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We determine the (2, 3)-primary components of the homotopy groups 7, +x (S¥HP?) forall 7 < r < 15
and k > 0. Essentially, we give the determinations of the integral homotopy groups 7, (Z¥H P?2)
for all 0 < r < 15 and k > 0, which in particular include the unstable ones. As applications, we first
construct a suspended generalized Hopf fibration by a Toda bracket localized at 2. Then we provide two
classification theorems for CW complexes of type S*T% U e37% U e!2+¥ (for k > 1 but k # 4) localized
at 3, one of which states that the homotopy type of the space (ZXH P %)(3) as a CW complex of the above
type depends only on its Steenrod module. Our results also yield some wedge decompositions of 3-local
suspended self smash products of quaternionic projective spaces.
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1 Introduction

Homotopy groups occupy a central and foundational position in homotopy theory, encapsulating the
essence of building spaces. In addition to the homotopy groups of spheres, the homotopy groups of
finite CW complexes have been extensively studied. Experts have given many fundamental results,
such as JHC Whitehead [29], AL Blakers and W S Massey [2], IM James [7], H Toda [26] and
ME Mahowald [10]. Nowadays, the Blakers—Massey theorem, the James theorem [7, Theorem 2.1],
the relative EHP sequence (see Whitehead [28]) and Toda bracket methods are still critical methods to
determine the unstable homotopy groups of finite CW complexes.
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Projective spaces are core objects in algebraic topology. The homotopy theory of quaternionic projective
spaces has been studied by JF Adams [1], D Sullivan [23] and James [8]. The homotopy groups of the
suspended quaternionic projective spaces are studied by A Liulevicius [9] and the second author [16]. It
is worthy mentioning that at the time of [9], the homotopy groups 7; (S") determined by Toda in [27]
were not well known. Liulevicius did not use Toda’s results but the Adams spectral sequence, and he
determined many stable homotopy groups of projective spaces.

Let HP" denote the quaternionic projective space of dimension 7. It is the orbit space
(H""1—{0})/(H — {0}) = §*"+3/ 87,

and admits a CW decomposition S* U e® U --- U e*". Here we determine the homotopy groups
nr+k((EkHP2)(p)) for all 7 <r <15 and all k > 0 (where p € {2, 3}); equivalently speaking, we
determine the (2, 3)-primary components of these groups.

Moreover, we study some unstable homotopy groups nr+k((EkHP2)(2)) for a much greater r, that is,
r = 36. These homotopy groups are significantly enigmatic, and their determinations are exceedingly
arduous; see Theorems 6.8.2 and 6.8.6.

It is well known that 77g(S>) ~ Z/8 & Z /3, which tells us for any prime p ¢ {2,3}, SHP? ~ S> v §°
localized at p. Further, we know for a prime p ¢ {2, 3} that the homotopy groups nr+k(2k HP?)
(for r <15 and k > 0) localized at p can be computed straightforwardly by Hilton and Milnor’s formula
and Toda’s results, and so these groups localized at p are essentially known in history. For r < 6,
these groups are just homotopy groups of spheres which are also known. However, for the groups
nr+k(EkHP2) localized at 2 or 3, especially for the unstable homotopy groups, the situations are more
and more mysterious as 7 grows. In [5], Brayton Gray gives a method to determine the homotopy type of
the homotopy fiber of the pinch map by his relative James construction. In some sense, Gray’s method
(our Proposition 3.1.1) gives another view to understand the relative homotopy group method, namely,
the James theorem. Gray’s method is one of our fundamental methods to determine the homotopy groups
of the 2-cell complexes.

The first main theorem is stated as follows:

Theorem 1 The (2, 3)-primary components of 7, 4 (SKH P2) for 7<r <15 and k > 0 are summarized
in Table 1

It is noteworthy that, among the groups 7, 4 (S*¥H P2) for 7 <r < 15 localized at 2 or 3, the determination
of 19 ((Z*H P?)(5)) requires the most effort, closely trailed by 11 ((£2HP?)(2)), m13((Z2HP?)(2))
and Jrigs((]HIPz)B)). In particular, to determine JTiSS((HPZ)(3)), we use the (strong) Jacobi identity of
Toda brackets, which is one of the trickiest tools in Toda bracket theory; see the proof of Theorem 5.3.1.

Since there are well-known isomorphisms 7, (HP?) ~ 7, (S'') @ 7,_1(S3), we will omit all the proofs
for the determinations of nr+k(EkHP2) localized at 2 or 3 in the case k = 0.
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r\k 0 1 2 3 4 5 6 7 8 9 10
7 443 0 -
(0, ¢] o0 —
0 00 2 —
10 0 2 2 2 —
11| o043 849 84+2  8+4 o0o+8 16+4  —
+9 +9 +449 +9
12 22 0042 22 23 24 23 22 —
13 23 23 oco+22 23 24 23 ocot22 22 —
14 | 8+4 220042 2243 +3 2243 2243 2243 2243 243 -
+2432 +3
15| 4422 1648 16422 16422 oco+16 32427 64427 128427 oco+128 128427 —
+3 +9+3 +9 +27 +2+27 +27

Table 1: The (2, 3)-primary components of 7, (S¥H P2). In this table, n indicates Z/n, n™
indicates (Z/n)™ (for positive n), oo indicates Z, 0 indicates the trivial group and + indicates
the direct sum. For k > r—6, the groups 7,1 (S¥H P?2) are in the stable range. The (2, 3)-
components of the groups 7,1 (E¥H P?) for k = (r—6)+1 are just denoted by bar “—; the
remaining entries in the table lying in the stable range are therefore omitted.

As a first application, in the following main theorem for which we refer the reader to Theorem 7.2.1, we
construct a suspended generalized Hopf fibration by a Toda bracket localized at 2. Empirically speaking,
a homotopy class with a particularly strong geometric meaning is often a generator of the homotopy
group, but £°°h localized at 2 is not, which provides an interesting counterexample.

Theorem 2 After localization at 2, let h: S'' — HP? be the homotopy class of the Hopf fibration
whose homotopy cofiber is H P3. Then, for some odd t, $h is contained in the Toda bracket

{J1.v5,2tvg},

where S5 % SHP? is the inclusion, and v, € w34, (S") for n > 4 are the Hopf classes. Moreover,
Sh generates mw12(SHP?) ~ Z/8, but ¥®h cannot generate any direct summand of nfl (HP?) ~
Z/]16®7Z/4.

We say that a CW complex X is a homology n-dimensional quaternionic projective space if H, (X:;7Z) ~
H, (HP";Z) as graded groups. Up to homotopy, a simply connected 1-dimensional quaternionic
projective space is just the sphere of dimension 4. (Note: the simply connected condition is necessary, as
taking the wedge product with a noncontractible acyclic space preserves the reduced homology.) It is
clear that the homotopy type of a p-local (for p € {2, 3}) suspended simply connected 2-dimensional

quaternionic projective space, ie a CW complex S(“pJg” Ur e?;)" forn > 1 and f some map, is only

dependent on the order of [ f] € w74, (S (4p+)” ) &~ Z./24 ® Z(p); see our Corollary 2.1.1. For suspended

simply connected 3-dimensional quaternionic projective spaces, the classification becomes complicated.
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As applications of Theorem 1, we provide two classification theorems for k-fold (where k£ > 1 but
k # 4) suspended simply connected 3-dimensional quaternionic projective spaces localized at 3. (Note:
For Theorem 3, in the case k = 4, we are unable to give the classification by current techniques. For
Theorem 4, the assumption k # 4 is necessary; see Remark 7.2.4.)

Our third main theorem for, which we refer the reader to Theorem 7.2.1, is stated as follows:

Theorem 3 After localization at 3, suppose k > 1 but k # 4. Then, up to homotopy, the k-fold

suspension of simply connected homology 3-dimensional quaternionic projective spaces, that is, CW

complexes of type S4thk 8tk yl2tk

EkHP3, EkHPZ U3z:kh€12+k» EkHP2VS12+k, Ek_lAVS8+k,

S4+k V. E4+kHP2, (S4+k V. S8+k) Uck 612+k’ S4+k V. S8+k V. S12+k.

, can be classified as the following:

By a Steenrod module we mean a cohomology module over the Steenrod algebra, or a homology module
over the dual algebra of the Steenrod algebra. We adhere to conventional terminology, that is, localized
at a prime p, we refer to a simply connected CW complex X as being of finite type if H;(X;Zp)) is
a finitely generated Z,)-module for each i. As we see in the following main theorem, for which we
refer the reader to Theorem 7.2.3, the homotopy type of (SkHP 3)(3) for k > 1 and k # 4 is completely
determined by its simply connectedness, finite type property and Steenrod module structure.

Theorem 4 After localization at 3, suppose X is a simply connected CW complex of finite type, and
Ho(X;Z/3) ~ H (SFHP3,7/3)
as Steenrod modules where k > 1 but k # 4. Then X ~ SXH P3,

There is a connection between the wedge decompositions of self smashes of finite CW complexes and the
modular representation theory. The homology of the functorial indecomposable factors of self smashes
of a 2-cell suspension has been determined in [22] by P Selick and the third author. And the wedge
decompositions of self smashes of real, complex, quaternionic and Cayley projective spaces localized
at 2 are studied in [31, Proposition 3.4] by the third author. Here, as applications of Theorem 4, utilizing
the methods in [31], we provide two wedge decompositions of suspended self smashes of quaternionic

projective spaces localized at 3; see Theorems 7.3.2 and 7.3.3.
Theorem 5 After localization at 3, there exist homotopy equivalences

SHP? AHP? ~SB VY HP?, SHP)AHP?~3°HP3VY,
where Y is a 6-cell CW complex and sky3(Y) = Z°HP2.

Acknowledgements This work is supported in part by the Natural Science Foundation of China (NSFC
grant 11971144), High-level Scientific Research Foundation of Hebei Province. And this work is also
supported in part by the start-up research fund from Beijing Institute of Mathematical Sciences and
Applications.
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2 Preliminaries

2.1 Notation and some fundamental facts

In this paper, all spaces, maps and homotopy classes are pointed, basepoints and constant maps are
denoted by *, and homotopy classes of constant maps are denoted by 0. If we take the p-localization,
we always use the original symbols of the spaces, maps and homotopy classes to denote them after
localization at p, and H, (—) denotes the mod p reduced homology. The homotopy fiber is called the
fiber for short. For a map or a homotopy class f, we use Cy to denote the homotopy cofiber of f, and
the homotopy cofiber is called the cofiber for short.

For a nonnegative integer m, let Z/m denote Z /mZ. For a prime p, let
Z(py =1a/b|a,b € Z are coprime and p } b},

that is, the group or the ring of p-local integers; for a Z,)-module A of form Z,) or Z/ pk , We use
G = A{X} to denote a Zp)-module G which is isomorphic to A and generated by X. For example,
G = 7. /4{x} stands for G ~ Z /4 and G is generated by X; (Z /m)¥ denotes the direct sum of k-copies of
Z/m. We use @ to denote both the internal direct sum and the external direct sum. And ord(X) denotes
the order of the element X of a group.

Letay,az,...,ay € A where A is a Z- or Zp)-module. Then {(ay,az,...,a,) denotes the submodule
generated by ay,asz,...,a,. Weknow {(a, 8, ) also denotes a stable Toda bracket, but these two meanings
of {(—, —, —) are always easy to distinguish. We use Z 4 to denote the set of positive integers. Suppose p
is a prime. For a finitely generated abelian group G, the p-primary component of G is

G/(g € G | ord(g) = ¢" for some prime ¢ # p and some n € Z ),
and the so-called (2, 3)-primary component of G is
G/(g € G | ord(g) = ¢q" for some prime g ¢ {2,3} and some n € Z ).

Our result gives the homotopy groups after localization at p € {2, 3}, which naturally correspond to the
(2, 3)-primary components of these groups.

For a commutative unitary ring R, let
Ri{ay,az,...,a,,...,} where |ag| = ji
denote the graded free R-module with basis ay,a»,...,a,, ... and where ay is of degree jj.

We often use the obvious notation X <> Y to denote the inclusion map from X to Y, where X and Y are
spaces or modules. For a space X, let X\"* denote the n-fold self smash product of X, and X0 = §©,

We follow Toda’s notation and directly use the symbols for the generators of 7,1 (S") in [11; 12; 13; 14;
18; 27]. The only two differences are: we denote Toda’s E by X, the suspension functor, and we denote

Algebraic € Geometric Topology, Volume 25 (2025)
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Toda’s A by P, the boundary homomorphism of the EHP sequence. By abuse of notation, sometimes we

m+1 where

use the same symbol to denote a map and its homotopy class. For a CW complex Z =Y Ug e
dim(Y) < m, we denote the mapping cylinder My by My to indicate My ~ Y, although My /Y does

not only depend on Y. Readers will see the benefit of this notation throughout this paper.

Leta € 1, (X), B € 7 (S™) where n > 2 and let k € Z. Commonly and reasonably, «f is the abbreviation
of € o B and ka o B is the abbreviation of (ka) o 8; here we only use the symbol ko to denote k(af).
So it is necessary to point out that

kaB # kaop in general.

Of course, ka8 = ka o B always holds if B is a suspension, or the codomain of « is S” or a group-like
H -space [28, page 118]. However, to write the equation [27, Proposition 1.4, page 11] {&, B,y} 0o X8 =
—(ao{B, y,d}) briefly, we denote —(xx o {f, y,8}) by —a 0 {B, ¥, 4}, and denote {(—a)oXx | X € {B,y,d}}
only by (—a) o {8, y, 8}. In this way, we can write the above equation conveniently as

{Ol,ﬁ, ]/}O 28 =« O{ﬁ’ VvS}v
and no confusion will arise.

By the p-local Whitehead theorem [30, Lemma 1.3], we have the following two corollaries:

Corollary 2.1.1 Let p be a prime and a: X — Y be a homotopy class, where ¥ X and Y are simply
connected CW complexes. Then, after localization at p, for any invertible element t in the ring Z(p), the
cofibers of ta and « have the same homotopy type, that is, Cty =~ C,.

Proof Denote idg1 by (1. We notice that, after localization at p, for any invertible element ¢ in the
ring Z(p), t(idgx) = idx Aft; € [ X, X X] has the inverse t~(idsx) =idxy At~ 11 € [ZX, ZX]. Then
this corollary follows from the p-local Whitehead theorem and the naturality of cofiber sequences, by
checking the Z,)-homology. Consider the following commutative diagram with rows cofiber sequences;
we leave it to the reader to verify that the homomorphism Hy (Cio; Z(p)) LLN Hy (Cy: Z(py) is an
isomorphism for each k > 0:

X Py ¢,

|

(2-1) t(idzx)l idJ/ 2%
3

X 25V ——Cy o

Corollary 2.1.2 After localization at a prime p, suppose m, ny, np > 2 are integers, jj:S"* — S"1v§"2
fork =1, 2 are the inclusions and yy € E1,;,—1(S™ 1) fork =1, 2. Then, for any two invertible numbers
t1 and 1 in the ring Z(p), the cofibers of t1 j1y1 + 12 j2y2 and j1y1 + j2y2 have the same homotopy type,
that is,

Ct1j1y1+t2j2y2 = Cj171+j21/2-

Algebraic € Geometric Topology, Volume 25 (2025)
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Proof Following Toda, we use ¢ to denote the homotopy class of the identity map of sk After
localization at p, consider the following diagram:

gm t1j1v1+e2j2v2 NARVRLE

Lml l(l/tl)t”’lv(l/lz)[”2
gm J1Y1+j2y2 gniy gn2

By assumption, y; and y, are suspensions. Then

1 1 . . 1 1 . 1 1 .
(t—tnl \ —an)(fljl)/l +12j2y2) = (—Lnl Vv —an) of1j1Y1+ (_Lnl \ —tnz) 012 ]2Y2
1 1)) I 1)) I )

1 1 . .
= t—tnl ony1+ —tny0hy2 = j1vV1+ j2Y2,
1 1)

so the above diagram is commutative. Then this corollary follows immediately from the p-local Whitehead
theorem and the naturality of cofiber sequences, by checking the Z / p-homology. a

Some fundamental facts on homotopy groups are in the following.

Remark 2.1.3 Let X be an (n—1)-connected CW complex and 77, (X) # 0. Then er+k(2kX ) is in the
stable range if and only if d +k <2(n+k)—1if and only if k > d —2n +2. Hence nd+k(ZkHPm) for
1 <m < oo is in the stable range if and only if k > d —6. Moreover, this relation still holds for X = § 0 In
this case, taking n = 0, we have that 77 4 (S¥) is in the stable range if and only if k > d —2n+2 = d +2.

Roughly speaking, the following [3, Corollary 5.1] proposition tells us that 7 (—) commutes with colimits
for pointed and connected spaces:

Proposition 2.1.4 Let I be a category with initial object and let X : I — S4 be a diagram of pointed and
connected spaces. Then the fundamental group of the homotopy colimit is given as a colimit of groups:

1 (hocolimy X) =~ colimy 1 (X). |

2.2 On the cell structures of the fibers and cofibers

Lemma 2.2.1 [4, page 237] Let f: X — Y be a fibration where X and Y both have the homotopy type
of CW complexes and Y is path connected. Then the fiber of f also has the homotopy type of a CW
complex. O

The following lemma is an immediate consequence of [4, Theorem 2.3.1, page 62].

Lemma 2.2.2 Let f: X — Y be a cellular map between CW complexes. Then the mapping cylinder
My and the mapping cone Cy of f are both CW complexes. Moreover, X and Y are subcomplexes of
My, and Y is a subcomplex of Cy. O
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2.3 Extension problems of Z ,)-modules

We give the following lemma to prevent losing solutions when we meet extension problems. We use
gcd(a, b) to denote the greatest common factor of integers @ and b.

Lemma 2.3.1 Suppose p is a prime.

(1) Let0— A— B — Z/p" — 0 be an exact sequence of Zpy-modules. Then such Z,)-modules
B are given by

B~ (A®Lp)/((E(x).—p"x) | x € Zp)),

where { € Homg,,, (Z(p), A); if [{] € ExtIZ(p) (Z/p", A) runs overExtIZ(p) (Z./p", A), then, up to
isomorphism, the formula gives all such Z ,)-modules B.

(2) Letm,n € Z4, t = min{m, n} and
0—>Zp,®Z/p" - B—17Z/p" —0

be an exact sequence of Z,)-modules. Then, up to isomorphism, all such Z,)-modules B are
given by
BrZ/p"®L/p @ L for0<i<t—1,
or
B~Z/p" T @L/p) @y for0<j<i<nandj<t.
Proof (1) We only need to notice that
---—)O—)Z(p) X—ﬂ>Z(p) LOj)Z/pr -0

is a projective resolution of Z/ p". Then (1) follows immediately from [20, Theorem 7.30, page 425].

(2) We will use some basic techniques in homological algebra; see [20, page 370]. For the projective
resolution of Z/ p",

d d
el —> O—2>Z(p)—>X;n Z(p) —7Z/p" — 0,
the deleted projective resolution is
d d

e Oi}Z(p);j?Z(p) — 0.

Applying Hom(—, Z,) @ Z/ p™), we have the cochain complex,
dr dy
0— Hom(Z(p), Z(p) ®7Z/p™) 4 Hom(Z(p), Z(p) ®7Z/p™) 20— -,
Then
Extlz(p) (Z/p", Z(py ®Z/p™) = Ker(dy)/ Im(d]) = Hom(Zp, Z(py ® Z/ p™)/ Im(d})
~7Z/p" ®Z/p" for t =min{m,n}.

Algebraic € Geometric Topology, Volume 25 (2025)



On the homotopy groups of the suspended quaternionic projective plane and applications 2989

For &, &5 e Hom(Z (), Z(py ®Z/ p™) where &} (1) = (1,0) and &5 (1) = (0, 1), we put &1 = & +Im(d;)
and & = ¢/, + Im(d}"). Then
Exty, (Z/p" L) ®@Z/p™) =L/ p"™{e1} ® L/ p'{e2}.
Notice that if gcd(A, p) = ged(u, p) =1 for A, u € Z, then
(Zp) ® L/ P™) ® L))/ (A" €1 (x). tp €5 (x)). =p"x) | x € Z(p))
= ((Z@py®L/P™) ® Lp)) [ {((p'1(x). p’ 5(x)), —p"x) | x € Z(p)).
So, by (1) of this lemma, all such Z,)-modules B are given by
B~ (L) ® L/ ™) & L)/ ('€} (x). p!5(x)). —p" ) | x € Zp)).
where 0 <i <n and 0 < j <t = min{m, n}. For such integers i and j, we distinguish two cases.
Casel (i < j,equivalently 0 <i < j <t = min{m,n}, also equivalently 0 <i <t —1) Then
(Zp)®L/ P™)DL(p)) /("1 (x). pT £5(x)). =p"x) | x € Zp))
Zpyta,b,c} _ Zpyta,b,c} _ Z(p){a+pj_ib—p”_ic,b,c}
" (p™b, pla+p/b—prc)  (p"b, pl(a+p/~ib—p"~ic)) — (p™b, p'(a+p/Ib—p"~ic))
~7/p"®L/p Ly

Case2 (i > j,equivalently 0 <j <i <mand j <t) Let

b =p~a+b-p"c.
Then (Z () ® Z/ p™) ® L))/ {((p' €} (x), p/ € (x)), —p"x) | X € Z(p) is isomorphic to

Z(pyla,b,c} B Z(pyla,b,c} _ Zpla.pla+b—p*ie ¢}
(p™b, pla+ pib—ptc)  (p™b, pi(p'~Ja+b—p"Tic))  (p™b,p/(p'~Ia+b—p"ic))
Zpta.b', c} _ Zpta.b', c}

T (pminsic—pmti=ia, pib) — (pm i (phTic —a), pib')
Zpyip" e —a,b c}
~ (i (e —a), pib)
Combining the above two cases, we infer the desired result. |

~7/p"M T ST p! ® L)

2.4 The Toda bracket

Toda brackets are the art of constructing homotopy liftings and homotopy extensions of maps. They play a
fundamental role in dealing with composition relations of homotopy classes, and are deeply studied in [27].
We will freely use the well-known properties of Toda brackets shown in [27, pages 9-12], especially
Propositions 1.2, 1.4 and 1.6 therein.

To give a detailed proof of our Corollary 2.4.2, we need to state some definitions about Toda brackets.
For the sequence of spaces and maps

LLMEN  where go f >~ x,

Algebraic € Geometric Topology, Volume 25 (2025)
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if amap g: Cy — N makes the diagram

Cr
strictly commutative, we say g is an extension of g with respect to f. A coextension of f with respect to
g, that s, f: YL =CtLUC™L — Cg, is defined as the following: Using the cone functor C(—) = —A [
where [ has basepoint 1, define f T to be the composition
(2.42) CTLSCLELCM-S5N v eMSCy,
CM
where ¢ is the quotient map and the map C f= f Aidy is extended over f. Define f ~ as a composition

of the form . _
C‘L%CL%N%C&
N

where g f is an extension of g f with respect to idz . Then f L= f ~|L, and finally define f~ XL =
CtLUC™L—Cgtobe f=fTUSf.

In general, up to homotopy, neither the extension nor the coextension of a map is unique. To indicate
another map, the above map g is also denoted by exts(g), and the above map f is also denoted by
coextg (f). Suppose o € [L,M], B € [M,N] and B = 0. An extension of « with respect to 3,
which is denoted by exty (8), is defined to be [ext, (b)] for some choice of ext,(b), where a can be any
representative map of o and b can be any representative map of 8; a coextension of 8 with respect to «,
which is denoted by coextg(a), is defined to be [coexty/ (a’)] for some choice of coexty (a’), where a’
can be any representative map of a and b’ can be any representative map of j.

The following is a paraphrase of [27, Proposition 1.7, page 13], which is essentially the definition of Toda
brackets.
Definition 2.4.1 [27] Given the sequence of spaces and homotopy classes

wesny EByny ZY sngy

where o 0 "8 = By = 0, the Toda bracket indexed by 7, denoted by {a, X" 8, "y}, is defined to be
the collection of all compositions of the form

(=1)" exty, , (@) o X" coext, (y),
that is, the collection of homotopy classes of the form
(—1)"[exty,, (a) o X" coext, (c)] where a e, befandc €.
The Toda bracket {«, 8, y}o is denoted by {«, 8, y} for short. We shall give a detailed proof of the

following useful corollary, which is well known to experts, and will use the same notation to denote a
map and its homotopy class if there is no ambiguity.
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Corollary 2.4.2 For any cofiber sequence
eSx2cdy Ly,
the relationidy x € {p, i, f} always holds.

Proof We regard p as the composition
e vibex/xLetxucy,

where  is the inverse of ¢: CTX UC~X = CX/X given by ¢p(a) = * for any a € CTX and
¢(x At) =[x At] forany x At € CTX. We know C; retracts to XX by pinching CY to x*, taking

p:Ci=(Y U CX)U; CY »Cx/x L ctxucx

as this retraction. So p|c, = p, that is, p is an extension of p with respect to i. In the following, we
explain that we can construct a map f: ¥ X — C; which is a coextension of f with respect to i, and f

is exactly a right inverse of p.

An extension of i o f with respect to idy, that is, i o f, is taken as the composition C™X — Y vCX —»
Y Ur CX. Then we take f f"' U f where f =J. y oio f and f"' follows the definition given

by (2.4a). Thus po f F+ is the constant map. Successwely, po f is the composition
ctxucx%cx/xLcectxucx,
which is idy x. O
We introduce some common terms on dealing with Toda brackets:
Remark 2.4.3 (1) Supposen >0,a €[X"Y,Z],B€[X,Y]and y € [W, X] satisfy a0 X" = oy =0,
and [X"T1W, Z] is abelian. Then
xe€{a,X"B, X"y}, mod A

means that {o, X" 8, £y}, contains X and it is a coset of the subgroup A. If A4 is generated by {a, } ea.,
then mod A is also denoted by moda) for A € A.

For a € G/H where G is an abelian group and H is a subgroup, we say H the indeterminacy of the
coset @, denoted by Ind(a) = H. So

Ind(f o{a. "B, X"y}n 0 Xg) = f olnd({a, X" B, X"y },) 0 Xg.
(2) Suppose G is an abelian group, {K;} is a family of subgroups of G, a; € G/K; and
g€a, Caj,Ca; S Cay, 2ag 28, 223, 3¢

‘We write
g€a;, Caj, Ca;, C---Cay, 2a, 28, 22, 2¢ mod A,

if Ind(a;,,) = A. That is, mod A corresponds to the largest coset.
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(3) Suppose G is an abelian group, B is a subgroup of G and g, g’ € G. Then

g=g modB &L ¢ eB.

Suppose U € G and x € G. Then

x=U mod B &L there exists y € U suchthat X=ymod B; 0=U & oeu.

(4) A Toda bracket consisting of only one element is usually identified with its element.

3 On the fiber of the pinch map

3.1 Gray’s relative James construction

Suppose A is a closed subspace of X. Following nowadays’ popular notation J(X) for the ordinary James
construction, we use J(X, A) to denote the relative James construction instead of Gray’s (X, A)co [5].

Proposition 3.1.1 Let X be a path-connected CW complex and A be its path-connected subcomplex. Let
i: A< X be the inclusion. Successively, we have the inclusioni: (A, A) — (X, A). Then the following

statements hold.
(1) There exists a fiber sequence

J(A)%J(X, A) > X U; CAS x4,

where p is the pinch map, J(A) is the ordinary James construction and J (i) is the inclusion

extended overi: (A, A) — (X, A).

Moreover, if K BNy /Ny f 4, ¥K is a cofiber sequence where K and L are path-connected CW

complexes, then there exists a fiber sequence
< q
where My is the mapping cylinder of f and J(ir) is the inclusion extended by the inclusion
ifi (K, K) —> (ML, K)
(2) If X/A is path-connected, and QXA and X /A are CW complexes of finite types, then

Ho(J(X, A):K) ~ He(X:K) @ He(QTA:; k) for k a field.
(3) There exists a filtration

Jo(X, A) S Ni(X, A) S (X, A) S, JX,4) = (X, 4),
n>0

where Jo(X, A) == and J1(X,A) = X.

(4) If X =XX"and A=XA’, then J5(X, A) = X Up1,,,;1 C(X A A'), where [1x,i] is the Whitehead
product.

(5) Jn(X,A)/Jn_1(X. A) = X AANOTD and TJ(X, A) = Z\/,20 X A AN
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Proof By Lemmas 2.2.1 and 2.2.2, and since any point of a CW complex is nondegenerate, U < V is a
closed cofibration if and only if (V, U) is an NDR pair. Hence this proposition is essentially given by Gray:
(1) from [5, Theorems 2.11, and 4.2, and Lemma 4.1], regarding C¢ as My U CK,
(2) from [5, Theorem 5.1],
(3) from [5, page 498],
(4) from [5, Corollary 5.8],
(5) from [5, page 499 and Theorem 5.1]. O
Corollary 3.1.2 Suppose 2 <n <m and
sm L sm > cp & g
is a cofiber sequence. Then there exists a fiber sequence
J(Mgn,S™) — Cy L s™*1,
and J(Mgn, S™) admits a CW decomposition as
J(Mgn, S™) ~ §"UemTMyehT2myent3m. .. (infinitely many cells).
Proof By Proposition 3.1.1(1), for the cofiber sequence
sm Lo sn o 4 s
there exists a fiber sequence J(Mgn, ™) — Cy 4, sm+1 By Proposition 3.1.1(5),

I (Mgn, S™) ~ % \/ S" AS™ =% \/ s"Hm7

r>0 r>0

Thus Hy(J(Mgn, S™)) ~ D=0 H,(S™t™7), which is isomorphic to

Z{yn,YM+maYn+2m’yn+3m,~-} WhmE|Yn+mr|:’1+7nn

Notice 2 < n < m. As the fiber of the pinch map S” U "+ L, gm+1 " j(Mgn S™) is simply
connected. Then, J(Mgn, S™) admits a CW decomposition as

J(Mgn, 8™) >~ S"Ue TM e T2m e t3M ... (infinitely many cells). O
Similarly, we have the following corollary:

Corollary 3.1.3 Given a cofiber sequence X Ly sc f 4, ¥ X, where X and Y are path-connected
CW complexes, there exists an isomorphism of graded groups

ﬁ*(J(My,X);Z)'zITI*(\/Y/\X’\”;Z). o

n>0

Recall in Proposition 3.1.1(1), for a map K TN L,J(if): J(K) — J(ML, K) is the inclusion extended
over the inclusion iz : (K, K) < (M, K).
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Lemma 3.1.4 Suppose2 <n <m and S™ Lo Cr 4, §m+1 js a cofiber sequence. Then there
exists a commutative diagram for each k > 0, where j (ST 5 B J(Mgn, S™) is the inclusion:

UG .
7 (J(8™)) ————— mp (J(Mgn, S™))

.| E

W1 (S"F) ——— 71 (BT (Mgn, S™))

@ lid

Jang1)*
Ta1 (S741) 3 (ST (Mg, S™))

sn+1

Proof There exists a commutative diagram

J(S™) ———— J(Mgn, S™)

ldl C_ lg
J(S™) —=— J(J(Msn, S™))

gl _ lid
J(Mgn) —=— J(J(Mgn, S™))

Since, in the homotopy category of pointed path-connected CW complexes, there exists an isomorphism
of functors J(—) = QX (—), S" — Mgn» is a homotopy equivalence, and the inclusion J(Mgn) —
J(J(Mgn,S™)) is extended by jprg,: Msn — J(Mgn,S™). Let Jont S* — J(Mgn,S™) be the
inclusion. Then we have the homotopy-commutative diagram

QXYir
Qsmtl 2L j(Mgn, S™)

Ml lQEG@

QST QN J(Mgn,S™)
as| Jis
QTj,

Qs — 5 OB T (Mgn, S™)
Applying the functor 7z (—) to this diagram, we obtain the result. |
Corollary 3.1.5 Let m > 2 be an integer, and Z =Y Uy e™*1 for some map f where Y is a CW
complex satisfying:

(i) Y is simply connected and not contractible.

(i) Hy(Y:Z) is finitely generated for each k > 0, and the cell structure of Y is minimal, that is, the
cell structure of Y is consistent with its homology.

(iii) dim(Y) <m.
Let r =min{q € Z | Hy(Y ; Z) # 0}, namely, the dimension of the bottom cell(s) of Y. Then, for the
fiber J(My, S™) of Z 2™ sm+1 we have

sk; (J(My,S™)) = J;(My,S™) for j =m(—1)+r—1.
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Proof By the first equation of Proposition 3.1.1(5), after checking homology, we notice the steps of attach-
ing higher cells (by induction on the dimensions of the skeletons) give an isomorphism of functors, which
are the direct diagrams used to define the colimits colim, J,(My, S™) and colimy, sk, (J(My, S™)).
Notice that isomorphic functors have isomorphic colimits. Hence the result holds. |

The following lemma is well known. For completeness, we give a detailed proof.
Lemma 3.1.6 After localization at2, SH P2 ~ S° U, €°. After localization at 3, TH P2 =~ S° Uy, 5)€°.
Proof We know that H P? is the cofiber of the map Sropt: ST — S 4. By checking the cohomology ring,

we see that fhops has the Hopf invariant 1.

After localization at 2, fhopr has the Hopf invariant 1. By [27, Proposition 8.1, page 82], we have
[ fHopf] = v4 mod 2vy4, >v’. Thus X[ fropt] = vs mod 2vs. By Corollary 2.1.1, Cy5 >~ Cy,,5 for any odd
integer . Then we obtain the result of the first part.

After localization at 3, we know ﬁ*(EHPZ) =17/3{a, b} for |a| =5 and |b| = 9 with Steenrod operation
Pl(b) = a. Since ng(S°) = Z/3{a1(5)} [27] and Pl(b) = a suggests THP? % S° v §°, we have
E[ fropt] = £a1(5). By Corollary 2.1.1, SHP? =~ S§° Uy, (5) €°. m|

Remark 3.1.7 1In the proof of Lemma 3.1.6, we point out a fundamental fact: on spheres of dimension
1, 3 or 7, for the generalized Hopf invariants defined by Toda, the generalized Hopf invariants defined
by G W Whitehead, and the original Hopf invariants defined by Hopf, the first two correspond to each
other up to sign, and the first two are truly generalized by the third. On this fact, see [24, page 60;
27, Proposition 8.1, page 82; 28, Theorem 8.17, page 540] for more details.

Remark 3.1.8 By Proposition 3.1.1(1), taking f = xk JHopt, we derive that the fiber of the pinch map
Pi: SKHP? — S84K s J(Mgati, STHF).

From now on, we fix the symbol Fj to denote the fiber of the pinch map SAH P2 2E §8FK that s,
Fi = J(Mgatx,S7T%), and let p = =% p;.

By Proposition 3.1.1(4), Corollary 3.1.5 and Lemma 3.1.6, we have the following lemma:

Lemma 3.1.9 Suppose k € Z . Then, up to homotopy, after localization at 2,
skig4ak(F) = S¥TF Uy e 12K,
where fr = [l4+k, Va+k] 1S the Whitehead product; after localization at 3,
skigyak (Fr) = S4TF U, e!1T2K,
where gy = [t4+k, o1 (4+ k)] is the Whitehead product, and o1 (4 + k) generates w7y (S~ 7/3.0
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Lemma 3.1.10 [28, Theorem 8.18, page 484] Suppose a € np1(X), B € ng+1(X), ¥ € mm(S?),
8 € 1, (S?) and write 11 = [idg1]. Then

[wo Xy, BoXd] =[a, flo(y ASAL) =, Blo X (y A D). 0

Corollary 3.1.11 Suppose k € Z . Then, after localization at 2,

Jie = £ltaqk tayrl ovak 47 = P2k 49) © Var 175
after localization at 3,

8k = £ltatr. taykloar 2k +7).

Proof By Lemma 3.1.10, after localization at 2,

Jie = [taties Vayi] = [taric © Dizqs tagk © Zvapk] = [tatk, tayic] © Btz 1k Avapk)
= £[t4tk, tatk] o V2k+7
on [tgqk-tark] = £P(takso) and P(Z2aam—1) = P(tam+1) © Aam—1, Where az,—1 is contained in
7 (S?"1); see [27, Proposition 2.5]. After localization at 3,
8k = tatk.01(4+k)] = [k 0B i34k, tak 0 Z1 (3+K)] = [tatk, tavk]oX (L34 A1 (3+K))
= £[tatk. tatkloor (2k+7). O

Lemma 3.1.12 (1) After localization at 2, up to homotopy,
skao(F1) = S> v 13, ska3(F2) = S® Ugge e, ska6(F3) = S7 v S,
skao(Fs) = S® Uy, e'?, sk32(Fs) = S° Usgu,, €', skzs(Fg) = S0 Upy,,) €2,
skag(F7) = 11Uy 2 e, ska1(Fg) = 12 Up(u,y €,

o11V3
where f4 = vgo11 — 2t'ogv15 for some odd t'.
(2) After localization at 3, up to homotopy,
skao(F1) = S° v S, skasz(F2) = SCUg, €', skpe(F3)=S"v S,
skag(Fy) = S® Ug, e'?, sksp(Fs) =S v S?!,  skas(Fg) = S0 Uy, 2.
Here g = *[t4qk,tayr]oa1(2k +7) € n11+2k(S4+k) fork = 2,4 or6 is of order 3.
Proof (1) We will freely use some well-known results on [i,, (] and some relations of the generators
of m(S") due to Toda in [27]. However, more conveniently, the reader can also find the results on

[tm, tm] in [19, (1.3), page 3], and find the relations of the generators of 7 (S") in [19, table, page 104].
After localization at 2:

J1=1[ts.t5]ovg = vsngvg =0, fo=t6,v6] =—2V6, f3=1[t7,17]0v13=00v13=0,

+ f4 = 18, 18] ovi5 = (Z0' —2038) o v15 = (Z0’) 0o v15 — 208V15 = XV8011 — 208V15,
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for x odd. For ¢ odd, f4 and 7f4 have the same cofiber, so we can replace the original f4 by fi4 =
vgo11 — 2t'ogv1s for ¢/ odd. Then

S5 =9, 9] ov17 = (09m16 + €9 + Vo)v1i7 = Vov17, f6 = £P(v21),

f7=1lur. 1] ovar = (611v18)v21 = 011Vis.
(2) After localization at 3, we have

gk = [tatk. 01 (4 +K)] = [tagk. tagr] 001 2k +7) € 110 (S*TF) for k> 1.
If4+k =1 mod?2, by [27, (13.1)], we know
2 1142k (S4TF) = 7140 (S7FF)

is monomorphic for each above k. Notice the Whitehead product is in Ker(X). Thus g1 = g3 = g5 = 0.
If 44+ k = 0 mod 2, by [27, (13.1)] there is an isomorphism sending the order-3 element o1 (2k + 7)
to gx, and so ord(gy) = 3. |

4 Main tools to compute the cokernels and kernels

4.1 The diagram Long(m, k,t), sequence Long(m, k) and so on
Recall from Remark 3.1.8 that p; and Fj denote the pinches and fibers, respectively.

Definition 4.1.1 We fixed the symbols iy, 0k, @x+¢, Wi+ and O 4, to denote the maps of the following
homotopy commutative diagram with rows fiber sequences, where dy is the composition QS 8tk =,
JSTtk s J(Mgatk, §7+ky = Fy and we define i = Z%;:

QS8+k Ok F; ik Sk p2 L) §8+k

l J(pk-l—t wk+;=ﬂt2tl 0k+,=§z’2’l
t t;

t
Qt+1S8+k+t QtFk—f—t ikt . Qt2k+tHP2 ' P+t Qts8+k+t

For a map or a homotopy class K LN L, the inclusion (K, K) < (Mg, K) is denoted by ir as in
Proposition 3.1.1(1).

Definition 4.1.2 (1) There exists the following a commutative diagrams with exact rows induced by
the above. If k > 1, then g, := (J(i))« o t where t is the isomorphism 7,41 (S85) — 7, (J(S8TK)),
I =iy, in the 2-local case, and i = iy, (44k) in the 3-local case. This diagram is called Long(m, k, ):

Ik s Pk s ak*r
Tom41(SETF) 7Tm (F) T (EFH P2) ———— 1 (S8TF) ——"— 1 (Fi)
Ik +1x Pk +1x

Tomt 146 (SEEH) —— 10 (Fres) —— Tomet (BFTTHP2) —— 7 (S8 —— 1y (Fetr)
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(2) Long(m, k, t) induces the following commutative diagram with short exact rows, called Short(m, k, t).
Here ix, induces Coker(dg«,, ) ~ ik, (tm (Fi)). By abuse of notation, i, (7t (F)) is also denoted by
Coker(gx,, 1 )-

0 ——+ ik, (Tm (Fp)) ———— 7 (SFHP2) — 2 Ker(dg, ) ——— 0
(4-2) J/A(m,k,t)zzt lB(m,k,t)zE’ lc(m,k,t)z)lt

. - k+t oy Phtix
00— ikt (T (Fir) ——— Tom 4 (SFHTHLP2) =5 Ker(dy,, ) —— 0

(3) The following short exact sequence is called Short(m, k):
(4-3) 0— Coker(ak*erl ) — nm(EkHPz) — Ker(dg,,, ) — 0.
The following short exact sequence is still called Short(m, k):

0 — ik, (Tm (Fi)) = 7m (X H P?) — Ker(3k, ) — 0.
(4) The following exact sequence is called Long(m, k):

ak*m ] * * d *m
(4-4) Toma1 (S8Rt L o (Fr) 55 10 (SRH P2) 255 1, (S8R s o ().

4.2 Some diagrams on skeletons of the fibers

m+1

Lemma 4.2.1 Letm € Z, suppose K =Y Uyg e is a CW complex, where Y = sk;,(K) is a

path-connected CW complex, and suppose 9 is the composition
QST = J(S™) S J(My, S™).
Then, for the fiber sequence
Q8™ J(My, S™) — K — §™ 11,

there exists a homotopy-commutative diagram

sm—L Ly

1

Qs+t Y j(my, s™)

Proof Using Proposition 3.1.1(1), the lemma follows by the homotopy-commutativity of the following

diagram:
Sm

J c\)

Sm = 5 J(S™) —— > Qsml

e o 47

My —— J(My,S™) i

N

Y

[
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Lemma 4.2.2 Suppose k > 1. Then there exists a homotopy-commutative diagram

‘],
S4+k K s Fy

Q’E’l l‘ﬁk—i—t

Q jk 41
Qt g4t+k+r 7T, QtFk-l—t

which induces a commutative diagram

Am(S4) — 2 (F)

(4-5) Z’l l‘ﬁk—i—t*
Ji+x
7Tm+t(S4+k+t) = Tm+t (Fie+1)
This diagram of homotopy groups is called COM(m, k, t).
Proof For any triad (m, k, t), we consider Long(4 + k, k, t) given by (4-1). In this case, ¢x, induces
Tapk (Fio) & a1 (2 Fiegr).-

By the naturality of Hurewicz isomorphisms and the adjoin, we have the commutative diagram

jk+ *
Hyyjoqg (S4FRH) 2

|

Jk+tx
4
Mgtk (SHTRFT) ——=

|

Hys it (Fatk+e)

l%

Tavk+t(Fatk+e)

l%

Tatk( Tagk+1(Q Fagiqs)

By Corollary 3.1.2, Fyypys = S4ThFHE Uyel1+2k+20 ... Thus

S4+k+t) Jk4tx

Hytpe44( —> Hyy k1 (Favkte)

is an isomorphism. Successively,

4+k jk+ *
gk (QESHHEH) 255 g eyt (Q Faeyr)

is an isomorphism. Therefore all the 4-maps in the following diagram induce isomorphisms between the
(4+k)™-homotopy groups:

g4tk Jk Fy
Q’Z’l lfpk-i-t
t qathr Bk o
QLS — Q' Fryy
By the cellular approximation theorem, any map f: S Atk L Q'F k+: decomposes as the following, up

to homotopy:

X .
S4+k(9‘(m—s4+’354+k%9’Fk+, for x(f) € Z.
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(Regard x(—) as a Z-value function.) Thus 74 (2! Fx1,) = Z{[incl]} and f induces

fe Tagie(S*9) > w4 1 (Q Free). taie > X (f) - [incl].
Therefore
X(Pryr o) = £, x(Q gy 0 (Q'T)) = £1.
If X (k41 © Ji) = X (R ji4r 0 (R'E")), then the result holds; if x (Pg4, © jx) = —x (' jg 4, 0 (R'E")),
replace ji by —jk. O

Remark 4.2.3 We fix the notation j; and jl; to denote the inclusions of the following homotopy-

commutative diagram:
S4+k

.,l &
Jk
Fp, —— SkH P2
Ik

We use the notation fk and jj to denote the inclusions of the following homotopy-commutative diagram

S4* T Skagey17(Fr)
\ ljk
Jk
Fic
By abuse of notation, without giving rise to ambiguity,
Jks Ji- Jiee Jieand B 1 5% %y, 2%y
are all denoted by j for simplicity.
4.3 The diagram BUND(m + 1, k)
By Lemmas 3.1.6 and 4.2.1, we have the following:

Corollary 4.3.1 Suppose Xy € ng(S>) and k € Z . After localization at p = 2 or 3, there exists a
homotopy-commutative diagram .
g7+k _ZY | catk

s |

a
Qs8tk £ g

taking Eky = V44k in the 2-local case, and taking Eky = «1(4 + k) in the 3-local case. It induces a

commutative diagram after localization at p = 2 or 3:

Tk
Tm (S7+k) &)

* TTm (S4+k)
(4-6) 5| e
Ok m
Tt (S8HF) —T0, o (Fy)

We call this diagram BUND(m + 1, k). O
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4.4 The sequence PISK(m, k) and diagram D(m + 1, k)
Similar to Corollary 4.3.1, we have the following:

Corollary 4.4.1 Letk € Z . For each k, there exists a fiber sequence
QSll+2ki>J(MS4+k’ §10+2ky sk3k+17(Fk)i>S”+2k,
inducing the following exact sequence, denoted by PISK(m, k):
@T) Tmpr(STHR) Lo (J(Mgare, S10420)) = mn (sKar17(Fr) L5 7 (S1142)
Ly 1 (J(Mgars, S1OF2Ky).

Here d« = dgsm+1, dg«m, respectively. Moreover, there exists the following commutative diagram,
denoted by D(m + 1, k), taking by, = f; in the 2-local case, and taking by = gy in the 3-local case, (the

properties of f and g are in the proof of Lemma 3.1.12):
by

ﬂm(510+2k)): JTm(S4+k)

(4-8) j l"*

d*:dk* +1
JTm+1(S11+2k) m JTm(J(MS4+k, S10+2k)) O

5 w4k (ZFHP?) localized at 3

In this section, all spaces, maps and homotopy classes are localized at 3 whether we say “after localization
at 3” or not. And H, (—) denotes reduced homology with Z /3 coefficients. For an element X € 74(X), a
lifting of X up to sign is denoted by X if there is no confusion.

5.1 Determination of n,.,.k():k]HIPz) for7<r <13 butr # 11

As the reader will see in the following theorem, the homotopy groups 7rr+k(2k HP?) for 7<r <13 but
r # 11 are easy to determine.

Theorem 5.1.1 After localization at 3,

0 ifk>1 Zy ifk>1
sFHP?) ~ = SFHP2) ~ 7O =
774k ( ) {2/3 ifk =0, Ta-+k "¥l0  ifk=o.
Z) ifk=2 0 ifk>1
sFH P2~ ) O : SFHP?) ~ -
7o-+k( ) {0 otherwise, 7104k ) Z/3 ifk=0,
0 it k>0and k # 1, 0 it k>0and k ¢ {2, 6},
sFHP?) ~ SEHP2) &~
12k ( ) {Z@) ifk=1, 134k "\ 2@ ifk=2or6.

Proof This theorem follows from observing the corresponding Long(m, k) given by (4-4) and utilizing
Lemmas 3.1.12 and 5.2.2 together with the group structures of 74(S™) in [27]. In these cases, the
Z3)-module extension problems are all trivial. O
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5.2 Determination of 714 (XZ¥HP?)
The determinations of n11+k(EkHP2) are involved, in some sense because these homotopy groups are
related to the generalized Hopf fibration S'! — H P2 whose mapping cone is H P 3.
Recall from [27, (13.4) and Theorem 13.4, page 176] that, after localization at 3, ngg (89 =7Z/3{a1},
n;g(SO) =7/3{az} and o = (o1, 3¢, a1).
Theorem 5.2.1 After localization at 3,
i (HP?) = Z/9{G1},
where @1 € (j, a1, a1) for j oay = £3aj.

Proof For the cofiber sequence S8 1G4 §5 J1, S p2 2Ly §9 ... applying 75, (—), we have an
exact sequence .
0 — 75 (SO L 75 (HP2) 225 75 (50) — 0,
where
77 (89 = Z/3e2}, 75 (SO =Z/3{er} and ez = (o131, 1).
Since @y oy € ng (S%) =0, we have that (j, a1, 1) is well defined. By [27, (3.9), (i) and (ii), page 33],
we have (1,1, 3t) = —ap = —(@1, 3¢, 7). Thus
Jix(@2) € jixlar, 3t 1) = j oo, 3t a1) = —j o a1, o1, 31) = £(j, a1, 1) 03t = £3(j, a1, o1).
Therefore ji«(a2) is divisible by 3. Taking &1 € (Jj, @1, 1) such that ji«(az) = j o = +3a1, we

infer the result. O

In the proof of the above theorem, without constructing &1, to determine the group extension nfl (HP?) ~
Z/9orZ/367Z/3, we only need to notice the result of Liulevicius, namely, nfl (HP3) = nfl (HP*>®)=0
[9, Theorem I1.17] together with the cofibration S'! — H P2 — HP3, by which we see that the induced
homomorphism Jtigl (S — nfl (H P?) is onto.

The following lemma provides important information about the suspended generalized Hopf fibration
S1+k  skH P2

Lemma 5.2.2 Suppose k > 1 and HP3 = HP? Uy, e'2, where h: S'' — H P? is the homotopy class
of the attaching map. Then

s*h £3x  forall X € w114, (S¥HP?).

Proof To obtain a contradiction, assume that there exists X € n11+k(2k H P2) such that =kh = 3x.
Let g: SKHP2 — SKHP2/SKHP! be the pinch map and consider the space SKHP3/SKHP! =
§8+k Ugoskh e!2+k By assumption and T11+k (S81k) ~ 7./3 when k > 1 [27], we have

goXkFh=¢qo3x=3(gox)=0.
Then SFH P3/SkH P~ 58tk §12+k,
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On the one hand, H,(S¥HP3/S¥HPY) =Z/3{a, b} for |a| = 12+ k and |b| = 8 + k, with Steenrod
operation P, (a) = b; see [6, Example 4.L.4, page 492].
On the other hand, H, (S8+k \ §12+k) is splitting as a Steenrod module.

Then S¥H P3/S*¥H P! is not homotopy equivalent to S8T% v §12+k wwhich is a contradiction. This
forces =%h # 3x for all X € n11+k(ZkHP2). |

We can now determine 71 (¥ H P2) for all k > 0.

Theorem 5.2.3 After localization at 3,
7/9 if k>1butk # 4,
sk (SFHPY) ~ {2/9@® Ly if k =4,
Z/3@Z(3) ifk=0.

Proof For k > 5, the groups n11+k(EkHP2) are in the stable range. By Theorem 5.2.1, we have
T4k (EFHP2) ~ 7,/9 for k > 5.

For k € {3,2, 1}, consider Long(11 + k, k) given by (4-4). By Lemmas 3.1.12 and 5.2.2, and the groups
7(S™) in [27], we infer that w14(X3H P?), 713(X2H P?) and 712 (ZH P?) are all groups of order 9,
and the elements ¥/ cannot be divisible by 3. Thus the elements YK h are all of order 9. Therefore
these three groups are all isomorphic to Z /9.

For k = 4, consider Long(15, 4) given by (4-4). By the above paragraph, ord(23%) = ord(Z°h) = 9, so
m15(Z*H P?) contains the element X4/ of order 9. By Lemma 3.1.12 and the groups 74 (S") in [27],

m14(Fs) = m16(S'?) = 0.
Since
m15(Fa) = jomi5(S®) = j o (Z/3{c2(8)} ® Z3)4lts. t8]}) = Z/3{j 0 2(8)} ® Z(3)4/ © 15, 1]}
and m15(S1?) = Z/3{x1(12)}, we have

m15(S*HP?) = Z3){X} ® Z/9{Z*h}  for some X.
‘We know
Pax(E*h) = £5(p3«(2°h)) = £ T (11) = £ (12),
and
iax(j o2(8)) = £ (i34 (j caa(7))) = £ (3X3h) = £354h.

This gives the following relation for some integer r > 0 and some invertible ¢ in the ring Z(3):
igx(j o[tg,1g]) = 3"€x mod T4h.
Notice that for any b € Z /9, there exists an isomorphism,
(Z@z)®Z/9)/((3",b),(0,3))~Z/3" ®Z/3.
By exactness r > 1 is impossible, so 7 = 0. Therefore 715(Z*H P?) = Zzytjaolis. ts]} ®7Z/9Z*h}. O
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5.3 Determination of 75, (X¥HP?)

As before, let us determine the stable homotopy group first.
Theorem 5.3.1 After localization at 3,
nSs(HP?) = Z/27{@,}  for @ € (j.ay. o).

Proof For the cofiber sequence S8 = @@, g5 J1, P2 2L 59 .-+, applying nf6 (=), we have an
exact sequence
0= 7y (SO L0 (HP?) Lt (50 2B 1 (5),
where
73 (8%) = Z/3{en}.  Im(@1(5)«) = 1077 (5°) = (o1 0e2) = 0,

by [27, Theorem 13.9, page 180]. It follows that there is a short exact sequence
0 — w5, (SO L 75 (H P2) 225 78 (80) — 0.
By [25, Theorem 14.14 (ii)], we know

75 (8%) = Z/9{ay}. oy € — (e, ay, 31).
Notice
aro{og, 3, 1) =ar10a2 =0, 3{ay,3t,01) =3a2 =0.

Then by the strong Jacobi identity [27, (3.7), page 33] for (a1, @1, 3¢, a1, 3¢),
0= ({ay.a1,3t), a1.3t) — (a1, (o1, 3t 1), 30) + (1. a1, (3t, a1, 30)).
In the proof of Theorem 5.2.1, we have already shown (o1, o1, 3t) = —a». Hence
0=aj—(o1,02,3t) mod 3a5,

which tells that all elements in (&1, a2, 3t) are of order 9, and so any element in (o1, oz, 3t) generates
711(8%) ~ Z./9. Choosing &5 € (J, o1, az), we have,

302 € (j,a1,a2) 03t = £ ooy, @231).
Thus ord(3a2) = 9, successively ord(az) = 27. So nigs (HP?) =7Z/27{a,). |
We give the following lemma to construct an element to compute 71g(Z3H P?):

Lemma 5.3.2 There exists @2 (7) € {j3,a1(7), 22(10)} € m18(X3H P?) such that
X®0,(7) = £, mod 3a, and ord(X"a»(7)) > 27 forall n >0.
Proof By m17(S7) ~ Z/3 [27, Theorems 13.8 and 13.9, page 180], we have a1(7) o a2(10) = 0. So

{j3,01(7),22(10)} is well defined, taking &> (7) from this Toda bracket. By Theorem 5.3.1, nfl (S9) ~
7./9 = 7. /3% and ord(a2) = 3, we have

T%ax(7) € £(j. a1, a2) > £z
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modulo j oyrig1 (S%) + NSS(HPZ) ooy C (3372@,) = (3a,). Thus
200&2(7) = :t&z mod 3&2.

So X%°w;(7) is of order 27, successively, ord(X" &, (7)) > 27 for all n > 0. |
The following two propositions are used to determine the cokernels and kernels.

Proposition 5.3.3 After localization at 3,
m1g(Fa) = Z/3{jB1(8)}, mi9(Fs) =Z/%jai(8)} B Z(3){j o3t10} and g« (3t19) = 3i10.

Proof Recall that PISK(m, k) and D(m, k) denote (4-7) and (4-8), respectively.
For m1g3(Fy4), by PISK(18, 4), we have m1g(F4) = Z/3{jB1(8)}.
For m19(F4), we consider PISK(19, 4). By Corollary 3.1.2,

skis(J(Mgs, S'8)) = S8,
By D(19,4) and since g4 is of order 3,

Ker(dy: m19(S'?) — m18(F4)) = Z(3){3t19}.
It follows that we have a splitting exact sequence
0— ﬂ19(58)j—*>7f19(Sk29(F4))q—*>Z(3){3t19} — 0.

Therefore m19(Fs) = Z/9{ja i (8)} & Z(z){J 03t19}, where ¢« (3t19) = 3t19. |

Proposition 5.3.4 After localization at 3,
(1) m7(F2) =Z/9%je}(6)} and m16(F2) = Z/9{jB1(6)}.
(2) Ker(01x,4: 7116(S9) — m15(F1)) = 0 and Ker(02x,-: n17(510) — m16(F2)) =0.
Proof (1) Consider PISK(18,2) given by (4-7). From Corollary 3.1.2,
skio(J(Mgs, S'%)) = S°.
Through D(18,2) given by (4-8), the following diagram is commutative:

m17(S1) =, m17(S®)

Elz ]*J/%
dx
m18(S1%) ——= m17(J(Mge, S14))
Notice that

g2x(m17(S') = g2 0 117(S') = [16. t6] 0 1 (11) 0 (@21 (14)) = [16. 16] © (@1 (11) 0 2 (14)) = 0.
Thus d« (m18(S 1)) = 0. It follows that there is a short exact sequence induced by PISK(18, 2)

0 — 17(S%)=> jam17(ska3(F2)) — 0.
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Hence 717(sk23(F2)) = Z/9{ja}(6)}. The homotopy group m16(F2) = Z/9{jp1(6)} follows immedi-
ately from observing PISK(16, 2) given by (4-7).

(2) Recall that dg,, is the homomorphism 0, : 7, (S35 = 7,1 (Fp).

¢ For determining Ker(d1«,), consider BUND(16, 1) given by (4-6). By [27, (13.1), page 172 and
Theorem 13.9, page 180], the restriction X|(4,(s)) is an isomorphism and jix is a monomorphism

(Lemma 3.1.12). Moreover, by [27, Lemma 13.8, page 180], we know the restriction a1 (5)«|(q,(s)) is @
monomorphism. Thus Ker(d14,,) = 0.

e For determining Ker(d2x,,), consider BUND(17,2) in (4-6). Since the homomorphism X is an
isomorphism j,« is a monomorphism, and [27, (13.1), page 172 and Lemma 13.8, page 180] gives
a1(6)%(2(9)) = —3B1(6). Thus a1 (6)« is monomorphic, and so Ker(dz«,,) = 0. O

We can now give the determinations of m; 5+k(2k]H[P2) for all k > 0.

Theorem 5.3.5 After localization at 3,

Z.)27 ifk>9orke{7,6,53),
Z/21® L) ifk=8or4,
Tis4k (SKHP?) ~ {7/9 if k=2,
Z/90Z/3 ifk=1,
Z/3 if k =0.

Proof For k > 9, the groups n15+k(2k H P?) are in the stable range, so by Theorem 5.3.1 we have
1541 (SFH P2) &~ 7,/27 for k > 9.

For k € {7,6,5,3}, by Lemma 5.3.2 ¥ 73@,(7) € 71511 (¥ H P2) with ord(Z*¥ 3@, (7)) > 27. Then,
by Long(15 + k, k) together with Lemma 3.1.12, n15+k(EkHP2) ~ 7,/27 with ord(ZK =3, (7)) = 27.

For k = 8, from the above, ord(&2(7)) = ord(Z%@»(7)) = 27, so °a&»(7) is of order 27, that is,
723(X8H P?) contains %°@,(7) of order 27. Through Long(23, 8) given by (4-4), m23(X3HP?) ~
Z/27® L.

For k = 4, by the proof for k € {7, 6, 5, 3}, we have ord(2*&»(7)) =27 and so 19(Z*H P?) contains an
order-27 element 4@, (7). By Long(19, 4) together with Proposition 5.3.3, w19(Z4H P?) ~ 7] 21D 7L 3).

For k = 2, by Proposition 5.3.4 and Short(17, 2) given by (4-3), w17(Z?HP?) ~ Z/9.
For k = 1, by Proposition 5.3.4 and Short(16, 1), m16(SHP?) ~ m16(S° vV S~ Z /90 Z/3. m|

We show a corollary used to determine 4+k(EkHP2):
Corollary 5.3.6 Ifk > 5 ork = 3, then

. 8+k
ak*15+k.f[15+k(s + ) _>]T14+k(Fk)
is trivial.

Proof The assertion follows from Long(15 + k, k) given by (4-4), Theorem 5.3.5 and the exactness. O
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5.4 Determination of 74, (X¥HP?)

We need the following lemmas to compute the homotopy groups.

Lemma 5.4.1 m18(F4) =7/3{jB1(8)}.

Proof Using a similar method to the proof of Proposition 5.3.4(1), we obtain this lemma. O
Lemma 5.4.2 Coker(04x,4) ~ Coker(02«,,) ~ Coker(d1x,,) ~ Z/3.

Proof We notice that
a1(5) 0 a2(8) = =3B1(5)
by [27, Lemma 13.8, page 180], and

37174n(S7T") =0 forany n > 0.

Then this lemma follows from observing the corresponding BUND(m + 1, k) given by (4-6) and making
use of Proposition 5.3.4(1) together with Lemma 5.4.1. O

After the above preparation, we can determine n14+k(ZkHP2) for k > 0:

Theorem 5.4.3 After localization at 3,
7/3 ifk>4orke{2,1},
Tk (EXHP?) ~ { Z3y @ Z/3 ifk =3,
7/3607Z/3 ifk=0.

Proof Recall Short(m, k) stands for (4-3).

For k > 5 or k = 3, we use Short(14 + k, k). By Corollary 5.3.6 and Lemma 3.1.12, we obtain the result.
Here the groups n14+k(2k H P?) are in the stable range when k > 8.

For k = 4,2 or 1, by Short(14 4 k, k) and Lemma 5.4.2, the result holds. m|

6 1,11 (ZFHP?) localized at 2

In this section, unless otherwise specified, all spaces, maps and homotopy classes are localized at 2
whether we emphasize “after localization at 2" or not. And H, (—) denotes the reduced homology with

Z/2 coefficients. For an element X € m4(X), a lifting of X up to sign is denoted by X if there is no

k
n+k’

n,’f 4 In [27]. We denote Toda’s E by X, the suspension functor, and we denote Toda’s A by P, where

confusion. And 7,4 (S k) localized at 2 is also denoted by 7 which naturally corresponds to Toda’s

A denotes boundary homomorphisms of the EHP sequence. In this section, we often freely use the
well-known group structures of nr’l‘ +k for n < 11 in [27]. For the convenience of readers, in the next
paragraph we shall give a brief introduction of Toda’s naming convention for the generators of 74 (S”;2);
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this naming convention is also adopted by [11; 12; 13; 14; 18]. Since Toda’s 2-primary component method
in [27] naturally corresponds to the 2-localization method, we use the language of the 2-localization to
state the facts on the 2-primary components.

Roughly speaking, for X representing a Greek letter, X, denotes one of the generators of 7,4, (S") for
some r; the subscript n indicates the codomain of X,,. Moreover, X, 4 := kX, X := %X, and Xf1 is
the abbreviation of X, 0Xp 47 0+ 0 X, 4 1—1)r (/ factors). The usages of X, and X, are similar to above. In
Tj4r(S 7 (not a stable homotopy group), if a generator is written without a subscript, then this generator
does not survive in the stable homotopy group JT;,S (S9) or its X*°-image is divisible by 2. For example,
for 6 € m24(S1?) and 6" € m1,(S?), their ¥>-images satisfy X0 = 0 and X*®¢"”" = 8¢ of order 2.
There is an advantage of this naming convention, that is, we can examine the commutativity of unstable
compositions conveniently,

Xp oY = *Yy,oX; forsome i and jifn>a+b,
where {X; } was born in 774 (S%) and {y;} was born in 74 (S®); see [27, Proposition 3.1]. For example,
for the elements in [27]
on € w740 (S™) for n >8 and n € 94, (S™) for n >3,

08+3Mi = T ug+30;, successively, 011418 = (411020 (& is not necessary, since 13 is of order 2). But
010417 7 M10019; see [27, page 156]. Some common generators are summarized in [27, page 189; 19,
(1.1), page 66].

6.1 Some relations of generators of 7, and Toda brackets

The following fundamental relations of generators of 7% and Toda brackets are critical to compute the
cokernels and kernels:

Proposition 6.1.1 (1) P(t13) € {ve, N9, 2t10}-
(2) Z0"” =20",X0” = +20’ and X%0’ = 209.
(3) o ={vs,2vg, 4110}

(4) veo1p = 2x09Vv1¢ for x odd, and vi1014 = 0.
(5) vsXo’' =2vs0g and vs(Xo')n1s = 0.
(6) vgVg = Vg9 = 2VgV14 and v7v19 = V7819 = 0.
(7) 5 €{vs, 83, Xo'}1.
®) n*p=4L.
(9) veno =0.

(10) veo9nie = veeo = 2v6V14.

(11) P(i31) =20%s.
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Proof (1) See[27, Lemma 5.10, page 45].
(2) See [27, Lemma 5.14, page 48].
(3) By [18, Proposition 2.2 (9), page 84], we have
0" €{vs,2vg,4110}3 C {vs,2v8,4110}, Ind{vs,2vg, 4119} =v500+ 4nf2 =0.
Hence the result holds.
(4) The first is from [27, (7.19), page 71] and the second from [27, (7.20), page 72].
(5) See [27, (7.16), page 69].
(6) By [27, (7.17) and (7.18), page 70], v7v15 € n178 is of order 2.
(7) See [27, (v), page 59].
(8) See [27, (7.14), page 69].
(9) This follows from 78, = 0.
(10) veo9n14 = veeg is from [27, page 152], and vgeg = 2VgV14 is just a part of (6).

(11) See [27, (10.10), page 102]. O
Some known stable homotopy groups of quaternionic projective spaces are stated in the following.

Proposition 6.1.2 After localization at 2:
(1) 78 (HP*®) =0, 75 (HP®)~ Z) and w5 (HP®) ~ 75y (HP®) ~ Z/2.
(2) 7 (HP?)~Z/A®Z/16, w35(HP2) ~ (Z/2)%, 78,(HP?) ~ Z/2 and nis(H P?) = 7./128{a}
fora € (j,v,o0).
Proof (1) See [9, Theorem II.9].

(2) Jrigl (H P?) is from [16, page 198]; notice that niﬂ(Q%) = Jrigl (HP?). 7153 (HP?) and nf4(HP2)
are from [16, Lemma 2.7]. nigs(lH[Pz) is from [16, Lemma 3.3]. O

6.2 Determination of 7, . (X*HP2) for 7 <r <10

As usual, we need to compute cokernels and kernels to transform long exact sequences into short exact

sequences.
Lemma 6.2.1 (1) Coker(d1«,,) = 0 and Ker(d14,) = Z(2){8t3}.
(2) Coker(d1%,,) = Ker(d1x,,) =0.
(3) Coker(d1x,,) = Coker(d24,;) = Coker(d3x,,) = Ker(d1x,,) =0 and Ker(024,,) ~ Ker(034,5) ~
7]2.

Proof The result follows immediately from the corresponding diagrams BUND(m + 1, k) given by (4-6)
and the groups 7% in [27]. a
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To compute 7711 (Z2H P?), the homotopy groups of spheres we need are only those like 711(S®) and
m11(S1?), which are of quite low dimension. But the computation is exceedingly arduous, necessitating
a highly subtle technique.

Proposition 6.2.2 After localization at 2, w11 (S*HP?) ~ Zy).

Proof By Proposition 3.1.1(1)-(2), we have the fiber sequence
QS2HP? 4 J(Mgo, SHP?) — S¢ 22, S2H P2,

where skq3(J(Mgo, XH P?)) = S°. It induces the following exact sequence (here the homomorphism
can be replaced by vg, , because for the cofiber sequence S° Yo, §6 2, S2H P2, 16 can extend to the
fiber of j; alternatively we can use the James theorem [7, Theorem 2.1]):

By vs, (nlgl) = (vm%) = 0 and Lemma 4.2.1, we have an exact sequence,

0— 78 L5 (S2HP2) 25710 - 0.
We know [27]
nfy = Z){P(113)}. iy = Z/2{n10}.

By Proposition 6.1.1(1), P(t13) € {vs, 9,210}, SO

J2x(P(113)) € jao{ve, N9, 2t10} = —{j2. Ve, N9} 02t11 = —2{j2, V6, N9 }.
Thus j2«(P(113)) is divisible by 2. Hence, 711 (SZ?HP?) ~ Z(y). m|

We can now determine nr+k(ZkHP2) for7<r <10andall k > 0.

Theorem 6.2.3 After localization at 2,

0 ifk>1 7 itk >1
sFH P?) ~ - sFHP2) ~ ) -
774k V¥ 24 itk —o. etk V¥ 22 ifk=o0.
Z)2 ifk>3ork =0,
ki p2 /2 ikz3or koo (Z)2 ifk>2,
mork(EKHP?) ~ 3 Zpy ifk =2, T1o4k (EXHP?) ~ )
0 k1 0 ifk=1oro0.
ifk=1,

Proof We recall that Short(m, k) denotes (4-3), and Long(m, k) denotes (4-4).

For n7+k(2k]HIP2), in the case k > 1, the groups n7+k(ZkHP2) are in the stable range. So
774k (SFHP?) ~ 7S (HP?) ~ 75 (HP®) for k > 1.

By Proposition 6.1.2(1), the result holds.

For n8+k(EkHP2), in the case k > 2, the groups ng+k(EkHP2) are in the stable range. So
ng 4k (SFHP?) ~ 7§ (HP?) ~ 75 (HP®) for k > 2.
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By Proposition 6.1.2(1), we obtain the result in the case k > 2. In the case k = 1, we consider Short(9, 1).
By Lemma 6.2.1(1), we obtain the result.
For n9+k(EkHP2), in the case k > 3, the groups n9+k(EkHP2) are in the stable range. So

To4x (SFHP?) ~ 7§ (HP?) ~ 7§ (HP®) for k > 3.

By Proposition 6.1.2(1), we obtain the result in the case k > 3. In the case k = 2, it is just Proposition 6.2.2.
In the case k = 1, we consider Short(10, 1). By Lemma 6.2.1(2), the result follows.

For n10+k(EkHP2), in the case k > 4, the groups are in the stable range. By Proposition 6.1.2(1), we
obtain the result. In the case k € {3, 2, 1}, we consider Short(10 + &, k). By Lemma 6.2.1(3), we obtain
the result. O

6.3 Determination of 7114 (X*HP?)
As usual, to determine the homotopy groups, we compute the cokernels and kernels first.

Lemma 6.3.1 (1) Coker(d3«,s) = Z/8{jo’} and Ker(93x,,) = Z/4{2v11}.
(2) Coker(04x,5) = Z(2){jos} ® Zg{j X0’} and Ker(dax,5) = Z/4{2v12}.
(3) Coker(d2%,,) = Z/4{jo"} and Ker(d2x,,) = Z/4{2v10}.

(4) Coker(d1x,5) = Z/2{jo""} and Ker(01x,,) = Z/4{2vq}.

Proof This lemma follows straightforwardly from observing the corresponding diagram BUND(m+1, k)
in (4-6) and making use of Proposition 6.1.1(2) together with the corresponding group structures of 7}
in [27]. m|

Next we determine the groups 7111+k(2k H P?) for k > 0 which are related to the generalized Hopf
fibration whose cofiber is H P 3. Like the 3-local case, their computation is arduous.

Theorem 6.3.2 After localization at 2,

Z)16® 7 /4 ifk =5,
Z/SEBZ/4@Z(2) ithk=4,
7/8@7/4 if k =3,

T (DUHP?) ~ 7/867)2 ifk =2
7/8 ifk =1,

Proof For k > 5, the groups n11+k(2k]H[P2) are in the stable range. Hence n11+k(ZkHP2) ~
nigl (H P2) for k > 5. By Proposition 6.1.2(2), we obtain the result.

For k = 3, we consider Short(14, 3). By Lemma 6.3.1(1), we have an exact sequence
0— Z/8{jo’} — m14(Z*H P27, /4{2v11} — 0.
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Since
p30{j,v7,2vi0} = —{p3. j.v7} 02v11 > —2v11,
there exists
X €{j,v7,2v10} such that p3.(X) = —2v11,
and so
4x € {j,v7,2v10} 0414 = —j 0{v7,2v10, 4113}

By Proposition 6.1.1(2)(3),
40" € {v7,2v10, 4113} mod 40”,
that is,
{v7,2v10, 4113} = Z/2{40"}.
Thus
—j o {v7,2v10, 413} = Z/2{4jo}.

Hence there exists ¢ € Z such that 4X = t(4j0’). Let X' = x—tjo’. So 4x' = 0 and p3.(X') = —2v1;.
Thus ord(X") = 4. Then
m14(ZPHP?) = Z/8{jo’y & Z/4{X'}.

For k = 4, we consider Short(15, 4). By Lemma 6.3.1(2), we have an exact sequence
0—Z/8{jZ0’} ® L)t jos} — mis(S*HP?H 257 /4{2v15} — 0.

Thus 715(Z*HP?) ~ Z(2) & A, where
A=7Z/8,Z/16,Z/8DL/2,Z]/8DL/A,Z/16DZLZ/2 or Z/32.

We consider Short(14, 3, 1) given by (4-2). Through COM(14, 3, 1) given by (4-5), we know the ho-
momorphism 4(14, 3, 1) in Short(14, 3, 1) is monomorphic, and obviously C(14, 3, 1) is monomorphic.
By the snake lemma, we know the homomorphism X : 714(X3H P?) — 715(Z*H P?) is monomorphic.
Finally, by the result of 7r14(Z*H P?), we have 15(Z*HP?) ~ Zp) ®Z/8 B L /4.

For k = 2, we consider Short(13, 2). By Lemma 6.3.1(3), we have an exact sequence
0— Z/4{jo"} — mi3(Z*HP*) 2257 /4{2v10}) — 0.
Thus 713(22HP?) ~ 7/16,Z/8 D Z/2 or Z./4 & 7./ 4. Since
p201j.ve,2ve} = —{p2, j,ve} ©2v109 > —2v10,
there exists y € {j, v7,2v19} such that ps«(y) = —2v19. By Proposition 6.1.1(2)—(3),
4y € {j, ve,2v9} 0 4t13 = —j 0 {vg, 2v9, 4112} 3 2j0” mod j o (ve 00 + 473) =0,
so 4y = 2jo" is of order 2. Then y is of order 8. Thus 7;3(X?HP?) ~ Z/8 & Z /2. Notice
P22y + jo") = pau(2y) = dv10 £ 0,22y + jo') = 4y +2j0" = 2jo” +2jo" = 0.
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Hence ord(2y + jo”’) = 2. We show (y) + (2y + jo”) is a direct sum. Suppose
(6-1) ay+bQy+ jo”’y=0 forsome a,bcZ.
Applying p., we have

(6-2) a+2b=0 mod 4.

Multiplying (6-1) by 2, we have 2a = 0 mod 8, equivalently saying a = 0 mod 4. Substituting it into
(6-2), we have 2b = 0 mod 4, that is, b = 0 mod 2. Substituting this into (6-1), we obtain ¢ = 0 mod 8.
So the sum is a direct sum. Therefore 713(X2HP?) = Z/8{y} ® Z/2{2y + jo''}.

For k = 1, we consider Short(12, 1). By Lemma 6.3.1(4), we have an exact sequence
0— Z/2{jo"} = m12(SHP?) 227, /4{2v9} — 0.
So m12(SHP?) ~ Z/8 or Z/4 @ Z/2. Since
p1o4J.vs,2vg} = —{p1, j,vs} 0219 3 —2vg,
there exists @ € {J, vs, 2vg} such that p«(a) = —2vg9. By Proposition 6.1.1(3),
4a€{j,vs,2vg}odiy =—j of{vs,2vg, 4111} = jo'".
So 4a = jo'” is of order 2. Then ord(a) = 8, and so w12 (SHP?) ~ Z/8. O
6.4 Determination of 715, (X*HP?)
The following lemma is a preparation for using Long(14, 2).
Lemma 6.4.1 m14(F2) ~ (Z.)2)2.
Proof By Lemma 3.1.12, sky3(F,) = S°© U2 el3; by [27],
nts = L/8{V6} ® Z/2{e6}.

So m14(Fy) ~ m14(S® Uy e1) & (Z/8{V6} ® Z/2{e6}) /(L] 42V6}) ~ (Z/2)*. O
Theorem 6.4.2 After localization at 2,

(Z]2)? ifk>6ork {20},

(Z)2)3 ifk=5o0r3,

T2k (SFHP?) (Z/2)* ik =4,
LZipy®ZL/2 ifk=1.
Proof We recall that Long(m, k) stands for (4-4).
For k > 6, the n12+k(EkHP2) are in the stable range. Hence
T1a i (SFHP?) ~ 7, (HP?)  for k > 6.
Consider Long(12 + k, k). Since nf (8% = ngg (S% =0,
m18(ZCHP?) ~ m13(Fs) ~ g ~ Z/2® Z/2.
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For 1 <k <5, we consider Long(12+ k&, k). Since nf (8% = ngg (S%) =0, we have n12+k(2k]HIP2) A
14k (Fy) for 1 <k <5. By Lemmas 6.4.1 and 3.1.12, we obtain the result. a

6.5 Determination of 13, (X*HP?)
The following lemma is a preparation for using BUND(r + 14, r).
Lemma 6.5.1 ms5(Fp) =Z/2{jvg} ® Z/2{jnee7} ® Z/2{jje} ® L2){j 0 4t15}.
Proof We consider PISK(15, 2) given by (4-7),
ﬂllssd—*>ﬂ15(J(Ms6, S') — mis(skas(F2)) — 7r1155d—*>7r14(J(M56, S14y).
Through D(16,2) given by (4-8), we have
Coker(d: ig — m15(J (Mgs. S'))) = Z/2{jvg} ® Z/2{jnee7} ® Z/2{jue}.

By D(15,2),
Ker(dy: {2 — m1a(J(Mge, S'))) = Z(2){4t15}.

Then 715(ska3 (F2)) = Z/2{jvd} ® Z/2{jnee7} ® Z/2{jie} ® L(2){4u15}. O
We recall that dg, is the homomorphism 0y : 7, (S35 5 71 (Fp).

Lemma 6.5.2 We have
Coker(dexs) ~ (Z/2)* ® Z(z), Coker(ds«,o) ~ (Z/2)°, Coker(d4x,5) ~ (Z./2)*,
Coker(d3«,,) ~ (Z/2)3, Coker(dax,4) ~ (Z/2)* ® Z(z), Coker(d1x,5) ~ (Z/2)°.

Proof For Coker(dy«,,) with r # 2 listed in this lemma, the result follows immediately from observing
the corresponding BUND(r + 14, r). For Coker(d2x,4), it follows from observing BUND(16, 2) and
making use of Lemma 6.5.1. m|

After the above preparations, we can now determine m134x (ZFH P2):

Theorem 6.5.3 After localization at 2,

(Z/2)? ifk>1,
Z]2)?® L) ifk=6or2,
SEE P2y~ ¢ @ :
7Tl3+k( ) (2/2)3 ifk=5,3,10r0,
(Z)2)* if k = 4.

Proof For k > 7, the groups n13+k(EkHP2) are in the stable range. So n13+k(ZkHP2) R~ ni% (HP?)
for k > 7. By Proposition 6.1.2(2), we obtain the result.

For 1 <k <6, consider Long(13 + k, k). Since ngg (S9) is trivial, n13+k(EkHP2) ~ Coker(dg s, ;)
for 1 <k < 6. By Lemma 6.5.2, the result follows. O
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6.6 Determination of w4, (X*HP?)

We show the following lemmas to compute n14+k(EkHP 2):

Lemma 6.6.1 (1) mi6(F2) =Z/8{jveoo} ®Z/2{jnop11}®Z/2{j o5}
(2) mis(Fa) =7Z/8{josvis} ®Z/2{jnspe} and jvgoy1 = 2t'ogvys fort’ odd.

Proof (1) By Lemma 3.1.12, skp3(F2) = S® Uap, e!°. We consider PISK(17,2) given by (4-7), and
we observe D(18,2) and D(17,2) given by (4-8). Then d (711175) = dx« (n1165) = 0. Since

(8% Uz e'®) = Z(S® Uppeng e’’) =S v ST,
we have the homotopy-commutative diagram with rows fiber sequences
J(Mges, S1) ——— skp3(Fp) ——— S1°
J/ QEJ{ J{QE
QJ(Mg7,5%) —— Q(S7v S —— Qs!té

So we have the commutative diagram with exact rows (by the Hilton—Milnor formula, the second row splits)

0 78 m16(sk23(F2)) mle 0
7 7 16 16
0 TTi7 7 © 77 TTy7 0

By [27, Theorem 7.3, page 66], 71166 DIN 7r177 is an isomorphism. By the five lemma, 716 (sk23(F2)) =
n], @ m]$ is an isomorphism, and the first row also splits.

(2) In a similar manner to the proof of Lemma 6.4.1, we obtain the result. O
Lemma 6.6.2 (1) Coker(d74,,) ~ (Z/2)?.
(2) Coker(dgx,,) ~ (Z/2)? and Coker(ds«,,) ~ (Z/2).
(3) Coker(dax,o) ~ (Z/2)?, Coker(d3x,5) ~ Z/2 ® Z(z) and Coker(d2x,,) ~ (Z/2).
(4) Coker(d1x,4) ~ (Z/2)>.
(5) Ker(drs,,4) =0forl <r=<7.
Proof We recall that BUND(m + 1, k) denotes (4-6).
(1) Consider BUND(22, 7). By v11014 = 0 in Proposition 6.1.1(4), we obtain the result.

(2) Consider the corresponding BUND(r + 15, 7). By vg9012 =2x09v16 for x odd in Proposition 6.1.1(4),
we obtain the result.

(3) The result follows from observing the corresponding BUND(r + 15, r) and using Lemma 6.6.1.
(4) The result follows from examining BUND(16, 1) and making use of Proposition 6.1.1(5).
(5) The result follows from observing the corresponding BUND(r + 14, r), and Lemma 6.5.1. O
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We can now determine 44x (ZKH P2).

Theorem 6.6.3 After localization at 2,

7]2 if k > 8,
(Z.]2)? ifk=17,6,5472orl,
Tiask (SFHP?) ~ 22670 FE—3

7)8®Z/4D7Z/2 ifk=0.
Proof Fork > 8, the groups 7441 (X¥H P2) are in the stable range. So 71444 (X¥H P?) ~ 75, (H P?)
for k > 8. By Proposition 6.1.2(2), we obtain the result.
For 1 <k <7, consider Short(14 + k, k) given by (4-3). By Lemma 6.6.2, we infer the result (in these

cases, the Z,)-module extension problems are all trivial). |

6.7 Determination of 15, (X*HP?)

We have now reached the most intricate part of determining the (2, 3)-primary components of the homotopy
groups nr+k(EkHP2) for 7 <r <15 but k > 0, that is, n15+k(EkHP2) localized at 2.

Let us first construct some elements which connect the stable homotopy group nigs (H P?) and the unstable
homotopy groups.

Lemma 6.7.1 (1) There exists 615 € {j7, 11,014} C m22(Z"HP?), and ord(X"55) > 128 for all
n>0.

(2) There exists 2014 € {j¢, V10, 2013} C m21(Z°H P?), and ord(X"20 14) > 64 for all n > 0.
(3) There exists 4013 € {j5, V9, 4012} C m20(E°>H P?), and ord(4013) > 32.
(4) There exists 809 € {j1,vs, 808} C m16(ZHP?), and ord(X"809) > 16 for all n > 0.

Proof (1) By Proposition 6.1.1(4), the Toda bracket {7, vi1, 014} is well defined. Choose o15 from it.
By Proposition 6.1.2(2), we have
200515 € :|:(j, U,O') > +a

modulo j o nfl (S + JTSS(HPZ) oo C SNFS(HPZ) = (8a). Thus
200515 = 44 mod 84.
Since ord(a) = 128, X*°075 is also of order 128.

(2) By Proposition 6.1.1(4) and since o19v17 € nzlg is of order 4, the Toda bracket {jg, v10, 2013} is
well defined. Choose 20 14 from it. By Proposition 6.1.2(2), we have

Y2014 € £(j,v,20) > £2a
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modulo j o 75 (§%) + 75 (HP2) 020 C 1675 (HP?) = (164). Thus

£%°2014 = +2a mod 164.
Since ord(d) = 128, %2014 is of order 64, which completes the proof of (2).

(3) By Proposition 6.1.1(4) and since ggv16 € n?g is of order 8, the Toda bracket {5, vg, 4012} is well
defined. Take 403 from it. By Proposition 6.1.2(2), we have

$%4013 € +(j,v,40) > +4a
modulo j o 73, (S%) + 75 (HP?) 040 C 1675 (H P2) = (164). Thus
%4013 = £44 mod 164.
Since ord(d) = 128, ®40 3 is of order 32, which is the desired conclusion.

(4) Since v50g € 71155 is of order 8, the Toda bracket {js, vs, 8cg} is well defined. We take 80¢ from it.
By Proposition 6.1.2(2), we have

Y809 € £(j,v,80) 3 £8a
modulo j o 75 (S%) + 75 (HP?) 085 C (164). Thus X809 = +84 mod 164. Since ord(a) = 128,

¥ ®80 is of order 16. O

As before, the following two lemmas are used to prepare for examining BUND(m, k), and compute the
cokernels and kernels, respectively.

Lemma 6.7.2 (1) m9(Fs) =2Z/8{j&o}.
(2) mio(Fa) =7/8{jis} ®Z/2{jVsvie} ® Z(2){j o810}
(3) mi7(F2) = Z/8{ji6} ® Z/2{jV6v1a} ® Z/2{j o n’s).

Proof (1) Since

) b4 7./8 @ Z/2{vgv
m20(sk32(F5)) = m20(S° Usgu,, €21) = j oy ~ ( 21 _ Z/3o} O Z/2bovir} ~7/8,

VoV17) (Vov17)

the result follows.

(2) We examine PISK(19, 4) given by (4-7). By Corollary 3.1.2, skas5(J(Mgs, S18)) = §8. Considering
D(20, 4) given by (4-8), we have

Coker(dx: w35 — m19(J(Mgs, S'®))) = Z/8{jls} ® Z/2{jVgvie}.

Here we notice f4,(n18) = vgo11n18 — 2t'0gv15m18 = (vgn11)o12 — 0 = 0. Through D(19, 4) given
by (4_8)9
Ker(ds: mlg — m18(J(Mgs, S'®))) = Z(2){8t19}.
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Hence PISK(19, 4) induces a short exact sequence,
0— Z/8{j(s} ® Z/2{jPgvi6}=mao(skio(Fs)) — Z(2){8t10} — 0,
which obviously splits and gives the desired result.

(3) Consider PISK(17,2). By Corollary 3.1.2, we have ski9(J(Mges, S'#)) = S. By D(18,2), we
have
Coker(dx: {3 — m17(J(Mge, S'*))) = Z/8{jt6} ® Z/2{jD6v14}:

by D(17,2), we have
Ker(d*: 7711'? — ”IG(J(MS67 S14)) = Z/z{n%S}‘

Hence PISK(17, 2) induces a short exact sequence,
0— Z/8{js} @ Z/24j vsv1a}=>mi7(skas(F2)) — Z/2{m5} — 0.

Similar to the proof of Lemma 6.6.1(1), this sequence splits and then we deduce the result. a

Lemma 6.7.3 (1) We have
Coker(08x,,) ~ Z/8DBZL(2), Ker(dg«,;)~7Z/16, Coker(dex,,)~7Z/8, Ker(dex,, )~ Z/8,
Coker(0sx,,) ~Z/8, Ker(0sx,0) ~Z/4, Coker(03x,)~ 7./86(Z./2)?, Ker(034,5) ~7Z/2.
(2) Coker(danyy) = w19(Fa) = Z/8{j s} & Z/2{jV8016} ® Z(2){j ©8t10} and Ker(dux,o) ~ Z /4.
(3) Coker(d24,4) ~ Z/8 ® (Z/2)? and Ker(d24,,) ~ Z/2.
(4) Coker(d1x,,) ~ (Z/8)? and Ker(d1x,4) ~ Z/2.
Proof (1) The result follows from the corresponding diagrams BUND(m + 1, k) and Proposition 6.1.1(4)
and (6).

(2) Consider BUND(20,4) and BUND(19,4). By Lemmas 6.7.2(2) and 6.6.1(2), and Proposition 6.1.1(4),
we derive the result.

(3) Consider BUND(18, 2) and BUND(17, 2). By Lemmas 6.7.2(3) and 6.6.1(1), and Proposition 6.1.1(6)
and (10), we infer the result.

(4) By Proposition 6.1.1(6) and (10) and the group structures of 7T156 and nf7, we obtain

V508015 =0 mod vsvg, vseg

(check its X-image).
Next consider BUND(17, 1) and BUND(16, 1). By Proposition 6.1.1(5), we deduce the result. a

We can now give the determination of 7154 (ZFH P2) localized at 2, the most arduous part of determining
nr+k(EkHP2) for 7 <r < 15 localized at 2 or 3.
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Theorem 6.7.4 After localization at 2,

7,/128 it k >7and k # 8,
Z/128@Z(2) if k =8,
7.]64 if k =6,
T1s4x (EFHP?) ~ ;/32 I:fkis’
(Z)EBZ/16EBZ/2 ifk =4,
7.)16 ® (Z.]2)? ifk=3or2,
Z)16®7Z/8 ifk=1,
(Z]2)*®Z/4 if k =0.

Proof For k > 9, the groups n15+k(2k H P?) are in the stable range. Hence
n15+k(EkHP2) A nfs(HPz) for k > 9.
By Proposition 6.1.2(2), we obtain the result.

For k = 7, consider Long(22, 7). By Lemma 6.7.1(1), we know m2,(Z7H P?) contains the element
515 of order at least 128. Since 722 (F7) ~ w1l ~ Z /8 we have 7i5 ~ 7Z,/16, so, in Long(22, 7), i7« is
monomorphic and p7 is epimorphic. Therefore 25 (Z7HP?) = Z/128{515}.

For k = 8, consider Short(23,8). By w22 (X"HP?) = Z/128{55} and Lemma 6.7.1(1), we know
723(Z8H P?) contains the element £5;5 of order 128. By Lemma 6.7.3(1),

Coker(0s,,,) ~ Z/8® L), Ker(0s,,;) ~ Z/16.
Since 25 (X7H P?) contains an element of order 128, m23(Z8HP?) ~ Z /128 & Z(2).

For k = 6, consider Short(21, 6). By Lemma 6.7.1(2), 21 (X°H P2) contains the element 2014 of order
at least 64. By Lemma 6.7.3(1), 21 (Z°H P?) ~ Z/64.

For k = 5, consider Short(20, 5). By Lemma 6.7.1(3), 20(X°H P?) contains the element 4013 of order
at least 32. Then, by Lemma 6.7.3(1), m20(Z°HP?) ~ Z/32.

For k = 1, consider Short(16, 1). By Lemma 6.7.1(4), 16(XH P?2) contains the element 89 of order at
least 16; by Lemma 6.7.3(4), m16(SHP?) ~ Z /16 ® Z /8. Successively, by Lemma 6.7.1(4), we know
the elements X80 ¢(n > 0) are all order 16.

For k = 3 or 2, we consider Short(15 + k, k). By the above proof for k = 1, m1g(X3H P?) contains
the element 2809 of order 16 and n17(22HP2) contains the element X80¢ of order 16. Then, by
Lemma 6.7.3(1) and (3), respectively, we deduce the result.

For k = 4, consider Short(19, 4). By Lemmas 6.7.3(2) and 2.3.1(2), m19(Z*HP?) ~ Z ;) ® K, where
KelZ/8Z/2,Z/8DL/4,Z/N6DL)2,Z/8D (Z]2)*, Z)32DZ)2,(Z/3)* Z/8DZ/2D T[4}

By the proof for k = 1, we know 3809 € m19(Z*H P?) is of order 16. Then
m19(SHP?) ~ Ziy ®Z/32BL/20r Loy D L/16 DL /2.
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To exclude the extra solution, consider the following fiber sequence, where Uy = J(Mgi1, E3HP2)
denotes the fiber of the inclusion j4: S8 < Z4H P?:

Uy — S8LLT4H P2,

By checking homology, £y is splitting and X : 7r17(S1') — m1g(S!?) is an isomorphism, so we obtain
sk (Us) = S v S18. So there is a fiber sequence up to dimension 20 (here @ = vg \V f for some
homotopy class f, since vg can extend to Uy),

=vgV ]
gll,, g188=VsV/S o8 J4 S4H P2,
which induces an exact sequence,

719(S8) 25 119(Z4H P?) — m15(S1) eam(sls) m18(S®).

f)
Denote (xo11, yt1g) € m18(S') ® m15(S®) by (x, y) for simplicity, for x, y € Z.

By the result for Coker(d4,,,) in Lemma 6.7.3(2), we know the homomorphism j4, is monomorphic. So
Ja, (m19(S®)) ~ m19(S®) ~ Z/8 @ Z /2. Through observing vg, : Z/16{011} — Z/8{vgo11} ® (else),
we derive ax(1,0) = vgo11. Suppose ax(0, 1) = mvgoy; mod ogvis, ngie for some m € Z. Then

ax(—m,1) =logvys +1'ngue for some [,1" € Z.

Since
m1s(S™) @ m15(S'®) = ((1,0)) & ((—m, 1)) ~ Z/16 ® Z(2),

m18(S®) = Z/8{vgo11} ® Z/8{0gv15} D Z/2{ns o},
by [27],
Ker(ax) = ((8,0)) ® (b(—=m, 1)) ~ Z/2 @ Z(y),

where b = ord(logvis + I'ngie) € Z 4. Hence we have an exact sequence induced by the above,
0> Z/8BZ/2— m19(S*HP?) — Z/2& Z 5y — 0.

This tells us that any element of finite order contained in 19(Z*H P?) is of order at most 16. Recall
that we have already shown

m19(SHHP?) ~ Ziy ® /2B L/2 0t Ly /16 B L/2.

Thus 719(S*HP?) ~ Z2) ® Z/16 B Z/2. m|

6.8 Determination of some unstable w364 (Z¥HP?)

In this subsection, we will study some homotopy groups nr+k(2k H P?) for a much greater r, namely,
r = 36. These homotopy groups are much more mysterious than those for 7 < r < 15 and their
determinations pose exceedingly formidable challenges.

n36+k(EkHP2) is in the stable range <= k > 36—8 42 = 30.
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We will determine 736429(Z2°H P?), m36128(X*2HP?) and m36427(X2’HP?), and will examine
m36+11(STHP?).

In this subsection, the results

g ~ (L)2)°, w3 ~ngd ~(L)2)°, nis ~(Z/2)*,
are used freely; see [14, Theorem 1.1]. Also 7758 (SO) =7/2{ek} and 7159 (SO) =0; see [18, Theorem 2(b),
page 81 and Theorem 3(a), page 105].

Lemma 6.8.1 {V31+n, &34+4nkK424n, 2‘62+n} =0 foranyn > 0.

Proof Since Jrigz(SO) = 0, for any n > 0 we have
V3140, €34+nKa24n,262+n) 2 {V31+n: E344n: 2K424n§ 2 {V314n,s E34+n, 214240} O K434n
314n - _
Cmy3l, ©Kaztn =00k434n =0,

_ 34+n 31+n __ —
$0 Ind{v314n, €34+nKa2+4n, 2t62+n} = V314n O g3 1, + 273 = V3142 00+ 0=0. m]

Theorem 6.8.2 After localization at 2,
(Z/2)° ifk =29,
Tk (SKHP?) ~ {(Z)2)7  if k = 28,
(Z)2)¢ ifk=27.

Proof We only show the case k = 27; similar proofs work for the other two cases.

For 63 (X27H P2), we use Long(63, 27) given by (4-4). By Lemma 3.1.9(1), we have skg4(F11) = S3!.
Since ngf = nigg (S%) =0, in Long(63, 27), i274 is monomorphic. Recall that Jrfg(SO) = 7./2{ek} where
ve = 0. By observing BUND(63, 27) given by (4-6), we have 027,., = 0. So, in Long(63, 27), p27« is
epimorphic. Then Long(63, 27) gives a short exact sequence

0= (Z/2)° = 163(S2TH P2 222557, 12635743} — 0.
Since
P27x4J27. V31, €34Ka2} = P27 01{]27. V31, €34Ka2} = {P27. J27.V31} O €35K43 D £35K43,
there exists £35k43 € {j27, V31, €34K42} such that p27*(@43) = g£35k43. Lemma 6.8.1 tells us that
2e35K43 € {J27. V31, €34K42} 0 2163 = — j27 0 {V31. €34K42, 262} = 0.

Thus 2e35ic43 = 0, and s0 €35k 43 is of order 2. Therefore g3 (%27 H P?) is isomorphic to (Z/2)°. O

Similar to the above, n§6 (H P?) can also be obtained.

For the following lemmas, we point out that, N Oda denotes the generator ,3 € nzlg 119 defined in [13]
by Ca, that is, C; = f; see [18, (2.1), page 52].
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We recall from [18, Theorem 4.3 (a), page 104] that
ag = L/ 2ACopizo} @ Z/2{079041} ® Z/2{Z> Py }.

To obtain vi6 o g and Coker(d11,,4), we give the following lemmas:

Lemma 6.8.3 (1) vi6Cs € Z/2{P(e33)} ® Z/2{P(v33)} and
b16Calzo = 0 ) 1:f v16C2 = 0 mod P (v33), ]

X¢*  if v16Cy = P(e33) mod P(V33).

(2) V16079041 = E16034 € T8

(3) vizo Py = Ak3; mod Ex)2 and vigo 3Py = (23X)k34 mod T4 )2.

(4) [t15.v15] =0 and skso(F1) = S v §32.

(5) ma7(Fi1) = j(i1s0m}3 ®izzonls @ [i1s.i33] o mf]) ~ (Z/2)® & (Z/2)* ® Z(2), generated by

*//

(j oi15)x{V15.015. 0%, ¥ BC*, (22 N)k33, E150%5. 015143 .22}

(j oi33)xikss, 025} and (j o[i1s,i33])xla7.
Also
w4s(F11) = (Z(j ol1s5)) o mag © (T(J 0i33)) 0 mig ~ Tag @ 7.
Here ;m S™ s §15\/ 8§33 form = 15, 33 are the inclusions.
(6) If vigC2 =0 mod P(v33), then
Coker(d11,: 745 — ma7(F11)) ~ (Z/2)° ® (Z/2)* ® Z(2),
generated by

¥ ORC* o153}, (J 0i33)x{k33. 0%} and  (j olirs,i33])xl47.

(J o115)x{Vk 15,015, n* %1, 1
If v16Cy = P(e33) mod P(v33), then
Coker(d11, : 45 — ma7(F11)) 2 (2/2)° ® (2/2)* & L ).
generated by
(j oi15)x V15, 015, 0¥ M1 W 0151300}, (J 0i33)xik33. 033} and  (j o[i15.i33])xla7.

Proof (1) By [13, Lemma 16.4, page 53], we know XC, = P(n41). Then

1175C2 = v170 P(1141) = v17 © [120. t20]130 = [t17, t17]v33730 = 0.
So
116Ca € Ker(Z: 1S — mag) = P(n3}).
By [12, (3.4), page 12], P(n}?) = Z/2{P(e33)} ® Z/2{P(v33)}. By [27, Theorem 14.1], ejx = n?p and
b = 0. By [14, (5.8)], P(n33p35) = X{*. Hence P(e33) 0 39 = X¢* and P(V33) o ft39 = 0.
(2) By [18, Proposition 3.5 (3), page 60] we know the two relations v130{"6 = t£13031 mod Aos; for ¢
odd, and (231)034 = 0.
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Then v1607y = t£16034 mod O for ¢ odd. Hence
2 2 2
V160—ik90—41 = l§160'34 = %'160'34 for Ol‘d(034) =2.

(3) Notice two facts: H(P1) = k31 [18, Proposition 3.3 (4), page 90], and H(Ak31) = v§5K31 [14, proof
of 7113] Then H(vi3P1) = L (V12 Avia)ok3 = U%5K31. Hence v13P; = Ak31 mod Enﬁ. Therefore,
V1623P1 = (E3X)K34 mod 2471'44

(4) By Proposition 6.1.1(11) and (4), [t15,V15] = £P(t31) o va9 = 201251)29 = 0. By Lemma 3.1.9,
skso(F11) = S1° v §33,
(5) By the Hilton—Milnor formula,
QISP V3~ Qs x Q8P x Q5 x QSo! x
Then, up to isomorphism,
747(skso(F11)) = 146 (RS> x Q8P x QS*) =3 @ w5 @ 7y,
where the isomorphism JTH @ 71273 &) 71277 — 147(sks0(F11)) is induced by the inclusions and iterated

Whitehead products; see [28, Theorem 8.1, page 533]. By [14, Theorem 1.1], 7r47 ~ (Z/2)8, generated by
Vic1s, 015, 1M 0%, W B8, (R2A)k33, £1502; and 015143 22. By [27], 733 = 7Z./2{k33} ® Z/2{02,}.
Hence

47 (skso(F11)) ~ (Z/2)° @ (Z/2)* ® Z(2).
generated by

*//

(j oi15)«{Vk1s. a1, 0¥ 03y, ™ ZC*, (22 X)k33, £15033, 0151322}
(j oi33)«lic33, 033} and  (j oli1s,i33])sta7.
Since sks1(ZF11) = S16 v §34,
mag(SF11) = (Z(j ol1s)) o mag @ (T(j 0is3)) o mig ~ w48 @ 7.

(6) By Lemma 3.1.4, there exists a commutative diagram

011
T8 — s 47 (F1p)
Vlé*l lz
16 (Z/)«

myg — mag(XF11)
that is,

a1
19
T8 —>J 011507[47 ®J ol33077:47 ®J 0[1157133]07[47

wl I

(/)
i86 — % 0115)0n4g®2(1 0133)07'[

By [14, Theorem 1.1], Jr3125+15 RN 7r3126+16 is monomorphic. Notice
(Im3114) N (j o [i15,i33] 0 747) = 0
Then, by (1)—(3) and (5) of this lemma, the result follows. O
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Recall from [18, Theorem 2 (b), page 81] that

7l =7/24C") @ Z/2USFo} ® 7/ 2e19k27),
and from [12] that
TR~ T/1687/8P (Z/2)*

generated by p15, v15K18, P15, Y15, &% and V. (F; € yrjg is the generator, not the fiber F5.)

To study vi6 o ;5 and Ker(d11,,,), we give the following two lemmas:

Lemma 684 (1) C" €{Cs.2:39.8030}1.
(2) D§1)0'39 = {5*/, 2L38, 80’38}1 mod EJT4165

Proof (1) This is just the definition of Cz(l) given by Oda; see [17, Definition 3.6].
(2) We notice the following facts:
DM = ¥ mod Sxld (by [18, (2.3), page 52]),
H(1™) = n2opt30 (by [12, (3.11)]).

It is easy to obtain nuo = eu by [27, Theorem 14.1, page 190]. Then

H(D§1)039) = 1)29/430039 = €29/437.
Since H(g*') = na9e30 = 29137 [12, 3.4)], u € (n,2t,80) [27, page 189].
Then

H{&" 2133,8038}1 C {€20137, 2138, 8038}1 2 €29 0 {137, 2138, 8038} 1 3 £20/437.

Notice £2 = e = 0 [27, Theorem 14.1], and 87r29+10 0. Thus

38 _
Ind{e29737, 2138, 80381 = €29737 0 46 = £29137 © (€38, V3g) = 0.

Hence H{&*,213g,8038}1 = €29 437. Then the result follows from the exactness of the EHP sequence. O

Lemma 6.8.5 (1) V15F2 = U16819E27 =0.
(2) We have

v16CD { 0 if v16C> = 0 mod P(V33),
16
(ED( )) 0 549 mod wie K1 P3,16 if V16C2 = P(e33) mod P(133).

(3) Ker(d11,: w47 — mag(F11)) = Z/2€{EF2} & Z/2{e10k27} & G, where

G {Z/Z{CZ(I)} if v16C2 = 0 mod P(V33),
0 if V16C2 = P(833) mod P(l_)33).
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Proof (1) viee19ka7 = 0 is obvious; see Proposition 6.1.1(6). Next, we consider vi5F,. We know
H(F,) = alss for some odd a by [18, Proposition 3.2(2), page 89]. By [27, Proposition 2.2, page 18
and Proposition 3.1, page 25], we have

H(vi5F2) = (V14 Avia) 0alss = aviglas = avae(v32435s).
By [27, Theorem 14.1(i1)], v¢ =0, so H(v15F2) = 0. Then vi5F5 € Enjg‘
Finally, by [18, Theorem 3 (c), page 106], ord(w{5) =2 and

Ker(X*: n45 — nggl (S%) = Z]42w74}-
Notice
Y®(Wi15F) =voX®Fyev onfg(SO) = (vek) = 0.

Then vi5F; € (2w{s) = 0.
(2) By Lemma 6.8.4(1), vlsCz(l) € v160{C2, 2139, 8039}1. The proof falls into two cases.

Casel (v16C> =0 mod Pvs3) We have v16Cy = P33 for some ¢ € Z. By [18, Proposition 3.2 (1),
page 57], we have (v, 2¢,80) = 0. Then

V16C2(1) €16 01C2,2139,8039}1 S 1P(V33),239,8039}1 2 P{t(V33),2t41,8041}3 = 0.
Since 87r40 =0,
Ind{tP(V33), 2t39, 8039 }1 = 1P (V33) © (€39, D39) + 745 08040 = O,
so {tP(v33),2t39,8039}1 = 0. And so
116CY =0 if v16Cy =0 mod Piss.

Essentially, we have also proved { P(V33), 2(39, 8039}1 = 0 (the method of the proof for the triviality of
the above Toda bracket carries over to any ¢ € 7).

Case2 (v16C2 = Pe33 mod Pv33) By Lemma 6.8.4(2) and P(e33) = X&¥ [12, (3.4)], we have, for
some z € 7,

V16C2(1) €v160{C2,2139,8039}1 S {P(e33) + 2P (V33), 239, 8039}1
C {P(e33),2t39,8039}1 +{zP(V33), 2t39,8039}1 = {P(£33), 2t39,8039}1 + 0
= {P(e33),2t39,8039}1 = {X&", 2139, 8030}1 2 B{&", 2138, 8038},
) Z(D(l)og,g + Xx) = (ED( ))040 + %2x for some X € 1,2,
and so Ind{P(&33), 2t39,8039}1 = P(£33) 0 (€39, V39) + 7140 08040 = 0. Then
v15C(l) = (ED(I))(MO mod 227 2
(if v16Cy = Pe33 mod Pvs3).

Algebraic € Geometric Topology, Volume 25 (2025)



3026 Juxin Yang, Juno Mukai and Jie Wu

(3) We have shown that skso(Fy1) = S!° v §33 in Lemma 6.8.3(4). By use of Lemma 3.1.4, there exists
the following commutative diagram (here, by abuse of notation, j denotes the inclusions, although they
are different inclusions; in this case, these two j and these two ¥j all induce monomorphisms):

a11*
19 S 15 4 i 33
47 — ] OT4s D J 0T4s

(Z))« . .
ni? —— (X)) oni76 @ (X)) 0712;t

By [18, Theorem 3 (c), page 106], we know )2 Z> 7}S is a monomorphism. Thus j o)g & j o33 2>
(Zj)o ni? ®d(Zj)o 712;‘ is a monomorphism. So Ker(vie«) = Ker(d11x). Then, by (1) and (2) of this
lemma, we obtain the result. O

Recall that v16C> € Z /2{ P(e33)} D Z /2{ P (V33)}. Equivalently speaking, either vigC2 =0 mod P (v33)
or U16C2 = P(833) mod P(l_)33).

By Lemmas 6.8.3(6) and 6.8.5(3), we have the following theorem:

Theorem 6.8.6 After localization at 2, if v16C> = 0 mod P (V33), then 47 (X H P?) satisfies the short
exact sequence

0= (Z/2)8 & ZaySmar(SH P2 2N 7 ) 2(S Fa} @ 7./ 2{e10k27) & 2./ 2{CLV} — 0.
If v16Cs> = P(e33) mod P(V33), then m47(X 1 H P?) satisfies the short exact sequence
0 (Z/2) & ZaySmazr(S H P2 257 /2(S Fa ) @ 7./ 2{e1027} — 0.

Here (Z./2)® ® Z(zy and (Z/ 2 ® Z () in these two sequences are the abbreviations of Coker(d1 Lig) N
Lemma 6.8.3(6). O

7 Applications

7.1 The Hopf fibration S — H P2 localized at 2

We notice on [8, page 38], P, x := HP"H1/HP"+17k; see [8, page 21]. Then we have the following
proposition:

Proposition 7.1.1 [8, page 38] Let hy,: S*"*t3 — HP" be the homotopy class of the Hopf fibration
and pgﬁ: HP" — S*" be the pinch map. Then
pHoh, = n(s*4*x),

where x € 77(S*) is the homotopy class of the Hopf fibration. Of course, after localization at 2, we have
X = £v4 mod Zv’.

Algebraic € Geometric Topology, Volume 25 (2025)



On the homotopy groups of the suspended quaternionic projective plane and applications 3027

Theorem 7.1.2 After localization at 2, for the homotopy class of the Hopf fibration h: S'! — H P2, the
relation
>h =xa

holds for some odd x, where a € {1, vs,2vg} generates w12 (SH P?) ~ Z/8. But ¥*°h cannot generate

any direct summand of =3, (HP?) ~ Z./16 ® Z./4.

Proof By [15, Remark 3 (3)], we obtain, ord(X°°h) = 67! = 8-9-5 (without taking the localization).
Then, after localization at 2, ord(£°°/) = 8. By Theorem 6.3.2, we have 71, (XHP?) ~ Z/8{a} for
a€{ji1,vs,2vg}. So Xh is of order 8 and ¥/h = xa for some odd x. By using Theorem 6.3.2, we have
S (HP?) ~ Z/16 B Z./4. O
Corollary 7.1.3 After localization at 2,

YHP? ~ SHP? Ugel?,

where a € {j1,vs,2vg} C m12(SHP?) = Z/8{a}. |

7.2 Two classification theorems
In this subsection, for convenience, after localization at 3, we use P}*[i] to denote P} : H;(—=)— Hi_an (-),
that is, the dual of the Steenrod operation.

As already stated in the introduction, given a CW complex X, we say that X is a homology n-dimensional
quaternionic projective space if H, (X:7Z) ~ H, (HP™";Z) as graded groups.

We recall that, after localization at 3, 712(S°) = Z/3{a2(5)}, m12(S°) = Z/3{a1(9)}, h: S'! — HP?
is the attaching class of HP3 = H P2 Uy, e'2. Recall from Theorem 5.2.3 that

m15(E*HP?) = Zy{jao [is. 18]} ® Z/9{X*h}

localized at 3. After localization at 3, let A = S° Ug,(5) €13, iL: §° > S°v §% and if: §° — S° v §°
be the inclusions, ¢, = Ek_l(ig owa2(5) + i oaq(9)). By use of this notation, we give the following
classification theorems:

Theorem 7.2.1 After localization at 3, up to homotopy, the k-fold (for k > 1 but k # 4) suspension
of the simply connected homology 3-dimensional quaternionic projective spaces can be classified as the
following:

EkHP3, EkHPZ U3zkh€12+k» EkHP2VS12+k, Ek_lA\/SS—i_k,
S4+k V. E4+kHP2 (S4+k v S8+k) Ue 612+k S4+k V. S8+k V. S12+k
’ k ) .
Proof Suppose k > 1 but k # 4 and spaces are localized at 3. The proof will be divided into two steps.
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Step 1 Notice that n11+k(ZkHP2) = Z/9{=¥h}; see Theorem 5.2.3. By Corollaries 2.1.1 and 2.1.2,
any k-fold suspension of a simply connected homology 3-dimensional quaternionic projective space, that
is, any CW complex of type S*+k U e81k U 12+ is homotopy equivalent to some CW complex listed
in our theorem.

Step 2 We first examine the Steenrod module structures of the CW complexes listed in our theorem.
eFor TKH P2 Ussiy, 2%, P12+ k] =0 and PL[8 + k] # 0. On PL[12 + k] = 0, because

(SFH P2 Usst e12+k)/S4+k ~ §8+k, gl2+k
eFor (S*Tk v §8tky U, €2tk P12+ k] # 0 and P[8 + k] = 0. Notice

(§4FK \ §8+k) Uy e12+k)/S4+k ~ pk+dp p2
oFor Sk—14v §8+k pll124 k] = P}[8+ k] =0.
Then we consider the homotopy groups,

T4k (BT AV S8R = 7y e (ST Uy iy €T v 39 2 23,
an_k(S4+k v §8tk S12+k) ~ (Z/3)2,

Z/9=*hy

(3=kh)
T4k (SKHP2 v S1210) ~ 7,79,

k 2 12+k
7T11_|_k(2 HP U3Ekhe + )%

Z/3,

Hence we only need to show that

S4+k v E4+kHP2 ¢ (S4+k Vi S8+k) Uck 612+k.

Since
(S4+k V. E4+kHP2)/S8+k ~ S4+k v SlZ+k’

((S4+k v 58+k) Ue, elz+k)/S8+k ~ g4tk Uay (44K) e12+k
T (SR S1240) 1 773,
111k (S Ugyagay €27 = 0,
§4+k \, 24+, P2 is not homotopy equivalent to (S*1 v §8+k) Uey el2tk,
The above facts imply the CW complexes listed in our theorem are not homotopy equivalent to each
other. d

The following lemma is easy; we leave its proof to the reader. Notice that there is a diagram (similar to
(2-1)) which contains a map K Y. c 'r and Sq™™"" commutes with W*.

Lemma 7.2.2 Let f € mp—1(S") wherem >n +2 and let K = C, . Then Sq"™": H"(K;Z/2) —
H™(K;7Z/2) is trivial. O
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The Steenrod square operations control (EkHPz)(z) very strongly. Up to homotopy, (EkHPz)(z) for
k > 0 is determined by its simply connectedness, finite type property and Steenrod module structure. This
interesting result is essentially shown by the third author in [31, Lemma 3.9], utilizing the theory of the

Cohen group. Notice Lemma 7.2.2, Corollary 2.1.1 and 774, (S(427)L”) ~ 7/8 forn > 1.

But the Steenrod square operations control (EkHP3)(2) poorly. In fact, setting
H (HP?)(2)) = Z/2{us.ug. urz} for |u;] =i,
we know Sq8(u12) = Sq (u12) = 0 and Sq? (ug) = u4; see [6, Example 4L.4, page 492].

The situation in the 3-local case is quite different. The Steenrod power operations command a deep influ-
ence over the space (EkHP3)(3). That is, as the reader will see in the following theorem, (Ek]HIP3)(3)
for k > 1 but k # 4 is entirely dictated by its simply connectedness, finite type property and Steenrod
module structure, up to homotopy.

Theorem 7.2.3 After localization at 3, suppose Z is a k-fold (for k > 1 but k # 4) suspension of a
simply connected homology 3-dimensional quaternionic projective space.

(1) If H, (Z) has nontrivial Steenrod operations P} of dimension 84k and 12+k, then Z ~ SXH P3.

(2) If H, (Z2)~ ﬁ*(EkHP3) as Steenrod modules, then Z ~ Y¥H P3. Moreover, if X is a 3-local
simply connected CW complex such that H; (X;Z3)) is a finitely generated 7 3)-module for
each i, and H(X) ~ H.(S¥HP3) as Steenrod modules, then X ~ S¥H P3.

Proof (1) Afterlocalization at 3, suppose k > 1 but k # 4. Since P! [8+k]# 0 and 77 (S*kY~7/3,
we take
skij4x(Z) = ZFHP? and Z = SFHP? Uy 27,

where f € 71144 (EFHP2) = Z/9{=*h}. Now, to obtain a contraction, suppose f is divisible by 3,

that is, there exists X € n11+k(EkHP2) such that f = 3x. Notice that 7114 (S31k) ~ 7. /3. Then
784tk ~ g8tk qusx€12+k ~ §8Fk g 12Tk ~ g8+k , g12+k

Here ¢: SKHP2 — (S¥H P2)/S*¥ is the pinch. By assumption, for H.(2), P12 + k] #0. Then

H.(Z)S**) ~ H,(S8TF v §12tK) satisfies P1[12 4 k] # 0, which is impossible. This forces f to be
of order 9. By Corollary 2.1.1, we deduce the result.

(2) The first part of (2) is an immediate consequence of (1); in fact, the hypotheses for Z of (1) and (2)

are equivalent as P2 = — P} P!, The second part of (2) follows directly from the first part. |

Remark 7.2.4 For Theorem 7.2.3, the condition k # 4 is indispensable. For example, C;, o4 o]+ 54 #
S4H P3 after localization at 3. Although they both have nontrivial Steenrod operations P,! of dimension
12 and 16, we see that they are not homotopy equivalent by checking the 15 homotopy groups.

Algebraic € Geometric Topology, Volume 25 (2025)



3030 Juxin Yang, Juno Mukai and Jie Wu
7.3 Wedge decompositions of suspended self smashes

Suppose {Ay},~ is a family of spaces and {f,,: A, — A,+1};2, is a family of maps. We denote the
homotopy colimit of the sequence
VTN Ny

by hocolim¢, Ap. If A, = Ay and T, =F; foralln > 1, then hocolimg¢, A, is also denoted by hocolims, A;.
For example, given a map g: B — B, the notation hocolimg B stands for the homotopy colimit of the
sequenceBQB&B — ...

Let X be a p-local path-connected CW complex for p prime, and let the symmetric group S, act on X\
by permuting positions. Thus, for each T € S, we have a map 7: X" — X\, Using the construction of
the classical group structure of [X X", £ X ], we obtain a map ||k||: ZX" — XX for any k in the
group ring Zp)[Sn]. Then the Z/ p coefficient reduced homology H.(SX ") becomes a module over
Z(p)|Sn]; the module structure is decided by permuting factors in the graded sense for each 7 € S;,. Let
1 = Xyeq be an orthogonal decomposition of the identity in Z,)[Sy] in terms of primitive idempotents
and p’ be the classical comultiplication of the suspension as a co-H space. Then the composition

£XM 5\ / £XM - \/ hocolimy,, ) X
o o
is a homotopy equivalence because its induced map on the singular chains over Z ) is a natural homotopy
equivalence with respect to X ; see [31, Section 3.1, pages 32-34; 21, pages 11-12] for more details.
By abuse of notation, for k € Z,)[Sn], the map ||k | and the element k are both denoted by k. The
following is just a special and the most simple case of the above by taking n = 2, p an odd prime and
using 1 = 2(1 + (12)) + 1(1 - (12)).
Lemma 7.3.1 After localization at an odd prime p, suppose X is a path-connected CW complex.
(1) [31] There exists a natural decomposition with respect to X,

EXAZ ~ hOCOlim(H_(lz))/z EX/\Z \/ hOCOlim(l_(lz))/z EXAZ.

(2) [31] ﬁ*(EX A2) becomes a module over the group ring Z(p)[S2]. The module structures are
given by: for (12) € S € Z)[S2] which decides a map »x~2 42, X2,

(12)5: Ho(SX™?) > Ho (EX™?), o(a®b) > (=1)Plo(h @ a):
fork € Z(p)y € Z(p)[S2] which decides a map £ X k s xn2,
kv: Ho(SX?) > Ho (X)), 0@ ®b) > k(o(a ®Db)).
Hereo: H, (=) — ﬁ*_H (X—) denotes the suspension isomorphism.
(3) [211  Hu(hocolim+(12))2 X% =Im((A(1 £(12))),: H«(ZX"?) — H(2X™?). O
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The following decomposition is surprising:
Theorem 7.3.2 After localization at 3, SHP? AHP? ~ S13 v Z°HP3.

Proof We denote a ® b by ab for short. After localization at 3, H,(HP?=Z /3{x,y} =V, where
|x| =4, |y] =8 and P}(y) = x. Then

H,(HP?> ANHP?) =V QV =7Z/3{xx,xy, yx, yy}
By Lemma 7.3.1, taking X = H P2, we have
YHP? AHP? =~ hocolim(; 4 (12))/2(EHP? AHP?) v hocolim(;_(12))/2(SHP? AHP?).

Then H, (hocolim(1+(12))/2(EHP2 AHP?)) = Im(%(l + (12)))* =7Z/3{c(xx),0(xy +yx),0(yy)},
where

lo(xx)| =9, |o(xy+yx)|=13, |o(yy)|=17,

Pi(o(yy)) =o(xy+yx), Pi(o(xy+yx))=—0(xx),
H.(hocolim(;—(12))/2(EHP? AHP?)) =Im(3(1 - (12))), = Z/3{o(xy — yx)}.

Here |o(xy — yx)| = 13. By applying Ho(—:; Z) and 71 (=) (see Proposition 2.1.4), we know the spaces
hocolim(li(lz))/z(EIHIP2 AH P?) are simply connected. So hocolim(l_(12))/2(211-11P2 AHP?)~ S13,
By Theorem 7.2.3(1), we obtain

hocolim; 4 (12))/2(EHP? AHP?) ~ S HP?. O
We show a similar decomposition with respect to H P 3:

Theorem 7.3.3 After localization at 3,
SHP? AHP? ~2°HP3 VY,
where Y is a 6-cell CW complex and sky3(Y) = °HP2.
Proof We denote a ® b by ab. After localization at 3,
H (HP) =Z/3{x.y.2}:=V, Pi()=-y. Pl)=x. Pi(y)=x.
where |x|=4, |y|=8 and |z|=12. And
ﬁ*(HP3 AHP) =V ®V =7Z/3{xx,Xxy,xz,yX,yy, yz,2x,2y, 2z}.
By Lemma 7.3.1, taking X = H P3, we have
YHP? AHP? =~ hocolim(; 4 (12))/2(EH P> AHP?) v hocolim(; _(12)),2(SHP> AHP?).

By applying Hy (—; Z) together with 1 (—) (see Proposition 2.1.4), hocolim(li(lz))/z(ZHP3 AHP?3)
are simply connected. Consider

H, (hocolim(l_(lz))/z(EHP3/\]HIP3)) = Im(%(l—(12)))* =7/3{c(xy—yx),0(xz—zx),0(zy—yz)},

Algebraic € Geometric Topology, Volume 25 (2025)
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where |o(xy — yx)| = 13, |o(xz —zx)| = 17 and |0(zy — yz)| = 21. There are nontrivial Steenrod
operations
Pl(o(zy—yz))=—0(xz—2zx), Pl(o(xz—zx))=0(yx—xY).

By Theorem 7.2.3(1), we obtain
hocolim(;—(12))/2(SHP? AHP?) ~ Z°H P?.
LetY = hocolim(1+(12))/2(ZHP3 AHP3). Then Hy(Y) is isomorphic to
Im(%(l + (12)))* =7Z/3{oc(xy+yx),0(xz+zx),0(zy+yz),0(xx),0(yy),0(z2)}.
The degrees of the basis elements o (xy 4+ yx), o(xz 4+ zx), 0(zy + yz), 0 (xx), o(yy) and o(zz) are
13, 17, 21, 9, 17 and 25, respectively. Notice P, (o(xy + yx)) = —o(xx). Then ski3(Y) ~ Z°HP2.

Replacing Y by a CW complex homotopy equivalent to Y and having Z°HP? as its skeleton of
dimension 13, we infer the result. O
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