 and |o(zy — yz)| = 21. There are nontrivial Steenrod
operations

Pl(o(zy—yz))=—0(xz—zx), Pl(o(xz—zx))=0(yx—xYy).
By Theorem 7.2.3(1), we obtain
hocolim(;—(12y)/2(SHP> AHP?) ~ 2°HP3.
LetY = hocolim(1+(12))/2(EHP3 AHP3). Then ﬁ*(Y) is isomorphic to
Im(1(1+(12))), = Z/3{o(xy + yx).0(xz + zx),0(zy + yz),0(xx),0(yy),0(z2)}.
The degrees of the basis elements o (xy + yx), o(xz 4+ zx), o(zy + yz), 0(xx), o0(yy) and o(zz) are
13, 17, 21, 9, 17 and 25, respectively. Notice P, (o (xy + yx)) = —o(xx). Then ski3(Y) ~ Z°HP2.

Replacing ¥ by a CW complex homotopy equivalent to ¥ and having Z°H P? as its skeleton of
dimension 13, we infer the result. |
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